
]

D
el

ft
U

ni
ve

rs
it

y
of

Te
ch

no
lo

gy

Interaction-aware
autonomous drone
racing
Master Thesis

Andrei-Carlo Papuc



Interaction-aware
autonomous drone

racing
Master Thesis

by

Andrei-Carlo Papuc

to obtain the degree of Master of Science

at the Delft University of Technology,

to be defended publicly on Monday 31 March, 2025 at 10:00 AM.

Student number: 4772385
Project duration: April 1, 2024 – March 31, 2025
Thesis committee: Prof. J. Alonso-Mora, TU Delft, Main supervisor

Ir. L. Peters, TU Delft, Daily supervisor
Prof. L. Ferranti, TU Delft

This thesis is confidential and cannot be made public until June 31, 2025.

Cover: Drone Racing League under CC BY-NC 2.0

An electronic version of this thesis is available at .

http://repository.tudelft.nl/


Acknowledgements

This thesis marks the culmination of my studies at Delft University of Technology, a journey made
possible by many wonderful individuals who supported me academically, professionally, and personally.

On a professional note, first and foremost, I want to express my deepest gratitude to my daily supervisor,
Lasse Peters, for his exceptional guidance, patience, and dedication. I greatly appreciate all the time
he spent explaining concepts, discussing progress, and collaboratively exploring ways to improve my
work. Our conversations have always been insightful, enjoyable, and motivating. Beyond academia,
I am deeply grateful for the invaluable personal and professional advice he provided, I couldn’t have
asked for a more involved mentor.

I also sincerely thank my co-supervisor, Dr. Sihao Sun, for his guidance, consistent support, and hands-
on assistance throughout my lab experiments. His willingness to helpme tackle numerous experimental
challenges was essential to the success of this thesis.

I am grateful to my main supervisor, Prof. Javier Alonso-Mora, for his expert guidance and willingness
to supervise this project. Though our interactions were less frequent, he always offered insightful
questions, constructive feedback, and perspectives I had not considered. As he jokingly remarked, he
often ”pulled me out of local minima.” Additionally, I would like to thank Prof. Laura Ferranti for kindly
agreeing to participate in my thesis committee and providing valuable feedback on my work.

On a personal note, I must thankmy partner, Alexandra, for patiently enduringmy endless thesis-related
rants and offering unconditional support along the way. Special thanks also go to my friends Alex, Alin,
Madalina, and Georgia for their encouragement and for keeping me distracted exactly when I needed it.
To my good old friends back in Romania, thank you for not forgetting me, even when I was radio silent
or embarrassingly slow to reply; your friendship has meant more than you know. I would also like to
thank my lab mates at AMR for making the challenging times of my Master’s more enjoyable, whether
through insightful discussions or a much-needed cup of coffee.

Of course, I owe immense gratitude to my family, especially my parents, for believing in me, encourag-
ing my ambitions, and always welcoming me home whenever I needed a break.

Finally, I dedicate this thesis to my cat, Cow, for all his supportive meows and comforting purrs, and
to my pet friends Albert, Apollo, Ava, and Pixel, who always managed to brighten even the toughest
days.

Andrei-Carlo Papuc
Delft, March 2025

i



Abstract

Autonomous drone racing presents a unique challenge that requires both high-speed motion planning
and strategic decision-making in a multi-agent setting. Prior work has primarily relied on model predic-
tive control (MPC) methods that treat opponents as dynamic obstacles, limiting their ability to model
strategic interactions. In this work, we formulate drone racing as a dynamic game and introduce game-
theoretic planning methods that compute open-loop Nash equilibria, incorporate blocking strategies,
and accelerate decision-making using learning-based techniques. These methods explicitly model
opponent behavior, allowing drones to anticipate and react strategically in high-speed racing scenar-
ios. To assess the effectiveness of our approach, we conduct a large-scale head-to-head tournament
against MPC-based planners, demonstrating that interaction-aware planning enables more effective
overtaking and defensive strategies, leading to a higher wining rate. However, computational delays
in high-speed decision-making can limit performance, highlighting the need for efficient techniques
that balance real-time feasibility with strategic adaptability. Our results show that learning-based ac-
celeration significantly improves decision-making speed while preserving competitive advantages. Fi-
nally, high-fidelity simulations and real-world drone racing experiments validate the feasibility of these
methods, confirming their ability to generate reliable and competitive strategies under practical racing
conditions.
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�H�V�V�H�Q�W�L�D�O �I�R�U �H�Q�V�X�U�L�Q�J �P�H�D�Q�L�Q�J�I�X�O �L�Q�W�H�U�D�F�W�L�R�Q�V �E�H�W�Z�H�H�Q �D�J�H�Q�W�V�� �S�U�R�P�R�W�L�Q�J �E�H�K�D�Y�L�R�U�V �V�X�F�K �D�V �R�Y�H�U�W�D�N��
�L�Q�J�� �E�O�R�F�N�L�Q�J�� �D�Q�G �F�R�P�S�H�W�L�W�L�Y�H �S�R�V�L�W�L�R�Q�L�Q�J��



��
�+�E�Q�I �X�L�I�S�V�] �T�V�I�P�M�Q�M�R�E�V�M�I�W

�7�K�L�V �F�K�D�S�W�H�U �L�Q�W�U�R�G�X�F�H�V �W�K�H �I�X�Q�G�D�P�H�Q�W�D�O �F�R�Q�F�H�S�W�V �R�I �J�D�P�H �W�K�H�R�U�\ �U�H�O�H�Y�D�Q�W �W�R �P�X�O�W�L���D�J�H�Q�W �P�R�W�L�R�Q �S�O�D�Q��
�Q�L�Q�J�� �H�V�S�H�F�L�D�O�O�\ �L�Q �W�K�H �F�R�Q�W�H�[�W �R�I �D�X�W�R�Q�R�P�R�X�V �U�D�F�L�Q�J�� �*�D�P�H �W�K�H�R�U�\ �R�I�I�H�U�V �D �P�D�W�K�H�P�D�W�L�F�D�O �I�U�D�P�H�Z�R�U�N
�W�R �P�R�G�H�O �L�Q�W�H�U�D�F�W�L�R�Q�V �Z�K�H�U�H �W�K�H �R�X�W�F�R�P�H �I�R�U �H�D�F�K �S�D�U�W�L�F�L�S�D�Q�W �G�H�S�H�Q�G�V �R�Q �W�K�H �D�F�W�L�R�Q�V �R�I �R�W�K�H�U�V�� �7�D�N�L�Q�J
�L�Q�V�S�L�U�D�W�L�R�Q �I�U�R�P �>���@ �>���� �@�� �Z�H �I�L�U�V�W �D�L�P �W�R �P�D�N�H �V�R�P�H �G�L�V�W�L�Q�F�W�L�R�Q�V �E�H�W�Z�H�H�Q �W�K�H �G�L�I�I�H�U�H�Q�W �W�\�S�H�V �R�I �J�D�P�H�V��

�&�R�R�S�H�U�D�W�L�Y�H �Y�V �Q�R�Q���F�R�R�S�H�U�D�W�L�Y�H�,�Q �F�R�R�S�H�U�D�W�L�Y�H �J�D�P�H�V�� �D�J�H�Q�W�V �F�R�R�S�H�U�D�W�H �W�R �L�P�S�U�R�Y�H �F�R�O�O�H�F�W�L�Y�H �R�X�W��
�F�R�P�H�V�� �Z�K�L�O�H �L�Q �Q�R�Q���F�R�R�S�H�U�D�W�L�Y�H �J�D�P�H�V�� �H�D�F�K �D�J�H�Q�W �R�S�W�L�P�L�]�H�V �W�K�H�L�U �R�Z�Q �S�D�\�R�I�I �L�Q�G�H�S�H�Q�G�H�Q�W�O�\�� �5�D�F�L�Q�J
�L�V �L�Q�K�H�U�H�Q�W�O�\ �D �Q�R�Q���F�R�R�S�H�U�D�W�L�Y�H �J�D�P�H �V�L�Q�F�H �H�D�F�K �D�J�H�Q�W ���Y�H�K�L�F�O�H�� �D�L�P�V �W�R �P�D�[�L�P�L�]�H �L�W�V �F�R�P�S�H�W�L�W�L�Y�H �V�X�F��
�F�H�V�V �D�Q�G �Q�R �D�J�H�Q�W �V�K�D�U�H�V �L�W�¶�V �V�W�U�D�W�H�J�L�H�V �Z�L�W�K �W�K�H �R�S�S�R�Q�H�Q�W�V��

�6�W�D�W�L�F �Y�V �G�\�Q�D�P�L�F�,�Q �V�W�D�W�L�F �J�D�P�H�V�� �D�O�O �D�J�H�Q�W�V �F�K�R�R�V�H �W�K�H�L�U �D�F�W�L�R�Q�V �V�L�P�X�O�W�D�Q�H�R�X�V�O�\ �I�R�U �R�Q�O�\ �D �V�L�Q�J�O�H
�L�Q�V�W�D�Q�W �L�Q �W�L�P�H�� �Z�K�H�U�H�D�V �I�R�U �G�\�Q�D�P�L�F �J�D�P�H�V�� �W�K�H �J�D�P�H �L�V �S�O�D�\�H�G �I�R�U �P�X�O�W�L�S�O�H �L�Q�V�W�D�Q�W�V �R�Y�H�U �D �S�H�U�L�R�G �R�I
�W�L�P�H�� �R�Q�H �R�W�K�H�U �Q�D�P�H �I�R�U �W�K�H�V�H �L�V �´�P�X�O�W�L���V�W�D�J�H�´ �J�D�P�H�V��

�)�L�Q�L�W�H �Y�V �L�Q�I�L�Q�W�H�*�D�P�H�V �L�Q �Z�K�L�F�K �W�K�H �Q�X�P�E�H�U �R�I �D�F�W�L�R�Q�V �D�Y�D�L�O�D�E�O�H �W�R �H�D�F�K �S�O�D�\�H�U �L�V �I�L�Q�L�W�H �D�U�H �F�D�O�O�H�G
�I�L�Q�L�W�H �J�D�P�H�V�� �Z�K�L�O�H �J�D�P�H�V �Z�L�W�K �D�Q �X�Q�F�R�X�Q�W�D�E�O�H �Q�X�P�E�H�U �R�I �D�F�W�L�R�Q�V �D�U�H �F�D�O�O�H�G �L�Q�I�L�Q�L�W�H��

�=�H�U�R���V�X�P �Y�V �J�H�Q�H�U�D�O���V�X�P�,�Q �]�H�U�R���V�X�P �J�D�P�H�V�� �R�Q�H �D�J�H�Q�W�¶�V �J�D�L�Q �L�V �E�D�O�D�Q�F�H�G �E�\ �W�K�H �O�R�V�V �R�I �R�W�K�H�U�V��
�5�D�F�L�Q�J �L�V �R�I�W�H�Q �P�R�G�H�O�H�G �D�V �D �]�H�U�R���V�X�P �J�D�P�H�� �Z�K�H�U�H �S�R�V�L�W�L�R�Q�V �D�U�H �G�L�U�H�F�W�O�\ �F�R�P�S�H�W�L�W�L�Y�H ���L���H���� �R�Y�H�U�W�D�N�L�Q�J
�L�P�S�U�R�Y�H�V �R�Q�H �D�J�H�Q�W�¶�V �U�D�Q�N �Z�K�L�O�H �G�H�F�U�H�D�V�L�Q�J �D�Q�R�W�K�H�U�¶�V���� �+�R�Z�H�Y�H�U�� �W�K�L�V �F�R�X�O�G �D�O�V�R �E�H �P�R�G�H�O�H�G �D�V �D
�J�H�Q�H�U�D�O���V�X�P �J�D�P�H�� �Z�K�H�U�H �D�J�H�Q�W�V �K�D�Y�H �L�Q�G�H�S�H�Q�G�H�Q�W �R�E�M�H�F�W�L�Y�H�V �E�X�W �D�O�V�R �V�K�D�U�H�G �J�R�D�O�V�� �O�L�N�H �D�Y�R�L�G�L�Q�J
�F�R�O�O�L�V�L�R�Q�V��

�&�R�Q�V�W�U�D�L�Q�H�G �Y�V �X�Q�F�R�Q�V�W�U�D�L�Q�H�G�&�R�Q�V�W�U�D�L�Q�H�G �J�D�P�H�V �L�Q�F�O�X�G�H �F�R�Q�V�W�U�D�L�Q�W�V �R�Q �S�O�D�\�H�U�¶�V �V�W�D�W�H�V �D�Q�G �D�F��
�W�L�R�Q�V�� �7�K�H�V�H �F�R�Q�V�W�U�D�L�Q�W�V �F�D�Q �R�Q�O�\ �D�S�S�H�D�U �I�R�U �D �V�X�E�V�H�W �R�I �W�K�H �S�O�D�\�H�U�V�� �W�K�H�U�H�¶�V �Q�R �U�H�T�X�L�U�H�P�H�Q�W �W�K�D�W �D�O�O
�S�O�D�\�H�U�V �V�K�R�X�O�G �K�D�Y�H �W�K�H �V�D�P�H �F�R�Q�V�W�U�D�L�Q�W�V�� �8�Q�F�R�Q�V�W�U�D�L�Q�H�G �J�D�P�H�V �G�R �Q�R�W �S�R�V�H �F�R�Q�V�W�U�D�L�Q�W�V �I�R�U �D�Q�\ �S�O�D�\��
�H�U�V��

�3�X�U�H �Y�V �P�L�[�H�G �V�W�U�D�W�H�J�L�H�V�,�Q �S�X�U�H �V�W�U�D�W�H�J�L�H�V�� �D�Q �D�J�H�Q�W �D�O�Z�D�\�V �F�K�R�R�V�H�V �D �V�S�H�F�L�I�L�F �D�F�W�L�R�Q �L�Q �D �G�H�W�H�U�P�L�Q��
�L�V�W�L�F �P�D�Q�Q�H�U�� �Z�K�L�O�H �L�Q �P�L�[�H�G �V�W�U�D�W�H�J�L�H�V�� �W�K�H�\ �U�D�Q�G�R�P�L�]�H �R�Y�H�U �P�X�O�W�L�S�O�H �D�F�W�L�R�Q�V�� �0�L�[�H�G �V�W�U�D�W�H�J�L�H�V �D�U�H �U�H�O�H��
�Y�D�Q�W �Z�K�H�Q �G�H�D�O�L�Q�J �Z�L�W�K �X�Q�F�H�U�W�D�L�Q�W�L�H�V �L�Q �W�K�H �R�S�S�R�Q�H�Q�W�V�¶ �E�H�K�D�Y�L�R�U�V�� �)�R�U �L�Q�V�W�D�Q�F�H�� �D �U�D�F�H�U �P�L�J�K�W �F�K�R�R�V�H �W�R
�S�U�R�E�D�E�L�O�L�V�W�L�F�D�O�O�\ �V�Z�L�W�F�K �E�H�W�Z�H�H�Q �D�J�J�U�H�V�V�L�Y�H �D�Q�G �F�R�Q�V�H�U�Y�D�W�L�Y�H �G�U�L�Y�L�Q�J �P�R�G�H�V �W�R �P�D�L�Q�W�D�L�Q �X�Q�S�U�H�G�L�F�W�D�E�L�O��
�L�W�\�� �0�L�[�H�G �V�W�U�D�W�H�J�L�H�V �D�U�H �D�O�V�R �U�H�O�H�Y�D�Q�W �I�R�U �J�D�P�H�V �Z�K�L�F�K �G�R�Q�¶�W �S�R�V�V�H�V�V �H�T�X�L�O�L�E�U�L�D �L�Q �S�X�U�H �V�W�U�D�W�H�J�L�H�V�� �I�R�U
�H�[�D�P�S�O�H �W�K�H �U�R�F�N���S�D�S�H�U���V�F�L�V�V�R�U�V �J�D�P�H��

�7�U�D�M�H�F�W�R�U�\ �J�D�P�H�V�)�R�O�O�R�Z�L�Q�J �W�K�H �G�H�I�L�Q�L�W�L�R�Q �I�U�R�P �>���@�� �´�$ �J�D�P�H �L�Q �Z�K�L�F�K �1 �D�J�H�Q�W�V �L�Q�W�H�U�D�F�W �L�Q �D �S�K�\�V�L�F�D�O
�V�S�D�F�H �R�Y�H�U �W�L�P�H�� �7�K�H �D�J�H�Q�W�V�� �Z�K�L�F�K �F�R�X�O�G �U�H�S�U�H�V�H�Q�W �S�O�D�\�H�U�V �L�Q �D �U�D�F�H�� �I�R�U �H�[�D�P�S�O�H�� �P�D�\ �H�D�F�K �V�H�O�H�F�W �R�I
�V�H�T�X�H�Q�F�H �D�Q�G �V�W�D�W�H�V �D�Q�G �F�R�Q�W�U�R�O �L�Q�S�X�W�V ���L���H�� �D �W�U�D�M�H�F�W�R�U�\���� �7�K�D�W �L�V��Pi �¶�V �G�H�F�L�V�L�R�Q �Y�D�U�L�D�E�O�Hx i �F�R�Q�V�L�V�W�V �R�I

��



�������� �7�S�P�Y�X�M�S�R �G�S�R�G�I�T�X�W ����

�V�H�T�X�H�Q�F�H�V �R�I �V�W�D�W�H �D�Q�G �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H�V �I�R�U �W�K�D�W �S�O�D�\�H�U�� �D�Q�G �P�X�V�W �V�D�W�L�V�I�\ �S�U�L�Y�D�W�H �F�R�Q�V�W�U�D�L�Q�W�V �Z�K�L�F�K �H�Q��
�I�R�U�F�H�� �H���J���� �G�\�Q�D�P�L�F �I�H�D�V�L�E�L�O�L�W�\ ���S�K�\�V�L�F�V���� �V�W�D�\�L�Q�J �R�Q �U�R�D�G�� �P�D�L�Q�W�D�L�Q�L�Q�J �V�S�H�H�G �O�L�P�L�W�V�� �F�R�O�O�L�V�L�R�Q �D�Y�R�L�G�D�Q�F�H��
�H�W�F���´

���������7�S�P�Y�X�M�S�R �G�S�R�G�I�T�X�W
�7�K�H�U�H �D�U�H �D �Z�L�G�H �Y�D�U�L�H�W�\ �R�I �V�R�O�X�W�L�R�Q ���R�U �H�T�X�L�O�L�E�U�L�X�P�� �F�R�Q�F�H�S�W�V�� �,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �L�Q�W�U�R�G�X�F�H �W�K�H �P�R�V�W
�U�H�O�H�Y�D�Q�W �R�Q�H �I�R�U �W�K�H �V�F�R�S�H �R�I �W�K�L�V �S�D�S�H�U�� �Q�D�P�H�O�\�� �1�D�V�K �H�T�X�L�O�L�E�U�L�D�� �7�R �L�O�O�X�V�W�U�D�W�H �W�K�H �F�R�Q�V�W�U�X�F�W�L�R�Q �D�Q�G
�D�V�V�X�P�S�W�L�R�Q�V �R�I �W�K�L�V �F�R�Q�F�H�S�W�� �Z�H �W�X�U�Q �R�X�U �D�W�W�H�Q�W�L�R�Q �W�R �Q�R�Q���F�R�R�S�H�U�D�W�L�Y�H�� �X�Q�F�R�Q�V�W�U�D�L�Q�H�G�� �J�H�Q�H�U�D�O���V�X�P��
�V�W�D�W�L�F �I�L�Q�L�W�H �J�D�P�H�V��

�$ �Q�R�U�P�D�O �I�R�U�P �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �L�V �W�K�H �V�W�D�Q�G�D�U�G �Z�D�\ �R�I �P�R�G�H�O�L�Q�J �V�W�D�W�L�F �I�L�Q�L�W�H �J�D�P�H�V�� �(�D�F�K �S�O�D�\�H�U �V�H�O�H�F�W�V
�D�Q �D�F�W�L�R�Q �Z�L�W�K�R�X�W �N�Q�R�Z�L�Q�J �W�K�H �F�K�R�L�F�H�V �R�I �R�W�K�H�U�V�� �D�Q�G �W�K�H �U�H�V�X�O�W�L�Q�J �S�D�\�R�I�I�V �D�U�H �U�H�F�R�U�G�H�G �L�Q �D �S�D�\�R�I�I
�P�D�W�U�L�[�� �(�D�F�K �S�O�D�\�H�U �K�D�V �L�W�V �R�Z�Q �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�QJ i �� �Z�K�L�F�K �L�W �D�L�P�V �W�R �R�S�W�L�P�L�]�H�� �)�R�U�P�D�O�O�\�� �D �V�W�D�W�L�F �I�L�Q�L�W�H
�J�D�P�H �L�Q �Q�R�U�P�D�O �I�R�U�P �F�R�Q�V�L�V�W�V �R�I��

�‡�$ �I�L�Q�L�W�H �V�H�W �R�I �S�O�D�\�H�U�VN = f 1; : : : ; N g��

�‡�$ �I�L�Q�L�W�H �D�F�W�L�R�Q �V�H�WUi �I�R�U �H�D�F�K �S�O�D�\�H�Ui ��

�‡�$�Q �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�QJ i : U1 � � � � � U N ! R �W�K�D�W �G�H�W�H�U�P�L�Q�H�V �S�O�D�\�H�Ui �¶�V �R�E�M�H�F�W�L�Y�H��

�(�D�F�K �S�O�D�\�H�U �D�L�P�V �W�R �V�H�O�H�F�W �D�Q �D�F�W�L�R�Qu i 2 U i �W�K�D�W �R�S�W�L�P�L�]�H�V �L�W�V �L�Q�G�L�Y�L�G�X�D�O �R�E�M�H�F�W�L�Y�HJ i �� �,�Q �Q�R�Q���F�R�R�S�H�U�D�W�L�Y�H
�J�D�P�H�V�� �H�D�F�K �S�O�D�\�H�U�¶�V �R�E�M�H�F�W�L�Y�H �G�H�S�H�Q�G�V �Q�R�W �R�Q�O�\ �R�Q �L�W�V �R�Z�Q �D�F�W�L�R�Q �E�X�W �D�O�V�R �R�Q �W�K�H �D�F�W�L�R�Q�V �R�I �R�W�K�H�U�V��
�L���H����

J i (u 1; u 2; : : : ; u N ): ����������

�7�R �L�O�O�X�V�W�U�D�W�H �W�K�L�V�� �Z�H �F�R�Q�V�L�G�H�U �D �E�L�P�D�W�U�L�[ �J�D�P�H�� �Z�K�H�U�H �W�Z�R �S�O�D�\�H�U�V ���3�O�D�\�H�U �� �D�Q�G �3�O�D�\�H�U ���� �V�L�P�X�O�W�D�Q�H�R�X�V�O�\
�F�K�R�R�V�H �D�F�W�L�R�Q�V�� �D�Q�G �W�K�H�L�U �S�D�\�R�I�I�V �D�U�H �G�H�W�H�U�P�L�Q�H�G �E�\ �S�D�\�R�I�I �P�D�W�U�L�F�H�V�� �$ �Z�H�O�O���N�Q�R�Z�Q �H�[�D�P�S�O�H �L�V �W�K�H
�S�U�L�V�R�Q�H�U�¶�V �G�L�O�H�P�P�D�� �W�D�N�H�Q �I�U�R�P �>���@�� �Z�K�L�F�K �L�V �G�H�I�L�Q�H�G �E�\ �W�K�H �I�R�O�O�R�Z�L�Q�J �S�D�\�R�I�I �P�D�W�U�L�F�H�V��

M 1 =
�
2 0
3 1

�
�D�Q�GM 2 =

�
2 3
0 1

�
����������

�Z�K�H�U�HM 1 �L�V �W�K�H �S�D�\�R�I�I �P�D�W�U�L�[ �I�R�U �3�O�D�\�H�U ���� �D�Q�GM 2 �L�V �W�K�H �S�D�\�R�I�I �P�D�W�U�L�[ �I�R�U �3�O�D�\�H�U ���� �7�K�H �S�O�D�\�H�U�V�¶ �D�F�W�L�R�Q
�V�H�W�V �F�R�Q�V�L�V�W �R�I �W�Z�R �S�R�V�V�L�E�O�H �D�F�W�L�R�Q�V�� �´�F�R�Q�I�H�V�V�´ �R�U �´�V�W�D�\ �T�X�L�H�W�´�� �:�H �H�Q�F�R�G�H �W�K�H�V�H �D�F�W�L�R�Q�V �D�V �Y�H�F�W�R�U�Vu i ��
�Z�K�H�U�H �W�K�H �I�L�U�V�W �H�Q�W�U�\ �R�Iu i �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �D�F�W�L�R�Q �³�F�R�Q�I�H�V�V�´ �D�Q�G �W�K�H �V�H�F�R�Q�G �H�Q�W�U�\ �R�Iu i �F�R�U�U�H�V�S�R�Q�G�V
�W�R �W�K�H �D�F�W�L�R�Q �³�V�W�D�\ �T�X�L�H�W�´��

�*�L�Y�H�Q �W�K�D�W �H�D�F�K �S�O�D�\�H�U �D�L�P�V �W�R �P�D�[�L�P�L�]�H �W�K�H�L�U �R�Z�Q �S�D�\�R�I�I�� �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q�V �D�U�H��

J 1(u 1; u 2) = u 1T
M 1u 2; J 2(u 1; u 2) = u 1T

M 2u 2: ����������

�1�D�V�K �H�T�X�L�O�L�E�U�L�X�P�$ �1�D�V�K �H�T�X�L�O�L�E�U�L�X�P �R�F�F�X�U�V �L�Q �D �J�D�P�H �Z�K�H�Q �Q�R �D�J�H�Q�W �F�D�Q �X�Q�L�O�D�W�H�U�D�O�O�\ �L�P�S�U�R�Y�H
�W�K�H�L�U �S�D�\�R�I�I �E�\ �F�K�D�Q�J�L�Q�J �W�K�H�L�U �V�W�U�D�W�H�J�\�� �D�V�V�X�P�L�Q�J �R�W�K�H�U �D�J�H�Q�W�V �N�H�H�S �W�K�H�L�U �V�W�U�D�W�H�J�L�H�V �I�L�[�H�G�� �,�Q �R�W�K�H�U
�Z�R�U�G�V�� �H�D�F�K �S�O�D�\�H�U�¶�V �V�W�U�D�W�H�J�\ �L�V �D �E�H�V�W �U�H�V�S�R�Q�V�H �W�R �W�K�H �V�W�U�D�W�H�J�L�H�V �R�I �W�K�H �R�W�K�H�U �S�O�D�\�H�U�V�� �7�K�L�V �F�R�Q�F�H�S�W
�D�V�V�X�P�H�V �W�K�D�W �D�O�O �D�J�H�Q�W�V �P�D�N�H �W�K�H�L�U �G�H�F�L�V�L�R�Q�V �V�L�P�X�O�W�D�Q�H�R�X�V�O�\�� �R�U �Z�L�W�K�R�X�W �N�Q�R�Z�L�Q�J �W�K�H �V�W�U�D�W�H�J�L�H�V �R�I �R�W�K�H�U�V
�E�H�I�R�U�H�K�D�Q�G�� �:�H �I�R�U�P�X�O�D�W�H �W�K�H �J�L�Y�H�Q �J�D�P�H �D�V �D�Q �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P�� �Z�K�H�U�H �W�K�H �V�W�U�D�W�H�J�\ �R�I �S�O�D�\�H�Ui
�F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H�L�U �F�K�R�L�F�H �R�I �D�F�W�L�R�Qu i ��

8i 2 N

8
>><

>>:

u i � 2 argmin
u i

J i (u i ; u : i � )

s:t :
ci (u i ) = 0

hi (u i ) � 0

����������

�:�K�H�U�H��

�‡u i �L�V �D�Q�\ �V�W�U�D�W�H�J�\ �I�U�R�P �W�K�H �V�H�W �R�I �V�W�U�D�W�H�J�L�H�VUi �I�R�U �D�J�H�Q�Wi



�������� �-�R�J�S�V�Q�E�X�M�S�R �W�X�V�Y�G�X�Y�V�I ����

�‡u i � �L�V �W�K�H �R�S�W�L�P�D�O �V�W�U�D�W�H�J�\ �R�I �D�J�H�Q�Wi

�‡u : i � = ( u j � ) j 6= i �L�V �W�K�H �V�W�U�D�W�H�J�\ �S�U�R�I�L�O�H �R�I �D�O�O �D�J�H�Q�W�V �H�[�F�H�S�Wi

�‡ci �D�Q�Ghi �U�H�S�U�H�V�H�Q�W �W�K�H �H�T�X�D�O�L�W�\ �D�Q�G �L�Q�H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V �I�R�U �S�O�D�\�H�Ui

�‡J i �U�H�S�U�H�V�H�Q�W�V �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �R�I �D�J�H�Q�Wi

�7�K�H �1���W�X�S�O�H �R�I �V�W�U�D�W�H�J�L�H�Vf u i � ; i 2 N g �F�R�Q�V�W�L�W�X�W�H�V �D �1�D�V�K �H�T�X�L�O�L�E�U�L�X�P �L�I

J i (u i � ; u : i � ) � J i (u i ; u : i � ); 8u i 2 U i ����������

�7�K�L�V �L�Q�H�T�X�D�O�L�W�\ �L�P�S�O�L�H�V �W�K�D�W �I�R�U �H�D�F�K �D�J�H�Q�Wi �� �J�L�Y�H�Q �W�K�H �V�W�U�D�W�H�J�L�H�V �R�I �R�W�K�H�U �D�J�H�Q�W�V �W�K�H �V�W�U�D�W�H�J�\u i � �L�V �W�K�H
�E�H�V�W �F�K�R�L�F�H�� �,�Q �W�K�H �S�U�H�Y�L�R�X�V �E�L�P�D�W�U�L�[ �J�D�P�H�� �W�K�H �1�D�V�K �H�T�X�L�O�L�E�U�L�X�P �L�V �J�L�Y�H�Q �E�\ �W�K�H �S�R�L�Q�Wu 1� = u 2� =
(1; 0)T �� �Z�K�L�F�K �F�R�U�U�H�V�S�R�Q�G�V �W�R �E�R�W�K �S�U�L�V�R�Q�H�U�V �F�R�Q�I�H�V�V�L�Q�J��

�������������+�I�R�I�V�E�P�M�^�E�X�M�S�R
�,�Q �P�D�Q�\ �P�X�O�W�L���D�J�H�Q�W �V�\�V�W�H�P�V�� �D�J�H�Q�W�V �R�I�W�H�Q �I�D�F�H �F�R�Q�V�W�U�D�L�Q�W�V �W�K�D�W �D�U�H �Q�R�W �R�Q�O�\ �S�U�L�Y�D�W�H �E�X�W �D�O�V�R �V�K�D�U�H�G
�D�P�R�Q�J �R�W�K�H�U�V�� �O�H�D�G�L�Q�J �W�R �W�K�H �F�R�Q�F�H�S�W �R�I �D �*�H�Q�H�U�D�O�L�]�H�G �1�D�V�K �(�T�X�L�O�L�E�U�L�X�P ���*�1�(���� �7�K�L�V �G�L�I�I�H�U�V �I�U�R�P �W�K�H
�V�W�D�Q�G�D�U�G �1�D�V�K �H�T�X�L�O�L�E�U�L�X�P �D�V �L�W �L�Q�F�O�X�G�H�V �W�K�H �F�R�Q�V�L�G�H�U�D�W�L�R�Q �R�I �W�K�H�V�H �F�R�X�S�O�H�G �F�R�Q�V�W�U�D�L�Q�W�V�� �0�D�W�K�H�P�D�W�L�F�D�O�O�\��
�D �*�1�( �L�V �D �V�R�O�X�W�L�R�Q �W�R �W�K�H �I�R�O�O�R�Z�L�Q�J �S�U�R�E�O�H�P �Z�K�L�F�K �D�O�V�R �V�D�W�L�V�I�L�H�V�(�T�X�D�W�L�R�Q ������

8i 2 N

8
>><

>>:

u i � 2 argmin
u i

J i (u i ; u : i � )

s:t :
ci (u i ; u : i ) = 0

hi (u i ; u : i ) � 0

����������

�:�K�H�U�Hci �D�Q�Ghi �U�H�S�U�H�V�H�Q�W �F�R�X�S�O�H�G �H�T�X�D�O�L�W�\ �D�Q�G �L�Q�H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H �S�O�D�\�H�U�V�¶ �V�W�U�D�W�H��
�J�L�H�V �P�X�V�W �M�R�L�Q�W�O�\ �P�L�Q�L�P�L�]�H �W�K�H�L�U �R�E�M�H�F�W�L�Y�H�V �Z�K�L�O�H �V�D�W�L�V�I�\�L�Q�J �D�O�O �U�H�O�H�Y�D�Q�W �F�R�Q�V�W�U�D�L�Q�W�V��

�,�Q �E�R�W�K �V�W�D�Q�G�D�U�G �D�Q�G �J�H�Q�H�U�D�O�L�]�H�G �1�D�V�K �H�T�X�L�O�L�E�U�L�D�� �P�X�O�W�L�S�O�H �H�T�X�L�O�L�E�U�L�D �F�D�Q �H�[�L�V�W�� �1�R�Q���X�Q�L�T�X�H�Q�H�V�V �L�Q
�H�T�X�L�O�L�E�U�L�D �D�U�L�V�H�V �L�Q �F�D�V�H�V �Z�K�H�U�H �P�X�O�W�L�S�O�H �V�H�W�V �R�I �V�W�U�D�W�H�J�L�H�V �V�D�W�L�V�I�\ �W�K�H �H�T�X�L�O�L�E�U�L�X�P �F�R�Q�G�L�W�L�R�Q�V�� �,�Q �W�K�H
�F�D�V�H �R�I �U�D�F�L�Q�J�� �Q�R�Q���X�Q�L�T�X�H�Q�H�V�V �F�D�Q �P�D�Q�L�I�H�V�W �D�V �G�L�I�I�H�U�H�Q�W�� �H�T�X�D�O�O�\ �R�S�W�L�P�D�O �W�U�D�M�H�F�W�R�U�L�H�V �R�U �V�W�U�D�W�H�J�L�H�V �W�K�D�W
�V�D�W�L�V�I�\ �W�K�H �H�T�X�L�O�L�E�U�L�X�P �F�R�Q�G�L�W�L�R�Q�V��

���������-�R�J�S�V�Q�E�X�M�S�R �W�X�V�Y�G�X�Y�V�I
�7�K�H �L�Q�I�R�U�P�D�W�L�R�Q �V�W�U�X�F�W�X�U�H �R�I �D �J�D�P�H �S�O�D�\�V �D �F�U�X�F�L�D�O �U�R�O�H �L�Q �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �V�W�U�D�W�H�J�L�H�V �R�I �D�J�H�Q�W�V�� �$ �N�H�\
�G�L�V�W�L�Q�F�W�L�R�Q �L�V �P�D�G�H �E�H�W�Z�H�H�Q �R�S�H�Q���O�R�R�S �D�Q�G �I�H�H�G�E�D�F�N �J�D�P�H�V��

�2�S�H�Q���O�R�R�S ���V�W�D�W�L�F�� �L�Q�I�R�U�P�D�W�L�R�Q �V�W�U�X�F�W�X�U�H�$�Q �R�S�H�Q���O�R�R�S �L�Q�I�R�U�P�D�W�L�R�Q �V�W�U�X�F�W�X�U�H �U�H�I�H�U�V �W�R �D �V�F�H�Q�D�U�L�R
�Z�K�H�U�H �D�J�H�Q�W�V �F�R�P�P�L�W �W�R �W�K�H�L�U �V�W�U�D�W�H�J�L�H�V �D�W �W�K�H �E�H�J�L�Q�Q�L�Q�J �R�I �W�K�H �J�D�P�H�� �Z�L�W�K�R�X�W �W�K�H �D�E�L�O�L�W�\ �W�R �D�G�M�X�V�W �W�K�H�P
�E�D�V�H�G �R�Q �W�K�H �H�Y�R�O�Y�L�Q�J �V�W�D�W�H �R�I �W�K�H �J�D�P�H�� �2�Q�F�H �W�K�H �J�D�P�H �V�W�D�U�W�V�� �S�O�D�\�H�U�V �K�D�Y�H �Q�R �D�F�F�H�V�V �W�R �X�S�G�D�W�H�G
�L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �W�K�H�L�U �R�S�S�R�Q�H�Q�W�¶�V �D�F�W�L�R�Q�V �R�U �W�K�H �J�D�P�H�¶�V �S�U�R�J�U�H�V�V�L�R�Q�� �O�H�D�G�L�Q�J �W�K�H�P �W�R �P�D�N�H �G�H�F�L�V�L�R�Q�V
�S�X�U�H�O�\ �E�D�V�H�G �R�Q �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V�� �7�K�L�V �U�H�V�X�O�W�V �L�Q �W�K�H �F�O�D�V�V �R�I �R�S�H�Q���O�R�R�S �V�W�U�D�W�H�J�L�H�V��

�)�H�H�G�E�D�F�N �L�Q�I�R�U�P�D�W�L�R�Q �V�W�U�X�F�W�X�U�H�,�Q �F�R�Q�W�U�D�V�W�� �D �I�H�H�G�E�D�F�N �L�Q�I�R�U�P�D�W�L�R�Q �V�W�U�X�F�W�X�U�H �D�O�O�R�Z�V �D�J�H�Q�W�V �W�R �D�G��
�M�X�V�W �W�K�H�L�U �V�W�U�D�W�H�J�L�H�V �G�\�Q�D�P�L�F�D�O�O�\ �E�D�V�H�G �R�Q �W�K�H �F�X�U�U�H�Q�W �V�W�D�W�H �D�Q�G �W�L�P�H�� �O�H�D�G�L�Q�J �W�R �W�K�H �F�O�D�V�V �R�I �I�H�H�G�E�D�F�N
�V�W�U�D�W�H�J�L�H�V�� �7�K�H�V�H �V�W�U�D�W�H�J�L�H�V �H�Q�V�X�U�H �V�W�U�R�Q�J �W�L�P�H �F�R�Q�V�L�V�W�H�Q�F�\�� �P�H�D�Q�L�Q�J �W�K�D�W �G�H�F�L�V�L�R�Q�V �U�H�P�D�L�Q �R�S�W�L�P�D�O
�Z�K�H�Q �U�H���H�Y�D�O�X�D�W�H�G �D�W �D�Q�\ �I�X�W�X�U�H �W�L�P�H�� �$�V �G�L�V�F�X�V�V�H�G �L�Q �>���@�� �I�H�H�G�E�D�F�N �V�W�U�D�W�H�J�L�H�V �D�U�H �R�I�W�H�Q �I�R�U�P�X�O�D�W�H�G �D�V
�0�D�U�N�R�Y�L�D�Q �V�W�U�D�W�H�J�L�H�V
 �� �Z�K�H�U�H �W�K�H �F�R�Q�W�U�R�O �D�F�W�L�R�Qu i �G�H�S�H�Q�G�V �R�Q �W�K�H �F�X�U�U�H�Q�W �V�W�D�W�H �R�I �W�K�H �J�D�P�Hx t ��

u i = 
 i (x t ) ����������

�7�K�L�V �D�G�D�S�W�D�E�L�O�L�W�\ �R�I�W�H�Q �O�H�D�G�V �W�R �V�X�S�H�U�L�R�U �S�H�U�I�R�U�P�D�Q�F�H �F�R�P�S�D�U�H�G �W�R �R�S�H�Q���O�R�R�S �V�W�U�D�W�H�J�L�H�V�� �H�[�F�H�S�W �L�Q �F�D�V�H�V
�Z�K�H�U�H �S�U�H�F�R�P�P�L�W�P�H�Q�W �S�U�R�Y�L�G�H�V �D �V�W�U�D�W�H�J�L�F �D�G�Y�D�Q�W�D�J�H��



��
�6�E�G�M�R�K �+�E�Q�I

�7�K�L�V �F�K�D�S�W�H�U �G�H�I�L�Q�H�V �W�K�H �V�W�U�X�F�W�X�U�H �R�I �W�K�H �D�X�W�R�Q�R�P�R�X�V �U�D�F�L�Q�J �J�D�P�H�� �I�R�F�X�V�L�Q�J �R�Q �S�O�D�Q�Q�L�Q�J �D�Q�G �F�R�Q�W�U�R�O
�L�Q �D �Q�R�Q���F�R�R�S�H�U�D�W�L�Y�H �V�H�W�W�L�Q�J �Z�K�H�U�H �S�O�D�\�H�U�V �F�R�P�S�H�W�H �I�R�U �S�R�V�L�W�L�R�Q �Z�L�W�K�R�X�W �V�K�D�U�L�Q�J �V�W�U�D�W�H�J�L�H�V�� �7�K�H �U�D�F�L�Q�J
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� (p) = argmin
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jjp � pd(� )jj2

s:t : � init � 1:5 � � � � init + 1 :5
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�D �F�R�Q�V�W�U�D�L�Q�H�G �V�H�D�U�F�K �Z�L�Q�G�R�Z�� �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �P�L�J�K�W �U�H�W�X�U�Q �D�Q �L�Q�F�R�U�U�H�F�W� �� �%�\ �O�H�Y�H�U�D�J�L�Q�J �S�U�L�R�U �N�Q�R�Z�O��
�H�G�J�H �R�I �W�K�H �D�J�H�Q�W�¶�V �S�R�V�L�W�L�R�Q �D�W �W�K�H �V�W�D�U�W �R�I �W�K�H �U�D�F�H�� �Z�H �H�I�I�H�F�W�L�Y�H�O�\ �O�L�P�L�W �W�K�H �V�H�D�U�F�K �V�S�D�F�H �D�Q�G �H�Q�V�X�U�H
�D�Q �D�F�F�X�U�D�W�H �H�V�W�L�P�D�W�H �R�I �S�U�R�J�U�H�V�V �D�O�R�Q�J �W�K�H �W�U�D�F�N�� �$ �Y�L�V�X�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�L�V �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P��
�L�O�O�X�V�W�U�D�W�L�Q�J �W�K�H �V�H�D�U�F�K �I�R�U �W�K�H �F�O�R�V�H�V�W �S�R�L�Q�W �R�Q �W�K�H �W�U�D�F�N�� �L�V �S�U�R�Y�L�G�H�G �L�Q�)�L�J�X�U�H ��������

�)�L�J�X�U�H ���������,�O�O�X�V�W�U�D�W�L�R�Q �R�I �W�K�H �L�Q�Y�H�U�V�H �P�D�S�S�L�Q�J �S�U�R�E�O�H�P �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �D �S�O�D�\�H�U�¶�V �S�U�R�J�U�H�V�V� �� �7�K�H �D�J�H�Q�W�¶�V �S�R�V�L�W�L�R�Qp �L�V
�S�U�R�M�H�F�W�H�G �R�Q�W�R �W�K�H �F�O�R�V�H�V�W �S�R�L�Q�W �R�Q �W�K�H �W�U�D�F�N �V�S�O�L�Q�Hpd (�)�� �7�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�U�R�J�U�H�V�V �Y�D�U�L�D�E�O�H �L�V �J�L�Y�H�Q �E�\� (p) = �

�2�Q�F�H �W�K�H �D�J�H�Q�W�V�¶ �S�R�V�L�W�L�R�Q�V �D�O�R�Q�J �W�K�H �W�U�D�F�N �D�U�H �H�V�W�D�E�O�L�V�K�H�G�� �W�K�H �U�H�I�H�U�H�H �G�H�W�H�U�P�L�Q�H�V �W�K�H�L�U �U�H�V�S�H�F�W�L�Y�H
�U�R�O�H�V �E�H�I�R�U�H �D�V�V�H�V�V�L�Q�J �D�Q�\ �U�X�O�H �Y�L�R�O�D�W�L�R�Q�V�� �7�K�H �U�R�O�H�V �± �D�W�W�D�F�N�H�U �D�Q�G �G�H�I�H�Q�G�H�U �± �D�U�H �D�V�V�L�J�Q�H�G �E�D�V�H�G
�R�Q �W�K�H �D�J�H�Q�W�V�¶ �U�H�O�D�W�L�Y�H �S�U�R�J�U�H�V�V �D�O�R�Q�J �W�K�H �W�U�D�F�N�� �6�S�H�F�L�I�L�F�D�O�O�\�� �W�K�H �D�W�W�D�F�N�H�U �L�V �W�K�H �D�J�H�Q�W �Z�K�R�V�H �S�R�V�L�W�L�R�Q
�L�V �E�H�K�L�Q�G �R�U �Z�L�W�K�L�Q �D �V�P�D�O�O �W�K�U�H�V�K�R�O�G� ov �R�I �W�K�H �R�S�S�R�Q�H�Q�W�¶�V �S�R�V�L�W�L�R�Q�� �Z�K�L�O�H �W�K�H �R�W�K�H�U �D�J�H�Q�W �D�V�V�X�P�H�V �W�K�H
�G�H�I�H�Q�G�H�U �U�R�O�H�� �7�K�L�V �D�V�V�L�J�Q�P�H�Q�W �I�R�O�O�R�Z�V �W�K�H �U�X�O�H

attacker =

(
i if � i � � : i + � ov

: i otherwise
defender =

(
: i if � i � � : i + � ov

i otherwise
����������

�Z�K�H�U�H� i �D�Q�G� : i �G�H�Q�R�W�H �W�K�H �S�U�R�J�U�H�V�V �Y�D�U�L�D�E�O�H�V �R�I �W�K�H �H�J�R �S�O�D�\�H�U �D�Q�G �R�S�S�R�Q�H�Q�W�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H
�W�K�U�H�V�K�R�O�G� ov �H�Q�V�X�U�H�V �W�K�D�W �P�L�Q�R�U �S�R�V�L�W�L�R�Q �I�O�X�F�W�X�D�W�L�R�Q�V �G�R �Q�R�W �F�D�X�V�H �I�U�H�T�X�H�Q�W �U�R�O�H �V�Z�L�W�F�K�L�Q�J��

�7�K�H �U�H�I�H�U�H�H �P�R�Q�L�W�R�U�V �G�H�Y�L�D�W�L�R�Q�V �I�U�R�P �W�K�H �W�U�D�F�N �F�H�Q�W�H�U �O�L�Q�H �W�R �H�Q�V�X�U�H �W�K�D�W �D�J�H�Q�W�V �U�H�P�D�L�Q �Z�L�W�K�L�Q �W�U�D�F�N
�O�L�P�L�W�V�� �7�K�L�V �L�V �L�P�S�O�H�P�H�Q�W�H�G �Y�L�D �D �G�H�Y�L�D�W�L�R�Q �I�X�Q�F�W�L�R�Q �E�H�O�R�Z �W�K�D�W �G�H�I�L�Q�H�V �D�Q �D�O�O�R�Z�D�E�O�H �G�H�Y�L�D�W�L�R�Q �U�D�G�L�X�V
r dev �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �D�J�H�Q�W�¶�V �S�U�R�J�U�H�V�V �D�O�R�Q�J �W�K�H �W�U�D�F�N�� �7�K�H �G�H�Y�L�D�W�L�R�Q �W�R�O�H�U�D�Q�F�H �Y�D�U�L�H�V �G�H�S�H�Q�G�L�Q�J �R�Q
�S�U�R�[�L�P�L�W�\ �W�R �W�K�H ���' �*�D�X�V�V�L�D�Q�V �S�O�D�F�H�G �D�W �J�D�W�H �F�H�Q�W�H�U�Vpg;j ��

dev(pd(� )) = r max
dev + ( r min

dev � r max
dev )

MX

j =0

e� 1
2 (p d ( � ) � p g;j )T � � 1 (p d ( � ) � p g;j ) ����������

�+�H�U�H��� �L�V �W�K�H �G�L�D�J�R�Q�D�O �F�R�Y�D�U�L�D�Q�F�H �P�D�W�U�L�[ �W�K�D�W �L�Q�G�L�F�D�W�H�V �W�K�H �Z�L�G�W�K �R�I �W�K�H �*�D�X�V�V�L�D�Q�V �L�Q �[�� �\�� �D�Q�G �] �D�[�H�V��
r max

dev �U�H�S�U�H�V�H�Q�W�V �W�K�H �P�D�[�L�P�X�P �D�O�O�R�Z�D�E�O�H �G�H�Y�L�D�W�L�R�Q �L�Q �R�S�H�Q �W�U�D�F�N �V�H�F�W�L�R�Q�V�� �Z�K�L�O�Hr min
dev �L�V �W�K�H �V�W�U�L�F�W�H�U

�G�H�Y�L�D�W�L�R�Q �F�R�Q�V�W�U�D�L�Q�W �H�Q�I�R�U�F�H�G �Q�H�D�U �J�D�W�H�V�� �7�K�H �D�O�O�R�Z�D�E�O�H �I�O�L�J�K�W �F�R�U�U�L�G�R�U�� �Z�K�L�F�K �Y�L�V�X�D�O�O�\ �U�H�S�U�H�V�H�Q�W�V �W�K�L�V
�I�X�Q�F�W�L�R�Q�� �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ��������

�0�R�U�H�R�Y�H�U�� �W�K�H �U�H�I�H�U�H�H �F�R�Q�W�L�Q�X�R�X�V�O�\ �P�H�D�V�X�U�H�V �W�K�H �H�X�F�O�L�G�H�D�Q �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �S�O�D�\�H�U�V�� �D�Q�G �D�E�V�R�O�X�W�H
�Y�H�O�R�F�L�W�L�H�V �R�I �E�R�W�K �D�J�H�Q�W�V �W�R �F�K�H�F�N �Z�K�H�W�K�H�U �W�K�H�\ �D�U�H �F�D�X�V�L�Q�J �D�Q�\ �Y�L�R�O�D�W�L�R�Q�V �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �U�X�O�H�V �S�U�H��
�V�H�Q�W�H�G �L�Q�7�D�E�O�H �������� �7�K�H �Z�K�R�O�H �Z�R�U�N�I�O�R�Z �R�I �W�K�H �U�H�I�H�U�H�H �L�V �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H ��������



�������� �6�I�J�I�V�I�I �H�I�W�M�K�R ����

�)�L�J�X�U�H ���������)�X�Q�F�W�L�R�Q�D�O �G�L�D�J�U�D�P �V�K�R�Z�L�Q�J �W�K�H �W�K�H �F�R�P�S�O�H�W�H �U�H�I�H�U�H�H �Z�R�U�N�I�O�R�Z

�$�W �W�K�H �V�W�D�U�W �R�I �H�D�F�K �U�D�F�H�� �W�K�H �U�H�I�H�U�H�H �L�Q�L�W�L�D�O�L�]�H�V �W�K�H �F�R�P�S�H�W�L�W�L�R�Q �D�Q�G �F�R�Q�W�L�Q�X�R�X�V�O�\ �H�V�W�L�P�D�W�H�V �H�D�F�K �D�J�H�Q�W�¶�V
�S�U�R�J�U�H�V�V �D�O�R�Q�J �W�K�H �W�U�D�F�N �E�\ �V�R�O�Y�L�Q�J �W�K�H �L�Q�Y�H�U�V�H �P�D�S�S�L�Q�J �S�U�R�E�O�H�P �I�R�U�P�X�O�D�W�H�G �L�Q�(�T�X�D�W�L�R�Q �������� �2�Q�F�H
�S�U�R�J�U�H�V�V �H�V�W�L�P�D�W�H�V �D�U�H �H�V�W�D�E�O�L�V�K�H�G�� �W�K�H �U�H�I�H�U�H�H �D�V�V�L�J�Q�V �U�R�O�H�V �E�D�V�H�G �R�Q �U�H�O�D�W�L�Y�H �S�R�V�L�W�L�R�Q�V�� �:�L�W�K �U�R�O�H�V
�G�H�W�H�U�P�L�Q�H�G�� �W�K�H �U�H�I�H�U�H�H �H�Q�I�R�U�F�H�V �U�D�F�H �U�X�O�H�V �E�\ �P�R�Q�L�W�R�U�L�Q�J �F�R�P�S�O�L�D�Q�F�H �Z�L�W�K �W�U�D�F�N �E�R�X�Q�G�D�U�L�H�V�� �Y�H�O�R�F�L�W�\
�F�R�Q�V�W�U�D�L�Q�W�V�� �D�Q�G �F�R�O�O�L�V�L�R�Q �U�H�V�S�R�Q�V�L�E�L�O�L�W�L�H�V�� �7�K�U�R�X�J�K�R�X�W �W�K�H �U�D�F�H�� �W�K�H �U�H�I�H�U�H�H �O�R�J�V �V�W�D�W�H �L�Q�I�R�U�P�D�W�L�R�Q �D�Q�G
�F�K�H�F�N�V �I�R�U �F�R�P�S�O�H�W�L�R�Q �F�R�Q�G�L�W�L�R�Q�V�� �,�I �D�Q �D�J�H�Q�W �F�R�P�S�O�H�W�H�V �I�L�Y�H �O�D�S�V �R�U �Y�L�R�O�D�W�H�V �D �U�D�F�H �U�X�O�H�� �W�K�H �F�R�P�S�H��
�W�L�W�L�R�Q �L�V �K�D�O�W�H�G�� �7�K�H �Z�L�Q�Q�H�U �L�V �G�H�W�H�U�P�L�Q�H�G �H�L�W�K�H�U �E�D�V�H�G �R�Q �W�K�H �W�R�W�D�O �W�L�P�H �V�S�H�Q�W �D�V �W�K�H �G�H�I�H�Q�G�H�U �R�U �E�\
�G�L�V�T�X�D�O�L�I�L�F�D�W�L�R�Q �G�X�H �W�R �U�X�O�H �Y�L�R�O�D�W�L�R�Q�V�� �Z�K�H�U�H �W�K�H �Q�R�Q���Y�L�R�O�D�W�L�Q�J �S�O�D�\�H�U �L�V �G�H�F�O�D�U�H�G �W�K�H �Z�L�Q�Q�H�U��



��
�1�I�X�L�S�H�S�P�S�K�]

�,�Q �W�K�L�V �F�K�D�S�W�H�U�� �Z�H �S�U�H�V�H�Q�W �W�K�H �P�H�W�K�R�G�R�O�R�J�L�F�D�O �I�U�D�P�H�Z�R�U�N �X�V�H�G �W�R �G�H�Y�H�O�R�S �D�Q�G �D�Q�D�O�\�]�H �L�Q�W�H�U�D�F�W�L�R�Q��
�D�Z�D�U�H �D�X�W�R�Q�R�P�R�X�V �U�D�F�L�Q�J �V�W�U�D�W�H�J�L�H�V�� �2�X�U �D�S�S�U�R�D�F�K �E�X�L�O�G�V �X�S�R�Q �J�D�P�H���W�K�H�R�U�H�W�L�F �S�U�L�Q�F�L�S�O�H�V �D�Q�G �P�R�G�H�O
�S�U�H�G�L�F�W�L�Y�H �F�R�Q�W�U�R�O �W�R �H�Q�D�E�O�H �V�W�U�D�W�H�J�L�F �G�H�F�L�V�L�R�Q���P�D�N�L�Q�J �D�P�R�Q�J �F�R�P�S�H�W�L�Q�J �D�J�H�Q�W�V��

�:�H �E�H�J�L�Q �E�\ �G�H�I�L�Q�L�Q�J �W�K�H �P�R�G�H�O �F�R�P�S�R�Q�H�Q�W�V�� �L�Q�F�O�X�G�L�Q�J �W�K�H �W�U�D�F�N �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �J�D�W�H �S�D�V�V�D�J�H �I�R�U�P�X�O�D��
�W�L�R�Q�� �D�Q�G �F�R�V�W �F�R�P�S�R�Q�H�Q�W�V �L�Q�V�S�L�U�H�G �E�\ �0�R�G�H�O �3�U�H�G�L�F�W�L�Y�H �&�R�Q�W�R�X�U�L�Q�J �&�R�Q�W�U�R�O ���0�3�&�&�� �>���� �@�� �1�H�[�W�� �Z�H �L�Q��
�W�U�R�G�X�F�H �0�R�G�H�O �3�U�H�G�L�F�W�L�Y�H �*�D�P�H ���0�3�*���� �Z�K�L�F�K �I�R�U�P�X�O�D�W�H�V �W�K�H �U�D�F�L�Q�J �S�U�R�E�O�H�P �D�V �D �P�X�O�W�L���D�J�H�Q�W �G�\�Q�D�P�L�F
�J�D�P�H�� �I�R�O�O�R�Z�H�G �E�\ �0�R�G�H�O �3�U�H�G�L�F�W�L�Y�H �*�D�P�H �Z�L�W�K �%�O�R�F�N�L�Q�J ���0�3�*�%���� �Z�K�L�F�K �H�[�S�O�L�F�L�W�O�\ �L�Q�F�R�U�S�R�U�D�W�H�V �E�O�R�F�N�L�Q�J
�V�W�U�D�W�H�J�L�H�V�� �:�H �W�K�H�Q �G�H�V�F�U�L�E�H �W�K�H �%�D�V�H�O�L�Q�H �0�H�W�K�R�G ���0�3�&���� �Z�K�L�F�K �V�H�U�Y�H�V �D�V �D �Q�R�Q���J�D�P�H���W�K�H�R�U�H�W�L�F �U�H�I�H�U��
�H�Q�F�H�� �D�Q�G �W�K�H �/�L�I�W�H�G �0�R�G�H�O �3�U�H�G�L�F�W�L�Y�H �*�D�P�H ���/�0�3�*�� �D�S�S�U�R�D�F�K�� �Z�K�L�F�K �D�F�F�H�O�H�U�D�W�H�V �R�Q�O�L�Q�H �F�R�P�S�X�W�D�W�L�R�Q
�E�\ �O�H�Y�H�U�D�J�L�Q�J �O�H�D�U�Q�H�G �W�U�D�M�H�F�W�R�U�\ �F�D�Q�G�L�G�D�W�H�V��

�)�L�Q�D�O�O�\�� �Z�H �R�X�W�O�L�Q�H �W�K�H �V�\�V�W�H�P �D�U�F�K�L�W�H�F�W�X�U�H �G�H�W�D�L�O�L�Q�J �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �R�S�W�L�P�L�]�H�U�� �V�L�P�X�O�D�W�R�U��
�D�Q�G �U�H�I�H�U�H�H �P�R�G�X�O�H�� �Z�K�L�F�K �H�Q�V�X�U�H�V �D�V�\�Q�F�K�U�R�Q�R�X�V �F�R�P�P�X�Q�L�F�D�W�L�R�Q �D�Q�G �U�H�D�O���W�L�P�H �H�Q�I�R�U�F�H�P�H�Q�W �R�I �U�D�F�L�Q�J
�U�X�O�H�V��

���������1�S�H�I�P �G�S�Q�T�S�R�I�R�X�W
�7�K�H �P�R�G�H�O �F�R�P�S�R�Q�H�Q�W�V �X�V�H�G �L�Q �R�X�U �D�S�S�U�R�D�F�K �D�U�H �L�Q�V�S�L�U�H�G �E�\ �0�3�&�&�� �Z�K�L�F�K �H�P�S�O�R�\�V �V�S�O�L�Q�H���E�D�V�H�G
�W�U�D�M�H�F�W�R�U�\ �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �D�Q�G �D �F�R�Q�W�R�X�U�L�Q�J �I�R�U�P�X�O�D�W�L�R�Q �I�R�U �W�L�P�H���R�S�W�L�P�D�O �I�O�L�J�K�W�� �6�S�H�F�L�I�L�F�D�O�O�\�� �Z�H �D�G�R�S�W �D
�S�H�U�L�R�G�L�F �V�S�O�L�Q�H �S�D�U�D�P�H�W�U�L�]�D�W�L�R�Q �R�I �W�K�H �W�U�D�F�N �D�Q�G �F�R�Q�W�R�X�U�L�Q�J �Z�H�L�J�K�W �V�F�D�O�L�Q�J �I�R�U �J�D�W�H �S�D�V�V�D�J�H�� �H�Q�V�X�U�L�Q�J
�V�P�R�R�W�K �W�U�D�M�H�F�W�R�U�\ �W�U�D�F�N�L�Q�J �Z�K�L�O�H �D�O�O�R�Z�L�Q�J �I�R�U �G�H�Y�L�D�W�L�R�Q�V �W�R �R�S�W�L�P�L�]�H �U�D�F�L�Q�J �S�H�U�I�R�U�P�D�Q�F�H��

�5�D�F�H �W�U�D�F�N �S�D�U�D�P�H�W�U�L�]�D�W�L�R�Q�7�K�H �W�U�D�F�N �L�V �G�H�I�L�Q�H�G �E�\ �D �V�H�T�X�H�Q�F�H �R�IP �S�R�L�Q�W�V �I�R�U�P�L�Q�J �D �F�O�R�V�H�G �O�R�R�S��
�D�Q�G �D �W�K�L�U�G���R�U�G�H�U �V�S�O�L�Q�H �L�Q�W�H�U�S�R�O�D�W�L�R�Q �L�V �X�V�H�G �W�R �R�E�W�D�L�Q �D�Q �D�U�F���O�H�Q�J�W�K �S�D�U�D�P�H�W�U�L�]�D�W�L�R�Q��

pd(� ) =

8
>>>><

>>>>:

� 0(� k ) � 0 � � k � � 1

� 1(� k ) � 1 � � k � � 2
������

� P � 1(� k ) � P � 1 � � k � � P

���������D��

s:t : � i (� k ) = ai + bi � k + ci � 2
k + di � 3

k ; i 2 [0; :::; P � 1] ���������E��

� 0(� 0) = � P � 1(� P ) ���������F��

� 0
0(� 0) = � 0

P � 1(� P ) ���������G��

� 00
0 (� 0) = � 00

P � 1(� P ) ���������H��

�Z�K�H�U�Hpd �L�V �W�K�H �D�U�F �O�H�Q�J�W�K �S�D�U�D�P�H�W�U�L�]�H�G �S�H�U�L�R�G�L�F �V�S�O�L�Q�H��� i �D�U�H �S�L�H�F�H�Z�L�V�H �F�X�E�L�F �V�S�O�L�Q�H�V���(�T�X�D�W�L�R�Q �������F
�W�R�(�T�X�D�W�L�R�Q �������H�U�H�S�U�H�V�H�Q�W �W�K�H �S�H�U�L�R�G�L�F�L�W�\ �F�R�Q�G�L�W�L�R�Q�V��

����
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�&�R�Q�W�R�X�U�L�Q�J �W�H�U�P�V�7�K�H �F�R�Q�W�R�X�U�L�Q�J �W�H�U�P�V �D�U�H �X�V�H�G �W�R �P�L�Q�L�P�L�]�H �W�K�H �S�U�R�M�H�F�W�H�G �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �F�X�U�U�H�Q�W
�S�R�V�L�W�L�R�Qp �W�R �W�K�H �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Qpd(� ) �Z�K�L�O�H �P�D�[�L�P�L�]�L�Q�J �W�K�H �S�U�R�J�U�H�V�V� �D�O�R�Q�J �W�K�H �U�D�F�H �W�U�D�F�N�� �7�K�H�V�H
�W�H�U�P�V �T�X�D�Q�W�L�I�\ �W�K�H �G�H�Y�L�D�W�L�R�Q �I�U�R�P �W�K�H �U�H�I�H�U�H�Q�F�H �S�D�W�K �D�Q�G �D�U�H �N�H�\ �F�R�P�S�R�Q�H�Q�W�V �L�Q �R�S�W�L�P�L�]�L�Q�J �W�K�H �Y�H�K�L�F�O�H�¶�V
�P�R�W�L�R�Q���)�L�J�X�U�H �������D�L�P�V �W�R �K�H�O�S �Y�L�V�X�D�O�L�]�H �W�K�H�V�H �W�H�U�P�V��

�)�L�J�X�U�H ���������9�L�V�X�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �O�D�J �D�Q�G �F�R�Q�W�R�X�U �W�H�U�P�V�� �L�O�O�X�V�W�U�D�W�L�Q�J �W�K�H�L�U �U�R�O�H�V �L�Q �P�L�Q�L�P�L�]�L�Q�J �W�U�D�M�H�F�W�R�U�\ �G�H�Y�L�D�W�L�R�Q �Z�K�L�O�H
�P�D�[�L�P�L�]�L�Q�J �S�U�R�J�U�H�V�V��

�7�K�H �F�R�Q�W�R�X�U �H�U�U�R�Uec(� ) �U�H�S�U�H�V�H�Q�W�V �W�K�H �O�D�W�H�U�D�O �G�H�Y�L�D�W�L�R�Q �I�U�R�P �W�K�H �G�H�V�L�U�H�G �W�U�D�M�H�F�W�R�U�\�� �P�H�D�V�X�U�L�Q�J �K�R�Z �I�D�U
�W�K�H �G�U�R�Q�H �L�V �I�U�R�P �W�K�H �R�S�W�L�P�D�O �U�D�F�L�Q�J �O�L�Q�H �L�Q �D �S�H�U�S�H�Q�G�L�F�X�O�D�U �G�L�U�H�F�W�L�R�Q�� �Z�K�L�O�H �W�K�H �O�D�J �H�U�U�R�Uel (� ) �T�X�D�Q�W�L�I�L�H�V
�W�K�H �O�R�Q�J�L�W�X�G�L�Q�D�O �G�H�Y�L�D�W�L�R�Q�� �6�L�Q�F�H �W�K�H �W�D�V�N �L�V �W�R �P�D�[�L�P�L�]�H �W�K�H �S�U�R�J�U�H�V�V� �� �W�K�H �S�R�L�Q�W �R�Q �W�K�H �W�U�D�F�Npd(� ) �L�V
�D�F�W�L�Q�J �D�V �D �P�R�Y�L�Q�J �U�H�I�H�U�H�Q�F�H �W�K�H �G�U�R�Q�H �V�K�R�X�O�G �W�U�D�F�N �E�R�W�K �O�D�W�H�U�D�O�O�\ �D�Q�G �O�R�Q�J�L�W�X�G�L�Q�D�O�O�\��

�0�D�W�K�H�P�D�W�L�F�D�O�O�\�� �W�K�H�V�H �H�U�U�R�U�V �D�U�H �G�H�I�L�Q�H�G �D�V

el (� ) = el (� )t (� )

ec(� ) = p � pd(� ) � el (� )
����������

�Z�K�H�U�Hpd(� ) �L�V �W�K�H �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q �R�Q �W�K�H �W�U�D�F�N �D�W �S�U�R�J�U�H�V�V� ��p �L�V �W�K�H �F�X�U�U�H�Q�W �S�R�V�L�W�L�R�Q �R�I �W�K�H �Y�H�K�L�F�O�H��
�D�Q�Gt (� ) �L�V �W�K�H �X�Q�L�W �W�D�Q�J�H�Q�W �Y�H�F�W�R�U �W�R �W�K�H �W�U�D�M�H�F�W�R�U�\ �D�W� �� �L�Q�G�L�F�D�W�L�Q�J �W�K�H �I�R�U�Z�D�U�G �G�L�U�H�F�W�L�R�Q �R�I �P�R�W�L�R�Q�� �7�K�H
�O�D�J �H�U�U�R�Uel (� ) �L�V �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �D�O�R�Q�J �W�K�H �W�D�Q�J�H�Q�W �G�L�U�H�F�W�L�R�Q�� �D�Q�G �W�K�H �F�R�Q�W�R�X�U �H�U�U�R�U
ec(� ) �F�D�S�W�X�U�H�V �W�K�H �O�D�W�H�U�D�O �G�H�Y�L�D�W�L�R�Q �I�U�R�P �W�K�H �U�H�I�H�U�H�Q�F�H �W�U�D�M�H�F�W�R�U�\ �D�I�W�H�U �D�F�F�R�X�Q�W�L�Q�J �I�R�U �W�K�H �O�R�Q�J�L�W�X�G�L�Q�D�O
�G�L�V�S�O�D�F�H�P�H�Q�W��

�&�R�Q�W�R�X�U �Z�H�L�J�K�W �V�F�D�O�L�Q�J�7�R �H�Q�I�R�U�F�H �J�D�W�H �S�D�V�V�D�J�H�� �W�K�H �F�R�Q�W�R�X�U�L�Q�J �Z�H�L�J�K�W �L�V �P�R�G�X�O�D�W�H�G �X�V�L�Q�J ���'
�*�D�X�V�V�L�D�Q �I�X�Q�F�W�L�R�Q�V �F�H�Q�W�H�U�H�G �D�W �J�D�W�H �S�R�V�L�W�L�R�Q�V�� �V�L�P�L�O�D�U�O�\ �W�R �K�R�Z �W�K�H �U�H�I�H�U�H�H �G�H�Y�L�D�W�L�R�Q �F�K�H�F�N �Z�D�V �I�R�U�P�X��
�O�D�W�H�G �L�Q �W�K�H �S�U�H�Y�L�R�X�V �F�K�D�S�W�H�U�� �7�K�L�V �P�H�W�K�R�G �H�Q�F�R�X�U�D�J�H�V �D�O�L�J�Q�P�H�Q�W �Z�L�W�K �W�K�H �U�D�F�H �W�U�D�F�N �Z�K�L�O�H �V�W�L�O�O �D�O�O�R�Z�L�Q�J
�F�R�Q�W�U�R�O�O�H�G �G�H�Y�L�D�W�L�R�Q�V �Z�K�H�Q �E�H�Q�H�I�L�F�L�D�O�� �7�K�H �F�R�Q�W�R�X�U�L�Q�J �Z�H�L�J�K�W �I�R�U�P�X�O�D�W�L�R�Q �L�V �J�L�Y�H�Q �L�Q �D�V

qc(pd(� )) = qnom
c + ( qmax

c � qnom
c )

MX

j =0

e� 1
2 (p d ( � ) � p g;j )T � � 1 (p d ( � ) � p g;j ) ����������

�,�Q �W�K�L�V �H�T�X�D�W�L�R�Q��pd(� ) �U�H�S�U�H�V�H�Q�W�V �W�K�H �D�U�F���O�H�Q�J�W�K �S�D�U�D�P�H�W�H�U�L�]�H�G �W�U�D�M�H�F�W�R�U�\ �I�U�R�P�(�T�X�D�W�L�R�Q �������� �Z�K�L�O�H
pg;j �G�H�Q�R�W�H�V �W�K�H �S�R�V�L�W�L�R�Q �Y�H�F�W�R�U(x; y; z) �R�I �W�K�Hj ���W�K �J�D�W�H �D�P�R�Q�J �D �W�R�W�D�O �R�IM �J�D�W�H�V�� �7�K�H �Z�H�L�J�K�W�L�Q�J
�S�D�U�D�P�H�W�H�U�Vqnom

c �D�Q�Gqmax
c �F�R�Q�W�U�R�O �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �W�K�H ���' �*�D�X�V�V�L�D�Q�V�� �7�K�L�V �D�O�O�R�Z�V �D �Q�R�P�L�Q�D�O �F�R�Q�W�R�X�U�L�Q�J

�F�R�V�W �L�Q �U�H�J�L�R�Q�V �Z�L�W�K�R�X�W �J�D�W�H�V �D�Q�G �D �S�H�D�N �F�R�Q�W�R�X�U�L�Q�J �S�H�Q�D�O�W�\ �D�W �J�D�W�H �O�R�F�D�W�L�R�Q�V�� �$ �Y�L�V�X�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q
�L�V �J�L�Y�H�Q �L�Q�)�L�J�X�U�H ��������
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�)�L�J�X�U�H ���������9�L�V�X�D�O�L�]�D�W�L�R�Q �R�I �F�R�Q�W�R�X�U�L�Q�J �Z�H�L�J�K�W �V�F�D�O�L�Q�J �X�V�L�Q�J ���' �*�D�X�V�V�L�D�Q �P�R�G�X�O�D�W�L�R�Q �I�R�U �J�D�W�H �S�D�V�V�D�J�H �H�Q�I�R�U�F�H�P�H�Q�W�� �7�K�H �O�H�I�W
�S�O�R�W �L�O�O�X�V�W�U�D�W�H�V �W�K�H �F�R�Q�W�R�X�U�L�Q�J �Z�H�L�J�K�W �V�F�D�O�H �L�Q ���' �D�O�R�Q�J �W�K�H �U�D�F�H �W�U�D�F�N�� �Z�K�L�O�H �W�K�H �U�L�J�K�W �S�O�R�W �V�K�R�Z�V �L�W �L�Q ���' �D�O�R�Q�J �W�K�H �W�U�D�F�N �O�H�Q�J�W�K��

�7�K�H �S�R�V�L�W�L�R�Q�Vpg; 1 �D�Q�Gpg; 2 �L�Q�G�L�F�D�W�H �W�K�H �O�R�F�D�W�L�R�Q�V �R�I �W�K�H �J�D�W�H�V��

�&�R�O�O�L�V�L�R�Q �D�Y�R�L�G�D�Q�F�H�$�V �R�X�W�O�L�Q�H�G �L�Q �W�K�H �S�U�H�Y�L�R�X�V �F�K�D�S�W�H�U�� �F�R�O�O�L�V�L�R�Q �D�Y�R�L�G�D�Q�F�H �L�V �K�D�Q�G�O�H�G �E�\ �W�K�H �D�W��
�W�D�F�N�L�Q�J �S�O�D�\�H�U�� �7�R �H�Q�I�R�U�F�H �W�K�L�V�� �D �F�R�V�W �W�H�U�P �S�H�Q�D�O�L�]�L�Q�J �S�U�R�[�L�P�L�W�\ �E�H�\�R�Q�G �D �S�U�H�G�H�I�L�Q�H�G �W�K�U�H�V�K�R�O�G �L�V
�L�Q�W�U�R�G�X�F�H�G��

col(pi ; p: i ) =

(
0 if jjpi � p: i jj2 � r 2

col

(jjpi � p: i jj2 � r 2
col )

2 otherwise
����������

�,�Q �W�K�L�V �I�R�U�P�X�O�D�W�L�R�Q��pi �D�Q�Gp: i �U�H�S�U�H�V�H�Q�W �W�K�H �S�R�V�L�W�L�R�Q �Y�H�F�W�R�U�V(x; y; z) �R�I �H�J�R �D�Q�G �R�S�S�R�Q�H�Q�W�� �D�Q�Gr col

�G�H�I�L�Q�H�V �W�K�H �P�L�Q�L�P�X�P �D�O�O�R�Z�D�E�O�H �V�H�S�D�U�D�W�L�R�Q �G�L�V�W�D�Q�F�H�� �7�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �H�Y�D�O�X�D�W�H�V �W�R �]�H�U�R �Z�K�H�Q �W�K�H
�S�O�D�\�H�U�V �D�U�H �V�X�I�I�L�F�L�H�Q�W�O�\ �I�D�U �D�S�D�U�W�� �E�X�W �L�Q�F�U�H�D�V�H�V �T�X�D�G�U�D�W�L�F�D�O�O�\ �L�I �W�K�H �V�H�S�D�U�D�W�L�R�Q �I�D�O�O�V �E�H�O�R�Z �W�K�H �W�K�U�H�V�K�R�O�G��

�9�H�O�R�F�L�W�\ �V�R�I�W �F�R�Q�V�W�U�D�L�Q�W�V�9�H�O�R�F�L�W�\ �O�L�P�L�W�V �D�U�H �P�R�G�H�O�H�G �D�V �V�R�I�W �F�R�Q�V�W�U�D�L�Q�W�V �Y�L�D �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q�� �G�L�V�W�L�Q��
�J�X�L�V�K�L�Q�J �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �U�R�O�H�V�� �7�K�L�V �I�R�U�P�X�O�D�W�L�R�Q �J�X�D�U�D�Q�W�H�H�V �W�K�D�W �H�D�F�K �S�O�D�\�H�U �D�G�K�H�U�H�V �W�R �W�K�H �P�D�[�L�P�X�P
�L�P�S�R�V�H�G �V�S�H�H�G �O�L�P�L�W�V �Z�K�L�O�H �S�H�Q�D�O�L�]�L�Q�J �D�Q�\ �Y�L�R�O�D�W�L�R�Q�V��

vel(v i ) =( v2
max � jj v i jj2 � j v2

max � jj v i jj2j)2
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�H�[�D�F�W�O�\ �D�Q�G �W�K�D�W �W�K�H �L�Q�H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�Vhi �U�H�P�D�L�Q �Q�R�Q���Q�H�J�D�W�L�Y�H�� �7�K�H �W�K�L�U�G �F�R�Q�G�L�W�L�R�Q �L�P�S�R�V�H�V �G�X�D�O �I�H�D��
�V�L�E�L�O�L�W�\ �D�Q�G �F�R�P�S�O�H�P�H�Q�W�D�U�\ �V�O�D�F�N�Q�H�V�V�� �P�H�D�Q�L�Q�J �W�K�D�W �W�K�H �/�D�J�U�D�Q�J�H �P�X�O�W�L�S�O�L�H�U�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �L�Q�H�T�X�D�O�L�W�\
�F�R�Q�V�W�U�D�L�Q�W�V �P�X�V�W �E�H �Q�R�Q���Q�H�J�D�W�L�Y�H �D�Q�G �W�K�D�W �H�D�F�K �L�Q�H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W �L�V �H�L�W�K�H�U �V�W�U�L�F�W�O�\ �V�D�W�L�V�I�L�H�G �R�U �D�F�W�L�Y�H
�Z�L�W�K �D �F�R�U�U�H�V�S�R�Q�G�L�Q�J �Q�R�Q�]�H�U�R �P�X�O�W�L�S�O�L�H�U�� �7�R�J�H�W�K�H�U�� �W�K�H�V�H �F�R�Q�G�L�W�L�R�Q�V �H�V�W�D�E�O�L�V�K �W�K�H �I�L�U�V�W���R�U�G�H�U �Q�H�F�H�V�V�D�U�\
�U�H�T�X�L�U�H�P�H�Q�W�V �I�R�U �D�Q �R�S�H�Q���O�R�R�S �1�D�V�K �H�T�X�L�O�L�E�U�L�X�P�� �)�R�U �I�X�U�W�K�H�U �G�H�W�D�L�O�V �R�Q �Q�H�F�H�V�V�D�U�\ �R�S�W�L�P�D�O�L�W�\ �F�R�Q�G�L�W�L�R�Q�V
�D�Q�G �W�K�H �G�H�U�L�Y�D�W�L�R�Q �R�I �.�.�7 �F�R�Q�G�L�W�L�R�Q�V �L�Q �P�X�O�W�L���D�J�H�Q�W �R�S�W�L�P�L�]�D�W�L�R�Q �D�Q�G �1�D�V�K �H�T�X�L�O�L�E�U�L�X�P �S�U�R�E�O�H�P�V�� �Z�H
�U�H�I�H�U �W�R �>���@��

�7�K�H �.�.�7 �F�R�Q�G�L�W�L�R�Q�V �F�D�Q �Q�R�Z �E�H �U�H�I�R�U�P�X�O�D�W�H�G �D�V �D �0�L�[�H�G �&�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �3�U�R�E�O�H�P ���0�&�3���� �W�R �H�[�S�O�L�F�L�W�O�\
�F�D�S�W�X�U�H �W�K�H �V�W�U�X�F�W�X�U�H �R�I �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �Z�K�H�U�H �H�D�F�K �S�O�D�\�H�U�¶�V �V�W�U�D�W�H�J�\ �P�X�V�W �V�D�W�L�V�I�\ �V�W�D�W�L�R�Q�D�U�L�W�\��
�I�H�D�V�L�E�L�O�L�W�\�� �D�Q�G �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �F�R�Q�G�L�W�L�R�Q�V��

Given F : Rd 7! Rd; w ; w 2 Rd; �nd w 2 Rd s:t : �����������D��

if w j = w j then Fj (w) � 0 �����������E��

if w j < wj < wj then Fj (w) = 0 �����������F��

if w j = wj then Fj (w) � 0 �����������G��

�7�K�H �0�&�3 �I�U�D�P�H�Z�R�U�N �G�H�I�L�Q�H�V �D �I�X�Q�F�W�L�R�QF : Rd 7! Rd �D�O�R�Q�J �Z�L�W�K �O�R�Z�H�U �D�Q�G �X�S�S�H�U �E�R�X�Q�G�Vw; w�� �7�K�H
�V�R�O�X�W�L�R�Qw �P�X�V�W �V�D�W�L�V�I�\ �W�K�U�H�H �S�R�V�V�L�E�O�H �F�R�Q�G�L�W�L�R�Q�V �D�W �H�D�F�K �H�O�H�P�H�Q�Wj �� �(�T�X�D�W�L�R�Q ���������E�L�Iw j �L�V �D�W �L�W�V
�O�R�Z�H�U �E�R�X�Q�G�� �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �I�X�Q�F�W�L�R�Q �Y�D�O�X�H �P�X�V�W �E�H �Q�R�Q���Q�H�J�D�W�L�Y�H���(�T�X�D�W�L�R�Q ���������F�L�Iw j �O�L�H�V �V�W�U�L�F�W�O�\
�E�H�W�Z�H�H�Q �W�K�H �E�R�X�Q�G�V�� �W�K�H �I�X�Q�F�W�L�R�Q �Y�D�O�X�H �P�X�V�W �E�H �H�[�D�F�W�O�\ �]�H�U�R�� �D�Q�G�(�T�X�D�W�L�R�Q ���������G�L�Iw j �L�V �D�W �L�W�V �X�S�S�H�U
�E�R�X�Q�G�� �W�K�H �I�X�Q�F�W�L�R�Q �Y�D�O�X�H �P�X�V�W �E�H �Q�R�Q���S�R�V�L�W�L�Y�H��

�0�D�S�S�L�Q�J �W�K�L�V �W�R �W�K�H �S�U�R�E�O�H�P �S�U�H�V�H�Q�W�H�G �L�Q�(�T�X�D�W�L�R�Q ���������� �W�K�H �G�H�F�L�V�L�R�Q �Y�H�F�W�R�Uw �F�R�Q�V�L�V�W�V �R�I �W�K�H �S�O�D�\�H�U�V�¶
�G�H�F�L�V�L�R�Q �Y�D�U�L�D�E�O�H�Vu 1; u 2�� �W�K�H �/�D�J�U�D�Q�J�H �P�X�O�W�L�S�O�L�H�U�V �I�R�U �L�Q�H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V� 1; � 2�� �D�Q�G �W�K�H �/�D�J�U�D�Q�J�H
�P�X�O�W�L�S�O�L�H�U�V �I�R�U �H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V� 1; � 2�� �7�K�H �I�X�Q�F�W�L�R�QF (w) �H�Q�F�R�G�H�V �W�K�H �I�L�U�V�W���R�U�G�H�U �R�S�W�L�P�D�O�L�W�\ �F�R�Q��
�G�L�W�L�R�Q�V�� �L�Q�F�O�X�G�L�Q�J �W�K�H �V�W�D�W�L�R�Q�D�U�L�W�\ �F�R�Q�G�L�W�L�R�Q�V �I�R�U �H�D�F�K �S�O�D�\�H�U�¶�V �V�W�U�D�W�H�J�\�� �D�V �Z�H�O�O �D�V �W�K�H �I�H�D�V�L�E�L�O�L�W�\ �F�R�Q��
�V�W�U�D�L�Q�W�V�� �7�K�H �F�K�R�L�F�H �R�I �L�Q�I�L�Q�L�W�H �X�S�S�H�U �D�Q�G �O�R�Z�H�U �E�R�X�Q�G�V �I�R�U �F�H�U�W�D�L�Q �Y�D�U�L�D�E�O�H�V �H�Q�V�X�U�H�V �W�K�D�W �W�K�H�\ �D�U�H
�W�U�H�D�W�H�G �D�V �X�Q�F�R�Q�V�W�U�D�L�Q�H�G�� �P�H�D�Q�L�Q�J �W�K�H�\ �I�D�O�O �X�Q�G�H�U �W�K�H �V�H�F�R�Q�G �F�D�V�H �Z�K�H�U�HFj (w) = 0 �� �7�K�L�V �D�S�S�O�L�H�V
�W�R �W�K�H �V�W�U�D�W�H�J�\ �Y�D�U�L�D�E�O�H�V �D�Q�G �H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W �P�X�O�W�L�S�O�L�H�U�V�� �Z�K�L�O�H �W�K�H �L�Q�H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W �P�X�O�W�L�S�O�L�H�U�V
�U�H�P�D�L�Q �Q�R�Q���Q�H�J�D�W�L�Y�H�� �H�Q�I�R�U�F�L�Q�J �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\�� �7�K�H �Y�D�O�X�H�V �D�U�H �J�L�Y�H�Q �D�V

w = [ u 1; u 2; � 1; � 2; � 1; � 2]T ; F (w) = [ r u 1 L 1; r u 2 L 2; h1; h2; c1; c2]

w = [ �1 ; �1 ; 0; 0; �1 ; �1 ]T ; w = [ 1 ; 1 ; 1 ; 1 ; 1 ; 1 ]T
������������

�7�R �F�R�P�S�X�W�H �D �O�R�F�D�O �1�( �I�R�U �W�K�L�V �S�U�R�E�O�H�P�� �Z�H �O�H�Y�H�U�D�J�H �0�&�3�7�U�D�M�H�F�W�R�U�\�*�D�P�H�6�R�O�Y�H�U���M�O�� �>���� �@�� �7�K�L�V �W�R�R�O�F�K�D�L�Q
�L�V �V�S�H�F�L�I�L�F�D�O�O�\ �G�H�V�L�J�Q�H�G �I�R�U �I�R�U�P�X�O�D�W�L�Q�J �G�\�Q�D�P�L�F �W�U�D�M�H�F�W�R�U�\ �J�D�P�H�V �E�\ �W�U�D�Q�V�F�U�L�E�L�Q�J �W�K�H �H�T�X�L�O�L�E�U�L�X�P �F�R�Q��
�G�L�W�L�R�Q�V �L�Q�W�R �D �P�L�[�H�G �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �S�U�R�E�O�H�P�� �7�K�H �U�H�V�X�O�W�L�Q�J �S�U�R�E�O�H�P �L�V �W�K�H�Q �V�R�O�Y�H�G �X�V�L�Q�J �3�$�7�+���M�O�� �� �D
�Z�L�G�H�O�\ �X�V�H�G �V�R�O�Y�H�U �I�R�U �0�&�3�V��

���������&�P�S�G�O�M�R�K �Q�I�X�L�S�H �� �1�4�+�&
�7�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �L�Q�(�T�X�D�W�L�R�Q ���������� �F�R�Q�V�L�V�W�H�G �R�I �D �W�H�U�P �W�K�D�W �L�Q�F�O�X�G�H�V �W�K�H �R�S�S�R�Q�H�Q�W�¶�V �S�U�R�J�U�H�V�V �Y�H�O�R�F�L�W�\
�W�R �L�Q�F�H�Q�W�L�Y�L�]�H �E�O�R�F�N�L�Q�J �E�H�K�D�Y�L�R�U�� �+�R�Z�H�Y�H�U�� �Z�K�H�Q �H�[�S�D�Q�G�L�Q�J �W�K�H �V�W�D�W�L�R�Q�D�U�L�W�\ �F�R�Q�G�L�W�L�R�Q �R�I �W�K�H �/�D�J�U�D�Q�J�L�D�Q
�L�Q �W�K�H �H�T�X�D�W�L�R�Q �E�H�O�R�Z�� �Z�H �R�E�V�H�U�Y�H �W�K�D�W �W�K�L�V �W�H�U�P �G�R�H�V �Q�R�W �L�Q�I�O�X�H�Q�F�H �W�K�H �H�J�R �S�O�D�\�H�U�¶�V �G�H�F�L�V�L�R�Q�� �6�L�Q�F�H
�W�K�H �R�S�S�R�Q�H�Q�W�¶�V �V�W�U�D�W�H�J�\ �L�V �I�L�[�H�G �I�U�R�P �W�K�H �H�J�R �S�O�D�\�H�U�¶�V �S�H�U�V�S�H�F�W�L�Y�H �L�Q �W�K�H �R�S�H�Q���O�R�R�S �V�H�W�W�L�Q�J�� �W�K�H �S�U�R�J�U�H�V�V
�Y�H�O�R�F�L�W�\ �W�H�U�P �D�F�W�V �D�V �D �F�R�Q�V�W�D�Q�W �D�Q�G �P�H�U�H�O�\ �V�K�L�I�W�V �W�K�H �R�Y�H�U�D�O�O �F�R�V�W �O�D�Q�G�V�F�D�S�H �Z�L�W�K�R�X�W �D�O�W�H�U�L�Q�J �W�K�H �R�S��
�W�L�P�D�O �V�R�O�X�W�L�R�Q�� �$�V �D �U�H�V�X�O�W�� �Q�R �D�F�W�X�D�O �E�O�R�F�N�L�Q�J �E�H�K�D�Y�L�R�U �H�P�H�U�J�H�V�� �D�Q�G �W�K�H �1�D�V�K �H�T�X�L�O�L�E�U�L�X�P �U�H�P�D�L�Q�V
�X�Q�F�K�D�Q�J�H�G��

�� �K�W�W�S�V�������J�L�W�K�X�E���F�R�P���-�X�O�L�D�*�D�P�H�7�K�H�R�U�H�W�L�F�3�O�D�Q�Q�L�Q�J���0�&�3�7�U�D�M�H�F�W�R�U�\�*�D�P�H�6�R�O�Y�H�U���M�O�� �D�F�F�H�V�V�H�G�� �0�D�U�F�K ��������
�� �K�W�W�S�V�������J�L�W�K�X�E���F�R�P���F�K�N�Z�R�Q���3�$�7�+�6�R�O�Y�H�U���M�O�� �D�F�F�H�V�V�H�G�� �0�D�U�F�K ��������



�������� �&�E�W�I�P�M�R�I �Q�I�X�L�S�H �� �1�4�' ����

r u i L i = r u i J i (x 0; u i ; u : i ) � r u i

�
� i T

hi (u i ) + � i T
ci (u i )

�

= r u i

�
jjel (� i

k )jj2
ql

+ jjec(� i
k )jj2

qc (pd ( � i
k )) + 1f attacker = igqcol col(pi

k ; p: i
k )

�

+ r u i

�
qvel vel(v i

k ) + jj � vi
�;k jj2

q� v
+ jj j i

k jj2
qj

�
+ � � � � �: 0

r u i �v : i
�;k � r u i �v i
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� r u i

�
� 1T

hi (u i ) + � i T
ci (u i )

�
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�7�R �H�[�S�O�L�F�L�W�O�\ �L�Q�W�U�R�G�X�F�H �E�O�R�F�N�L�Q�J �V�W�U�D�W�H�J�L�H�V�� �Z�H �P�R�G�L�I�\ �W�K�H �S�U�H�Y�L�R�X�V �F�R�V�W �I�X�Q�F�W�L�R�Q�D�O �R�I �E�\ �D�G�G�L�Q�J �D�Q �D�G�G�L��
�W�L�R�Q�D�O �E�O�R�F�N�L�Q�J �W�H�U�P��

J i (x 0; u i
k ; u : i

k ) = jjel (� i
k )jj2

ql
+ jjec(� i

k )jj2
qc (p d ( � i

k )) �����������D��

+ 1f attacker = igqcol col(pi
k ; p: i

k ) �����������E��

� 1f attacker 6= igqblock col(pi
k ; p: i

k ) �����������F��

+ qvel vel(v i
k ) �����������G��

+ jj � vi
�;k jj2

q� v
+ jj j i

k jj2
qj

�����������H��

� �v i
�;k �����������I��

�7�K�H �W�H�U�P �I�U�R�P�(�T�X�D�W�L�R�Q ���������F�H�Q�F�R�X�U�D�J�H�V �W�K�H �H�J�R �S�O�D�\�H�U �W�R �P�L�Q�L�P�L�]�H �W�K�H �G�L�V�W�D�Q�F�H �W�R �W�K�H �R�S�S�R�Q�H�Q�W
�Z�K�H�Q �L�Q �W�K�H �G�H�I�H�Q�G�H�U �U�R�O�H�� �8�Q�O�L�N�H �W�K�H �S�U�H�Y�L�R�X�V �I�R�U�P�X�O�D�W�L�R�Q�� �W�K�L�V �Q�H�Z �W�H�U�P �D�F�W�L�Y�H�O�\ �G�H�S�H�Q�G�V �R�Q �W�K�H �H�J�R
�S�O�D�\�H�U�¶�V �G�H�F�L�V�L�R�Q �Y�D�U�L�D�E�O�H�V�� �P�H�D�Q�L�Q�J �L�W �G�R�H�V �Q�R�W �F�D�Q�F�H�O �R�X�W �L�Q �W�K�H �.�.�7 �F�R�Q�G�L�W�L�R�Q�V�� �6�S�H�F�L�I�L�F�D�O�O�\�� �Z�K�H�Q �W�K�H
�H�J�R �S�O�D�\�H�U �L�V �Q�R�W �W�K�H �D�W�W�D�F�N�H�U�� �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Q�R�Z �L�Q�F�O�X�G�H�V �D �Q�H�J�D�W�L�Y�H �F�R�O�O�L�V�L�R�Q �S�H�Q�D�O�W�\�� �L�Q�F�H�Q�W�L�Y�L�]�L�Q�J
�W�K�H �G�H�I�H�Q�G�H�U �W�R �D�S�S�U�R�D�F�K �W�K�H �R�S�S�R�Q�H�Q�W �D�Q�G �R�E�V�W�U�X�F�W �W�K�H�L�U �P�R�Y�H�P�H�Q�W��
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