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Dynamical moderate deviations for the Curie-Weiss
model

Francesca Collet* Richard C. Kraaij'

Abstract

We derive moderate deviation principles for the trajectory of the empirical
magnetization of the standard Curie-Weiss model via a general analytic ap-
proach based on convergence of generators and uniqueness of viscosity solu-
tions for associated Hamilton-Jacobi equations. The moderate asymptotics
depend crucially on the phase under consideration.

Keywords: Moderate deviations; Interacting particle systems; Mean-field in-
teraction; Viscosity solutions; Hamilton-Jacobi equation

MSC[2010]: primary 60F10; 60J99

1 Introduction

The study of the normalized sum of random variables and its asymptotic behavior
plays a central role in probability and statistical mechanics. Whenever the variables
are independent and have finite variance, the central limit theorem ensures that the
sum with square-root normalization converges to a Gaussian distribution. The
generalization of this result to dependent variables is particularly interesting in sta-
tistical mechanics where the random variables are correlated through an interaction
Hamiltonian. Ellis and Newman characterized the distribution of the normalized
sum of spins (empirical magnetization) for a wide class of mean-field Hamiltonian
of Curie-Weiss type [8, 9, 10]. They found conditions, in terms of thermodynamic
properties, that lead in the infinite volume limit to a Gaussian behavior and those
which lead to a higher order exponential probability distribution.

A natural further step was the investigation of large and moderate fluctuations for
the magnetization. The large deviation principle is due to Ellis [7]. Moderate devi-
ation properties have been treated by Eichelsbacher and Lowe in [6]. A moderate
deviation principle is technically a large deviation principle and consists in a re-
finement of a (standard or non-standard) central limit theorem, in the sense that
it characterizes the exponential decay of deviations from the average on a smaller
scale. In [6], it was shown that the physical phase transition in Curie-Weiss type
models is reflected by a radical change in the asymptotic behavior of moderate devi-
ations. Indeed, whereas the rate function is quadratic at non-critical temperatures,
it becomes non-quadratic at criticality.

All the results mentioned so far have been derived at equilibrium; on the con-
trary, we are interested in describing the time evolution of fluctuations, obtaining
non-equilibrium properties. Fluctuations for the standard Curie-Weiss model were
studied on the level of a path-space large deviation principle by Comets [2] and
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Kraaij [15] and on the level of a path-space central limit theorem by Collet and Dai
Pra in [1]. The purpose of the present paper is to study dynamical moderate devi-
ations to complete the analysis of fluctuations of the empirical magnetization. We
apply the generator convergence approach to large deviations by Feng-Kurtz [13]
to characterize the most likely behaviour for the trajectories of fluctuations around
the stationary solution(s) in the various regimes. The moderate asymptotics depend
crucially on the phase we are considering. The criticality of the inverse temperature
B =1 shows up at this level via a sudden change in the speed and rate function of
the moderate deviation principle for the magnetization. In particular, our findings
indicate that fluctuations are Gaussian-like in the sub- and super-critical regimes,
while they are not at the critical point.

Besides, we analyze the deviation behaviour when the temperature is size-dependent
and is increasing to the critical point. In this case, the rate function inherits features
of both the uniqueness and multiple phases: it is the combination of the critical and
non-critical rate functions. To conclude, it is worth to mention that our statements
are in agreement with the results found in [6].

The outline of the paper is as follows: in Section 2 we formally introduce the Curie-
Weiss model and we state our main results. All the proofs, if not immediate, are
postponed to Section 3. Appendix A is devoted to the derivation of a large deviation
principle via solution of Hamilton-Jacobi equation and it is included to make the
paper as much self-contained as possible.

2 Model and main results

2.1 Notation and definitions

Before we give our main results, we introduce some notation. We start with the
definition of good rate-functions and what it means for random variables to satisfy
a large deviation principle.

Definition 2.1. Let X7,X3,... be random variables on a Polish space F. Further-
more let 1: F — [0, 00].

1. We say that I is a good rate-function if for every ¢ > 0, the set {x|I(x) < c} is
compact.

2. We say that the sequence {Xn}In>1 is exponentially tight if for every a > 0
there is a compact set K, C X such that limsup, P[X € K¢] < —a.

3. We say that the sequence {X,}n>1 satisfies the large deviation principle with
rate r(n) and good rate-function I, denoted by

P[X, ~ a] ~ e "(W1Ila)]

if we have for every closed set A C X

1
h?jip m logP[X,, € Al < —igf\l(x),

and for every open set U C X

lim inf % log P[X,, € U] > — inf I(x).

n—oo TN xeu

Throughout the whole paper A€ will denote the set of absolutely continuous curves
in R.



Definition 2.2. A curve vy : [0,T] — R is absolutely continuous if there exists a
function g € L'[0,T] such that for t € [0,T] we have y(t) = v(0) + f; g(s)ds. We
write g =1y.

A curve v : R — R is absolutely continuous if the restriction to [0, T] is absolutely
continuous for every T > 0.

2.2 Glauber dynamics for the Curie-Weiss model

Let 0 = (01)i—; € {—1,+1}™ be a configuration of n spins and denote by
mn(o) =n"" Z o
i=1

the empirical magnetization. The stochastic process {o(t)}t>0 is described as follows.
For o € {—1,+1}", let us define o’ the configuration obtained from o by flipping the j-
th spin. The spins will be assumed to evolve with Glauber spin-flip dynamics: at any
time t, the system may experience a transition o — o’ at rate exp{—poj(t)mn(t)},
where $ > 0 represents the inverse temperature and where by abuse of notation
mn (t) := mu(o(t)). More formally, we can say that {o(t)}t>0 is a Markov process
on {—1,+1}", with infinitesimal generator

Gnf(o) = Z e Pouma(o) [f (c') —f(0)] . (1)
im1

Let 2 2
En = Mmpn ({_],+]}n) = {_])_] +*)~--a] _7’]} - [_]’]]
n n

be the set of possible values taken by the magnetization (we will keep using this
notation for the state space of the magnetization). The Glauber dynamics (1) on
the configurations induce Markovian dynamics for the process {m,(t)}t>0 on En,
that in turn evolves with generator

Anf(x) = n];xeBX [f (X+ g) ff(x)} +nﬂefﬁx {f (xf %> ff(x)] .
2 n 2 n

This generator can be derived in two ways from (1). First of all, the microscopic
jumps induce a change of size % on the empirical magnetization. The jump rate
of x to x + % corresponds to any —1 spin switching to +1 with rate ef*. The total
number of —1 spins can be computed from the empirical magnetization x and equals
n%. A similar computation yields the jump rate of x to x — % A second way to
see that A, is the generator of the empirical magnetization is via the martingale
problem and the property that A, f(m, (o)) = Gn(f o my)(0).

Assume the initial condition m,, (0) obeys a large deviation principle, then it can be
shown that {m,(t)}t>0 obeys a large deviation principle on the Skorohod space of
cadlag functions Dg(R™). We refer to [12] for definition and properties of Skorohod
spaces and to [2, 5] for the proof of the large deviation principle. Moreover, see [15,
Theorem 1] for a LDP obtained by using similar techniques as in this paper. This
path space large deviation principle allows to derive the infinite volume dynamics
for our model: if m;,(0) converges weakly to the constant my, then the empirical
magnetization process {mny(t)}t>0 converges weakly, as n — oo, to the solution of

m(t) = —2m(t) cosh(Bm(t)) + 2sinh(Bm(t)) (2)

with initial condition mg. It is well known that the dynamical system (2) exhibits
a phase transition at the critical value 3 = 1. The solution m = 0 is an equilibrium



of (2) for all values of the parameters. For § < 1, it is globally stable; whereas, for
B > 1, it loses stability and two new stable fixed point m = £mg, mg > 0, bifurcate.
We refer the reader to [7]. For later convenience, let us introduce the notation

G1,p(x) = cosh(pBx) —xsinh(px) and Gz g(x) = sinh(pBx) —x cosh(px).

Observe that the equilibria of (2) are solutions to Gz g(x) = 0.

2.3 Main results

We want to discuss the moderate deviations behavior of the magnetization around
its limiting stationary points in the various regimes. We have the following three
results that can be obtained as particular cases of the more general Theorem 3.7
stated and proven in Section 3.2. The first of our statements is mainly of interest
for sub-critical inverse temperatures f < 1, but is indeed valid for all B > 0. The
results for the critical and super-critical regimes follow afterwards.

Theorem 2.3 (Moderate deviations around 0). Let {bn}n>1 be a sequence of posi-
tive real numbers such that by, — co and bin~' — 0. Suppose that b, m,, (0) satisfies
the large deviation principle with speed nb;? on R with rate function 1y. Then the
tragectories {bnmn(t)}5o satisfy the large deviation principle on Dr(R"):

P [{oamn ()50 ~ {¥(D}iso| ~ e 0w 1Y),
where 1 is the good rate function

) To(v(0)) + [§ £(v(s),¥(s))ds ify € AC,
Iy) = .
() otherwise,

with 1
L(x,v) = 3 v+ 2x(1 — B)Iz.

Theorem 2.4 (Moderate deviations: critical temperature B =1). Let {bnln>1 be a
sequence of positive real numbers such that b, — oo and bin~1 — 0. Suppose that
b.mn (0) satisfies the large deviation principle with speed nby* on R with rate func-
tion Ip. Then the trajectories {bnmn(bﬁt satisfy the large deviation principle
on Dgr(R™*):

T iso

B [{bama(b20},y = (y(t)hizo] ~ e "0x" 1),

where 1 is the good rate function

) To(v(0)) + [§ £(v(s),¥(s))ds ify € AC,
Iy) = .
0 otherwise,

with 5
25
V+ =X

1
L(va)zf 3

8

Theorem 2.5 (Moderate deviations: super-critical temperatures p > 1). Let
m € {—mg,+mg} be a non-zero solution of G, p(x) = 0. Moreover, let {bnln>1
be a sequence of positive real numbers such that b, — oo and b2n~! — 0. Sup-
pose that by (m,(0) —m) satisfies the large deviation principle with speed nb;% on
R with rate function lo. Then the trajectories {bn(mn(t) — M)}, satisfy the large
deviation principle on Dgr(R™1):

P [{bn(mn(t) —M)}so ~ {y(t)}@O} ~ e bRt



where 1 is the good rate function

) To(v(0)) + [§ £(v(s),¥(s))ds ify € AC,
Iy) = .
0 otherwise,

with
(v— ZXGQYB (m))?
8G,p(m)

L(x,v) =

The rate functions (3) and (5) have a similar structure. Indeed, whenever p < 1,
m = 0 is the unique solution of G, g(x) = 0; moreover, it yields G;,5(0) = 1 and
Gé,ﬁ(o) =p-1

By choosing the sequence b,, = n%, with « > 0, we can rephrase Theorems 2.3,
2.4 and 2.5 in terms of more familiar “moderate” scalings involving powers of the
volume. We therefore get estimates for the probability of a typical trajectory on a
scale that is between a law of large numbers and a central limit theorem. We give
a schematic summary of these special results in Table 1 below.

For any of the three cases above, we define the Hamiltonian H : R x R — R by
taking the Legendre transform of £: H(x,p) = sup, pv — L(x,v). It is well known
that the rate function S of the stationary measures of the Markov processes, also
known as the quasi-potential, solves the equation H(x,S’(x)) = 0, cf. Theorem
5.4.3 in [14]. We use this property to show that our results are consistent with the
moderate deviation principles obtained for the stationary measures in [6]. We give
the Hamiltonian of the three cases above

(a) sub-critical temperatures, Theorem 2.3 H(x,p) = 2x(B — 1)p + 2p?,
(b) critical temperature, Theorem 2.4 H(x,p) = —2x>p + 2p?,
(c) super-critical temperatures, Theorem 2.5 H(x,p) = 2xG%(m)p + 2G; (m)p?.

The stationary rate function S in each of these three cases obtained in [6, Theorem
1.18] is given by

(a) sub-critical temperatures, S(x) = %(1 — B)x?,

(b) critical temperature, S(x) = 1177‘4

%cxz, where ¢ := (¢”(Bm))~" — B, and m is

log (cosh(x)).

(c) super-critical temperatures, S(x) =
a solution of G g(x) =0 and ¢(x)

For (a) and (b), it is clear that H(x, S’(x)) = 0 for all x. For (c), since m = tanh(fm),
by inverse function theorem we obtain ¢”(pm) = 1 —m?. Therefore, we have

c=(¢"(pm))"" =B = (1 —mtanh(pm)) ' —p
_ [BGig(m)—cosh(pm)] = Gjg(m)
N Gi,p(m) ~ Gip(m)’

which implies that also in this case H(x,S’(x)) = 0 for all x.

The next theorem complements the results in [1, Proposition 2.2] for the subcriti-
cal regime and shows that also in the supercritical case the fluctuations around a
ferromagnetic stationary point converge to a diffusion process. As previously, the
statement is a direct consequence of a more general central limit theorem given in
Theorem 3.8 below.



Theorem 2.6 (Central limit theorem: super-critical temperatures f > 1). Let
m € {—mg,+mp} be a non-zero solution of Ga,5(x) = 0. Suppose that n'/?(m,(0) —
m) converges in law to v. Then the process n'/2(my,(t) —m) converges weakly in
law on Dg(R™) to the unique solution of:

{dY(t) = 2Y(t)G} 5 (m)dt +2,/Gr g (m) AW(1)

Y(O) ~ Y, (6)

where W(t) is a standard Brownian motion on R.

We want to conclude the analysis by considering moderate deviations and non-
standard central limit theorem for volume-dependent temperatures decreasing to
the critical point. In the sequel let {mﬁ(t]}t>o denote the process evolving at tem-
perature f3.

Theorem 2.7 (Moderate deviations: critical temperature p = 1, temperature
rescaling). Let k > 0 and let {bnlns1 be a sequence of positive real numbers such
that b, — oo and bin~1 — 0. Suppose that bnm:be‘:z(O) satisfies the large devi-

ation principle with speed nb;* on R with rate function Io. Then the trajectories
{bnmlf'(b;Z (bﬁt)} o satisfy the large deviation principle on Dg(R*):
t=>

P {{bnmwbnz(bﬁt)} L& {Y(t)}@o} ~ e,
t>

where 1 is the good rate function

) To(v(0)) + [§ £(v(s),¥(s))ds ify € AC,
Iy) = .
00 otherwise,

with
2

L(x,v) = <

1 1 3
3 V*Z(KX*gX )

Notice that in this borderline case the moderate deviations rate function (7) is a
sort of mixture of the one at the criticality (4) and the Gaussian rate function (3).

Theorem 2.8 (Critical fluctuations: critical temperature p = 1, temperature

rescaling). Let k > 0 and suppose that n'/*ml <12 (0) converges in law to v.

Then the process n'/4ml+xn 1/Z(n‘/z’c) converges weakly in law on Dg(R™) to the

unique solution of:

dY(t) =2 [xY(t) — 1Y(£)3] dt + 2dW(t) ®)
Y(0) ~ v,

where W(t) is a standard Brownian motion on R.

The proof of Theorem 2.8 is a simple adaptation of the proofs of Theorems 3.8 and
2.7 and therefore is omitted.

The results in the present section, together with the large deviation principle in
[15, Theorem 1] and the study of fluctuations at =1 in [1, Theorem 2.10], give a
complete picture of the behaviour of fluctuations for the Curie-Weiss model. Indeed
all the possible scales are covered. We summarize our findings in Table 1. For
completeness, we give also the Hamiltonian of the large deviation principle for the
dynamics of my, (t) around its limiting trajectory (2):

H(x,p) = 1%)(6[5" [e?P —1] + %e’ﬁ" [e 2P —1]

= [cosh(2p) — 1] G1,5(x) + sinh(2p) G2, (x).

9)



The displayed conclusions are drawn under the assumption that in each case either
the initial condition satisfies a large deviation principle at the correct speed or the
initial measure converges weakly.

Table 1: Fluctuations for the empirical magnetization of the Curie-Weiss spin-flip dynamics

e — TEMPERATURE RESCALED PROCESS LIMITING THEOREM
EXPONENT
LDP at speed n with
x=0 all B mn(t) Hamiltonian as in (9)
(see [2, 15])
‘ NON-CRITICAL CASES
- 1-20 3
all B n%ma () LDP at speed n with rate
1 function (3)
~ LDP at speed n'—2% with rate
p>1 n¥(ma(t) £ mp) function (5)
CLT
weak convergence to the
1/2 unique solution of
all B n"2my(t)
w1 dY(t) = 2(B—1)Y(t)dt+2dW(t)
-2
(see [1])
CLT
B>1 n"/2(m,(t) £ mg) weak convergence to the
unique solution of (6)
’ CRITICAL CASES
_ o 2x LDP at speed n'—4* with rate
] p=1 o Mn (Tl t> function (4)
ae(0,7)
=1+ Kn 2% nem (nz"‘t) LDP at speed n' 4% with rate
(with k > 0) n function (7)
weak convergence to the
unique solution of
— 1/4 1/2
: p=1 n'/4my, (n!/2t) av(t) = 7§Y(t)3dt+2dw(t)
X = 7
(see [1])
p=1+ kn~—1/2 1/4 ( 1/2t) weak convergence to the
(with & > 0) nemn (N unique solution of (8)




3 Proofs

3.1 Strategy of the proof

We will analyze large/moderate deviations behaviour following the Feng-Kurtz ap-
proach to large deviations [13]. This method is based on three observations:

1. If the processes are exponentially tight, it suffices to establish the large devi-
ation principle for finite dimensional distributions.

2. The large deviation principle for finite dimensional distributions can be estab-
lished by proving that the semigroup of log Laplace-transforms of the condi-
tional probabilities converges to a limiting semigroup.

3. One can often rewrite the limiting semigroup as a variational semigroup, which
allows to rewrite the rate-function on the Skorohod space in Lagrangian form.

The strategy to prove a large deviation principle with speed r(n) for a sequence of
Markov processes {Xn}n>1, having generators {An}n>1, formally works as follows:

1. Identification of a limiting Hamiltonian H. The semigroups of log-Laplace
transforms of the conditional probabilities

o
S

formally have generators Hpf = r(n)~'e "(WfA e"(™f Then one verifies that
the sequence {Hn}n>1 converges to a limiting operator H; i.e. one shows that,
for any f € D(H), there exists f,, € D(H,,) such that f, — f and H, f, — Hf,
as n — oo.

Vi (1)F(x) logE [e““’f(xn“” ’Xn(O) - x]

2. Ezponential tightness. Provided one can verify the exponential compact con-
tainment condition, the convergence of the sequence {Hy }n>1 gives exponential
tightness.

3. Verification of a comparison principle. The theory of viscosity solutions gives
applicable conditions for proving that the limiting Hamiltonian generates a
semigroup. If for all A > 0 and bounded continuous functions h, the Hamilton-
Jacobi equation f — AHf = h admits a unique solution, one can extend the
generator H so that the extension satisfies the conditions of Crandall-Liggett
theorem and thus generates a semigroup V(t). Additionally, it follows that
the semigroups Vi (t) converge to V(t), giving the large deviation principle.
Uniqueness of the solution of the Hamilton-Jacobi equation can be established
via comparison principle for sub- and super-solutions.

4. Variational representation of the limiting semigroup. By Legendre transform-
ing the limiting Hamiltonian H, one can define a “Lagrangian” which can
be used to define a variational semigroup and a variational resolvent. It can
be shown that the variational resolvent provides a solution of the Hamilton-
Jacobi equation and therefore, by uniqueness of the solution, identifies the
resolvent of H. As a consequence, an approximation procedure yields that
the variational semigroup and the limiting semigroup V(t) agree. A standard
argument is then sufficient to give a Lagrangian form of the path-space rate
function.

We refer to Appendix A for an overview of the derivation of a large deviation
principle via solution of Hamilton-Jacobi equation.
We proceed with the verification of the model-specific conditions needed to apply



the results from the appendix. The treatment is carried out in a more abstract
way than strictly necessary to single out important arguments that might get lost if
all the objects are explicit. The appendix and the following definitions are written
to prove a path-space large deviation principle on Dg(R™), the Skorohod space of
paths taking values in the closed set E C R4 which is contained in the R%-closure
of its R%-interior. T'wo types of functions are of importance to this purpose: good
penalization and good containment functions.

Definition 3.1. We say that {Wla=0, with W, : E2 — R, are good penalization
functions if there are extensions of ¥, to an open neighbourhood of E? in R4 x R¢
(also denoted by W) so that

(Ya) For all o« > 0, we have ¥, > 0 and VY4 (x,y) = 0 if and only if x =y. Addition-
ally, o — ¥, is increasing and

lim Wo(xy) =40 TXTY
x—00 oo ifx #£y.

(Yb) W, is twice continuously differentiable in both coordinates for all o > 0,
(Ye) (V¥aly))(x) = —(V¥alx,-))(y) for all o> 0.

Definition 3.2. We say that Y : E — R is a good containment function (for H) if
there is an extension of Y to an open neighbourhood of E in R% (also denoted by
Y) so that

(Ya) Y > 0 and there exists a point xo € E such that Y(xq) =0,
(Yb) Y is twice continuously differentiable,

(Yc) for every c > 0, the set {x € E|Y(x) < c} is compact,

(Yd) we have sup,cg H(z, VY (2)) < c0.

In the rest of the paper, we will denote by C2(E)the set of functions that are constant
outside some compact set in E and twice continuously differentiable on a neighbour-
hood of E in R4,

Let us denote by E., closed subset of E C R4, the set where the finite n process
takes values. Our large or moderate deviation principles will all follow from the
application of Theorem A.17 after having checked the following conditions:

(a) For all f € C2(E) and compact sets K C E, we have

lim sup [Hnf(x)—Hf(x)]=0.

N—=00 xcKNE,

(b) There exists a good containment function Y for H.
(¢) For all A >0 and h € Cy(E), the comparison principle holds for f —AHf = h.

Rigorous definitions of Hamilton-Jacobi equation, viscosity solutions and compari-
son principle will be given in Appendix A.

The limiting Hamiltonians we will encounter are all of quadratic type and the space
E will always equal R. The following two known results establish (b) and (c) for
Hamiltonians of this type, and are given for completeness. We postpone the verifi-
cation of condition (a) for our various cases to Subsections 3.2 and 3.3.



Definition 3.3. Let E C R¢ be a closed set. We say that a vector field F : E — R¢
is one-sided Lipschitz if there exists a constant M > 0 such that, for all x,y € E, it
holds

(x—y,F(x) = F(y)) < Mjx —yl*.

Lemma 3.4. Let F:RY — R® be one-sided Lipschitz, A a positive-definite matriz
and c > 0. Assume F(0) = 0. Consider the Hamiltonian H with domain C2(R%) and
of the form Hf(x) = H(x, Vf(x)), where

H(X>P) = <pa F(X)> tc <Ap>p>
Then Y(x) = log(1 + %lez) is a good containment function for H.

Proof. The proof is based on a simplification of Example 4.23 in [13]. Since the i-th
component of the gradient of Y is given by

X{

(VY(x)i = W»

we obtain (x F(x)) (Axx)
X X C X, X

H(x, VY (x)) = 2 LR

Co VYO = 171 * T T2

Notice that, by the one-sided Lipschitz property of F, there exists a constant M such
that (x, F(x)) = (x—0, F(x)—F(0)) < M[x|>. Moreover, by Cauchy-Schwarz inequality,
we have (Ax,x) < |Ax|lx| < ||Al|[x?, where |A| = sup|x—1 |Ax|. Therefore, we get
the estimate

MJx/|? cl|Alllx|%
Hix, Y(0) < o AT
T4 32 (14 ix2)

< A4(M A+ c[|A]D,

which gives sup, H(x, VY(x)) < oo, implying that Y is a good containment function.
|

Proposition 3.5. Let F : RY — RY be one-sided Lipschitz, A a positive-definite
matriz and ¢ € R. Assume F(0) = 0. Consider the Hamiltonian H with domain
C2(RY) and of the form Hf(x) = H(x, Vf(x)), where

H(X>P) = <P,F(X)> +c <Ap)p>

Then, for every A > 0 and h € Cp(R?), the comparison principle is satisfied for
f—AHf =h.

Proof. We apply Proposition A.11. We have to check (22). We use the good con-
tainment function introduced in Lemma 3.4 and the collection of good penalization
functions {Vu}aso0, with Ve (x,y) = $x —yl?. We fix ¢ > 0 and write x4, instead
of Xq,eyYu,e to lighten the notation. As the term (Ap,p) does not depend on x or
y, we have

H(Xfxa ‘x(xtx - U[x)) - H(yom ‘X(Xoc - Utx))
= <0¢(Xoc _ycx))F(ch» - <O((Xo¢ _yoc)yF(yocD < M\ycx(xocayoc)~

By Lemma A.10, we obtain limy 0 Yo (X, Ya) = 0 and the conclusion follows.
|

Remark 3.6. Lemma 3.4 and Proposition 3.5 can be suitably adapted (by center-
ing 1) to deal with the case when F(x,) = 0 at some xg # 0.

10



3.2 Proof of Theorems 2.3, 2.4, 2.5 and 2.6

We introduce a general version of dynamics a la Curie-Weiss where the evolution
of the magnetization is driven by a sufficiently smooth arbitrary potential. We
characterize moderate deviations and central limit theorem for this generalization
getting then as corollaries the statements of Theorems 2.3-2.6.

Let U be a continuously differentiable potential and consider the dynamics such that
the empirical magnetization {m, (t)}¢>0 is a Markov process on E,, with generator

Anflx) = M= wn {f (x+ %) —f(X)]

2
1 : 2
+ w e W () |:f <X— E) — f(x):| . (10)

The infinite volume dynamics corresponding to the Markov process (10) may be
derived from the large deviation principle in [15, Theorem 1]. In particular, the
stationary points for the limiting dynamics are the solutions of G;(x) =0, where

G2 (x) :== sinh(U’(x)) — x cosh(U’(x)).
For later convenience we define also Gp(x) := cosh(U’(x)) — xsinh(U’(x)). In this
setting, we have a moderate deviation principle and a weak convergence result.

Theorem 3.7 (Moderate deviations, arbitrary potential and stationary point). Let
m be a solution of G2(x) = 0. Let k € NU{0} and suppose that U’ is 2k + 1 times
continuously differentiable. Additionally, suppose that

(a) Gg)(m) =0 for 1< 2k,
(b) if k>0, then G (m) <.

Let {bn}n>1 be a sequence of positive real numbers such that

2(k+1)
b
o — 0.

bn — o0,
n

Suppose that by, (m,, (0)—m) satisfies the large deviation principle with speed nby 2

on R with rate function lo. Then the trajectories {bn(my(ba*t) —m)} _  satisfy
the large deviation principle on Dg(R™):

—2(k+1)
P [{bn(ma (b3t —m)} oo & (Y(Dhso| ~ e oI,

where 1 is the good rate function

~To(v(0) + [§ £(v(s),v(s))ds  if v € A€,
I(v) = :
00 otherwise,

and

2
Ix2k+1 ~(2k+1)
(2Xk+1)!GZ (m))

(-
L(x,v) = 8G(m)

Proof. The generator A, of the process b, (m,(b2*t) —m) can be deduced from
(10) and is given by

1 - - b71 !
Anf(x) = bﬁkn%eu (mixbyt) [f (x +2byn ") — f(x)]

1+m+xb;‘e

. “Wmaxby D T (x —2bn ) — f(x)]

+b2kn

11



Therefore the Hamiltonian

i —2(k+1) —2(k+1)
an:bﬁ(kJﬂ)n 1e nby, fAnenbn f)

results in

H, f(x) = bikJrZ] - mz_ xby,! el (mixby ") [enbﬁz(k+1)(f(x+2bnn*’ )—f(x)) _ 1}

+bik+21 + m;_7Xb;] e~ W (m+xb!) [e“b:“kﬂ)(f(x—ann )—f(x)) _ 1} .

We now prove the convergence of the sequence H,f for f € C2(R). To compensate
for the b2 up front, we Taylor expand the exponential containing f up terms of

O(b;“k_z):
exp {nb;z(kH) (f(x £2byn ") — f(x))} -1
= +2b 2%/ (x) + 2b, %2 (F/(x))? + o(b; PR 2).

Observe that the above expansion holds since by, ?*n~! = o(b;**~2) by hypothesis.
Thus, combining the terms with f’ and the terms with ()2, we find that

Hypf(x) = 2621 G, (m + xb;, ')/ (%) + 2G (m +xb;, ') (f/(x))? + o(1).

Next, we Taylor expand G;, G, around m. For Gy it is clear that only the zero’th
order term remains. For G,, we use that the first 2k terms disappear. This gives
25 2k+1

Haf00) = G362 (00 + 261 (m)(/(x)* + o(1),

where the o(1) is uniform on compact sets. Thus, for f € C2(R), H,f converges
uniformly to Hf(x) = H(x, f’(x)) where

ZXZk—H

H(x,p) = mekH ) (m)p + 2G; (m)p>.

The large deviation result follows by Theorem A.17, Lemma 3.4 and Proposition 3.5.
Note that condition (b) in the statement guarantees that the vector field is one-sided
Lipschitz. The Lagrangian is found by taking a Legendre transform of H. |

Theorem 3.8 (Central limit theorem, general potential, arbitrary stable stationary
point). Let m be a solution of G2(x) = 0. Let k € NU{0} and suppose that U’ is
2k + 1 times continuously differentiable. Additionally, suppose that

(a) Gg)(m) =0 for 1< 2k,

(b) if k>0, then G V(m) <o.

Suppose that nﬁ(mn((}) —m) converges in law to v. Then the process
nﬁ (mn (nkilflt) — m)

converges weakly in law on Dg(R™) to the unique solution of:

{dY(t) = o YOG (m) dt + 2/Gy (m) dW(t)
Y(O) ~ YV,

where W(t) is a standard Brownian motion on R.

12



The limiting diffusion (11) admits a unique invariant measure with density pro-
portional to exp {—cy?**2/(2k + 2)!}, with ¢ = 4|G(22k+1)(m)|. Observe that it is
precisely the limiting distribution prescribed by the analysis of equilibrium fluctu-
ations performed in [9].

The proof of the theorem given below is in the spirit of the proofs of the moderate
deviation principles and based on a combination of proving the compact contain-
ment condition and the convergence of the generators.

We first prove the compact containment condition. Let

Xn(t) = nzer (mn (nﬁt) — m)

be the space-time rescaled fluctuation process. We introduce the family {t$}n>1 of
stopping times, defined by

C._;
T = inf (Xa () > ©)

We start by studying the asymptotic behavior of the sequence {T$}n>1.

Lemma 3.9. For any T >0 and ¢ > 0, there exist n. > 1 and C. > 0 such that

sup P (T.SE <T)

n>ne

N

€.

Proof. Let C be a strictly positive constant. First observe that

P(t§ < T)<P ( sup  |Xn(t)] = C) . (12)
0StSTATS

We will obtain bounds for (12) and show that it can be made arbitrarily small when-
ever n is large enough. The idea is to get the estimate by considering a martingale
decomposition for f(X,), where f € C3(R) has bounded partial derivatives and is
such that f(x) = f(—x) and limy_,« f(x) = co.

For any n > 1 and j € {—1,+1}, let N (j,dt) be the Poisson process counting the
number of flips of spins with value j up to time neiTt. The intensity of Ny, (j, dt) is
R (j, t)dt with

2k+1

. 7 . 1
Rn(j)t) = nz;+2 [1 +] (m+xn7ﬁ)] 67]u <m+Xn m)

Moreover, we define
N, (j,dt) :== N (j,dt) — R, (j, t) dt. (13)

Let f(x) = log /1 + x2 and consider the semi-martingale decomposition

t

f(Xn (1) = f(Xn(0)) +J Anf(Xn(s)) ds + M (1),
0
where MY is the local martingale given by

M0 = | 3 (%5 7% (5)) Nl ds)

05—+1

and

_— ~ . 2k—+1 2
V;f(Xn(t)) :==log \/1 + (Xn(t) fZJn’m) —log /1 + X2 (t).

13



We have

0Kt TATS 0Kt TATS

P( sup IXn(t)>C)<P( sup ?(Xn(t)»ﬂC))

<P ( sup F(Xa(0)) > m) +P< sup Anf(Xn(t) > m)

0Kt<TATS 3 0Kt TATE 3

+]P’< sup Mg)(t) > (Q) .

0Kt TATE 3

We estimate the three terms in the right hand-side of previous inequality. All the
constants appearing in the bounds below are independent of n.

e Convergence in law of the initial condition implies P (f(Xn(O)) > co(s)) <3
for a sufficiently large co(¢) and for all n.

e Since we are stopping the process Xy (t) whenever it leaves the compact set
[—C, C], we find that f(X,,(t)) is bounded on the set of interest. Therefore, we
can apply (19) proven below to obtain

3 2GP7 (m) x2k+2 1—x2
Af(x) = 4 _— 1), 14
Anf() = =G T T TG M sy toll) (14)
that, for t < 1§, implies
Anf(Xn (1) < e, (15)

for a sufficiently large ¢; > 0, independent of C. Note that the first term in
the right hand-side of (14) is bounded if k = 0 and negative if k > 0.

e Since
o 1
a0 < i ¢ (meen )
<niciz (eu/(m) +0 (nfﬁ)) (16)
and
. 2 Xv1(t)*2jn7%]ﬁ—1% y ? 4k 42
(9 fxaten) = ([ o] <en i an
a(t
we obtain

2 T/\Tg . 2
E[(Mg) (ng)) ] =F J D (Vi f(Xa(s)) Rulf,s)ds| <c3T (18)
0 j=£1

for sufficiently large n and suitable c;,c3 > 0, independent of C. By Doob’s
maximal inequality, we can conclude

0<t<TATS

P( sup MQJ(tJ>3)<

Therefore, for any & > 0 and for sufficiently large n, by choosing the constant C. >
max {co(e),v3cr, f1 (21¢2) }, we obtain sup,,5, P (15 < T) < e as wanted. W
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Proof of Theorem 3.8. As introduced above, let X, (t) := nree mn nETt) —m

be the space-time rescaled process. The infinitesimal generator of the process X;, (t)
can be easily deduced from (10). It yields

I
Anflx) =niss 1=m —n = U’ (mosxn 2652 [F (x4 2035 — 100
1
ns 1 —|—m+2xn e e*u'(m+"“7 i ) [f (X—an%) —f(x)} .

We want to characterize the limit of the sequence A, f for f € C3(R), the set of three
times continuously differentiable functions that are constant outside of a compact
set. We first Taylor expand f up to the second order

f (x + Zn_%> —f(x) = iZn_%f'(x) +2n AT f(x) + o0 (n_%)
and then, by combining the terms with f’ and the terms with f”, we obtain
Anf(x) = Mz G, (m + xn_ZkIH) f'(x) +2 Gy (m + xn‘2k1+2) f(x) + o(1).

Now we Taylor expand G; and G, around m. For G, we use that the first 2k
terms in the expansion vanish. As far as Gq, only the zero-th order term matters.
Therefore it yields

Anf(x) = ﬁe(fk“ N (m) X2 (x) + 2 Gy (m)F” (x) + o(1). (19)

In other words, we conclude that for f € C2(R) we have lim, |A,,f — Af| = 0.

To prove the weak convergence result, we verify the conditions for Corollary 4.8.16
n [12]. The martingale problem for the operator (A, C3(R)) has a unique solution
by Theorem 8.2.6 in [12]. Additionally, the set C3(R) is an algebra that separates
points. Finally, by Lemma 3.9 the sequence {X,}n>1 satisfies the compact contain-
ment condition. Thus the result follows by an application of Corollary 4.8.16 in
[12].

|

The results in Section 2 are recovered by setting U(x) = BTXZ, with f > 0. Note that

simply by choosing U(x) = 67"2 +Bx, with 3, B > 0, we get the corresponding results

for the Curie-Weiss with magnetic field.

3.3 Proof of Theorem 2.7
1+xb;?

The infinitesimal generator A,, of the process by my, (b2t) can be easily deduced
from (10) by using U(x) = %. The Hamiltonian

1 —nb—4 —4
Hof =bin~Te mbn'fA enbn’f

is given by

H, f(x) = bfLT —’2<b§1 e(1+Kb2)xby! {enb;4(f(x+2bnn*1 )—f(x)) _ ]}

bi] +72<b?11 e~ (TH+xb2)xby [enb;“(f(fobnn*')ff(x]) . ]} )

We start by studying the limiting behaviour of the sequence H,f for f € CZ(R).
Let A, be the generator of the process that has been speeded up by a factor b2,
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ie. Anf = b2A,.f. To compensate for the b8 up front, we Taylor expand the
exponential containing f up terms of O(b;®):

exp {nb* (f(x £2ban ") — f(x)) } — 1 = £2b,3f/(x) + 2b,.°('(x))? + 0(b,,®).

Thus, combining the terms with f’ and the terms with (f/)2, we find that

Hyp f(x) = 2 [b3 sinh (xb," + xkb,?) — xbZ cosh (xby, ! +xkb,?)] /(%)
+2(f/(x)* +o(1).

By Taylor expanding the hyperbolic functions

1
sinh (xb;1 + XKb;3) =xb ! 4+ xkb 3 + E(Xb’:] +xkb;%)® + o (b;s)

1
cosh (xby " +xkby?) =1+ E(Xb;1 +xkby %)% + 0 (by?),
we get

Hnf(x) =2 [KX — %xﬂ /(x) + 2(f'(x))? + o(1),

where the o(1) is uniform on compact sets. Thus, for f € C2(R), H,,f converges
uniformly to Hf(x) = H(x, f’(x)) where

H(x,p) =2 |:KX7 %Xs] p+2p?

The large deviation result follows by Theorem A.17, Lemma 3.4 and Proposition 3.5.
The Lagrangian is found by taking a Legendre transform of H.

A Appendix: Large deviation principle via the
Hamilton-Jacobi equation

In the Appendix, we will explain the basic steps to prove the path-space large
deviation principle via uniqueness of solutions to the Hamilton-Jacobi equation.
These steps follow the proofs in [3, 13, 4] and have also been used in the proof of
the large deviation principle for the dynamics of variants of the Curie-Weiss model
via well-posedness of the Hamilton-Jacobi equation in [15].

First, we prove an abstract result on how to obtain uniqueness of viscosity solution
of the Hamilton-Jacobi equation via the comparison principle. Then, we will state
a result on how uniqueness, together with a exponential compact containment con-
dition, yields the large deviation principle. The verification of the conditions for
this result have already been carried out in Section 3.1.

We make the remark that the requirements on our space E in Section A.3 and are
more stringent than the ones in Sections A.1 and A.2. The definitions of good
penalization functions and of a good containment function are unchanged for the
next two sections.

A.1 Viscosity solutions for the Hamilton-Jacobi equation

Fix some d > 1. In this section, and in Section A.2, let E be a subset of R? that
is contained in the R9-closure of its R4-interior. Additionally, assume that E is a
Polish space when equipped with its subspace-topology.

Remark A.1. The assumption that E is contained in the R9-closure of its R4-
interior is needed to ensure that the gradient Vf(x) of a function f € C}(R?) for
x € E is determined by its values in E.
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Remark A.2. We say that A C R4 is a G; set if it is the countable intersection of
open sets in R¢. By Theorems 4.3.23 and 4.3.24 in [11], we find that E is Polish if
and only if it is a G set in R9.

Let H: E x RY = R be a continuous map. For A > 0 and h € Cy(E), we will solve
the Hamilton-Jacobi equation

f(x) — AH(x, Vf(x)) = h(x) x € E, (20)
in the wviscosity sense.

Definition A.3. We say that u is a (viscosity) subsolution of equation (20) if u is
bounded, upper semi-continuous and if, for every f € D(H) such that sup, u(x) —
f(x) < oo and every sequence x,, € E such that

Jim u(xn) —f(xn) = supulx) —f(x),

we have
lim u(x,) — AHf(xn) — h(xn) < 0.

n—oo

We say that v is a (viscosity) supersolution of equation (20) if v is bounded, lower
semi-continuous and if, for every f € D(H) such that inf, v(x)—f(x) > —oco and every
sequence x,, € E such that

lim v(xn) — f(xn) = inf v(x) — f(x),

n—oo X
we have

lim v(xn) — AHf(xn) — h(xn) > 0.

n—oo
At various points, we will refer to [13]. The notion of viscosity solution used here
corresponds to the notion of strong viscosity solution in [13]. For operators of the
form Hf(x) = H(x, Vf(x)) these two notions are equivalent. See also Lemma 9.9 in
[13].

Definition A.4. We say that equation (20) satisfies the comparison principle if for
a subsolution u and supersolution v we have u < v.

Note that if the comparison principle is satisfied, then a viscosity solution is unique.
To prove the comparison principle, we extend our scope by considering viscosity sub-
and supersolutions to the Hamilton-Jacobi equation with two different operators
that extend the original Hamiltonian in a suitable way.

Let M(E,R) be the set of measurable functions from E to R := R U {oo}.

Definition A.5. We say that Hy € M(E,R) x M(E,R) is a viscosity sub-eztension
of Hif H C H; and if for every A > 0 and h € Cy(E) a viscosity subsolution to
f —AHf = h is also a viscosity subsolution to f —AH{f = h. Similarly, we define a
v1$Ccosity super-extension.

Definition A.6. Consider two operators Hi,Hy € M(E,R) x M(E,R) and pick
h € Cy(E) and A > 0. We say that the equations

f—AH;f=h, f—AHf=h

satisfy the comparison principle if any subsolution u to the first and any superso-
lution v to the second equation satisfy u < v.

We have the following straightforward result.
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Lemma A.7. Suppose that Hy and H; are a sub- and superextension of H respec-
tively. Fiz A > 0 and h € Cy(E). If the comparison principle is satisfied for the
equations

f—AHif=h,  f—AHif=h,

then the comparison principle is satisfied for

f —AHf =h.

A.2 Abstract proof of the comparison principle

We introduce two convenient viscosity extensions of a particular Hamiltonian H in
terms of good penalization functions {Wy}x>0 and containment function Y.

D(H4) = CL(E) U{x = (1T—e)Walx,y) +eY(x) +cle,e >0,c € R},
D(Hy) == CL(E) Ufy = —(T+ e)¥a(x,y) — eY(y) +cla, e > 0,c € R}.

For f € D(Hy), set Hyf(x) = H(x, Vf(x)) and for f € D(H;), set Hif(x) = H(x, Vf(x)).

Lemma A.8. The operator (Hy, D(H4)) is a viscosity sub-extension of H and (Hy, D(H;))
is a viscosity super-extension of H.

In the proof we need Lemma 7.7 from [13]. We recall it here for the sake of read-
ability. Let M (E,R) denote the set of measurable functions f : E — R U {oo} that
are bounded from below.

Lemma A.9 (Lemma 7.7 in [13]). Let H and Hy € Mu(E,R) x M(E,R) be two
operators. Suppose that for all (f,g) € H; there exist {(frn, gn)} C H; that satisfy the
following conditions:

(a) For allm, the function f, is lower semi-continuous.
(b) For all n, we have fy < fny1 and £, — f point-wise.

(¢) Suppose xn, € E is a sequence such that sup,, fn(xn) < 0o and infy, gn (xn) > —o0,
then {xnn>1 is relatively compact and if a subsequence x,, (i) converges tox € E,
then

lim sup gn (i) (Xn(x)) < g(x).
k—o00
Then H; is a viscosity sub-extension of H.
An analogous result holds for super-extensions Hy by taking fy, a decreasing sequence
of upper semi-continuous functions and by replacing requirement (c) with

(¢') Suppose xn € E is a sequence such that inf,, 1 (xn) > —0o0 and sup,, gn(xn) <
00, then {Xxnln>1 s relatively compact and if a subsequence x, (k) converges to
x € E, then

liminf g 4o) (xn 1)) > g(x)-

Proof of Lemma A.8. We only prove the sub-extension part.
Consider a collection of smooth functions ¢, : R — R defined as ¢ (x) =x if x <n
and ¢n(x) =n+1 for x > n+ 1. Note that ¢n1 > ¢y, for all n.

Fix a function f € D(H;) of the type f(x) = (1 — e)W«(x,y) + €Y (x) + ¢ and write
g= HTf.

Because ¥, and Y are good penalization and good containment functions, f has a
twice continuously differentiable extensions to a neighbourhood of E in RY. We will
denote this extension also by f. Set f,, = ¢, of. Since f is bounded from below
and Y has compact level sets, we find that f,, is constant outside a compact set
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in E. Furthermore, f and ¢,, are twice continuously differentiable, so that we find
fn € C2(E). We obtain f, € D(H) and write g = Hf,,.

We verify conditions (a)-(c) of Lemma A.9. (a) has been verified above. (b) is a
consequence of the fact that n +— ¢y, is increasing. For (c), let {xn}n>1 be a sequence
such that sup,, fn(xn) = M < co. It follows by the compactness of the level sets of
Y and the positivity of ¥, that the set

K:={z € E|f(z) < M}

is compact. Thus the sequence {x,} is relatively compact, and in particular, there
exist converging subsequences x, (k) with limits x € K. For any such subsequence,
we show that lim supy gn k) (Xnk)) < g(x).

AsV¥, and Y, and thus f, are twice continuously differentiable up to a neighbourhood
U of E in RY, we find that the set

Vi={zelU|f(z) <M+ 1}

is open in R¢ and contains K. For two arbitrary continuously differentiable functions
hy,hy on U, if hq(z) = hy(z) for all z € V, then Vhy(z) = Vhy(z) for all z € V.

Now suppose xn (k) is a subsequence in K converging to some point x € K. As f is
bounded on V, there exists a sufficiently large N such that for alln > N and y € V,
we have f,(y) = f(y). We conclude Vf, (y) = Vf(y) for y € K C V and hence

gn(y) =H(y, Vin(y)) = H(y, Vf(y)) = g(y).
In particular, we find lim supy. gn ) (Xn(x)) < g(x). |

We have the following variants of Lemma 9.2 in [13] and Proposition 3.7 in [3]. Note
that the presence of the containment function Y makes sure that the suprema are
attained. This motivates the name containment function: Y forces the maxima to
be in some compact set.

Lemma A.10. Let u be bounded and upper semi-continuous, let v be bounded and
lower semi-continuous, let Yy : E2 — RT be good penalization functions and let Y
be a good containment function.

Fiz ¢ > 0. For every « > 0 there exist points X« ¢, Yu,e € E, such that
u(xoc,e) . V(Urx,s) . 3 £

Y - —7 ——7
1—¢ Tre oc(xcx,s»yoc,s) T—_¢ (Xoc,E) Tte (yoc,s)

= ulx)  v(y) . .
53&{1 e Tre Yeboy) Y g +my)}.

Additionally, for every e >0 we have that
(a) The set{x«,e,Ya,e | x> O} is relatively compact in E.

(b) All limit points of {(X«,e,Ya,e)tam0 are of the form (z,z) and for these limit
points we have u(z) —v(z) = sup, ¢ {u(x) —v(x)}.

(c) Suppose ¥y can be written as Yy = ¥, where ¥ > 0. Then we have

lim (X\y(xoc,e»yoc,e) =0.
x—00

Proof. The proof essentially follows the one of Proposition 3.7 in [3]. Fix ¢ > 0.
As Y is a good containment function, its level sets are compact. This property,
combined with the boundedness of u and v and the non-negativity of ¥, implies
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that the supremum can be restricted to a compact set K. C E x E that is independent
of o > 0. As u is upper semi-continuous, and v, ¥, and Y are lower semi-continuous,
the supremum is attained for some pair (x«,e,Yu,e) € Ke. This proves (a).

We proceed with the proof of (b). Let (xo,yo) be a limit point of {(x«,e, Ya,e)ta0
such that xg # yo. Without loss of generality, assume that (x«,¢,Ya,e) = (X0,Yo)-
By property (Wa), the map o — ¥, is increasing. Thus, for all «p we have that

lim inf“y(x(xa,eyyrx,s) = hminf\yoco (Xoc,eyyrx,s) > ‘yoco (XOaUO)
x—00 x—00

by the lower semi-continuity of W4,. Thus, we conclude that
lminf Wq (Xa,e, Yor,e) = 00
X—00

as limgy 0 Yo (x,y) = oo for all x #y. This contradicts the boundedness of u and v.

We now prove (c). Let us define the constants

u(XO(,E) V(ycx,g) £ 3
1_¢ Tte \yoc(xoc,mya,s) 1 7£’Y‘(X(XYE) Y[yoc,s)

_ ulx) _ vly) B .
_"Sv‘zlgi{1—€ T4e Faloy) =3V 1+£Y(y)}.

My =

Observe that the sequence M, is decreasing as « — ¥, is increasing point-wise.
Moreover, the limit limy_,, My exists, since functions u and v are bounded from
below. For any « > 0, we obtain

u(xoc‘s) v( cx,s) 3 3
Moc/Z = 1_¢ - .ly+ c *\ycx/z(xa,&)y(x,e) - ﬁy(xtx,e) - my(y(x,s)
> My + Yy (Xoc,myoc,s) —‘yoc/z (Xoc,£>yoc,s)

> Mg + %qj(xa,a)ya,e)

M,

WV

that implies W (X« e, Ya,e) — 0, a5 My, 2 and My converge to the same limit. B

Proposition A.11. Fiz A > 0, h € Cy(E) and consider uw and v sub- and super-
solution to f —AHf = h.

Let {(Walaso0 be a family of good penalization functions and Y be a good containment
function. Moreover, for every o, >0 let X« ¢, Ya,e € E be such that

U(Xoe)  V(Yoye) € €

1_¢ T+e Woc(xoc,svycx,s) 1—¢ V (Xoc,e) 1+e / (yfx,i)
u(x) v(y) I3 13

Y — Y(x) — Y (21

= XS,LJSE { 1 c 1 c cx(x>y) 1 c (X) 1 c (U) ( )

Suppose that
xX—>00

limiglflimian (Xayer V¥alyYorye) (Xoye)) = H Yooy VWl Yaye) (Xaye)) <0, (22)
e—

then u < v. In other words: f — ANHf = h satisfies the comparison principle.

Proof. By Lemma A.8 we get immediately that u is a sub-solution to f —AH;f =h
and v is a super-solution to f —AH;f = h . Thus, it suffices to verify the comparison
principle for the equations involving the extensions H; and H;.
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Let Xo,eyYa,e € E such that (21) is satisfied. Then, for all « we obtain that

sup u(x) —v(x)

u(x) v(x)

:2%82p17571+£
o u(x) vy € €

<1 fs - v yY) — Y - ¥
B e U P Frd

T U(Xoc,a) V(ch,s) € _&

= llIEIl}(I)lf T Tt s Yo Xa,eyYore) T Y(xa,e) T+e (Yox,e)

< liminf 2Xee)  MWoe) (23)
e—0 1—c¢ 1+e¢

as Y and ¥, are non-negative functions. Since u is a sub-solution to f —AH;f =h
and v is a super-solution to f —AH;f = h, we find by our particular choice of x4,
and yq,. that

u(xcx,s) —AH (ch,m (11— E)V\yoc('ayoc@)(xoc,s) + EVY(XW,E)) < h(xoc,s)) (24)
V(sz,s) —AH (yoc,sa —(1+ E)VWOL(XLX,E) ’)(Uoc,s) - £VY(yoc,s)) = h(yoc,s)- (25)

For all z € E, the map p — H(z,p) is convex. Thus, (24) implies that
u(xoc,s) < h(x(x,s) +(1— E)?\H(Xoc,mVW&(')U(X,C)(X(X‘E))
+ eMH (X6, VY (Xa,e)).  (26)

For the second inequality, first note that because ¥, are good penalization func-
tions, we have —(V¥x(Xa e, ))(Ya,e) = V¥l Ya,e) (Xx,e).- Next, we need a more
sophisticated bound using the convexity of H:

H(yoc,£>V‘yoc('ayoc,e)(xoc,a))

1
< 7 Mo, (14 VValyae) (xae) = eVT (Yaye)) +

Thus, (25) gives us

V(ycx,a) Z h—(yoc,e) +A00+ E)H(yoc,eaV\POC(')H(X‘E)(X(X‘E)) - E?\H(HQ,E)VY(HQ,E))' (27)
By combining (23) with (26) and (27), we find

£
—H E)YOLE~
17 e Wae VY (Yae))

supu(x) — v(x)

< lim inf lim inf { hixae) _ MYa.e) (28)
e—0  a—00 1—¢ 1+¢
€ £
+ ﬁH(XcX,a) VY(ch,s)) + mH(ch,s» VY(Ua,s)) (29)
+A [H(Xoc,e» v‘yrx('aytx,e)(xoc,e)) - H(Uoc,m vwcx('»yoc,e)(xtx,s))] } . (30)

The term (30) vanishes by assumption. Now observe that, for fixed ¢ and varying
«, the sequence (xq,¢,Ya,e) takes its values in a compact set and, hence, admits
converging subsequences. All these subsequences converge to points of the form
(z,z). Therefore, as &« — oo, we find

(Xoc,e) h(ya,s)

lim inf lim inf h — < liminf ||
e—0

2e
0 a—oo 1 —¢ 1+¢ 2

1—c¢

=0,

giving that also the term in (28) converges to zero. The term in (29) vanishes as
well, due to the uniform bounds on H(z, VY(z)) by property (Yd).

We conclude that the comparison principle holds for f —AHf = h. |
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A.3 Compact containment and the large deviation principle

To connect the Hamilton-Jacobi equation to the large deviation principle, we intro-
duce some additional concepts. Fix some d > 1. In this section, we assume that E
is a closed subset of RY that is contained in the R4-closure of its R4-interior. Addi-
tionally, we have closed subspaces E,, C E for all n and assume that E = limy, _,, En,
i.e. for every x € E there exist x,, € E,, such that x,, — x. We consider the following
notion of operator convergence.

Definition A.12. Suppose that for each n we have an operator (B,,, D(Bn)), By :
D(Bn) C Cp(En) = Cup(En). The extended limit ex — lim, B, is defined by the
collection (f,g) € Cp(E) x Cp(E) such that there exist f, € D(By) satisfying

lim  sup [fn(x) = f(x)[+ [Bnfn(x) — g(x)[ = 0. (31)

M= xcKNE,

For an operator (B, D(B)), we write B C ex — lim,, By, if the graph {(f, Bf)|f € D(B)}
of B is a subset of ex —lim, B,,.

Remark A.13. The notion of extended limit can be generalized further, e.g. for
limiting spaces like in the previous two sections. Such abstract generalizations are
carried out in Definition 2.5 and Condition 7.11 of [13]. Our definition for a closed
limiting space E is the simplest version of this abstract machinery.

Assumption A.14. Fix some d > 1. Let E be a closed subset of RY that is
contained in the R4-closure of its R-interior and let E,, be closed subsets of E such
that E =lim,,_, En.

Assume that for each n > 1, we have A,, C Cy(En) X Cp(E,) and existence and
uniqueness holds for the Dg, (RT) martingale problem for (An,p) for each initial
distribution p € P(E,). Letting Py € P(Dg, (R")) be the solution to (An,8y), the
mapping y +— Py is measurable for the weak topology on P(Dg, (R7)). Let X, be
the solution to the martingale problem for A,, and set

Hpf = ——e TMIA er(mf e"™Mf e D(AL),
r(n)
for some sequence of speeds {r(n)h>1, with lim,_,, v(n) = co.
Suppose that we have an operator H: D(H) C Cy(E) — Cp(E) with D(H) = C2(E)
of the form Hf(x) = H(x, Vf(x)) which satisfies H C ex — lim H,,.

Proposition A.15. Suppose Assumption A.14 is satisfied and assume that Y is a
good containment function. Suppose that the sequence {Xn(0)ln>1 is exponentially
tight with speed {r(n)}in>1.

Then the sequence {Xnn>1 satisfies the exponential compact containment condition
with speed {r(n)n>1: for every T >0 and a > 0, there exists a compact set Kq 1 CE
such that

. 1
limsup —
nooo T(M)

logP[Xn(t) € Kq,7 for some t < T] < —a.

In the proof of this proposition, we apply Lemma 4.22 from [13]. We recall it here
for the sake of readability.

Lemma A.16 (Lemma 4.22 in [13]). Let X be solutions of the martingale problem
for Ay and suppose that {X,,(0)In>1 is exponentially tight with speed {r(n)ln>1. Let
K be compact and let G O K be open. For each n, suppose we have (fn,gn) € Hy.
Define

B(K,G) := liminf ( inf f,(x)—sup fn(x)) and y(G) := lim sup sup gn (x).

n—oo xeGe xEK n—oo xe€G
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Then

lim su
el T(n)

logP[X,,(t) ¢ G for some t < T]

<mm{ﬁmm+wmnmww[(mm} (32)

n—oo

Note that in the case the closure of G is compact, this result is suitable for proving
the compact containment condition. This is what we will use below.

Proof of Proposition A.15. Fix a > 0 and T > 0. We will construct a compact set
K’ such that

limsup —— log P [X, (t) ¢ K’ for some t < T] < —a.

n—oco T( )

As X, (0) is exponentially tight with speed {r(n)}n>1, we can find a sufficiently large
R > 0 so that

limsup 1~ log P [X,(0) ¢ B(xo,R)] < —a,

noeo  T(M)

where x¢ is a point such that Y (x¢) = 0 and B(xo, R) is the closed ball with radius
R and center xo. Thus, by Lemma A.16 it suffices to find (f,,,gn) € Hy, a compact
K and an open set G such that —p(K, G) + Ty(G) < —a.

Set vy := sup, H(z, VY (z)) and ¢y := supzemY(Z). Observe that v < oo by
assumption (Yd) and ¢ < co by compactness. Now choose ¢, such that

—leo—c]l+Ty=—a (33)

and take K={z € E|Y(z) <ci}and G ={z € E|Y(z) < c3}.

Let 6 : [0,00) — [0, 00) be a compactly supported smooth function with the property
that 0(z) = z for z < c¢;. For each n, define f;, := 0 oY and g, := Haf,. By
Assumption A.14, g, — Hf in the sense of (31) and moreover, by construction
B(X,G) =cz2 —c7 and y(G) =<y. Thus by (33) and Lemma A.16 we obtain

hmsuleog]P Xn(t) € G for some t < T] < —a

nooo T(M)

and the compact containment condition holds with Ko 1 = G. |

Theorem A.17 (Large deviation principle). Suppose Assumption A.14 is satisfied
and assume that Y is a good containment function for H. Then we have the following
result.

Suppose that for all A > 0 and h € Cy(E) the comparison principle holds for f—AHf =
h. And suppose that the sequence {Xn(0)In>1 satisfies the large deviation principle
with speed {r(n)n>1 on E with good rate function Io.

Then the large deviation principle with speed {r(n)}n>1 holds for {Xnin=1 on Dg(RY)
with good rate function 1. Additionally, suppose that the map p — H(x,p) is convex
and differentiable for every x and that the map (x,p) — EH( X,p) s continuous.
Then the rate function 1 is given by

1) = {Io(v(O)) + 2 L(y(s), ¥(s)ds  if y € AC,

) otherwise,

where £:E x RY = R is defined by L£(x,v) = sup, (p,v) — H(x, p).
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Proof. The large deviation result follows from Theorem 7.18 in [13]. Referring to
the notation therein, we are using Hy = Hy = H.

The representation of the rate function in terms of the Lagrangian can be carried out
by using Theorem 8.27 and Corollary 8.28 in [13]. See for example the Section 10.3 in
[13] for this representation in the setting of Freidlin-Wentzell theory. Alternatively,
an application of this result in a compact setting has been carried out also in [15].
The only extra condition compared to Theorem 6 in [15] due to the non-compactness
is the verification of Condition 8.9.(4) in [13]:

For each compact K C E, T > 0 and 0 < M < oo, there exists a compact set
K =K(K,T,M) C E such that if y € AC with y(0) € K and

)
L £(v(s), 7(s))ds < M, (34)

then y(t) € K for all t < T.

This condition can be verified as follows. Recall that the level sets of Y are compact.
Thus, we control the growth of Y. Let y € AQ satisfy the conditions given above.
Then

t

Y(y(t)) =Y(v(0) + JO (VY (v(s)),v(s))ds

< Y(v(0) + L L(v(s),v(s)) +Hlv(s), VY(v(s)))ds

T
<supY(y)+ M+ J sup H(z, VY(z))ds

yekK 0
= C < o0.
Thus, we can take K ={z € E|Y(z) < C}. |
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