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Abstract

Autonomous drone racing presents a unique challenge that requires both high-speed motion planning
and strategic decision-making in a multi-agent setting. Prior work has primarily relied on model predic-
tive control (MPC) methods that treat opponents as dynamic obstacles, limiting their ability to model
strategic interactions. In this work, we formulate drone racing as a dynamic game and introduce game-
theoretic planning methods that compute open-loop Nash equilibria, incorporate blocking strategies,
and accelerate decision-making using learning-based techniques. These methods explicitly model
opponent behavior, allowing drones to anticipate and react strategically in high-speed racing scenar-
ios. To assess the effectiveness of our approach, we conduct a large-scale head-to-head tournament
against MPC-based planners, demonstrating that interaction-aware planning enables more effective
overtaking and defensive strategies, leading to a higher wining rate. However, computational delays
in high-speed decision-making can limit performance, highlighting the need for efficient techniques
that balance real-time feasibility with strategic adaptability. Our results show that learning-based ac-
celeration significantly improves decision-making speed while preserving competitive advantages. Fi-
nally, high-fidelity simulations and real-world drone racing experiments validate the feasibility of these
methods, confirming their ability to generate reliable and competitive strategies under practical racing
conditions.
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SODQQLQJ HPSKDVL]LQJ VDIHW\DQG FRPSHWLWLYHQHVV E\ LQFRUSRUD



ISHIP TVIHMGXMZIETTVSEGLIW

JLIXUH 2YHUYLHZ RI GLITHUHQW DXWRQRPRXV UDFLQJ SUREOHPV IRXQGLQ OLWHUDWXUH D
WKHP



+EQI XLISVIXMGEP TPERRIVW

SUHGLFWLRQV LQWR WKH FRVW IX@ FWIWRIQ GHiGTWHK]LWWLHQU DY FKLFDO DSS
GXFLQJD WHUPLQDO FRQVWUDLQW LQ WKH KLJK OHYHO SODQQHUfV VRO
SUHGLFWLRQ KRUL]JRQV

'"HVSLWH WKHLU HITHFWLYHQHVY 03& PHWKRGV JHQHUDOO\UHO\RQ WUHI
UDWKHU WKDQ VWUDWHJIJLFDIJHQWYV 7KLV OLPLWDWLRQ UHGXFHV WKHLU
DV EORFNLQJDQG VWUDWHILF RYHUWDNLQJ ZKLFK DUH HVVHQWLDO LQ
DSSURDFKHV RIWHQ VWUXJJOH ZLWK ORQJ SUHGLFWLRQ KRUL]JRQV GXH W
ZRUN DWWHPSWV WRDGGUHVV WKHVH OLPLWDWLRQV EA\LQWHJUDWLQJ U}k
FRPSRQHQWYV ZLWKLQ 03& IUDPHZRUNV HQDEOLQJPRUHDGDSWLYHDQG

+EQI XLISVIXMGEP TPERRIVW

*DPH WKHRUHWLFDSSURDFKHY H[SOLFLWO\PRGHO VWUDWHJILF LQWHUD
OLEULXP FRQFHSWV VXFK DV 1DVKDQG 6WDFNHOEHUJ HTXLOLEULD 7KHYV
DSSURDFKWR FRPSHWLWLYH GHFLVLRQ PDNLQJ E\ HQVXULQJ WKDW HDF}
RWKHUV ZKHQ FRPSXWLQJ LWV RSWLPDO VWUDWHJ\

2EWL KEQIW

IDVK HTXLOLEULXP EDVHG SODQQHUV FRPSXWH VWUDWHJILHY ZKHUH QR
FRPH ,WHUDWLYH EHVW UHVSRQVH ,%5 LV D SRSXODU PHWKRG IRU DS
DIJHQWYV LWHUDWLYHO\DGMXVW WKHLU VWUDWHJLHY EDVHG R@WKH IL[H
HPSOR\HG ,%5 ZLWK VHQVLWLYLW\DQDO\WLVY WR SUHGLFWDQG H[SORLW I
ULRU SHUIRUPDQFH FRPSDUHG WR 03& EDVHG@DS[SWHRDGFHE W K DY B HW/KIRAS |
UDFLQJ XVLQJD VHQVLWLYLW\ HOQKDQFHG ,%5 6( ,%5 ZKLFKJXDUDQWHE
GLWLRQV :LOOL®P®VHWLHG BEHVW UHVSRQVH PRGHO SUHGLFWLYH SDWK L
UHDO ZRUOG HI[SHULPHQWV LQ DXWRQRPRXV UDFLQJ

2WKHU DSSURDFKHV XVH ILUVW RUGHU RSWLPDOLW\ FRQGLWLRQV GHUL
FRQGLWLRQV WR FRPSXWH 1DVK HTX L@ ILRRW.IDR G BIOG VKK HWs D@ VRO Y H |
DSSOLHVDQDXJPHQWHG /DJUDQJLDQ PHWKRG WR HQIRUFH VWDWH DQG L
@ GHYHORSHG D VHTXHQWLDO TXDGUDWLF SURJUDPPLQJ 643 DSSURDI
GHPRQVWUDWLQJLPSURYHG VXFFHVV UDWHV LQUDFLQJ VFHQDULRY $G
EOHQG 1DVK HTXLOLEULD ZLWK UHLQIRUFH®HIRUM EHDQ Q@ HPI ORHHAK®ER WTRX S
FRPSXWDWLRQDOO\HIILFLHQW \HW DGDSWLYH SODQQLQJ VWUDWHILHYV

"LITHUHQWLDO G\QDPLF SURJUDPPLQJ '"'3 WHFKQLTXHV VXFK DV LWHUD
*DPHV@ UHILQH 1DVKHTXLOLEULXP VWUDWHJLHY E\ LWHUDWLYHO\ VROY
5RZROG HW@aB[WHQGHG L/4*DPHV WR UDFLQJ VFHQDULRYV VKRZLQJ WKDYV
PRUH DJJUHVVLYHDQG VWUDWHJILF EHKDYLRUV VXFK DV EORFNLQJ +RZ
VWUDLQW KDQGOLQJ UHTXLULQJVRIWSHQDOW\WHUPV WR HQIRUFH WUD

7TXEGOIPFIVK KEQIW

6WDFNHOEHUJ JDPHV LQWURGXFH D OHDGHU IROORZHU KLHUDUFK\ ZKHU |
DQG RWKHUV UHVSRQG RSWLPDOO® GHPREVUWWILW HIE WKWOW 6WDFNHOEH!L
SDUWLFXODUO\ XVHIXO IRU HQIRUFLQJ EORFNLQ@ RHYHDOYRBHG LI RIHDW K )
IRURSWLPL]LQJ WKH RUGHU RI SOD\LQ 6WDFNHOEHUJ JDPHV XVLQJD PL
WR GHWHUPLQH VRFLDOO\ RSWLPDO OHDGHU IROO®RZSHJRBRVHIP QW H.
&DUOR EDVHGJUDGLHQW IUHHDOJRULWKPIRUVROYLQJPXOWLOHYHO 6W
FRPSOH[LW\OLPLWV LWV UHDO WLPHDSSOLFDELOLW\

$ UHFHQW SDSHU E@ IEMWWOIBY RQ WKH SULQFLSOHV DSSOLHGAL ®WE&H FRPS
DLPVWR VROYH IRUWKHIHHGEDFN 6WDFNHOEHUJHTXLOLEULXP )6( 7KH
BWDFNHOEHUJ HTXLOLEULXP SUREOHP DV D VHTXHQFH RI QHVWHG RSWLF
GHULYDWLRQRIWKH..7FRQGLWLRQVDQGVHFRQG RUGHU VXIILFLHQW FR
>@ ZKLFK TXDGUDWLFL]H WKH FRVW IXQFWLRQ /L HW DO TXDGUDWLFL
LQWHULRU SRLQW 3',3 PHWKRG 7KLV SURYLGHV D PRUH FRPSXWDWLRQI
DFWLYH VHW PHWK®G RIVHGLIQY SRO\QRPLDO FRPSOH[LW\ UDWKHU WKDQ |



6EGI HIWMKR

VROYLQJFRQVWUDLQHG /4DQG QRQOLQHDU JDPHYV

4SXIRXMEP KEQIW
SRWHQWLDO JDPHV VLPSOLI\PXOWL DIJHQW RSWLPL]DWLRQ E\HQVXULQJ
JOREDO SRWHQWLDO IXQFWRRIQQ WYRGCXFXBVEPMWHQ@WLDO L/45 OHYHUDJL
L/45IRUVROYLQJ FRQVWUDLQHG PXOWL DJHQW WUDM @FM R/VUH\QRSSHNGLER] D V
WHQWLDO JDPHV WR G\QDPLFUDFLQJHQYLURQPHQWY ZLWK 5%$3," GHPRQ
RYHUWDNLQJDQGEORFNLQJLQGURQHUDFLQJH[SHULPHQWY +RZHYHU V
WXUHV OLPLWYV WKHLU DSSOLFDELOLW\LQ DV\PPHWULF UDFLQJLQWHUDF
VXIJIJHVW WKDW WKH DOJRULWKP FDQ EH XVHG DV D IDVW ZDUP VWDUWLQ.
FRXSOLQJV RIITHULQJ FRPSXWDWLRQDODGYDQWDJHV IRUVROYLQJPRUH

$GGLWLRQDOO\ DQRWKHO WKWMRQEWERWHDRWNYS JDPHV WR DIHHGEDFN L
E\IRUPXODWLQJ WKH QHFHVVDU\JDPH FRQGLWLRQV IXUWKHU EURDGHQ
DIHOQW VFHQDULRYV

6EGI HIWMKR

,QPXOWL DIHQW DXWRQRPRXV UDFLQJ UHVHDUFK H[SHULPHQWDO VHWX
LOWHUDFWLRQV EHWZHHQ DIJIHQWYV VXFK DV RYHUWDNLQJ EORFENLQJ D
GLITHULQ WKH YHKLFOH W\ASHXVHG HJ JURXQG YHKLFOHV RUDHULDO G|
VWDUWLQJ FRQGLWLRQV VSHHG YDULDWLRQV DQG WUDFN FRPSOH[LW\YV

JRUH[DPSOH LQJURXQG YHKLFOH @D HIQQYIXUKDNNDYHIW BEOILYLQJI DOO YHE
G\QDPLF SURSHUWLHY LQFOXGLQJWRSVSHHG DFFHOHUDWLRQ DQG JUL
WR FUHDWH GLIITHUHQW VWDUWLQJ FRQGLWLRQV 7R DYRLG ELDV WKH\ D
HISHULPHQ@WDIQ@®>LQYROYHKHDG WR KHDG TXDGURWRUUDFHV RQ ERWK!
FRPSOH[ "WUDFNV ZLWK FKDOOHQJLQJJHRPHWULHY VXFKDVWXUQV ZLW
GHPDQG FDUHIXO ORQJ WHUP SODQQLQJIURP WKHDJHQWYV

,Q>@ 6SLFDHWDO HQIRUFHLQWHUDFWLRQV E\KDQGLFDSSLQJRQHRI W
KLQG WKHVORZHURQH HQVXULQJWKDWLWPXVWHQJIJDIJHZLWK WKH VORZ
6LPLODUG DQ@> WKH LQLWLDO SRVLWLRQV RIWKHDJHQWY DUHUDQGRP

FHQWLPHWHUV RIHDFK RWKHU ZLWK WKH WUDLOLQJ DJHQW JLYHQ D
VHWXS IXDUDQWHHV IUHTXHQW LQWHUDFWLRQVEHWZHHQDJHQWY SURP
GXULQJWKH UDFH

7TDEOHSUHVHQWV DQ RYHUYLHZ RI GLIITHUHQW PHWKRGVY XVHG LQ GHVLJQL
LQWHUHVWLQJ EHKDYLRXU 7KHVH PHWKRGV LQYROYH YIR\VEWRRQALVL
GLIIHUHQW DFFHOHUDWLRQ DQG YHORFLW\OLPLWY EDVH@&@RQMNHM@IWLYH
VSHFLDO FRVW WHUPV IRU DJJUHVVLYHQHVYV E\ SHQDOL]LQJao MWQIEH GLVW
YDU\LQJWKHLQIRUPDWLRQ VWUXFWXUHYV E\ S@D\LQJDVDIROORZHU RUC

7DEOH 2YHUYLHZ RIPHWKRGV XVHG WR LQFHQWLYL]HLQWHUHVWLQJUDFLQJF

5DFLQJ SUREOHP VHVWKSHUHQFH

DJJUHVVLYHQHVV WHUP @
DFFHOHUDWLRQDQG YHORFLW\@RQVWUDLQWYV >
LQIRUPDWLRQ VWUXFW X U&®
YDU\LQJ FROOLVLRQ UHVSRQVI@ELOLW\ >

(MWGYWWMSR

7KH UHYLHZHG OLWHUDWXUH SURYLGHV D FRPSUHKHQVLYH XQGHUVWDOQU(
PXOWL DIJHQW DXWRQRPRXV UDFLQJ KLIJKOLJKWLQJGLIIHUHQW DSSURDF
ERWK PRGHO SUHGLFWLYH DQG JDPH WKHRUHWLF PHWKRGYV KDYH GHPRC
UDFLQJ VFHQDULRYVY WKLV VHFWLRQ GLVFXVVHVY KRZ RXU UHVHDUFK DOLJ
PDGH UHJDUGLQJ WKH PHWKRGRORJLHY HPSOR\HG LQ WKLV WKHVLYVY DQG



(MWGYWWMSR

2XUUHVHDUFKDGRSWVDJDPH WKHRUHWLFDSSURDFK OHYHUDJLQJ 1DVk
WKHVWUDWHILFLQWHUDFWLRQVEHWZHHQDJHQWY $VGLVFXVVHGLQ Wk
PXWXDOLQIOXHQFHVEHWZHHQDJIJHQWVLQD FRPSHWLWLYHVHWWLQJ PD
UDFLQJ GRPDLQ +RZHYHU ZH GR QRW FRQVLGHU 6WDFNHOEHUJ RU SRWH
6ROYLQJIRUJHQHUDOL]HG 6WDFNHOEHUJHTXLOLEULD LQ G\QDPLF JDPH\
LWLPSUDFWLFDO IRUUHDO WLPH UDFLQJ DSSOLFDWLRQV 6LPLODUO\ &
WDJHV GXH WR WKHLU DOLJQPHQW ZLWK JOREDO RSWLPL]DWLRQ WHFKQ
LQWHU DJHQW FRVW VWUXFWXUHYV OLPLWYV WKHLU DSSOLFDELOLW\ LQ FR
LOWHUDFWLRQV DUH FRPPRQ

$QRWKHU NH\ PHWKRGRORJLFDO FKRLFH LQ RXU VWXG\ LV WKH XVH RI RS
EDFN VWUDWHJLHY :KLOHIHHGEDFN EDVHG DSSURDFKHVY HQDEOH DJHQ\
JLHVEDVHGRQ UHDO WLPHREVHUYDWLRQV WKH\UHTXLUH VROYLQJFRP
HDFK WLPH VWHS PDNLQJ WKHP FRPSXWDWLRQDOO\LQIHDVLEOH IRU UH
VFHQDULRY $OWKRXJK PXOWL DIJHQW UHLQIRUFHPHQW OHDUQLQJ 0$5/
FRPSXWDWLRQDO FKDOOHQJH E\ OHDUQLQJ IHHGEDFN VWUDWHJILHV RIIC
QDPHO\ WKH VLIJQLILFDQW FRPSXWDWLRQDO UHVRXUFHV UHTXLUHG IRU
VWUDLQWY ZH H[FOXGH 0$5/ EDVHG PHWKRGV IURP WKLV VWXG\

)XUWKHUPRUH RXU DSSURDFK LQFRUSRUDWHV D KLHUDUFKLFDO SODQQ
SODQQHU RSHUDWHV DV D KLJK OHYHO FRQWUROOHU WR JHQHUDWH LQW
OHYHO FRQWUROOHU LQ UHDO WLPH H[HFXWLRQ 7KLV GHVLJQ FKRLFH DC
GHFRXSOH ORQJ WHUP VWUDWHJLF SODQQLQJ IURP VKRUW WHUP FRQWL
WZHHQ FRPSXWDWLRQDO HIILFLHQF\DQG VWUDWHJILF DGDSWDELOLW\ $
WLRQ IURP SUHYLRXV VWXGLHVY WR FRQVWUXFW FRPSHWLWLYH DQG VWU
QLTXHV VXFKDV YDU\LQJLQLWLDO FRQGLWLRQV LQWURGXFLQJYHORFLW
QHVV WHUPV LQ FRVW IXQFWLRQV DUH NH\ FRQVLGHUDWLRQV LQ RXU HJ[S
HVVHQWLDO IRUHQVXULQJ PHDQLQJIXO LQWHUDFWLRQV EHWZHHQ DJHQ)\
LQJ EORFNLQJ DQG FRPSHWLWLYH SRVLWLRQLQJ



+EQI XLISV] TVIPMQMR

7KLY FKDSWHU LOWURGXFHV WKH IXQGDPHQWDO FRQFHSWV RIJDPH WKHF
QLQJ HVSHFLDOO\LQ WKH FRQWH[W RI DXWRQRPRXV UDFLQJ *DPH WKHF
WR PRGHO LQWHUDFWLRQV ZKHUH WKH RXWFRPHIRUHDFK SDUWLFLSDQW
LQvVvSLUDWLR @@ URP I UVW DLP WR PDNH VRPH GLVWLQFWLRQV EHWZHHQ W

&RRSHUDWLYH YV QRQ ,FRRFRSRHSHUWDMWIHYH JDPHY DJHQWYV FRRSHUDWH WR L
FRPHY ZKLOHLQ QRQ FRRSHUDWLYHJDPHVY HDFKDJHQW RSWLPL]HV WKH
LVLQKHUHQWO\D QRQ FRRSHUDWLYH JDPH VLQFHHDFKDJHQW YHKLFOH
FHVVDQG QR DJHQW VKDUHV LWV VWUDWHJILHYVY ZLWK WKH RSSRQHQWYV

6WDWLF YV G\QDWLBWLF JDPHY DOO DJHQWY FKRRVH WKHLU DFWLRQV VL
LQVWDQW LQ WLPH ZKHUHDV IRU G\QDPLFJDPHV WKH JDPH LV SOD\HG IR
WLPH RQHRWKHU QDPH IRUWKHVHLY "PXOWL VWDJH  JDPHYV

JLQLWH YV LXQDIRRWHQ ZKLFK WKH QXPEHU RIDFWLRQV DYDLODEOH WR HDF
ILQLWHJDPHY ZKLOHJDPHV ZLWK DQ XQFRXQWDEOH QXPEHU RIDFWLRQ\

=HUR VXP YV JHQHUDMHVYRPVXP JDPHVY RQHDJHQWY YV JDLQ LV EDODQFHG I
5DFLQJLVRIWHQPRGHOHGDVD]HUR VXPJDPH ZKHUH SRVLWLRQV DUH G
LPSURYHVY RQH DJHQWYfV UDQN ZKLOH GHFUHDVLQJ DQRWKHUYV +RZHY
JHQHUDO VXP JDPH ZKHUH DJHQWY KDYH LQGHSHQGHQW REMHFWLYHV E
FROOLVLRQV

&RQVWUDLQHG YV XQRR@WW/UWIDLL@HE JDPHV LQFOXGH FRQVWUDLQWYV RQ
WLRQV 7KHVH FRQVWUDLQWY FDQ RQO\ DSSHDU IRU D VXEVHW RI WKH S«
SOD\HUV VKRXOG KDYH WKH VDPH FRQVWUDLQWY 8QFRQVWUDLQHG JDPH
HUV

BSXUHYVPL[HGVWUDPSHIHNWUDWHILHY DQDJIJHQWDOZD\VFKRRVHV DVSH
LVWLFPDQQHU ZKLOHLQPL[HG VWUDWHILHV WKHV\UDQGRPL]JHRYHU PXC
YDQWZKHQ GHDOLQJZLWK XQFHUWDLQWLHVLQ WKHRSSRQHQWVTEHKDY |
SUREDELOLVWLFDOO\VZLWFK EHWZHHQ DJJUHVVLYHDQG FRQVHUYDWLY
Lw\ OL[HG VWUDWHILHYVY DUHDOVR UHOHYDQW IRUJDPHV ZKLFK GRQTW S
HIDPSOH WKH URFN SDSHU VFLVVRUV JDPH

TUDMHFWRUV)VRPHR/ZLQI WKH GH@ QISWDR® LURPKLFK 1 DIJHQWYV LQWHUDFW
VSDFHRYHU WLPH 7KHDJHQWY ZKLFKFRXOG UHSUHVHQW SOD\HUV LQD
VHTXHQFHDQG VWDWHV DQG FRQWURO LRIJXVWW FL VL DWW EROMLEAARUR | 7 K



7TSPYXMSR GSRGITXW

VHTXHQFHV RI VWDWH DQG FRQWURO YDULDEOHV IRUWKDW SOD\HU DQG
IRUFH HJ G\QDPLFIHDVLELOLW)\ SK\VLFV VWD\LQJRQURDG PDLQWDL
HWF

TSPYXMSR GSRGITXW

7TKHUH DUH D ZLGH YDULHW\ RI VROXWLRQ RUHTXLOLEULXP FRQFHSWYV
UHOHYDQW RQH IRU WKH VFRSH RI WKLY SDSHU QDPHO\ 1DVK HTXLOLEU
DVVXPSWLRQV RI WKLY FRQFHSW ZH WXUQ RXU DWWHQWLRQ WR QRQ FR
VWDWLF ILQLWH JDPHYV

$ QRUPDO IRUP UHSUHVHQWDWLRQ LV WKH VWDQGDUG ZD\RI PRGHOLQJ V!
DQ DFWLRQ ZLWKRXW NQRZLQJ WKH FKRLFHV RI RWKHUV DQG WKH UHVX
PDWUL[ (DFK SOD\HU KDV LWV BZ @ RIEFMKHAWD Y M XMRFRVAWROPL]IH )RUPDOO\
JDPHLQ QRUPDO IRUP FRQVLVWYV RI

$$ ILQLWH VHWRSE fS0:D;NyU V
$$ILQLWH DBWRRDHEWISOD\HU
$1$Q REMHFWLYH: UXQFWLR® RWKDW GHWHUPRTQRENBBBWLLY H

(DFK SOD\HUDLPV WR VHQH AKX DWW BEWLRRQ]JHV LWV 1'Q GQ 9 RE®X BRRRIHVUDRMLLYY:
JDPHV HDFK SOD\HUJV REMHFWLYH GHSHQGY QRW RQO\RQ LWV RZQ DFW
L H

J'utu?iuy:

7TRLOOXVWUDWHWKLY ZHFRQVLGHUD ELPDWUL[JDPH ZKHUHWZR SOD\HL
FKRRVH DFWLRQV DQG WKHLU SD\RIIVDUH GHWHUPLQHG E\ SD\RII PDWU
SULVRQHUYV GLOHPP® XKONKQVURPIEQHG E\ WKHIROORZLQJ SD\RII PDWU

M= D Q\B2 =

2 0 2 3
31 01
ZKHMHLY WKH SD\RII PDWUL[ NRULI/OMKHILS D\IRQIGPDWUL[ IRU 30D\HU 7KH SC
VHWV FRQVLVW RI WZR SRVVLEOH DFWLRQV "FRQIHVV  RU "VWD\ TXLHW"
ZKHUH WKH ILUVARHIQQWUYS RO GV WR WKH DFWLRQ 3FRQ I VWRUDNPHE 3KGGAH FR

WR WKHDFWLRQ 3VWD\ TXLHW’
*LYHQ WKDW HDFK SOD\HU DLPV WR PD[LPL]H WKHLU RZQ SD\RII WKH REMI

Iuhu?)= u MuZ J2wlhu?) = ul' M2z

IDVK HTXLOLEUWDXRKR HTXLOLEULXP RFFXUV LQ D JDPH ZKHQ QR DJHQW FD
WKHLU SD\RII E\ FKDQJLQJ WKHLU VWUDWHJ\ DVVXPLQJ RWKHU DJHQWYV
ZRUGV HDFK SOD\HUfYV VWUDWHJ\ LV D EHVW UHVSRQVH WR WKH VWUDW
DVVXPHVWKDWDOODJHQWV PDNHWKHLUGHFLVLRQVVLPXOWDQHRXVO\ |
EHIRUHKDQG :HIRUPXODWH WKHJLYHQ JDPHDV DQ RSWLPL]DWLRQ SURE
FRUUHVSRQGV WR WKHWU FKRLFHRIDFWLRQ

8
3 u' 2argmin J'(u';uit)
8i 2N S Ci(di):o

hi(u') 0

"KHUH
fu' LVDQ\VWUDWHJI\IURP W KHNRHWBHQWUDWHJILHV



-RISVQEXMSR WXVYGXYVI

ful LVWKHRSWLPDO VWUDWHJ\RIDJHQW

fu'l =(ul )jgi LV WKH VWUDWHJI\ SURILOHHRI DOO DJHQWYV H[FHSW

¢ DQBGUHSUHVHQW WKH HTXDOLW\DQG LQHTXDOLW\ FRQVWUDLQWYV IR
$+J UHSUHVHQWY WKH REMHFWLYH IXQFWLRQ RIDJHQW

7KH 1 WXSOH RIfUWIlPINY HFRQGNWW LW XWHY D 1IDVK HTXLOLEULXP LI

Ji(ui ;uii ) Ji(ui;uii ), 8ui 2ul

7KLV LQHTXDOLW\ LPSOLHIV WKHQ MRKHDWK DWHQWHY RI RWKHUWRHQWV W
EHVW FKRLFH ,Q WKH SUHYLRXV ELPDWUL[ JDPH WKHULD¥VHK?HIT XLOLEULX
(1,007 ZKLFK FRUUHVSRQGV WR ERWK SULVRQHUV FRQIHVVLQJ

+IRIVEPMA"EXMSR
,QPDQ\ PXOWL DIJHQW VA\VWHPYVY DJHQWV RIWHQ IDFH FRQVWUDLQWYV WKI
DPRQJ RWKHUV OHDGLQJ WR WKHFRQFHSW RID *HQHUDOL]HG 1DVK (TXL!
VWDQGDUG 1IDVKHTXLOLEULXPDVLWLQFOXGHVWKHFRQVLGHUDWLRQ RI
D*1(LVDVROXWLRQ WR WKHIROORZLQJSXYXR®WQRPB ZKLFKDOVR VDWLVILH

8
3 u' 2argmin J'(u';uit)
82N duisu')=0

hi(u';u'') 0

"KHWHD QM UHSUHVHQW FRXSOHG HTXDOLW\DQG LQHTXDOLW\FRQVWUDLQ
JLHV PXVW MRLQWO\PLQLPL]H WKHLU REMHFWLYHV ZKLOH VDWLVI\LQJ DC

,Q ERWK VWDQGDUG DQG JHQHUDOL]HG 1DVK HTXLOLEULD PXOWLSOH H’
HTXLOLEULD DULVHV LQ FDVHV ZKHUH PXOWLSOH VHWY RI VWUDWHJLHV
FDVHRIUDFLQJ QRQ XQLTXHQHVV  FDQPDQLIHVWDV GLITHUHQW HTXDOO
VDWLVIV\WKH HTXLOLEULXP FRQGLWLRQV

-RISVQEXMSR WXVYGXYVI

7TKHLQIRUPDWLRQ VWUXFWXUH RIDJDPH SOD\VD FUXFLDO UROH LQ GHW
GLVWLQFWLRQLVY PDGHEHWZHHQ RSHQ ORRSDQGIHHGEDFNJDPHYV

2SHQ ORRS VWDWLF LQIRUBDWISRH@ VORRSFWNXNBHPDWLRQ VWUXFWXUH Ul
ZKHUHDJHQWV FRPPLW WR WKHLU VWUDWHJLHV DW WKH EHJLQQLQJ RI WK
EDVHG RQ WKH HYROYLQJ VWDWH RI WKHJDPH 2QFH WKH JDPH VWDUWYV
LQIRUPDWLRQ DERXW WKHLU RSSROQHQWIV DFWLRQV RUWKHJDPHYfV SUR.
SXUHO\EDVHG RQLQLWLDO FRQGLWLRQV 7KLV UHVXOWV LQ WKHFODVV I

JHHGEDFN LQIRUPDWLRQ WMRVQMXBD/XWHD IHHGEDFN LQIRUPDWLRQ VWUXFW
MXVW WKHLU VWUDWHJILHY G\QDPLFDOO\ EDVHG RQ WKH FXUUHQW VWDW|
VWUDWHJILHYVY 7KHVH VWUDWHJLHY HQVXUH VWURQJ WLPH FRQVLVWHQF\
ZKHQUH HYDOXDWHG DW DQ\ I XWX W@H WHHPGE BV Ns Y WRMOWHIO HY PUH RIWHQ
ODUNRYLDQ VW ZRMWHH MHKWH FR QWAHRSHODPBWLIR@Q@WKH FXUUHQW VWDWH RI WK

u'= (xe)

7TKLVDGDSWDELOLW\RIWHQ OHDGVWRVXSHULRU SHUIRUPDQFHFRPSDUH
ZKHUH SUHFRPPLWPHQW SURYLGHV D VWUDWHJIJLFDGYDQWDJH



6EGMRK +EQI

7KLYV FKDSWHU GHILQHVY WKH VWUXFWXUH RI WKH DXWRQRPRXV UDFLQJ J|
LQDQRQ FRRSHUDWLYH VHWWLQJ ZKHUH SOD\HUV FRPSHWH IRU SRVLWLF
UXOHV LQVSLUHG E\UHDO ZRUOG FRPSHWLWLRQV HQIRUFH IDLU RYHUMW
DQG YHORFLW\ FRQVWUDLQWY WR SUHYHQW XQLQWHQGHG H[SORLWV %
HQVXULQJ FRPSOLDQFH ZLWK UDFH UXOHY E\ PRQLWRULQJ SOD\HU VWDW
FROOLVLRQV

*SVQEP HIWGVMTXMSR

7TKHDXWRQRPRXV UDFLQJJDPHLY VWUXFWXUHG DV D PXOWL DIJHQW G\QD
WRQDYLJDWHWKHUDFHWUDFN ZKLOH RSWLPL]JLQJLWV RZQ FRQWURO VW
JDPH HQYLURQPHQW FRQVLVWY RI D FORVHG ORRS UDFH WUDFN ZLWK D I
VPRRWK SHULRGLF VSOLQHUHSUHVHQWDWLRQ

7KH UDFH WUDFN LQFOXGHY GHVLIQDWHG FKHFEFNSRUQWVH Q@ KMHKVWHIRUP RI
JDWHV VHUYH DV YHULILFDWLRQ SRLQWYV WKDW HQIRUFH DGKHUHQFH WR
FXWV RU H[FHVVLYH GHYLDWLRQV IURP WKH WUDFN 7KH WUDFN LV IXUW
FRUULGRU ZKLFK SOD\HUV PXVW UHPDLQ ZLWKLQ WR DYRLG SHQDOWLHYV
DFFRPPRGDWH GLIITHUHQW VHFWLRQV RI WKH WUDFN VXFKDV QDUURZ JD!

D7RS YLHZ RI WKH OHPQLVFDWHUDFH WUDFE3HUVSHFWLYH YLHZRIWKHOHPQLVFDWHUDFH WL

JLIXUH ([DPSOHRID '"OHPQLVFDWHUDFH WUDFN 7KH WUDFN FRQVLVWV RIWZR ORRSV WUI
ULJKW VLGHDQG D "FRXQWHUFORFNZLVH"  GLUHFWLRQ RQ WKH OHIW 30D\HUV VWDUW DW W
ZKLOH VWD\LQJ ZLWKLQ WKH GHVLJQDWHG IOLJKW FRUULGRU



6EGMRK VYPIW

WWWYQTXMSRW
,QWKHIRUPXODWLRQ RIWKHUDFLQJ SUREOHPDQG WKURXJKRXW WKLV SL
SODQQLQJ UDWKHU WKDQ SHUFHSWLRQ 7R VLPSOLI\WKH SUREOHP WKH |

F)XOO NQRZOHGJH RI RSSROBRMWSYIDN\WDWHWDWVVXPHG WR KDYH FRPSOH!
DERXW WKH VWDWHY RIDOO RWKHU SOD\HUV DW DQ\JLYHQ WLPH LQI
DFFHOHUDWLRQV ,I WKLY ZHUH QRW WKH FDVH XQFHUWDLQW\DQG R
DFFRXQWHG IRU VLIJQLILFDQWO\FRPSOLFDWLQJWKH SUREOHP

$)XOO JOREDO NQRZOHGJH RiDFKHSODRHWN@REY WKH OD\RXW RI WKH UD

LQJLWV FXUUHQW SRVLWLRQ DQG SURJUHVV DORQJ WKH WUDFN 7KLV
RUOHDUQLQJGXULQJWKHUDFHDQGDOORZV SOD\HUV WRIRFXV RQ GF
FRQGLWLRQV

f1RQ FRRSHUDWLYH JDWPKHVHOPWLYFIQRQ FRRSHUDWLYH PHDQLQJ SOD

WKHLUVWUDWHIJLHVRULQWHQWLRQV ZLWKHDFKRWKHU (DFKSOD\HU
LQWHUDFWLRQ EHWZHHQ SOD\HUV DULVHV QDWXUDOO\IURP WKH G\Ql
IRUWUDFN SRVLWLRQ RUDYRLGLQJ FROOLVLRQV

6EGMRK VYPIW

7KHUDFLQJUXOHV DUHGHVLIQHG WR HQVXUH IDLU FRPSHWLWLRQ ZKLOH
WR XQLQWHQGHG VWUDWHJILF H[SORLWYVY (DFK UXOHLV PRWLYDWHG E\S
HUDWLRQV REVHUYHG LQ FRPSHWLWLYHDXWRQRPRXV UDFLQJ

7R VWUXFWXUH FRPSHWLWLYHLQWHUDFWLRQV SOD\HUV DUHDVVLJQHG |

f7KHDWWDFNHU VWDUWY EHKLQG DQG DLPVWR RYHUWDNH WKH GHIHQ

t5ROHV VZLWFK RQFH DQ RYHUWDNH LV FRQVLGHUHG YDOLG ZKLFK RI
OHD:YSW DKHDG RI WKH GHIHQGHU DORQJ WKH WUDFN

f7KHZLQQHU LV GHWHUPLQHG E\ WKH WRWDO WLPHVSHQW DV WKH GHIl
PHOQWLQ RYHUWDNLQJUDWKHU WKDQ ODVW PLOQXWHPDQHXYHUV

7KLV UROH EDVHG VWUXFWXUH DQG PHWULF GLVFRXUDJHY SDVVLYH UDF
UHPDLQ HQJDIJHG LQ WKH FRPSHWLWLRQ WKURXJKRXW WKH UDFH

30D\HUV PXVW IROORZ WUDFN OLPLWVY DQG SDVV WKURXJKDOO JDWHV WR

fOLVVLQIJD JDWHUHVXOWY LQ GLVTXDOLILFDWLRQ
+f30D\HUV PXVWUHPDLQ ZLWKLQ WKHWUDFNERXQGDULHV H[FHHGLQJV

7TKHVH FRQVWUDLQWY SUHYHQW SOD\HUV IURPJDLQLQJDQ XQIDLUDGYDC
&ROOLVLRQVDQG YHORFLWLHV DUHUHJXODWHG WR HQIRUFH VDIH UDFLQ
f7KHDWWDFNHU ZLOO KDYH D KLJKHU YHORFLW\ OLPLW WKDQ WKH GHIF
t7KHDWWDFNHU LV UHVSRQVLEOHIRUDYRLGLQJFROOLVLRQV
t$ FROOLVLRQ UHVXOWYVY LQ WKHDWWDFNHUfV GLVTXDOLILFDWLRQ DQ

7KLY UXOH IROORZVY WKH SUHFHGHQW VHW E\ UHDO ZRUOG DXWRQRPRXYV
LV W\SLFDOO\JUDQWHG WR WKHGHIHQGHU LQ DPELJXRXV FDVHV

7R SUHYHQW SOD\HUV IURP H[SORLWLQJ VWRSSLQJ RU H[FHVVLYH VSHHC
FRPHV

F([FHHGLQJ WKH PD[LPXP YHORFLW\E\D ODUJH PDUJLQ UHVXOWV LQ GL
F([FHHGLQJ WKH PD[LPXP YHORFLW\E\D VPDOO PDUJLQ IRUD ORQJ SHU

f30D\HUV PXVW PDLQWDLQ D PLQLPXP VSHHG 'URSSLQJEHORZ WKLV IR
LILFDWLRQ

ORUH VSHFLILFDOO\WKH ,QG\ $XWRQRPRWERKZZ2HQIEHBXWRBDRRRXVFKDOOHQJH FRP UX



61JIVII HIWMKR

7TDEOHSURYLGHV D VWUXFWXUHG VXPPDU\ RI WKHUDFLQJUXOHYV

7TDEOH 6 XPPDU\RIUDFLQJUXOHYVY LQFOXGLQJUROHDVVLIQPHQWY RYHUWDNLQJFRQGLWL
DQG YHORFLW\ FRQVWUDLQWYV

SDFH 5X0OHV
,! 5X0OH '"HVFULSWLRQ

5 B5ROHDVVLJQPHQ®W WKH VWDUW RI D KHDG WR KHDG UDFH SOD\HU
WKH DWWDFNHU EHKLQG DQG WKH GHIHQGHU LQ
RQFH D YDOLG RYHUWDNH KDV RFFXUUHG

5 2YHUWDNLQJ $Q RYHUWDNH LV FRQVLGHUHG YDOLG ZKHQ WKH DV
075 P DKHDG RI WKH GHIHQGHU DORQJ WKH WUDFN

5 *DWHSDVVDJH 30D\HUV PXVW SDVV WKURXJK DOO JDWHV OLVVL(
GLVTXDOLELGIHWLR®LRQ YLRODWLRQ

5 7UDFNOLPLWYV 30D\HUV PXVW QRW GHXQLPWH RARUMHFWKDEHHGLQJ
WKLV OLPLW UHVXOWV EQE@HG LD TWIRAL Y LRI MRQ Q

5 &ROOLVLRQUHVSRQVLELOLW\ 7KH DWWDFNHU ZLOO DOZD\V EH |
PDLQWDLQ D GLVWD@®3I5H O [3 IFIHIW W KIBIY XOWV LQ W
GLVTXDOLELFRWDORYLRQ RUMKHADLVRWDFNH U

5 9HORFLW\OLPLWWBOD\HUV VKDOO DGKHUH WR WKHLU UHVSHFWLYH \
RQ WKHLU UROHV

5 +DUG YHORFLW)\ OUFHWGUQ@#4:0 PV UHVXOWV LQ GL\EFXBIORIEEWW LR Q
YLRODWLRQ

5 OD[VRIWYHORFLW\ GXUBDME®ES PFHHGLRUBMMKDRAYXOWV LQ GLVTXD
LILFDBALRMQORFLW\ YLRODWLRQ

5 O0LQVRIWYHORFLW\GXUDWLRQ 30 MSHRMWA PDOAWQRIDAH)O\RYZL W KOIW ® B B X
IRUPRUMHWKDBOVXOWY LQ GLEVTXB O RRALAVDWLLR® D

WLRQ
5 5DFH GXUDWLRQ 7KHUDFHLY OLPLWHG3\VRDISFD[LPXP RI
5 'LQQHU GHWHUPLQDWLRQ 7KH ZLQQHU LV GHFLGHG EDVHG RQ W

IHQGHU L H OHDGLQJWKHUDFH

61JIVII HITIWMKR

7KH UHIHUHH V\VWHP PDLQWDLQV IDLU FRPSHWLWLRQ E\HQIRUFLQJ UDFH
GHWHUPLQLQJ UDFH HYHQWYV VXFK DV WKH VWDUW ILQLVK DQG GLVTXD
REVHUYDEOH DJHQW VWDWHV + SRVLWLRQV YHORFLWLHVY DQG DFFHOHU
LQSXWV 7KLV VHFWLRQ RXWOLQHV WKH UHIHUHHYV UROH LQ FRPSXWLQJ
WHFWLQJ FROOLVLRQV HQIRUFLQJ YHORFLW\FRQVWUDLQWY DQG LQWH

7R HYDOXDWH ZKHWKHU DJHQWY FRPSO\ ZLWK UDFH UXOHV WKH UHIHUHF
DORQJWKH WUDFN 7KLV UHTXLUHV VROYLQJDQLQYHUVHPDSSLQJ SURE(
PpLQ 'VSDFHDQG D SDUDPHWUWKIG RFBIMMERFNG LQJ S DR ROHWKHDUDR BE O |
WUDFN PXVW EH GHWHUPLQHG ,Q RWKHU ZRUGV WKHDLP WR ILQG WKH F
FXUUHQW SRVLWLRQ

6LQFH WKH WUDFN LV SDUDPHWHUL]J]HG DV D SHULRGLF VSOLQH ZH IRUP?
EHORZ ZKHUH WKH REMHFMDWH LQ WPR JHQ & KH VTXDUHG (XFOLGHDQ GLV
DIHQWYV SRVLWLRQDQG WKHFORVHVW SRLQW RQ WKHWUDFN VSOLQH

(p) = argminjip  p?( )jj?
St: init 1.5 init +1:5

7KLV URRW ILQGLQJ SUREOHP LV HIILFLHQWO\ VROYHG XVLQJ %UHQWT{V P
UHOLDELOLW\ RI WKH ELVHFWLRQ PHWKRG ZLWK WKH VSHHG RI LQYHUVH



61JIVII HIWMKR

PHWKRGJXDUDQWHHV FRQYHUJHQFH ZKLOH PDLQWDLQLQJIDVW QXPHULF
WDWLRQ IURP ZSWVWLWKID ¥HDUFK ZLXCRIZRXKIQEDWKXVSUHY [WRXVKHWWLPDWH
FRQVWUDLQW DFFHOHUDWHY FRQYHUJHQFH DQG UHGXFHV HUURQHRXYV V|
YDWXUH WUDFNV )RU LQVWDQFH JLYHQ D SHUIHFWO\ FLUFXODU WUDFN
WKH FLUFOH PXOWHEEBOBHNMBRRAL/VRR WUDFN SRLOQWY WKDW DUH HTXLGLVW
DFRQVWUDLQHG VHDUFK ZLQGRZ WKH RSWLPLWVOIHRYH P DIK W JJSWNWORWONDX
HGJH RI WKH DJHQWYV SRVLWLRQ bW WKH VWDUW RI WKH UDFH ZH HIIHFV
DQDFFXUDWH HVWLPDWH RI SURJUHVV DORQJWKH WUDFN $YLVXDO UHS
LOOXVWUDWLQJ WKH VHDUFK IRUWKH FORVHYXWHRLOQW RQ WKH WUDFN L)\

JLIXUH ,OOXVWUDWLRQ RIWKHLQYHUVHPDSSLQJ SUREOHPKR WD GHOWATPERY QW DR D\H U ¢
SURMHFWHG RQWR WKH FORVH WA B RAKHMFRQ WHAMHSWQBER ¥ SORQWIHVM)EDULDEOH LV JLYHQG

2QFH WKH DIJHQWVY SRVLWLRQV DORQJ WKH WUDFN DUH HVWDEOLVKHG
UROHV EHIRUH DVVHVVLQJ DQ\UXOH YLRODWLRQV 7KH UROHVY £+ DWWDFI
RQWKHDIHOWVYf UHODWLYH SURJUHVV DORQJ WKH WUDFN 6SHFLILFDOO
LVEHKLQG RU ZLWKLQ Ry WVADMKHWESGRQOQKIRAOWIY SRVLWLRQ ZKLOH WKH RWHK
GHIHQGHU UROH 7KLV DVVLIQPHQWIROORZV WKH UXOH

( . . ( . .
1 H I ol + 1 H | o +
_ i , v defender= ' it , v
. i otherwise i otherwise

attacker =

ZKHUHDQG' GHQRWH WKH SURJUHVV YDULDEOHV RI WKH HJR SOD\HU DQG
WKUHVLKRQEBXUHV WKDW PLQRU SRVLWLRQ IOXFWXDWLRQV GR QRW FDXVH

7KH UHIHUHH PRQLWRUY GHYLDWLRQV IURP WKH WUDFN FHQWHU OLQH W
OLPLWY 7KLV LV LPSOHPHQWHG YLD D GHYLDWLRQ IXQFWLRQ EHORZ WK
fgew DVDIXQFWLRQ RIWKHDJHQWYIY SURJUHVVDORQJWKHWUDFN 7KH GHY
SUR[LPLW\WR WKH "*DXVVLDQV $HDFHG DW JDWH FHQWHUYV
H W 1 d T 1 d
dev(p’( ) = ram +(rfl TG e HETO )T R0 )
j=0

+HUHLV WKH GLDJRQDO FRYDULDQFH PDWUL[ WKDW LQGLFDWHV WKH ZLG)
rieX UHSUHVHQWY WKH PD[LPXP DOORZDEOH GHYLDHK RY¥ WXRSHQUWR\W A N
GHYLDWLRQ FRQVWUDLQW HQIRUFHG QHDU JDWHYV 7KH DOORZDEOH IOLJ
IXQFWLRQ LVYLNRKRRZA LQ

ORUHRYHU WKH UHIHUHH FRQWLQXRXVO\ PHDVXUHV WKH HXFOLGHDQ GL

YHORFLWLHVY RI ERWK DIJHQWV WR FKHFN ZKHWKHU WKH\ DUH FDXVLQJDQ
VHQWHBH@QH 7KH ZKROH ZRUNIORZ RI WKH UHLEXHH LY SUHVHQWHG LQ



61JIVII HIWMKR

JLIXUH )XQFWLRQDO GLDJUDP VKRZLQJ WKH WKH FRPSOHWH UHIHUHH ZRUN

$WWKHVWDUWRIHDFKUDFH WKHUHIHUHHLQLWLDOL]JHVY WKHFRPSHWLW
SURJUHVV DORQJ WKH WUDFN E\ VROYLQJ WKH LOQYAXNDPDW PPQRIEFEJI SUREO
SURJUHVV HVWLPDWHYVY DUH HVWDEOLVKHG WKH UHIHUHH DVVLJQV UROH
GHWHUPLQHG WKHUHIHUHH HQIRUFHV UDFH UXOHV E\PRQLWRULQJ FRP
FRQVWUDLQWY DQG FROOLVLRQ UHVSRQVLELOLWLHY 7KURXJKRXW WKH
FKHFENV IRUFRPSOHWLRQ FRQGLWLRQV ,IDQDJHQW FRPSOHWHV ILYH O]
WLWLRQ LV KDOWHG 7KH ZLQQHU LV GHWHUPLQHG HLWKHU EDVHG RQ Wi
GLVTXDOLILFDWLRQ GXHWR UXOHYLRODWLRQV ZKHUH WKH QRQ YLRODYV



1IXLSHSPSK]

,Q WKLV FKDSWHU ZH SUHVHQW WKH PHWKRGRORJLFDO IUDPHZRUN XVH
DZDUH DXWRQRPRXV UDFLQJ VWUDWHJILHY 2XUDSSURDFK EXLOGV XSRQ
SUHGLFWLYH FRQWURO WR HQDEOH VWUDWHJLF GHFLVLRQ PDNLQJDPRQ

"HEHJLQ E\GHILQLQJWKHPRGHO FRPSRQHQWY LQFOXGLQJWKHWUDFNU
WLRQ DQG FRVW FRPSRQHQWV LQVSLUHG E\ORGHO 3U®G ILHW YHHIR@Q W R)>
WURGXFHORGHO 3BUHGLFWLYH *DPH 03* ZKLFKIRUPXODWHYVY WKHUDFLQ.
JDPH IROORZHG EA\ORGHO 3UHGLFWLYH*DPHZLWK %ORFNLQJ 03*% ZKLF
VWUDWHILHY ‘HWKHQ GHVFULEH WKH %DVHOLQHOHWKRG 03& ZKLFK VF
HQFH DQG WKH /LIWHG ORGHO 3UHGLFWLYH *DPH /03* DSSURDFK ZKLFK
E\OHYHUDJLQJ OHDUQHG WUDMHFWRU\FDQGLGDWHYV

)LQDOO\ ZH RXWOLQH WKH VAIVWHP DUFKLWHFWXUH GHWDLOLQJ WKH LQ\
DQGUHIHUHH PRGXOH ZKLFKHQVXUHV DV\QFKURQRXV FRPPXQLFDWLRQ I
UXOHV

1SHIP GSQTSRIRXW

7KH PRGHO FRPSRQHQWY XVHG LQ RXU DSSURDFK DUH LQVSLUHG E\ 03&¢
WUDMHFWRU\UHSUHVHQWDWLRQVDQG D FRQWRXULQJIRUPXODWLRQ IRL
SHULRGLF VSOLQH SDUDPHWUL]DWLRQ RI WKH WUDFN DQG FRQWRXULQJ -
VPRRWK WUDMHFWRU\WUDFNLQJ ZKLOH DOORZLQJIRUGHYLDWLRQV WRF

5DFH WUDFN SDUDPHRNUWIDDFINRIQY GHILQHG E\SRY QWAWHIRRHP RQJ D FORVHG
DQG DWKLUG RUGHU VSOLQHLQWHUSRODWLRQ LY XVHG WR REWDLQ DQ D

8
ol «) o k1

0d( ) = 1( ) 1 k2 S
3
BT ) - K P
st: (W= a+h+rag+rd§ i2[0mP 1]
ola)= p 1(P)
(0= 2 i(e)
o= ¥ile)

I G mm

ZKHpPHLY WKH DUF OHQJWK SDUDPHW D UM SLSHUWHIZR G HFFXERDWE @ QQ H ¥
WRTXDWLRQHSHHVHQW WKH SHULRGLFLW\FRQGLWLRQV



I1SHIP GSQTSRIRXW

ERQWRXULQIMHFRVYWRXULQIJWHUPVDUHXVHGWRPLQLPL]HWKHSURMHI
SRVLWWRQVKH GHVLBHG IRVOWPRQLPL]LQJ WIDKDRQBR WKW VYDFH WUDFN 7}
WHUPV TXDQWLI\WKHGHYLDWLRQIURP WKHUHIHUHQFH SDWKDQG DUH NH
PRWLRQXUHDLPY WR KHOS YLVXDOL]JH WKHVH WHUPV

JLIXUH 9LVXDO UHSUHVHQWDWLRQ RI ODJDQG FRQWRXU WHUPV LOOXVWUDWLQJ WKHLU |
PD[LPL]LQJ SURJUHVV

7KH FRQW Re&¢U) UHBRILHVHQWY WKH ODWHUDO GHYLDWLRQ IURP WKH GHVLU
WKH GURQH LV IURP WKH RSWLPDO UDFLQJOLQHLQD HYSKDGWHREXIODW GL
WKH ORQJLWXGLQDO GHYLDWLRQ 6LQFH WK HVW B \SNR L QW RB(DM KW LWH DVKNH
DFWLQJDVDPRYLQJUHIHUHQFH WKH GURQH VKRXOG WUDFN ERWK ODWH!

ODWKHPDWLFDOO\ WKHVH HUURUV DUH GHILQHG DV

e'()=€e)()
e()=p p'() €()

ZKHP¥) LV WKH GHVLUHG SRVLWLRQ RQW KWW H FKN DMWQIVW BRYHWY.RQ RI W
DQIG) LV WKH XQLW WDQJHQW Y HF WRQG R DWKLHQW WIXMIH RWRDY BV LUHFWLR
ODJ HY(URW WKH PDJQLWXGH Rl WKH GLVSODFHPHQW DORQJ WKH WDQJHQ
e() FDSWXUHV WKH ODWHUDO GHYLDWLRQ IURP WKH UHIHUHQFH WUDMHF
GLVSODFHPHQW

&RQWRXU ZHLIKWRKR HQORQFH JDWH SDVVDJH WKH FRQWRXULQJ ZHLJKW
*DXVVLDQ IXQFWLRQV FHQWHUHG DWJDWH SRVLWLRQV VLPLODUO\WR KF
ODWHGLQ WKHSUHYLRXV FKDSWHU 7KLVPHWKRGHQFRXUDJHVDOLJQPH
FROQOWUROOHG GHYLDWLRQV ZKHQ EHQHILFLDO 7KHFRQWRXULQJ ZHLJKW

B = oM 4 (G om) e HEU0) By )T GO pyy)
G(P( )= " + (g a:°") e 2 gi gi
j=0

,Q WKLV HPXDWIHRSUHVHQWY WKH DUF OHQJWK SDUYDRBIWIHRIEZKHL® W UDMHF
Py GHQRWHYV WKH SR ;&) LRIQWKHF KV RROWH DPRQIMD MRMMD O RAH ZHLIKWLQJ
SDUDP HWHDXEZ™* FRQWURO WKH LQIOXHQFH RIWKH '*DXVVLDQV 7KLV DOC
FRVW LQ UHJLRQV ZLWKRXW JDWHV DQG D SHDN FRQWRXULQJ SHQDOW\ D\
LV JLYHIQIXQ H



I1SHIP GSQTSRIRXW

JLIXUH 9LVXDOL]DWLRQ RI FRQWRXULQJ ZHLJKW VFDOLQJ XVLQJ '"*DXVVLDQ PRGXODWLRQ
SORWLOOXVWUDWHY WKHFRQWRXULQJ ZHLJKW VFDOHLQ '"'DORQJWKHUDFH WUDFN ZKLO
7KH SRVIpWLBRQE., LOGLFDWH WKH ORFDWLRQV RI WKH JDWHYV

&ROOLVLRQ DYRLEBRYPHQHG LQ WKH SUHYLRXV FKDSWHU FROOLVLRQ DY
WDFNLQJ SOD\HU 7R HQIRUFH WKLY D FRVW WHUP SHQDOL]JLQJ SURJ[LPI
LQWURGXFHG

- it et Y r2y

(ip' P2 rZ,)? otherwise

,Q WKLV IRUP XID@W RS UHVHQW WKH SRYIZWRRBIRHFRBSSRQGHQW DQG
GHILQHV WKH PLQLPXP DOORZDEOH VHSDUDWLRQ GLVWDQFH 7KH FRVW
SOD\HUV DUH VXIILFLHQWO\ IDUDSDUW EXW LQFUHDVHV TXDGUDWLFDOO

col(p';p ') =

9HORFLW\ VRIW FRRGOWBDWQWIWLWY DUHPRGHOHG DV VRIWFRQVWUDLQW
JXLVKLQJEHWZHHQ WKHWZR UROHYV 7KLVIRUPXODWLRQJXDUDQWHHYV W]
LPSRVHG VSHHG OLPLWY ZKLOH SHQDOL]JLQJDQ\YLRODWLRQV

2

vel(v') =(Via i V' V7

)7 1 Vinax i Vi
Vattacker |f attacker = |

St Vmax = _
Vdefender Otherwise

,Q WKLV HVXDWSEBRBVHQWYV WKH (X;§;@RFILQ Y HRENHREIR VW IXQFWLRQ LV GHVI
WR EH ]JHUR ZKHQ WKH YHORFLW\ UHPDLQV ZLWKLQ WKH SUHVFULEHG OL
WKH VSHHG HI[FHHGV WKH WKUHVKRO®z.,x 7TEHIFDJYARPE DAVONRIFENVHUY DQG G
HQIRUFLQJUROH VSHFLILF FRQVWUDLQWY DV GHVFULEHG LQ WKH SUHYLF

7TKH IROORIAXKQHDLPY WR YLVXDOL]J]H WKH FRVW IXQFWLRQV IRU FROOLVLR
VWUDLQWYV



ISHIP TVIHMGXMZI KEQI 14+

D&ROOLVLRQ DYRLGDQFHXCRVMRYHUP IURPE9HORFLW\ VRIW FRQVWUDLQWVXDWLFRRY W IXQFWLRQ IU

JLIXUH 9LVXDOL]DWLRQ RI FROOLVLRQDYRLGDQFHDQG YHORFLW\FRQVWUDLC

1RWDEO\ WKH XVH RI VRIW FRQVWUDLQWVY IRU FROOLVLRQ DYRLGDQFH Y
WKDW WKH RSWLPL]DWLRQ SUREOHP UHPDLQV IHDVLEOHDQG FRPSXWDW.
SHQDOLJLQJFRQVWUDLQW YLRODWLRQV UDWKHUWKDQLPSRVLQJKDUG FI
FRQWURO DFWLRQV DQG EHWWHU DGDSWDELOLW\ WR G\QDPLF LQWHUDF
LPSOHPHQWDWLRQDQG H[SHULPHQWDO VHWXS DSSHDUV ODWHU WKHVH
WKHFRPSOH[LWLHVY RIUHDO WLPH GHFLVLRQ PDNLQJLQ KLJK VSHHG FRF

1SHIP TVIHMGXMZI KEQI 14+
:H DGRSW D SRLQW PDVV G\QDPLF PRGHO ZLWK MHUN FRQWURO WR GHVF
VIVWHP VWDWH LQFOXGHV SRVLWLRQ YHORFLW\ DQG DFFHOHUDWLRQ
WR LQFRUSRUDWH SURJUHVV G\QDPLFV 7KH FRQWURO LQSXW FRQVLVW\
DFFHOHUDWLRQ VG HJRWHIGHRWW.V WKH VSHHG Rl WKH SURJUHVV DORQJ W
FRUUHVSRQGLQJDXJPHQWHG VWDWH DQG LQSXW VSDFHV DUH GHILQHG D

Px Py Pz Vx Vy Vz ax ay @, v 1T ul =[jxjyiz VI D

x' =1
x'=[pva—_v]'=[vaj v v] =Ax +Bu E
ZKHAWQESDUH WKH VWDWHDQG LQSXWFRQWURO PDWULFHVY WKDW IROOR:

7TKHFRQWLQXRXV WLPH G\QDPUHVHRSHY B FROEGMYR ¥Z KHEUH WKH VWDWH GHU |
WLYH FRPSULVHV YHORFLW\ DFFHOHUDWLRQ MHUN DQG WKH SURJUHVYV
OXWLRQ RI WKH SOD\HUYfV VWDWH RYHU WLPHDQG VHUYHDV WKHIRXQGD

6LQFH WKH JDPHLQYROYHV PXOWLSOH SODXHWVRY KRIWPRH® Bt ¥ R Q ACHWYHHF D
LQJ WKH LQGLYLGXDO MVBIMWMHHUHFWRUW RODEDV IRUD FRPSDFW UHSUHVH
VIVWHP 2 3

1

X

=9 4

x N

7KHJDPHLY SOD\HGRYHUD GLVFUHK H MH PH K B BIK2ZRGCR|IHD HKQ Jiy K
UHSUHVHQWY D WLPH VWHS LQ WKH GHFLVLRQ PDNLQJ SURFHVYVY 7KH GL
WKH HYROXWLRQ RXWKHWKRNGY VWD @YBIPLF JDPH DUH IRUPXODWHG DV D
QRQOLQHDU,IXQFWLRQ
Xke1 = F (X up;ul)

7KLV IXQFWLRQ FDSWXUHV KRZWKHVWDWH WUDQVLWLRQVIURP RQH WLP
SXWVRIDOOSOD\HUV 7KHGLVFUHWL]DWLRQ SURFHVVUHOLHV RQ WKH IR
IRUVWDELOLW\DQG DFFXUDF\LQ WKHQXPHULFDO LQWHJUDWLRQ RI WKH



ISHIP TVIHMGXMZI KEQI 14+

Ac=1+ tA+ t2A2+—t3A3+ t4A4

k= 2l 3l 41
2 s s

By=(l t+ AT+ AT 4!A)B

ZKHUHLY WKH GLVFUHWL]DWLRQ WLPH VWHS

$WHDFKIWRIDNKH UHFHGLQJ KRUL]KQ SODM®EWHK\OB QWWKEH FRVW WKDW GH
ERWK LWV FRQWWROf g X Wiy ;0 DQG WKH VA\VWHRKNWDMHXHQFH RI VWDWHV
LQIOXHQFHG E\WKHFRQWUROLQSXWV RIDOO SOD\HUV: ZWRFEHYRWWNHQ F
DOO SOD\HUV*HYHHSIVQ L Q kyV WDKOHWWROWVIHO FRYWHR B SXOMNIBWLDYV WKH VXP RI
VWDJH BRRAYNMMJ WKH KRUL]JRQ ZLWK DQ Dg GLS/EIOR G 5D W HAUKPH. QLDICD FORWAWH S

. o K1 _ _
J'(xo;uhut ) = O (Xk; Ui) + Ok (Xk )
k=0

,Q WKH FRQWH[W RI FRPSHWLWLYH PXOWL DJHQW GHFLVLRQ PDNLQJ HD
WLRQV WR PD[LPL]H WKHLU SHUIRUPDQFH LQ WKH UDFH 7KH SROLF\ JR)
SURFHVV LVUHIHUUHG WR DV LW¥ V) DWHI\ | $, V) BDWKHWWUDWHJI\VSDF
P=f L iy k J9g GHWHUPLQHY WKH VHTXHQUE HD RV H R RKRIE D YHIE RW W K H
LQIRUPDWLRQ DYDLODEDA RRHSOORRE VHWWLQJ DOO SOXYHIQ/GREVHUYF
SUHFRPSXWH D VHTXHQFH RI FRQWURO LQSXWV IRU WKH HQWLUH WLPH K
VWXIHY D FRQVWDQW IXQBWLRQ PHDKLQJ WKDW SOD\HUV GR QRW DGM X\
EDVHGRQ QHZ REVHUYDWLRQV EH\RQG WKH LQLWLDO VWDWH

L3 kXU
Uk = k(xo)

6LPLODUON ZH GHILQH WKH VW URW W K\HY bl iF WHRALRIISKCRDAHIR Q DV

| 2 S G T S
'(Xo) = f p(X0); 1(X0);:::; k 1(X0)g=u'

7TKN WXSOH RI VIWWDWH JliBWg GLUHFWO\WUDQVODWHY LQWR WKH SOD\F
fu' = '"(Xp);i2Ng DQG FRQVWLWXWHV DQ RSHQ ORRS 1DVK HTXLOLEULXP LI

82N :J'(xo; ' (x0); ! (Xo))  J'(xo; '(xo0); ! (x0))

,Q RWKHU ZRUGV QR SOD\HU FDQ LPSURYH LWV RXWFRPH E\ XQLODWHUD
WKHIJLYHQ L XlgW xp OWWVWADGAN FUHWH VA\VWHP G\QDPLFV JHQHUDWH WKH FR
WUDMHEWRDNO; 1;:::;K  1gg

8VLQJ WKH SUHYLRXVO\ GHILQHG PRGHO FRPSRQHQWYV ZH ERDFWRNVUXFW \
GHSHQGV RQ WKHLQLWLDO VWDWHDQG WKHVWUDWHIJLHV RI ERWK WKH H

R S Koo
Ixo; u' 5wt )= I eI o 1) b
k=0
+ 1f attacker = igoe col(pl;pi')
+ Gl Vel(vl)
+ii Vi ig, i kdis

+ (V:;ki Vi;k )

I O mm
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(TXDWLRQFRQYLVWV RI FRQWRXULQJ DQG ODJ FRV W IWHU R\K HDIBRSUWRIE 1L
FRQWR XU FRy/W(V.FHDEHIQ O HTXIDQWLR@ XDWLRQ QFBXGHV WKH FROOLVLRQ F
ZKLFK LVDFWLYH RQO\ IRU WKH D VI DHYNDHIUX DRIDIFWW R HF RS B U WRQ KR O G V
RWKHUZIXYBWLRQLQWAURGXFHVY WKH FRVW FRPSRQHQW IRU WKH VRIW YHO[
LQTXDWLRQTXDWLRQFRPGULVHV Rl UHJXODUL]DWLRQ WHUPV RQ WKH FR(
)LQDOO\ W KM X\DHWIPRIRQFHQWLYL]HY WKH HJR SOD\HU WR PD[LPL]H SURJU
LQFUHDVLQJLWY SURJUHVV YHORFLW\ ZKLOH VLPXOWDQHRXVO\PLQLPL]L
DGGLWLRQLVLQWHQGHG WRHQFRXUDJHEORFNLQJDQG RWKHU FRPSHWL
LQ WKH PHWKRG RI >

‘H QRZ IRUPXODWH WKH JDPH DV D FRXSOHG RSWLPDO FRQWURO SUREOH
VLPXODWLRQ@ VDICPRISAWLHPD O' VMVWMBRWPISKXWHG LQ D UHFHGLQJ KRUL]JRQ IDVKL
SOD\HUVHOHFWV DVHTXHQFHRIFRQWUROLQSXWY WKDW PLQLPL]JHV LWV
RI WKH RSSRQHQW 7KLV DSSURDFK RSHUDWHYV ZLWK D PRY*XQUVWKRUL]RQ
XSGDWHG DW HDFK UH SODQQLQJ SKDVH WR UHIOHFW WKH FXUUHQW V\VW
FKDQJLQJHQYLURQPHQW DQG SRWHQWLDO GHYLDWLRQV IURP SUHGLFWF

,QDPRYLQJKRUL]JRQLPSOHPHQWDWLRQ WKHFRQWUROLQSXWV FDQEH Z
SUHYLRXV SODQQLQJVWHS 7KLVLQLWLDOL]DWLRQUHGXFHVWKHQXPEH
DOORZV IRUUHDO WLPH FDSDELOLWLHY 7KHJDPH WDNHV WKH IRUP

K 1
1 (xo) = u! 2 argmin I (Xo; Ui ug) D
ut k=0
c'(ui) =0
S E
h'(ui) 0
KL
2 (Xo) = u? 2 argmin J%(Xo; U; U) F
u? k=0
(u2)=0
S (ui) G

h?(uf) O

(DFK SOD\HU PXVW VDWLVI\ LWV UH VS BB LLYQHA X DO WW 7 REGVW D D QW
FRQVWUDLQWY HQVXUH WKDW WKH UHVXOWLQJ VHTXHQFH RI VWDWHV DQ
EOH PHDQLQJWKDW WKH FRPSXWHG WUDMHFWRULHV DUH SK\VLFDOO\ FF
LQHTXDOLW\ FRQVWUDLQWY GHILQH XSSHU DQG ORZHU ERXQGV RQ WKH V
VXFK DV PD[LPXP DFFHOHUDWLRQ MHUN DQG YHORFLW\DORQJWKH WUD
WKH RSWLPL]DWLRQ SUREOHP DFFRXQWV IRU WKH SK\WVLFDO OLPLWDWLR(
VDIH WUDMHFWRULHV GXULQJ WKH UDFH

7R DQDO\]H WKH QHFHVVDU\ RSWLPDOLW\ FRQGLWLRQV IRU WKLV SUREOH
Lioiu';ui’s 3 )= Jixgrulsui’)  TThiul) T (u)

7KH /DJUDQJLDQ LQFRUSRUDWHY¥ WRKUH REMHERQ.Y HLIW & FVWKIFRDVVRFLDWHG
DQG LQHTXDOLW\ FRQVWUDLQWYV ZHLJKWHBQE WKN $BlFWWLYHD P X ®WLIQEIOW
IRUPXODWLRQ ZH GHULYH WKH FRXSOHG ..7 FRQGLWLRQV WKDW FKDUDF
7KH VIVWHP FRQVLVWYV RI WKUHH FRQGLWLRQV DV IROORZV

8 .
2r,iL'=0
8i 2 [N]_0=c\(u)
0 hiuh)? T 0
7KH ILUVW FRQGLWLRQ HQIRUFHV VWDWLRQDULW\ UHTXLULQJ WKDW WK
WKH GHFLVLRQ Y D UiLID\(E THHMRR HRWDBWHIR J WKDW QR SOD\HU FDQ XQLODWHUI



&PSGOMRK QIXLSH 14+&

7KH VHFRQG FRQGLWLRQ HQIRUFHV SULPDO IHDVLELOd WU H QWU VQUHEK L
H[DFWO\DQG WKDW WKH L) H HPDQ QVQ\RFFR QWWDW LYW V7 KH WKLUG FRQG LWL
VLELOLW\DQG FRPSOHPHQWDU\VODFNQHVV PHDQLQJWKDW WKH /DJUDQ
FRQVWUDLQWY PXVW EH QRQ QHJDWLYHDQG WKDW HDFKLQHTXDOLW\ FR
ZLWK D FRUUHVSRQGLQJ QRQ]JHUR PXOWLSOLHU 7RJHWKHU WKHVH FRQG
UHTXLUHPHQWVY IRUDQRSHQ ORRS 1DVK HTXLOLEULXP )RU IXUWKHU GHW
DQG WKH GHULYDWLRQ RI ..7 FRQGLWLRQV LQ PXOWL DJHQW RSWLPL]DW
UHIHUGVR >

7KH..7FRQGLWLRQVFDQ QRZEHUHIRUPXODWHG DV DOL[HG &RPSOHPHQW
FDSWXUH WKH VWUXFWXUHRIWKHRSWLPL]DWLRQ SUREOHP ZKHUH HDFK
IHDVLELOLW\ DQG FRPSOHPHQWDULW\FRQGLWLRQV

Given F:RY7' R w;w 2 R%; nd w2 RY st:
if wj =wj then Fj(w) O

if wj <wj <w then Fj(w)=0

® MM m o

if wj = wj then Fj(w) O

7KH 0&3 IUDPHZRUN GHILBHRA D! IR¢ @FOMRLRIQZLWK ORZHU D QGWX SBHJ ERXQ G\
VROXWPREW VDWLVI\ WKUHH SRVVLEOH FRQ@LXWMRE\Q DWW ED BKVHOHP H Q V
ORZHU ERXQG WKH FRUUHVSRQGLQJ IXQF WL TRD WG X P BV W\VEWDRLG \@ & Y
EHWZHHQ WKH ERXQGV WKH IXQFWLRQ Y XDXB W XK @E HGA [DW W W V] K8 RH D Q
ERXQG WKHIXQFWLRQ YDOXHPXVWEH QRQ SRVLWLYH

ODSSLQJ WKLV WR WKH SURBEOHPLROAWVKHQEGWHHFGE V. IQREORYHAW RY R1 WKH SOD\H
GHFLVLRQ WO UL DEIOHMOIJUDQJH PXOWLSOLHUV IRU%L QITXW & HWD FRDY WHU D
PXOWLSOLHUV IRU HTXDO LW HF RQQAMJIRI@FRGHY WKH ILUVW RUGHU RSWI
GLWLRQV LQFOXGLQJ WKH VWDWLRQDULW\FRQGLWLRQV IRU HDFK SOD\
VWUDLQWY 7KH FKRLFH RI LQILQLWH XSSHU DQG ORZHU ERXQGV IRU FH
WUHDWHG DV XQFRQVWUDLQHG PHDQLQJ WKHFI(BD-00X &K Y IVKHOULHVR Q C
WR WKH VWUDWHJ\ YDULDEOHVY DQG HTXDOLW\ FRQVWUDLQW PXOWLSOLF
UHPDLQ QRQ QHJDWLYH HQIRUFLQJFRPSOHPHQWDULW\ 7KH YDOXHV DU

w=[ut;u? 1 2 L 2T, F(w)=[r g:LYr 42120t h3 et )

w=[1l ;1 ;001 ;1 J'; w=[1;1;1;1;1;1]

7TRFRPSXWHDORFDO 1(IRUWKLY SUREOHP ZHOHYRHU@JH K &3 WRDRHFFRADR @
LV VSHFLILFDOO\GHVLIJQHG IRUIRUPXODWLQJ G\QDPLF WUDMHFWRU\ JD|
GLWLRQV LQWR D PLIHG FRPSOHPHQWDULW\ SUREOHP 7KH UHWXOWLQJ S
ZLGHO\ XVHG VROYHU IRU 0&3V

&PSGOMRK QIXLSH 14+&

7KH FRVW IXQFWRWRR@RQVLVWHG RI D WHUP WKDW LQFOXGHV WKH RSSR
WRLQFHQWLYL]JHEORFNLQJEHKDYLRU +RZHYHU ZKHQ H[SDQGLQJWKH V
LQ WKH HTXDWLRQ EHORZ ZH REVHUYH WKDW WKLV WHUP GRHV QRW LQIC
WKHRSSRQHQWYIV VWUDWHJI\LVIL[HG IURP WKHHJR SOD\HUfV SHUVSHFW
YHORFLW\ WHUP DFWV DV D FRQVWDQW DQG PHUHO\ VKLIWV WKH RYHUDO
WLPDO VROXWLRQ $V D UHVXOW QR DFWXDO EORFNLQJ EHKDYLRU HPHL
XQFKDQJHG

KWWSV JLWKXE FRP -XOLD*DPH7KHRUHWLF30DRRREQVIVIHER7UDWRHKFWRU\V*DPH6ROYHU MO
KWWSV JLWKXE FRP FKNRPRRH34VHGRONHBKMO
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roli=r udixou;ui) roy Thiw)+ )

Fur O + € )ii5 po 1y + Lfattacker = igaeor col(py: pi')
g e Vel(Vi)+ i Vi g, TG e vie T v
row YR+ Al

7R H[SOLFLWO\LQWURGXFH EORFNLQJ VWUDWHJILHYVY ZHPRGLI\WKH SUHY
WLRQDO EORFNLQJ WHUP

I (xosui uic) = e CLIIE + 1i€C i pac 1)
+ 1f attacker = igge col(pk;pi')
1f attacker 6 igopock COI(PL; Pi')
+ el VEI(V})
i Vi, il kg

i
Vi I

I G m m ©O

7KH WHUP(TKRRVLRQHQFRXUDJHV WKH HIJR SOD\HU WR PLQLPL]H WKH GLV\
ZKHQLQ WKH GHIHQGHU UROH 8QOLNH WKH SUHYLRXV IRUPXODWLRQ WK
SOD\HUYVGHFLVLRQ YDULDEOHY PHDQLQJLWGRHV QRWFDQFHORXWLQ
HIJR SOD\HULV QRW WKH DWWDFNHU WKHFRVW IXQFWLRQ QRZLQFOXGHYV
WKHGHIHQGHU WR DSSURDFK WKH RSSRQHQW DQG REVWUXFW WKHLU PRY

7KLV PRGLILFDWLRQ HQVXUHV WKDW EORFNLQJ LV DQ HPHUJHQW VWUDMW
RXWFRPHRIWKHRSWLPL]IDWLRQ %\VWUXFWXULQJWKHFRVWIXQFWLRQL
VZLWFK EHWZHHQ DJJUHVVLYH RYHUWDNLQJDQG GHIHQVLYH EORFNLQJ
DGMXVWPHQW HQDEOHV WKH PRGHO WR FDSWXUH FRPSHWLWLYH LQWHU
UHDOLVWLFDQG WDFWLFDOO\ULFKUDFLQJ VWUDWHJILHYV

&&EWIPMRI QIXLSH 14°

7KHEDVHOLQH PHWKRG EDVHG RQ PRGHO SUHGLFWLYHDSSURDFKHV IRL
OHPDVDVLQJOH SOD\HURSWLPDO FRQWURO SUREOHP ,QWKLVIRUPXOD
YHORFLW\REVWDFOH PHDQLQJWKDW LWV IXWXUH SRVLWLRQV DUH SUHG
WKDQ EHLQJDFWLYHO\RSWLPLIHG DV LQ WKHJDPH WKHRUHWLF DSSURDT

8QOLNHWKH SUHYLRXV PHWKRGY WKHUHLV QR VWUDWHJILF FRXSOLQJEH
VWUDWHJ\ GRHVY QRW GLUHFWO\ GHSHQG RQ WKH RSSRQHQWYfV GHFLVLRQ
JLYHQ E\

3N x§ukpR) = € I3 + e IZ o 1y
+ 1f attacker = 1gg col(pi; p2)
+ qvel VeI(V&)
i viig , + i kg

v

I G m m ©

7KH RSWLPDO FRQWURO SUREOHP IRUWKH VLQJOH SOD\HU LV JLYHQ LQ W|
HJR SOD\HU FDOFXODWHY DQ RSWLPDO VHTXHQFH RI FRQWURO LQSXWYV Z
DNQRZQ TXDQWLW\ 7KH RPSROBEWIYVHRELDNVRQPLQJ LW PRYHV DW D FR



OMJIXIH QIXLSH 014+

IROORZLQJD VLPSOH NLQHPDWLF UXOH 7KH VDPH FRQVWUDLQWY DSSOL
DUHUHWDLQHG KHUH

|§( 1
' (xo)= ut 2argmin  J*(xg;u;pg)
ut k=0

P = vik t
st: ct(ui)=0

hi(up) 0

OMJIXIH QIXLSH 014+
7KH OLIWHG PHWKRG LV EDVHG RQ WK& BRGNJE\ BHWXQUNWNMVDOKH SUREOH
HDFK SOD\HURSWLPL]HD GLVWULEXWLRQRYHUPXOWLSOHWUDMHFWRU\
VWUDWHJ\ 7KLV LVIRUPXODWHG DV DJDPH ZKHUH SOD\HUV VHOHFW ERV
UHVSHFWLYHPL[LQJ ZHLIJKWYV HQDEOLQJWKHP WR VDPSOHIURP DQ RSWL

PL&I}RJ ZHLIJKWYV
T' = Cat( [ L r‘n? ;o4 )
WUDMHFWRU\ FDQGLGDWHYV

ZKHUH D VLQJOH WUDMHFWRU\ FDQGI.-riG‘-DV\()H;)LI\RjHZ'XD:O:;W@S]?VWIUEIMHHJ\
FDQGLGDWHVHBQABVHQWY WKH FDWHJRULFDO GLWMPSLEXKWW R @ LWQR.P ZKL E\
HISHFWHG FRVW

:KLOH WKLV IRUPXODWLRQ DGPLWV PL[HG VWUDWHJILHYVY LW GUDVWLFDOC(
WKH PHWKRG LQFRUSRUDWHYV D FRPSXWDWLRQDO IUDPHZRUN WKDW OHD
DFFHOHUDWHRQOLQH GHFLVLRQ PDNLQJ

7KH NH\ LGHD LV WR VKLIW SDUW RI WKH FRPSXWDWLRQDO ORDG WR DQ RI
EDVHG UHIHUHQFH JHQHUDWRU IRU HDRR $D\W LHRWIKR VR B @ H WKWMRI D PGHHLER \
DVi(x};x3) PDSVWKHLQLWLDO VWERME)WRR BRAMK RO DH BV HOQ FHKMYBMHFWR!|
UHIHUHQFH WUDMHFWRULHYV VHUYH DV JXLGLQJ VROXWLRQV IRU DQ HPEI
ZKLFK UHILQHV WKHP LQWR G\QDPLFDDKH LHD M UEQH MW UHDQHFIWRRIW HV W\S |
PHQWHG DV D PXOWL OD\HU SHUFHSWURQ 0/3 WUDLQHG RQ D GDWDVHW F

7KH RYHUDOO SLSHOLQH RI OLIWHGXD® HM E¥X 500 XVW UDGHUWDMWHY D VHYV
WUDMHFWRU\FDQGLGDWHYV IRUPLQJD ELPDWUL[JDPH ZKHUH D 1(LQ PL[F
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