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Abstract

In [18], Haagerup proves several important results about the weak amenability of locally compact groups.
Among these, is the result that a lattice in a second-countable, unimodular, locally compact group is weakly
amenable if and only if the surrounding group itself is weakly amenable. A key ingredient in his proof
is a method of using (linear) completely bounded Fourier multipliers on the lattice to construct (linear)
completely bounded Fourier multipliers on the surrounding group. We use a similar approach to construct
multilinear completely bounded Fourier multipliers on the group from multilinear completely bounded Fourier
multipliers on the lattice. Our construction is both bounded in the norm of completely bounded Fourier
multipliers and preserves uniform convergence on compact sets for bounded nets. We also prove an equivalent
characterization of weak amenability where the Fourier algebra is replaced by the space of continuous and
compactly supported n-linear Fourier multiplier symbols.
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1 Introduction

In this thesis we study multilinear Fourier multipliers on locally compact groups. As we will see, these can
be viewed as a generalization of the more widely known (linear) classical Fourier multipliers on R or Z.

Linear Fourier multipliers on locally compact groups have been studied longer than their multilinear
counterparts. A general goal for this thesis was to attempt to generalize known results for linear Fourier
multipliers to multilinear Fourier multipliers.

An important paper in the field of linear Fourier multipliers on locally compact groups was written by
Uffe Haagerup back in 1986, but remained unpublished for a long time. An updated version of the paper
was published posthumously in 2016 [18]. Haagerup’s paper contains several important results involving a
property that certain locally compact groups possess that came to be known as “weak amenability”. As we
shall see, this property can be formulated in terms of linear Fourier multipliers.

In this thesis, we have worked on generalizing some of the results in Haagerup’s paper. We have gener-
alized a construction in [18], where Fourier multipliers on a lattice are used to construct Fourier multipliers
on the surrounding group. We have also attempted to generalize the definition of weak amenability in
terms of multilinear Fourier multipliers. Our proposed generalization turned out to instead be an equivalent
characterization of weak amenability.

1.1 Locally compact groups

A locally compact group G is a group equipped with a sufficiently well-behaved topology (i.e. a specification
of which subsets of G are open, see that is connected to the group structure on G. More
precisely, we want that the group multiplication (z,y) — xy and inversion x — x~! are continuous functions
with respect to the chosen topology. Under these conditions, G is called a topological group (Definition 3.13)).
The additional requirements imposed on the topology to call G a locally compact group are as follows:

1. For every two distinct points x,y € G, there exist disjoint open neighbourhoods U, of x and U, of y.

2. For each point x € X and each open neighbourhood U of x, there exists a compact neighbourhood K,
of x with K, CU.

The first of the above requirements is called the Hausdorff condition (Definition 3.15)) and is frequently
imposed on topologies to ensure that certain desired properties hold (Remark 3.12)). Intuitively it can be
seen as a way to ensure that distinct points are sufficiently separated from each other and it is one of several
different conditions called “separation axioms” that can be imposed on topologies. The second condition
is known as local compactness and is often imposed in conjunction with the Hausdorff condition. Local
compactness intuitively ensures that locally, i.e. sufficiently close to a point, one can work within a compact
space.

One nice thing about locally compact groups is that they can always be equipped with a Haar measure
(Definition 3.20)) p1. p1is a Radon measure (see[Definition 3.19)), which means that the measure of a measurable
set can be approximated by the measure of larger open sets. Moreover, the measure of an open set can
be approximated by the measure of smaller compact sets. A Haar measure differs from general Radon
measures by having the additional property that pu(zE) = u(E) for any € G and measurable E C G.
So, multiplying a set from the left with an element of G' does not change the measure of the set. A locally
compact group always has a Haar measure and any two Haar measures are positive scalar multiples of each
other . For this reason, the choice of Haar measure is usually not very important. In some
cases a locally compact group has a Haar measure for which the measure of a set also does not change when
it is multiplied from the right with an element of G. Such a locally compact group is called unimodular
(Definition 5.23).

Two well-known examples of locally compact groups are the real numbers R and the integers Z with
addition as the group operation. Both of these groups are unimodular and the corresponding Haar measures
are the Lebesgue measure and the counting measure, respectively. Lie groups form an important class of
locally compact groups. Just like for other measure spaces (such as R and Z), one can define LP-spaces in
the usual way. On locally compact groups equipped with a Haar measure u, one can also define convolution:




(f x g)(x /f g9y~ a)dp(y /fwy “Hdu(y). (1)

This generalizes convolution on R:

(f *9)x (/f (2)

and Z:

(fx9)(n) = fm)g(n —m). (3)
meEZ
While convolution on a locally compact group is in many ways similar to convolution on R or Z, there are
some differences. A notable difference is that while convolution on R and Z is commutative, the same is not
true for a general locally compact group G. [17] gives a good introduction to locally compact groups.

1.2 Classical Fourier multipliers

Readers familiar with Fourier analysis on R or Z might have certain expectations when it comes to the
term “Fourier multipliers”. The way Fourier multipliers are defined in this thesis (see might
seem very different at first glance. Nevertheless, the more abstract Fourier multipliers we consider in this
thesis can be viewed as a generalization of the more widely known “classical” Fourier multipliers. Following
Vergara [29], we illustrate the connection between classical and abstract Fourier multipliers by considering
Fourier analysis on Z.

Let T = {z € C: |z| = 1} be the torus, which is yet another example of a (unimodular) locally compact
group. Given a function f € L!(T), one can define a function f:7Z — C given by

£ 1 o 0y ,—ind

fo) = 5= [ e, (1)
This defines the Fourier transform F : L*(T) — ¢o(Z), f — f, where ¢(Z) is the space of all complex-valued
sequences on Z that converge to 0 at +oo. Let A(Z) = F(L*(T)) C ¢o(Z). The Fourier transform is injective,
so there must be an inverse map F ! : A(Z) — L'(T).

The Fourier transform restricted to L(T) N L?(T) maps into [2(Z). This map extends to an (for appro-
priately chosen Haar measures) isometric, i.e. norm-preserving, isomorphism L?(T) — [2(Z), which is also
called the Fourier transform and written as F : f +— f .

For g,h € L*(T) we have that gh € L*(T) with |ghl|, < |lg|l5/|A]l, and

F(gh) =g xh. (5)

Moreover, any f € L'(T) can be written as f = gh for certain g, h € L*(T) with || f||, = |lgll, |2, It follows
that

A(Z) = {uxv:u,vel*(Z)}. (6)

A(Z) can be equipped with the norm [|a|| 5z = inf [[u][[|v|[;, where the infimum is taken over all u, v € 1%(z)
such that a = u * v. It follows that

11l = 1F (Dl az) (7)

for all f € LY(T).

An LY(T) to L'(T) Fourier multiplier operator (in the classical sense) is a bounded linear map L'(T) —
LY(T) of the form f +— F~Y(¢F(f)), where ¢ : Z — C is the corresponding Fourier multiplier symbol. Note
that ¢ is a Fourier multiplier symbol if and only if a — ¢a is a bounded (in ||-[| 4 () linear map A(Z) — A(Z).

So, we can characterize A(Z), its norm |[|-[| 4.z, and the L!(T)-Fourier multipliers in terms of the group
Z, without reference to the group T. The idea behind the upcoming more abstract definition of (linear)



Fourier multipliers in the context of locally compact groups, is to use these characterizations as definitions,
but with Z replaced by an arbitrary locally compact group G.
The above argument can be repeated for general abelian locally compact groups. Every abelian locally

compact group G has an abelian dual group G and a Fourier transform F : L'(G) — Co(QG), where Co(G)
is the space of continuous functions on G that “vanish at co” (see . If G =T, then T can be
identified with Z. Our treatment of Fourier analysis on Z remains valid if T is replaced by an abelian locally
compact group G and Z by the dual group G. I (R)-Fourier transforms can also be treated in this manner,
where we note that R can be identified with R itself. Because we do not assume our locally compact groups
to be abelian, we will not be using the dual group or the associated Fourier transform in this thesis. We

refer the interested reader to chapter 4 in [17] for the relevant definitions and a treatment of abelian locally
compact groups.

1.3 Abstract Fourier multipliers

Our brief exploration of Fourier analysis on Z suggests that for a general locally compact group G, we define
A(G) as the set of all functions of the form f x g, where f,g € L*(G) and define lall 4. as the infimum of

Il fll5]lgll, taken over all f,g € L*(G) such that a = f * g. This definition would work in case G is assumed
to be unimodular, but in the general case we need to replace g by g, where g(z) = g(z~1). So, we have that

AG)={f+*g: f.9e L*(Q)}, (8)
equipped with the norm |[[al| 4g) = inf || f[5[lg]l,, where the infimum is taken over all f,g € L*(G) such
that a = f * g. Note that in case G is unimodular, g ~— ¢ defines an isometry L?(G) — L?(G). So, if G
is unimodular this definition of A(G) agrees with the one we proposed earlier. For G = Z it is clear that
A(Z) is a Banach space, because it is isometrically isomorphic to L!(T). This turns out to be true for any
locally compact group G . In fact A(G) is even a Banach algebra , ie. A(G)
is a Banach space and ab € A(G) for a,b € A(G) and |[labl| 4g) < llall 4 [0l (). The study of Fourier
algebras dates back to a 1964 paper by Eymard [16]. A detailed treatment can be found in [22], while [29]
offers a brief introduction.

Taking inspiration from the G = Z case, we can define (linear) Fourier multiplier symbols as functions
¢ : G — C such that myg : A(G) - A(G), a — ¢a defines a bounded linear operator. Such functions
are automatically continuous and bounded . These Fourier multiplier symbols are also called
Fourier algebra multipliers and we write M A(G) for the set of Fourier algebra multipliers. Equipped with
pointwise operations and the norm |||y, 4g) = [mell, M A(G) is a Banach algebra .

There is a second (equivalent) way of defining M A(G), which is less similar to the definition of classical
Fourier multipliers, but can be more easily generalized to define multilinear Fourier multipliers. For a locally
compact group G and = € G we can define a linear operator A(z) € B(L?(G)) given by (A\(z)f)(y) = f(z~1y).
The linear span of {A(z) : € G} can be closed in several different topologies (SOT, WOT and o-weak
operator topology, see [Definition 4.1} [Definition 4.2 and [Definition 4.3). These closures are all the same
space: the group von Neumann algebra VN(G) of G (Definition 4.9)).

The functions ¢ € MA(G) are such that there exists a (unique) bounded linear map My : VN(G) —
V N(G) that is continuous in the o-weak operator topology and such that

My(Mx)) = d(x)A(x) (9)
for all z € G. Moreover, for a continuous, bounded function ¢ : G — C, the existence of such a map
My implies that ¢ € MA(G) and [[My|| = [|¢l[pr4(c) (Theorem 4.21). This results in two equivalent
characterizations of M A(G). An important subset of M A(G) consists of those Fourier multiplier symbols
¢ for which My is a completely bounded linear map. Complete boundedness of a linear map is a stronger
condition than boundedness and has its own associated norm |||z (see . The completely bounded
Fourier multiplier symbols form a subset M., A(G) C M A(G). Equipped with pointwise operations and the
norm ||l 5, aq) = [Mollop, this is again a Banach algebra.




1.4 Weak amenability

One important application of M., A(G) is in the definition of weak amenability of locally
compact groups. Weak amenability is an approximation property that states that the function on a locally
compact group constantly equal to 1, can be approximated in a specific way by functions in the Fourier
algebra of the group. Not every locally compact group has this property. To be precise, a locally compact
group G is called weakly amenable if there is a net (¢,) in A(G) such that |[¢, |5, , 4(g) < K for some constant
k and such that ¢, converges to 1 uniformly on compact sets. A net can be thought of as
a generalized sequence. Nets are frequently used in topology instead of sequences, when using a sequence
does not suffice.

The name weak amenability was first introduced in 1989 by Cowling and Haagerup [7], but the property
it refers to was already being studied in the preceding years. Weak amenability has several important
applications. We state three of these applications below, but these are certainly not the only results involving
weak amenability. We refer to [29] for an introduction to weak amenability and an overview of the literature
on this topic.

The first of these applications is the study of operator algebras. For a discrete group I', weak amenability
of T is equivalent to a certain approximation property of the group von Neumann algebra VN (T') as well as

a certain approximation property of the C*-algebra (Definition 2.2)) generated by {A(z) : z € T'}. Both of
these approximation properties involve the approximation of the identity operator on the respective spaces by

maps with finite rank (i.e. their image has finite dimension). gives a more detailed statement
of this result, which is proved by Haagerup in Theorem 2.6 of [18].

A second important application of weak amenability is the study of Lie groups. An important result
about weak amenability in the context of Lie groups is that the weak amenability of a connected, simple Lie
group depends on its rank. In particular, a connected, simple Lie group is weakly amenable if and only if it
has real rank 0 or 1. This result is Theorem 5.1 in [29] and we refer to section 5 in [29] and the references
provided there for the relevant definitions. This theorem was not proved all at once and different parts of
the problem were solved by different people. The fact that no Lie group with real rank > 2 can be weakly
amenable was proved by Haagerup [18] with an additional assumption that was later removed by Dorofaeff
[11, 12]. The weak amenability of Lie groups with rank 0 or 1 was proved separately for different Lie groups
by Cowling ([6]), De Canniére and Haagerup ([8]), and Cowling and Haagerup ([7]) (with an additional
assumption that was later removed by Hansen [19]).

A third important result, especially in the context of this thesis, involving weak amenability is the fact
that a lattice I' in a second-countable , unimodular, locally compact group G is weakly
amenable if and only if G itself is weakly amenable. I' being a lattice means that I" is a closed discrete
subgroup of G and the quotient G/T" has a finite measure that is invariant under left multiplication with
elements of G. This result was proved by Haagerup 18] and, together with the results leading up to it, forms

the inspiration behind

1.5 Multilinear Fourier multipliers

We mentioned earlier that the characterization of M A(G) in terms of VN(G) can be generalized to a
definition of multilinear Fourier multiplier symbols. For n € N, an n-linear map is a map that depends on
n variables and is linear in each separate variable (so 1-linear maps are just linear maps). The definitions of
boundedness and complete boundedness for linear maps can be generalized to n-linear maps (see .
If ¢ : G*™ — C is a (n-variable) bounded and continuous function, such that a (unique) bounded n-linear
map My : VN(G)*™ — VN(G) exists that is continuous in each variable in the o-weak operator topology,
and such that

My(Mz1), -, Man)) = @z, w) [ Aay), (10)
j=1

then the map My is called an n-linear Fourier multiplier and ¢ its symbol. M™A(G) denotes the space
of symbols of n-linear Fourier multipliers equipped with the norm [¢[y/n 4y = Mgl In case My is a
completely bounded n-linear map, we call it a completely bounded Fourier multiplier. M} A(G) is the space
of symbols of completely bounded n-linear Fourier multipliers and is equipped with the norm |/¢|| MLAG) =



|Mg|lp- This definition generalizes linear Fourier multipliers in the sense that for n = 1 the n-linear
(completely bounded) Fourier multipliers agree with the (linear) Fourier multipliers we defined earlier.

A generalization of Fourier multipliers has also been introduced by Todorov and Turowska [28]. Their
approach involves defining a multidimensional Fourier algebra A™(G) and using it to define certain multipli-
ers. These multipliers have an equivalent characterization that is very similar (and possibly equivalent) to
our definition of multilinear Fourier multipliers. See and [28] for more details. A multivariable
generalization of the Fourier algebra for discrete groups was previously also introduced by [13]. There also ex-
ists a different type of multilinear Fourier multipliers, where the Fourier multipliers act on non-commutative
LP-spaces (see for example [3]), but these differ from the Fourier multipliers that are covered in this thesis.

1.6 Schur multipliers

Fourier multipliers are closely related to Schur multipliers, which form another class of (multi)linear maps.
Although the general definition of Schur multipliers (see [subsection 4.3)) is more involved, the basic idea

behind Schur multipliers is relatively straightforward. If m € N and ¢ : {1,...,m}*? — C is a function, we
can define a linear map Sy : M,,,(C) — M,,(C) given by
So ((as)752)) = (00 a5y (11)

The map Sy is called a (linear) Schur multiplier with symbol ¢. More generally, if n € N, given a function
¢:{1,...,m}p*"*) — C, we can define an n-linear Schur multiplier Sy : M,,(C)*"™ — M,,(C) given by

s((@)0) )= 8 (sinTlan)

ij=1 : ,
’ =l jn-1=l Josin=1

Note that we can view the matrices in M,,(C) as bounded linear operators on the space [?({1,...,m}). The
idea behind the more general definition of Schur multipliers is to replace 12({1,...,m}) by
L?(X) for a more general measure space X. This results in the replacement of sums by integrals and requires
more technicalities. We are mostly interested in the special case where X is a locally compact group G. In
this context, for every ¢ € C,(G*™), we can define a function ¢ € Cy(G*(*+1) given by

(20, .. xn) = p(xoxy ). L1, ). (13)
This transformation is such that ¢ is the symbol of a completely bounded n-linear Fourier multiplier if
and only if qg is the symbol of a completely bounded n-linear Schur multiplier . Using this
connection, one can prove that ¢ is a completely bounded Fourier multiplier by proving that ¢ is a completely
bounded Schur multiplier. We use this approach in The multilinear Schur multipliers on measure
spaces that we use, were introduced in [21].

1.7 Main results

Our main contribution in this thesis is the generalization of several results in section 2 of [18] from linear
to multilinear Fourier multipliers. In section 2 of [18], Haagerup proves several results about lattices in
second-countable, unimodular, locally compact groups. One of the main results, which we mentioned earlier,
is that such a group is weakly amenable if and only if any one of its lattices is weakly amenable. A key
ingredient in this prove is a way to construct completely bounded Fourier multipliers on the entire group G,
based on completely bounded Fourier multipliers on the lattice I' (see Lemma 2.1 in [18]).

In the same setting as section 2 of [18], we introduce a similar construction that works for multilinear
Fourier multipliers. Our construction consists of two steps. The first is a contractive (i.e. norm-decreasing)
linear map [ (I'*") — L®(G*™), ¢ — ¢ (see. For n = 1 this step agrees with the construction
in Lemma 2.1 of [18] and results in a completely bounded Fourier multiplier (2) if ¢ is a completely bounded
Fourier multiplier. In particular for n = 1, ¢ will be a continuous function for any ¢ € 1°°(@). The continuity

of ¢ is not apparent for n > 2, which motivated us to add a second step to the construction.
The second step of the construction is a “pseudo-convolution” L'(G*" 1)) x L®(G*") — Cy(G*™),

(F, ¢) — F%¢ (see Definition 3.29). This pseudo-convolution is similar (but not identical) to a construction



used in the proof of Theorem 4.5 in [4]. We show that ¢ — Fiq@ preserves uniform convergence on compact
sets for bounded nets. Our approach here is similar to the approach taken by Haagerup in [18] as part of
proving that weak amenability of a lattice implies weak amenability of the surrounding group. We also show
that for an appropriate choice of F', ¢ — F>T<¢A> maps completely bounded Fourier multipliers on the lattice
T to completely bounded Fourier multipliers on the surrounding group G (see . This result
relies on Schur multiplier theory and the connection between Fourier and Schur multipliers.

One of the original goals for this thesis was to generalize the notion of weak amenability to n-weak
amenability, formulated in terms of n-linear Fourier multipliers, and take first steps in trying to generalize
known results for weak amenability to n-weak amenability. In particular we wanted to show that a lattice is
n-weakly amenable if and only if the surrounding group is n-weakly amenable, by generalizing Haagerup’s
results in [18|. Our proposed definition for n-weak amenability of a locally compact group G was the existence
of anet (¢,) in C.(G*™)NM]; A(G) that converges to 1 uniformly on compact subsets of G*™ and is bounded
in |- M () Here 1-weak amenability is equivalent to weak amenability . We discovered
that the condition of n-weak amenability is equivalent for different n and therefore no different from weak
amenability itself (see [Theorem 4.26| and [Remark 4.15)). For this reason all results on weak amenability
generalize in a trivial way to our proposed definition of n-weak amenability. The intent to generalize the
equivalence between weak amenability of a lattice and weak amenability of the surrounding group explains
why most of our results are inspired by Haagerup’s proof of this result. Our proof of the equivalence between
weak amenability and n-weak amenability relies on different ways of combining Fourier multiplier symbols
to obtain new Fourier multiplier symbols. In particular we show (in that a product of linear
Fourier multiplier symbols (in different variables) results in the symbol of a multilinear Fourier multiplier.
We also show that setting all but one variable equal to the identity element in the symbol of a multilinear
Fourier multiplier results in a linear Fourier multiplier.

1.8 Further research

The fact that our proposed definition of n-weak amenability turned out to be equivalent to weak amenability,
while not intended, gives an equivalent characterization of weak amenability. In particular this characteriza-
tion does not involve the Fourier algebra. It is possible that this characterization of weak amenability might
contribute to the field either by aiding in the derivation of certain properties of weakly amenable groups or
by making it easier to prove that a group is weakly amenable.

If another generalization of weak amenability in terms of multilinear Fourier multipliers is found that is
not equivalent to weak amenability, a natural direction for further research would be to investigate which
results involving weak amenability generalize to the new definition. One such result is the equivalence of weak
amenability of a lattice and the surrounding group. We hope that our construction of multilinear Fourier
multipliers, based on Haagerup’s proof of this equivalence, might play a role in generalizing this result to a
generalization of weak amenability. One possible generalization of weak amenability that we think might be
worth investigating, is to modify the original definition by replacing A(G) by the multidimensional Fourier
algebra A™(G) as introduced in [28] and linear Fourier multipliers by multilinear ones. As far as we know,
this possibility has not yet been explored.

There are two more questions about multilinear Fourier multipliers that we have encountered while
working on this thesis, which we think might be worth investigating. Firstly, we have shown that symbols
of multilinear Fourier multipliers can be obtained as products of symbols of linear Fourier multipliers. By
taking linear combinations of these, even more symbols of multilinear Fourier multipliers can be obtained.
The question is whether all symbols of multilinear Fourier multipliers can be constructed in this manner and
which counterexamples can be found if this is not the case. The second question is whether the map ¢ (ﬁ
maps [°°(T*") into Cp(G*™). It does when n = 1, but the proof in [18] to show this, does not seem to easily
generalize to n > 2. We suspect that 413 is not always continuous when n > 2, but we have not done any
explicit calculations to confirm this by finding counterexamples. Answering this question might be especially
relevant if further attempts are made to generalize weak amenability and Haagerup’s result about the weak
amenability of lattices.



1.9 Thesis structure

The remainder of this thesis is structured as follows. In we define (complete) boundedness for
multilinear maps and prove several results about them. We give special attention to ways of constructing
multilinear maps from existing multilinear maps. These constructions are later applied to Fourier multipli-
ers. Our separate treatment of multilinear maps allows us to prove some more technical and notationally
complicated results long before needing to apply them to Fourier multipliers. This streamlines our treatment
of Fourier multipliers, while still covering some of the technical details.

In we cover most of the general theory on locally compact groups that we will need. Our
treatment of locally compact groups mostly follows chapter 2 in , to which we refer for most proofs. We
also briefly introduce some definitions and results from general topology that we apply to locally compact
groups. In we prove several needed results that are not proved in or the other literature
we have encountered. In we define the pseudo-convolution that forms the second step in
our construction of Fourier multipliers and prove several results about this pseudo-convolution. We have
decided to cover the pseudo-convolution before introducing Fourier multipliers and lattices, because the
pseudo-convolution does not rely on the latter two notions and could have applications that do not involve
Fourier multipliers.

In we treat multilinear Fourier multipliers and related topics such as the group von Neumann
algebra, the Fourier algebra, weak amenability and Schur multipliers. Unlike in the introduction, in
we define Fourier multipliers in terms of the group von Neumann algebra and make the connection
with the Fourier algebra afterwards in [subsection 4.4l This allows us to immediately define multilinear
Fourier multipliers. This approach may be considered less intuitive than the approach taken in the introduc-
tion, hence the approach taken in the introduction is included to complement Both results taken
from the literature (usually without proof) and some results of our own are contained in

In we work entirely in the setting of section 2 of [18]. After explaining the setting and
introducing some notation, mostly following , the remainder of consists of our own results,
which are inspired by parts of section 2 in . A large part of is centered around the map ¢ — ¢
and the subsequent construction of multilinear Fourier multipliers.

All vector spaces we consider in this thesis are assumed to be complex, i.e. their scalar field is equal to
C, the field of complex numbers. We also note that N will denote the natural numbers excluding 0.




2 Multilinear maps

In this section we introduce multilinear maps and cover some definitions and results involving multilinear
maps. The main reason for devoting a section to multilinear maps, is that Fourier multipliers are multilinear
maps. By treating multilinear maps in general in this section, we can shorten the proofs of some results
in Because these topics are most relevant for our application of multilinear maps to Fourier
multipliers, special attention is given to boundedness and complete boundedness of multilinear maps as well
as methods to obtain new multilinear maps from existing ones. In particular we will explore how multilinear
maps can be obtained by fixing variables and as “compositions” of multilinear maps. These constructions
and how they preserve (complete) boundedness will be used to construct Fourier multipliers.

2.1 Bounded multilinear maps

In this subsection we introduce (bounded) multilinear maps and cover some of their basic properties and
constructions.

Definition 2.1. Multilinear Map
Let n € N and A,,...,A,, B vector spaces. Let X;.Lzl A; denote the n-ary Cartesian product of

Ay,...,A,. Wecall a map T : X;Zl A; — B multilinear (more specifically n-linear) if it is linear in
each component. Explicitly this means that T must satisfy

T(z1,...,cxj+dyj,...,xn) =cT(x1,..., 25, ..., 2n) +dT(T1,...,Yj, ..., Tp) (14)

for all j € {1,...,n}, ¢,d € C and z;,y; € A; for all ¢ € {1,...,n}. In other words, this means that for all
jedl,...,ntandall z; € {1,...,j—1,j+1,...,n}, themap A; — B, z; = T'(z1,...,2j,...,2,) should
be a linear map. Note that if T : X;.lzl A; — B is multilinear, then T'(z1,...,z,) = 0 if 2; = 0 for at least
one j € {1,...,n}. If Ay,...,A,, B are normed vector spaces, we call an n-linear map T : X;,l:l A; — B
bounded if

sup{||T(z1,...,zn)| : ||lz;|| <1Vj € {l,...,n}} < . (15)
We denote the above quantity by |7
Note that the above definition reduces to the definition of a (bounded) linear map in case n = 1. A number

of basic results about (bounded) linear maps generalize to the multilinear case, as can be seen from some of
the remarks below.

Remark 2.1. There are several alternative characterizations of the quantity ||7'|| for a multilinear map T :
X;;l A; — B. First of all we have that

1T\ = sup{||T(z1,-..,za)| : llz;]| <1Vje{l,...,n}} (16)
T = sup{||T(x1,...,zn)] : ||lz;]| = 1Vj € {1,...,n}} (17)
and
||T(£1717,(En)|| .
T|=supd ——=7———:2; #0Vj €{1l,...,n} ;. 18

The equivalence of these characterizations follows from the definitions of multilinearity and the supremum
with the proof being very similar to the linear case. Here we note that the last two of these characterizations
are only valid if none of the vector spaces Ay, ..., A, is equal to {0}. The last of the above characterizations
implies that

T,z < ITITT Ny (19)
j=1



for all (z1,...,2,) € X;.lzl A;. This is also true if any of the vector spaces A,..., A, is equal to {0}. In
fact, ||T|| is always the infimum of all C' > 0 that satisfy

T (1, .. 2n)| < C T Il (20)
j=1

with the convention that inf(()) = co. This is another equivalent characterization of || T||. As such, bound-
edness of T follows from the existence of a constant C' > 0 that satisfies the above inequality and any such
constant C' gives an upper bound on || T||.

Remark 2.2. The set of all multilinear maps X;l:l A; — B forms a linear subspace, which we will denote as
LO(Ay,..., Ap; B), of the vector space of all functions X;;l A; — B. If Ay,...,A,, B are normed spaces,

then the set of bounded multilinear maps X;Zl A; — B, which we will denote as L(A1,...,A,;B), is a
further linear subspace and ||-|| defines a norm on L£(Ay,..., A,; B). Note that

T (z1,. .. zn) + S(@1, ..y zn)|| < || T (21, ... z0)|| + I1S(z1, ...y 20)

| (21)

and

HCT('rlw")In)H = |C‘HT(I177IH)H (22)

forall S,T € L(A;,...,As;B),c€ Cand (z1,...,z,) € X;Zl A;. By using any one of the characterizations
of |||l on L(Aj,...,A,; B) and taking the appropriate supremum it follows that ||S + T < ||S|| + ||T|| and
<)l = |e||IT]]. This shows that L£L(A4,..., A,; B) is indeed a vector space and ||-|| is a seminorm (i.e. it
satisfies all defining properties of a norm except that ||T|| = 0 is not required to imply that " = 0) on
L(Ay,...,A;B). If T € L(A4,...,Apn; B) is such that ||T|| = 0, then || T(z1,...,2,)|| = 0 and therefore
T(x1,...,2n) =0 for all (z1,...,2,) € X?Zl A;. So T = 0 whenever ||T| = 0, hence ||-|| is indeed a norm
on L(Ay,...,A,; B).

Remark 2.3. If Ay,..., A,, B are normed vector spaces and (T}, )men is a sequence in L(Aq, ..., A,; B) that
converges in norm to T € L(Aq,...,A,; B), then T, also converges to T pointwise. Similarly if (T},)men
is a Cauchy sequence, then (T}, (x1,...,%,))men is Cauchy for all 1 € Ay,...,x, € A,. Both these results
follow from the inequality

151, @n) = T(ar,- o) | < IS =T T 1l (23)

j=1

Remark 2.4. A well-known fact is that a composition of two (bounded) linear maps will again be a (bounded)
linear map. A similar result holds for multilinear maps, but is a bit more involved in terms of no-
tation. The idea is that one can take several multilinear maps and use their output as the variables
for another multilinear map. The precise statement of the result is as follows. Let N € N and for
ne{l,...,N} let M,, € N. Forn € {1,...,N} and m,, € {1,...,M,} let A, , be a vector space.
Also for n € {1,..., N}, let B,, be a vector space and let C be a vector space. For n € {1,...,N} let S,, €

L(A1 ;.. Am, n;Bn)andlet T € L(Bi,...,Bn;C). Wewrite x)_, S, for the map ngl X:;["ZI Ampn =

ngl B,, given by ((mmmn)%zzl)njvzl = (Sn(T1p, - 201, .0))Y_1. Then it follows from the multilinear-
ity of S1,...,Sn,T that T o xN_1S, € £A11,..., Ay 15+ A1 N, o, Ary v C). Moreover, if all
the vector spaces Ay, n,Bpn,C are normed and the multilinear maps Si,...,Sn,T are bounded, then

ToxN 1S, € L(A11,- v Ay 1y s ANy o Ariy s ©). Tosee this, let T, € Ay, forn € {1,...,N}
and m,, € {1,..., M,}. Using boundedness of S1,...,Sy,T we see that



| TG Su (@) b DN = 1T G110, 2an ) Sy @,y )]

N M7L
<ITI T 1Sn (@1, 2an, o) | < T H 1Sall TT Nlzm,. nll (24)
n=1 n=1 mp=1
<m0 (T 1) T T bl
n=1m,=1
This shows that T o >< 1Sy, is indeed bounded and we have
N
1T 0 Ay Sul| < T TT 1Sl (25)
n=1

Note that if N =1 and M; = 1, the above construction reduces to the composition of two (bounded) linear
maps.

We will now consider an example where the above construction can be applied to construct (bounded)
multilinear maps. Suppose B is an algebra (see . Then (x1,...,2N) — Hfj:l T, defines an
N-linear map B*Y — B. If B is also a normed algebra (algebra with a submultiplicative norm), then
this multilinear map is bounded (with norm at most 1). Suppose that for each n € {1,..., N} there is an
M,, € N and for m,, € {1,..., M,} we have a vector space A,,, . Also suppose that we have multilinear
maps S, € L%(A1p,..., An, n; B) for each n € {1,...,N}. Note that we are in the same situation as in

Remark 2.4{ but now with B, = B, C = B and T given by T'(z1,...,zy) = ngl Zp. It follows that

((Imn,n)%zzl)i);l = H Sn(T1ms - Ty ) (26)

defines a multilinear map X X An,, n — B. If we assume that A, ,, and B are normed and all S,

Mn *1
are bounded, then this will be a bounded multilinear map with norm bounded from above by ngl [1Sn]]-
This example can be simplified by taking M,, = 1 for all n. In this case we have (bounded) linear maps

Sy : A, — B (with A,, = A;,,), which we combine to obtain a (bounded) multilinear map ij:l A, — B

given by (z1,...,zn) — Hf:’zl Sp(xy). Variations on these examples can be obtained by replacing the
multiplication map (z1,...,2N5) — Hﬁf:l Zn by (z1,...,2N) — Hszl Tr(n), where 7 is a permutation of
{1,...,N}.

Remark 2.5. Note that if Ay,..., A,, B are vector spaces and T € L°(A1,..., Ay; B) is a multilinear map,
then we can obtain new multilinear maps from 7' by fixing one or more of the variables. Because we will
make use of this later on, we introduce special notation for this construction. Let J C {1 n} be a strict

.....

(%), n}\JHT(m)je{l ,,,,, n}\J|J; (xijJ) =T, ), (27)

Here we note that the Cartesian product X o A; is considered to be taken in order of increasing j,

----- ni\J
or in other words the order of the variables x; € A; for j € {1,...,n}\J is preserved when considering

the map T <-|J; (xj)jeJ)' From [Definition 2.1{it is clear that T' <-|J; (x;)

jes ) 1s again a multilinear map,

ie. T (-\J; (Ij)j€J> e [0 ((Aj)je{l,... n}\J;B>, where the tuple (Aj)je{1 .np\ is considered to be in

order of increasing subscript j. Note that T <~|J; (xj)jeJ) =T if J is empty. If Ay,..., A,, B are normed

spaces, then it can be seen from [Definition 2.1| (or [Remark 2.1) that T (~\J; (xj)jeJ) is bounded, hence

T (~|J; (xj)jeJ) eL ((Aj)je{l,...,n}\J ; B). In particular we have that

10



|7 (173 @) ey )|| < ITUTT llsl (28)
JjeJ

Finally we note that this fixing of variables can be done by either fixing at once all variables that are to

be fixed, or in several steps. In other words, if I,J C {1,...,n} are disjoint with I U J a strict subset of
{I,....n},zjeAjforjeIUJand S=T (.|J; (xj)jEJ). Then we have that
S (5 () jer) =T (11U T3 () 5e100) - (29)

This simple observation is useful, because it ensures that fixing several variables can be viewed as fixing one
variable at a time.

The following result generalizes a well-known result about linear maps.

Theorem 2.1. Let n € N and A1,...,A, normed vector spaces. Let B be a Banach space. Then
L(Ay,...,Ay; B) is a Banach space.

Proof. We have already seen that £(Ajy,..., A,; B) is a normed vector space in [Remark 2.2} so it remains
to show completeness. Let (T5,)men be a Cauchy sequence in L(Ai, ..., Ay; B). Then by [Remark 2.3
(Trn(x1, ..., 2s))men is a Cauchy sequence in B for all x1 € Ay, ..., z, € A,. It follows from the completeness
of B that this sequence converges to some limit (in B). So we can define a function T : X?=1 A; — B by
setting

T(x1,...,2n) = li_r}n Ton(21,. . Tp). (30)

We will show that T' € L(Ay,...,A,; B) and T,,, — T in norm. Multilinearity of 7" follows immediately
from multilinearity of each T;,, and linearity of limits. To prove boundedness of T', note that by the inverse
triangle inquality we have that

Tl = 1Tl < N Tom — Tl (31)
holds for all m,k € N. So (|| T ||)men is a Cauchy sequence in R, hence it is bounded (and convergent). So
C = supyey || Tk|| < co. Now for all 1 € Ay,..., 2, € A, we have that

n n
1T (@1, )l < Tl T Nl < O T Nl (32)
j=1 j=1

It follows that

1Tzl = Jim [Tl < C ] gl (33)

This shows that T' is bounded (||T]| < C). To show convergence of T,,, to T, let ¢ > 0 and choose N € N
such that ||T5, — Tkl < %e for all m,k > N. Then for all 1 € Ay,...,z, € A, and m,k > N we have that

[T (@1, wn) = T, s )l < T *TkIIHII%II< HII%II (34)
Jj=1

It follows that for all 1 € A4,...,z, € A,, and m > N we have that

T (z1, .. yxn) — T(x1,...,zn)|| = Um || T (21, ... 2n) — Ti(x1, .., 20)|| < feH [l ] (35)
k—o0

It follows that ||T,,, — T|| < 2€ < € for all m > N. This shows that

Nim ([T, =T = 0. (36)

So, T, converges to T in norm, which shows that £(A1,..., A,; B) is complete, hence a Banach space. [
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2.2 Boundedness of amplifications

In this subsection we introduce amplifications of multilinear maps. These amplifications are also multilinear
maps, but they are defined on spaces of matrices. By considering the potential boundedness of these am-
plifications we obtain subspaces of multilinear maps that become progressively smaller as we increase the
dimensions of the matrices we consider. The way we define amplifications generalizes the usual definition
for linear maps. We will use some of the theory of C*-algebras and for this reason we start by stating the
relevant definitions.

Definition 2.2. Algebra
An (associative) algebra is a vector space A equipped with a bilinear, associative multiplication map
AxA— A,

(z,y) — xy. (37)

A linear subspace B of A is called a subalgebra if xy € B for all z,y € B. If A is also equipped with a norm
||l that is submultiplicative, i.e.

eyl < ll2[lllyll (38)

for all z,y € A, then A is called a normed algebra. In case A is also complete, it is called a Banach algebra.

Definition 2.3. Involutive algebra
An involutive algebra is an algebra A, equipped with a conjugate-linear map A — A, z — z* that satisfies

* 3k

™ =z and (zy)* = y*z* for all z,y € A. A subalgebra B of A is called a x-subalgebra if z* € B for
all x € B. A Banach-* algebra is an involutive Banach algebra A such that ||z*|| = |z|| for all z € A. A
C*-algebra is an involutive Banach algebra A such that ||z*z|| = ||z for all z € A.

Remark 2.6. It can be shown that every C*-algebra is a Banach-* algebra (see Lemma 2.1.3 in [23]). If H
is a Hilbert space, then B(H) (the space of bounded linear operators on H) is a C*-algebra (see Example
2.1.3 in [23]). For more theory on C*-algebras, we refer to [23].

Definition 2.4. Homomorphism
Let A, B be algebras. A linear map ¢ : A — B is called an algebra homomorphism if it satisfies

d(xy) = d(x)d(y) (39)

for all x,y € A. If A, B are involutive algebras, an algebra homomorphism ¢ : A — B is called a *-
homomorphism if it also satisfies

p(z") = () (40)

for all z € A. If a (x—)homomorphism is bijective, it is called a (x—)isomorphism.

Let H be a Hilbert space and E a linear subspace of B(H). Define for n € N

Mn(E) = {(%45)} =1 : zij € E}. (41)

Equipped with element-wise addition and scalar multiplication, M,,(E) becomes a vector space and a linear

subspace of M,,(B(H)). If E is a subalgebra of B(H), then M, (F) is also a subalgebra of M,,(B(H)) when
both are equipped with the product

(@i ) et Wik e = | D %i Wik : (42)

j=1 ik=1

In particular if F is a *-subalgebra of B(H), then M, (F) is also a x-subalgebra of M,,(B(H)) when both
are equipped with the involution

((Iiyj)?,jﬂ)* = (@} j=1- (43)
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Let 15 (H) be the Hilbert space direct sum of n copies of H. So,

Z(H) = {(h)j—1 : hy € H} (44)

equipped with entry-wise addition and scalar multlphcatlon and the inner product

<(gj)] 1’ Z g]a . (45)

J=1

This is again a Hilbert space. We define the map ¢ : M, (B(H)) — B(I3(H)), (T ;)7 ;= — T, where T'is
given by

T((hy)j=1) = | Y _ Tijh; - (46)
j=1 i=1
Note that
()50 = ||| DTt <ZHT,m H—Z lew I’
J=1 i=1
n n n n 2
2
< an Ihst? = 3 Ul SO0l < S el [ 3 (e 1200
j=1 \ i=1 j=1 i=1 k=1 =1 \IELLn)
1 1 n (47)
=nt x| HTUHZHth—nQ e AT,
. n
1 " 2
<ntmax (Tl (helio (Dl = max (Tigll, | Y 1Al
n} i.j€{1,.n} =
= T h .
n, amax Tl )|

This shows that 7" is bounded with ||| < nmax; jef1,... n} [|T7,5]- So, our map is well-defined. The map we
defined above is clearly linear and it also preserves products as can be seen from

S(T((hy)j=) =S| [ D Tishy =Y Sk > Tijh; =(> <Z Sk,iTi,j> hj . (48)
j=1 P i=1 j=1 o1 j=1 \i=1

ij=1"
Our map also preserves the involution. To see this, let (Ti,j)?jﬂ € M, (B(H)), T=¢ (( i) = 1) and
(zj)7=1, (yi)i=y € I5(H). We have that

where we note that (37", Sk,iﬂ,j)zjzl is the matrix product of (Sy;); ,_, and (T ;)

n

<T(($J) 1), (wi)iz 1 < ZTZJxJ Yi) > ZZ (Tijzj,vi) ZZ Ly, zjy’b

i1 =1 j=1 =1 j=1

=<<xj>;-‘1, (ZﬂjT:jyz—) > (@i o ((Ta)ln) ) W)
i=1 j=1

*
This shows that ¢ ((( 7])2 1) ) = T*. So, our map preserves the involution.

(49)
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Note that if (Z 1T h; ) =0forall hy,..., h, € H, then we can in particular for each k € {1,...,n}
and h € H choose h; = 6;1h. For this choice of h; we see that

n

Y Tijh; = (Tikh)i—; - (50)

5=l i=1
It follows that T; yh = 0 for all ¢,k € {1,...,n} and for all h € H. But then T; ; =0 for all 4,5 € {1,...,n},
hence (7;;)f;—; = 0. This shows that the map is injective (because it is linear). To show surjectivity
of this map first note that for all &k € {1,...,n}, the map my : IJ(H) — I5(H) given by wk((hj)?zl) =
((5j,khj)?:1) is an orthogonal projection with image (I3 (H)) = {(hj)?zl thy =0 Vj# k} Also note
that ", 7 = idjp(g). It follows that T = Y77, Z;‘L:1 mTm; for all T € B(I5(H)). Also note that for
ke{l,...,n}, v : H — m(I3(H)) given by tx(h) = (5j7kh)?:1 defines an isometric isomorphism between
H and 7 (13(H)). Fori,j € {1,...,n} let T, ; = 1; " om; 0 T or;. Then T;; € B(H) with ||T; ;|| < ||T|. So
(Tm-)?j:l € M, (B(H)). Now T =71 > ;0T 50 Lj_l o ;. This means that

n

T((hi)i=1) ZZ% L (65 ()R ) = D> (T (65 ((85.0h) 7))

3

=1 j=1 =1 j=1
=33 (@) =D GiwTii(hi)pey = | DD 6inTi (b (51)
i=1 j=1 i=1 j=1 i=1 j=1 et
Ti.) =6 ((@)}5o) (i)
=1 k=1

This shows that our map ¢ is surjective, hence bijective. We have also identified its inverse, namely T
(I,i_l O7TZOTOL]) i1

We have shown that our map is a *-isomorphism; hence it allows M,,(B(H)) to be identified with B(I%(H))
as *-algebras. Under this identification M,,(B(H)) and its subspace M, (E) inherit the norm from B(I5 (H)),
denoted as ||-||,,. Note that M;(F) can just be identified with E and |||, is just the original norm ||| on
B(H). We restate some of our results

Theorem 2.2. Let H be a Hilbert space and n € N. The map M,(B(H)) — B(I5(H)) given by
(Tig)i oy = [ () = [ Do Tashy (52)
i=1

is a x-isomorphism. Using this isomorphism, M,(B(H)) is equipped with the norm of 15 (H), which turns
M, (B(H)) into a C*-algebra.

Theorem 2.3. Let H be a Hilbert space and n € N. For T = (T} ;)7 ;_; € M,(B(H)) we have that

1Z:50 < 1T, (53)
foralli,je{l,...,n}. We also have that

T <n ma T 5. 54
Tl <n_ max |70 (54)

ERREE}

In particular we have that ||-||,, and T — max; jeq1,.. o) |55 are equivalent norms on M, (B(H)).

Remark 2.7. Note that if S € B(H), then (6;;5); ._, € M,,(B(H)) with

1,7=1

|@s9,m, = s (55)
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Indeed, if hq,...,h, € H, then

(6:,59)7 -y () Z%Sh = (Shy)},. (56)
i=1
It follows that
2
(GRS e [ Z Ishall® < 151 (h)7es | (57)
This shows that H(6 ,JS)” < IS|l. For € > 0 we can choose h; = 0 for all j > 2 and h; such that

(ISRl > (IS]| — €)||h1||- For this choice of hq, ..., h, we have that
658075 i)y || = NSBall > (US1 = Al = (15 - e>H<hj>;;1H. (58)

This shows that H (6 ,]S > IIS|| and our claim

follows.
has a few useful consequences. We refer to for the topological definitions in
[Remark 2.8 and [Remark 2.9

Remark 2.8. It (T(m))meN = ((T,(m)) N 1) is a sequence in M, (B(H)), then (Tz(;n)) is a sequence
J meN

)

o> [IS]| — € for any € > 0. It follows that H (0; ]S

meN
in B(H) for all 4,5 € {1,...,n}. Because |||, and T+ max; jcq1, . n} |5, ] are equivalent norms on
M, (B(H)), it follows that (T(m))mEN is Cauchy if and only if (Ti(m)> . is Cauchy for all 4,5 € {1,...,n}.
7 me

7

7

Similarly if T = (T} ;). ._, € M,,(B(H)), then (T(m))m

ij=1 converges to T if and only if (

m)) converges
eN J meN

to T; ; for all 4, j € {1,...,n}. An analogous result holds for convergence of nets.

Remark 2.9. The norm T +— max; jeq1,.. n} ||T5,;]| generates the product topology on X(ij)e{l oy B(H).

In light of this means that M, (B(H)) (equipped with [|-||,,) and X lt,m)? B(H) (equipped
with the product topology) are one and the same as topological spaces. It follows that for any topological
space 7 and function f : T — M, (B(H)), f is continuous if and only if  — f(x);; is continuous for all
i, € {1,...,n}. In particular the projections M, (B(H)) — B(H), T — T;; are continuous. From the
definition of the product topology it is clear that if i,j € {1,...,n} and A, ; C B(H), then {T € B(H) :
T;; € Ai;} is open if A; ; is open and is closed if A; ; is closed. By taking finite intersections it follows that
it A, ; C B(H) for all 4,5 € {1,...,n}, then ><(Z.’j)€{1’wn}2 A; ; is open in M, (B(H)) if each A, ; is open
and is closed in M, (B(H)) if each A, ; is closed.

Corollary 2.4. Let H be a Hilbert space, E a closed linear subspace of B(H) and n € N. Then M, (E) is
closed.

Proof. We give 2 short proofs, based on [Remark 2.8 and [Remark 2.9| respectively. For the first proof, let
(T(’”))meN ((T(m)) 1) be a sequence in M, (E) that converges to T' = (T ;)" ;=1 € Mn(B(H)).
43=1/ meN

12y

By [Remark 2.8} for each i,j € {1,...,n}, Tl(;n) is a sequence in F that converges to T; ;. Hence T; ; € E

because £ is closed. So we have T' € M,,(E), which shows that M, (FE) is closed. For the second proof note

that M, (E) = Xijyeqr,. ny2 F as a subset of M, (B(H)). Because E is closed, [Remark 2.9 implies that
M, (F) is closed. O

Note that if m < n, we can isometrically embed M,,(F) into M,,(E). We will show one such embedding.

Theorem 2.5. Let H be a Hilbert space and E a linear subspace of B(H). For m,n € N with m <n define
Onm @ My (B(H)) = M,(B(H)) by opm ((Tk,l)zlzl)ij =T, if 1,5 < m and opm ((Tw)zl:l)u =0

otherwise. Then oy, ., is a an isometric *-homomorphism and o,y (M, (E)) C M, (E).
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Proof. From the definition it is immediately clear that o, ., (M, (E)) € M, (E) and that oy, ., is injective.
Note that I%(H) ~ I7,(H) ®12_,,(H) as Hilbert spaces with a unitary isomorphism given by ¢((h;)}_,) =
((hj)7ey, (hjym)j=1"). This induces a *-isomorphism & : B(2, (H) 17 _,,(H)) — B(I%(H)) given by ®(5) =
¢t oS o¢. For T = (T;;)]",_; note that @~ (0, (T)) = T & 0. This clearly shows that =" 0 0y, is a
*-homomorphism, hence so 1S 0y, ;. Oy, is an injective *-homomorphism between C*-algebras. It follows
from Theorem 3.1.5. in [23] that o, ,,, must be isometric. So, oy, is a an isometric *-homomorphism. The

fact that oy, ,, is isometric can also be directly verified in a straightforward manner. O

Remark 2.10. Note that if m < k <n, then oy, © 0% m = On,m. This follows directly from the definition of
the embedding in |Theorem 2.5 We will sometimes write o7, for the embedding oy : M (E) — M, (E)
to prevent ambiguity.

Definition 2.5. Amplification
Let N € N and for n € {1,...,N} let H, be a Hilbert space and E,, C B(H,) a linear subspace of
B(Hy,). Also let K be a Hilbert space and F' C B(K) a linear subspace of B(K). We consider an N-linear

map ¢ : ngl E, — F. For m € N we define the map ¢, : ngl M. (E,) = M,,(F) by

! M _ [ v - o) W)
bm (T( )T )) =1y 3 ¢(Ti07il,...,TiN7hiN) : (59)
=1 in_i=1 .
Zo,’LNzl
where if N = 1 we interpret >, --- 3" _ ¢ (Ti(ol’)il,...,Ti(]]VVi)hiN) as ¢ (TZ(OI)“) So, no summation

takes place if N = 1. For those readers familiar with amplifications in the context of linear maps, note that
the case N = 1 is simply the linear case. Note that N-linearity of ¢ implies that ¢,, is also N-linear. Also
note that ¢; can just be identified with ¢ itself by identifying M;(E,) with F,, and M;(F) with F.

Note that the above amplification defines a map

LYEy,...,En;F) = LY(My,(Ey), ..., My (EN); M (F)). (60)

From the above definition of amplification it is clear that the amplification map is linear. Recall that
LO(M(Er), ..., My (EN); My, (F)) has a linear subspace, £L(M,,(E1),..., My (EN); My, (F)), which is a
normed space. Let L™(Ey,...,En;F) be the preimage of L(M,,(E1),..., Mn(EN); My (F)) under the
amplification map. So,

L(By,...,En;F)={¢ € L2Es,...,Ex;F) : dm € LIMp(EL), ..., My (Ex); M (F))}.  (61)

Note that from the identification of ¢; with ¢ it is clear that £'(Ey,...,En; F) = L(Ex,...,EN; F). For
general m € N it follows from the linearity of the amplification map that £L™(FE1,..., En; F') is a linear
subspace of L(E1,..., En; F) and that ||@|,, = ||¢m| defines a seminorm on £™(E1,..., Eyx; F). We will
show that |-, is in fact a norm. This will be a consequence of the following stronger result.

Lemma 2.6. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of B(H;).
Also let K be a Hilbert space and F a linear subspace of B(K). Let m,n € N with m < n. Then we have
that

£n(E17vENvF)g['m(Eh?ENaF) (62)
Proof. Let E1,...,En,F and m,n be as in the above statement. For A € {E;,...,En, F} let afl"m be the
isometric linear embedding of M,,(A) into M,,(A) we introduced in |[Theorem 2.5l So a;:{m ((Tk,l)Zfl:l)

0]

T;; if i,j <mand o},, ((Tk,l);nl:1> = 0 otherwise. We will first show that

2%

bn (aﬁlm (T(1>) A (T(N))) — o, (qu (T<1>, . ,T<N>)) (63)
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for all T € M,,(Ey),...,T™) € M,,(Ex). Let TM € M,,(Ey),...,T™) € M,,(Ex). Then we have that

o (af}m ((T(l)) s o (T(N))> -

n n " (64)
S ((UE (TO)) oo, (o8 (1)) )
~ . ‘. n,m io.in n,m NN
=1 in-1= in,in=1
Now note that qS((afilm(T(l)))iO,il, cee (05%(T(N)))1N,1,m) will be non-zero only if all of its entries are

non-zero, which can only occur if i; < m for all j € {0,..., N}. It follows that

o (o5 (1) ot (1) = o

if ig > m or iy > m. On the other hand if ig,iny < m, then we have that

On (o n (T(l) . nm( (N)))ii B
zn: zn:l (( nlm( ))m,il"”’(aﬁ%(T(N)))w—“m>

i ¢ ((05’1’” (T(l))>io,i1 L (Uf’]'v” <T(N))>iN_1,iN>

Y ¢ (T}jll, . ,TfIJf)MN) = ém (T<1>, . ,T<N>)

8
Sy
Il
-
.
2
|
=
Il

™

<
oy
Il
-
.
2
|
=
Il
-

mg

20,4N

.
I
—
.
2
|
=
Il
—

1

This shows that indeed

bn (aﬁ% (T(1)> oy (T(N)>) —ol ((;Sm (T(l),...,T(N)>> . (67)

In other words we have that

G 0 Xpy Ok, =0k 0 bm (68)

Using that of1 ..., 0%, o are isometric it follows that

’ n,m? n,m

[ @mll = ||onm © G| = [|6n © XEi00%,]| < Il H ol = l6nll- (69)
This shows that
LY(Ey,...,EniF) C L™(Ey, ..., En; F) (70)
and
91, = lPmll < Nbnll = l12]l,,- (71)
O

Corollary 2.7. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of
B(H;). Also let K be a Hilbert space and F a linear subspace of B(K). For all m € N we have that ||-||,, is
a norm on L™(Ey,...,EN; F).

Proof. We already know that the statement is true for m = 1. We also know that for all m € N, ||-||,, is a
seminorm on L™ (FE1,. .., En; F). It remain to show that ||¢||,, = 0 only if ¢ = 0. But ||¢||, < ||¢]],, follows
from so ||¢|[,, = 0 implies |||, = 0, which in turn implies ¢ = 0, finishing the proof. O
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We summarize some of the preceding results in the following definition.

Definition 2.6. m-boundedness for multilinear maps

Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of B(H;).
Also let K be a Hilbert space and F a linear subspace of B(K). For m € N we call an N-linear map
¢ € LO(E,...,En; F) m-bounded if ¢,, is bounded as a multilinear map. ||¢||,, = ||¢m|| defines a norm on
the vector space

L™(Ey,...,En;F)={¢p € L%E,...,EN;F): ¢y € L(My(E1), ..., My (En); My (F))} (72)

of m-bounded N-linear maps. We have

LY(Ey,...,En;F) C L™(Ey,...,EN; F) (73)
when m < n and the inclusion map is contractive.

Recall from [Remark 2.4] that if S, ..., Sy are bounded multilinear maps and 7" is an N-linear map defined on
the Cartesian product of the codomains of the maps S1,..., Sy, we can construct a new bounded multilinear
map T o x2_,S,, with norm no greater than ||| ]_[5:1 [ISn|l- A natural question is if this construction can
be applied to m-bounded multilinear maps to obtain a new m-bounded multilinear map. To prove that
this is indeed the case we need the following lemma, which asserts that this construction interacts with
amplifications in a convenient way.

Lemma 2.8. Let N € N and forn € {1,...,N} let M, e N. Forne {1,...,N} and m,, € {1,..., M, } let
Hyn, n be a Hilbert space and Ey,, » C B(Hpy, n) a linear subspace of B(Hy,, n). Forn e {1l,...,N}, let K,
be a Hilbert space and F,, C B(K,) a linear subspace of B(K,). Also let L be a Hilbert space and G C B(L) a
linear subspace of B(L). If (™) € LOEim,...,Em,n; Fy) forne{l,...,N} and if ¢ € LO(F, ..., Fn; G),
then for all k € N we have that

(#0xiorw™) = oroxiLyuf™. (74)

Proof. To improve readability we introduce the following notation. Suppose A = {j1,...,7:} C N is a finite

subset of N with jq,..., 75 distinct and m € N. Then we write Z;Z:l f(ij,,...,4;,) as a shorthand for

ZZL PR Z:’; 1 flijy,...,ij5) for any function f: {1,...,m}! — V, where V is a vector space. It is clear
J1 1

that if Ay,..., As C N (with s € N) are finite and disjoint and A = U;:1 A;, then

m m m

ST HG)jea) =D - Y f(ij)jea)- (75)
ia=1 iAlzl ia,=1
Let
k
T(mn,n) = (]’;{Tn,n))i7j:1 c Mk(Emmn) (76)

for all n € {1,...,N} and m,, € {1,..., M, }. Then we have that

k

(n) M i - M,
n (m,,L,n)) " _ (n) (mn,n 4
k < (T M 1) Z 11[) < <szn *1+Z;-l:_11 M; ’ZMnJrZ;-l:_ll M; ) > ) (77)

A, =1 my,=1 .
(2 —1 5 n ]\/1,:1
Shoy My i Mj

where A, = {Z;le M; + 1,2?;11 Mj +2,...,575_) M; — 1}. Note that Aj,..., A, are all disjoint and

together with B = {Z;:l M;, Z?:l M;, ..., Z?;l M;} they form a partition of A ={1,2,..., Zjvzl M; —
1}. It follows that
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(oveeiea?) (o)) ) = (o ( T<m"’">>fi_l>>l) :
- ()( My ,n Mn >>
Z ¢ <wkn (T( ))ngI s P
lOrZN M;

ip=1 (
k k ( |

( ) Tmn,n _
ol X e (( Tt e mH

E ok k M,
Z Z . Z o [w™ (T(mmn) ) (78)
ip=lia;=1 TA =1 Zmn 1+En ! Mi mn+2" F M mnp= .

N ZO’ZZ;-V M 1

k
(G i
— mn =1+ S0 My ST M_7 mn_l
tA= Z() ’LZN M

k Mn N
> (oo i) (((zm ) -
Py} mn 1+Z Mj7 m,L+Z § mn_
A= 7.0 ZZN JM =1

N
(¢o N w(m) (T<mn,n>>M" .
n=1 k my,=1 n=1
This shows that ((i)k oxN_, ,in)) = ((b o xﬁlzlw(”))k, completing the proof. O

Using we can now prove the following theorem.

Theorem 2.9. Let N € N and forn € {1,...,N} let M, e N. Forn e {l,...,N} and m,, € {1,..., M}
let H,,, » be a Hilbert space and E,,, , C B( mn.m) G linear subspace of B( mmn) Forn e {1,...,N},
let K,, be a Hilbert space and F,, C B(K,) a linear subspace of B(K,). Also let L be a Hilbert space and
G C B(L) a linear subspace of B(L). Let k € N. If ™ € LK(Ey ,.,..., Enyons Fp) forn € {1,...,N} and
if p € LE(Fy, ..., Fn;G), then o xN_ 9™ € L¥(Ey 1, ..., Evry 1y s By Ny Eniy v G) with

N
< (n)
<ol IT o],

Proof. We already know, from that the theorem holds for & = 1. Using this and we
find that

60 xaliwt

(79)

(60 xMip™) = oo xiyuf” (80)

is bounded, so ¢ o xN_ (") € LE(E1 1, Ery 1y Biny oy Enige N G), and

60 i o

= (oo i), | = fove it

N
< llgwll TT ||t
n=1

N
- ||¢||kg\)w<"> )

This completes the proof. O
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In [Remark 2.5| we have seen that from a (bounded) multilinear map, new bounded multilinear maps
can be constructed by fixing some of the variables. Our next result shows that this construction preserves
m-boundedness.

Theorem 2.10. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear sub-
space of B(H;). Also let K be a Hilbert space and F a linear subspace of B(K). Let m € N and ¢ €
L"(Er,...,EN;F). Let J C {1,...,N} be a strict subset and S; € E; for all j € J. Then we have that

6 (+1:(5 )JGJ)ec ((Bi)jeqn,..wps i F) with

lo (L) <ol I (82)

Proof. Let N, E;, F,m, ¢ be as in the statement of the theorem. Note that the theorem is clearly true when
J is empty. Also note that, because we can fix the variables one at a time (see , it is sufficient
to prove the theorem in case J is a singleton set. The general statement then follows by repeatedly applying
the case where only one variable is fixed. So, we assume that N > 2 and J = {k} for some k € {1,...,N}.
Let S € Ey. Let T™®) € M,,(E}) be given by T*) = (5”5’)” .- Forn e {1,...,N} with n # k choose

T™ € M,,(E,) arbitrarily. For ij_1,ix € {1,...,m} note that
k
Ti(k_)l,ik = 5ik—17ik S. (83)
It follows that

bm (T(l),.. ) Z Z gf)( Z(Ul)“,..., z;jv)],m>

i1=1 7 =1 .
1= N-1= ioin=1

S o (7 (k-1) (1) ()
Z Z ¢ ( G0,417 """ aTik727ik7175ik,1,iksv le k41 T ’TiN 1@1\1)

(21—1 iN—1=1 10,iN=1 (84)

oY ¢ (Tu) k=1 g plk+1) 7N )
20,817 """ Tk —2,8k—17 "0 Tik_1,0k41 T T TAIN—1,IN
Zk+1 1

’LNQI

m m
21:1 Zk 1= 1 i(),iN=1

= Vm T(n) y
¥ ( )ne{l,‘..,N}\{k})
where ¢ = ¢(-|{k}; S). Using it follows that

me <<T(n))ne{1,i..7w\{k}> Hm = om (0 7T(N))Hm - |¢Hmf{1 ¢ "

(85)
=l lsi T [
ne{l,...N}\{k}
This shows that ¢(-|{k};S) € L™ (( et NIk ;F) with
[6C1{RY: S < MllnllST- (86)
This proves the theorem in case J is a singleton set and as we have already argued, by repeated application
of this result (fixing one variable at a time), the general statement of the theorem follows. O

We have seen in that £(A1,..., An; B) is a Banach space if Ay,..., Ay are normed vector
spaces and B is a Banach space. We will show that £L¥(Ey, ..., Ex; F) is a Banach space if E, ..., Ey are
linear subspaces of spaces of bounded operators on a Hilbert space and F' is a closed linear subspace of the
space of bounded operators on a Hilbert space. The following lemma will be used to this end.
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Lemma 2.11. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of
B(H;). Also let K be a Hilbert space and F a linear subspace of B(K). Let (¢!™)en be a sequence in
LYEy,...,En; F) that converges pointwise to ¢ € LO(Ey,...,En;F). Then for all k € N, the sequence

( ](Cm))meN in LO(My(E1), ..., My(En); My(F)) converges pointwise to ¢y.

Proof. Forn € {1,...,N}, let T(™ € Mj(E,). From the pointwise convergence of (¢"™),,en to ¢ it is clear
that

k k k k
m (1 N (1 N
Z Z ¢( ) (Eo’zl""’Ti(N—)laiN> - Z Z ¢(1—;0711".'7Ti(N—)1aiN> (87)
ii=1  iy_1=1 ii=1  in_1=1
for all ig,iny € {1,...,k}. As can be seen from [Definition 2.5, this means that the matrix entries of
(bém) (T, ..., T™)) converge to the matrix entries of ¢ (T™,..., ™). Tt follows from [Remark 2.8 that

(b;cm) (TD, ..., T™)) converges to ¢p(TM), ..., TM)). So, d),(cm) converges pointwise to ¢y. O

Theorem 2.12. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of
B(H;). Also let K be a Hilbert space and F a closed linear subspace of B(K). Then L¥(Ey,...,En;F) is a
Banach space for all k € N.

Proof. We already know from that £F(FE1,. .., En; F) is a normed vector space. So, it remains
to prove completeness. We also know from that the theorem holds for k = 1, because F is a
Banach space. Let k € N and (¢(™),,en a Cauchy sequence in £¥(Ey,..., Ex; F) (with respect to |||, ).
The inequality

- o] - o), < o~ o0, g

which holds by shows that (¢("™),,cn is also Cauchy in L(Ey, ..., Ex;F).

Because L(E1, ..., Ex; F) is complete, we have that ¢(™ converges in ||-|| to some ¢ € L(E,..., En; F).
It follows that ¢("™) also converges to ¢ pointwise. By we have that gb,(cm) converges pointwise
to ¢r. The equality

i =t - oo, ®

shows that (qﬁ,(cm))meN is a Cauchy sequence in L(My,(E1), ..., My(EN); My (F)). Note that M (F) is a closed
linear subspace of My (B(K)) by [Corollary 2.4] because F is closed. Hence Mj,(F) is a Banach space, because
M (B(K)) is a Banach space. This implies that L(My(E1),..., My(ENn); Mi(F)) is a Banach space. So,
the Cauchy sequence (¢;(€m))meN must converge (in norm) to some ¢ € L(My(En),..., Mp(EN); My(F)).
It follows that ¢’(cm) also converges to 1 pointwise. But then we must have that ¢ = ¢. So ¢ €

L(My(Ey),...,My(ENn); Mi(F)) and gbém) converges to ¢ in norm. In other words we have that ¢ €
LF(Ey,...,En; F)and ¢("™ converges to ¢ in ||l This shows that £*(E1, ..., Ey; F) is a Banach space. [

2.3 Completely bounded multilinear maps

In this subsection we will define completely bounded multilinear maps in a way that generalizes completely
bounded linear maps. These are the multilinear maps ¢ that are k-bounded for all k£ € N with sup,¢y [|¢]], <
oo. As we shall see, the results we proved about k-bounded multilinear maps about completeness and
construction of multilinear maps will carry over to completely bounded maps. In fact, we have already gone
through most of the technical details in We note that our definition of complete boundedness
for multilinear maps is not the only way to generalize the complete boundedness of linear maps. Complete
boundedness for multilinear maps is sometimes defined differently in the literature. For example, in [14],
what we call completely bounded multilinear maps are instead called multiplicatively bounded and the term
completely bounded has another meaning. We have chosen to call our definition completely bounded, to
avoid having different names for a similar property of linear and multilinear maps. We stress that when
combining or comparing our results with those from the literature, it should be checked that the same (or
equivalent) definitions are used.
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Definition 2.7. Completely bounded multilinear maps

Let N € Nand for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of B(H;). Also let
K be a Hilbert space and F a linear subspace of B(K). We call a multilinear map ¢ € LO(Ey,..., Ex; F)
completely bounded if ¢ € L¥(Ey,..., Ex; F) for all k € N and

[6llc = sup |l < oo. (90)
keN
Note that [|¢||, < ||¢|lop for all K € N. Let CB(E,, ..., En; F) denote that set of all completely bounded
multilinear maps in LY(Ey,..., Ey; F).

Theorem 2.13. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of
B(H;). Also let K be a Hilbert space and F' a linear subspace of B(K). Then CB(En,...,En; F) is a vector
space and ||-||op is a norm on CB(Ey,...,En; F).

Proof. Let ¢, € CB(E1,...,EnN; F) and ¢ € C. Then we have that

6+ ¥llop = sup |6 + |, < sup(|6ll, + [¥ll,) < sup o]l +sup [¥]l, = l6llop + [lap < oo (91)
keN keN keN keN

and

ledllop = sup [ledll, = sup el = lelsup [|o]l, = [ellldllcp < oo (92)
keN keN keN

This shows that CB(E1,...,En; F) is a vector space and ||| is a seminorm on CB(Ey, ..., En; F). If
|65 = 0, then [|¢]| = 0 as well, hence ¢ = 0. This shows that |||, is a norm. O

Some of the results we have shown for k-bounded multilinear maps have analogous results that hold for
completely bounded multilinear maps.

Theorem 2.14. Let N € N and forn € {1,...,N} let M,, e N. Forne{l,...,N} and m,, € {1,..., M}
let Hy,, n be a Hilbert space and Ey,, »» C B(Hy,, n) a linear subspace of B(Hy,, n). Forn € {1,...,N},
let K,, be a Hilbert space and F,, C B(K,) a linear subspace of B(K,). Also let L be a Hilbert space
and G C B(L) a linear subspace of B(L). If ™ € CB(E1,,...,Eun,n; Fy) forn € {1,...,N} and if
¢ € CB(Fy,...,Fn;G), then ¢po xN_ 14" € OB(Ey1,...,Eaay-- - BiNy - Eag v G) with

(RPN

o (93)

N
< (n)
o < I9llos 1 v

Proof. Using [Theorem 2.9[ we have that ¢ o xN_,1(™) ¢ LE(E1 1, Ery 1y Ei Ny -y Eniye Ny G) with

N N
6032w <ol I1 [#], < 19lcn I1 [e]., <o (94)
for all £ € N. But then - "
N
[0 xdorw]] = sup oo xiorw]| < |¢||CBEH1/»<”> < (95)
which also shows that ¢ o x_ (™ € CB(E11,...,Exyas-- s Biny -« Earg N3 G). O

Theorem 2.15. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace
of B(H;). Also let K be a Hilbert space and F a linear subspace of B(K). Let ¢ € CB(En,...,EN;F).

Let J C {1,...,N} be a strict subset and S; € E; for all j € J. Then we have that ¢ <~|J; (S5) ) €
CB ((Ej)je{le}\J : F) with

jeJ

|6 (17 S)jes )|| .,y < I9lles TT 1511 (96)

JjeJ
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Proof. Let N, E;, F,¢,J,S; be as in the statement of the theorem. Then it follows from that
for all m € N: ¢(|J (S )jeJ) crm (( Dsern. N}\J;F) with

lo (17:ijes)|| < 191 TL 11 < tes TT 1S3l (97)

jeJ

This implies that ¢ ( 175 (S )JGJ) € CB (( et N}\J;F) with
o (17:Sjes )|, < 19le It (98)

O

Theorem 2.16. Let N € N and for j € {1,...,N} let H; be a Hilbert space and E; a linear subspace of
B(H;). Also let K be a Hilbert space and F a closed linear subspace of B(K). Then CB(En,...,En;F) is
a Banach space.

Proof. We already know that CB(E1, ..., En; F) is a normed vector space by [Theorem 2.13| So, it remains
h

to show completeness. We also recall from [Theorem 2.12|that £¥(Ey,..., Ex; F) is a Banach space for all
k € N. Let (¢™)men be a Cauchy sequence in CB(Ex,..., Ey; F) (with respect to |||op). It follows
from the reverse triangle inequality that (qu(m)H c p)men is a Cauchy sequence in R, hence it is bounded.
So C = sup,,ey [|[¢™|| 5 < 00. Because |||, < [|¢)]|cp for all k € N and all » € CB(Ey, ..., En; F), it
follows that for all k£ € N the sequence (¢(™),,en is Cauchy with respect to |||, and bounded in ||-||, by C
In particular we have that (¢("™),,cn is Cauchy with respect to ||-||. By completeness of L(E\, ..., Ex; F),
(™ converges to some ¢ € L(E1,...,Ex,F) in ||-||. Let k € N. Because (¢(™),,en is a Cauchy sequence
in LF(Ey, ..., En; F) with respect to ||||, it converges to some ¢ € LF(Ey, ..., Ex; F) with respect to |||,
It follows from

oo - < o -], o

that ¢(™ also converges to 9 in ||-||. But then 1 = ¢ by uniqueness of limits. So, we have that ¢(™
converges to ¢ € L¥(Ey,...,Ex; F) in |||~ This holds for all k € N. For all k,m € N we have that

[om| <c. (100)
hence also

loll, = lim ||l <c (101)

m—o0

for all k € N. This shows that ¢ € CB(F\, ..., Ex; F) (with ||¢[|o5 < C). To shows convergence of ¢(™) to
¢ in ||-||op, let € > 0 and choose M € N such that for all m,l > M we have that

1
(m) _ <”H Ze. 102
Hd) ¢ CB < 26 (102)
Then for all K € N and m,l > M we have that
1
(m) _ m” <H (m) _ (z)H < = 103
H¢ ¢ k ¢ QS CB 26 ( )
It follows that
1
Wm) _qf)H — lim H¢<m> ¢<l>H - (104)
koo 2
for all £k € N and m > M. But then we have that
1
(m) _ H _ H (m) _ H - 105
[t = ¢, =sup o~ o], < 5e < (105)
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for all m > M. This shows that ¢(™ converges to ¢ in [|-||oz. We conclude that CB(Ex,...,En; F) is a
Banach space. O

We present the following example of a completely bounded multilinear map.

Lemma 2.17. Let H be a Hilbert space and E C B(H) a subalgebra of B(H). Let N € N and consider the
map ¢ : EXN — E given by

N
d(x1,...,xN) = Hxn (106)
n=1

Then ¢ is a completely bounded multilinear map with ||¢||op < 1.

Proof. Note that ¢ is a bounded multilinear map with ||¢|| < 1 because the norm on B(H) is submultiplica-
tive. Let m € N. Then ¢y, : My, (E)*Y — M,,(E) is given by

1 N
o (1) = (35 35 o (20T,
ii=1  in_1=1 torin=1
m m N mn
= Z Z H Ti(:_)l,in (107)
i1=1  iy_i1=ln=1 P
N
- H (1)
n=1
Because the norm on M,,(FE) is submultiplicative, it follows that
81, = llom|l < 1. (108)
Since this holds for all m € N, we conclude that ¢ is completely bounded with ||¢||,5 < 1. O

With this we conclude our treatment of completely bounded multilinear maps. We will apply the results
from this section in to prove results about multilinear Fourier multipliers. There are other
applications of completely bounded multilinear maps, besides Fourier multipliers. In [14] it is shown that
what we call completely bounded multilinear maps (and what they call multiplicatively bounded multilinear
maps) are closely related to the Haagerup tensor product of operator spaces. In fact this tensor product
is such that what we have defined as completely bounded multilinear maps can be viewed as completely
bounded linear maps on the Haagerup tensor product. This Haagerup tensor product and other related
tensor products play an important role in the study of Schur multipliers, as can be see in [21]. While
the Haagerup tensor product is beyond the scope of this thesis, we will encounter Schur multipliers in
where we establish their connection to Fourier multipliers.
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3 Locally compact groups

In this section we introduce locally compact groups and some results from the general theory on locally
compact groups. These results will be used in [section 4| and [section 5| to define and work with Fourier
multipliers. Our treatment of locally compact groups is based on [17] (mostly chapter 2), to which we will
refer for most proofs. After going though the general theory of locally compact groups, we will state and
prove some of our own results in that do not rely on Fourier multipliers. Before defining
locally compact groups we will first go over some notation for groups to avoid ambiguity. We will also briefly
state several definitions and results from general topology, because the theory of locally compact groups has
a significant topological component.

3.1 Topological groups
Remark 3.1. Let G be a group. Unless specified otherwise we will write the group operation using juxtapo-
sition:

(z,y) — xy. (109)

The identity element of G will be written as eg or simply e if the group G is clear from the context. For
z € G the inverse of z will be written as 271. If z € G and A, B C G we write

zA = {zy:y € A}, (110)
Az = {yz :y € A}, (111)
AB:={zy:z € A,y € B} (112)
and
Ah={a7t iz € A} (113)
If Ay,..., A, C G, we write
HAj =A1As . Ay ={mixe .oyt € AjV e {1, ... ,n}}, (114)

j=1
where the associativity of the group operation ensures that this notation is unambiguous. For A C G and
n € N we write

Ar = A={e2y.. .20 2, € AVj € {1,...,n}}. (115)
j=1

This last notation is perhaps less standard and we stress that A™ as we have defined it should not be confused
with {2" : 2 € A}. We also write

A=A (116)
for the Cartesian product of n copies of A. This is to distinguish it from A™ as defined above. We note that

if G1,...,G,, are groups, then the Cartesian product X;.Lzl G is again a group when the group operations

of multiplication and inversion are defined component-wise. This results in the direct product X;;l Gj.
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Definition 3.1. Let G be a group, y € G and f : G — C a function on G. We define functions L, f : G — C
and R, f : G — C by

Lyf(z) = f(y 'x) (117)

and

Ry f(z) = f(zy). (118)

Remark 3.2. Note that L, and R, are linear operators on the vector space of complex valued functions on
G. In fact y — L, and y — R, are group homomorphisms.

To define and work with locally compact groups, several concepts from topology are needed. So, before
defining locally compact groups, we will first state some definitions and results from topology that we will be
using going forward. Most of these results can either directly be found in [15] or are relatively straightforward
to prove from the given definitions and previous results.

Definition 3.2. Topological space
Let X be a set. A topology on X is a collection T of subsets of X that satisfies the following properties:

1. XeTandDeT.
2. IfU €T, then Uy, U € T, ie. any union of elements of 7 is again an element of 7.

3. f A,B € T,then AN B € T, i.e. the intersection of any two elements of 7 is again an element of T
(and by induction T contains the intersection of any finite number of elements of 7).

The pair (X, T) is called a topological space. If the chosen topology is clear, X itself is often also called a
topological space. The elements of 7 are called open sets (with respect to the topology T).

An important subcategory of topological spaces are the metric spaces (with normed vector spaces as a
further subcategory), where the open sets of a metric space (as defined by the metric) form a topology. Many
definitions for metric spaces can be stated in terms of open sets and these can usually be stated analogously
for topological spaces.

Definition 3.3. Neighbourhood

Ifx € X and A C X, then A is called a neighbourhood of x if there is an open set U such that z € U C A.
In case A itself is open we can always choose U = A. So, an open set A is an open neighbourhood of z if
and only if z € A.

Definition 3.4. Closed set and closure

Let X be a topological space. A set A C X is called closed if its complement X\ A is open. Finite unions
of closed sets are again closed and arbitrary intersections of closed sets are again closed. Every set A C X
has a smallest closed set A that contains A. This set is called the closure of A and is given by

A= N F. (119)

{FCX:F is closed, ACF}

One can equivalently characterize A as the set of all z € X such that ANU # () for any open neighbourhood
U of x. Note that A is closed if and only if A = A. If A = X, then A is called dense (in X). If X has a
countable, dense subset, then X is called separable.

Definition 3.5. Continuity

Let X and Y be topological spaces and f : X — Y a function. The function f is called continuous
if the pre-image f~1(U) C X is open for all open U C Y. This definition agrees with the definition of
continuity for functions between metric spaces. If z € X, then f is called continuous at « if for every open
neighbourhood V of f(x) there exists an open neighbourhood U of z such that f(U) C V. It can be shown
that f is continuous if and only if it is continuous at every x € X. If f is bijective and both f and its inverse
f~1 are continuous, then f is called a homeomorphism. Note that a composition of continuous functions is
continuous.
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Definition 3.6. Directed set
Let I be a non-empty set and =< a relation on I. Suppose = satisfies the following properties:

1. Reflexivity: ¢ < ¢ for all v € I.
2. Transitivity: For all ¢1,t9,t3 € I, if 11 < 15 and 1o < t3, then ¢; =< 13.

3. Every pair of elements of I has a shared upper bound: If ¢1,:5 € I, then there exists a ¢ € I such that
t1 Xt and t5 = ¢ (by induction any finite number of elements of I has a shared upper bound).

Then (I, =) (and often I itself if the relation < is clear) is called a directed set. We often write ¢1 = 1o as
an equivalent way of stating 15 < ¢7. Note that (N, <) is a directed set.

Definition 3.7. Net

Let X be a topological space. A net in X is a function I — X, where I is a directed set. In particular
any sequence in X is a net. We will usually write the net in sequence notation, i.e. we will write z, for the
image of ¢ € I and write the net as (x,),e; or simply (z,) without explicitly mentioning the directed set I.

A net (z,),er in X is said to converge to an element x € X if for every (open) neighbourhood U of z,
there exists a ¢g € I such that z, € U for all ¢ = (5. In this case x is called a limit of the net x,. This
definition of convergence applies to sequences in particular and in case X is a metric space this definition of
convergence of a sequence is equivalent to convergence of the sequence in the metric. Note that while the
limit of a convergent sequence in a metric space is always unique, a net or sequence in a topological space
can have more than one limit. Uniqueness of limits can be ensured by imposing additional restrictions on

the topology, see

Remark 3.3. A number of notions in metric spaces can be characterized in terms of sequences. In topological
spaces, sequences are generally not enough to characterize the analogues of these notions, but nets frequently
are. The following are some topological notions that can be characterized in terms of nets:

e If X is a topological space and A C X, then A consists of all points in X that are limits of nets in A.
In particular, A is closed if and only if whenever a net in A has a limit in X, that limit lies in A.

e If X and Y are topological spaces and f : X — Y a function, then f is continuous if and only if
whenever z, is a net in X and « € X is a limit of that net, then f(x,) converges to f(x).

Nets are therefore frequently used in proofs in cases where sequences would be used if the topological spaces
involved would be metric spaces. In particular nets are often used to prove continuity of functions.

Definition 3.8. Subspace topology

Let (X, T) be a topological space and Y C X a subset. Then 7y :={UNY : U € T} is a topology on Y
called the subspace topology and (Y, 7y) is called a subspace of (X, T). Note that a subset of A CY that
is open in the subspace topology Ty is not necessarily open in the topology 7 of X, unless Y is open in X.
The same statement holds if we replace every instance of “open” with “closed”. Unless specified otherwise,
whenever Y C X is considered as a topological space, the chosen topology is assumed to be the subspace
topology. If X is a metric space and Y C X, the subspace topology on Y inherited from the metric topology
on X will be the same topology as the metric topology on Y (where the metric on Y is obtained from the
metric on X by restriction).

Remark 3.4. The subspace topology behaves well with respect to continuity. Let X and Y be topological
spaces and f: X — Y a function. If A C X and f is continuous, then f|4 : A — Y will also be continuous.
If f(X)CBCY,then f: X — Y is continuous if and only if it is continuous when viewed as a function
X — B.

The subspace topology also behaves well with respect to nets. Let X be a topological space and Y C X
equipped with the subspace topology. If x, is a net in Y and = € Y, then x, converges to x in the topology
of X if and only if it converges to = in the subspace topology.

Definition 3.9. Topological base
Let (X, T) be a topological space. A base for the topology T is a subset B C T such that either of the
following two equivalent statements hold:
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1. Every U € T can be written as the union of elements of B, i.e. U = UBGB’ B for some B’ C B.

2. For every U € T and x € U, there exists a B € B such that z € B C U.

Note that T itself is a base for T. Every base B C T satisfies the following requirements (which follow from
the definition):

1. Upes B= X.

2. If By, By € B and x € By N By, then there exists a B € B such that x € B C By N Bs.

Conversely, if X is any set and B is a collection of subsets of X that satisfies the above two conditions, then
there is a unique topology 7 on X such that B is a base for 7. This topology is said to be generated by the
base B and consists of all unions of elements of 5. Note that while a topology is uniquely determined by its
base, a topology can have multiple bases.

Remark 3.5. Bases are often used to define a topology on some set. In fact the topology of a metric space is
defined in this way. If (X, d) is a metric space, the metric topology on X is generated by the base consisting
of all sets Be(x) = {y € X : d(x,y) < €}, where z € X and € > 0. Another application of bases is that in
some cases it is sufficient to check a certain property only for sets in the base instead of all open sets. This
occurs for example when checking if a function is continuous, where it is sufficient to check that f~!(B)
is open when B is a set in the base. A special case of this is the e-¢ definition of continuity for functions
between metric spaces.

Definition 3.10. Second-countability
A topological space (X, 7)) is said to be second-countable if there is a countable base for 7.

Definition 3.11. Product space
Let n € N and let (X1,71),...,(Xn, Tn) be topological spaces. Let B consist of all subsets of X;;l X of

the form X;l:1 U;, where U; € T;. B satisfies the requirements stated in|Definition 3.9|to generate a topology
on X;;l X;. This topology is called the product topology of 71,...,7, and le X, equipped with this
product topology is called a product space. Unless specified otherwise, we will always assume that X;L:1 X;

is equipped with the product topology. This definition of product topology can be generalized to Cartesian
products of infinitely many topological spaces, but we will not need this.

Remark 3.6. The product topology is constructed in such a way that many properties of the product space
can be derived from properties of its factors and vice versa. Let Xi,..., X, be topological spaces. We
mention several important properties of the product space X := X?Zl X;.

e For any k € {1,...,n}, the projection 7 : X = Xy, mx(z1,...,2,) = 2} is continuous.

e If Y is a topological space and f : Y — X is a function, then f is continuous if and only if 7y o f is
continuous for all k € {1,...,n}.

o Let A; C X forall j € {1,...,n}. We equip each A; with the subspace topology it inherits from X;.
Then we can equip X;.lzl Aj; with the corresponding product topology. We also have that X?=1 A; C

X;.Lzl X, so X;L=1 A; can also be equipped with the subspace topology it inherits from X;L=1 X;. These

two topologies on X;.Lzl A; are the same topology.
o If A; C X; is open for all j € {1,...,n}, then X;;l A; is open in the topology of X;lzl X;.

o If A; C X, forall j € {1,...,n}, then X;Zl A; = X;;l A;, where the first closure is taken in the
topology of X;lzl X;. In particular, if each A; is a closed subset of X, then X?zl A; is closed in the
topology of X;L:l X;.

e If each X is separable, then so is X;l:l X;.
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e If each X is second-countable, then so is X;;l X;.

Definition 3.12. Compactness

Let X be a topological space. A subset A C X is called compact if any open cover of A has a finite
subcover. i.e. if U is a collection of open subsets of X such that A C |J; ¢, U, then there exists a finite
subcollection {Uy,..., U} C U such that A C (Jj_, U;.

Remark 3.7. We list some important properties of compact sets, some of which may be familiar from the
context of metric spaces.

e A finite set is always compact.
e A union of finitely many compact sets is compact.

e Let X be a topological space and Y C X equipped with the subspace topology. Let A C Y. Then A
is compact as a subset of Y (with respect to the subspace topology) if and only if it is compact as a
subset of X. In particular A C X is compact as a subset of X if and only if it is compact as a subset
of itself when A is equipped with the subspace topology.

e A closed subset of a compact set is compact.

e Let X and Y be topological spaces and f : X — Y continuous. If A C X is compact, then f(A) CY
is compact.

e Let Xq,..., X, be topological spaces. If A; C X, is compact for all j € {1,...,n}, then X?Zl Aj is
compact (in the product topology).

Remark 3.8. Let X be topological space. We write C'(X) for the set of all continuous functions X — C.
C(X) is an algebra under pointwise addition, scalar multiplication and product. f ~— f defines an involution
on C(X), turning it into an involutive algebra. Let Cy(X) C C(X) be the set of all bounded continuous
functions X — C. C4(X) is a *-subalgebra of C(X) and can be equipped with the supremum norm || f||_ =
sup,cx |f(x)|. With this norm Cy(X) is a C*-algebra. We write C.(X) for those functions f € C(X) such
that for some compact K C X, we have that f(z) =0 forallx ¢ K. If f € C(X) and K C X is compact,
then f(K) C C is compact, hence bounded. It follows that C.(X) is a *-subalgebra of Cj,(X).

Definition 3.13. Topological group
A topological group is a group G equipped with a topology such that the group operations of multipli-
cation:

(2,y) = xy (120)

and inversion:

T ! (121)
are continuous maps G X G — GG and G — G respectively. Here G x G is equipped with the product topology.

Remark 3.9. If G is a topological group and 4, B C G are compact, then A x B C G*? is compact in the
product topology, hence AB is compact by continuity of multiplication. It follows that if Ay,..., 4, C G
are compact, then so is H;L:1 Aj;. Continuity of inversion implies that A~! is compact whenever A C G is
compact.

Remark 3.10. Note that if G is a topological group and y € G, then L, and R, are linear isometries on
G (@).

Definition 3.14. Uniform continuity

Let G be a topological group and f : G — C a bounded function. f is called left uniformly continuous
if y — L, f is continuous on G. Here we equip the vector space of bounded complex-valued functions on G
with the supremum norm. Similarly, f is called right uniformly continuous if y — R, f is continuous on G.
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Remark 3.11. 1t is straightforward to check that y — L, f and y — R, f are continuous on G if and only
if they are continuous in the identity e € G. So, our definition of uniform continuity is equivalent to the
one used in [17]. It can also be checked that any bounded function f : G — C that is either left or right
uniformly continuous must be a continuous function.

Lemma 3.1. Let G be a topological group and f € C.(G). Then f is both left and right uniformly continuous.

For the proof of the above lemma we refer to Proposition 2.6 in [17].

3.2 Locally compact groups and the Haar measure

To arrive at the definition of a locally compact group from a topological group, we need to impose some
additional conditions on the topology.

Definition 3.15. Hausdorff space
Let (X, T) be a topological space. The topology T is called Hausdorff and (X, T) is called a Hausdorff
space if for every distinct x,y € X, there exist disjoint open neighbourhoods U, of x and U, of y.

Remark 3.12. Note that every metric space is a Hausdorfl space. Hausdorfl spaces have several (often
desirable) properties that are not true for general topological spaces. In many contexts, topological spaces
are required to be Hausdorff spaces or even stronger requirements are imposed. We list several important
properties of Hausdorff spaces.

e Let X be a Hausdorff space and A C X a compact set. Then A is closed in the topology of X. In
particular any finite subset of X is closed, which includes singleton sets.

e Let X be a Hausdorff space. If z, is a net in X, then it has at most one limit.

When working with Hausdorff spaces, it useful to know whether topological spaces constructed from Haus-
dorff spaces are also Hausdorff spaces. For the following constructions this is indeed the case.

e Let X be a Hausdorff space and Y C X. Then Y, equipped with the subspace topology, is again a
Hausdorff space.

e Let Xy,...,X,, be Hausdorff spaces and X = X?Zl X the product space. Then X is again a Hausdorff
space.

Definition 3.16. Local compactness
Let X be a Hausdorff space. X is called a locally compact Hausdorff space if either one of the following
two equivalent conditions holds.

1. For all z € X and all open neighbourhoods U of z, there exists a compact neighbourhood K of x with
zre K CU.

2. Every x € X has a compact neighbourhood.

The first condition clearly implies the second, but the converse is not trivial and relies on the fact that a
compact Hausdorfl space is normal (defined in . A compact Hausdorff space is always locally
compact. Note that the above two equivalent conditions that define a locally compact Hausdorff space
also make sense for general topological spaces, but in this case they are not necessarily equivalent. For a
general topological space, multiple reasonable definitions of local compactness can be formulated, but these
are generally not equivalent. For this reason it is more convenient to work with locally compact Hausdorff
spaces.

Remark 3.13. Locally compact Hausdorff spaces exhibit the following behaviour under taking subspaces and
products.

e Let X be a locally compact Hausdorff space. If U, FF C X with U open and F' closed, then U N F is
a locally compact Hausdorff space when equipped with the subspace topology. In particular any open
or closed subset of X is a locally compact Hausdorff space.
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e Let Xy,..., X, belocally compact Hausdorff spaces. Then the product space X = X;l:l X is a locally
compact Hausdorff space.

Definition 3.17. Cy(X)

Let X be a locally compact Hausdorff space. Let Cy(X) be the set of all f € C'(X) such that for any e > 0
there exists a compact set K C X such that |f(z)| < € for all x ¢ K. Then Cy(X) is a closed *-subalgebra
of Cp(X) and therefore a C*-algebra. C.(X) is a dense *-subalgebra of Cp(X).

Definition 3.18. Locally compact group
A topological group G is called a locally compact group if it is a locally compact Hausdorff space.

Remark 3.14. As mentioned before, the Cartesian product X;L:1 G; of groups Gy, . . ., Gy, is again a group, the
direct product of G1,...,G,. If Gy, ...,G, are topological groups, then X?Zl G; is also a topological space
when equipped with the product topology. Because the group operations on the direct product are defined
component-wise, it is straightforward to check that X;L:1 G; is indeed a topological group. If Gy, ..., G, are

locally compact groups, then their direct product is again a locally compact group (Remark 3.13|).

In order to study locally compact groups from an analytic point of view, they can be equipped with a
Borel measure that possesses certain properties. Such a measure is called a Haar measure.

Definition 3.19. Radon measure

Let X be a locally compact Hausdorfl space. A (positive) Radon measure on X is a positive Borel
measure 4 on X such that u(K) < oo for any compact K C X and such that the following properties are
satisfied:

1. Outer regularity: p(E) = inf{u(U) : E C U, U open} for all Borel sets E C X.

2. Inner regularity: p(U) = sup{u(K) : K C U, K compact} for all open sets U C X.

Definition 3.20. Haar measure

Let G be a locally compact group. A left Haar measure on G is a nonzero Radon measure p on G that
is left-invariant, i.e. p(zF) = p(FE) for any « € G and any Borel set E C G. Similarly, a right Haar measure
on G is a nonzero Radon measure p on G that is right-invariant, i.e. u(Ez) = p(E) for any x € G and any
Borel set E C G.

Remark 3.15. If u is a Radon measure on G, then ji(E) = u(E~"') defines another Radon measure on G. If
1 is a left Haar measure, then [ is a right Haar measure and vice versa. Because of this 1 : 1 correspondence
between left- and right Haar measure one can choose to study one or the other [17]. Left Haar measure is
more commonly studied and we shall refer to left Haar measure simply as Haar measure.

From the definition of a Haar measure, it is not immediately clear if every locally compact group has a
Haar measure. In some cases it is relatively straightforward to point out a Haar measure. For example R
and Z are both locally compact groups when equipped with addition as the group operation with Lebesgue
measure and counting measure respectively as a Haar measure. Even in cases like these where at least one
Haar measure is known, it is not immediately clear how many other Haar measures exist. What can be
seen from the definition is that any positive scalar multiple of a Haar measure is again a Haar measure. So,
Haar measure is not completely unique. While non-trivial to prove, it turns out that any locally compact
group has a Haar measure and all other Haar measures on this locally compact group can be obtained from
a single Haar measure by multiplication with a positive scalar. We restate this in the following theorem, for
the proof of which we refer to Theorems 2.10 and 2.20 in [17].

Theorem 3.2. Let G be a locally compact group. There exists a Haar measure p on G. Moreover, if i and
v are Haar measures on G, then v = cu for some constant ¢ > 0.

The following is a useful property of the Haar measure and is proved in Proposition 2.19 in [17].

Lemma 3.3. Let G be a locally compact group and p a (left) Haar measure on G. If U C G is a non-empty
open set, then u(U) > 0.
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We know that a product of locally compact groups is again a locally compact group (Remark 3.14)). A
natural question to ask is how the Haar measure on the product is related to the Haar measures of the

separate factors. The answer to this question turns out to be somewhat subtle and a proper discussion
requires a few additional definitions.

Definition 3.21. o-compact space
Let X be a topological space. X is called a o-compact space, if there exist compact sets K, C X for
n € N such that X = J7, K,,, i.e. X is the union of countably many compact sets.

Lemma 3.4. Let X be a second-countable, locally compact Hausdorff space. Then X is o-compact. More-
over, X has a countable base such that every element of this countable base has compact closure.

Proof. Let B be a countable base for the topology on X. Let x € X and U C X an open neighbourhood
of x. X is locally compact, so there exists a compact neighbourhood K of x such that x € K C U. Hence
there exists an open set V with z € V C V C K C U. Because B is a base, there exists a B € BB such that
r€BCV CV CK CU. Note that B C K is closed, hence B is compact by This shows that
B' = {B € B : Bis compact} is a base for the topology of X. B is countable and each of its elements has

compact closure. It follows from [Definition 3.9| that

U B=x. (122)
BeB’
But then also

U B=x. (123)
BeB’

This shows that X is o-compact. [

Definition 3.22. o-finite measure space
Let X be a measure space with positive measure p. p (or the space X) is called o-finite if there exist
measurable sets A,, C X for n € N with u(A4,,) < co and such that X = Uzozl A,,.

Lemma 3.5. Let X be a o-compact locally compact Hausdorff space equipped with a Radon measure p. Then
1 1S a o-finite measure.

Proof. X is o-compact. So, there exist compact sets K,, C X for n € N such that X = Uf;;l K, pisa
Radon measure, so each K, is measurable and p(K,,) < co. This shows that y is a o-finite measure. O

Remark 3.16. We know that the direct product of locally compact groups Gi,...,G, is again a locally
compact group. We have established that every locally compact group has a Haar measure and that this
Haar measure is unique up to multiplication with a positive scalar. Is the product measure of Haar measures
Wiy, pon Gy, ..., G, again a Haar measure on the direct product? This question is most easily answered
in case each of the Haar measures p1,..., i, is o-finite. In this case a unique product measure exists on
X?:1 G;. A second-countable locally compact group equipped with a Haar measure is o-finite. This follows
from [Lemma 3.4] and [Lemma 3.5 If G, ..., G, are all second-countable, then it turns out that the product
measure of Haar measures pi, ..., 1, is again a Haar measure on the direct product X;L:1 G; |17]. We
note that the o-finiteness of 1, ..., u, also ensures that Fubini’s theorem can be applied to non-negative or
integrable functions on X?Zl G ;. For some functions a version of Fubini’s theorem can still be applied even

without the assumption of o-finiteness on the measures. We refer to section 2.3 in [17] for more details on
these and other technicalities that occur without the assumption of o-finiteness. We will mainly be working
with groups that are second-countable, so we will be able to use Fubini’s theorem and other results that rely
on o-finiteness without issue.

While not true in general, in some cases a left Haar measure is also a right Haar measure. Because the
left Haar measures on a locally compact group are all positive scalar multiples of each other, if one left Haar
measure is also a right Haar measure, then the same holds for all left Haar measures on the same locally
compact group. For this reason the fact that left Haar measures are also right Haar measures can be viewed
as a property of the group.
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Definition 3.23. Unimodularity
A locally compact group G is called unimodular if one (or equivalently all) of its left Haar measures is
also a right Haar measure.

More generally, it can be quantified to what degree a left Haar measure fails to be a right Haar measure.
This is done through the modular function.

Definition 3.24. Modular function
Let G be a locally compact group. There exists a (unique) function A : G — (0, 00) such that

u(Ez) = A)u(E) (124)
for all x € G, Borel sets E C G and (left) Haar measures p on G.

From the definition and existence of the modular function, it is clear that a locally compact group G is
unimodular if and only if its modular function is the constant 1 function. As we will see, some results that
hold for locally compact groups take on a simpler form for unimodular groups and some results that hold
for unimodular groups do not hold in general. We refer to section 2.4 in |17] for more details on the modular
function.

Remark 3.17. The following classes of locally compact groups consist entirely of unimodular groups:

e Abelian locally compact groups are unimodular because xF = Ez for any Borel set E and group
element x.

e Discrete groups are unimodular. A group is discrete if it is equipped with the discrete topology, i.e.
every set is open. In such a topology, a set is compact if and only if it is finite. Using this property,
it is straightforward to check that a discrete group is always locally compact and that the counting
measure is both a left and right Haar measure.

e Compact Hausdorff groups are always unimodular locally compact groups. The proof of this fact relies
on the fact that the modular function A : G — (0,00) is a continuous group homomorphism, where
(0,00) is equipped with multiplication as the group operation. Hence if G is compact, then A(G)
should be a compact subgroup of (0,00) and {1} is the only compact subgroup of (0,00). See also
Proposition 2.24, Proposition 2.27 and Corollary 2.28 in |17].

When integrating against a Haar measure, certain changes of variables can be performed as stated in the
next lemma. Some of the expressions simplify when G is unimodular

Lemma 3.6. Let G be a locally compact group and p a Haar measure on G. For all measurable f : G — C
and y € G we have that

/fyx du(z /f )dp(z (125)

/fmy )dp(x y ) /f )dp(x (126)

/f “Ydu( /A 1) f(@)dp(a). (127)

In each case if one of the integrals exists, then so does the other.

and

We will make frequent use of these change of variables formulas, especially when G is unimodular, in which
case the second and third formulas simplify. We refer to Proposition 2.9, Proposition 2.24 and Proposition
2.31 in |17] for proofs of each of the change of variables formulas in
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Remark 3.18. Once we have chosen and fixed a Haar measure p on a locally compact group G, we can as
usual define the LP-spaces LP(G) = LP(G,B(G), ) for 1 < p < oo, which are Banach spaces. Because all
Haar measures on G are positive scalar multiples of each other, the spaces LP(G,B(G), ) as vector spaces
do not depend on pu, but their norms do and are positive scalar multiples of each other. If a fixed Haar
measure is chosen, we will write [-[|, for the norm on LP(G, B(G), p).

Remark 3.19. Let G be a locally compact group, y € G and 1 < p < co. Note that L, and R, are bounded
linear maps on LP(G) with

Ly fll, = NI, (128)

and

1yt
IRy £1l, = Ay~ 711, (129)
for all f € L,(G). This follows from [Definition 3.24| and |[Lemma 3.6

Lemma 3.7. Let G be a locally compact group, 1 < p < oo and f € LP(G). Then y+— Ly f and y — R, f
are continuous maps G — LP(G).

Using it can be shown that it is sufficient to prove continuity of y — L, f and y — R, f in
the identity element e. For the remainder of the proof we refer to Proposition 2.41 in [17].

3.3 Density of C.(X) and separability of L*(X)

In this subsection we prove two important results about locally compact Hausdorff spaces equipped with a
Radon measure. The first is that for 1 < p < oo, the space C.(X) is a dense subspace of LP(X). The second
is that LP(X) is separable if X is also second-countable. The density of C.(G) in LP(QG) is also used in [17]
and [22], but neither book gives a proof. More generally, the density of C..(X) in LP(X) seems to be a widely
known result, but many texts that use it either do not prove it or only prove a special case, such as when
X = R". The separability of L?(X) will be used when applying to identify certain functions
as Fourier multipliers. Before proving these results we need to introduce an additional topological definition.

Definition 3.25. Normal space
Let (X, T) be a topological space. X is called normal if it satisfies the following conditions:

1. For all distinct x,y € X, there exists an open U C X such that ¢ U and y € U.

2. For all disjoint and closed A, B C X, there exist disjoint open U,V C X such that AC U and BC V.

Remark 3.20. The second condition in seemingly implies the first if we take A and B to
be singleton sets. However, singleton sets are not necessarily closed in a general topological space. In fact
the first condition (which also holds in Hausdorff spaces) is equivalent to the statement that every singleton
subset of X is closed in X (see section 1.5 in [15]). In light of this equivalence it follows that every normal
space is a Hausdorff space. The converse is not true, but every compact Hausdorff space is normal (see
Theorem 3.1.9 in [15]).

An important result for normal spaces is Urysohn’s lemma (see Theorem 1.5.11 in [15] for a proof).

Theorem 3.8. Let X be a normal topological space and A, B C X disjoint closed sets. There exists a
continuous function f: X — [0,1] such that f(x) =0 for all x € A and f(x) =1 for all x € B.

Remark 3.21. The existence of the continuous functions in Urysohn’s lemma is equivalent to the second
statement in the definition of a normal topological space.

Urysohn’s lemma is very useful to show the existence of certain continuous functions. Unfortunately the
topological spaces/groups we are interested in are not necessarily normal. So, Urysohn’s lemma cannot be
applied directly. We will show that Urysohn’s lemma implies a similar result that holds for locally compact
Hausdorff spaces. To prove this result, we first need the following lemma.
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Lemma 3.9. Let X be a locally compact Hausdorff space, U C X open and K C U compact. Then there
exists an open set V. C X such that V is compact and K CV CV CU.

Proof. Note that for every x € K, there exists an open set V, with V, compact and z € V, C V,, C U. Then
{V, : & € K} forms an open cover of K. K is compact. So, there must exist a finite subcover {V,,,..., Va, }.
Let V = ngl Ve, Then we have that V is open and

N N
KC|JVe,=VCVC| ]V, CU (130)
n=1 n=1

Since each V,, is compact, we have that UleWn is compact. Since V is closed, it follows that V is
compact. O

Our next result, “Urysohn’s lemma for locally compact Hausdorff spaces”, has the following two equivalent
formulations.

Theorem 3.10. Let X be a locally compact Hausdorff space, F C X closed and K C X compact with F
and K disjoint. Then there exists an f € C.(X) with f(X) C [0,1], f(x) =1 for allz € K and f(x) =0
forallz e F.

Theorem 3.11. Let X be a locally compact Hausdorff space, U C X open and K C U compact. Then there
exists an f € Co(X) with f(X) C[0,1], f(x) =1 for allz € K and f(z) =0 for allx ¢ U.

Proof. The equivalence of[I'heorem 3.10[and [T'heorem 3.11|follows by considering the complements of F' and
U. So, it is enough to prove either one of the equivalent formulations. We will prove

Let X be locally compact Hausdorff space with K C U C X, where K is compact and U is open. Let
V C X be open such that V is compact and K C V C V C U. Also let W C X be open such that W
is compact and K C W C W C V. Note that V and W exist by Note that V is a compact
Hausdorff space, and therefore a normal space, when equipped with the subspace topology it inherits from
X. Note that K and V\W are disjoint subsets of V that are closed in the topology of X, hence also in the
topology of V. It follows from Urysohn’s Lemma that there exists a continuous function f : V — [0, 1] such
that f(z) =1 for all z € K and f(z) = 0 for all f € V\W. In other words, the support of f is contained in
W. We define the function g : X — [0,1] by

g(x) = (131)

f(x), =€V
0, gV’

Then we have that gl = f. Because f is continuous, we have that g|y = f|v is a continuous function. So,
for every open A C [0,1] we have that (g|y/)"!(A) C V is open in the subspace topology of V. Because V
is open in X, it follows that (g|y/)~!(A) is also an open subset of X. Now X\W is an open subset of X
and g(z) = 0 for all x € X\W. Since W C V we have that V U (X\W) = X. It follows that for any open
A C0,1]:

L [, 04
f I(A)‘{<g|v>-1<A>u<X\W>, 0 (132)

is an open subset of X. This shows that g : X — [0,1] is a continuous function. Since g(z) =1 for x € K
and the support of X is contained in W C W C U with W compact, we have that f € C.(X) satisfies all
requirements to prove Urysohn’s lemma for locally compact Hausdorff spaces. O

We can now prove the density of C,.(X) in LP(X).

Theorem 3.12. Let X be a locally compact Hausdorff space equipped with a Radon measure pi. Let 1 < p <
00. Then Cc(X) C LP(X) and this inclusion is dense in ||-|| ,.
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Proof. Tf f € C.(X), then there is a compact set K C X such that the support of f is contained in K. Since
f(K) C C is compact, we have that f is a bounded function. Let M > 0 such that |f(z)| < M for all x € X.
Because p is a Radon measure we have that pu(K) < oo. It follows that

1£IE = /X (@) Pdulz) = /K (@) Pdu(z) < /K MPdu(z) = MPu(K) < oo, (133)

This shows that C.(X) C LP(X). As is the case for more general measures, we have that the simple functions
are dense in LP(X) (see for example Lemma 4.2.1 in [1]). Since C.(X) is a vector space, it remains to show
that 14 can be approximated by functions in C.(X) for any Borel set A C X with finite measure. Let A be
such a Borel set. Because p is a Radon measure, given € > 0, there exists an open set A C U C X such that
w(U) < pu(A) + €. Tt follows that u(U\A) < e. Hence we have that

0 =Ll = [1enal) = [ [Lna@)dute) = w@\A) < (134)

This shows that for any Borel set A C X with finite measure, 1 4 can be approximated by indicator functions
1y, where U is open and has finite measure. So it remains to prove that 1y, where U is open and has finite
measure, can be approximated in ||-[|,, by functions in C¢(X). Let U be such a set and € > 0. u is a Radon
measure, so there exists a compact set K C U such that p(K) > u(U) —e. Then we have that p(U\K) < e.
Urysohn’s lemma for locally compact Hausdorff spaces implies that there exists a function f € C.(X) such
that f(X) C[0,1], f(z) =1 for all z € K and the support of f is contained in U. It follows that the support
of 1y — f is contained in U\K and we have that

Iy — fIE = /X Ly (z) — f(2)Pdu(z) = /U o) S ute) < /U dp(z) = p(U\K) < e. (135)

\K

This shows that 1 can be approximated in ||-|| p be functions in C.(X) and we can therefore conclude that
C.(X) is dense in LP(X). O

Now we work towards proving the separability of LP(X). As a first step we show that Cy(X) is separable.
Our proof depends on the Stone-Weierstrass theorem (see section V.8 and in particular Corollary V.8.3 in

15)):

Theorem 3.13. Let X be a locally compact Hausdorff space and A C Co(X) a closed subalgebra of Cy(X)
such that the following conditions are satisfied:

1. feAforall f€A.
2. For each x € X there exists an f € A such that f(x) #0
3. A separates the points of X : for all distinct x,y € X there is an f € A such that f(x) # f(y).

Then A = Cy(X).

Theorem 3.14. Let X be a second-countable, locally compact Hausdorff space. Then Cy(X) is separable.
Moreover, Co(X) has a countable dense subset consisting of functions in C.(X).

Proof. If X has a finite number of elements, then any subset of X is compact, hence closed .
So, any subset of X is also open, i.e. the topology on X is discrete. It follows that any function f: X — C
is automatically continuous and compactly supported. So, Cy(X) = C.(X) coincides with the vector space
of all functions X — C. Because X is finite, Cp(X) = C.(X) is finite-dimensional, hence separable. Indeed,
a finite-dimensional vector space has a finite basis and the Q-linear span of this basis is countable and dense.
This proves the theorem in case X is finite.

Now assume instead that X is not finite. In particular X has more than one element. Let B be a countable
base for the topology of X such that B is compact for all B € B. Such a base exists by Note
that B must contain at least two sets. Indeed, if B is empty, then X must be empty. If B = {B}, then we
must have X = B and X and @) are the only open sets. This contradicts the assumption that X is Hausdorff,
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because X has more than one element. Let A C B*2 denote the set of ordered pairs (Bi, Bs) € B*? such
that B; and B, are disjoint. Since B is countable, we have that A is countable. By for each
(B1, B2) € A, there exists a function fp, g, € Cc(X), taking values in [0, 1] and such that fp, p,(x) =1 for
all z € By and fg, B,(z) = 0 for all # € By. We fix one such function fp, p, for all (B, Bs) € A. Then
{fB.,B, : (B1,B2) € A} C C.(X) is countable. The set of all finite products of functions of the form f5, 5,
is then also a countable subset of C.(X). Let A C C.(X) be the finite linear span of all finite products of
functions of the form fg, p,. Also let Ay C A consist of all finite linear combinations of finite products of
functions of the form fp, p,, where all the coefficients in the linear combination are elements of Q 4-:Q C C.
Because Q + iQ is a countable, dense subset of C, it follows that Ag is countable and that

Ay C AC Ay C Co(X). (136)

From this it follows that Ay = A. If we can show that A = Cy(X), then we are done. We note that A is
a subalgebra of Cp(X). Because each fgp, p, is non-negative, it follows that f € A for all f € A. Given
distinct x,y € X, there exist disjoint open neighbourhoods U, of x and U, of y. Because X is locally
compact, there exist compact neighbourhoods K, of x and K, of y with K, C U, and K, C U,. So, K,
and K, are disjoint. Because B is a base, there exist B,, B, € Bwithz € B, C K, andy € By C K,. Then
B, C K, and B, C K,, hence B, and B, are disjoint. Now we have that fp, p, € A with fz, B, (z) =1
and fp, B,(y) = 0. This shows that A separates the points of X. Because X has more than one element,
this also shows that A satisfies condition (2) in [Theorem 3.13l It follows that A is a closed subalgebra of
Co(X) that satisfies all conditions in [Theorem 3.13[ So, we conclude that A = Cp(X) and Ay C C.(X) is a
countable, dense subset of Cy(X). O

Theorem 3.15. Let X be a second-countable, locally compact Hausdorff space equipped with a Radon measure
. Let 1 <p < oo. Then LP(X) is separable.

Proof. Let A C C.(X) be countable and dense (in ||-||,,) in Co(X) (A exists by [Theorem 3.14). X is o-
compact by So, there exist compact sets K,, C X for n € N such that |J,_, K, = X. Without

loss of generality we can assume that K, C K,y for all n € N. Indeed, if K,, C K, 11 does not hold we can
instead work with the compact sets K, := J;_; K;. These sets cover X and satisfy Kj, C K} . So, we
assume that K, C K, for all n € N. Note that pu(K,) < oo for all n € N.

Let f € LP(X) and € > 0. Then |f — 1k, f|” converges pointwise to 0 as n — oo and is bounded in
absolute value by |f|”, which is an integrable function because f € LP(X). It follows by the dominated
convergence theorem that

If =1k, flIy = /X (@) = Lk, () f ()" dp() (137)

converges to 0. So 1k, f converges to f in |[-[|,. Choose N € N such that for all n > N we have that
[ f—1k,fll, < 5. Then in particular we have that

€
If =1y fll, < 3 (138)
By density of C.(X) in LP(X), there exists a g € C.(X) such that

€

A is dense in Cy(X) (in [|-]| ). So, there exists an h € C.(X), such that
€
lg =Pl < : (140)
3,u(KN)% +1
It follows that
1€
Mg = Lrnhll, < llg = bl Lrnll, = g = hllon(Bn)? < 5. (141)

It follows by the triangle inequality that
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If = ]]‘KNh‘Hp =f—1xxf+1kyf—1kyg+ 1ryg— ]]‘KNh‘Hp

€ € € (142)

S = ey Pl i T~ Lyl + g — Ty hll, < S 4 54 5 =
This shows that {1x, h: h € A;n € N} is dense in LP(X). Since {1k, h : h € A,n € N} is countable, it
follows that LP(X) is separable. O

Theorem 3.15[implies the following result for spaces of LP-functions that take values in a separable Hilbert
space.

Theorem 3.16. Let X be a second-countable, locally compact Hausdorff space equipped with a Radon measure
w and let H be a separable Hilbert space. Then LP(X; H) is separable for 1 < p < oo.

Proof. Let 1 < p < oo. We first prove the theorem for finite-dimensional H. We know that LP(X) is
separable by [Theorem 3.15| So, let A C L”(X) be a countable, dense subset. H is finite-dimensional. So, it
has an orthonormal basis (hy,...,hy), where N is the dimension of H. Each h € H can be uniquely written
as

N
h=>cuhn, (143)

n=1

where ¢, € C is given by

cn = (h, ) . (144)

Moreover, we have that

2, (145)

IR Z\cn\ Z hin)

n=1

For f: X — H and n € {1,..., N}, write f, for the function

fal(z) = (f(@), hn) - (146)
Then
N
f@)=>" fola)hn (147)
and
N 5 v N p L N
1l = (/ T pdm) - /}((Zun(x)f) da s(/ (Zm >d> < Sl

(148)
This shows that f € LP(X; H) if and only if f, € LP(X) for all n € N. Given f € LP(X;H) and € > 0,
choose g, € A C LP(X) for all n € N, such that | f, — gnll, < 5. Then g = 22721 gnhn € LP(X; H) and it
follows that

N

N
1F =gl <D 1fa—gull, < D 5 = (149)
n=1

This shows that {Zﬁ;l Gl 2 gn € A} is dense in LP(X; H). Since {Zﬁ:}:l gnhn @ gn € A} is countable, this
shows that LP(X; H) is separable. This proves the theorem when H is finite-dimensional.
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Now assume instead that H is infinite-dimensional. Because H is separable, it has a countable orthonor-
mal basis (hy,)nen. Each h € H can be uniquely written as

h=>cuhn, (150)
n=1

where the above series converges in norm and ¢, € C is given by

Moreover, we have that
IRIZ =" fenl = (R, hn) . (152)
n=1 n=1

For N € N, let Hy be the linear span of hy,...,hy. Then Hy C H is a finite-dimensional Hilbert space
with orthonormal basis (h1,...,hn). Let Py : H — Hy C H be the orthogonal projection given by

N
Py(h) = (hyhn) hn. (153)
n=1
Then Py (h) converges to h in norm as N — oo for all h € H and we have

[1Pn ()| < IRl (154)

and

b = Py (R)] < [IA]- (155)
Let Py : LP(X; H) — LP(X; Hy) C LP(X; H) be given by

(Pvf)(x) = Px(f()). (156)

Since | Py (f(z))|| < ||f(z)|, we indeed have that Py maps LP(X; H) into LP(X; Hy). For f € LP(X; H)
- P

and x € X, we have that H(PNf)(x) - f(x)H converges to 0 and is bounded by | f(z)|”. The dominated

convergence theorem now implies that Py f converges to f in ||-|| - 1t follows that Uxn— LP(X; Hy) is dense
in LP(X; H). We know that LP(X; Hy) is separable, so it has a countable dense subset Ay. Then [J3_, An
is a countable, dense subset of (Jx_; L (X; Hy). It follows that Jy_, An is also dense in LP(X; H). We
conclude that L?(X; H) is also separable if H is infinite-dimensional. O

If X is a second-countable, locally compact Hausdorff space equipped with Radon measure p and H is a
separable Hilbert space, then shows that LP(X; H) is separable for 1 <p < oco. If Q C X is
a measurable set, then we can restrict the measure p to €2 to obtain another measure space. The following
corollary shows that LP(£2; H) is also separable.

Corollary 3.17. Let X be a second-countable, locally compact Hausdorff space equipped with a Radon
measure i and let H be a separable Hilbert space. Let Q) C X be measurable and equip ) with the restriction
of w. Then LP(Q; H) is separable for 1 < p < oco.

Proof. We know from [Theorem 3.16| that LP(X; H) is separable. So, let A C L?(X; H) be a countable dense
subset. Any function f € LP(Q; H) can be trivially extended to LP(X; H) by setting
flz) =0 (157)

for x ¢ Q. Note that this extension preserves pointwise operations (such as addition and scalar multiplication)
and the norm |[|-||,. So this extension is an isometry LP(; H) — LP(X; H), which we use to identify L?(€2; H)
with a subspace of LP(X; H). Let g € A. For each n € N we choose and fix a function g, € LP(2; H) such
that
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1
lg = gnll, <~ (158)

assuming such a function exists. Note that for n < m, g, exists if g,, exists. We set N, equal to the largest
n € N such that g, exists. In case g, does not exist for any n € N, we set N, = 0. In case g, exists for
all n € N, we set N; = co. Then we have that g, exists for all n € N with n < N,. Let A’ be the set
consisting of all g, for g€ Aand n € Nwith n < N;. Then A" C LP(Q; H) is countable because A and N
are countable. To show that A’ is dense in LP(€Q); H), let feLP(Q;H) and € > 0. Choose n € N with n > 2
which ensures that 1 < £. A is dense in LP(X; H). So, we can choose a g € A such that

1
_ < . 159
15 =gl <+ (159)
Because f € LP(Q2; H), we must have that n < Ny and g, € A is such that
o= gul, < - (160)
9= 9nll, <~
It follows that
1 1
1F = gall, = f =9+ 9= gull, <lIf =gll, +llg = gull, < ~+—<e (161)
This shows that A’ is dense in LP(2; H). O

3.4 Convolution

Similar to R™, we can define convolution on a locally compact group G. As we will see, many results that
hold for convolution on R™ will still be true in this more general context, but some results will not fully
generalize.

Definition 3.26. Convolution

Let G be a locally compact group with a fixed Haar measure. Let f,g: G — C be measurable functions.
We define the convolution f x g: G — C by

(r+9)@ = | 1w
= /G flay)g(y™")dy

:/fuyhmwA@*m%
G

(162)

if the integrals on the right-hand-side exist. Here integration is against a fixed Haar measure and the four
integrals on the right-hand-side are all equal because of the change of variables formulas in Note
that choosing a different Haar measure will change the value of f * g.

Remark 3.22. We note that, in contrast to convolution on R”, convolution on G is in general not commutative.
Convolution is commutative when the group G is abelian, e.g. G = R"™.

The following results give some examples where f * g is well-defined. For proofs we refer to Propositions
2.39 and 2.40 in [17] respectively.

Theorem 3.18. Let G be a locally compact group with fived Haar measure. Let 1 <p < oo, f € L*(G) and
g € LP(G). Then fx g € LP(G) is well-defined with

1 gll, < 1F 1 llgll, (163)
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If p= oo, then f * g is continuous. In case the group G is unimodular, g x f € LP(QG) is well-defined with

lg* Fll, < [1F 11 llgll,- (164)

If p= o0, then g * [ is continuous.

Theorem 3.19. Let G be a unimodular locally compact group with fized Haar measure. Let p,q € (1,00)
with % + % =1. If f € LP(GQ) and g € LI(G), then f x g € Co(G) with

1 * glloe < ANl (165)

Remark 3.23. The convolution map L'(G) x L'(G) — L'(G) is associative and turns L*(G) into a Banach
algebra. One can define an involution f — f* on L'(G) by setting

[r@) =A@, (166)
This turns L!(G) into a Banach-* algebra. See section 2.5 in [17] for more details.

Remark 3.24. Convolutions can also be defined between complex Radon measures. Let M (G) be the space
of complex Radon measures on G equipped with the total variation norm. This is a Banach space. For
wu, v € M(G), there exists a unique measure p * v € M(G) that satisfies

/G¢(Z)d(u*v //aﬁry dp(z)dv(y //¢xy )dv(y)du(z) (167)

for all ¢ € Co(G). This new measure satisfies || * v|| < ||ul|||v]|. Note that to every f € L'(G), one can
associate a complex Radon measure uy such that

/ o(x)dps(x / o(x (168)

where the integral on the right-hand-side is against the Haar measure. The convolution between Radon
measures extends the definition of convolution between functions in L'(G) in the sense that pif * pg = fifsg
for all f,g € L*(G). Moreover, the measure resulting from the convolution between any complex Radon
measure and a Radon measure derived from a function in L'(G) (in either order) has an associated function
in L1(G). We refer to section 2.5 in |17] for more details on convolutions between measures.

3.5 Pseudo-convolution

In this subsection, we will cover some more specialized material that will be used in[section 5| when construct-
ing Fourier multipliers. Nevertheless, nothing we introduce in this subsection is reliant on the definition of
Fourier multipliers, and might have other applications as well. Some of the material we introduce here takes
inspiration from section 2 in [18§].

For this subsection we fix an arbitrary locally compact group G that is assumed to be second-countable.
This allows us to apply Fubini’s theorem without issues. The condition that G should be second-countable
will also be imposed on G in [section 5| and is also present in section 2 of [I8]. We also fix a (left) Haar
measure p on G. By [Remark 3.16| we have that the product measure " is a Haar measure on G*" for all
n e N We fix this Haar measure on G*™. We will suppress p in the integration notation, i.e. we will write
fG z)dz instead of [, f o f(x)dpu(z). Similarly we will suppress ™ in the integration notation.

Most of this subbectlon is devoted to the definition of a “pseudo-convolution” L*(G*("+1)) x L>®°(G*") —

Co(G*™), (F,¢) — F* (see [Definition 3.29) and to proving several properties of this map. We start by

introducing some notation.

Definition 3.27. For n € N and f : G*™ — C we define the function f: G*(nt1) 5 C by

F(@o,. . an) = f ((:cj,lxgl);f;l). (169)
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n+1
Remark 3.25. Note that the function G*" — G*(+1D (s1,... s,) — (Hn s ) is continuous and
1

m=j °m j=
n+1
n
f H Sm = f(s1,.--,5n) (170)
m=j =1
for any function f : G*"* — C. G*("tD — G*" (20,...,2,) (xj_lxj_l);;l is also continuous. It

follows that f is continuous if and only if f is continuous, f is bounded if and only if f is bounded and f is
measurable if and only if f is measurable.

Definition 3.28. For n € Nand f1,..., f, : G — C we define the function ®7_, f; : G*" — C given by

(@F_1f5) (@1, ) = [ £il=))- (171)
j=1
Remark 3.26. If f1,..., f, : G — C are all continuous, then so is ®7_, f;. If fi,..., f, are all measurable,

then so is ®@7_, f;. If 1 <p<ocand fi,..., fn € LP(G), then ®}_, f; € LP(G*") with

@51 fill, = TT Il (172)
j=1

We will now introduce a bilinear map reminiscent of a convolution that will be very useful for creating
continuous functions and improving certain convergence properties.

Definition 3.29. Let n € N, F € Ll(GX("H)) and ¢ : G*™ — C a bounded, measurable function. We
define a function Fxi : G*™ — C given by

(FI) (51, 5n) = /Gm“) 0 ((65185) 1) Bl ta)d (o, .. ) (173)

Lemma 3.20. For anyn € N, (F,) — F¥¢ defines a bounded bilinear map L'(G* (1)) x L®(G*") —
Cy(G*™) with

[F*Y] o < IF N 1%l oo (174)
Moreover, we have that

(F¥)Y = F % . (175)
Proof. Choose and fix a bounded representative of ¢ such that [¢)| < |||/, holds pointwise. We will later
argue that F'%1) does not depend on the chosen representative (see [Remark 3.27|and [Remark 3.30)). For this
choice of representative, the integrand in [Definition 3.29is integrable. The integrand is also measurable as
a function of the variables t; and s;. Hence F'¥1) is measurable and bounded with

[E5l oo < [1F Nl 1]l o - (176)
Bilinearity of (F,v) +— F% is clear from the definition. To prove the continuity of F*i» we consider the
functions v, (F¥y) € L>(G* (1) and recall from [Remark 3.25|that F#¥1) is continuous if and only if (F¥i))
is continuous. We have that
(F%Q/J)V(SC(), e ,I’n) = (F;dJ) ((xj_ll‘j_l);l:1) = /Gn+1 w ((tj_—llxj_lxj_ltj)?zl) F(to, . ,tn)d(to, ‘e ,tn)
:/ 0 (((t;_lle_l)(tj‘le)*l);’:l) F(to, ... tn)d(to, .. tn)
Gnrn+1
— / " ((t]flxj);’zo) F(to,...,tn)d(to, ..., tn)
Gn+1

= (F % 1[?)(:00, ceey ).
(177)
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Because F' € LY (G*("t1) and ¢ € L>°(G*(*1) it follows from [Theorem 3.18| that (F%y) is continuous.

Hence Fx1) is also continuous. O

Remark 3.27. Note that in the function v is specified to be a bounded, measurable function
G*" — C and not a L>°(G*™) function. The subtle distinction here is that L>°(G*™)-functions are identified
with each other when they differ on a set with (Haar) measure 0 and are allowed to be essentially bounded,
instead of bounded on all of G*™. Allowing 1) € L>°(G*") leads to the problem that the integral defining F*q
might depend on the chosen representative of 1) and might not be well-defined when the chosen representative
is not bounded on all of G*™. The given proof of works for a fixed bounded representative of .
So, for now we should, strictly speaking, assume that ¢ is a bounded function and not an equivalence class
of essentially bounded functions whenever working with [Definition 3.29|and |[Lemma 3.20, Nevertheless F*y
is well-defined for 1) € L>°(G*") and [Lemma 3.20| holds as stated and we will prove this in [Remark 3.30}

Remark 3.28. Note that for any F € L'(G*("+1) we have that

(F#1)(51,. .., 8) = )/ Flto, ... ta)d(to, .. tn) (178)
Gx(n+1)

and

(IF|¥1) (81, ...y 8,) = /GX( o |[F(to,...,tn)|d(to, ..., tn) = || F|l; (179)

To state how the pseudo-convolution introduced in [Definition 3.29|affects convergence properties, we first
need to introduce some topologies.

Definition 3.30. Topological vector space
A topological vector space is a vector space V equipped with a topology such that the operations of
addition:

(z,y) =2 +y (180)

and scalar multiplication:

(a,2) = ax (181)
are continuous maps VxV -V and CxV — V.

Definition 3.31. Locally convex space

Let V be a vector space and P a family of seminorms on V. We equip V' with the topology with all finite
intersections of sets of the form {x € V' : p(x — z¢) < €} as a base, where p € P, g € V and € > 0. If for all
x € V such that p(z) = 0 for all p € P we have that = = 0, then we call V' (equipped with this topology) a
locally convex space.

Remark 3.29. A locally convex space is always a Hausdorff topological vector space (see for example section
IV.1 in [5]). If V is a locally convex space with topology generated by the family P of seminorms, then a
net (z,) in V converges to z € V if and only if p(x, — x) converges to 0 for all p € P.

Many commonly used topologies on vector spaces fit within the framework of locally convex spaces. For
example if V' is a normed vector space with norm |||, then {||-||} generates the norm-topology on V. The
topologies we will introduce in this section will also fall within this framework. For more details on the topic
of locally convex spaces we refer to chapter IV in [5].

The first topology we introduce (aside from norm-topologies) is the o(L>°(G*™), L*(G*™)) topology on
L>(G*™). Every f € L'(G*™) defines a bounded linear functional T on L>(G*™) given by

T () = -~ flze, .. xn)(ze, .. xn)d(@r, .., ) (182)

with || T¢|| = || f||,- Note that f — T} is a linear isometry. The o(L>(G*"™), L'(G*™)) topology on L>(G*")
is the topology generated by the family of seminorms {¢) — [T ()| : f € L*(G*™)}. Since
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[l = sup [Tr()]; (183)
171, <1

we have that L>°(G*™) equipped with this topology is a locally convex space. Note that a net (¢,) in
L>(G*™) converges to ¢ € L>®(G*™) in the o(L>(G*™), L'(G*™)) topology if and only if T¢(3,) converges
to Ty (1) for all f € LY(G*™).

The second topology we introduce, this one on C,(G*™), is the topology of uniform convergence on
compact sets. This is the topology generated by the family consisting of the seminorms ¢ — sup, ¢ |¥(z)]
for all compact K C G*™. Because singleton sets are compact, it is clear that ¢ = 0 if sup,cx |[¢(x)] = 0
for all compact sets K. So, Cp(G*™) equipped with this topology is a locally convex space and a net (¢,) in
Cy(G*™) converges to 1 € Cy(G*™) if and only if sup,c g |¥.(x) — ¥(x)| converges to 0 for all compact sets
K CGgxm.

Lemma 3.21. Let (v,) be a net in Cy,(G*™) that is bounded in ||-|| ., and converges to 1 € Cy,(G*™) uniformly
on compact sets. Then (1,) also converges to v in o(L>(G*™), LY(G*™)) topology.

Proof. Let k > 0 be such that [|1),||, < k for all «. Note that v, converges to ¢ pointwise, hence it follows

that also [[¢]|,, < k. Let f € L'(G*") and n > 0. Let € = 5 > 0. By density of C.(G*") in L'(G*")

(Theorem 3.12)), there exists a g € C.(G*") such that || f — g||; < e. Note that

||9||1 <llg— f||1 + Hf||1 = ||f||1 +e. (184)

g is compactly supported. So, there exists a compact set K C G*" such that g(x) = 0 for z ¢ K. Let
0= W Because 1, converges to ¥ uniformly on compact sets, there exists a g such that
1

9. (2) = ()] <0 (185)

for all z € K and all v = ¢o. It follows that for all ¢ > ¢g:

Ty () = T () = [Tr (b = D) < Nf (b = D)y S N(F =)@ =)y + g — D),
S = glllle =¥l + g = D)y < 2ke +[lg(¥ =Py

= le—i—/K lg(z1, ..., xn)||U (21, .y xn) — (21, . 20 |d (2, . o 20)

(186)
< 2ke + /K lg(x1,. .., 2)|0d(x1, ..., 2,) = 2ke + ||g||,0 < 2ke+ (|| f||; +€)d
<Iovli=n

2 2
This shows that Ty(¢,) converges to Ty(¢) for all f € L'(G*™), which completes the proof. O

We will now work towards proving that if a bounded net v, in L®(G*™) converges in o(L>(G*"), L*(G*™))
topology to ¥ and F' € Ll(GX(”“))7 then F'x1), converges to 1) uniformly on compact sets. Our argument
is inspired by parts of the proof of Lemma 2.2 in [18].

Lemma 3.22. Let (¢,) be a net in L>°(G*™) that is bounded in ||-||, and converges to p € L>®(G*™) in
o (L= (G*™), LY(G*™)) topology. Then this convergence is uniform on compact subsets of L*(G*"), i.e. if
K C LY(G*™) is compact (in norm topology) and € > 0, then there exists a 1o such that for all v = 1y and
all f € K we have that

Ty (¢.) = Ty ()] < e (187)

Proof. Let (v,) and 1 be as in the statement of the lemma. Let & > 0 be such that [|7|| < k and ||/, || <k
for all «.. Fix n > 0 and choose € = 525 > 0. For every f € LY(G*™) there exists a ¢y such that for all
L= Ly

T (¢.) = Ty ()] <e (188)
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If fe LY(G*") and g € B.(f) :=={g € L'(G*") : || f — g, < €}, then we have that

T5(9) = Ty(D) = 1Ty—o (D) < If = glli 9]l < elldll (189)
for any ¢ € L>®°(G*™). It follows that
Ty () = Ty(¥)] < ke (190)
and
[T (2,) — Tg(2h,)| < ke (191)

for all ¢. It follows that for all g € B.(f) and all ¢ = ¢4:

Ty() = Ty()| = [Tg() = Ty () + Ty (4h) = Tp () + Ty (¥) = Ty(¥)]
< Ty (o) = Ty () + | Tr (9.) = T ()| + [T (%) — Ty ()| (192)
< (2k+1)e =n.

Now let K C LY(G*™) be a compact set. Then {B.(f) : f € K} is an open cover of K. By compactness,
this cover has a finite subcover. So, there exist fi,..., fy € K such that K C Ujvzl Bc(f;)- Let ¢y be such
that 1o = ¢y, for all j € {1,..., N}. Then, for all g € K we have that g € B(f;) for some j € {1,..., N},
hence for all ¢ = 19 = ¢ 5 we have that

Tg () = Ty(P)] <. (193)
This shows that the convergence of ¢, to v in the o(L>°(G*"), L'(G*™)) topology is uniform on compact
subsets of L'(G*™). O

Lemma 3.23. Let ¢ € L®(G*™) and F € L*(G*"*Y). For all s1,...,s, € G we have that

(Fxp) (51, 8n) =Tr, 0 (¥) (194)
Here F,, . s.) € LY(G*™) is given by
n j "
Flaro(tiyety) = / F II sm <H tm> dto (195)
G m=j+1 m=0 =0
with ||F(sl,‘..,sn) L < IF[ly.- The map G*™ — LY(G*™), (51,...,8n) — Fis, ....s,) 15 continuous (with respect

to the norm topology on L'(G*™)).
Proof. Let ¢ € L®(G*™) and F € L'(G*("*+1Y). We consider a fixed bounded representative of ¢». We

will argue in that F'xi does not deiend on the chosen representative for ¢. Note that the

integrand in the definition of F%y (see [Definition 3.29) is an integrable function on G*(»*+1). This allows us
to integrate separately over each variable in any order:

(F#)(s1, - 50) = /G o V(s ) F (0070 ) o, )

B /G B /G Y (Uﬁllsa‘tj)::l) F ((tj)};o) dt, . . . dto.

To rewrite this expression we will perform several changes of variables, justified by First we
substitute t; by (HZ:;‘H sm) tj for all j € {0,...,n} (note that nothing happens when j = n). We note

(196)

that these substitutions lead to the substitution of tj_flsjtj by
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-1 -1

n n n n
[sm|tica| si| II sm|ti=t; 5 [ ] sm I sm | ti =t74t (197)
m=j m=j+1 m=j m=j
for all j € {1,...,n}. It follows that
n
n
~ — n
(F*Y)(s1,-- -, 80) = / : / (@ ((tjjltj)jzl) F I sm |t dt,, ... dto. (198)
G G m=j+1 )
=0
Next we perform more changes of variables. For these substitutions we note that for j € {1,...,n}, the
variable t;_; can be treated as a constant when evaluating the integral over ¢;. So we can substitute t; by
tj_1t; for all j € {1,...,n}. We note that the order in which we perform these substitutions matters. In

particular we will perform these substitutions in order of decreasing j. This leads to the overall substitution
of tj by [T),_ tm and hence t;_lltj by t;. From this it follows that

n

(F¥¢)(81,...7sn):/G.../Gq/;((tj)?zl)F f[ Sm (ﬁtm> dt, ... dto

m=j+1 j=0

n

(199)

n J

:/Gxnw((tj);;l)/czr I sn ( Otm> dtod(ty, ... ty)

m=j+1 m= =0

For the second equality we again applied Fubini’s theorem. When v, F' are non-negative the use of Fubini’s
theorem is justified and by replacing ¢ and F by |¢| and |F| in the above calculations, the use of Fubini’s
theorem in the general case can be justified by verifying that the integrand is an integrable function. The
above calculations with 1 replaced by 1 and F' by |F| show that F{,, . s,) is an integrable function. Indeed,
we have that

n

n J
HF(Slyuvvsn) |1 :/ / F Sm (H tm> dto|d(ty,. .., tn)
G |JG m=j+1 m=0 =0
n j " (200)
< / / F II s» (H tm> dtod(ty, ..., tn)
GxnJG m=j+1 m=0 =0

= (IF[F1)(s1, - -y sn) = [1F];.

In particular this also shows that the definition of Fiy, . ,,.) does not depend on the chosen version of F.
To prove the continuity of the map G*™ — LY(G*"), (s1,...,8n) — Fis,.....s,), we will show that it is a
composition of continuous maps. Note that G*" — G* (1),

n

(8153 8n) — H Sm (201)
m=j+1 j=0

is a continuous map. The map G*("+1) — L1(G*(+1))

(1‘0,...,1,’") ’—)L( -1 71)F (202)

Ty Ty

is continuous bym The map L'(G*(+D) - LY(G*™)
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m=0

j=0
is a linear contraction, hence continuous. This follows from our earlier calculations, because the above map

is just f(e,..e)- We note that (81y.-.,8n) — Fis,,....s,) 1s the composition of these three continuous maps,
hence is itself a continuous map. O

Remark 3.30. Note that, just like with the proof of given above works if we

assume that 1) is a bounded function instead of an equivalence class of essentially bounded functions. Most
of the steps in this proof can also be performed without this assumption and doing this will show that this
assumption is in fact not necessary. To justify the use of Fubini’s theorem we initially assume that v and
F' are non-negative. We also need to choose a representative of ¥, because at this point it is not clear that
F%1) does not depend on the chosen version of . Under these assumptions we can follow the same steps as
in the proof above to show that

(F¥)(815- -5 8n) = /Gmilf <(tj)?:1> /GF ﬁ Sm (ﬁ tm> dtod(ty, ... t,).  (204)

=0

In particular, by choosing ¥ = 1 it follows that

n

,/GXn/GF H Sm <m];[0tm> dtod(tla”-vtn) = (F;].)(Sl,...7sn)

m=ytl =0 (205)
:/ F(to,...,tn)d(to,...,tn)<OO.
G x(n+1)
Using this and the essential boundedness of ) it follows that (F'%y)(s1, ..., sy,) is finite for any non-negative
F and any non-negative representative of ¢. It follows that (|F|%[¢|)(s1,...,sy) is finite for general F' and

any representative of . This can be used to justify the use of Fubini’s theorem without the non-negativity
assumption because the integrand is integrable. It follows that

n

(F?kw)(sl,.-.,sn)=/Gxnw((tj)§;1)/GF ﬁ Sm, (ﬁ tm> dtod(t1,...,t,)  (206)
m=0

m=j5+1 j=0

for any representative of . In this form it is clear that F%¢ does not depend on the chosen representative
of 1. Therefore one can always assume that a representative of v is chosen such that || < ||¢||,, holds
pointwise on all of G*™. From this it follows that [Lemma 3.20| and [Lemma 3.23| hold as stated.

Theorem 3.24. Let (1,) be a net in L>°(G*™) that is bounded in |||, and converges to ¢ € L>(G*") in
a(L®(G*™), LY(G*™)) topology. Let F € L*(G*("+1). Then F¥i, converges to F¥) uniformly on compact
sets.

Proof. Let (v,), ¥ and F be as in the statement of the theorem. From [Lemma 3.23| we know that

(F%,)(s1,. -+ y80) = Tr,,, .. (%) (207)
and

(F¥Y) (81,5 8n) = TF(SI ,,,,, sn) (), (208)
where Fi,, .)€ LY(G*™). This already implies that F%i, converges to F*i pointwise. To prove that
this convergence is uniform on compact sets, let K C G*" be compact and € > 0. The map (s1,...,8,) —
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Fis,,....s,) is continuous by [Lemma 3.23|7 hence {F(s,, .. s.): (51,...,5,) € K} is a compact subset of LY(G*™).
It now follows from [Lemma 3.22| that there exists a ¢o such that for all ¢« = 1y and all (s1,...,$,) € K we
have that:

|(F>7<1PL)(81, R Sn) - (F;k”L/J)(Sl, R Sn)' = TF(sl ,,,,, sn)(qz[}L) - TF(sl

This shows that F'xi, converges to F* uniformly on compact sets. O

seesS

This theorem has the following two corollaries:

Corollary 3.25. Let (¢,) be a net in L(G*™) that is bounded in |||, and converges to ¢ € L>=(G*")
in o(L>®(G*™), L"(G*™)) topology. Let F € LY(G*™+V). Then Fii, converges in o(L>®(G*™), LY(G*™))
topology to Fx.

Proof. This follows by combining [Theorem 3.24] and [Lemma 3.21} where we note that F*, is bounded in

-l by [Lemma 3.20 "

Corollary 3.26. Let (1,) be a net in L>(G*™) that is bounded in ||-|| . and converges to 1 € L>(G*") in
o(L=(G*™), LY(G*™)) topology. Let F € LY(G*"*V) be such that [y Flto, ... tn)d(to, ..., tn) = 1.
Then Fx, converges to 1 uniformly on compact sets.

Proof. This is a special case of [Theorem 3.24] where we note that F%1 =1 by O

Lemma 3.27. Let ) € L(G*™) and F € L' (G*"*t1D) be compactly supported, i.e. there exist compact sets
Ky, CG*", Kr C G t1) such that ¢ = lg,¥ and F' = 1, F' almost everywhere. Then Fxi € C.(G*™).

Proof. From [Definition 3.29)it is clear that F%t does not depend on the chosen representative of F. Similarly
Remark 3.30| shows that F'*i also does not depend on the chosen representative of 1. So without loss of
generality we can choose representatives of 1) and F' that always take the value 0 outside of Ky and K
respectively. Because the coordinate projections G*™ — G and G*(**+1) — @G are continuous functions, we

can find a compact set Ky C G such that Ky C KOX” and Kp C KOX(HH). We recall that

n
n

(F*Y)(s1, - -, Sn) =/Gx(n+l)¢((tj)};1)F II s» (ﬁ tm> d(to, ... tn) (210)

m=j+1 m=0 =0

and note that the integrand equals 0 unless ¢1,...,t, € K because the support of ¢ is contained in K;".
The integrand also equals 0 unless [ _,tm € Ko (observe the last variable of F' in the above expression).

It follows that the integrand equals 0 unless anzo tm € Ko(K§™7)~! for all j € {0,...,n}. The integrand
, —1

also equals 0 unless [} ., sm € Ko (anzo tm) for all j € {0,...,n—1} (observe the first n variables of

F). Tt follows that the integrand equals 0 for all tg,...,t, € G, and therefore (F*y)(s1,...,s,) = 0, unless

I smers™ x5! (211)
m=j-+1
for all j € {0,...,n}, where we note that this condition is automatically true for j = n. This implies that
(F'%)(s1,...,8,) = 0 unless
-1
n n ' '
si= | [Lsm || II sm| Kot 7Ky Kokt =) (212)
=J m=j+1

for all j € {1,...,n}. So the support of F%i) is contained in K*", where K C G is the compact set

K= KgP Ky Ko (Kt )~ (213)
j=1
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This shows that (F#%i) is compactly supported if ¢ and F are compactly supported. Combined with
Lemma 3.20} it follows that (F*i) € C.(G*™). O
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4 Fourier multipliers

In this section we introduce (multilinear) Fourier multipliers (subsection 4.2)) and related concepts such as
the group von Neumann algebra (subsection 4.1)), Schur multipliers (subsection 4.3|), the Fourier algebra
(subsection 4.4]) and weak amenability (subsection 4.5)). In contrast to the approach we have taken in the
introduction (section 1), in this section we will first define mutlilinear Fourier multipliers in terms of the
group von Neumann algebra and make the connection with the Fourier algebra afterwards. We refer to
the introduction for a different approach that might be more intuitive for readers familiar with
classical Fourier multipliers.

4.1 Group von Neumann algebra

In this subsection we define the group von Neumann algebra VN(G) of a locally compact group G. The
Fourier multipliers, which we will define in will be multilinear maps VN(G)*"* — VN(G).
We start by introducing several topologies that will be relevant.

Definition 4.1. Strong operator topology (SOT)
Let H be a Hilbert space. The strong operator topology (SOT) is the topology on B(H) generated by
the family of seminorms {A — ||Az| : x € H}.

Definition 4.2. Weak operator topology (WOT)
Let H be a Hilbert space. The weak operator topology (WOT) is the topology on B(H) generated by
the family of seminorms {A — |[(Az,y)|: z,y € H}.

Remark 4.1. Note that B(H) equipped with either one of the SOT and the WOT is a locally convex space.
If (A,) is a net in B(H) and A € B(H), then A, converges to A in the SOT if and only if A, converges
to Az in norm for all € H. Similarly A, converges to A in the WOT if and only if (4,z,y) converges to
(Az,y) for all z,y € H. Tt is straightforward to check that any set that is open in the WOT is also open
in the SOT and any set that is open in the SOT is open in the norm topology. Therefore, we have that if
A, converges to A in norm, then it also converges in the SOT and if it converges in the SOT, then it also
converges in the WOT.

Definition 4.3. o-weak operator topology
Let H be a Hilbert space. The o-weak operator topology on B(H) is the topology generated by the
family of all seminorms of the form

oo
A | (A ) (214)
n=1
where x,,,y, € H for n € N are such that
oo
> lwnl* < oo (215)
n=1
and
> lyall? < oo (216)
n=1

Remark 4.2. Note that the family of seminorms that generates the o-weak operator topology contains the
family that generates the WOT (this can be seen by choosing x,, = y, = 0 for all n > 2). So the o-weak
operator topology is a locally convex toplogy on B(H) and any set that is open in the WOT is also open
in the o-weak operator topology. It follows that any net A, in B(H) that converges to A € B(H) in the
o-weak operator topology, also converges to A in the WOT. Note that A, converges to A in the o-weak
operator topology if and only if Y07, (A, 2y, y,) converges to Y o, (Az,,y,) for all z,,,y, € H such that
> |2, ]* < oo and > lynl|® < co. It is straightforward to check that for any fixed B € B(H), the
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maps A — AB and A — BA are continuous maps B(H) — B(H) with respect to the SOT, WOT and
o-weak operator topology. We refer to chapter II in [27] for more details on the SOT, WOT and o-weak
operator topology as well as several other important topologies on B(H).

Definition 4.4. Von Neumann algebra
Let H be a Hilbert space. A von Neumann algebra on H is a x-subalgebra of B(H) that is closed in the
SOT.

Definition 4.5. Commutant
Let H be a Hilbert space and C C B(H). The commutant of C' is defined as

C':={BeB(H): AB=BAVYA¢€ C}. (217)

Remark 4.3. For any C C B(H), we have that C’ is a closed subalgebra of B(H). If C is self-adjoint (i.e.
C=C*:={A*: A e C}), then C' is also a *-subalgebra of B(H). We always have C' C C" and C' = C"".
See also section 4.1 in [23].

Theorem 4.1. Let H be a Hilbert space and A a *-subalgebra of B(H) containing idg. Then the following
are equivalent:

1. A is a von Neumann algebra.
2. A is closed in the WOT.
3. A=A".

Remark 4.4. For the proof of [Theorem 4.1] we refer to Theorems 4.1.5 and 4.2.5 in [23]. Note that for any
C C B(H), there is a smallest von Neumann algebra that contains C. This is called the von Neumann
algebra generated by C. In case C is self-adjoint and contains idy, we have that the von Neumann algebra
generated by C is equal to C”| see also section 4.1 in [23].

To define Fourier multipliers, we need to introduce a specific von Neumann algebra, known as the group
von Neumann algebra. Its definition relies on certain representations, which we will introduce first.

Definition 4.6. Continuous unitary representation

Let G be a locally compact group and H a Hilbert space. A continuous unitary representation 7 of G
on H is a group homomorphism from G to the group U(H) C B(H) of unitary operators on H, with 7
continuous with respect to the SOT on B(H).

Definition 4.7. x-representation
Let A be an involutive algebra and H a Hilbert space. A x-representation m of A on H is a *-
homomorphism A — B(H).

Theorem 4.2. Let G be a locally compact group, H a Hilbert space and 7 : G — U(H) a continuous unitary
representation. For each f € LY(QG), there exists a unique 7' (f) € B(H) such that

(' (f)u, ) = /G £(@) (m(z)u, v) da (215)

for all u,v € H, where integration is against the Haar measure. This defines a *-representation ©’ : G —
B(H).

For a proof of the above result we refer to Theorem 3.9 in |17] or section 13.3 in [9]. Of particular interest
to us are the left-regular representations of G and L(G).

Definition 4.8. Left regular representation
Let G be a locally compact group. The left-regular representation of G is the continuous unitary repre-
sentation \ : G — U(L*(G)) given by

AM@)(f) = La(f) (219)



This representation induces (through [Theorem 4.2) the left-regular representation of L'(G), which is the
x-representation \' : L(G) — B(L?(G)) given by

N(f)(g)=[*g. (220)

Remark 4.5. Tt is straightforward to check that A(x)* = A(z~1) = A(z)~!, hence A(x) is unitary. We have
already seen that = + L, is a group homomorphism and is continuous in the SOT (Lemma 3.7).
So A is indeed a continuous unitary representation. See section 3.2. in [17], section 13.3 in [9] or section 1.6
in [22] for why ) is given by the convolution: N (f)g = f *g.

Definition 4.9. Group von Neumann algebra
Let G be a locally compact group. The group von Neumann algebra VN(G) of G is the von Neumann
algebra

VN(G) ={\z):z € GY' = {N(f): f e LG} (221)
For the proof of the second equality in [Definition 4.9 we refer to section 13.3 in [9].

We note that the group von Neumann algebra VN(G), like any other von Neumann algebra, can be
equipped with the relative SOT, WOT or o-weak operator topology. The following theorem, for the proof of
which we refer to Corollary 2.4.4 in [22], asserts that the latter two are the same for the group von Neumann
algebra.

Theorem 4.3. Let G be a locally compact group. The relative WOT and o-weak operator topology on
VN(G) C B(L*(G)) are the same.

Lemma 4.4. Let G be a locally compact group (with Haar measure ). Then the finite linear span of {\(z) :
x € G} is dense in VN(G) in the relative SOT, WOT and o-weak operator topology. Also, {\(x) : x € G}
is a linearly independent set.

Proof. Because A(x)\(y) = A(zy) and A(z)* = A(x)~! = A(2™!), we have that the finite linear span of
{\(z) : z € G} is a x-subalgebra of B(L?(G)). Hence, by Lemma 4.1.4 and Theorem 4.2.5 in [23], the finite
linear span of {\(z) : z € G} is dense in its second commutant in the relative SOT and WOT. Clearly, the
second commutant of the finite linear span of {\(z) : € G} is equal to

{A\z) :z € G} =VN(G). (222)

So the finite linear span of {\(z) : € G} is dense in VN(G) in the relative SOT and WOT. By [Theorem 4.3]
it is also dense in the relative o-weak operator topology. To prove linear independence of {\(z) : x € G},
let x1,...,z, € G distinct and ¢q,...,¢, € C such that 22‘;1 cjA(z;) = 0. If n = 1, then we must have
¢1 = 0, because A(x1) # 0. So assume n > 2. Because G is a Hausdorff space, each pair of distinct points in
G has disjoint open neighbourhoods. Applying this to the pairs {z;,z;} with i # j, it follows that for each
i,j € {1,...,n} with ¢ # j we can find an open set U; ; C G such that z; € U;; (and z; € U;;) and such
that U; ;NU;; = (. In other words, U; ; and Uj;; are disjoint open neighbourhoods of x; and x;, respectively.
Define, for each i € {1,...,n}, the open set

Vi = N Ui j. (223)
FE{Lm (i}

Then we have that z; € V; for all i € {1,...,n} and V; NV, =0 for i # j. Let W; := x;lm. Then W; is an
open neighbourhood of the identity e for all i € {1,...,n}. Define

W= ﬂ Wi. (224)
i=1

Then W is an open neighbourhood of e. Note that (W) > 0 because W is open and non-empty (Lemma 3.3)).
Also note that for all i € {1,...,n}:
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So, the sets ;W for i € {1,...,n} are pairwise disjoint. Let K C W be a compact neighbourhood of e,
which exists because G is locally compact. Then 0 < p(K) < oo, because K is compact and contains a
non-empty open set. We also have that the sets z; K for i € {1,...,n} are pairwise disjoint. We consider
the function 1x € L?*(B(G)) and note that
2
1Tk lly = p(K). (226)
Because )7, ¢jA(z;) = 0, we have that

Zn:cjx(xj)(h) ~0. (227)

However,
Z eMz;) (1) = ch oK (228)
Because the sets x; K for i € {1,... ,n} are pairwise disjoint, it follows that
2
ZCjA(xj)(]lK) = chlij Z|C]| p(x; K Z|C]| (229)
=1 s |li=t )
Since p(K) > 0, we must have that ¢; = 0 for all j € {1,...,n}. This shows that {A(z) : 2 € G} is linearly
independent. 0

Corollary 4.5. Let G be a locally compact group, n € N and V a vector space. Any map {\(z) : = €
G}*"™ =V has a unique n-linear extension to the Cartesian product of n copies of the finite linear span of

{A\M=z):z € G}.

Proof. Let f: {\(z) : ¢ € G}*™ — V be amap. By linear independence every element of the finite linear span
of {\(z) : ¥ € G} can be uniquely written as )} . czA(z), where ¢, € C and ¢, = 0 for all but finitely many

n
z. An n-linear extension of f maps (ijec cxj’j)\(mj)) 80X eegxn (H?Zl cmjyj) F(z1), ..., A (),
=1 s
establishing uniqueness. Since (Em~€G cxj,j)\(xj)) B D (ar,n ) €G XN (H;’:l czj’j) FAM(=1), ..., M=)
J J n
defines an n-linear map, we also have existence. O

Lemma 4.6. Let X and Y be topological spaces with Y Hausdorff, n € N and Xo C X dense. Let f,g
X*™ 'Y be functions that are continuous in each variable and that agree on X;". Then f = g.

Proof. We have that

flar,. .. zn) =gz, ... x0) (230)
for all z1,...,z, € Xo. We claim that for all m € {0,...,n}:

flay, ..o xn) =gz, ... ) (231)
for all x1,...,2, € X and zy41,...,2, € Xo. This is clearly true for m = 0. Assuming this holds for
some m € {0,...,n — 1}, we fix arbitrary z1,...,2Zm1 € X and Tpmqa,..., 2, € Xo. By density of X in
X, there exists a net y, in X that converges to Z,,+1. By continuity of f and g in the (m + 1)-th variable,
we have that f(z1,...,%m, Y, Tm+2,--.,Tn) converges to f(xy,...,T,) and g(x1, ..., Tm, Yu, Tmt2, - -, Tn)
converges to g(x1,...,%n). But f(T1,. ., Tm, Yo, Tma2s - Tn) = G(T1, oy Ty Yo Tenaa, - - -, Tp) for all ¢
hence it follows that the claim holds for m + 1 by uniqueness of limits (Y is Hausdorff). The result now
follows by induction. O
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Corollary 4.7. Let G be a locally compact group, n € N and V' a locally convex space. Let f,g: VN(G)*™ —
V' be multilinear functions that agree on {\(z) : x € G} and such that for either one of the SOT, WOT or
o-weak operator topology, both f and g are continuous in each variable with respect to this topology. Then

=g

Proof. By f and g must agree on the Cartesian product of n copies of the finite linear span
of {\(z) : * € G}. Because this linear span is dense in VN(G), it follows by that f = g. O

Note that |Corollary 4.7 implies that any map ¢ : {\(z) : z € G}*™ — V has at most one multilinear
extension to VN(G)*™ that is continuous with respect to the SOT, WOT or o-weak operator topology in
each variable.

4.2 Fourier multipliers

In this subsection we define Fourier multipliers and cover several results about Fourier multipliers. In
particular we show several methods to construct new Fourier multipliers from existing ones, based on the
methods introduced in to construct multilinear maps.

Definition 4.10. Fourier multiplier
Let G be a locally compact group and n € N. Let ¢ € Cp(G*™). If the map {A(z) : z € G}*" = VN(Q)
given by

M@)oy = o1, xn) [T M) = dlan, oz [ [ 2 (232)
j=1 j=1

extends to a bounded multilinear map My : VN(G)*" — VN(G) that is continuous in each variable with
respect to the o-weak operator topology, then My is called a Fourier multiplier and ¢ is called its symbol.
Sometimes ¢ itself is also called a Fourier multiplier. We write M™A(G) for the set of all ¢ € Cp(G*™)
such that M, is a Fourier multiplier. If My is completely bounded as a multilinear map, then we call My a
completely bounded Fourier multiplier. We write M} A(G) for the set of all ¢ € Cp(G*™) such that M, is
a completely bounded Fourier multiplier. In case n = 1 we usually do not write the superscript n.

Remark 4.6. Note that by the map M, is unique if it exists.

Theorem 4.8. Let G be a locally compact group and n € N. M"A(G) and M} A(G) are normed spaces
when equipped with the norms

1@l arm ace) = 1Ml (233)

and

18lars, a0 = 1Mol (234)

respectively. MA(G) and M A(G) are normed algebras. The inclusions of M7y A(G) into M™A(G) and of
M"A(QG) into Cp(G*™) are contractive, i.e.

10lloe < Dlamacey < N1€llam a)- (235)

Proof. Let ¢, € M™A(G) and ¢ € C. It is clear that M, + My and cM, are bounded multilinear maps
VN(G)*™ — VN(G) that are continuous in each variable with respect to the o-weak operator topology.
Moreover they are also completely bounded in case ¢, € M} A(G). From [Definition 4.10| and [Remark 4.6|
it is clear that My + My = Mgy and cMy = M. This shows that M™A(G) and M A(G) are vector
spaces and ¢ — My is linear. It follows that ||-[|ym 4(c) and H~||M&A(G) are seminorms. Let ¢ € M™A(G).
For z1,...,z, € G we have that
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Jj=1

(1, s an)| = ||@(T1, - 20 ) A Hl‘j ||:M¢()‘<xl)v'-'7)‘(xn))”§”Mti?”H”)‘(xj):|¢||M”A(G)

(236)
This shows that [|¢]|o, < [[¢]lym (- For ¢ € M, A(G) we have that [[ M| < [[My || 5, hence [l yn 4q) <
”?b”Mgg,A(G)' It follows that [|-|| y;n 4() and H~||MngA(G) are norms and the inclusions of M, A(G) into M A(G)
and of M"A(G) into Cyp(G*™) are contractive. If ¢,9 € MA(G), then My, M, : VN(G) — VN(G) are
bounded and continuous with respect to the o-weak operator topology. The composition MyM,, is also
bounded with

[ Mg My || < || Mo]|[| M| (237)
and continuous with respect to the o-weak operator topology. Moreover, in case ¢,1 € M A(G), we have
that M, and My, are completely bounded. It follows by [Theorem 2.14 (in particular the linear case) that
the composition MgM,y, is completely bounded, with

[MMyllcp < [MsllcpllMpllcp- (238)

It remains to show that MM, = My,. For any x € G we have that

My (My(Mz))) = My(¢(2)A(@)) = ¢(2)My(A(@)) = d(x)ip(2)A(2). (239)
This shows that MMy = Mgy (hence My and My, commute) and we conclude that M A(G) and M, A(G)
are normed algebras. O

Theorem 4.9. Let G be a locally compact group. Let k € N and ni,...,n, € N. Let ¢; € Cp(G*™) for all
je{l,....k}. Let N = 25:1 n; and define ® € Cp(G*N) by

n;
®(z1,...,x H ;i (( s mﬂ) _:1) . (240)
If p; € M™ A(G) for all j € {1,...,k}, then we have that ® € MY A(G) with
k
[/l arv aga) < H 1051l 75 Ay (241)
If ¢; € M) A(G) for all j € {1,...,k}, then we have that ® € MY A(G) with
k
T (242)
j=1

Proof. Note that it is clear that ® € C,(G*") by continuity of multiplication in C. Suppose that ¢; €
Mm™ A(G) for all j € {1,...,k}. Then My, : VN(G)*™ — VN(G) is bounded for j € {1,...,k} with

[M, || = 165110175 a(c)- (243)

We define the map M : VN(G)*N — VN(G) by

M(A,... A HM¢] (Agsta) ) (244)

Then, by [Remark 2.4] and [Lemma 2.17] we have that M is a bounded multilinear map with
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k
[M]| < H ||¢j||M"jA(G)- (245)
j=1

Moreover in case ¢; € M7 A(G) for all j € {1,...,k}, then it follows by [Theorem 2.14] that M is completely
bounded with

k
IMllos < TT 165050 e (246)

j=1
Because each My, is continuous in each of its variables with respect to the o-weak operator topology and
because products in B(H) are continuous separately in each factor with respect to the o-weak operator

topology (see [Remark 4.2), it follows that M is continuous in each variable with respect to the o-weak
operator topology. It remains to prove that M = Mg. To that end let z1,...,zx5 € G. We have that

M(Xx1), ..., Man)) = [ ] My, ((A (f”zf;f m+i))zl)

— ]1 <¢] ((sz 1 nl+z)z 1) H (sz 1 TLL+’L>>
y - (247)
k n; kony
B H ¢ (< El 1 nl-H)i:l) H ( El 1 nl-‘rz)
J=1 j=1i=1
N
:(I)(xh 7mn)H)\(iCj)
j=1
This shows that M = Mg, completing the proof. O

The following corollary is a special case of where n; = 1 for all j.

Corollary 4.10. Let G be a locally compact group. Let n € N and ¢; € Co(G) for all j € {1,...,n}. If
¢; € MA(G) for all j € {1,...,n}, then we have that ®?=1 ¢; € M™A(G) with

03 < [T 1eslnrace) (248)

MnAG) TR
If ¢; € Moy A(G) for all j € {1,...,n}, then we have that Q’_, ¢; € M3 A(G) with

X ¢ < IT 15l ar, a0y (249)
P ot

M, A(G)

Theorem 4.11. Let G be a locally compact group and n € N. Let J C {1,...,n} be a strict subset. Let
zj=e forjeJ. Let p € Cpo(G*") and define ¢ € Cyp(GX (=171 by

w ((Z‘])]E{l,,n}\‘]) = ¢('T1a e 7x’n)7 (250)

where the tuple (xj)je{l o\ is considered to be ordered in order of increasing j. If ¢ € M™A(G), then

Y e MM VIA(G) with

[l arn-191a¢) < 1Dllarm acc)- (251)

If ¢ € M A(G), then ¢ € M”71 A(G) with
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18014y < 18l e (252)

Proof. Let ¢, be as in the statement of the theorem. Let z; = e for j € J. Suppose that ¢ € M"™A(G). Then
My : VN(G)*™ — VN(G) is a bounded multilinear map and continuous in each variable with respect to
the o-weak operator topology. We consider the map M := My(-|J; (\(;));es) : VN(G)*=ID 5 VN(G)
as defined in We know from that M is a bounded multilinear map with

1M < 1Ml TT 1IN = 100 acey- (253)
jeJ
Because M is obtained from My by fixing some of the variables, we have that A is continuous in each

of its variables with respect to the o-weak operator topology. We also know, from that if
¢ € M7y A(G), then M is completely bounded with

1Ml cp < 1Msllep [T IMED T = 19l ars a6 (254)
=
It remains to show that M = My. To this end let z; € G for j € {1,...,n}\J (and recall that z; = e for
j € J). We have that

n

M (@) eqr, ) = MaO@1), - M) = oz, - 2n) [ M)
=1 (255)
=19 ((xj)je{L_,,,n}\J) H Az;),

FJE{L,....n\J

where all tuples and products are considered to be in order of increasing j. This shows that M = My,
completing the proof. O

The following corollary is a special case of [Theorem 4.11] where we fix all but one variable.
Corollary 4.12. Let G be a locally compact group andn € N. Let ¢ € Cp,(G*™) and define for j € {1,...,n}
the function ¢; € Cy(G) by
where x; = e fori# j. If p € M"A(G), then ¢; € MA(G) with

10slarace < 19larm e (257)
If o € M3 A(G), then ¢ € MpA(G) with

16301 a1.0 acy < I18lazs acc- (258)

4.3 Schur multipliers

In this subsection we introduce a different class of multilinear maps known as Schur multipliers. We will see
that every completely bounded Fourier multiplier has an associated completely bounded Schur multiplier [3].
This opens up the theory of Schur multipliers for the study of Fourier multipliers. In particular we will use
a result about Schur multipliers that will help us to identify Fourier multipliers [21]. Our definition of Schur
multipliers is taken from [3], but we will need to briefly define several prerequisite notions before presenting
this definition.

Definition 4.11. Spectrum
Let A be a C*-algebra with multiplicative unit I € A. For a € A, the spectrum o(a) C C of a is defined
as the set of all A € C such that a — A\l has no muliplicative inverse in A.
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Definition 4.12. Let A be a C*-algebra with multiplicative unit. Then a € A is called positive if it is
hermitian (a* = a) and o(a) C [0, 00).

Lemma 4.13. Let A be a C*-algebra with multiplicative unit. Given a € A, there exists a unique positive
element |a| € A such that |a|” = a*a.

We refer to section 2.2 in [23] for the proof of [Lemma 4.13| and more details on positive elements of
C*-algebras. In particular the above definitions and result apply to B(H) for any Hilbert space H, because
B(H) is a C*-algebra with idy as multiplicative identity.

Definition 4.13. Operator trace
Let H be a Hilbert space with orthonormal basis E. Let a € B(H) be positive. Define

Trg(a) == Z (ae, e) . (259)
ecE
The positivity of a ensures that all terms in the above sum are non-negative (see Theorem 2.3.5 in [23]),
to ensure that the sum is well-defined (but not necessarily finite). Note that E is not necessarily finite or
even countable, so the above sum is to be understood as the limit of the net consisting of ) . (ae,e) for
all finite I C F and ordered by inclusion of the sets F' (see also section 2.4 in [23]). Trg(a) can be shown
to not depend on the orthonormal basis F, hence we just write Tr(a).

Definition 4.14. Schatten p-operators
Let H be a Hilbert space. For a € B(H) and 1 < p < oo we define

lall, = (Tr(al”))7 € [0, o). (260)

Let Sp(H) denote the set of a € B(H) such that |af, is finite. S,(H) is a Banach space when equipped
with |[-[|,. Operators in S,,(H) are called Schatten-p operators on H. Also let So(H) denote the compact
operators on H (i.e. operators that map any bounded set onto a set with compact closure) equipped with
the operator norm. Then S, (H) is also a Banach space. For 1 < p < ¢ < oo we have that S,(H) C S,(H)
densely.

The following definition is taken from [3].

Definition 4.15. Schur multipliers
Let X be a measure space. There is a bijective linear isometry L?(X x X) — S2(L?(X)) given by

A (5 - (t . /X A(t,s)g(s)ds>). (261)

Using this bijection, we identify L?(X x X) and S;(L?(X)) as Banach spaces. For n € N and ¢ €
L (X %+ we define the bounded multilinear map Sy, : So(L?(X))*"™ — Sy(L?(X)) by

Sy(Ar, ..., An)(to, tn) :/ - O(to .- tn) [T Asti—1,t)d(tr, .. tna). (262)
X X(n— .
j=1
For p1,...,pn € [1,00] and p~! = Z?zlpj_l we consider the restriction of S, where for all i € {1,...,n},

the i-th variable of Sy is restricted to So(L?(X)) NSy, (L*(X)). If this restriction of Sy can be extended to
a bounded multilinear map X?:1 Sy, (L*(X)) — Sp(L*(X)), which is also denoted by Sg, then S, is called

a (p1,. .., pn)-Schur multiplier and ¢ its symbol.

More on the topic of Schatten p-operators and/or Schur multipliers can be found in appendix D of [20],
[10], chapter 6 of [24] and [26].

We will mainly be interested in Schur multipliers for which p; = oo for all j € {1,...,n} (and therefore
also p = o0) and going forward every Schur multiplier is an (oo, ..., 00)-Schur multiplier unless specified
otherwise. Our interest in these Schur multipliers is due to the following transference result (Proposition 2.3
in [3]).

58



Theorem 4.14. Let G be a locally compact group and ¢ € Cy(G*™). Then S : Soo(L2(G))*"™ = Seo(L*(@))
is a completely bounded Schur multiplier if and only if ¢ € M2 A(G). In this case, we have that

I5]]..,, = 19llssz, 400 (263)

For the definition of ¢ we refer to [Definition 3.27, [Theorem 4.14| allows us to use the theory of Schur
multipliers when studying Fourier multipliers. In particular we will make use of the following result, which
is a slightly less general version of Theorem 3.4 in [21].

Theorem 4.15. Let X be a o-finite measure space, ¢ € L>®°(X > andr > 0. Then Sy : Soo(L?(X))*™ —
Seo(L?(X)) is a completely bounded Schur multiplier with

HSwHCB <r (264)

if and only if there exist essentially bounded functions ag,an : X — I2(N) and a; : X — B(I*(N)) for
je{l,...,n—1} such that
n

€SSSUP (... ) EX ¥ (nHD) H lla;(x;)]| <r (265)
j=0

and for almost all xg, ...,x, € X we have that

V(xoy ... Ty) = <an(xn), 1:[ Ap—j(Tn—j) (ag(aso))> . (266)

[Theorem 4.14] and [Theorem 4.15| together imply the following corollary, which we will use in to
show that certain functions are Fourier multipliers.

Corollary 4.16. Let G be a locally compact group for which the Haar measure is o-finite, ¢ € Cp(G*™) and
r > 0. Then ¢ is a completely bounded Fourier multiplier with

10l asn Ay < (267)
if and only if there exist essentially bounded functions ag,an : G — 1*(N) and a; : G — B(I*(N)) for
je{l,...,n—1} such that

n

€SSSUP (... 2 ) EGX (n+1) H llaj(z;)| <r (268)
§=0

and for almost all xg, ..., x, € G we have that

(X0, Ty) = <an(33n)7 1:[ Ap—j(Tn—_j) (ag(xo))> ) (269)

Remark 4.7. In the statement of [Theorem 4.15| and |Corollary 4.16| 1?(N) can be replaced by an arbitrary
infinite-dimensional separable Hilbert space H. To see why, let Hi, Hy be arbitrary infinite-dimensional
separable Hilbert spaces. Let (¢;)jen and (f;),en be (ordered) orthonormal bases for H; and Hj respectively.
Then there exists a unique bounded linear map U : H; — Hj such that U(e;) = f; for all j e N. U is a
unitary and U~! = U* sends f; to e;. Note that B(H;) — B(Hs), B — UBU* is an isometric isomorphism
of C*-algebras and its inverse is given by B +— U*BU. Therefore, if ag,a, : X — Hy and a; : X — B(H)
for j € {1,...,n — 1} are essentially bounded functions, then so are by : X — Hy given by

bo(z) = Ulao()), (270)
b, : X — Hs given by
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b (z) = Ulan(z)) (271)
and b; : X — B(H3) given by

bj(x) =Ua;(x)U". (272)

for j € {1,...,n —1}. Here, for all j € {0,...,n}, b; and a; have the same essential supremum. Moreover,
we have that

(273)

If H is an arbitrary infinite-dimensional separable Hilbert space, this result with H; = H and H, = [?(N)
implies that [2(N) can be replaced with H in the “if” part of [Theorem 4.15 and [Corollary 4.16, Similarly,
this result with Hy = H and H; = [?(N) implies that [2(N) can be replaced with H in the “only if” part of
[Theorem 4.15| and [Corollary 4.16}

The following result due to Bozejko and Fendler [2] is similar to the n = 1 case of|Corollary 4.16] A proof
of this result can also be found in the appendix of [18] (Theorem 3.2) and in [22] (Theorem 5.4.6).

Theorem 4.17. Let G be a locally compact group, k > 0 and ¢ € C(G). Then ¢ € MHpA(G) with
||¢||Mch(G) < k if and only if there exists a Hilbert space H and bounded maps £,m: G — H such that

Py~ ') = (E(x),n(y)) (274)
for all x,y € G and such that

sup [|£(x)] sup [In(y)[| < k- (275)
zeG yeG

The Hilbert space H and the functions £, can be chosen such that & and n are continuous.
The following result will be useful when applying [Corollary 4.16

Lemma 4.18. Let G be a second-countable locally compact group and H a Hilbert space. Let f € LY(G).
Leta:G — H and b : G — B(H) be bounded, i.e.

lall = sup [la(z)]| < oo (276)
zeG
and
16l oo = sup [[b(x)]| < oc. (277)
zeG
Also assume that for all g,h € H, the functions

x> {g,a(x)) (278)
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and

= (g,0(x)(h)) (279)

are measurable. Then we have that the following hold:
(1) There exist unique functions f+xa: G — H, fxb: G — B(H) such that

(9, (f xa)(@)) = (f *(g,a(-)))(z) := /Gf(t) (g,a(t™ z))dt (280)
and
(g, (f % b)(@)(h)) = (f *(g,0(-)(h)))(x) := /Gf(t) (g:b(t™ x)(h)) dt (281)
forall g,h € H.

(2) The functions f xa and f xb are continuous (with respect to the norm topologies on H and B(H))
and bounded with

If * all o == sup [|(f * a)(@)[| < [If]l1[lall (282)
zeG

and

1] # bll o == sup [|(f * b) (@) ]| < I £1l,[bll - (283)
zeG

(8) The maps a — fxa and b fxb are linear and the maps f — fxa and f — fxb are conjugate-linear.
The following identities hold for all g,h € H:

(f % a)(@).g) = (F * {a(), 9))(x) == /G T (a2, ) dt (284)

and

((F D) (@)(R), g) = (F (b /f ).g) dt. (285)

(4) If f1,..., fn € LYG) and by, ...,b, : G — B(H) are bounded with x — (g,bj(x)(h)) measurable for
all j €{1,...,n} and g,h € H, then we have that

<97 (H(fj *bj)(l’j)) (h)> = ((@?_Jj) ((yl,...,yn < (

n:j:
S
v
\/
N————
N——
s
-

8
2

(286)
forallxy,...,2, € G and g,h € H.

(5) If fo, -, fn € LY(G), ag,an : G — H and ay,...,a,_1: G — B(H) are bounded with x — (g, ao(z)),
x = (g,an(x)) and x — (g,b;(x)(h)) measurable for all j € {1,...,n — 1}, then we have that
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<(fn* an)(@n), ( ! (fa—j * an—j)(xn—j) | ((fo* ao)(Io))>
((yOa e ayn) = <an(yn)a f[ An—j (yn—j) (aO(yO))> (.%‘0, B xn) (287)

n n—1
= /GX(W) 115 <an(t51$n)7 H an—j(t, " xnj) (060(%1370))>d(t07-~-’tn)

j=0
for all xq,...,x, € G.

Proof. For all g,h € H and = € G we have that

[(g; a(@))] < llglllla(x)] < lgllllell« (283)

and

(g, b()(R))[ < llgllllb(x) (M)l < g6 < lgllIAlb] - (289)

This shows that for fixed g,h € H, z — {(g,a(x)) and z — (g, b(x)(h)) are functions in L>°(G), because they
are measurable and bounded. Because f € L*(G), it follows from Proposition 2.39 in [17] that the functions
f=*{g,a(-)) and f * {g,b(-)(h)) are continuous and bounded with

1f* (g, a()loe < If 11 11{g: al D oo < ILF111 gl @l oo (290)
and
I1f (g, b() (M)l oo < ILF111 119, 0C) (D o < £ I g IAIHIBN o - (291)
For fixed f € L}(G) and z € G define af, : H — C and B¢, : H x H — C by
0s.le) = (7 = gal)(a@) = [ 10 (9.0t a)) (202)
and
Bra(g,h) = (f % (g,b(-)(h)))(x) = /Gf(t) (g,b(t~ ) (h)) dt. (293)

From these definitions and the boundedness of f * (g,a(-)) and f * (g,b(-)(h)) we see that ay , is a bounded
linear functional with

lagell < NI fllllello (294)

and By, is a bounded sesquilinear form (i.e. it is linear in the first component and conjugate-linear in the
second) with

187l < 111110l - (295)

From the definitions of a ¢, and B¢ ., we can see that a ¢, depends linearly on f and conjugate-linearly on
a. Similarly we have that 3;, depends linearly on f and conjugate-linearly on b. It follows from the Riesz
representation theorem that there exists a unique element (f * a)(x) € H such that

(9, (f *a)(z)) = ara(g) = (f * (g,a(-))(z) (296)
with
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I(f x a)(@)| = llesall < [1£1 ol (297)

It follows from Theorem 2.3.6. in |23] or Theorem I1.2.2. in [5] (as a consequence of the Riesz representation
theorem) that there exists a unique element (f *b)(x) € B(H) such that

(g, (f x0)(x)(h)) = Bra(g,h) = (f * (g, b(-)(h))) () (298)

with

I+ ) @) = 1Bzl < A1, 110l o - (299)

This shows the existence and uniqueness of f x a and f % b as stated in part (1). We note that the corre-
spondence between a bounded linear functional on a Hilbert space and the associated element in the Hilbert
space in the Riesz representation theorem is conjugate-linear. This follows directly from the sesquilinearity
of the inner product. Similarly, the correspondence between an element A € B(H) and the corresponding
sesquilinear form (g,h) — (g, Ah) is also conjugate-linear (it would be linear if we would instead consider
the sesquilinear form (g, h) — (Ag, h)). This means that the correspondence between oy, and (f * a)(z) is
conjugate-linear and the correspondence between B¢, and (f xb)(x) is also conjugate-linear. It follows that
f*a depends linearly on a and conjugate-linearly on f and f*b depends linearly on b and conjugate-linearly
on f. We note that we have already proved the boundedness of f xa and f *b as stated in part (2) and the
statements about (conjugate-)linearity in part (3).

We first prove continuity of f x a and f * b under the assumption that f € C.(G) and then use an
approximation argument. This approach is similar to the approach used in Proposition 2.39 in [17] to prove
that fxg is continuous for f € L'(G) and g € L*°(G). So, we assume f € C.(G). We know from Proposition
2.6 in [17] that such an f is left uniformly continuous. In other words for any € > 0, there exists an open
neighbourhood V. C G of e such that

sup |f(y~'e) — f(x)| < e (300)
zeG

for all y € V.. Given x € G and € > 0, we have that V. "'z is an open neighbourhood of x. For any y € V.1
we have that xy~! € V,, hence

sup|f(yt) — f(at)| = sup [f(ya~'t) — f(t)| <e. (301)
teG teG

Let K C G be compact and such that f(t) = 0 for all t € G\K. It follows that for all g € H and y € V.7 'z,
we have

g, (f xa)(y) — (f xa)(@))| = [{g, (f xa)(y)) — (g, (f * a)(2))]
:/f ) {g.a(t™'y) >dt—/f (g.a t1)>dt‘

=| [ s oty ar= [ san (ot an
G G
= /(f(yt)—f(wt)) <9,a(t‘1)>dt‘ S/ [f(yt) = f(at)][{g,a(t™))]dt
G G
<[ Mo sl e lars [ gl o

x— Uy

</ clgllall e = elglllal ula K Uy~ )
KUy 'K

< ellglllallo (uz™ K) + uly ™ K)) = 2¢l|glll|a]| . p(K).
(302)

Choosing g = (f xa)(y) — (f * a)(z), we see that
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I(f % a)(y) = (f * a)(@)|* < 26 (f * a)(y) = (f * @) (@)|ll|all o u(K), (303)

hence

I(f *a)(y) = (f x a)(2)]| < 2¢[la]| , u(K). (304)

This shows that f *a is continuous in z for all z € G, hence f * a is continuous when f € C.(G). Similarly,
for all g,h € H and y € V." 1z we have that

[{g, ((f % 0)(y) = (f *b)(@))(A))| = [{g, (f * D)(y)(R)) — (g, (f * b)(x)(h))]

_ /f (9.5(t ") )dt—/Gf(t)<g,b(t‘1x)(h)>dt‘

=| [ 100 (a0t [ st oty
G G
=| [0 - se >><g,b<t1><h>>dt\

IN

/ |f(yt) — f(at)]|(g, b )(h))|dt (305)
</ £ (at) = £t (9. b))t
- 1KUy— 1K
-1
< [ ey

< / ellgllinllbl dt = ellgl ANl o p(z™ K Uy~ K)
r 1KUy— 1K
< ellgllIAlllIbll o (p(z ™ K) + p(y™ K)) = 2el gl [l b] o o(K).-
Choosing g = ((f *b)(y) — (f *b)(z))(h), we see that

(S *B)(y) = (f * D) (@) (M < 2ll((f % B)(y) = (f #b) (@) (W BIB]| (K, (306)

hence

[((f =) (y) — (f = b)(z))(R)|| < 2el|R][[[b]| (K. (307)
This holds for all h € H and therefore

[(f *0)(y) = (f * b)(@)| < 2€]|bl| u(K).- (308)

This shows that f b is continuous in z for all € G, hence f * b is continuous when f € C.(G). To prove
continuity of f*a and f b for general f € L'(G) we recall that we have already proved that f — f *a and
f +— f *b are conjugate-linear and that

1F*alloe < £l lallo (309)

and

1f # ll oo < 1F111 110l oo (310)

Let € > 0 and f € L'(G). By density of C.(G) in L*(G) (Theorem 3.12), there is an fy € C.(G) such that
|l fo — fll; <e. Then we have that

[foxa—frallo=1(fo—f)*allo <lfo—Flillall < llallce (311)

and
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[foxb—fxbllo=l(fo = f) *bllo < llfo = FllslIblloc < 10l €. (312)

Because fo € C.(G), given x € G, we can choose an open neighbourhood U, . of  such that

1(fo*a)(y) — (foxa)(z)| <e (313)

and

[(foxb)(y) — (foxb)(@)[| <e (314)
for all y € Uy . It follows that for all y € Uy ¢:

I(f *a)(y) = (f x a)(2)]|

< I+ a)(y) = (fox )W)l + | (fo * a)(y) — (fo x a)(@)]| + [|(fo * a)(x) = (f * a)(x)[| < (1 + 2|a||ooz6 |
315

and

I(f *0)(y) = (f x D) (@)
<+ 0) () = (fox D)) + [1(fo D) (y) — (fo x b)(@)| + [I(fo + b)(x) — (f + b)(@)[| < (1 +2[|blo )e.

This shows that f * a and f * b are continuous for all f € L'(G), which finishes the proof of part (2). For
part (3) note that

(316)

(f *a)(@).9) = G (T * @) /f (g a(t1a)dt = /f (317)

and

((f xb)(x)(h),9) = (g, (f +b)(x /f g, b(t~ )>dt=/Gm<b(flm)(h),g>dt. (318)

Note that in the statement of part (4), the convolution is well-defined because it is the convolution of an
L'(G) function with an L*°(G) function. We prove the identity in part (4) using induction on n, where we
note that the case n = 1 holds by part (1). Suppose the identity holds for some n € N. Let f1,..., fr+1 and
b1,...,bnt1 as in the statement of part (4). Then it follows that

n+1 et
<g7 (H(fj *bj>(xj)) <h>> - <(f1 “bi)(n)* (o). (H(fj *bj><xj>) <h>>
ntl n+1
/GXanJ <f1*b1 x1)* (Hb t a%) >d(t2,.__’tn+1)
ntl n+1
/canfj < F1 % b1)( ((Hb ts mj) >>d(t2,... tni1) (319)
n+l n+1
/ Hfj /fl tl <g,b1 tl .’)31 ((Hb t SL'J) >>dt1d(t27...,tn+1)
n+l n+1
= /GX(M I 75t <g7 (H bj(tjlxj)) (h)>d(t1,...,tn).
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Here we used Fubini’s theorem in the last step because the integrand is integrable as a function on G*(*+1)
(it is bounded in absolute value by (H"+1 Lf; &) DIlgll Al H"+1 161l )- This proves that the identity in part
(4) holds for n + 1, hence it holds for alln eN.

Now let fo,..., fn and ag,...,a, be as in the statement of part (5). Using part (4), we have that

n—1
<(fn* an)(@n), | [T (s * @ns)(@ny) | ((fox GO)($0))>

Jj=1

/fn n <an tyan), f[(fnfj*an*j)(xn*j) ((fo*GO)($0))>dtn

Jj=1

:/Ganfj(tj)<an(t;1xn), f[anfj(t,;ijxn,j) ((fo*ao)(mo))>d(t1,...,tn)
j=1 j=1

. (320)

= /Gm Hfj(tj)< 1:[ an—j(t;ijxn—j) (an(t, zn)), (fo *ao)($0)> d(ti,... tn)

*

:/Gx<n+1>Hfj( < Han J xn i) | (an(t, 1xn)),a0(t0_1$0)>d(to,...,tn)
=0

:/GXW)Hfj(tj)<an (t- 1), Han ) (ao(talxo))>d(to,...,tn).
=0

We used Fubini’s theorem several times throughout this calculation. This is justified because the inte-
grand in the final expression is an integrable function on G*(™*1) (it is bounded in absolute value by

(ITj=o 1/5(£)D) TTj—g llall.)- This proves part (5). O

Remark 4.8. In the setting of [Lemma 4.18] assume that z — |la(z)|| and z — ||b(z)|| are measurable. Note
that from the definition of fxa and f+b it can be seen that all the results are still valid (with the same proof)
if we assume that a and b are essentially bounded instead of bounded, i.e. we replace the supremum in the
definitions of |||, by the essential supremum. Moreover we have (by part (2) of[Lemma 4.18) that f*a and
f*b do not change if we replace a and b by functions that are equal to a and b almost everywhere. Also note
that the assumption that G is second- countable is only used (by applying Fubini’s theorem) when proving
parts (4) and (5) of|L m So parts (1)-(3) are valid without the assumption of second-countability. In
fact, a careful observatlon of the proof reveals that if we replace the integrals in parts (4) and (5) by repeated
integrals over the variables ¢; in order of increasing j, then there is no need to apply Fubini’s theorem and
the assumption of second-countability can be dropped entirely.

4.4 Fourier algebra

In this subsection we introduce the Fourier algebra A(G) of a locally compact group G. We will see that
V N(G) can be identified with the dual space A(G)* of A(G). From this duality it follows that the symbols of
linear Fourier multipliers are exactly the multipliers of A(G). The Fourier algebra will also play an important
role in the definition of weak amenability in A detailed treatment of the Fourier algebra can
be found in [22], while [29] gives a brief and accessible overview.

Definition 4.16. Fourier algebra
Let G be a locally compact group. The Fourier algebra A(G) of G is the set of functions of the form

= A@)f.9) = @ F(()))(), (321)

where f,g € L?(G). Equipped with pointwise operations and the norm
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lall sy := mt{l[fll2llglly - a(z) = (M) f,9)}, (322)
A(QG) is a Banach algebra.

Remark 4.9. The above characterization of the Fourier algebra can be found in section 3.3 in [29]. It is
not at all obvious that the Fourier algebra as defined in is indeed a Banach algebra or even
a vector space. In fact [29] and |22] define the Fourier algebra in a different way, where it is easier to see
that A(G) is a Banach algebra. This definition, however, requires more setup so we have decided to instead

define A(G) as in [Definition 4.16) We refer the interested reader to either sections 3.2 and 3.3 in [29] for
a summarized introduction to the Fourier algebra or sections 2.1 through 2.4 in [22] for a more detailed

treatment. In particular Theorem 2.1.11, Proposition 2.3.3 and Theorem 2.4.3 in [22] establish that A(G)
is a Banach algebra and can be characterized as in Another question that may come to
mind is if the norm ||| 5, depends on the chosen Haar measure. Indeed, the above definition of ||-[| 4

involves the ||-||, on L?(G), which certainly does depend on the chosen Haar measure. Nevertheless, ||-|| A(G)

is independent of the chosen Haar measure and this can be seen as follows. Let p, v be (left) Haar measures
on G. Then v = cp for some ¢ > 0 by [Theorem 3.2} Let a € A(G) and f,g € L*(G) be such that

a(z) = (M) f, g>L2(G7H) . (323)
Then we have that

(@) = N0 = [ S ) = [ S ) = (e o) a2
It follows that

1
*9
c

o (L) ([soraw)
=2 ([ 1wty ) ([ 1ot Pednty ) = 1l I8l 226

By taking the infimum over all f,g € L?(G) such that a(z) = (\(z)f, 9)12(G - 1t follows that [la| 4.,y <
lall 4,,,)- Since p,v were arbitrary Haar measures on G, it follows that [|-|| 45y does not depend on the
chosen Haar measure.

”aHA(G;u) < ||f||L2(G,u)
(325)

Lemma 4.19. Let G be a locally compact group. Then A(G) C Co(G) and this inclusion is contractive and
dense. We have {x — (A(x)f,g9) : f,g € C.(G)} € A(G) N C(G) and both of these subsets are dense in

A(G) (in [l aey)-
Proof. Let a € A(G) with f,g € L?(G) such that a(z) = (\(z)f, g). It follows from|Lemma 3.7]and continuity

of the inner product that a is a continuous function.

la(z)| = [(A2) £, 9)| < [IM@) Fll2llgllz = 1 F12llgll (326)

implies that [lal|, < [[all4g)- So A(G) € Cy(G) and this inclusion is contractive. Let a € A(G) and
f,g € L*(G) such that a(z) = (\(z)f,g). Let n > 0 and € > 0 such that ¢ < 1 and € < m. C.(G)

is dense in L?(G) (Theorem 3.12), so let fo, g0 € C.(G) such that ||f — foll, < € and ||g — goll, < €. Let
ag € A(G) be given by ag(x) = (A(z) fo, go). Then we have that
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lla = aoll () = llz = (A@) [, 9) — (A(@) fo, 90) | 4y
= |lz = (A@)f,9) — (A@) fo, 9) + (M) fo, 9) — (A(@) fo, 90) | ()
= llz = (A@)(f = fo),9) + (A@) fo, 9 — 90) | a(c) (327)
<z = A@)(f = fo) D)l ae) + Iz = (M) fo, 9 = g0)l a(c)

< |IF = follallglly + [l foll2llg = goll,
<ellglly + 17l + e = e(lfllz + llglly +€) < e(llfllz + llglly +1) <.
This shows that {x — (A(z)f,9) : f,g € C.(G)} is dense in A(G). Functions in {x — (Mx)f,9) : f,g €

C.(G)} are compactly supported. Indeed, let f,g € C.(G) with compact sets Ky, K, such that f(z) =0 for
xz ¢ Ky and g(z) =0 for ¢ K,. We have

A@)f.g) = /G Fa gy, (328)

Note that the integrand in the above integral equals 0 unless y € K, and 27 'y € K. If y € K, and
r7ly € K, then we have that

reyK; ' C KK (329)

It follows that unless x € KgKJTl, the integrand equals 0 for all y € G. Hence (A (x)f,g) = 0 unless
x € KgKf_l. KgKf_l is compact. So, we have that x — (A(z)f,g) is in C.(G). This means that {x —
ANz)f,9): f,9 € C.(G)} C A(G) N C.(G) and both of these subsets are dense in A(G). So, we have that
A(G) € Cy(G) is a contractive inclusion and every element of A(G) can be approximated in [[-[| ;¢ by
functions in A(G) N C.(G). It follows that every element of A(G) can be uniformly approximated by C.(G)
functions. Since Cy(G) is the uniform closure of C.(G), it follows that A(G) C Cy(G). It remains to show
that A(G) is uniformly dense in Cy(G). We note that A(G) N C.(G) is a self-adjoint subalgebra of Cy(G)
and by Proposition 2.3.2 in [22] it separates the points of G. The uniform density of A(G) in Cy(G) follows
from an application of the Stone-Weierstrass theorem (see also Corollary 2.3.5 in [22]). O

For the proof of the following theorem we refer to Theorem 2.3.9 in [22].

Theorem 4.20. Let G be a locally compact group. For every bounded linear functional v € A(G)* there
exists a unique Ty € VN(G) such that

(Ty(f),9) = ¥(x = (A=) f, 9)) (330)
for all f,g € L*(G). ¢ — Ty is a bijective linear isometry A(G)* — VN(G). ¢+ Ty is a homeomorphism
with respect to the weak-x topology on A(G)* (i.e. the locally convex topology defined by the family of
seminorms 1 — |(a)| for a € A(G)) and the o-weak operator topology on VIN(G). The inverse of 1 — Ty
sends A(z) (x € G) to the linear functional

a > a(x) (331)
and sends N'(f) (f € L*(G)) to the linear functional

ars / f(@)a()da. (332)
G
Definition 4.17. Fourier algebra multiplier
Let G be a locally compact group. We say that a function ¢ € Cp(G) is a multiplier of the Fourier algebra
A(G) if mg : A(G) — A(G) given by
me(f) =of (333)

is a well-defined bounded linear map.
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Remark 4.10. If ¢ : G — C is any function such that ¢f € A(G) for all f € A(G), then ¢ is necessarily
continuous and bounded. Moreover the map m, will automatically be bounded (this follows from the closed
graph theorem because convergence in [|-|| 5 implies pointwise convergence). The multipliers of the Fourier
algebra form a Banach algebra under pointwise operations and the norm ¢ — ||myl|. A(G) is contained in this
Banach algebra and this inclusion is contractive. For these results and more on Fourier algebra multipliers,
we refer to section 3.4 in [29] and section 5.1 in [22].

The multipliers of the Fourier algebra A(G) turn out to coincide with the symbols of the linear Fourier
multipliers, as stated in the next theorem, for the proof of which we refer to Proposition 5.1.2 in [22].

Theorem 4.21. Let G be locally compact group and ¢ € Cy(G). Then ¢ € MA(G) if and only if ¢ is a
multiplier of the Fourier algebra A(G). In this case we have that My is the adjoint of my if we identify

VN(G) and A(G)* through the linear isometry given in|Theorem 4.200 Moreover, we have that

[6llaracc) = 1Mol = lImell- (334)
This theorem enables us to prove the following result.
Corollary 4.22. Let G be a locally compact group. MA(G) and M, A(G) are Banach algebras.

Proof. By we know that M A(G) coincides with the Banach algebra of multipliers of A(G).
So M A(G) is a Banach algebra. We already know that M, A(G) is a normed algebra. It
remains to prove that M., A(G) is complete. To prove completeness let (¢, )men be a Cauchy sequence in
M A(G). Because M A(G) is contractively included in M A(G) (Theorem 4.8)), (¢m)men is also a Cauchy
sequence in MA(G). By completeness of MA(G), it follows that ¢,, converges to some ¢ € MA(G) in
[lara(c)- It remains to prove that ¢ € M, A(G) and that this convergence is also in |||, 4()- Note that
the convergence of ¢y, to ¢ in M A(G) implies that My, converges to My in L(VN(G); VN(G)). (Mg, )men
is also a Cauchy sequence in CB(VN(G); VN(G)). It follows from completeness of CB(VN(G); VN(G))
that My, converges to some M € CB(VN(G);VN(G)) in ||||og. Then My, must also
converge to M in |-||. By uniqueness of limits we must have that My = M € CB(VN(G);VN(G)) and
My, converges to My in [|-||op. It follows that ¢ € M A(G) and ¢y, converges to ¢ in ||-[[5/, 4(g)- This
shows that M A(G) is complete. O

Remark 4.11. We know that A(G) C MA(G) and M A(G) € M A(G) and that both of these inclusions are
contractive. It can be shown that A(G) C M, A(G) and that this inclusion is also contractive (see section 3.4
in [29] or section 5.4 (and more specifically Corollary 5.4.11) in [22]). The proof of the contractive inclusion
A(G) € M4 A(G) involves the Fourier-Stieltjes algebra B(G) C Cy(G) which consists of all functions f of
the form

f(@) = (m(x)&n), (335)

where 7 is a continuous unitary representation of G on a Hilbert space H and &, € H. B(G) is a Banach
algebra when equipped with pointwise operations and the norm | f|| 5y = inf [[{]|[|7]|, where the infimum is
taken over all continuous unitary representations 7w of G on H and all £, € H such that the above expression
for f holds. See section 3.2 in [29] or section 2.1 in [22] for these results and more about B(G). A(G) can
be equivalently defined as a subalgebra of B(G) (with the same norm) and A(G) is an ideal in B(G) (see
section 3.3 in [29] or section 2.3 in [22]). It follows that A(G) C B(G) isometrically and B(G) C M A(G)
contractively. Corollary 5.4.11 in |22] shows that also B(G) C M., A(G) contractively. In summary we have
that

A(G) € B(G) C MaA(G) € MA(G) C Gy(G) (336)
with all inclusions being contractive (and the first even isometric).

Remark 4.12. There is another approach to defining multilinear Fourier multipliers that is similar to the
characterization of linear Fourier multipliers as multipliers of the Fourier algebra. We briefly explain this
approach, which is due to Todorov and Turowska [28]. For n € N and G a o-compact locally compact group,
they define the multidimensional Fourier algebra A™(G) as the space of functions f € L>°(G*™) such that
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there exists a (unique) completely bounded multilinear map ® : VN(G)*™ — C that is o-weakly continuous
in each variable and satisfies

DA (z1)y- s A (Tn)) = f(T1,. - 2p) (337)

for all z1,..., 2y € G. |[fllan(e) = [I®llcp defines a norm on A™(G). A function ¢ € L*(G*") is called a
multiplier if for all f € A(G), the function

(1, ..y Tn) = O, ... zn)f ij (338)
j=1

is in A™(G). The map that sends f to the above function is linear and automatically bounded (by the closed
graph theorem). If this map is completely bounded, ¢ is called a completely bounded multiplier. According to
Proposition 5.4 in [28], ¢ is a completely bounded multiplier if and only if the map My : VN(G)*" — VN(G)
(as we have defined in is a completely bounded map that is continuous in each variable with
respect to the o-weak operator topology. A similar result (with a similar proof) might hold if complete
boundedness is replaced by boundedness, but it is not explicitly mentioned in [28] if this is the case. This
suggests that the definition of (completely bounded) multipliers in [28] might be equivalent to our definition of
(completely bounded) Fourier multiplier symbols. In our definition, Fourier multiplier symbols are required
to be continuous functions, but the multipliers in [28] are not. In the case of A(G) the continuity of its
multipliers is automatic, as mentioned in It is not mentioned in [28] if the multipliers they
define are automatically continuous or not. If they are, then their definition of multipliers is most likely
equivalent to our definition of multilinear Fourier multiplier symbols. If not, then our definition is more
restrictive.

4.5 Weak amenability

In this subsection we define weak amenability of locally compact groups, which is an important concept
involving both (linear) Fourier multipliers and the Fourier algebra. An overview of the literature on weak
amenability can be found in [29)], including applications of weak amenability in the study of several kinds
of locally compact groups. We will briefly mention several important applications in this subsection. One
of the original goals for this thesis was the introduction of a generalization of weak amenability, featuring
multilinear Fourier multipliers, and taking first steps to generalize results involving weak amenability. Our
proposed generalization of weak amenability turned out to be equivalent to weak amenability itself (see
[Theorem 4.26| and [Remark 4.15)).

Definition 4.18. Weak amenability
Let G be a locally compact group. G is called weakly amenable if there exists a constant £ > 1 and a
net ¢, in A(G) such that

[0l rs, a6y < * (339)

for all + and such that ¢, converges to 1 uniformly on compact subsets of G. The infimum of all constants
k that can be chosen in the definition of weak amenability is called the Cowling-Haagerup constant A(G) of
G. For locally compact groups that are not weakly amenable, we define A(G) = oo.

Remark 4.13. The requirement that & > 1 in the definition of weak amenability can be omitted without
changing the value of A(G). This is because no net ¢, in A(G) can exist that converges to 1 uniformly on
compact subsets of G and satisfies

9l a0y < K (340)

for all ¢ when k < 1. Indeed, because M, A(G) C Cy(G) contractively, such a net would be bounded by k in
||I-|| - But then this net cannot even converge to 1 pointwise, let alone uniformly on compact sets.
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Remark 4.14. An easy example of a weakly amenable group is any compact group. Indeed if G is a compact
group, then 0 < u(G) < oo for any Haar measure . By rescaling the Haar measure if necessary, we can find
a Haar measure p on G such that u(G) = 1. With respect to this Haar measure we have that the constant
1 function is in L?(G) and ||1]|, = 1. Note that

A(z)1,1) =1, (341)

hence 1 € A(G) with [|1]| ;) < 1. We also have |[1]| 55 = 11| =1, s0 |[1]| () = 1. Then we must also
have |[1[| s, 4(e) = 1. So any net that is constantly equal to 1 is valid for the definition of weak amenability
with k = 1. We conclude that G is weakly amenable with A(G) = 1.

There exist many results in the literature that involve weak amenability. [29] gives a good overview of
this topic. We briefly mention several important results from the literature below and refer to [29] for more
details and further references.

Theorem 4.23. Let G be a second-countable, unimodular, locally compact group and I' a lattice in G. Then
T is weakly amenable if and only if G is weakly amenable. In this case we have A(G) = A(T).

A proof of [Theorem 4.23| can be found in [18]. For the definition of a lattice we refer to or [18].

The following result shows an important application of weak amenability in the context of discrete groups.

Theorem 4.24. Let I' be a discrete group and k > 1. The following are equivalent:
1. T is weakly amenable with A(T") < k.

2. There exists a net T, of finite rank operators on C}(T') such that |T,|| o5 < k for all v and T,z converges
to x in norm for all x € C}(T).

3. There exists a net T, of finite rank maps on VN (G) that are continuous with respect to the o-weak

operator topology, such that ||T,| 5 < k for all v and T,z converges to x in o-weak operator topology
for allz € VN(T).

relates several different approximation properties. We note that C*(I") is the C*-subalgebra
of B(I*(T)) generated by {\(z) : z € T'}. For a proof of we refer to Theorem 2.6 in [18]. The
notion of weak amenability also has applications in the context of Lie groups. One result about Lie groups
involving weak amenability is the following.

Theorem 4.25. Let G be a connected simple Lie group. Then G is weakly amenable if and only if it has
real rank O or 1.

For the definition of the rank of a Lie group, we refer to section 5 in [29]. The fact that no Lie group
with real rank > 2 can be weakly amenable was proved by Haagerup [18] with an additional assumption
that was later removed by Dorofaeff |11} 12]. The weak amenability of Lie groups with rank 0 or 1 was
proved seperately for different Lie groups by Cowling ([6]), De Canniére and Haagerup ([8]), and Cowling
and Haagerup ([7]) (with an additional assumption that was later removed by Hansen [19]). The Cowling-
Haagerup constants of the Lie groups of rank 0 and 1 are also known and we refer to Theorem 5.1 in [29]
for an overview. We also refer to [29] for more applications of weak amenability.

The following result gives us equivalent characterizations of weak amenability.

Theorem 4.26. Let G be a locally compact group and n € N. The following statements are equivalent.
1. G is weakly amenable.

2. There exists a net ¢, in Co.(G) N My A(G) that converges to 1 uniformly on compact subsets of G and
such that || yr, aq) < k for some constant k =1 and all ¢.

3. There ezists a net ¢, in Co.(G*™) N M A(G) that converges to 1 uniformly on compact subsets of G*™
and such that ||¢L||M”fbA(G) < k for some constant k > 1 and all .
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Moreover, if G is weakly amenable statement (2) can be satisfied for any k > A(G). Vice versa, any k
for which statement (2) can be satisfied is an upper bound for A(G). If statement (2) can be satisfied with
constant k, then (3) can be satisfied with constant k™. If statement (3) can be satisfied with constant k, then
so can statement (2).

Proof. We will prove in order the implications (1) = (2), (2) = (1), (2) = (3) and (3) = (2).
The remaining claims made in the statement of the theorem will be apparent from the constants we use to
prove the above four implications.

(1) = (2): Suppose G is weakly amenable. Let & > A(G). Then there exists a net (¢,),er in A(G)
that converges to 1 uniformly on compact subsets of G and such that ||¢,|| < k for all .. It follows from
that A(G) N Cc(G) is dense in A(G) in ||-[| 4()- Hence if we fix some § > 0, then for every ¢
and every m € N we can find a

Ym € A(G)NC(G) C Co(G) N MapA(G) (342)
such that
0
||¢L,m - (bLHA(G) < E (343)

We consider the set I x N, which is a directed set when equipped with the relation given by (¢1,m1) = (12, m2)
ifand only if 41 = 12 and my > my. This turns (1, m)(.,m)erxn into anet in C.(G)NA(G) C Co(G)NMpA(G).
Given any compact K C G and € > 0 we can choose ¢y € I such that for all ¢ > ¢¢:

[6u(2) 1] < (344)

for all z € K. We can also choose my € N such that % < § for all m > mg (any mg > % will work). It
follows that for all (¢, m) > (19, mp) and all z € K:

WJL,m(x) - 1| = W’L,m(x) - éfh(l') + ¢L(:C) - 1| < W’L,m(x) - ¢L(x)| + |¢L(x) - 1|

1) €
< Hwb,m - ¢L||oo + |¢L(x) - 1| < Hwb,m - ¢L||A(G) + |¢L(l‘) -1 < m + 5 <€

(345)

This shows that the net v, ,,, converges to 1 uniformly on compact subsets of G. We also have that for all
(,,m) e I x N:

||¢L,m||Mch(G) = ”wb,m - ¢L + qu”Mcz,A(G) < ||¢L,m - ¢LHMC5A(G) + ”d)L”MCbA(G)
5 (346)
< %em — ¢L||A(G) + ||¢L||Mch(G) < o +k<k+6.

We conclude that statement (2) is satisfied, hence (1) = (2). We also note, because k > A(G) and § > 0
were arbitrary, that assuming G is weakly amenable, any k > A(G) can be chosen in statement (2).

(2) = (1): Now we assume instead that statement (2) holds and we let k and ¢, be as in statement
(2). Let f € C.(G) be a non-negative function with || f||; = 1. Then we have that

/ f@)dz = | f], = 1. (347)
G

For all « we have that

(f * d.)(2) = (M), f) (348)

(see [Definition 4.16]), where for a function g on G, § is given by §(z) = g(z~'). Because ¢, € C.(G), we have
that f* ¢, € A(G) N C(G) (see[Lemma 4.19)). By [Theorem 4.17] for each ¢, there exists a Hilbert space H,

and continuous bounded maps &,,7, : G — H, such that

¢y~ x) = (&(2),n.(y)) (349)
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for all z,y € G and such that

sup [[§. ()| sup [[n.(y)]| < k- (350)
zeG yeG

For z,y € G we have that

(f %6y e) = /f Yo, (" y ) dt = /f )6, (yt) ")t = /f @) ) d.  (351)

We note that 7, satisfies the conditions of So there exists a continuous and bounded function
f*n,:G— H,, such that

() = [0 g )= [0 (g n)ar (352)
for all y € G and g € H,. Moreover we have that
IS 7lloe < WA o = M7l - (353)
It follows that
(f* o)y 'a) = /Gf(t) (€u(x),m(yt)) dt = (&(x), (f *7.)(y)) (354)
for all z,y € G. But (f x7,) is continuous and bounded with
1 % 1o = 1f * ull oo < 117l - (355)
It now follows from [Theorem 4.17|that f x ¢, € M, A(G) with
I[f = ¢L||MCbA(G) <k (356)

for all ¢. It remains to prove that f % ¢, converges to 1 uniformly on compact subsets of G. To this end
let Ky C G be compact and such that f(z) = 0 for x ¢ K;. Let K C G be compact and let € > 0. Then
K;lK C @G is compact. Choose ¢y such that

|p.(x) — 1] <€ (357)

for all © > 1 and all x € Kf_lK. Then, for all z € K and ¢t € Ky, we have that t 71z € Kf_lK. It follows
that for all ¢ > 19 and all x € K:

I(f*dn)(:v)—lz' [ iwaeoa- [ f(t)dt‘ - \ [ 0@ - v

< /Gf(t)\qﬁb(t‘ ) — 1|dt = /Kf F@O)|u(t z) —1|dt (358)
< f(t)edt = e.
Ky

This shows that the net f * ¢, converges to 1 uniformly on compact subsets of G. This shows that G is
weakly amenable with A(G) < k.
(2) = (3): Let ¢, and k be as in statement (2). Define ®, = ®@}_,¢,, i.e. ®,: G*" — C is given by

O, (21, an) = [ ] dulay)- (359)
j=1
Then we know that ®, is continuous (Remark 3.26)). ®, is also compactly supported. Indeed, if K, C G
is compact and such that ¢,(z) =0 if x ¢ K,, then K" is compact and ®,(x1,...,2,) = 01if (z1,...,2,) ¢

K" So ®, € C.(G). From [Corollary 4.10|it follows that ®, € M} A(G) with
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n
1@l gn 4y < H 16l ar,, a0y < B™ (360)

j=1
So the net ®, € C.(G) N M} A(G) is bounded in ||'HMnbA(G)- It remains to show that ®, converges to 1

uniformly on compact subsets of G*". To this end, let K € G*™ compact, > 0 and choose € = —— > 0.
Let m; : G*™ — G be the projection onto the j-th component. 7; is a continuous function, so K; := m;(K) C
G is compact. It follows that K, := U;;l K; C G is compact and we note that K C K;". Now choose ¢
such that for all ¢ > (g and all x € Ky we have that

|p.(z) — 1| <e. (361)
It follows that for all ¢ = 1o and all (x1,...,2,) € K C K™

n n m n m—1
@, (z1,.. . 2n) — 1] = Hd’a(xj)_l = ZH%(%)— Z ¢u(x5)
Jj=1 m=1j=1 m=1 j=1

[
s
°
®
|
—
S
)
IA
3
HM5
s
S
)
|
o
®

(362)

[
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&
=
<
S~—

(o) —1)| = Z _ |¢L(IJ)‘ |pu(zm) — 1]
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Il
-
<
Il
-
3
Il
-
<
Il
-

NE

ol o (@m) — 1 < 3 bl a6 @m) — 1]
m=1

km_1|¢L(mm) - 1| < Z Emle < nk" le = 7.

m=1
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This shows that ®, converges to 1 uniformly on compact subsets of G*™. So, (2) = (3) and we note that
if statement (2) holds with constant k, then statement (3) holds with constant k™.

(3) = (2): Let ¢, and k be as in statement (3). Define ¢, : G — C as the function obtained from ¢,
by setting all variables of ¢, except for the first equal to the identity e € G. So 9, is given by

P (z) = ¢ (x,e,e,...,€). (363)
Then v, is continuous. 1, is also compactly supported. Indeed, let K C G*™ compact and such that
G(x1y. . ) =01if (21,...,2,) ¢ K and K3 = 71 (K) C G. Then K; is compact and ¢, (z) =0 if = ¢ K.
So ¢, € C.(G). By |[Corollary 4.12[ we have that ¥, € M4 A(G) with

1Vullar,accy < 10llam aey < k- (364)

So the net ¢, € C.(G) N MxA(G) is bounded in ||-||Mch(G). It remains to show that 1, converges to
1 uniformly on compact subsets of G. To this end, let K C G be compact and € > 0. Since {e} C G
is compact, we have that K x {e}*("=1) C G*" is compact. Let 1o be such that for all + = ¢ and all
(x1,...,2,) € K x {}*™1) we have that

|p (21, zn) — 1] <e. (365)

Then for all z € K, we have that (z,e,e,...,e) € K x {e}*»=1 (where the variable e is repeated n — 1
times). It follows that

[, (x) — 1] = |p.(x,e,e,...,e) = 1] <€ (366)
for all © = ¢y and all x € K. This shows that 1, converges to 1 uniformly on compact subsets of G. So,
statement (2) holds with constant k, which concludes the proof. O
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Remark 4.15. The original intention for this thesis was to use statement (3) in[Theorem 4.26|as the definition
for “n-weak amenability”, which would generalize weak amenability in the sense that 1-weak amenability

is equivalent to weak amenability (which is the equivalence of (1) and (2) in [Theorem 4.26)). Eventually,
however, it became apparent that n-weak amenability was equivalent to weak amenability as shown in

[Theorem 4.261
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5 Lattices in locally compact groups

Our aim in this section is to generalize some of the results in section 2 of Haagerup’s 2016 paper |18] to
multilinear Fourier multipliers. The results we generalize from Haagerup’s paper [18] were mainly used to
prove that a lattice in a second-countable, unimodular, locally compact group is weakly amenable if and
only if the group itself is weakly amenable. Our aim originally was to prove an analogous result for n-weak
amenability. Our proposed definition for n-weak amenability turned out to be equivalent to weak amenability
(see [Remark 4.15| and [Theorem 4.26)), so proving this analogue was no longer necessary because it follows
directly from Haagerup’s result. The results we prove in this section might still be interesting, because
they show that symbols of multilinear Fourier multipliers on the lattice can be used to construct multilinear
Fourier multipliers on the entire group.

We will first describe the setting for this section, which is the same as in [1§], and introduce some
notation (subsection 5.1)). In subsection 5.2 we generalize the main construction ¢ — ¢ in Lemma 2.1 of [18]
to multivariable functions. In we combine this construction with the “pseudo-convolution”
defined in which will allow us to construct multilinear Fourier multipliers on the entire group
based on multilinear Fourier multipliers on the lattice.

5.1 Setting and notation

Let G be a second-countable, locally compact group with identity e. Let I' C G be a lattice in G, i.e. T
is a closed discrete subgroup of G and the quotient G/I' has a finite measure that is invariant under left
multiplication with elements of G. Note that this measure is unique up to multiplication with a positive
constant as proved in Theorem 2.49 of [17].

Under these conditions, I' is necessarily countable and G is unimodular. For the unimodularity of G,
Haagerup refers to Definition 1.8 and Remark 1.9 in [25]. For the countability of T, we note that for every
t € T there exists an open set U; C G such that U; NT' = {¢}. Note that s ¢ U; if s,t € T" with s #¢. G is
second-countable and therefore has a countable base B. So, for every t € I" there exists a B; € B such that
t € By CU;. Then s ¢ By if s,t € T are distinct. It follows that B, # By if s and ¢ are distinct. Since B is
countable, it follows that I" must be countable.

The quotient map p : G — G/T has a Borel cross section, i.e. a Borel measurable function ¢ : G/T — G
such that pogq = idg,p. We let €2 be the range of one such fixed Borel cross section. Hence p|g : @ — G/T is
a bijection and a Borel isomorphism (p|q and its inverse are Borel measurable). For every « € G note that

p(plg' (p(2))) = p(x). (367)
Hence 2T" = p|o" (p(z))I and it follows that

v = plo' (p(2))t (368)
for some ¢t € I'. This shows that every = € G can be written as
x = st (369)
for some s € Q and t € I'. If s1,s5 € Q and t1,t; € I are such that
Sltl =T = 82t2, (370)
then

s1=plg (p(s1t1)) = plg (p(sat2)) = sa. (371)

Hence also t; = t5. This shows that for every x € G there exist unique s € Q2 and ¢ € I" such that z = st. It
follows that

G=Jo (372)

tel
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and this is a disjoint union. Let u be a Haar measure on GG. p is right-invariant, I' is countable and the above
union is disjoint, so it follows that 1(€2) > 0 (otherwise ;(G) = 0). A+ u(p|g'(A)) defines a G-invariant
measure on G/T.

Indeed, for z € G, A C G/T a Borel set and y € A, there is a unique ¢ € T" such that

zplg' (y)t € Q (373)
and for this ¢ we have that
p(zplg (W)t) = zplg (W)L = zplg (YT = zp(plg' (y)) = 2. (374)
So we have that
zplg (W)t = plg* (zy). (375)
It follows that
ol (@) = | (@plg ()t 0 0. (376)
tel

This union is disjoint. Indeed, if t1,t; € I" with :cp|§1(A)t1 n a:p|51(A)t2 # (), then there exist y;,y2 € A
such that zsity = xsale, where s; = p\{ll(yj) for j € {1,2}. Then s1t1 = sate, which implies that s;1 = so
and t; = t3. So, the above union is disjoint. Now we have that

p(plg' (@A) = (U(mpgl(z‘l)t N Q)) = ulzplg (AN Q) =Y pxplg' (A) Nt )
tel tel tel (377)

= (U(mpgl(fl) n Qtl)) = u(zplg' (A) = nlplg' (4)).

tel

This shows that this measure is indeed G-invariant.

Since G/T" has a finite G-invariant measure and any other G-invariant measure on G/T" must be a positive
multiple of this measure, A+ p(p|g'(A)) must be a finite measure. In other words () < co. By rescaling
 if necessary, we can obtain a (unique) Haar measure p such that p(2) = 1 and we fix this Haar measure.
To shorten notation we will suppress p and the product measure ™ when integrating against these measures:

fz, .. zp)d(zy, .. xy) = flze, .. zn)dp™ (21, ..., x0) (378)
GXn Gxn

Because every z € G has a unique decomposition of the form x = st, where s € ) and ¢t € T, this allows us
to uniquely define functions w : G — Q and v : G — T" such that

r = w(z)y() (379)

for all z € G. Our earlier calculations show that

rla' (p(2)) = w(x), (380)
hence w is Borel measurable. It follows that vy(z) = w(z)~!x is also Borel measurable. For z € G we define
T 2 2 — Q by

72 () = w(zxt). (381)

Let y € G/T. Then we have that

pla(ra(pla" ) = pla(w(zslg' () = wl@plg' ()T = wlzplg' () y(@plg" (1)L

o . (382)
=zplg (Y =zplalplg (y) = zy.
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So we see that p|g o7, 0 p|g" : G/T — G/T is left multiplication with x. For E C Q a Borel set and = € G
we now have that

w1 (E)) = nplg (pla(ra(plg (pla(B)))) = ulplg' ((pla(E))) = ulplg' (pla(E))) = n(E).  (383)

Here we used that A +— u(p|g*(A)) is G-invariant. This shows that p|g is 7,-invariant for all z € G. Note
that if x,y € G and z € 2, then we have that

yr e (2) = yzz e w(ez) = (y2)(22) " tw(ez) = wlyz)y(y2)y(ez)  w(zz) T w(ez) = w(yz)y(yz)y(ez)
(384)
This shows that
w(yz~'(2)) = w(yz) (385)
and
Yyz~ ra(2)) = v(y2)y(xz)~" (386)

For n € N we let upx» be the counting measure on I'*™ and note that this is a Haar measure on I'*". We
will also write pupx» for the trivial extension of ppx» to G*™, i.e.

pirxn (E) = |[ENT*"| (387)

when £ C G*™ is a Borel set.

5.2 Definition and properties of qZA>

In Lemma 2.1 of his paper [18], given a bounded function ¢ : I' — C, Haagerup defines a bounded continuous
function ¢ : G — C given by

@) = [ olatws)is (355)
This definition is such that ¢ € M,A(G) whenever ¢ € M, A(T') and

4] < 19z acr)- (389)

Mey A(G)
We generalize the construction of ngS to an n-variable setting.

Definition 5.1. Let n € N and ¢ : I'*" — C a bounded function. We define a function ¢A> :G*" — C given

by
—1\ "
n+1 n+1
ssr s = [0 |2 [ TLswm |7 1T s dsnsi. (390)
Q m=j m=j+1

j=1

Remark 5.1. Note that if n = 1, our definition of ¢ in [Definition 5.1| agrees with the definition in [18]. This
can be seen by noting that in the n = 1 case, v(s2) = e for all so € Q.

Lemma 5.1. For anyn € N, ¢ — ¢ defines a linear contraction [°(T*™) — L™ (G*™).
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Proof. Let ¢ € [°°(I'*™) and note that the integrand in|[Definition 5.1is a Borel measurable function (because
7 is Borel measurable) and is bounded in absolute value by ||¢ . Because u(€2) = 1, it follows by Fubini’s

theorem that gZA) : G*" — C is a well-defined and measurable function. Moreover we have that

. n+1 n+1 A
D(S1,...,8,)] = /gi) 5 Hsm ~y H Sm dsn+1
Q2 m=j m=j+1
j=1
n+1 nt1 - (391)
S/qb v I sm || I] sm dsnt1
2 m=j m=j+1
j=1
< [ 1elcdsnss = 1ol
Q
This shows that qAS is bounded with
4] < 16l (392)
From the definition of gf), it is clear that ¢ — gﬁ is linear, hence c;AS is a linear contraction. O

As a direct consequence of [Lemma 5.1] and [Lemma 3.20| we have the following corollary.

Corollary 5.2. For anyn € N and F € LY(G*("tD), ¢ F¢ defines a bounded linear map [>*(I*m) —
Cb(GX") with

s

YN (393)

For ¢ € [1(T'*™), the following lemma can be seen as a motivation for the definition of o.

Lemma 5.3. For ¢ € [1(T'*"), let ¢purxn be the complex Borel measure on GX™ given by

(Gursn)(E) = Y o)=Y Le()é(d). (394)

terxnng terxn
For Borel sets E C G*™, define

vs(E) = /GX( Lo ((sj);%j) (bpupn) ((5;1)?=1E(sj+1)?:1> A(s1, ... Sni1)- (395)
Then vy defines a complex Borel measure on G*™ and we have that
vo(E) = / S(s1re ey sn)d(s1, - 5m)- (396)
E
Here we have that ¢ € L*(G*") and

18] < va@™ =19l (307)

Proof. Note that

(e (7)1 B i)ia) = [ Aoy o (D00 dren )

i Jj=1

” =1 + ¢ t al t (SEE)
/ (( 7)‘7 ( J )’: ) ( ) Xn( )
Xmn

hence
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z/q;(E):/GX(nH) /Fxn]lgme) ((sj);jj) g ((sj)jzlt(s;jl);zl) S(t)dpirsn (D)d(s1, -+ 5ni1). (399)

The integrand in the above expression is a measurable function on T*" x G*(**1) and is bounded in absolute
value by (¢, 81,. .., 8n+1) — Loxmt1) ((sj)nH) |¢(t)|, which is an integrable function that integrates to ||@||;.

So, for each Borel set E, the quantity vy(E) € C is well-defined. Moreover, because the integrand in the
above expression for vy (E) is an integrable function on I'*" x G x(n+1) " we can apply Fubini’s theorem to
change the order of integration:

/FM/GX(M) Loxnty ((Sj)"Jrl) lg (( )iy t(s ;}1);‘ 1) G(t)d(s1, - - ., Spat)dpipxn (t)
= /Fxn /Gx(n-H) Loxmtn ((SJ)J 1) 1g (( js J_-‘,}l):l:l> ) ((tj)?:1> d(s1y. ..y Snt1)dprxn(ty, ... t,) (400)

/F/ /%WM sj) )1,;(( jj;ll);_‘:l)¢((t]—);;l)dsl...dsnﬂduw(tl,...,tn).

We recall that the Haar measure p is right-invariant, because G is unimodular. We will use this to further

rewrite our expression for v4(E). We first substitute the integration variables s; by s; (HZ: y tk) for each

je{l,...,n+ 1}, where an empty product is to be interpreted as the identity element e € G. Note that

performing all these substitutions results in the substitution of the expression s;t;s; +1 (for j € {1,...,n})
by
-1 -1\ ! —1
n n n n
It tilsia| I] t =si | [Tte ] | TI te |5 =sisih (401)
k=j k=j+1 k=j k=j+1

So, by performing these substitutions and using right-invariance of u we find that

ve(E)
_1\ ntl

:/ // ]].QX(77,+1) Sj Htk ]].E ((Sjsgil);zl)(b((tj);l:l) d51...d5n+1dﬂrxrz(t1,...,tn).
rxn JG G k=j

~ (402)

Next we perform another round of substitutions relying on the right-invariance of u. Note that in our current
expression for vy, we integrate over s; in order of increasing j. So, within the integral over s;, any s; with
i > j can be treated as a fixed element of G with regard to using the right-invariance of p. Therefore, we
can substitute s; by s;s;41 in the integral over s;. We do this for each j € {1,...,n} in order of increasing
j. Note that performing all these substitutions results in the overall substitution of every instance of s; by
Hk _; sk (for j € {1,...,n +1}) in the integrand of the expression for vy(E). Since

—1 -1
n+1 n+1 n+1 n+1
H Sk H Sk =s; H Sk H Sk =35 (403)
k=j k=j+1 k=j+1 k=j+1

for all j € {1,...,n}, it follows that
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ve(E)
1 n+1

n+1 n
= / // I[Qx(n+1) Hsk Htk Il.E ((Sj)?zl)qS((tj)?:l) d81...d8n+1dup><n(t1,...
I'xn JG G k=7 k=j

Jj=1

(404)

Note that the integrand of the above expression for v4(E) is still a measurable and integrable function on
*" x G*(»+1)  To check integrability simply note that the absolute value of the integrand is obtained by
substituting ¢ by |¢[, which changes the value of the integral from v4(E) to v|4(E), which we know is finite,
hence the integrand in the above expression is integrable as a function on I'*" x G*(»+1) This allows us to
use Fubini’s Theorem to further rewrite the expression for vy (E):

vs(E)
1 n+1
n+1 n
_ / / Lo nsny I s ) ([ T]t 1p ((sj);;l) & ((tj);.;l) dpirsn (t1, - - tn)d(s1,
GX(n+1) JTXxn k:] k:j
j=1
1 n+1
n+1 n
- / e (60) >0 daeosn | | [ TLse | { TTt & ()7, ) d(s1, 1)
Gx (D) (1, stn)elxn k=j k=j
j=1
-1
n+1 n+1 n
= / 1g ((Sj)?:1> Z H Lo H Sk H tk ¢ ((Q‘)?ﬂ) d(s1,. .. Sn+1).
Gy (t1seeetm) DX =1 k=j k=j
(405)
We now claim that given (si,...,s,41) € G*™*tY and (t,...,t,) € T*", the condition

-1
n+1

11 s+ ﬁtk €Q (406)
k=j k=3

holds for all j € {1,...,n+1} if and only if 5,41 € Q and ¢4, ..., %, are given by t; = ~;(s1,. .., Sp+1), where

-1
n+1 n+1

’7j(81,...,8n+1):’7 H Sm | Y H Sm . (407)
m=j

m=j+1
Note that for j = n+ 1 the statement of the condition simply reads s,11 € €2, so s,+1 € 2 is both necessary
and sufficient for the condition to hold for j = n + 1. Assuming s,11 € 2, we have that

n+1

nyk(sl,...,sm_l):fy H Sm (408)
k=3 m=j

for all j € {1,...,n}. This follows from the following induction argument. The above expression is clearly
true for j = n, because s,+1 € £, hence v(s,1+1) = e. Assuming the above expression holds for some
j€{2,...,n}, we have that
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H V(5155 Spt1) = V=151, 5 Spt1) H’Yk S1y-- -5 Snt1)

1 (409)
n+1 n+1 n+1 n+1
=7 H Sm | Y H Sm Y H Sm | =7 H Sm |
m=j—1 m=j m=j m=j—1

so the expression holds for j — 1. It follows that the expression holds for all j € {1,...,n}. This implies that
forall j € {1,...,n}:

—1 -1

n+1 n n+1 n+1 n+1 n+1
HSk H'Yk(517~~~;5n+1) =w Hsk o HSk y Hsk =w Hsk €. (410)
k=j k=j k=j k=j k=j k=j

This shows that the condition holds for all j € {1,...,n+ 1} if 5,41 € Q and t; = v;(s1,...,Sny1). Now
suppose that the condition holds for all j € {1,...,n+1}. Then s,41 € @ and we have for all j € {1,...,n}
that

-1

n+1 n+1 n n
H Sk = H Sk H tk H tk (411)
k=j k=j k=j k=j
-1
with ( Zijl ) (Hk = ) € Q and (HZ:j tk> € T'. But then
n+1
Htk [ I] sm (412)
m=j

for all j € {1,...,n}. This identity also holds for j = n + 1 if we interpret an empty product as the identity
e and recall that v (s,+1) = e because s,41 € Q. It follows that for all j € {1,...,n} we have that

n n -1 n+1 n+1 -1
Htk H tr =7 H Sm | ¥ H Sm =7 (S1,- -, Sng1)- (413)
k=j k=j+1 m=j m=j+1
So the condition
—1
n+1

H Sk ﬁ tg € (414)
k=j k=j

holds for all j € {1,...,n+1} if and only if s,,41 € Q and t; = v;(s1,...,8n41) for all j € {1,...,n}. Using
this it follows that

vo(E) = /GX(M 1 (57072 ) Be(snsn)é (551, 5y ) st 5msn)

—1\ "

n+1 n+1
= / / o Y H Sm | Y H Sm dsn+1d(31a sy sn) (415)
EJQ m=j m=j+1
j=1

/¢517"'a (517"'7571)'

From the above expression we see that QZ) is integrable. Moreover, we have that
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g?)’ :/ B(s1,. .5 sn)|d(s1, ..., 50)
1 Gxn
n+1 n+1 -\
:/ /qﬁ ~ Hsm ~ H Sm dspt1|d(s1,-..,8n)
Gxn /0 m=j m=j+1
j=1
n+1 n+1 AN
< Sm Sm dsp+1d(S1,. .., 8n
> /Gxn/Q ¢ Y H Y H +1 ( 1 ) (416)
m=j m=j+1
j=1
= /GX (1o1)(s1,- -+ 80)d(51, .., 5n) = Vg (G™")
:/ / Lgecnen (575 B ()7t (s5720) 1, ) 16O diapsn (D51, 500)
GX(n+1) Jxn
— Y O = [ ldsn i) = [
Ox(n+1) QX (n+1)
EFX"
Because QAS is integrable, we have that vy is indeed a complex bounded Borel measure. O

The following result identifies the adjoint map L'(G*™) — [L(T'*") of [®°(T*") — L>®(G*™), ¢ — ¢.
The n = 1 version of this result is used implicitly in Theorem 2.3 of Haagerup’s paper [18§].

Lemma 5.4. For f € L'(G*™) define f : T*" — C by

f(tl,...,tn) :/ ]19)((n+1)(81,...,8n+1>f (( tjs;ﬁl)n )d(Sl,...,Sn+1). (417)
GXx(n+1)

f [ is a well-defined linear contraction L'(G*™) — I*(T*™). For all ¢ € 1°(T*™) and f € L*(G*™) we
have that

Tr(¢) = T5(9), (418)
where Ty and Tf are as defined in .

Proof. Parts of this proof will be very similar to the proof of and we will refer to that proof
for several steps of this proof. In particular we will see that in the calculations in this proof, f will play
the same role as 1z did in the proof of [Lemma 5.3] Let ¢ € [°°(I'*") and f € L'(G*"). For now we will
consider a fixed version of f and assume that both ¢ and f take values in [0, 00). This will allow us to use
Fubini’s theorem. At some point we will show that we can drop the assumption of non-negativity and that
f does not depend on the chosen version of f. We have that

Ty(¢) = F@&)p(t)dprxn (t)

I'xn

:/ / ]le(n+1)(81,...7Sn+1)f (( tjs]+1)n )d(sl’,..,Sn+1>qf)(t1,...,tn)dupm(tl,...,tn)
xn JGx(n+1)

n+1 n n
= /1"><n /G . /G Taox i ((Sj)j:—l) f (( t15g+1)J 1) 0] ((tj)j=1) dsy...dspi1dprxn(t, ... tn).

(419)

Here we used Fubini’s theorem to write the integral over G*("*1) as a repeated integral. Next we apply
the same substitutions as in the proof of So, we first substitute the integration variables s; by

S; (szj tk) for each j € {1,...,n+1}. As in the proof of [Lemma 5.3 performing all these substitutions

83



results in the substitution of the expression s;t;s7.} (for j € {1,...,n}) by sjsjjl. Using that p is right-

itiSj+1
invariant (G is unimodular), it follows that

T5(¢)

1 n+1

= o [ Taxntn S ti F(s;isi)"™ )qﬁ(t-@_)ds voodsprdprxn (1, ... 1),
/FM/G /G Qx(n+1 J kl;[] ((JJ+1)j:1 (3)371 1 +1dprxn (ty )

j=1

(420)

Next, just like in the proof of [Lemma 5.3] we substitute s; by s;s;41 in the integral over s;. We do this
for each j € {1,...,n} in order of increasing j. Performing all these substitutions results in the overall
substitution of every instance of s; by HZ;I s (for j € {1,...,n+1}) in the integrand of the expression for

T#(¢). Since

n+1 n+1 -1 n+1 n+1 -1
H Sk H Sk =55 H Sk H Sk =55
k=j k=j+1 k=j+1 k=j+1
for all j € {1,...,n}, it follows that
T5(¢)
1 n+1
n+1 n
= / / .. / I[Qx(n+1) H Sk H tk f ((sj)?:l) (b <(tj)?:1) d81
I'xn JG G k=j k=j
Jj=1

Next we use Fubini’s theorem to rewrite the above expression for T¢(¢).

)

1 n+1

(421)

. d8n+1dﬂvaz (tl, . ,tn).

(422)

n+1 n
= / / Toxn+n) H Sk H ty f ((Sj)‘?zl) 0] ((tj)?:1> dppxn(ty, ... ty)d(s1, .-
GX(n+1) JTxn k:] kij

j=1
_1 n+1
n+1

- /<;x(n+1> f <(Sj)?=1) Z Loxntn H Sk kli[jtk ¢ ((tj)?:1> d(s1,...,5n11)

(t1,0stp )EDXT k=j X

J
—1
n+1 n+1 n

B /GX(nJrl) / ((Sj)?zl) Z H Lo H Sk H L ¢ <(tj)?:1) d(s1,...,Sn+1)-

(t1,...,tn)ElXm j=1 k=j k=j

-1
Just like in the proof of [Lemma 5.3, we note that H;lill 1o (( Z;l sk) (HZ:]. tk) >

otherwise) if and only if s,11 € Q and

-1

n+1 n+1
b= [ Tom ) [ T oo
m=j m=j+1
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for all j € {1,...,n} (see the proof of for the details). It follows that

n+1 n+1 -\

Ty(¢) =/ f ((Sj)?zl) Lo(sns)e | (v [T sm |2 I sm d(s1,- -+ 8n41)
GX(n+1) L 1]
m=j m=j+1
j=1
—1\ "
n il ntl (425)
:/ f ((sj)jzl) / ¢ Y H Sm | Y H Sm dsn+1d(81y ..., Sn)
Gxn Q e =i

Il
_

J

= /Gmf((sj)?ﬂ) D51, 80)d(51, ., 8n) = Tr(D).

Since ¢ € L®(G*™) and f € LY(G*"), we know that Ts(¢) = Tf(gZA)) is finite for non-negative f and ¢.
The preceding argument can now be repeated without the assumption of non-negativity. At any time where
Fubini’s theorem needs to be used, we can check that the integrand is an integrable function by replacing
f and ¢ by their absolute values. This shows that each application of Fubini’s theorem is justified. So we
have that

T(¢) =Ty (6) (426)
for all f € LY(G*™) and ¢ € [°°(T'*"). It follows that

T10)| = [T < 171, 6] < sl lol (427)
for all f € LY(G*™) and ¢ € [°°(I'*"), where we used From the definition of f we see that

[Fl <A1 (428)
holds pointwise. It follows that for all f € L}(G*") and all t € T*"

fo) <

Al < M = 1T W] < WA = 11 (429)

This shows that f does not depend on the chosen version of f and f +— f is a well-defined map L'(G*"™) —
[1(T'*™). From the definition of f it is clear that the map f + f is linear and the above equation shows that
it is a contraction. O

The following result, inspired by part of the proof of Theorem 2.3 in [18], shows that ¢ — ¢E is continuous
with respect to the o(I1°°(I'*"), [} (I*™)) and o(L>°(G*™), L*(G*™)) topologies.

Theorem 5.5. The map [°°(D*™) — L(G*™), ¢ — ¢ is continuous with respect to the o(1°°(I*™), [1(T*"))
and o (L= (G*™), LY (G*™)) topologies. In other words if ¢, is a net in 1°°(T'*™) that converges to ¢ € 1°°(T'*™)
in a(1%°(0*™), 11 (T*™)) topology, then ¢, converges to ¢ in o(L>°(G*™), L*(G*™)) topology.

Proof. Let ¢, be a net in [°°(I'*™) that converges to ¢ € [°°(I'*") in o(I°°(I'*™),11(I'*")) topology. So
T,(¢,) converges to Ty(¢) for every g € I}(I'*™). Let f € L'(G*™). Using we have that

Ty(d,) = T(4) (430)
converges to

T;(6) = T4(9). (431)
This shows that ¢, converges to ¢ in o(L>(G*™), L'(G*™)) topology, which finishes the proof. O

can be combined with to obtain the following result.
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Theorem 5.6. Let ¢, be a net in [°°(I'*™) that is bounded in ||-|| ., and converges to ¢ € 1°°(I'*™) either in
o (1%° (%), IY(T*™)) topology or uniformly on compact sets. Let F € L*(G*(™+1). Then Fik¢, converges to
Fx¢ both in o(L>®(G*™), LY(G*™)) topology and uniformly on compact sets.

Proof. Let ¢, be a net in [°°(I'*™) that is bounded in |||, and let ¢ € [*°(I'*™). By [Lemma 3.21} if ¢,
converges to ¢ uniformly on compact sets, then it also converges to ¢ in o(I°°(I'*"),[*(T'*™)) topology.
So, we assume that ¢, converges to ¢ in U(ZW(FX") I*(T*™)) topology. By [Theorem 5.5| we have that
b, converges to ¢ in o(L(G*™), Ll(GX")) topology. The net ¢, is bounded in |-l by [Lemma 5.1[ It
now follows from 4{ that F*(;SL converges to F>T<q§ uniformly on compact sets. The net Fx¢, is
bounded in |-|| by It follows by that the convergence of F%¢, to F%¢ also holds
in o(L*®(G*"), LY(G*™)) topology. O

In the following lemma we prove a useful identity for (ﬁ For n =1 this identity also appears in the proof
of Lemma 2.1 of and our proof of this identity is similar.

Lemma 5.7. For ¢ € [*°(T'*") and xo,...,x, € G we have that

Savvan) = [ 3 (Oasmin))y) dsnin (432)
Proof. Recall that plq is 7, invariant for all © € G. Recall also the identity
Yy~ 7 (2)) = (y2)y(z2) ™! (433)
for z,y € G and z € Q. Note that
H B e IR T (434)

for all j € {1,...,n+ 1}, where an empty product is to be interpreted as e. It follows that

éf:)(xo, cey ) = @ ((Jﬂj—lﬂfj_l);:l) = /Q¢ <(’Y (zjo12y  sna1) ¥ (T2, ' Sng) 1):_1> dsny1

- —1\"
/ <('7 Tj-1Tp, Txn(5n+1)) v (xjxanxn(5n+1)) ) , ) dsnt1
j=1
N (435)
/ (('7 Tj— 13n+1 (xnsn-i-l)_l v (-Tnsn-i-l) aé (xjsn-&-l)_l)j:l) dspi1
—-1\" 7 n
/ ((’7 Lj— 15n+41) (ijnJrl) ) ) ) dspy1 = / ] ((7($j3n+1))j:o) dspy1-
Jj=1 Q
O
Lemma 5.8. Let H be a Hilbert space and let a:T'— H and b: T — B(H) be bounded, i.e.
lalloo == sup [la(t)]| < oo (436)
tel
and
16l == sup [|b(2)]| < o0. (437)
ter
Leta: G — L2 H) and b: G — B(L2(2: H)) be given by
a(z)(s) = a(y(xs)) (438)

and
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b(x)(f)(s) = b(r(xs))(f(5)), (439)
where s € Q, x € G and f € L?>(Q; H). Then & and b are well-defined and bounded with

ol = sup (o)) = sup(/ la(z)(s)] ds)ésn% (440)
and
o]l = sup [fo)]| < el (441)

Ifby,...,b, : T — B(H) are bounded, then for all f € L?>(Q; H), s € Q and x1,...,2, € G we have that

HE 2) | (1)) = | [Tstrss) | (7)) (442)

Proof. For fixed x € G note that Q — H, s — a(y(zs)) is Borel measurable because 7 is measurable (and a
is automatically measurable because I" is discrete). So a(z) is a well-defined measurable function Q@ — H.
We have that

A= ([l = ([ locenrs)” < ([is) =jo, <

So a(z) € L?(Q; H) for all x € G and the above inequality shows that

llall oo < llallo- (444)

For fixed z € G and f € L*(Q; H), the function Q — H, s + b(y(xs))(f(s)) is Borel measurable. This
is because s — b(y(xzs)) is measurable (v is measurable and b is automatically measurable because T' is
discrete), f is measurable, and the evaluation map B(H) x H, (B,h) — B(h) is jointly continuous, hence
Borel measurable. So b(x)(f) is a well-defined measurable function 2 — H. We have that

o] ) (/ Iz F ) ds)ég(/ﬂﬂb(%sx))2||f(3)||2ds>$
< ([ wizseas)

= [0l [1£1l2-

(445)

This shows that b(x)(f) € L2(Q; H) for all z € G and f € L(Q; H). Linearity of b(z) follows from linearity
of b and the above inequality shows that b(z) € B(L*(Q; H)) for all z € G with

JBll. = su [fpe)]| < Moe: (446)

(Hi’ Tj ) )(s) = (H bj(v(ij))) (f(s)) (447)

using induction on n. For n = 1 the identity follows directly from the definition of by. Assume that for some
fixed n € N the above identity holds for all bounded by,...,b, : I' — B(H) and all f € L?(Q; H), s € Q,

We prove the identity
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T1,...,Tn € G. Let by,...,by1 : I — B(H) be bounded and let f € L?(Q; H), s € Q, 21,...,7,41 € G.
Then we have that

n+1 n+1 n+1
L1 6iCs) | ((s) =bate) { | TT0stx) ) () | ) = braans)) | | L bstes) | (1))
= = = (448)
n+1 n+1
=bi(y(@es)) | | T 050t | G@) | = { TLbso(ass)) | (£(s)).

This shows that the identity holds for n + 1, hence it follows by induction that it holds for all n € N. O

5.3 Construction of Fourier multipliers

Using |Lemma 5.7L |C0r011ary 4.16|, |Remark 4.7| and |Lemma 5.8| we can come close to proving that g% is the
symbol of a completely bounded Fourier multiplier, whenever ¢ is the symbol of a completely bounded
Fourier multiplier. Such an argument would require continuity of ¢A> and measurability of the functions a and
b defined in In the n = 1 case the function ¢ is continuous for any ¢ € [°°(T"). This is because
qg can be written as the convolution

6= (po7)* g (449)
with ¢poy € L®(G) and 1g-1 € L(G). This argument does not seem to easily generalize to arbitrary n for
general ¢ € lw(FX”) As such it is not clear if ¢ is always continuous when n > 2. To remedy this, we will

use F%¢ instead of ¢. Here F € L*(G*("*t1) and F5%¢ is as defined in [Definition 3.29 We will show that a
result similar to still holds for F*qS. We will also need to modify the functions a and b, which

will be done by applylng
The following result shows that an identity similar to the one in M Lemma 5.7 holds for Fi.

Lemma 5.9. For ¢ € [®(I'*"), F ¢ LY(G*"*V) and xy,...,r, € G we have that

(Fid)(zo0, . ., an) :/GX(”H)/QF(to,...,tn)éav(tj L)) ) dsard(ion 1), (450)

Proof. Combining [Lemma 5.7 and [Lemma 3.20] we have that

(F;(ﬁy(l‘o, Tt x") = (F * Q:S)(xm e 7$n) = /Gx(n+1) F(tov e 7tn)q:5 ((t;lxj);:()) d(t07 atn)
_/GX(M F(to, ... tn )Lé((v(tglxjsn+1))?:0> dspy1d(to, ... tn) (451)
/Gx(n+1) / F t07 ot ((’Y(t;lxjsn+1)>?:0) d8n+1d<t0, R 7tn).
O

In what follows we will mainly need the function F>T<¢3, where F' is of the form F' = ®;L:ij with fo,..., fn €
LY(G).

Remark 5.2. Note that G and b as defined in satisfy the requirements of [Lemma 4.18| to define

fxaand fxb for f € L*(@) with H replaced by the Hilbert space L2(2; H). Indeed @ and b were shown to be
bounded and from the definition it is clear that (z, s) — a(z)(s) and (z, s) — b(z)(h)(s) are measurable for

any h € L?(Q; H). It follows by Fubini’s theorem that = — (g,a(z)) and = <g, B(w)(h)> are measurable
for all g,h € L*(Q; H).
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Remark 5.3. Note that both G and I" are o-finite measure spaces, because they are countable unions of the
measure 1 sets {¢t} and Q¢ respectively for t € T.

Theorem 5.10. Let ¢ € M3 A(T) and fo, ..., fn € L*(G), then (®7_yf;)%¢ € M2 A(G) with

(@5t

Mn

oy < Wl ace) TT 1651 (152)
=0

Proof. Let € > 0 and r = ||¢||M;A(F) +e> ”QS”M&A(F)' Because I' is a locally compact group with o-finite

Haar measure and ¢ € C,(I'*™), |[Corollary 4.16|ensures the existence of bounded functions ag, a,, : T' — [?(N)
and a; : I' = B(I*(N)) for j € {1,...,n — 1} such that

SUD(¢,...,t,, ) €0 (n+1) H lla; ()] < r (453)

and for all tg,...,t, € I' we have that

a)(th s atn) = <an(tn)a f[ An—j (tn—j) (a()(tO))> : (454)

Note that compared to|Corollary 4.16] we have replaced essential boundedness by boundedness, the essential
supremum by a regular supremum and almost everywhere equality in the above identity by pointwise equality.
This is allowed because the Haar measure on I' is the counting measure, hence the only measure 0 subset of I'
is the empty set. We now define ag, G, : G — L*(Q;1?(N)) and a; : G — B(L*(€;1*(N))) for j € {1,...,n—1}
as in [Cemma 5.8 Then we know from [Lemma. 5.9 that

]l < Nlajll o (455)
for all j € {0,...,n}. We also know that

n—1
I ans(an-y) H an—j(V(@n—ss)) | (h(s)) (456)
j=1

for all h € L*(Q;12(N)), 21,...,2,—1 € G and s € Q. It follows that

n—1 -

<dn(1'n)7 H dn*j(wn*j) (d0($0))> = / <dn(xn)(s)a H &n—j(xn,j) (dO(xO)) (S)> ds
j=1 Q et

- /Q< H an—j(7(Zn—;5)) (&0($0)(8))>ds

(457)

_/Q< Ha” i(V(Tn—;s)) (00(7($08)))>ds
= [ (atasry) .

We now consider fo * ag : G — L2(Q;12(N)), f * a, : G — L2(Q;12(N)) and f; * a; : G — B(L*(€;12(N)))
for j € {1,...,n— 1} defined as in [Lemma 4.18| (see [Remark 5.2]). These functions are all continuous, hence
measurable, and bounded with

[l fo * aollo < Ilfollyllaolloe < 11 follyllaoll (458)
| 7n o<l lanllse < Il llanll (459)
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and

115 * @5lloe < 1F5l11 11050 < 115111 N105]l o (460)
for all j € {1,...,n —1}. Using and part (5) of [Lemma 4.18| we also have that

n—1

<(n wan) (@), | [T (Fams * @) (@ny) | (o * &0)($0))>

j=1

(461)

= (7o f5)*) (@0, - Tn).

Note that L?(Q2;12(N)) is separable (by [Corollary 3.17). Also note that

n—1 n n n n
[Foxanll o TT I * a5l < TSI Nas o < L TD0AIL ) [ TT el ) < L TTUANL | (462)
j=0 j=0 j=0 j=0 Jj=0

Because (®?:0fj)>7<¢; € Cy(G*™), it now follows from |Corollary 4.16| that (®?:ij)?kg§ € M A(G) with

(ST . H 150, ) r+e= (TLUAI | Wl aer + [ TT1ANL | e+e ta63)
§=0 §=0
This holds for all € > 0, so we have that
[CITALE I anjnl 16l 100 (464)
O
'Theorem 5.10| can be combined with to obtain the following result.
Theorem 5.11. Let ¢, be a net in M} A(T") such that for some constant k > 0:
16l acey < & (465)

forall. Let ¢ € 1°°(T*™) and fy, ..., fu € LY(G). Suppose that ¢, converges to ¢ either in o(1°°(T*™), [1(T*"))
topology or uniformly on compact sets. Then (®}_,f;)*¢, is a net in M} A(G) bounded in H'”M"bA(G) by
kTTj=o [l fill, that converges to (®§L=0fj)>?q3 both in o (L= (G*™), LY (G*™)) topology and uniformly on compact
sets.

Proof. The boundedness of the net (®§L:ij)§<<£b in H'HM’.;,A(G) follows from [Theorem 5.10, Note that the
net ¢, is also bounded in ||-||, because it is bounded in ||-|| Mz (r)» 80 the rest of the statement follows by

invoking [
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The following is a special case of

Corollary 5.12. Let ¢, be a net in M} A(T') such that for some constant k > 1:

16:llazs acry < ¥ (466)

for all v. Let fo,...,fn € L'(G) be non-negative with ||f;||, = 1 for all j € {0,...,n}. Suppose that ¢,
converges to 1 uniformly on compact sets. Then (®§L:0fj)ﬂ?qA§L is a net in M7 A(G) bounded in ||-||MnbA(G) by
k that converges to 1 uniformly on compact sets.

Proof. Note that ®7_, f; is a non-negative function, hence
Lo @)t sttt = 93205, = [T = 1 (467)
j=0

So (®}_ofj)*1 =1 by |[Remark 3.28, Since 1 =1 the result now follows from [Theorem 5.11 O

Remark 5.4. |Corollary 5.12| and the results it depends on are similar in structure to the proof in that G
is weakly amenable if the lattice I' is weakly amenable. The main differences are as follows:

e The map ¢ — ¢ as defined in [18] (which agrees with our definition for n = 1) maps A(T") contractively
into A(G) and maps M, A(T") contractively into M, A(G) (see Lemma 2.1 in [18]). So if ¢, is a net in

A(T') that is bounded in [[-[|;., 4(r), then ¢, is a net in A(G) that is bounded in ||-[| ., 4(¢) With the
same norm.

e If the bounded net ¢, converges to 1 uniformly on compact sets, then ¢, converges in o(L>°(QG), L*(G))
topology to 1 through an argument similar to [Theorem 5.5| (see Theorem 2.3 in [18]).

e To obtain a net in A(G) that converges to 1 uniformly on compact sets, the net (]BL is convolved with
an appropriate function (see Lemma 2.2. in [18]). This convolution also preserves the boundedness
of the net in |||, 4(c)- This convolution essentially replaces our “pseudo-convolution” as defined in
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