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ABSTRACT
Crumb rubber modified bitumen (CRMB) can be regarded as a binary com-
posite system in which swollen rubber particles are embedded in the
bitumen matrix. The current study aims to further improve the prediction
accuracy of micromechanical models for CRMB by considering the inter-
particle interactions. To accomplish this goal, two different strategies were
used. Firstly, the (n+1)-phase model was applied to the CRMB system by
considering themultilayer properties of swollen rubber particles. Secondly,
a new micromechanical scheme called the J-C model was used to account
for the interparticle interaction issue. Results show that the (n+1)-phase
models slightly increase the prediction accuracy but the underestimation
of complexmodulus at lower frequencies remains unsolved. The J-Cmodel
remedies the underestimation of modulus in the low-frequency range by
other models and provides an overall improvement for the relative predic-
tion accuracy by properly addressing the interparticle interactions from the
perspective of particle configuration.
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1. Introduction

Millions of tons of end-of-life tires are produced every year worldwide. The incorporation of crumb
rubber from ELTs into bitumen not only provides a solution for the disposal of scrap tyres but also
enhances the performance of Hot-Mixed Asphalt (HMA) mixes by increasing the resistance of pave-
ments to permanent deformation, thermal and fatigue cracking (Nanjegowda & Biligiri, 2020). The
superior performance of rubberised asphalt mixtures is mainly attributed to the interaction between
bitumen and rubber. Depending on differentmixing temperature, time and rate, etc., bitumen-rubber
interaction generally consists of two mechanisms: (i) rubber swelling in bitumen matrix due to the
absorption of the light fractions of bitumen; and (ii) rubber degradation through chain disentangle-
ment and chain scission reactions (Wang, Apostolidis, et al., 2020). The raw material parameters (e.g.
the nature of bitumen and rubber) (Willis et al., 2013) were also reported to significantly influence the
interaction process of rubber in bitumen and hence the physical and mechanical properties of crumb
rubber modified bitumen (CRMB).

A thorough understanding of the interaction conditions and rawmaterial characteristics will guide
the material selection and process optimisation to obtain desired binder properties from the modifi-
cation. One of the vital questions needs to be answered is how to effectively predict the properties of
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modified binders instead of carrying out tedious laboratorywork. Numerical and analyticalmodels are
often used to accomplish this goal. Although substantial work has been done to characterise and even
predict empirical and fundamental properties of CRMB, scarce work has been reported to investigate
the complicated behaviours of CRMB using rigorousmechanics-basedmodels (Medina &Underwood,
2017; Wang, Liu, Zhang, Apostolidis, Erkens, et al., 2020). A few empirical models were developed to
correlate rubber characteristics (particle size, surface area, etc.) to resultant CRMB responses (Shen
et al., 2009a; 2009b). These straightforwardmodels are incapable of providing theoretical insights into
the impact of multi-physical interactions between the constituents.

By contrast, micromechanical models deduced by the homogenisation process can predict fun-
damental material properties of a composite based on properties and volume fractions of individual
constituents (Charalambakis, 2010). Numerical micromechanical models, i.e. finite element mod-
els (FEM) and discrete element models (DEM), have been developed by many researchers (Aragao
et al., 2011; Caro et al., 2010; Leon L. Mishnaevsky & Schmauder, 2001; Sadd et al., 2004) to predict
the properties of a mix with complex compositions. However, these studies also highlighted that
FEM/DEM-meshes with detailed information (usually by means of X-ray CT scan) require large-scale
computational facilities, which limits the utilisation of suchmodels in practice. Alternatively, analytical
micromechanical models are expected to provide reliable predictions of the mechanical properties
of a composite without extensive computational efforts. Analytical micromechanical models devel-
oped based on continuummechanics have increasingly been used to predict the effectivemechanical
properties of bituminous materials (Yin et al., 2008; Zhang et al., 2020).

For asphaltmastic ormixture system, fillers and aggregates are usually regarded as inert rigidmate-
rials embedded in the bitumen matrix (Buttlar et al., 1999; Shu & Huang, 2008). The CRMB composite
can be regarded as a binary system inwhich bitumen is thematrix while rubber particles are the inclu-
sions. Unlike asphalt mastic or mixture system, the composite system of CRMB is more sophisticated
due to the bitumen-rubber interaction which changes both the mechanical properties and volume
fractions of individual constituents (Wang et al., 2020). The stiffening or reinforcementmechanisms of
rubber in bitumenmainly include volume-filling reinforcement, physiochemical interaction and inter-
particle interaction (Wang, Liu, Zhang, Apostolidis, Erkens, et al., 2020). How to properly address these
reinforcement mechanisms of CRMB using micromechanical modelling remains a challenge.

Practically speaking, if it is applicable to accurately predict themechanical properties of CRMB from
the known properties and blend percentages of the constituent phases by using micromechanical
models, it can save the time and cost for the tedious laboratory work, which enables a more appro-
priate design of binders (determination of bitumen and rubber type, rubber content and particle
gradation) and enhanced material development (binder preparation conditions).

2. Micromechanics-based analysis of CRMB

To estimate the effective properties of a heterogeneous composite based on the microstructural
description and the local behaviours of its constituents, homogenisation theory was developed to
derive a homogenised description for the medium based on the assumption of representative vol-
ume element (RVE) (Charalambakis, 2010). As stated before, CRMB can be regarded as a binary system
with rubber as the inclusion and bitumen as the matrix. Figure 1 schematically illustrates the RVE of
the CRMB composite system before and after bitumen-rubber interaction. After the potential physio-
chemical interaction, the properties of both bitumen and rubber phases have significantly changed.
In general, bitumen-rubber interaction has four impacts from a micromechanics-based point of view:
(1) changing the component compositions and thus themechanical properties of bitumenmatrix due
to the absorption of light fractions by rubber and the potential released components from rubber;
(2) changing the mechanical properties of rubber due to the formation of a gel-like structure after
swelling; (3) changing the volume content of rubber due to swelling (the so-called effective volume
fraction); (4) changing the interfacial properties between bitumen and rubber due to aforementioned
factors (Wang, Liu, Zhang, Apostolidis, Scarpas, et al., 2020). Therefore, the accurate determination
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Figure 1. Schematic representation of the RVE of the CRMB composite system before and after interaction.

Figure 2. Laboratory tests and numerical tools to obtain the input constituent parameters for micromechanical models.

of input parameters from constituents, as a challenge, directly influence the level of accuracy of the
model prediction.

A previous study (Wang, Liu, Zhang, Apostolidis, Erkens, et al., 2020) has developed dedicated lab-
oratory tests and numerical tools to obtain the input constituent parameters for micromechanical
models as shown in Figure 2. Thebitumenmatrix, which is the liquid phase of CRMBafter removing the
insoluble rubber particles, was tested by a dynamic shear rheometer (DSR) to obtain the rheological
properties.DSRmeasurementswerealso carriedouton theprepared swollen rubber samples toobtain
the mechanical properties of rubber after swelling in bitumen (Wang, Liu, Apostolidis, et al., 2020).
The effective volume fraction of rubber after swelling was determined by the finite element method
(FEM). A finite element model capable of simulating the multiphysics swelling phenomenon (mass
diffusion and volume expansion) was developed previously (Wang et al., 2019). After determining the
necessary input parameters, they were implemented into four typical micromechanical models, i.e.
the dilute model (DM), the Mori-Tanaka model (MTM), the self-consistent model (SCM), the gener-
alised self-consistent model (GSCM), to predict the complex modulus of CRMB. The predicted results
were then compared with the experimental data.

It was found that four commonmicromechanical models are applicable for predicting the complex
shear modulus of CRMB with various rubber contents. Figure 3 presents the comparison between dif-
ferent micromechanical models for predicting the complex modulus of CRMB-22 (i.e. rubber content
is 22% by weight of base bitumen) as an example. The data of complex moduli were plot in a form of
master curves at a reference temperature of 30 °C in Figure 3. To quantitatively compare the model
prediction accuracy, the goodness-of-fit statistics (Se/Sy and R2) shown in the figure were calculated
with reference to the line of equality using Equations (1) to (3) (Ceylan et al., 2009).

Sy =
√∑n

i=1 (G∗
mi − G∗

m)
2

n
(1)
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Figure 3. Comparison of different micromechanical models for predicting the complex modulus.

Se =
√∑n

i=1 (G∗
pi − G∗

mi)
2

n − k
(2)

R2 = 1 − n − k

n − 1

(
Se
Sy

)2

(3)

where n is the number of data points; k is the number of independent variables in the model; G∗
mi is

the measured complex modulus; G∗
m is mean value of measured complex modulus; G∗

pi is the model
predicted complexmodulus; Sy is the standard deviation of themeasured complexmodulus; Se is the
standard error; R2 is the coefficient of determination. Se/Sy is the relative prediction error.

It canbe found thatMTM, SCM, andGSCMprovide similar predictionsbutGSCMhas thehighestpre-
diction accuracy as indicated by the lowest relative error (Se/Sy = 0.0870) and the highest coefficient
of determination (R2 = 0.9924). All the micromechanical models give reasonable predictions at low
rubber contentswhile yielding biased predictions at low frequencies rangewith high rubber contents.
Considering that the low-frequency range corresponds to the high-temperature range in the frame of
master curves, rubber particle interaction will bemore prominent in CRMB at high temperatures since
thebitumenphase is softer. Theunderestimationof complexmodulus at high temperatures is because
these models were primarily developed to address the stiffening effect resulting from the embedded
inclusions in a matrix with minimal or limited particle interactions. which is the case of dispersed sus-
pensions (Yin et al., 2008; Zhang et al., 2018). Under this circumstance, the mechanical behaviour of
the suspension is dominated by the matrix phase. While at high temperatures, for the case of CRMB,
the rubber inclusion may have more dominant effects on the binder mechanical behaviours than the
bitumen matrix does. Therefore, to amend the underestimation of the complex modulus of CRMB in
the low-frequency range, the interparticle interactions need to be further addressed.

The aim of the current study is to further improve the prediction accuracy of micromechanical
models for CRMB by considering the interparticle interactions. To accomplish this goal, two different
strategies were used. Firstly, the (n+1)-phase model was applied to the CRMB system by considering
themultilayer properties of swollen rubber particles. Secondly, a newmicromechanical scheme called
the J-C model was used to account for the interparticle interaction issue. To this end, approximate
solutions for the pairwise particle interaction problemwere proposedwith the help of the conditional
probability function (mainly the radial distribution function).

3. Determination of input constituent parameters for micromechanical models

3.1. Materials andmethods

Penetration grade 70/10 bitumen (Nynas) and crumb rubber from waste truck tires (Kargro) using
ambient grounding process were used to prepare the CRMB binders. The crumb rubber particles have
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a size ranging from 0 to 0.71mm. Detailed technical information about bitumen and crumb rubber
can be found in (Wang, Liu, Zhang, Apostolidis, Erkens, et al., 2020). High-shearmixer in the laboratory
was used to prepare CRMB binders by blending different percentages of crumb rubber with base bitu-
men at 180 °C for 30min according to the optimisedmixing procedure (Wang, Liu, Zhang, Apostolidis,
Scarpas, et al., 2020). To more efficiently address the issue of underestimation of complex modulus at
lower frequencies, only binder CRMB-22 (i.e. rubber content is 22% by weight of base bitumen) was
investigated in the current study since the interparticle interaction effects aremore prominent at high
rubber contents.

To effectively predict the mechanical properties of CRMB with micromechanical models, the
mechanical properties of both bitumen matrix and rubber inclusion are required. In addition, the
volume fraction of each phase also needs to be determined. Since the nature of both bitumen and
rubber phases have changed after the interaction, it is of great importance to measure the represen-
tative rheological properties of actual bitumen matrix and rubber inclusion as well as the effective
volume fraction of rubber after swelling in the CRMB system. Dedicated laboratory tests and numer-
ical simulations were performed to obtain these input parameters as shown in Figure 2 (Wang, Liu,
Zhang, Apostolidis, Erkens, et al., 2020). The bitumen matrix was extracted by filtering the insoluble
rubber particles from CRMBwith amesh sieve (0.063-mm) at 163°C. Cylindrical rubber samples (2-mm
in thickness and 8-mm in diameter) were cut from waste truck tire tread using the water jet cutting
technology. These dry rubber samples were soaked in hot bitumen at 180°C for 36 h to prepare the
swollen rubber samples to represent the rubber particle phase in CRMB. The Poisson’s ratios of the
bitumen phase and rubber phase were assumed to be 0.49 and 0.45, respectively (Aurangzeb et al.,
2016). The detailed information on sample preparation and laboratory test are omitted here and only
the results are reported.

3.2. Rheological properties of bitumen phase and rubber phase

A modified Christensen-Anderson-Marasteanu (CAM) model together with the Williams-Landel-Ferry
(WLF) equation were used to generate binder master curves of complex modulus and phase angle
based on the frequency sweep test data (Wang et al., 2018). By contrast, a generalised logistic function
was used for establishing the master curves for swollen rubber samples since rubber is not a rheolog-
ically simple material, which common rheological models for bitumen are not suitable for (Wang, Liu,
Apostolidis, et al., 2020). Figure 4 presents the complex modulus and phase angle master curves of
base bitumen and the liquid phase (bitumen matrix) at a reference temperature of 30 °C. The liquid
phase of CRMB-22 (CRMB-22-LP) is stiffer and more elastic than the base bitumen as indicated by the
increased complexmodulus and decreased phase angle. This is because the light fractions of bitumen
(mainly aromatic oils) were absorbed by crumb rubber during the interaction process. This in turn
increases the proportions of asphaltenes which primarily contributes to the increase of stiffness and
elasticity in bitumen.

Figure 5 plots the rheological master curves of dry and swollen rubber samples at a reference
temperature of 30 °C. It is noteworthy that dry rubber exhibits obvious elastic behaviours whose com-
plex modulus and phase angle are almost frequency independent, while the swollen rubber exhibits
obvious viscoelasticity. After the swelling process, the swollen rubber sample became softer and
more viscous than the dry rubber due to the absorption of bitumen components, forming a gel-like
structure.

3.3. Effective volume content of rubber in CRMB

The effective volume content of rubber in CRMBwas estimatedby the developed finite elementmodel
in conjunction with the crumb rubber gradation. The densities of bitumen and crumb rubber used for
estimating the effective volume content of rubber in CRMBwere 1.03 and1.15 g/cm3, respectively. The
swelling ratios of rubber particles of different sizes aftermixingwere presented in Figure 6. Theparticle
size in the figure represents themean value of two consecutive sieve sizes. Small rubber particles reach
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Figure 4. Complex modulus and phase angle master curves of bitumen matrices at the reference temperature of 30 °C.

Figure 5. Complex modulus and phase angle master curves of rubber inclusions at the reference temperature of 30 °C.

the swelling equilibrium faster than large rubber particles. Under a prescribed interaction/mixing time,
the swelling ratio of large rubber particles is lower than that of small rubber particles due to insufficient
swelling. With the known crumb rubber gradation, the weighted averaged swelling ratio of rubber in
CRMB is approximately 2.126. Based on the densities of bitumen and crumb rubber, the effective vol-
ume content of rubber in CRMB-22 was estimated as 35%. Till this, all the necessary input parameters
for performing micromechanical analysis are determined.

4. Model modification based on GSCM

4.1. (n+1)-phasemodel

The GSC model was further generalised to the (n+1)-phase model by accounting for the inclusions
coatedwith an indefinite number of layers (Figure 7). In the (n+1)-phasemodel, an n-layered spherical
inclusion surrounded by the matrix material (phase n) is embedded in an infinite medium (Herve &
Zaoui, 1993). Phase 1 with a radius of R1 constitutes the central core while phase r lying within the
shell is limited by the spheres with radii of Rr−1 and Rr . The effective shear modulus of the composite
using the (n+1)-phase model can also be solved by a quadratic equation as Equation (4).

A

(
Gc

Gb

)2

+ B

(
Gc

Gb

)
+ C = 0 (4)
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Figure 6. The swelling ratios of rubber particles of different sizes after mixing.

Figure 7. Schematic illustration for the (n+1)-phase model.

whereGc andGb are the shearmodulus of the CRMB and the bitumenmatrix, respectively. Coefficients
A, B, and C are related to the mechanical properties (e.g. Poisson’s ratio) and volume fraction of each
phase. The detailed formulations of these parameters are can be found in (Zhang et al., 2020).

The (n+1)-phase model is frequently used when additional phases are required to be modelled
between the inclusion and the matrix. For instance, the additional phase can be an actual coating
material for the inclusion or the inclusion has amultilayered structure due to the physiochemical inter-
actions between different phases. As demonstrated in a previous study, swelling of rubber particles in
bitumen results in a multilayered structure of the swollen rubber particles before reaching the equi-
librium state (Wang, Apostolidis, et al., 2020). Intuitively, the different layers with the rubber particles
have different mechanical properties where the outer layer is softer than the inner layer due to the
ingression of bitumen components. In the currentmodel, phase n is the bitumenmatrix while phase 1
to r are the multilayers of swollen rubber particles. Therefore, the (n+1)-phase model may be a good
alternative to model the mechanical behaviours of CRMB, which was tried in this study.

4.2. (n+1)-phasemodel for the CRMB system

The schematic illustrations of the (n+1)-phase model for the CRMB system are presented in Figure 8.
Figure 8a shows the three-phasemodel (GSCM) in the context of CRMB,where the fully swollen rubber
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Figure 8. Schematic illustrations of the (n+1)-phase model for CRMB system (a) 3-phase, GSCM; (b) 4-phase; (c) 5-phase.

Figure 9. Complex modulus master curves of rubber inclusions at a reference temperature of 30 °C.

particles surrounded by the bitumenmatrix are embedded in an infinite mediumwith the equivalent
mechanical properties of CRMB. Figure 8b added an additional phase of dry rubber as the core to form
the 4-phase model. This is because the inner cores of large rubber particles maybe not swollen after
a limited mixing time. Figure 8c further divided the rubber particle into three layers: dry rubber, half-
swollen rubber, fully swollen rubber. Themechanical properties of dry rubber and swollen rubber can
be directly taken from Figure 5. The mechanical properties of half-swollen rubber were obtained by
averaging the properties of dry rubber and swollen rubber.

4.2.1. Input parameters for the (n+1)-phasemodel
Mechanical properties and volume fractions of individual constituents are required to perform the
micromechanical analysis. For the (n+1)-phase model, mechanical properties of bitumen matrix, dry
rubber inclusion, swollen rubber inclusionwere obtainedbyprevious laboratory tests. Themechanical
properties, particularly the complex modulus master curve, of half-swollen rubber was obtained by
averaging the properties of dry rubber and swollen rubber as shown in Figure 9.
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Table 1. Volume fraction of each phase for the 4-phase model.

Volume fraction Case 1 Case 2 Case 3 Case 4

Dry rubber Vdr 5% 10% 15% 20%
Swollen rubber Vsr 30% 25% 20% 15%
Bitumen matrix Vb 65% 65% 65% 65%

Table 2. Volume fraction of each phase for the 5-phase model.

Volume fraction Case 1 Case 2 Case 3 Case 4

Dry rubber Vdr 15% 10% 5% 5%
Half-swollen rubber Vhsr 10% 10% 10% 5%
Swollen rubber Vsr 10% 15% 20% 25%
Bitumen matrix Vb 65% 65% 65% 65%

From the previous FE analysis, the effective volume contents of rubber in CRMB-22 is 35%. To prop-
erly apply the (n+1)-phase model on the binder, it is crucial to have the volume fractions of different
phases. Although it is possible to have an idea about to what extent each sized rubber particle has
swelled by FE simulation, it is complicated to calculate the exact volume fractions of different layers of
rubber because of the existence of swelling gradient from the surface layer to the inner core. There-
fore, parametric analysis was performed by assuming several different volume fraction combinations
of rubber inclusion. Tables 1 and 2 respectively shows the volume fraction of each phase used in the
4-phase model and 5-phase model.

4.2.2. Prediction results of the (n+1)-phasemodel
With the available input parameters, aMatlab codewasprogrammed to implement the complex equa-
tions in the (n+1)-phase model to calculate the predicted results. The predicted complex modulus
master curves at 30 °C for different cases are shown in Figure 10. From Figure 10(a), the predicted
results using the 4-phasemodel yield slightlymore accurate predictions than the 3-phaseGSCM. From
Figure 10(b), 4 case studies gave very much similar prediction results. In general, (n+1)-phase mod-
els considering the multilayer properties of rubber as inputs slightly increase the prediction accuracy,
especially at intermediate frequencies. However, the underestimation of complex modulus at lower
frequencies by these models remains unsolved.

5. Micromechanical models considering interparticle interactions

5.1. Possible explanations for the limitations of previousmodels

As explained earlier, MTM, SCM, GSCM and (n+1)-phase model all failed to accurately predict the
complex modulus of CRMB with high rubber contents at high temperatures (corresponding to low
frequencies in the master curve). The reason is that none of these models explicitly account for the
interparticle interactions at high concentrations. All the rubber particles, as equivalent inclusions,were
taken as one phase for MTM, SCM and GSCM, and several disassociated phases for the (n+1)-phase
model. The particle’s relative configuration (orientations and locations, etc.), and geometrical proper-
ties (e.g. size, shape, angularity, surface morphology, etc.) were not considered. Therefore, methods
that can more properly address the interparticle interactions by considering the above factors should
be investigated.

Generally, there are three stiffening mechanisms for particulate filled composites: volume-filling
effect, physiochemical interaction and particle interaction. For the CRMB system in the current study,
volume-filling reinforcement is the stiffening caused by the presence of rubber inclusion in the
bitumen matrix where the stress/strain fields are disturbed because of the inconsistent mechani-
cal properties of rubber and bitumen. Physiochemical stiffening is due to the swelling of rubber in
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Figure 10. Complex modulus master curves of CRMB-22 predicted by (a) 4-phase model and (b) 5-phase model.

bitumen, which absorbs the bitumen components and increases the effective volume concentration
of rubber inclusion. Interparticle interaction is a broad concept. The interparticle-interaction effect
increases with increasing rubber content in bitumen, as rubber particles may come into contact and
form a polymer network. The inability of accounting for the polymeric network because of particle
interaction was shown by the underestimation of the complex modulus of previous models. In the
previous models, the volume-filling reinforcement and the physiochemical effects were considered.
The interparticle interactions were only partially considered without taking the particle’s configura-
tion and geometric properties into considerations. Therefore, new models, which bring in the effect
of the particle’s configuration, will be introduced in the following section.

5.2. J-Cmodel

Previous models (i.e. MTM, SCM, GSCM and (n+1)-phase model) were established based on the
Eshelby’s equivalent inclusionmethod (Yin et al., 2004), whichmeans inclusionswere treated as equiv-
alent to each other and have nomutual impacts. Alternatively, they can also be called single-inclusion
basedmodels. To account for the particle-to-particle effect, Ju and Chen proposed amicromechanical
model (J-C model) for two-phase composites by extending the equivalent inclusion scheme to a two-
particle problem (Ju & Chen, 1994a). The strategy for this micromechanical framework is illustrated
in Figure 11. Figure 11a shows a two-phase composite in which identical spheres with the radius a
are randomly embedded in an infinite matrix material. Taking the central particle in Figure 11a as an
example, its average strain ε̄ under the external far-field strain ε0 comes from two parts: the perturbed
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Figure 11. Schematic representation of the micromechanical framework of J-C model (a) two-phase composite with identical but
randomly distributed inclusions; (b) pairwise particle interaction; (c) probabilistic pairwise particle interaction.

strain due to the mechanical mismatch between the particle and the matrix; and the perturbed strain
due to the pairwise particle interaction between the central particle and other surrounding particles.

Therefore, the J-Cmodel decomposes themulti-particle interaction problem into two steps. Firstly,
approximate solutions for the pairwise particle interaction problem (Figure 11b) are derived. Then,
a conditional probability function is introduced to account for the probabilistic pairwise interaction
mechanism (Figure 11c). Combining the approximate solutions of the pairwise interaction problem
and the governing ensemble-volume averaged field equations (Ju & Chen, 1994b), the effective elastic
moduli of two-phase composites containing isotopically distributed identical spherical particles can
be derived. Themodel was extended to predict the effective complexmodulus by virtue of the elastic-
viscoelastic corresponding principle.

5.2.1. Approximate solutions for pairwise particle interaction problem
In the micromechanical framework of the J-C model, two identical spherical rubber particles are
embedded into a homogenous bitumen matrix, as shown in Figure 12. When subjected to a remote
uniform strain ε0, the approximate solution for the pairwise particle interaction problemwas obtained
by subtracting the noninteracting solution from the distributed eigenstrain (Ju & Chen, 1994a) as in
Equation (5).

d∗ = ε∗(x) − ε∗
0 (5)

where ε∗(x) is the distributed eigenstrain at xwithin the domain�.� = 4πa3/3 is the volume of the
spherical particle. It is only nonzero within the particle domain. ε∗

0 is the ‘‘noninteracting’ solution for
eigenstrain. Accurate to theorderofO(ρ8), the averageof the second-orderpairwise interaction tensor
d∗, which is d̄

∗ = 1
�

∫
�

(ε∗(x) − ε∗
0)dx, can be approximately expressed by the following equation (Ju

& Chen, 1994a)

d̄
∗ = −[K−1 · (ρ3H1 + 2ρ5H2)] : ε∗

0 − ρ6[L · H1] : ε∗
0 + O(ρ8) (6)

where ρ = a/r; r = ‖x1 − x2‖; and

Kijkl = Fijkl(0, 0, 0, 0,α,β) (7)

Lijkl = 5
4β2 Fijkl

(
−15, 3vb,

6α(1 − 2vb)
3α + 2β

,
6α(1 + vb)

3α + 2β
,−2α(2 − vb)

3α + 2β
, 1 − 2vb

)
(8)

H1ijkl = 5Fijkl(−15, 3vb, 3, 3 − 6vb,−1 + 2vb, 1 − 2vb) (9)

H2ijkl = 3Fijkl(35,−5,−5,−5, 1, 1) (10)
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Figure 12. Schematic illustration for pairwise particle interaction problem.

in which the components of the fourth-order tensor F, which depends on its arguments Bm
(m= 1–6), are defined as

Fijkl(Bm) = B1n
′
in

′
jn

′
kn

′
l + B2(δikn

′
jn

′
l + δiln

′
jn

′
k + δjkn

′
in

′
l + δjln

′
in

′
k)

+ B3δijn
′
kn

′
l + B4δkln

′
in

′
j + B5δijδkl + B6(δikδjl + δilδjk) (11)

with the normal vector n′ = r/r and δij as the Kronecker’s delta. And

α = 2(5vb − 1) + 10(1 − vb) ·
(

Kb
Kr − Kb

− Gb

Gr − Gb

)
(12)

β = 2(4 − 5vb) + 15(1 − vb) · Gb

Gr − Gb
(13)

5.2.2. Ensemble-volume averaged eigenstrains
To obtain the ensemble-average solution of d̄

∗
within the context of approximate pairwise particle

interaction, Equation (6) needs to be integrated over all possible positions (x2) of the second particle
for a given location of the first particle (x1) as shown below.

〈d̄∗〉(x1) =
∫

V−�1

d̄
∗
(x1 − x2)P(x2|x1)dx2 (14)

where 〈d̄∗〉 is the ensemble-average solution and P(x2|x1) is the conditional probability function. The
two-point conditional probability function P(x2|x1) basically describes the probability for finding the
second particle centred at x2 when the first particle centres at x1. It is related to the microstructure
of the composite, or more specifically, to the particle volume fraction and the geometrical properties.
Assuming that it is statistically isotropic and uniform, the probability function can be written in the
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following form:

P(x2|x1) =
⎧⎨
⎩
N

V
g(r) when r ≥ 2a

0 otherwise
(15)

where N/V is the number of density particles in a composite, which is related to the particle volume
fraction φ by Equation (13)

N

V
= 4πa3

3φ
(16)

r is the distance between the centres of two identical particles with a radius of a; g(r) is the radial
distribution function (RDF). Substituting Equations (6) and (15) into Equation (14) leads to

〈d̄∗〉 = 5φ
4β2 Y(g)W : ε∗

0 (17)

where

Wijkl = ξ1δijδkl + ξ2(δikδjl + δilδjk) (18)

ξ1 = 12(13vb − 14vb
2) − 96α

3α + 2β
(1 − 2vb)(1 + vb) (19)

ξ2 = 6(25 − 34vb + 22vb
2) − 36α

3α + 2β
(1 − 2vb)(1 + vb) (20)

Y(g) =
∞∫

2a

a3

r4
g(r)dr =

1/2∫
0

ρ2g(ρ)dρ (21)

It canbe seenY(g) is related to theRDFandcanbe solvedexactlywith agivenvolume fractionφ. For
a statistically uniform RDF (g(ρ) = 1), Y(g) equals 1/24. Further, the approximate ensemble-average
eigenstrain tensor 〈ε̄∗〉 can take the form:

〈ε̄∗〉 = � : ε∗
0 (22)

where the components of the isotropic tensor �. are given by

�ijkl = γ1δijδkl + γ2(δikδjl + δilδjk) (23)

in which

γ1 = 5φ
4β2 Y(g)ξ1 (24)

γ2 = 1
2

+ 5φ
4β2 Y(g)ξ2 (25)

5.2.3. Radial distribution function
RDF describes the density of surrounding matters as a function of the distance from a particular point
in computational mechanics and statistical mechanics (Goodwin et al., 2006). For the classical fluid of
hard (impenetrable) spheres, the Percus-Yevick (P-Y) function has been widely used to calculate the
RDF and proved to be of great reliability. Many researchers have proposed different solutions for the
P-Y function (Goodwin et al., 2006; Leonard et al., 1971; Perram, 1975; Wertheim, 1963).
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Figure 13. Radial distribution functions under different particle volume fractions.

In the current study, a more applicable and simple analytical solution was adopted by using the
concept of normalised RDF as shown in Equation (26) (Zhang et al., 2019)

g̃(r) =
{
H(r − 1) · g̃1(r) + H(r − 2) · g̃2(r) + H(r − 3) · g̃3(r) 1 < r/2a < 4

1 r/2a ≥ 4
(26)

where g̃(r). is the normalised RDF;H(r − i). is theHeaviside function; g̃i(r). (i = 1, 2, 3) are the first three
terms derived from the operation of Taylor expansion, which are functions of volume fractions. The
detailed expressions for g̃i(r) (i = 1, 2, 3) can be found in (Zhang et al., 2019).

Figure 13 shows the RDFs for five different particle volume fractions. The effective volume frac-
tions for CRMB-5, CRMB-10, CRMB-15, and CRMB-22 are 9.11%, 17.47%, 25.18%, and 35% respectively.
The case φ = 0.5 is plotted for comparison purposes. It is clear that the closer two particles (smaller
r/2a)the more significant interaction (higher g̃(r)) can be observed. The g̃(r) gradually reduced to 1
with the increase of particle distance. More importantly, with the increase of particle volume fraction,
the RDF comesmore fluctuating, indicatingmore significant interparticle interactions. For low volume
fractions, the RDF tends to satisfy the uniform distribution g̃(r) = 1. The uniform distribution func-
tion assumes that the distribution of inclusions in the composite is isotropic and uniform in terms of
statistical measurements, and thus g̃(r) is identically equal to 1.

5.2.4. Effective viscoelastic moduli of CRMB system containing randomly dispersed identical
spherical particles
For the two-phase composites containing randomly dispersed identical spherical particles, the aver-
age stress σ̄ , the average strain ε̄, the uniform remote strain ε0 and the average particle eigenstrain ε̄∗
are related by the following equations:

σ̄ = Cb : (ε̄ − φε̄∗) (27)

ε̄ = ε0 + φS : ε̄∗ (28)

where S is the Eshelby tensor and Cb is the stiffness tensor of the matrix. Recalling the solution for the
particle eigenstrain neglecting the interparticle interaction in the following equation:

ε̄∗ = −(A + S)−1 : ε0 (29)

The average eigenstrain for the pairwise particle interaction problem can be derived as

ε̄∗ = [Γ · (−A − S + φS · Γ )−1] : ε̄ (30)
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Figure 14. Comparison between complex modulus master curves of CRMB-22 predicted by different models.

Substituting Equation (30) into (27) yields the expression of effective stiffness tensor of the composite:

Cc = Cb · [I − φ� · (−A − S + φS · �)−1] (31)

Accordingly, the effective bulk modulus Kc and the effective shear modulus Gc of the CRMB system
with identical spherical rubber particles randomly dispersed in the bitumen matrix can be expressed
in Equations (32) and (33).

Kc = Kb + 30(1 − vb)φ(3γ1 + 2γ2)Kb
3α + 2β − 10(1 + vb)φ(3γ1 + 2γ2)

(32)

Gc = Gb + 30(1 − vb)φγ2Gb

β − 4(4 − 5vb)φγ2
(33)

5.3. Prediction results from the J-Cmodel

To further assess the validity of the J-C model, the predicted results were compared with the exper-
imental data as well as the GSCM and 4-phase model (from the case with the best prediction)
predictions. The material properties involved in the J-C model include the Poisson’s ratios and the
complex shear modulus master curves of the bitumen matrix phase and rubber inclusion phase. By
substituting Equation (26) into Equation (21), Y(g)was calculated as 0.064 when the effective volume
fraction of rubber is 35% for CRMB-22. For comparison purpose, the uniform distribution of particles
was also considered in themodel inwhichY(g)equals 0.0417 (1/24). The complexmoduli of eachphase
adopted the same experimental data as the other models. The bulk modulus was calculated based on
the relationship between shear modulus and Poisson’s ratio (Equation (34)) instead of experimental
measurements.

K = 2G(1 + v)

3(1 − 2v)
(34)

The complex modulus master curves of CRMB-22 predicted by different models are presented in
Figure 14.

It can be seen that the J-Cmodel considering pairwise particle interactionwith a P-Y radial distribu-
tion function yields the best prediction accuracy among the models. The coefficient of determination
reaches 0.9956. Besides, differences between the J-C model predicted results using the uniform dis-
tribution and P-Y distribution for particles can be observed. The predicted complex moduli from the
uniform distribution are higher than that from the P-Y distribution at high frequencies but lower at
low frequencies. This makes the master curve predicted from the uniform distribution deviate from
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the experimental results in the whole frequency range. Using P-Y distribution for considering the par-
ticle’s configuration, the J-Cmodel predicted results are closer to the experimental data by decreasing
the modulus at high frequencies and increasing the modulus at low frequencies. P-Y radial distribu-
tion function assumes the state of thermodynamic equilibrium distribution due to numerous particle
collisions. It is quite suitable for the CRMB systemwhich can be regarded as a colloidal suspension sys-
tem. The J-Cmodel not only remedies the underestimation of modulus in the low-frequency range by
othermodels but also slightly increases themodulus at high frequencies. Therefore, the J-Cmodel pro-
vides a substantial improvement for the prediction accuracy comparing to other models by properly
addressing the interparticle interactions from the perspective of the particle’s configuration.

6. Conclusions and recommendations

The study aims to improve the complex modulus prediction accuracy of CRMB by considering the
interparticle interactions. Firstly, the (n+1)-phase model was applied to the CRMB system by consid-
ering the multilayer properties of swollen rubber particles. Secondly, a newmicromechanical scheme
called the J-C model was used to account for the interparticle interaction issue. The main conclusions
from this study can be drawn:

• The (n+1)-phasemodels considering themultilayer properties of rubber as inputs slightly increase
the prediction accuracy, especially at intermediate frequencies. However, the underestimation of
complex modulus at lower frequencies by these models remains unsolved.

• The J-Cmodel remedies the underestimation ofmodulus in the low-frequency rangebyothermod-
els and provides an overall improvement for the prediction accuracy comparing to othermodels by
properly addressing the interparticle interactions from the perspective of particle’s configuration.

For future work, it is expected to extend the models in this study to different types of CRMB with
varying rubber size, rubber contents, bitumen sources, etc. Besides the particle’s relative configura-
tion considered in this study, the effects of geometrical properties (e.g. size, shape, angularity, surface
morphology, etc.) on interparticle interaction can be further investigated.
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