
 
 

Delft University of Technology

Effect of Reduced-Order Modelling on Passivity and Rendering Performance Analyses of
Series Elastic Actuation

Kenanoglu, Celal Umut; Patoglu, Volkan

DOI
10.1109/LRA.2025.3561564
Publication date
2025
Document Version
Final published version
Published in
IEEE Robotics and Automation Letters

Citation (APA)
Kenanoglu, C. U., & Patoglu, V. (2025). Effect of Reduced-Order Modelling on Passivity and Rendering
Performance Analyses of Series Elastic Actuation. IEEE Robotics and Automation Letters, 10(6), 5745-
5752. https://doi.org/10.1109/LRA.2025.3561564

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1109/LRA.2025.3561564
https://doi.org/10.1109/LRA.2025.3561564


Green Open Access added to TU Delft Institutional Repository 

'You share, we take care!' - Taverne project  
 

https://www.openaccess.nl/en/you-share-we-take-care 

Otherwise as indicated in the copyright section: the publisher 
is the copyright holder of this work and the author uses the 
Dutch legislation to make this work public. 

 
 



IEEE ROBOTICS AND AUTOMATION LETTERS, VOL. 10, NO. 6, JUNE 2025 5745

Effect of Reduced-Order Modelling on Passivity
and Rendering Performance Analyses of

Series Elastic Actuation
Celal Umut Kenanoglu , Graduate Student Member, IEEE, and Volkan Patoglu , Member, IEEE

Abstract—We study reduced-order models of series elastic actu-
ation under velocity-sourced impedance control, where the inner
motion controller is assumed to render the system into an ideal
motion source within a control bandwidth and replaced by a low-
pass filter. We present necessary and sufficient conditions for the
passivity of this system and prove that the passivity results ob-
tained through the reduced-order model may violate the passivity
of the full-order model. To enable safe use of the reduced-order
model, we derive conditions under which the passivity bounds of
the reduced-order model guarantee the passivity of the full-order
system. Moreover, we synthesize passive physical equivalents of
closed-loop systems while rendering Kelvin-Voigt, linear spring,
and null impedance models to provide rigorous comparisons of the
passivity bounds and rendering performance among the full- and
reduced-order models. We verify our results through a comprehen-
sive set of simulations and experiments.

Index Terms—Physical human-robot interaction, force control,
compliance and impedance control, haptics and haptic interfaces,
safety in HRI.

I. INTRODUCTION

S ERIES elastic actuation (SEA) is an interaction control
approach introduced to provide safe and natural physical

interactions that feature high stability robustness and rendering
fidelity. SEA uses a linear compliant element intentionally in-
troduced into mechanical design and relies on the model of this
compliant element to implement closed-loop force control [1],
[2], [3]. The existence of the compliant element not only im-
proves contact stability by decreasing the reflected impedance
of the plant as seen from the interaction port but also improves
stability robustness by relaxing the stringent stability bounds
on the controller gains that are imposed due to sensor-actuator
non-collocation and actuator bandwidth restrictions [4], [5], [6].
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Given that high rendering fidelity can only be achieved by ac-
tively compensating for the dynamics of the compliant element
through its model, actuator saturation limits the performance
bandwidth of SEA.

Series damped elastic actuation (SDEA) extends the control
paradigm by adding a linear viscous dissipation element parallel
to the spring of SEA [7], [8], [9], [10]. The addition of viscous
dissipation to the series compliant element has been shown to
help increase the force control bandwidth [7], reduce undesired
oscillations [6], eliminate the need for derivative controller
terms [9], and extend the upper limit on the passively renderable
stiffness levels [10], [11].

The velocity-sourced impedance control (VSIC) is the most
commonly used controller for SEA and SDEA (together abbre-
viated as S(D)EA), due to its reliable performance and ease of
implementation [1], [3], [12], [13], [14]. The high performance
of VSIC is mainly due to its inner motion control loop based
on colocated sensor feedback [1]. Colocated sensor feedback
enables high controller gains to be utilized in this motion con-
trol loop to effectively eliminate parasitic forces—undesired
effects due to dissipation, compliance, and inertial dynamics that
negatively affect the rendering performance—without inducing
instability. Hence, the robust inner motion control loop can
render the system to act as an ideal linear motion source within
its control bandwidth, while the rest of the S(D)EA plant is
intentionally designed to feature a linear time-invariant (LTI)
series elastic element.

Given that S(D)EA under VSIC is designed as an LTI system,
the coupled stability of interactions with this system has com-
monly been analyzed in the frequency domain. The coupled
stability of interactions requires the system to be stable when
attached to any passive environment. A necessary and sufficient
condition to ensure the coupled stability of an LTI plant coupled
to any passive environment is that the reflected impedance of
the closed-loop plant as seen from the interaction port is pas-
sive. Consequently, the passivity of LTI systems ensures robust
coupled stability across a wide range of environments, including
those involving state-independent feedforward actions, such as
non-malicious humans [15].

Passivity enables coupled stability analysis to be performed
without the need for an environment model. Furthermore, the
closed-form conditions derived from such analyses are of high
value, as they offer analytical insights into the influence of
system parameters on stability robustness. Passivity conditions
are inherently robust as they restrict the phase of the closed-loop
system to the right side of the complex plane, away from the
critical point. However, there exists a fundamental trade-off in
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Fig. 1. Schematic representation of SDEA (SEA if Bf = 0).

interaction control between stability robustness and rendering
performance [6], [11].

Under the assumption of a robust inner motion controller,
reduced-order models have been used to study the passivity
and rendering performance of SEA [16], [17], [18], [19]. For
reduced-order modeling, the inner motion controller is assumed
to render the system into an ideal motion source within a control
bandwidth, while the physical interaction force applied to the
actuator is further omitted.

Reduced-order modeling is valuable as such models enable
more tractable closed-form analytical passivity conditions for
complicated closed-loop systems, such as S(D)EA under VSIC.
On the other hand, the performance and passivity conclusions
obtained through such reduced-order models necessitate rig-
orous validation with respect to their corresponding full-order
model, since, in general, there is no guarantee that these prop-
erties will match with that of the full-order model, as proven in
Section V.

In this study, we rigorously analyze the consequences of
reduced-order modeling on the coupled stability and haptic
rendering performance of S(D)EA under VSIC. Our novel con-
tributions can be listed as follows:
� We present necessary and sufficient conditions for the

passivity of reduced-order models of S(D)EA under VSIC.
� We demonstrate that the passivity results obtained through

the reduced-order model may violate the passivity of the
full-order model.

� We derive conditions under which the passivity bounds
of the reduced-order model guarantee the passivity of the
full-order system.

� We introduce passive physical equivalents of reduced-
order closed-loop systems while rendering Kelvin-Voigt
(abbreviated as Voigt), spring, and null impedances.

� We provide rigorous comparisons of the passivity bounds
and rendering performance among full- and reduced-order
closed-loop systems.

� We present experimental verifications of our results.

II. PRELIMINARIES

A schematic representation of a single-axis SDEA plant
(without its controllers) is presented in Fig. 1. Without loss
of generality, a rectilinear representation is used in the figures
for simplicity of presentation, while all variables are kept in
a rotary domain. Let Jm and Bm denote the reflected inertia
and viscous damping of the actuator, including the reflected
electrical damping. A physical compliant element consisting of
a parallel torsional spring and viscous damper pair denoted by
K−Bf , is placed between the end-effector and the actuator. Let
the actuator and end-effector velocities be ωm and ωend. The
symbol τm represents the actuator torque, while the end-effector
inertia is denoted by Mend.

The interaction torque induced on the damped compliant
element, also called the physical filter, is represented by τsdea.

This interaction torque consists of the sum of the torques induced
on the torsional spring and the viscous damper. Let τh and
τ ∗h capture the human-induced torques on the system, which
consists of a passive component τh and the deliberately applied
active component τ ∗h which is assumed to be independent of
the system states [15]. We assume that human interactions are
non-malicious. The end-effector inertia of SDEA is neglected,
so τsdea(s) ≈ τh + τ ∗h; hence, the impedance at the interaction
port can be defined as Zout(s) = − τsdea(s)

ωend(s)
, where the spring-

damper torque is considered as positive when these elements are
in compression.

Fig. 2(a) illustrates the block diagram of the full-order model
of SDEA under VSIC. The thick lines represent physical quanti-
ties, while Gt and Gm denote the torque and motion controllers,
respectively. The colocated inner velocity control loop of VSIC
effectively transforms the system into an ideal motion source.
This loop operates on the motion reference signal ωd generated
by the outer torque control loop, whose aim is to regulate
the spring-damper deflection at a desired level to match the
reference force signal τd, computed according to the reference
impedance Zref . The reference impedance is selected based on
the impedance desired to be rendered at the interaction port [20].

The reduced-order modeling focuses on the colocated in-
ner motion controller of S(D)EA under VSIC, highlighted in
Fig. 2(a). It assumes that an aggressive and robust motion
controllerGm renders this subsystem into an ideal motion source
within a control bandwidth. The inner motion control loop of
VSIC has the following transfer function:

ωm

ωd
=

Gm

Jms+Bm +Gm
=

Gm

Jm

s+ Bm+Gm

Jm

= γ
wa

s+ wa
(1)

where γ = Gm

Bm+Gm
.

Fig. 2(b) depicts the block diagram of the reduced-order
model of S(D)EA under VSIC. The reduced-order model re-
places the inner velocity loop with a first-order low-pass filter,
where wa captures the bandwidth of the motion-controlled sub-
system in Fig. 2(a). In the reduced-order model, γ multiplies
the torque controller gain, and for the simplicity of analysis,
this scaled controller gain is redefined as Gt. In most practical
cases, Bm is significantly smaller than Gm, resulting in γ≈1.
Furthermore, the physical interaction force τsdea applied to the
actuator as a disturbance is also omitted in the reduced-order
model presented in Fig. 2(b), as it is assumed that this measured
force can be partially canceled out with a feedforward control
action and the motion-controlled system is designed to be suffi-
ciently robust to compensate for the remaining disturbances.

III. PASSIVITY OF REDUCED-ORDER MODEL

The impedance at the interaction port of the reduced-order
model of SDEA under VSIC during Voigt model rendering is
given by, ZSDEAred

V oigt (s) = − τsdea(s)
ωend(s)

=

Bf s
3 + [K +Bfwa(1 +BrefGt)] s

2

+[K wa +Gtwa(BrefK +Bf Kref )] s+Gt KKref wa

s3 + (wa +Bf Gt wa) s2 +Gt K wa s
(2)

where the reference Voigt model is Zref =
Kref

s +Bref with
Kref and Bref denoting respective spring and damping values.
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Fig. 2. Block diagrams of (a) full-order and (b) reduced-order models of S(D)EA under VSIC

Proposition 1: Consider the reduced-order model of Voigt
model rendering with SDEA under VSIC as in Fig. 2(b), where
Gt is a proportional gain. Let all parameters be positive. Then,
the following expressions constitute necessary and sufficient
conditions for the passivity of ZSDEAred

V oigt (s).

i) K ≥ Kref

Bref Gt+1 , and

ii)− 2
√

BfGtK(K−Kref+BrefGtK)−Gt(BrefK+BfKref )

Bf (BrefGt+1)(BfGt+1)
≤wa

The proof is presented in Appendix A.
For a simpler set of sufficient conditions, Condition (ii) of

Proposition 1 can be replaced by the following:

Gt (Bref K +Bf Kref )

Bf (Bref Gt + 1) (Bf Gt + 1)
≤ wa (3)

The impedance at the interaction port of the reduced-order
model of SDEA under VSIC during Voigt model rendering given
in (2) reduces to that of SEA under VSIC during Voigt model
rendering when Bf is zero.

Corollary 1: Consider the reduced-order model of Voigt
model rendering with SEA under VSIC in Fig. 2(b), whereBf =
0 and Gt is a proportional gain. Let all parameters, except Bref ,
be positive. Then, the following expressions constitute necessary
and sufficient conditions for the passivity of ZSEAred

V oigt (s).
i) 0 < Kref ≤ (BrefGt + 1)K, and

ii) −1 ≤ BrefGt ≤ 0.
The proof follows from Proposition 1 by setting Bf =0.
Note that passive Voigt model rendering with SEA under

VSIC is only possible when Bref ≤ 0, indicating that while
the physical damping in the system can be compensated, aug-
mentation of system damping is not possible with SEA under
VSIC under the passivity constraints.

Remark 1: When Bref (Bref and Kref ) is set to zero in
(2), the output impedance transfer function for SDEA becomes
equal to the transfer function for spring (null impedance) ren-
dering. Accordingly, necessary and sufficient conditions for
spring rendering with SDEA reduce to Conditions (i) and (ii)
of Proposition 1 with Bref =0 (Bref =Kref =0). During null
impedance rendering, Conditions (i) and (ii) of Proposition 1 are
always satisfied.

Similarly, the output impedance transfer function and the nec-
essary and sufficient conditions for spring and null impedance
rendering with SEA can be derived by substituting Bf =
Bref =0 and Bf =Bref =Kref =0 into (2) and Corollary 1,
respectively.

IV. ANALYSIS OF RENDERING PERFORMANCE OF S(D)EAred

VIA PASSIVE PHYSICAL EQUIVALENTS

Passive physical equivalents (also called realizations) de-
scribe physically realizable behaviors with a network of passive
fundamental elements in a domain to realize a driving-point
impedance. Realizations are useful as they provide analytical
insights into the trade-offs between passivity and performance
in interaction controllers and facilitate rigorous comparisons
of various plant and controller dynamics with each other [6],
[20], [21].

Passive physical equivalents not only provide sufficient con-
ditions for passivity but also establish an intuitive understanding
of these bounds in terms of the non-negativity of fundamental
mechanical elements involved in their topology. Moreover, these
realizations explicitly demonstrate how plant parameters and
controller gains influence rendering performance; they clarify
the extent of controller authority on the closed-loop system
and enable the rendered dynamics to be distinguished from
the parasitic terms. Accordingly, one can analytically study the
fundamental passivity-performance trade-offs due to plant and
controller parameters through realizations. Furthermore, they
offer a structured analytical framework for rigorous comparisons
of various closed-loop dynamics resulting from different system
configurations. In this study, we utilize passive physical equiv-
alents for analytical comparisons of full- and reduced-order
systems.

A. Passive Physical Equivalent of SDEAred

A realization of the impedance at the interaction port
as in (2), characterizing the reduced-order model of
SDEA under VSIC during Voigt model rendering when
the controller is proportional, is presented in Fig. 3(a).
The parameters of this realization are given as: c1v =
K−Kref

Gt K
, b1v =

Bf−Bref

Bf Gt wa
, c2v =

(Bf Kref−Bref K) (Bf wa−K)

Bf
2 Gt Kwa

,

and b2v =
(Bf Kref−Bref K) (Bf wa−K)

Bf Gt K2 wa
.

For the realization in Fig. 3(a) to be feasible, all components
should be non-negative. Hence, the non-negativeness of the
terms imposes:

K ≥ Kref and Bf ≥ Bref and wa ≥ K

Bf
and

Bf

K
≥ Bref

Kref

(4)
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Fig. 3. The passive physical equivalents of the reduced-order models of the
Voigt rendering under VSIC of plants with (a) SDEA (for Bref ≥ 0) and
(b) SEA (for Bref ≤ 0).

These conditions impose constraints that are more conserva-
tive than Condition (i) of Proposition 1 and (3). Consequently,
the feasibility of Fig. 3(a) provides sufficient conditions for the
passivity of (2). Physical realization of the reduced-order model
of SDEA under VSIC during Voigt model rendering in Fig. 3(a)
consists of three main branches in parallel: a spring-damper
pair Kref–Bref in parallel, and a branch capturing the parasitic
dynamics governed by a complex topology of damper-inertance
terms (c1v , c2v , b1v , and b2v) that are coupled to the system in
series through a coupling filter. This coupling filter also consists
of a spring-damper pair in parallel, where the stiffness and
damping of the filter are given by K −Kref and Bf −Bref ,
respectively.

The parasitic dissipation effects are split into two parts: a
damper term (c1v) multiplied by 1

Gt
indicating a significant

effect of the force control gain Gt on this damper term, and a
serial damper-inerter term (c2v - b2v) that introduces frequency-
dependent dissipation to the system that increases with fre-
quency. The parasitic inertance (b1v) reduces with higher force
control gainGt like the damper term. Furthermore, this inertance
is scaled with 1

wa
, indicating that a higher cut-off frequency

reduces the parasitic inertance.
After removing the rendered Voigt model Kref -Bref and

the serial coupling filter (Bf −Bref )–(K −Kref ) pairs, the
effective damping of Fig. 3(a) can be computed as

[Bf (Bf−Bref )wa+BrefK−BfKref ]w
2+K(K−Kref )wa(

Bf
2Gtwa

)
w2 +GtK2wa

(5)
which converges to c1v at low frequencies, while it approaches to
c1v + c2v at high frequencies. Similarly, the effective inertance
of the subsystem can be computed as

[Bf (Bf−Bref )]w
2+K(K−Kref )−(BrefK−BfKref )wa(
Bf

2Gtwa

)
w2 +GtK2wa

(6)
which converges to b1v + b2v at low frequencies, while it ap-
proaches to b1v at high frequencies.

B. Passive Physical Equivalent of SEAred

A realization of the reduced-order model of SEA un-
der VSIC during Voigt model rendering when the con-
troller is proportional is presented in Fig. 3(b). The pa-
rameters of this realization are given as: c3v = Bref +

K−Kref

Gt K
, b3v=

Bref
2

K−Kref
+

K−Kref+Bref wa

Gt Kwa
, and c4v=−Bref−

(K−Kref ) (K−Kref+Bref wa)
Bref Gt Kwa

.
Note that this realization is significantly different from the

realization in Fig. 3(b), since passive Voigt model rendering
with SEA under VSIC is only possible for Bref ≤ 0.

For the realization in Fig. 3(b) to be feasible, all compo-
nents should be non-negative. Non-negativeness of c3v imposes
Condition (i) of Corollary 1. Moreover, if we substitute the
non-negativeness condition of c3v into b3v and c4v , we observe
that Bref should be negative for non-negativeness of b3v and
c4v . Hence, the feasibility of the realization provides sufficient
conditions for the passivity of the system. Accordingly, if we
consider that the controller gains are positive, then the realiza-
tion is valid as long as Bref is negative, and Condition (i) of
Corollary 1 are satisfied with non-negative b3v and c4v values.

Fig. 3(b) indicates two main branches in parallel: a spring
Kref , and a branch capturing the parasitic dynamics and desired
damping value governed by a complex topology of damper-
inertance terms (c3v , c4v , and b3v) that are coupled to the system
in series through a coupling spring with a stiffness ofK −Kref .

The low-frequency damping behavior of this realization is
captured by c3v , which is adjustable via Bref . When a high
value of Gt is chosen, the value of c3v converges to Bref at
low frequencies, demonstrating that the damping in the system
approachesBref . It is important to remember the trade-off; since
the passivity constraint requires Bref to be negative, while the
feasibility of the realization requires c3v not to be negative.

After removing the rendered virtual stiffness Kref and the
serial coupling filter K −Kref from the system, the effective
damping of the realization in Fig. 3(b) becomes (7) shown at
the bottom of the next page which converges to c3v at low
frequencies, while it approaches to c3v+c4v at high frequencies.
Similarly, the effective inertance of the realization in Fig. 3(b) is
(8) shown at the bottom of the next page which converges to b3v
at low frequencies, while it approaches zero at high frequencies.

When the realizations of the reduced-order models are com-
pared with those of the corresponding full-order in [20], it can
be observed that both the structure and the behavior of the
realizations are quite similar to each other. Furthermore, the
reduced-order model captures the similar stability-performance
trade-offs as the full-order model, while resulting in realizations
that are easier to interpret. Numerical comparisons are presented
in Section VI.

Remark 2: When Bref =0 (Bref =Kref =0), Fig. 3(a) re-
duces to the passive physical equivalent of linear spring ren-
dering (null impedance) rendering with SDEA. Similarly, the
passive physical equivalent of linear spring (null impedance)
rendering with SEA can derived from Fig. 3(b) by substituting
Bref =0 (Bref =Kref =0).

V. PASSIVITY OF REDUCED VS FULL-ORDER MODEL

The results of Section III indicate that the passivity results
obtained through the reduced-order model may violate the pas-
sivity of the full-order model. Below, we present the conditions
under which the passivity bounds of the reduced-order model
guarantee the passivity of the full-order system, to enable safe
use of the reduced-order model.

Proposition 2: Consider positive controller parameters for
Voigt model rendering with S(D)EA, with the exception of
negative Bref for SEA. The necessary and sufficient conditions
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TABLE I
PARAMETERS OF THE SDEA PLANT IN SIMULATIONS

of the reduced-order model S(D)EAred with wa � Bm+Gm

Jm
to

ensure the passivity of the full-order model of S(D)EA under
VSIC are as follows:

(i) Bref (1−BmGt) ≥ 0 or

(ii) Bref (1−BmGt) < 0 and BrefGmGt(BmGt−1)
Jm

≤ wa.
The proof is presented in Appendix B. Note that, while Bref

is positive for SDEA, it must be negative for SEA.
In Condition (i), 1−BmGt ≥ 0 term ensures that the damp-

ing term c1v in the realization of the reduced-order model in
Fig. 3(a) underestimates the corresponding damping term in the
realization of the full-order model of SDEA under VSIC during
Voigt model rendering [20], since this damping term dominates
the parasitic dynamics at low frequencies and the effective
damping of both reduced- and full-order models converge to Bf

at high frequencies. Furthermore, since Bref must be negative
for SEA during Voigt model rendering, the sign of the condition
is reversed accordingly.

Similarly, Condition (ii) ensures that the effective damping
of the overall realization of the reduced-order model does not
overestimate that of the full-order system.

Remark 3: The passivity of the reduced-order model with
wa=

Bm+Gm

Jm
provides a sufficient condition for the passivity of

the full-order system during spring rendering. Furthermore, null
impedance rendering with the reduced- and full-order models is
always passive for S(D)EA, if non-negative controller gains are
utilized.

VI. NUMERICAL EVALUATIONS

Table I presents the SDEA plant parameters used for the
numerical simulation, while the controller gains are selected
as Gt = 5 rad/sNm and Gm = 5 Nms/rad. These parameters
are selected so that a clear counterexample can be provided to
support the theoretical analysis.

Fig. 4(a) presents Bode plots of reduced- and full-order mod-
els while rendering Voigt models with Bref = 0.05 Nms/rad.
The passivity of these systems can be easily visualized from
the Bode phase plots, as the phase is restricted to stay within
the [−π

2 , π
2 ] range for passive systems. The figure shows

that the reduced- and full-order models are both passive when
Kref = 150 Nm/rad. Similarly, the reduced- and full-order
models are both active when Kref = 600 Nm/rad. However,
when Kref = 455 Nm/rad, the full-order model remains pas-
sive, whereas the reduced-order model no longer maintains its

passivity. In this case, the reduced-order model provides a more
conservative bound than the full-order model, as 1−BmGt ≥ 0.

Conversely, Fig. 4(b) illustrates two scenarios when 1−
BmGt < 0. In particular, the condition BrefGmGt (BmGt−1)

Jm
≤

wa is not met for Gt = 15 rad/sNm and Kref = 630 Nm/rad
and the full-order model becomes more conservative than
the reduced-order model. This implies that, under these con-
troller parameters, the passivity of the reduced-order model
cannot guarantee the passivity of the full-order model. In
contrast, when Gt = 10 rad/sNm and Kref = 542 Nm/rad,
BrefGmGt (BmGt−1)

Jm
≤wa is satisfied, confirming that the

reduced-order model still provides a more conservative bound
than the full-order model.

Fig. 4(c) presents the effective damping and effective spring of
the reduced- and full-order models, respectively. In these figures,
Kref= 150 Nm/rad, while Bref = 0.05 Nms/rad for SDEA
and Bref = -0.05 Nms/rad for SEA. Fig. 4(c) shows that the
effective damping of the reduced-order model underestimates
the effective damping of the full-order model, as required by the
passivity condition (Bref (1−BmGt) ≥ 0). At low frequencies,
the effective damping converges to c1v +Bref for SDEA and
c3v for SEA, as shown by their respective passive physical
equivalents.

Similarly, Fig. 4(c) indicates that the effective stiffness is
Kref = 150 Nm/rad for both SEA and SDEA for the reduced-
order model, while the effective stiffness of the full-order model
is GmGt

GmGt+1Kref in the low-frequency range, which is also
consistent with their respective passive realizations.

Numerical effective impedance comparisons in Fig. 4(c) show
that the performance of the reduced- and full-order models are
quite close to each other, and the reduced-order realizations can
be used to study the performance trade-offs involved in the full-
order system, as predicted in Section IV.

VII. EXPERIMENTAL VALIDATION

This section validates the theoretical passivity limits of the
reduced-order model of S(D)EA through physical experiments.
We employ a modified version of the single-axis SEA brake
pedal depicted in Fig. 5(a) [22]. The SEA brake pedal is driven
by a brushless DC motor equipped with a Hall-effect sensor and
an optical encoder. Motor torque is amplified with a transmission
ratio of 1:39.5. The series elastic component is implemented as
a compliant cross-flexure joint whose deflections are measured
with a linear encoder to estimate interaction torques. The system
is controlled in real-time at 1 kHz via an industrial PC connected
to an EtherCAT bus. For the SDEA implementation, the system
is augmented with an eddy-current damper in parallel to the
cross-flexure joint. Furthermore, the stiffness of the cross-flexure

− [
Bref (K−Kref )

2
]
w2+

[
(K−Kref )

3+BrefGtK(K−Kref )
2
]
wa(

B2
refGtKwa

)
w2 +GtwaK(K −Kref )2

(7)

GtwaB
2
refK(K −Kref ) + waBref (K −Kref )

2 + (K −Kref )
3

(GtwaB2
refK)w2 +GtwaK(K −Kref )2

(8)
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Fig. 4. (a)–(b) Bode plots comparing the passivity of full-order and reduced-order models during Voigt model rendering, and (c) effective impedance analysis of
full-order and reduced-order models for S(D)EA to show the similarity of performances.

Fig. 5. The S(D)EA pedal (a) and results of coupled stability experiments during Voigt rendering with (b) SDEA and (c) SEA.

TABLE II
PARAMETERS OF THE S(D)EA PLANT

joint is reduced by half for the SDEA implementation to ensure
a larger effect of Bf with respect to K.

The experimentally determined plant parameters are pre-
sented in Table II [20]. Nominal VSIC controller gains are set
to Gm = 0.0576 Nms/rad and Gt = 30 rad/(sNm).

Theoretical passivity bounds in the previous sections are
derived assuming a unity reduction ratio in power transmis-
sion. These results generalize to system with a reduction ratio
n through the following mappings: Jmeq

= n2 Jm, Bmeq
=

n2 Bm, Gmeq
= n2 Gm, and Gteq = 1/nGt.

A. Verification of Passivity Bounds

We investigate the passivity of the system by studying the
stability of interactions when coupled to the most destabilizing
environments. The passivity is affirmed only if no set of ideal
springs or inertias destabilizes the system under excitations
spanning all frequencies. Inertial environments are the most
destabilizing environments for S(D)EA.

The S(D)EA brake pedal under VSIC was connected to
various inertias and impacts were imposed to its end-effector.
Non-passivity conclusions were made if any violation of the
coupled stability was observed. Conversely, if no violations
were detected during multiple trials with gradual increase in the
end-effector inertia, it was concluded that experimental evidence

supports passivity. A video of sample experiments is provided
in the Multimedia Extension.

Voigt Model Rendering with SDEA: In these experiments, we
studied the coupled stability of SDEA under VSIC during Voigt
rendering. A line search was conducted along the Kref values
for differentBref values, starting from 25% below the most con-
servative theoretical passivity bound, while Kvir was increased
with a resolution of 0.5 Nm/rad. The necessary and sufficient
conditions of the full-order model were utilized as in [20]. The
conditions for the reduced-order model were calculated from
Conditions (i) and (ii) of Proposition 1. Fig. 5(b) shows that one
of the conditions of the reduced-order model presents a more
conservative bound than the corresponding condition of the full-
order model for allBref . On the other hand, the second condition
of the reduced-order model presents a more conservative bound
than the full-order model until Bref ≈ 0.0862 Nms/rad, after
which (16) is violated.

Fig. 5(b) presents the experimental Kref–Bref plot for the
SDEA brake pedal. In the figure, the necessary and sufficient
conditions of full-order model are depicted as the magenta
and blue lines. In the figure, the theoretical passivity bound
according to Condition (i) of Proposition 1 is depicted as the
green line, while the bound according to Condition (ii) of Propo-
sition 1 is depicted as the orange line. The experimental results
validate the analytically predicted passivity boundary. In partic-
ular, experimental results follow the dashed blue line which is
the stricter condition. The theoretical bounds are about 8% more
conservative, as the physical system is likely to have some extra
dissipation.

Voigt Model Rendering with SEA: In these experiments, we
studied the coupled stability of SEA under VSIC during Voigt
model rendering. We tested various Kref and Bref values when
Gt = 15 rad/(sNm). The necessary and sufficient condition for
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the full-order model is computed from [20], while the passivity
condition for the reduced-order model is computed from Corol-
lary 1.

Fig. 5(c) presents the experimental Kref–Bref plot for the
SEA brake pedal. In Fig. 5(c), the passivity conditions according
to the full- and reduced-order models are presented as the blue
and orange dashed lines, respectively. The figure indicates that
the passivity of the reduced-order model provides a sufficient
condition for the full-order model. The theoretical bounds are
about 8% more conservative.

We have also investigated the coupled stability of both SDEA
and SEA under VSIC during spring rendering, that is, when
Bref = 0 during Voigt model rendering. For each case, we
analyzed the range of Kref values for different Gt gains based
on the necessary and sufficient conditions. Our experimental
results (not shown due to space restrictions) validate the an-
alytically predicted passivity boundaries and demonstrate the
conservativeness of the reduced-order model. The theoretical
bounds for SDEA and SEA were about 6.5% more conservative
than the experimental results.

VIII. CONCLUSION

Reduced-order modeling relies on good velocity tracking
performance of the inner motion control subsystem within a per-
formance bandwidth. Since the existence of a robust collocated
control loop around the actuator is one of the key underlying
ideas of the S(D)EA paradigm [1], this assumption remains
valid for most systems with S(D)EA and is independent of the
controller employed to achieve this goal. Furthermore, the robust
control of the actuator and the linearity of the intentionally
designed series elastic element enable systems with S(D)EA
possess linear dynamics, allowing them to be particularly suit-
able for LTI analysis.

The reduced-order model is commonly employed as it enables
easier analysis; however, the results of such analyses must
be validated against the full-order model. We have provided
necessary and sufficient conditions for the passivity of the
reduced-order model of S(D)EA under VSIC. Our analysis has
revealed instances where the passivity results obtained from the
reduced-order model may not align with those of the full-order
model of SDEA. Consequently, we have derived conditions
under which the passivity bounds of the reduced-order model
ensure the passivity of the full-order system. Specifically, if the
product of the viscous damping of the actuator and the torque
controller gain exceeds one for SDEA, the parameter wa should
be selected higher than BrefGmGt(BmGt−1)

Jm
. Conversely, if this

product is less than one for SEA, wa should be higher than the
same limit.

We have introduced passive physical equivalents for the
reduced-order model while rendering Voigt, spring, and null
impedance. These passive physical equivalents not only enable
explicit study of the rendered impedance and parasitic dynamics
but also facilitate objective comparisons among reduced- and
full-order models in terms of their rendering performance. Ad-
ditionally, we have presented rigorous comparisons of passivity
bounds and rendering performance across different closed-loop
systems utilizing the full- and reduced-order models. Our re-
sults indicate that both the structure and the behavior of the
reduced- and full-order realizations are quite similar to each
other. Moreover, the reduced-order model captures the similar
stability-performance trade-offs as the full-order model. Ac-
cordingly, by employing the passivity guarantees provided in

Proposition 2, the reduced-order models can be used to effec-
tively study S(D)EA under VSIC.

Our future work includes extending this analysis to various
controllers, including model reference force controller [23]. Ex-
tending the S(D)EA paradigm to systems with multiple degrees
of freedom and/or with non-linear series elastic elements are
other possible interesting research directions.

APPENDIX A

Proof: According to the positive realness theorem [15], [24],
the necessary and sufficient conditions are:

1) Z(s) has no poles in the right half plane. ZSDEAred

V oigt (s)
has no roots in the open right half plane if all coefficients of
denominator of ZSDEAred

V oigt (s) are positive.

2) Re[Z(jw)] ≥ 0 for all w. The sign of Re[ZSDEAred

V oigt (jw)]

can be checked by the sign of H(jw) = d6w
6 + d4w

4 + d2w
2

where

d2=Gt K wa
2 (K −Kref +Bref Gt K) (9)

d4=Bfwa
2(BrefGt + 1)(BfGt + 1)−BrefGtKwa (10)

−BfGtKrefwa

d6 = Bf (11)

The coefficient d6 is always positive, since Bf is positive.
Non-negativeness of d2 imposes Condition (i) of Proposition 1.
The last necessary and sufficient condition can be derived from
the condition d4 ≥ −2

√
d2d6 as the Condition (ii) of Proposi-

tion 1.
3) Any poles of Z(s) on the imaginary axis are simple with

positive and real residues. There exists no poles on the imaginary
axis, except at s = 0, when all controller gains and wa are
positive. When s = 0, the residue equals to Kref , which is
always positive and real for positive Kref . �

APPENDIX B

Proof: Equations (12) and (13) present the passivity condi-
tions for Voigt model rendering of the full-order model for SDEA
under VSIC when the controller gains are positive [20], where
(12) is a necessity condition, while (13) is a sufficient condition
for Voigt model rendering with the full-order SDEA model.

K ≥ Kref
α

(α+ 1)

Bm +Gm

Bm +Gm +Bref α
(12)

Jm ≤ Bf (Bm+Gm+Bref α) [Bm+Gm+Bf (1 + α)]

(Bf Kref +Bref K) α
(13)

where α = GmGt. When the necessary conditions presented in
Condition (i) of Proposition 1 and (12) are compared:

K ≥ Kref

Bref Gt + 1
≥ Kref

α

(α+ 1)

Bm +Gm

Bm +Gm +Bref α
(14)

Accordingly, (14) shows that SDEAred presents a more con-
servative bound than SDEA when the following equation holds:

0 ≤ Bm +Gm +Bref α (1−BmGt) (15)
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Since wa = Bm+Gm

Jm
, (15) can be rearranged as:

wa ≥ Bref α (BmGt − 1)

Jm
(16)

If 1−BmGt ≥ 0, then there is no need to check (15) or (16),
and (14) always holds. If 1−BmGt < 0 and the cut-off fre-
quency of the reduced-order model is selected to satisfy (16),
then it can be shown that the passivity bound of SDEAred in
Condition (i) of Proposition 1 provides a sufficient condition
for the passivity bound of SDEA in (12). In particular, the
comparison of the sufficient conditions presented in (3) and (13)
indicate that

Jm ≤ Bf (BrefGt+ 1)(BfGt+ 1)(Bm +Gm)

(Bf Kref +Bref K) Gt

≤ Bf (Bm+Gm+Bref α) [Bm+Gm+Bf (1 + α)]

(Bf Kref +Bref K) α
(17)

Equation (3) presents a more conservative bound than (13) if the
following relation holds:

0 ≤ Bref Bf α (1−BmGt) + (Bm +Gm)(Bm +Bf )
(18)

Since wa = Bm+Gm

Jm
, (18) can be rearranged as:

wa ≥ Bref Bf α (BmGt − 1)

Jm(Bm +Bf )
(19)

If 1−BmGt ≥ 0, then there is no need to check (18) or (19),
and (17) always holds. If 1−BmGt < 0, then the passivity
bound of SDEA in (13) is ensured when (19) is satisfied.
However, (16) presents a more conservative bounds than (19).

Similarly, for Voigt model rendering with SEA under VSIC,
(20) and (21) provide the necessary and sufficient conditions for
the passivity of the full-order model of SEA under VSIC when
controller gains, except Bref , are positive [20].

α

α+ 1
Kref ≤

(
1 +

αBref

Bm +Gm

)
K (20)

− (Bm +Gm) ≤ αBref ≤ 0 (21)

A comparison of (20) with Corollary 1 indicates (14). Accord-
ingly, (14) shows that the reduced-order model SEAred presents
more conservative bounds than the full-order model of SEA if
(15) or (16) is satisfied for Bref ≤ 0. If Condition (ii) of Corol-
lary 1 and (21) are compared, then Condition (ii) of Corollary 1
is always more conservative than (21), since Bm > 0. �
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