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Abstract

The effect of soft impingement is modelled for the isothermal, diffusion-controlled growth of spherical precipitates
in the solid-state. A two-stage soft impingement phase, isotropic growth in 3D and site saturation are assumed,
which lead to a mean field approach for soft impingement. A mass balance is used in combination with a
non-linear concentration profile approximation [1], instead of the ordinary linear concentration profile [2][3][4],
to improve the description of growth under conditions of overlapping diffusion fields and low supersaturation.
In addition, the capillary effects, dislocation assisted growth via pipe diffusion, and boundary assisted growth
via boundary diffusion are discussed. The model has been applied to the growth of TiC-precipitates during
tempering of a quenched Fe-C-Mn-Ti steel. The results are in good agreement with published experimental data
of precipitate growth [2].
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Basics of Modeling Precipitation

In this chapter, we will introduce the basics of precipitation hardening and modeling of diffusion-controlled
growth to provide a basic understanding of this thesis work. The exact solution and different concentration
profile approximations will be introduced. We will compare the exact solution and the concentration profile
approximations to indicate the importance of using a new concentration profile approximation instead of
the widely used linear concentration profile approximation. Next, we will introduce soft impingement and
additional effects to particle growth. Here, we will discuss available soft impingement models and express the
need for the model introduced in this thesis work.

1.1. Precipitation Hardening

Precipitation hardening is the process in which, during a heat treatment, supersaturated solutes will form small
particles, called precipitates. The newly formed particles can act as barriers for the movement of dislocations,
increasing the yield strength of the material. If enough stress is applied, the dislocations can cut through the
particle or bow around the particle, leaving a dislocation loop. Whether the dislocation cuts or bows depend on
the precipitate size [5]. This can be seen in Figure 1.1.

T, cutting

Thow POWING

o

Figure 1.1: Competition between cutting and bowing [5].

It can be seen that the smaller the precipitate, the easier it is to cut through it. For large precipitates, it is easier
to bow around it, since the distance between large precipitates is usually higher than that of smaller ones. Thus,
there is an optimal size for the precipitate, which resists cutting and bowing as much as possible, given the
radius R*. For this reason, it is important to be able to model the growth of the precipitates. If we understand
the growth mechanics of the precipitates, then we can modify the production method to obtain an optimal size
of the precipitate, which gives the best properties to the material.

1.2. Modeling Particle Growth
1.2.1. Diffusion-Controlled Growth

To be able to model the growth or precipitates, we will have to make use of some assumptions. First, we assume
that the precipitate is a spherical particle. Next, we assume diffusional growth. This means that the growth
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kinetics are controlled by the substituted solute diffusion in the parent matrix. The reason for this is that the
precipitates form from diffusion of alloying elements, which are located at substitutional lattice sites. The
diffusion of these elements is very slow, compared to elements located at interstitial sites. We also assume this
particle to be alone in an infinitely large lattice. Our starting point, to describe the diffusion-controlled growth
problem, is the concentration profile of the solute at the particle, this can be seen in Figure 1.2. The center of the
particle is at distance 0 and R is the radius. c?, ¢ and c* are the solute concentration in the particle, in the
matrix at the side of the interface and in the matrix far away from the particle respectively. For ¢” and ¢, we
take the equilibrium solute concentrations given by the phase diagram. ¢* is given by the measured solute
concentration in the matrix. We assume a stoichiometric composition in the particle. Throughout the whole
particle the concentration is constant at c”. In addition, the concentration of solute in the matrix at the particle
interface approaches the equilibrium value with the particle phase according to the phase diagram c™. In the
Figure also mentioned is (), supersaturation is given as the relationship between the difference in the solute
concentration in the matrix and the interphase (c® — ¢) and the difference in the solute concentration in the
particle and the interphase (¢ — ¢™). The term Q will come back frequently, as the growth rate depends on it.

C
growth
—
cP c® — ™
Q= cP —c™m
COO
0<0<1
c™ |
r
0 R

Figure 1.2: The solute concentration profile [1].

1.2.2. Exact Solution
The exact solution was first produced by Dubé et al [6] and more recently reproduced by Hubert et al [7]. From
Zener [8], it shows that from dimensional arguments the particle radius is given by

R = AVDt (1.1)

Where here D is the diffusion coefficient of the solute in the matrix, ¢ is time and A is the parabolic growth
constant. A is a function of the solute concentrations c”, ¢™ and ¢, usually by being a function of Q. For the
given problem, two equations can be set. The flux of the solute atoms that will move away from the interface.
This equation is given by Fick’s law.

oc

Fi=-D—
or|p

(1.2)
Where (6c/0x)r is the concentration gradient of the solute in the matrix near the interphase. Next, the flux of
the atoms that will enter the precipitate due to the movement of the interphase is given by

dR
Fr=(c" - c"’)E (1.3)

Here R is the position of the interface of the particle and dR/dt is the rate of growth. If no accumulations of the
solute is present at the particle interface, then equation (1.2) and (1.3) must be equal. This is called the flux
balance equation.

Fi=F (1.4)

dR oc

(Cm _ Cp)_ —_pZ=
dt or |x

(1.5)



12. Modeling Particle Growth 3

Fick’s second law is used to get an equation for the solute concentration profile. For a spherical particle, this is
given by

dc d’c  d*c d’c

dt dx?  dy? dzz) (1.6)
Considering polar coordinates and assuming isotropic diffusion (no vary in 6 and ¢). Equation (1.6) changes to

dc d?c 2dc

@~ Pan v (17
Solving equation (1.5) and (1.7) gives the exact solution of the concentration profile as
1 A1 r? v r
)30 = c® + Z(c" - cP)A3 —)(= -——VDt) - — — 1.
(7P = ¢4 (e =MW erp( G exp(o VDD = rerfel =) (18)
And the parabolic growth constant (1) in 3D as
1,. vn A2 A
E/\ (1 - TA exp (Z)erfc(a)) =Q (19)

The exact solution give a relationship between A and Q. This is a transcendental equation. It is not possible to
express A as () due to the error function in equation (1.9). Thus is it not possible to express

R=f(Q 1) (1.10)

This gives rise to the use of approximations. The available approximations are either made by simplifying either
the diffusion equations (1.2) and (1.3) under specific assumptions, examples are the invariant size and invariant
field approximation [9][10], or by the concentration profile in Figure 1.2, examples are the linear, parabolic
or "modified linear” concentration profiles [1][3][4]. The terminology for the “modified linear” concentration
profiles comes from the function of the concentration profile, where the 1D linear concentration profile has been
modified to work for all values of Q in 3D. This can be confusing, as the concentration profile is not linear itself.
We will from here on refer to the non-linear concentration profile when we mention the approximation. For the
use of our model, we will only focus on the concentration profile approximations.

1.2.3. Approximations

Linear concentration profile approximation [3]
The linear concentration profile approximation is illustrated in Figure 1.3.

Concentration (wt%)

r

Figure 1.3: The solute concentration profile, assuming a linear concentration profile.

The concentration profile is given as
oo _ Cm

L

Where L is the diffusion length, given by the distance between the particle interface and the end of the
concentration gradient where the concentrations becomes constant. To get an expression for L, the following

mass balance is solved
R R+L R+L
/ cPanr?dr + / c(r, )nr?dr = / c®4nr’dr (1.12)
0 R 0

c

c(r,t) = (r=R(t))+c™ (1.11)
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This gives

2
3(44 + 54B + 6V54 + 132B + 81B2)3

L= (%(44 +54B + 6V54 + 132B + 81B2)% — - %)R (1.13)

Where B = CC: __Ccfo = & — 1. To get an expression for A in R = A1VDt, the following flux balance equation is used

dR _ D(Sc

m—cP)—=-D— 1.14
(c" =) dt or|x (1.14)
This gives
V2Q
A= - - - (1.15)
(3(44 +54B + 6V54 + 132B + 81B2)3 — (44 + 54B + 6V54 + 132B + 81B2)"3 — 2)2
Parabolic concentration profile approximation [4]
The parabolic concentration profile approximation is illustrated in Figure 1.4.
9
H
s
§
"
Figure 1.4: The solute concentration profile, assuming a parabolic concentration profile.
The concentration profile is given as
0o _ .m 0o _ .m
c(r, t) = c" =25 - C (r—R(t)+E L2C (r — R())? (1.16)
L is calculated using the mass balance form eq (1.12).
1, 1 V25 5
L= (5\/5(20 +27B + 3V3V15 + 40B + 27B2)3 — 2R (1.17)

3(20 +27B + 3V3V15 + 40B + 27B2): 3

Where B = 5=% = L — 1. To get an expression for A in R = AVD#, the flux balance from equation (1.14) is used,
this gives

- 2V3Qz (118)
(V5(20 + 27B + 3V3V15 + 40B + 27B2)3 — V25(20 + 27B + 3V3V15 + 40B + 27B2)"3 — 5)2 '
Non-linear concentration profile approximation [1]
The non-linear concentration profile approximation is illustrated in Figure 1.5.
The concentration profile is given as
c(r,t) = (" - c°°)§(1 I _LR) + o (1.19)
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Concentration (wt%)

r

Figure 1.5: The solute concentration profile, assuming a non-linear concentration profile.

L is calculated using the mass balance form eq (1.12).

L=(;—1+J1+§@%§5»R (1.20)

To get an expression for A in R = AVD#, the flux balance from equation (1.14) is used, this gives

A= ZQO+§ ) 1.21)
-1+ 1+ 8

Comparing the concentration profile approximations

To test the validity of the different concentration profile approximations, we will compare the resulting parabolic
growth constant (1) with that of the exact solution. This can be seen in Figures 1.6 and 1.7.

10

Exact Solution

Non Linear concentration gradient
Parabolic concentration gradient
Linear concentration gradient

01

0ol

Parabolic rate constant, A

0.001 T T T
0.0001 0.001 0.01 01
Supersaturation, Q

Figure 1.6: A comparison of A for the exact solution and the concentration profile approximations.

From Figures 1.6 and 1.7, it can be seen that the linear and parabolic concentration profile approximation perform
poorly at low QO compared to that of the non-linear concentration profile approximation. All concentration
profile approximations seem to perform well at higher Q. To be exact, the non-linear concentration profile
approximation performs best at 2 < 0.486, and the parabolic concentration profile approximation at £ > 0.486.
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10

08

06

)li/)l exact

04

Exact Solution

Non Linear concentration gradient
Parabolic concentration gradient
Linear concentration gradient

02

0.0001 D.Olﬂl D.E]l DI].
Supersaturation, Q

Figure 1.7: A comparison of A for the exact solution and the concentration profile approximations. Normalized to A of the exact solution.

1.3. Introducing Soft Impingement

Soft impingement is an effect that slows precipitate growth due to overlapping concentration profiles. Usually,
growth occurs in two stages [3][4]. The first stage is where there is no overlap in the concentration profile
of different precipitates. In the second stage, the concentration profiles of different precipitates will start to
overlap and reduce the growth rate. We now remove the assumption made earlier that there is only a single
precipitate. The second stage includes overlap of the solute concentration profiles of the initial and neighboring
particles. Many soft impingement models are available [3][4][11][12][13]. Most models focus only on the linear
concentration profile [3][11][12][13][14]. Chang et al. [4] also include other polynomial functions, like the
parabolic concentration profile, but only focuses on 1D soft impingement and Fang et al. [14] introduced a 3D
mixed-mode model and focused on the parabolic concentration profile. We saw in Figure 1.6 and 1.7 that the
linear and parabolic concentration profile approximation perform less accurate at lower supersaturation. This
shows that there is a gap in the literature for an accurate soft impingement model for low supersaturation, which
is usually the case for precipitation. This thesis work aims to apply the new ‘'modified’ linear or non-linear
concentration profile for the design of a new soft impingement model which will accurately predict particle
growth for precipitation but is also valid at all values for Q. This thesis also aims so address the difference
between the non-linear and the poly nominal concentration profile approximations to validate the use of the
non-linear concentration profile approximation. The soft impingement models will be introduced in Chapter 2
and its application will be discussed in Chapter 4. All the calculations for the model design are available in the
appendix.

1.4. Introducing Additional Effects

Besides the design of a soft impingement model with the non-linear concentration profile approximation, this
thesis also introduces additional effects to the particle growth like the Gibbs Thomson effect, which accounts for
the change in equilibrium concentration at the interface of the particle due to interfacial energies, and assisted
growth effects, which account for highly diffusive paths like dislocations and boundaries. The additional effects
will be introduced separately of the soft impingement model design in Chapter 3 and will be discussed in
Chapter 4.



Soft Impingement Model

In this chapter, we will first explain the basis of the model. We will list and validate all the assumptions used in
the soft impingement model. Next, we will talk about three concentration profiles that we will apply the model
to. Namely, the widely used linear concentration profile, the parabolic concentration profile and a non-linear
concentration profile. We will preform the 3D mass balance on the given concentration profiles to calculate the
start of soft impingement, end of soft impingement, and growth during soft impingement. We will end the
chapter with a summary and flow chart of the model.

2.1. Model Description

The diffusional growth model is based on the work of Chen et al. [4]. For the assumption of diffusional growth,
a one-dimensional mass balance was used to account for the effect of soft impingement. Chen et al. applied the
model to the austenite to ferrite transformation. The assumption of one dimension is valid for this case, since
the "particle’, in this case ferrite, is large enough to assume a planar interface. The one-dimensional assumption
becomes invalid for the case of smaller particles, such as precipitation of alloy carbides in steel. In this case, it
is more accurate to assume a spherical particle. As a result of the problem being thee-dimensional, the mass
balance will change, as will be seen in this chapter. In addition, Chen et al. worked with a polynomial function
of the concentration profile. Here we will include a non-polynomial function for the concentration profile to
improve the model at low supersaturation.

The 3D soft impingement model is based on the following mass balance.

R x X
/ cPanr?dr +/ c(r, t, co)dnr?dr = / c(‘;°4nr2dr (2.1)
0 R 0

Where x is half the distance from the center of the initial particle to the neighboring particle, c;’ is the solute
concentration in the matrix, far away from the particle, before soft impingement and c; is the solute concentration
at r = x. A visualization of the model, using the linear concentration profile approximation, can be seen in
Figure 2.1. The gray area under the function represents the left side of the mass balance equation. The right side
represents the mass over the same volume before nucleation.

2.2. Assumptions

We need some assumptions to be able to model the growth of precipitates. Below is a summary of all the
assumptions and their validation used in the model of which most are already mentioned:

* The precipitate is a spherical particle (Vy,;ticre = %7‘(1’3):
Precipitates can be assumed spherical since this is the optimal morphology due to the smallest area over
volume ratio. Especially for small particles, because their ratio is highest.

e Growth of the particle is diffusion-controlled (R = f(D, t, Q)):
The growth or precipitates can be assumed to be controlled by diffusion since precipitates contain alloying
elements located at substitutional lattice sites, which means that diffusion will occur through vacancy
diffusion and is very slow compared to elements at interstitial lattice sites.
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cP

Figure 2.1: Model for growth of particles using the linear concentration profile approximation. c? is the solute concentration in the particle,
¢y far away from the particle before soft impingement, ¢ is the solute concentration in the matrix at the interface of the particle, cs is the
solute concentration at r = x, R is the particle radius and x is half the distance from the center of the initial particle to the neighboring
particle.

* The particle has stoichiometric composition (c” = constant):
To simplify the mathematics, we assume that the concentration in the particle is constant from the center
until the interface.

¢ All particles nucleate at the same time (R; = Ry, L; = L»):
If nucleation rate is high, we can assume that all particles nucleate at the same time. The initial particle
will have the same size and diffusion length as the neighboring particle.

* Uniform distribution of particles (x)
Every particle has its neighboring particle at the same distance. The distance from the center of the initial
particle to the middle of the initial and neighboring particle is x.

¢ Soft impingement occurs in two stages:
The first stage includes non-overlapping concentration profiles and the second stage includes overlapping
concentration profiles.

* No hard impingement:
We assume that the particle will not reach a surface or second phase that forces growth to slow down or
stop.

In addition to the assumptions mentioned, we will include some assumptions in the soft impingement model,
which will be removed in Chapter 3, where we discuss additional effects on the growth of particles:

* No capillary effects or “Gibbs Thomson Effect” (c™ = constant equilibrium concentration):
The concentration at in the matrix at the particle interface will be at the concentration according to the phase
diagram taken from Thermo-Calc. The interfacial energy of the particle will not affect the equilibrium
concentration.

* No dislocations or boundaries:
No defects are present that can act as highly diffusive paths, such as dislocations or boundaries.
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2.3. Concentration Profiles

As mentioned, we will use the linear, parabolic and non-linear concentration profile. A summary of the
concentration profiles and their dependence on L and R is given in Table 2.1. Here, ¢;(r, t) is the concentration
profile of the initial particle for values of r in the range R < r < (R + L).

Linear concentration profile Liin(Q) = (%(Alm)% -—2 - %)R
3(Arin)3
ci(r, t) = S5 (r = R(t)) + c™ Ajin = 44 + 54B + 6V54 + 132B + 81B2
_1
B=g5-1
Parabolic concentration profile Lpar(Q) = (%%(Apm)% B --9R
3(Apar)3
ci(r, 1) = ™ =27 (r = R(E) + S5 (r = R(1)2 | Apar = 20 +27B + 3Y3V15 + 40B + 27B2
1
B=3-1
non-linear concentration profile Lioa(Q) = 3(-1+ {1+ 8(:2)))R
ci(r,t) = (c" - c”)%(l - %) +c®

oot

Table 2.1: Functions of L(Q) for different concentration profiles where Q = -

To plot the concentration profiles of the neighboring particles, we need to adjust the initial concentration profiles
as described below:

Linear approximation: ca(r,t) = ci(=(r = ((d) = L)), t) + (cg” = c™)
Parabolic approximation: cq(r,t) =ci((r + QL — ({(d) — 2R)), t)
Non-linear approximation: ca(r, t) =ci(=(r = (d)), )

Here, c,(r, t) is the concentration profile of the neighboring particle for values of r in the range 2x — R - L) <
r < (2x — R).

2.4. Start of Soft Impingement (R.)

First we calculate the critical radius the precipitate where soft impingement’s starts (R.). This is the radius of the
particle where the concentration profile of the initial particle and neighboring particle meet. This is illustrated
for the linear concentration profile in Figure 2.2.

Here, x is half of the average distance between the center of neighboring particles, we assume that all particles
are at a distance (d) from each other. Since we know L for all three concentration profiles, we can calculate R..

Re+L=x (2.2)

For all concentration profiles, L can be written as

L = m(Q)R. (2.3)
This gives
R+ m(Q)R. = x (2.4)
R.(1+m(Q)) =x (2.5)
X
R, = Trm@ (2.6)

Functions for m(Q) are shown it Table 2.2. Since m(Q) is different for each concentration profile, there will be
different starting points for soft impingement.
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Figure 2.2: Start of soft impingement for the linear concentration profile approximation. R, is the critical radius, L is the diffusion length, x
is the distance from the center of the initial particle to the middle of the initial and neighboring particle.

Linear concentration profile myin(Q) = %(Alin)% -—2=-%
3(Alin)§
c(r, t) = SF=(r = R(t)) + c™ Ajin = 44 + 54B + 6V54 + 132B + 81B2
B=35-1
. . . 1
Parabolic concentration profile Mpar(Q) = %\S/E(Aparﬁ - % - g
par
o(r, ) = ¢ =255 (r = R(t)) + <5—=(r = R(+))* | Apar =20 +27B +3V3V15 + 40B + 27B2
B=4-1
Non-linear concentration profile Mp0d(Q) = (%(—1 +4/1+ g %)))
c(r,t) = (c" - c°°)§(1 - %) +c®

Table 2.2: Functions of m(Q2) for different concentration profiles where Q = %.
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2.5. End of Growth (Ry)

The growth of the particle end when the concentration in the matrix reaches c¢™, this happens when the particle
radius reaches Ry and is independent of concentration profile approximation. This is illustrated in Figure 2.3.

Q
=
e S B

r

Figure 2.3: End of soft impingement and growth for any concentration profile approximation. R, is the critical radius, L is the diffusion
length, x is the distance from the center of the initial particle to the middle of the initial and neighboring particle.

To calculate R £, We use the following mass balance

Ry x X
/ cp4nrzdr+/ c"™4nr?dr =/ c®4nr?dr (2.7)
0 Ry 0

Ry = xQ3 (2.8)

Since Ry depends on the supersaturation and is independent of the concentration profile, it will be the same for
all approximation.

Solving for Ry gives

2.6. Growth during Soft Impingement (c;)

It is now known when soft impingement starts and ends. From Figure 2.2 and 2.3 it can be seen that the
concentration at = x starts at c* and ends at ¢". The concentration at = x during soft impingement will be in
the following range: c8° < ¢s < ™. To define a function for ¢, we will use the following mass balance:

R x x

/ cPanr?dr + / c(r, Hanr?dr = / c8°4nr2dr (2.9)
0 R 0

We replace ¢ in the concentration profile by ¢, since this changes over time. Also, since the function for L loses

its meaning after soft impingement, we replace L by x — R. The full calculations for ¢ for all concentration

profile approximations are available in the appendix in Appendix. The concentration profiles and solutions of

equation (2.9) are as followed:

Linear concentration profile
lin m

C —_—
ty= ———(r—-R)+c" 2.1
c(rt) = S—(r =Ry +c 210)
xR = ™)+ R3(c™ — P
ciin 2 G 2D HRAT =D @1)
Aq
- L1 4 pa R 1 .5 53
A1—3(x_R4(x R*) x—R3(x R?)) (2.12)
Parabolic concentration profile
par m par m

B g —c¢ cg —c¢ ’

C(T, t) =c"-2 R (7" R)+ W(T’—R) (213)
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ey —c™) +R3(c™ - cP)

par _ m

s = Az +cC
P S W S I S S N 1 5 o5 1, 4 4 1,3 3 3
A2—3(x_R(4(x R*) 3R(x R%)) (x—R)2(5(x R) 2R(x R)+3R(x R%)))

Non-linear concentration profile

- R
! R)+c§”°d

R
£) = (™ = mod_l_
elr, 1) = (¢" = ') 2 (1 —

od c’x® — PR3 — " A3
C =

s x3—R3—A3

L2 2 T I 5 p3 L 2 poyp2
=3(z(x* =R )R- ——=(3(x* = R’)R - z(x* —=R9)R
A3 =3(5( - ROR = —=(5(* = RIR = 5(x* = RIR?)
cs will now replace c* in the calculation of Q.

cg —c™

TP —cm

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Note that ¢, for all concentration profiles is a function of R, while we know that R = f(Q)). Therefore, the
problem can only be solved numerically. For the model, we use ¢, from the last time step to calculate R for the

new time step.
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2.7. Model Summary

In this part, we will explain the model

shown in Figure 2.4. This chart is the basis
for this thesis work. Start
To start, we need to input the concentra- ¥
tion in the particle (c?), in the matrix far Input:
from the particle (¢™) and the concentra- o P, c®, c™
tion in the matrix at the particle interface o At tg,
. . ! P
(c™). We also need a time step size (At) e R x
. . . 0
and an end time (tst0p). The end time is - D, Q,T
usually the time between nucleation and 0s ¢
annealing time. Next, we need a starting
size (Rp), this is the size of the particle after ¥
nucleation, and the average distance of the Calculate D
center of the particle until the middle of the Calculate R,
initial and neighboring particle (x). Since Calculate R :
we assume diffusional growth, we need
the diffusion coefficient (D). We calculate l
D with ISR >R,? | tn = tn_q1 + At
D = Dy exp(%) (2.20) no | | ves
[e0]
Where Dy is the pre-exponential factor, Q US;%OC_ cm Calailat_e g}gn
is the activation energy for diffusion,Tis | ) = — n=-=2 -
the temperature (in K) and Ry, is the gas P —cm cp —c™
constant, not to be confused with the par-
ticle radius. With this, we first calculate ¥ L
R. and Ry according to equation (2.6) and Calculate 4
(2.8) respectively. Calculate %
The iterative loops start here. At the start Calculate R
of the loop, we check if R > R.. If this |
is not the case, soft impingement has not ISR > R.?
started and we will use ¢* in the calcula- f
tion of Q. Else, the concentration profiles no yes
overlap, and we use ¢, according to equa- ¥
tion (2.11), (2.14) or (2.17) depending on R = Rf
the concentration profile approximation,
for the calculation of Q). We use QQ and R L ¥ no
to calculate A according to equation (2.11), ISty = tseop?
(2.14) or 2.17. ‘fi—lf is calculated by using the
derivative of equation (1.1), given by 1 yes
Output:
aR_L R 2.21) + Plot(R, )
dt 2 t
. RTl
For R we use the following numerical cal-
culation. Figure 2.4: Soft impingement model chart of particle growth assuming diffusional
growth.
dR
Ry =Ry1+ (E)htm%m “AF - (2.22)

Due to the numerical nature of the model

and the possibility of a large At, it is possi-

ble to pass Ry. In this case, the model will

break. Therefore, if R > R £, we set R back to the value calculated for R f- This loop will continue until the final
time is reached. From here it is possible to plot R as a function of time or give the final particle size R,,.
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Additional Effects

In addition to the effect of soft impingement, we will add the effects of capillary forces (Gibbs Thomson Effect)
from Perez et al. [15] and dislocation assisted growth, using the multi dislocation model from Porter et al. [16],
the single dislocation model from Wang et al. [17], the multi boundary model [18] and the single boundary
from Cheng et al. [19]. Lastly, we will summarize the soft impingement model with all its additions, including
an updated flow chart. A more detailed description of the additional effects and calculations can be found in the
appendix in Chapter 6.

3.1. Gibbs Thomson Effect

The Gibbs Thomson effect accounts for the effect interfacial energies have on the equilibrium concentration in
the matrix at the interface of the particle (c). Most soft impingement models do not include the Gibbs Thomson
effect, due to it only playing a role if we assume a spherical particle in 3D space. We will be using the same
approximation for the Gibbs Thomson effect that Ohlund et al. [2] used. The approximation is from Perez et al.
[15].

The general Gibbs-Thomson equation is given by
:B m m
20, 1-cp CR
L 4 _—(1=cP Pln(—=
T 1-c¢ )ln(1 — Cm) +c ln(cm) (3.1)

Where c?, ¢™ and cl"g are the solute concentration in the particle, in the matrix at the side of the interface without

and with interfacial energies and vf ; is the atomic volume of the particle. This equation does not have simple
solutions. Perez [15] discussed three approximations for this equation, but we will only focus on one of the
approximation since the other two are not applicable in the radii range of precipitation (~ 1.E — 09m) according
to Perez [15] as seen in Figure 3.1.

For the assumption where ¢} << 1and ¢" << 1, the first term in equation (A.84) can be neglected and then
rewritten so we obtain a function for ¢} as

B
2yv
R = cmexp(Cka”;,) (3.2)

We now have a function of ¢y depending on R. Thus, this can only be solved numerically, similar to the functions
of ¢s. We will calculate ¢ the same way that we calculate c¢s, where at every loop we use R from the previous
step. Now Q) depends on ¢y and ¢; as functions of R.

3.2. Assisted Growth Models

According to the classical nucleation theory, defects such as dislocations or boundaries serve as preferential
nucleation sites for precipitates because relieving some of the stress and interfacial energy associated with
defects lowers the activation energy for nucleation [20]. Wang et al.[17] mentioned the mechanisms in which
dislocation affects growth. Dislocations can attract solute elements because of attractive forces from their stress
fields. In addition, the diffusion coefficient inside the dislocations is higher than that of the matrix [7][16].
Dislocations will act as highly diffusive paths for the solute elements, increasing the growth rate of precipitates

15
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1.E-01
—— No approximation
——Xeq <<1 and Xeq_ <<1

1.E-02
- Xeq = Xeq.,

| ----Xp =1
1.E-03
x .

1.E-04

1.E-05

1.E-08 : 1

1.E-10 1.E-09 1.E-08 1.E-07

r(m)

Figure 3.1: The exact solution of equation (A.84) compared with three approximations for Fe3C precipitation [15]. Note that in this thesis,
we use the following notation: » = R, Xeq = cj and Xeqow = ¢, where c is the solute fraction.

located at the dislocation. Cheng et al. [19] mentioned a similar view on boundary diffusion. where boundaries
will also act as highly diffusive paths. In this part, we will discuss four models to add to our model from
Chapter 2, which include either the dislocation- or the boundary assisted growth effect.

3.2.1. Single Dislocation Model
Wang et al. [17] proposed a model to account for the effect that dislocations have on the growth rate of the
precipitate. Their model is illustrated in Figure 3.2.

Figure 3.2: Simplified geometry of a particle on a dislocation line [17].

They assumed the precipitate to be a spherical particle, in this case, laying in the center of the dislocation line,
which is assumed to be a cylinder with radius rp, usually related to the burgers vector (b) [2][17]. The overall
growth rate is approximated to be the sum of the growth rate due to the diffusion in the pipe and in the lattice.

dR dR dR

ﬁhh = E|I+E|p (3.3)
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According to the model, ‘fj—lﬂp is given as

IRy 64

cP —c™ 7R2

Where ( 2)
* exp(-t'x
" = - - d 35
= | ) 49
and D
t = —;t (3.6)
"o

Here, Jo(x) and Yp(x) are Bessel functions of the first and second kind of the zeroth order and Dy, is the diffusion
coefficient of the solute in the dislocation pipe. To use the single dislocation model, we will add ”l;—]flp to our
previously calculated ‘fj—lf |; and use this summation as the total growth rate.

3.2.2. Single Boundary Model
Cheng et al. [19] proposed a model similar to the single dislocation model, but focused on boundary diffusion.
Their model is illustrated in Figure 3.3.

H;Nﬁdr

Figure 3.3: Simplified geometry of a particle on a boundary represented by a disk [19].

Here, they assumed a spherical precipitate located in the center of a disk with a finite thickness. The disk
represents the boundary, and the mass diffusion is accelerated in the disk. Like the single dislocation model, the
overall growth rate is approximated to be

dR dR dR

N, = 22 il 7
T l¢n o [} + 0 v (3.7)
According to the model, ’fi—lﬂ p is given as
dR, 06Dy O0Dyp Dy .1
a =Gt or )Y (38)
Where
4D,
= 9
B Dyddy (39)

Here, Dy is the diffusion coefficient in the boundary, 6 is the boundary thickness and d is the average grain size.
This model does not include Bessel functions, as approximations were made to simplify them, as seen in the
Appendix. In addition, Cheng et al. used the invariant size approximation [9] for 'fi—l; |;. Here we will only use
the function of ‘Z—I; |p from the model and use the concentration profile approximations for ‘zi—lf ;. To include the
single boundary model, we use the same process as for the single dislocation model.
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3.2.3. Use of apparent diffusivities to describe high-diffusivity paths

The assisted growth effect of highly diffusive paths can also be described by an apparent diffusion coefficient.
We will first introduce the multi dislocation model from from the book "Phase Transformations in Metals and
Alloys’ by Porter and Easterling [16] and was used by Ohlund [2]. Secondly we will introduce a boundary
assisted growth model which we will name "the multi boundary model” mentioned in the book "Microstructure
Control in Metals’ by Santofimia and Sietsma [18].

Total area of
A —4L-7 pipe=g per unit area
| A of lattice
7 D
= | D,

dislocation -

unit area

Figure 3.4: Multi dislocation model [16].

The multi dislocation model is illustrated in Figure 3.4. They assumed steady-state diffusion with equal
concentration gradients through both the dislocation and the lattice. The atom fluxes are then equal to

dc

Ji = —Dla (3.10)
dc

Ip = —Dpﬁ (3.11)

Where D; and D, are the diffusion coefficient for the lattice and the dislocation or pipe respectively. The total
flux then depends on the relative cross-sectional areas. Let us assume that the lattice area is A; and the area of
all dislocations in this area is Aj,. Then the total flux is given as

JiAL+ A, DiA; + DA, de
J=—gr = —( T )= (3.12)

The apparent diffusion coefficient is then given as

Dy = 2P0y 2p 3.13

app = A =Pt P (3.13)
or D D
app P

=1+g9-2L 3.14

5} 8D, (3.14)

. . . . . . D, .
Where g is the cross-sectional area of the dislocation per unit area of the lattice. Note that g is small at a

1 g . Dy .
larger temperature, due to rapid diffusion through the lattice. At lower temperatures, gﬁ’; is much larger, due to

the lower activation energy for diffusion through the dislocation. According to Ohlund [2], g can be related to
the dislocation density.
g = prib’ (3.15)

Where b is the burgers vector and p is the dislocation density. It is known that during annealing recovery of
dislocations occurs which makes g a function of time. Ohlund extended equation (3.15) to include this recovery.

g(t) = pasomb® — F(t)(pasomb® — pr7ib?) (3.16)

Where pasg and pr are the dislocation densities as quenched and after recovery respectively. F(t) is a function
that can be modelled to match the experimental data for the dislocation densities. Knowing the evolution of
the dislocation density allows for a more accurate description of the apparent diffusion coefficient (D), but
separate measurements must be taken of the dislocation density before the growth rate for the precipitates can
be calculated. In addition, values for D, for alloying elements are usually not available. Ohlund assumed the
ratio of the pipe diffusion coefficient of the alloying element and the lattice diffusion coefficient to be related to



3.2. Assisted Growth Models 19

the ratio between the lattice diffusion coefficient of the alloying element and iron, and the ratio of the matrix
element self-diffusion through the dislocation and through the lattice. In the case of steel, this is given as

Dx/alloy Dx/Fe DFe/Fe
DZ/alloy = Dlie/Fe * DZ@/PQ (3.17)
1 1 )

x/alloy x/Fe
Where W is the ratio between the pipe and lattice diffusion coefficient of element x in the alloy lattice, —7
1 1
Fe/Fe

is the ratio between the lattice diffusion coefficient of element x and iron in an iron lattice and # is the ratio
1

DFe

between the pipe and lattice diffusion coefficient of iron in an iron lattice. The term D};P will be different at
1

different temperatures. The values of the diffusion coefficient in the lattice and in the dislocations are measured

by Shima et al. [21] for high purity iron. To use the multi dislocation model, we will change D in the model to

Dgpp- If the change in dislocation density is included, then we will calculate D), at every time step.

The multi boundary model is illustrated in figure 3.5 [18]. It has a similar definition as the multi dislocation
model where steady-state diffusion with equal concentration gradients through both the boundary and lattice is
assumed.

£ D,
52T
!
1 Dy
do 1
* N BN BN BN BN B B .
/
/
Figure 3.5: Multi boundary model.
The apparent diffusion coefficient can be written as
Dapp = (1 = fo)D1 + fpDp (3.18)

Where Dy, is the diffusion coefficient in the boundary and f; is the volume fraction of the boundaries. f; can be
approximated as

o
=— 1

fo=3 (3.19)

Where 6 and dj are the boundary thickness and mean grain diameter respectively. This gives
D —(1—£)D +£D (3.20)

app — do 1 do b .
Since f, << 1, we can approximate D, to be
0

Dgapp = D1+ —Dy (3.21)

do
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3.3. Model Summary Including Additional Effects

In Figure 3.6, the model chart from the previous chapter can be seen with additional effects. This chart gives
a summary of the models and indicates where in the soft impingement model is has an effect. The multi
dislocation model and multi boundary model have an effect on the diffusion coefficient used at the start of the
loop. Note that, for the multi dislocation model, if the dislocation density changes over time, the diffusion
coefficient has to be recalculated after every time step. The Gibbs Thomson effect is used in the loop for the
calculation of Q. Lastly, the single dislocation model and the single boundary model are used in the loop to
calculate the growth rate (%—flt). It is important to mention that the four assisted growth models can not be used
at the same time. Only the Gibbs Thomson effect can be included and excluded in combination with any of the

other models.

Input:
e P, c®, c™
- . + At tstop .
Multi dislocation model: . R Multi boundary model:
Dapp = Dy + gD 0% s
app 1 P * Dy, Q, T Dapp =Dl+—Dp
g = pmh l do
Is the dislocation density constant?
yes no Calculate D
Calculate R,
g = pnb Calculate R¢
g = Paseth® — F()(pasomh® — prmcb?)
IsR>R.? by = tp_q + AL
no ves
Gibbs Thomson effect: Usec® Calculate ¢
g © _ -m _ -m
2'}/1/ Cc [ CS c
m — ~m 7 "at — () = = -
g =¢C eXp(cPRkT) cP —cm cp—c™
Single dislocation model: Calculate A

dR dR dR dR
d_tlth =d—t|1+d—t|p Calculatea

Calculate R
Single boundary model: /
dR ~ dR dR

Elth—El +

1 Elb

no

no
Istn = tseop?

yes

Output:
* Plot(R,t)
. Rn

Figure 3.6: Soft impingement model chart of particle growth assuming diffusional growth including additional effects. Orange is the multi

dislocation model, blue is the single dislocation model, yellow is the multi boundary model. green is the single boundary model and red is

the Gibbs Thomson effect. Note that out of the four assisted growth models only one can be used at a time. The Gibbs Thomson effect can
be included or excluded in combination with any of the models.



Application and Discussion

Here, we will apply the model to data for TiC precipitation in martensitic steel. First we will introduce the input
data, used for the soft impingement model and the additional effects. Then we will discuss and visualize the
effects of using difference concentration profile approximations, the Gibbs Thomson effect and the assisted
growth models. Lastly, we will compare the present model with experimental data and a theoretical model by
Ohlund et al. [2]. We will focus on a Fe-Ti-Mn-C martensitic steel with the composition shown in Table 4.1.

C Mn Si P S Al Ti Cu Cr (@) A%
0.39 | 0.8700 | 0.0040 | 0.0011 | 0.0007 | 0.0047 | 0.0420 | 0.0012 | 0.0022 | 0.0046 | 0.0022

Table 4.1: Input data for the soft impingement model.

Figure 4.1 shows the heat treatment on the steel. This visualizes the time range in which we will apply our
model. First, the material is homogenized at 1350°C to fully dissolve TiC in solid solution. The material is then
quenched at 180° C / s until the start temperature of martensite, which is around 380-390°C [2]. After that,
it continues to cool at 45° C until room temperature. The material is heated up at 4°C/s until the tempering
temperature of 550°C. Here, it is kept for 60 min. This is the stage that allows the TiC precipitates to nucleate
and grow. According to Ohlund [2], the nucleation of the particles in the boundary (martensite laths) starts after
5 minutes of tempering and the nucleation in the matrix starts after 10-30 minutes of tempering. Our model will
be applied in the time range between nucleation and the end of the tempering stage.

4.1. Input data

Table 4.2 shows the input data for the soft impingement model. The equilibrium concentration of Ti in the particle
(cP) and in the matrix at the interface of the particle (¢) are from ThemoCalc [22]. c* is from experimental data
[2]. For At, one second is chosen. Increasing the time step would make the results less accurate, but decrease the
simulation time. The increase in accuracy for time steps smaller than one second seems to be negligible. tstop 1S
3300 for nucleation on the boundary and 3000 or 1800 for nucleation in the matrix, according to Figure 4.1. Note
that the only difference, whether we focus on matrix nucleation or boundary nucleation, is the nucleation time.
Thus, precipitates in the matrix have 1800 - 3000 seconds to grow, while at the boundary the precipitates have
3300 seconds to grow. The starting size of the particle (Ro) is approximated to be 0.2 nm, which is the critical
radius of a TiC nucleus [2]. The half distance between the centers of two precipitates (x) was estimated to be 5
nm according to the APT results (5 - 7.5 nm) [2].

c? (wt%) | ¢ (wWt%) | c™ (wt%) Q At (s) tstop (S) Ro (nm) | x (nm)
79.654 0.00084 0.042 0.0005 1 3300/3000/1800 0.2 5

Table 4.2: Input data for the soft impingement model [2]. Q is rounded to 0.0005.

Table 4.3 shows the diffusion data for TiC used in equation (2.20) [2].

21
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1350°C (30 min)

Diffusional growth
_model

N
~ L

-180°C/s

550°C (60 min)

Ms: 380-390°C

1
1
1
1
|
-45°Cls +4°Cls |
—
t | 10 - 30 min at 550°C:
| Matrix nucleation starts
1
5 min at 550°C:

Boundary nucleation starts

Figure 4.1: Heat treatment of Fe-Mn-Ti-C Steel according to Ohlund et al. [2].

Do (m?/s) | Q J/mol) | T (K)
0.21 307010 | 823.15

Table 4.3: Diffusion data [2].

4.2. Concentration profile effect excluding soft impingement

First, we will compare the different concentration profile approximations without soft impingement. This is
done by ignoring the check if R > R.. The aim is to compare the results with the exact solution. We can only use
the exact solution if soft impingement is not involved, since it is not possible to get a function for c; from the
exact solution.

—— Exact solution (no soft impingement effect)
—— Non linear concentration profile

—— Paraolic concentration profile

—— Linear concentration profile

045

0.40

~—~ 035

030

025

020

o 500 1000 1500 2000 2500 3000

t(s)

Figure 4.2: TiC precipitate growth according to the diffusional growth model excluding soft impingement.

Figure 4.2 shows the results from using the model with the input data from Table 4.2. Figure 4.2 shows the
growth for 3300 seconds, but if we stop at 1800 - 3000 seconds, we will obtain the results for matrix diffusion.
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Table 4.4 shows the size of the precipitate at the end of tempering and the maximum precipitate size (Ry)
according to the mass balance. We will focus more on the limitation of Ry in the next chapters.

Rexact (nm) | Riinear (NmM) Rptzrubolic (nm) | Ryon-linear (NM) Rf (nm)
Boundary nucleation 0.356 0.235 0.243 0.352 0.401
Matrix nucleation 0.315-0.349 | 0.226-0.234 | 0.231-0.241 0.312-0.345 0.401

Table 4.4: Precipitate size results excluding soft impingement. The results for boundary nucleation are gained at + = 3300 and for matrix
nucleation at ¢ = 1800 and ¢ = 3000.

Figure 4.2 and Table 4.4 confirm our initial comparison for the different concentration profile approximations
from Figures 1.6 and 1.7. The results show that the non-linear concentration profile approximation gives more
accurate results than the linear and the parabolic concentration profile approximation. Figures 1.6 and 1.7 show
that the difference is very large at small Q. We can see this in the results, since Q = 0.0005. Figures 1.6 only
show the difference in A at a given value for Q, but do not indicate where the difference in A comes from. For
this, we have to go back to the flux balance equation

dR oc
m_ PVt - 2
(c ¢ dt or|x

(4.1)
Here, we can see that the growth rate (‘Zl—f) depends on the diffusion coefficient and the slope of the concentration
profile at the precipitate interface. D is the same for all concentration profile approximations, but the slope will
differ. Figure 4.3 shows the three concentration profile approximations and confirms the effect that the profiles
have on the flux balance equation. The non-linear concentration profile has the steepest slope at the interface
and thus the largest growth rate. The parabolic profile has a slightly steeper slope, thus a sightly larger growth
rate than the linear profile, which aligns with the results in Figure 4.2.

—— MNon linear concentration profile
—— Parabolic concentration profile
—— Linear concentration profile

Concentration (wt%)

r

Figure 4.3: Solute concentration profiles in front of the interface of the precipitate at R = R#"~!inear,

4.3. Concentration profile effect including soft impingement

In this part, we include the effect of soft impingement. In other words, c. is replaced by cs; and changes over
time from ¢ to ¢™. Here, R, and Ry become important. Figure 4.4 visualizes the solute concentration profiles at
the start of the growth (Rp). Table 4.5 shows the results for R, for each concentration profile and R £ R, differs
for each approximation since R, depends on the diffusion length.

Rpon-linear and RY arabolic are smaller than Ry. Because of this, the effect of soft impingement is already present
at the start of growth for the non-linear and parabolic concentration profile approximation. During growth, if
R¢ has not been reached, the diffusion length will increase until the end of the concentration profile reaches
r = x. At this point, soft impingement takes effect, decreasing c,. In both steps, the slope at the interface of
the particle is decreasing. This decreases the growth rate. In addition, a lower value for cs will decrease the
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Rlmear (nm) | RV (nm) | Rromlinear (nm) || Ry (am) | Ry (nm)
0.257 0.191 0.081 0.401 0.2

Table 4.5: The critical radius (R.) for all approximations, the maximum precipitate size according to the mass balance (Ry) and the critical
nuclei size (Rg).

T
—— Non linear concentration profile

—— Parabolic concentration profile
—— Linear concentration profile

Concentration (wt%)

r

Figure 4.4: Solute concentration profiles between the initial and neighboring particle at R = Ro.

supersaturation and in turn decrease the growth rate.

Table 4.6 shows the size of the precipitate at the end of tempering, including and excluding soft impingement. It
shows that there is no change in Rj;p.qr since Ro has not been reached, soft impingement did not occur. Rparaporic
changes slightly and Ry,o,—1inesr changes more noticeably due to larger A than the other approximations.

Riineqr (nm) Rparabolic (nm) | Ryon—tinear (nm)
BN 0.235 0.243 0.352
BN + SI 0.235 0.241 0.328
MN 0.226 - 0.234 0.231-0.241 0.312-0.345
MN +SI | 0.226 - 0.234 0.230 - 0.239 0.298 - 0.322

Table 4.6: Precipitate size results. BN = Boundary nucleation, MN = Matrix nucleation, SI = soft impingement. The results for boundary
nucleation are gained at ¢ = 3300 and for matrix nucleation at t = 1800 and ¢ = 3000.

Figure 4.5 shows the results of the soft impingement model and the exact solution without the soft impingement
effect. Compared to Figure 4.2, we can clearly see the effect of soft impingement on the non-linear concentration
profile. The results do not change for the linear and barely change for the parabolic concentration profile
approximation.

4.4. Application of the Gibbs Thomson effect

For the Gibbs Thomson effect, we assume y to be 0.3 J/m? [2]. Figure 4.6 shows the lattice structure of a TiC
crystal. Since one unit cell contains four Ti atoms, we assume that the atomic volume of a Ti atom is one fourth
of the volume of the unit cell with lattice parameter a = 0.433 nm. Table 4.7 shows the size of the precipitate at
the end of tempering including and excluding the Gibbs Thomson effect. From the results, we see that adding
the Gibbs Thomson effect barely reduces the size of the precipitates.

Figure 4.7 shows the change in ¢ for all concentration profile approximations over time and Figure 4.8 shows the
change in c} related to the precipitate size. In the latter, the non-linear concentration profile is shown, since this
approximation gives the largest precipitate size. The linear and parabolic concentration profile approximation
will have the same trend but will reach a higher value for i at the end, since the precipitate is smaller. Both
Figure 4.7 and Figure 4.8 show that the Gibbs Thomson effect is present but small. At the start of growth, the

effect is at its largest at a 7 % increase in solute concentration. cj decrease as the particle grows bigger.
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—— Exact solution {no soft impingement effect)
—— Non linear concentration profile

—— Paraclic concentration profile
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Figure 4.5: TiC precipitate growth according to the diffusional growth model including soft impingement. The exact solution does not
include the soft impingement effect. The dotted line indicates Ry = 0.401 nm.

Figure 4.6: Lattice structure of a TiC crystal.

Riineqr (nm) Rpurabolic (nm) | Ruon-linear (Nm)
BN + SI 0.235 0.241 0.328
BN + SI + GT 0.235 0.241 0.327
MN + SI 0.226 - 0.234 0.230 - 0.239 0.298 - 0.322
MN + SI+ GT | 0.226 - 0.233 0.230 - 0.239 0.298 - 0.322

Table 4.7: Precipitate size results. BN = Boundary nucleation, MN = Matrix nucleation, SI = soft impingement, GT = Gibbs Thomson effect.
The results for boundary nucleation are gained at f = 3300 and for matrix nucleation at f = 1800 and ¢ = 3000.

In this case, the Gibbs Thomson slightly decreases the growth rate, but it has a negligible effect on the particle
size for all concentration profile approximations. If it is reasonable to assume that there is no Gibbs Thomson
effect depends mainly on R, y and T according to equation (3.2). Especially small particles with a large surface
tension at low temperatures will be affected. In our case, the Gibbs Thomson effect can be neglected.
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Figure 4.7: Change of ¢} over time due to the Gibbs Thomson effect. The dotted line indicates ¢ = 0.00084 wt %.
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Figure 4.8: Change of ¢} over R due to the Gibbs Thomson effect. The dotted line indicates ¢ = 0.00084 wt%.

4.5. Application of the assisted growth models
For the results of the assisted growth models, we will neglect the Gibbs Thomson effect since it does not affect
the results.

4.5.1. Multi dislocation model

With the use of the Multi dislocation model, we replace D with D, according to equation (3.13). To our
Ti/Fe DFC/FC

knowledge, D; " is not available. We will use the approximation from equation (3.17). The ratio W and #

are 51700 and 0.3 at 550°C respectively [2]. This gives g—’; = 171300. Since dislocation density data are available
[2], we will use equation (3.16) for g(t), where b is the Burgers vector. The dislocation density after quenching is
given by paso = 14.2 X 10Mm~2 and the dislocation density after recovery (pr) is set to 0.025 X pasq. According
to Ohlund et al. [2], the dislocation density is 55% of pg after 5 minutes of annealing. Since the first nuclei,
according to the model, start to form after 5 minutes, we assume a linear function for F(t) from 0.55 to 1. Figure
4.9 shows the evolution of F(t) from 5 min of annealing to 60 min of annealing. At t =0, boundary nucleation
starts and the dislocation density will change from 55% to 100% of pr. The nucleation in the matrix starts at t =
300 - 1500. Since nucleation in the matrix starts later, the dislocation density at the start is lower compared to
boundary nucleation.
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Figure 4.9: Evolution of F(t) over annealing time.

Table 4.8 shows the size of the precipitate at the end of tempering including and excluding the Multi dislocation
model. All concentration profile approximations show increased particle size when the multi dislocation model
is included. The non-linear concentration profile approximation reaches Ry before the end of annealing.

Riinear (nm) Rparabolic (nm) | Ryon-linear (M)
BN + SI 0.235 0.241 0.328
BN + SI + MD 0.326 0.335 0.401
MN + SI 0.226 - 0.234 0.230 - 0.239 0.298 - 0.322
MN + SI+MD | 0.278 - 0.318 0.286 - 0.326 0.401

Table 4.8: Precipitate size results. BN = Boundary nucleation, MN = Matrix nucleation, SI = soft impingement, MD = Multi dislocation
model. The results for boundary nucleation are gained at ¢ = 3300 and for matrix nucleation at t = 1800 and ¢ = 3000.

Figure 4.10 shows the results of the soft impingement model, including the multi dislocation model. Compared
to Figure 4.5, it shows that the growth rate is faster for all concentration profile approximations. The non-linear
concentration profile approximation even reaches R before the end of tempering, at t = 723s.
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Figure 4.10: TiC precipitate growth according to the diffusional growth model including soft impingement and the multi dislocation model.
The dotted line indicates Ry = 0.401 nm.

Figure 4.11 shows the change of D, during particle growth. The decrease in the diffusion coefficient represents
the decrease in dislocation density during annealing. The impact of this model is larger at the beginning of
growth and decreases as the dislocation density decreases.
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Figure 4.11: Evolution of Dy, during particle growth. Dygyice = 0.007 nm?/s.

4.5.2. Single dislocation model

With the single dislocation model we use the overall growth rate according to equation (3.3). For the radius of
the dislocation pipe (r9) we assume the burgers vector. D; ! is approximated the same as in the multi dislocation
model. Table 4.9 shows the size of the precipitate at the end of tempering including and excluding the single
dislocation model. We can see that for all concentration profile approximations, the precipitate reaches Ry
before the end of tempering. The single dislocation model has a larger assisting growth affect than the multi
dislocation model.

Riinear (nm) Rpambolic (nm) | Ruon-tlinear (Nm)
BN + SI 0.235 0.241 0.328
BN + SI + SD 0.401 0.401 0.401
MN + SI 0.226 - 0.234 0.230 - 0.239 0.298 - 0.322
MN + SI + SD 0.401 0.401 0.401

Table 4.9: Precipitate size results. BN = Boundary nucleation, MN = Matrix nucleation, SI = soft impingement, SD = Single dislocation
model. The results for boundary nucleation are gained at ¢ = 3300 and for matrix nucleation at ¢ = 1800 and ¢ = 3000.

Figure 4.12 shows the results of the soft impingement model, including the single dislocation model. From
this, the greater assisting effect of this model is more apparent. It also seems that the concentration profile
approximation has little effect on the growth when the single dislocation model is included.
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Figure 4.12: TiC precipitate growth according to the diffusional growth model including soft impingement and the single dislocation model.
The dotted line indicates Ry = 0.401 nm.
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tinear (8) tparabolic (s) | tuon-tinear (8)
SI+SD 336 411 367

Table 4.10: Time of growth until Ry is reached for the different concentration profile approximations. SI = soft impingement, SD = Single
dislocation model.

Table 4.10 shows the time for each concentration profile approximation, using the single dislocation model, to
reach Ry. This gives results contradicting our previous results. We would expect the non-linear concentration
profile approximation to have reached Ry first due to its largest parabolic growth constant (1). The reason for
this is due to the small radii range in which we are working. The particle size (R = 0.401 nm) is a size similar to
the diameter of the dislocation pipe (2 * r0 = 0.498 nm). Therefore, according to the model, the growth rate
due to diffusion in the pipe will be dominant in the whole growth stage. The only term in equation (3.4) for
%—flpipe depending on the concentration profile approximation is ¢ since we use the soft impingement model to
replace ¢ with c; after soft impingement. A higher value for c; will yield a higher value for the value for %'
which in turn yields a higher value for ‘Zl—f| pipe- From Figure 4.4, which indicates the concentration profile at the
start of soft impingement, it is shown that the linear concentration profile has not started soft impingement and
therefore will use c™ in equation (3.4). For the non-linear concentration profile, we use ¢, since soft impingement
has already started and since this is lower than ¢, ”é—lflp,-pe will be smaller than for the linear concentration
profile. So far, this explains the contradiction in the results between the linear and non-linear concentration
profile approximation, but not the parabolic. The reason why the parabolic concentration profile approximation
is still in agreement with previous results is that the growth rate from the lattice (‘fi—lfllﬂttice) is still much larger
for the non-linear. Note that the total growth rate is the summation of both. The parabolic concentration profile
approximation does indeed have a larger effect of the pipe diffusion, but is not large enough to compensate for
its lack in volume diffusion. Figure 4.13 shows the growth rate from the lattice and the pipe for all concentration
profile approximations for the first 100 seconds. Here, it is more apparent that the non-linear concentration

profile approximation is indeed the one that has the lowest growth rate from the pipe but the largest growth
rate from the lattice.

—— Non linear concentration profile (lattice)

'

0008 ". ---- Non linear concentration profile (pipe)
ﬁ —— Parabolic concentration profile (lattice)
'..‘:.| ---- Parabolic concentration profile (pipe)
l.‘;.,\ —— Linear concentration profile (lattice)

0.006 .‘.‘\‘\ ---- Linear concentration profile (pipe)

0.004

dR\dt (nm/s)

0.002

0.000

t(s)

Figure 4.13: The lattice and pipe growth rate for all concentration profiles approximation from the single dislocation model for the first 100
seconds of growth.

. . . D, - . . .

Figure 4.14 shows the effect of different ratios for 5~ on precipitate growth using the non-linear concentration
profile approximation. Growth increases with increasing diffusion coefficient in the pipe. It can also be seen
that, if the diffusion coefficient in the pipe and in the lattice are identical, there is still an assisted growth effect.

This is due to the summation of both growth rates, where the volume of the pipe is also counted when the
volume diffusion is calculated.
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Figure 4.14: Effect of the pipe diffusion coefficient and lattice diffusion coefficient ration (D—’;).

4.5.3. Multi boundary model

The implementation of the multi boundary model is the same as the multi dislocation model, but without the
change of D, over time. For the diffusion coefficient in the boundary (Dy), we assume that it is the same as the
diffusion coefficient in the pipe (D,). The boundary thickness (0) is assumed to be the same as the diameter of
the dislocation pipe, and the average grain size (dp) is assumed to be 20 pm. Table 4.11 shows the the results for
the soft impingement model, including the multi boundary model.

Riinear (nm) Rpambolic (nm) | Ruon-tlinear (Nm)
BN + SI 0.235 0.241 0.328
BN + SI + MB 0.280 0.288 0.401

Table 4.11: Precipitate size results. BN = Boundary nucleation, MN = Matrix nucleation, SI = soft impingement, MB = Multi boundary
model. The results for boundary nucleation are gained at ¢ = 3300.

The results show a similar trend as the volume diffusion model and the multi dislocation model. Figure 4.15
shows the results of the soft impingement model, including the multi boundary model. It can be seen that
the assisted effect is present but small compared to volume diffusion. The non-linear concentration profile
approximation reaches Ry in t = 2816 seconds.

In this case, D)) is constant at 0.036 nm? /s while D; = 0.007 nm?/s. We can see the effect of this small increase
in the results. The multi dislocation model has a much higher D,;,, starting at Dy, = 0.16 nm? /s which causes
the particle to reach larger sizes than for the multi boundary model.
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Figure 4.15: TiC precipitate growth according to the diffusional growth modal including soft impingement and the multi boundary model.
The dotted line indicates Ry = 0.401 nm.

4.5.4. Single boundary model

The implementation of the single boundary model is the same as the single dislocation model. We make the
same assumption as for the multi boundary model that the diffusion coefficient in the boundary (Dy) is the
same as the diffusion coefficient in the pipe (D,). Like the single dislocation model, we will analyze the effect of
different values for Dy. The boundary thickness (6) is assumed to be the same as the diameter of the dislocation
pipe, and the average grain size (dp) is assumed to be 20 pm. Both will be analyzed for different values. Table
4.12 shows the particle size at the end of tempering including and excluding the single boundary model. It
shows results similar to those of the single dislocation model, where all concentration profile approximations
have reached the maximum particle size before the end of tempering. Figure 4.16 shows the results of the soft
impingement model, including the single boundary model. Since the growth is rapid, only the first 3 seconds
are shown. The single boundary model seems to be the most assisting effect from the models used.

Riinear (nm)

Rparubolic (nm)

Rion-tinear (NM)

BN +SI

0.235

0.241

0.328

BN + SI + SB

0.401

0.401

0.401

Table 4.12: Precipitate size results. BN = Boundary nucleation, MN = Matrix nucleation, SI = soft impingement, SB = Single boundary
model. The results for boundary nucleation are gained at ¢ = 3300.

Finear (S) tpumbolic (S) fnon—linear (S)
SI+SB 222 2.69 2.89

Table 4.13: Time of growth until Ry is reached for the different concentration profile approximations. SI = soft impingement, SB = Single
boundary model.

Table 4.13 shows the time for each concentration profile approximation, using the single boundary model, to
reach R¢. Here we have a similar contradiction as before. The non-linear concentration profile seems to take the
longest to reach Ry. In this case, the growth rate from the boundary is related to Q). As seen in Figure 4.4, the
non-linear concentration profile approximation will have the lowest {(c;), next is the parabolic concentration
profile approximation and the linear concentration profile approximation has the highest Q(c;). This explains
the order in which the particles finish the growth stage. Unlike the single dislocation model, the difference
growth rate from the boundary is not compensated in the difference in growth rate form the lattice so that the
non-linear concentration profile approximation will be last. Figure 4.17 shows the change in the lattice and
boundary growth from the single boundary model for the first 3 seconds of growth. We can see that, compared
to the single dislocation model, the growth rate of the boundary is two orders of magnitude larger. In our case,
the growth rate from the boundary dominates over the growth rate from the volume.

Figure 4.18 shows the effect of different ratios for % on the growth of the precipitate using the non-linear
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Figure 4.16: TiC precipitate growth according to the diffusional growth model including soft impingement and the single boundary model.
The dotted line indicates Ry = 0.401 nm.
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Figure 4.17: The lattice and boundary growth rate for all concentration profiles approximations from the single boundary model for the first
3 seconds of growth.

concentration profile approximation. With decreasing ratios, the growth rate decreases until it is almost similar
to the growth rate excluding the single boundary model. Like the single dislocation model, when the diffusion

coefficient of the solute in the pipe or boundary is equal to the diffusion coefficient in the lattice, there is still an
assisted growth effect, due to the sum of diffusion from the same volume.

Figure 4.19 shows the analysis of different boundary thicknesses ranging from 0.2 to 2 nm. It shows that as the
boundary thickness increases, the growth rate increases. We can conclude that setting the correct boundary
thickness is important for the accuracy of the particle size. In our case, having a boundary thickness of 0.2 nm
reaches Ry within 6.9 seconds, while having a thickness of 2 nm reaches Ry within 0.74 seconds.

Lastly, Figure 4.20 shows the effect of average grain size. Note that, to show the effect, % = 10 has been chosen.
It seems that grain size only plays a role with a low diffusion coefficient. The grain sizes are 1, 10, 100, 1000 and
co. Grains of this size are unrealistically small, but it visualizes the region where the grain size has an effect on
the growth rate. Since grains this small are unrealistic, we can assume that the grain size has little to no effect on
the growth of the precipitate using the single boundary model. Especially when g—’l’ is large. For the model, it is
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Figure 4.18: Effect of the boundary diffusion coefficient and lattice diffusion coefficient ratio (g—’l’) on the growth using the single boundary
model.
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Figure 4.19: Effect of boundary thickness on the growth using the single boundary model.

reasonable to assume an infinitely large grain. No data of the grain size is needed and this simplifies the model
by removing the middle term in equation (3.8) since  is equal to 0 for an infinitely large grain. This gives

dR, 06Dy Dy . 1
), = (B 42)
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Figure 4.20: Effect of average grain size on the growth using the single boundary model. To show the effect g—ll’ = 10 has been chosen. The
grain sizes are: 1, 10, 100, 1000 and co.

4.6. Application for TiC precipitation in martensitic steel [2]

Here, we compare our results with experimental data and the model used by Ohlund et al.. Two data sets will
be presented. So far, we used x = 5nm as the average distance between the center of the initial particle and
the middle between the initial particle and the neighboring particle. From the APT results [2], it shows that
x =5 —7.5nm. Since the maximum particle size depends on x, we will show one set of results for x = 5 and
one for x = 7.5. The data is presented in terms of the number of Ti atoms in the precipitate instead of particle
size. We will convert the particle size to the number of atoms using the volume of one unit cell and the particle
volume given by V = 4/3rR3. If a particle contains one TiC unit cell, the particle contains 14 Ti atoms. If the
unit cell is fully surrounded, it contains 4 Ti atoms. Any given unit cell will contain 4 to 14 Ti atoms. The results
will be given in this range, where either all unit cells contain 4 or 14 Ti atoms. Also here, the Gibbs Thomson
effect is not included, as it does not change the results.

4.6.1. Experimental data [2]

The APT results and the particle size according to the soft impingement model including and excluding assisted
growth effects are shown in Table 4.14 and 4.15 for the linear, parabolic, and non-linear concentration profile
approximation. Note that for boundary nucleation, the models allow the precipitate to grow for 55 min and for
matrix nucleation for 30 - 50 min.

VD MD SD MB SB APT[2]
Linear: Boundary Nucl. 3-9 | 7-25 | 13-47 | 5-16 | 13-47 | 76 +48
Parabolic: Boundary Nucl. | 3-10 | 8-27 | 13-47 | 5-17 | 13-47 | 76 +48
Non-linear: Boundary Nucl. | 7-25 | 13-47 | 13-47 | 13-47 | 13-47 | 76 + 48

Linear: Matrix Nucl. 2-9 4-23 | 13-47 35
Parabolic: Matrix Nucl. 2-10 | 5-25 | 13-47 35
Non-linear: Matrix Nucl. 5-24 | 13-47 | 13-47 35

Table 4.14: Precipitate size in number of Ti atoms for x = 5nm. VD = Volume diffusion, MD = Multi dislocation model, SD = Single
dislocation model, MB = Multi boundary model, SB = Single boundary model.

Figures 4.21 and 4.22 show the particle size for the non-linear concentration profile approximation for x = 5nm
and x = 7.5nm respectively. The volume diffusion model seems to underestimate the particle size for all
concentration profiles. From this we can conclude that additional effects, such as dislocation or boundary
assisted growth, play an important role in the particle growth. The strength of the assisted growth models is
in the following order: Single boundary model < Single dislocation model < Multi dislocation model < Multi
boundary model. In our case, the assisted growth models are all limited by Ry, especially when x = 5nm. Due
to this limitation, the results are in reasonable agreement with the APT measurements.
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VD MD SD MB SB APT[2]
Linear: Boundary Nucl. 3-9 8-27 | 45-157 | 5-16 | 45-157 | 76 +48
Parabolic: Boundary Nucl. | 3-10 | 10-34 | 45-157 | 5-19 | 45-157 | 76 +48
Non-linear: Boundary Nucl. | 9-30 | 44-156 | 45-157 | 26-92 | 45-157 | 76 + 48

Linear: Matrix Nucl. 2-9 4-25 45 - 157 35
Parabolic: Matrix Nucl. 3-10 5-31 45 - 157 35
Non-linear: Matrix Nucl. 6-28 | 25-149 | 45-157 35

Table 4.15: Precipitate size in number of Ti atoms for x = 7.5nm. VD = Volume diffusion, MD = Multi dislocation model, SD = Single
dislocation model, MB = Multi boundary model, SB = Single boundary model.
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Figure 4.21: TiC Precipitate size for volume diffusion, multi dislocation model, single dislocation model, multi boundary model and the
single boundary model for x = 5nm. The dotted line indicates Ry = 0.401nm.
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Figure 4.22: TiC Precipitate size for volume diffusion, multi dislocation model, single dislocation model, multi boundary model, and the
single boundary model for x = 7.5nm. The dotted line indicates Ry = 0.602nm.

When we focus solely on volume diffusion, the non-linear concentration profile approximations seems the most
accurate to the APT results. We have seen that at low supersaturation, the non-linear concentration profile
is more accurate when compared to the exact solution. Using the linear or parabolic concentration profile
approximation would underestimate the particle size, which could indicate a large effect of assisted growth by
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either dislocations of the boundary. This work shows that the assisted effect is still present but smaller when
using the non-linear concentration profile approximation. When using one of the assisted growth models, it
is important to have adequate data on the average half distance between particles (x) to prevent the assisted
growth models from overestimating the particle size.

4.6.2. Model comparison [2]

In this part, we will compare our model with the soft impingement model used by Ohlund et al. [2] which is
derived by Offerman et al. [3]. In this model, the parabolic growth constant (1) is given by Zener’s model [8]
which is fitted to their data. This gives

A = 2.102(5 = o7 (4.3)
cP —c®

Which can be rewritten as 0
_ _ 4105871
A= 2.102(1 — Q) (4.4)

Note that this model does use the linear concentration profile for the calculation of c; but not for the growth
rate before soft impingement by measuring the parabolic growth constant with equation 4.4. We can compare
this new approximation for A with the concentration profile approximations. This is shown in Figures 4.23
and 4.24. This approach gives a more accurate solution than the linear and parabolic concentration profile
approximation. At high supersaturation, it even gives larger values for A than the exact solution and is even
more accurate than the non-linear concentration profile approximation. But the non-linear concentration profile
approximation is the most accurate at low supersaturation. The soft impingement effect is approximated in this

10
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Non Linear concentration gradient
Parabolic concentration gradient
Linear concentration gradient

] Ohlund et al.

Parabolic rate constant, A
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0.0001 0.001 001 01 1
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Figure 4.23: A comparison of A for the exact solution, the concentration profile approximations and Zener’s model used by Offerman et al.
[3] and Ohlund et al.[2].

model by using the intersection of the concentration profiles of the individual particles. In this model, the linear
concentration profile approximation is used. The diffusion length is calculated using the mass balance, but
without considering the presence of other particles. Using the diffusion length of the initial and neighboring
particle, the intersection of the concentration profiles is calculated. It is assumed that c; is located at

cs = ci(x,t) +ca(x, t) — ™ (4.5)

Where x is the half distance between the center of the initial and neighboring particle. For the linear concentration
profile approximation, this gives
2R + 2L —2x

s =c”—(c®=c") o7

(4.6)
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Figure 4.24: A comparison of A for the exact solution, the concentration profile approximations and Zener’s model used by Offerman et al.
[3] and Ohlund et al.[2]. Normalized to A of the exact solution.

In this model, soft impingement will start at the same point of the model in this thesis work, where the
concentration profiles initially start to overlap. The growth of particles ends when c¢; = ¢. It can be seen from
equation (4.6) that particle growth ends when R = x, thus hard impingement occurs. This can overestimate the
final particle size if enough time is given for growth.

VD (nm) | MD (nm) | SD (nm) | MB (nm) | SB (nm)
Present work (non-linear) 0.327 0.401 0.401 0.401 0.401
Offerman et al.[3] 0.313 0.554 0.851 0.432 5.000

Table 4.16: Precipitate size (R) in nm for x = 5nm. The results show the particle size for boundary nucleation (t = 55min). VD = Volume
diffusion, MD = Multi dislocation model, SD = Single dislocation model, MB = Multi boundary model, SB = Single boundary model.

VD (nm) | MD (nm) | SD (nm) | MB (nm) | SB (nm)
Present work (non-linear) 0.346 0.599 0.602 0.503 0.602
Offerman et al.[3] 0.316 0.611 0.952 0.462 7.500

Table 4.17: Precipitate size (R) in nm for x = 7.5nm. The results show the particle size for boundary nucleation (t = 55min).

Tables 4.16 and 4.17 show the final precipitate size for the present model, using the non-linear concentration
profile approximation, and the model of Offerman et al. [3] for x = 5nm and x = 7.5nm respectively. Figures
4.25 and 4.26 show the precipitate size over time using both models for x = 5nm and x = 7.5nm respectively.
Two effects can be seen from the results. First, it shows that the present work gives a larger precipitate size for
volume diffusion. This is due to the use of the non-linear concentration profile approximation, which gives a
larger value for A at the present supersaturation (€2 = 0.0005) than the approximation by Zener’s model from
equation (4.4) as seen in Figures 4.23 and 4.24. Secondly, when we add assisted growth effects, the present work
gives a smaller precipitate size. This is due to the soft impingement effect which is included using different
approximations in the model. In the present work, the particle cannot grow larger than Ry according to the mass
balance. Whereas the model by Offerman et al.[3], the maximum particle size is reached on hard impingement.
This happens when using the single boundary model. The multi and single dislocation model both have a
particle size bigger than Ry and the multi boundary model has a particle size bigger than Ry when we use
x = 7.5nm. In conclusion, The present model has a larger growth rate, but its limitation (preventing particles
from growing beyond Ry) results in lower particle sizes when using the assisted growth models.
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Figure 4.25: TiC Precipitate size for volume diffusion, multi dislocation model, single dislocation model, multi boundary model, and the
single boundary model for x = 5nm. All solid lines indicate the present model using the non-linear concentration profile. The coloured
dotted lines indicate the model by Offerman et al. [3]. The black dotted line indicates Ry = 0.401nm.
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Figure 4.26: TiC Precipitate size for volume diffusion, multi dislocation model, single dislocation model, multi boundary model, and the
single boundary model for x = 7.5nm. All solid lines indicate the present model using the non-linear concentration profile. The coloured
dotted lines indicate the model by Offerman et al. [3]. The black dotted line indicates R £ =0.401nm.

4.6.3. Limitations of the model

The main limitation of the model is that it can only predict an average particle size for all particles given a certain
average distance between the particles. It can not give a distribution of expected particle sizes and does not
include the effect of coarsening. Coarsening is an thermodynamically driven process, where large particles
grow and smaller particles shrink. Larger particles have a smaller percentage of atoms on the surface compared
to smaller particles, which makes them more stable.

The limitations of the model come from the assumptions we made in Chapter 2.2. First, we assumed that all
particles nucleate at the same size. Secondly, we assumed that the particles are uniformly distributed. Because
of this, the particles will all be the same size at any moment in time. This gives rise to the limitation in particle
size of Ry. If the particles are not uniformly distributed, x would be different for each particle. Because of this
Ry is also different for each particle. This then gives a distribution of particle sizes. An average distance x has to
be calculated for every single particle. With this addition, the model would have to run for every single particle.
The simulation time would be increased, depending on the amount of particles in the chosen volume element.
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The model does not include the effect of coarsening. This can only be included if the particles have different
sizes. Larger particles could take mass from smaller particles and from the matrix around them. The particles

could then reach sizes larger than Ry. The particle size would no longer be limited by the amount of mass
available in the matrix.
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Conclusion and Recommendations

This thesis work aimed to model the effect of soft impingement for diffusion controlled growth of spherical
particles with the implementation of the non-linear concentration profile approximation [1] to give accurate
predictions of the particle size at low supersaturation. Additionally, the Gibbs Thomson effect [15] and assisted
growth models like the multi dislocation model [16], the single dislocation model [17], the multi boundary
model [18] and the single boundary model [19] are added.

Different concentration profile approximations are compared with the exact solution of the diffusional growth
problem. The non-linear concentration profile approximation gives the most accurate results for (3 < 0.486,
while the parabolic concentration profile approximation is the most accurate for {3 > 0.486. It is reasonable
to use the non-linear concentration profile approximation for all values of Q) since the difference between the
non-linear and parabolic concentration profile approximation is small for high supersaturation while it is large
at low supersaturation. Also, the non-linear concentration profile approximation has a large diffusion length.
Therefore, soft impingement will start much earlier compared to the linear and parabolic concentration profiles.

The model is applied to TiC precipitation in martensitic steel with Q = 0.0005. The non-linear concentration
profile approximation gives the largest results for the particle size, then the parabolic concentration profile
approximation and the linear concentration profile approximation give the smallest results, which is in agreement
with the comparison of the three concentration profiles. The results for volume diffusion seem to underestimate
the precipitate size, indicating the necessity to add the effect of dislocation or boundary assisted growth.
Including assisted growth effects into the model gives results that are in reasonable agreement with experimental
data [2] due to the precipitate radius reaching R s before the end of tempering.

Additional effects on the soft impingement model are discussed and give the following results.

* The Gibbs Thomson effect does not seem to influence the results in the case of TiC precipitation in
martensitic steel.

* The single boundary model has the highest growth rate, allowing the precipitate to reach Ry in seconds.
The single dislocation model has the second largest growth rate, allowing the precipitate to reach Ry in 336
- 441 seconds, depending on the concentration profile approximation for x = 5nm. The multi dislocation
model is next, allowing the precipitate to reach Ry in 723 seconds for the non-linear concentration profile
approximation and does not reach Ry for the linear and parabolic concentration profile approximation due
to the lower parabolic growth rate of those approximations. The multi boundary model has the smallest
growth rate, where the non-linear concentration profile approximation reaches R in 2816 seconds.

¢ Using the multi dislocation and multi boundary model model show the same trend as the volume diffusion
model when comparing the three concentration profile approximation. This is because this model only
changes the diffusion coefficient (D) to the apparent diffusion coefficient (D) when dislocations are
present.

¢ The single dislocation model and the boundary model do not show the same trend when comparing the
different concentration profiles. For the boundary model, this is due to the fact that the growth rate of the
boundary (;Ti) dominates the growth rate from the lattice or matrix (‘é—lfl 1)- ‘fi—]flb mainly depends on the
value of cs. ¢s during soft impingement is largest for the linear concentration profile approximation, next
is the parabolic, and last the non-linear. Because of this, the trend is the opposite for the boundary model,
where the linear concentration profile approximation is fastest and the non-linear concentration profile
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approximation is slowest. The single dislocation model has a mixed trend, where the growth rate of the
dislocation (‘fi—fld) is not completely dominant over ‘fi—lfll. Because of this, the linear concentration profile
approximation is fastest, next is the non-linear instead of the parabolic, because of the larger growth rate
in the lattice for the non-linear concentration profile approximation.

* The effect of using different values for the diffusion coefficient in the dislocation pipe (Dj) is discussed.

* The effect of using different values for the diffusion coefficient in the boundary (Dy), the boundary
thickness (6) and average grain size (do) is discussed. Larger D, and 6 give larger particle sizes. It is
reasonable to assume the average grain to be infinitely large, as it does not significantly change the results.

The present model is compared to the model used by Ohlund et al. [2]. In the case of TiC precipitation with
Q = 0.0005, the present model with the non-linear concentration profile approximation gives a larger precipitate
size for volume diffusion due to having a larger parabolic growth constant (1) when using the non-linear
concentration profile approximation instead of Zener’s approximation [8]. The present model gives a smaller
precipitate size for the assisted growth models. This is because the precipitates in the model used by Ohlund et
al. can reach a size larger than Ry. The comparison indicates the importance of including a maximum precipitate
size according to the mass balance.

The limitations of the model are presented. It can not give an expected particle distribution but only one size
and the effect of coarsening is not included. Based on the limitations, future recommendations for further
improving the soft impingement model are defined as followed.

* The assumption of uniform distribution could be removed. This includes that the model should run for
every single particle in the chosen volume element. x can be defined individually for each particle based
on the distances from its neighbouring particles. As a result, this would give a particle size distribution
instead of an average particle size.

* The assumption where all particles nucleate at the same time could be removed. If particles nucleate
at different times, the particles will also reach different sizes giving a particle size distribution. If this
assumption is removed together with the previous one, then x needs to be calculated over time. New
particles can nucleate next to existing ones, decreasing the average distance between neighbouring particles.

* The effect of coarsening can be included to allow bigger particles to grow, even when Ry is reached, and
smaller ones to shrink.
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Appendix

A.l. Calculation for R f

To calculate Ry we will use a 3D mass balance. Note that we can not use the same mass balance with the
calculation of R, (R + L = x), since L loses its meaning after soft impingement.

The 3D mass balance

Ry x X
/ cPanr?dr + / c"™Anr?dr = / c®4nr’dr (A1)
0 Ry 0
Now we solve for R¢
Ry x x
/ cPanr’dr + / c"Anrtdr = / c®4nr’dr (A.2)
0 Ry 0
Ry x X
/ cPrdr + / c"rldr = / c®rldr (A.3)
0 Rf 0
1 3 1 m(.,3 3 1 ©,.3
gc”Rf +§c (x” = Rf”) = 3Cx (A4)
chfS +cm(x® - RfS) =c®x3 (A.5)
c"’Rf3 +c"x% - c’”Rf3 = c®yx3 (A.6)
Ry
(cF - c’”)F =c*—c" (A7)
Rf?) c® —cm
F: P —cm ZQ (A8)
R; =x3Q (A.9)
Ry = xQ3 (A.10)
An other way to solve for Ry is by the use of the following mass balance
4 3 00 4 3 3\( A0 m
§an (c? =c™) = gn(x —Rg7) (™ =c™) (A.11)
Again, we solve for Ry:
gnRﬁ(CP —-c®) = %7‘c(x3 - Rf3)(c°° -c™) (A.12)
Rp3(cP = c®) = (x> = RF)(c™ - c™) (A.13)
Re® (="
= Al4
(x3=Rf%) (" =c™) (A9
R ) g e A5

( —c®) T (r =)
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e m
RALRA =) _ 5, (=) A16
f o (cP — c™) (Cp _ Coo) ( )
(€ =c")y_ 3, (5=
REP*(1+-———2) = A7
Gy =8 (Cp_cw) (A17)
(COO—CI”)
R =23 ) (A.18)
(C°°—C’”) n 1
(cP=c®)
We rewrite the last term using (¢ — ¢) = (c? — ¢®) + (¢® - ™).
(c®=c™) (cP=c™)—(cP —c®™) (cP—c™)
=) @) o= ! (e —c®)  (c®=c")
(c®—=c™) - (cP=c™)=(cP=c™) 1 - (cP—c™) - (Cp — Cm) = (Cp — Cm) =Q (A19)
@) T 1 @ T @)
This gives
R =x°Q (A.20)
Ry = xQ3 (A.21)
A.2. Calculations for ¢,
To get a function for c;, we solve the following mass balance
R X x
/ cPanr?dr +/ c(r, anr?dr = / c8°4nr2dr (A.22)
0 R 0
R x x
/ cPridr +/ c(r, t)r’dr = / cridr (A.23)
0 R 0
1 3 ' 2 1 00,3
=c’R° + c(r, t)r*dr = Zcg’x (A.24)
3 R 3
! 2 1l ws 1,03
c(r,t)r“dr = ~cy’x” — =c’R (A.25)
R 3 3

From here, we replace c(r, t) with the function of the concentration profile and solve the integral on the left.

A.21. Linear concentration profile
For the linear concentration profile approximation we will use

x X oo m
/ c(r, t)yr’dr = / ( ; R (r = R) + c™)r?dr = (A.26)
R R -
X _om _om
/ r C; ; - r’R C; (1:2 +r2c"dr = (A.27)
< _ _
X _ am X _ am X
/ rBC; ; dr—/ rzR%dr+‘/ r2c"dr = (A.28)
R - R - R
1 X R X X
(cs — cm)m‘/R ridr — (cs — c”’)m‘/R r2dr +c" ./R r2dr = (A.29)
1 1 R 1 1
(cs —c”’)T—(x‘l—R“)—(cs -c ) Rg(x R3)+c’”§(x3—R3) = (A.30)
(cs — cm)(LRZ( 4 _RY - LR%(x - R+ c’”%(ﬁ —R% (A.31)
5(65 — ™AL+ cmg(x3 - R%) (A.32)

with 11
_ (4 pd (43 3
A = 3(—x — 4(x R*) - —— ( - R?)) (A.33)
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Now we insert equation (A.32) into equation (A.25).

1 m ml 3 3_1003 1;93
3(cs c™MAL +¢ 3(x R)—3c0x 3CR

(cs =c™A; = c5’x — PR3- c"™(x® - R®)
(cs — ™A = x‘o’(cO — ™)+ R3(c™ - ¢P)

3y — ™)+ R3(c™ - cP)

Cs = A +c™
A.2.2. Parabolic concentration profile
For the linear concentration profile approximation we will use
/ c(r, )r’dr = / (c™ (r -R)+ ( R)2 (r — R)*)r?dr =
/ c"r? —(cs —c ( )z)rzdr =
R
X
/ c"r? —(cs —c ( ) Hr2dr =
R

Nr2dr =

x 2r 2R 1’2 2rR R2
m,2 m
p— — — —_ — +
/R et = (e —c )(x—R x—R ((x—R)2 (x—R)?2 (x-R)?

/Rx c"r? — (cs — cm)(—x E R(r -R)- = —1R)2 (r> = 2rR + R?)r?dr =

X
/R P = (e = MR (0 = R) - x . g~ 2R+ PR)dr =

1., " 2 1 1 1 1 1 1
§C (x®*=R3¥+(cs—c )(x_—R(L—L(x‘*—R‘l)—gR(xz’—RS‘))——(—(xS—RS)—ER(x‘l—R4)+§R2(x3

(x—R)2'5

1 1

g(Cs - ™Ay + gc’”(x3 - R3)
with
1 1

(507~ R%) = 2RO~ R+ 3R~ R)

2 1 1
A2 =3( TR0 - RY = FROT-RY) - i (5

Now we insert equation (A.45) into equation (A.25).
%(cS - ™Ay + %c’"(x3 -R¥ = %c8°x3 - %ch3
(cs —c™)Az = c5'x — PR3 - c"(x® - R®)
(cs —c™A; = x3(c0 — ™)+ R3(c™ - ¢P)

ey = ™)+ R3(c™ - cP)
Cs = n

m

+c

(A.34)

(A.35)
(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A41)

(A.42)

(A.43)

~R) =

(A.44)
(A.45)

(A.46)

(A47)

(A.48)
(A.49)

(A.50)
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A.2 3. Non-linear concentration profile
For the non-linear concentration profile approximation we will use

/; c(r, )r’dr = /Rx((cm - cs)g(l . :1;) +co)rPdr =

X

* R r—R
/R ((c™ - 05)7(1 ~ 3T R)r2 +cor?)dr =

X
-R
/R ((c™ = cs)(1 - ;_—R)Rr +csr?)dr =
X f—
/ (((c™ = cs)Rr — (™ - cs)(ﬂ)Rr +cer?)dr =
R x—R
x x _ x
/ (c™ = cs)Rrdr —/ (" — cs)(ﬁ)erV +/ cot?dr =
R R x-R R
x x Rr? R2r x
m _ _ m _ (A _ N 2 —
‘/R (c cs)Rrdr ‘/R ((c CS)(x — R) (c CS)(x — R))dr +‘/R csredr
x m_ x x
/ (c" —cs)Rrdr — M/ (Rr? — R?r))dr +/ cor?dr =
R X = R R

o (€ =cs) [ h Y2 Yo
/ (¢ = ¢s)Rrdr — —(/ Rredr —/ R#rdr) +/ csrodr =
R x-=R "Jr R R

1, ., (c"—cs) 1 1 1
E(C - cs)(xz - Rz)R - ﬁ(g(xS - RS)R - E(XZ - RZ)R2) + ECS(X3 - RS)

(€7 = )52 = ROR = ——= (30 = )R = 23 = RIR) + 5¢,(x° = KY)

1 1
g(cm —Cs)Az + gcs(xs - RS)
with
1 1 1

Az = 3(%(x2 - R*R - m(g(x3 - R®R - 5(x2 - R?)R?))

Now we insert equation (A.61) into equation (A.25).

1 L 3 _pay_ 1 ws_ 1,53
g(c’” —5)Az + gcs(x -R°) = 360X - gc”R

cs(x® = R3) —¢;A3 = cox” = PR3 — " A
cs(x®* —R3 - A3) = co X — PR3 — " A
cx® — PR3 - " A3

x3—R3—A3

Cs =

A_3. Gibbs Thomson Effect

(A51)

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

(A58)

(A.59)
(A.60)

(A.61)

(A.62)

(A.63)

(A.64)
(A.65)

(A.66)

In this part, the origin of the Gibbs Thomson effect is explained. This will lead to the general form of the

Gibbs-Thomson equation.

For this derivation we will assume a binary mixture of atoms A and B [18]. Let’s first assume no precipitate
(phase ) is present and only phase « is present. The Gibbs free energy for mixing the two elements is given by

G® = X4Ga + XpGp + AGpix

(A.67)

Where X4 and X3 are the fractions A and B, G4 and Gg are the Gibbs free energy of a pure system of A and B

respectively and AG,,;y is the change in energy due to mixing. AG,,ix is given as

AGmix = AHmix - TASmix

(A.68)
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Where AH,,ix and AS,,;x or the enthalpy and entropy of mixing. To define AH,,;», we assume a homogeneous
distribution of elements and the enthalpy effects are only approximated with closed neighbor bonds (AA, AB,
BB). Then AH,,iy is given as

AHir = QXaXp (A.69)

Where Q is the regular solution parameter given as
1
Q =ngoz(eap — 5(ean + epp)) (A.70)

Where 1,, is Avogadro’s constant, z is the coordination number and ¢;; is the binding energy between atoms
i and j. Here, 1114,z is the amount of bonds in the system but is multiplied by two in this equation due to
the probability of A-B bond to occur in a randomly mixed system being equal to 2X4Xp. The right term
(eaB— %(e AA + €BB)), is the difference enthalpy due to the creation of an A-B from the reaction: %AA + %BB — AB.
To define AS,,;x, we assume that the thermal entropy, which is related to the number of ways in which vibrations
can occur in the solid, is negligible compared to the configurations enthalpy, which is related to the number of
ways atoms A and B can be arranged on the lattice. Also all configurations of A and B are equally probable.
ASyix can be given as

ASpix =k In(w) (A.71)

Where w is the number of ways the atoms can be arranged on the lattice given by the number of possible ways
to arrange A and B atoms ((n4 + np)!) reduced by n4!ng! since all A and all B atoms are the same to each other,
given by

_ (na+mnp)!

A72
TlA!TlB! ( )

Where 14 and np are the amount of atoms A and B. Using Stirling’s mathematical approximation (In(n!) =
n In(n) — n) and the relations n; = X;n and R = kng,,, AS,,i, can be rewritten as

ASpix = —R(XAZI’Z(XA) + XBZI’Z(XB)) (A.73)
G*“ can then be written as
G = GaXa+GpXp+QXaXp + RT(XAZH(XA) + XBZTI(XB)) (A.74)
For the derivation of the Gibbs-Thomson equation we use the article by Perez [15]. G* can be rewritten using
ni
Xi = ni+n;”
na np nang
e T T S E— A7
G na(Ga +k ln(nA+nB))+nB(GB+k ln(ﬂA+7’ZB))+Q(7’1A+1’ZB) (A.75)
We add another phase (f) of composition Ay B, where the molar concentration for B is equal to X}, = XyTy, the
free Gibbs energy is
GP = nPGP (A.76)

Where nf is the amount of atoms in the  phase and Gf, is the free energy per atom. If both phases are in
equilibrium at the interface, transferring atoms A and B from phase a (composition X{') to  (composition X},)
will not change the total energy of the system. This can be given as

6G* 6G* 5GP
1-X,)— Xy— =dn—— A.77
dn( p)énj +dnX, o dn 5n ( )

Solving this for a dilute regular solution gives
Gh = (1= X,)[GS + kTIn(1 = XI)] + X,[G% + Q + kTIn(X")] (A.78)

Here, the interracial energy is not taking into account. A term for the interfacial energy needs to be added to
A.76 to derive the new equilibrium condition.

GF = nPGh + ySP (A.79)

Where 7 is the surface energy and SF is the surface area. The  phase is assumed to be spherical with radius r

and atomic volume v, .

at

%nr3 = nPof (A.80)
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bGﬁ is then given by
oGP g N 2yv§t
onf "

The new equilibrium condition between phase a (composition X" (r)) and phase § (composition X?) is then
given by

(A.81)

p
2yv
cf 4 % = (1= X,)[G + KTIn(1 = X" ()] + X,[GS +Q + KTIn(X" (r))] (A82)
Now we subtract the equation with (A.82) and without (A.78) the interfacial energy term to get the general form

of the Gibbs-Thomson equation.

2)/7] Xm(r) X" (r)
Z/ at PV (—= p
T =(1-XP)n ( " )+ XPIn(——= " ) (A.83)
or p
2yv,, 1—cp R
Zrat (1= P PIn(-X
> 1-c¢ )ln(1 Cm)+c ln(cm) (A.84)

A.4. Single Dislocation Model

In this part, the calculations are given for the single dislocation model (Figure 3.2). Weng et al. [17] proposed a
flux going towards the dislocation due to the stress to be |, and the flux inside the dislocation line towards the
particle to be J;. The diffusion is now described for a cylindrical geometry with different diffusion coefficient
inside and outside the cylinder. Inside the dislocation pipe, diffusion is described as

Sct 62cd Dz S¢
o -0, 22, (A.85)

Where, Dy, is the diffusion coefficient inside the dislocation pipe, D; is the diffusion coefficient in the lattice, c? is
the concentration inside the pipe and C is the concentration in the lattice. Outside the dislocation, diffusion is
described as

2; IE( o (A.86)
The boundary conditions are
c(r,t)y=c%, whenr>rgandt=0 (A.87)
c(r,t)=cP(z), whenr<rpandt>0 (A.88)
cP(z)z=r = c" (A.89)

Solving this for a cylindrical coordinate system gives the fluxes [, and J;.

Jo = =DiGen = 2o = cIf () (A.90)
V2,

Ja = ~Dy(3 .- k= DDA ) (A91)

Where ( 2)

, < exp(—t'x
= A A — A.92
) ./0 0200 + 20 (492
and
¢ D—;t (A.93)
T

Where Jo(x) and Yy(x) are Bessel functions of the first and second kind of the zeroth order. Bessel functions are
the solution to the following differential equation.

d? d
xzd_xz + x% +(x2-a?)y =0 (A.94)
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«a is the order the Bessel function and is in this case equal to 0. In the case of positive integers for x and @ =0,
Jo(x) and Yp(x) are the following.

2n

Jox) = Z(— V' S (n,)Z (A.95)
%o(x) = 2((I(3) + )o(x) + ZHk( il (A.96)
(k!)?
Where Hj is a harmonic number.
k
H; = kl (A.97)
k=11

And v is the Euler-Mascheroni Constant, defined as

y = klim (Hk —In(k)) or vy =0.5772 (A.98)

Now, the growth rate due to pipe diffusion can be found by the following mass balance.
(c? — cm)4nR2d l, = 2mrola (A.99)

This gives

d -
) = S o D, D) (10

7tR2

A.5. Boundary Assisted Growth Model

In this part, the calculations are given for the boundary model (Figure 3.3) from Cheng et al. [19]. They
proposed that the precipitate is represented by a sphere located in the middle of a thin disk, which represents
the boundary. It is assumed that the diffusion in the sphere is rapid so that the spherical shape is maintained.
The concentration profile in the boundary is determined by the conversation of mass in the volume element,
illustrated in Figure 3.3.

N, = Ny1ar — AN, = dNj, (A.101)
Where 5
- %%
N; = -DpAc < (A.102)
And 5
dNp = 6Act (A103)
Next, dN. is approximated as [23]
4D
dN, =~ d—(cb —¢™)dAs (A.104)
0

Where Dy, is the diffusion coefficient in the boundary, A, is the cross section area, dA; is the surface area of the
volume element, cj, is the concentration profile of the solute inside the boundary, 6 is the boundary thickness
and d is the average grain diameter. A, and dA; are given by

Ac =2mrd (A.105)

dAs = 2mtrdr (A.106)

Assuming that % = 1, the mass balance from equation (A.101) gives

6C,
ot

(cp —c%)) = (A.107)

52 7 or dD(S

Solving equation (A.107) with the following boundary conditions

e ¢, =c®whenr << R

e ¢, =c"
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This gives the solute concentration profile in the boundary.

cp = MK (Br) +c= (A.108)
b Ko(BR) 0 '
Where
4D
=)= A.109
p Dyods ( )

The modified Bessel function (Ko(x)) is approximated as

Ko(x) ~ \/ge_x (A.110)

According to Cheng et al. [19], this gives an error of less then 10 pct. The mass balance can be rewritten as
2 m 2 6C 6Cb
—4nR*(c? — ¢")da = (—4nR Dalr:R - ZnRéDbﬁlrzR)dt (A.111)

Next, equation (A.108) and (A.111) with previous results by Cheng et al. [19] gives the growth rate.

dR D 6D, 0Dyf

Rp=o 2, Do)y
at'"" TR T 4Rz T 2R

)2) (A.112)

+
( it
In this work, Cheng used the invariant size approximation [9]. The invariant size approximation is an
approximation to predict the parabolic growth constant (1) with a given supersaturation (Q) just like the
concentration profile approximations discussed in this thesis work. We will not go into detail for the invariant
size approximation as it is beyond the scope of this thesis work. When using the invariant size approximation
under the assumption of a steady state, this gives
dR

D
E'l = Q(E) (A.113)

Subtracting equation (A.113) from (A.112) gives the growth rate from the boundary

dR oDy 6Dy

Dy
=t or TGy

)Z) (A.114)

+
(T[t
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