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On the Choice of the Two Tuning 
Parameters for Nonparametric 
Estimation of an Elliptical Distribution 
Generator 

Victor Ryan and Alexis Derumigny 

Abstract Elliptical distributions are a simple and flexible class of distributions 
that depend on a one-dimensional function, called the density generator. In this 
chapter, we study the nonparametric estimator of this generator that was introduced 
by Liebscher (J Multivariate Anal 92(1):205–225, 2005). This estimator depends 
on two tuning parameters: a bandwidth h—as usual in kernel smoothing—and an 
additional parameter a that control the behavior near the center of the distribution. 
We give an explicit expression for the asymptotic MSE at a point x and derive 
explicit expressions for the optimal tuning parameters h and a. The estimation of 
the derivatives of the generator is also discussed. A simulation study shows the 
performance of the new methods. 

Keywords Elliptical distribution · Kernel smoothing · Optimal bandwidth 

1 I ntroduction 

Elliptical distributions are a well-known family of distributions, generalizing spher-
ically symmetric distributions (which are invariant by rotations). In many situations, 
elliptical distributions allow easy computations such as the Value-at-Risk in finance, 
see, e.g., [14]. They also facilitate the inference and, in some sense, avoid the 
curse of dimensionality. Indeed, a continuous d-dimensional elliptical distribution 
is parametrized by its mean μ ∈ Rd

., its matrix . assumed to be positive definite of 
dimension d × d ., and its density generator g : R+ → R+ .. We say that a random 
vector X. follows the elliptical distribution E(μ, , g). if its density is 

.fX(x) = | |−1/2g (x − μ) −1 (x − μ) , for any x ∈ Rd . (1) 
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This construction reduces the complexity of the density estimation problem by 
reducing the estimation of a d-dimensional density function fX . to the estimation of 
the generator g, a one-dimensional function. 

The estimation of the generator g has already been studied, first by [15] who  
proposed a kernel-based estimator. This estimator was then improved by [11]. An 
alternative estimator based on sieves was proposed by [1]. Estimators of g based 
on nonparametric maximum likelihood estimation via isotonic regression or splines 
were proposed by [2] under the assumption that g is monotone. On a related area, 
elliptical distributions are the cornerstone of elliptical copula models, which also 
relies on a generator that needs to be estimated. Several properties of this model, 
including identifiability conditions, and an estimation algorithm have been studied 
in [4]. In a Bayesian framework, the work [10] proposes to estimate the generator 
of an elliptical copula using B-splines. 

In this chapter, we are interested in nonparametric estimation of g in a general 
context, assuming only some smoothness conditions on g. For this, we will rely on 
Liebscher’s kernel-based estimator [11] defined for ξ ∈ R+ . by 

. gn,h,a(ξ) := ξ
−d+2

2 ψa(ξ)

nhsd

n

i=1

K
ψa(ξ) − ψa(ξi)

h
+ K

ψa(ξ) + ψa(ξi)

h
,

(2) 

where: 

• X1,  .  .  .  ,  X n . is an i.i.d. sample from the law E(μ, , g).. 
• ξi := (Xi − μ) −1 (Xi − μ).. 
• h = h(n) > 0. is the bandwidth, and K is a one-dimensional kernel with compact 

support such that K(0) = 1.; K is symmetric and K = 1.. 
• a  >  0. is a second tuning parameter and ψa(ξ) := −a + (ad/2 + ξd/2)2/d .. 

• sd := πd/2 2)., where . is the Gamma function. 

The density fX . can then be estimated by replacing g in (1) with (2), and denote 
the estimated fX . by fn,h,a .. The estimator defined in (2) depends on two tuning 
parameters: the bandwidth h, which is a classical tuning parameter for kernel 
smoothing, and the “extra” tuning parameter a, which helps to reduce the bias at 0. 
In the case a = 0., i.e., ψa(ξ) = ξ ., this estimator reduces to the estimator introduced 
in [15]. 

Note that replacing . by c . and g by g(c−1 · ). for some c ∈ R. gives the same 
distribution, see, e.g., [9, Theorem 2.6.2]. To make the problem identifiable, the 
identifiability constraint = Var[X]. is usually assumed. This has the implicit 
assumption that all components of X. have finite variance. Actually, we do not 
need such an assumption here, as we assume that μ. and . are known, which 
then uniquely identifies the density generator g. Possibilities of extension of our 
procedures to the case where μ. and . are unknown are discussed in Sect. 6.1. In the  
rest of this chapter, we focus on the simpler case where no nuisance parameters ( μ. 

and .) are to be estimated, only the (functional) parameter g.
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In order to use the estimator gn,h,a ., both tuning parameters h and a need to be 
chosen. Reference [11] shows that the estimator gn,h,a . is uniformly convergent and 
asymptotically normal for any choice of a. However, the finite-distance behavior 
strongly depends on the choice of a, and also on the choice of h, as usual in kernel 
smoothing. 

Therefore, in this chapter, we study the impact of the choice of h and a on the 
performance of gn,h,a .. In Sect. 2, we compute the MSE and discuss the optimal 
choice of h. Section 3 presents a new method for the estimation of the derivatives of 
the generator. New methods for choosing a are presented in Sect. 4. Finite-distance 
properties of the estimator are presented in a simulation study in Sect. 5. 

The proposed methodology has been implemented and is available in the R 
package ElliptCopulas [6], in the functions EllDistrEst.adapt for the 
adaptive choice of a and h, and EllDistrDerivEst for the estimation of the 
deriv atives. 

Notations For a given generator g and a given a > 0., we define the functions g ., 
za ., ρa . by 

. g(ξ) := ξ (d−2)/2g(ξ), za(ξ) := g(ξ)/ψa(ξ), and ρa := za ◦ ψ−1
a , (3) 

for any ξ > 0.. These functions will be useful because the factor ξ (d−2)/2
. arises 

naturally when doing the change of variable to spherical coordinates (see Lemma 3 
and the discussion therein). Note that ρa . is the density of ψa(ξ)., see  [11, p. 207]. 

2 MSE and Optimal Choice of h 

We start by giving a first-order expansion for the both the bias and the variance of the 
estimator gn,h,a .. This theorem is proved in section “Appendix 1: Proof of Theorem 
2.1”. 

Theorem 2.1 Let h, a > 0.. Assume that ρa . is three times continuously differen-
tiable in a neighborhood of ψa(ξ). for some ξ > 0.. Then 

. Biasn,h,a(ξ) := E gn,h,a(ξ) −g(ξ)=h2×ψa(ξ) ρa (ψa(ξ))

2 ξ (d−2)/2
R

K(w)w2 dw+O(h3),

and 

. Var gn,h,a(ξ) = ψa(ξ)g(ξ) K 2
2

nhsdξ (d−2)/2
+ o((nh)−1),

as h → 0. and n → ∞..
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We remark that the rates involved in the latter theorem do not depend on the 
dimension d. This confirms that such an elliptical assumption allows to avoid the 
curse of dimensionality. This theorem is similar to classical results on univariate 
kernel smoothing, featuring K 2

2 . and
R

K(w)w2 dw ., as well as the rates  h2
. for 

the bias and 1/(nh). for the variance, see, e.g., [16, Section 1.2]. 
The mean square error is then 

. MSEn,h,a(ξ) := E gn,h,a(ξ) − g(ξ)
2 = AMSEn,h,a + o(h4) + o((nh)−1),

where the asymptotic MSE is defined by 

. AMSEn,h,a := C1

nh
ψa(ξ) + C2

h4

4
ψa(ξ) · ρa (ψa(ξ))

2
,

for two positive constants C1 ., C2 . defined by 

. C1 := K 2
2

sd

g(ξ)

ξ (d−2)/2
, C2 := 1

ξd−2
R

K(w)w2 dw

2

.

This asymptotic mean square error depends on the two tuning parameters h and a. 
Since this expression has a simpler dependence on h, we start by computing the 
optimal h that minimizes the AMSE for any given a. 

Proposition 2.2 Let n > 0., g be a generator, and a > 0.. Let A := ad/2
.. Then 

h AMSEn,h,a . is minimized for the choice hopt . defined by 

.hopt(n, a) := n−1/5 C1

C2

1/5
ψa(ξ)

AMSEA

2/5
, (4) 

and 

. AMSEn,hopt,a = n−4/5 (C1C2)
4/5 + C

4/5
1 C

1/5
2 AMSEA

2/5
, (5) 

where 

.AMSEA := ρa (ψa(ξ))

ψa(ξ)
= g (ξ) + C3A

2 + C4A + C5

(ξd/2 + A)2
, (6) 

and the constants are given by 

.C3 := d − 2

4ξ2 3(d − 2) g(ξ) − 6ξ g (ξ) ,
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C4 := 
d − 2 

4ξ2 g(ξ)(d − 4) − 6 g (ξ)ξ (d+2)/2 , 

C5 := 
d2 − 4 

4ξ2 g(ξ). 

This proposition is proved in section “Appendix 2: Proof of Proposition 2.2”. Note 
that, for the optimal choice of h, the AMSE. decouples the role of n and a. Indeed, 
Eq. (5) decomposes the AMSE. with the bandwidth hopt . as a product of three terms: 
the classical rate of convergence n−4/5

., a constant term that only depends on g(ξ)., 

and the term AMSEA . that only depends on a and on the generator g. This means 
that any asymptotically optimal aopt . only depends on the normalized generator 
g(ξ)., and not on the sample size n, unlike the asymptotically optimal bandwidth 
hopt .. Furthermore, note that the asymptotically optimal bandwidth hopt . can also be 
decomposed into three terms, in the same way as the AMSE. itself. 

3 Estimation of the Derivatives of the Generator 

Followed by Proposition 2.2, it appears that the AMSE depends on the derivatives 
of ρ .. This means that we need to know the derivatives of the generator, since ρ . 

depends on g. In practice, we will not know the function g and so its derivatives as 
well. Therefore, we decided to estimate the derivatives of g . 

The construction of the estimators for the derivatives follows a similar method to 
[8] but adjusted for elliptical distributions. First, we fix two integers k and m such 
that m ≥ k + 2. and m − k . is even. We introduce the estimator 

. ηk,n,h,a(ξ) = 1

nhk+1sd

n

i=1

Kk

ψa(ξ) − ψa(ξi)

h
+ Kk

ψa(ξ) + ψa(ξi)

h
,

where Kk . is a kernel function of order (k,m)., i.e., Kk . is assumed to satisfy 

. Kk(x)xj dx =

⎧⎪⎪⎨
⎪⎪⎩

0 if j = 0, 1, . . . , k − 1, k + 1, . . . , m − 1,

(−1)kk! if j = k,

μm(Kk) 0 if j = m.

As noted by [8], we can construct kernel Kk . of order (k,m). by differentiating k 
times a kernel function K of order m − k .. 

Surprisingly, for k > 0. the estimator ηk,n,h,a(ξ). does not converge to a function 
of g(k)(ξ).. Instead, it consistently estimates the unknown quantity ρ

(k)
a (ψa(ξ)).. This  

claim is stated in the following proposition, and it is proved in section “Appendix 5: 
Proof of Proposition 3.1: MSE for Estimating Derivatives”.
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Proposition 3.1 Assume that the kernel Kk . has a compact support and ρa . is k-
times continuously differentiable in a neighborhood of ψa(ξ). for some ξ > 0.. Then 
we have 

.E ηk,n,h,a(ξ) = ρ(k)
a (ψa(ξ)) + μm(Kk)

hm−k

m! ρ(m)
a (ψa(ξ)) + O(hm−k+1).. 

(7) 

Var ηk,n,h,a(ξ) ∼ 
g(ξ) Kk 2 

2 

nh2k+1sd 
. (8) 

However, it is possible to consistently estimate g(k)
. using η0,n,h,a, . . . , ηk,n,h,a .. This  

is a consequence of the following lemma. 

Lemma 1 For every k ≥ 0., there exist k + 1. functions α0,k(ξ), . . . , αk,k(ξ). such 
that 

. ηk,a(ξ) := ρ(k)
a (ψa(ξ)) =

k

i=0

αi,k(ξ)g(i)(ξ),

and the functions αi,k . do not depend on g, but only on a and d. Furthermore , 
αk,k(ξ) 0.. 

This lemma is proved in section “Proof of Lemma 1”, where a general formula for α . 

is given in Eq. (33). By Lemma 1, we know that [η0,a, . . . , ηk,a] = [αi,j ]1≤i,j≤k ×
[g, . . . , g(k)] ,. where αi,j := 0. for i > j .. In this sense, estimating the derivatives 
of g can be seen as a linear inverse problem with a triangular matrix. This allows for 
a straightforward estimation of g(k)

. by inverting the matrix [αi,j ].. Indeed, one can 
write 

. g(k) = 1

αk,k

ηk,a −
k−1

i=0

αi,k

αk,k

g(i),

from which a consistent estimator can be derived as 

. g(k) := 1

αk,k

ηk,n,h,a −
k−1

i=0

αi,k

αk,k

g(i).

As a particular case, for k = 0., ρ
(0)
a (ψa(ξ)) = ξ (d−2)/2g(ξ)/ψa(ξ)., hence 

α0,0(ξ) = ξ (d−2)/2/ψa(ξ).. We can recognize that the estimator g(0) . is exactly 
Liebscher’s estimator, which was indeed introduced for the estimation of g = g(0)

.. 
For k = 1., we obtain 

.ρa (ψa(ξ)) = ( g(ξ)/ψa(ξ)) × 1

ψa(ξ)
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= 
(d − 2)ξ (d−4)/2ψa(ξ) − 2ξ (d−2)/2ψa (ξ) 

2ψa(ξ)3
×g(ξ)+ξ (d−2)/2 

ψa(ξ)2 
×g (ξ ).

This means that a consistent estimator of g (ξ). can be computed using the 
following estimator: 

. g n,h,a(ξ) := η1,n,h,a(ξ)− (d − 2)ξ (d−4)/2ψa(ξ)−2ξ (d−2)/2ψa (ξ)

ψa(ξ)3 × gn,h,a(ξ)

× ψa(ξ)
2

ξ (d−2)/2
.

For k = 2., we can use the formula above, or equivalently, Lemma 6, which suggests 
to define the following consistent estimator of g (ξ).: 

. g n,h,a(ξ) := η2,n,h,a(ξ)[ψa(ξ)]3

ξ (d−2)/2

+ ψa (ξ)[ξgn,h,a(ξ)+2ξg n,h,a(ξ)+(d − 2)gn,h,a(ξ)]+gn,h,a(ξ)ψa (ξ)

ξψa(ξ)

+ ψa (ξ)

ψa(ξ)

2

g n,h,a(ξ) − 2gn,h,a(ξ) + d − 2

2

gn,h,a(ξ)

ξ

− (d − 2)
g n,h,a(ξ)

ξ
− (d − 2)(d − 4)

4

gn,h,a(ξ)

ξ2 .

4 Data-Driven Choice of the Tuning Parameters 

4.1 Estimation of AMSE. 

By Proposition 2.2, we know that AMSEA = ρa (ψa(ξ))/ψa(ξ).. Note that ψa(ξ). is 
a known function and that ρa (ψa(ξ)). can be consistently estimated by ηk,n,h,a(ξ).. 

This suggests to introduce an estimator of AMSE. defined by 

.AMSEn,h,a := η2,n,h,a(ξ)

ψa(ξ)

= 1

nhsdψa(ξ)

n

i=1

K2
ψa(ξ)−ψa(ξi)

h
+ K2

ψa(ξ)+ψa(ξi)

h
,
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where K2 . is a kernel of order (2, 2).. As a consequence of Proposition 3.1, we obtain 

the asymptotic expansions for the bias and the variance of AMSEn,h,a .. 

Corollary 4.1 As n → ∞., we have 

. E AMSE = AMSEA + μm(K2)
h2

4!
ρ

(4)
a (ψa(ξ))

ψa(ξ)
+ O(h3),

and 

. Var AMSE ∼ g(ξ) Kk
2
2

nh2k+1sd ψa(ξ)
2
.

Remember that our goal is to find the value of a (or equivalently, of A) that 

minimizes AMSE.. For this, we fix a first-step bandwidth, denoted by h1 ., which 

gives a consistent estimator AMSEn,h1,a(ξ)., that can be used as proxy for the 

true quantity AMSE.. Therefore, a value of a that minimizes the approximated 

criteria AMSE. will be close to the true minimizer aopt . of AMSE.. We denote by 

a . the minimizer of a AMSEn,h1,a(ξ). on a given grid a1, . . . , aN .. From this  
approximate minimizer, we can then compute the (approximate) optimal bandwidth 

using Eq. (4). This equation requires the knowledge of AMSE. (which we already 
estimated) and of C1 .. 

C1 . can be estimated replacing g(ξ). by the kernel-based estimator gn,h2,a(ξ). 

for another first-step bandwidth h2 .. Note that we could use the same first-step 

bandwidth as for the estimation of AMSE., i.e., h1 = h2 .. Nevertheless, this may 

not be a good idea in practice because the estimation of AMSE. depends on the 
properties of η2,n,h,a .. On the contrary, the estimation of g(ξ). depends on the 
properties of η0,n,h,a . whose convergence rates (and therefore, optimal bandwidth) 
are different (see Proposition 3.1). From an estimator 

.C1 := K 2
2

sd

gn,h2,a

ξ (d−2)/2
(9) 

of C1 . and AMSEn,h1,a ., we can compute an approximate optimal bandwidth by 

.h(n, a) := n−1/5 C1

C2

1/5
ψa(ξ)

AMSEn,h1,a

2/5 . (10) 

Finally, we can compute Liebscher’s estimator (2) of g(ξ). using h. and a .. To sum  
up, we propose the following procedure detailed in Algorithm 1.
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Algorithm 1: Choice of optimal tuning parameters and estimation of g(ξ). 

Input: Dataset, first-step bandwidths h1,  h2, grid of possible values a1,  .  .  .  ,  aN 
for k ← 1 to N do 

Compute the approximate criteria AMSEn,h1,ak ; 
end 

Compute a := arg mink AMSEn,h1,ak ; 
Compute gn,h2, a(ξ) ; 
Compute C1 from gn,h2,a(ξ) by Eq. (9) ; 
Compute h(n, a) by Eq. (10) ; 
Output: An estimator  gn,h,a(ξ) using the (approximate) optimal tuning parameters 

4.2 Direct Optimization of AMSE. 

Since ∂A/∂a = (d/2)ad/2−1 > 0., we only need to investigate the critical point of 

AMSEA . to obtain a critical point of AMSE(gn,hopt,a(x)).. Note that it can also be 

minimized at AMSEA = 0.. The following result is proved in section “Appendix 3: 
Proof of Proposition 4.2”. 

Proposition 4.2 Let = := g(ξ)/ g (ξ). and 

.A∗ = 2(d + 2 − − 4)ξ (d−2)/2 + 6ξd

6ξd/2(d − 2 − − 4) − 6ξ (d+2)/2
. (11) 

There exists a computable value Aopt(g) ∈ {0,+∞, A∗}. depending only on g(ξ)., 

g (ξ). and d such that A AMSEA . is minimized for A tending to Aopt(g).. 

Interestingly, the computation of the optimal tuning parameter aopt . (or equiva-
lently, Aopt .) only requires the knowledge of g(ξ). and g (ξ)., while the computation 
of the optimal value hopt . of the bandwidth also requires the knowledge of the second 
derivative g (ξ).. 

When we have chosen our value a, there remains to choose the tuning parameter 
h. For this, we can rely on the optimal h given by E q. (4) which is 

. hopt(n, a) := n−1/5 C1

C2

1/5
ψa(ξ)

AMSE
2/5

A

.

However, this still does depend on the knowledge of C1 ., which will not be available 
in practice. Since C1 := 2)

πd/2 ξ (−d+2)/2g(ξ) K 2
2 ., it can be estimated by using ĝ . 

with a first-step bandwidth in order to get an estimate of g(ξ).. This problem does 
not exist for C2 . which only depends on the choice of the kernel K .
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5 Simulation Study 

In the previous sections, we have studied asymptotic properties of the estimators. As 
a complement to these theoretical results, we now empirically study the properties 
of the estimators for a finite sample size. For this, we use a Monte-Carlo approach 
with 200 replications and run these simulations on a few nodes on the DelftBlue 
supercomputer [3]. As a default family, we choose the Gaussian generator. To set 
a simple setting, we choose μ = 0. and . to be the identity matrix. Studying the 
influence of the correlations is left for future research. It is expected that, outside of 
the boundary cases (correlations close to − 1. or 1 or correlation matrix close to be 
not positive definite), the influence of the correlations should be limited. This was 
shown through simulation studies in a related setting for the estimation of elliptical 
copula density, see [4, Figures 8 and 9]. 

5.1 Influence of the Tuning Parameters on the MISE of 
Liebscher’s Estimator gn,h,a . in Dimension 3 

In the first simulation, we use a sample size n = 5000.. On this sample, we apply 
Liebscher’s estimator (2) with different values of the tuning parameters a and h. We  
study how these tuning parameters affect the mean integrated square error (MISE) 
defined by 

. MISE := E (ĝ(x) − g(x))2dx ,

for a given estimator ĝ . of g. We approximate the integral by a discrete sum over 
the points {i/10, i = 1, . . . , 50}.. The corresponding results are displayed in Fig. 1. 
There seems to be an optimal combination of a and h that minimizes the MISE. 

As expected, there exist values of h and a that minimize the MISE. Note that for 
each h there is a best value aopt . of a that minimizes the MISE. This optimal value 
of a depends on h and also on the sample size n (in general). To see the effect of the 
sample size n, we display the MISE as a function of n and h, where a is chosen as 
the optimal parameter. Figure 2 shows that the optimal tuning parameter h decreases 
as a function of n; as expected the best MISE is also a decreasing function of the 
sample size. 

To find more about the behavior of aopt ., we have displayed its value as a function 
of h and n in Fig. 3. We overlay the curve of (n, hopt(n)). to give insight about 
which values of h are relevant. Coherently with our theoretical findings, the value 
of aopt(n, hopt(n)). seems roughly constant. This means that there is a “universal” 
value of the tuning parameter a which allows to reach the best M ISE. 

The optimal value of h is given by the balance between the bias term and the 
variance term (Fig. 4). This is the classical bias-variance trade-off in nonparametric
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Fig. 1 MISE of Liebscher’s estimator gn,h,a . as a function of the tuning parameters a and h, for a  
sample size of 5000 using the Gaussian generator. All axes are in log scale; labels are given in the 
form 1.0e+01 with the meaning 1.0 × 1001 . 

statistics [7]. Empirically, it seems that the best bandwidth in dimension 3 is 
h(n) = 5.16 × n−0.21

.. This is obtained by fitting a linear regression of log10(n). on 
log10(h(n))., where h(n). is the empirically found best bandwidth h for the sample 
size n. However, since we only considered the example of the Gaussian generator, 
this can only be considered a rule of thumb, and more research is needed to find 
under which conditions this rule of thumb is a good choice. 

Similar phenomena can be observed for higher dimensions. We did the same 
simulations, but using dimensions d ∈ {4, 5, 8, 10}.. The MISE as a function of the 
tuning parameters a and h is displayed for all four dimensions in Fig. 5. For all of 
them, a value of the parameter a around 1 is close to optimal. 

5.2 Comparison of the First-Step Estimator with the New 
Estimator (Adaptive Choice of the Tuning Parameters) 

In general, the optimal values of the tuning parameters hopt . and aopt . of Liebscher’s 
estimator depend on the true function g. In Algorithm 1, we propose a procedure
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Fig. 2 MISE of Liebscher’s estimator gn,h,a . as a function of the sample size n and the tuning 
parameter h. a is chosen as the best tuning parameter for each pair (n, h).. All axes are in log scale; 
labels are given in the form 1.0e+01 with the meaning 1.0 × 1001 .. 

to determine the best tuning parameters. However, this procedure necessitates two 
first-step bandwidths h1 . and h2 .. In our simulation study and for simplicity, we 
choose these first-step bandwidths to be equal. We compare the MSE of the first-
step estimator and the MSE of the final estimator for different choices of h and for 
different points x . 

These results are displayed in Fig. 6. We can see that the performance of the 
final estimator is quite insensitive to the choice of h and allows to reach near-
optimal performance without having to fine-tune the choice of h. This highlights 
an advantage of our methodology compared to the existing one. In our new 
method, the choice of the (first-step) bandwidth becomes less critical to obtain good 
performances. 

The total computation of the simulations of the adaptive estimator was 693 hours. 
Depending on the sample size and the dimension, the computation time of the 
estimator given by Algorithm 1 can vary from 0.02 seconds to 70 seconds. Figure 7 
illustrates the influence of the sample size and the dimension on the computation 
time, as expected.
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Algorithm 1 as a function of the tuning parameter h, for a sample size of 1000 using the Gaussian 
generator
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6 Extensions and Open Problems 

6.1 Unknown μ. and . 

For technical convenience, we have assumed before that μ. and . were known. 
In practice, this is not usually the case, and both need to be estimated. μ. can be 
estimated via the sample mean (assuming that all the components of X. have a finite 
first moment), and . can be estimated via the sample covariance matrix (assuming 
that all the components of X. have a finite second moment). Robust estimators of μ. 

and . are also available in the literature, see, e.g., [12]. 
If μ. and . are replaced by estimators μ = μ(x1,...,xn) . and = (x1,...,xn) . in (2), 

we obtain a corresponding estimator qgn,h,a . given by 

. 
ξ

−d+2
2 ψa(ξ)

nhsd

n

i=1

K

⎛
⎝ψa(ξ)−ψa xi−μ(x1,...,xn)

−1
(x1,...,xn) xi − μ(x1,...,xn)

h

⎞
⎠

+ K

⎛
⎝ψa(ξ) + ψa xi − μ(x1,...,xn)

−1
(x1,...,xn) xi − μ(x1,...,xn)

h

⎞
⎠ ,

whose bias necessitates the computation of integrals of the form
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. 
R

d(n−1)
R

d
K

⎛
⎝ψa(ξ) − ψa xi − μ(x1,...,xn)

−1
(x1,...,xn) xi − μ(x1,...,xn)

h

⎞
⎠

× | |−1/2g (xi − μ) −1 (xi − μ) dxi

1 ≤ j ≤ n

j i

fX(xj )dxj .

By the change of variables zi := −1/2
(x1,...,xn)(xi − μ(x1,...,xn)). and zj = xj . for j i ., 

the main factor in the integral can be rewritten as 

. K
ψa(ξ) − ψa zi

2

h
| |−1/2g (

1/2zi + μ − μ) −1

× (
1/2zi + μ − μ) dzi × J,

where J is the Jacobian of the transformation. For usual estimators, this Jacobian 
could be computed, and if g is Lipschitz, this would lead to a bound on the bias. 
Such an analysis is quite complicated and left for future research. 

Another possibility is to use a sample-splitting strategy (see, e.g., the discussion 
at the end of Section 6 of [5] which considers sample splitting for hypothesis 
testing). Here, we would use a certain proportion p ∈ (0, 1). of the observations 
for the estimation of μ. and . and the rest of the data for the estimation of g. This  
could make the theoretical analysis easier (conditioning on the first sample so that 
μ. and . are given and then integrating with respect to them) and also introduces yet 
a third tuning parameter p to be chosen. This is also not easy. A reasonable choice 
for p is 50%.; this was found to be nearly optimal in the simulation study done in 
[5, Section 6 of the supplement]. 

6.2 Estimation of g by Minimization of the Integrated MSE 
(MISE) 

In general, minimizing the mean integrated squared error may not be possible 
because g itself need not to be square-integrable. To be an elliptical distribution 
generator, the only condition for g to satisfy is td/2−1g(t) = 2/sd ., where 
sd = 2πd/2 2). (see, e.g., the introduction of [4]). Therefore, if g(t) =
C/(t

√
t)1t≤1 . and d = 4., then the abovementioned condition can be satisfied since 

t4/2−1g(t) = C/
√

t . is integrable on [0, 1].. On the contrary, g2(t) = 1/t3
. is not 

integrable on [0, 1].. This means that 

. MISE =
+∞

0
(g − gn,h,a)

2 = +∞,
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since g . is always square-integrable (as a finite sum of compactly supported bounded 
functions). Since the MISE is infinite for any choice of h, then this may not be the 
right tool for mathematical analysis. 

Under some restrictions on g it may be possible to compute the MISE and to 
minimize it, but it would likely require the use of other mathematical techniques 
and is left for future r esearch. 

Acknowledgments The authors thank the two anonymous reviewers for their useful comments 
which significantly improved the manuscript. 

Appendix 1: Proof of Theorem 2.1 

Expression for the Bias 

Step 1: Rewriting the Bias in a Simpler Form Because the random vectors 
X1, . . . , Xn . are identically distributed, the expectation of gn,h,a . can be written as 

. E gn,h,a(ξ) = 2)

πd/2

ξ (−d+2)/2ψa(ξ)

h
E K

ψa(ξ) − ψa(ξ1)

h

+ E K
ψa(ξ) + ψa(ξ1)

h
.

First, note that for h small enough, 

. E K
ψa(ξ) + ψa(ξ1)

h
= 0

by Lemma 2. Now, to compute the expectation of the other term, we apply Lemma 3, 
so that 

. E K
ψa(ξ) − ψa(ξ1)

h
= πd/2h

2)

∞

−ψa(ξ)/h

K(w)×

g ψ−1
a (ψa(ξ) + wh) · ψ−1

a (ψa(ξ) + wh)(d−2)/2

ψa ψ−1
a (ψa(ξ) + wh)

dw.

By defining now the function 

.z(ξ) := g(ξ)

ψa(ξ)
ξ (d−2)/2, (12)
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we get that 

. Biash,a(ξ) = ξ (−d+2)/2ψa(ξ)
∞

−ψa(ξ)/h

K(w)z ψ−1
a (ψa(ξ) + wh) dw − g(ξ)

= ξ (−d+2)/2ψa(ξ)I1 − g(ξ),

where 

. I1 :=
∞

−ψa(ξ)/h

K(w)z ψ−1
a (ψa(ξ) + wh) dw

=
∞

−∞
K(w) · z(ψ−1

a (ψa(ξ) + wh)) dw

−
−ψa(ξ)/h

−∞
K(w) · z(ψ−1

a (ψa(ξ) + wh)) dw. (13) 

We have − ψa(ξ)/h → −∞. as n → +∞.. Since we assume that K has compact 
support, we deduce that the second term in (13) is zero for n large enough by Lemma 
2. Note that 

. g(ξ) = z(ξ)ψa(ξ)

ξ (d−2)/2
= ψa(ξ)

ξ (d−2)/2

∞

−∞
K(w)z(ξ) dw,

where the last equality comes from the assumption that
R

K(w) dw = 1.. 
Therefore, we can rewrite the bias using the first term of (13), and replacing g(ξ). as 
above, 

. Biash,a(ξ) = ξ (−d+2)/2ψa(ξ)
∞

−∞
K(w) z(ψ−1

a (ψa(ξ) + wh)) − z(ξ) dw.

Remark that z(ψ−1
a (ψa(ξ) + wh)) = (z ◦ ψ−1

a ) (ψa(ξ) + wh). and z(ξ) = (z ◦
ψ−1

a ) (ψa(ξ)) .. Therefore, since ρa = z ◦ ψ−1
a . by Eq. (3), we obtain 

. Biash,a(ξ) = ξ (−d+2)/2ψa(ξ)
∞

−∞
K(w) [ρa (ψa(ξ) + wh) − ρa (ψa(ξ))] dw.

(14) 

Step 2: Application of Taylor Expansion By applying the Taylor-Lagrange 
formula to the function ρa . at the point ψa(ξ)., we get 

.ρa (ψa(ξ) + wh) − ρa (ψa(ξ)) = ρa (ψa(ξ)) wh + ρa (ψa(ξ))

2
(wh)2

+ ρa (cT )

6
(wh)3,
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where cT . lies between ψa(ξ) + wh. and ψa(ξ).. So, (14) becomes 

. Biash,a(ξ) = ξ (−d+2)/2ψa(ξ)
∞

−∞
K(w) ρa (ψa(ξ))wh

+ ρa (ψa(ξ))

2
(wh)2 + ρa (cT )

2
(wh)3 dw

= ψa(ξ)

ξ (d−2)/2
ρa (ψa(ξ)) h

R

K(w)w dw

+ h2 ρa (ψa(ξ))

2 R

K(w)w2 dw + h3

R

K(w)
ρa (cT )

6
w3dw .

Note that
R

K(w)w dw = 0. since K(w). is even and w is odd; their product is odd, 
and therefore the integral on R. is zero. As for 

. h3

R

K(w)
ρa (cT )

6
w3dw,

the integral tends to a finite constant by Bochner’s lemma. Indeed, using the 
assumption that ρa . is continuous, we obtain that ρa . is bounded on a neighborhood 
of ψa( x 2).. We have now shown that 

. Biash,a(ξ) = h2 × ψa(ξ)ρa (ψa(ξ))

2ξ (d−2)/2
R

K(w)w2 dw + O(h3).

Note that we can replace ρa . by its expression using z, and we get 

. Biash,a(ξ) = h2 × za (ξ) · ψa(ξ) − ψa (ξ) · za(ξ)

2ξ (d−2)/2[ψa(ξ)]2
R

K(w)w2 dw + O(h3).

Expression for the Variance 

We now study the variance term. By definition, 

. Var gn,h,a(ξ) = E gn,h,a(ξ)2 − E gn,h,a(ξ)
2
.

The term E gn,h,a(ξ)
2
. is already known, so we focus on E gn,h,a(x)2

.. Let  

.c(ξ) := 2)ξ−d/2+1ψa(ξ)

πd/2
.
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We have 

. E gn,h,a(ξ)2 = c2(ξ)

n2h(n)2
E

n

i=1

K
ψa(ξ) − ψa(ξi)

h(n)

+ K
ψa(ξ) + ψa(ξi)

h(n)

2

.

Expanding the sum, we find that 

. E gn,h,a(ξ)2 = c2(ξ)

n2h(n)2

n

i=1

T1,i + T2,i + 2T3,i

+
1≤i j≤n

T4,i,j + T5,i,j + T6,i,j + T7,i,j ,

where 

.T1,i := E K2 ψa(ξ) − ψa(ξi)

h(n)
. (15) 

T2,i := E K2 ψa(ξ) + ψa(ξi ) 
h(n) 

. (16) 

T3,i := E K 
ψa(ξ) − ψa(ξi) 

h(n) 
K 

ψa(ξ) + ψa(ξi) 
h(n) 

. (17) 

T4,i,j := E K 
ψa(ξ) − ψa(ξi) 

h(n) 
K 

ψa(ξ) − ψa(ξj ) 
h(n) 

. (18) 

T5,i,j := E K 
ψa(ξ) − ψa(ξi) 

h(n) 
K 

ψa(ξ) + ψa(ξj ) 
h(n) 

. (19) 

T6,i,j := E K 
ψa(ξ) + ψa(ξi) 

h(n) 
K 

ψa(ξ) − ψa(ξj ) 
h(n) 

. (20) 

T7,i,j := E K 
ψa(ξ) + ψa(ξi) 

h(n) 
K 

ψa(ξ) + ψ a(ξj ) 
h(n) 

. (21) 

Therefore, because the random variables are identically distributed, we get 

.E gn,h,a(ξ)2 = c2(ξ)

nh(n)2
T1,1 + T2,1 + 2T3,1 + (n − 1)T4,1,2 + (n − 1)T5,1,2

+ (n − 1)T6,1,2 + (n − 1)T7,1,2 .
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Step 1. Removing Terms That Disappear We start by applying Lemma 2. This  
means that for all n large enough, 

. E gn,h,a(ξ)2 = c2(ξ)

nh(n)2 T1,1 + (n − 1)T4,1,2 .

Step 2. Computation of an Equivalent of T1,1 . We apply Lemma 3, with K2
. 

instead of K , and obtain 

. T1,1 = πd/2h(n)

2)

×
∞

−ψa(ξ)/h

K2(w)
g ψ−1

a (ψa(ξ) + wh(n)) · ψ−1
a (ψa(ξ) + wh)(d−2)/2

ψa ψ−1
a (ψa(ξ) + wh(n))

dw

and so 

. 
c2(ξ)

nh(n)2 T1,1 = 1

nh(n)

2)ξ−d+2ψa(ξ)
2

πd/2

×
∞

w(0)

K2(w)
g ψ−1

a (ψa(ξ) + wh(n)) · ψ−1
a (ψa(ξ) + wh)(d−2)/2

ψa ψ−1
a (ψa(ξ) + wh(n))

dw

∼ 1

nh(n)

2)

πd/2
ξ (−d+2)/2ψa(ξ)g(ξ)

∞

−∞
K2(w) dw,

by Bochner’s lemma. 

Step 3. Computation of T4,1,2 . Since the Xi, i = 1, . . . , n., are independent and 
identically distributed, we have 

. T4,1,2 = E K
ψa(ξ) − ψa(ξ1)

h(n)
· E K

ψa(ξ) − ψa(ξ2)

h(n)

= E K
ψa(ξ) − ψa(ξ1)

h(n)

2

= E K
ψa(ξ) − ψa(ξ1)

h(n)

2

= h(n)2

c2(ξ)
E gn,h,a(ξ)

2
,

for n large enough by Lemma 2.
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Step 4. Combining All Previous Results 

. Var gn,h,a(ξ) = E gn,h,a(ξ)2 − E gn,h,a(ξ)
2

= c2(ξ)

nh(n)2
T1,1 + (n − 1)T4,1,2 − E gn,h,a(ξ)

2

= c2(ξ)

nh(n)2 T1,1 + (n − 1)T4,1,2 − (g(ξ) − Biash,a(ξ))2

= n − 1

n
(g(ξ) − Biash,a(ξ))2 + c2(ξ)

nh(n)2 T1,1

− (g(ξ) − Biash,a(ξ))2

= −1

n
(g(ξ) − Biash,a(ξ))2 + c2(ξ)

nh(n)2
T1,1.

Since Biash,a(ξ) = o(1)., we get 

. Var gn,h,a(ξ) = c2(ξ)

nh(n)2 T1,1 + O(1/n)

= 1

nh(n)

2)

πd/2
ξ (−d+2)/2ψa(ξ)g(ξ) K 2

2

+ o(1/(nh(n))) + O(1/n)

since h(n) → 0. as n → ∞.. 

Appendix 2: Proof of Proposition 2.2 

We start from the expression of the asymptotic mean square error 

. AMSEn,h,a := C1

nh
ψa(ξ) + C2

h4

4
ψa(ξ)

2
ρ 2

a (ψa(ξ)) .

The partial derivative of AMSEn,h,a . with respect to h is 

. 
∂

∂h
AMSEn,h,a = − C1

nh2 ψa(ξ) + C2h
3ψa(ξ)

2
ρ 2

a (ψa(ξ)) .

Solving ∂
∂h

AMSEn,h,a = 0. for h gives the optimal bandwidth 

.hopt(n) = ϕa(ξ)n−1/5, (22)
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where 

.ϕa(ξ) := C1

C2ψa(ξ)ρ 2
a (ψa(ξ))

1/5

= C3
ψa

(zaψa − ψa za)
2/5 , (23) 

and C3 := (C1/C2)
1/5

.. The second equality in Eq. (23) is a consequence of 
Lemma 4, where the function za . is defined by za(ξ) := g(ξ)

ψa(ξ)
ξ (d−2)/2

.. Substituting 
hopt . by its expression (22) in the AMSE gives 

. AMSEn,hopt,a = C1

ϕa(ξ)n4/5 ψa(ξ) + C2ϕa(ξ)4n−4/5ψa(ξ)
2
ρ 2

a (ψa(ξ))

= n−4/5 C1
ψa

ϕa

+ C2ϕ
4
aψ

2
a (ρ 2

a ◦ ψa) .

By Eq. (23), we get that ψa/ϕa = C−1
3 (zaψa − ψa za)

2/5
.. By Lemma 4, we also  

obtain 

. ϕ4
aψ

2
a (ρ 2

a ◦ ψa) = C4
3

ψ 4
a

(zaψa − ψa za)
8/5 ψ 2

a

zaψa − ψa za

ψ 3
a

2

= C4
3(zaψa − ψa za)

2/5.

Therefore, 

. AMSEn,hopt,a = n−4/5 C1

C3
+ C2C

4
3

ρa (ψa(ξ))2/5

ψa(ξ)2/5

= n−4/5 C1

C3
+ C2C

4
3 (zaψa − ψa za)

2/5

= n−4/5 (C1C2)
4/5 + C

4/5
1 C

1/5
2 (zaψa − ψa za)

2/5

= n−4/5 (C1C2)
4/5 + C

4/5
1 C

1/5
2

× g (ξ) + C3A
2 + C4A + C5

(ξd/2 + A)2

2/5

,

by Lemma 7. The expression of hopt . is obtained by combining Eqs. (22) and (23) 
and Lemma 7.
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Appendix 3: Proof of Proposition 4.2 

In Proposition 2.2, we show that the asymptotic MSE with optimal bandwidth h has 
the following e xpression: 

. AMSEn,hopt,a = n−4/5 (C1C2)
4/5 + C

4/5
1 C

1/5
2

× g ( x 2) + C3A
2 + C4A + C5

(ξd/2 + A)2

2/5

,

where A = ad/2
.. Therefore, we can minimize the function a AMSEn,hopt,a . by 

finding 

. Aopt := argminA>0
C3A

2 + C4A + C5

(ξd/2 + A)2 ,

and so aopt := Aopt
2/d

. minimizes a AMSEn,hopt,a .. In this section, we analyze in 
which cases the minimum exists. 

Followed from the definition of Aopt ., we define the following function: 

.κ(A) := C3A
2 + C4A + C5

(ξd/2 + A)2 . (24) 

Note that κ . is a nonconstant ratio of polynomials, and therefore it is an analytic 
function. Therefore, there exists a nonzero higher order derivative of κ .. For the first  
derivative of κ ., we have  

. κ (A) = (2C3A + C4)(ξ
d/2 + A)2 − (2ξd/2 + 2A)(C3A

2 + C4A + C5)

(ξd/2 + A)4

= (2C3A + C4)(ξ
d/2 + A) − 2(C3A

2 + C4A + C5)

(ξd/2 + A)3

= C4ξ
d/2 + C4A + 2C3ξ

d/2A − 2C4A − 2C5

(ξd/2 + A)3

= A(2C3ξ
d/2 − C4) + C4ξ

d/2 − 2C5

(ξd/2 + A)3 .

We again differentiate κ . w.r.t A to get 

.κ (A) = (2C3ξ
d/2−C4)(ξ

d/2+A)3−3(ξd/2+A)2(A(2C3ξ
d/2−C4)+C4ξ

d/2−2C5)

(ξd/2+A)6
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= 
(2C3ξ

d/2 − C4)(ξ
d/2 + A) − 3(A(2C3ξ

d/2 − C4) + C4ξ
d/2 − 2C5) 

(ξd/2 + A)4 

= 
−2A(2C3ξ

d/2 − C4) + 2C3ξ
d − 4C4ξ

d/2 + 6C5 

(ξd/2 + A)4
.

From κ ., we determine for which A is κ . maximum or minimum. We have the 
following cases: 

Case 1. If 2C3ξ
d/2 − C4 = 0., then we consider the following three subcases. 

Subcase 1a. If C4ξ
d/2 − 2C5 < 0., then κ < 0.. The function κ . decreases, and 

its minimum is attained when A → +∞.. 
Subcase 1b. If C4ξ

d/2 − 2C5 = 0., then κ ≡ 0.. This means that κ . is a constant 
function. 

Subcase 1c. If C4ξ
d/2 − 2C5 > 0., then κ > 0.. Hence κ . reaches its minimum 

as A ↓ 0., since κ . is an increasing function in this subcase. 

Case 2. Suppose 2C3ξ
d/2 − C4 = 0.. Let A∗ = (2C5 − C4ξ

d/2)/(2C3ξ
d/2 − C4).; 

then κ (A∗) = 0.. Therefore, 

. κ (A∗) = −2(2C5 − C4ξ
d/2) + 2C3ξ

d − 4C4ξ
d/2 + 6C5

(C6 + A∗)4

= 2C5 + 2C3ξ
d − 6C4ξ

d/2

(ξd/2 + A∗)4 .

Now we determine whether the (local) extrema of κ . is attained at A∗
., and we 

also have three subcases to consider. 

Subcase 2a. If 2C5 + 2C3ξ
d − 6C4ξ

d/2 > 0., then κ (A∗) > 0.. There is only 
one extremum, so the function κ . has a global minimum at A∗

.. 
Subcase 2b. If 2C5 +2C3ξ

d −6C4ξ
d/2 < 0., then κ (A∗) > 0.. This means that 

A∗
. is a local maximum. However, there is only one extremum and so A∗

. is a 
global maximum. The minimum is attained at either as A ↓ 0. or as A → ∞.. 

Subcase 2c. If 2C5 + 2C3ξ
d − 6C4ξ

d/2 = 0., then the minimum could be 
attained at 0,+∞., or  A∗

.. 

The expressions for 2C3ξ
d/2 − C4 ., C4ξ

d/2 − 2C5 ., and 2C5 + 2C3ξ
d − 6C4ξ

d/2
. are 

in Lemma 8. 
From these cases, we conclude that a AMSEn,hopt,a . is minimized when 

a ↓ 0., a → ∞., or at a = (A∗)2/d
.. The only case where we can compute aopt . 

explicitly is in Subcase 2a. Recall that 

.A∗ = 2C5 − C4ξ
d/2

2C3ξd/2 − C4
.
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Using the definitions of the constants given in Proposition 2.2, we have  

. A∗ =
2 d−2

4ξ2 (d+2) g(ξ) − d−2
4ξ2 g(ξ)(d−4)−6 g (ξ)ξ (d+2)/2 ξd/2

2 d−2
4ξ2 3(d−2) g(ξ)−6 g (ξ)ξ ξd/2− d−2

4ξ2 g(ξ)(d−4)−6 g (ξ)ξ (d+2)/2

= 2 [(d + 2) g(ξ)] − g(ξ)(d − 4) − 6 g (ξ)ξ (d+2)/2 ξd/2

2 3(d − 2) g(ξ) − 6 g (ξ)ξ ξd/2 − g(ξ)(d − 4) − 6 g (ξ)ξ (d+2)/2

= 2(d + 2) − (d − 4)ξd/2 g(ξ) + 6ξd+1 g (ξ)

6(d − 2)ξd/2 − d + 4 g(ξ) − 6ξ (d+2)/2g (ξ)
.

Let := g(ξ)/ g (ξ).; then 

. A∗ = 2d + 4 − (d − 4)ξd/2 + 6ξd+1

6ξd/2(d − 2) − d + 4 − 6ξ (d+2)/2,

which finishes the proof of Proposition 4.2. 

Appendix 4: Technical Results 

Computation of Integrals 

Lemma 2 Let ψ . be a measurable function from R+
. to R+

. and ξ > 0. such that 
ψ(ξ) > 0.. Assume that the kernel K has compact support and h(n) → 0. as n →
∞.. Let Z be a bounded random variable. Let In . be defined by 

. In := E Z · K
ψ(ξ) + ψ (Xi − μ) −1 (Xi − μ)

h(n)
.

Then there exists N ∈ N. such that In = 0. for all n ≥ N .. 

Proof Let [a, b]. be the support of K , and remember ξi := (Xi −μ) −1 (Xi −μ).. 
We have 

. In := E Z · K
ψ(ξ) + ψ(ξi)

h(n)
= z · K

ψ(ξ) + ψ(x)

h(n)
dP(x, z),

where P. is the law of the random vector (ξi, Z).. For any x > 0., 

.
ψ(ξ) + ψ(x)

h(n)
≥ ψ(ξ)

h(n)
→ +∞.
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Therefore, for all n large enough, we hav e 

. for all x > 0,
ψ(ξ) + ψ(x)

h(n)
> b,

and therefore 

. for all x > 0, K
ψ(ξ) + ψ(x)

h(n)
= 0.

Finally, we get In = 0. for n large enough, as claimed. 

In many computations involving elliptical distributions, one can use a well-
chosen change of variable to transform an expectation over the elliptically dis-
tributed variable X1 . (i.e., a d-dimensional integral) into a one-dimensional integral. 
This is formalized in the following lemma, which is a consequence of the results 
given in [15]. They show that by using d-dimensional spherical coordinates, we 
can simplify these integrals (see pages 174–175 and Lemma 4.3 of [15]). 

Lemma 3 For any ξ > 0., for any a, h > 0., and for any function K : R→ R., we  
have 

. E K
ψa(ξ) − ψa(ξ1)

h
= πd/2h

2)

∞

−ψa(ξ)/h

K(−w)×

g ψ−1
a ψa( x 2) + wh · ψ−1

a (ψa(ξ) + wh)(d−2)/2

ψa ψ−1
a ψa( x 2) + wh

dw.

Proof We begin by doing the change of variables zi := −1/2(xi −μ)., and then we 
apply Stute and Werner’s [15] change of variable using the d-dimensional spherical 
coordinates, so that 

.E K
ψa(ξ) − ψa(ξ1)

h

= E K
ψa(ξ) − ψa (Xi − μ) −1 (Xi − μ)

h

=
R

d
K

ψa(ξ) − ψa zi
2

h
| |−1/2g zi

2 | |1/2dzi

= πd/2

2)

∞

0
K

ψa(ξ) − ψa (v1)

h
g(v1)v

(d−2)/2
1 dv1.
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We now do a third change of variables 

. w := w(v1) = −ψa(ξ) + ψa(v1)

h
⇐⇒ v1(w) = ψ−1

a (ψa(ξ) + wh) ,

which gives 

. E K
ψa(ξ) − ψa(ξi)

h
= πd/2h

2)

∞

w(0)

K(−w)×

g ψ−1
a (ψa(ξ) + wh) · v1(w)(d−2)/2

ψa ψ−1
a (ψa(ξ) + wh)

dw.

Noting that w(0) = −ψa(ξ)/h. finishes the proof. 

Technical Computations 

We remind that za . is the function defined by za(ξ) := g(ξ)

ψa(ξ)
ξ (d−2)/2

.. 

Lemma 4 For any integer d > 0. and any ξ, a > 0., we have 

. ρa (ψa(ξ)) = za(ξ) · ψa(ξ) − ψa (ξ) · za(ξ)

[ψa(ξ)]3 .

Proof Let a(t). be the inverse function of ψa ., and let a . be the derivative of a . 

w.r.t. t . Recall that ρa = za ◦ a .. By differentiating this expression, we obtain 
ρa = (za ◦ a) · a . and 

. ρa = (za ◦ a) · a + (za ◦ a) · a = (za ◦ a) · a
2 + (za ◦ a) · a .

So, 

.ρa (ψa(ξ)) = za(ξ) · a
2
(ψa(ξ)) + za(ξ) · a (ψa(ξ)) . (25) 

Since 

. a(t) = 1

ψ ( a(t))
and a (t) = − ψa a(t))

(ψa a(t))3 ,

we get
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. a
2
(ψa(ξ)) = 1

ψa(ξ)
2 and a (ψa(ξ)) = − ψa (ξ)

[ψa(ξ)]3 . (26) 

Therefore, combining Eqs. (25) and (26), we get 

. ρa (ψa(ξ)) = za(ξ)

ψa(ξ)
2 − ψa (ξ) · za(ξ)

[ψa(ξ)]3 = za(ξ) · ψa(ξ) − ψa (ξ) · za(ξ)

[ψa(ξ)]3 ,

as claimed. 

Lemma 5 For any integer d > 0. and any ξ, a > 0., we have 

.za(ξ) = g (ξ)ψa (ξ) + g(ξ)ψa(ξ)

ψa(ξ)
2 , . (27) 

za(ξ) = 
2[ψa (ξ)]2 g(ξ)−ψa(ξ)ψa (ξ) g(ξ)−2 g (ξ)ψa(ξ)ψa (ξ)+ g (ξ)[ψa(ξ)]2 

ψa(ξ) 3 
,

(28) 

where 

. g(ξ) := ξ (d−2)/2g(ξ) and g (ξ) := ξ (d−2)/2g (ξ) + d − 2

2
ξ (d−4)/2g(ξ).

Besides, we have that 

. g (ξ) := (d − 2)g (ξ)ξ (d−4)/2 + g (ξ)ξ (d−2)/2 + (d − 2)(d − 4)

4
g(ξ)ξ (d−6)/2.

Proof By Eq. (12), za(ξ) := g(ξ)ξ (d−2)/2/ψa(ξ) = g(ξ)/ψa(ξ). for ξ > 0.. 
Differentiating this equality gives 

. za(ξ) = g (ξ)ψa(ξ) − g(ξ)ψa (ξ)

ψa(ξ)
2 .

We differentiate this expression a second time to obtain 

.za(ξ) = ( g (ξ)ψa(ξ) − g(ξ)ψa (ξ)) ψa(ξ)
2 − 2ψa(ξ)ψa (ξ)( g (ξ)ψa(ξ)

ψa(ξ)
4

− g(ξ)ψa (ξ))

ψa(ξ)
4
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= 
( g (ξ)ψa(ξ) − g(ξ)ψa (ξ)) ψa(ξ) − 2ψa (ξ)( g (ξ)ψa(ξ) − g(ξ)ψa (ξ)) 

ψa(ξ) 3 

= 
g (ξ)ψa (ξ) + g (ξ)ψa(ξ) − g (ξ)ψa (ξ) − g(ξ)ψa (ξ) ψa(ξ) 

ψa(ξ) 3 

− 
2ψa (ξ) g (ξ)ψa(ξ) − g(ξ)ψa (ξ) 

ψa(ξ) 3 

= 
g (ξ)ψa(ξ) − g(ξ)ψa (ξ) ψa(ξ) − 2ψa (ξ) g (ξ)ψa(ξ) − g(ξ)ψa (ξ) 

ψa(ξ) 3 

= 
g (ξ)[ψa(ξ)]2 − g(ξ)ψa (ξ)ψ a(ξ) − 2 g (ξ)ψa (ξ)ψa(ξ) 

ψa(ξ) 3 

+ 
2 g(ξ)[ψa (ξ)]2 

ψ a(ξ)
3 ,

as claimed. 

Lemma 6 We have 

. g (ξ) = ρa (ψa(ξ))[ψa(ξ)]3

ξ (d−2)/2

+ ψa (ξ) × [ξg(ξ) + 2ξg (ξ) + (d − 2)g(ξ)] + g(ξ)ψa (ξ)

ξψa(ξ)

+ ψa (ξ)

ψa(ξ)

2

g (ξ) − 2g(ξ) + d − 2

2

g(ξ)

ξ

− (d − 2)
g (ξ)

ξ
− (d − 2)(d − 4)

4

g(ξ)

ξ2
.

Proof From Lemma 4 and Lemma 5, we have  

. ρa (ψa(ξ)) = 2 g(ξ)[ψa (ξ)]2 − g(ξ)ψa(ξ)ψa (ξ) − 2 g (ξ)ψa(ξ)ψa (ξ)

[ψa(ξ)]5

+ g (ξ)[ψa(ξ)]2 − g (ξ)[ψa (ξ)]2 + g(ξ)ψa(ξ)ψa (ξ)

[ψa(ξ)]5 ,

which yields
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. g (ξ) = ρa (ψa(ξ))[ψa(ξ)]5 + g (ξ)[ψa (ξ)]2 + g(ξ)ψa(ξ)ψa (ξ)

[ψa(ξ)]2

+ + g(ξ)ψa(ξ)ψa (ξ) + 2 g (ξ)ψa(ξ)ψa (ξ) − 2 g(ξ)[ψa (ξ)]2

[ψa(ξ)]2

= ρa (ψa(ξ))[ψa(ξ)]3 + g (ξ)[ψa (ξ)]2

[ψa(ξ)]2 + g(ξ)ψa (ξ)

ψa(ξ)

+ g(ξ)ψa (ξ)

ψa(ξ)
+ 2 g (ξ)ψa (ξ)

ψa(ξ)
− 2 g(ξ)[ψa (ξ)]2

[ψa(ξ)]2

= ρa (ψa(ξ))[ψa(ξ)]3 + g(ξ)ψa (ξ) + g(ξ)ψa (ξ) + 2 g (ξ)ψa (ξ)

ψa(ξ)

+ g (ξ)[ψa (ξ)]2 − 2 g(ξ)[ψa (ξ)]2

[ψa(ξ)]2
.

Using the definition of g (ξ). given in Lemma 5, we express the above expression 
in terms of g (ξ).. It yields that 

.g (ξ) = ρa (ψa(ξ))[ψa(ξ)]3

+ ξ (d−2)/2g(ξ)ψa (ξ) + ξ (d−2)/2g(ξ)ψa (ξ) + 2ξ (d−2)/2g (ξ)ψa (ξ)

ψa(ξ)

+ (d − 2)ξ (d−4)/2g(ξ)ψa (ξ)

ψa(ξ)

+ [ξ (d−2)/2g (ξ) + d−2
2 ξ (d−4)/2g(ξ)][ψa (ξ)]2 − 2ξ (d−2)/2g(ξ)[ψa (ξ)]2

[ψa(ξ)]2

= 1

ξ (d−2)/2
× ρa (ψa(ξ))[ψa(ξ)]3

+ ξ (d−4)/2ψa (ξ)×[ξg(ξ)+2ξg (ξ)+(d − 2)g(ξ)]+ξ (d−2)/2g(ξ)ψa (ξ)

ψa(ξ)

+ ψa (ξ)

ψa(ξ)

2

ξ (d−2)/2[g (ξ) − 2g(ξ)] + d − 2

2
ξ (d−4)/2g(ξ)

− (d − 2)g (ξ)ξ (d−4)/2 − (d − 2)(d − 4)

4
g(ξ)ξ (d−6)/2

= ρa (ψa(ξ))[ψa(ξ)]3

ξ (d−2)/2
+ψa (ξ)×[ξg(ξ)+2ξg (ξ)+(d−2)g(ξ)]+g(ξ)ψa (ξ)

ξψa(ξ)
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+ 
ψa (ξ) 
ψa(ξ) 

2 

g (ξ) − 2g(ξ) + 
d − 2 

2 

g(ξ) 
ξ 

− (d − 2) 
g (ξ) 

ξ 
− 

(d − 2)(d − 4) 
4 

g( ξ)

ξ2 .

Lemma 7 For any ξ > 0., we have 

. (zaψa − ψa za)(ξ) = g (ξ) + C3A
2 + C4A + C5

ξd/2 + A
2

,

where A = A(a) := ad/2
. and 

.C3 := d − 2

4ξ2 3(d − 2) g(ξ) − 6 g (ξ)ξ , . (29) 

C4 := 
d − 2 

4ξ2 
g(ξ)(d − 4) − 6 g (ξ)ξ (d+2)/2 , . (30) 

C5 := 
d2 − 4 

4ξ2 
g(ξ). (31) 

Proof We can express zaψa −ψa za . in terms of derivatives of ψa ., by using  (27) and 
(28). We have  

. zaψa − ψa za = 2[ψa (ξ)]2 g(ξ) − ψa(ξ)ψa (ξ) g(ξ) − 2 g (ξ)ψa(ξ)ψa (ξ)

ψa(ξ)
3 ψa

+ g (ξ)[ψa(ξ)]2

ψa(ξ)
3 ψa − ψa

g (ξ)ψa(ξ) − g(ξ)ψa (ξ)

ψa(ξ)
2

= 3 g(ξ)[ψa ]2 − g(ξ)ψaψa − 3 g (ξ)ψaψa + g (ξ)[ψa]2

ψa
2 .

(32) 

We now compute explicit expressions for the derivatives of ψa .. Remember that 

ψa(ξ) = −a+(A+ξd/2)2/d
.and ψa(ξ) = ξ

d
2 −1(A+ξd/2)

2
d
−1

.. Then, differentiating 
ψa(ξ). yields 

.ψa (ξ) = d

2
− 1 ξ

d
2 −2 ξ

d
2 + A

2
d
−1 + 2

d
− 1 ξ

d
2 −1 ξ

d
2 + A

2
d
−2 d

2
ξ

d
2 −1
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= 
d 
2 

− 1 ξ 
d 
2 −2 ξ 

d 
2 + A 

2 
d
−1 + 1 − 

d 
2 

ξd−2 ξ 
d 
2 + A 

2 
d
−2 

= 
d − 2 

2 
ξ 

d 
2 −2 ξ 

d 
2 + A 

2 
d
−2 

ξ 
d 
2 + A − ξ 

d 
2 

= 
d − 2 

2 
ξ 

d 
2 −2A ξ 

d 
2 + A

2
d
−2

.

This can be recognized as 

. ψa (ξ) = ψa(ξ) × d − 2

2
ξ−1A ξd/2 + A

−1
.

Differentiating again, we obtain 

. ψa (ξ) = d − 2

2

d

2
− 2 ξ

d
2 −3A ξ

d
2 + A

2
d
−2

+ d − 2

2

2

d
− 2 ξ

d
2 −2A ξ

d
2 + A

2
d
−3 d

2
ξ

d
2 −1

= (d − 2)(d − 4)

4
ξ

d
2 −3A ξ

d
2 + A

2
d
−2

+ (d − 2)(1 − d)

2
ξd−3A ξ

d
2 + A

2
d
−3

= d − 2

4
Aξ

d
2 −3 ξ

d
2 + A

2
d
−3

(d − 4) ξ
d
2 + A + 2(1 − d)ξ

d
2

= d − 2

4
Aξ

d
2 −3 ξ

d
2 + A

2
d
−3

dξ
d
2 + dA − 4ξ

d
2 − 4A + 2ξ

d
2 − 2dξ

d
2

= d − 2

4
Aξ

d
2 −3 ξ

d
2 + A

2
d
−3 −dξ

d
2 − 2ξ

d
2 + dA − 4A

= d − 2

4
Aξ

d
2 −3 ξ

d
2 + A

2
d
−3

(d − 4)A − (d + 2)ξ
d
2 .

This can also be recognized as 

. ψa (ξ) = ψa(ξ) × d − 2

4
ξ−2A ξd/2 + A

−2
(d − 4)A − (d + 2)ξ

d
2 .

We have therefore shown that 

.ψa (ξ) = ψa(ξ) × d − 2

2
ξ−1A ξd/2 + A

−1
,
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ψa (ξ) = ψa(ξ) × 
d − 2 

4 
ξ−2A ξd/2 + A 

−2 
(d − 4) A − (d + 2) ξ d/2 .

As a consequence, all terms in the numerator and the denominator of Eq. (32) are 
proportional to [ψa]2

., which can then be simplified, so that we obtain 

. zaψa − ψa za = 3 g(ξ)
[ψa ]2

ψa
2

− g(ξ)
ψaψa

ψa
2

− 3 g (ξ)
ψaψa

ψa
2

+ g (ξ)

= g (ξ) + d − 2

4ξ2(ξd/2 + A)2
×

3(d − 2) g(ξ)A2 − g(ξ) (d − 4)A − (d + 2)ξd/2

− 6 g (ξ)ξA(ξd/2 + A)

= g (ξ) + C3A
2 + C4A + C5

ξd/2 + A
2 ,

finishing the proof. 

In the following lemma, we give an expression of 2C3ξ
d/2 − C4 ., C4ξ

d/2 − 2C5 ., 
and 2C5 + 2C3ξ

d − 6C4ξ
d/2

.. These are conditions for the locations of the extrema 
of (24) in section “Appendix 3: Proof of Proposition 4.2”. 

Lemma 8 Let ξ > 0. and d > 2.. Let C̃3, C̃4 ., and C̃5 . be defined as in Proposition 
2.2. Then we have 

. 2C3ξ
d/2 − C4 = d − 2

4ξ2 3ξd−1(d − 2)g(ξ) − g(ξ)(d − 4)ξ (d−2)/2 − 6g (ξ)ξd

2C5 − C4ξ
d/2 = d − 2

4ξ2
2(d + 2)ξ (d−2)/2g(ξ) − ξ (d−2)/2g(ξ)(d − 4)ξ (d−2)/2

+ 3ξ (d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) ξd .

Lastly, 

. 2C5 + 2C3ξ
d − 6C4ξ

d/2

= d − 2

4ξ2 2(d + 2)ξ (d−2)/2g(ξ) + 6(d − 2)ξ (3d−2)/2g(ξ)

− 3 2g (ξ) + (d − 2)ξ−1g(ξ) ξ (2d−2)/2(d − 4) − 4ξ3d/2 .

Proof We have
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. 2C3C6 − C4 = 2ξd/2 d − 2

4ξ2 3(d − 2) g(ξ) − 6 g (ξ)ξ − d − 2

4ξ2 g(ξ)(d − 4)

− 6 g (ξ)ξ (d+2)/2

= d − 2

4ξ2 2ξd/2 3(d − 2) g(ξ) − 6 g (ξ)ξ − g(ξ)(d − 4)

− 6 g (ξ)ξ (d+2)/2

= d − 2

4ξ2 6ξd/2(d − 2) g(ξ) − g(ξ)(d − 4) − 6 g (ξ)ξ (d+2)/2 .

From Lemma 4, we get the expressions g(ξ) := ξ (d−2)/2g(ξ). and 2 g (ξ) =
ξ (d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) .. 

. 2C3C6 − C4 = d − 2

4ξ2 ξ (d−2)/2 6ξd/2(d − 2)g(ξ) − g(ξ)(d − 4)

− 3 2g (ξ) + (d − 2)ξ−1g(ξ) ξ (d+2)/2

= d − 2

4ξ2 ξ (d−2)/2 3ξd/2(d−2)g(ξ)−g(ξ)(d−4) − 6g (ξ)ξ (d+2)/2

= d − 2

4ξ2
3ξd−1(d − 2)g(ξ) − g(ξ)(d − 4)ξ (d−2)/2 − 6g (ξ)ξd .

Furthermore, 

. 2C5 − C4C6 = 2
d − 2

4ξ2 (d + 2) g(ξ) − d − 2

4ξ2 g(ξ)(d − 4)

− 6 g (ξ)ξ (d+2)/2 ξ (d−2)/2

= d − 2

4ξ2 2(d + 2) g(ξ) − g(ξ)(d − 4) − 6 g (ξ)ξ (d+2)/2 ξ (d−2)/2

= d − 2

4ξ2
2(d + 2) g(ξ) − g(ξ)(d − 4)ξ (d−2)/2 + 6 g (ξ)ξd .

From Lemma 4, we get the expressions g(ξ) := ξ (d−2)/2g(ξ). and 2 g (ξ) =
ξ (d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) .. 

.2C5 − C4C6 = d − 2

4ξ2
2(d + 2)ξ (d−2)/2g(ξ) − ξ (d−2)/2g(ξ)(d − 4)ξ (d−2)/2

+ 3ξ (d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) ξd .
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Using the fact that C6 = ξd/2
., we get 

. 2C5 + 2C3C
2
6 − 6C4C6

= 2C5 + 2C3ξ
d − 6C4ξ

d/2

= d − 2

4ξ2 2(d + 2) g(ξ) + 2ξd 3(d − 2) g(ξ) − 6 g (ξ)ξ − 6ξd/2 g(ξ)(d − 4)

− 6 g (ξ)ξ (d+2)/2

= d − 2

4ξ2
2(d + 2) g(ξ) + 6ξd(d − 2) g(ξ) − 12 g (ξ)ξd+1 − 6ξd/2 g(ξ)(d − 4)

+ 36 g (ξ)ξ (2d+2)/2

= d − 2

4ξ2 2(d + 2)ξ (d−2)/2g(ξ) + 6(d − 2)ξ (3d−2)/2g(ξ)

− 6ξ (d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) ξd+1

− 3ξd/2ξ (d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) (d − 4)

+ 18ξ (d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) ξ (2d+2)/2

= d − 2

4ξ2 2(d + 2)ξ (d−2)/2g(ξ) + 6(d − 2)ξ (3d−2)/2g(ξ)

− 6ξ3d/2 2g (ξ) + (d − 2)ξ−1g(ξ)

− 3ξ (2d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) (d − 4)

+ 18ξ3d/2 2g (ξ) + (d − 2)ξ−1g(ξ) .

So, 

.2C5 + 2C3C
2
6 − 6C4C6

= d − 2

4ξ2 2(d + 2)ξ (d−2)/2g(ξ) + 6(d − 2)ξ (3d−2)/2g(ξ)

− 6ξ3d/2 2g (ξ) + (d − 2)ξ−1g(ξ)

− 3ξ (2d−2)/2 2g (ξ) + (d − 2)ξ−1g(ξ) (d − 4)
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+ 18ξ3d/2 2g (ξ) + (d − 2)ξ−1g(ξ) 

= 
d − 2 

4ξ2 2(d + 2)ξ (d−2)/2g(ξ) + 6(d − 2)ξ (3d−2)/2g(ξ) 

− 3 2g (ξ) + (d − 2)ξ−1g(ξ) 2ξ3d/2 + ξ (2d−2)/2(d − 4) − 6ξ3d/2 

= 
d − 2 

4ξ2 
2(d + 2)ξ (d−2)/2g(ξ) + 6(d − 2)ξ (3d−2)/2g(ξ) 

− 3 2g (ξ) + (d − 2)ξ−1g(ξ) ξ (2d−2)/2(d − 4) − 4ξ3d/2 .

Proof of Lemma 1 

Proof Let = ψ−1
., i.e., = (x + a)d/2 − ad/2 2/d

.. By Faà di Bruno’s 
formula, we have 

. ρ(k) = (z ◦ (k) =
k

m=1

(z(m) ◦ × Bk,m
(k−m+1) ,

where Bm,k . are the partial exponential Bell polynomials (see, e.g., [13] and the 
references therein). Therefore, 

. ρ(k) ◦ ψ =
k

m=1

z(m) × Bk,m,

where 

. Bk,m := Bk,m
(k−m+1)) ◦ ψ.

Remark that z(ξ) = g(ξ) × τ(ξ)., where τ(ξ) := ξ (d−2)/2/ψ (ξ).. Therefore, 
applying the general Leibniz rule, we obtain 

. ρ(k) ◦ ψ =
k

m=1

(g × τ)(m) × Bk,m =
k

m=1

m

i=0

m

i
g(i)τ (m−i)Bk,m =

k

i=0

αi,kg
(i),

where
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.α0,k :=
k

m=1

τ (m)Bk,m, and for i ≥ 1, αi,k :=
k

m=i

m

i
τ (m−i)Bk,m. (33) 

Applying again Faà di Bruno’s formula, it is possible to compute higher order 
derivatives of . and τ .. Indeed, = (x + a)d/2 − ad/2 2/d = f1 ◦ f2 ., where 
f1(x) = x2/d

. and f2(x) = (x + a)d/2 − ad/2
.. Therefore, 

. 
(k) =

k

m=1

(f
(m)
1 ◦ f2) × Bk,m f2, f2 , . . . , f

(k−m+1)
2 .

Note that for m ≥ 1., 

. f
(m)
1 (x) =

m−1
i=0 (2 − i × d)

dm
x(2/d)−m, and

f
(m)
2 (x) =

m−1
i=0 (d − 2i)

2m
(x + a)(d−2m)/2.

We have τ(ξ) := ξ (d−2)/2/ψ (ξ).. Remember that ψa(ξ) = ξ
d
2 −1(A+ ξd/2)

2
d
−1

.. 
Therefore, τ(ξ) = (A + ξd/2)(d−2)/d = f3 ◦ f4 ., where f3(x) = A + xd/2

. and 
f4(x) = x(d−2)/d

.. The computation of the derivatives of τ . can be done in the same 
way as for .. 

Appendix 5: Proof of Proposition 3.1: MSE for Estimating 
Derivatives 

Computation of the Bias 

Proof To simplify the notations, we write only η . instead of ηk,n,h,a(ξ).. By linearity, 
we have 

. E [η] = 1

sdhk+1
E Kk

ψa(ξ) − ψa(ξ1)

h
+ E Kk

ψa(ξ) + ψa(ξ1)

h
.

By assumption, the kernel Kk . has a compact support; we can then apply Lemma 2 
and obtain 

.Kk

ψa(ξ) + ψa(ξ1)

h
= 0,
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for n large enough. Therefore, by applying Stute and Werner’s [15] change of 
variable 

. E [η] = 1

sdhk+1
R

d
Kk

ψa(ξ) − ψa (ξ1)

h
g (ξ1) | |−1/2 dξ1

= sd

sdhk+1

∞

0
Kk

ψa(ξ) − ψa (v1)

h
g(v1)v

(d−2)/2
1 dv1.

We now do a second change of variables 

. w := w(v1) = −ψa(ξ) + ψa(v1)

h
⇐⇒ v1(w) = ψ−1

a (ψa(ξ) + wh) ,

which gives 

. E [η] = 1

hk+1
h

∞

−ψa(ξ)/h

Kk(−w)
g ψ−1

a (ψa(ξ) + wh) · v1(w)(d−2)/2

ψa ψ−1
a (ψa(ξ) + wh)

dw.

We get that 

. E [η] = 1

hk

∞

−ψa(ξ)/h

Kk(−w)z(ψ−1
a (ψa(ξ) + wh)) dw

= 1

hk

∞

−∞
Kk(−w) · z(ψ−1

a (ψa(ξ) + wh)) dw

− 1

hk

−ψa(ξ)/h

−∞
Kk(−w) · z(ψ−1

a (ψa(ξ) + wh)) dw.

We have (−ψa(ξ))/h → −∞. as n → +∞.. Since Kk . has compact support, we 
deduce that the second term in the above equation is zero for n large enough by 
Lemma 2. We now then have 

. E [η] = 1

hk

∞

−∞
Kk(−w) · z ψ−1

a (ψa(ξ) + wh) dw

= 1

hk

∞

−∞
Kk(−w) · ρa (ψa(ξ) + wh) dw.

We now apply the Taylor-Lagrange expansion at the order m + 1. to the function ρa . 

at the point ψa(ξ).. 

.E [η] =
∞

−∞
Kk(−w) · z ψ−1

a (ψa(ξ) + wh) dw
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= 
m 

i=0 

∞ 

−∞ 
Kk(−w) · wi h

i 

i! ρ
(i) 
a (ψa(ξ)) dw 

+ 
∞ 

−∞ 
Kk(−w) · wm+1 hm+1 

(m + 1)!ρ
(m+1) 
a (cT ) dw,

where cT . lies between ψa(ξ) + wh. and ψa(ξ).. All the terms in the sum are zero 
except for i = k . and i = m.. Therefore, 

. E [η] =
∞

−∞
Kk(−w) · wk hk

k! ρ(k)
a (ψa(ξ)) dw

+
∞

−∞
Kk(−w) · wm hm

m! ρ
(m)
a (ψa(ξ)) dw

+
∞

−∞
Kk(−w) · wm+1 hm+1

(m + 1)!ρ
(m+1)
a (cT ) dw.

By the assumption on the kernel, we get 

. E [η] = ρ(k)
a (ψa(ξ)) + μm(Kk)

hm−k

m! ρ(m)
a (ψa(ξ))

+ hm−k+1

(m + 1)!
∞

−∞
Kk(−w) · wm+1ρ(m+1)

a (cT ) dw.

If ρ
(m+1)
a . is continuous, then ρ

(m+1)
a . is bounded around ψa(ξ).. Therefore, the last 

integral will converge to a finite constant by Bochner’s lemma. So, 

. E [η] = ρ(k)
a (ψa(ξ)) + μm(Kk)

hm−k

m! ρ(m)
a (ψa(ξ)) + O(hm−k+1).

The bias of η . is 

. Biasη(ξ) = μm(Kk)
hm−k

m! ρ(m)
a (ψa(ξ)) + O(hm−k+1).

Variance for Estimating Derivatives and the Corresponding 
MSE 

We now study the variance term. From the definition of the variance, we have
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. Var (η) = E η2 − E [η]2 .

Since that the term E [η]2
. is already known, we only need to study the term E η2

.. 
We have 

. E η2 = 2)2

πdn2h2(k+1)
E

n

i=1

Kk

ψa(ξ) − ψa(ξi)

h

+ Kk

ψa(ξ) + ψa(ξi)

h

2

.

Expanding the sum, we find that 

. E η2 = 2)2

πdn2h2(k+1)

n

i=1

T1,i + T2,i + 2T3,i

+
1≤i j≤n

T4,i,j + T5,i,j + T6,i,j + T7,i,j ,

where 

. T1,i := E K2
k

ψa(ξ) − ψa(ξi)

h

T2,i := E K2
k

ψa(ξ) + ψa(ξi)

h

T3,i := E Kk

ψa(ξ) − ψa(ξi)

h
Kk

ψa(ξ) + ψa(ξi)

h

T4,i,j := E Kk

ψa(ξ) − ψa(ξi)

h
Kk

ψa(ξ) − ψa(ξj )

h

T5,i,j := E Kk

ψa(ξ) − ψa(ξi)

h
Kk

ψa(ξ) + ψa(ξj )

h

T6,i,j := E Kk

ψa(ξ) + ψa(ξi)

h
Kk

ψa(ξ) − ψa(ξj )

h

T7,i,j := E Kk

ψa(ξ) + ψa(ξi)

h
Kk

ψa(ξ) + ψa(ξj )

h
.

Therefore, because the random variables X1, . . . , Xn . are identically distributed, we 
get
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. E η2 = 2)2

πdnh2(k+1)
T1,1 + T2,1 + 2T3,1 + (n − 1)T4,1,2 + (n − 1)T5,1,2

+ (n − 1)T6,1,2 + (n − 1)T7,1,2 .

Step 1. Removing Terms That Disappear We start by applying Lemma 2. This  
means that for all n large enough, 

. E η2 = 2)2

πdnh2(k+1)
T1,1 + (n − 1)T4,1,2 .

Step 2. Computation of an Equivalent of T1,1 . We apply Lemma 3, with K2
. 

instead of K , and obtain 

. T1,1 = πd/2h

2)

∞

−ψa(ξ)/h

K2
k (−w)

g ψ−1
a (ψa(ξ) + wh) · v1(w)(d−2)/2

ψa ψ−1
a (ψa(ξ) + wh)

dw

and so 

. 
2)2

πdnh2(k+1)
T1,1 = 2)

πd/2

1

nh2k+1

×
∞

−ψa(ξ)/h

K2
k (−w)

g ψ−1
a (ψa(ξ)+wh) · v1(w)(d−2)/2

ψa ψ−1
a (ψa(ξ) + wh)

dw

∼ 2)

πd/2

1

nh2k+1
g(ξ)

∞

−∞
K2

k (w) dw,

as n → ∞., by Bochner’s lemma and remarking that ∞
−∞ K2

k (w)dw =
∞
−∞ K2

k (−w)dw .. 

Step 3. Computation of T4,1,2 . Since X1, . . . , Xn . are independent and identically 
distributed, we have 

. T4,1,2 = E Kk

ψa(ξ) − ψa(ξ1)

h
· E Kk

ψa(ξ) − ψa(ξ2)

h

= E Kk

ψa(ξ) − ψa(ξ1)

h

2

= πdh2(k+1)

2)2
E [η]2 ,

for n large enough by Lemma 2.



Tuning Parameters for Estimation of Elliptical Generators 123

Step 4. Combining All Previous Results 

. Var (η) = E η2 − E [η]2

= 2)2

πdnh2(k+1)
T1,1 + (n − 1)T4,1,2 − E gn,h,a(x)

2

= 2)2

πdnh2(k+1)
T1,1 + (n − 1)T4,1,2 − ρ(k)

a (ψa(ξ)) − Biasη(x)
2

= n − 1

n
ρ(k)

a (ψa(ξ)) − Biasη(x)
2 + 2)2

πdnh2(k+1)
T1,1

− ρ(k)
a (ψa(ξ)) − Biasη(x)

2

= −1

n
ρ(k)

a (ψa(ξ)) − Biasη(x)
2 + 2)2

πdnh2(k+1)
T1,1.

Since Biasη(x) = o(1)., we get 

. Var (η) = 2)2

πdnh2(k+1)
T1,1 + O(1/n)

= 2)

πd/2

1

nh2k+1 g(ξ) Kk
2
2 + o(n−1h−(2k+1)) + O(n−1)

∼ 2)

πd/2

1

nh2k+1 g(ξ) Kk
2
2,

since h(n) → 0. as n → ∞.. So, 

. MSE [η] = μm(Kk)
hm−k

m! ρ(m)
a (ψa(ξ))

2

+ 2)

πd/2

1

nh2k+1 g(ξ) Kk
2
2

+ O h2(m−k+1) + o n−1h−(2k+1) + O n−1 .
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