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Abstract

In general relativity, mass cannot generally be defined as the volume integral
over some density, as it is in Newtonian physics. This thesis investigates this
question and how a spherically symmetric spacetime provides the tools to con-
struct a volume integral expression for mass. However, the volume integral for
this mass contains no ’curvature factor’, which would normally be expected for
volume integral in a general relativistic setting. The static and dust solutions,
important special cases of spherically symmetric spacetimes, are reviewed to
demonstrate this peculiar property. In addition, we comment on the implica-
tions of this mass definition for the averaging procedures in cosmology.



Conventions and Notation

Throughout the thesis, the following conventions and definitions are used:

• Mass and energy are used interchangeably because of E = mc2.

• Units with c = 1, where c is the speed of light.

• κ ≡ 8πG, where G is the gravitational constant.

• The choice for the signature of the metric is (−+++).

• The Einstein summation convention is adopted.

• Greek indices, e.g. ν, are summed from 0 to 3, whereas Latin indices, e.g.
i, are summed from 1 to 3.

• ∂µ ≡ ∂
∂xµ

• Working in coordinate expressions for the mathematical objects like vec-
tors: V µ represents V = V µ∂µ.

• The covariant derivative along a trajectory xµ(τ) is denoted as ∇µ and
the proper time covariant derivative is denoted as D

dτ ≡ uµ∇µ, where uµ

is dxµ

dτ .

• For brevity of notation, the dependencies of the functions are sometimes
implicit: A = A(r, t).

• Spherical coordinates {t, r, θ, ϕ} are used.

• Generally, a (0, 2)-tensor is denoted as Aµν and Att indicates that the two
indices have explicitly been filled in with t.

• Ȧ ≡ ∂tA(r, t) and A′ ≡ ∂rA(r, t).

Finally, we note that the definitions for the Christoffel symbols, the Ricci tensor
and the Einstein tensor are given in appendix A.
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Chapter 1

Introduction

In Newtonian physics, mass is a well-defined quantity. The mass of a closed
system is expressed as the volume integral over the mass density. For instance,
the mass of a sphere, where the density ρ(r) depends on the radius, is given as∫ R
0

4πρ(r)r2dr. In the Euclidean space, we can interpret the volume element as
the area of the sphere, 4πr2, multiplied with the physical distance between two
spherical shells, dr. In general relativity, the spatial geometry can be curved, so
that the physical distance between the successive shells is not necessarily equal
to ”dr”. As a result, the volume element has to include a factor to account for
the spatial curvature and is referred to as the proper volume element. Naively,
one then attempts to express the mass as the integral over ρ with respect to
this proper volume element. Nevertheless, this seemingly natural generalization
fails for mass in general relativity.

Admittedly, this is the standard procedure for integration of all other scalars
in general relativity [6, Page 90]. Without any issues, the theory also allows for
the definition of the mass of an isolated system, as measured by an outside ob-
server, for example through the Schwarzschild mass or Kepler’s mass. However,
in general, it does not admit a meaningful, covariant and unique definition for
mass as a volume integral over some energy density. This is because the grav-
itational field itself contributes to the total energy of a system but cannot be
captured by a stress-energy tensor that can source the Einstein equation [22,
Page 466 - 468].

It is then a natural question to ask whether a certain set of assumptions or
conditions could allow us to localize the mass of a system. In this thesis, we
will study spherical symmetric spacetimes, because the assumption of spheri-
cal symmetry is also used in other areas of physics to simplify problems. The
first study of these spacetimes in a cosmological context was done by Georges
Lemâıtre [17], Richard Tolman [27] and Hermann Bondi [3]. It turns out that
spherically symmetry is indeed a sufficient condition to define a mass as an in-
tegral over some density, which will be called m in this thesis. Surprisingly, the
integral for m does not include a curvature factor. This begs the main question
that will be studied by this thesis: Why does the total mass-energy m of a
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closed spherically symmetric system not incorporate the curvature?

Figure 1.1: 2D plot of 3D spherical shells in Euclidean space. The area of the
inner spherical shell is 4πr2 and the distance between the depicted shells is dr.

A related problem is the averaging problem in cosmology. In cosmology,
the universe on a large enough scale can be accurately modeled through the
well-known Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric. [9] This
metric assumes the universe to be homogeneous and isotropic. Homogeneity
and isotropy mean1 that all points in the universe are equivalent at a given point
in time and that the universe looks the same from all directions. However, the
real universe is inhomogeneous on small scales.[10]

When modeling the universe with the FLRW metric, we have implicitly
assumed one of the two procedures that can be applied to an inhomogeneous
universe: We can “average” the inhomogeneous metric to obtain FLRW and
then plug the FLRW metric into the Einstein equation to describe the evolution
of the universe. However, the possibility exists that the small inhomogeneities
develop in such a way that they affect dynamics on larger scales. [24] The second,
physically more accurate procedure would be to plug the inhomogeneous metric
into the Einstein equation and apply the averaging afterwards. Also, due to the
nonlinearity of Einstein’s equation, these procedures are not at all equivalent:
”⟨Gµν(gµν)⟩ ̸= Gµν(⟨gµν⟩)”, where the angled brackets indicate averages. The
difference between them is referred to in the literature as backreaction. [15,
Chapter 8]

Because averages of tensors over spacetime are also not well-defined in gen-
eral relativity, the effect of back-reaction is typically studied through averaging

1The precise mathematical definitions can be found in [28, Page 91-93]
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the evolution equations, which are equivalent to Einstein’s equations. A subset
of these evolution equations can entirely be expressed in terms of scalars, al-
lowing for a well-defined averaging framework. The standard approach defines
the average of a scalar as its proper volume integral divided by the total proper
volume. [4] In spherically symmetric spacetimes, this average that includes the
curvature factor is applied to ρ as well. In this context, it would perhaps be
physically more reasonable to consider the integral without the curvature, which
is more aligned with the definition of mass in spherically symmetric universes.

In chapter 2, we will give the general form of a spherically symmetric space-
time in a special coordinate system and we will look at three important special
cases. One special case will be the static solutions, which is the simplest case
where the problem of the missing curvature factor will become apparent. Chap-
ter 3 then will detail a discussion of the definition of mass m. Consequently,
chapter 4 will consider two averaging procedures of the scalar evolution equa-
tions: the standard averaging procedure and one that is more aligned with the
definition of m. In chapter 5, we will make some final remarks. It is also im-
portant to highlight that reading this thesis requires the knowledge of General
Relativity at the level of a first-year graduate course, see in particular the book
Spacetime and Geometry by Sean Caroll in [6].

I would like to thank my supervisors Ana Achúcarro and Bas Janssens for
their help and the many interesting discussions which demonstrated for me how
difficult the problems this thesis tackles actually are. I am also grateful for the
correspondence with Thomas Buchert and Roberto Sussman. Lastly, I would
like to thank my parents for all their support.
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Chapter 2

Spherically symmetric
metrics

We suggestively express a spherically symmetric metric through the spherical
coordinates (t, r, θ, φ). Because we do not assume anything about this coordi-
nate system as of yet, we are allowed to do so without loss of generality. To
define what a spherically symmetric metric is, we first have to define what a
symmetry is in the context of a spacetime metric. A symmetry for a metric is
called an isometry, which preserves the metric gµν . Formally, this isometry in
differential geometry is defined to be a diffeomorphism ϕ for which the pullback
ϕ∗ satisfies ϕ∗gµν = gµν . A spherically symmetric spacetime can then be defined:

Definition. Following [28, Page 120], a spacetime is spherically symmetric if
the mathematical group of its isometries includes a subgroup, which is isomor-
phic with the group of all rotations SO(3) and whose generic orbits1 are given
by the two-dimensional spheres S2.

This definition of spherical symmetry imposes strong conditions on the form
of the metric. The three standard rotational Killing vectors Kµ that generate
SO(3) have to satisfy the Killing equation, ∇(µKν) = 0. This leads to the most
general, spherically symmetric metric in 4 dimensions:

ds2 = α(t, r)dt2 + β(t, r)dtdr + γ(t, r)dr2 + δ(t, r)dΩ2, (2.1)

where dΩ2 ≡ dθ2 + sin2θ dϕ2 and the exact details can be found in [14, Page
82-86]. We notice that the invariance under rotations is reflected by the fact
that it contains a multiple2 of dΩ2, which should be the case as the metric on
a unit sphere is canonically written as dΩ2 = dθ2 + sin2θ dϕ2. Secondly, this is

1The set of points that can be reached by applying these rotations on a point on the
spacetime manifold.

2The δ is invariant under the ‘expected’ transformations t = g(t′, r′) and r = h(t′, r′), but
there exist pathological counterexamples, see the footnote in the book [14, Page 83 and 85].
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reflected by the metric functions which are independent of θ and φ, except for
the necessary sin2(θ) factor.

To simplify the metric (2.1), we will define comoving coordinates. By defi-
nition of comoving coordinates, the four-velocity Uµ of the fluid that we model
through the energy-momentum tensor Tµν only has a time component, i.e. Uµ

will be proportional to (1, 0, 0, 0) ≡ δµ0
3. Therefore, the comoving coordinates

follow the worldlines of the fluid. It must be emphasized that these coordinates
are merely labels attached to the fluid and are therefore also called Lagrangian
coordinates. In addition, we define coordinates that are ‘synchronous’ as co-
ordinates in which all the spacetime components of the metric gti are zero. It
can be proved [14, Page 294] for a spherically symmetric spacetime that we
can choose this coordinate system, simultaneously with the comoving coordi-
nate system, such that gti vanish. The Lemâıtre-Tolman-Bondi metric for these
synchronous-comoving coordinates is then given by:

ds2 = −eC(r,t)dt2 +X2(r, t)dr2 +R2(r, t)dθ2 +R2(r, t)sin2θ dϕ2, (2.2)

where C(r, t), X(r, t) and R(r, t) are yet to be determined by the Einstein equa-
tion. Because the metric (2.2) should have Lorentzian signature, we can set
α = e−C , γ = X2 and δ = R2. With this form of the metric, the function R can
be given physical meaning. For constant r and t, if you let R(r, t) fully rotate
by the angles θ and φ, it sweeps out a spherical shell of area 4πR2 by rotation.
Then, R, referred to as the areal radius, is the physically meaningful, measur-
able radius of that sphere. We will assume in the following that R(r = 0) = 0
and that R is invertible.

Before substituting the metric (2.2) into the Einstein equation, we assume
the following form for the energy-momentum tensor:

Tµν = (ρ+ P )uµuν + Pgµν , (2.3)

which is the expression for a perfect fluid. uµ is the covariant 4-velocity of the
fluid, ρ is the energy density and P is the pressure. We have chosen the perfect
fluid tensor 4, due to its rather simple dependence on only two new quantities, ρ
and P . It is also chosen, because it is the most general Tµν compatible with the
homogeneity and isotropy assumptions for FLRW [28, Page 96]. As such, the
perfect fluid tensor does not take into account any heat flux, radiation, viscosity
or diffusion.

3These coordinates can always be defined by solving the equations ∂xα

∂τ
∂xi

∂xα = 0 [14, Page
294].

4A more general Tµν for the spherically symmetric metric can meaningfully be allowed to
contain anisotropies [15]
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To compute the explicit matrix form of the energy-momentum tensor, the
time-component of uµ must be computed. The normalization of the 4-velocity
gives us this component: uµuµ = gµνu

µuν = −eC(u0)2 = −1, which results in

the 4-velocity5 uµ = (e−
C
2 , 0, 0, 0). Here, the positive root is chosen because

the observer moves forward into the future. Lowering the index of uµ gives
uµ = (−e

C
2 , 0, 0, 0), so that the energy-momentum tensor is given as:

Tµν =


ρ(r, t)eC(r,t) 0 0 0

0 P (r, t)X2(r, t) 0 0
0 0 P (r, t)R2(r, t) 0
0 0 0 P (r, t)R2(r, t) sin2(θ)


where it should be noted that because the metric only depends on r and t, by the
Einstein equation, P and ρ may only depend on r and t as well. As such, these
quantities are general enough to model spherically symmetric inhomogeneities.

Before we write down the equations resulting from the Einstein equation,
there is something to be said about the Einstein equation itself. The elegant
equation is written as:

Gµν = 8πGTµν . (2.4)

Due to the metric compatibility (∇µgµν = 0), the symmetries of the Einstein
equation Gµν + Λgµν = Tµν are still conserved with the addition of a term
Λgµν on the left-hand side of (2.4), where Λ is referred to as the cosmological
constant. However, its physical meaning is more apparent if we shift it to the
right-hand side. With the addition of Λ, the Einstein equation is then written
as:

Rµν −
1

2
gµνR = 8πGTµν − Λgµν . (2.5)

We can incorporate Λ in Tµν by defining Tµν ≡ Tµν − Λ
8πGgµν so that: Gµν =

8πGTµν . Positive Λ can then be seen as a negative pressure term which can
cause the expansion of the universe. Λ is often associated with ”vacuum en-
ergy”, a form of dark energy, as it then also represents the energy density of an
empty universe if we set Tµν to zero.

Using appendix A for the Einstein tensor components as well as the energy-
momentum tensor components, we can now construct these equations6 as a
result from the Einstein equation (2.5):

5As we will later see, for zero pressure, this means that in these coordinates the fluid is at
rest.

6These equations can also be derived much more simply using exterior differential forms.[22,
Page 355-357]
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Gtt =
2ẊṘ

XR
+

Ṙ2

R2
+ eC

(
1

R2
− 2R′′

X2R
− (R′)2

X2R2
+

2X ′R′

X3R

)
(2.6a)

= 8πG · ρeC + ΛeC ,

Grt = 2
ẊR′

XR
+

ṘC ′

R
− 2

Ṙ′

R
= 0, (2.6b)

Grr =
(R′)2

R2
+

R′C ′

R
− X2

R2
− e−CX2

(
2R̈

R
+

Ṙ2

R2
− ṘĊ

R

)
(2.6c)

= 8πG · PX2 − ΛX2,

Gθθ =
Gφφ

sin2(θ)
=

R2

X2

(
R′′

R
+

C ′′

2
+

(C ′)2

4
− X ′R′

XR
+

R′C ′

2R
− X ′C ′

2X

)
(2.6d)

+ e−CR2

(
−Ẍ

X
− R̈

R
− ẊṘ

XR
+

ẊĊ

2X
+

ṘĊ

2R

)
= 8πG · PR2 − ΛR2,

where all the other components of the Einstein equation are identically zero.
From equations (2.6) and the conservation of the energy-momentum tensor
(∇µT

µν = 0), we can derive the following set of equations:

m(r, t) =
1

2G

[
R− (R′)2R

X2
− 1

3
ΛR3 + e−CR(Ṙ)2

]
, (2.7a)

∂

∂r
m(r, t) = 4πρ(r, t)R2R′, (2.7b)

∂

∂t
m(r, t) = −4πP (r, t)R2Ṙ, (2.7c)

e−
C
2 ∂t(e

−C
2 Ṙ) = −(4πGP (r, t)R+

Gm

R2
) +

C ′R′

2X2
+

1

3
ΛR, (2.7d)

Ṙ′ =
Ẋ

X
R′ +

ṘC ′

2
, (2.7e)

0 = ∂tρ+ (
Ẋ

X
+

2Ṙ

R
)(ρ+ P ), (2.7f)

0 = ∂rP +
1

2
C ′(P + ρ), (2.7g)

where equations (2.7a) - (2.7e) are derived in appendix B and equations (2.7f)
and (2.7g) in appendix C. Equation (2.7e) essentially encapsulates the informa-
tion about our use of the comoving coordinate system [5]. Equations (2.6) and
equations (2.7) were derived in a similar fashion as in [14, Chapter 18].

With an equation of state, which for example relates ρ to P , or another
condition to close the system of equations (2.7) for integration, the six unknown
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functions R, X, ρ, P , C and m can be determined. The additional constraint
is needed due to the introduction of an additional function as a result of inte-
gration. The equations you would need, in addition to the equations (2.7), for
a general coordinate system are given in [5].

2.0.1 Physical Interpretation

The integral form of equation (2.7b) is analogous to the Newtonian integral:

m(r, t) = 4π

∫ r

0

ρR2R′dr = 4π

∫ R

0

ρs2ds, (2.8)

where it must be stressed that in the Newtonian case the areal radius and ’the
proper distance radius’ are equal, but in the general relativistic setting the s
can only be interpreted as the areal radius. Equation (2.8) may encourage us to
interpret m in (2.7a) as a mass. In that case, equation (2.7c) indicates that the
rate of change of mass is equal to the power transferred by the pressure to the
boundary, which is a dynamical spherical shell with radius R [22, Exercise 32.7
and Box 23.1]. Finally, both equations (2.7b) and (2.7c) give the mandatory
result of m = 0 when both ρ = P = 0. This interpretation of mass will be
considered in more detail in chapter 3.

Equation (2.7d) is the relativistic version of the classical law of gravitation
[5]. To see this, we will have to adjust the equation slightly. Because t is just a
label, we would like to consider the physically meaningful proper time and the
derivative taking this proper time into account. To this end, we introduce the
proper time derivative d

dτ ≡ e−
C
2
∂
∂t , which is the proper time in the frame of

the fluid, and the physical radial velocity dR
dτ ≡ e−

C
2 Ṙ to obtain the following

equation:

d2R

dτ2
= −(4πGP (r, t)R+

Gm

R2
) +

C ′R′

2X2
+

1

3
ΛR, (2.9)

where the left-hand side is proper acceleration, the first term in the parenthesis
a pressure term and the second term in the parenthesis the gravitational accel-
eration. The other terms are the ones that are the ’relativistic’ terms and do
not have a nonrelativistic analog.

Equation (2.7f) can be seen as the first law of thermodynamics without any
heat (transfer) [26]. To understand this, we consider the proper spatial infinites-
imal volume dV =

√
|gij |d3x = XR2sin(θ)drdθdφ, where | . | denotes the deter-

minant, and we differentiate with respect to t: ˙dV = (ẊR2 +2XRṘ)drdθdφ =

( ẊX + 2 ṘR )dV . Now, equation (2.7f) is identical to the equation:

∂t(ρdV ) + P∂t(dV ) = 0, (2.10)

which can also be written as the thermodynamic law: dE = −PdV .
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Equation (2.7g) is referred to as the Euler equation and reduces to the fol-
lowing equation in the Newtonian limit7:

ρ∂rV = −∂rP, (2.11)

which describes the equilibrium between the gradient of the pressure and grav-
ity [22, Page 601-602]. It represents the Newtonian view on the hydrostatic
equilibrium, as we will see in the section about static solutions.

In the following sections, we will simplify equations (2.7) and solve for the
metric functions for three special cases. In section 2.1, we will look at an
isotropic and homogeneous universe, which will result in the FLRW metric and
the two well-known Friedmann equations. Its inclusion is based on its ubiq-
uity in the literature, its simplicity and accuracy in modeling the universe on a
large scale. In subsection (2.1.1), we will look at subcase of FLRW to show a
specific coordinate choice can give expansion. It will also be used later in this
thesis to showcase the difference between two definitions for an average. The
second case we will look at, will be the static solutions in section 2.2, which can
be used to model realistic massive objects in space and the potential collapse
thereof. Lastly, the Lemâıtre-Tolman-Bondi (LTB) metric with zero pressure
will be studied in section 2.3, because they produce analytic solutions and the
differential equations in its context will be needed for the averaging. To sum-
marize and visualize this, a tree with the various cases is added in 2.1.

Spherically symmetric
universe

p(t, r), ρ(t, r)

FLRW universe
ρ(r, t) → ρ(t)
P (r, t) → P (t)

Milne universe
ρ = P = 0, k = −1

Static universe
∂tgµν = 0

LTB universe
P (r, t) = 0

Figure 2.1: This tree shows the different special cases of the spherically sym-
metric spacetimes considered with their additional assumptions.

7In the Newtonian limit, gtt ≈ −1 − C, where V ≡ C
2

is the Newtonian potential, as the
metric becomes almost time-independent and approaches the Minkowski metric, and P << ρ
as the velocities are small (v << c)

12



2.1 Isotropic & Homogeneous Universe: FLRW

We take the universe to be homogeneous everywhere. That has the consequence
that the energy density and pressure only depend on time and not on the coordi-
nate r anymore. It should be remarked that this model cannot model stars and
voids, for instance, because the energy density is necessarily equal everywhere.
The following derivation closely follows the calculations in the paper [23]. With
the assumptions, equations (2.7g) and (2.7f) reduce to:

∂tρ+ (
Ẋ

X
+

2Ṙ

R
)(ρ+ P ) = 0, (2.12)

1

2
C ′(P + ρ) = 0. (2.13)

Equation (2.13) gives C ′ = 0, assuming ρ + P ̸= 0. Renaming the time-

coordinate t as
∫
e−C(t)dt then gives C = 0 in this new coordinate system.

In general relativity, coordinates do not carry any physical meaning until they
are interpreted. Until then, they are merely labels for the physical system and
we are allowed scale or rename as we like. Equation (2.7e) now reduces to:

Ṙ′ =
ẊR′

X
, (2.14)

with the solution being X(r, t) = h(r) ·R′(r, t), where h(r) is a function of only
the r-coordinate. Equation (2.7b) gives the following expression for m, because
ρ is independent of r:

m(r, t) = 4π

∫ r

0

ρ(t)R2R′dr =
4π

3
ρ(t)R3. (2.15)

At this point, we take the derivative of expression (2.15) with respect to t and
set it equal to the right-hand side of equation (2.7c):

4π

3
ρ̇R3 + 4πρR2Ṙ = −4πP (r)R2Ṙ (2.16)

Multiplying by 3
4πR3 gives the equation:

ρ̇+ 3
Ṙ

R
(ρ+ P ) = 0 (2.17)

Comparing with (2.12) gives Ẋ
X = Ṙ

R and if we combine this with (2.14), we can
write down the following equation for R:

Ṙ

R
=

Ṙ′

R′ . (2.18)

This is solved by the separable function R(r, t) = g(r)S(t). Because R appears
only in the rr-component of the metric (2.2), we can write g(r) = r · γ(r) and
by the same argument with which we set C = 0, rename the r coordinate, so
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that we can set R = rS(t). Then, we substitute both the expression for m in
(2.15), X = h(r)R′ and R = rS(t) into (2.7a) to obtain the equation:

4π

3
ρ(t)r3S3(t) =

1

2G

[
rS(t)− S3(t)r

h2(r)S2(t)
+ r3S(t)(Ṡ(t))2− 1

3
Λr3S3(t)

]
. (2.19)

Rewriting this equation gives:

δ(r) ≡ 1

h2(r)
= 1−K(t)r2, (2.20)

where K(t) = 8πGρS2(t)
3 + 1

3ΛS
2(t)− (Ṡ(t))2. Because δ is a function of r only,

K(t) cannot depend on t, meaning that K is constant. It is important to know
that we should consider three cases for the constant K: K is positive, K = 0 and
K is negative. Later on, we will rescale K to k, such that k can only be 1, 0 or
-1. k, then, is associated with the curvature of space and the different values
correspond to different geometries of the universe. k = +1 is associated with
the geometry of a 3-sphere, k = 0 is associated with flat Euclidean space and
k = −1 is associated with hyperbolic geometry 8 [18].

With X2 = h2(R′)2 = S2(t)
1−Kr2 and R2 = r2S2(t), the metric can now be

written in the form:

ds2 = −dt2 + S2(t)

(
dr2

1−Kr2
+ r2dθ2 + r2 sin2(θ)dφ2

)
, (2.21)

which can be written in the standard FLRW form by defining a2(t) = S2(t)
|K| ,

(r)2 = |K|r2 and k = sign(K), so that k is only allowed to be -1, 0 or +1:

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dθ2 + r2 sin2(θ)dφ2

)
, (2.22)

where r was renamed r again. The first Friedmann equation immediately follows
from the expression for K:

K =
8GπρS2(t)

3
+

1

3
ΛS2(t)− (Ṡ(t))2, (2.23)

or in standard form: (
ȧ

a

)2

=
8πG

3
ρ− k

a2
+

Λ

3
. (2.24)

The second Friedmann equation is found by taking the derivative of (2.23)
with respect to time and substituting (2.17) into that resulting equation, which
eventually gives the second Friedmann equation:

8k = +1 is also associated with a ’closed’ universe, as its spherical geometry is finite in the
sense that parallel lines eventually have to meet. For k = 0, the parallel lines stay parallel
and for k = −1, the parallel lines diverge, such that it is called an ’open’, infinite universe.
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S̈

S
=

Λ

3
− 8πG

6
(ρ+ 3P ), (2.25)

or in standard form:

ä

a
=

Λ

3
− 4πG

3
(ρ+ 3P ). (2.26)

The two Friedmann equations describe the rate and acceleration of the expansion
of the universe, given by a(t).

2.1.1 Milne Universe

We consider the special case of the FLRW universe with k = −1, the case
associated with negative spatial curvature, and ρ = P = 0.. This results in the
differential equation from the first Friedmann equation (2.24):

(
ȧ

a

)2

=
1

a2
, (2.27)

That gives a(t) = t, with the integration constant set to zero, so that the scale
factor vanishes for t = 0. We remark that 2.27 explains why we are forced to
choose k = −1, because (ȧ)2 = −1 has no real solutions. Thus, the metric for
this special case of the FLRW universe, which is called the Milne universe, is
given by:

ds2 = −dt2 + t2[
dr2

1 + r2
+ r2(dθ2 + sin2(θ)dϕ2)] (2.28)

or, equivalently with r2 = sinh2(χ):

ds2 = −dt2 + t2dχ2 + t2sinh(χ)2dΩ2 (2.29)

Einstein’s equation implies that the space should be flat without a source term.
Indeed, we can also deduce metric (2.28) by rewriting the Minkowski metric in
polar coordinates, which is given by:

ds2 = −dT 2 + dR2 +R2dΩ2. (2.30)

If we assume T = t cosh(χ) and R = t sinh(χ) with t > 0, the metric (2.28)
is again obtained. This transformation of variables only holds if it is assumed
that T > 0, as cosh(χ) > 0, and T 2 > R2, because T 2 − R2 = t2 > 0. This
means that Milne coordinates are an incomplete chart of the Minkowski space,
as they only cover a quarter of the entire space. In particular, they are only
valid within the future light cone.
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Figure 2.2: Milne’s universe plotted in 2D with the Minkowski coordinates R
and T , with spherical coordinates θ and φ left out. The black hyperbola is the
spatial hypersurface for proper time t = 3. The green lines give the future light
cone and the grey lines give the constant χ worldlines for comoving observers.
Although R ≥ 0, the plot also includes negative values for R to better illustrate
the hyperbolic geometry.

For FLRW in general, a comoving observer, who ”moves with the coordi-
nates”, is a reasonable choice for an observer, because those observers see the
universe as isotropic and homogeneous. Then, for comoving observers in Milne,
where the spatial coordinates χ, θ and φ are necessarily fixed, the proper time
is given by t, which is immediately clear from (2.29). Because T 2 − R2 = t2,
the spatial 3D-surfaces with constant proper time t are given by hyperboloids
in Minkowski space for comoving observers. In figure 2.2, the Minkowski space
and therein the Milne universe are plotted in 2D. The black line depicts one
hyperbola, representing the t = 3-surface of ’simultaneity’ for the comoving
observers9 The inertial worldlines for the observers are given for constant χ,
because v = tanh(χ). An observer fixed at the origin accordingly sees all of
these observers moving away at constant speed. We can conclude that the ap-
parent expansion a(t) in the metric (2.29) is due to the choice of coordinates.
This underlines the fact that coordinates in general relativity are just labels
and carry no physical meaning until they are properly interpreted. The Milne
universe will be used in section 4.5 to apply our averaging procedures.

9The usual constant T -surface is only the surface of simultaneity for an fixed observer at
the origin of the Minkowski diagram.
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2.2 Static Universe: TOV-equation

For the spacetime 2.2 to be static10, it has to be stationary, i.e. the metric
components are all independent of time now:

ds2 = −eC(r)dt2 +X2(r)dr2 +R2(r)dθ2 +R2(r)sin2θ dϕ2, (2.31)

With the same trick of relabeling coordinates11 as for the FLRW solution, the
metric can be written without loss of generality:

ds2 = −eC(r)dt2 +X2(r)dr2 + r2dθ2 + r2sin2θ dϕ2. (2.32)

Because Gµν depends on the metric, it is also time-independent. The Einstein
equation then immediately implies that the pressure and the energy density are
time-independent. With metric (2.32), the quantity m in (2.7a) becomes:

m(r) =
1

2G

[
r − r

X2

]
, (2.33)

or equivalently for the metric component X2:

X2 =
1

1− 2Gm
r

. (2.34)

Equations (2.7b) and (2.7c) reduce to the independent equation for m in terms
of ρ:

m(r) =

∫ r

0

4πρ(s)s2ds, (2.35)

Notice that this expression is different from what expression you normally expect
in general relativity:

m(r) =

∫ r

0

4πρ(s)s2Xds, (2.36)

where the integral is now taken over the proper volume element dVp = 4πr2X(r)dr.
This apparent issue will be discussed in more detail in chapter 3. Equations
(2.7f) and (2.7g) lead to one non-trivial equation:

−∂rP (r) = (ρ+ P )
C ′

2
(2.37)

The dynamical equation (2.7d) becomes in rewritten form:(
4πGP (r)r +

Gm(r)

r2

)
· 1

1− 2Gm
r

=
C ′

2
, (2.38)

10The definition of a static spacetime is that it must have zero rotation and be stationary.
The first condition is already satisfied [14, Chapter 18].

11The exact details and a similar derivation of the TOV equation can be found in [6, 194-195]
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where Λ is again set to zero. Substituting this equation into (2.37) gives the
Tolman-Oppenheimer-Volkoff (TOV) equation12:

dP (r)

dr
= −1

2

(
ρ(r) + P (r)

) (
Gm(r) + 4πr3P (r)

)
r
(
r − 2Gm(r)

) . (2.40)

The TOV-equation, which is a balance equation between pressure and gravity,
can be used to model neutron stars and white dwarfs. It can also be used to give
an estimate for limitations on some characteristics of such bodies before collapse
due to gravitation is imminent. As mentioned for the general LTB metric, we
have to provide an equation of state or another condition to be able to solve
this further. To model a star and simplify the problem even more, we posit the
assumption that the fluid13 within the star is incompressible and, in fact, that
ρ is constant:

ρ(r) =

{
ρ0, if r < R0

0, if r > R0,
(2.41)

where ρ0 and R0 are constants. From (2.35) we write down the mass:

m(r) =

{
κ
3ρ0r

3, if r < R0

κ
3ρ0R

3
0, if r > R0,

(2.42)

which means the mass is constant from outside the star. Solving the differential
equation14 (2.40) gives the pressure:

P (r) = ρ0

[
R0

√
R0 − 2GM −

√
R3

0 − 2GMr2√
R3

0 − 2GMr2 − 3R0

√
R0 − 2GM

]
(2.43)

From plugging this in (2.37), we determine ec for r < R0:

eC(r) =

(
3

2

(
1− 2GM

R0

)1/2

− 1

2

(
1− 2GMr2

R3
0

)1/2
)2

, (2.44)

so that the full metric for that region is known. The metric reduces to the
Schwarzschild metric for r ≥ R0 with the Schwarzschild mass equal to κ

3ρ0R
3
0.

12Note that for P << ρ and m(r) << r, TOV will reduce to the classical equation of
hydrostatic equilibrium:

dP (r)

dr
= −

GM(r)ρ(r)

r2
(2.39)

13The TOV equation is a hydrostatic equation, which warrants the use of the word ”fluid”.
14All the details for integration can be found in the slides of the reference [20].
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2.3 Dust Universe: Lemâıtre-Tolman-Bondi

We take the pressure to be zero, which is the case for an idealized pressureless
fluid called dust. Because the pressure is zero, equation (2.7g) immediately
implies that C ′ = 0. Like in the case of FLRW, we can then set C = 0.
Then the energy-momentum tensor (2.3) reduces to Tµν = ρuµuν , which can be
written in matrix form:

Tµν =


ρ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (2.45)

At this point, we can simplify the equations (2.7) describing the LTB model.
The differential ”mass” equations (2.7c) and (2.7b) reduce to:

∂

∂t
m(r, t) = 0, (2.46)

∂

∂r
m(r, t) = 4πρ(r, t)R2R′, (2.47)

where the first equation motivates us to write m(r,t) = m(r), which means that
the quantity m is conserved over time. Then, we take C = 0 and P = 0 in the
dynamical equation (2.7d) and multiply by 2Ṙ to obtain:

2R̈Ṙ = −2Gm

R2
Ṙ+

2

3
ΛRṘ (2.48)

This is similar to taking the partial derivative with respect to time of a given
expression:

∂

∂t

(
(Ṙ)2 − 2Gm

R
− 1

3
ΛR2

)
= 0. (2.49)

Integrating and rewriting this equation results in:

(Ṙ)2 = E(r) +
2Gm

R
+

1

3
ΛR2, (2.50)

where E(r) is an arbitrary function of integration that depends solely on r. We
can also find an expression for X2 under the conditions that the pressure is zero
(and C is equal to zero). The quantity 2Gm

R , using equation (2.7a), becomes:

2Gm

R
= 1− (R′)2

X2
− 1

3
ΛR2 + (Ṙ)2 (2.51)

Using the dynamical equation (2.50), we can express X2 as the following:

X2 =
(R′)2

1 + E(r)
(2.52)
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Now, the LTB metric for dust can be written in the following standard form:

ds2 = −dt2 +
(R′(r, t))2

1 + E(r)
dr2 +R2(r, t)(dθ2 + sin2 θ dϕ2), (2.53)

where it must be remarked that E ≥ −1 for all r as it must respect the signa-
ture15. Please note that the dust FLRW metric is a special case of this LTB
metric if we set R(r, t) = ra(t) and E(r) = −kr2. For Λ = 0, equations (2.50)
and (2.47) yield the following system of differential equations for the LTB metric
(2.53):

(Ṙ(r, t))2 = E(r) +
2Gm(r)

R(r, t)
, (2.54)

m′(r)

R2(r, t)R′(r, t)
= 4πρ(r, t). (2.55)

From Newtonian physics, these equations seem to be all familiar; there, the
mass can be calculated by integrating the density over a sphere and E is
the energy in the equation for the conservation of energy for a spherical shell
( 12 (ṙ)

2 − Gm
r = E). In Newtonian physics, the latter describes an object in a

central potential with examples such as the Kepler problem or, even at smaller
scales, the Coulomb potential. This motivates the interpretation of m as the
mass and E as the energy of the physical shells of size R. Because E(r) and
m(r) are the functions resulting from integration and we have derived two equa-
tions, we can solve this. The solutions of this differential equation are (see the
explicit computations in appendix D) split into three cases for the function E(r):

For E(r) > 0:

Gm(r)

E(r)
3
2

(sinh(z)− z) = (t− t0(r)), (2.56)

R(r, t) =
2Gm(r)

E(r)
sinh2(u) =

Gm(r)

E(r)
(cosh(z)− 1) (2.57)

For E(r) = 0:

R(r, t) =

[
9

2
Gm(r)(t− t0(r))

2

] 1
3

, (2.58)

For E(r) < 0:

Gm(r)

(−E(r))
3
2

(z − sin(z)) = (t− t0(r)), (2.59)

R(r, t) =
2Gm(r)

K
sin2(

z

2
) =

Gm(r)

−E(r)
(1− cos(z)). (2.60)

15The case that E = −1 is allowed under certain conditions [14, Section 18.10].
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Here t0(r) is the function of integration arising from solving the differential
equations. It is called the ’bang-time function’, representing the time where the
Big-Bang happened, and it is allowed to depend on r. The name is motivated
by the choice that R(t0(r), r) = 0 during the integration. From the equations,
we can also determine the interval in which the parametric coordinate z is per-
mitted to vary. For E < 0, at start-time t = t0(r), z = 0 and R(r, t) = 0. From
there, the term 1 − cos(z) lets R increase until a maximum and then decrease
until z = 2π, where R = 0 again. The formula tells us that R will increase again
if we increase z, but physically we have hit a singularity. Indeed, the solutions
were derived from (2.54), which does not hold at R = 0 16. From (2.55), we can
see that as the physical radius becomes zero, the density will have to diverge
to infinity. The singularity R = 0 is therefore called shell-focusing. As a conse-
quence, z is only allowed to range between 0 and 2π. From similar reasons for
the case of E > 0, it can be deduced that z is allowed to range between 0 and ∞.

Another singularity in the LTB-model is given by R′ = 0, which can be seen
from (2.55). Both R = 0 and R′ = 0 are situations where the LTB-model does
not hold anymore. Both are curvature singularities, which is confirmed by the
coordinate invariant Ricci scalar (A.6). Provided that R ̸= 0, R′ = 0 is called a
shell crossing, because R is the same for different values of r due to the definition
of the derivative. R′ = 0 is seen as a ’weak singularity’, because a shell-crossing
will not ’crush’ an object in a volume [13]. In the real universe, the presence of
a gradient in pressure also prevents shells from crossing each other. This could
be interpreted as a limitation of the LTB-model in accurately modeling the real
universe.

2.3.1 Physical interpretation of function E(r)

Next to the physical interpretation of energy, there is another view we could
take on E. For this, we start by considering the three-dimensional t=constant-
hypersurfaces (see appendix E) in the dust LTB metric (2.53). Subsequently,
we can compute the 3D Riemann tensor components for the spatial metric:

ds2spatial =
1

1 + E(R)
dR2 +R2(dθ2 + sin2 θ dϕ2), (2.61)

where we relabeled the coordinate r to R so that R′(r)dr = dR and E(r(R)) =
E(R). This relabeling is necessary, as we can attribute physical meaning to
R but not to r. Computation of all the nonzero components[14, Section 18.3]

16An attentive reader will raise the issue that R = 0 at z = 0, so the model already starts
at a singularity, which is associated with the Big Bang. This is true, and therefore the model
actually only describes the evolution from t > t0.

21



gives:

Rrθrθ = Rrφrφ =
−E′(R)

2R
, (2.62)

Rθφθφ = − E

R2
, (2.63)

where the prime now denotes differentiation with respect to R. If E is zero, then
all the 3-Riemann curvature tensor components are zero. Because they will be
zero in every coordinate system due to the linear nature of the transformation
laws for tensors, the curvature is zero and every constant t surface will be flat
space for E = 0. If − E

R2 is constant, which we suggestively call k after the
section on the FLRW metric, then Rθφθφ is also constant. Because E′ = −2kR
in that case, both Rrθrθ and Rrφrφ will be constant as well and all the nonzero
components will be equal to k. With E = −kR2, the spatial metric can be
rewritten:

ds2spatial =
dR2

1− kR2
dR2 +R2(dθ2 + sin2 θ dϕ2), (2.64)

which is similar to the spatial metric for FLRW (2.22) and is equal for R(r) = r.
The quantity −E therefore measures how curved the spatial hypersurfaces are,
in the same way k does this for FLRW metric [18, Chapter 4] [28, Chapter 5].
The difference, however, is that the curvature is not constant and can depend on
the position r in the universe. Because of this interpretation of E, the functions
involving E, in particular 1√

1+E
, will be referred to as the curvature (factor) in

the following.
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Chapter 3

Misner-Sharp Mass

In general relativity, there exists no proper definition of the mass or energy in
terms of an integral expression of a density. The covariant energy-momentum
tensor, which acts as a source term for the curvature, does not incorporate the
energy contribution of the gravitational field itself 1.

It is also not possible to construct a tensor which captures this gravitational
field. This can be made precise by considering (an extended version of) Love-
lock’s theorem, which essentially tells you that no such a general tensor exists
that both describes the gravitational field and respects the ‘expected’ proper-
ties, such as being symmetric and divergence-free. A proof of this can be found
in [7]. It is important to note that the standard textbook argument related to
the equivalence principle, e.g. in [22, Section 20.4], is not rigorous at all 2.

To emphasize, this does not mean that general relativity implies that the
gravitational field does not exist. However, it does tell you that it is not mean-
ingful to consider it in a local context. Globally, due to the contribution of the
gravitational field, a neutron star, for instance, has a lower mass-energy than it
would have if we counted the sum of its constituents. [22, Section 20.4]

Now, an attentive reader might point to the limiting case of the weak-field
and slow motion, where general relativity reduces to Newtonian theory and
where the total mass integral expression can be defined. Indeed, this gives
the insight that, with specific conditions or symmetries for the metric, it could

1For this contribution, only ”pseudotensors”, objects that for their definition depend on
the choice of coordinates, can be defined[22, Page 464-467]. In addition, those pseudotensors
for the gravitational field are not uniquely defined.

2It goes as follows: ”By the equivalence principle or the existence of Riemannian normal
coordinates, it is always possible to choose a coordinate system for which in a point p in
spacetime: gµν(p) = ηµν and ∂σgµν(p) = 0. This implies that the Christoffel symbols are
zero at p. Then, it is argued that the ’gravitational field tensor’ will also be zero and by the
general transformation laws for tensors, it will be zero in every coordinate system, which
is inconsistent with the existence of the gravitational field.” The second order derivative
of the metric, however, is not zero. Therefore, this argument implicitly assumes that the
gravitational field tensor cannot depend on higher order (larger than one) derivatives of the
metric, but there is no clear physical reason given why this is the case.
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be possible to construct a meaningful integral expression for the total mass-
energy of a system in this spacetime. To start, we look back at the spherically
symmetric and static universe of section 2.2. The calculations in both upcoming
sections follow the reference [11].

3.1 m in spherically symmetric and static uni-
verse

The ”mass”-like quantity in the static, spherically symmetric metric (2.32) is
given as:

m(r) = 4π

∫ r

0

ρ(s)s2ds (3.1)

Because of its form, we are motivated to consider m the total mass-energy.
However, as mentioned earlier, one would expect to write the mass as the energy
density integrated with respect to the proper volume element:

m = 4π

∫ r

0

ρ(s)s2√
1− 2Gm(s)

s

ds, (3.2)

where the proper volume element is given by:
√
|gij | d3x =(

1− 2Gm(r)
r

)− 1
2

r2sinθ drdθdϕ. The number of baryons inside a star, for exam-

ple, can be written as an integral expression of some density. And indeed, the
correct way to calculate the total number of baryons within a radius r would be
to use the proper volume:

N = 4π

∫ r

0

n(s)s2√
1− 2Gm(s)

s

ds, (3.3)

where n(r) is the number density of baryons, given in the rest-frame of the fluid.
To further motivate why the quantity m in the static universe can be seen as
the total mass-energy, we must consider what happens in the Newtonian case.
For a Newtonian universe, where curvature does not exist, m(r) coincides with
the definition of (3.1), because the areal radius is equal to the proper distance in
that universe. We will also prove for the relativistic case that, in the Newtonian
limit, the difference between m and m(r) approximates the gravitational poten-
tial energy, further reinforcing the argument that this binding energy does not
merely function as a bookkeeping device, but physically represents the binding
of the constituents in the important Newtonian limit. The difference between
m and m is:

m−m = −
∫ r

0

((
1− 2Gm(s)

s

)− 1
2 − 1

)
ρ · 4πs2ds (3.4)
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The square root function in the integrand in the last expression can be expanded
as 1 − Gm

rc2 + O((Gm)2(c2r)−2), where c is restored a posteriori, so that the

Newtonian limit Gm
rc2 << 1 gives:

m−m ≈ −
∫ r

0

(Gm

s

)
ρ · 4πs2ds, (3.5)

where ρ4πs2ds is the mass of a spherical shell. In classical theory, if a sphere is
decomposed into a continuum of spherical shells and m(r) is the mass of interior
sphere, then the gravitational binding energy for shell with mshell is given by
the integral:

−
∫

Gmshell(r)minterior(r)

r
dr, (3.6)

which is equal to m −m in the Newtonian limit. The m −m is also called
the gravitational mass defect, because of its resemblance with the well-known
phenomenon in nuclear particle physics.

If we are, for instance, modeling a star, where Tµν is zero outside of a given
radius R, then outside of the ball with radius R, the mass will remain constant
by equation (2.7b). By Birkhoff’s theorem, which states that ”Let the geometry
of a given region of spacetime (1) be spherically symmetric, and (2) be a solution
to the Einstein field equations in vacuum. Then that geometry is necessarily a
piece of the Schwarzschild geometry” [22, Section 32.2], the total mass inside
the ball will be the equal to the Schwarzschild mass. Also, in the limit where
velocities are non-relativistic (v << c) and the gravitational potential is small
GM
rc2 << 1, the Schwarzschild solution will reduce to Newton’s law of gravitation.
Under this law, the revolving bodies around m are governed by Kepler’s third
law of motion and the mass in that law is equal to m. Because masses of stars
far away from us are actually determined using Kepler’s law, this represents
another way to operationally measure m. [22, Box 23.1]

To consider more arguments why m can be seen as mass, we will consider
the general case of the LTB metric.
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3.2 m in the LTB universe

With nonzero pressure and perfect fluid assumptions, equation (2.7b) essentially
tells us the only way by which m can change over time. This change can be
detected by locally measuring the power exerted by the pressure at the boundary
R that moves with speed Ṙ. [22, Box 23.1] We can also show that the ’LTB’-
mass for the metric (2.53) can be decomposed in different contributions for
energy in the zero pressure case. There, the ’mass’ m3 is written as:

m(r) =

∫ 2π

0

∫ π

0

∫ r

0

ρ R2R′ sin(θ)dsdθdφ. (3.7)

We can also write this in a more Newtonian form:

m =

∫ 2π

0

∫ π

0

∫ R0

0

ρ R2 sin(θ)dRdθdφ. (3.8)

We express the integral in terms of the proper volume element for the spatial
part of the metric (2.53),

√
det(gij)d

3x = R2R′ 1√
1+E

sin(θ)drdθdφ:

m(r) =

∫ 2π

0

∫ π

0

∫ r

0

ρ
√
1 + E

√
det(gij) dsdθdφ =

∫
D(r)

ρ
√
1 + E dVp (3.9)

Using the dynamical equation (2.54), we obtain the following illuminating ex-
pression 4:

m(r) =

∫
D(r)

ρ

√
1 + (Ṙ)2 +

2Gm

R
dVp (3.10)

If we compare this to the ”rest-mass” m, which is given as:

m =

∫
D(r)

ρ dVp , (3.11)

we can view m as the ’total energy’ which incorporates kinetic and potential
energetic contributions.

To see if the expression for the mass coincides with other definitions of mass-
energy in the appropriate limit and to put it into greater context, we consider
the definition of the Misner-Sharp mass.

3As expected, the mass is conserved over time, so that m(r, t) = m(r)
4Note that this is not a circular definition, but derived from two different expressions for

m(r) which are consistent with Einstein’s equation.
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3.3 Misner-Sharp mass

The definition of the Misner-Sharp mass [12][21] can be given as:

Definition. The Misner-Sharp mass, in the context of a spherically symmet-
ric metric gµν can be defined as follows, where A is the areal radius, which
multiplies the dΩ2 factor:

MMS =
A

2G

(
1− gµν∇µA∇νA

)
, (3.12)

From its form we can see that MMS is a covariant quantity, if A can be consid-
ered a covariant quantity. For the LTB metric (2.2), the Mms becomes:

MMS =
R

2G

(
1 + e−C(Ṙ)2 − (R′)2

X2

)
. (3.13)

We notice from (2.7a) that m is equal to the Misner-Sharp mass, if we set
Λ = 05, which means m is then also a coordinate invariant quantity and not
just a result for a special choice of coordinates.

We notice, however, that while it is clear this how to measure this ’mass’
from outside the spherically symmetric system, where Schwarzschild necessarily
applies, there is no known, clear and coordinate invariant way to physically
measure this mass from within the spherically symmetric system. Because of
this reason, the Misner-Sharp mass is also referred to as quasi-local mass.

5The Misner-Sharp mass is not equal to m if Λ ̸= 0.
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Chapter 4

Averaging procedures

Real observations of cosmological parameters by physical instruments are typ-
ically coarse-grained, meaning that we do not observe the quantities from a
point in the universe but the average, non-local effect. Further, the universe on
small-scale is highly inhomogeneous, which means that there exists a need to
study inhomogeneities that the idealized FLRW metric ignores.

As explained in the introduction (1), averaging in general relativity is not
straight-forward, as opposed to (classical) statistical mechanics. This is due to
the linear nature of averaging, whereas the Einstein Equations are nonlinear in
the metric. This means that the Einstein tensor Gµν is not commutative for
the metric gµν : “⟨Gµν⟩ ̸= Gµν(⟨gµν⟩)”. In fact, this even assumes that the
averaging of tensors is well-defined, which is not the case. As of yet, there is no
clear and covariant way of averaging tensors over spacetime in general relativity.
If we were to define a tensor as something like:

⟨Tµν⟩ =
1

V

∫
Tµν(x) d

4x, (4.1)

the first issue that arises is that tensors in different points live in different
tangent spaces and, therefore, they cannot be added trivially. To account for
this, we can apply parallel transport, but then we encounter another issue:
parallel transport in a curved space is necessarily path-dependent [16, Chapter
7]. What’s more, the value of this average (4.1) will depend on the choice of
coordinates.

Integration and averaging for scalar-valued functions, however, is covariant
and well-defined, as these issues of different tangent spaces and parallel trans-
port do not arise for them. Although Einstein’s equation is in tensorial form, it
can be equivalently written in a set of so-called evolution and constraint equa-
tions. Buchert proposed the systematic framework for applying averages to the
evolutions equations that are only given in terms of scalar-valued functions.
This is usually referred to as Buchert’s averaging [4]. Before we apply the av-
eraging, we will first derive the scalar equations we will apply the averaging to.
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Also, from this point, we will only consider the LTB metric (2.53) and with the
assumptions of zero pressure, comoving-synchronous coordinates and Λ = 0.

4.1 Evolution Equations for Covariant Scalars

While special relativity puts ’space’ and ’time’ on equal footing, the ADM-
formalism, developed by R. Arnowitt, S Deser and C. Misner [1], decomposes
4D-spacetime into 3D-space and time to obtain a Hamiltonian formulation for
general relativity. Using this split of spacetime, ten independent evolution and
constraint equations can be derived [8]. These equations describe the evolution
of spacetime in an equivalent manner as Einstein’s equation. For the averaging,
we will only consider the evolution equations with the scalar quantities θ, Σ2,
(3)R and ρ. The first three scalar functions are computed for the LTB metric
(2.53) in appendix (F):

θ := ∇µu
µ =

2Ṙ

R
+

Ṙ′

R′ , (4.2)

where θ, the expansion scalar, is a measure of how much a spherical volume of
test particles of a fluid changes in time [6, Appendix F]. The distortion of that
sphere without any change in volume is then measured by Σ2, the shear scalar,
and is given by:

Σ2 =
1

9

( Ṙ
R

− Ṙ′

R′

)2
(4.3)

Finally, (3)R is the spatial Ricci scalar and in the LTB case, it is equal to:

(3)R = −2
(ER)′

R2R′ . (4.4)

The spatial Ricci scalar is the spatial curvature scalar for the 3-dimensional
spatial hypersurfaces1, so it essentially gives intrinsic curvature of the 3D-space.

In the special case of the (dust) FLRW metric (2.22), where R = ra(t) and
E = −kr2, we note down the expressions of θ, (3)R and Σ, as we will need those
later:

θ =
2rȧ

ra
+

ȧ

a
=

3ȧ

a
, (4.5a)

(3)R = −2
(−kr2ra)′

r2a2a
=

6k

a2
, (4.5b)

Σ =
1

3

(rȧ
ra

− ȧ

a

)
= 0. (4.5c)

Using the ”3+1 split of spacetime”, described in appendix E, it is possible to

1For more information on this, please read appendix (E). By Gauß’s equations, the 3-
dimensional Ricci scalar can be related to its 4-dimensional equivalent.
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derive the following evolution equations in the LTB universe for these scalars,
which is done in the same appendix:

dθ

dτ
= −κ ρ

2
− 6Σ2 − 1

3
θ2, (4.6a)(θ

3

)2
=

κ ρ

3
−

(3)R
6

+ Σ2, (4.6b)

dρ

dτ
= −θρ, (4.6c)

where it should be stressed that there are more evolution and constraint equa-
tions and the equations (4.6) by themselves are incomplete, as they do not
provide a closed system of equations. For the averaging procedures that will
be applied, however, these equations are the ones that we will be focused on,
because the rest of the equations are given in terms of non-scalar quantities and
therefore, it is not clear how to average them.

Let us again consider the special case of dust FLRW; substituting the ex-
pressions (4.5) for the FLRW metric in the Raychaudhuri’s equation (4.6a) and
the Hamiltonian constraint equation (4.6b), where Σ2 is zero, we can easily
see that we have obtained the two Friedmann equations (2.24) and (2.26) with
p = Λ = 0. Now, before we apply any averaging procedure, the definitions for
the averages are given.

4.2 Definition of Averaging

For Buchert’s way of averaging, a specific and simple foliation of spacetime,
which we have seen earlier, is chosen. That is, the spacetime is decomposed into
t=const three dimensional spacelike hypersurfaces, on which the coordinates are
xi and the metric gµν is restricted to the spatial part gij . Then, we define the
spatial average used for Buchert’s averaging of the evolution equations:

Definition. Following [4] [25], the Buchert’s spatial average is defined for a
smooth, integrable and scalar-valued function A(t, xi) on a compact domain
R×D which is comoving with the fluid:

⟨A⟩(t) =
∫
D
d3x

√
g ·A(t, xi)∫

D
d3x

√
g

=
1

VD(t)

∫
D

d3x
√
g ·A(t, xi), (4.7)

where g = det(gij) and t is held fixed during integration.
Note that this definition ensures that there is neither inward nor outward flux

for the domain, D and that the domain may only change in time by expansion
or contraction of the fluid itself. Because the LTB metric (2.53) is spherically
symmetric, there is a strong motivation to choose the domain to be spherically
symmetric as well: D ≡ [0, r] × S2, where S2 is the unit sphere and [0, r] is
the closed interval between the center point 0 and the comoving label r. For
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the spatial part of the LTB metric (2.53), the proper volume element
√
gd3x =

R2R′ sin2(θ) 1√
1+E

drdθdϕ, so that the average (4.7) can be written as:

⟨A⟩(t) =

∫ r
0
drR2R′ sin2(θ) 1√

1+E
·A∫ r

0
drR2R′ sin2(θ) 1√

1+E

, (4.8)

where A does not depend on θ and φ due to spherical symmetry. It must be
noted that r in the upper bound of the integrals on the right-hand side of (4.8)
for ⟨A(t)⟩ is fixed beforehand. However, we can allow r to vary, which we define
as Ab = ⟨A(t)⟩(r). In the following, the dependence on the coordinates will be
omitted.

An issue arises with physical interpretation when we try to reconcile the
concept of the Misner-Sharp mass with how Buchert’s averaging procedure is
carried out for the energy density. Buchert’s average for ρ can be computed as:

⟨ρ⟩ =

∫ r
0
drR2R′ sin2(θ) 1√

1+E
· ρ∫ r

0
drR2R′ sin2(θ) 1√

1+E

=
m

V
, (4.9)

where m is the same quantity as in equation (3.11). While m can be seen as
a ‘rest mass’, it would be more physically correct to use the ‘active gravitating
mass’: the Misner-Sharp mass m. The integral for mass m, however, does not
contain the spatial curvature factor 1√

1+E
:

m(r) =

∫ r

0

drR2R′ sin2(θ) · ρ (4.10)

This motivates the definition of the quasi-local average:

Aq(t) =

∫ r
0
drR2R′ ·A(t, r)∫ r

0
drR2R′ =

∫ r
0
drR2R′ ·A(t, r)

1
3R

3
, (4.11)

where the t is held fixed again during the integration. (4.11) will be referred
to as the Sussman’s average in what follows, because the definition and the
calculations in section 4.4 follow the paper [25] by R. Sussman. We assume
here that r is not allowed to vary, such that Aq is only a function of t. Here,
we can similarly define the Sussman’s average for varying r as ⟨A⟩q(r, t). We
also remark that this average (4.11) only makes sense for a spherical context,
so that it cannot be defined for every possible spacetime like Buchert’s average.
Also, the Sussman’s average is in a sense a weighted Buchert’s average with the
weight w(r) =

√
1 + E(r):

Aq =

∫ r
0
drR2R′ sin2(θ) 1√

1+E
·A · w(r)∫ r

0
drR2R′ sin2(θ) 1√

1+E
· w(r)

, (4.12)
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For both the average functions Ab and ⟨A⟩, the following commutation rule
applies for the average and the derivative with respect to t:

∂t⟨A⟩ − ⟨∂tA⟩ = ⟨ΘA⟩ − ⟨Θ⟩⟨A⟩ (4.13)

The average functions ⟨A⟩ satisfy the following equation as well, known for
average distributions:

⟨(A− ⟨A⟩)2⟩ = ⟨A2⟩ − ⟨A⟩2. (4.14)

Both identities (4.13) and (4.14) can be found in [4].

4.3 Buchert’s Average Applied to the Evolution
Equations

Now, we will apply the Buchert’s average (4.7) to the evolution equations (4.6).
In this, we completely follow the the paper [4] by Thomas Buchert. It should be
noted that the general averaging procedure in (4.7) is defined for a general dust
metric, so it also holds for the LTB metric. We will see that due to noncom-
mutativity of the time derivative with the average, we will obtain FLRW-like
evolution equations for averages as well as extra terms that are associated with
backreaction. Applying the Buchert’s average functional ⟨.⟩ to Raychaudhuri’s
equation (4.6a), the energy balance equation (4.6c) and the Hamiltonian con-
straint (4.6b), we obtain the following set of equations:

⟨∂tΘ⟩ = −⟨Θ2⟩
3

− κ

2
⟨ρ⟩ − 6⟨Σ2⟩, (4.15a)

−⟨ρΘ⟩ = ⟨∂tρ⟩, (4.15b)

(⟨Θ⟩)2

9
=

κ

3
⟨ρ⟩ − ⟨(3)R⟩

6
+ ⟨Σ2⟩, (4.15c)

Equation (4.13) helps to reduce the averaged evolution equation (4.15b):

−⟨ρΘ⟩ = ∂t⟨ρ⟩ − ⟨ρΘ⟩+ ⟨ρ⟩⟨Θ⟩ (4.16)

Some terms cancel, and the averaged energy balance is:

0 = ∂t⟨ρ⟩+ ⟨ρ⟩⟨Θ⟩ (4.17)

We apply the same commutation rule (4.13) to the averaged Raychaudhuri’s
equation (4.15a):

∂t⟨Θ⟩ − ⟨Θ2⟩+ (⟨Θ⟩)2 = −⟨Θ2⟩
3

− κ

2
⟨ρ⟩ − 6⟨Σ2⟩ (4.18)
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Shuffling terms to the other sides of the equality, we are then left with:

∂t⟨Θ⟩ = − (⟨Θ⟩)2

3
+

2

3

(
⟨Θ2⟩ − (⟨Θ⟩)2

)
− κ

2
⟨ρ⟩ − 6⟨Σ2⟩. (4.19)

We use equation (4.14) to rewrite the equation above as the averaged Raychaud-
huri’s equation:

∂t⟨Θ⟩ = − (⟨Θ⟩)2

3
− κ

2
⟨ρ⟩+ Q, (4.20)

where Q = 2
3 ⟨(Θ −⟨Θ⟩)2⟩− 6⟨Σ2⟩, which is also called the back-reaction term.

This backreaction term Q, which we refer to in the introduction, measures how
much the inhomogeneities in the expansion scalar and in the shear scalar affect
the dynamics of our universe. Q > 0 indicates that the expansion is more ac-
celerated than in the dust FLRW universe. [4]

We apply the equation for averages (4.14) to the averaged Friedman equation
(4.15c) to obtain:

(⟨Θ⟩)2 − ⟨(Θ − ⟨Θ⟩)2⟩
9

=
κ

3
⟨ρ⟩ − ⟨(3)R⟩

6
+ Σ2 (4.21)

Using the expression for Q gives the averaged Hamiltonian constraint:

(⟨Θ⟩)2

9
=

κ

3
⟨ρ⟩ − ⟨(3)R⟩+Q

6
. (4.22)

4.4 Sussman’s average Applied to the Evolution
Equations

To derive the evolution equations, we first compute the quasi-local average func-
tionals of the functions ρ, θ and (3)R, which will be named ρq, θq and (3)Rq

respectively. As will become clear, (Σ2)q is not needed in this derivation. Then,
θq is derived as follows, where the expression for θ can be found in (4.2):

θq =

∫ r
0
dxθR2R′∫ r

0
dxR2R′ =

∫ r
0
dx( 2ṘR + Ṙ′

R′ )R
2R′∫ r

0
dxR2R′ =

∫ r
0
dx(2ṘRR′ + Ṙ′R2)∫ r

0
dxR2R′

=

∫ r
0
dx(ṘR2)′∫ r

0
dxR2R′ =

[ṘR2]r0
[ 13R

3]r0
= 3

Ṙ

R
(4.23)

Similarly, (3)Rq is derived with the expression for (3)R in (4.4):

(3)Rq =

∫ r
0
dx((3)R)R2R′∫ r
0
dxR2R′ = −2

∫ r
0
dx( [ER]′

R′R2 )R
2R′∫ r

0
dxR2R′ = −2

[ER]r0
[R

3

3 ]r0
= −6

E

R2

(4.24)
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The energy density ρ, which is the motivation behind defining the Sussman’s
average, is given by:

ρq =

∫ r
0
dxρR2R′∫ r

0
dxR2R′ =

m(r)
4π
3 R3

, (4.25)

where we clearly used the equation (2.55), which characterizes the evolution of
the LTB universe.

The following derivations in this entire section 4.4 follow the paper [25] by
Roberto Sussman: Using equation (2.54), which also describes the evolution of
the LTB metric, the quasi-locally averaged Hamiltonian constraint is derived.
First, the equation is divided by R2:

1

9

(3Ṙ
R

)2
=

2Gm

R3
+

1

6

6E

R2
(4.26)

With the expressions (4.23), (4.24), (4.25) for Θq,
(3)Rq and ρq respectively,

this equation becomes the averaged Hamiltonian constraint:(
Θq
3

)2

=
κ

3
ρq −

(3)Rq

6
, (4.27)

To derive the averaged energy balance equation, we take the derivative of ρq:

∂tρq =
−m
4π
3 R4

3Ṙ = −Θqρq (4.28)

Finally, we derive the averaged Raychaudhuri’s equation by taking the derivative
of Θq:

∂tΘq = 3
R̈R− (Ṙ)2

R2
= 3

−Gm
R − (Ṙ)2

R2
, (4.29)

where in the last equality we have used equation (2.54), differentiated with
respect to t, R̈ = −Gm

R2 . Using the expressions for Θq and ρq, we obtain the
averaged Raychaudhuri’s equation:

∂tΘq = −
Θ2
q

3
− κ

2
ρq (4.30)

Now, we notice that the equations (4.27), (4.30) and (4.28) are precisely the
Hamiltonian constraint, Raychaudhuri’s equation and the energy balance equa-
tion for the dust FLRW metric model2! This shows that this form of weighted
averaging produces a metric where the inhomogeneities are averaged away. As
a consequence, there is no backreaction term in the dust FLRW evolution equa-
tions and that is the reason why we did not need the quasi-local average of Σ2.

2Note that for FLRW the evolution equations are the equations (4.6) with Σ2 = 0.
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An advantage of this averaging procedure is that we have reduced the LTB uni-
verse into a background FLRW universe, on which the inhomogeneities evolve.
This evolution is described exactly and it is encapsulated in the differences be-
tween the average and the quantity itself: A−Aq.

It must also be emphasized that the Sussman’s average was not applied to
the evolution equations (4.6), which was done for the Buchert’s averaging frame-
work. Here, the quasi-local averages for the evolution scalars in the evolution
equations were computed and then the LTB differential equations (2.54) and
(2.55) were used to derive the quasi-locally averaged evolution equations.

4.5 Buchert’s and Sussman’s Average Applied
to Milne Universe

Before we apply the different averaging procedures, we summarize the three ways
in which the metric for Milne’s model is written with dΩ2 = dθ2 + sin2(θ)dϕ2:

ds2 = −dt2 + t2[
dr2

1 + r2
+ r2dΩ2], (4.31)

ds2 = −dt2 + t2dχ2 + t2sinh(χ)2dΩ2, (4.32)

ds2 = −dT 2 + dR2 +R2dΩ2, (4.33)

with r2 = sinh2(χ) and R = t sinh(χ) and T = t cosh(χ): In this universe, the
Sussman’s average for a test function A(r, t) will reduce to:

Aq =

∫ r
0
ds(st)2 · t ·A∫ r
0
ds(st)2 · t

=

∫ ψ
0
dχ cosh(χ) sinh2(χ) · t3 ·A∫ ψ
0
dχ cosh(χ) sinh2(χ) · t3

(4.34)

because Milne is special case of LTB with R(r, t) = rt and E = r2. The
coordinates for Aq are changed with dR = t cosh(χ)dχ:

Aq =

∫ 2π

0

∫ π
0
sin(θ)dθdφ ·

∫ R0

0
dR R2 ·A∫ 2π

0

∫ π
0
sin(θ)dθdφ ·

∫ R0

0
dR R2

, (4.35)

where the angular volume elements are included. The Buchert’s average can,
for the sake of completeness, also be computed:

⟨A⟩ =

∫ r
0
ds(st)2 · t√

1+s2
·A∫ r

0
ds(st)2 · t√

1+s2

=

∫ ψ
0
dχ cosh(χ) sinh2(χ) · t3

cosh(χ) ·A∫ ψ
0
dχ cosh(χ) sinh2(χ) · t3

cosh(χ)

(4.36)

After the coordinate change with the Minkowski metric in mind, this becomes:

⟨A⟩ =

∫ 2π

0

∫ π
0
sin(θ)dθdφ ·

∫ R0

0
dR R2 t√

t2+R2
·A∫ 2π

0

∫ π
0
sin(θ)dθdφ ·

∫ R0

0
dR R2 t√

t2+R2

, (4.37)
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where it is emphasized again that t is constant. The volume element in Buchert’s
expression (4.37) underlines why it is the natural way to integrate; it aligns
with the hyperboloid over which the average is taken. For Sussman’s average,
however, we notice that ‘the curvature is indeed not taken into account’, in the
sense that the volume element in its definition is given by: 4πR2R′dr = 4πR2dR.
We remark that, while it is unclear yet what to make of this physically, the
Milne universe provides the perfect testing ground for us to apply the averaging
procedures.
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Chapter 5

Discussion

Spherical symmetry is a key assumption that in the real universe does not
necessarily hold everywhere. It should be stressed that the mass in the static
universe or the LTB universe, written as an integral expression of ρ, is rather
a miraculous fact than a general fact in general relativity. One could argue
that the synchronous-comoving coordinates were used to derive (2.7) and that
that choice is the reason for the integral expression of mass. And although,
it is correct that the function, which is the factor that multiplies dΩ2, is not
invariant under certain transformations (see footnote 2 on page 7 of this thesis),
this function, also used to define the Misner-Sharp mass, is invariant under the
‘expected’ transformations. While it is not completely trivial and clear why it,
in general, is referred to as a geometric invariant and the Misner-Sharp mass as
an invariant quantity in the literature [11], we can at least expect Mms to be
invariant for these reasonable transformations. This would imply that spherical
symmetry alone permits a good definition of mass without the need of the
comoving-synchronous coordinate system.

It would be interesting to see, as the expression in (2.8) suggests, whether
the integral expression is also manifestly covariant. At this point, we can only
conclude that (2.8) was derived using the special comoving-synchronous coor-
dinate system. It is, however, a very natural coordinate system to consider,
because it ‘follows’ the fluid. For this very reason, it was also used to define the
averages. Moreover, we emphasize the use of the comoving-synchronous coordi-
nate system to obtain the various different Newtonian expressions throughout
this thesis. The interpretation with respect to gravitational binding energy, for
instance, was made after introduction of this special coordinate system. We
also remark that, while chapter 3 explains why the curvature factor is missing
by considering the Newtonian limit for m−m, there is still no intuition in the
general relativistic and general coordinate case.

Regardless of all the assumptions, it is also not clear if it is even possible
to measure the Misner-Sharp mass, even in the static context, from within the
system. There is a similar open question for the averages: Is it possible to
measure the Sussman’s or Buchert’s average physically? Section 4.5 suggests
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that the physical meaning behind the averages can also be further investigated
in the relatively simpler setting of the Milne universe.

Lastly, we remark on the Sussman’s average. Although the average is math-
ematically consistent for the other scalars than ρ, it physically makes less sense
to apply the Sussman’s average to them. This is because the integral expres-
sions containing these scalars are well-defined; Buchert’s average seems to be
the natural choice.
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Appendix A

Derivation of Einstein
tensor components for a
spherically symmetric
metric

If the metric is given by:

ds2 = −eC(r,t)dt2 +X2(r, t)dr2 +R2(r, t)(dθ2 + sin2 θ dϕ2),

then the inverse metric will be given by:

gµν =


−e−C 0 0 0

0 1
X2 0 0

0 0 1
R2 0

0 0 0 1
R2sin2(θ)


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With this, the Christoffel symbols, Γρµν = 1
2g
ρσ (∂µgνσ + ∂νgµσ − ∂σgµν), can

be written as the following:

Γttt =
1

2
Ċ, Γttr =

1

2
C ′, Γtrr =

XẊ

eC
,

Γtθθ =
RṘ

eC
, Γtφφ =

RṘ sin2 θ

eC
, Γrtt =

eCC ′

2X2
,

Γrtr =
Ẋ

X
, Γrrr =

X ′

X
, Γrθθ = −RR′

X2
,

Γrφφ = −RR′

X2
sin2 θ, Γθtθ =

Ṙ

R
, Γθrθ =

R′

R
,

Γθφφ = − sin θ cos θ, Γφtφ =
Ṙ

R
, Γφrφ =

R′

R
,

Γφθφ = cot θ.

Here the vanishing Christoffel symbols or those which are symmetric to the
ones given are omitted. Using these Christoffel symbols, the non-vanishing
Ricci tensor components, Rµν = ∂ρΓ

ρ
µν − ∂νΓ

ρ
µρ + ΓρρλΓ

λ
µν − ΓρνλΓ

λ
µρ , can

directly be given:

Rtt =
1

2
Ċ
Ẋ

X
+ Ċ

Ṙ

R
+

eC

X2

(
1

2
C ′′ +

1

4
(C ′)2 − 1

2
C ′X

′

X
+ C ′R

′

R

)
− Ẍ

X
− 2

R̈

R
, (A.1)

Rtr = Rrt = 2
ẊR′

XR
+

ṘC ′

R
− 2

Ṙ′

R
, (A.2)

Rrr = e−C

(
XẌ − 1

2
ẊXĊ + 2

XẊṘ

R

)

−
(
2R′′

R
− X ′C ′

2X
− 2X ′R′

XR
+

1

2
C ′′ +

1

4
(C ′)2

)
, (A.3)

Rθθ = 1 + e−C

(
R̈R+ (Ṙ)2 +RṘ

Ẋ

X
− 1

2
RṘĊ

)

− 1

X2

(
RR′′ + (R′)2 +RR′ 1

2
C ′ −RR′X

′

X

)
, (A.4)

Rφφ = sin2 θ Rθθ. (A.5)
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As Rφφ is given by Rθθ sin
2(θ), we can compute the Ricci scalar, defined as

R = gµνRµν :

R = −e−CRtt +
1

X2
Rrr +

2

R2
Rθθ (A.6)

= e−C
[2Ẍ
X

+
4R̈

R
− ĊẊ

X
− 2ṘĊ

R
+

4ṘẊ

RX
+

2(Ṙ)2

R2

]
(A.7)

+
1

X2

[
− 4R′′

R
+

4R′X ′

RX
− 2(R′)2

R2

]
+

2

R2

− C ′′

X2
+

C ′

X2

[
− 2R′

R
+

X ′

X
− C ′

2

]
.

Finally, the Einstein tensor components are given by, with Gµν = Rµν− 1
2gµνR:

Gtt =
2ẊṘ

XR
+

Ṙ2

R2
+ eC

(
1

R2
− 2R′′

X2R
− (R′)2

X2R2
+

2X ′R′

X3R

)
, (A.8)

Gtr = 2
ẊR′

XR
+

ṘC ′

R
− 2

Ṙ′

R
, (A.9)

Grr =
(R′)2

R2
+

R′C ′

R
− X2

R2
− e−CX2

(
2R̈

R
+

Ṙ2

R2
− ṘĊ

R

)
(A.10)

Gθθ =
R2

X2

(
R′′

R
+

C ′′

2
+

(C ′)2

4
− X ′R′

XR
+

R′C ′

2R
− X ′C ′

2X

)
+ e−CR2

(
−Ẍ

X
− R̈

R
− ẊṘ

XR
+

ẊĊ

2X
+

ṘĊ

2R

)
, (A.11)

Gφφ = sin2 θ Gθθ. (A.12)
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Appendix B

Equations that result from
Einstein’s equation

We follow the similar calculations in [14, Page 295 - 296].

B.1 ”Mass” equations

We set κ = 8πG and multiply equation (2.6a) with R2R′

eC
to obtain:

κρR2R′ = e−C
2RR′ẊṘ

X
+ e−CR′Ṙ2 (B.1)

+

(
R′ − 2R′′RR′

X2
− (R′)3

X2
+

2X ′(R′)2R

X3
− ΛR2R′

)
.

This can be written as:

κρR2R′ = e−C
2RR′ẊṘ

X
−R

∂

∂r
(e−CṘ2) (B.2)

+
∂

∂r

[
R− (R′)2R

X2
− 1

3
ΛR3 + e−CR(Ṙ)2

]
,

where e−C(Ṙ)2R′ = ∂
∂r (e

−CR(Ṙ)2) − R ∂
∂r (e

−C(Ṙ)2) was also used. Now, we

multiply equation (2.6b) by ṘR2e−C which gives:

e−C
2RR′ẊṘ

X
+R(Ṙ)2C ′ − 2Ṙ′RṘ = 0 (B.3)

We immediately recognize that, knowing −R ∂
∂r (e

−C(Ṙ)2) = −e−CRC ′(Ṙ)2 +

2e−CRṘṘ′, the first two terms on the right-hand side of (B.2) are 0:

κρR2R′ =
∂

∂r

[
R− (R′)2R

X2
− 1

3
ΛR3 + e−CR(Ṙ)2

]
, (B.4)
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Similarly, we remember κ = 8πG and multiply equation (2.6c) by R2Ṙ
X2 to obtain:

κPR2Ṙ =
(R′)2Ṙ

X2
+

R′C ′RṘ

X2
− Ṙ+ ΛR2Ṙ (B.5)

− e−C
(
2R̈RṘ+ Ṙ3 − Ṙ2RĊ

)
We again recognize that all the terms in the round brackets in equation (B.5)
are the results of a derivation of a quantity with respect to t:

κPR2Ṙ =
(R′)2Ṙ

X2
+

R′C ′RṘ

X2
(B.6)

− ∂

∂t

[
R− 1

3
ΛR3 + e−C(Ṙ)2R

]
Now, we multiply equation (2.6b) by R′R2

X2 which gives:

2R(R′)2Ẋ

X3
+

ṘC ′R′R

X2
− 2Ṙ′RṘ

X2
= 0 (B.7)

We immediately use this equation to rewrite equation (B.6):

κPR2Ṙ =
(R′)2Ṙ

X2
+

2Ṙ′RṘ

X2
− 2R(R′)2Ẋ

X3
(B.8)

− ∂

∂t

[
R− 1

3
ΛR3 + e−C(Ṙ)2R

]
Recognizing the first three terms as a derivative of a quantity with respect to t
gives the following equation:

−κPR2Ṙ =
∂

∂t

[
R− (R′)2R

X2
− 1

3
ΛR3 + e−CR(Ṙ)2

]
(B.9)

If we now define the mass in this context to be:

m(r, t) ≡ 1

2G

[
R− (R′)2R

X2
− 1

3
ΛR3 + e−CR(Ṙ)2

]
, (B.10)

then equations (B.4) and (B.9) can be written as:

∂

∂r
m(r, t) = 4πρ(r, t)R2R′, (B.11)

∂

∂t
m(r, t) = 4πP (r, t)R2Ṙ. (B.12)

(B.13)
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B.2 Dynamical Equation

The quantity m can also be used to determine a dynamical equation for this
spherically symmetric universe. If we take the derivative of m in equation (B.10)
with respect to t and note that this is also given by (B.9), we obtain the following
expression:

−4πP (r, t)R2Ṙ =
∂

∂t
m(r, t) (B.14)

=
1

2G

[
Ṙ− 2R′Ṙ′R

X2
− (R′)2Ṙ

X2
+

2(R′)2RẊ

X3
− 1

3
ΛR2Ṙ (B.15)

− 2

3
ΛR2Ṙ− Ċe−CR(Ṙ)2 + e−C(Ṙ)3 + 2e−CRṘR̈

]
. (B.16)

Recognizing the first, third, fifth and eighth terms as the quantity mṘ
R and

seeing that RṘe−C(2R̈− ĊṘ) = 2RṘe−
C
2 ∂t(e

−C
2 Ṙ), the equation becomes:

−4πP (r, t)R2Ṙ =
mṘ

R
− 1

2G

[2R′Ṙ′R

X2
+

2(R′)2RẊ

X3
(B.17)

− 2

3
ΛR2Ṙ+ 2RṘe−

C
2 ∂t(e

−C
2 Ṙ)

]
. (B.18)

Now, we multiply equation (2.6b) by −R2R′

X2 and rewrite it:

−2
Ṙ′RR′

X2
+−2

(R′)2RẊ

X3
= − ṘC ′R′R

X2
(B.19)

Substituting this expression into equation (B.18) and dividing the equation by

the factor ṘR
G , the following rewritten dynamical equation is obtained:

e−
C
2 ∂t(e

−C
2 Ṙ) = −(4πGP (r, t)R+

Gm

R2
) +

C ′R′

2X2
+

1

3
ΛR (B.20)

B.3 Grt-equation

Multiplying equation (2.6b) by R
2 and rewriting results in the following expres-

sion:

Ṙ′ =
Ẋ

X
R′ +

ṘC ′

2
(B.21)
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Appendix C

Equations that result from
the Energy-Momentum
Tensor

Using Tµν = diag(ρe−C , PX−2, PR−2, PR−2 sin−2(θ)), we see that the conser-
vation law ∇µT

µν = 0, which is equivalent to ∂µT
µν + Γµµλ T

λν + Γνµλ T
µλ,

gives:

v = t : 0 = ∇tT
tt = ∂t(ρe

−C) + ΓµµtT
tt + ΓtµλT

µλ

= ∂t(ρe
−C) + (

1

2
Ċ +

Ẋ

X
+

2Ṙ

R
)ρe−C

+
1

2
Ċρe−C +

XẊ

eC
PX−2 + 2

RṘ

eC
PR−2

= ∂t(ρe
−C) + Ċρe−C + e−C(

Ẋ

X
+

2Ṙ

R
)(ρ+ P )

= ∂t(ρ)e
−C + e−C(

Ẋ

X
+

2Ṙ

R
)(ρ+ P ), (C.1)

v = r : 0 = ∇rT
rr = ∂r(

P

X2
) + (Γµµr)T

rr + ΓrµλT
µλ

= ∂r(
P

X2
) + (

1

2
C ′ +

X ′

X
+ 2

R′

R
)PX−2

+
eCC ′

2X2
ρe−C +

X ′

X
PX−2 − 2

RR′

X2
PR−2

= X−2∂r(P ) +
1

2
C ′X−2(P + ρ), (C.2)

v = θ : 0 = ∇θT
θθ = ΓµµθT

θθ + ΓθµλT
µλ

= (cot(θ))PR−2 − sin(θ) cos(θ)PR−2 sin−2(θ) = 0, (C.3)

v = φ : 0 = ∇φT
φφ = ΓµµφT

φφ + ΓφµλT
µλ = 0 + 0 = 0. (C.4)
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This, therefore, gives two non-trivial equations:

∂tρ+ (
Ẋ

X
+

2Ṙ

R
)(ρ+ P ) = 0, (C.5)

∂rP +
1

2
C ′(P + ρ) = 0. (C.6)

It must be noted that these equations can also be obtained from the Einstein
equations (2.4). For this reason and because of its complexity, we do not ma-
nipulate (2.6d) into another equation.
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Appendix D

Solutions of the Differential
Equation for LTB

We start from equation (2.54) in context of the LTB-metric (2.53):

(Ṙ(t, r))2 = E(r) +
2Gm(r)

R(t, r)
(D.1)

We will solve this PDE independently for each shell labeled with r. Thus, we
reduces this PDE to a non-linear first order ODE with m and E constant.

(Ṙ)2 = E +
2Gm

R
(D.2)

Take the square root of both sides:

Ṙ = ±
√
E +

2Gm

R
= ±

√
ER+ 2Gm√

R
. (D.3)

The method of separation of variables is applied to this equation with subsequent
integration: ∫ √

R√
ER+ 2Gm

dR = ±
∫

dt. (D.4)

At this point, the distinction is made between case E > 0, E = 0, E < 0.

D.1 Case E > 0

The nominator and denominator are divided by
√
E:

1√
E

∫ √
R√

R+ 2Gm
E

dR = ±
∫

dt. (D.5)
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For the left-hand side, the change of variables is used with R = 2Gm
E sinh2(u),

where u is the new variable, so that
√

R+ 2Gm
E =

√
2Gm
E cosh(u):∫ √

2Gm
E sinh(u)√
2Gm
E cosh(u)

· 2 · 2Gm

E
sinh(u) cosh(u) du = ±(t− C), (D.6)

where C is the integration constant. This reduces to:

4Gm

E
3
2

∫
sinh2(u) du = ±(t− C), (D.7)

The change of variables, now with z = 2u is performed:

2Gm

E
3
2

∫
sinh2(

z

2
) dz =

Gm

E
3
2

∫
cosh(z)− 1 dz = ±(t− C). (D.8)

Absorbing the other integration constant in C, the following indirect expression
for the solution is obtained, where C is renamed to t0 and it is noted that it can
still depend on r:

Gm

E
3
2

(sinh(z)− z) = ±(t− t0(r)), (D.9)

We substitute z into equation for R(r, t) to obtain the system of parametric
solutions:

Gm

E
3
2

(sinh(z)− z) = (t− t0(r)), (D.10)

R(r, t) =
2Gm(r)

E
sinh2(u) =

Gm(r)

E
(cosh(z)− 1), (D.11)

where the positive root was chosen because sinh(z) − z is positive for all z ∈
(0,∞) on the left-hand side, and the right-hand side must also be positive. The
latter is the consequence of the fact that time proceeds from t0, also called the
bang time function, so that the difference t− t0(r) must be positive.

D.2 Case E = 0

With E = 0, the expression (D.4) becomes:∫ √
R√

2Gm
dr = ±

∫
dt. (D.12)

Integration results in the following expression:

2

3
R3/2 = ±

√
2Gm(t− t0(r)), (D.13)

and this gives the final expression:

R(r, t) =

[
9

2
Gm(r)(t− t0(r))

2

] 1
3

, (D.14)

where the positive root was chosen because R(r, t) is a physical radius.
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D.3 Case E < 0

Define K = −E > 0 and substitute this into the equation (D.4):∫ √
R√

−KR+ 2Gm
dR = ±

∫
dt. (D.15)

The nominator and denominator are divided by
√
K:

1√
K

∫ √
R√

−R+ 2Gm
K

dR = ±
∫

dt. (D.16)

For the left-hand side, the change of variables is used with R = 2Gm
K sin2(u),

where u is the new variable, so that
√

R+ 2Gm
E =

√
2Gm
K cos(u):

∫ √
2Gm
K sin(u)√
2Gm
K cos(u)

· 22Gm

E
sin(u) cos(u) du = ±(t− C), (D.17)

where C is the integration constant. This reduces to:

4Gm

K
3
2

∫
sin2(u) du = ±(t− C), (D.18)

The change of variables, now with z = 2u is performed:

2Gm

K
3
2

∫
sin2(

z

2
) dz =

Gm

K
3
2

∫
1− cos(z) dz = ±(t− C). (D.19)

Absorbing the other integration constant in C, the following indirect expression
for the solution is obtained, where C is renamed to t0 and E is substituted:

Gm

(−E)
3
2

(z − sin(z)) = ±(t− t0(r)). (D.20)

We substitute z and E = −K into the equation for R(r, t) to obtain the system
of solutions of parametric form:

Gm

(−E)
3
2

(z − sin(z)) = (t− t0(r)), (D.21)

R(r, t) =
2Gm(r)

K
sin2(

z

2
) = −Gm(r)

E
(1− cos(z)), (D.22)

where the positive root was chosen because z−sin(z) is positive for all z ∈ (0, 2π)
on the left-hand side, and the right-hand side must also be positive.
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Appendix E

Derivation of Evolution
Equations for dust

The evolution equations, equivalent to the Einstein equation, are for a general
dust metric obtained by following the ADM formalism that decomposes space-
time. It does so by partitioning the spacetime manifold M into a collection of
spacelike hypersurfaces1, which are the 3D-submanifolds ΣT where some ’time’
function T (t, x, y, z) on M is constant. The choice of this time function is not
a priori fixed, due to the diffeomorphism invariance. This means that different
observers can choose their time and those give different spatial hypersurfaces
and this splitting is equivalent. However, because we are considering the zero
pressure LTB universe with the metric (2.53), where t in this metric is equal to
the proper time as measured by an comoving observer and global synchonisation
is possible with this specific foliation of spacetime, we will consider the family of
spatial hypersurfaces Σt ∼= {x1, x2, x3 : t = constant}, where Σt ∼= {t}×S ∼= S,
with S as the spatial manifold. While it is not the case for general hypersur-
faces, the unit normal nµ on constant-t hypersurfaces will simply be (1, 0, 0, 0)
in vector form2. We can define the projection tensor Pµν ≡ gµν + nµnν , which
projects a vector onto a spatial hypersurface with unit normal nµ.

While till now the Riemann and Ricci tensors were used to consider cur-
vature, the curvature they consider, is the intrinsic curvature. This is the
curvature you would measure within the manifold itself. However, a cylinder
for example has R = 0 and thus its intrinsic curvature vanishes. Obviously, we
know that a 3D cylinder curves as an embedded object in a larger space, so this
motivates the definition for extrinsic curvature, which is a measure of how much
a submanifold curves as an embedding in a higher dimensional manifold. While
the equivalent definitions can be found in [2], Caroll shows [6, Appendix D],

1This means that the three tangent vectors, forming the basis of the 3D-hypersurface, are
spacelike.

2We ignore the minus case.

50



for a general metric, that the extrinsic curvature tensor Kµν can be written as:
Kµν = ∇µuν , when the acceleration aµ is zero.3 Notice, that for the dust case,
the unit normal and 4-velocity are equal, which validates the interchangable use
of the two. We are allowed to express the extrinsic curvature into a trace part
and a trace-free part, which could be easily checked by taking the trace of the
tensors:

Kµν =
1

3
PαβKαβPµν + σµν , (E.1)

where σµν ≡ Kµν − 1
3P

αβKαβPµν represents the trace-free tensor. We define θ
to be the trace of Kµν :

θ ≡ PαβKαβ = ∇µu
µ, (E.2)

where in the last equality it was used that the acceleration is zero.

E.1 Raychaudhuri’s Equation

We take the directional covariant derivative of Kµν with respect to the proper
time of the fluid:

DKµν

dτ
= uρ∇ρ∇νuµ . (E.3)

To commute the two covariant derivatives ∇ρ and ∇ν , we remember that
[∇ρ,∇ν ]uµ = Rαµνρuα, so that the equation becomes:

DKµν

dτ
= −uρRαµνρuα +∇ν

[
uρ∇ρuµ

]
−
[
∇νu

ρ
][
∇ρuµ

]
, (E.4)

where the last two terms on the right-hand side are the result of the Leibniz
rule for covariant derivatives. Now, we remember that Kµν = ∇µuν and that
the acceleration is zero to rewrite the equation as:

DKµν

dτ
= −uρRαµνρuα −Kρ

νKµρ, (E.5)

which can be written as:

dθ

dτ
= −Rµνu

µuν − σµνσµν −
1

3
θ2, (E.6)

because we apply inverse metric gµν on both sides and we note that the trace
of Kµν , θ, is a scalar for which the covariant derivative reduces to a normal
one. Furthermore, we have used that KµνKµν = σµνσµν +

1
3θ

2, as PµνPµν = 3.
Finally, dividing by 3 and using Σ2 ≡ 1

6σ
µνσµν , we write:

dθ

dτ
= −κ ρ

2
− 6Σ2 − 1

3
θ2, (E.7)

3This acceleration is defined as aµ = nν∇νnµ and it is zero, because Γµ
tt are zero for dust

LTB and nv = (1, 0, 0, 0).
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where the first term was the result of writing Rµνu
µuν = κρ

2 , with κ = 8πG,
from Einstein’s equation. Equation (E.7) is called the Raychaudhuri’s equation.
The derivation followed [6, Appendix F].

E.2 Hamiltonian Equation

Gauß’s equation relates the 3-Ricci scalar to the 4-Ricci scalar of the spacetime
manifold and, thus, the intrinsic curvature to the extrinsic curvature. When
we apply the projection operator Pσν on the Gauß’s equation, we obtain the
following equation [6, Appendix D]:

(3)R = (4)R+ 2Rµνu
µuν − (gµνKµν)

2 +KµνKµν . (E.8)

We can rewrite the equation to:

(3)R
6

=
R
6

+
1

3
Rµνu

µuν −
(θ
3

)2
+Σ2 . (E.9)

Here, we have used that the trace ofKµν is θ and we have defined Σ2 ≡ 1
6σ

µνσµν .
The 4-Ricci scalar from this point is denoted as just R. The Einstein equation,
in a form that is multiplied by uµuν , expresses the first two terms on the right-
hand side of (E.9) as κρ

3 , where κ = 8πG, so that we obtain:(θ
3

)2
=

κ ρ

3
−

(3)R
6

+ Σ2 . (E.10)

Equation (E.10) is referred to as the Hamiltonian constraint or general Fried-
mann equation. The derivation followed [6, Appendix F][19, Page 29-32].

E.3 Energy Balance Equation

For the dust-LTB universe with zero pressure, equation (C.5) implies that:

dρ

dτ
+
( Ṙ′

Ṙ
+ 2

Ṙ

R

)
ρ = 0, (E.11)

where we have used that Ẋ
X = Ṙ′

Ṙ
. As we will see, the factor that multiplies ρ is

θ, but the equation can be in general derived for a dust universe by projecting
onto the 4-velocity and using the normalization condition for the four-velocity.
This is called the energy balance equation:

∂tρ+ θρ = 0, (E.12)
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Appendix F

Derivation expressions for
θ, (3)R and Σ2 in LTB

For the derivations, we assume the LTB universe, where the pressure is zero
and comoving-synchronous coordinates are used, with metric (2.53), such that
gtt = −1. The relevant quantities are defined in (4.1) and (E).

F.1 Scalar θ in LTB

The expansion parameter can be calculated, using the expression for
√
−g, the

fact that uµ = (1, 0, 0, 0) and the fact that E is not dependent on t:

θ = ∇µu
µ =

1√
−g

∂µ
(√

−g uµ
)
=

1

R2R′ ∂t
(
R2R′) (F.1)

Because ∂t(R
2R′) = 2RṘR′ + R2Ṙ′, we can compute the final expression as

follows:

θ =
2Ṙ

R
+

Ṙ′

R′ (F.2)

F.2 Scalar (3)R in LTB

We start with the contracted version of Gauß’s equation:

(3)R = (4)R+KµνK
µν − θ2 + 2Rµνu

µuν (F.3)

Then, we compute the quantities on the left-hand side separately:
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(4)R in (A.6) reduces to:

(4)R =
[2Ẍ
X

+
4R̈

R
+

4ṘẊ

RX
+

2(Ṙ)2

R2

]
(F.4)

+
1

X2

[
− 4R′′

R
+

4R′X ′

RX
− 2(R′)2

R2

]
+

2

R2

For LTB, the nonzero Kµν = Γtµν are the components: Krr = R′Ṙ′

1+E , Kθθ =

RṘ, Kφφ = RṘ sin2(θ). With Kµν = gµαgνβKµν , we can write down the

nonzero components of Kµν : Krr = Ṙ′(1+E)
(R′)3 , Kθθ = Ṙ

R3 , Kφφ = Ṙ
R3 sin2(θ)

.

Then we contract the two to obtain:

KµνK
µν =

( Ṙ′

R′

)2
+ 2
( Ṙ
R

)2
(F.5)

The last term in equation (F.3) can also be written more simply:

2Rµνu
µuν = 2Rtt = −Ẍ

X
− 2

R̈

R
(F.6)

Finally, we can compute the (3)R:

(3)R =

[
2Ẍ

X
+

4R̈

R
+

4ṘẊ

RX
+

2(Ṙ)2

R2

]

+
1

X2

[
− 4R′′

R
+

4R′X ′

RX
− 2(R′)2

R2

]
+

2

R2

+
(Ṙ′)2

(R′)2
+

2(Ṙ)2

R2
−

(
Ṙ′

R′ + 2
Ṙ

R

)2

− 2

[
Ẍ

X
+ 2

R̈

R

]

=
1

X2

(
2
X ′R′

XR
− 2

R′′

R

)
+

2

R2

(
− (R′)2

X2
− RR′′

X2
+

RR′X ′

X3
+ 1
)
,

=
1 + E(r)

(R′)2

(
2
R′′R′

RR′ − E′(r)(R′)2

RR′
1

1 + E(r)
− 2R′′

R

)
+

2

R2

(
−(1 + E(r))− RR′′

(R′)2
(1 + E(r)) +

RR′
(1 + E(r)

(R′)3
R′′ − R′E′(r)

2(R′)3

)
+ 1
)

= −2
E′(r)

R′R
− 2

E(r)

R2
= −2

(ER)′

R′R2
, (F.7)
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F.3 Scalar Σ2 in LTB

From the derivation of Raychaudhuri’s equation, we know that σµνσµν = KµνKµν−
1
3θ

2 in appendix (REF) and because we have already computed KµνKµν in this
appendix, we can compute Σ2:

Σ2 ≡ 1

6
σµνσµν =

1

6

( Ṙ′

R′

)2
+

1

6
· 2
( Ṙ
R

)2
− 1

6
· 1
3

(2Ṙ
R

+
Ṙ′

R′

)2
=

1

9

[ Ṙ′

R′ −
Ṙ

R

]2
(F.8)
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[17] G. Lemâıtre. The expanding universe. Monthly Notices of the Royal As-
tronomical Society, 91:490–501, 1931.

[18] Andrew R. Liddle. An Introduction to Modern Cosmology. John Wiley &
Sons, Chichester, UK, 3rd edition, 2015.

[19] Maria Mattsson. On the Effects of Cosmic Structures in the Late Universe.
PhD thesis, University of Helsinki, Helsinki, Finland, 2012.

[20] Chris Messenger. Lecture 5 – s4 & oppenheimer–volkoff. https:

//www.astro.gla.ac.uk/users/chrism/Lecture%205%20-%20S4%20%

26%20Oppenheimer%20Volkoff.pdf.

[21] Charles W. Misner and David H. Sharp. Relativistic equations for adi-
abatic, spherically symmetric gravitational collapse. Physical Review,
136(2B):B571–B576, Oct 1964.

[22] Charles W. Misner, Kip S. Thorne, and John A. Wheeler. Gravitation. W.
H. Freeman and Company, San Francisco, 1973.

[23] Abhas Mitra. Deriving friedmann robertson walker metric and hubble’s law
from gravitational collapse formalism. Results in Physics, 2:45–49, 2012.

[24] Syksy Räsänen. Accelerated expansion from structure formation. Journal
of Cosmology and Astroparticle Physics, 2006(11):003, 2006.

[25] Roberto A. Sussman. Quasi-local variables and scalar averaging in ltb dust
models. arXiv preprint arXiv:0912.4074, page 1146–1155, 2010.

[26] I. H. Thompson and G. J. Whitrow. Time-dependent internal solutions for
spherically symmetrical bodies in general relativity: I. adiabatic collapse.
Monthly Notices of the Royal Astronomical Society, 136(2):207–217, 1967.

57

https://www.astro.gla.ac.uk/users/chrism/Lecture%205%20-%20S4%20%26%20Oppenheimer%20Volkoff.pdf
https://www.astro.gla.ac.uk/users/chrism/Lecture%205%20-%20S4%20%26%20Oppenheimer%20Volkoff.pdf
https://www.astro.gla.ac.uk/users/chrism/Lecture%205%20-%20S4%20%26%20Oppenheimer%20Volkoff.pdf


[27] Richard C. Tolman. Effect of inhomogeneity on cosmological models. Pro-
ceedings of the National Academy of Sciences of the United States of Amer-
ica, 20(3):169–176, March 1934.

[28] Robert M. Wald. General Relativity. University of Chicago Press, Chicago,
IL, 1984.

58


	Introduction
	Spherically symmetric metrics
	Physical Interpretation
	Isotropic & Homogeneous Universe: FLRW
	Milne Universe

	Static Universe: TOV-equation
	Dust Universe: Lemaître-Tolman-Bondi
	Physical interpretation of function E(r)


	Misner-Sharp Mass
	m in spherically symmetric and static universe
	m in the LTB universe
	Misner-Sharp mass

	Averaging procedures
	Evolution Equations for Covariant Scalars
	Definition of Averaging
	Buchert's Average Applied to the Evolution Equations
	Sussman's average Applied to the Evolution Equations
	Buchert's and Sussman's Average Applied to Milne Universe

	Discussion
	Derivation of Einstein tensor components for a spherically symmetric metric
	Equations that result from Einstein's equation
	"Mass" equations
	Dynamical Equation
	Grt-equation

	Equations that result from the Energy-Momentum Tensor
	Solutions of the Differential Equation for LTB
	Case E >0
	Case E = 0
	Case E <0

	Derivation of Evolution Equations for dust
	Raychaudhuri's Equation
	Hamiltonian Equation
	Energy Balance Equation

	Derivation expressions for , (3)R and 2 in LTB
	Scalar  in LTB
	Scalar (3)R in LTB
	Scalar 2 in LTB


