<]
TUDelft

Delft University of Technology

A dual interface method in cylindrical coordinates for two-phase pipe flows

Oud, Guido

DOI
10.4233/uuid:33718e17-681f-4fb6-92ca-362f340fab45

Publication date
2017

Document Version
Final published version

Citation (APA)
Oud, G. (2017). A dual interface method in cylindrical coordinates for two-phase pipe flows. [Dissertation

(TU Delft), Delft University of Technology]. https://doi.org/10.4233/uuid:33718e17-681f-4fb6-92ca-
362f340fab45

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.4233/uuid:33718e17-681f-4fb6-92ca-362f340fab45
https://doi.org/10.4233/uuid:33718e17-681f-4fb6-92ca-362f340fab45
https://doi.org/10.4233/uuid:33718e17-681f-4fb6-92ca-362f340fab45

A dual interface method in cylindrical
coordinates for two-phase pipe flows

PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Technische Universiteit Delft,
op gezag van de Rector Magnificus prof.ir. K.C.A.M. Luyben,
voorzitter van het College voor Promoties,
in het openbaar te verdedigen op

maandag 13 november 2017 om 15:00 uur

door

Guido Thomas OUD

ingenieur luchtvaart en ruimtevaart

geboren te Spaarndam



This dissertation has been approved by the:
promotors: prof. dr. ir. C. Vuik and prof. dr. ir. R A.W.M. Henkes

copromotor: dr. ir. D.R. van der Heul

Composition of the doctoral committee:

Rector Magnificus chairman

prof. dr. ir. C. Vuik Delft University of Technology, promotor
prof. dr. ir. R AWM. Henkes Delft University of Technology, promotor
dr. ir. D.R. van der Heul Delft University of Technology, copromotor

Independent members:

prof. dr. ir. N.G. Deen Eindhoven University of Technology
prof. dr. S. Hickel Delft University of Technology
prof. dr. A.E.P. Veldman University of Groningen

prof. dr. ir. B.G.M. Van Wachem Imperial College London
prof. dr. ir. C.R. Kleijn Delft University of Technology (alternate)

The research in this dissertation was funded by Deltares, TNO, Shell and Delft
University of Technology.

3
s @) o Tuperit:-

A dual interface method in cylindrical coordinates for two-phase pipe flows

Dissertation at Delft University of Technology
Copyright © 2017 by G.T. Oud
ISBN 978-94-6295-763-3

Printing and cover design: ProefschriftMaken || www.proefschriftmaken.nl

An electronic version of this dissertation is available at:
http://repository.tudelft.nl



Preface

“If you will it, Dude, it is no dream.”

— Walter Sobchak, The Big Lebowski

HIS THESIS contains the main results of the PhD project that I have been work-
Ting on during the past few years. It is the culmination of a life-long interest
in the field of mathematics and engineering. In this short preface, I would like to
take the opportunity to thank a number of people who have made the realization of
this thesis possible. First and foremost, I thank Duncan van der Heul for his guid-
ance and support during this project. Your suggestions during our conversations
were often enlightening to me, and you have been a great teacher. Therefore, I look
forward to hopefully continuing our scientific cooperation in the future. I thank
Kees Vuik and Ruud Henkes, my promotors, for their support and the extensive
patience they possess (or must have developed in these years). In particular, I very
much appreciated the freedom I was given in occasionally pursuing research topics

of my own preference.

Although the process of a PhD project is largely a time of utter solitude, I owe a
great deal of appreciation to my roommates for the joyful and helpful distractions
they provided. Menel, for keeping us in line, even though I cannot recall the num-
ber of times you locked me out of my own office. Manuel, for our shared interests
and being an excellent host when I needed a place to spend the night when the last
train had left. And Joost, for our shared opinions, whiskey-inspired evenings, and

your help in converting me from an experienced Windows user into a Linux noob.

I have been fortunate to work with and alongside fellow MSc- and PhD candidates
who made the working environment a pleasant place to be. I enjoyed supervis-
ing Coen Hennipman and Ankit Mittal, who extended my work and were able to

demonstrate a number of very nice applications.

ii



iv

Most of the evenings at the conferences in Darmstadt and Florence were spent with
Fabian Denner, Berend van Wachem and the students of the multiphase group of
Imperial College. They were kind enough to let me tag along on those occasions,

for which I thank them sincerely.

I would like to thank the industrial partners Deltares, Shell and TNO for their
financial support and the suggestions they provided during the regular progress

meetings for my project.

I thank my parents and siblings for their love and their never-fading trust through-
out this PhD endeavour. Your words of support have helped me through the darker

periods and my appreciation cannot be captured in words.

And finally, above all, I thank Esther. You have had to bear so many lonely evenings
and weekends while I was trying to get yet another piece of code to work. It takes a
special person to endure such times of solitude, and nonetheless remain caring and

supportive wholeheartedly. Never forget that you are all my reason...

Guido Oud
Zeist, May 2017



Contents

Preface iii
1 Introduction 1
1.1 Multiphase flow regimes . . . . ... ... ................. 2
1.2 Computational multiphase flow modeling . . ... ... ... .. ... 3
1.3 Researchobjective . . . . . ... ... ... ... ... .. .. .. ... 7
14 Outline . . . . ... . 8

2 A fully conservative mimetic discretization of the Navier-Stokes equations

in cylindrical coordinates with associated singularity treatment 9
21 Introduction . . ... .. ... ... ... . 9
2.2 Construction of the mimetic operators . . . . . . ... ... ....... 12
2.2.1 Definition of the discrete vector spaces . . . .. ... ... ... 14
2.2.2  Definition of the natural vector operations . . . ... ... ... 15
2.2.3 Definition of the discrete inner products . . . . ... ... ... 19
224 Definition of the adjoint vector operations . . .. ... ... .. 20
2.3 Mimetic discretization of the flow equations . . ... ... ... . ... 26
2.3.1 Discretization of the convective term . . . ... ... ... ... 27
2.3.2 Discretization of the viscousterm . . . .. ... ... ... ... 30
2.3.3 Temporal discretization . . ... ... ... . ... ... ..., 32
2.4 Conservation properties of the discretization . . . . .. ... ... ... 32
241 Conservationof mass . ... ... ... .............. 32
242 Conservation of momentum . .. ... .............. 32
243 Conservation of kineticenergy . . . .. ... ........... 36
2.5 Numerical validation . . . . . ... ... ... ... ... .. .. .. ... 40
2.5.1 Conservation properties . . . . . ... ... ... ... ... .. 40
252 Spatialaccuracy . . . .. ... ... 43
2.6 Concludingremarks . . ... ... ... ... .. .. .. .. .. .. ... 46



vi

3 A dual interface capturing method for the simulation of incompressible

immiscible two-phase pipe flows 49
3.1 Introduction . . .. ... ... ... .. 50
3.1.1 Stratified multiphase pipeflow . . . .. ... ........... 50
3.1.2 Dual interface capturing models . . . . ... ........... 51
313 Outline . . .. ........ ... .. ... 52
3.2 Calculation of the flow field . . . . ... ... ... .. .. ....... 53
3.2.1 Spatial discretization . . . . ... ... ... o oL 53
3.22 Temporal discretization . . .. ... .. ... ........... 54
3.2.3 Treatment of the interface jump conditions . . . . . ... .. .. 57
3.3 Representation of the interface . . ... ... ... ... ......... 57
3.3.1 General description of the MCLS algorithm . . ... ... ... 59
3.3.2 Coupling of the level setand VoF . . .. ... .......... 61
3.3.3 Advection of theinterface . . . . . ... ....... ... ... 63
3.34 Level set reinitialization . . . . . ... ... ... ... ... ... 67
3.3.5 Calculation of the interface curvature . . . ... ... ... ... 68
3.3.6 Computational performance . ... ................ 71
3.4 Numerical validation of the algorithm . . . . .. ... ... ....... 72
3.4.1 Stationary bubble with high surface tension . . ... ... ... 72
3.42 Rising spherical gas bubble in a stagnant liquid column . . .. 74
343 Taylorbubble . ... ... ... ... ... ... ... ... 82
3.44 Taylor-Rayleigh instability . . . .. ... .............. 84
3.5 Concludingremarks . . ... ... ... ... .. .. .. . ... 87

4 Numerical prediction of two-phase flow instabilities in cylindrical pipes 89

41 Introduction . .. ... ..... .. ... ... 89
4.1.1 3D cylindrical coordinates for accuracy and efficiency . . . . . 90
412 Dualinterface capturing models . . . . . ... ... ... ..., 91
413 Stratified multiphase pipeflow . . . . . ... ... ... ... .. 91
414 Outline. ... ... ... ... .. 92

42 Numerical approach . . .. ... ... ... .. .. .. .. .. .. ... 93
421 Calculationof the flow field . . . . .. ............ ... 93
422 Representation of the interface . . . .. ... .. ... ... ... 96
423 Calculation of the VoF function f . . .. ... .......... 97
424 Advection of the interface . . . . . .. ... ... ... .. ... . 101
425 VOF advection accuracy near the polar origin. . . . . ... ... 105

4.3 Modal stability of a cylindrical interface . . . . . ... ... ... .... 110



vii

431 Thebaseflow . ... ... ... .. ... .. .. .. ... 111

4.3.2 Derivation of the perturbation equation . . . . . ... ... ... 113

43.3 Boundary conditions . . . ... ... ... .. .. L 114

434 Solving the generalized eigenvalue problem . . ... ... ... 116

435 Comparison of growthrates . . ... ... ............ 117

4.4 Stratified shear flow in a periodic pipe section . . . . . ... ... ... 121
4.5 Stratified shear flow in a closed inclined pipe . . . . .. ... ... ... 123
451 Results without surface tension . . . ... ... ... ... ... 123

45.2 Results with surface tension . . .. ... .......... ... 125

453 Computational performance . .. ... .............. 127

46 Conclusions . .. ... ... ... ... 128

5 Recommended further developments 131
6 Conclusions 137
Appendix A Proofs of mimetic inner products 141
Bibliography 155
Summary 157
Samenvatting 159
Publications 163

Curriculum Vitae

165






Chapter

Introduction

HE NUMERICAL MODELING of multiphase flow phenomena has been a field of
Tgreat interest within the computational fluid dynamics community for the past
few decades. Examples of multiphase flows in industry and engineering are ubiq-
uitous: boilers, condensers, reactors, mixers, separators and cavitation are but some
of the applications. In present day hydrocarbon recovery, the increased effort to pro-
duce from fields that are located more remotely and in deeper water has led to more
complex transport of oil and gas. One often finds that both phases are transported
through a single pipeline to an offshore platform or to an onshore plant. The liquid-
gas mixture that is flowing through a pipeline can be in a specific flow regime, as
will be further explained in section 1.1. The prevailing flow regime depends on,
among others, the liquid and gas flow rates, the pipeline pressure, and the pipe
diameter and inclination. Highly unstable flows with slugs can cause significant
mechanical stresses on the pipe wall in bends and on its supports. Additionally,
unstable flow can create difficulties for the facilities located at the downstream end
of the pipeline, such as flooding of the separator or trips of the compressor or
pump. Such facilities would perform best with a constant supply of gas and liquid
over time. If there is unstable flow, extra capacity should be reserved in the facilities
to accommodate the liquid and gas surges, or special equipment with controllers
(such as actuated choke valves) needs to be installed to prevent slugs or to mitigate
the effects of slugs. For these reasons, there is a clear interest from the industry
in numerical tools that are able to accurately simulate two-phase flows in horizon-
tal, inclined, and vertical pipes. Such tools can be very useful in the prediction of
the flow conditions that ultimately lead to flow instabilities. The tools can be used
to design the pipeline and its operations, and they can tell whether prevention or

mitigation measures need to be taken for the liquids management.
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1.1 Multiphase flow regimes

The behaviour of the flow of two (or more) immiscible fluids through horizontal
circular pipes can be classified into a number of flow regimes. Common variables
used in this classification are the flow rates of the phases (often represented by
the superficial velocity, which is the ratio of the volumetric flow rate and the cross
section of the pipe). The fraction of one fluid in the total (combined) volumetric
flow rate is referred to as the (volumetric) quality. A simplified classification of the

flow regimes encountered in horizontal pipe flow is shown in figure 1.1.

Stratified-
Smooth

Stratified-
Wavy

Elongated-
Bubble

stratified

Intermittent

Annular
Wavy-

Annular

Dispersed-
Bubble

Direction of flow 2>

Figure 1.1: Various multiphase flow regimes in horizontal pipe flows. Source: Najmi et al. [63].

For low flow rates of both fluid phases, the presence of gravity leads to the stratified
flow regime with the lighter phase on top of the heavier phase. As the difference be-
tween the bulk velocities of the fluids increases, waves with growing amplitude start
to form at the planar interface; this phenomenon is known as a Kelvin-Helmholtz
instability of the interface. Eventually, for a sufficiently large velocity difference,
the waves reach the upper cylinder wall, and the heavier fluids starts to completely

occupy the pipe cross section. The local liquid blockage of the pipe leads to the
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so-called plug- and slug flow regimes. If the gas throughput is further increased the
annular dispersed flow regime is found. The gas core carries liquid droplets (giving
dispersed gas/liquid flow) and there is a liquid film along the wall. Due to gravity,
the film along the bottom wall is thicker than along the top wall. If the throughput
of the liquid becomes large (and the gas quantity is low or moderate), the dispersed
bubble flow regime is found. Here liquid forms the continuous phase and it carries
the gas bubbles.

For vertical or inclined pipes, similar flow regimes exist, but the transition bound-
aries are different because gravity now acts at a different angle along the pipe di-
rection. It must be stressed that in practice, besides the superficial velocities, also
the fluid properties (density, viscosity, surface tension) and the pipe diameter and
the wall roughness are factors that influence the selection of the flow regime. For
the pipeline design and operation it is important to know what the flow regime
is, as each flow regime will give a specific pressure drop along the pipeline and a
specific holdup fraction or volume fraction (which is the fraction of the pipe volume
that consists of either liquid or gas). Also the specific dynamics, such as the slug

frequency and the slug length, are of importance.

1.2 Computational multiphase flow modeling

The numerical modeling of multiphase flows is a challenging area within the field
of computational fluid dynamics. For the engineering design of multiphase flow
in pipeline systems, the industry often uses one-dimensional models. This means
that the three-dimensional flow equations are averaged over the pipe cross-sectional
area, leaving a one-dimensional spatial problem, in which the pipe axis is used as
the remaining single coordinate. Here the gas and liquid velocity profiles over the
cross section are represented by the bulk gas velocity and the bulk liquid velocity.
The averaging leads to closure terms, for which correlations are used, such as for the
wall friction, for the interfacial friction, for the gas bubble entrainment in the liquid,
and for the liquid droplet entrainment in the gas. There exist also correlations for
the transition boundaries between the flow regimes. Both steady state and transient
one-dimensional models are used. Some well-known commercial one-dimensional
tools that are used in the industry are OLGA and LedaFlow. The main advantage of
one-dimensional models is that they are computationally fast, but a disadvantage

is that they heavily rely on empirical closure relations. This disadvantage becomes
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particularly important in the prediction of slug flow, as the slug formation and
its characteristics are inherently multi-dimensional. Therefore the present thesis is
focused on the development of two- and three-dimensional CFD models for multi-

phase flow in pipelines.

Building on proven CFD concepts for single phase flows, various specialized multi-
dimensional algorithms exist that, in principle, are also applicable to multiphase

flow, depending on, for example:
e incompressible vs compressible flow.
e laminar vs turbulent flow.

miscible vs immiscible fluids.

isothermal vs non-isothermal flows.

sharp vs diffusive interfaces.

The research described in this thesis is particularly focused on incompressible isother-
mal flow of immiscible fluids. With the aim of simulating the transport of hydro-
carbon fluids, it is important to recognize the impact of these simplifications. For
example, compressibility is important in the transport of gas through long pipe
lines; this is because the decreasing pressure along the pipeline will cause a certain
mass flow rate which experiences a decreased density and therefore and increased
velocity. Thermal effects are also important for long pipelines, due to heat transfer
between the fluids in the pipe and the ambient and due to the gas expansion. How-
ever, the mentioned assumptions simplify the numerical modeling considerably: an
advantage of assuming isothermal conditions, for example, is that there is no need
to solve the additional energy equation, which reduces the computational effort.
Recognizing the limitations of the proposed model, the assumptions mentioned are
considered an acceptable premise as an initial step towards a more complete and
physically accurate algorithm. Furthermore, the assumptions made are a good ap-

proximation for relatively short pipe sections.

The physical scale of the conditions that we want to simulate is large enough to al-
low for a fully sharp representation of the interface between the immiscible fluids.
Proven numerical methods are readily available for the sharp interface treatment.
The Level Set (LS) method [66] and the Volume of Fluid (VoF) method [41] are two
well-known approaches. They belong to a class known as Eulerian front-capturing
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methods, in which the interface is represented similar to a contact discontinuity on a
fixed computational grid that remains stationary in time. Contrary to front-tracking
techniques, the interface is not explicitly reconstructed, but it is implicitly defined
through an indicator function. Once defined at the initialization, the interface is
subsequently advected with the flow field and captured at any later time instant
using specially designed algorithms. A detailed description of both the Level Set-
and VoF method can be found in section 4.2.2. These methods have been applied
very successfully to the simulation of two-phase flows, and experience has shown
both their advantages and disadvantages in practical use. The Level Set method is
relatively simple to implement, computationally efficient and deals with complex
topology changes in a natural way. It is, however, inherently incapable of conserv-
ing the liquid and gas volume over time, as this is not an enforced property of
the method. This implies that the individual phase volumes may change as time
progresses, while the incompressibility of the flow dictates that they should each
remain constant. The VoF method, on the other hand, is volume conservative by
construction, but it lacks an explicit interface, which leads to complicated and com-
putationally expensive interface reconstructions as it only provides information on
the quantity (or volume fraction) in a computational cell but not on its precise lo-
cation in the cell. Although the impact of most of these drawbacks can be reduced
to a certain extent by using advanced techniques, a more recent hybrid approach
combines the Level Set and VoF methods with the aim of benefiting from their ad-
vantages (the straightforward interface representation of the Level Set method and
the conservation property of the VoF method) while minimizing their disadvan-
tages. The general approach in these coupled or dual interface methods is to combine
a flow solver with an interface model that is based on a specifically tuned combi-
nation of the Level Set method and the VoF method. The conceptual differences
are often small, and the discrepancies mostly lie in the details of the interaction
between both methods. Sub-algorithms of the dual interface model may be based

on either the Level Set method or the VoF method depending on preference.

A variety of dual interface methods have been proposed, for example in Bourlioux
[13], Sussman and Puckett [83] (CLSVOEF), Van der Pijl et al. [90] (MCLS), Yang
et al. [96] (ACLSVOF) and Sun and Tao [81] (VOSET). In Van der Pijl et al. [90], the
Mass-Conserving Level Set (MCLS) method was introduced as a coupled method
on a uniform Cartesian grid. A key feature of this method is the use of an analytic

function that calculates the VoF value of a computational cell for a given Level Set
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function and its gradient. The MCLS method was shown to be robust and to yield

accurate results when compared to similar methods.

Due to the success of the MCLS method on a Cartesian grid, the core concept of this
method was also used in the present thesis to form the basis for a newly designed
interface algorithm in 3D cylindrical coordinates intended for the simulation of flow
instabilities in circular pipe sections. A detailed description of the developed algo-
rithm can be found in section 3.3.1, and the numerical coupling between the Level
Set method and the VoF method is explained in section 3.3.2 (2D axisymmetric) and
section 4.2.3 (3D cylindrical).

Current multiphase pipe flow simulations with CFD seem to favour the use of un-
structured grids to capture curved walls and pipe bends. Experience, however,
shows that the application of interface capturing methods on such grids is gener-
ally cumbersome, and high resolution interfaces are hard to obtain. In particular,
conservative advection of the interface is notoriously difficult and computationally

demanding compared to advection on structured grids.

When using a structured grid for the simulation of multiphase flow in a pipeline,
one can either think of a Cartesian grid or a grid in cylindrical coordinates. The
Cartesian grid has the large advantage to give a relatively simple (and well known)
discretization of the flow and the interfaces, but introduces some complexity when
trying to capture the curved fixed wall. This requires the use of the Immersed
Boundary Method (IBM) or the ghost cell method. A very fine grid will be required
to capture the boundary layers along the walls. As an alternative, using a cylin-
drical grid can be considered. This has the advantage that it is fitted to the fixed
boundary walls, and it can thus naturally capture the boundary layers along the
walls. Disadvantages are the complexity of deriving a discretization of the flow and
of the interface, and the presence of a singularity in the grid at the centerline of the
pipe. We believe, however, that the use of cylindrical coordinates for multiphase
pipe flow has considerable potential, and deserves further exploration: this will be

the focus of the present thesis.
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1.3 Research objective

The main research objective of the present thesis is to obtain an improved numer-
ical tool that is able to carry out relatively fast, robust, and accurate simulations
of physical, two-phase flow instabilities in straight pipe sections. To that end, a
dedicated numerical two-phase flow algorithm in cylindrical coordinates will be
designed and implemented in Fortran 90. The algorithm is to be used as a numer-
ical test bed in the study of the development of 3D instabilities in pipe flows. The
considered flow examples will be all laminar, but the same methods also need to be
applicable in a later stage to turbulent multiphase flows using either RANS, LES or
DNS. The desire of applicability to turbulent flows places an important condition on
the algorithm, as it has to be sufficiently accurate (at least second order and prefer-
ably extendable to higher orders) and computationally efficient (well scalable). To
accommodate these requirements, the computational domain is restricted to a seg-
ment of a straight cylindrical pipe with a certain inclination. In this way, both the
computational performance and the numerical accuracy can be optimized, albeit
at the cost of less flexibility in choosing the domain. Keeping the geometry fixed
allows the use of a structured orthogonal grid that generally leads to a higher order
of accuracy than non-structured grids. Additionally, fast and efficient solvers are

readily available for structured tessellations.

The literature only contains a very limited number of studies that apply either the
Level Set method or the VoF method to the generalized case of curvilinear coor-
dinates [30, 45, 46]. A plausible reason for the lack of studies using structured
grids is the presence of a singularity in the cylindrical coordinate system. It is well
known that this singularity is a source of numerical problems even in the model-
ing of single-phase flows. Part of the research described in the present thesis was
therefore devoted to analyze, mitigate and possibly solve the problems due to the

coordinate singularity in both the flow field model and in the interface model.

Once a suitable model has been established for the flow and for the interface, verifi-
cation and validation need to be performed. Where possible, verification is done by
using the Method of Manufactured Solutions [74]. The validation is done by using
well known benchmark tests, such as stationary or rising bubbles. Furthermore,
comparisons are made with theoretical predictions if the conditions are such that

these apply.
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1.4 Outline

This thesis consists of three main research parts.

In the first part (described in chapter 2), the emphasis lies on the modeling of the
flow field using the Navier-Stokes equations in cylindrical coordinates. A mimetic
approach is used to rigorously derive the finite difference approximations of the dif-
ferential operators. This approach guarantees that important vector identities hold
at the discrete level as well, thereby intrinsically capturing the behaviour of the con-
tinuous solutions. A second order finite difference discretization for non-uniform
grids is subsequently derived, and the conservation properties are extensively stud-
ied using numerical examples. A consistent treatment of the coordinate singularity

follows naturally and it is thereafter no longer considered a problem.

In the second part (described in chapter 3), the interface algorithm is presented in
the case of rotational symmetry. A detailed description of the algorithm is pro-
vided, and various verification tests are performed to demonstrate the accuracy of
the proposed model. Validation is done by comparison with results from other
software tools (both commercial and open-source), and by using some well-known

multiphase benchmark cases.

The third part (described in chapter 4) contains the numerical study of two-phase
flow instabilities. The numerical issues in the interface transport due to the singu-
larity are analyzed and mitigated, and a solution strategy is proposed. The ability
of the algorithm to capture Kelvin-Helmholtz waves in shear flows is then studied

for both core-annular flow and for stratified flow.



Chapter

A fully conservative mimetic discretization of the
Navier-Stokes equations in cylindrical coordinates with

associated singularity treatment

We present a finite difference discretization of the incompressible Navier-Stokes equations
in cylindrical coordinates. This currently appears to be the only scheme available that is
demonstrably capable of conserving mass, momentum and kinetic energy (in the absence of
viscosity) on both uniform and non-uniform grids. Simultaneously, we treat the inherent
discretization issues that arise due to the presence of the coordinate singularity at the polar
axis. We demonstrate the validity of the conservation claims by performing a number of nu-
merical experiments with the proposed scheme, and we show that it is second order accurate

in space using the Method of Manufactured Solutions.

2.1 Introduction

LTHOUGH IT Is generally known that the use of cylindrical coordinates in finite
difference methods brings along a number of difficulties, it still appears to be
the preferred method of choice for turbulent flow simulations in pipe sections. This

is likely due to the relative ease with which higher order approximations can be

The content of this chapter is based on the article:

G.T. Oud, D.R. van der Heul, C. Vuik, and R A.WM. Henkes. A fully conservative
mimetic discretization of the Navier-Stokes equations in cylindrical coordinates with associ-

ated singularity treatment, Journal of Computational Physics, 325: 314-337, 2016.
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implemented, and the growing availability of fast flow solvers that benefit from the

orthogonality of the structured cylindrical grid. However, an inherent problem in

the use of cylindrical coordinates (r,0,z) is the calculation of variables that lie on

or near the polar axis r = 0. Looking at the cylindrical Navier-Stokes equations:
10(ruy)  10ug  duz

r or r o0 + Pz 0 @.1)

and:

ot + r or r a0 0z r
lop n 10(r5r) | 1079 | 107
por pr or pr 06 p 0z
oug  19(ruyug)  10(u3)  9(uguy) | Uty _
ot r or r a0 0z r

1 ap 1 a(VTr(;) 1 8799 1 ang Tro
pr 060 * pr or pr 90 p oz + or + 8 @3)

duy  10(ruruz) n 19(uguz) n o(u2)

o r or v d0 0z
B lal 18(1’1}2) la’fgz 4 EBTZZ
poz p ror pr 98  p oz

o, | 1900d) | 10fu) | a5

+ g?’/ (22)

+ gz, (2.4)

with u = (u,, ug, u;) the velocity vector, p the flow density, g = (g, g9, gz) the body
force and Tj; the viscous stresses, it would indeed appear that the numerous 1/
terms cause the solution to blow up near the polar axis, but, as shown in Morinishi
et al. [61], the coordinate singularity is only apparent, and taking rigorous limits
shows how the equations actually behave at » = 0. From a numerical modeling
point of view, however, this asymptotic analysis does not provide a clear solution
to the singularity problem. Assuming a staggered (Marker-and-Cell) grid [38], the
straightforward finite difference discretization of the Navier-Stokes equations in
conservative form requires (among others) the radial velocity u, at r = 0. In the
past, this value was usually estimated in some way using neighbouring values. For
example, Eggels [28] applied an arithmetic mean for the estimate of u,(0,0;,z)

using two opposite values:

uy(r1,0;,z) — ur(r1,0; + 77, 2¢)
2 7

ur(0,6;,2) = (2.5)

where the minus sign is necessary because of the orientation (both outwards) of the
velocity vectors. This approach, however, yields a multivalued radial velocity. An
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improved approximation by Fukagata and Kasagi [33] and Griffin et al. [36] leads
to a single-valued radial velocity; this was done by reconstructing the Cartesian
velocity components u, and uy at r = 0 from the neighbouring set of velocities and

by defining u, at r = 0 using the decomposition:
ur(0,6,z) = uycos + u, sinf. (2.6)

A different approach by Verzicco and Orlandi [92] avoids the problem entirely by
solving the equations for the quantity ru, instead of the velocity u,. For a more

extensive overview of existing methods, see Morinishi et al. [61].

Recently, discretizations with improved conservation properties have obtained a
growing interest as physically reliable modelling of the finest structures in tur-
bulence requires accurate numerical behaviour of the flow energy. In particular,
the construction of numerical schemes that conserve kinetic energy for flows with
vanishing viscosity has become an active field of research. At a discrete level, con-
servation of kinetic energy is an attractive property as it assures an unconditionally
stable (spatial) discretization. For Cartesian domains, this has led to a number of
schemes that conserve both mass, momentum and kinetic energy on uniform and
non-uniform grids, for both low and higher order [60, 91]. For cylindrical grids, not
much progress seems to have been made on these aspects. Fukagata and Kasagi
[33] suggest a highly conserving discretization, but energy is not conserved ex-
actly. Morinishi et al. [61] introduced a new approach where a radial momentum
equation is solved at r = 0 after its derivation using ’'Hopital’s rule. The authors
claim and prove the scheme to be energy conserving in the absence of viscosity for
both uniform and non-uniform grids. After a number of tests, however, we noticed
disturbances near the radial origin in flows with significant velocity through the
origin. Desjardins et al. [23] mention this as well while performing the simulation
of an inviscid Lamb-dipole. Furthermore, using a Taylor expansion of the radial
momentum equation at the origin, they are able to trace down the problem to an
inconsistent discretization, and they ultimately decide to use an averaging method
similar to equation 2.6 for improved accuracy, thereby sacrificing exact energy con-
servation. None of the mentioned singularity treatments above, except for the one
of Morinishi et al. [61], appears to conserve energy as they rely on (arithmetic) av-
eraging in obtaining the radial velocity at » = 0. Hence, the problem of finding an
energy conserving scheme for cylindrical coordinates seems to intrinsically contain

the necessity for a satisfactory treatment of the singularity at » = 0.



12 Discretization of Navier Stokes in cylindrical coordinates ~ Chapter 2

Most of the methods described above use the notion of a computational or logical
Cartesian space and the physical cylindrical space, connected through a Jacobian
mapping, to solve the governing equations. The problems involving a radial veloc-
ity component at the polar axis arise because this mapping is not bijective at the
coordinate ¥ = 0. Nonetheless, many attempts have been made to derive expres-
sions that include (the inverse of) the Jacobian, an approach we believe to likely be
ill-fated. Instead, we propose a discretization of the Navier-Stokes equations us-
ing a mimetic method that is applied on the cylindrical grid (i.e. in physical space
only). Mimetic discretizations [53] are designed to mimic many of the properties
of the analytical operators they approximate. They have shown to be very robust
and accurate, but so far they have been surprisingly rarely used in numerical flow
modelling. Abba and Bonaventura [1] derive a mimetic finite difference discretiza-
tion of the Navier-Stokes equations in Cartesian coordinates, while Barbosa and
Daube [6] consider cylindrical coordinates. The latter authors have essentially laid
the foundations on which we will proceed. They show how the mimetic operators
are derived, albeit for uniform cylindrical grids only. However, their averaging pro-
cedure seems to require velocity- and vorticity components at locations where they
are not defined. It is therefore unlikely that their discretization conserves energy ex-
actly. We will show how to remedy this issue, and then extend the discretization to
grids with non-uniform radial and axial node distributions for increased efficiency
in turbulence simulations. Using the method of Manufactured Solutions, we show
that the resulting discretization is capable of achieving second order accuracy in
space and, with a suitable time integration method, is capable of conserving mass,

momentum and kinetic energy for both uniform and non-uniform cylindrical grids.

To our knowledge, the proposed method is currently the only approach in the liter-
ature that is demonstrated to be fully conservative for cylindrical coordinates. Most
related research in this field appears to be focused on increasing spatial accuracy,
while we believe that a solid singularity treatment, together with improved conser-
vation properties, should be established first before moving on to increasing global

accuracy.

2.2 Construction of the mimetic operators

Whereas traditional finite difference methods generally focus on minimizing the

truncation error, the mimetic finite difference method aims to mimic certain prop-
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erties of the continuous operators at a discrete level. Nonetheless, results often show
that the accuracy and robustness are nearly as good if not better than conventional
discretization techniques. The motivation to use the mimetic method stems from the
observation that many mathematical descriptions of physical processes contain the
vector derivatives gradient, curl and divergence: consider for example Darcy’s law
of porous media flow, Maxwell’s laws of electromagnetism and the Navier-Stokes
equations of fluid flow. The vector derivatives satisfy some well known identities
like curl grad = 0 and div curl = 0 for scalars and vectors, respectively, as well
as a number of decomposition- and integration by parts theorems. The aim of the
mimetic approach is to construct a discrete approximation of the analytical vector
calculus by defining discrete vector spaces, inner products and operators, such that
the aforementioned identities also hold at the discrete level. In that way, a discrete
solution is guaranteed to exhibit many of the underlying properties of the analytical

solution.

The approach we follow is based on the work of Hyman and Shashkov [44] and
Hyman and Shashkov [43], where suitable discrete vector spaces, inner products
and derivatives are derived for orthogonal coordinate systems using the finite dif-
ference method. Most of the derivations for uniform cylindrical coordinates have
already been performed by Barbosa and Daube [6]. We will extend their work by
providing the associated expressions for cylindrical grids with non-uniform radial
and axial node distributions. An essential result of the rigorous derivation of the
mimetic operators is the absence of any problems in the construction of finite dif-
ference approximations around the polar axis that are normally encountered when

trying to discretize expressions at or near r = 0.

We start in section 2.2.1 by defining the discrete vector spaces, depending on the
location of the variables on the MAC grid. Then the metric-independent natural
vector operations are derived in section 2.2.2. These provide a limited set of discrete
mappings between the discrete vector spaces, but without inverse. The inverse
mappings require additional metric data in the form of inner products, which are
defined in section 2.2.3. Finally, the adjoint operators are constructed in section 2.2.4
as the formal adjoints to the natural operators with respect to the associated inner
products.
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2.21 Definition of the discrete vector spaces

We start by defining a number of discrete vector spaces based on the location of
the variables in the computational grid. We assume a non-uniform radial and axial
distribution such that Ar = Ar; is a function of the radial index i and Az = Az is
a function of the axial index k. The angular distribution (identified with index j) is
assumed to be uniform. A location in the computational grid is represented by a
coordinate with multi-index I = (i,,k) € IN® in combination with the stride vectors

e;, eg and e; defined as:

1 1 1
e = (2/0/0) 7 eG = <0/ 2/0) 7 e; = <0/0/ 2) . (27)

The pressure py is located at the cell centre r; = (7;, Gj,zk) with coordinates:

i Arl- .
r= lzlArl -5 ie{l,...,N}, (2.8)
1
0; = <j - 2) A8, je{l,...,Ng}, (2.9)
L & A
zk:7§+ZAzl—%, ke {1,...,N.}, (2.10)
=1

where L is the length of the cylinder. For evaluation at the radial cell boundaries, we
define r,, 1asry =i + %. The velocity components uy, ., , ug, oo and uz , lie
orthogonal to the positive cell faces, and the vorticity components 171 ¢) te., Wite, te.
and (i, t¢, lie along the positive cell edges. Figure 2.1 shows the location of
the scalars and vector components in cylindrical coordinates as they are used in
this paper. Note the particular axial vorticity ¢ Lik = Cx located at ¥ = 0 and
independent of angular index j.

For clarity, we use the same notation as in Hyman and Shashkov [44], with calli-
graphic letters for spaces with vectors and plain letters for spaces with scalars. The

following spaces are used:

e The space HS of discrete vector functions with components that are defined
perpendicular to the cell faces at locations rye,, rj+e, and ry+e, in the domain.

The discrete velocity u = (1, 1y, u,) on a staggered grid belongs to this space.

e The space HL of discrete vector functions with components that are defined
on the cell ribs at locations ry+e,+e,, I1te,+e, aNd I1te,+e, in the domain. The

discrete vorticity w = (1, w, {) belongs to this space.
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uzl+ez

W]te,+e,

u
NI4eg+e Mter

Mgl +eg

(a) Cells near the axis at (rq, 0;, Zk). (b) Cells away from the axis at (r;, 0;, Zk).

Figure 2.1: Location of the variables in the computational domain.

e The space HC of discrete scalar functions that are defined in the cell centres

at locations ry. The discrete pressure p belongs to this space.

e The space HN of discrete scalar functions that are defined in the cell vertices
at locations Iyie,+ey+e., Ite,+eg+e. aNd Ite,te,+e. in the domain. This space

is mentioned for completeness, but it is not used in our approach.

2.2.2 Definition of the natural vector operations

In Hyman and Shashkov [44], expressions are derived for the discrete divergence
D, the discrete gradient G and the discrete curl C. They are defined based on a

discrete approximation of their coordinate-independent definitions, i.e:

W,n)dS
V- -W:= Kl/igb fav(%, (2.11)
ou
(Vu,n) := 3 (2.12)
W,1)d!
(n,V xW):=lim 5%(7), (2.13)
5—0 S

for some volume V with boundary 90V, normal vector n and surface S with bound-
ary I. The divergence operator D is the natural’ mapping D : HS — HC. The
gradient operator G is the natural mapping G : HN — HL, while the curl operator
C is the natural mapping C : HL — HS. Combined, the natural operators G, C

*The mappings are considered natural because the location of the variables on the staggered grid
allows straightforward discrete evaluations of their analytical definitions, i.e. Gauss’ theorem (for the
divergence) and Stokes’ theorem (for the curl).
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and D form the sequence:

HN S He S 1us 2 e (2.14)

The construction of the natural operators D and C is shown below (for our pur-
poses, we do not need G). The resulting operators satisfy (among others) the well
known vector identities (for proofs of this, see Hyman and Shashkov [44]):

DC:HL — HC, DC=0, CG:HN —-HS, CG=0. (2.15)

Notice that the resulting expressions, although derived from mimetic principles, are
in fact often equal to the classical finite difference discretizations of the gradient,
curl and divergence operators in cylindrical coordinates at the computational cell
centres. This shows that a mimetic approach does not necessarily lead to different

discretization results, but it does provide additional insight and motivation.

The divergence operator D : HS — HC The natural divergence operator D :
HS — HC follows from the coordinate-independent formulation of Gauss’ diver-
gence theorem:

V. W= lim & f (W, n)dsS, (2.16)
V—0 1%
where n is the unit outward normal to the boundary oV and W : R" — R" is
a differentiable vector field. For a cylindrical cell away from the axis r = 0, the
discrete approximation Du to equation 2.16 becomes:
1

(Du)j = ———— {AGAzk(rH%umer -,

rArNOAZ i~ ying) T ATz, = vor,)

A AG (1t — iy )} 2.17)

—Tr. 11U u —u —
i—g er O1rey ) Uzpie, — Uzpe,

TZ'ATI‘ TiAG AZk !

_ ri+% Ury e,

(2.18)

for some discrete vector u = (uy, up, ;) € HS. Notice that this result corresponds
with the classical finite difference approximation of the cylindrical divergence:
10(rur)  1dug  duz

r or r 00 + o9z (2.19)

For cells at the polar axis with i = 1 where r; = 0, the discrete operator reduces
2
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without issues to:

2 (u —u ) _
2”71+e7 ) O1-e Uzpie, — Uzp_e,
Al’i Arl-AG AZk !

(Du)yi—1 = (2.20)

where on the right-hand side the i-component in the multi-index I is equal to 1.

The curl operator C : HL — HS The natural curl operator C : HL — HS follows

from the coordinate-independent formulation of Stokes’ circulation theorem:
(n,V x W) = lim f(w 1)dl 2.21)
’ CossoS ’ )

where S is the surface enclosed by the closed curve /, n is the unit outward normal
to S, 1 is the unit tangential vector to / and W : R” — IR”" is a differentiable vector
field. Let w = (1, w, ) be a discrete vector in # L with its components located as
shown in figure 2.1. Then for the radial component (Cw),, the curve I around the
surface S is defined as the boundary of the gray plane in figure 2.2 for both types

of cells.
Wite+e;
w3 .
Csi1 Siktd (Cw)ry,e
2 ]+ 2 /k T
(Cw)ry ‘
75 2
€I+e,7eg
3.1
giff —zk
(a) Radial component at the axis. (b) Radial component away from the axis.

Figure 2.2: Surface for the determination of the radial component of the curl operator C : HL — HS.

The radial component of Cw is then approximated as:

1
Cw = [r‘ A (—w + Wite,—
( )7’I+er T’H%AQAZ;{ 1+% ( I+e,+e; I+e; 6z)
+ Az (€I+er+e9 - §I+ey—eg)} (2.22)
_ €I+er+eg - CI+er7e9 _ Witete, — (UIJrerfez. (2.23)
TiJr%AQ AZk

For the angular component (Cw)y, the curve I around the surface S is defined as
the boundary of the gray plane in figure 2.3.
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M je L+ ]
JT5, +2 (Cw)91+e
(Cw)o, ¢ 5
Lj+1k g
\ gl_e"—i—eg "7‘7["1‘69—62
Ck
(a) Angular component at the axis. (b) Angular component away from the axis.

Figure 2.3: Surface for the determination of the angular component of the curl operator C : HL — HS.

The angular component is then approximated as:

1
(C“’)61+e9 = m {Ari(ﬂueﬁez - 771+e97ez)
+ A2(~Crrertey + C1erres)] (2.24)
_ M+eg+e, — Ntey—e, B €I+er+e9 - él*er+99 (2 25)
AZk Ai’i ’ ’

Finally, for the axial component (Cw), the curve [ around the surface S is defined

as the boundary of the gray plane shown in figure 2.4.

(Cw)

Z1+ey
Wl+te,+e,

M+eqg+e;,
M j+ L+l

(a) Axial component at the axis. (b) Axial component away from the axis.

Figure 2.4: Surface for the determination of the axial component of the curl operator C: HL — HS.

The axial component is approximated as:

1
(Cw)zye, = rATA {Nz‘(—'?1+e9+ez + M1—epte.)

+ A0(7i+%wl+ey+ez - ri_%w178r+ez):| (2.26)

_1 ri%w”e’*ez Cig@Tete  fijeyte. — 771—e9+ez] (2.27)

r; Ar; AB
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Notice that the non-existence of the angular vorticity element w for axis cells where

i = 1 is naturally resolved by the multiplication with r1 = 0. Hence, for axis cells,
2

the expression reduces to:

2 — Nl—ey—
(C(‘))Zl/l‘:1 — 2w1+9y+ez (171+e9+ez 1’]1 €y ez) (228)

Ai’i AriAG !

where on the right-hand side the i-component of the multi-index I is equal to 1.

2.2.3 Definition of the discrete inner products

To derive the adjoint operators, we need the notion of inner products on the dis-
crete vector spaces. These are defined as approximations of the continuous L2-inner
product, using either the (second order accurate) Midpoint- or Trapezoidal integra-

tion rule.

An inner product on HC For the space HC, the inner product (-,-)yc : HC X
HC — R is defined as:

(u,v)gc := ZulvlriAriAGAzk, (2.29)
I
where u and v are two discrete scalar functions defined in the cell centres.

An inner product on S For the space HS, the inner product (-, -)ys : HS X
HS — R is defined as:

AriAeAzk
(W v)ys = Z 5 [ri_%ulfer Ul—e, + T’H_% UT+e, Ul+e,
I
+ rl‘(ulfeg vlfeg + ul+e9 UI+99)

+1i(H1 e, 01, + ULie,Ore,) | (2.30)

An inner product on HL The inner product (,-)y, : HL X HL — R of two
vectors w = (17,w,{) and @ = (77, @,{) in HL is given by:

(CU,GJ)HE o Z A?’iAZQAZk N M—eg—e. 1—ey—e. ';771+e9—ez771+e9—ez
LiZl

N—ep+e.M—egte. T Ntegte.Mtepte,
+ ri 5
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WI—e,—e,WI—e,—e;, T Wi—e,+e,WI—e,te,
+ 7'1-_1
2 2
Wlte,—e,WIte,—e, T Wite, +e,WI+e,+e,
2
ri—1+71; glfe,‘fegglferfeg + glfe,+e9€17e,‘+e9
+ 2 2

+ (7’1‘ + ri+l> (gl-&-ey—eggl—&-er—eg + §I+er+eggl+ey+e9> ]

il

2 2

Z Ar;AOAzZ ) r'ﬂlfegfezﬁlfegfez + M+eg—e, l+ey—e,
i
Li=1 2 2

N—epte.T—egte, T i+eg+e, +eg+e,

+ ri 5

Wlte,—e,WIte,—e. T Wite,+e,Wlte, +e, 231
i+% 2 ( . )

4 %gk’grk I (1’1’ +21’i+1> (€I+6799€I+8reg ‘:iz‘ €I+er+99€_1+€y+99) ] .

+r

Notice that for i = 1, the degeneracy of the cell has been taken into account: for the
angular components w and @, this follows naturally by multiplication with = 0.
For the axial components { and ¢, the expression is altered to accommodate the col-
lapse of the cell face at r = 0. It can be verified that all three discrete inner products

satisfy the required symmetry, linearity and positive-definiteness properties.

2.2.4 Definition of the adjoint vector operations

The discrete operators derived in section 2.2.2 only allow the trivial successive ap-
plications CG and DC, which are identically zero. Second order operators like DG
of a scalar and CC of a vector are not possible because the range does not equal
the domain of the consecutive first order operators. To overcome this, the adjoint
operators D, G and C are derived using the Support Operator Method [78]. By
choosing a prime (natural) operator, the associated derived (adjoint) operator follows

from the discrete inner product in combination with the identities:
D = -G, c=C, (2.32)

where the * denotes the adjoint with respect to the associated inner product. More

specifically, starting with the natural operator D : HS — HC, the operator G :
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HC — HS is defined through:

(Dw,v) e = — (u,Go) (2.33)

HS

for any u € ‘HS and v € HC. In a similar way, expressions can be derived for the
derived divergence operator D : H£ — HN and a derived curl operator C : HS —
‘HL through:

(Gu,v)yp = — (4,DV) u€ HN,v e HL, (2.34)
(Cu,v)ys = (u,év) ur ue HL,veHS. (2.35)

With both natural and adjoint discrete operators, it is now possible to discretize

combinations like:

DG:HC — HC, DG:HN — HN, (2.36)
CC:HS - HS, CC:HL— HL, (2.37)
GD:HL — HL,  GD:HS — HS, (2.38)

and even the vector Laplacian. It is shown in Hyman and Shashkov [43] that the dis-
crete operators satisfy several additional important theorems from vector calculus.
Just like the natural operators, the adjoint operators G, C and D form a sequence

(but in reversed direction):
HC S 15 S #e 2 Hn. (2.39)

We will now construct the adjoint operators G and C for cylindrical grids with a
non-uniform radial and axial distribution (we do not require D). In addition, we
will prove that the constructed adjoint operators are indeed the formal adjoints of

the associated natural operators with respect to their inner products.

The gradient operator G : HC — HS The components of the gradient operator
G : HC — HS are defined as:

_ 2(pri2e, —p1)
(Gp)71+er T A+ Ari (2.40)
el _ PI+2e9 - PI
(CPlove, =~ rpg (2.41)
rel _ 2(pri2e. — p1)
(Gp)mez T Azt Az (2.42)
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for some scalar p € HC.

Proposition 2.2.1. For any p € HC and u € HS on an infinite domain, it holds that
(Du, p)rc = —(u, Gp)us.

Proof. See appendix A. O

On finite domains, the boundary conditions on HC and HS need to be chosen con-
sistently in order for expression 2.33 to hold exactly. We assume a finite cylindrical
domain of radius R and length L with an associated grid that includes a single
layer of ghost cells at both the radial and axial walls. The inner product (Du, p) ¢
contains only internal values of p, while the discrete gradient in (u, Gp)ys also
includes values of p in the layer of ghost cells. Consider now a computational cell
that shares a face with the cylinder boundary. The contribution of the adjacent
ghost cell to (u, Gp)xs can be removed by actively setting the discrete gradient of p
at the boundary to zero. But for consistency in the product (Du, p) ¢, the value of
the component of u normal to the boundary then has to be set to zero (compare the
contributions in equations A.2 and A.3). This combination of Neumann and Dirich-
let boundary conditions for the pressure p and the flow velocity u, respectively, are

the well known expressions for the simulation of a solid wall without penetration.

A second case involves periodic wall conditions. For simplicity, we assume that the
axial boundaries at z = +L/2 are periodic, so that the layers of ghost cells at these
walls coincide with the first and last slices of the internal cells of the grid. With
minor adjustments, the same strategy as the proof for an infinite domain can be
used to demonstrate that in this case the inner products are also equal. Hence, on
finite domains, proposition 2.2.1 is in particular valid for the common situation of

cylindrical pipe flows with solid or periodic walls.

The curl operator C : HS — HL The adjoint curl operator C is derived according
to equation 2.21 in a similar way as the natural curl operator C. It will be shown
that the resulting expressions for the components of C are indeed the adjoints of
the associated components of C with respect to the discrete inner product (-, ).
Throughout the derivation, let u = (u,, ug, u;) be a discrete vector in HS. Then for
the radial component of the adjoint curl operator (Cu),, the surface S is defined as

the gray plane in figure 2.5.
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u

OLieg+2e;

Figure 2.5: Surface for the determination of the radial component of the curl operator C : HS — HL.

The component of the discrete curl operator C in the radial direction then follows

as:

— _ 2 AZk + AZk+1
(Cu)71+e9+ez - rl-A()(Azk I Azk+1) > (uZI+2e9+ez - quez)

+ T’iAG(—Ll91+e9+ZeZ —+ u91+eg) (2.43)

_ Magoegre: T Manpe: 2(u91+e9+2ez B u91+e9)
= . (2.44)
riAf Azp 4+ Azpyq

For the angular component, the surface is defined as in figure 2.6.

Url i e,12e;

Figure 2.6: Surface for the determination of the angular component of the curl operator C : HS — HL.
The component of the discrete curl operator (Cu)y in the angular direction is:

- 4 Az + Azjyq
Ouertes = (Ar; + Brin) Bz + Bzg 1) 2

(Cu) (2.45)
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Ari+ Ariq

(uzl+ez - uzl+2er+ez) 2 (u71+er+2ez - url+er)
— 2(u71+er+2ez - url+er) _ 2(u21+2er+ez - uZI+eZ) (2 46)
Azp + Azpyq Ari+ Arigq

For the axial component for cells away from the axis, the surface is defined as in

figure 2.7.

Ug

I+2er+ey

Figure 2.7: Surface for the determination of the axial component of the curl operator C : HS — HL.

In this case, the component of the discrete curl operator (Cu); in the axial direction

is:

Ar;+ Arjyq _
2

(Cu)ay.. .. = !

2.47
et (14 i) (A1 + Arig) A -

(url+er - url+er+269> + Af (ri+1u91+2er+eg - riuelJreg) ]

2 (ri+1u91+29y+e9 - riu91+e9> url+er+2e9 -
Ari+ Ariq A6

2
TP+ Tip1

u
Mrer ] . (2.48)

For the cells near the axis, the surface S is defined as in figure 2.8.

For these cells, the component of the discrete curl operator C in the axial direction

is:
— 8 Ne Ar1 4 1 Ne
— 2 V' Zlap = . 24
(Culs = N arzn0 ]; 2 s T B N ]; g 29

Proposition 2.2.2. For any w € HL and u € ‘HS on an infinite domain, it holds that
(Cw,u)ys = (w, Cu)y,.

Proof. See appendix A. O
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Figure 2.8: Surface for the determination of the axial component of the curl operator C : HS — HL.

For finite domains, some care has to be taken for the two inner products to be equal.
Reviewing the proof in appendix A shows that we only have to consider the cells
that share a face with the boundary. We assume a finite discretized cylindrical do-
main of radius R and length L. Arguably the simplest case is when the discrete
components of w are zero at the boundaries. After inspection of the expressions
in appendix A, this renders the contribution from the cell face at the boundary to
both products (w, Cu)y, and (Cu, w)ys equal to zero. Subsequently, both inner

products only contain the summation of internal values and they are exactly equal.

If the components of w are not zero at the wall, then the proof can be used to derive
the values for the components of u in the surrounding layer of ghost cells. Consider
a boundary cell with its positive face at r = R which contains two components of

w, namely w and {, and one component of u, namely u,, as in figure 2.9a.

Wi+e,+e,

(a) Cell near r = R. (b) Cell near z = L/2.

Figure 2.9: Cells near r = R and z = L/2 showing the vorticity components that lie on the (hatched) domain boundaries.

From equations A.10 and A.12, the contributions to the angular component wi4e, te,
come from cells I and I + 2 e, alone (since we only sum over internal cells), and

together they provide a condition for the value of u; _,, . in the ghost cell layer

+ez
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by solving:
T’i+% A6 ViJr%ATiAG
5 Bz + Bzpyr) Uz, = — —— (Bzg + Bzgyq)
2(uZI+2€y+ez - uZI+eZ) (2 50)
Ari+ Ariq '
which yields:
Ar; 1 .
Uzliepte: — — Al:l,_ Uzrye,r 1= Np (2.51)

Similarly, from equations A.14 and A.16, we obtain that the only contributions to
the axial component {y e, e, come from cells I and I+ 2 ey. Equating yields for the

angular velocity ug,, . ey N the ghost cell layer:

o _ T A”i+1u9
142 er+ep ri+1 Ari I+e€. 4

i=N,. (2.52)

The same can be done for the boundaries at z = +L/2 of the cylindrical grid. There
we have the components # and w of w (see figure 2.9b). Collecting terms yields for
the velocities in the lower ghost value layer:

Azp_4 Azyg_q

u’l+er72ez = AZk u’l+er/ u91+e9—2ez == AZk u91+e9’ k= 1’ (253)

and for the velocities in the upper ghost value layer:

Aziir Az

M”I+er+2ez - AZk u”l+er’ u61+e9+2ez - AZk 91+99’

k=N.. (2.54)

Hence, equality of the inner products can be attained by either choosing the compo-
nents of the vector w in #L to be zero, or, for non-zero components of w, choosing
the boundary values of the vector u according to expressions 2.51 - 2.54. In section
2.4.2, we will show that when w = w(u), these conditions have an actual physical
meaning: they represent the free-slip (or stress-free) and no-slip boundary condi-

tions for the flow velocity, respectively.

2.3 Mimetic discretization of the flow equations

In this section, we will apply the mimetic discretization techniques from section 2.2
to generate a finite difference discretization of the incompressible Navier- Stokes

equations. We will propose spatial discretizations for the convective part and the



Section 2.3 Mimetic discretization of the flow equations 27

viscous part in the next sections. The discretization of the pressure gradient Vp
follows rather trivially: because the pressure is an element of the space HC, the
approximation of its gradient is Gp, with G : HC — HS the adjoint gradient
operator as in equations 2.40-2.42.

2.3.1 Discretization of the convective term

The convective term of the vector momentum equations (u - V)u is a second order
tensor, and it does not allow direct application of the mimetic operators derived in

section 2.2. Instead, it can be rewritten as:
1
(u-Viu=(Vxu)xu+ EV(u-u), (2.55)

occasionally referred to as the rotational formulation, where the right-hand side
only consists of first order operators. The term %V(u -u) is added to the pressure
gradient, which leaves the term N(u) := (V X u) X u = w X u, where w is the
flow vorticity, as the remaining convection part. With the vorticity in cylindrical

coordinates given by:

19u; _ up
U r 96 dz
Viuslwf=| wow | @59
g 10(rug) 1 0u,
r o or r 06
the convective part N becomes:
wilz — Gy
N(u) = | Cur —nu; |- (2.57)
Ny — wily

The discretization of N requires the approximation of the vorticity components and
subsequently an averaging procedure of the velocity components, as velocity and
vorticity are members of different discrete spaces (HS and H L, respectively). As the
velocity vector in the staggered grid is an element of HS, we notice that w = V x u
is discretely approximated by Cu, where C is the adjoint curl operator C : HS —
HL. Then, with the vorticity components known, the discrete approximation of
equation 2.57 requires spatial averaging to obtain an estimate at the location of
the velocity components. The choice of averaging is restricted by the following

considerations:
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The averaging should be sufficiently accurate.

The averaging should be consistent for the cells near the polar axis.

The averaging should allow conservation of momentum when subjected to

discrete integration.

The averaging should allow conservation of energy in combination with a

discrete inner product.

With this in mind, we propose the following discretization for the radial convective

part:

1

Ny =
e T2 (A + Arigq)

Wlte,—e, (Niuzl,ez + Ari+1uz1+2ey,ez)

+ Wite te, (Ariuzl+ez + Ari+1u7~l+2er+ez) ]

. 17’1' + Yit1 gl uel—ee + u91+2er*e9
4 2 e\ it
Uor, e Uo;
0 +2er+eg
+ Clte te ( + : (2.58)
T Ti+1
For the angular convective part:
_ 1 : ri_1 41 Ari_q + Ar; Ur_e, + u’l—e7+2e€
91+e6' ZrZ,ZAri =3 2 2 I=ete 2
. ri+rip1 Ari 4+ Ariq 7 Urpre, + Urttepr2eq
l-‘r% 2 2 I+er+e9 2
1 uZI—ez + uZI+2e6 —ez
- E 771+e97ez >
Uziye, + Uzp eyt
o tez
+ Ntegte: ) . (2.59)

Finally, for the axial convective part:

1 Azl g, + AZkt1lgr_op12e,
NZHez =5 | M—egte;
2 AZk + AZk+1

+ Mteg+e,

AZku@H—ee + Azk+1u91+e9+2ez
Azp + Azpyq
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. 1 WI—
3 lerte: Azy + Azjyq

Azku71+e,, —+ Azk+1url+ey+2€z
Azi + Azjiq

_ i r AZku"l—er + Azk‘*‘lu"lfwﬂe,z
2r; \ '~

+ri+%wl+e,+ez (2.60)
In section 2.4 we will show that this choice of discretization leads to conservation of
momentum as well as to conservation of kinetic energy in the absence of viscosity.

In section 2.5 we will investigate its accuracy.

For comparison with the discretization suggested by Barbosa and Daube [6], the

expressions 2.58 - 2.60 for uniform grids reduce to:

N _ 1 w uzlfez + uZI+2er7eZ +w MZI+ez + uZI+2er+ez
Tter — > I+e,—e, 2 I+e,+e; 2

Ug Ug
I-ey I+2er—ey
+ )

T Tit1

Tiv}

4

CI-&-er—ee <

MGI e, ugl 2erte
+€1+e,+e9( o e ) (2.61)
7 Tip1

N . 1 2 urlfer + ur17e7+2e9
9[+e6 - 21,2 rl‘,%él—er"rer 2
1

u71+er + url+er+2e9 )

2
+ ri+%gl+8r+eg 2

1 uZI—ez uZH—Zee—ez
I I _
2 7] +eg—e; 2

uzl+ez + uZI+2 egtez
+771+99 +ey 2 ’

. 1 uel—ee + u917e9+2ez u91+e9 + u91+e9+292
Nzl+ez - E 171—99"1‘92 2 +T]I+eg+ez 2

1 (7’ url—er + ur[—ey+2ez
i—
1

(2.62)

- . 1 W=
2r; jrl-erte: 2

url+er + u71+e7+292 ) X (2.63)

i1 Witete: 5

Although there are global similarities, our radial averaging is quite different. The
discretization of Barbosa and Daube [6] seems to require the radial velocity u, at

r = 0 for No .. and the angular vorticity component w at r = 0 for Nz 1o both
J+ Skt 5

1
L
of which are not defined there. In our discretization, these evaluations at »r = 0

are resolved using weighted averaging that results in multiplication with the radial
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coordinate r. Hence, at r = 0, any finite value can be assigned to these components

as the resulting product always yields zero.

To demonstrate the improvement of the proposed scheme over the scheme of Bar-
bosa and Daube [6], and in particular to emphasize the effect of the different ap-
proaches near the origin, two co-rotating vortices of unit circulation are simulated
on a disc of radius R = 8 m. Their initial radial- and angular locations are (%, 71/10)
and (%, 117t/10) respectively. The grid is uniform in all directions for the compari-
son with 512 and 288 cells in radial- and angular direction respectively. The vortices
are monitored and figure 2.10 shows their evolution in time for both discretizations
in the vicinity of the origin. The results in the left column clearly show the de-
velopment of a small disturbance around the coordinate origin, while in the right
column the contour lines remain smooth. This would suggest that the proposed

method leads to more stable and accurate results near the origin.

2.3.2 Discretization of the viscous term

For constant viscosity flows, the viscous part of the Navier-Stokes equations consists
of the vector Laplacian vAu = vV?u, where v is the kinematic viscosity v = p/p.
Since the vector Laplacian is a second order operator (divergence of a matrix), the

term is rewritten using the identity:
Au=V(V-u)—VxVxu, (2.64)

which is a mere combination of first order operators. We make the assumption
that the first term on the right-hand side of equation 2.64 can either be neglected
in the discretization due to the fact that V - u = 0 is discretely enforced locally in
every computational cell, or it can be added to the pressure term. This results in

the approximation for the viscous part V as:
V(u) = —v(VxVxu)=-—v(VxXw), (2.65)

where w is the flow vorticity as defined in equation 2.56. The discrete approx-
imation of V is CCu, where the discrete curl operators C : HS — HL and
C: HL — HS are used. No averaging is required, and the derivation of both
operators in section 2.2 guarantees that no issues arise for the cells near the polar

axis.
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Figure 2.10: Evolution (from top to bottom) of the vorticity contours of two co-rotating vortices. The left column
displays the results from the discretization of the non-linear terms as in Barbosa and Daube [6], while the right column
displays the results from the proposed discretizations 2.58 - 2.60. Simulation performed by O. Daube.
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2.3.3 Temporal discretization
The semi-discrete momentum equations and the continuity equation:

% =N(u) — ;Gp —vCCu, Du=0, u€cHS, peHC (2.66)

are discretized in time using the Implicit Midpoint method:

a1 — () 1 1— 1 — 1 1
- = - (n+3)) _ = (n+3) _ (n+3) (nt+3) —
A N (u 2 ) pGp 2/ —yCCu'""2/, Du'""2 0, (2.67)

where u("2) = % (u(”) + u(”“)). Both the momentum- and continuity equations

are solved in a coupled way to obtain the solution vector (u("),p(”)) using an
iterative Krylov method. In particular, we iterate to obtain the solution of the non-
linear equations. The Implicit Midpoint method used is second order accurate in
time and unconditionally stable (even for vanishing viscosity), which is desirable as
the CFL condition becomes very stringent near r = 0 if explicit methods were to be
used. Additionally, if the non-linear coupled equations 2.67 are solved to machine
precision, the method is capable of conserving kinetic energy. We will elaborate on

the latter in section 2.4.3.

2.4 Conservation properties of the discretization

2.4.1 Conservation of mass

The conservation of mass is represented by the discrete continuity equation Du = 0.
Since the discrete system is solved in a coupled way, mass conservation is deter-
mined by the accuracy of the solution of 2.67. As iterative methods are often used
for this purpose, in practice this implies that the conservation of mass depends on

the applied stop criterion of the iterative linear solver.

2.4.2 Conservation of momentum

Conservation of radial, angular and axial momentum requires the discrete evalua-

tion of: 4 4 4
E./v u,dV, a_/V rgdv, o /V 1w, dV, (2.68)

respectively, with V denoting the entire finite cylindrical domain. Proving discrete
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conservation of momentum has turned out to be complex due to two main reasons.
In the first place, looking at the momentum equations 2.2-2.4, it is clear that the
radial and angular momentum equations cannot be trivially written in a conser-
vative formulation, with the time derivative governed solely by flux terms, due to
the presence of additional terms that stem from the differentiation of the cylindri-
cal covariant basis vectors which are not constant in space. There exist techniques
to rewrite the momentum equations in conservative form (see Vinokur [93]), but
they appear to be difficult to integrate into our mimetic approach. A conservative
formulation of the governing equations is desirable because it often allows a dis-
crete approximation of a similar form, which in turn leads to discrete conservation
almost naturally with only the boundary values contributing. Without conserva-
tive formulation, it can be very difficult in practice to obtain conservation numer-
ically, let alone to prove this. The axial momentum equation 2.4, which governs
the axial component of the linear momentum, fortunately is in conservative form.
Furthermore, multiplication of the angular momentum equation 2.3 with the radial

coordinate r yields the conservative formulation for the quantity rug:

ot r ar r o0 0z
~19(rp) | 19(rPng) | 10(rtee) | 1(rdTe:)

1
or 06 pr or pr 06 o oz

d(rug) N 10(r2uyug)  10(ru3) N o(ruguz)

(2.69)

which governs the evolution of the axial component of the angular momentum vec-
tor, which is a conserved quantity in the absence of any external torque applied to
the z-axis. For the radial momentum equation, unfortunately, no procedure seems
to exist that converts expression 2.2 into a conservative formulation. Nonetheless,
we will demonstrate by numerical verification that our proposed discretization is

capable of conserving radial, angular and axial momentum.

A second difficulty in our approach lies in the rotational formulation of the con-
vective terms. This choice of formulation makes conservation of momentum much
less obvious due to the fact that part of the convection is absorbed into an updated
pressure variable 5, which becomes p = p + 1pu - u. Analytically it holds that:

wxu=V~(uu)—uV~u—V(;u~u>, (2.70)

where the first term on the right hand side is the conservative formulation and the

second term involves the flow divergence (which hence vanishes). The third term
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needs to be balanced by the new pressure f, but since this is done implicitly (7
is only defined in cell centres), it is impossible to do a term-by-term comparison
and therefore to rigorously demonstrate momentum conservation. Equation 2.70,
however, shows the dependence of the equality on the flow divergence, and this

dependence is observed numerically as well.

For the discrete approximation of the quantities in expression 2.68, the Trapezoidal
rule is used for the spatial integration. This yields the discrete quantities M,, My
and M, at time t(n) defined as:

" n Ar;iAOAz n n
MY = [ av = PSR (vl el ) @7

- 2 +1u71+e
(n) (n) N r2Ar; AGAZk (n) (n)
M = /V ! dv = 3 R (i), ) ) (272)
Ar;AOA
Mgn) — /V dV Z ri 7’1 0Azy (ugl)ez + ug'H)ez) . (2.73)
b I

We monitor the values of M,, My and M, at every time step, and discrete conserva-

tion implies that M,E(”) = M,(XO)

for any value of a« € {r,0,z}.

Some attention is required at the boundaries. For our purposes, we will only con-
sider no-slip and free-slip (or stress-free) boundaries. The no-penetration condition
u-n = 0, where n is the unit normal to the wall, guarantees that the convective
parts of the momentum equations do not contribute to any change in momentum.
The contribution of the viscous part, which requires boundary conditions for the
surrounding layer of ghost cells, is determined by the value of the vorticity at the
walls, since:

/V (V x w)dV = 7§ (nxw)ds, (2.74)

where n is the unit normal to the wall. For free-slip walls, we can enforce the right-
hand side of equation 2.74 to vanish by choosing the discrete velocity boundary
conditions in such a way that the resulting vorticity components at the wall are
zero. This implies that at the wall r = R both the angular and axial components w
and { of the discrete vorticity Cu become zero. From equations 2.46 and 2.48, the
boundary conditions for the angular and axial velocities then follow as:

T

u91+2 er+eg = 7

» and Uz, . = Uz, =N (2.75)
1

u91+39
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Notice that during this derivation, the radial velocity u, is considered to be zero
due to the no-penetration condition. At the walls z = +L/2, the boundary values

for the radial and angular velocities follow from equations 2.44 and 2.46:

url+er72ez = url+er and u91+e672ez = u91+e9’ k= 1’ (276)

Urfyepire; = Urpre, and Wb egroe; — UOitey k= N. (2.77)

In this case, the axial velocity u, is considered to be zero. Combined, equations
2.75-2.77 form the free-slip boundary conditions for the velocity, and they follow
rather naturally from the construction of the discrete vorticity. Furthermore, with
all vorticity components zero at the walls, proposition 2.2.2 holds on a finite domain

due to the reasoning in section 2.2.4.

No-slip boundary conditions for finite difference methods are commonly derived
by interpolation of the associated velocity to the wall, equating it to zero and subse-
quently obtaining a value for the velocity component in the ghost cell. We, however,
will proceed along a different path, and derive expressions for the ghost values by
instead demanding that proposition 2.2.2 remains valid on a finite domain, thereby
assuring that the global mimetic structure of the discretization is not impaired. The
procedure has in fact already been presented at the end of section 2.2.4 in the case
of non-zero vorticity at the walls. We will repeat the resulting expressions here for
completeness: at the wall at r = R, it holds that:

. Ari+1 ri ATH_]

uZI+29r+ez = A”i uZI+ez’ u91+2er+eg = _1,1,+1 ATZ' u91+e9’ L= Nr’ (278)

while at the walls at z = +L/2:

Azp_q Azy_q

Unire2e: = 7z Wirerr Moo ae T T, Wiigy k=1, (2.79)
Azpiq Aziyq

Uniyep42e; — — Az, Urtre,r  Woiiegioe, — Az Otiey k=N,. (2.80)

Notice that all but the condition for ug, F2ertes at r = R coincide with the linear
interpolation on a non-uniform grid of the velocity component at the wall. The
condition for ug, , rep resembles the linear interpolation of the angular momentum

ruy instead, and a closer look reveals that it is close to the linear interpolation of ug
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since:

_ri Arig _ Arig (1_ Ari+Afi+1> . (2.81)

u — —
91+2 erteg ri—i—l Ari GH—ea Ari 2,,i+1

for i = N,. Hence, for sufficiently fine grids it is expected that the conventional
linear interpolation of uy to the wall is found, but the presence of this extra term
must be kept in mind for coarser grids. Finally, equations 2.78-2.80 constitute the
no-slip boundary conditions for the velocity that assure that proposition 2.2.2 is

valid on a finite domain.

2.4.3 Conservation of kinetic energy

Summation after taking the inner product of the momentum equations with their
respective velocities gives the temporal evolution of the kinetic energy K:

dK 1

o T (N(w),u)p2p) + ’ (Gp,w)p2py —v(V(w),u)2py =0, (282
where K = (u,u);2(p) /2 is the L?-inner product of the velocity vector u over a
suitable domain D, N is the skew-symmetric convective operator and V is the sym-
metric viscous operator. Because N is skew-symmetric, and with the gradient G
as the formal (negative) adjoint of the divergence D, the second and third terms of

equation 2.82 vanish and the expression reduces to:

CclTI: =v(V(u),u)ppy = —v(VXwu)pp)- (2.83)
Thus, in the absence of viscosity and with appropriate boundary conditions, the
kinetic energy is constant and therefore conserved. We will verify that the proposed
discretization satisfies the same conditions, which leads to discrete conservation of
kinetic energy as well. The first assumption that G is the negative adjoint of D
is true by default, as this is precisely how the discrete operator G was constructed
(see section 2.2). Secondly, it must be shown that the discretization of the convective

part does not contribute to the change in kinetic energy.

Proposition 2.4.1. The proposed discretization 2.58 - 2.60 for the convective part N of the
Navier-Stokes equations assures that (N(u), u)ys = 0.

Proof. After performing the inner product 2.30 over the entire computational do-

main, we collect all terms that contain the radial component of the vorticity 71 e, te.
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for any random choice of I. This comprises the contributions to the inner product
from cells I, 1+ 2eg, I +2e, and I +2eg + 2 e,. From these four cells, there are an-

gular contributions from Ny, e and Ny, rep and axial contributions from Nz,

+2ez

and N, ,, ..., which sum up to:

ptez

from N91+eg from N91+e9+2 .

_cla Uzire, T Uzrynegie, LA Uzive, T Uztyaegie,
Zk 2 u91+e9 Zk+1 2 u91+e9+2ez

from NZI+eZ

10ZkUgy, o) + DZkp 140y ) i,

+ C (Azg + Azpy 1) ( 2 Azp + Dz Uziie,

(2.84)

1D2kUey o) + DZkp1ler,, o,
2 Az + Azpyq izegtes |7

from NZI+2 eptez
where C = %riAriAG. It can be seen that these terms add up to zero.

Then we collect all terms that contain the angular component of the vorticity wie, e,
for any random I. This comprises the contributions to the inner product from cells
ILI1+2e,I1+2e;,and I+2e, +2e,. From these four cells, there are radial contribu-
tions from N, and Ny, ,. and axial contributions from N, and Nz, ..,

which sum up to:

from Ny, ey

1 Arjug, . + Aripquy,
C A . A . A - +ez +2er+ez
(Ar; + Aritq) < Zk 5 Ari + A Uriie,

(2.85)

+Azjyq 5

1 Ariuzl+ez + Ari+1uzl+29r+ez u
r
2 ATI' ‘|‘A1’l‘+1 I+er+2ez

from NVI+9y+2 ez

from Nz, tey

1 Azguyy, . + Azgyquty
_ C A A A L +er I+er+2ez
(Azi + Aziyq) < T > Azp + Az Uzite,

A . _
+ AT Azp + Azes

1 Azkurl+ey + Azk+lurl+er+2ez
Z1+2er+ez |7/

from NZI+2 ertez
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with C = %ri +1 Af. After some algebraic manipulation, it follows that these terms

also add up to zero.

Finally, we collect all terms that contain the axial component of the vorticity (1 e, te,
for any random I, which comprises the contributions to the inner product from
cells I, I+2e, I+2ey and I + 2e, + 2e4. From these four cells, there are radial

contributions from Ny, and Ny, and angular contributions from Ny, e and

r+2ep
No, Fertey’ which sum up to:

from er+ey

Cri+riy Ubp e, n Ubr e, teq
i 2 rz- P R

n Uby e, +u91+2er+e9 "
r
7 7’i+1 I+er+2ey

from N’I+er 12¢p

from N, te
0

Cri+ripq | Urire + Uriie,t2e, u
4 2 7’1‘ 61+e9

url+er + u"l+ey+2 e

i1 Uoy,n ertep ] ’ (2.86)

from N91+2 ert+eg

with C = %ri +1 (Ar; + Ari1)ABAZy. Tt can be seen that these terms sum up to zero
as well. Since this holds for all elements of the vorticity vector, the inner product
yields exactly zero. O

The Implicit Midpoint time integration method applied to the semi-discrete Navier-

Stokes without viscosity or external forces gives:

a1 _ )

o =N (u<”+%>) ~Gpld),  pulttd) =, (2.87)

with u(n+2) = F(ulm + u("+2)). Notice that the inner product of the left-hand side
of equation 2.87 with u("*2) yields:

(ll(’””—u(’”,u<n+;>> _ 1
At 2At
HS

(u(n+1)’u(n+1))m _ (u(n),u(n))%], (2.88)
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while taking the inner product with the right-hand side gives:

_ (N(u(w%)),u(w%)) _ (§p<n+%),u(n+%>) — (p(n+%>,Du<n+%))HN (2.89)

HS HS

by proposition 2.4.1 and the definition of the gradient operator G. Combining
equations 2.88 and 2.89 then shows that:

(u(%l),u(ﬁm) B (U(n)’u(n))HS N <p(n+%),Du(n+%))HN. (2.90)

HS

If we define the kinetic energy at time t" as K(") := 3 (u(”), u(”)) 25’ then:

Kn+1) _ g(n)

i - (p(”'*‘%),])u(”‘ir%))

, 2.91
N (2.91)
and conservation of kinetic energy depends solely on the value of Du in the do-
main. Hence, for vanishing flow divergence Du = 0, it follows that the discrete

kinetic energy is conserved.

For viscous flows, it is well known that the temporal decay of kinetic energy due to
viscous dissipation on a suitable domain is given by:

dK
a5 = e (2.92)

where £ = % Jy |1V x u|2dV is the flow enstrophy. Notice that this expression
follows from applying the self-adjointness of the curl operator to the right-hand side
of equation 2.83. At the discrete level, the fully discretized momentum equations

without external forces read:

utl) — @)

A =—-N (u(”+%)) — ép(’”%) — yCCul"+2). (2.93)

Taking the inner product with u("2) once more now yields:

K(n+1) _ g(n)

3 =—v (Céu("+%),u("+%))

s’ (2.94)

where we have used the fact that the convective term does not contribute to the

evolution of the kinetic energy, and the pressure term vanishes because Du = 0 as
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noted above. By proposition 2.2.2, the term on the right-hand side is equal to:

v (Céu(”+%>,u(”+%)) =v (éu(”+%),éu<”+%))ﬂﬁ , (2.95)

HS
which is the discrete representation of twice the enstrophy. Hence, with the flow

divergence Du equal to zero, the resulting expression:

K+1) _ ()

_ . (n+1) = (n+d)
o — 2y (Cu }) Culr+s ) , (2.96)

HL

is the discrete analogue of expression 2.92.

2.5 Numerical validation

In this section, we will numerically demonstrate the conservation properties of the
proposed discretization on both uniform and non-uniform grids (section 2.5.1). Fur-
thermore, we will demonstrate the formal accuracy of the proposed method (section
2.5.2). For this, we use the Method of Manufactured Solutions, which we believe is

among the most rigorous procedures to determine the general numerical accuracy.

2.5.1 Conservation properties

We are interested in the temporal evolution of mass, momentum and kinetic energy
(in absence of viscosity). In sections 2.4.1 and 2.4.2 it was observed that conserva-
tion of mass and momentum are both determined by the accuracy of the solution of
the continuity equation Du = 0. In our simulations, we therefore set the stopping
criterion for the iterative linear solver (based on the relative residual) to 10~1° to en-
force conservation of mass and momentum up to machine precision. To investigate
the energy conservation capacity of the discretization, we consider a flow in a cylin-
der of radius 1 m and length 1 m. The velocities are initialized as random numbers
from the interval [—%, %], and subsequently the flow field is made divergence-free
by a projection step, where the initial pressure is also calculated. On the solid walls
atr = Rand z = j:%, a free-slip or stress-free boundary condition is imposed as
described by equations 2.75-2.77. The free-slip condition assures that the vorticity
at the wall is zero and therefore it does not contribute to any change in momentum.
The fluid viscosity is set to zero, and we perform the simulation up to time T = 10
seconds, while observing the discrete mass, momentum and kinetic energy at ev-

ery time step. A small time step At of 107> seconds is chosen purely to guarantee
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convergence of our current non-linear solver, as the conservation properties are in-

dependent of the magnitude of the time step.

To verify the proposed discretization on grids with non-uniform node distribu-
tions, the simulations are performed on two grids: a uniform grid, where r, 1 =
2

(i+%)R/N, and Zhy) = —L 4 (k= })L/N;, and a grid with a non-uniform distri-
butions defined by:

etxiR/N, -1 ]
ri+%:R W , IIO,...,Nr, (297)

_ Ltanh(Bi/Ns)

_ —tann(pi/Nz) —0,... 2.
%+] = 2 wnh(pL/2)’  * o 0o Ne (2.98)

with « = 2 and f = 3 as depicted in figure 2.11. Although perhaps not very
applicable in practice, we have chosen this distribution in particular to demonstrate
the validity of our conservation claims in the case of a severe variety in cell size
throughout the computational domain. The number of grid cells are 10 x 20 x 10

in radial, angular and axial direction, respectively.

(a) Uniform distribution. (b) Non-uniform distribution.

Figure 2.11: The uniform and non-uniform node distributions.

For the inviscid computations, we also calculate the resulting flow field using the
spatial discretization of Morinishi et al. [61] for comparison. Because it is known
that their axis treatment may introduce instabilities, we use the averaging proce-
dure of Fukagata and Kasagi [33] for the radial velocity at ¥ = 0, which does not
conserve kinetic energy exactly. We find that the proposed method conserves mass,
momentum and kinetic energy up to machine precision, as expected. Conservation
of mass and momentum is obtained for the discretization technique of Morinishi

et al. [61] (this is also proven in their paper). However, the kinetic energy is not
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Figure 2.12: Momentum evolution on both uniform and non-uniform grid.

conserved in time, which is likely due to the handling of the radial velocity at the
polar axis. First, figure 2.12 shows the evolution of the discrete radial, angular and
axial momenta M, of equations 2.71-2.73 using the proposed discretization. On
both uniform and non-uniform grids, all three momenta are conserved to machine
precision. The radial and axial momenta are of the order of machine precision ini-
tially, while the angular momentum maintains a larger non-zero value. Figure 2.13
then shows the kinetic energy during the simulation for both methods on the two
grid types: the combined method of Morinishi et al. [61] and Fukagata and Kasagi
[33] is referred to as the “alternative’ method.

For viscous flows, the kinetic energy decays at a rate determined by the flow en-
strophy & as defined in section 2.4.3. To test this, we simulate a swirling flow with
an angular velocity ug(r) = R(r — 7). No-slip boundary conditions are applied for
the velocity, and the dynamic viscosity has a value of ¢ = 0.01 kg/m/s. Both the
kinetic energy and the flow enstrophy are monitored in time. Figure 2.14 shows the
monotone decay of the kinetic energy in time for both uniform and non-uniform
grids based on the proposed discretization. We have used three levels of refinement
to demonstrate that the uniform- and non-uniform results converge to the same
rate of energy decay. As a consistency check, we have compared the energy decay

in time at semi-integer time levels by explicitly calculating both sides of equation
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Figure 2.13: Normalized kinetic energy evolution on both a uniform and a non-uniform grid. The mimetic results are
shown separately in the lower graphs for a better impression of the actual magnitude.

2.96, i.e. the time derivative of the kinetic energy:

dK prly K(n+1) _ g(n)
E(t )~ A (2.99)
and the scaled flow enstrophy, calculated as:
. ntl ~ cuntd) &L+l
WE(HE) A —2v (Cu 2) Culntz )M (2.100)

For the proposed approach, we find that the difference of the two terms is in the

order of machine precision for both the uniform and the non-uniform grid.

2.5.2 Spatial accuracy

In order to demonstrate the formal accuracy of the proposed discretization, we uti-
lize the Method of Manufactured Solutions (MMS) [74]. With a properly chosen
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Figure 2.14: Kinetic energy decay for a viscous flow for different levels of grid refinement, and the error between the
results on uniform (solid line) and non-uniform (dashed line) grids.

solution, the MMS is capable of testing virtually all terms of the discretization, and,
if necessary, even individually. This is generally more challenging than the com-
parison with known exact solutions, which, if they exist in closed form at all, often
follow from applying highly simplifying assumptions and therefore they may not
involve all the terms in the Navier-Stokes equations.

One of the recommended properties of manufactured solutions is that they are
sufficiently smooth, so that they do not prevent the theoretical order of accuracy to
be obtained. Therefore, we choose the following time-dependent solutions for the

velocity components and the pressure:
L L
u;(r,0,z,t) = (r —R) (z— 2> (z 5
ug(r,0,z,t) = (r— R) (z - g) (z + %
L
2

uz(r,0,z,t) = (r —R) (z— ;) <z—|—

+

cos(rz) sin(#) sin(t), (2.101)

) sin(r + 6 + z) sin(t), (2.102)
) cos(r0z) sin(t) (2.103)

2 2z + %)
p(r,0,z,t) = cos <> cos | ———2 | sin(t), (2.104)

where R = 1 m is the cylinder radius and L = 1 m its length. The manufactured
velocity solutions satisfy no-slip boundary conditions at the walls, while there is a
non-zero radial flow through the origin. The pressure satisfies homogeneous Neu-
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mann conditions at all walls. Using a symbolic computer algebra program, the
solutions 2.101-2.104 are inserted in the Navier-Stokes equations 2.67, and the out-
put is added to the right-hand side of the momentum equations. No-slip boundary
conditions are applied, and initially all velocities and the pressure are set to zero.
We then perform simulations until a certain time T on four grids with (5 x 10 x 5),
(10 x 20 x 10), (20 x 40 x 20) and (40 x 80 x 40) cells. Both a uniform and a non-
uniform grid as in equations 2.97 and 2.98 are used. Since the computations are
unsteady, a very small time step of At = 1077 s is chosen to assure that the tempo-
ral error is negligible compared to the spatial error. The fixed time step is reduced

for each grid refinement in order to keep the Courant number approximately con-

stant.
— ur = ur, 2 — luz =z, ]2 — |ty = i, ]l2 — Uz =z, [l
— lug—ugllz o [lp— pexl2 — g —ug,lla e [|p— pexll2
10*8:- 108
10~ 1077
5 5
= =i i
K g0 M op-10 L
10-11 101 -
Typical cell size Typical cell size
(a) Global error on a uniform grid. (b) Global error on a non-uniform grid.

Figure 2.15: Grid convergence of the proposed discretization using the MMS. For clarity, the pressure error is scaled
down by a factor of 10°.

The global error is determined by approximating the discrete L2-norm at time T for

all three velocity components by calculating:

2
|t — thex||2 = Z ( — tex (73,0, 2, T)) riAr;iAOAZ, (2.105)
i,j,k
and:
2
lp = pexlla = Z( — Pex(ri, 0,2, T) ) 1ibrid0Az,,  (2106)

ijk
(T)

where Uiik and p

(T)
i,k
and the pressure at location (r;, Gj,zk) at time T, u,x and p.y the associated exact

are the calculated solutions for any of the velocity components

solutions value and r;Ar;ABAz; the volume of the cell (i, ], k). The results for both

uniform- and non-uniform grids are shown in figure 2.15, where the error against
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the typical cell size is shown. For both uniform and non-uniform grids, the global
error of all flow variables displays second order behaviour as the grid size goes to

zero.

2.6 Concluding remarks

The aim of this study was to construct a spatial finite difference discretization of
the cylindrical Navier-Stokes equations that conserves mass, momentum and ki-
netic energy, while simultaneously treating the classical problem near and at the
origin r = 0. We have used the mimetic finite difference method to derive the vec-
tor identities like the gradient, the curl and the divergence. We have shown that the
proposed averaging procedure is able to conserve mass and momentum and, in the
absence of viscosity, also kinetic energy on both uniform and non-uniform grids.
The mimetic approach combined with the averaging also yields a natural treatment
of the singularity at » = 0. Accuracy tests show second order convergence in space

on both grids with uniform and non-uniform node distribution.

For Large Eddy Simulations (LES) or Direct Numerical Simulations (DNS), it is
likely that the overall second order accuracy of the proposed method is too re-
strictive. Therefore, future work should investigate the possibility of higher order

approximations while maintaining the conservation properties.

The proposed spatial discretization alone is not sufficient for kinetic energy conser-
vation. The time advancement of the semi-discrete equations is equally important,
as any damping present may destroy the inherent conservation properties. In this
chapter, we have used an implicit method known to conserve quadratic invariants
to demonstrate the capabilities of the proposed spatial discretization. Besides being
implicit, our approach hinges on the solution of the non-linear equations, which
makes the computational procedure even more costly. In practice, both this and
an implicit system may be unfeasible for large grids, and other (explicit) methods
could be considered that (nearly) conserve energy; Verstappen and Veldman [91],
for example, propose a class of time integration methods for this purpose. Here the
trade-off in the method is clearly between computational cost and the desired level

of conservation.
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Chapter

A dual interface capturing method for the simulation of

incompressible immiscible two-phase pipe flows

In this chapter we present a dual interface capturing method for the simulation of incom-
pressible immiscible two-phase flow in a cylindrical pipe with a circular cross section. The
algorithm is developed as a research tool for the advancement of turbulence models for strat-
ified two-phase flow and to improve the understanding of turbulence induced interface in-
stabilities. To be able to perform computations on high resolution meshes, the algorithm is
formulated to maximize (parallel) efficiency and accuracy in exchange for generic applica-
bility. The cylindrical coordinates Navier-Stokes equations are discretized using a staggered
finite difference method, while the model for the interface is based on the Mass Conserving
Level Set (MCLS) method proposed in Van der Pijl et al. [90]. That method uses a dual
formulation in terms of congruent Volume of Fluid (VoF) and Level Set (LS) fields. This
approach combines the advantages of both the underlying VoF and LS methods: (nearly)
exact mass conservation and an unambiguous definition of the interface location that can
be used in turbulence models. The approach distinguishes itself from other dual approaches
by cleverly avoiding an explicit reconstruction of the interface in the simultaneous advance-
ment of both fields to reduce computational work. The algorithm is numerically validated
through a set of well known benchmark cases, using experimental and numerical results
from literature as well as reference solutions obtained by expert users of commercial and

open-source simulation suites.

The content of this chapter is based on the article:

G.T. Oud, D.R. van der Heul, C. Vuik, and R A.W.M. Henkes. A dual interface cap-
turing method for the simulation of incompressible immiscible two-phase pipe flows, to be

submitted.
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3.1 Introduction

HE NUMERICAL MODELING OF multiphase flow phenomena has been a highly ac-
Ttive field of research for the past few decades. Examples of multiphase flows
in industry and engineering are ubiquitous: boilers, condensers, reactors, mixers,
separators and (cavitating) propellers are but some of the applications. In the oil
and gas industry the increased effort for hydrocarbon recovery from more remote
and deeper production fields has led to more complex pipeline transport. One of-
ten finds that both phases are transported through a single pipeline to an offshore
platform or to an onshore plant. The liquid-gas mixture flowing through a pipeline
can be in a specific flow regime, such as stratified flow or slug flow, depending on,
among others, the liquid and gas flow rates and the pipe geometry. Unstable flows
with slugs cause significant mechanical stresses on the pipe wall and its supports,
and can also cause difficulties for the facilities at the end of the pipeline, such as
flooding of the separator or trips of the compressor. It is therefore desirable to be
able to predict what kind of conditions lead to slug flow, in both horizontal and

inclined pipes.

3.1.1 Stratified multiphase pipe flow

To get a better understanding of the physical mechanisms underlying this transi-
tion process and to accurately model the influence of turbulence, a highly accurate
and strictly mass conserving computational model will be developed specifically
for the simulation of two-phase flow in a straight segment of a cylindrical pipe with
a circular cross section. By limiting the applicability to this very simple geometry,
we can optimize the accuracy and efficiency, at the cost of genericity, to enable very
high resolution simulations (eventually DNS and LES). The flow is considered to
be incompressible and isothermal and the two phases to be immiscible and sepa-
rated by a sharp interface. Hence, the flow system can be accurately described by
a two-phase flow model consisting of the variable density/viscosity Navier-Stokes
equations and a separate model for the evolution of the interface. In this applica-
tion, controlling numerical dissipation is very important to be able to distinguish
physical from numerical amplification of interface disturbances. Simultaneously,
the mass should be accurately conserved, as loss of (moving) mass generally implies
loss of momentum (i.e. artificial damping). We believe that an optimal accuracy and
(parallel) efficiency can be achieved by using a simple second order finite difference

discretization for the cylindrical coordinate Navier-Stokes equations on an orthogo-
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nal structured grid, together with a dedicated mass conserving, finite volume based
interface model that exploits all symmetries and regularity of the control volumes

on that same grid.

3.1.2 Dual interface capturing models

Nearly all interface models that do not impose any restrictions on changes in the
topology of the interface are based on either the Level Set (LS) method [66] or the
Volume of Fluid (VoF) method [41]. Individually, however, each suffers from draw-
backs: the LS method is inherently incapable of conserving mass over time, while
the VoF method, lacking an explicit interface, often requires complicated and com-
putationally expensive interface reconstructions. Although the impact of most of
these drawbacks can be reduced to a certain extent, yet another approach tries to
combine both methods with the aim of benefiting from their advantages (the ex-
plicit interface of the LS method and the conservation property of the VoF method)
while eliminating their disadvantages. Existing concepts involving the coupling of
the level set method and the VoF method include Bourlioux [13], the CLSVOF algo-
rithm [83], the VOSET algorithm [81] and the recent CLSMOF method [47], where
besides the VoF also the centroids of the cells are included in the interface recon-
struction. Because the interface is described by congruent LS and VoF fields, we

refer to these methods as dual interface capturing methods.

Dual methods will outperform either VoF and LS methods, but none of the meth-
ods presented in the literature matches our requirements with respect to strict mass
conservation and computational efficiency. Therefore, we have developed a new
dual interface capturing method based on the Mass-Conserving Level Set (MCLS)
method introduced by Van der Pijl et al. [90] for uniform Cartesian grids. A key
feature of this method is the use of an invertible function that relates the VoF and LS
fields, without a time-consuming explicit interface reconstruction that characterizes
other dual methods. A more detailed review of the general MCLS algorithm can
be found in section 3.3.1. The MCLS method was shown to be robust and to yield

accurate results when compared to similar methods.

Although the results of the original Cartesian MCLS algorithm by Van der Pijl et al.
[90] look encouraging, several of the sub-algorithms can be improved upon. This
becomes clear in the recent comparison by Denner et al. [22], where the original

MCLS algorithm slightly underperforms in the case of a rising bubble. Therefore,
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our approach has been to only retain the original concept of the MCLS but for-
mulate new sub-algorithms specifically for a structured tessellation of a cylindrical
domain with circular cross section. Furthermore, we present a new formulation of a
dimensionally split VoF advection scheme that is mass conserving to machine preci-
sion. Therefore, contrary to other dual methods mass is preserved exactly without
the need for ad-hoc corrections. The algorithm is first verified and validated for
solutions with symmetry with respect to the axis of symmetry. Although this is
formally a simplification, many commonly used test cases for the assessment of
multiphase flow models can in fact be performed in an axisymmetric setting. The
algorithm is certainly not restricted to the axisymmetric case, and if the equations
are carefully discretized, the pseudo-singularity at the centre of the cylinder does

not lead to numerical problems [67].

3.1.3 Outline

We present an efficient dual interface model for a structured tessellation of cylin-

drical geometries with the following key features:

e The coupling between LS and VoF fields is likely to be more efficient than in
other dual methods that require the solution of a system of equations (like
Sussman and Puckett [83]) because of a relatively simple invertible functional
relationship between the LS and the VoF fields.

e Individual volume fractions are conserved to machine precision without any
need for volume truncation or complicated redistribution algorithms like in
Van der Pijl et al. [90] or Sussman and Puckett [83]. This is achieved through
the cylindrical implementation of a conservative dimensionally split algorithm

for the VoF advection that nonetheless allows CFL numbers up to 0.5.

e Second order accuracy of the interface position is obtained in a non-trivial
imposed flow field that is constant in time. This is one order of magnitude
more accurate than Eulerian VoF schemes, which are generally limited to first

order accuracy only [5].

We start in section 3.2 where the discretization of the Navier-Stokes equations in
space and time is presented. Section 3.3 describes our adapted MCLS algorithm
in a cylindrical geometry. The coupling procedure between the LS and the VoF is
explained, and an updated interface advection algorithm which provides improved

conservation properties when compared to the original scheme is presented. The
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algorithm is tested and validated using a number of common benchmark cases in
section 3.4. We conclude with a summary of the results and some closure remarks

in section 3.5.

3.2 Calculation of the flow field

We consider the cylindrical domain:

L L
{(r,@,z)’OgrgR,0§9<27T,zgzgz}, 3.1)
on which the axisymmetric Navier-Stokes equations are solved for the unknown ve-
locity vector u = (u,, ug, 11;) and the pressure scalar field p. Under the assumption
of rotational symmetry (i.e. all angular derivatives of any order vanish), the flow

equations in conservative form are given by:

19(ruy) = duy
rar oz

=0, (3.2)

and:
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together with a set of boundary- and initial conditions. The viscous stresses are
given by:

Ty = 2#%, T = I (agf ~ ”r") , Tm=p (%”Z + ‘—Z‘:) , (36

Too = ZVTW, To; = V%, Tzz = 2#% (3.7)

3.2.1 Spatial discretization

The axisymmetric Navier Stokes equations 3.2-3.5 are discretized in space using
the second order accurate finite difference approach of Morinishi et al. [61]. The

general presentation of this approach allows for non-uniform grids in all coordinate



54 A dual interface capturing method for axisymmetric flows Chapter 3

directions, but for efficiency this has only been applied to the radial direction. In
the absence of viscosity, this choice of discretization should, in addition to mass and
momentum, also result in spatial conservation of kinetic energy, which is highly
preferable for a possible future transition to turbulent flows. A Marker and Cell
(MAC) arrangement of the flow unknowns according to Harlow and Welch [38]
is used, in which the velocity components lie on the cell faces and the pressure is
located in the cell centres (see figure 3.1). The staggered arrangement of the velocity
components implies that there is a radial velocity located at » = 0. However, the

rotational symmetry implies that at r = 0:

duy

5. (0,6,2) =0. (3.8)

Using central differences, it follows that in our discretization u,(0,6,z) = 0 for all

test cases.
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Figure 3.1: Staggered grid layout in axisymmetric domain: velocity components u, and 1 at the cell faces, and u lies
orthogonal to the r — z plane. The pressure p, level set function ¢ and VoF function ¢ are located at the cell centre.

3.2.2 Temporal discretization

The advancement of the flow field in time requires the fluid densities p and vis-
cosities y#, which in our approach are both determined using the interface variables
(the level set function ¢ and the Volume of Fluid function ). The transport of
these interface variables in turn depends on the underlying flow field, and hence
there exists a two-way coupling in the advection of the flow field and the inter-
face. Performing the advection for both simultaneously and hence implicitly is the

only way to completely resolve the coupling issue. Aside from the complexity that
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the implicit treatment introduces, however, this approach is generally too compu-
tationally demanding. Instead, the issue is remedied by staggering both the flow
variables and the interface variables in time. In this way, the problem becomes de-
coupled at the cost of a temporal splitting error. The flow velocity u is evaluated
at integer time levels n,n + 1, etc, while the pressure p, the level set ¢ and the VoF
value ¢ are evaluated at semi-integer time levels n + %,n + %, etc. The flow field
is advanced using a common projection scheme that consists of a predictor step
in which an updated velocity field is calculated that may not be divergence-free.
This newly obtained velocity field is subsequently made divergence-free using an

updated pressure field that results from a Poisson equation.

The choice of a cylindrical computational grid imposes the potential problem that
angular velocities close to ¥ = 0 can cause a severe time step restriction when
using explicit methods. The original MCLS algorithm contains a mixed IMEX time
integration method, which, besides being only first order accurate, is unstable in the
case of vanishing viscosity. Even though stable and efficient IMEX algorithms are
readily available nowadays [48, 49], the time step restriction due to external blocks
remains, and therefore the second order Implicit Midpoint integration method is
used for the temporal advancement of the momentum equations as it provides
unconditional stability without any artificial damping, even in the case of vanishing
viscosity. The latter is a valuable property since many analytical results are based
on inviscid assumptions. Therefore being able to do inviscid calculations will help
the proper validation and verification of the implementation of the algorithms. The

set of non-linear discrete momentum equations at time ¢ = +():

u(*) — u(”)
At

1
p(n_%)

+ f(u®), pnd) ynt2)y 4 Gpl=2) =, (3.9)

where G is the discrete gradient operator, is linearized using Newton linearization,
and solved by a preconditioned GMRES algorithm to find a tentative velocity u(*).
Subsequently, a Poisson equation is solved for an updated pressure p(”+%) using an
ICCG(0) method:

1>> , (3.10)

1 | 1 1
D Gp"*t21) | = —pu™ + D Gpl"-
<p<n+;> $ ) Y T

where D is the discrete divergence operator. Finally, the tentative velocity u(*) is

[N]
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made divergence-free using the newly found pressure p(”+%) through:

(1) — g _ap [ L gpntd)
! ! <p<n+;> : o1

Gp<”—%>> ) (3.11)
which yields the new velocity vector u("*1) that satisfies Du("*1) = 0. The Jacobi
preconditioner used for the GMRES algorithm is a well balanced solution between
performance and computational effort. For small to moderate time steps, the main
diagonal of the momentum matrix is dominated by the value 1/At, and precondi-
tioning is hardly necessary as convergence is achieved after only a few iterations.
Its effectiveness becomes apparent at larger time steps (which is possible due to the
stability of the time integration method) when the diagonal dominance is lost. The
simplicity and ease of implementation of the Jacobi preconditioner give the MCLS
algorithm an overall good GMRES convergence rate at very low additional compu-

tational cost.

The density p required in the predictor equation is calculated as the volume-weighted

average of the two (constant) densities pg and p; using the VoF value ¢:

p = o1+ (1 —¥)po. (3.12)

The viscosity p follows from a step function Hy; = Hs(¢(x)) that is smoothed using
the level set function ¢:

u = po + Hs(¢) (11 — po), (3.13)
where:
0, P < —«
1 . TIP
Hy(¢p) = 3 (1 + sin th> —a<¢<ua (3.14)
1, ¢ >

For the band width a of the smoothed step function generally 1.5 cell widths are
used. The value of the viscosity p; is calculated in the cell centre as a function
of the local level set value ¢; . Harmonic averaging based on the level set values
is used when the value of the viscosity is needed at other locations than the cell

centre.
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3.2.3 Treatment of the interface jump conditions

The assumption of a sharp interface that separates two incompressible, immiscible
fluids leads to jump conditions for the flow variables at the interface. Both density
and viscosity are constant in each fluid phase, and the jump value of their difference
normal to the interface is denoted by [p] and [p], respectively. Because only viscous
flows are considered, the velocity is continuous across the interface and hence [u] =

0. The pressure is not continuous but satisfies:
[p] = ok +2[uJnT - Vu - n, (3.15)

with ¢ the surface tension coefficient, x the interface curvature and n the interface
normal vector. The Ghost Fluid method [51] is used to implement the pressure
jump as an additional term on the right hand side of the pressure Poisson equation
3.10. Although the density is modeled as a discontinuous quantity, the viscosity is
smeared out over the interface using a smoothed Dirac function so that [u] = 0. The
motivation for this is that the implementation of the pressure jump, which reduces
to:

[p] = ox, (3.16)

is greatly simplified. Contrary to the Continuous Surface Force (CSF) model [14],
which is implemented in the original Cartesian MCLS algorithm, the Ghost Fluid
method treats the interface as truly sharp, whereas the CSF model spreads out the
interface over an arbitrary finite support. The accuracy of the pressure jump of the
CSF model is limited to first order due to the smearing of the interface, while the
Ghost Fluid method can obtain second order as verified by Francois et al. [32]: the
latter is verified for our implementation in section 3.4.1. One of the objectives of
our improved MCLS algorithm was to eliminate empirical parameters that could be
case-specific for optimal performance. Although in practice the interface thickness
in case of the CSF model is kept constant, the Ghost Fluid method requires no

parameters at all and therefore has our preference.

3.3 Representation of the interface

The interface is represented by a linearized level set of a signed distance function.
The level set method is a commonly used method in multiphase flow modeling be-
cause of its relatively simple implementation and its ability to naturally deal with

changes in the topology of the interface. Its main drawback, however, is the in-
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evitable loss of enclosed volume within the computational domain, and hence for
multiphase flows with constant densities, this implies a loss of mass of one or of
both fluids. This is due to the fact that the conservative treatment of the level set
function does not imply conservation of volume within an iso-contour of that func-
tion. To counteract this phenomenon, generally high order level set representation
and advection schemes are used. A different approach is to couple the level set
method to the Volume of Fluid method, which is a method based on volume con-
servation. We will start by briefly summarizing both the level set method and the
Volume of Fluid method.

Let IR>( be the set of non-negative real numbers. Then at every time step, the
level set function ¢ : R” x R>g — R in an arbitrary computational cell O C R" is

represented by its spatial linearization around the cell centre xo:

Pp(x,t) = p(xo,t) + Vo(xo, t) - (x —x0), x€Q, (3.17)
and the linear interface T C R"~! x R>q becomes the level set:

I(t)={xe Q| ¢(xo,f)+ Vp(xp,t) - (x—x9) = 0}. (3.18)

The level set function is generally taken to be a signed distance function to the in-

terface, although other choices have been successfully applied as well.

In addition, a discontinuous colour function x : R" x R>¢ — {0,1} is defined on Q

as:

0, x & fluid 0 at time ¢
x(xt) = (3.19)
1, x¢€ fluid 1 at time ¢

The Volume of Fluid (VoF) value ¢ of a computational cell () is now defined as:

Palt) = |§1)|/Qx(x,t)d0- (3.20)

From its definition, it is clear that ¢ (t) € [0,1]. In the finite difference discretiza-
tion, both the level set function ¢ and the VoF function i are located in the cell
centres. For clarity, any reference to the spatial location will be denoted by sub-
script indices while any reference to time will be denoted by superscript indices.

Hence, the discrete analogues of ¢(x, t,) and ¢(x, t,) are 4’5,? and lpf,z).
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3.3.1 General description of the MCLS algorithm

In this section, a brief description of the MCLS algorithm is given (see also Van der
Pijl et al. [90]). Both the level set function gb("’%) and the VoF function w(”’%) are
advected by a flow field u™) using the conservative advection algorithm of section
3.3.3 to become ¢ and lP(n+%), respectively. Based on the knowledge that the volume
enclosed by any iso-contour of ¢ may significantly differ from the volume enclosed
by the same iso-contour of gb(”’%), the MCLS algorithm essentially assures global
mass conservation by altering the newly obtained level set function ¢ such that
locally (i.e. cell-wise) mass is conserved up to a user-defined tolerance. The VoF
value is used as a reference, as it is known to be conservative by definition and
through the use of a conservative advection scheme. As both the level set function
and the VoF function are advected using a coupled directionally split algorithm, the
value of ¢ is usually a fairly good initial guess, and the changes to ¢ are therefore
often small so that the coupling can be done relatively fast. More specifically, given
¢ and 1/;(”*%), a comparison is made in every cell of the computational domain
between the VoF values that follow from the newly obtained level set ¢ and the VoF
values l,b(”+%). The specific process of obtaining the associated VoF value from a
level set value and its gradient in a computational cell is explained in section 3.3.2.
Essentially, a function f has been formulated such that ¢ = f(¢, V¢) exactly for any
linear interface within a cell. Therefore, using this notation, during the comparison
sweep the value of |f(¢, Vp) — gb(”+%) |, where the gradient V¢ is obtained from
central differences of ¢, is calculated for every cell. If this value exceeds a user-
defined value e (the allowable volume fraction loss), the local value of ¢ is adjusted

iteratively until it complies with the prescribed tolerance, i.e. until:

£(6,V§) —p+D)| <e. (3.21)

The adjustment of the level set field is a minimization problem in multiple coupled
variables (both the level set value and its gradient) involving a non-linear function
f. To solve it, an alternating method is used, in which initially the gradient is kept

fixed while an updated level set value is found through:
p=g (¢<"+%>, V&) , (3.22)

where g is the inverse of the function f with respect to the first argument and
consists of a robust scalar root finding algorithm. After the level set value has

been updated throughout the domain, the global level set gradient is recalculated,
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and a comparison sweep is re-initiated. This process is repeated until a global
level set field with associated gradient is found that satisfies equation 3.21 in every
computational cell, at which point the temporary level set ¢ becomes the definitive
level set <p(”+%) with its gradient V(j)(”*%). Figure 3.2 contains a schematic overview
of the MCLS algorithm.

‘ Level Set 47(”_%) \‘ ‘ VoF 1/1("_%) ’
Level Set advection VoF advection
Temporarx (n+1)
Level Set ¢ VoF ¢\ 2

Calculate Chec~k error
¥ = ¢,V¢ Ay = [ —ylrta)|

{ Calculate gradient V¢ Pp>e Ap <e
L
Correct Level Set No correctmn
¢ = s(y"+?), vp) P = §

Figure 3.2: Schematic overview of the MCLS algorithm.

(n + (n+2 . (n-&-%)
Ifo =3, is the sum of the cell-wise volumes v; of one of the two
fluids present at time t = t+3)  then the volume loss of that fluid during the

coupling procedure is bounded by:

|v(”+%)—v("_%)| < Z|v§"+%)—vfn_%)| (3.23)
= YUY, v ) — g i o
< ey (3.25)
= €V, (3.26)

where (); is the volume of the computational cell with index i and V = Y ; (}; is

the total volume of the cylinder. In practice, however, one only has to sum over the
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interface cells which usually account for around 10% of the total number of cells.

For the test cases in this chapter, the value of € is set to 10710,

3.3.2 Coupling of the level set and VoF

For a given interface that is described by the zero level set of the function ¢, the
colour function x from equation 3.20 can be defined as x = H(¢), and the associated

VOF value ¢ € [0,1] belonging to some cell Q) can be calculated as:

1
bo= g | Hpe0)ax, (3.27)

where H is the Heaviside function. For arbitrary ¢ this integral can generally not
be evaluated in a straightforward way, but if ¢ is restricted to the subset of linear
functions, then exact solutions can be readily found. More specifically, the VoF

value 1P associated to a linear interface can be calculated as:

v = o7 | HIo(0) + Vo(x0) - (x =) dx. 329)

In the MCLS approach, this integral is evaluated analytically through a function f,
so that Po = f(¢(x0), VP(xp)). For axisymmetric domains with xo = (79, z0), the
integral becomes:

o = |25| [ Hp(x0) + 91(x0) (r = r0) +¢=(x0) (z —20)] rdrdz, (3.29)

and this is solved in a robust way using the expression of the centroid of a simple
polygon, i.e.:

27T N-1
Yo = ola] Yo (ri+rig1) (riziga — rigazi), (3.30)
i=0

where N is the number of vertices (r;,z;) of the polygon that is enclosed by the
linear interface and the cell edges, and |Q)| = 27trgArAz is the volume of the entire
computational cell. The availability of the level set function greatly helps in finding
the vertices of the enclose volume efficiently. Consider a computational cell (i, k)
centred around the coordinates (r;, zx) as in figure 3.3.

The linear interface is constructed using the centred value ¢; ; and the first deriva-

tives D, and D, that follow from central differences:

_ Pivrk — Pi-1k D. — Pikr1 — Pik—1 331
r — 1 7 z 1 . ( . )
Ari+ 5 (Arioq + Arigq) Az + 5 (Azg—1 + Dzps1)
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Ari

ONE PNw

Zj AZk

ZE

Figure 3.3: Calculation of the VoF value for a given level set field.

Then the linearized level set values at the corners of the cell, ¢sg, Psw, Pnw and dnE
are determined through:

Ar; Az Ar; Az

s = Pix — Dr7l - Dsz, Psw = Pix + Dr7l - Dsz, (3.32)
Ar; Az Ar; Az

ONE = Pix + DrTI + Dsz, ONE = Pik — D,T’ + DZTk. (3.33)

Whether or not a cell contains an interface is now easily checked by considering the
maximum and minimum of the four corner values. Furthermore, the vertices of the
polygon on the cell edges are quickly found by linear interpolation. In figure 3.3,

the radial coordinate ry located on the northern cell edge is calculated as:

(1 |pNE] ) ,
N =7 (2 —|¢NE\+|¢NW| Ar;. (3.34)

Similarly, the axial coordinate on the western cell edge follows from:

1 |9se] )

zw =2k — | 5 — — 1 | Oz (3.35)
(2 |#sel + [¢nel

The set of vertices is subsequently used in equation 3.30 to find the correspond-

ing volume. Finally, the signs of the corner values are used to determine whether

the correct polygon volume is calculated, or whether the complement is actually

required. This relatively simple sequence of calculations, with only the four cor-
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ner LS values required, results in a cheap function f such that ¢ = f(¢, V¢) as
described in section 3.3.1. Because of this, its inverse ¢ = f~! from equation 3.22
that is needed to locally correct the level set value ¢;  can be obtained iteratively in
an very efficient way compared to methods that require the solution of a system of

equations (least squares-based) to obtain the interface.

3.3.3 Advection of the interface

Both the level set function ¢ and the VoF function ¢ are advected with the underly-

ing flow field u:

9¢ _ 9 _
E—l—u-V(]J—O, g—i—u Vi =0. (3.36)

For both processes, the second order directional split algorithm of Weymouth and
Yue [94] is used. For the level set ¢ centred in cell (i, k), it is given by:

o) =g _ CEy — 0E iy (r)syy = (") y (3.37)
At N riAr ¢ iy ’ '
~() A () ()
g+l — o) Gli—)% -G b o) MZZ% B uzzf%
= CEaaR Te— (3.38)

with 1::1 41 and ék 11 the scalar level set fluxes in radial and axial direction, respec-
2 2
tively, and the time level t*) an intermediary time level between (1) and $0+1),

The fluxes are determined in a similar way to the upwind approach of Sussman

and Puckett [83]: for cell (i, k), the flux E 41at the positive face at 7, +1 is given by:
1 Pivrk — Pi-1k
~ uri+% <¢i’k + 2 <Ar N uri+%At)> #' uri+% =0
Fi+% = ) p p (3.39)
i+2,k — Yik
urH% <<Pz‘+1,k ~5 (Ar + u,H%At)) #, u’i+% <0,

while for the axial direction the flux ék +1 is given by:

1 Pikr1 — ik
B Y (e G ) e WL .40

1 Piki2 — Pik
uZH% <(Pl'/k+1 —3 (Az + uZH%At)) ToAr uZH% <0

For the VoF function, we denote the radial and axial fluxes by F 1 and Gk +1r
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respectively, and the advection scheme is given by:

(rui™) 0 — (ru™),

() _pm — L (g _ g (n) } -1
LA 0] (Fi% FH%) + H(o"™)At A , (341
(n) (n)
Uz @ —Uz "
(n+1) _ o (x) _ 1 () _ ~() (n) k+3 k=5
A ] (Gk% GH) +H(p") A2, (3.42)

with H the Heaviside function and |Q}| = r;ArAz the volume of the cell. The time-
explicit second term on the right hand side guarantees that volume is conserved
up to machine precision as long as the CFL number of the flow field, calculated
as At(u,/Ar + u;/Az), remains less than 0.5. After application of the divergence
theorem, the radial VoF flux Fi(«t)% becomes:

F™)

tn+At Z 1
K+l

1= il /tn /Zk12 X(ri+%,z,t)u,(ri+%,z,t) dzdt, (3.43)
2

where y is the colour function. To rewrite the time integral into a spatial integral, it

is observed that the continuity equation restricted to the radial direction:

10

PEw (ru,) =0, r>0, (3.44)

implies that, at some fixed time t € [t,, t, + At], the characteristics are curved and

satisfy:
r(Huy(r, t) = ri+%ur(ri+%,z,t). (3.45)
Integration then yields:
V_+] tn+At
T2 = . . .
/r(t) rdr /t rl+%u,(rl+%,z,r) dr, (3.46)
so that: A
r2(t) = rir% - Z/t ri+%u,(ri+%,z, T)dr, (3.47)

for some t € [t,,t, + At]. If we now assume ur(ri+l,z,t) to be constant in time
2

during the interval [t,, t, + At] and equal to u,(r z,t,), then the integral reduces

i+37
to:

r2(t) = ri_% - 2ri+%ur(ri+%,z, tn)(tn + At — t). (3.48)
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A change of variable finally allows us to rewrite expression 3.43 as:

(n) _ [F+d [Tirl
F = 2 2 x(r,z,ty)rdrdz, (3.49)
Z+7 Zkfl r*
2
with:
rf = \/ri+% (rH% —2ur(ri+%,z,tn)At). (3.50)
The flux F (")1 is subsequently calculated by substitution of H(¢) for the colour

function )(l;rnd the techniques described in section 3.3.2. The resulting expression
for Fi(:)% appears to be different from the radial VoF flux proposed in Sussman and
Puckett [83]. In our approach, the dimension of the volume that is fluxed is based
on the divergence-free velocity per flux direction which is constant in time but
not in space. In Sussman and Puckett [83], the radial velocity used for the flux is

considered constant both in time and space, i.e.:

ur(r,z,t) = ur(rl.+%,z,t) for any r € [ri_%,ri+%], (3.51)
which yields:
rt = Tip1— u,(ri+%,z, )AL, (3.52)
The axial VoF flux is given by:
(%) bkt pry
Gk+% = /t” /r 1 X(r,zH%,t)uz(r,szr%,t)rdr dt, (3.53)
=2
and since the continuity equation restricted to the axial direction is:
o,
— =0, 3.54
e (3.54)

the resulting VoF flux based on a divergence-free velocity field is in this case equal

to the flux from Sussman and Puckett [83]:

(%) Tl [Pyl
G :/ 2/ 2 x(r,z,ty)rdzdr, (3.55)
2 r z*

1
-2

where:

z* = Zey1 uz(r, Zeyls tn)AL. (3.56)

To verify the correct implementation and accuracy of the interface advection scheme,
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a torus is placed in a divergence-free velocity field (u,, ug, u;) = (r,0, —2(z+2)) that
is constant in time. By choosing a velocity field that is exactly represented at the
discrete level, it is guaranteed that any errors that arise stem from the interface ad-
vection scheme alone. As pointed out by Weymouth and Yue [94], it is necessary to
have a flow field that contains shear to show the improved behaviour of the imple-
mented advection scheme compared to other non-strictly-conserving schemes. The
geometry is shown in figure 3.4, where the calculated shape of the cross section of

the torus is demonstrated at a number of time instances.
2

0.5

-0.5

-1.5

0 1 2 3 4
R

Figure 3.4: The advection of a torus by a linear divergence-free velocity field.

The accuracy of the spatial fluxes is obtained by comparing the cell-wise VoF values
to the ‘exact’ values at some predefined time +(*). The exact VoF values are obtained
using the exact solution of the velocity field, and several refinements are used to

approximate the exact cell-wise VoF values. The error:
1) = el = LIy — gl risraz, (357)
ik

is shown in figure 3.5, and demonstrates that the advection scheme has second
order accuracy in space. Additionally, the volume loss per time step is analyzed
for three different values of the maximal allowable volume loss parameter € (1074,
10~7 and 10'9). For all cases it it observed that during a simulation of sufficient

temporal length, the actual volume loss per time step correctly satisfies the bound
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in 3.26.
10_1:""! T T T T T T T T T T Ty T T T T T T
1072 | =
-
o
=
m
1073 .
_x—x “w‘¢e1c||1
1074 == " T |

10 10? 10* 10°
Number of computational cells

Figure 3.5: The accuracy of the VoF field with grid refinement. Second order convergence is obtained in the case of a
torus in an axisymmetric corner flow.

Conservation of mass (equivalent to conservation of volume in the incompressible
case) in a simulation model is of paramount importance for the results to have a
clear physical meaning. Generic VoF methods frequently suffer from volume loss
during advection; even if the advection scheme is conservative, there is no intrinsic
mechanism that prevents computational cells from overflowing (VoF greater than
one) or from draining (VoF less than zero). These nonphysical occurrences need
to be subsequently corrected through processes that usually either change the total
volume (by adding or removing volume) or redistribute the total volume to elim-
inate invalid VoF values. The advection scheme used in our algorithm is to our
knowledge the only split flux scheme that is conservative and which simultane-

ously prevents nonphysical VoF values up to rounding errors.

3.3.4 Level set reinitialization

Due to dissipation during advection, the level set function ¢ quickly loses its signed
distance property ||V¢|| = 1. This property is desirable as it generally guarantees
a nicely behaving level set function with accurate finite difference results when, for

example, approximating its gradient or curvature. Additionally, the determination
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of the regularized fluid viscosities depends on the signed distance property. A
reinitialization process is therefore performed after every few iterations with the
aim of reconstructing the level set function ¢ to a distance function by having its
gradient satisfy ||[V¢|| = 1. This is done according to the method proposed by
Sussman et al. [84], and involves solving the following evolution equation at time
tn:

ap .

D~ sign(gn) (1= [V9l2), 9(0) = pu, 3:58)
in which 7 is a pseudo time. This equation is integrated over this pseudo time until
a steady state solution is obtained. This is accomplished by rewriting the equation
to a hyperbolic transport equation:

g%l_—) +q- V¢ =sign(¢p,), with q= sign(¢n)|vv$”2, (3.59)
and it is solved using first order ENO spatial fluxes [77] and Euler forward inte-
gration in time. The sub-cell fix of Russo and Smereka [73] is applied to make the
fluxes truly upwind and therefore to reduce any movement of the interface. Since
the advection velocity is unity, the number of time steps for a given CFL number is
chosen such that the level set is reinitialized in a neighbourhood with a radius of
about five cells around the interface. This 'narrow band” approach significantly re-
duces the required computational effort compared with reinitialization of the level

set function on the whole domain.

3.3.5 Calculation of the interface curvature

The interface conditions described in section 3.2.3 require the curvature of the in-
terface. As demonstrated by, among others, Francois et al. [32], the accuracy of
most surface tension-dominated computations is generally more dependent on the
accuracy of the interface curvature calculation than on the surface tension model
used. Having both a level set and a VoF function available, there are two obvious
ways to compute the interface curvature. The curvature x based on the level set ¢

is relatively straightforward to determine in cell centres by using a finite difference

K(p) =V - <|§Z> . (3.60)

The actual interface curvature is found by an approximation that uses the cell cen-

approximation of:

tred curvature values. In the original MCLS algorithm, the curvature is calculated
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in this way. Despite its apparent simplicity, however, the method generally yields
a rather non-uniform interface curvature field unless advanced methods are used
to obtain the interface curvature from the cell centre values. This non-uniformity
is a major source of parasitic currents (see section 3.4.1). Improved approximation
methods involve, among others, smoothing of the obtained interface curvature by
a diffusive Poisson process [90], approximating the interface through curve fitting
[29, 58], applying higher order spatial fluxes [25] and combining Front Tracking and
Level Set techniques [64]. Furthermore, the first order reinitialization of the level
set function (section 3.3) can effectively destroy the accuracy of the computed cur-
vature, as was also mentioned by Sussman et al. [85]. This is verified in figure 3.6,
where the curvature error after reinitialization does not converge in the sup-norm

upon grid refinement.

107 ———rry —— ——
1077 = E
3 |
E 1077 E
= E
107" = 3
[x lnn — feallZF
ol N _RengoS
1075 T . | . |

103 104 10°
Number of computational cells

Figure 3.6: Convergence of the interface curvature with grid refinement of a stationary sphere of unit radius. The
exact initial level set function is subsequently reinitialized to demonstrate the detrimental effect of the implemented
reinitialization procedure on curvature accuracy: no convergence for the level set curvature x-S, whereas the Height
Function curvature x'f shows second order accuracy upon refinement.

The reason for this is that first and second order differences are calculated from
a quantity (the level set values) that itself is only second order accurate. These
derivatives are second order only if the truncation error of the level set is sufficiently
smooth, which is generally not the case in an arbitrary flow field. In du Chéné
et al. [25] for example, it is shown that a fourth order reinitialization algorithm is

generally required to maintain second order accuracy of the curvature calculations.
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The Height Function (HF) method [12, 18, 40] uses the VoF values to locally recon-
struct the interface. Originally developed for Cartesian domains, the implementa-
tion of the HF method in cylindrical coordinates is slightly more involved, but it
relies on the same underlying principle. Depending on the orientation of the inter-
face normal, a local interface height function / in a column of computational cells is
sought that approximates the true interface through a mass balance in the column.
If the orientation in the (7, z)-plane is such that the interface height only depends on
the radius, i.e. i = h(r), then the relation between the VoF values and the interface

height in the i-th column is:

r.
T2 () dr ~ L iiATiAZ;. (3.61)
. _ Vi i
]

i-3

In the other case, when the height function only depends on the z-coordinate, i.e.
h = h(z), one finds for the k-th column:

1 (%1

E/ k+% h(Z)2 dz ~ lej,kr]-ArjAzk. (362)
zZ 1 ;
k=5 ]

A schematic example of both cases is given in figures 3.7 and 3.8, respectively.

z z
h(z)
h(r)

0.97 y% 1 1 0.15

0.7 1 1 1 0.98 0.05

1 1 1 1 0.8 0

r r

Figure 3.7: The case when h = h(r). Figure 3.8: The case when h = h(z).

The numbers in the cells represent the VoF values. For all of the three columns, the
area under the polynomial curve h(r) in figure 3.7 equals the cumulative amount
of volume given by the VOF values. For h(z) in figure 3.8, the same condition holds
but then for all of the three rows. The extension to 3D domains requires a local



Section 3.3 Representation of the interface 71

stencil of nine cells (3 x 3) to construct an exact quadratic interface.

For h = h(r), the height function & is approximated by a quadratic polynomial, and
for h = h(z) a quadratic polynomial is used to approximate the function h(z)%. A
set of three columns then suffices for finding the polynomial coefficients, and the
derivatives of the polynomial are subsequently used to obtain the respective curva-
tures. Near r = 0 a symmetry condition is used for the coefficients that requires
only two columns. Even though this method also yields cell centred curvature
values, by construction it generally leads to a significantly more uniform interface
curvature field compared to the results based on the Level Set method, but at the
cost of slightly higher computational effort. Some additional tuning can be done
to improve the accuracy [56], and higher order curvatures are possible [82]. Fur-
thermore, the method is second order accurate, which is verified in figure 3.6 by

considering the curvature of a stationary sphere.

For flows with a significant amount of surface tension, we require for consistency
that the magnitude of the parasitic currents vanishes when the grid is refined. In our
implementation of the Ghost Fluid method, this implies that we need a curvature
calculation that converges upon grid refinement. The Level Set method requires
a high order reinitialization technique to guarantee convergence of the curvature.
Although approaches exist to achieve this (like in du Chéné et al. [25]), the large
stencils that are required may cause resolution problems when multiple interfaces
approach each other and the level set function becomes poorly shaped. This could
of course be remedied by locally switching to a lower order stencil, but clearly this
approach is not optimal. Furthermore, the higher order reinitialization procedure
becomes significantly more expensive, thereby increasing the overall computational
complexity of the interface algorithm. For that reason, the primary curvature calcu-
lation in our cylindrical MCLS algorithm is based on the Height Function method.
If an invalid solution is detected (for example due to a lack of resolution), the algo-

rithm switches to a curvature calculation based on the level set for robustness.

3.3.6 Computational performance

Performance profiling for different grid sizes shows that the interface representation
algorithm is very light (less than 5% of CPU time in a typical run) when compared
to the cost of the flow solver. This can be expected when considering the complex-
ity of the fully implicit flow solver versus the explicit interface advection. Although
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likely to be slightly more efficient than standard VoF/PLIC because of the explicit
interface present, our method is more expensive than compressive VoF methods.
However, these algorithms in turn are often tied by a very stringent time step con-
straint to remain stable and conservative. Our method on the other hand is able
to handle CFL numbers up to 0.5, which allows the use of significantly larger time
steps. The efficiency of the method is further improved through the use of inter-
face subcycling, where multiple interface advection steps can be performed within
a single flow time step, thereby fully utilizing the unconditional stability of the flow
solver in case of CFL numbers larger than 0.5.

3.4 Numerical validation of the algorithm

To validate the algorithm and establish its accuracy, four commonly used test cases
are performed. These cases are chosen such that they can be performed on an

axisymmetric domain.

3.4.1 Stationary bubble with high surface tension

As the first test case, we consider a spherical bubble inside a cylindrical domain. No
gravity is present, and a large surface tension is balanced by a jump in pressure. It is
well known that many numerical models that attempt to simulate similar cases are
subject to parasitic or spurious velocities due to errors in the curvature calculation
[39, 69, 72]. Figure 3.9 shows the scaled currents, which for a curvature calculation
based on the Height Function method are usually maximal at the location where
the inclination of the interface with respect to the coordinate directions is largest.

We will consider the test case of Denner and van Wachem [21], but instead of a
closed Cartesian domain the case is performed in a closed cylinder. It is assumed
that, for a sufficiently large domain, the results are comparable to the results in the
literature that were done in a cube. The variables of interest are the maximum value
of the spurious velocity |u|max around the interface, and the maximum relative

errors in the pressure jump E(Ap) and in the interface curvature E(x):

max |Ap — Apexact| max |k — Kexact|

E(Ap) = , o E(0) =

3.63
A Pexact Kexact ( )

Both Apexget and Kexger are known from the Young-Laplace equation and the cur-
vature of a sphere, respectively. The flow velocity, the pressure difference and the

interface curvature are calculated after a single time step as well as after fifty time
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/

(a) After 1 time step. (b) After 50 time steps.

Figure 3.9: Spurious velocities around the interface after 1 and 50 time steps.

steps to analyze the growth of the parasitic currents. The results are shown in ta-
ble 3.1, together with the results of the VOF CELESTE method (a compressive VoF
method that uses least-squares to approximate the curvature) and the VOF-PLIC
HF method (a VoF method with PLIC interface reconstruction that uses the Height

Function method for the curvature computation).

Table 3.1: Results of the stationary bubble test case after 1 and 50 time steps. The values of the VOF CELESTE and
VOF-PLIC algorithms are from Denner and van Wachem [21].

After 1 step | |umax| (m/s) E(Ap) E(x)
VOF CELESTE | 1.01-107% | 1.37-1072 | 220-102
VOF-PLICHF | 7.92-1073 | 3.69-1073 | 435-10°
MCLS | 245-107% |862-1073 | 1.13-1072

After 50 steps | |umax| (m/s) E(Ap) E(x)
VOF CELESTE | 6.75-1072 | 1.26-1072 | 1.85-102
VOF-PLIC HF | 4.26-1072 | 6.58-1073 | 2.02-102
MCLS | 9.33-1072 | 1.03-1072 | 1.09-102

It is expected that, especially in the inviscid case, the pressure jump over the inter-
face has second order accuracy upon grid refinement. To test this, the error E(Ap)
is calculated after 1 time step for several grids; as shown in figure 3.10, second order
convergence is indeed achieved. To measure the growth of the parasitic currents,
also the total kinetic energy after a single time step is shown in figure 3.10. The

order of the kinetic energy seems to be much less regular than the order of the
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pressure jump, but still good convergence is observed.
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Figure 3.10: Error in the pressure jump and in the magnitude of the kinetic energy for the stationary bubble test case.

Table 3.1 shows that our algorithm produces results of the same order of magni-
tude when compared with the other two algorithms. Even though surface tension-
dominated flows are not of our primary interest, this test case shows that the current
implementation of the Height Function method for the curvature together with the

Ghost Fluid method for the treatment of the surface tension is quite adequate.

3.4.2 Rising spherical gas bubble in a stagnant liquid column

The second test case is the rising bubble in a column filled with a viscous liquid.
Starting at rest, the bubble rises due to boyancy, and eventually settles, usually with
a terminal velocity and shape, but not always (in the case of wobbling bubbles). For
this test case, we replicate cases A and B of the spherical cap bubble experiments
from Hnat and Buckmaster [42]. The only difference between these cases is a larger
initial bubble diameter in case B than in case A. The parameters of interest are the
Reynolds number Re and the Morton number Mo, defined as:

4
_ oty = SHL (3.64)

Re p
M p103

where p; and y; are the density and dynamic viscosity of the liquid, U; is the
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terminal rise velocity, r the initial bubble radius, g the gravitational acceleration

and o the surface tension coefficient. Table 3.2 shows the parameters used for the

simulation of both cases.

Table 3.2: Parameters of the rising bubble simulations (Mo = 0.065).

Parameter Case A Case B
cylinder radius R [m] 42-1072 | 6-1072
cylinder length L [m] 1.68-1071 | 2.4.-107!
liquid density p; [kg/m?] 875.5 875.5
gas density pg [kg/m?] 1.225 1.225
liquid viscosity y; [kg/m/s] 0.118 0.118
gas viscosity p [kg/m/s] 1.77-1075 | 1.77-107°
initial bubble radius r [m] 6.08-1073 | 83-1073
initial bubble height / [m] 336-1072 | 4.8-1072

The time step At was fixed at 10~% s, and the simulations were performed until
t = 0.45 s on a grid of 128 x 512 cells in the radial and axial direction, respectively.
The value of the surface tension ¢ is set at 0.0322 kg/s?, and gravity acts in the
negative z-direction with magnitude 9.8 m/s?. The initial state of the simulation is

shown in figure 3.11.

The dimensions of the cylindrical domain are chosen according to Mukundakrish-
nan et al. [62], to make sure that wall effects are not significant. We are interested
in the terminal rise velocity U; expressed as a terminal Reynolds number Re;. Note
that Mo is an input parameter, whereas Re is an output parameter that results from
the simulation. The rise velocity U™ at time (") is defined as the velocity of the

bubble centroid using the VoF values:
Xk 3 (Mgfk),l + ngg) 4’1-(,2)01‘
Yik IPE,Z) Q;

where Q); = r;Ar;Az is the volume of cell (i, k). Table 3.3 shows the terminal

gm

, (3.65)

Reynolds number, as obtained with the respective experimental results for both
cases, and also as obtained with our MCLS algorithm. For a better comparison, the
two cases are also performed with two commercial CFD packages (Fluent v15.0 and
Star-CCM+ v10.02) and with the open-source software OpenFOAM v2.3. These ad-
ditional results are also included in table 3.3. The four simulation tools used about

the same number of spatial grid cells. In Fluent, the convective terms of the momen-
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Figure 3.11: Geometry and initial state of the rising bubble simulations.

tum equation are discretized by using a second order upwind method with a limiter,
and the PRESTO algorithm is used in the pressure calculation. A first order time
integration is used. The interface representation is based on the VoF method with
a geo-reconstructed (PLIC) interface. For Star-CCM+, the Navier Stokes equations
are discretized by using a third order MUSCL scheme for the convective terms and
a first order (Euler Backwards) time integration. A second order High-Resolution
Interface Capturing (HRIC) scheme with a sharpening factor of 0.1 is used for the
advection of the volume fraction. Finally, for OpenFOAM, the interFoam solver is
used with a second order upwind scheme (with a limiter) for the discretization of
the convective operator terms in the momentum equation and the explicit version
of the MULES scheme in the phase fraction equation. The CFL number is set to a

constant value of 0.05 to achieve sufficient interface compression.

Table 3.3: Results for the terminal Reynolds number in the rising bubble test case (Mo = 0.065).

Case ‘ Repcrs ‘ ReopenroAM ‘ Regtar—com+ ‘ Repyent ‘ Reexp
A 9.4 9.3 9.1 93 9.8

B 15.3 14.7 15.1 15.3 17.1
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Table 3.3 shows that the four simulation models give very close results for the termi-
nal Reynolds number in cases A and B, albeit slightly lower than the experiments.
All four results are somewhat lower than the experimental values; the difference
between the simulations and experiments was not further analyzed as our main
purpose is the comparison of numerical methods for the given mathematical model.
A possible reason is the presence of wall effects in the experiment, which are not
included in the simulations. Figure 3.12 shows that qualitatively, our algorithm is

well capable of simulating the shape of the bubble as soon as it is stabilized.

(a) Case A (b) Case B

Figure 3.12: Steady state configuration of a rising air bubble in viscous liquid for cases A and B: experiment (left side
of graphs) versus simulation (right side of graphs). (Experiment photo copied from Hnat and Buckmaster [42])

Figure 3.13 shows the terminal Reynolds number over time for both cases A and
B. For a qualitative comparison between the four different simulation algorithms,
figures 3.14 and 3.15 show the contour of the bubbles at times 0,0.05,0.1,0.25 and
0.45 seconds.

Case A involves a relatively stable bubble, as can be seen in figure 3.13a. The bubble
accelerates and without much wobbling approaches its terminal shape and velocity.
For case B, however, the bubble is less stable, and figure 3.13b shows that after the
initial acceleration some wobbling occurs that slowly damps out. Looking at figure
3.15, the skirt of the bubble in case B is much sharper than in case A, and this
may cause large errors in the curvature calculations and in the subsequent surface
tension approximations.

The MCLS method maintains a sharp edge, but when the bubble rises, the edge
slowly droops and is subsequently "pulled” back up again to form a relatively flat
edge, which is repeated over time (this oscillation can be seen in figure 3.13b). The
drooping of the bubble edge is most clearly visible in the Fluent result, while Open-
FOAM and Star-CCM+ do not seem to suffer from this. However, a visualization
of the VOF field around the bubble in figure 3.16 shows that in fact these latter two
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Figure 3.13: Rise velocities expressed as Reynolds numbers for both cases A and B.
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Figure 3.14: Snapshots of the rising bubble case A at times t = 0,0.05,0.1,0.25 and t = 0.45 s.
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Figure 3.15: Snapshots of the rising bubble case B at times t = 0,0.05,0.1,0.25 and t = 0.45 s.
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packages suffer from volume leakage from the bubble. Subsequent investigation
has shown that in turn the MCLS method and Fluent do not show any signs of
leakage during the test case. From figure 3.16 it is clear that the volume loss of
the bubble in OpenFOAM is much more significant than in Star-CCM+. Since the
method used to calculate the rising velocity (expression 3.65) does not distinguish
between contributions inside or outside the bubble (it is therefore only useful for

bubbles without break-up), the relatively high volume leakage may contribute to

the lower terminal velocity of OpenFOAM in figure 3.13b.

By

(a) OpenFOAM (b) Star-CCM+

Figure 3.16: VoF contours during the rising bubble test case. Both OpenFOAM and Star-CCM+ show a degree of
leakage that originates from the corner of the flattened bubble.

A refinement study has also been performed for both cases A and B using the
original grid with 128 x 512 cells, and two refined grids with 256 x 1024 cells and
384 x 1536 cells, respectively. The time step was decreased accordingly to keep the
Courant number constant. The results are shown in figure 3.17 for both cases. The
oscillatory behaviour of the rise velocity is magnified for both case A and B, and it
is clear that in case A both the period and the amplitude diminish upon refinement.
It can be seen in figures 3.13a and 3.13b that the other methods also suffer from
these oscillations (Fluent in particular). For case B, however, there appears an initial
decrease in fluctuation, but at the finest grid the oscillations are growing again. The
exact nature of the velocity fluctuation needs to be investigated more thoroughly,
but they are likely to stem from an imbalance between pressure and surface tension
forces. Furthermore, it can be seen that the convergence is not monotonic in both of
the two cases, and a truly steady state has not yet been reached on the current grids.
Further refinement studies therefore need to be performed to study the convergence

of the rise velocities.
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Figure 3.17: Successive grid refinement for both cases A and B using our interface algorithm.
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3.4.3 Taylor bubble

The third test case comprises the rise of a long gas bubble through a vertical cylin-
drical pipe, also known as a Taylor bubble. In practice this configuration is often
found in wells and vertical risers used for hydrocarbon recovery from reservoirs
and transport to offshore platforms. It serves as an important test case for the sim-
ulation of slug flow. As for the rising bubble case, the main interest lies in the rise
velocity of the bubble [2, 50, 86], as well as in the thickness of the falling liquid
film between the bubble and the pipe wall [55] and the wake of the bubble [15, 50].
We will try to reproduce some of the numerical results of Lu and Prosperetti [57],
which in turn were compared with the experiments of White and Beardmore [95]
and Bugg and Saad [15]. The commonly used dimensionless parameters for this test
case are the E6tvos number, the Morton number and the Froude number, defined

as:
2 4
Eo= P8P =8 o W (3.66)

- 7 r 7
o 0,03 NT

where p; and y; are the fluid density and viscosity, respectively, ¢ the gravitational

acceleration, D = 2R the cylinder diameter, o the surface tension coefficient and U;
the terminal rise velocity of the bubble defined as in equation 3.65. Note that Eo
and Mo are input parameters, whereas Fr is an output quantity that results from
the simulation. A total of five cases are considered, with two low-viscosity cases (A
and B) and three moderately viscous cases (C, D and E). The parameters of each

case are shown in table 3.4.

Table 3.4: Parameters for the different test cases of the Taylor bubble.

Fr (MCLS) | Fr (MCLS)
Case | Eo Mo Fr (exp) | 35 x 350 70 x 700
A 15 | 1.8-1078 0.23 0.233 0.234
B 60 | 1.8-107% | 0.33 - -
C 18.7 | 1.6-1072 0.10 0.0975 0.0984
D 746 | 1.6-1072 0.27 0.273 0.275
E 100 | 1.5-1072 0.30 0.297 0.297

The values in the column headed by "Fr (exp)” are the numerical values found by Lu
and Prosperetti [57], which are claimed to be within 1% of the experimentally mea-
sured values of White and Beardmore [95]. The column headed by 'Fr (MCLS)’ are

the numerical values found with our algorithm. A non-uniform grid is employed,
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with a radial node distribution according to:

_ tanh(aRi/Ny)

= " i=1,... .67
i tanh(aR) ’ i=1 Ny (3.67)

with R the cylinder radius and « = «(R) a scaling constant. The grid is refined
near the cylinder wall at r = R to better capture the thin film of liquid between the
wall and the rising bubble. For all cases, the number of cells in radial direction N;
was set at 35 to be able to compare with Lu and Prosperetti [57], who used 35 X
420 cells. To test the efficiency of the non-uniform grid, we performed additional
simulations of case A for a radial distribution equal to equation 3.67, but with only
20 cells and a higher level of non-uniformity due to a larger value of . This gave a
resulting Froude number of 0.228, compared to the 35-cell value of 0.232. A refine-
ment case was done as well, where 70 cells were used in radial direction and the
Courant numbers were kept constant. The results are shown in the last column of
table 3.4.

The tail of the bubble in case A is oscillating and therefore no true steady state
configuration is reached, although the rise velocity has stabilized. This corresponds
very well with the results from Lu and Prosperetti [57], where a similar oscillatory
behaviour is found for case A.

For case B, the low viscosity in combination with the relatively small surface tension
cause the bubble to break up after some time. The initially convex rear end of the
bubble rapidly becomes concave in the absence of sufficient surface tension, and
subsequently starts to protrude the bubble from below until it breaks up completely.
Consequently, no valid value of the terminal rise velocity could be derived. This
break up does not seem to appear in the simulations by Lu and Prosperetti [57].
Cases C, D and E have nearly the same fluid viscosity but there is a decreasing
influence of the surface tension as indicated by the increasing values of the Eotvos
number. For high surface tension, the initial bubble tends to become spherical as
this is the optimum shape from an energetic point of view. An Eotvés number
below about 4 will completely prevent the bubble from moving [95]. Consequently,
the terminal rise velocity increases with decreasing E6tvos number, which is also
seen in the simulation results.

The difference in liquid viscosity yields two distinctive flow patterns below the rear
end of the bubble. In cases A and B, large vortices with reverse flow are present,

while for cases C, D and E, the higher viscosity prevents any recirculation from
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L

(a) Case A (b) Case C (c) Case D

Figure 3.18: Flow patterns of the Taylor bubbles of cases A (low viscosity), and C and D (moderate viscosity).

forming and the falling liquid is smoothly passing the bubble. This is shown in
figure 3.18 for the cases A, C and D.

3.4.4 Taylor-Rayleigh instability

To test the ability of our algorithm to capture instabilities, a Taylor-Rayleigh instabil-
ity, initiated by a heavier fluid on top of a lighter fluid in a closed vertical cylinder,
is considered as a fourth test case. The fluid parameters are taken from Gopala and
van Wachem [35], with fluid densities p, = 1.225 kg/m3 and p; = 0.1694 kg/m?3,
and both viscosities yj, and y; equal to 3.13 - 1073 kg/m/s. Here the subscript h
refers to the heavier fluid and the subscript [ refers to the lighter fluid. The cylin-
drical domain has a radius R = 0.5 m and length L = 4 m, and the initial interface
height is given by z(r) = 0.05 cos(27tr). A no-slip boundary condition is imposed on
all the walls of the cylinder. The simulation is performed on two grids of 32 x 256
and 64 x 512 cells with constant time steps 210~ and 1-10~* seconds, respec-
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tively, and without surface tension. The results from both grids are shown in figure

3.19. Both simulations are performed with an allowable mass loss of 10710

(a) At t = 0 seconds. (b) At t = 0.6 seconds. (c) At t = 0.9 seconds.

Figure 3.19: A Taylor-Rayleigh instability at various time instances. The left halves are the results from the 32 x 256
grid, the right halves are the results from the 64 x 512 grid.

In the case of incompressible inviscid fluids, it can be shown that small perturba-
tions 7 of an initially axisymmetric interface at z = 0 in a long cylinder can be
described by:

n(r, ) = ToJo (’%) cosh(st), (3.68)

where h is some constant and ] is the Bessel function of the first kind of order
zero [20]. The growth rate s for small initial perturbations of the interface can be

determined through:
_ _ k3
2 _ 8o pz‘:l-);h ok (3.69)

where ¢ is the gravitational acceleration, ¢ is the surface tension coefficient and k

satisfies:
Jo(kR) =0, (3.70)

in which R is the cylinder radius. This can be rewritten as:

2 =kgA(1—- @), (3.71)
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where A is the Atwood number, defined as:

L (3.72)
P1+Pn
and @ is a stability parameter:
ok?
d=—". (3.73)
8(on —p1)

The inherently unstable configuration of a heavier fluid on top of a lighter fluid can
thus be stabilized by a surface tension force between the two fluids. The value ®
determines whether any initial perturbation is accelerated due to gravity (® < 1),
or whether is it is neutralized due to surface tension (¥ > 1). The ability of our
algorithm to follow the linearized theory is tested by determining the growth rate of
the interface height for a set of values for ®. The initial perturbation of the interface
is given by z(r) = hoJo(kr) with hy = 5-1072 m. The cylindrical domain has
radius R = 1 m and length L = 6 m, and the fluid densities are p;, = 1 kg/m> and
p1 = 0.25 kg/m? for the heavier and lighter fluid, respectively, while both viscosities
are zero. The value of k follows from J;(kR) = 0, which gives k = 3.8317 m~!. The
acceleration due to gravity is taken as ¢ = 1 m/s?. As the fluids are considered
to be inviscid, free-slip boundary conditions are used on all cylinder walls. The
computation is done on two grids with 30 x 180 and 60 x 360 computational cells
in radial and axial direction, respectively. The interface at a fixed radial location is
tracked during a time span of 3 seconds, after which the growth rate s is determined
while assuming that the perturbation develops according to expression 3.68. Figure
3.20 shows the results for various values for ®.

The relative errors (i.e. the scaled difference between the numerical prediction and
the analytical solution) for the considered values of ® are between 0.3 — 1.1%. The
deviation is largest for vanishing surface tension. Because the measurements are
done at a fixed time, the interface has moved much more than it would have done
with larger surface tension, and therefore it may have left the regime in which the
analytical assumption holds, leading to larger errors. Overall, however, there is a
very satisfactory agreement between the numerical predictions and the analytical

results.
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Figure 3.20: Scaled growth factor s for different surface tension values: MCLS results versus the analytical result of
expression 3.71.

3.5 Concluding remarks

This chapter described the development of a dual interface capturing method for
the simulation of incompressible immiscible two-phase pipe flows based on the in-
terface model of the MCLS framework. The focus lies on computational efficiency
(having the simulation of turbulent flows in mind) at the cost of a reduced flexi-
bility in choosing the grid. The cylindrical Navier-Stokes equations are discretized
using second order finite differences on a staggered cylindrical grid, and the flow is
evolved in time using a second order implicit midpoint scheme in combination with
a standard projection scheme to decouple the pressure and the velocity. The inter-
face is modelled by a coupled level set/VoF method that is optimized for efficiency.
An interface advection algorithm that is inherently conservative is introduced, and
the VoF-based Height Function method is extended to cylindrical geometries to ob-
tain converging curvature computations upon grid refinement. The Ghost Fluid

method is used to model the interface jump conditions.

To validate our algorithm, four well known test cases for multiphase flows are con-

sidered. The surface tension model (Ghost Fluid with Height Function curvature)
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is tested and gives comparable results with the literature in terms of the pressure
jump and spurious velocities. The rising bubble test case shows that our method
consistently follows the majority of the results obtained with three other CFD pack-
ages, even though all four give a slightly lower terminal bubble velocity than the
experimental result. This is clearly an improvement on the performance of the
original MCLS algorithm on a Cartesian grid as considered by Denner et al. [22],
where the rising bubble was not well captured. The simulation of a Taylor bubble
shows very good results when compared to other numerical results in the literature
and to experiments, both for the shape and for the terminal velocity. Finally, it is
shown that our algorithm is well capable of capturing a Rayleigh-Taylor instability

as demonstrated through a comparison with the associated analytical theory.
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Chapter

Numerical prediction of two-phase flow instabilities in

cylindrical pipes

In this chapter we study the application of a combined Level Set/Volume of Fluid method to
simulate two-phase Kelvin-Helmholtz instabilities in cylindrical geometries. The choice of a
structured cylindrical grid allows for a fast and efficient algorithm. The simulation results
of the algorithm are compared with linear modal theory in the case of a 2D core-annular
flow, giving a very good agreement for the growth factors. The 3D capabilities of the method
are tested through simulations of Kelvin-Helmholtz waves in inclined pipe sections under

similar conditions as used in the well known experiments of Thorpe [88].

4.1 Introduction

HE NUMERICAL MODELING OF multiphase flow phenomena has been a topic of
much research over the past few decades. Examples of multiphase flows in
industry are ubiquitous: boilers, condensers, reactors, mixers, separators and (cav-
itating) propellers are among some of the applications. In the oil and gas industry
the effort for hydrocarbon recovery from more remote and deeper production fields

has led to more complex pipeline transport. It is quite common to find that both

The content of this chapter is based on the article:

G.T. Oud, D.R. van der Heul, C. Vuik, and R.A.-W.M. Henkes. Numerical prediction of
two-phase flow instabilities in cylindrical pipes, to be submitted.
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phases are transported through a single pipeline to an offshore platform or to an
onshore plant. The liquid-gas mixture flowing through a pipeline can be in a spe-
cific flow regime, such as stratified flow or slug flow, depending on, among others,
the liquid and gas flow rates and the pipe diameter. Unstable flows with slugs
cause significant mechanical stresses on the pipe wall and its supports, and can
also cause difficulties for the facilities at the end of the pipeline, such as flooding
of the separator or trips of the compressor. It is therefore desirable to be able to

predict what kind of conditions lead to slug flow, in both horizontal and inclined

pipes.

4.1.1 3D cylindrical coordinates for accuracy and efficiency

To get a better understanding of the physical mechanisms underlying this transition
process to slug flow, a highly accurate and strictly mass conserving computational
model has been developed specifically for the simulation of two-phase flow in a
straight segment of a cylindrical pipe with a circular cross section. A key element
is the choice to use 3D cylindrical coordinates in the discretization process. Al-
though this choice leads to certain numerical challenges near the cylinder origin,
discretizations on structured orthogonal grids generally show at least one order of
improved performance in both accuracy and computational efficiency compared to
unstructured grids, which are currently often used in cylindrical geometries. As
the field of CFD for turbulent multiphase flows is currently emerging, we believe
that this substantial gain in performance justifies an investigation into the use of
cylindrical coordinates in two-phase flow modelling. By limiting the applicability
of our algorithm to a straight pipe section, we can subsequently optimize the ac-
curacy which enables us to make very high resolution (eventually DNS and LES)

simulations using moderate computational resources.

The flow is considered to be incompressible and isothermal, and the two immiscible
phases are separated by a sharp interface. It can therefore be accurately described by
a two-phase flow model consisting of the variable density/viscosity Navier-Stokes
equations and a separate model for the evolution of the interface. Controlling nu-
merical dissipation is very important in this application to be able to distinguish
the actual physical waves from the spurious numerical amplification of interface
disturbances. Furthermore, mass should be accurately conserved, as loss of (mov-
ing) mass generally implies loss of momentum (i.e. artificial damping). We believe
that an optimal accuracy and (parallel) efficiency can be achieved by using a sim-
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ple second order finite difference discretization for the Navier-Stokes equations in
cylindrical coordinates on an orthogonal structured grid, together with a dedicated
mass conserving, finite volume based interface model that exploits all symmetries

and regularity of the control volumes on that same grid.

4.1.2 Dual interface capturing models

Nearly all interface models that do not impose any restrictions on changes in the
topology of the interface are based on either the Level Set (LS) method [66] or the
Volume of Fluid (VoF) method [41]. Individually, however, each suffers from draw-
backs: the LS method is inherently incapable of conserving mass over time, while
the VoF method, which lacks an explicit interface, often requires complicated and
computationally expensive interface reconstructions. Although the impact of these
drawbacks can be reduced to a certain extent, yet another approach combines both
methods with the aim of benefiting from their advantages (the explicit interface of
the LS method and the conservation property of the VoF method) while eliminating

their disadvantages.

As the interface is described by congruent LS and VoF fields, we refer to these meth-
ods as hybrid- or dual interface capturing methods. Because no such algorithms in
3D cylindrical coordinates appear to exist in the literature, we have devised a dedi-
cated cylindrical dual interface method for our purposes. Because of the similarities
between generic dual methods, we provide only a brief explanation of our algorithm
in section 4.2.2. More details are given on three sub-algorithms specifically designed
for cylindrical coordinates: (1) an efficient function relating the LS and VoF values,
(2) a conservative interface advection scheme and (3) an algorithm to improve the

accuracy of the VoF advection near the origin.

4.1.3 Stratified multiphase pipe flow

To test the full 3D capabilities of our interface algorithm, a test case based on the
well-known stratified flow experiments of Thorpe [88] is performed. These exper-
iments are well established as the basis for a number of 2D computational multi-
phase studies, such as by Atmakidis and Kenig [3], Bartosiewicz et al. [9], Fleau
et al. [31], étrubelj and Tiselj [80]. The channel configuration allows simulations to
be done in 2D rectangular domains due to the application of Squire’s theorem to

stratified layers of fluids [7, 97]. Furthermore, classical (inviscid) Kelvin-Helmholtz



92 Two-phase flow instabilities in cylindrical pipes Chapter 4

theory in a confined domain can be applied to make a priori estimates of the mag-
nitude of the expected wave lengths, of the onset time of the perturbation and of
the velocity profiles. For 3D domains with a circular cross section, however, theory
similar as for the 2D channel appears to be rather limited. The stability analy-
sis for stratified flows in pipes is generally based on modal stability theory of the
linearized one-dimensional two-fluid model, as studied by, among others, Barnea
and Taitel [8], Guo et al. [37], Salhi et al. [75], Taitel and Dukler [87]. These clo-
sure correlations cover different physical flow features, such as the wall friction
and the interfacial stress between the phases [79, 89]. The accuracy of the outcome
of the stability analysis is ultimately limited by the 1D character of the two-fluid
model (and the applied closure relations), while it is plausible that the curved walls
may introduce non-negligible 2D effects that are consequently not captured. How-
ever, no literature has been found that numerically investigates the accuracy of the
two-fluid model-based stability theory in cylindrical pipes using a 3D interface rep-

resentation.

41.4 Outline

The objective of this chapter is to analyze to what extent our cylindrical algorithm
is capable of simulating interface instabilities in two-phase pipe flows. In partic-
ular, we focus on the formation of Kelvin-Helmholtz instabilities that arise due to
small perturbations of the interface in shear flows. We apply our algorithm to two
test cases that resemble common physical phenomena: shear flow in a core-annular
flow, and stratified flow in an inclined pipe section. Due to the shape of the in-
terface, the first case, which is in 2D, allows a comparison with well-established
stability theory. For any interface that does not lie along a coordinate direction,
however, the supporting theory is lacking. Therefore, the second test case, which is

in 3D, is of a more qualitative nature.

Section 4.2 gives a description of the numerical algorithm used. The discretization
of the Navier-Stokes equations in space and time is explained for a cylindrical ge-
ometry, and some information on the parallelization is given. Section 4.2.2 describes
the applied dual interface method. The procedure of the efficient coupling between
the LS method and the VoF method is explained, and a conservative interface ad-
vection algorithm is presented, together with a proposed method to improve the
VoF accuracy near the cylinder origin. The first test case in section 4.3 is based on

modal stability analysis of an axisymmetric interface in a core-annular flow. The re-
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sulting growth factor that stems from the linear stability analysis is compared to the
result of our numerical algorithm for various conditions. In section 4.4, a stratified
shear flow in a periodic domain is considered as a preparation for the simulation of
a closed pipe. Finally, in section 4.5 we study stratified flow in an inclined closed
pipe segment, similar to the conditions in the experiments of Thorpe [88]. The shear
pattern at the interface in the stratified flow configuration gives Kelvin-Helmholtz
waves in a certain part of the pipe. We conclude with a summary of the results and

some concluding remarks in section 4.6.

4.2 Numerical approach

In this section, the numerical algorithm used for the investigation is discussed. The
approximation of the flow field (4.2.1) and the cylindrical interface algorithm (4.2.2)

are described separately.

42,1 Calculation of the flow field

The flow field in the straight cylindrical pipe section is calculated by using a conser-
vative finite difference approximation of the governing flow equations. We consider

the three-dimensional cylindrical domain:

L L
{(r,@,z)’0§r§R,0§0<2n,—2§z§2}, (4.1)
on which the Navier-Stokes equations in cylindrical coordinates are solved for the
unknown velocity vector u = (uy, ug, uz) and for the pressure scalar field p. The
flow equations in conservative form are given by:
10(ruy)  10ug  duy

r or r 90 + 9z 0 (4.2)

and:

duy n la(ruf) n 19 (urug) n d(uruz) ué __lop
ot r or r o6 0z r p or
l (rTyr) l 9Trp 1 0Tz Tog

pr or or 80 ' p 9z pr

(4.3)

+g1’/
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dug n 19(rurug) N la(ué) n o(ugz) n Urtly _ _lop
ot r or r 96 0z r pr 96 (4.4)
41 I(rtg) | 1079 , 1070, | T '
p ror pr 96  p oz  pr 86:
ou,  10(rusuz)  19(uguz)  9(u?) 1dp
o8 Ty o v o8 ez poz
p 4.5)

_'_la(rrrz) 181’92 181’22
p ror pr 98  p oz

+ gZ/

together with a set of boundary- and initial conditions. The body forces are con-

tained in the vector g = (gr, 9o, 8z), and the viscous stresses are given by:

., Ouy _ dug ug 10u, _ Ju, Ou,
T”_zl‘ar’ Tre_”(ar r+789)' e (az+8r>' (4.6)

oy (M L9 _ (e 19 9y Oz
T992y<r+r89)' ng#(az+r89 ’ TzszyaZ (47)

A Marker and Cell (MAC) arrangement of the flow unknowns according to Harlow
and Welch [38] is used, in which the velocity components are located on the cell

faces and the pressure is located in the cell centres (see figure 4.1).
uzl,j/k+% Yzpie,

u"l+er

(a) Cells near the axis. (b) Cells away from the axis.

Figure 4.1: Staggered location of the flow variables u and p in the computational domain.

The Navier-Stokes equations in cylindrical coordinates 4.2-4.5 are discretized in
space using the second order accurate conservative finite difference approach of
Morinishi et al. [61]. In this approach, the staggered arrangement of the velocity
components implies that there is a radial velocity component located at r = 0 in
every cell. Its value is found by solving an adapted radial momentum equation at
r = 0 and by applying a subsequent Cartesian reconstruction that leads to a well-
defined, second order accurate treatment of the velocity at the coordinate origin.

During test simulations, however, we have found that this approach, although ele-
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gant and conservative, can lead to nonphysical flow behaviour near the axis. The
same observation was made by Desjardins et al. [23], who traced the result back
to an inconsistent discretization. For that reason, we use the method of Fukagata
and Kasagi [33], where the radial velocity components at r = 0 are obtained from
averaging of the surrounding values. Oud et al. [67] present a conservative finite
difference discretization of the Navier-Stokes equations in cylindrical coordinates,
but only in the case of constant viscosity flows. At this moment, the latter discretiza-
tion cannot yet be applied due to the fact that, although the viscosity is formally
constant within each phase, some smearing is introduced near the interface in our

algorithm to simplify the implementation of the numerical jump conditions.

The choice of a cylindrical computational grid implies that angular velocities in the
small grid cells close to r = 0 can cause a severe time step restriction when using
explicit methods. Therefore the second order Implicit Midpoint integration method
is used for the temporal advancement of the momentum equations as it provides
unconditional stability without any artificial damping, even in the case of vanishing
viscosity. The latter is a valuable property when applying the method in future
simulations to turbulent flows. The flow field is advanced by using a common
projection scheme that consists of a predictor step in which an updated velocity
field is calculated that may not be divergence-free. This newly obtained velocity
field is subsequently made divergence-free by using an updated pressure field that
results from a Poisson equation. The density p required in the predictor equation
is calculated as the volume-weighted average of the two (constant) densities py and

01 using the VoF value :
p = o1+ (1—¢)po. (4.8)

The viscosity p follows from a step function Hy; = Hs(¢(x)) that is smoothed using
the Level Set function ¢:

# = po + Hs(¢) (1 — po)- (4.9)

The assumption of a sharp interface that separates two incompressible, immiscible
fluids leads to jump conditions for the flow variables at the interface. Both the
density and the viscosity are constant in each fluid phase, and the jump value
of their difference normal to the interface is denoted by [p] and [u], respectively.

Because viscous flows are considered, the velocity is continuous across the interface
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and hence [u] = 0. The pressure is not continuous but satisfies:
[p] = ok +2[uJnT - Vu - n, (4.10)

with o the surface tension coefficient, k¥ the interface curvature and n the interface
normal vector. The Ghost Fluid method [51] is used to implement the pressure
jump as an additional term on the right hand side of the Poisson equation.

4.2.2 Representation of the interface

The sharp interface between the fluids is reconstructed by using an algorithm
based on commonly known dual interface methods that combine both the Level Set
method and the Volume of Fluid method in an efficient way. Successful examples
of this approach can be found in the work of Bourlioux [13], Sussman and Puckett
[83] (CLSVOF), Van der Pijl et al. [90] (MCLS), Yang et al. [96] (ACLSVOF) and Sun
and Tao [81] (VOSET). In essence, all hybrid methods aim at benefitting from the
computationally cheap and straightforward interface representation that the Level
Set method offers, while enforcing non-trivial (phase-wise) volume conservation
through the VoF method. Both the Level Set function ¢ and the VoF function ¢ are
advected with the flow field, and a key element is the coupling between the two
variables when the interface is constructed during each time step. The minimiza-
tion problem of finding an interface to a given volume requires the formulation of
an abstract function f, such that f(¢) = . The inverse of f is generally much more
difficult to construct, and the main differences between the various hybrid methods
usually lie in the construction of the function f and its inverse, and the subse-
quent solution strategy of the minimization problem. Other differences arise due
to the availability of both the Level Set function and the VoF function for various
sub-algorithms (either LS or VoF based), like the density/viscosity determination
and the interface curvature calculation, sometimes without having an obvious best

choice.

In our algorithm, both the Level Set function ¢ and the VoF function ¢ are cell-
centred values in the cylindrical grid. The time-dependent interface I' in a com-
putational cell () is represented by the zero iso-contour of the linearized Level Set

function ¢, i.e:

I'(t)={xeQ|¢(xo,t)+ V(xo,t) - (x—x0) =0} (4.11)
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To maintain accurate finite differences, the Level Set function is kept a signed dis-
tance function through a PDE-based reinitialization procedure due to Sussman et al.
[84]. First order ENO spatial fluxes [77] and Euler forward integration in time are
used, and the sub-cell fix of Russo and Smereka [73] is applied to make the fluxes
truly upwind, thereby reducing the movement of the interface during the reini-
tialization process. For the primary interface curvature calculation, the VoF-based
second order Height Function method [12, 18, 40] is extended to cylindrical coordi-
nates. In the case of insufficient grid resolution for the Height Function method to
work properly, the curvature is calculated based on the level set field to maintain

robustness of the algorithm.

The next sections describe three elements of our interface algorithm that are specif-
ically designed for flows in cylindrical coordinates. Because we have not found
any similar 3D cylindrical interface algorithms in the literature, these elements are
presented in more detail. First, in section 4.2.3, we propose an efficient numerical
evaluation of the function f that provides a VoF value for a given Level Set inter-
face. Then, in section 4.2.4, a conservative advection scheme for both the Level Set
function and the VoF function is presented. Finally, in section 4.2.5, the accuracy of
time-explicit VoF advection near the polar origin is analyzed, as well as a proposed

method to mitigate the reduction of the accuracy.

4.2.3 Calculation of the VoF function f

For a given interface that is described by the zero level set of the function ¢, the

associated VoF value y € [0, 1] belonging to some cell Q) can be calculated as:

1
bo= g [ H@x0) ax, (412)

where H is the Heaviside function. For arbitrary ¢ this integral can generally not
be evaluated in a straightforward way, but if ¢ is restricted to the subset of linear
functions, then exact solutions can be readily found. More specifically, the VoF

value 1P associated to a linear interface can be calculated as:

Vo= [ HIpta) + Vo) - (x—xo)]dx = £ (plxo), Vox)). (@13

In the MCLS approach of Van der Pijl et al. [90], this integral is evaluated ana-
lytically, leading to an elegant, closed-form formulation of f. In our experience,
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however, we found that limit cases (i.e. when one or more elements of the interface
normal vector become zero) occasionally affect the robustness of the algorithm, and
we have implemented a stable alternative based on exact numerical integration. The
availability of the Level Set function gives a tremendous simplification, as will be
demonstrated. Consider an arbitrary computational cell as in figure 4.2 containing
the dashed linear interface that encloses the associated gray volume (notice that a

linear interface in cylindrical coordinates is curved in Cartesian space).

|

Az

ST AO

Ar

Figure 4.2: Subdivision of the volume into domains based on cross section similarity.

1. For the given cell, we start by calculating the level set values in the eight vertices
of the cell based on the linearized level set function around the cell centre xg =

(I’Z‘, Gj,Zk>, ie:
¢(r,0,2) = p(x0) + Dy(x0)(r — ;) + Do (x0) (0 — 6;) + Dz(x0)(z — zx).  (4.14)

The partial derivatives D,, Dy and D, are determined by central differences of

the level set function:

_ Pit1ik — Pim1k

Dy (xo) Y , (4.15)
Pijr1k — Pij—1k

Dp(x0) = ——55"— (4.16)
¢',',k 1~ 4)',',k—1

D.(xo) = leT”' (4.17)

As an example, evaluation of expression 4.14 in the point p; in figure 4.2 gives:

pp1) = 9(x0) ~ Dylx0) 5~ Dp(x) 3.~ De()s,  (418)
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while evaluation in point p; gives:

Ar Af Az
¢(p2) = ¢(x0) + Dr(x0) - + Do (x0) 7 + Dz(x0) 7~ (4.19)
Whether or not the cell contains an interface is now easily checked by considering

the maximum and minimum of the set of vertex values.

2. If an interface is found to be present, a sweep is done along the four ribs in radial
direction using the level set values in the vertices to detect any intersections with
the interface. Detection is as trivial as checking the sign of the product of the two
level set values on both ends of the rib. Determining the distance r;,; from the
radial face of the cell is done through (exact) linear interpolation, conveniently
expressed in terms of the vertex values:

|pi|Ar

, 4.20
9]+ 100] (4.20)

Tintg =
where ¢; is the level set value of the radially inner most vertex and ¢, the value of
the outer vertex. The collection of radial coordinates of the intersections is then

stored as a sorted array. In the example in figure 4.2, the locations are denoted

as r1, rp and r3.

3. The sorted list of radial locations is now used to identify a number of domains
with similar cross sectional polygons in the (6 — z)-plane. The three-dimensional
integral in equation 4.13 is split up into a two-dimensional integral over a cross
section in the (6 — z)-plane and a resulting one-dimensional integral in the radial
direction over the cross sections. In the example of figure 4.2, a total of four
regions can be identified. The part of the cell with [r,,;,,r1] has a rectangular
cross section with one corner missing (the left hatched plane). The region [rq, 3]
has a trapezoidal cross section (the middle hatched plane) and region [r;, 73] has
a triangular cross section (the right hatched plane). Region [r3, *jax] contains no

interface and hence no cross section.

4. Consider the first domain [ry,;,, 71| of figure 4.2. For any radial location in this

domain, the cross section in the (6 — z)-plane is similar to figure 4.3.

For a fixed radial location 7, we can once again define the level set values in
the four corners using the cell level set value ¢;; and the partial derivatives

from equations 4.15-4.17. The intersections of the interface polygon with the ribs
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Figure 4.3: Integration of a 2D polygon in the (6 — z)-plane.

are found through linear interpolation, completely analogous to the process of
equation 4.20:

|pnw|AD |psw|Az

Opy ~ —————, Zp, N — 4.21
P2 onw| + |onel e N (#.21)

for the points p3 and p4 in figure 4.3. With the ordered set of the N coordinates
{(6;,2:)}X;! of the polygon then known, the area A is calculated as the convex

hull of the coordmate set using the expression:
1N=
=3 Z (0izig1 — 0iv12i)- (4.22)

This calculation is particularly robust, even when the interface lies on a cell ver-
tex, or worse, when it coincides with a cell rib. Clearly, the resulting polygon

area A = A(r) is a function of the radial location within the domain [r,,;,,, 1].

5. A key observation is that the cross sectional area A varies quadratically in r
for linear interfaces. The remaining one-dimensional integral in the radial di-
rection [ A(r)rdr is therefore solved exactly using a two-point Gauss-Legendre
quadrature method. This method is particularly suitable as its nodes are internal
points, and therefore they do not lie on the domain boundaries where the func-
tion evaluation may be relatively inaccurate. Every domain thus requires the
determination of two cross sectional areas at pre-defined radial Gauss-Legendre

points to calculate the volume of the interface polyhedron in that domain.

Steps 4 and 5 are repeated for all domains determined in step 1, and the total

volume follows by adding all sub-volumes. Note that, with only minimal changes,
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the algorithm can be applied to cells adjacent to the cylinder origin as well. This
relatively simple sequence of calculations, solely based on a small number of vertex

level set values, results in an efficient function f such that ¢ = f(¢, V¢).

424 Advection of the interface

The transport of the interface variables is discussed in this section. Special attention
is required for the VoF fluxes because the angular velocity becomes very high in the

vicinity of the origin at r = 0. This issue is further addressed in section 4.2.5.

Both the level set function ¢ and the VoF function ¢ are advected with the underly-
ing flow field u:

o _ oY _
s tuVe=0 - tu-Vy=o. (4.23)

For both processes, the second order directional split algorithm of Weymouth and

Yue [94] is used. For the level set ¢ centred in cell (i, j, k), it is given by:

o) — gl GFOD) = GFO) )y = (™),

- 2 ) 3
At riAr te riAr ;@24
~(x) =) ORI

o) 9 Gy Gy (m_oy O-d
N A (425

r7 () (%) (n) _ ()

pUrth) — () Hy g = Hiy (n) Yy T My

A A ? Az (420

with 1::1 +1s G (! and ﬁk +1 being the scalar level set fluxes in the radial, angular and
axial directions, respectively, and the time levels () and t(**) being two intermedi-
ary time levels between t(") and t*+1), The fluxes are determined in a similar way
as the upwind approach of Sussman and Puckett [83]. For cell (i, j, k), the flux l?l +1

at the positive face at r; 1 is given by:

1 Piv1jk — Pi-1,jk
Uy, % (¢i,j,k + E (AT - urH% At)) %, Ur. 4 >0
= (4.27)

1 Piv2,jk — Pijk
Uy, 1 <¢i+1,j,k 5 (Ar + url_+%At>> oA u , <0.
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The angular flux G; i+l is given by:

ug . At
1 j+3 Pijr1k — Pij-1k
s | A0 2 ST o >0
(4’14'“ 2 ( " )) M0 M T

Ug
G =
Jt2 ug . At
1 j+3 Pij+2k — Pijk
.. _ Ae 2 /] z 7], 0
u6j+% (¢l!]+1/k 2 ( + ri )) ZAG 7 u9j+% < 7
(4.28)
and for the axial direction the flux Hk +1 is given by:
e <¢i/j,k+ (Az—uz 1At>) Pijk+1 — Pijk - >0
~ k+5 2 k+5 2Az k+5
H 1= (4.29)
3 1 Azt At Gijk+2 — Pijk <0
Moy \ Pkt = 5 \ B2y 26z e

For the VoF function, we denote the radial, angular and axial fluxes by F, +1s G +1

and H | 1 respectively, and the advection scheme is given by:

(™), = (™),

) 1 [ n 2
pr -y = Ie) ( i(,)% _Fi(+)§> At riAr S (430)
1
() _ ()
(o) _ ) = L (o) _ 5 (n) gy
P = g Gy TGy ) F R A (#.31)
1
(n) (n)
o
1 Kk “k+d ]
gty =yl |<HIE£_HIE+))+H(¢<”))AtHZAZk2/ @32

with A the Heaviside function and |Q}| = r;ArA0Az the volume of the cell. The time-
explicit second term on the right hand side guarantees that the volume is conserved
up to machine precision as long as the Courant number of the flow field, calculated
as At(uy/Ar + ug/(riAB) 4+ uz/Az), remains less than 0.5. After application of the

(n)

divergence theorem, the radial VoF flux F. i
2

becomes:

tntAt
.nl —er/ /HZ/”Z)( 1+1,9 z, t)u,(r H%,G,z,t)d()dzdt, (4.33)

1+ 3 1

N\

where x is the colour function. To eliminate the time dependency from this expres-

sion, the motion of the colour function in the radial direction only is considered. It
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is observed that the continuity equation restricted to the radial direction:

1 0
7 a (ru”) - 0/ r> 0/ (434)
implies that, at some fixed time t € [t,, t, + At], the characteristics are curved and
satisfy:
r()u(r,0,z,1) = rHlur( H%,Q,Z,t). (4.35)
Integration then yields:
Yi+% tyHrAi’
/r(t) rdr :/t ri+%ur(ri+%,9,z,r) dr, (4.36)
so that:
) ) tn+Ot
re(t) = il —Z/t ri+%ur(ri+%,6,z,r) dr, (4.37)

for some t € [t,, t, + At]. If we now assume u,( ,1) to be constant in time

1,0,z
i+2
during the interval [t,, t, + At] and equal to u(r; Y 0,z,t,), then the integral re-
duces to:

() =r 2+%—21’ 1ur(ri 1,02, t) (b + At — ). (4.38)

A change of variable finally allows us to rewrite equation 4.33 as:

/ /”2 G x(r,0,z,t,)rdrdfdz, (4.39)
ST
with:
7= \/rH% (ri+% —2ur(ri+%,6,z,tn)At). (4.40)

The flux Fi(-t)l is subsequently calculated by substitution of #(¢) for the colour

function x and the techniques described in section 4.2.3. Notice how the radial
dimension of the donating region [r*,7, +1 ] differs from the Cartesian case where
generally r* =7, +1
ular, at the polar axis r = 0, the inner cell face collapses and no flux exists as there

— u,At so that the cell geometry is taken into account. In partic-

is no cell face for a flux to move through. This is consistently modelled when using
the flux region given by expression 4.40.
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The angular and axial VoF fluxes are given by:

ta+At
J+z /tn /HZ / 2 x(r, 9+1,z Hug(r, 9+1,z tyrdrdzdt, (4.41)

tn+At

k = /’+2/ 2)((7’ 9, Z s t)u(r,0, Zp 1 t)rdrdodt, (4.42)
+2 tn 1

I\J

and since the continuity equation restricted to the respective directions is:

1oug du,

EE T = (49

the resulting VoF fluxes based on a divergence-free velocity field become:

(%) Zerl [Tipl 9;’+1
G :/ 2/ 2/ 2 x(r,0,z,t,)rd6drdz, (4.44)
]+§ . Zk71 . 7’]_71 Jo*
2 2
0. T, z
HY, :/”%/’*% / 3 (7,0, 2, by)r dz dr de, (4.45)
+§ 9,71 ’;l z*
=2 =2
where:
. ug (1, 9+1,z tn) At .
* = 9].+% — . , =z —uz(r,zk+%,tH)At. (4.46)

Conservation of mass (equivalent to conservation of volume in the incompressible
case) in a simulation model is of paramount importance for the results to have a
clear physical meaning. Furthermore, loss of mass introduces loss of momentum
in the numerical scheme. Generic VoF methods frequently suffer from volume loss
during advection; even if the advection scheme is conservative, there is no intrinsic
mechanism that prevents computational cells from overfilling (VoF larger than one)
or from over-emptying (VOF less than zero). These nonphysical occurrences need to
be subsequently corrected to obtain a physical solution through processes that usu-
ally either change the total volume (by adding or removing volume) or redistribute
the total volume to eliminate invalid VoF values. The advection scheme used in our
algorithm appears to be the only split flux scheme that is conservative and which

simultaneously prevents nonphysical VoF values up to rounding errors.
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4.2.5 VoF advection accuracy near the polar origin

Besides placing a severe time step constraint on explicit time integration methods,
the geometry of the cylindrical cells near the polar axis at r = 0 also significantly
affects the accuracy of the VoF advection when a planar interface crosses the origin.
To demonstrate this phenomenon, consider the case of downward moving planar

interface in the polar plane, initially positioned as shown in figure 4.4a.
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(a) Initial interface position. (b) Interface passes through the origin.
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Figure 4.4: Simulation of planar interface in the polar plane. Grid size N, x Ny is 20 x 100.

The Cartesian velocity components (i, u,) are taken as (0, —1), and the interface
remains exactly horizontal as it moves through the domain. The numerical result,
using the explicit VoF advection scheme of section 4.2.4, shows a significantly dif-
ferent interface shape as it passes the origin, which is shown in figure 4.4b: a cusp is
formed around the origin which takes a significant amount of time to disappear as
the interface continues to move downwards. The VoF advection is responsible for
this behaviour, since the level set function and its iso-contours are not affected’ by
the presence of the origin (besides the time step constraint on its advection). For an
analysis of the VoF advection near the origin, the contravariant components (7, 6)

of the velocity field are found through the coordinate transformation:
x =rcos#, y =rsind, (4.47)

and for the given Cartesian velocity vector, these contravariant components have

the values:

F=—sing 6= —@. (4.48)

The dot refers to time differentiation here, and for the angular movement in partic-

This is easily verified because the algorithm implementation also allows a level set-only interface
by simply disabling the coupling to the VOF after advection of both quantities.



106 Two-phase flow instabilities in cylindrical pipes Chapter 4

ular, the path of a particle is thus determined by the differential equation:

d6  cos6

dat r

(4.49)

It is assumed that, just before crossing the origin, the initial location of the interface
is (r,6) = (r,0) (only the right half of the domain is considered for simplicity).
Furthermore, only the advection in angular direction is considered while the radial
transport is momentarily neglected. Integrating equation 4.49 over a temporal in-
terval [0, At] with 6(0) = 0 then yields the expression of the traversed angle of the

interface:

6(r, At) = — arctan (sinh (Art)> . (4.50)

This expression relates the angular location of the interface after a time step At for
all radial coordinates. In particular, a particle on the interface close to r = 0 moves
to @ = —7t/2 instantaneously when r goes to zero, irrespective of the time step; this

follows from the limit:

lim arctan (Sinh (At>) = E, YAt > 0. (4.51)
r—0t r 2

For the described configuration, figure 4.5a shows the exact interface location based
on expression 4.50 on a grid in computational space after a single time step of
varying magnitude (made dimensionless as a Courant number v). The asymptotic
movement near r = 0 is clearly visible, and it can be concluded that the interface
always traverses all inner cells with —7/2 < 8 < 0 for every positive time step.
Furthermore, figure 4.5a shows that angular advection of the interface causes sub-
sequent radial movement of the interface in all inner cells with —7r/2 < 6 < —Af.
This comes as no surprise, however, as a radial flux through the origin is absent due
to expression 4.40. For completeness, the interface location after a full (both radial
and angular) advection step is also shown for the case when v = 0.5. For angles
close to zero, there is no distinction between the full and the angular result because
the radial velocity is nearly zero at these locations. When § — —m/2, where the
radial velocity is maximum, the discrepancy increases and can be attributed to (the
absence of) the radial advection of the interface.

The result of the exact angular movement of the interface near the origin now allows
a comparison with the numerical VoF flux approximation as presented in section
4.2.4. The finite volume fluxes for the angular direction, as shown in expressions

4.44 and 4.46, assume an angular velocity @ that is constant over a cell face Ar (or
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Figure 4.5: Schematic overview of the VoF advection near the origin at r = 0.

ArAz in 3D). Based on this velocity, the corresponding donating region is obtained
by backtracing, and it therefore always has a rectangular shape in computational
space. The resulting angular VoF fluxes based on expressions 4.44 and 4.46 for the
case when v = 0.5 are shown as the hatched areas in figure 4.5a. It can be seen that
the numerical fluxes approximate the exact gray surfaces reasonably well, even near
the origin. The problem, however, is the time-explicit nature of the VoF fluxes that
prevents instantaneous filling of multiple cells during a single time step. The cyan
coloured surface is to be divided over all cells with —77/2 < 6 < —Af, but it can not
be captured by explicit VoF fluxes due to their CFL restriction. Decreasing the time
step reduces the inaccuracy by reducing the amount of fluid that is instantaneously
moved through the inner layer of cells (compare with the loss of v = 0.1), but for
negligible loss this may lead to unrealistically small time steps that will make sim-

ulations impractical.

For all but the inner layer of cells, the situation in the case of a generic interface is
shown in figure 4.5b. The explicit VoF flux approximation assumes a translation of
the donating region of length 6;At in computational space, whereas the true image
of the donating region becomes skewed due to the exact non-constant angular ve-
locity that grows as 1/r when r decreases. For these cells, however, a sufficiently

small CFL number exists to guarantee that not more than a single cell is traversed
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by the interface during a single time step. For a given radial location of the cell, its

value can be obtained by using expression 4.50.

The analysis above shows that explicit VoF advection is not capable of correctly
capturing the dynamics of the interface close to the origin, and explains the numer-
ical result of figure 4.4b. The cusp originates due to the delay in the angular VoF
advection in the inner layer of cells that can only fill up to a single cell per time
step. This simple example demonstrates that explicit VoF advection is likely to be
insufficiently accurate when used in the study of stratified interface instabilities,
and therefore improvements are required. An implicit treatment of the VoF fluxes
appears an attractive alternative, because it allows the interface to cross multiple
cells in a single time step without CFL constraint. The main disadvantage, unfor-
tunately, is a highly complex and computationally expensive implementation, with
barely any supporting references from the literature. Despite this, it is strongly
recommended to evaluate the implicit VoF advection in further research, but it is
outside the scope of the present work. Instead, we have devised a relatively sim-
ple alternative method that provides satisfactory results for the test cases in this
chapter. In essence, it is based on an interface approximation provided by the level
set function at the new time level, and therefore it can be loosely regarded as an
approximation of implicit VoF advection. More specifically, a VoF redistribution
algorithm is employed based on the observation that near the origin, the level set
advection, although not volume-conserving, is more physically accurate than the
VoF field. Consider a subset of cells {V;} of the complete discrete domain, and let
Vr and Vy be the amount of volume in this set according to the linearized level set

and the VOF, respectively:
Vii=) f@iu, VeIVl V=) ¢ilVil, (4.52)
i i

where |V;| = r;ArABAz is the volume of cell i and f is the VoF function described in

section 4.2.3. The complementary volumes VJE and Vy; are defined analogously:

Vi=) (1= fl¢i, Vo) [Vil, V=) (1—i)|Vil, (4.53)

1 1

and note that both V¢ + ij and Vy + Vj, sum up to the volume of the subset. De-
pending on the ratio Vi /Vy, the volume Vy based on the VoF field {;} is then
redistributed over {V;} according to a weight factor based on the level set volume
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prediction f(¢, V¢) into an updated VoF field {¢;} through:

V.
f(¢i, V¢i)7i/ Vy < Vi
G e (4.54)
1—(1- f(¢, wi))ng, Vy > Vg

Note that we must distinguish between Vy,/ Vf <1land Vy/ Vf > 1 in order to pre-
vent overfilling cells. Multiplying with the cell volume and subsequent summation
shows that the redistribution is conservative, i.e. Y; #;|Vi| = ¥; ¢;|V;|. Furthermore,
the algorithm can be applied at any given subset, although without mixed cells it

leaves the original VoF field unchanged.

To demonstrate the effect of the redistribution algorithm, it is applied to the initial
test case of a horizontal interface in a uniform velocity field u, = —1. Figure 4.6
shows the resulting interface when it traverses the origin. The improvement due to
the redistribution is clearly noticeable, and further experiments on finer grids show
similar results. For the pure explicit VoF advection, the magnitude of the error does

not decrease upon refinement. This corresponds with the explanation given above.

Figure 4.6: Interface evolution (from left to right) around the origin in a downwards moving flow field. The red line
represents the interface from explicit VoF advection without redistribution, and the black line is the interface that results
from explicit VoF advection with subsequent redistribution according to equation 4.54.

Since the exact interface location is known, the accuracy of the proposed VoF re-
distribution method can be quantified by looking at the Li-error of the VoF values,

defined as:
[ = x|l := Y 19 — 9*[r1ArAGAz, (4.55)
1

with | some multi-index, ¢ and ** the calculated and exact VoF values at a prede-
fined time level, respectively, and r;ArABAz the volume of cell I. For various grids,
table 4.1 shows the resulting values.

For the current interface configuration, it is observed that the error reduces with
grid refinement, although without a consistent rate. Performing the same simu-

lations without using the redistribution algorithm leads to an error that does not
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Table 4.1: Li-error of the VoF advection with redistribution.

Grid size VOF error
(Nr x N X Nz) | || — thex|l1
5x10 x 2 1.652-10°8
10x50x2 | 8973-107?
20 x 100 x 2 | 2.111-107°
40 x 200 x2 | 1.195-107°

reduce at all. Therefore, this example clearly shows the added benefit of the level set
function and how it can contribute to a significantly improved interface accuracy.
Nonetheless, we recognize that the proposed VoF redistribution algorithm is rather
elementary, and further research into improving the accuracy of the VoF advection

near the origin is required.

4.3 Modal stability of a cylindrical interface

In this section, we test the capability of our algorithm to capture an infinitesimal
perturbation of a cylindrical interface in a shear flow, and to predict the associated
growth factor. Modal stability theory is used for the analysis, and an approach
similar to the work in Cartesian domains by Bagué et al. [4] is followed. The cylin-
drical Orr-Sommerfeld equation is derived based on a streamfunction formulation
of the perturbed velocities. The interface boundary conditions are then found, and
the resulting eigenvalue problem is solved using a Chebyshev collocation method.
We find that there exists a region of small real wave numbers for which the flow
is unstable; here an initial perturbation diverges according to a theoretical growth
factor as given by the solution of the eigenvalue problem. The aim is to test whether
for a given perturbed flow field and interface, the simulated growth factor in our

algorithm matches the value from the modal stability theory.

The computational domain consists of a cylinder with radius R, and the two fluids
are transported as core-annular flow. As such, they are initially separated at the
interface at r = §. The density and viscosity of the fluid in the core and the fluid
in the annulus are denoted by (p, yc) and (pa, a), respectively. The amplitude of
the interface centred around r = % is denoted by #(t,z), and the boundary layer
thickness in both phases is J. Figure 4.7 gives a schematic view of the setup of the

case.
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Figure 4.7: Schematic of axisymmetric parallel shear flow with a wavy interface.

4.3.1 The base flow

For the base flow, we choose a shear flow profile based on the solution of an im-
pulsively accelerated annular flow between two positive radii. With the convective
terms and the pressure gradient being equal to zero, the resulting axial momen-
tum equation reduces to a radial diffusion equation with a Bessel series solution.
Because this solution contains Bessel functions of the second kind, it becomes un-
bounded as r — 0, and a distinction is made between the core flow (occupying the
region 0 < r < &) and the annular flow (occupying the region ¥ < r < R). The
profile of the annular flow U, is described by:

o Jo(kiR/2)f(kiyr) iy

Us(r,t) =ca )

= To(kR/2) + Jo(k3R/2) ¢ € R, (4.56)

where ]y and Yj are Bessel functions of the first and second kind, respectively, and:
f(k, 1’) = ]0 (k?’)YQ (k3R /2) — ]0 (k3R/2)Y0 (k}’), (4.57)

with {k;} the infinite set of solutions that satisfy f(k, R/2) = 0. After taking limits,

the profile for the core flow U, becomes:

Ue(r,t) =cc Y ]'O(l”') e et o ER, (4.58)
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where {I;} is now the set of solutions of Jy(IR/2) = 0. In both expressions v, and v,
represent the constant kinematic viscosities of the annular flow and the core flow,
respectively. The profiles are such that the base flow has zero velocity at the inter-
face, i.e. Uc(R/2,t) =0 = U;(R/2,t). The time ¢t effectively determines the size of
the boundary layer J (see figure 4.7) around the interface, defined as the location
where the velocity equals 99% of the respective free stream velocity. Throughout
our analysis, the boundary layers in both phases have the same thickness ¢ for sim-
plicity. For a given value of ¢, the associated times t, and ¢. have to be found by
using a numerical root finding algorithm. For practical purposes, the infinite sums
in expressions 4.56 and 4.58 are truncated after 150 terms; this number of terms
is found to yield a sufficiently accurate representation with negligible oscillations
for most cases, but the quality of the approximation rapidly deteriorates when the
boundary layer becomes smaller. The velocity profile then approaches a step func-
tion, and the combination of the Gibbs phenomenon and round-off errors cause
oscillations that impose a practical lower bound for the boundary layer thickness ¢.
The constants c. and c, are subsequently used to scale the resulting profiles. First,
the value of ¢, is defined such that U.(0,t.) = 1 m/s irrespective of the core fluid

properties. The continuity of tangential shear stress, denoted by:

ou, (R o dU; (R
Heg, (2/t6> = Hag,” (Z’ta) , (4.59)

then dictates the value of the constant c,. Finally, the base flow is defined as:
(4.60)

Figure 4.8 shows two typical base flow profiles that are applied to the test cases that
are considered.

We define the following dimensionless numbers. The viscosity ratio is given by
¥ = Me/pa and the density ratio is given by { = p./ps. The Reynolds numbers for
the core and the annulus are based on the core free stream velocity U.:

Re, — PCUC(O)‘S, Re, = PaUC(O)‘S_

4.61
" " (4.61)
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Figure 4.8: Axisymmetric base flow in the case of a cylinder of radius R,y = 1 m and boundary layer thickness
6/R = 0.1. The velocity U, is 1 m/s, and the interface is located at R/ Ry,r = % where the flow velocity is zero.

The Weber numbers are defined as:

_ pcUc(0)%5

2
We, = LU, We, — Patle(0)70

- (4.62)

4.3.2 Derivation of the perturbation equation

The base flow in the axisymmetric coordinate system is perturbed by the quantities
(tiy,1iz, p) such that:

up =1y, uUy,=U+1,;, p=P+7p, (4.63)

where U is the axial base flow and P is the associated pressure field. Linearization of

the Navier-Stokes equations around the base flow yields the following momentum

equations:
oil, | 9, 10p 10 ( od\ i, %]
o Y% Toar Y Lar <rar> 2Tz | =0 (4.64)
dii, _ ol o, 107 190 [ 9il, 0%,
ot +urar+uaz+paz V{rar<rar>+azz =0 (4.65)

and the continuity equation:

[*5]

19 (aa,\  o*d
o <rar> + 57 =0 (4.66)
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Assuming small perturbations, the perturbed velocity components can be expressed

in terms of a Stokes streamfunction ¥ such that:

10¥

1 o _ 1Y
r oz’

i, = i, = (4.67)

ror’
Two streamfunctions, ¥, and Y, are required for the core flow and the annular

flow, respectively. It is postulated that these streamfunctions can be written as:

R
2 7
o= @)=Y, S <r<R (469)

Yo = ¢e(r)e™Eeh,  0<r< (4.68)

Here & € R is the wave number (we consider temporal instabilities only), and
c € C. The split up in real and complex parts, i.e. ¢ = ¢, + ic;, determines the
phase velocity ¢, and the growth rate ac; of the unstable modes. Substitution of
both streamfunctions into expressions 4.64 and 4.65 gives two equations with an
unknown pressure perturbation f, which can be eliminated by differentiating the
axial momentum equation 4.65 to r. Subtracting the two expressions then yields the

axisymmetric equivalent of the Orr-Sommerfeld equation in terms of ¢:

v " 24)/// v 2 3 " (Pl
(o2 ) [ (2o 3) (- %)

- (szz +u’ - UT/ — vizx3> p=c (47” 9 oczgl)) , (4.70)

r

where the apostrophe denotes differentiation with respect to the radial coordinate.
Just like its Cartesian counterpart, the equation is of fourth order when viscosity is

present and second order in the inviscid case.

4.3.3 Boundary conditions

The two Orr-Sommerfeld equations for each phase require a total of eight boundary
conditions. These are imposed at the cylinder origin (two), at the interface (four)
and at the cylinder wall (two). At the cylinder wall, no-slip conditions are imposed

so that both i, and i, are zero, which implies:
$a(R) =0, #,(R) = 0. 4.71)

At the cylinder axis of symmetry, the boundary conditions are more complicated.
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Axisymmetry dictates that the radial velocity i, at = 0 has to be zero; this can be

demonstrated by considering a decomposition into Cartesian components:
ily = Uy cost + uy sin 6. (4.72)

For constant non-zero values of the Cartesian components u, and uy atr = 0, the
radial velocity will vary with the angular coordinate 6. This dependence can only
be removed if uy = 0 = u,, which is when 7, = 0 identically. There appears to
be no condition for the axial velocity #,, however, other then than that its value
must be finite. A Dirichlet condition for i, could be imposed, and for simplicity it
is assumed to be homogeneous. In that case, a solution of the form ¢(r) = rf(r)
could be constructed. From the homogeneous Dirichlet condition for #, it follows
that ¢/r — 0 as r — 0, which implies that f(0) = 0. For i, the condition is
¢'/r — 0, which becomes:

lim ¢ _ lim ) _ lim ( f+ f) ) (4.73)

r—0 7 r—0 T r—0 r

Using 'Hopital’s rule and the condition f(0) = 0, it follows that f'(0) = 0. It must
be noted that during our computations, this approach was not required as it turned

out that setting ¢.(0) = 0 and ¢/(0) = 0 gave solutions with sufficient decay near
r=0.

At the interface at r = % + 1, continuity of both velocity and stress is required in
the viscous case (we do not consider inviscid flows). The interface conditions are
linearized around r = % assuming small deviations. Then continuity of normal and

tangential velocity implies, respectively:

$c = ¢a, (4.74)
Ulpe + el = Uy + cgl, (4.75)

atr = % Continuity of tangential and normal stress implies, respectively:

[(%’ "’C) <Ué’+ca2)4>c] —c(4>;’ %) + (Ut ca?)pa,  (A76)

I {gbé” - (:2 Szxz) o= ﬂ v (el + Uzge) = (477)

iaRe,

1 1 ) 202 ¢, a>¢,
{¢;”—:+ <r2‘3"‘ >¢;_ p } o9+ Una + e

iaRe,
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atr = % Notice that equation 4.77, which represents the continuity of the normal

stress, is non-linear in the parameter ¢ due to the presence of surface tension.

4.3.4 Solving the generalized eigenvalue problem

Equation 4.70 with its given boundary conditions is solved with a Chebyshev col-
location method. First, the core and annular domains [0,R/2] and [R/2,R] are

mapped to the interval [—1,1] using the following coordinate transformations:

x:[0,R/2] = [-1,1], x= % —1 for the core, (4.78)
4
x:[R/2,R] = [-1,1], x= _Kr +3 for the annulus. (4.79)
For both domains x = 1 now represents the interface and x = —1 represents the

cylinder core and outer wall. Both functions ¢. and ¢, are discretely approximated

by a truncated Chebyshev series, i.e:

N M
$c=Y aT, o= BiT, (4.80)
i=0 i=0

where T; is the Chebyshev polynomial of the first kind of order i. In our case,
we choose N = M. The computational domain [—1,1] is discretized using N — 3
collocation nodes {x;} which are defined as the location of the internal extrema of

the Chebyshev function Ty_j:

7T
;= N =1,... — 4.81
X cos(N_2>, i=1,...,N=3, (4.81)

with the aim of obtaining spectral convergence. This gives 2N — 6 equations on the
internal nodes, together with 4 boundary conditions at x = —1 and 4 boundary
conditions at x = 1 for a total of 2N + 2 equations for the set of 2N + 2 unknowns
{a;, Bi}. The non-linear boundary condition 4.77 is linearized using equations 4.75

and 4.76 following Boomkamp et al. [11]. This results in:

[¢/// (Pc ( )4; 24)}—1—7((34) +U¢)— (4.82)
zszea ¢ 2 ¢ o '

" a 1 247 ! i (Pé — (Pllz
uxReu [(P” r <r2 ) P ] o+ U + We, U — U’

The approximations in expression 4.80 are substituted in equation 4.70 which results
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in a complex generalized eigenvalue problem for the growth factor c:

T
Ax = ¢Bx, x=(zx0, weo,oan, Bo, -, ,BN) (4.83)

Due to the rows of zeros that arise from the homogeneous boundary conditions at
x = —1, the matrix B is singular. The implementation of the QZ algorithm with
balancing in Matlab is used to solve the system in equation 4.83. With the coef-
ficients {a;, B;} now known, the two series of expression 4.80 are concatenated to
form the complete eigenfunction ¢ over the whole domain [0, R]. Figure 4.9 shows
the non-dimensional real and imaginary parts of a typical resulting eigenfunction
for the case where §/R = 0.2.

¢r [ Uc(0)d

0 : : : : 9 : : :

0 1 2 3 4 5 0 1 2 3 4 5
Radius r/0 Radius r/¢
(a) Real part of the eigenfunction ¢,. (b) Imaginary part of the eigenfunction ¢;.

Figure 4.9: Eigenfunction solution for case C with 6/R = 0.2.

The non-trivial solutions then turn equation 4.70 into a dispersion relation that
returns a vector of growth factors ac; and an associated set of eigenvectors for a

given real wave number a.

4.3.5 Comparison of growth rates

For our simulation purposes, we assume a small perturbation € (with fixed value
10~%) to the streamfunction ¥. Associating the eigenfunction ¢ to the largest eigen-

value known, the initial perturbed velocity field (i, ii;) can be determined using
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equation 4.67 through:

ir(r,z) =R (_13\1!) , iy (r,z) =R <1 W) , (4.84)

r 0z 7 or

where # denotes the real parts of the expression. Writing the complex variables ¢
and ¢ in complex form as ¢, + ic; and ¢, + i¢;, these expressions can be expanded
to:

iy (r,z) = — [¢y(r) sinaz + ¢;(r) cosaz], (4.85)

e
T
i (r,z) = ; (¢ (r) cosaz — ¢j(r) sinaz] . (4.86)

The complete initial flow field then becomes (ii,, U + #i;). Figure 4.10 shows a
typical initial flow field based on a perturbed streamfunction.

8¢-03 . 1e-02
Ne)
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1.0F e
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3 2e-03 3 e
= 0e+00 = 00 0e+00
b 20
3‘ -2e-03 5_; 05 -3e-03
4003 -5¢-03
—1.0k
-6e-03 -8e-03
—15k
-8¢-03 1e-02
Radius R/ Radius R/
(a) Perturbed radial velocity #,. (b) Perturbed axial velocity ..
Figure 4.10: Initial velocity field due to a streamfunction perturbation.
In a similar way, the initial interface perturbation 7(0, z) is determined as:
€ .
1(0,z) = ————+ [(cigi + cr¢r) cosaz + (cipy — crp;) sinaz], (4.87)
R(c%+c7)

where the components of the eigenfunction ¢ are evaluated at the interface at r =
R/2. The wave length of the sinusoidal interface around r = R/2 is exactly 27t/ a.
Both the perturbed flow field and interface are used as initial conditions for our
algorithm. Since the flow field is not exactly divergence-free in the discretization, a
projection is performed by the Poisson solver. This will cause small changes to the
initial analytical velocities, but the effect appears to be negligible.
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We consider four cases with two different base flows and parameters based on the
simulations of Bagué et al. [4]. For cases A and B, the core and annular densities
are equal, while the viscosity ratio is 0.1. For cases C and D, the viscosities are
almost equal (y = 0.99), but the density ratio is 0.1. The cases B and D are equal to
A and C respectively but with a small amount of surface tension added. Table 4.2

summarizes all relevant parameters for all cases.

Table 4.2: Parameters for the different cases.

0% ‘ ¢ ‘ Re, ‘ Re, ‘ We, ‘ We,
A 1 | 0.1 | 10000 | 1000 | oo o
B 1 | 0.1 | 10000 | 1000 | 5 5
C |01]099 | 100 | 990 | oo co
D |01]099| 100 | 990 | 1.96 | 19.6

Case ‘

The axisymmetric domain R x L used for the simulation has dimension 1 m x3
m, and it is discretized with 160 x 480 computational cells. The time step varies
between 107 and 10~* s to keep the CFL number more or less constant in all
runs. To be able to simulate different wave numbers with a constant cell res-
olution, the boundary layer thickness ¢ is varied to give a range of dimension-
less wave numbers ad. The resulting dimensionless growth factor ac;0/U(0) is
then monitored during the simulation by a least squares fit of a sinusoidal wave
r = R/2+asin(2mz/L + b). The growth factor is determined by fitting a linear
function to the log-plot of the amplitude a versus time.

It is generally difficult to determine the end of the exponential regime; the transition
is often gradual, and a firm criterion is thus likely to be subjective. To create con-
sistency in our results, we monitor the quality of the least squares fits at every time
step. First, the R? value of the sinusoidal fit of the interface in space is determined
as:

R2—1_ Zilvi— fi)? (4.88)

iy —v)*’
where {y;} are the interface locations from the simulation and {f;} are the associ-
ated approximations, and the bar denotes the average over the sample set. Further-
more, we monitor the R? value of the linear approximation to the logarithm of the

amplitude in time using an expression as suggested by Owkes and Desjardins [68]:
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o (ELi (6= D0inGa) ~inGa)])’
YL (=5 2 (in(a) — In@)*

with {t;} the time instances until = T and {4;} the amplitudes from the sinusoidal

(4.89)

fit. For all test cases, we fix two (different) values close to unity, and as soon as one
of the two R? values drops below this value, the evaluations are stopped as it is

assumed that the flow is no longer in the exponential flow regime.

0.35
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(a) Case A and B. (b) Case C and D.

Figure 4.11: Growth rate according to the Orr-Sommerfeld theory (lines) versus numerical simulations (symbols) with
surface tension (dashed line) and without surface tension (solid line).

The results for the cases in table 4.2 are shown in figure 4.11. The curves represent
the growth rate of the most unstable mode derived from the Orr-Sommerfeld the-
ory with and without surface tension. The stabilizing effect of the surface tension
is apparent from the consistently lower growth factors for a given wave number.
Every case has been performed five times for varying wave numbers throughout
the unstable spectrum. An excellent agreement between the simulations and the
Orr-Sommerfeld theory is found, with relative errors that are less than 1% on av-
erage. The relative deviation tends to grow slightly when the wave numbers ap-
proach the critical value a, where the growth factor ¢; becomes zero, but the overall
agreement throughout the unstable regime of wave numbers is satisfactory. We can
conclude that modal stability analysis can be successfully applied to axisymmetric
shear flows, and the accurate simulation results gives confidence in the quality of

the interface algorithm and its ability to capture Kelvin-Helmholtz instabilities.
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4.4 Stratified shear flow in a periodic pipe section

This section serves as a prelude to section 4.5, where a large closed pipe experiment
will be simulated. To prevent any influence of the end walls, we consider a small
section of the pipe under periodic conditions to be able to monitor the wave devel-

opment for a predefined shear flow and initial perturbation of the interface.

To study the effects of a stratified shear flow in a controlled environment, we
simulate the behaviour of two layers of fluid in a periodic pipe section of radius
R = 0.025 m and length L = 2R. The lower heavier phase consists of water and
the upper lighter phase consists of oil. The velocity jump at the interface is initially
discontinuous, i.e.:

U/ Z hl
U,(r,0) = Y (4.90)
-U, y<h,

where y = rsinff and —R < h < R. h is a predefined height that depends on
the water volume fraction. Two volume fractions are considered, V = % and V =
%. The former is computationally challenging as it involves the movement of the
interface through and around the origin. The latter in turn is used to study the
influence of the curved walls on the flow. An initial perturbation of the form y =
h + eRcos(4rtz/L) is applied so that the domain covers two full wave lengths and
the amplitude of the perturbation is eR. The perturbation factor € is fixed at 0.01.
The inviscid Kelvin-Helmholtz theory in a channel of height R provides a condition

for the onset of the instability, namely when the velocity difference 2U satisfies [24]:

@u)? > Pet o <g(p“’ — o) +ka> tanh(kR). (4.91)
PwPo k

When applied to the parameters given above, this yields 2U > 0.171 m/s. In our
simulation we have fixed the velocity U at 0.25 m/s to guarantee unstable flow
conditions. A grid of 30 x 150 x 60 cells is used with a time step of At = 107 s to
satisfy the time step constraint due to surface tension. No-slip boundary conditions
are applied at the cylinder walls and periodicity is assumed in axial direction.

Figure 4.12 shows the water fraction and the interface at different times for both
V = % (left column) and V = % (right column). Profound discrepancies can be
seen between the development of the waves for both cases. The initial states (upper
graphs in figure 4.12) show a much smoother interface for V = J than for V = %

The in-plane analysis shows that this is due to cross flow induced by the curved
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(a) Initial waves at t =3-10"* s for V = 1. (b) Initial waves at t =4-107* s for V = 2.

(c) Wave build up at t = 6-10"* s for V = 1. (d) Wave build up at t = 6-10"* s for V = 2.

(e) Roll waves at t = 1.05-1073 s for V = 1. (f) Roll waves at t = 8.5-107* s for V = 2.

Figure 4.12: Evolution of an initially perturbed interface in a shear flow. The left column has water fraction 1/2 and the
right column has 2/3. The grid size is 30 x 150 x 60.

walls in the latter case, while nearly no cross flow exists in the former. Also, the

figure shows that the instability first occurs in the centre for V = %, while slightly
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later the wave is initiated nearly uniformly across the pipe for V = % At a slightly
later instant, as shown in the middle graphs of figure 4.12, waves have grown, and
a clear difference in the amplitudes for the waves for V = 1 and V = 2 is observed.
For V = 1 there is a tendency for the wave to start rolling. The vast movement of the
interface around the origin is a challenge for the interface algorithm, which becomes
clear in the left middle graph of figure 4.12, where a part of the interface has an
nonphysical shape in the front wave (although the rear wave looks unaffected).
Finally, for a later time as shown in the lower graphs of figure 4.12, the waves start

rolling and the initial wave length is regained.

4.5 Stratified shear flow in a closed inclined pipe

To validate the simulation results, a small experimental study was recently carried
out in the fluid flow lab of our university. Some dedicated experiments have been
performed based on the setup of Thorpe [88], including both a rectangular channel
and a cylindrical pipe. The Kelvin-Helmholtz instability arising from the shear
flow within the pipe was observed. A pipe length of 1 m with closed end walls
was used. At the start of the experiment, the pipe is tilted from horizontal to a
pre-defined inclination, which varied between 2°, 5°, 10° and 15°. The fluids used

were water and oil with the following material properties:

pw = 9.97 -10* kg/m?, po = 8.74-10* kg/m?
fo =890-107% kg/m/s, p,=437-10"3 kg/m/s

The surface tension is about o = 0.035 kg/s?. The experiments were done with a
water fraction V of 1/3, 1/2 and 2/3. In the simulations, we only considered an
inclination angle of 5°, and the simulations were performed both with and without

surface tension.

4.5.1 Results without surface tension

We start by performing a simulation without surface tension to observe how the in-
terface perturbation grows under the influence of gravity and viscosity alone. From
equation 4.91 it follows that in this case k ~ 1/AU, and hence inviscid theory pre-
dicts the presence of increasing wave lengths as the velocity difference AU increases.
Viscosity, however, is known to enforce a lower bound on the wave lengths due to
its damping effect. Simulations are performed on two grids, and a Fast Fourier
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Transform (FFT) analysis is done on a fixed segment of the interface at different
time instances. The segment is chosen such that sufficient resolution for the FFT
exists. Figure 4.13 shows the truncated results for both grids on a log scale. Using
the cylinder radius R, the wave number k and the interface amplitude A are made
dimensionless as k and A, respectively.
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(a) Results from the 20 x 100 x 500 grid. The red lines are (b) Results from the 26 x 120 x 1000 grid. The red line is
located at k = 1.53 and k = 2.2. located at k = 2.3.

Figure 4.13: FFT of the interface at different times (in seconds) in the centre region of the pipe without surface tension.

At early times, both grids seem to contain a dominating wave number k close to
2.3. This value can therefore be considered as the cut-off wave number due to
viscosity. When the velocity difference grows with increasing time, there is a shift
of the leading wave number which is most clearly noticeable in figure 4.13a. The
amplitude around k = 1.53 is growing slowly and becomes dominant at t = 2.3s. A
similar, but less pronounced shift is observed as well in figure 4.13b. The dominant
part of the spectrum at t = 2.6 s becomes wider without strong peaks, implying the
presence of multiple smaller wave lengths. The shift in the dominant wave length
for increasing velocity difference is also observed by Bartosiewicz et al. [9] in their
2D simulation results of the Thorpe experiment.

To demonstrate the damping effect of the viscosity, the simulation on the finest grid
with 26 x 120 x 1000 cells is repeated with inviscid fluids. In this case, k ~ 1/AU
should hold exactly without viscous damping, and larger wave numbers are ex-
pected compared to the viscous case. The resulting FFT analysis at a fixed time,
together with the viscous result, is shown in figure 4.14. The inviscid spectrum is

clearly much wider than the viscous spectrum, with peaks up to k = 9. Note that
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Figure 4.14: Truncated FFT results from the 26 x 120 x Figure 4.15: Amplitude growth of the initial perturbation
1000 grid at t = 1.4 s. resulting from the FFT analysis.

near this wave number, the computational grid size used gives only about three
cells per wave length, and hence the observed upper limit is likely to result from

the choice of the grid size.

Finally, the growth of the perturbation amplitude is considered. The inviscid theory
predicts that any unstable wave number initially grows exponentially in time until
non-linear effects become dominant. To that end, the wave amplitudes that result
from the viscous FFT analyses are plotted over time on a log scale for both grids in
figure 4.15. In particular for the results on the finer grid, a region of exponential

growth is indeed found.

4.5.2 Results with surface tension

The simulations of the previous section are repeated, but now with a non-zero sur-
face tension of o = 0.035 kg/s?. According to the inviscid theory, the presence of
surface tension suppresses small wave lengths. The analysis of the right hand side
of equation 4.91 shows at least two observations. Firstly, a critical velocity difference
exists, below which all perturbations are damped. Secondly, for a sufficiently large
velocity difference, there exists a bounded spectrum of unstable wave numbers.
A wave length of about 3.4 cm was measured in the lab for a pipe at 5° inclina-
tion. Furthermore, it was noted during the lab experiments that the wave front was

not necessary uniform throughout the cross section of the pipe. For the simulated
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Figure 4.17: Amplitude growth of the initial perturbation
resulting from the FFT analysis.

Figure 4.16: Truncated FFT result. The red lineis at k = 1.
results, an FFT analysis similar to the one described in the previous section is per-
formed. Figure 4.16 shows a clear peak at around k = 1, corresponding to a wave
length of around 2.5 cm, which is somewhat shorter than the experimental value of
3.4 cm. Similar to the case without surface tension, the perturbation grows nearly
exponentially, as shown in figure 4.17. Finally, figure 4.18 shows the interface at

time t = 3.25 s, which is just before roll waves appear.

Figure 4.18: Simulated interface near the midsection of the pipe.

A notable issue that we encountered is related to the boundary condition of the
level set function. In Cartesian domains often a homogeneous Neumann condition
for the level set function is used at the walls of the domain. In the case of 2D strat-
ified two-phase flows, this seems to be a reasonable approximation. In cylindrical

coordinates, however, the interface becomes excessively curved near the walls due
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to the surface tension force. An example is shown in figure 4.19, where the solid

line represents the interface in a cross section of the pipe.

— Neumann

- -+ Extrapolation

Figure 4.19: Cross-section of the pipe at z = —0.45 m with the interface for both homogeneous Neumann and extrapo-
lation boundary conditions.

As the upper area becomes even smaller, the condition leads to numerical stability
problems as regions with extreme curvature are present. To remedy this, wetta-
bility should be included in the boundary conditions, which will likely result in
a more realistic behaviour of the interface near the walls. A simple alternative is
to apply linear extrapolation of the level set function at the boundary (notice that
the homogeneous Neumann condition is in fact a zero order extrapolation). Fig-
ure 4.19 shows the interface of the same simulation with linear extrapolation of the
boundary conditions, and the result looks much more physical compared to apply-
ing the Neumann condition. A potential drawback that we encountered with the
extrapolation method is the slightly less stable level set reinitialization when this
is performed close to the wall. Since wettability is not yet included in our algo-
rithm, we have chosen to apply the extrapolation boundary condition for the level

set function.

4.5.3 Computational performance

The algorithm uses domain decomposition in the axial direction and the MPI pro-
tocol for parallel computations. Preconditioning is applied to the solving of both
the momentum equations and the Poisson equation. A simple but effective Jacobi
preconditioner is used for the linearized momentum equations, and the Conjugate

Gradient method uses block Incomplete Cholesky preconditioning with Subdomain
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Deflation. A strong scaling test is performed using the closed cylinder setup of
section 4.5, with a grid size of 20 x 100 x 500 computational cells. A total of 1000 it-
erations are performed to eliminate initialization influences, and the resulting mea-

sured wall clock time is shown in figure 4.20.

10*

103}

Wall clock time [s]

1 2 L
0 10! 102

Number of processors [-]

Figure 4.20: Strong scaling results of the algorithm implementation.

Performance profiling for different grid sizes shows that the interface representation
algorithm is very light (less than 5% of CPU time in a typical run) when compared to
the cost of the flow solver. This can be expected when considering the complexity of
the fully implicit flow solver versus the explicit interface advection. Our algorithm
is able to handle CFL numbers up to 0.5, which allows the use of significantly larger
time steps than in commonly used compressive VoF methods. The efficiency of the
method is further improved through the use of interface subcycling, where multiple
interface advection steps can be performed within a single flow time step, thereby
fully utilizing the unconditional stability of the flow solver in case of CFL numbers

larger than 0.5.

4.6 Conclusions

A sharp interface model for cylindrical coordinates was designed, tested, and val-
idated. By using structured orthogonal coordinates, the aim is to obtain better
accuracy and efficiency compared to commonly used unstructured methods to al-
low LES or DNS for turbulent multiphase flows at reasonable computational costs.
The method is based on an efficient combination of the LS method and the VoF
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method, and it was validated using two test cases. The simulations show an ex-
cellent behaviour of the interface algorithm for a controlled perturbation in core-
annular flow. The agreement of the simulations with experiments for the onset of

Kelvin-Helmholtz waves in an inclined pipe section is reasonable.

In the absence of similar methods to compare with, we acknowledge that the al-
gorithm presented is a first step towards the efficient use of cylindrical coordinates
in multiphase pipe flows. Their use can be particularly troublesome in the dis-
cretization of both the flow field and the interface. In Oud et al. [67], the former
problem was dealt with for single phase flows, and the difficulty in the extension
to multiphase flows lies in the interface algorithm. A complete implementation of
the Ghost Fluid method [51], including both the jump in pressure and its gradient,
would allow the use of the flow discretization of Oud et al. [67] in our algorithm.
The implementation of the pressure gradient jump is challenging, but it is recom-

mended to explore this in future work.

The behaviour of the VoF function near the polar origin needs further investigation.
A detailed analysis was performed, and it was concluded that the cause of the
encountered numerical oscillations lies in the time-explicit advection of the VoF
field. An improvement was derived in the form of a VOF redistribution algorithm,
but further research into alternative discretization techniques might be considered
to improve the quality of the interface representation when it crosses the origin.
An implicit treatment of the VoF fluxes appears an attractive alternative, because
it allows the interface to cross multiple cells in a single time step without CFL
constraint. It is strongly recommended to explore this implicit approach in future

work.
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Chapter

Recommended further developments

HE OBJECTIVE OF the study described in the first chapter of this thesis was to ob-
Ttain an improved numerical tool that is able to carry out relatively fast, robust,
and accurate simulations of physical, two-phase flow instabilities in straight pipe
sections. Thereto the Navier-Stokes equations and the Laplace-Young equation for
the interface were discretized on cylindrical coordinates for a straight pipe section.
A second-order accuracy of the discretization could be obtained by using a mimetic
approach. The Mass-Conserving Level Set method, as was originally developed for
interfaces on a Cartesian grid, was extended to cylindrical coordinates. In the nu-
merical analysis, much attention was given to handling the singularity in the grid at
the centreline. The new numerical tool was verified and validated against a number

of two-phase flow test cases, with increasing complexity.

The most complex test case considered so far with our method was the onset and
growth of Kelvin-Helmholtz waves in a finite pipe section (with closed end walls)
that was tilted to a small angle, starting from a full horizontal position. The pipe
was filled with two liquids with a different density and viscosity. Experiments
for this case, as obtained at Delft University, exist, and they include the onset and
growth of the waves, but also the damping, until a new steady state with the two
layers of liquid is obtained for the new tilted position. The wave damping was not
yet simulated.

Up to now, all considered transient effects occur in laminar two-phase base flows.

The real check of whether the new tool is indeed fast, robust, and accurate for
problems of industrial interest requires considering cases with a higher Reynolds
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number, which will give a turbulent base flow.

Although we obtained significant new insights in the numerics of two-phase flow,
there is plenty of room for further investigation. The recommended areas of re-

search are described in the subsequent subsections of this chapter.

Feasibility of high Reynolds number computations

The derivation of the kinetic energy conservation in section 2.4.3 appears to hinge
on the use of the Implicit Midpoint time integration method. As mentioned, the
choice of the time integration method is as important as the choice of the spatial
discretization method if exact conservation is desired. However, the implicit nature
of the method used and the fact that conservation requires the solution of the non-
linear equations lead to a computationally expensive discretization. Of course, it
is completely up to the objectives of the user whether this effort merits the com-
putational costs, but it warrants an investigation into the possibilities of cheaper
(perhaps explicit) time integration methods with similar or nearly similar conserva-
tion properties, such as in the work of Sanderse [76] and Verstappen and Veldman
[91].

For LES or DN, it is likely that the overall second order accuracy of the proposed
Navier-Stokes discretization is too restrictive. Further research should therefore
entail the extension to higher order discretizations, while maintaining the conser-
vation properties of the scheme. The extension needs to concern at least two im-
portant aspects. First, higher order approximations of the discrete vector operators
and inner products as defined in section 2.2 should be established. Except for the
cells near the origin, straightforward application of higher order differences seems
sufficient for this. The difficulty will likely be the second aspect, namely the find-
ing of a consistent averaging procedure for the discrete convective terms, which
governs both the momentum and kinetic energy conservation. Alternatively, ob-
taining higher order of approximations based on Richardson extrapolation can be
explored along the lines of Verstappen and Veldman [91], but the implications on
the conservation properties (especially on non-uniform grids) should be thoroughly

monitored.
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Conservation of helicity

Besides mass, momentum and kinetic energy, a scalar quantity known as helicity is

a conserved quantity in inviscid 3D flows. It is defined as:
’H:/u-(qu)dV:/u-de, (5.1)
Q O

with u € R3 the flow velocity and w € R? the flow vorticity. The importance of
helicity to the vortical structures of turbulence was recognized by Moffatt and Tsi-
nober [59] a few decades ago. Despite its physical relevance, numerical discretiza-
tion schemes of the incompressible Navier-Stokes equations designed to conserve
(among others) helicity are scarce, but developments do occur; see for example the
work of Liu and Wang [54] and Rebholz [70]. It would be interesting to investigate
to what extent the proposed Navier-Stokes discretization is capable of conserving
helicity as an additional conserved quantity. One of the first tasks will be to find
a discrete analogue to the definition of helicity in equation 5.1, since velocity and
vorticity are defined at different locations in the staggered grid. This problem is
similar to the discretization of the product occurring in the convective terms of the
discrete Navier-Stokes equations (see section 2.3.1). The simultaneous conservation
of multiple quantities is not easy for numerical schemes: like the conservation of
kinetic energy, also the conservation of helicity follows from manipulation of the
momentum equations. A successful demonstration of this would make a very pos-

itive contribution to the field of turbulent pipe flow simulations.

Extension to variable-viscosity flows

The applicability of the proposed Navier-Stokes discretization in cylindrical coor-
dinates for pipes is currently limited to flows of constant viscosity. This is due to
the fact that the development of mimetic discretization techniques was originally
focused on first order tensors, i.e. the gradient of a scalar or the curl of a vector.
For non-constant viscosity flows, the viscous part of the Navier-Stokes equations
consists of a second-order tensor that is more complex to handle in the context of
mimetic finite differences. Expanding the field of mimetic approximations to higher
order tensors is currently an active field of research (see for example Campbell and
Shashkov [16], Campbell et al. [17], da Veiga and Manzini [19]), and it is likely that

an extension to variable-viscosity flows lies within the realm of possibilities.
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Accuracy of the interface conditions

For a more consistent treatment of the jump conditions at the interface, the current
algorithm needs to be modified in such a way that the interface is modeled as truly
sharp. As mentioned in section 3.2.2, a continuous viscosity formulation that is
smeared out in a narrow region along the interface is currently used to avoid the
complex implementation of one of the interface conditions. A full implementation
of the Ghost Fluid method similar to Kang et al. [51], in which both the jump in the
pressure as well as the jump in the viscosity are modeled, is more consistent with
the assumption of a sharp interface. A secondary benefit is that a full implementa-
tion would allow the use of the current constant-viscosity discretization for laminar
flows as well as for DNS for turbulent flows. The turbulent viscosity v, when used
in LES, is not constant in space, which complicates the application of the proposed
discretization for the simulation of turbulent flows. Once correctly implemented,
the conservation properties of the multiphase scheme should be investigated. Al-
ready challenging in single phase flows, the conservation of momentum and kinetic
energy in numerical schemes for multiphase flows is even more difficult to obtain.
Rigorous analyses of this subject in the literature are rare, and more research into

these aspects is required.

Implicit VoF advection

It was shown in section 4.2.5 that explicit finite volume-based VoF advection is
highly inaccurate whenever the interface crosses the origin of the polar plane. This
is caused by the inability of explicit advection to allow fluid to traverse multiple
cells within a single time step. A simple VoF redistribution algorithm was devised
to improve the accuracy of the interface near the origin for the intended test cases,
but a more generalized solution is required. Implicit treatment of the VoF fluxes
does not suffer from the prohibitive CFL constraint of explicit methods, and this is
likely to significantly improve the accuracy of the VoF advection near the origin. The
complexity of its implementation and the computational cost are strong drawbacks
of such an approach, but it is likely that the availability of the level set function
may render an implicit treatment feasible. The key observation is that the level set
function at the new time level is generally a very good approximation of the exact
new interface. When this is used in combination with iterative solvers, it provides
an accurate first guess so that the number of iterations can be kept small. In this
way, the computational cost can hopefully remain at an acceptable level, but only

practical experience will ultimately show the realism of this expectation.
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Extension to the Moment of Fluid method

Recent developments in the field of interface capturing methods include the Mo-
ment of Fluid (MoF) method [26, 27], which is a generalization of the VoF method
by including higher order moments of the colour function in the process of the in-
terface reconstruction. Having available both the fluid quantity and its centroid in-
formation in every cell, the reconstruction of a linear interface is formally uniquely
defined. An important observation is that this reconstruction can be done cell-wise
without any interaction with neighbouring cells, which makes (fine-grained) par-
allelization of the process relatively simple. Although the MoF method formally
renders the level set function redundant in terms of determinacy, the latter can
still be used to efficiently simplify various processes in the MoF algorithm. The
relatively simple implementation and low computational demands of the level set
method then make it a feasible addition nonetheless. Jemison et al. [47] have devel-
oped a coupled level set - MoF method for incompressible two-phase flow problems
on Cartesian grids with impressive results. The use of the MoF method as an exten-
sion to the current algorithm should therefore be considered. The first steps towards
such an extension have already been taken by applying the numerical VoF calcula-
tion of section 4.2.3 to the calculation of the first moments of the colour function.

Additionally, an advection scheme for the fluid moments has been derived.

Parallel performance

The results of the 3D test case in section 4.5 show good scaling properties of the
current algorithm. However, so far we have only carried out a few strong scaling
tests to analyze the parallelism. For more definite conclusions on the performance,
also weak scaling results should be determined in future research. Furthermore, the
coarse-grained parallelism can be improved by extending the domain decomposi-
tion to radial and angular domains as well (currently only decomposition in axial
direction is performed), depending on the configuration considered in the test case.
Fine-grained parallelism through the use of OpenMP is currently not employed, but

its implementation should be included in the future optimization of the algorithm.

Domain geometry

The initial choice of a straight cylindrical pipe section was made for efficiency pur-
poses, and the genericity of the computational domain was intentionally sacrificed.

For an increased applicability of the algorithm, an extension to include smoothly
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curved cylinders to simulate bends in pipes will be valuable. Any attempt, however,
should strive to maintain the efficiency of the algorithm as much as possible. The
orthogonality of the cylindrical coordinate system, which contributes to the over-
all efficiency, is generally lost when the cylinder axis is described by a continuous
curve in space. As a possible solution, however, the coordinate system derived by
Germano [34] is close to cylindrical, and can be used to maintain orthogonality of
the flow equations. The adaptation of the interface algorithm then remains. Because
of the similarity to cylindrical coordinates, it is expected that the conversion can be

performed without adding an excessive amount of complexity.

Extension of the test cases

Further validation of the derived interface algorithm requires an extended set of
test cases. Configurations close to real-life hydrocarbon applications are of partic-
ular interest, like for example the simulation of a Benjamin bubble in a horizontal
pipe (for which also analytical solutions exist) or the comparison to stratified flow
(laminar and turbulent) in a pipe with capillary waves and with gravity waves at
the interface [10]. Furthermore, the comparison with experiments of hydrodynamic
slug flow in a horizontal pipe [98] and the comparison to core-annular flow with a
laminar oil core with turbulent water in the annulus [65], known as ‘bamboo waves’

[52, 71], could be investigated in more detail.

Cylindrical coordinates versus Cartesian coordinates

The use of cylindrical coordinates to model pipe flows was motivated by an antici-
pated performance gain compared to the use of a Cartesian coordinate systems. To
precisely quantify the benefits of using the boundary-fitting cylindrical coordinate
system over the Cartesian coordinate system in combination with the Immersed
Boundary Method (IBM) or similar boundary-capturing techniques, comparitive
simulations need to be performed. An appropriate array of tests is required to de-
rive objective conclusions about the difference in robustness, speed and accuracy of

both approaches.
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Conclusions

HE PRESENT THESIS HAS provided a detailed analysis to numerically solve the

Navier-Stokes equations for two-phase flows in a pipe using cylindrical coor-
dinates. The work can be split up in finding a proper discretization of the Navier-
Stokes equations for each of the multiple phases, and finding a proper represen-
tation of the interface between the phases. As the desire was to use a structured,
boundary-fitted grid through cylindrical coordinates (instead of an unstructured
boundary-fitted grid or a structured, non-boundary-fitted Cartesian grid), resolv-
ing the singularity in the grid at the pipe centre line was a main challenge in this

study.

The main conclusions of the Navier-Stokes discretization are the following.

o The applied approach leads to a discretization of the flow velocities and the pres-

sure which was numerically demonstrated to be second order accurate in space.

o The applied approach leads to conservation of mass and radial, angular and axial
momentum in cylindrical domains with appropriate boundary conditions. Mass

and momentum conservation were numerically demonstrated to hold.

e When using the Implicit Midpoint method (which conserves quadratic invariants)
for the time integration of the semi-discrete Navier-Stokes equations, the applied
approach leads to a discretization that is capable of conserving kinetic energy for
inviscid flows with appropriate boundary conditions. The spatial conservation of

kinetic energy for such flows has been proven analytically to hold.

o The combination of the mimetic approximation of the differential vector operators

and the averaging procedure of the discrete convective terms of the Navier-Stokes
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equations leads to a consistent treatment of the coordinate singularity. In the
applied approach, the singularity at the pipe axis neither requires any special
in situ modifications of the discretization, nor does it affect the second order

accuracy or the conservation properties.

o The second order accuracy and the conservation properties apply for both uni-

form and non-uniform grids (in radial and axial direction).
The main conclusions of the numerical interface representation are the following.

o A combined Level Set method and Volume of Fluid method, which can be seen
as a dual interface approach, has been successfully extended from its earlier use

in Cartesian coordinates to cylindrical coordinates.

e The Height Function method used to calculate the interface curvature based on a
local stencil of VoF values can be extended to 3D cylindrical domains. Numerical
tests show that the resulting approximation is second order accurate in space for

an exact VoF field.

o It was verified that second order reinitialization of the level set function leads to
a non-convergent approximation of the interface curvature when that curvature

is approximated by using the level set function.

o Comparison of the simulation results of the developed dual interface method
with results from three general-purpose CFD packages (Fluent, STAR-CCM+ and
OpenFOAM) for the rising bubble test cases shows a good agreement, both for
the bubble shape and for the terminal rise velocity. There is also good agreement

with lab experiments.

o The time-explicit VoF advection becomes highly inaccurate when flow in the polar
plane through the origin at r = 0 is present. This is caused by angular velocities
that become infinite, and the subsequent instantaneous movement of the interface

cannot be captured by explicit methods.

e Modal stability theory of two-phase pipe flows can successfully be applied to the
development of temporal instabilities in the case of an axisymmetric interface in
a core-annular flow. The developed interface algorithm is capable of accurately

approximating the predicted growth rate for a given perturbation of the interface.

o Performance tests show that the developed interface algorithm generally takes

only 5 — 10% of CPU time during each time step. Furthermore, results from large
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test cases with more than 10° cells show good strong scaling properties of the

algorithm.

This study has led to new software for solving two-phase pipeline problems that
are of industrial interest. The robustness, speed and accuracy of the CFD algorithm
was demonstrated for a number of test cases. Strengths and weaknesses of the ap-
plied numerical methods have been identified. It is clear that more work is needed
to prove the performance for more challenging test cases, such as turbulent (rather
than laminar) two-phase flow, the interaction of a turbulent and wavy interface, hy-
drodynamic slug flow, entrainment of gas bubbles in a liquid layer, or entrainment
of liquid droplets in a gas layer. In the previous chapter, recommendations were
given for further research on the numerical aspects that will make the handling of
these more difficult test cases possible. Success means the ability to perform 2D
and 3D simulations in a robust, fast, and accurate manner, for real-life engineering
two-phase pipe flow conditions. This is clearly within reach, and the demonstrated
success has and will help to make multiphase CFD more mature, and bring it to a
level of reliability comparable to the level at which we nowadays carry out single

phase simulations.






Appendix

Proofs of mimetic inner products

In this appendix, the proofs that are referred to in section 2.2.4 are provided.

Proposition. Forany p € HC and u € HS on an infinite domain, it holds that (Du, p)yc =
—(u,Gp)us.

Proof. Let p € HC and u = (u,, up,u;) € HS. We start with the inner product
(Du, p)pc. For cell I, this is given by:

Tip1Uy — T _1Ur_ Ug — Ug
_ i+5 " Tlter i—5 Tl-er T+eg I-ey
(DW p)nc = Vi ( rilAF; + riAO
iR i
Z/IZIJre — Uz,
4+ ———= Al
Az p1 (AD)

— (AGAzk(riJr%umey — ”i_%”rlfe,) + AriAzk(u91+e9 — M91786>

+ 1iATiAO (12, — Uz ,.)) PI (A.2)

where Vi = r;Ar;AOAz; is the volume of cell I. Then, for the inner product (u, Gp)ys,

we collect all contributions to an arbitrary py. For an arbitrary cell I:

— AT’iAQAZk

(4, Gphs; = = 2(p1 — prze,) 2(prize, — p1)

r._1 +7r. 1u
i—g e Ari_q + Ar; ig " rer Ar; + Arjyq
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+7’i< 20— prze) |, Z(PHZ—PI))]

ez Azp_q + Az “ltez Azy + Azp
(A.3)
Collecting all radial contributions to py gives:
from cell I-2e, from cell I4+2e,
27, _1Up_, 2;’i+lu,I+e
2 ZAr 1 ABA _t7e e Ar: 1 AOA _tra e
5 ri—1 Zk (Ari—l +Ar,~> +Ari Zk (Ari A
2r., 1Uy 2r. 1Up
+5 Tl+er i—5 Tl—er
Ar;AOA o - , A4
AT %k <A1’,‘ + Ariqq Ari_1+ Ari> ( )

from cell 1

which after simplification reduces to —A0Az; (rl. +1 Urpe — T 1 Urp_q, ) In a similar

way, collecting all angular contributions to py gives:

from cell I-2eg from cell I+2eg
AriAzy —— —— A5
_T _uel—eg _uelfeg + uQIJreG u91+eg 4 ( : )
from cell I

which reduces to —Ar;Azy(ug, e T ugl_ee). Finally, for the axial contributions, we

get:
from cell I-2e, from cell 1
TI'AT’Z'AQ ZAZk,1 ZAZk ZAZk
- - le_e *71/[21_55 + 7uzl+e
2 AZk,1 + AZk = AZk,1 + AZk = AZk + AZk+1 z
2Az) 4

, A6
Azg + Azpyq Hetve: (4.6)

from cell I+2e,

which reduces to —7;Ar;A8(uz,, — Uz, ). Comparing the coefficient for p; from
equation A.2 and the cumulative coefficient from equations A.4, A.5 and A.6 shows

that after summation over the entire computational grid it holds that (Du, p)gc =
—(u,Gp)us. O
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Proposition. For any w € HL and u € HS on an infinite domain, it holds that
(Cw, u)ys = (w, Cu)y.

Proof. Let w = (,w,{) € HL and u = (uy, ug,u;) € HS. We collect the compo-
nents of w in both inner products. For 71, e,+e., there are contributions from cells
I, 1+2ey, I+2e, and I +2ey + 2e,. The sum of the contributions to the term
Hitey+e. from the inner product (Cw, u)ys is:

from cell I from cell I+2ey
riAriAOAzy | Ubrie, Uz, 4 Ubriey,  Uzrpneyre,
2 AZk Tl'AB AZk rl-AG

— , A7
2 AZk+1 TZ'AQ AZk+1 TiAG ( )

from cell I42e, from cell I+2ep+2e;
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which reduces to:
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The contributions from the inner product (w, Cu) consist of:
from cells I, I+2ey from cells I+2e; I+2eg+2e;
—_—— —_——— =
9. riAriAGAzk 12, FiAriAQAZk_H (Cu)71+e9+ez
2 2 2
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= r,-Ar,AG%(Cu)meweZ, (A9)

which after substitution of equation 2.44 becomes exactly equation A.8. Hence, for
an arbitrary #jy1e,+e,, both inner products yield the same contributions. Then we
collect all contributions to wyye,+e,- These stem from cells I, I+2e,, I+ 2e, and

I+2e, +2e;. From the inner product (Cw, u)ys, we get:

r1AB from cell 1 from cell I+2e,
i+3
> —Arillyy,,, T Dzgllzy =Dty — DZglz . (A.10)
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+ Ariu’l+er+2ez + Azk+1uzl+ez + Ari+lu71+e,+2ez - Azk+1uzl+2ey+ez 1'

from cell I4+2e, from cell I+2e,+2e;
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From the inner product (w, Cu), we collect:

from cell 1 from cell 1+2e,
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Al2
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from cell I+2e, from cell I+2e,+2e;
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After substitution of (Cu)g, rerie, frOM equation 2.46, we get exactly the result of

equation A.11. Finally, collecting all contributions to €I+er+e9 fromecellsI, I +2e,,
I+2epand I+ 2e, + 2 ey, we get from the inner product (Cw, u)ys:

from cell 1 from cell I+2e,
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From the inner product (w, Cu)z, we collect:

from cells T and I+2ey from cells I+2e; and I+2e,+2¢eg
ri + 1ip1 AriAOAzy ri + 1ip1 Arip 1 ABAzZ —
2 2 2 2 (Cu)

(A.16)
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After substitution of equation 2.48, the resulting expression is exactly equation A.15.
For the specific case of k,» the inner product (Cw, u)ys get contributions from all

cells around the axis:

r1Ar;AOAz Ug,. +Ug_,
# | Y % =180z, Uy, e,/ (A.18)
I,l:1,k:k0 ! I,l:1,k:k0
while the inner product (w, Cu)y . yields:
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and after substitution of equation 2.49, this gives:
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which is precisely equation A.18. O






Bibliography

[1] A. Abba and L. Bonaventura. A mimetic finite difference discretization for
the incompressible Navier-Stokes equations. International Journal for Numerical
Methods in Fluids, 56(8):1101-1106, 2008.

[2] ].D.P. Aratjo, ].M. Miranda, A.M.ER. Pinto, and J.B.L.M. Campos. Wide-
ranging survey on the laminar flow of individual Taylor bubbles rising through
stagnant Newtonian liquids. International Journal of Multiphase Flow, 43:131-148,
2012.

[3] T. Atmakidis and E.Y. Kenig. A study on the Kelvin-Helmholtz instability
using two different computational fluid dynamics methods. Journal of Compu-
tational Multiphase Flows, 2(1):33-45, 2010.

[4] A. Bagué, D. Fuster, S. Popinet, R. Scardovelli, and S. Zaleski. Instability
growth rate of two-phase mixing layers from a linear eigenvalue problem and
an initial-value problem. Physics of Fluids, 22(9):092104, 2010.

[5] J.W. Banks, T. Aslam, and W.]. Rider. On sub-linear convergence for linearly
degenerate waves in capturing schemes. Journal of Computational Physics, 227
(14):6985-7002, 2008.

[6] E. Barbosa and O. Daube. A finite difference method for 3D incompressible
flows in cylindrical coordinates. Computers & Fluids, 34(8):950-971, 2005.

[7] I. Barmak, A. Y. Gelfgat, A. Ullmann, and N. Brauner. On the Squire’s transfor-
mation for stratified two-phase flows in inclined channels. International Journal
of Multiphase Flow, 88:142-151, 2017.

147



148

[8] D. Barnea and Y. Taitel. Kelvin-Helmholtz stability criteria for stratified flow:
viscous versus non-viscous (inviscid) approaches. International Journal of Mul-
tiphase Flow, 19(4):639-649, 1993.

[9] Y. Bartosiewicz, J. Laviéville, and ].-M. Seynhaeve. A first assessment of the
NEPTUNE_CEFD code: Instabilities in a stratified flow comparison between the
VOF method and a two-field approach. International Journal of Heat and Fluid
Flow, 29(2):460-478, 2008.

[10] M. Birvalski. Experiments in stratified gas-liquid pipe flow. PhD thesis, Delft
University of Technology, 2015.

[11] P.A.M. Boomkamp, B.]. Boersma, R.H.M. Miesen, and G.V. Beijnon. A Cheby-
shev collocation method for solving two-phase flow stability problems. Journal
of Computational Physics, 132(2):191-200, 1997.

[12] G. Bornia, A. Cervone, S. Manservisi, R. Scardovelli, and S. Zaleski. On the
properties and limitations of the height function method in two-dimensional
Cartesian geometry. Journal of Computational Physics, 230(4):851-862, 2011.

[13] A. Bourlioux. A coupled level-set volume-of-fluid algorithm for tracking mate-
rial interfaces. In Proceedings of the 6th international symposium on computational
fluid dynamics, Lake Tahoe, CA, volume 15, 1995.

[14] J.U. Brackbill, D.B. Kothe, and C. Zemach. A continuum method for modeling
surface tension. Journal of Computational Physics, 100(2):335-354, 1992.

[15] J.D. Bugg and G.A. Saad. The velocity field around a Taylor bubble rising
in a stagnant viscous fluid: numerical and experimental results. International
Journal of Multiphase Flow, 28(5):791-803, 2002.

[16] J.C. Campbell and M.]J. Shashkov. A tensor artificial viscosity using a mimetic
finite difference algorithm. Journal of Computational Physics, 172(2):739-765,
2001.

[17] J.C. Campbell, ].M. Hyman, and M.J. Shashkov. Mimetic finite difference oper-
ators for second-order tensors on unstructured grids. Computers & Mathematics
with Applications, 44(1-2):157-173, 2002.

[18] S.J. Cummins, M.M. Francois, and D.B. Kothe. Estimating curvature from vol-
ume fractions. Computers & Structures, 83(6):425-434, 2005.



149

[19] L. B. da Veiga and G. Manzini. A higher-order formulation of the mimetic
finite difference method. SIAM Journal on Scientific Computing, 31(1):732-760,
2008.

[20] B.J. Daly. Numerical study of the effect of surface tension on interface instabil-
ity. Physics of Fluids (1958-1988), 12(7):1340-1354, 1969.

[21] E. Denner and B.G.M. van Wachem. Fully-coupled balanced-force VOF frame-
work for arbitrary meshes with least-squares curvature evaluation from vol-
ume fractions. Numerical Heat Transfer, Part B: Fundamentals, 65(3):218-255,
2014.

[22] F. Denner, D.R. van der Heul, G.T. Oud, M.M. Villar, A. da Silveira Neto,
and B.G.M. van Wachem. Comparative study of mass-conserving interface
capturing frameworks for two-phase flows with surface tension. International
Journal of Multiphase Flow, 61:37-47, 2014.

[23] O. Desjardins, G. Blanquart, G. Balarac, and H. Pitsch. High order conservative
finite difference scheme for variable density low Mach number turbulent flows.
Journal of Computational Physics, 227(15):7125-7159, 2008.

[24] P.G. Drazin and W.H. Reid. Hydrodynamic stability. Cambridge University
Press, 2004.

[25] A. du Chéné, C. Min, and F. Gibou. Second-order accurate computation of
curvatures in a level set framework using novel high-order reinitialization
schemes. Journal of Scientific Computing, 35(2-3):114-131, 2008.

[26] V. Dyadechko and M. Shashkov. Moment-of-fluid interface reconstruction. Los
Alamos report LA-UR-05-7571, 2005.

[27] V. Dyadechko and M. Shashkov. Reconstruction of multi-material interfaces
from moment data. Journal of Computational Physics, 227(11):5361-5384, 2008.

[28] J.G.M Eggels. Direct and large eddy simulation of turbulent flow in a cylindrical pipe
geometry. PhD thesis, Delft University of Technology, 1994.

[29] A. Ervik, K.Y. Lervag, and S.T. Munkejord. A robust method for calculating in-
terface curvature and normal vectors using an extracted local level set. Journal
of Computational Physics, 257:259-277, 2014.

[30] E. Fan and M. Bussmann. Piecewise linear volume tracking in spherical coor-
dinates. Applied Mathematical Modelling, 37(5):3077-3092, 2013.



150

[31] S. Fleau, S. Mimouni, N. Mérigoux, and S. Vincent. Simulations of two-phase
flows with a multifield approach. In Proceedings of Computational Heat Transfer
conference CHT-15, May 2015.

[32] M.M. Francois, S.J. Cummins, E.D. Dendy, D.B. Kothe, ].M. Sicilian, and M.W.
Williams. A balanced-force algorithm for continuous and sharp interfacial
surface tension models within a volume tracking framework. Journal of Com-
putational Physics, 213(1):141-173, 2006.

[33] K. Fukagata and N. Kasagi. Highly energy-conservative finite difference
method for the cylindrical coordinate system. Journal of Computational Physics,
181(2):478-498, 2002.

[34] M. Germano. On the effect of torsion on a helical pipe flow. Journal of Fluid
Mechanics, 125:1-8, 1982.

[35] V.R. Gopala and B.G.M. van Wachem. Volume of fluid methods for immiscible-
fluid and free-surface flows. Chemical Engineering Journal, 141(1):204-221, 2008.

[36] M.D. Griffin, E. Jones, and J.D. Anderson. A computational fluid dynamic
technique valid at the centerline for non-axisymmetric problems in cylindrical
coordinates. Journal of Computational Physics, 30(3):352-360, 1979.

[37] L.-J. Guo, G.-]. Li, and X.-J. Chen. A linear and non-linear analysis on interfacial
instability of gas-liquid two-phase flow through a circular pipe. International
Journal of Heat and Mass Transfer, 45(7):1525-1534, 2002.

[38] EH. Harlow and J.E. Welch. Numerical calculation of time-dependent viscous
incompressible flow of fluid with free surface. Physics of Fluids, 8(12):2182,
1965.

[39] D.J.E. Harvie, M.R. Davidson, and M. Rudman. An analysis of parasitic current
generation in volume of fluid simulations. Applied Mathematical Modelling, 30
(10):1056-1066, 2006.

[40] J. Herndndez, ]. Lopez, P. Gémez, C. Zanzi, and E Faura. A new volume of
fluid method in three dimensions-part i: Multidimensional advection method
with face-matched flux polyhedra. International Journal for Numerical Methods
in Fluids, 58(8):897-921, 2008.

[41] C.W. Hirt and B.D. Nichols. Volume of fluid (VOF) method for the dynamics
of free boundaries. Journal of Computational Physics, 39(1):201-225, 1981.



151

[42] J.G. Hnat and ].D. Buckmaster. Spherical cap bubbles and skirt formation.
Physics of Fluids (1958-1988), 19(2):182-194, 1976.

[43] J.M. Hyman and M. Shashkov. Adjoint operators for the natural discretizations
of the divergence, gradient and curl on logically rectangular grids. Applied
Numerical Mathematics, 25(4):413-442, 1997.

[44] J.M. Hyman and M. Shashkov. Natural discretizations for the divergence, gra-
dient, and curl on logically rectangular grids. Computers & Mathematics with
Applications, 33(4):81-104, 1997.

[45] W.]Jang, ]. Jilesen, E.S. Lien, and H. Ji. A study on the extension of a VOF/PLIC
based method to a curvilinear co-ordinate system. International Journal of Com-
putational Fluid Dynamics, 22(4):241-257, 2008.

[46] AM.C. Janse, PE. Dijk, and J.A.M. Kuipers. The volume of fluid method in
spherical coordinates. International Journal of Numerical Methods for Heat & Fluid
Flow, 10(7):654-674, 2000.

[47] M. Jemison, E. Loch, M. Sussman, M. Shashkov, M. Arienti, M. Ohta, and
Y. Wang. A coupled level set-moment of fluid method for incompressible two-
phase flows. Journal of Scientific Computing, 54(2-3):454-491, 2013.

[48] S.Y. Kadioglu and D.A. Knoll. A fully second order implicit/explicit time in-
tegration technique for hydrodynamics plus nonlinear heat conduction prob-
lems. Journal of Computational Physics, 229(9):3237-3249, 2010.

[49] S.Y. Kadioglu and D.A. Knoll. A jacobian-free Newton Krylov implicit-explicit
time integration method for incompressible flow problems. Communications in
Computational Physics, 13(05):1408-1431, 2013.

[50] C. Kang, S. Quan, and ]. Lou. Numerical study of a Taylor bubble rising in
stagnant liquids. Phys. Rev. E, 81:066308, 2010.

[51] M. Kang, R. Fedkiw, and X. Liu. A boundary condition capturing method for
multiphase incompressible flow. Journal of Scientific Computing, 15(3):323-360,
2000.

[52] J. Li and Y. Renardy. Numerical study of flows of two immiscible liquids at
low Reynolds number. SIAM review, 42(3):417-439, 2000.

[53] K. Lipnikov, G. Manzini, and M. Shashkov. Mimetic finite difference method.
Journal of Computational Physics, 257:1163-1227, 2014.



152

[54] J.-G. Liu and W.-C. Wang. Energy and helicity preserving schemes for hydro-
and magnetohydro-dynamics flows with symmetry. Journal of Computational
Physics, 200(1):8-33, 2004.

[55] E.W. Llewellin, E. Del Bello, J. Taddeucci, P. Scarlato, and S.J. Lane. The thick-
ness of the falling film of liquid around a Taylor bubble. Proceedings of the
Royal Society A: Mathematical, Physical and Engineering Science, 468(2140):1041-
1064, 2012.

[56] J. Lépez and J. Herndndez. On reducing interface curvature computation errors
in the height function technique. Journal of Computational Physics, 229(13):4855—
4868, 2010.

[57] X. Lu and A. Prosperetti. A numerical study of Taylor bubbles. Industrial &
Engineering Chemistry Research, 48(1):242-252, 2008.

[58] P. Macklin and J. Lowengrub. An improved geometry-aware curvature dis-
cretization for level set methods: application to tumor growth. Journal of Com-
putational Physics, 215(2):392-401, 2006.

[59] H.K. Moffatt and A. Tsinober. Helicity in laminar and turbulent flow. Annual
Review of Fluid Mechanics, 24(1):281-312, 1992.

[60] Y. Morinishi, T.S. Lund, O.V. Vasilyev, and P. Moin. Fully conservative higher
order finite difference schemes for incompressible flow. Journal of Computational
Physics, 143(1):90-124, 1998.

[61] Y. Morinishi, O.V. Vasilyev, and T. Ogi. Fully conservative finite difference
scheme in cylindrical coordinates for incompressible flow simulations. Journal
of Computational Physics, 197(2):686-710, 2004.

[62] K. Mukundakrishnan, S. Quan, D.M. Eckmann, and P.S. Ayyaswamy. Numer-
ical study of wall effects on buoyant gas-bubble rise in a liquid-filled finite
cylinder. Physical Review E, 76(3):036308, 2007.

[63] K. Najmi, B.S. McLaury, S.A. Shirazi, and S. Cremaschi. Experimental study of
low concentration sand transport in wet gas flow regime in horizontal pipes.
Journal of Natural Gas Science and Engineering, 24:80-88, 2015.

[64] R. Nourgaliev, 5. Kadioglu, and V. Mousseau. Marker redistancing/level set
method for high-fidelity implicit interface tracking. SIAM Journal on Scientific
Computing, 32(1):320-348, 2010.



153

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

G. Ooms. The hydrodynamic stability of core-annular flow of two ideal liquids.
Applied Scientific Research, 26(1):147-158, 1972.

S. Osher and J.A. Sethian. Fronts propagating with curvature-dependent
speed: algorithms based on Hamilton-Jacobi formulations. Journal of Com-
putational Physics, 79(1):12-49, 1988.

G.T. Oud, D.R. van der Heul, C. Vuik, and R.A.W.M. Henkes. A fully conserva-
tive mimetic discretization of the Navier-Stokes equations in cylindrical coor-
dinates with associated singularity treatment. Journal of Computational Physics,
325:314-337, 2016.

M. Owkes and O. Desjardins. A Discontinuous Galerkin conservative level set
scheme for interface capturing in multiphase flows. Journal of Computational
Physics, 249:275-302, 2013.

S. Popinet and S. Zaleski. A front-tracking algorithm for accurate representa-
tion of surface tension. International Journal for Numerical Methods in Fluids, 30
(6):775-793, 1999.

L.G. Rebholz. An energy- and helicity-conserving finite element scheme for the
Navier-Stokes equations. SIAM Journal on Numerical Analysis, 45(4):1622-1638,
2007.

M. Renardy. A possible explanation of 4AIJbamboo wavesaAl in core-annular
flow of two liquids. Theoretical and Computational Fluid Dynamics, 4(2):95-99,
1992.

Y. Renardy and M. Renardy. Prost: a parabolic reconstruction of surface tension
for the volume-of-fluid method. Journal of Computational Physics, 183(2):400—
421, 2002.

G. Russo and P. Smereka. A remark on computing distance functions. Journal
of Computational Physics, 163(1):51-67, 2000.

K. Salari and P. Knupp. Code verification by the Method of Manufactured
Solutions. Technical report, Sandia National Labs., Albuquerque, NM (US);
Sandia National Labs., Livermore, CA (US), 2000.

Y. Salhi, E.-K. Si-Ahmed, J. Legrand, and G. Degrez. Stability analysis of in-
clined stratified two-phase gas-liquid flow. Nuclear Engineering and Design, 240
(5):1083-1096, 2010.



154

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

B. Sanderse. Energy-conserving Runge-Kutta methods for the incompressible
Navier-Stokes equations. Journal of Computational Physics, 233:100-131, 2013.

J. A. Sethian. Level Set Methods and Fast Marching Methods. Cambridge Mono-
graphs on Applied and Computational Mathematics. Cambridge University
Press, second edition, 1999. ISBN 9780521645577.

M. Shashkov. Comnservative Finite-Difference Methods on General Grids. Symbolic
& Numeric Computation. Taylor & Francis, 1995. ISBN 9780849373756.

K. Sidi-Ali and R. Gatignol. Interfacial friction factor determination using cfd
simulations in a horizontal stratified two-phase flow. Chemical Engineering Sci-
ence, 65(18):5160-5169, 2010.

L. Strubelj and L. Tiselj. Numerical simulations of basic interfacial instabilities
with incompressible two-fluid model. Nuclear Engineering and Design, 241(4):
1018-1023, 2011.

D.L. Sun and W.Q. Tao. A coupled volume-of-fluid and level set (VOSET)
method for computing incompressible two-phase flows. International Journal of
Heat and Mass Transfer, 53(4):645-655, 2010.

M. Sussman and M. Ohta. High-order techniques for calculating surface ten-
sion forces. In Free Boundary Problems, pages 425-434. Springer, 2006.

M. Sussman and E.G. Puckett. A coupled level set and volume-of-fluid method
for computing 3D and axisymmetric incompressible two-phase flows. Journal
of Computational Physics, 162(2):301-337, 2000.

M. Sussman, P. Smereka, and S. Osher. A level set approach for computing
solutions to incompressible two-phase flow. Journal of Computational Physics,
114(1):146-159, 1994.

M. Sussman, K.M. Smith, M.Y. Hussaini, M. Ohta, and R. Zhi-Wei. A sharp
interface method for incompressible two-phase flows. Journal of Computational
Physics, 221(2):469-505, 2007.

T. Taha and Z.F. Cui. CFD modelling of slug flow in vertical tubes. Chemical
Engineering Science, 61(2):676-687, 2006.

Y. Taitel and A.E. Dukler. A model for predicting flow regime transitions
in horizontal and near horizontal gas-liquid flow. AIChE Journal, 22(1):47-55,
1976.



155

(88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

S.A. Thorpe. Experiments on the instability of stratified shear flows: immisci-
ble fluids. Journal of Fluid Mechanics, 39(01):25-48, 1969.

A. Ullmann and N. Brauner. Closure relations for two-fluid models for two-
phase stratified smooth and stratified wavy flows. International Journal of Mul-
tiphase Flow, 32(1):82-105, 2006.

S.P. Van der Pijl, A. Segal, C. Vuik, and P. Wesseling. A mass-conserving level-
set method for modelling of multi-phase flows. International Journal for Numer-
ical Methods in Fluids, 47(4):339-361, 2005.

R.W.C.P. Verstappen and A.E.P. Veldman. Symmetry-preserving discretization
of turbulent flow. Journal of Computational Physics, 187(1):343-368, 2003.

R. Verzicco and P. Orlandi. A finite difference scheme for three-dimensional in-
compressible flows in cylindrical coordinates. Journal of Computational Physics,
123(2):402-414, 1996.

M. Vinokur. Conservation equations of gasdynamics in curvilinear coordinate
systems. Journal of Computational Physics, 14(2):105-125, 1974.

G.D. Weymouth and D. Yue. Conservative volume-of-fluid method for free-
surface simulations on cartesian-grids. Journal of Computational Physics, 229(8):
2853-2865, 2010.

E.T. White and R.H. Beardmore. The velocity of rise of single cylindrical air
bubbles through liquids contained in vertical tubes. Chemical Engineering Sci-
ence, 17(5):351-361, 1962.

X. Yang, AJ. James, ]J. Lowengrub, X. Zheng, and V. Cristini. An adaptive
coupled level-set/volume-of-fluid interface capturing method for unstructured
triangular grids. Journal of Computational Physics, 217(2):364-394, 2006.

C. Yih. Stability of two-dimensional parallel flows for three-dimensional dis-
turbances. Quarterly of Applied Mathematics, 12(4):434-435, 1955.

M. Zoeteweij. Long liquid slugs in horizontal tubes. PhD thesis, Delft University
of Technology, 2007.






Summary

HIS RESEARCH ENTAILS the numerical simulation of physical flow instabilities
Tthat can occur in two-phase pipe flows with a new efficient algorithm. The flu-
ids are assumed to be immiscible, and the flow is incompressible and isothermal in
a straight circular pipe section with a certain inclination. The numerical algorithm
that was developed consists of a flow solver and a sharp interface model that solve
the Navier-Stokes equations in cylindrical coordinates. The simulation results ob-
tained with the new method are validated through comparison with other models
and with experiments. The focus lies on obtaining an accurate and efficient algo-
rithm that can ultimately be used for Direct Numerical Simulations or Large Eddy

Simulations of turbulent two-phase pipe flows.

First, an improved approximation of the Navier-Stokes equations in cylindrical co-
ordinates was derived based on mimetic principles. Instead of minimizing the trun-
cation error, this approach aims at discretely satisfying as many of the continuous
vector identities as possible. The resulting finite difference discretization spatially
conserves mass, momentum and kinetic energy on non-uniform grids for inviscid
flows when used in conjunction with a suitable time integration method. Exten-
sive numerical testing demonstrates that the discretization is second order accurate.
In particular, the coordinate singularity at the pipe centre, which causes significant
problems in existing numerical methods, is incorporated consistently in the mimetic

framework.

The proposed discretization is currently only applicable to constant-viscosity flows,
and therefore a different variable-viscosity Navier-Stokes discretization (that does
not conserve kinetic energy) is used for the two-phase flow simulations. In this ap-
proach, the Navier-Stokes equations in cylindrical coordinates are solved on a stag-
gered cylindrical grid. The spatial discretization is based on a second order finite

difference discretization of the Navier-Stokes equations, and a projection scheme is
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used to advance the flow field in time. The momentum equations are linearized
using Newton linearization, and the resulting semi-discrete system is solved using
the Implicit Midpoint time integration method with a Jacobi preconditioner. The
Poisson equation for the pressure is solved using the Conjugate Gradient method

with an Incomplete Cholesky preconditioner (block IC for the parallel algorithm).

In addition to the flow solver, a dual interface algorithm consisting of an efficient
combination of the Level Set method and the Volume of Fluid (VoF) method was
constructed in cylindrical coordinates. The straightforward interface representation
of the Level Set method is supplemented with the inherent volume conservation
of the VoF method, thereby creating a method that is superior to either of its con-
stituents. Both the Level Set function and the VoF function are retained on the
cylindrical grid, and they are coupled through a computationally efficient function.
A conservative dimensionally split advection algorithm that is second order accu-
rate in space is used for both variables, which results in exact conservation of the

volume fractions.

The analysis of the time-explicit advection of the VoF field shows that it is unable to
capture the interface accurately whenever it traverses the origin in the polar plane.
To remedy this, a VoF redistribution algorithm was derived that significantly im-

proves the VoF advection accuracy near the polar origin.

The jump conditions at the interface are modeled with the Ghost Fluid method. The
fluid density is based on the VoF value, while the viscosity is smeared out along
a narrow tube around the interface. The approximation of the interface curvature,
which is required when surface tension is present, is calculated with the VoF-based

Height Function method that has been extended to cylindrical domains.

The complete algorithm has been implemented in Fortran 90 and was validated
using a comprehensive test suite. The numerical results were compared with a
variety of rising bubbles to investigate the performance and the accuracy of the
method. Good agreement is generally found for the terminal rising velocities and
for the bubble shapes. Based on modal stability theory, the algorithm shows an
excellent ability in capturing the predicted growth factor of a perturbed axisym-
metric surface. The full 3D algorithm has finally been validated by comparison

with experiments for Kelvin-Helmholtz waves in horizontally inclined pipes.



Samenvatting

IT ONDERZOEK BETREFT de numerieke simulatie van fysische instabiliteiten die
Dgevormd kunnen worden in twee-fase buisstromingen met een nieuw efficient
algoritme. De fluida worden als onmengbaar beschouwd, en de stroming is in-
compressibel en isotherm door een rechte buis onder een gegeven helling. Het
numerieke algoritme dat is ontwikkeld bestaat uit een stromingsmodel en een
scherp interface model die beiden worden gebruikt om de Navier-Stokes verge-
lijkingen in cylindrische coordinaten op te lossen. De verkregen simulatieresul-
taten zijn gevalideerd door vergelijking met andere modellen en met experimenten.
De nadruk ligt op het verkrijgen van een nauwkeurig en efficient algoritme dat
uiteindelijk gebruikt kan worden voor Directe Numerieke Simulaties of Large-Eddy

Simulaties van turbulente twee-fase buisstromingen.

De eerste stap in het onderzoek was het afleiden van een verbeterde benadering van
de Navier-Stokes vergelijkingen in cylindrische coordinaten gebaseerd op mime-
tische principes. In plaats van het minimalizeren van de lokale discretizatiefout
heeft een mimetische methode het doel om zo veel mogelijk vectoridentiteiten
die gelden op continu niveau ook op het discrete niveau te laten gelden. De re-
sulterende eindige differentie discretizatie behoudt zowel massa, momentum als
kinetische energie op niet-uniforme roosters voor niet-visceuze stromingen indien
een geschikte tijdsintegratiemethode wordt gebruikt. Uitgebreide numerieke testen
laten zien dat de discretizatie een tweede orde nauwkeurigheid heeft. De aan-
pak van de coordinaatsingulariteit in het midden van de buis, welke voor aanzien-
lijke problemen zorgt in bestaande numerieke methoden, volgt consistent uit de

mimetische methode.
De afgeleide discretizatie is momenteel alleen toepasbaar op stromingen met een

constante viscositeit. Om die reden is een andere Navier-Stokes discretizatie ge-

bruikt voor de twee-fase stroming simulaties. Deze discretizatie behoudt geen
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kinetische energie, maar is wel toepasbaar op stromingen met variable viscositeit.
Bij deze aanpak worden de Navier-Stokes vergelijkingen in cylindercoordinaten
opgelost op een versprongen cylindrisch rooster. De ruimtelijke discretizatie is
gebaseerd op een tweede orde eindige differentie methode, en de tijdsdiscretiza-
tie maakt gebruikt van een projectie-algoritme. De momentumvergelijkingen wor-
den gelinearizeerd met behulp van Newton linearizatie, en het resulterende semi-
discrete systeem wordt opgelost door de Impliciete Middelpunt methode met Ja-
cobi voorbewerking. De Poisson vergelijking voor de druk wordt opgelost door de
Geconjugeerde Gradienten methode met Incomplete Cholesky voorbewerking (blok
IC bij de parallelle implementatie).

Naast de stromingsdiscretizatie is ook een interface algoritme in cylindercoordi-
naten ontwikkeld dat bestaat uit een efficiente combinatie van de Level Set methode
en de Volume of Fluid (VoF) methode. De eenvoudige interface representatie van
de Level Set methode wordt aangevuld met het inherente volumebehoud van de
VoF methode, waardoor een hybride algoritme ontstaat dat superieur is aan elk van
beide individuele technieken. Zowel de Level Set functie als de VoF functie worden
gebruikt op het rooster, en beiden worden gekoppeld door een numeriek efficiente
relatie. Beide variabelen worden door een tweede orde nauwkeurig advectie algo-
ritme getransporteerd, waarbij individuele volume fracties tot op machine precisie

worden behouden.

Een analyze van de expliciete advectie van het VOF veld laat zien dat deze niet in
staat blijkt het interface nauwkeurig te modelleren wanneer dit door de oorsprong
van het poolvlak beweegt. Om de nauwkeurigheid te vergroten is een VoF herdis-
tributie algoritme ontwikkeld dat significant verbeterde resultaten geeft in de buurt

van de cylindrische oorsprong.

De discontinuiteiten die ontstaan bij het interface worden gemodelleerd met de
Ghost Fluid methode. The dichtheid van de fluida is gebaseerd op de VoF waar-
den, en de viscositeit is uitgesmeerd over een dunne laag rond het interface. De
benadering van de kromming van het interface, welke nodig is voor stromingen
met oppervlaktespanning, is gebaseerd op de Hoogte Functie methode die is uitge-

breid naar cylindrische domeinen.

Het volledige algoritme is geimplementeerd in Fortran 90, en vervolgens gevalideerd
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aan de hand van een uitgebreid scala aan testen. De numerieke resultaten zijn
vergeleken met een aantal experimentele resultaten van stijgende bellen om de
nauwkeurigheid van het algoritme te onderzoeken. Er wordt een goede nauwkeurig-
heid gevonden voor de stijgsnelheden en de vorm van de bellen. Het algoritme
toont bijzonder goede resultaten bij het voorspellen van groeifactoren van een ver-
stoord axisymmetrisch interface op basis van modale stabiliteitstheorie. Het volledi-
ge 3D algoritme werd uiteindelijk ook gevalideerd door vergelijking met experi-

menten voor Kelvin-Helmholtz golven in een horizontale buis.
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