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 A B S T R A C T

Accurately predicting MSD crack growth behavior in hybrid metal–composite structures is challenging due to 
the complex interactions of fiber bridging and delamination failure in fiber–metal laminates (FMLs). These 
mechanisms enhance damage tolerance but complicate crack analysis. This paper proposes two analytical 
models to address crack growth in FMLs with multiple collinear cracks. The first model analyzes crack 
openings and stress intensity factors (SIFs) for multiple cracks, capturing the physics of MSD cracking, but 
it is cumbersome to implement. The second model simplifies the problem by considering energy dissipation, 
treating the MSD scenario as a single crack in a finite plate and equating the energy dissipation between both 
cases. Both models were validated and show accurate predictions of crack growth behavior, capturing crack 
acceleration effectively. The results emphasize the importance of accounting for the contributions of bridging 
and stiffening mechanisms in FMLs, particularly load redistribution, which influences crack growth.
1. Introduction

The damage tolerance philosophy is a cornerstone of aerospace 
engineering, ensuring structural integrity by designing structures to 
withstand and safely accommodate damage such as fatigue cracks 
until detected and repaired [1,2]. This design philosophy prioritizes 
safety through inspections and maintenance while allowing for poten-
tial weight saving. Bonded built-up aerospace structures are therefore 
favored owing to their superior damage tolerant properties. The exter-
nally bonded strengthening elements, such as stringers, tear straps and 
repair patches, can significantly retard the fatigue crack growth in skin 
panels [3,4].

Alternatively, interleaving thin metal layers and fatigue-resistant 
fiber layers using bonding techniques creates Fiber–Metal Laminates 
(FMLs), a family of hybrid composites well-suited to complement the 
damage tolerance philosophy [5,6]. The fibers remain intact in the 
event of fatigue cracking in the metal layers, effectively restraining 
crack opening and significantly reducing the stress intensity factor 
at the crack tips. In addition to their exceptional fatigue resistance, 
FMLs exhibit superior impact resilience, corrosion resistance, and other 
advantageous properties [7]. Consequently, FMLs have been widely 
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adopted in high-performance applications across aerospace engineer-
ing, automotive, wind energy, and other industrial sectors [8,9].

While the damage tolerance philosophy has demonstrated great 
effectiveness, a notable limitation lies in its lack of constraints on 
service life [10]. This gap raises the risk of widespread fatigue damage 
(WFD) in aging aircraft, typically characterized by the simultaneous 
presence of multiple cracks within a structural element [11,12]. To 
address this issue, airworthiness regulations introduced the Limit of 
Validity (LOV) concept. The LOV establishes a defined operational life, 
beyond which the occurrence of WFD is not anticipated [13]. This 
regulatory shift merits further investigation of multiple site damage 
(MSD) scenarios in monolithic metal structures and bonded built-up 
structures.

It is well known that the damage tolerance behavior of monolithic 
metallic structures [12,14,15], bonded built-up structures [16–18] and 
hybrid composite FMLs [6,19–23] have been extensively studied. Sim-
ilarly, the MSD fatigue behavior in monolithic metallic structures has 
drawn great deal of attention and has been thoroughly studied exper-
imentally [24,25], analytically [26,27], numerically [28,29]. In con-
trast, research on MSD in hybrid FML composites remains limited [10,
30,31], highlighting a gap in the existing body of knowledge.
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It is essential to briefly highlight the complexities involved in an-
alyzing the damage tolerance behavior of FMLs before addressing the 
challenges in predicting their MSD behavior. The fatigue-resistant fibers 
bridge cracks in the metal layers, redistributing loads and retard-
ing crack growth. However, the cyclic stresses induce delaminations, 
adding another layer of complexity to failure mechanisms. Predicting 
the damage tolerance behavior of FMLs relies on analytical models 
based on linear elastic fracture mechanics (LEFM), the principles of 
superposition and displacement compatibility [6]. The displacement 
compatibility between the crack opening and the intact fiber deforma-
tion at the delamination front is employed to determine the interplay 
between cracking in metal layers and delaminations at composite–
metal interfaces [32]. These models use stress intensity factors (SIFs) 
and strain energy release rates (SERRs) to capture the coupled crack 
and delamination growth, providing insights into the fatigue crack 
growth behavior of FMLs. The established models fail to capture the 
crack acceleration of FMLs in the simultaneous presence of MSD cracks, 
which is attributed to the fact that other cracks cause load redistri-
bution that exacerbates both the SIFs and SERRs [10,31]. Thanks to 
the redundant load paths in FMLs, the load redistribution mechanism 
persists throughout the relatively steady crack growth, accelerating the 
crack growth rate and significantly reducing the overall crack growth 
life [10,31].

Endeavors have been made to capture the load redistribution and 
crack growth acceleration by representing the presence of MSD cracks 
in FMLs as removal of metal strips [10,33]. While this non-physical 
approach captures crack growth acceleration effectively, the predic-
tions are highly conservative, with errors worsening for FMLs with 
higher metal volume fractions (MVF). While these models provide a 
safe baseline, they fail to capture the nuanced interactions between 
cracks and delaminations, resulting in overly conservative predictions 
that limit their applicability. An in-depth understanding of the MSD 
scenario in FMLs and accurate analysis tools are still lacking.

To advance the fine-tuned safety design of hybrid FML composite 
structures in light of the limitations placed by LOV on the damage 
tolerance philosophy, a more in-depth understanding of MSD crack 
growth behavior is necessary. Improved prediction methodologies must 
account for the subtle load redistribution and coupled failure mecha-
nisms inherent in these materials. This paper focuses on the improved 
understanding of fatigue crack growth behavior for multiple collinear 
cracks in hybrid FMLs. Two analytical models are proposed in this 
paper. One model closely reflects the physics of MSD cracking in FMLs 
by analyzing the crack openings and SIFs of multiple cracks, and imple-
menting the bridging mechanism over multiple cracks. Another model 
is a simplification of MSD in FMLs to a finite width problem by follow-
ing the argument that the fatigue failure energy dissipation of these two 
scenarios should be equivalent. The two models have been validated 
to show that both accurately predict the fatigue crack growth life 
and capture crack acceleration behavior. The fatigue behavior of FMLs 
closely resembles that of other bonded built-up structures. Both systems 
exploit redundant load paths and crack retardation mechanisms, such 
as adhesively bonded reinforcements, to enhance fatigue resistance. 
Insights gained from studying MSD in FMLs could contribute to safer 
and more efficient engineering designs of more general built-up bonded 
structures, reinforcing their utility in safety-critical applications.

2. Analogy between a MSD scenario and a crack in a finite width 
panel

A row of evenly distributed collinear cracks in a monolithic metallic 
plate, illustrated in Fig.  1(a), is the most studied MSD case in the open 
literature. The closed-form solution for the stress intensity factor at the 
tips of cracks of length 2𝑎 with a spacing of 𝑊  under far-field applied 
stress, 𝜎𝑎𝑝𝑝, has been well established [34,35]. The exact stress intensity 
factor at the crack tip is provided in Eq. (1). It is well known that the 
2 
stress intensity factor soars up as crack tips grow towards each other 
prior to coalescence. 

𝐾𝑀𝑆𝐷 = 𝜎𝑎𝑝𝑝

√

(𝑊 tan(𝜋𝑎
𝑊

)) (1)

It is of great interest to determine the ratio between the SIF for 
the evenly distributed collinear cracks scenario and the SIF of a single 
crack in an infinite plate, 𝐾𝑖𝑛𝑓 = 𝜎𝑎𝑝𝑝

√

𝜋𝑎, highlighting the increase in 
relative magnitude of SIF due to the presence of multiple cracks. The 
ratio, 𝛽𝑀𝑆𝐷, can be defined as in Eq. (2)

𝛽𝑀𝑆𝐷 =
𝐾𝑀𝑆𝐷

𝜎𝑎𝑝𝑝
√

𝜋𝑎
=
√

𝑊
𝜋𝑎

tan(𝜋𝑎
𝑊

) (2)

A similar phenomenon can be observed in the SIF for a single crack 
of 2𝑎 in a plate of 𝑊  in width as the crack grows towards the free edge. 
A finite width correction factor, 𝛽𝐹𝑊 , is normally employed to capture 
the increase in SIF magnitude, i.e., the SIF for this case is given as 
𝐾𝐹𝑊 = 𝛽𝐹𝑊 𝐾𝑖𝑛𝑓 . Several finite width correction factor solutions have 
been developed, such as the Isida solution [36], the Dixon solution [37] 
and the Feddersen solution [35]. Particularly, Irwin [38] provided a 
finite width correction factor of tangent formula which is identical to 
Eq. (2).

In Fig.  2, 𝛽𝑀𝑆𝐷 is compared against several 𝛽𝐹𝑊  solutions for 
different 2𝑎∕𝑊  values. As can be seen, they are in good agreement over 
a wide range of 2𝑎∕𝑊 . The underlying physics of this agreement, as 
shown in Fig.  2, lies in the same cracking phenomenon. Chandran [39] 
has compared the stress distribution ahead of the crack tip in the 
MSD scenario against that of a single crack in a finite width panel, 
based on the Westergaard stress function. The two stress distributions 
closely overlap with each other and their magnitudes increase as 2𝑎∕𝑊
increases faster than that of a single crack in an infinite plate, as 
schematically shown in Fig.  1. Chandran has related the increase in 
SIF to the increase in the stress distribution. Wang et al. [40] have 
reached the same conclusion by determining the increase in the stress 
distribution ahead of the crack tip in a finite width panel based on 
the Westergaard stress function and the force equilibrium between the 
cracked cross-section and far-field. Zhao et al. [41] have correlated the 
increase in the SIF with the increase in the applied work and thus the 
energy dissipation at the crack tip as the crack length increases. They 
have measured the applied load and the displacement at the loading 
point to determine the increase in applied work, which has shown great 
agreement with the finite-width correction factors.

The investigations discussed in the preceding paragraphs shed light 
on the SIF correlation between the MSD and a single crack in a finite 
width panel, as depicted in Fig.  1, from the physics point of view. 
As the crack length increases, the net cross-section decreases, yet it 
transmits the same amount of far-field applied load. The force equilib-
rium between the far-field and the cross-section clearly demonstrates 
an increase in the stress distribution, which can be depicted by the 
Westergaard stress distribution form, ahead of the crack tip. What is 
more, the increase in the stress distribution also indicates that the strain 
distribution is increased according to Hooke’s law. The product of the 
increased stress and strain distribution results in enlarged strain energy, 
which requires the applied work to increase as well. The SIF of MSD 
cracks and that of a single crack in a finite width panel shown in Fig. 
1 share the same mechanism in terms of the stress distribution and 
applied work. Chandran [39], Wang et al. [40] and Zhao et al. [41] 
have examined the problem from different perspectives; however, their 
approaches converge on the same fundamentals.

It is assumed in this paper that the MSD crack growth behavior in 
FMLs shares the same crack acceleration behavior as a single crack in 
an FML panel with finite width, as shown in Fig.  3, analogous to what 
has been discussed about the crack acceleration in the monolithic metal 
panel for the MSD and single crack cases. From the energy point of 
view, as multiple cracks simultaneously grow towards each other, the 
net cross-section and stiffness of the built-up hybrid panel decreases so 



W. Wang et al. International Journal of Fatigue 198 (2025) 108997 
Fig. 1. An analogous comparison between (a) evenly distributed cracks in a panel and (b) a single crack in a finite width panel.
Fig. 2. Comparison between 𝛽𝑀𝑆𝐷 and several 𝛽𝐹𝑊  solutions for monolithic metal 
panels.

that the far-field applied load does more work to the system. The energy 
dissipation of the crack tip thus increases. This mechanism is assumed 
to be equivalent to a single crack growth in a finite width FML under 
the same far-field applied stresses. Zhao and Alderliesten [41,42] have 
experimentally studied the increase in applied work of a single crack in 
an FML panel in order to propose an empirical finite width correction 
factor to capture the crack acceleration behavior. They have found that 
the crack acceleration behavior is related to the FML grade.

While the mechanism of crack acceleration in an FML is easy to 
understand, it is difficult to capture the acceleration behavior with 
prediction models. Unlike for monolithic panels, a similar correction 
factor cannot be simply and directly applied to the bonded and built-up 
structures. Wang [43] has developed an analytical model to correct for 
the finite width effect on the crack acceleration by also accounting for 
the FML grade and fiber bridging. The fundamental assumption in this 
paper is that the previously developed model can be used to capture the 
crack acceleration for the MSD scenario in FML panels with different 
grades. A reasonable analogy between the MSD effect and the finite 
width effect should also be provided to deepen our understanding of the 
fatigue crack growth of multiple collinear cracks in built-up structures.
3 
3. Model development

In this paper, two approaches have been developed to address the 
interaction of multiple cracks in FMLs with the objective of gaining 
in-depth insights into the understanding of the MSD fatigue failure 
behavior. The overall road-map of how fatigue behavior in FMLs can 
be analyzed is provided first and then the difference in dealing with 
the interaction or acceleration of MSD cracks is highlighted in the two 
analytical approaches respectively.

There are two coupled fatigue failure mechanisms in FMLs, i.e., fa-
tigue cracking in the metal layers accompanied by delamination at the 
interface of metal/fiber layers. The fatigue resistant fibers remain intact 
and restrain the opening of fatigue cracks in the metal layers under 
far-field applied loading, as shown in Fig.  4. As a result, partial loads 
are transferred to the intact fibers via cyclic shear at the metal/fiber 
interfaces. This so-called bridging mechanism reduces the SIF at the 
crack tip and renders delamination at the interfaces.

Analytical models have been well established to deal with both the 
fatigue crack growth and the accompanying delamination propagation 
for a single crack in an FML [6,19,20,32]. The classic laminate theory 
is applied to calculate the lamina stresses in the metal layers, 𝜎𝑚, and in 
the fiber layers, 𝑆𝑓 . The SIF at the crack tip and the SERR distribution 
along the delamination front need to be determined to predict the crack 
propagation and delamination growth.

As for the analysis of the cracking in the metal layers, the total SIF, 
𝐾𝑡𝑜𝑡𝑎𝑙, at the crack tip is given in the following equation: 

𝐾𝑡𝑜𝑡𝑎𝑙 = 𝐾𝑓𝑓 +𝐾𝑏𝑟 (3)

with 𝐾𝑓𝑓  and 𝐾𝑏𝑟 being the SIFs owing to the far-field applied load-
ing and the bridging mechanism respectively. 𝐾𝑓𝑓  is a function of 
𝜎𝑚 and the crack configuration. 𝐾𝑏𝑟 is determined by analyzing the 
bridging stress distribution based on the principle of displacement 
compatibility [6,32].

As shown in Fig.  4, it is essential to determine the bridging stresses, 
𝑆𝑏𝑟(𝑥), in order to calculate both 𝐾𝑏𝑟 and the strain energy release rate, 
𝐺(𝑥), at the delamination front. To achieve this, the delamination shape 
is discretized into a series of bar elements (Fig.  4). The x-y coordinate 
system is defined with its origin at the crack center, where the 𝑥-axis 
lies along the crack plane and the 𝑦-axis is perpendicular to the crack 
plane. The principle of displacement compatibility between the metal 
layer and the fiber layer is implemented at the delamination front for 
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Fig. 3. An analogous comparison between (a) evenly distributed cracks in a FML panel and (b) a single crack in finite width FML panel.
Fig. 4. Illustration of the displacement compatibility for calculating bridging stress distribution.
each bar element. Take the bar element at 𝑥 as shown in Fig.  4, as an 
example, the displacement compatibility is expressed as: 

𝑣𝑓𝑓 (𝑥) − 𝑣𝑏𝑟(𝑥) = 𝛿𝑓𝑓 (𝑥) + 𝛿𝑝𝑝(𝑥) (4)

where 𝑣𝑓𝑓  is the crack opening due to 𝜎𝑚 and the crack configuration 
while 𝑣𝑏𝑟 is the crack closing due to the bridging stresses, 𝑆𝑏𝑟(𝑥). 𝛿𝑓𝑓
and 𝛿𝑝𝑝 are the elongation over the delaminated length, 𝑏(𝑥), and the 
shear deformation of the bridging fibers.

A system of displacement compatibility equations have to be estab-
lished for all the bar elements because 𝑣𝑏𝑟(𝑥) is not only a function of 
the bridging force at 𝑥, but also affected by other elements. It can be 
4 
determined with the equation below: 

𝑣𝑏𝑟(𝑥) =
∑

−𝑎<𝑥0<𝑎
𝑣𝑏𝑟(𝑥, 𝑥0) (5)

The prepreg layer elongation, dependent on the bridging stress of 
the bar element at 𝑥, can be calculated by: 

𝛿𝑓𝑓 (𝑥) =
𝑆𝑓 + 𝑆𝑏𝑟(𝑥)

𝑏(𝑥)
(6)

and the prepreg shear deformation 𝛿𝑝𝑝 is independent of 𝑆𝑏𝑟(𝑥) but 
depends on 𝜎𝑚 and the laminate layup. Its expression can be found 
in [6].
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The bridging stress distribution 𝑆𝑏𝑟(𝑥) can be determined by resolv-
ing the system of equations of displacement compatibility for all the 
bar elements as shown in Fig.  4, leading to the following equation: 
𝑆𝑏𝑟(𝑥) = 𝐻−1𝑄 (7)

with 

𝐻 =
∑

−𝑎<𝑥0<𝑎

𝑣𝑏𝑟(𝑥, 𝑥0)
𝑆𝑏𝑟(𝑥)

+
𝑏(𝑥)
𝐸𝑓

(8)

𝑄 = 𝑣𝑓𝑓 (𝑥) − 𝛿𝑝𝑝(𝑥) −
𝑆𝑓

𝐸𝑓
𝑏(𝑥) (9)

The energy release rate distribution 𝐺(𝑥) can then be determined 
with the following equation [6,32]: 

𝐺(𝑥) =
𝑛𝑓 𝑡𝑓
2𝑗𝐸𝑓

(

𝑛𝑚𝑡𝑚𝐸𝑚
𝑛𝑚𝑡𝑚𝐸𝑚 + 𝑛𝑓 𝑡𝑓𝐸𝑓

)

(𝑆𝑓 + 𝑆br(𝑥))2 (10)

where the subscripts 𝑚 and 𝑓 represent the metal and fiber layers, 
respectively, while 𝑛 and 𝑡 denote the number and thickness of specific 
constituent layers within the fiber–metal laminates (FMLs). Addition-
ally, 𝑗 indicates the number of interfaces.

The principle of superposition is employed to determine 𝐾𝑏𝑟 after 
the determination of the bridging stress distribution, 𝑆𝑏𝑟(𝑥), given in 
Eq. (11). The bridging forces of a bar element can be treated as 
symmetric point loads acting on a cracked plate and the corresponding 
SIFs at two crack tips can be determined based on the well-established 
solutions from the handbook [6,32]. 
𝐾𝑏𝑟 =

∑

−𝑎<𝑥0<𝑎
𝐾𝑏𝑟(𝑥0) (11)

Substituting Eq. (11) into Eq. (3) leads to the total SIF 𝐾𝑡𝑜𝑡𝑎𝑙 at the crack 
tip.

It is evident that 𝐾𝑓𝑓  and 𝑣𝑓𝑓  due to far-field applied loading are 
essential prerequisites for the fatigue analysis of the MSD scenario. 
The subsequent step is to determine the bridging stress distributions to 
obtain 𝐾𝑏𝑟 and 𝐺(𝑥) for MSD cracks. The displacement compatibility 
between the multiple crack openings and the bridging fibers over 
numerous cracks need to be modeled [10].

The Westergaard stress functions are versatile in terms of calculating 
the stress intensity factor and crack opening displacement when a 
cracked 2D plate is under far-field applied loading or point loads. When 
the Westergaard stress function 𝑍𝐼 (𝑧) is known, the crack opening 
displacement along 𝑦 = 0 can be determined as [44]: 

𝑣(𝑥) = 2
𝐸

Im{𝑍̃𝐼 (𝑥)} (12)

with 𝑍 = 𝑑
𝑑𝑧 𝑍̃. The stress distribution ahead of crack tip along 𝑦 = 0

can be determined with the equation below: 
𝜎𝑦𝑦 = Re{𝑍𝐼 (𝑥)} (13)

Two approaches have been developed to deal with the interaction 
of evenly distributed multiple cracks in FMLs. They are detailed in the 
following respective subsections.

3.1. Approach 1

A direct method is adopted here, i.e., the stress intensity factor and 
the crack opening of evenly distributed multiple cracks in the metal 
layers owing to the applied far-field loading are calculated first. Sub-
sequently, the crack opening due to the bridging fibers over multiple 
cracks is derived to implement the displacement compatibility. The 
resultant bridging stresses are further used to derive the bridging stress 
intensity factor and the energy release rate.

As a first step, the Westergaard stress function for the evenly dis-
tributed MSD scenario subjected to far-field loading, as shown in Fig. 
5, is provided in the following equation [34,35]. 
𝑍𝐼 (𝑧)𝑀𝑆𝐷 =

𝜎𝑚
√

1 − sin2
(

𝜋𝑎
)

∕ sin2
(

𝜋𝑧
)

(14)
𝑊 𝑊

5 
Fig. 5. Illustration of MSD cracks subjected to far-field stress and point loads.
Source: Adapted from [34,35].

where 𝑧 = 𝑥 + 𝑖𝑦 represents a point in the x-y coordinate system, with 
the origin located at the center of the crack and the 𝑥-axis aligned along 
the crack plane. The coordinate system is consistent with that in Fig. 
4. 𝜎𝑚 is the lamina stress in the metal layers determined according to 
the classic laminate theory.

Based on Eq. (12), the crack opening displacement of multiple 
cracks under far-field applied loading, 𝜎𝑚, can be given as: 

𝑣𝑓𝑓 (𝑥) =
2𝜎𝑚
𝐸𝜋

𝑊 𝑐𝑜𝑠ℎ−1(
𝑐𝑜𝑠 𝜋𝑥𝑊
𝑐𝑜𝑠 𝜋𝑎

𝑊

) (15)

The corresponding stress intensity factor, 𝐾𝑓𝑓 , can be calculated 
with Eq.  (1). One should note that 𝜎𝑎𝑝𝑝 should be replaced by the 
stress in metal layers, 𝜎𝑚. It is clear that the increases in the SIF and 
corresponding crack opening due to the presence of multiple collinear 
cracks are captured with Eq. (1) and (15).

What follows is the determination of the crack opening due to the 
bridging fibers and the implementation of displacement compatibility. 
It is assumed in this paper that the delamination size of each crack 
is identical and can be discretized into bar elements as shown in Fig. 
4. Fortunately, the Westergaard stress functions for the MSD scenario 
subjected to symmetric point loads, illustrated in Fig.  6, have also been 
developed in the handbook [34,35]. Only 𝑍̄𝐼 (𝑧)𝑏𝑟 is of interest, which 
is provided in the following: 

𝑍̄𝐼 (𝑧)𝑏𝑟 =
𝑃
𝜋

(

1 − 𝛼𝑦0
𝜕
𝜕𝑦0

)

[

− tan−1

√

√

√

√

√

√

√

(

cos 𝜋𝑎
𝑊 ∕ cos 𝜋𝑧

𝑊

)2
− 1

1 −
(

cos 𝜋𝑎
𝑊 ∕ cos 𝜋𝑧0

𝑊

)2

+ tan−1

√

√

√

√

√

√

√

(

cos 𝜋𝑎
𝑊 ∕ cos 𝜋𝑧

𝑊

)2
− 1

1 −
(

cos 𝜋𝑎
𝑊 ∕ cos 𝜋𝑧̄0

𝑊

)2

−
⎛

⎜

⎜

⎝

tan−1
sin 𝜋𝑧0

𝑊 tan 𝜋𝑧
2𝑊 − 1

𝑖 cos 𝜋𝑧0
𝑊

− tan−1
sin 𝜋𝑧̄0

𝑊 tan 𝜋𝑧
2𝑊 − 1

𝑖 cos 𝜋𝑧̄0
𝑊

⎞

⎟

⎟

⎠

]

(16)

where 

𝛼 =

⎧

⎪

⎨

⎪

1
2 (1 + 𝜈) plane stress
1
2

(

1
1−𝜈

)

plane strain (17)
⎩
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with 𝜈 = 0.3 being the Poisson’s ratio. For the analysis of the cracking 
the FMLs, the plane stress condition is normally chosen. It is noted that 
𝑦0 = 𝑏(𝑥0), denoting the delamination length at 𝑥0.

Substituting Eq. (16) into Eq. (12) can provide the crack opening, 
𝑣𝑏𝑟(𝑥), due to the symmetric point loads as shown in Fig.  6. 𝑣𝑓𝑓 (𝑥)
and 𝑣𝑏𝑟(𝑥) determined in this approach are substituted into Eq. (4) to 
calculate the bridging stress distribution, 𝑆𝑏𝑟(𝑥). It has to be pointed out 
that the bridging stress in the fiber layers has to be rewritten in terms of 
point loads in the metal layers in order to calculate the resultant crack 
opening displacement using the above equations: 

𝑃 = 𝑆𝑏𝑟𝑤
𝑛𝑓 𝑡𝑓
𝑛𝑚𝑡𝑚

(18)

After the bridging stress distribution is determined, 𝐾𝑏𝑟 and 𝐺(𝑥)
can be calculated. The stress intensity factor at the crack tip due to the 
symmetric point loads as depicted in Fig.  6 can be calculated using the 
following equation [34,35]: 

𝐾𝑏𝑟(𝑥0) =
𝑃
𝑊

√

𝑊 tan 𝜋𝑎
𝑊

(

1 − 𝛼𝑦0
𝜕
𝜕𝑦0

)

{

cos 𝜋𝑧0
𝑊

√

(

sin 𝜋𝑎
𝑊

)2
−
(

sin 𝜋𝑧0
𝑊

)2
+

cos 𝜋𝑧̄0
𝑊

√

(

sin 𝜋𝑎
𝑊

)2
−
(

sin 𝜋𝑧̄0
𝑊

)2

}

(19)

It is worth highlighting that Eq. (11) should be employed to determine 
𝐾𝑏𝑟 by substituting Eq. (19) back into Eq. (11). 𝐺(𝑥) is then determined 
according to Eq. (10).

In addition, to better illustrate the crack acceleration from the 
energy point of view as discussed in Section 2, it is worth understanding 
the stress/strain distribution ahead of the crack tip in the loading 
direction. The Westergaard stress function for MSD cracks subjected to 
far-field mode I loading can be used to determine the strain distribution 
in front of the crack tip in the loading direction: 
𝜖𝑦𝑦,𝑀𝑆𝐷 =

𝜎𝑚

𝐸𝑚

√

1 −
𝑠𝑖𝑛2( 𝜋𝑎𝑊 )
𝑠𝑖𝑛2( 𝜋𝑥𝑊 )

(20)

3.2. Approach 2

In contrast to the previous approach, Approach 2 adopts the as-
sumption that the fatigue crack growth behavior of evenly distributed 
cracks in an FML is equivalent to that of a single crack in the FML 
with finite width, from the energy point of view. This assumption is 
visualized in Fig.  3 and has been discussed in Section 2. Although 
the effects of finite width on the fatigue crack growth behavior in 
an FML panel have been analyzed and an analytical model has been 
developed [43], the key aspects of this model are presented here for 
completeness and to better clarify the underlying assumption.

In order to aid in clarifying the effects of finite width on 𝐾𝑡𝑜𝑡𝑎𝑙 and 
on the stress distribution ahead of the crack tip, the applied load, 𝑃𝑎𝑝𝑝, 
is decomposed as shown in Fig.  6. The loads transferred by the fibers 
over the crack, 𝑃𝑓,1, the fibers ahead of the crack, 𝑃𝑓,2, and the metal 
layers, 𝑃𝑚, can be easily determined using the lamina stresses in the 
metal layers 𝜎𝑚 and in the fiber layers 𝑆𝑓  [43].

The total SIF accounting for the finite width effects is then given 
in Eq. (21) [43]. A correction factor, 𝛽, is directly applied to 𝐾𝑓𝑓 =
𝜎𝑚

√

𝜋𝑎. The force equilibrium between the cracked cross-section and 
far-field, together with the Westergaard stress distribution, can be em-
ployed to determine 𝛽. The effects of finite width on 𝐾𝑏𝑟 are analyzed 
by applying 𝛽 to 𝑣𝑓𝑓  and subsequently calculating the resultant 𝑆𝑏𝑟(𝑥)
and 𝑓 (𝛽)𝐾𝑏𝑟 [43]. 𝑓 (𝛽) cannot be explicitly given owing to the fact 
that Eq. (4) needs to be used to determine 𝑆𝑏𝑟(𝑥) and the SIF due to 
the bridging mechanism has to be integrated for 𝑆𝑏𝑟(𝑥). The same x-y 
coordinate system shown in Fig.  4 is used in this approach. 
𝐾 = 𝛽𝐾 + 𝑓 (𝛽)𝐾 (21)
𝑡𝑜𝑡𝑎𝑙 𝑓𝑓 𝑏𝑟
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First, the determination of 𝛽 is provided. For a single crack of 2𝑎
in an infinite plate, the Westergaard stress function is given in the 
following equation: 

𝑍𝐼 (𝑧)𝑠𝑖𝑛𝑔𝑙𝑒 =
𝜎𝑚𝑧

√

𝑧2 − 𝑎2
(22)

The stress distribution ahead of the crack can be determined by sub-
stituting Eq. (22) into Eq. (13); nevertheless, a correction factor 𝛽 is 
needed to characterize the increase in the stress distribution when a 
finite width panel is concerned [39,43]. The strain distribution, given 
in Eq. (23), is preferred to the stress distribution because the iso-strain 
condition between the metal and fiber layers ahead of the crack tip 
is assumed. The loads transferred by the metal layers and fiber layers 
over the cross-section can then be easily calculated with the strain 
distribution given in Eq. (23). 

𝜖𝑦𝑦,𝑠𝑖𝑛𝑔𝑙𝑒 =
𝛽𝜎𝑚

𝐸𝑚

√

1 − ( 𝑎𝑥 )
2

(23)

The implementation of the force equilibrium between the cross-
section and the far-field, as shown in Fig.  6, is given by: 

𝑃𝑚 + 𝑃𝑓,2 = ∫

𝑊 ∕2

𝑎

[

𝛽𝜎𝑚𝑡𝑚𝑛𝑚

𝐸𝑚

√

1 − ( 𝑎𝑥 )
2
+

𝛽𝜎𝑚𝐸𝑓 𝑡𝑓 𝑛𝑓

𝐸𝑚

√

1 − ( 𝑎𝑥 )
2

]

𝑑𝑥 (24)

The equation above can be resolved for 𝛽, which is expressed as: 

𝛽 =
𝑡𝑚𝑛𝑚𝑊 + 𝐸𝑓 𝑡𝑓 𝑛𝑓∕𝐸𝑚(𝑊 − 2𝑎)
√

𝑊 2 − 4𝑎2(𝑡𝑚𝑛𝑚 + 𝐸𝑓 𝑡𝑓 𝑛𝑓∕𝐸𝑚)
(25)

Consequently, the crack opening displacement accounting for the 
effect of the finite width is given as: 

𝑣𝑓𝑓 (𝑥) =
2𝛽𝜎𝑚
𝐸𝑚

√

𝑎2 − 𝑥2 (26)

After knowing the crack opening displacement, Eq. (26) together 
with 𝑣𝑏𝑟(𝑥, 𝑥0) established for a single crack subjected to symmetric 
point loads [32,43] need to be substituted into Eq. (4) in order to 
determine 𝑆𝑏𝑟(𝑥) that takes the effects of the finite width into con-
sideration, as has been explained in the beginning of this section. 
The resultant 𝑓 (𝛽)𝐾𝑏𝑟 can be determined following the established 
procedure [6,32,43]. 𝐺(𝑥) can also be determined according to Eq. (10).

3.3. Predicting crack growth and delamination propagation

Each approach described in the preceding subsections is capable 
of calculating 𝐾𝑡𝑜𝑡𝑎𝑙 and 𝐺(𝑥) for a MSD configuration in an FML. 
Two Paris relations are employed to predict the fatigue crack growth 
rate and the delamination propagation rate respectively. The predicted 
results of the two approaches are verified and compared in Section 4.

The fatigue crack growth rate 𝑑𝑎∕𝑑𝑁 is modeled using an empirical 
Paris relation based on the effective SIF range at the crack tip: 
𝑑𝑎
𝑑𝑁

= 𝐶cg(𝛥𝐾eff)
𝑛cg (27)

where 𝛥𝐾eff accounts for the effect of stress ratio (𝑅) on fatigue crack 
growth in monolithic metals. It is noted that 𝑅 is defined as the ratio 
of 𝐾𝑡𝑜𝑡𝑎𝑙,𝑚𝑖𝑛 under the minimum applied cyclic load to 𝐾𝑡𝑜𝑡𝑎𝑙,𝑚𝑎𝑥 under 
the maximum applied cyclic load. 𝛥𝐾eff is further expressed as [6,32]: 

𝛥𝐾eff = (0.55 + 0.33𝑅 + 0.12𝑅2)(1 − 𝑅)𝐾total,max. (28)

The determined energy release rate 𝐺 along the delamination front 
is used with another Paris relation for predicting the metal/composites 
interface delamination propagation rate, 𝑑𝑏∕𝑑𝑁 , which is provided in 
the following: 
𝑑𝑏 = 𝐶

(

√

𝐺 −
√

𝐺
)𝑛d

(29)

𝑑𝑁 d max min
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Fig. 6. Illustration of load decomposition for accounting for the finite width effects in FMLs.
Source: Adapted from [43].
where 𝐺𝑚𝑎𝑥 and 𝐺𝑚𝑖𝑛 represent the energy release rates under maximum 
and minimum applied cyclic loads respectively [6,32]. The Paris con-
stants in Eqs.  (27) and (29) for Glare, a typical variant of FML family, 
are: 𝐶cg = 2.17 × 10−12, 𝑛cg = 2.94, 𝐶d = 0.05, 𝑛d = 7.5 [6,32].

The crack length and corresponding delamination size are updated 
iteratively based on the predicted crack growth and delamination prop-
agation rates for a given number of cycles. This process continues until 
the crack tips coalesce.

It is worth noting that the plastic zones ahead of the crack tips 
prior to coalescence can be empirically estimated using 𝐾𝑡𝑜𝑡𝑎𝑙,𝑚𝑎𝑥. The 
crack growth calculation is terminated once the plastic zones coalesce 
to avoid the invalid application of linear elastic fracture mechanics 
(LEFM). However, neglecting the plastic zones introduces only negligi-
ble error in the predicted fatigue crack growth life, as the crack growth 
rate accelerates significantly prior to coalescence and the corresponding 
fatigue crack growth life is very short.

4. Model verification

The verification of the proposed models was carried out using 
published experimental results from some of the present authors [10]. 
Three Glare laminates containing MSD cracks were experimentally 
tested. Fig.  7 depicts the specimen configuration, with the central crack 
aligned with the specimen’s center and two additional cracks located 
on the left and right sides, respectively. The Glare utilized consisted 
of alternating 2024-T3 aluminium sheets of 0.4 mm in thickness and 
S-2 glass fiber prepregs with FM 94 adhesive. Table  1 provides the 
test matrix and details of the specimen configuration. The specimen 
was tested under constant amplitude fatigue loading with the applied 
maximum stress, 𝜎𝑎𝑝𝑝, provided in Table  1. The applied far-field stress 
ratio was 𝑅 = 0.05. Crack lengths with corresponding fatigue lives 
were recorded during fatigue tests. The fatigue crack growth rate was 
calculated using the 7-point polynomial method following the ASTM 
E 647-00 standard [45]. The fatigue tests were terminated once two 
cracks coalesced. For more details of the test procedure, one is referred 
to Ref. [10].

It is worth noting that the crack spacing of 𝑊 = 30 mm was adopted 
for analyzing the fatigue crack growth behavior in the tested specimens. 
However, the distance between the specimen edge and the neighboring 
crack center is 50 mm, which is much larger than 𝑊 ∕2 = 15 mm. The 
effects of this discrepancy on the accuracy of the predicted results will 
be qualitatively discussed in the following from the energy point of 
view.
7 
Fig. 7. Illustration of tested specimen configuration.

Table 1
Test matrix with details of the specimen configuration [10].
 Specimen 𝑛𝑚 𝑛𝑓 Fiber direction 𝑎0 [mm] W [mm] 𝜎𝑎𝑝𝑝 [MPa] 
 Glare3-3/2-0.4 3 2 0/90 3 30 120  
 Glare4-3/2-0.4 3 2 90/0/90 3 30 100  
 Glare4-4/3-0.4 4 3 90/0/90 3 30 100  

4.1. Fatigue life comparison

The predicted fatigue lives using the two proposed models in Sec-
tion 3 are compared with the experimental results in Table  2. The 
prediction results from the previous model [10] are also compared. The 
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Table 2
Measured and predicted fatigue life comparison.
 Specimen Test results MVF Previous model Approach 1 Approach 2
 𝑃𝑟𝑒𝑑.a 𝑅.𝐸.b Pred. R.E. Pred. R.E.  
 Glare3-3/2-0.4 74,000 0.69 51,600 −30.3% 68,872 −6.9% 72,119 −2.5% 
 Glare4-3/2-0.4 95,500 0.60 70,800 −25.9% 92,894 2.7% 96,104 0.6%  
 Glare4-4/3-0.4 104,000 0.57 83,400 −19.8% 104,165 0.2% 105,248 1.2%  
a Prediction results.
b Relative error.
metal volume fraction (MVF) of each specimen is also provided in the 
table.

As can be seen, the two proposed models in this paper provide very 
close fatigue life predictions for all the tested FML configurations. In 
addition, the prediction accuracy of the two models has been greatly 
improved compared to the previous model developed in Ref. [10], with 
the relative error reduced from a range of −30.3% to −19.8%, to a much 
narrower range of −6.9% to 1.2%.

The predicted fatigue lives are in great agreement with the ex-
perimental results. The previous model treated the presence of MSD 
cracks as removal of metal strips which caused stiffness reduction 
and load redistribution to accelerate the fatigue crack growth [10]. 
This non-physical representation of cracks leads to overly conservative 
prediction results, the error in the prediction result is more pronounced 
for specimens with higher MVF value, see Table  2. In the current 
models, this non-physical representation of cracks is not adopted, the 
increase in crack opening and SIF due to the presence of MSD cracks 
are modeled in a manner closely reflects the reality. Consequently, 
the error in predicted fatigue lives is minimized independent of MVF 
values.

Another interesting observation from Table  2 is that Approach 1 
predicts slightly shorter fatigue life than Approach 2. This is attributed 
to how the fibers ahead of the crack tips are treated in the prediction 
model. In Approach 1, the fibers ahead of the crack tips are not 
considered when determining the crack opening and SIF at the crack 
tip, whereas Approach 2 captures the effect of the fibers ahead of crack 
tips on the crack opening and SIF. From the energy point of view, the 
fibers ahead of the crack tips should also contribute to the load transfer 
and thus reduce the stress severity at the crack tip and corresponding 
crack opening [43]. This will be further examined in the following 
subsection.

4.2. Fatigue crack growth comparison

In addition to an overall comparison of the predicted and measured 
fatigue lives for all tested specimens, this section provides detailed 
comparisons of the predicted and experimental fatigue crack growth 
behavior, which are presented in Figs.  8–10. The markers in these fig-
ures represent the experimental results while lines represent prediction 
results. Figs.  8(a)–10(a) present the measured crack growth rates of the 
six crack tips of respective specimens and the predicted results. Figs. 
8(b)–10(b) present the measured and predicted crack tip locations.

The predicted crack growth rates using the two approaches are 
compared against the experimental results. As can be seen from Figs. 
8(a), 9(a) and 10(a), the prediction results from Approach 1 and 
Approach 2 closely align with each other and are in close agreement 
with the experimental results. Notably, the predictions overlap for 
shorter crack lengths. As crack length increases, the interaction and 
crack acceleration starts, the prediction models successfully capture 
this feature. As a result, only the a-N predictions from Approach 2 are 
compared against the measured ones, as shown in Figs.  8(b), 9(b) and
10(b), a high degree of overlap between the predicted and measured 
a-N curves can be observed.

Another observation is that the predictions from Approach 1 are 
marginally on the left side of those from Approach 2 when charac-
terizing the crack acceleration, indicating that Approach 1 provides 
8 
a slightly faster crack growth behavior, see Figs.  8(a) to 10(a). This 
discrepancy is attributed to the fact that the contribution of fibers ahead 
of the crack tips to the reduction in 𝐾𝑓𝑓  is not captured in Approach 
1. Notably, Approach 2 effectively captures this mechanism through 
the implementation of Eq. (24). It demonstrates that, in addition to the 
bridging fibers reducing the crack growth rate, the fibers ahead of the 
crack tips also play a role in slowing down crack propagation.

Even though the predictions exhibit a fairly good degree of agree-
ment with the experimental results, the predicted crack growth rates 
for the crack acceleration part are higher than experimental results, 
this is more pronounced in Fig.  8(a). As has been mentioned, the tested 
specimen is very wide, the distance between the specimen edge and the 
neighboring crack center is 50 mm, which is much larger than 𝑊 ∕2 =
15 mm. As a result, the influence of free edges on crack acceleration 
for 𝑎1 and 𝑎6 is significantly smaller compared to that for the other 
crack tips, as can also be observed in the experimental results in Fig. 
8(a). The redundant material in the tested specimens ahead of 𝑎1 and 
𝑎6 contribute to the remaining cross-section area, reducing the increase 
in the stress distribution as the crack length increases. It is difficult to 
include the effects of the redundant material in the prediction model. 
This effect is more pronounced for specimens with higher MVF values, 
when comparing Figs.  8(a) to 9(a) and 10(a).

Overall, the proposed prediction models successfully capture the 
crack acceleration for the tested configurations. The predicted crack 
growth rate matches the experimentally obtained crack acceleration. 
The predicted and measured a-N curves show great agreement. It is 
noted that Approach 1 is cumbersome to implement as a series of 
complicated differential equations are involved while Approach 2 is 
much easier for engineering applications.

5. Conclusions

Two improved analytical models with a much higher prediction 
accuracy for analyzing MSD crack growth behavior in hybrid FML 
structures have been developed in this research. Compared to the pre-
vious analytical model, the accuracy has been significantly improved. 
The correlation between the predicted and experimental crack growth 
behavior is high. It is shown that the MSD crack growth behavior in 
FMLs can be analyzed in a manner analogous to that in monolithic 
plates. This approach allows for a simplified analysis framework, while 
delamination growth and crack propagation are addressed. The crack 
acceleration can be well captured by simplifying the MSD crack sce-
nario into a single crack in a finite plate with the width equal to the 
spacing of cracks. The essence of this simplification lies in the fact that 
the energy dissipation dictates the crack growth behavior.

In comparison to fatigue cracking in monolithic plates, where only 
the finite width affects energy dissipation, the bonded elements ahead 
of the crack tip and the bridging elements over the crack are additional 
features that influence energy dissipation at the crack tip in bonded 
built-up structures. The contribution of the bonded elements ahead of 
the crack tip can be analyzed as part of the overall stiffness while 
the contribution of elements over the crack is analyzed through the 
bridging mechanism as a local crack shielding phenomenon. As a result, 
the simplified analysis of MSD in built-up structures cannot be analyzed 
by employing a correction factor. The intricate contribution of the 
stiffening elements ahead of the crack tip and the bridging elements 
to the crack growth behavior has to be precisely accounted for.
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Fig. 8. Fatigue behavior prediction for Glare3-3/2-0.4 specimen.

Fig. 9. Fatigue behavior prediction for Glare4B-3/2-0.4 specimen.

Fig. 10. Fatigue behavior prediction for Glare4B-4/3-0.4 specimen.
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