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Continuous-time process for human contact dynamics

Robin Persoons ®,” Matteo D’ Alessandro®, and Piet Van Mieghem
Faculty of Electrical Engineering, Mathematics and Computer Science, Delft University of Technology,
P.O. Box 5031, 2600 GA Delft, The Netherlands

® (Received 3 March 2025; accepted 10 July 2025; published 12 September 2025)

Building on the work of Almasan et al. [IEEE Trans. Netw. Sci. Eng. 12, 1649 (2025)], we propose a
continuous-time Markov model for human contact dynamics denoted the continuous random walkers induced
temporal graph model (CRWIG). In CRWIG, M walkers move randomly and independently of each other on a
Markov graph with N nodes in continuous time. If walkers are in the same state (node of the Markov graph) at
time 7, a link is created between them in their temporal contact graph G(t ), where each walker corresponds to one
of the M nodes. We define the exact Markov governing equation that describes the movement of the ensemble
of M walkers. We investigate the consequences of the time discretization of CRWIG. We prove that CRWIG
is characterized by exponential decay of the initial condition and exponentially tailed intermeeting times of the
walkers. We investigate two special cases of CRWIG and derive analytical results supported by simulations.
We extend the model to allow for nonexponential sojourn times for the single walkers. The non-Markovian
model extension of CRWIG is able to reproduce empirical properties of human mobility observed on data:
arbitrary flight length distribution, arbitrary pause-time distribution, and intermeeting time distributions that are

power-law with an exponential tail.

DOI: 10.1103/1t46-nrh4

I. INTRODUCTION

In the last few decades, the increasing availability of
geographical data of human movement has boosted human
mobility analysis and studies. Various works focus on the spa-
tial and temporal properties of human mobility patterns [1-5],
trying to create models that are able to reproduce empirical
mobility patterns or population flows [6]. One driver to un-
derstand and model human mobility is the study of epidemic
processes. During the COVID-19 pandemic, the quarantin-
ing and movement of individuals had a large impact on the
spreading process of the virus [7,8]. Yet, nearly all models to
compute and predict an epidemic are based on static graphs
rather than temporal contact graphs.

Following the ideas in Ref. [9], we propose the continuous
random walkers induced temporal graph (CRWIG) model,
which employs random walkers on a finite graph to generate
temporal contact graphs. In CRWIG, M walkers move ran-
domly and independently of each other on a weighted and
directed Markov graph with N nodes in continuous time. Each
random walker m in CRWIG executes an instance of a human
mobility process, defined by its walker policy, the N x N in-
finitesimal generator Q,,. CRWIG then assumes the principle
of co-location contacts [8,10]: if walkers are in the same state
(node of the Markov graph) at time ¢, a link is created between
them in the temporal contact graph G(¢). The contact graph
G(t) has M nodes, each corresponding to a walker (see also
Fig. 1 in Ref. [9]).

The “Markov graph” on which the M walkers move is a
“process graph,” not only, e.g., a physical city map. CRWIG
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is therefore able to abstract the geographical space in which
humans move, and each node of the Markov graph can repre-
sent any location, event, or activity, whose spatial scale defines
a contact. The identification of the proper scales on which hu-
mans move [11] and the choice of nodes in the Markov graph
are thus very important; otherwise, the co-location assumption
is often not correct.

Contrary to Ref. [9], which studies discrete-time RWIG
(DRWIG), we focus on the continuous-time Markov process
of the ensemble of M walkers. We combine the states of all
walkers together and consider the entire M-walker ensemble
as a whole, instead of considering the individual walkers
separately. The state space of the process is thus N¥ dimen-
sional because each walker can potentially be in any of the
N states of the Markov graph. The reasons to depart from the
discrete time in Ref. [9] are the following: (1) continuous-time
models are closer to the “physical” reality and provide the
foundations of discrete time models, as discussed in Sec. III;
(2) discrete time models become computationally unfeasible
if needed at high resolution while the continuous counterpart
provides a reliable and efficient framework; (3) many empir-
ical time properties of human mobility, such as pause-times
of walkers, intermeeting times of pairs of walkers and the
return-time to a hub are defined in continuous-time [1-5]
and can easily be encoded in continuous time models (see
Sec. VO).

In Sec. II, we define the CRWIG multiwalker mobility
process and discuss the structure of the N¥-dimensional state
space. In Sec. III, we investigate how the discrete model
presented in Ref. [9] is related to the continuous CRWIG
model. Section IV extends the results obtained for the discrete
DRWIG in Ref. [9] to the continuous-time framework, and we
prove new results for CRWIG and DRWIG: the exponential

©2025 American Physical Society
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FIG. 1. The transitions of three walkers in the CRWIG model and their sojourn times. The top three horizontal lines are the timelines of
the three walkers, where dots indicate the walker changing state. In the middle, the location of the three walkers in the Markov graph is shown,
and at the bottom the contact graph that follows after the co-location assumption is depicted. The red arrows indicate the sojourn times t,, of
the individual walkers, while the blue arrows indicate the sojourn times t of the multiwalker process, which correspond to the times between

transitions of any walker.

decay of the influence of the initial state and the exponential
tail of the intermeeting time distribution. In Sec. V, we verify
some additional analytical results with simulations and show
that, after extending CRWIG to allow for arbitrary sojourn
time distributions and therefore making it non-Markovian, we
can find tail distributions in agreement with observations and
measurements of flight lengths, pause times, and intermeeting
times. We summarize our findings and discuss our results in
Sec. VL.

II. CONTINUOUS-TIME RWIG MARKOV PROCESS

In this section, we define the CRWIG process at the
ensemble level. Since the human mobility process is a
continuous-time process in CRWIG, any walker can change
location (can transition) at any time ¢. Between transitions,
the walkers stay in the same state. This means that the contact
graph G(¢) remains fixed for some time before changing due
to a walker transition and then remains fixed for some time
again. In a continuous-time Markov process, the probability of
two events happening at the same time is zero, and therefore
the process stays in each state for some nonzero amount of
time. The (random) time that a continuous-time (Markov)
process stays in the same state, before changing to another
one, is called a sojourn time. In CRWIG three sojourn times
have to be distinguished. First, there are the sojourn times t,,
of each walker m, which correspond to the time that walker
m stays in the same state. Second, there is the sojourn time ©
of the M-walker ensemble, which corresponds to the time be-
tween two subsequent transitions of any of the m walkers. The
multiwalker process, which considers the M-walker ensemble
(i.e., the location of all M walkers at the same time), changes

state after any walker transition. Lastly, there is the sojourn
time t; of the contact graph G(¢), which corresponds to the
time between changes in the contact network. The single- and
multiwalker sojourn times are shown in Fig. 1. Figure 1 shows
the timelines of three walkers as horizontal lines. The black
dots on the lines indicate transitions. The sojourn times of
the individual walker mobility processes t,, are shown in red,
while the sojourn times t of the walker ensemble are shown
in blue. In most cases T = 75, unless a walker moves from a
location or state with no other walkers to a different location
or state with no other walkers. In Fig. 1 this can be observed
at 4. Only in that case does the contact graph G(¢) not change
after a walker transition. Because the sojourn times 75 of the
contact graph G(¢) are related to the sojourn times 7 of the
ensemble of walkers and not to those of the individual walk-
ers, we will investigate the multiwalker process of the walker
ensemble, rather than the individual single-walker processes.

A. The single- and multiwalker mobility processes

Consider a set N ={1,2,...,N} of N labeled nodes
or states. We define a continuous-time Markovian random
walk process generated by O, a N x N infinitesimal gener-
ator [12], whose elements Q;; represent the rates at which
the walker moves from node i to node j, where j # i. The
infinitesimal generator Q assigns to the walker a transition
rate from any node i to any other node j in A/ and is called
the continuous-time walker policy. Just as the transition ma-
trix P in a discrete-time mobility process, the infinitesimal
generator QO models the human mobility process and de-
scribes how the walkers move between states in continuous
time.
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Let us now consider the process in which M independent
random walkers move between the nodes in . The infinitesi-
mal generator Q,, of walker m is equal to minus the Laplacian
of a (possibly weighted and directed) graph G,,, whose node
set is AV (see, for example, Refs. [12,13]). The single-walker
Markov graph G,, describes the topology on which the mth
walker moves, determined by its policy Q,,. The single-walker
Markov graph G,, has an adjacency matrix A,, whose elements
(An)ij are equal to the rate Q;; when i # j and are zero
when i = j. If all M walkers have the same policy Q,, = O,
CRWIG reduces to a metapopulation model (equivalent to, for
example, the definition in Ref. [14], Sec. 5.8). We argue that
DRWIG and CRWIG are more general than metapopulation
models because, by allowing heterogeneous policies, they no
longer describe population flows. We discuss how to restrict
the walker policies to an underlying topology in Appendix B.

As illustrated in Fig. 1 with the contact graph sojourn time
76, the individual walker processes do not fully characterize
the contact graph evolution. We have to consider the multi-
walker process, which describes the mobility of all walkers
together. Any individual walker m can be in any of the N
nodes of its single-walker Markov graph G,,. The state of the
M-walker ensemble as a whole can be every possible way in
which the M walkers can be distributed over the N states of the
node set V. For example, they can all be in states 1,2, ..., N.
Or, M — 1 walkers can be in state 1 and the mth walker in
another state. Each possible distribution of M walkers over the
N states in the set A creates a particular state in the M-walker
process. In total, there are NM guch states in the multiwalker
mobility process.

Consider the state of the M-walker ensemble, where walker
1 is in state x; € N/, walker 2 is in state x, € A/, and so on.
As in Refs. [15,16], we will write the state of the ensemble
as xy . . . xpx;. If we interpret the state xy, . . . xpx; as a base-N
number, we can enumerate the states of the ensemble from 1

J

through N¥ with the following representation:

M
i=1+) (o()—DN"", (1)

m=1

where x,,(i) € {1, ..., N} is the single-walker state variable,
indicating in which of the N labeled nodes the walker m is
found in state i. Compared with the base-N number, we add 1
such that the states are numbered from 1 and subtract (x,,(i) —
1) because the elements of A/ are numbered from 1. As an
example, consider M = 4 walkers on a node set of size N = 5:

X4X3X2X1 :2135,
i=14+@x5"4+2x5"+0x52+1x5%
= 140.

In this case, the single-walker state variable x;(140) =5,
x(140) = 3, x3(140) = 1, and x4(140) = 2, which means
that in the ensemble state i = 140, walker 1 is in state 5,
walker 2 is in state 3, walker 3 is in state 1, and walker 4
is in state 2.

The M-walker process {X(t),t € [0, 00)}, describing the
transitions of the M-walker ensemble is itself a Markov pro-
cess, with an infinitesimal generator O, which we describe
explicitly below. The M-walker process is a combination of all
single-walker Markov processes. From each ensemble state i,
all single-walker transitions from x,,(i) = k to another state
[ € N, which have rate (Q,,)u, correspond to a transition of
the multiwalker process out of the multiwalker state i. This
transition will go from i = xp (i) . . . X1 (V) k X1 (0) . . . %1 (D)
to j =xy (D). .. X1 () I Xpp—1(@) . .. x1(i) and has rate (O, )xi-
The numbering in (1) allows us to define the elements of
the multiwalker infinitesimal generator Q according to these
transitions:

ifi=k+(p—DN"!, j=k+ (g— DHN" !,

kmod N < N*= ' p,g=1,2,...,Nandp#gq

(Om)pq

Qij = e
St Oy =1
0 otherwise.

The infinitesimal generator Q describes a random walk on
the corresponding multiwalker Markov graph G, whose nodes
are the NM states of the multiwalker process. The human
mobility process with M walkers, each with its own policy
O, 1s completely equivalent to a single walker moving on the
multiwalker Markov graph G. The structure of the ensemble
Markov graph G will depend on the single-walker Markov
graphs G,, induced by the single-walker policies Q,,, as il-
lustrated in Fig. 2.

Figure 2 shows a CRWIG process with two walkers. On
the left, both single-walker Markov graphs G; (shown in
red) and G, (shown in green) are built with the same N =5
nodes, states, or locations {1, 2, 3, 4, 5} = N/, here shown as
locations on a map of the Netherlands. In the middle, the

2

(

multiwalker Markov graph G is shown. The graph G is a multi-
layered graph consisting of N = 5 layers (green circles), each
containing the single-walker Markov graph G. The intralayer
links of the multilayered graph correspond to movements of
walker 1 (the second number of the state changes while the
first stays the same). The interlayer links of the multilayered
graph correspond to movements of walker 2 (the first number
of the state changes while the second stays the same). The
detailed view on the right shows the multilayered structure
of the multiwalker Markov graph and shows the structure of
the interlayer links in particular. To describe the evolution
of the M-walker process X (t), we define the single-walker
state vectors s,,(¢), with elements (s,,(¢)); = Pr[X,,(t) = i],
where X,,(¢) is the mth single-walker process and i € .
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FIG. 2. (left) The Markov graphs G; and G, of two single-walker processes are shown. The node set N contains five nodes or states
corresponding to five locations on the map [17]. Walker 1 is currently in state 4 (indicated with the red dot in G,), and walker 2 is currently
in state 3 (indicated with the green dot in G,). Both walkers have only one possible transition from their current state: walker 1 moves from
4 to 5 and walker 2 from 3 to 1. These transitions are indicated with blue arrows with a bicycle and train symbol, respectively. (middle and
right) The multiwalker Markov graph is displayed, where each ensemble state i is indicated with x, (i)x; (i), which denotes the location of both
walkers in that multiwalker state. The multiwalker Markov graph consists of N = 5 red copies of G, each one corresponding to a node in the
node set (map) . Each copy of G is a layer (green circle) of the multiwalker Markov graph, which is a multilayer graph. Each green circle
(layer) corresponds to a position x,(i) of walker 2, which is the same for all states in the layer. The N = 5 layers are connected according to
the structure of G,. The transitions in the multiwalker process corresponding to movements of walker 1 are intralayer links (shown in red),
while the transitions corresponding to movements of walker 2 are interlayer links (shown in green). The green link between layers i and j
(corresponding to single-walker states i and j) is a simplified visualization of the transitions between the states ik, with k € A" and jk if
(G2)ij # 0. The detailed view on the right explicitly shows the interlayer links. The intralayer transitions between nodes belonging to the same
layer have the shape of G;, while the interlayer transitions have the shape of G,. The state shown on the left (state 34) is indicated with a
star in the multiwalker Markov graph, and the transitions shown on the left are also indicated with their respective symbols in both the central
figure and the detailed view.

Their evolution is described by the Chapman-Kolmogorov B. The infinitesimal generator Q and the adjacency matrix .4
equation [Ref. [12], Eq. (10.19)]: of the Markov graph G

In this section, we derive explicit formulas for the mul-
tiwalker infinitesimal generator Q and the adjacency matrix
A of its Markov graph G as functions of the single-walker
Equa.tion (3) describes the pr.obability .distribution of the policies Q,, and the single-walker Markov graph adjacency
location of walker m at all times 7. Similarly, we define matrices A,,, respectively. We add, iteratively, the M walkers
the ensemble (or M-walker) state vector s(r), with elements  (; the ensemble one by one, starting with the single-walker

(s()); = Pr[X () = i], where i is one of the N* ensemble process of walker 1. Then, we add the second walker, resulting

Sm(t) = 5(0)e2". 3)

states. The evolution of s(7) is then given by: in the two-walker infinitesimal generator Q,, which describes
o the ensemble of walkers 1 and 2. Next, we add the third
s(1) = s(0)e~". “) walker and obtain the three-walker infinitesimal generator O3,

. . describing the ensemble of walkers 1, 2, and 3, and so on,
Due to the independence of the random walkers, we can write until all walkers are added and we arrive at the infinitesimal
generator Q) = Q of the M-walker ensemble.

) M ) The iterative construction of the multiwalker infinitesimal
(s(); =Pr[X () =i] = l_[Pr[Xm(’ ) = Xm(i)] generator Q is based on the multilayered structure of
m=1 its Markov graph G, which is illustrated in Fig. 2 for

M M M =2 walkers. Consider an M-walker CRWIG process.
= 1_[ )y, i) = 1_[ (5, (0)e2! V(i) 5 We define the sequence of infinitesimal generators
m=1 m=1 {Qm}%’:] Z{Ql = Ql? QZv'-'vgmv"-3QM717 QM = Q}
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as the infinitesimal generators of the CRWIG processes,
considering only the first m walkers. These infinitesimal
generators Q,, each have a corresponding Markov graph G,,,
which has an adjacency matrix .4,,. We emphasize the subtle
difference between the symbols for the m-walker infinitesimal
generator Q,, and the single-walker policy Q,,, as well as
the subtle difference between the symbols for the m-walker
Markov graph adjacency matrix A, and the single-walker
Markov graph adjacency matrix A,,. The m-walker Markov
graphs G,, have a multilayered structure. Recall that links in
a Markov graph correspond to transitions in the process. The
structure of the Markov graph G,, (and in particular Gy; = G)
is that of N layers that contain the (m — 1)-walker Markov
graph G,_,. Each layer i corresponds to walker m being
in state i € N. Intralayer links are transitions of the other
m — 1 walkers, all given by G,,_;. The interlayer transitions
have the shape of the mth-walker single-walker policy G,
where layers i and j are connected if and only if (A,,);; # 0.
The connections between layers (interlayer links) have the
shape of the identity matrix: the only nodes in G,, that can
be connected between layers are those that correspond to the
same node in G,,_; in their respective layers. The structure of
the adjacency matrix of the m-walker Markov graph A, is

Am—l I(Am)l,2 I(Am)lN
I Am Am— I Am s
A, = ( :)2,1 : I ( :)2,N )
I(Am )N,l ](Am)N,Z Amfl

where I is shorthand for the N”"~! x N"~! identity matrix.
The coordinates i and j of each block in the block matrix
representation correspond to the single-walker state of walker
m. For example, the block (1, 1), which is equal to A,,_;, de-
scribes the transitions between ensemble-states where walker
m is in state 1. This block and all other diagonal blocks
describe intralayer transitions. Conversely, the block (1, 2),
which is equal to I(A,,); 2, describes the transitions from
ensemble states where walker m is in state 1, to the ensemble
states where walker m is in state 2. This block and all other off-

J

mel + I(Qm)l,l

1(On
Qm =Qm@Qm—l = (Q.)ll

I(Qn;)N,l

This means that the closed form of A and Q can be written as

1
Q=P 0 ©)
m=M

where the Kronecker sums are in reverse order: Qu @
Oy_1 @ --- @ Qy, due to our choice of enumeration in (1).
In Appendix D, we show that the adjacency matrix .4 and

the infinitesimal generator Q can be reformulated as rank-2M
2M times

——
RN X N x -

tensors in the x N space, which could lead to

computational advantages.

mel + [(Qm )2,2

diagonal blocks describe inferlayer transitions. The element
(An)i,j connects layers 7 and j if walker m can transition from
a single-walker state i to a single-walker state j, because it is
zero otherwise. The identity / links only those ensemble-states
from the different layers where no walkers except walker m
transition. As an example, we consider again the two-walker
system from Fig. 2. The Markov graphs are given by

0O 1 1 0 1 o 1 1 1 1
1 0 0 0 O 1 0 0 0 O
Ai=|(1 0 0 0 0], A=|1 0 0 0 0],
0 0 0 0 1 1 0 0 0 O
1 0 0 1 O 1 0 0 0 O

Al L L s I
5 A 0 0 O
A=|L 0 A 0 O
5 0 0 A O
I 0 0 0 A

In this example, the structure in (6) can be observed: the
identity blocks in A have the shape of A, (interlayer, green
in Fig. 2), while the diagonal blocks are A; (intralayer, red in
Fig. 2). In Appendix C, we give some additional explanation
why this construction retains our enumeration (1) at all steps.

We introduce the Kronecker sum @, which is an operator
on a n X n matrix A and an m x m matrix B and is defined
asAPB=A®I,+1, ®B, where I, is the k x k identity
matrix and ® indicates the Kronecker product (Ref. [18], Sec.
B.13). The Kronecker sum allows us to write (6) in a more
compact way:

Am=IN®Am71+Am®1=Am®Am71a (7)

where Iy is the N x N identity matrix and / represents the
N"=1 x N™!identity matrix. Since the diagonal of A,, is zero
for all single-walker Markov graphs, the A,, ® I term does not
contribute to the diagonal.

Since the structure of the ensemble Markov graph .4 and
the ensemble infinitesimal generator Q are similar, we can
build Q iteratively in an analogous way:

I(Qn)12 I(Om)1n

[(Qm )2,N (8)

1)z Ot + 1Oy

III. DISCRETIZATION OF THE CONTINUOUS-TIME
RWIG MODEL

We are interested in the differences between CRWIG and
the discrete-time RWIG model from Ref. [9] (DRWIG). Be-
cause the DRWIG contact graph G[k] is only defined at
discrete times k = 1, 2, ..., the walker policies are transition
probability matrices P, instead of infinitesimal generators
Q... Each walker m transitions from a state i € N at time k
to a state j € N at time k + 1 with probability (P,,);;. The
DRWIG model explicitly allows multiple walkers to transi-
tion in the same timestep from k to k 4 1. This is the first
fundamental difference between DRWIG and CRWIG, which

034310-5
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we illustrate with an example. Assume the strongest possible
equivalence between the two models: for some time-step At
we have that at all discrete times G[k] = G(kAt) and all walk-
ers are in the same location, i.e., the processes are in the same
ensemble state at every time where the discrete-time model
is defined. Consider the following case, where N =2, M = 2
and walker 1 is in location 1, while walker 2 is in location 2 at
time 0. Then at time k = 1, the walkers have switched places.
This means that in DRWIG the contact graphs G[0] = G[1]
are equal to the empty graph, implying no contacts happened
between the walkers. In CRWIG however, because both walk-
ers transition at the same time with probability zero, one
walker must move before the other, guaranteeing that there
is at least some nonzero time between t = 0 and + = At that
the walkers are in the same location.

We find another fundamental difference between the mod-
els by analyzing the discretization of CRWIG.

A. Comparison of discretized processes

We investigate the relation between the CRWIG model
in Sec. I A and the DRWIG model in Ref. [9]. Therefore,
we will discretize the continuous-time model in multiple
ways and investigate the differences. Where continuous-time
Markov processes are completely defined by their infinitesi-
mal generator, discrete-time Markov processes are completely
defined by their transition probability matrix.

Given an infinitesimal generator Q of a Markov process
{W(t),t > 0}, the exact transition probability matrix P(At) of
Q over an interval with length At follows from the Chapman-
Kolmogorov equation [12]

P(At) = €227, (10)
J

(P11 P

(Pn)21P 1

P,=P, 0P, =

(Pm )N,IIPm—l

where the dependence on At is omitted for clarity. We find

1
P(Ar) = (X) Pa(AD),

m=M

5)

where the Kronecker product is indexed in reverse order,
consistent with (9) and (14). The equation P = ®r1n= yPnisa
known expression for the ensemble transition probability of M
discrete-time random walkers with policies P,, that can move
at the same time (see, for example, Riascos and Sanders [19]).

Instead of the exact discretization, we can define the time-
sampled Markov chain [12], with transition probability matrix
P(At) = I + AtQ, which is the first-order approximation of
the Taylor series of P(Atr) in (10). We write 75(At) and
P, (At) for the first-order approximations of (11) and (12),
respectively, as

P(AL) =1+ AtQ, (16)
B, (At) =1+ AtQ,,. (17)

This exact transition probability matrix P(At) describes a
discrete-time Markov process {Wi(At),k=1,2,...} such
that W (kAt) = Wi (At) in distribution if W(0) = Wy(At). In
particular, the M-walker infinitesimal generator Q is exactly
described over discrete steps of size At by the multiwalker
transition probability matrix P(At) given by

P(At) = <, (1)

and the single-walker infinitesimal generator Q,, is exactly
described over discrete steps of size At by the single-walker
transition probability matrix P, (At) given by

P, (Ar) = 22, (12)

We denote the M-walker continuous-time process defined
by Q as {X(¢),t > 0} and the discrete-time Markov process
defined by its exact discretization P(Atr) as {Xy(At), k =
1,2,...}.

Alternatively to P(At), we can define another N¥ x NM
transition probability matrix over steps of size At, that we will
denote as IP(Atr), defined as the combination of the discrete
single-walker policies P, (At). We denote the discrete-time
process defined by P(A?) as {Yy(At),k =1,2,...}. In order
for IP(At) to describe the same discrete-time RWIG process
as the single-walker policies P,,(At), it is required that

M
PAD); = [ @A) 070,000 (13)

Similar to (6) and (8), wemczlln build the m-walker transition
probability matrix P, (At) in the N x N basis by iter-
atively adding single walkers at a time. This time, due to
the products in (13), the iterative steps are described by the
Kronecker product instead of the Kronecker sum:

(Pm)l,ZIPm—l (Pm)l,N]Pm—l
(Pm)Z,ZImel (Pm)Z,NImel
, (14)
(Pm)N,ZIPm—l (Pm)N,NIPm—l
[
Additionally, we write
1
P(ar) = @) Pu(ar) (18)

m=M

and indicate the two discrete-time processes defined by P(AL)
and IAP(At) as Xy (At) and Vi (At), respectively.

We prove that the transition matrices (11) and (15) define
the same discrete-time process.

Theorem 1. Given M walker policies Qi, ..., Oy, the
discrete-time process Y; (At), described by the transition prob-
ability matrix IP(At), built from the exact single-walker
transition probability matrices P;(At), ..., Py(At) and the
discrete-time process X;(At), described by the exact transi-
tion probability matrix P(At), are the same process. In other

words, X (At) < Y (At) in distribution, for all k =1, 2, ...
and for all Ar > 0, if Xy(Ar) = Yo(Atr).
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Proof. We construct both the N x N™ dimensional ma-
trices P(At)in (11) and P(At) in (15) iteratively and show by
induction that they are equal at every step. If both transition
probability matrices are the same, then so are the processes
X (At) and Y (At).

Considering only the first walker, we have PP(At) =
Pi(At) and P(At) = €22, which are the same due to
(12). Next, we prove that PP, (At) = P,(At) after the in-
duction assumption that IP,_;(Ar) = P,_1(At). We find
that

P, (At) = Ppy(A1) @ P, (A1) = €2 @ 1A

— @nAOQu-1 Al _ QuAl Pu(AD),

where we have used the identity eA®8 = ¢4 ® e (see, for
example, Ref. [18], Theorem 10.9). |

Conversely, in the time-sampled case, the transition matri-
ces (16) and (18) do not define the same discrete-time process.

Theorem 2. Given M walker policies Qi, ..., Qy, the
discrete-time process Y;(Ar) described by the transition
probability matrix P(Ar), built from the time-sampled single-
walker transition probability matrices Isl(At), ...,PM(AI)
and the discrete-time process X (At), described by the time-
sampled transition probability matrix P(At), are not the same
process if at least two walkers have a nondiagonal (nonsta-
tionary) policy.

Proof. We denote two walkers with nondiagonal policies
as walkers k and /. Assume walker k has a nonzero transition
rate (Qr)ap, @ # b and walker / has a nonzero transition rate
(Q1)ca, ¢ # d. Consider a transition from a state i with x; (i) =
a and x;(i) = c to a state j where x;(j) = b and x;(j) = d.
Then, there are two transitions required to move from state i to
state j and thus Q;; = 0 [see (2)]. The time-sampled transition
probability matrix P(Ar) has the exact same structure as Q
and therefore (P(A1));; =0 & Q;; = 0.

The time-sampled transition probability matrices
Pi(AD), ..., Py(A) similarly have the same structure
as the policies Qi,..., Qy. Therefore, we know that
(Pe(A), > 0 and (P(A1)),y > 0. Since the rows of
every walker policy P, (At) sum to one, we can find, for
each walker m # k,[, a transition (f’m(At))y(m)yz(m) > 0.
Consider the state r, defined such that x,(r) = y(m)
for all ms#k,l and x(r) =a,x;(r) =c. In addition,
consider the state ¢, defined such that x,(q) = z(m)
for all m#k,I and x(q) =b,x(q) =d. Then, by
construction, (B,,(A1)), (). > 0 for all m and therefore
(IAP(AI)),q = ]_[Am/I=1 (ﬁm(At))xm(,)yxm(q) > 0, where we have
used (13).

However, (75(At)),q =0+# (]lAD(At)),q, because r and ¢
satisfy the definition of i and j above by construction. The
processes Yi(At) and X;(At) are only the same if they are
described by the same transition probability matrix and, there-
fore, the processes are different. |

Riascos and Sanders [19] consider an alternative to (15) in
which the m walkers cannot move at the same time. Instead,
one walker is picked uniformly at random to move the next
step. The asynchronous walkers have an ensemble transition

-2 1 1 0 0.2414 0.2726 0.3262 0.1597
Q= 1 -1 0 0 P 0.2726 0.5140 0.1597 0.0536
0 0o -1 1 0 0 0.5677 0.4323
0 0 1 -1 0 0 0.4323 0.5677

) e\e-g& .

Continuous time Discrete time

FIG. 3. Single-walker infinitesimal generator Q and its exact
transition probability matrix P for Ar = 1. All transitions in the
discrete Markov graph that are not part of the Markov graph in the
continuous process are colored red.

probability matrix given by

mth position

M
1 —~ =
P=231®-8® B ®-8l
m=1 M terms

which is similar in definition to our tensor representation in
Appendix D, but with the Kronecker product instead of the
tensor outer product. We choose not to further investigate
the asynchronous multiwalker process, because the uniform
walker selection does not agree with the continuous-time pro-
cess, where the walker selection is based on the transition
rates. It is also unrelated to the DRWIG model, which explic-
itly allows synchronous walker transitions.

B. Loss of topology after discretization

An important consequence of the discretization of the
continuous-time process is that the transition probability ma-
trices from (11) and (12) contain transitions that are only
possible by multiple transitions in Q and/or Qi, ..., Q.
This means that the single-walker Markov graphs Gy, ..., Gy
are not the Markov graphs corresponding to the transition
matrices Py, ..., Py. This is the second fundamental dif-
ference between CRWIG and DRWIG: the discrete-time
process that has the same distribution X(kAt) = X;(At)
as the continuous-time process defined by Q must allow
multiple-hop transitions. When the transition probability ma-
trices Py, ..., Py are interpreted as in Ref. [9], namely as
single-hop transitions, the discrete-time walkers are walking
on a different graph compared to the walkers on the original
continuous-time process, as exemplified in Fig. 3. In Fig. 3,
the single-walker infinitesimal generator Q and its topology
are shown on the left, while on the right, the exact transition
probability matrix P(1) = ¢? is shown for At = 1, together
with its topology. In red, the links that are not present in the
topology of Q are shown. The self-loops are imposed by the
discrete-time process, but the other links can be interpreted as
single-hop paths and thus as part of the network the walker
walks on, even though the “ground truth” continuous-time
topology is different. For large enough Af, the weight of the
links between nodes 1 and 2 and the self-loops in nodes 1
and 2 will tend to zero, effectively removing them from the
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network, and, hence, deviating even more compared to the
“ground truth”.

C. CRWIG and DRWIG

Our results on the discretization of CRWIG may raise ques-
tions about its relevancy. One may ask why we need CRWIG
if an exact discretization exists. This question is important to
address.

We argue that CRWIG is relevant from a modeling point
of view. The physical reality of human mobility occurs in
continuous time, like any physical process. Therefore, a
discrete-time model is an approximation. The approximation
is only accurate if the time step At is (very) small. Firstly,
with small Az time steps, simulating a continuous-time pro-
cess is significantly easier than simulating the corresponding
discrete-time process. In the continuous-time process, the so-
journ time of each walker is generated immediately after they
move. For each single-walker transition two random variables
have to be sampled: the sojourn time t,, (or time before next
movement) and the destination of the next transition. In the
discrete-time process a random variable has to be sampled for
each walker after each step Af, namely the location of each
walker after the next time step At. Approximately E[t,,]/2At
times more samples must be drawn from a probability distri-
bution in the discrete-time process. Secondly, a discrete-time
model with small time steps Ar is hard to construct, unless
the equivalent continuous-time model is known. The difficulty
stems from the fact that, at small At, the policies P,, are almost
identical to the identity matrix, which makes them very hard
to interpret and, indeed, create.

If human mobility is described by our Markovian
continuous-time CRWIG model, then the search space when
training a discrete-time version on discrete data [20] can
be strongly reduced. All walker policies assume the form
P, = e =30 (Qk'"!)k (A1)F for some set of infinitesimal
generators Q,, and a single time step Az, where the kth power
of Q,, corresponds to the rate of k-hop paths. It follows from
P, = 22 that (1) if (Pn)ij > 0and (B,);x > 0, then (P,,)i
must be larger than zero as well (proved in Appendix A 1);
(2) since At is finite, (P,);; must be larger than zero, and
when (P,,);; > 0, then (P,,);; < 1 except if i = j and i is an
absorbing state. If P, is a discretization of a CRWIG policy
O, then the continuous-time model can be used to interpolate
the discrete-time process if one wants to reduce the step size
At. This can be required for accurate modeling of dynamic
processes on the CRWIG contact network. For example, in
a respiratory epidemic At should be in the order of minutes
[21-23] to correctly take into account all the relevant contacts.
We emphasize that interpolation is generally not possible in
the discrete-time framework, because it would require solving
P, (At) = Pm(%)’( , which is equivalent to taking the Kth root
of the transition probability matrix £/P,,(At), which does not
necessarily exist and may not be unique.

IV. ANALYTICAL RESULTS

In this section, we show some analytical results related
to the contact graph distribution and intermeeting times in
CRWIG. First, we show continuous-time analogues to the two

main theorems in Ref. [9] that describe the distribution of the
contact graph G(¢) at a given time ¢. Second, we show that
the dependence of the distribution of the contact graph G(¢)
on the initial condition decays exponentially fast. Thirdly, we
consider the intermeeting times of two walkers and show that
the intermeeting times are not heavy-tailed.

A. Brief review of DRWIG results

Most DRWIG results from Almasan et al. [9] hold in
continuous time, although some minor adjustments are needed
in some cases. The results about co-location transfer directly,
such as the number of possible contact graphs as a function
of N and M. Other results can be translated to continuous
time, because they are based on the single-walker state vector
smlk]. By replacing the discrete-time single-walker state vec-
tor s,,[k] = s [O]P,fq with the continuous-time single-walker
state vector s, (1) = s,,(0)e@n’, analogous continuous-time
results of the main results in Ref. [9] follow directly. In par-
ticular, Theorem 1 and the main result, Theorem 2, from [9]
have continuous-time equivalents, which we state below. We
first define the probability that a set of walkers is in the same
single-walker state.

Definition 3. Consider a set (or clique) of walkers C. The
probability that the walkers of the set C are in the same
location at time ¢, denoted as oc(t) = ) ;cq. [5(0)e<];, where
Qc is the set of the M-walker states where the walkers in the
set C share a location.

The same definitions of clique-sets {C;, C, ..., C} and
partitions as in Ref. [9] are transferred to the continuous
versions of the two main theorems.

Theorem 4 (Continuous version of Theorem 1 in [9]). The

probability of a k-clique contact graph G = {C}, Cs, ..., Ci}
at time ¢ is
N N N &k
PG =Gl=Y) ) - [TIT 6w, a9
=1 =1 =1 j=1meC;
bEI) gl

Theorem 5 (Continuous version of Theorem 2 in [9]). The
probability of a k-clique contact graph G = {C}, Cs, ..., Ci}
at time ¢ is

PrG()=Gl= Y (H(—l)'CI(ICI - 1)!>

weP; \Cem

[] oc.

CeG(m)

(20)
where |C| denotes the number of cliques C of partition 7z on
G={C,C,...,C}.

We used (19) to verify our simulations of CRWIG. In
Fig. 4 the distribution of the contact graph G(¢) over time
is shown for M = 3 walkers with randomized policies Q,,
with N = 6 locations. Each policy Q,, is minus the weighted
Laplacian of an Erd6s-Rényi graph of size N = 6 with link
probability p = 1/2 and random directed link weights uni-
form in [0, 1].

B. Decay of the initial condition

The probability that the contact graph G(¢) equals G,
conditioned on the initial condition G(0) = G*, written as
Pr[G(t) = G|G(0) = G*], decays exponentially to the steady-
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FIG. 4. Distribution of all possible graphs of size M = 3 gener-
ated by CRWIG over time. Each walker has a policy generated by
adding random rates uniform from the interval [0, 1] to the directed
links of an Erd6s-Rényi graph of size N = 6 with link probability
p = 1/2. The lines show the theoretical distribution from (19), while
the dots show simulation results averaged over 10° simulations. Each
color corresponds to one of the five possible contact graphs on M = 3
nodes. At = 0 all walkers are in the same location.

state probability Pr[G(oco0) = G] as t — oo if the steady state
is unique. A unique steady state is required because otherwise
the steady state distribution lim,_, o, Pr(X () = i] = (s00)i =
m; is not well-defined. In continuous-time, a unique steady
state is equivalent to requiring that the Markov graph has a
single strongly connected component that can be reached from
all nodes. The exponential decay also occurs in DRWIG, in
which case the assumption of a unique steady state requires
that the transition matrix P is aperiodic and irreducible. We
treat both cases in this section under the assumption that IP and
Q are diagonalizable. The arguments for the diagonalizable
case are very similar to the general case, which requires the
introduction of Jordan forms. Since the diagonalizable case
presents the arguments well enough, the general case is treated
in Appendix A 2.

We define the set of states in the M-walker process that
correspond to the contact graph G as Q¢ [i.e., those states i
such that X (¢#) = i implies that G(¢) = G]. Assume that the
state of the M-walker process at time t = 0 is g € Qg+, then

Pr[G(r) = GIX(0) = g] = Pr[X (1) € Q¢l|X(0) = g]

= Z (th)gw.

a)EQG

After diagonalization of ¢<' the last term can be rewritten
[Ref. [12], Eq. (10.16)] as

NM
Pr[G(t) = G|X(0) = g] = Z Tw + Z ew(xky/Z)gw’
=2

wEQ(; k:

where 7 is the steady-state vector of the M-walker ensemble.
Each term in the second sum will decay to zero exponentially
because the eigenvalues A; of the infinitesimal generator Q
have a negative real part [12]. The same result can be shown to

hold for DRWIG if the transition probability matrix PP is aperi-
odic and irreducible. Then, it follows [12] that the eigenvalues
of Pare Ay =1 > |Ay] = |A3] = -+ = |Aym|. Assuming that
P is diagonalizable, we find [12]

NM
P = um + Zkfxlylr
1=2

and thus
Pr{Glk] = GIX[0] = gl = ) (PY),,
weRG
NM
= Z T, + Zkf(x,yf)gw,
weg =2

where each term in the second sum will decay to zero expo-
nentially since |A;| < 1 foralll > 1.

C. Intermeeting times

A commonly used metric in mobility processes is the in-
termeeting time, which is the (random) time between two
contacts of a pair of individuals. Data shows [3,4] that human
contacts often have a power-law intermeeting time distribu-
tion with an exponential tail. We show that CRWIG always
has exponentially tailed intermeeting times.

Assume that both walkers m and n are in the single-walker
state i and walker n moves to state j different from state i.
We will call the time of this transition t = 1 and define the
intermeeting time 7}, , as

7;11,11 = inf{t -1 :Xm(t) = Xn(t)|Xm(n) = iv
X, ()= j#iX,(n—e)=i fore|0}. (21)

Since the walkers m and n are independent of all other walk-
ers, we can define the intermeeting time 7, , in terms of the
two-walker process. The subset €2, of the N2-dimensional
state space, where walkers m and n are in the same single-
walker state, is defined as

We write QC for the complement of €2,,,,:
QS = {i - xw(i) # x,(D)}. (23)

We apply (22) and (23) to rewrite (21) in terms of the two-
walker continuous time process X (¢):

Ton = inflt — 1 : X(1) € QunlX () €

X()—€) € Qun fore | 0}. (24)

To prove the intermeeting times are not heavy-tailed, we
shift our view from realizations of the CRWIG process to
walks on its Markov graph and introduce a few definitions.
Consider the two-walker CRWIG process with infinitesimal
generator Q,. We define the (random) intermeeting walk
W (m, n), which is a walk through the Markov graph of the
two-walker process, with length |W(m,n)| = I(W) as a se-
quence of states {w;, wa, ..., wyw)} such that w; # w;; for
all i=1,...,I(W) and wi, wiw) € Q> Wi € Qfm for all
i # 1, [(W). The intermeeting walks are subsequences of the
sequence of states of the CRIWG process during a realization,
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specifically those who start in €2,,, and end the first time €2,,,
is reached afterwards. Indeed, each time walkers m and n meet
again in a realization of CRWIG there is an intermeeting time
Tn.n (the time between the two meetings) and an intermeeting
walk W (the sequence of states through which the process
went between meetings). We prove the following lemma:

Lemma 6. The distribution of the intermeeting walk length
Pr[l(W) = k] of two arbitrary walkers in the CRWIG process
is bounded by an exponential:

Pr[l(W) = k] < Ce %, (25)

where a and C are real, finite constants larger than zero.

Proof. See Appendix A3. |

The proof in Appendix A3 also applies to prove that DR-
WIG intermeeting times (which are equivalent to intermeeting
walk lengths in discrete time) are not heavy-tailed by consid-
ering the two-walker discrete-time Markov graph, instead of
the continuous-time one. Using Lemma 6, we can prove that
CRWIG intermeeting times are also exponentially tailed.

Theorem 7 (The CRWIG intermeeting times are not heavy-
tailed). Consider an M-walker CRWIG process with infinites-
imal generator Q and single-walker policies Q1, Q>, ..., Ou-
Consider two walkers m and n. We denote with Q,(m, n)
the two-walker infinitesimal generator of walkers m and n
and write ® for the smallest nonzero and nondiagonal ele-
ment of Q,(m, n). Then, the tail probability Pr[T, , > x] =
1 — Fr, , (x) of the intermeeting time T,, , is bounded as

00 _
FT,,, . (x) Zce ak Z —()X(®x)r
k=1 r=| 0

< Ce 1790, (26)

Pr[T,, >x]=1—

where Fr,  (x) is the distribution of T,, ,, & is a constant be-
tween 0 and 1 and € < oco.

Proof. See Appendix A4. |

While the sojourn times of the Markovian CRWIG are ex-
ponential, other M-walker processes with the same structure
(i.e., no transitions occur that can’t occur in CRWIG) could
have heavy-tailed sojourn times. We show that heavy-tailed
sojourn times imply heavy-tailed intermeeting times. Below,
the notation f(x) ~ g(x) means lim,_, % =1

Theorem 8. Consider an M-walker process with heavy-
tailed sojourn time distributions, i.e., Pr[r; > x] ~ ¢;x™%,
where 1; is the sojourn time of the M-walker ensemble state
i and «;, ¢; € (0, 00) are constants. Consider two walkers m
and n. Then, the intermeeting times 7,, , are heavy-tailed.

Proof. We show that Pr[7,, > x] > Pr[rm) > x| ~
c;x~% for some state ¢, where j(x) = argmm Pr[7; > x]
(if multiple j minimize the expression j(x) is deﬁned as the
smallest of them). We observe that Pr[7, , > x] is larger
or equal to the sojourn time of the first state between the
meetings. We denote with & the first state where walkers m
and n are in different locations [X () in equation (24)]. Then,

Pr(T, . > x] 2 Pr[tz > x] 2> Pr[t;() > x].

The variable j(x) converges for x — oo because

:] is well defined for all states i, j and orders the

. e
lim,_, 5 =
cjx

probabilities Pr[z; > x] for (very) large x. Specifically

Jj(x) converges to ¢, where ¢ has o, = max;a; and
¢; < ¢ for all k which have ay = «,. This gives the tail
PI'[‘L’J‘(X) > x| ~ C;X_a‘. |

We emphasize that, if the walkers are independent, the
sojourn times 7; of the M-walker ensemble can only be
heavy-tailed if the sojourn times of all individual walkers
are heavy-tailed. Otherwise, the tail of the M-walker sojourn
times would be destroyed by the non-heavy-tailed transi-
tion(s).

V. SIMULATIONS

A. Symmetric versus nonsymmetric walker policies

In this section, we discuss symmetric walker policies Q,,,
which correspond to undirected Markov graphs G,,. Caution
is required when using symmetric policies, because every
walker with a symmetric policy has the same steady-state
distribution 7, = %u, where u is the all-one vector. Using
an undirected and unweighted graph as the Markov graph
G,, yields a symmetric policy Q,. This implies that com-
mon undirected graph models such as ER-graphs, BA-graphs,
WS-graphs, stochastic block models, etc. should be used with
caution to generate the single-walker Markov graphs G,,.
First, we discuss the physical downsides of undirected or
symmetrical graphs. Second, we suggest a simple method to
modify undirected graphs to directed graphs, which works
better if a graph is less regular. Lastly, we illustrate our find-
ings with an experiment.

It is a known result that the steady-state vector of a sym-
metric infinitesimal generator Q is the all-1 vector u.

Theorem 9. The steady-state vector m,, of walker m, with
symmetric policy Q,,, such that (Q,,)T = Q,,, is given by
Ty = %u, where u is the all-1 vector.

Proof. Since Q,, is an infinitesimal generator, the left
eigenvector y; of eigenvalue A; = 0 is the steady-state vector
()T . The right eigenvector x; of eigenvalue A; = 0 is u, the
all-1 vector. Because Q,, is symmetric, the left and right eigen-

vectors are the same, and thus m,, = %u, where the constant

1lv follows from the requirement that Zi\’:1 ()i = 1. |

The steady-state of the ensemble is also uniform if all
M walkers have a symmetric policy, because Q is then also
symmetric. Alternatively, it follows from (5) that the ensemble
steady-state probability of state i is given by

Mo 1

N~ NM

m=1

i = (500)i = H ((Sm)oo ),y =

We emphasize that (a) the steady-state vector so, = ﬁu
does not imply that the steady-state contact graph distribution
Pr[G = G] is also uniform. Instead, the probability of a
contact graph G with C cliques is W, which is 1/NM
times the number of arrangements of the M walkers across
the N locations that create the graph [9]. (b) The result holds
for any set of symmetric policies Q,,, even if walkers have
different policies.

A uniform steady state is generally not realistic because
it implies that the walker spends the same amount of time
in each location on average. However, we emphasize that
the steady-state distribution only describes average behavior.
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FIG. 5. The average contact graph degree d,,,, over time for differ-
ent single-walker Markov graphs G,,. Both a Barabdsi—Albert and a
Erd6s—Rényi graph are considered with row normalization (blue and
orange, respectively) and without row normalization (green and red,
respectively). Without row normalization, the single-walker policies
Q,, are symmetric. Each curve is averaged over 10* simulations.

During a short time interval, the process does not have
enough time to average out. Therefore, while two different
symmetric walker policies can have the exact same uniform
steady state, they still describe different dynamics on short
timescales.

The generation of directed single-walker Markov graphs
G,, using a model that generates undirected graphs, requires
that the weights of the links be changed in such a way that the
link i ~ j generally has a different weight than the link j ~ i.
For example, if the rates (Q,,);; are divided by the degree d;
of location i in the Markov graph G,,, then (Q,,); = —1 for
all i and the infinitesimal generator will not be symmetric
unless the Markov graph G, is regular. We call this method
row normalization. There are many other ways to make an
undirected graph directed, such as assigning random weights
or setting (Qy,)i;j or (Q,);; (but not both) to zero for some
links i ~ j. There is no reason to assume there is a “best”
way to make a directed graph from an undirected one in
general.

Figure 5 shows an experiment that investigates symmetric
policies and row normalization: the maximum clique size
is shown for four different CRWIG simulations with M =
100 walkers on Markov graphs with N = 100 nodes. In red
and green, respectively, CRWIG is shown for walkers whose
Markov graph G, is a symmetric ER-graph and a symmetric
BA-graph. In orange and blue, we show CRWIG for walkers,
whose Markov graph G,, is the same ER and BA graph, but
with the rows of the adjacency matrix normalized as described
above. The walkers with symmetric policies have the same
steady-state behavior by Theorem 9. We also observe that
the difference between the normalized BA graph and the
undirected BA graph is larger than the difference between
the normalized ER graph and the undirected ER graph. This
difference is expected because ER graphs are very regular and
thus retain more symmetry after row normalization.

B. Identical walker policies: Simulation on a real-world network

As discussed in Sec. II A, when all walkers have the
same policy O, = O, CRWIG becomes equivalent to a
metapopulation model and the policy Q can be interpreted as a
population flow model [14]. The assumption that the walkers
share a common policy Q leads to several simplifications
[9]. We focus on the property that, if 7 is the steady-state
distribution of the common policy Q, the expected fraction
of walkers in location i converges to ;. This claim follows
from the observation that the number of walkers in location
i in the steady state M; is binomially distributed, because
Pr[M; = m] = (m;)"(1 — m;) . The expected value follows
as E[M;] = m;M and here 7; is the fraction of walkers that are
expected to be in location i in the steady state. Our experiment
uses a train transportation network derived from data avail-
able from Ref. [24]. Our network contains 250 train stations
across the Netherlands. Two stations i and j are linked if a
train operated by Nederlandse Spoorwegen (Dutch Railways)
departed from station i and arrived next at station j at any time
during the month of April 2025. The resulting network is the
common Markov graph G = G,, for all walkers m. The graph
is nonsymmetric and shown on the left in Fig. 6. On the right,
Fig. 6 shows the number of walkers out of M = 10% walkers
that are at the stations of Delft, Enschede and Maastricht
over time. In black, the expected number of walkers in the
locations Mpeifi, MEnschede, aNd Myaastriche are shown. These are
calculated with the steady-state vector &, which is calculated
by finding the left-eigenvector corresponding to eigenvalue O
of 0. We observe that the simulation average indeed converges
to the theoretical steady-state value.

C. CRWIG on geometric networks and beyond
exponential times

Many statistical properties of human mobility are char-
acterized by nonexponential distributions [3-5], which do
not generally occur in Markov models. In particular, the
pause-time (single-walker sojourn time) and the flight length
(distance traveled per transition) for each walker, as well as
the intermeeting times between walkers, have nonexponential
distributions in the data. The Markovian CRWIG model can
have arbitrary flight length distributions (by constructing suit-
able walker policies on geometric graphs) and in specific cases
(e.g., on the cycle graph [5]), the Markovian model can have
nonexponential intermeeting time distributions. Nonexponen-
tial pause times, however, cannot occur in the Markovian
model.

In this section, we extend the Markovian CRWIG model to
the non-Markovian SMRWIG model, which gives the walk-
ers nonexponential sojourn time distributions (pause times),
but keeps the same transition probabilities as the Markovian
process. We then pick the single-walker policies Q,, (and thus
the single-walker Markov graphs G,,) in such a way that the
process also has arbitrary flight length distribution and power-
law with exponential tail intermeeting times, thus showing
that SMRWIG can describe contact networks generated by
statistically realistic human mobility patterns.

Arbitrary walker sojourn times. For the extension of CR-
WIG to nonexponential sojourn times, we use a semi-Markov
generalization on the single-walker level. A semi-Markov
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FIG. 6. (left) Map of our NS train network. (right) The number of walkers (out of M = 10°) that are in three select locations: Delft (blue),
Enschede (orange), and Maastricht (green). These three stations are also shown on the map in the same colors. In black are the theoretically
computed values of the expected number of walkers in the three locations in the steady state. The map used is an edited version of “Positron
(No Labels)” by CartoDB [25], accessed via the contextily Python package [26].

process generalizes a Markov process, defined on the same
state space, with the same transition probabilities, but with a
generalized sojourn time distribution, similar to the renewal
process (Ref. [12], Chap. 8) that generalizes the exponen-
tial Poisson interevent times to a general distribution. In
our case, the semi-Markov random walker induced temporal
graph (SMRWIG) model preserves the embedded Markov
chain [12,27] of the Markovian single-walker process while
the single-walker sojourn times follow a general distribution
Pr(t; , < t] = Fi(t;m) for walker m in state i. The walker m,
who just arrived in state i, transitions after a time distributed
as Pr[t;,, > t] = 1 — F(¢t;m) to a specific node j with prob-

ability Pr[j] = % Therefore, if F(t;m) = 1 — e(@nit|

the sojourn times are exponentially distributed and SMRWIG
reduces to CRWIG. We emphasize that, on the ensemble level,
the process is not semi-Markovian. Indeed, independent semi-
Markovian walkers will generally result in ensemble sojourn
times that are not memoryless, and SMRWIG is therefore a
non-Markovian model.

Arbitrary flight length distributions. Flight length distri-
butions require a node embedding in a metric space. We
choose here a two-dimensional Euclidean space. We con-
sider a particular easy topology: the heterogeneous square
lattice, where the distance between rows and columns are
distributed according to some nonconstant distribution. As an
example on the left in Fig. 7, we consider a two-dimensional
square Weibull lattice, where the distance between each pair
of consecutive rows and each pair of consecutive columns
is Weibull distributed, Fyis(x) = Pr[dist < x] = 1 — e~ )",
A homogeneous random walk, where the next node in the
random walk is one of the neighbors of the current node uni-
formly at random, on a “large enough” heterogeneous square
lattice, has travel distances with the same distribution as the
distribution of the link or column distances if enough steps

are made. These properties hold in any dimension and, specif-
ically, for the one-dimensional lattice, which is the path graph
shown on the bottom right in Fig. 7. A heterogeneous path
graph can (except in some pathological cases) be closed in
Euclidean two-dimensional space to become a heterogeneous
cycle, shown on the top right in Fig. 7. Both the two-
dimensional square lattice and the cycle can generate power-
law regimes of the intermeeting times as shown in the next
paragraph.

Power-law with exponential tail intermeeting times. To
show that our non-Markovian SMRWIG model can produce
the intermeeting time power-law regime from the literature,
we present some simulation results for different sojourn-time
distributions in Fig. 8. Figure 8(a) shows the exact distribution
of the different sojourn times and the sampled single-walker
sojourn times employed in the simulation. Figure 8(a) con-
firms that the single walker semi-Markov correctly enforces
the chosen sojourn-time distributions. Figures 8(b) and 8(c)

FIG. 7. Three heterogeneous lattices: on the left a two-
dimensional square Weibull lattice is shown, on the right a
one-dimensional square Weibull lattice and its two-dimensional clo-
sure, which is a Weibull cycle, are shown.
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FIG. 8. Distributions from SMRWIG simulations. The sim-
ulated sojourn-time distributions are exponential [Fi(t;m) =1 —
e@nit] Weibull [Fi(t;m) =1 — e =@mit*] " Levy [F(t;m) =
erfc[—(Q,,)iit] ] and Pareto [Fi(t;m) =1 — (%)"‘]. We have chosen
a = 1,L = 10"*.In panel (a) the distribution of 10* sojourn times is
shown for uniform walkers on the cycle graph of size N = 10*. The
exact equations of the distributions are thus found by substituting
(Qm)ii = —2 for all i and m. In panel (b), for each sojourn-time
distribution, the distribution of 10* intermeeting times is shown for
uniform walkers on the cycle graph of size N = 10*. In panel (c),
for each sojourn-time distribution, the distribution of 10* intermeet-
ing times is shown for uniform walkers on a square lattice of size
N = 10%

show the power-law with exponential tail intermeeting time
tail distributions, for uniform random walkers on the cycle
graph [Fig. 8(b)] and on the two-dimensional square lattice
[Fig. 8(c)]. We observe that the structure of the Markov graph
plays a large role in the existence and slope of the power-
law regime. Indeed, for most Markov graphs, the power-law
regime does not exist. While changing the sojourn-time dis-
tribution can decrease the slope (make the curves flatter), it
is seemingly impossible to produce a faster decreasing power
law than for the exponential distribution on a given Markov
graph. Fitting the walker policies and sojourn-time distribu-
tions to data (e.g., the data from Ref. [3]) is a challenging task
that is beyond the scope of the current work and will be left to
future research.

VI. CONCLUSION

Following the idea in Ref. [9], CRWIG describes M walk-
ers executing independent Markov processes on the same
state space, all evolving on a common global time scale.
CRWIG assumes that if two or more walkers occupy the
same state at time ¢, a link is established between them in
the temporal contact graph G(¢). After defining a proper state
numbering for the M-walker process (1), we deduce the exact
infinitesimal generator of the ensemble process in (2), where
a transition between two states belonging to the N¥ state
space is dictated by the transition rate of the individual walker
that changes position. We then iteratively build the Markov
graph of the CRWIG process, highlighting the multilayered
structure that arises (see Fig. 2) and providing, in terms of
Kronecker sums, the exact expression for both the adjacency
matrix of the Markov graph and the ensemble infinitesimal
generator (9).

We then consider the discretized version of the CRWIG
model over successive intervals of length Az and we obtain
two main results: (1) Theorem 1 shows that under exact
discretization both the ensemble Markov process and the dis-
crete process whose transition matrix is built from the exact
single-walker transition probability matrices are the same pro-
cess (i.e. the processes have the same distribution at all times
kAt); (2) Theorem 2 shows that the time-sampled CRWIG
model, which approximates the continuous time expanding
the transition probability at first order in Af, does not cor-
respond to the discrete process built from the time-sampled
single-walker transition probability matrices.

We discuss the fundamental differences between CRWIG
and DRWIG. First, the discretized process allows transi-
tions to happen simultaneously, which is not possible in the
continuous-time formalism. This can lead to contacts that
physically must happen in continuous-time not occurring in
discrete time. Second, the exact discretization includes mul-
tiple hop transitions. With the one-hop interpretation of the
transition probability matrix, the topology imposed for a sin-
gle walker in CRWIG is lost when considering the exact
discrete-time version of the model. Third, at high time reso-
lution CRWIG is computationally superior to DRWIG, which
requires each walker’s transitions to be evaluated at each time
step, while CRWIG only requires a walker’s transitions to be
evaluated after each movement.
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Section IV presents various analytical results. The main
results from Almasan et al. [9] are directly translated into con-
tinuous time (e.g., the probability of a specific contact graph
G at time t). Then the decay of the influence of the initial
state and the steady-state of symmetric walkers are proven for
both the continuous and the discrete model. Additionally, we
prove that the CRWIG process shows an exponential decay
of the initial condition and exponential tail behavior of the
intermeeting time distribution. Hence, in order to reproduce
the heavy-tailed nature of human mobility [1,3-5], CRWIG
must be extended to include nonexponential sojourn times, as
shown in Theorem 8, and/or interactions between the walkers
and/or memory effects.

Therefore, we propose the SMRWIG extension, which
preserves the single-walker transition probabilities but with
arbitrarily distributed single-walker sojourn times. SMRWIG
is semi-Markovian on the single-walker level, but non-
Markovian on the ensemble level. We show that SMRWIG is
able to reproduce three statistical properties in agreement with
human mobility data: (1) arbitrary flight length distributions
due to the Markov graph (see Fig. 7); (2) arbitrary pause-
time distributions [see Fig. 8(a)]; and (3) power law with
exponential tail intermeeting time distributions [see Figs. 8(b)
and 8(c)]. We observe that the intermeeting time distribution
is primarily influenced by the Markov graph of the walkers,
rather than the sojourn-time distribution.

We see several directions for future research. The Marko-
vian formalism obtained for the CRWIG process will be the
starting point to define a combined process that describes both
the contact graph dynamics and the dynamics of a spreading
process on top of the temporal graph. We will determine an
analytical representation that describes any Markovian com-
partmental model (e.g., SI, SIR, SIS) on the contact network
generated by the CRWIG model, and we will explore how the
exact analysis of the model can be pushed forward. Addition-
ally, we plan to apply CRWIG and the SMRWIG extension
to real-world data to understand which underlying topologies
and sojourn time distributions describe real-world human mo-
bility best.
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APPENDIX A: PROOFS

1. Proof of the transitivity claim in Sec. III C

if (Qm)aw >0, then
t >0. This follows

Proof. First we show that
(€9, >0 for all finite

because (€@, = Pr[X,,(t) = b|X,,(0) = a] >
(Op)ab fot dx e~ @n(=9) @ 5 (0 where we used the
renewal equation [Ref. [12], Eq. (8.9)].

Then, since (P,);; >0 and (P,)jx >0 there must
be a path in the Markov graph G, from i to k, say
z21=1,22,...,2k = k. Each link in the Markov graph
corresponds to a transition rate (Qp),; ., > 0 and thus
we find that (P)i =[], PrIX(2) = X (20 =
Zi-1] l_[f:l(eQ%)MM > 0 using that (2% )zi,z, > 0 because
(Om)zzi > 0. u

2. General proof for Sec. IVB

To prove the influence of the initial state decays exponen-
tially also for nondiagonalizable infinitesimal generators Q
and transition probabilities IP, we need to use Jordan forms.
We first state the basic knowledge required for this proof from
the book by Meyer [28].

Any N x N matrix A can be written in the Jordan form
J = BAB~', where

J(X1) 0 0
0 J(A 0
J = : (:2) .. : ’
0 0 J()

where s < N is the number of distinct eigenvalues and J(A )
has the shape

hGp) 0 .0
0 Jo(A; 0
O = : 2(: j) ) : ,
0 0 J, 00

where J;(1 ;) has the shape
Ajpo 1

Ji(Aj) = .
Aj

Next, we state some properties related to Jordan forms from
Ref. [28] that we will employ throughout this section:

(1) The sum of the sizes of the #; blocks J;(1 ;) is equal to
the multiplicity m; of the eigenvalue A ;.

(2) The largest of the J;(A;) has size k; x k;, where k; is
called the index of the eigenvalue ;.

(3) Any function of a nondiagonalizable matrix A can be
written as

s ki—1

fA) =300z, (A1)

i=1 j=0

where Z;; = (A — A1 ) G;/j!, where G;, which is independent
of the choice of B, is given by G; = B;(B~');, which are
defined by partitioning B and B~' conformably to the partition
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of J into its s Jordan segments:

J(A1)
=[By---By], J= ,
J(ry)

B l=|:
B!
(4) If the eigenvalue A ; has multiplicity m; = 1, then k; =
1 and G; is given by xy” /yx, where x and y” are the left- and
right-eigenvalues belonging to A ;, respectively.
Discrete time. We first prove the discrete-time case. We
need to assume that IP is aperiodic and irreducible, otherwise,

there is no unique steady state m reachable from every initial
condition. We insert f(IP) = IP¥ in (A1) and find

K ki —1
ZZW

k!
Tt E W ———=71;.
i=2 j=0 (k )
J=

Because A; = 1 has multiplicity one (IP is an aperiodic irre-
ducible stochastic matrix), it follows from properties 1 and 2
above that 1 < k; < m; = 1 and thus we find

3y

th+ZIO
i=2 j=0
s ki—1 k!
=G+ N %
i=2 j=0

where we have substituted Z10 M = G;. It follows

from property 4 that G1 =xy’ /yTx and since x 1s equal to
the all-1 vector u and y” is equal to 7, we have y’x = 1 and
G1 = um. We find that

> (@Phy

Pr[G[k] = G|X[0] = ¢g] =

weg
s ki—1
= Z 7Tw+ZZ k j (le)gu)v (AZ)
weRG i=2 j=0

where all terms in the second sum decay exponentially in %,
because |A;] < 1, for i > 1 (IP is aperiodic and irreducible)
and the factorial terms are a polynomial of order j, which is
bounded by k; — 1 < M.

Continuous time. Similarly, in the continuous-time case,
we need to assume that the steady state is unique. Under this
assumption, the Markov graph has a single strongly connected
component, which is reachable from every node. A unique
steady state implies that the multiplicity m; of the eigenvalue
A1 = 0 of Q is equal to one. We insert f(Q) = ¢<' in (Al) to
find

s ki—1
th = Z Z e)h"tljZ,'j + é)bllZl(),

i=2 j=0

where, as with P, the eigenvalue A; = 0 has multiplicity one,
such that only the term where j = O contributes. Additionally,
the eigenvectors of A; are the same as for IP above, so we find

« G@@ O ey
NP2 N

(b) 6‘ @ o W
@ @

FIG. 9. Three Markov graphs illustrating deterministic (red) and
nondeterministic nodes (blue). From each deterministic node, every
walk is a path until a node in €2, is reached. In panel (a) node 2,,,
is deterministic, while in panels (b) and (c) €2,,, is nondeterministic.
Additionally, panels (a) and (c) illustrate that the longest determin-
istic path and the longest path from a nondeterministic node to £2,,,
contain at most the number of nodes N in the Markov graph.

completely analogous to the discrete case that

s ki—1

=3 ) Mz + e 2y

i=2 j=0

s k,‘*l

=G+ Z Zek"ltjzij

i=2 j=0

s ki—1

= um + Z Zek"tt-"Z,-j.

i=2 j=0

Thus, since (urr);; = m; we find

Pr[G(r) = G|IX(0) = ¢g] =

PG

wel;
s ki—1
=Y Tt D L, (AD)
weQs i=2 j=0

where the second sum decays exponentially because all A; > 1
have negative real part [12], and j is bounded from above by
k; — 1 < MN. While the second sum in both the discrete-time
case (A2) and the continuous-time case (A3) decays expo-
nentially, this decay can still be very slow. If some |A;| are
close to 1, the decay of )»f is slow in the discrete case, and,
similarly, if the real part of A; is only slightly below zero in
the continuous case, the decay of Mt is slow. Additionally, if
the eigen-structure is particularly degenerate, the polynomials
in j that are present in the second sum in (A2) and (A3) can
be of high order, slowing down the decay as well.

3. Proof of Lemma 6

Proof. We introduce the concept of deterministic nodes.
The deterministic nodes of the two-walker Markov graph are
those nodes that have the property that every walk starting
in one of them is a path until a node from €2, is reached.
Since paths do not contain cycles, this means a cycle cannot
be reached from a deterministic node without first reaching a
node in €2,,,. In Fig. 9 the deterministic nodes are shown in
red. The nodes that are not deterministic are called nondeter-
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ministic nodes, shown in blue in Fig. 9. Figure 9 illustrates that
nodes in £2,,, can be both deterministic and nondeterministic,
depending on the structure of the Markov graph. The most
important property of deterministic nodes for our purposes is
that from any deterministic node, we reach a state in €2, in
less than N? steps with probability one. This follows directly
because Q, has N? states and the longest path on N? nodes
has length N2. This bound is very loose, since |Q,,,| = N and
long path structures are not possible in G, due to the walker
independence.

We prove Lemma 6 by considering two cases: [(W) < 2N?
and /(W) > 2N?%. We construct our exponential upper bound
such that it is larger than one for k < 2N2. Then, the upper
bound on Pr[/(W) = k] holds trivially for those values of k
and we only need to consider the case /(W) > 2N 2 I L(W)
is k = N2 + s, at least the first s nodes of the walk W must be
nondeterministic, since the maximum number of deterministic
nodes in W is N2. It is possible that from some set of (non-
deterministic) nodes S, no nodes from £2,,, can be reached.
When considering intermeeting walks W, no nodes from S can
be part of W since W is inherently conditioned on reaching
Qun after [(W) — 1 steps. Therefore, we remove the nodes
in S from our consideration without loss of generality and
assume that €2, can be reached from any node in G,, which
requires that there has to be at least one path with nonzero
probability to a node in €2,,, from each nondeterministic node.
The longest of such paths has length at most N2. Therefore,
the probability of staying in nondeterministic nodes for N>
steps can be bounded from above by some p < 1 independent
of which nondeterministic node the first step is taken from.
Then, the probability of staying in nondeterministic states for
s steps can be upper-bounded by pLﬁJ if s > N2. Thus, for
k > 2N? we find that

Pr[l[(W) = k]

< Pr[W contains k — N 2 nondeterministic nodes]

2
N2

Sp VY ospv

_N2
and because kl_vlfz — 1 < 0for k < 2N?, the bound pk/vigf1 >

1 for k < 2N? and is thus valid for all k. After rewriting:

pk;glz_l = pNLZ_2 = izpﬁ = Cehzl\l(ig)k = Ceiak,
p
where In(p) = —aN? for some real, finite ¢ > 0 since 0 <
p < 1 and Lemma 6 is proven. ]

4. Proof of Theorem 7

Proof. We apply the law of total probability, conditioned
on the length (number of states) /(W) of the intermeeting walk

'The floor function is defined as |x] = n where n is the largest
integer such that n < x.

W the two-walker process performs before the walkers meet
again:

Pr(T, > x] = Y Pr{I(W) = k] Pr{T,,, > x|I[(W) = k]
k=2

= D Prll(W) = KI(1 = Pr(T,,,n < xl1(W) = k).
k=2

We now condition the probability Pr[7,,, < x|I(W) = k]
on all intermeeting walks @ € Wy, where W, is the set of inter-
meeting walks of length k. The condition on @ and /(W) = k
simplifies to a condition on only @ since @ has length k and
with the law of total probability, we find

Pr[T,, , > x]

= Z Pr[[(W) = k]

weW,

2
X (1 — Z Pr[@w|l(W) = k]Pr [T, , < x|®W]

2
k—1
x | 1= Pr{i|l(W) = k] Pr [Z Toninn < x:|

lZ)GWk i=1

M

Pr[l(W) = k]
k=2
k—1
x Y Prlw|l(W) = k](l —Pr [Z Ty < x])
weWy i=1

(A4)

where k — 1 =I1(W)—1 is the number of transitions in
the walk @ and Tj, 4,, is the random time it takes to
transition from @; to W;;;, which is exponentially dis-
tributed with rate (Q2)a,.4,,, = ©. Therefore, the probability
Pr[Zf;l T3, @,., < x] is lower bounded by the probability
Pr[Zi.:ll Y (®) < x], where Y (®) is exponentially distributed
with rate ®. Indeed ® is the smallest rate in the infinitesimal
generator and therefore the random variable Y (®) has the
same distribution as the largest sojourn time in the Markov
chain. The sum Zf;ll Y (®) is distributed as an Erlang dis-
tribution [12, p.45] with shape parameter k — 1 and rate
©; therefore, Pr[Y"_! Y(©) < x] = Fanung(x;k — 1, ©) =
11—y Le=®%(®x)". Applying these arguments to (A4),
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we find

[e%s) k—1
Pr(T), > x] = ZPr[l(W) = k] Z Prl@|[(W) = k](l —Pr [Z Toyiny < x])
i=1

k=2 weW;

o0

~
[|
[N

ﬁ)GWk

k=2

M 1M

r=0

T
(8]

k—1
<D Prll(W) =k] Y Priw|l(W) = k](l —Pr [Z Y(®) < x:|)

i=1

Pr[l(W) = k][l - FErlang(x;k -1, ®)]

Pr[l(W) = k] Z %e—(““(@x)’.

‘We substitute the result from Lemma 6 and reverse the order of summation:

k—2
1
Pr[T,, > x]1 < ) Ce ™Y —e O (@x)
r:
r=0

k=2
[o.¢]
— Ce—@x E
r=0 \k=r+2

oo

e e e 1 @x Oxed
=C——e °F E —'(®x)’ =C——¢e e .
r!

e —1
r=0

Hence, we arrive at

1

~(1—e")0x _ Fp—(1-§)0x
et(et — 1) ’

Pr[T,, >x]<C

where C < co and 0 < £ = ¢~ < 1, which completes the
proof. ]

APPENDIX B: RESTRICTION TO A GRAPH G

To keep the model as general as possible, we allowed the
walker policies O, to be the Laplacian of any single-walker
Markov graph G,, with node set AV. In real-world scenarios,
we may be interested in a situation in which walkers are
restricted to move on an underlying graph G, instead of the
unrestricted vertex set. Then, not every policy Q,, will be pos-
sible because the single-walker Markov graph G,, may contain
a link between two nodes i and j that are not connected in the
underlying graph G.

The walkers in CRWIG can be restricted to an underlying
graph G, by imposing that G,, cannot have links other than
the ones in G. We still allow the links to be weighted and
nonsymmetric as in the general case. The underlying graph G
determines which links do not exist but not their weights. To
restrict the walker policy Q,, only to the links in G, we remove
the links from node i to node j in G,, if there is no link from
i to j in G. We write G,,,(G) for the mth walker single-walker
Markov graph G,, restricted to G and A,,(G) for its adjacency
matrix. We obtain

An(G) = Ao Ay, (B1)

where o indicates the Hadamard (or element-wise) product
and A is the adjacency matrix of the unweighted underlying

o0 o0 1
— Z Z Ce—ak_‘e—(")X(®x)r
r=0 k=r+2 "

- —ak 1 r —Ox = e_a(H_l) 1 r
Z e E(@x) =Ce Z(e“—l )E((ax)

r=0

e‘(e — 1) (AS)

(

graph G. The elements (A,(G));; are equal to (Ay);;a;; =
(Am)ijli~j, where the indicator function 1;.; is 1 if there
is a link from i to j in G and O otherwise. The restricted
walker policy Q,,(G) is then again minus the Laplacian of the
restricted single-walker Markov graph G,,(G). We emphasize
that not all walkers have to be restricted in this setting. Addi-
tionally, different walkers can be given different restrictions.
This could, for example, correspond to a traffic network where
some walkers are using public transport, some are driving a
car, and some are on foot. Each of these groups could then be
restricted to a different underlying graph on the same vertex
set V. Restricting all walkers to the same underlying graph
G is equivalent to the base case in the original discrete RWIG
model [9].

APPENDIX C: BLOCK MATRIX STRUCTURE
OF STATE TRANSITIONS

It follows from construction that the index of the matrices
are in agreement with (1). Each walker added per iteration
step corresponds to adding a digit in front of the base N
representation of the state (e.g., x3xpx; becomes xsx3xpxi).
The base-N state numbering (1) orders the states as

1111, ..., INNN, 2111,...2NNN, 3111, ..., NNNN.

Each possible configuration of walkers 1, 2, and 3 with walker
4 in state 1 comes before each possible configuration of walk-
ers 1,2, and 3 with walker 4 in state 2, and so on. This
is the reason for the block structure of the iterative process
of adding walkers. See, for example, the case below, which
extends a system with 2 walkers on two nodes to 3 walkers
on two nodes. The elements x,(i)x1(i), x2(j)x;(j) indicate
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the transitions from state x;(i)x;(i) to state x,(j)x;(j). The
four blocks correspond to walker 3 moving from the node
indicated on the left of the block to the node indicated at

J

1
(11,11 11,12 11,21 11,227 [11,11
L |12 12012 12,21 12,22
21,11 21,12 21,21 21,22
22,11 22,12 22,21 22,22 22,11
(11,11 11,12 11,21 11,227 [11,11
o 1211 12,12 12,21 12,22
21,11 21,12 21,21 21,22
22,11 22,12 22,21 22,22 22,11
CI11, 111 111,112 111,121 111,122
112,111 112,112 112,121 112,122
121,111 121,112 121,121 121,122
{122,111 122,112 122,121 122,122
211,111 211,112 211,121 211,122
212,111 212,112 212,121 212,122
221,111 221,112 221,121 221,122
222,111 222,112 222,121 222,122

APPENDIX D: TENSOR FORMULATION
OF THE MULTIWALKER PROCESS

In Sec. II, we have described the structure of the N¥ x N
Markov graph adjacency matrix A in (6) and of the N¥ x N™
infinitesimal generator Q in (8). Instead of working in the ma-
trix space RV YxN" " Wwe can reformulate the adjacency matrix
A and the infinitesimal generator Q as rank-2M tensors in

2M times

—
the RV X N X --- XN space. A similar approach has been

presented in (Ref. [29], Sec. 2.2) and has been employed for
the hitting times calculations in Ref. [30]. We consider the
tensor formulation, because it can lead to significant compu-
tational advantages [31-33]. First, due to the nice structure
of our process, the tensors can be stored more efficiently
in memory (MN? versus N**). Secondly, tensor operations
can be applied more efficiently on the rank-2M tensor than
equivalent matrix operations on the N¥ x N matrix.

To write the NM x N™ matrices in tensor form, we first
define as in Ref. [31], Sec. B the outer product L] between
two tensors as a generalization of the Kronecker product ®
between two vectors. Given a column vector v € R™ and
a row vector w’ e R™, their Kronecker product v ® w” is
an n; X np matrix. Similarly, given a tensor B € R™*"2%"
and a tensor C € R4*®xds  their outer product BLOIC is a
ny X np X n3 X di x dp x ds tensor. In particular, the element
of the outer product tensor is

(BDC)ilizi3jljzj3 = Bi,i,i,Cjy jujs- (D1

2M times

The tensors in the R X NV X -+ - X N ¢pace have the same
elements as the matrices A and Q. We define the tensor
representations 7o and T4 of the multiwalker infinitesimal

12,11
21,11

12,11
21,11

the top. When this transition is added to the base-N state
numbering x3(i)x;()x; (@), x3(j), x2(j), x1(j), it can be seen
that the enumeration order is preserved.

2

11,12 11,21 11,22]]

12,12 12,21 12,22

21,12 21,21 21,22

22,12 22,21 22,22

11,12 11,21 11,22]

12,12 12,21 12,22

21,12 21,21 21,22

22,12 22,21 22,22

111,211 111,212 111,221 111,222 7]
112,211 112,212 112,221 112,222
121,211 121,212 121,221 121,222
122,211 122,212 122,221 122,222
211,211 211,212 211,221 211,222
212,211 212,212 212,221 212,222
221,211 221,212 221,221 221,222
222,211 222,212 222,221 222,222 |

(

generator Q and the adjacency matrix A of its Markov graph
by assigning the elements of Q and A, respectively:

(TQ)x, (1 (s (i () (D () = Liifs (D2)

(T, (1 (Do s (G)oeoxra G G = Al (D3)

We consider the multiwalker infinitesimal generator Q first.
Ignoring the diagonal, there is some m with x,,, (i) # x,,(j) and
the tensor element

(TQ)x, (i1 G (0052 ()-cxra Dar () = (Do D06 ()

if, for all k # m, we have x;(i) = x;(j) and zero otherwise
[see (2)]. Using the tensor outer product (D1), we can write
the tensor infinitesimal generator T as
M mth position
——
To=)_10---0 'Q,

m=1

0.0, (D4)

M terms

where [ is the N x N identity matrix. We consider an element
from Ty defined in (D4). There are three cases: First, the
case where one walker k changes state [i.e., x; (i) # x¢(j), but
X () = x,,(j) for all m # k]. Second, the case where multiple
walkers, including walkers k and / change state [i.e., x; (i) #
x¢(j) and x;(7) # x;(j)]. Lastly, there is the case where no
walkers change state (the diagonal elements). We show that
in each case, (D2) holds.

Case 1: One walker moves. When one walker k changes
state, then x; (i) # xx(j), but x,, (i) = x,,(j) for all other walk-
ers m # k. Looking at the terms of the sum in (D4), all
terms m # k are zero, because in the kth place there is
an identity /. The value of the chain of outer products is
the product of the entries Iy (i)x(j) X == X Ly, (i)xnr(j) X
(Qm)xm(i),xm(j) X IXmH(i)quH(j) X+ X IXM(i),XM(j)’ which is zero
when there is an identity in the kth place since x; (i) # xx(j).
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The remaining term has the value (Qp)x, (i)x.(j). in agreement
with (2).

Case 2: Multiple walkers move. When multiple walkers
change state, then, for at least some k and some [/ # k, we
have x; (i) # xx(j) and x;(7) # x;(j). With the same argument
as in case 1, we find that all terms m # k in the sum are zero,
and also all terms m # [ in the sum are zero. This means
the element of Ty is zero, similar to the one in Q, because
multiple transitions are not possible at the same time in a
continuous-time Markov process [12].

Case 3: No walkers move. When no walkers move, the ten-
sor element (TQ),n(i)x](i)xz(i)xz(i)...xM(i)xM(i) = Qii COITCSpOIldS to
a diagonal element of the multiwalker infinitesimal generator.
This time, each term of the sum in (D4) contributes, and the
sum reduces to Zﬁle (Om)x,(i)xn(i)» Which is in agreement with
2).

The adjacency matrix A of the multiwalker Markov graph
G can be expressed in a similar form:

M mth position
—~ =
Ta=)_10..-0 'A, O---0O1. (D5)
m=1 M terms

In order to use the tensor representation to describe or simu-
late the evolution of the CRIWG in time, we require a tensor
equivalent of the operator ¢’ and a tensor equivalent of the
state vector s(¢). We start with the former and write, using
Theorem 1 and (15), that

1
e =Pt)=P@t) = ) 2",

m=M

such that the elements can be written as

M
(€2 = (P@)); = [ [€®)sntir.nnii- (D6)

m=1

If we define the exponential of the tensor 7ot as the tensor
whose elements are

Tot _ (2
(€72 )m (1 eaDxa()-r (Dxue () = (€ )i
then, from (D6) and the definition of the tensor outer product
(D1), it follows that the tensor e’9 can also be written as

M
eTQI — l:’ eme‘
m=1

D7)

We then define the tensor Ty, corresponding to the state
vector s(¢) of the N¥ multiwalker process, as an N x N X
.-+ x N rank-M tensor with elements

m=1
where we used (5). Using the definition of the tensor outer
product (D1) it follows that:
M M Ot
Iy = D1 sm(t) = Dlsm(O)e " (D9)
m= m=
The evolution of the multiwalker process can also be written

in terms of the tensor contraction operation X, j1.(is. jo].....[ic, js]
as defined in Ref. [31], Sec. B. The tensor contraction operator

is a generalization of the vector matrix product for tensors.
The subscript indicates which pairs of indices [7, j] of the two
tensors are contracted. Consider two tensors A € RV>V>x>xN
and B € RV*V>XXN of rank R, and Rp, respectively. The
contraction operator X[ 5,1 is defined by the elements of
C=A X[ai,bj] B:

n=1

For another example, consider the two N x N matrices M,
and M,. The contraction operator X[z 1 is the well-known
. N

matrix product: (M Ms)ij = Y  (M1)in(M2)nj = My X211
M, . If the contraction operator contracts multiple pairs, addi-
tional sums are added. The contraction operator X4, ], (a;.b;1>
when i <k, j>1[, is defined by the elements of C =
A X{a,b;1.[a.bi) B:

}’l]:l Vl2=1
X Bbl,---b[—lanz,hH»la---b_[—l,nlqb/+l ~~~~~ bry -

The step to contracting more than two pairs is analogous to
the step from contracting one pair to contracting two pairs.
Each additional contracted pair of indices adds an additional
sum over all equal values of those indices. With the tensor
contraction operator, the tensor state vector Ty, in terms of
the tensor exponent e’/ is

Ty = Tyo) x €72, (D10)

where we  write X as an  abbreviation of

X[1,11,12,3),....[k,2k—11,...,[M,2M —1] The elements are given by
N N N
Todi= D D Y To)uirmtinw)
x1(H=1x(j)=1 xpu(j)=1

Tot
X (€720 )y (s (D2 () ).t (G )xas ()5

where we now denote the summation indices as x,,(j), to
illustrate the equivalence with the nontensor form

NM

()i =Y (s(0);(e2) .

j=1

Since the tensor state vector Ty is the tensor equivalent
of the NM state space probability vector s(¢), which solves
the Chapman-Kolmogorov equation defining the multiwalker
Markov process, Eq. (D10) can be interpreted as the tensor
form of the Chapman-Kolmogorov equation (4). The tensor
representation allows for the direct computation of the ex-
act M-walker ensemble state vector from the single-walker
processes in Eq. (D9). This is a very tedious operation with
the NM x 1 state vector s(¢), due to the enumeration of the
M-walker states.
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