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On the Choice of the Two Tuning )
Parameters for Nonparametric e
Estimation of an Elliptical Distribution
Generator

Victor Ryan and Alexis Derumigny

Abstract Elliptical distributions are a simple and flexible class of distributions
that depend on a one-dimensional function, called the density generator. In this
chapter, we study the nonparametric estimator of this generator that was introduced
by Liebscher (J Multivariate Anal 92(1):205-225, 2005). This estimator depends
on two tuning parameters: a bandwidth ~—as usual in kernel smoothing—and an
additional parameter a that control the behavior near the center of the distribution.
We give an explicit expression for the asymptotic MSE at a point x and derive
explicit expressions for the optimal tuning parameters & and a. The estimation of
the derivatives of the generator is also discussed. A simulation study shows the
performance of the new methods.

Keywords Elliptical distribution - Kernel smoothing - Optimal bandwidth

1 Introduction

Elliptical distributions are a well-known family of distributions, generalizing spher-
ically symmetric distributions (which are invariant by rotations). In many situations,
elliptical distributions allow easy computations such as the Value-at-Risk in finance,
see, e.g., [14]. They also facilitate the inference and, in some sense, avoid the
curse of dimensionality. Indeed, a continuous d-dimensional elliptical distribution
is parametrized by its mean p € R?, its matrix ¥ assumed to be positive definite of
dimension d x d, and its density generator g : Ry — R, . We say that a random
vector X follows the elliptical distribution E(u, X, g) if its density is

fx0 = 2" (x— w27 x— ), foranyx e R, ()
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This construction reduces the complexity of the density estimation problem by
reducing the estimation of a d-dimensional density function fx to the estimation of
the generator g, a one-dimensional function.

The estimation of the generator g has already been studied, first by [15] who
proposed a kernel-based estimator. This estimator was then improved by [11]. An
alternative estimator based on sieves was proposed by [1]. Estimators of g based
on nonparametric maximum likelihood estimation via isotonic regression or splines
were proposed by [2] under the assumption that g is monotone. On a related area,
elliptical distributions are the cornerstone of elliptical copula models, which also
relies on a generator that needs to be estimated. Several properties of this model,
including identifiability conditions, and an estimation algorithm have been studied
in [4]. In a Bayesian framework, the work [10] proposes to estimate the generator
of an elliptical copula using B-splines.

In this chapter, we are interested in nonparametric estimation of g in a general
context, assuming only some smoothness conditions on g. For this, we will rely on
Liebscher’s kernel-based estimator [11] defined for & € R by

—d+2 n
. L ETTYL®) V(&) — Ya(&) Va(E) + Ya (&)
Bnna(§) = = s ; [K (—h ) +K (—h )} ,

2

where:

* Xi,..., X, is an i.i.d. sample from the law E(p, X, g).

cHE=X - T ).

e h = h(n) > 0is the bandwidth, and K is a one-dimensional kernel with compact
support such that K (0) = 1; K is symmetric and [ K = 1.

* a > 0is asecond tuning parameter and ¥/, (£) := —a + (a?/? 4 £4/%)2/4,

e sg:=m%2/T(d/2), where I is the Gamma function.

The density fx can then be estimated by replacing g in (1) with (2), and denote
the estimated fx by fA,,,h,a. The estimator defined in (2) depends on two tuning
parameters: the bandwidth A, which is a classical tuning parameter for kernel
smoothing, and the “extra” tuning parameter a, which helps to reduce the bias at 0.
Inthe case a = 0, i.e., ¥, (&) = &, this estimator reduces to the estimator introduced
in [15].

Note that replacing X by ¢X and g by g(c™!-) for some ¢ € R gives the same
distribution, see, e.g., [9, Theorem 2.6.2]. To make the problem identifiable, the
identifiability constraint ¥ = Var[X] is usually assumed. This has the implicit
assumption that all components of X have finite variance. Actually, we do not
need such an assumption here, as we assume that g and ¥ are known, which
then uniquely identifies the density generator g. Possibilities of extension of our
procedures to the case where g and X are unknown are discussed in Sect. 6.1. In the
rest of this chapter, we focus on the simpler case where no nuisance parameters (i
and X)) are to be estimated, only the (functional) parameter g.



Tuning Parameters for Estimation of Elliptical Generators 83

In order to use the estimator g, ;. 4, both tuning parameters 4 and a need to be
chosen. Reference [11] shows that the estimator g, 1 4 is uniformly convergent and
asymptotically normal for any choice of a. However, the finite-distance behavior
strongly depends on the choice of a, and also on the choice of %, as usual in kernel
smoothing.

Therefore, in this chapter, we study the impact of the choice of 7 and a on the
performance of g, j.4. In Sect.2, we compute the MSE and discuss the optimal
choice of &. Section 3 presents a new method for the estimation of the derivatives of
the generator. New methods for choosing a are presented in Sect. 4. Finite-distance
properties of the estimator are presented in a simulation study in Sect. 5.

The proposed methodology has been implemented and is available in the R
package ElliptCopulas [6], in the functions E11DistrEst.adapt for the
adaptive choice of a and &, and E11DistrDerivEst for the estimation of the
derivatives.

Notations For a given generator g and a given a > 0, we define the functions g,
Zas Pa by
8@ :=59PRg(6), z(§) = F®/Y,). and pgi=za09, ' (3)

for any £ > 0. These functions will be useful because the factor & @=2)/2 arises
naturally when doing the change of variable to spherical coordinates (see Lemma 3
and the discussion therein). Note that p, is the density of ¥, (§), see [11, p. 207].

2 MSE and Optimal Choice of i

We start by giving a first-order expansion for the both the bias and the variance of the
estimator g, . 4. This theorem is proved in section “Appendix 1: Proof of Theorem
2.17.

Theorem 2.1 Let h,a > 0. Assume that p, is three times continuously differen-
tiable in a neighborhood of V,(§) for some & > 0. Then

Bias,, j4(§):=E [az,h,a@)]—g(s):fﬂx%w RK(w)wzdw+O(h3),

and

/ K12
Var [ n.a(§)] = —1/’;22‘2?_”2) /2”2 +o((nh)™h),

ash — 0andn — oo.
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We remark that the rates involved in the latter theorem do not depend on the
dimension d. This confirms that such an elliptical assumption allows to avoid the
curse of dimensionality. This theorem is similar to classical results on univariate
kernel smoothing, featuring || K ||% and fR K (w)w? dw, as well as the rates h2 for
the bias and 1/(nh) for the variance, see, e.g., [16, Section 1.2].

The mean square error is then

MSEp1(8) =B [ (B0 (€) = 8(©))° | = AMSE, 1 +00h®) + o((h) ™),

where the asymptotic MSE is defined by

c h* 2
AMSE 0 = (€) + Coo [ W) - o) e |

for two positive constants C, C; defined by

2 2
Cy = @& Cy: ! (/ K(w)wzdw> .
R

sq E@-D/2° T gd2

This asymptotic mean square error depends on the two tuning parameters /# and a.
Since this expression has a simpler dependence on h, we start by computing the
optimal % that minimizes the AMSE for any given a.

Proposition 2.2 Let n > 0, g be a generator, and a > 0. Let A := a?/?. Then
h +— AMSE, ;, 4 is minimized for the choice hop defined by

s (O wL®
hopt(n, a) :==n 1> <C_) La—z/s’ S
2 ‘AMSEA‘
and
—4/5 4/5 4/5 4175\ | xvrew |22
AMSE, 0 =1 (mmg +C1C2)%M%4 , (5)
where

—~ 4 C3A24+ C4A+C
AMSEA — Py (lﬁa@)) _ §//(§) + 3 + C4A+ C5s

(6)

G &2 +a2
and the constants are given by
~ d—2 ~ ~
Cy = —>(3(d —2)g(§) — 6§ §(5)),

4£2
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d—2, -,
Cai= g (3@ — 4 - 67 ©) 7).
& d*—4 _

T 8(8).

This proposition is proved in section “Appendix 2: Proof of Proposition 2.2”. Note
that, for the optimal choice of 4, the AMSE decouples the role of n and a. Indeed,
Eq. (5) decomposes the AMSE with the bandwidth Aqp as a product of three terms:
the classical rate of convergence n =%/, a constant term that only depends on g(&),

and the term A/I\Z§EA that only depends on a and on the generator g. This means
that any asymptotically optimal acpt only depends on the normalized generator
2(&), and not on the sample size n, unlike the asymptotically optimal bandwidth
hopt. Furthermore, note that the asymptotically optimal bandwidth 4op; can also be
decomposed into three terms, in the same way as the AMSE itself.

3 Estimation of the Derivatives of the Generator

Followed by Proposition 2.2, it appears that the AMSE depends on the derivatives
of p. This means that we need to know the derivatives of the generator, since p
depends on g. In practice, we will not know the function g and so its derivatives as
well. Therefore, we decided to estimate the derivatives of g.

The construction of the estimators for the derivatives follows a similar method to
[8] but adjusted for elliptical distributions. First, we fix two integers k and m such
that m > k 4+ 2 and m — k is even. We introduce the estimator

! n i — VYalsi a al§i
Menha(§) = —— Z |:Kk <M) + K (M)} ’

nh*+ls, pa h h
where K} is a kernel function of order (k, m), i.e., K is assumed to satisfy

0 ifj=01,....k—1Lk+1,....,m—1,
[Kk(x)xj dx = { (=1)*k! if j =k,
Um(Kg) #0 if j =m.

As noted by [8], we can construct kernel Ky of order (k, m) by differentiating k
times a kernel function K of order m — k.

Surprisingly, for k > 0 the estimator 7k, 1.4 (§) does not converge to a function
of g® (¢). Instead, it consistently estimates the unknown quantity pc(lk) (Yq(&)). This
claim is stated in the following proposition, and it is proved in section “Appendix 5:
Proof of Proposition 3.1: MSE for Estimating Derivatives”.



86 V. Ryan and A. Derumigny

Proposition 3.1 Assume that the kernel Ky has a compact support and p, is k-
times continuously differentiable in a neighborhood of V4 (&) for some & > 0. Then
we have

m—k

E [finna©] = p® Wa) + um(m pg"” (Wa (&) + O™+,

(N
- g 1Kkl3
Var [nk,n,h,a(é)] ~ m ®)
However, it is possible to consistently estimate g*) using No.nh.as - - » Mk.n.h.a- This
is a consequence of the following lemma.
Lemma 1 For every k > O, there exist k + 1 functions ag(§), ..., ok (§) such

that

Nk.a() = p (Ya(®)) = Za,k(s)g“)@)

i=0

and the functions a; do not depend on g, but only on a and d. Furthermore,

ap k(&) # 0.

This lemma is proved in section “Proof of Lemma 1, where a general formula for «
is given in Eq. (33). By Lemma 1, we know that [1g 4, . . ., nk,a]T = [oj,jl1<i, j<k ¥
lg,..., g(k)]T, where ; j := 0 for i > j.In this sense, estimating the derivatives
of g can be seen as a linear inverse problem with a triangular matrix. This allows for
a straightforward estimation of g® by inverting the matrix [o;, ;1. Indeed, one can
write

from which a consistent estimator can be derived as

Qi k
(k) - — E itz (l)
8 = 77k h,
n,h,a Olk k

As a particular case, for k = (0) (Ya(8)) = &U- 2)/2g(§)/1p (&), hence
apo) = g@d=2/ 2/1//5(5). We can recognize that the estimator g(o) is exactly
Liebscher’s estimator, which was indeed introduced for the estimation of g = g(@.
For k = 1, we obtain

Pa (Wa(§)) = (8(8)/¥a(8)) x VE)
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(d — 28912y (&) — 26212y (¢) ga-v2
- E)+>——xg'(€).
20,(6)° <O e <8¢

This means that a consistent estimator of g’(§) can be computed using the
following estimator:

~ . d — NEE=D/2 £y _2ed=D) /21 _
Fna®)i= <m,n,h,a<5)—( ; 11”;,(2))3 @ xgn,h,a@))
VL&)
X g

For k = 2, we can use the formula above, or equivalently, Lemma 6, which suggests
to define the following consistent estimator of g”(§):

=  MnhaEWLEP
8 n,h,a(é) = %-(d—Z)/Z

N VI EERnnaE)+2£8 0 1a @) +(d = 28nnaE1+8nna V) E)

§v, (&)
1 2 R R d—2 A,, .
+ (i g;) (g/n,h,a@) — 28 na(€) + T“T@))
Sona®  (d—2)d —4) Trnal®)
—(d-2) : — 2 s

4 Data-Driven Choice of the Tuning Parameters

4.1 Estimation of AMSE

By Proposition 2.2, we know that AMSE4 = p// (¥4 (§))/v/, (). Note that /(&) is
a known function and that p// (1,(&)) can be consistently estimated by Tk .14 (€)-

This suggests to introduce an estimator of AMSE defined by

mmh’a - n2.n,h,a&)

)

n

_ 1 Ya(E)—vVa(&i) Yo (E)+va (&)
" nhsy ;(S)Z[K2< h >+K2< h )}

i=1
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where K is a kernel of order (2, 2). As a consequence of Proposition 3.1, we obtain

the asymptotic expansions for the bias and the variance of AMSE,, j, ,.

Corollary 4.1 Asn — oo, we have

— h2 s (Pa (€)) ;
E|AMSE| = AMSE m(K))——= 4+ 0(h”),
[ ] A+ i (K2) 7 IR ()
and
— gEIIKk3

Var [/ﬁ'ﬁ] ~ .
nh2+1sy (Y,(8))

Remember that our goal is to find the value of a (or equivalently, of A) that
minimizes AMSE. For this, we fix a first-step bandwidth, denoted by %, which

—
—~—

gives a consistent estimator AMSE, ;,, .(§), that can be used as proxy for the

—_~—

true quantity AMSE. Therefore, a value of a that minimizes the approximated

criteria AMSE will be close to the true minimizer aqp of A/I_\\/I_S/E We denote by

a the minimizer of @ + AMSE, j, ,(§) on a given grid ay, ..., ay. From this
approximate minimizer, we can then compute the (approximate) optimal bandwidth

using Eq. (4). This equation requires the knowledge of AMSE (which we already
estimated) and of Cj.

C) can be estimated replacing g(¢§) by the kernel-based estimator g, 5, (&)
for another first-step bandwidth %;. Note that we could use the same first-step
bandwidth as for the estimation of A/_\M_S/E, i.e., h1 = hy. Nevertheless, this may
not be a good idea in practice because the estimation of AMSE depends on the
properties of 72.,.n.4. On the contrary, the estimation of g(£) depends on the
properties of 7o.,.n.« Whose convergence rates (and therefore, optimal bandwidth)
are different (see Proposition 3.1). From an estimator

2~
o K17 8n.hya

1= ~ E@DL )
of Cy and A/I\/[\—S/En,hl,a, we can compute an approximate optimal bandwidth by
_ 1/5 ’
~ _ Ci V4 (8)
VAN __rav?
h(n,a) :==n <C2> —— 375 (10)
‘AMSE,,,;,,,Q

Finally, we can compute Liebscher’s estimator (2) of g(£) using % and @. To sum
up, we propose the following procedure detailed in Algorithm 1.



Tuning Parameters for Estimation of Elliptical Generators 89

Algorithm 1: Choice of optimal tuning parameters and estimation of g(&)

Input: Dataset, first-step bandwidths /1, A7, grid of possible values ay, .. ., an
for k < 1to N do

—
—

Compute the approximate criteria AMSE,, ;| 4, ;
end

Compute @ := arg miny |A/1§/I¥S/En,hl,ak} ;

Compute gy 1, (%) 5

Compute a from g, 4,,3(§) by Eq.(9) ;

Compute h(n, @) by Eq. (10) ;

Output: An estimator ’g\n,;ﬁ(é) using the (approximate) optimal tuning parameters

—_—

4.2 Direct Optimization of AMSE

Since 9A/da = (d/2)a?/>*~! > 0, we only need to investigate the critical point of
AMSE, to obtain a critical point of AMSE(g,, hom’a(x)). Note that it can also be

minimized at AMSE 4 = 0. The following result is proved in section “Appendix 3:
Proof of Proposition 4.2”.

Proposition 4.2 Ler A = A(§) := g(§)/ ¢ (&) and

AF = 2(d +2)A — A(d — 4212 4 6
T 6E4/2(d —2)A — A(d — 4) — 6£@+2)/2°

Y

There exists a computable value Ay (g) € {0, 400, A*} depending only on g(§),
g'(&) and d such that A — AMSE, is minimized for A tending 1o Aopi(8).

Interestingly, the computation of the optimal tuning parameter aopt (Or equiva-
lently, Aqpt) only requires the knowledge of g(£) and g’(§), while the computation
of the optimal value Aop of the bandwidth also requires the knowledge of the second
derivative g” ().

When we have chosen our value a, there remains to choose the tuning parameter
h. For this, we can rely on the optimal / given by Eq. (4) which is

c\/3 /
hop(n,a = n=/5 (£1) T e

C, ——2/5

AMSE ,

However, this still does depend on the knowledge of Cy, which will not be available
in practice. Since C; := %5(_”1‘*2)/%(5)“[(”%, it can be estimated by using g
with a first-step bandwidth in order to get an estimate of g(£). This problem does
not exist for C» which only depends on the choice of the kernel K.
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5 Simulation Study

In the previous sections, we have studied asymptotic properties of the estimators. As
a complement to these theoretical results, we now empirically study the properties
of the estimators for a finite sample size. For this, we use a Monte-Carlo approach
with 200 replications and run these simulations on a few nodes on the DelftBlue
supercomputer [3]. As a default family, we choose the Gaussian generator. To set
a simple setting, we choose g = 0 and X to be the identity matrix. Studying the
influence of the correlations is left for future research. It is expected that, outside of
the boundary cases (correlations close to — 1 or 1 or correlation matrix close to be
not positive definite), the influence of the correlations should be limited. This was
shown through simulation studies in a related setting for the estimation of elliptical
copula density, see [4, Figures 8 and 9].

5.1 |Influence of the Tuning Parameters on the MISE of
Liebscher’s Estimator §n,h, a in Dimension 3

In the first simulation, we use a sample size n = 5000. On this sample, we apply
Liebscher’s estimator (2) with different values of the tuning parameters a and i. We
study how these tuning parameters affect the mean integrated square error (MISE)
defined by

MISE := E |:/(§(x) - g(x))zdx] ,

for a given estimator ¢ of g. We approximate the integral by a discrete sum over
the points {i/10,i = 1, ..., 50}. The corresponding results are displayed in Fig. 1.
There seems to be an optimal combination of @ and 4 that minimizes the MISE.

As expected, there exist values of 7 and a that minimize the MISE. Note that for
each h there is a best value aqpt of a that minimizes the MISE. This optimal value
of a depends on & and also on the sample size n (in general). To see the effect of the
sample size n, we display the MISE as a function of n and 4, where a is chosen as
the optimal parameter. Figure 2 shows that the optimal tuning parameter & decreases
as a function of n; as expected the best MISE is also a decreasing function of the
sample size.

To find more about the behavior of aept, we have displayed its value as a function
of h and n in Fig.3. We overlay the curve of (n, hopt(n)) to give insight about
which values of % are relevant. Coherently with our theoretical findings, the value
of aopt(n, hopt(n)) seems roughly constant. This means that there is a “universal”
value of the tuning parameter a which allows to reach the best MISE.

The optimal value of 4 is given by the balance between the bias term and the
variance term (Fig. 4). This is the classical bias-variance trade-off in nonparametric
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Parameter a

Fig. 1 MISE of Liebscher’s estimator g, 5., as a function of the tuning parameters a and h, for a
sample size of 5000 using the Gaussian generator. All axes are in log scale; labels are given in the
form 1.0e+01 with the meaning 1.0 x 10%!

statistics [7]. Empirically, it seems that the best bandwidth in dimension 3 is
h(n) = 5.16 x n~%21_ This is obtained by fitting a linear regression of log;o(n) on
log;o(h(n)), where h(n) is the empirically found best bandwidth % for the sample
size n. However, since we only considered the example of the Gaussian generator,
this can only be considered a rule of thumb, and more research is needed to find
under which conditions this rule of thumb is a good choice.

Similar phenomena can be observed for higher dimensions. We did the same
simulations, but using dimensions d € {4, 5, 8, 10}. The MISE as a function of the
tuning parameters a and % is displayed for all four dimensions in Fig. 5. For all of
them, a value of the parameter a around 1 is close to optimal.

5.2 Comparison of the First-Step Estimator with the New
Estimator (Adaptive Choice of the Tuning Parameters)

In general, the optimal values of the tuning parameters /ope and aopt of Liebscher’s
estimator depend on the true function g. In Algorithm 1, we propose a procedure
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Fig. 2 MISE of Liebscher’s estimator g, 5., as a function of the sample size n and the tuning
parameter /. a is chosen as the best tuning parameter for each pair (n, #). All axes are in log scale;
labels are given in the form 1.0e+01 with the meaning 1.0 x 10%1.

to determine the best tuning parameters. However, this procedure necessitates two
first-step bandwidths 4 and A>. In our simulation study and for simplicity, we
choose these first-step bandwidths to be equal. We compare the MSE of the first-
step estimator and the MSE of the final estimator for different choices of /& and for
different points x.

These results are displayed in Fig. 6. We can see that the performance of the
final estimator is quite insensitive to the choice of /4 and allows to reach near-
optimal performance without having to fine-tune the choice of /. This highlights
an advantage of our methodology compared to the existing one. In our new
method, the choice of the (first-step) bandwidth becomes less critical to obtain good
performances.

The total computation of the simulations of the adaptive estimator was 693 hours.
Depending on the sample size and the dimension, the computation time of the
estimator given by Algorithm 1 can vary from 0.02 seconds to 70 seconds. Figure 7
illustrates the influence of the sample size and the dimension on the computation
time, as expected.
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Fig. 3 Heatmap of the optimal tuning parameter dqp as a function of the sample size n and the
tuning parameter /. The red curve represents the best £ as a function of n. All axes are in log scale;
labels are given in the form 1.08e+81 with the meaning 1.0 x 10%!
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1e—-05-
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1e-07- variance
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Fig. 4 Decomposition of the MISE of Liebscher’s estimator g, 5.4 in terms of bias and variance,
as a function of the tuning parameter 4 for n = 5000 and a = 1
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Fig. 5 MISE of Liebscher’s estimator g, 5. as a function of the tuning parameters a and #, for a
sample size of 5000 using the Gaussian generator and for different dimensions
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Fig. 6 Comparison of the MSE of the first-step estimator and of the estimator given by
Algorithm 1 as a function of the tuning parameter %, for a sample size of 1000 using the Gaussian
generator
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Fig. 7 Average computation time (in seconds) of the estimator given by Algorithm 1 as a function
of the sample size n, for different dimensions

6 Extensions and Open Problems

6.1 Unknown p and X

For technical convenience, we have assumed before that g and X were known.
In practice, this is not usually the case, and both need to be estimated. x can be
estimated via the sample mean (assuming that all the components of X have a finite
first moment), and X can be estimated via the sample covariance matrix (assuming
that all the components of X have a finite second moment). Robust estimators of
and X are also available in the literature, see, e.g., [12].

If u and X are replaced by estimators it = fLy, . ) and T = f(xl ,,,,, x,) in (2),
we obtain a corresponding estimator g, 5 , given by

5y o (Va© =V (0 Resyn) it (5= Besy.x)

nhsg Z K h

i=1

T o1

V(&) + g ((X, - ﬁ(xl,..‘,xn)) z(xl,...,x,,) (Xi - ﬁ(Xl,-n,Xn)))
h 9

+ K

whose bias necessitates the computation of integrals of the form
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~ TS-1 ~
[ /Krwu@—m(W—um ,,,,, W) T (0 = By x))
Rd—1) Jgd h

< [Z[Pe(xi —w) T i —w)dx [ fxxjdx;.
l<j=n
j#i
By the change of variables z; := ’E\&ll’/_z__’xn)(xi — .. x,) and z; = x; for j # i,
the main factor in the integral can be rewritten as

K(m&—rﬂmm

— Sl1/2 ~ _
)M|de/n+u—mT2‘
x (32 15— w)dz; x J,

where J is the Jacobian of the transformation. For usual estimators, this Jacobian
could be computed, and if g is Lipschitz, this would lead to a bound on the bias.
Such an analysis is quite complicated and left for future research.

Another possibility is to use a sample-splitting strategy (see, e.g., the discussion
at the end of Section 6 of [5] which considers sample splitting for hypothesis
testing). Here, we would use a certain proportion p € (0, 1) of the observations
for the estimation of g and X and the rest of the data for the estimation of g. This
could make the theoretical analysis easier (conditioning on the first sample so that
p and X are given and then integrating with respect to them) and also introduces yet
a third tuning parameter p to be chosen. This is also not easy. A reasonable choice
for p is 50%; this was found to be nearly optimal in the simulation study done in
[5, Section 6 of the supplement].

6.2 Estimation of g by Minimization of the Integrated MSE
(MISE)

In general, minimizing the mean integrated squared error may not be possible
because g itself need not to be square-integrable. To be an elliptical distribution
generator, the only condition for g to satisfy is [ t12=1g(t) = 2/s4, where
sq = 27%2/T(d/2) (see, e.g., the introduction of [4]). Therefore, if g(r) =
C/(t NP <1 and d = 4, then the abovementioned condition can be satisfied since
t42=1g(t) = C/4/t is integrable on [0, 1]. On the contrary, g>(r) = 1/¢> is not
integrable on [0, 1]. This means that

+00 )
MISE = / (& — &n,h,a)” = +00,
0
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since g is always square-integrable (as a finite sum of compactly supported bounded
functions). Since the MISE is infinite for any choice of &, then this may not be the
right tool for mathematical analysis.

Under some restrictions on g it may be possible to compute the MISE and to
minimize it, but it would likely require the use of other mathematical techniques
and is left for future research.

Acknowledgments The authors thank the two anonymous reviewers for their useful comments
which significantly improved the manuscript.
Appendix 1: Proof of Theorem 2.1

Expression for the Bias

Step 1: Rewriting the Bias in a Simpler Form Because the random vectors
Xi, ..., X, are identically distributed, the expectation of g, j , can be written as

P T(d/2) Ed+2D/2y, ’ v,
B [Gna®)] = g h%ﬁwﬁk<iﬁggﬁﬂﬂ

+E|:K< a(é‘_) Wa(gl)>i|)
h
FiI'St, note that for 4 small enough,

E|:K (%(E)ﬁ;%(&))} -0

by Lemma 2. Now, to compute the expectation of the other term, we apply Lemma 3,
so that

_ dj2 [e%9)
E|:K<¢fa(é) wa(%'])):l _ s h K(w)x
h L'd/2) J-y,/n

g (V' Wa®) + wh)) - ¥ (Ya(§) + wh) @2/
vi (Vi a®) +wh))

w.

By defining now the function

_ 86) Laap 1
z(§) : Kﬁ;(g)s , (12)
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we get that
Biasy.o(€) = £T 2y (&) / oo KO0 Wal®) +wi) dw — @)
A AU {8
where

I = / K@)z(y;! (Ya®) + wh) ) dw
—Va &)/ h

_ / Kw) - 20" (Wa(®) + wh)) duw

—Va(&)/h |
- / K@) - 20" (Wa(®) + wh)) dw. (13)

o]

We have — ¢,(§)/h — —oo as n — +00. Since we assume that K has compact
support, we deduce that the second term in (13) is zero for n large enough by Lemma
2. Note that

2V ) Y ® [
g@) = f@22 ~ Fd-D) _OOK(w)z(S)dw,

where the last equality comes from the assumption that fRK (w) dw = 1.
Therefore, we can rewrite the bias using the first term of (13), and replacing g(£) as
above,

Bias) q(§) = £y (&) / K@) [z Wa(®) + wh) — 2(6) | duw.

Remark that z(¥; ! (Ya(§) + wh)) = (z o Y7 ") (Yu(§) + wh) and z(§) = (z 0
U1 (Y4 (£)) . Therefore, since p, = z o W;l by Eq. (3), we obtain

a

o0
Biasyq(§) = £~ 2y (6) / K W) [pa (Va (&) +wh) = pa (Va(€))] dw.
h (14)
Step 2: Application of Taylor Expansion By applying the Taylor-Lagrange

formula to the function p, at the point v, (£), we get

Pd <wza<s>> (wh)?

Pa (Va (&) +wh) — pa (Wa(§)) = py (Ya(§)) wh +

"
4 Pa 0 éCT) (wh)?,
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where cr lies between ¥, (&) + wh and ¥, (€). So, (14) becomes
Biasy . (§) = £ 9T2y (¢) / K (w) [p; (Va(£)) wh

n Pd (ﬁa(s»(wmz (CT)( n }

= ‘,;({i (25)32 (pa (I/fa(f))h/ Kw)wdw

SRLACTY) (wa(g))/K(w)wzdw+h3/K( e (T) 3dw).
R

Note that fR K (w)wdw = 0 since K (w) is even and w is odd; their product is odd,
and therefore the integral on R is zero. As for

"
n / K(w)@w%’w,
R

the integral tends to a finite constant by Bochner’s lemma. Indeed, using the
assumptlon that p/” is continuous, we obtain that p/” is bounded on a neighborhood
of ¥, (||x|%). We have now shown that

Va$)pg Va

Bias, 4 (£) = h* x i 2)/2@)) /RK(w)wzdw + o).

Note that we can replace p|/ by its expression using z, and we get

2q ) - Y (&) — Y, () - z,(6)

, 2
Biasy 4 (§) = h” x 26@=D/2[yy (£)]?

/ K(w)w?dw + O(h%).
R

Expression for the Variance
We now study the variance term. By definition,
o ~ . 2
Var @0 ®) =2 B0 ©?] — E[Buna ©F -

The term E [gy,q (§ )]2 is already known, so we focus on E [,5,4(x)?]. Let

T'(d/2)g /2 y)
c(€) == (/)End/2 Ve
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We have

. (&) “ Va(€) — Va (&)
B [Guna®?] = WEKZ [K (T)
i=1

2
LK (%(5) +1/fa($i)) D }
h(n)

Expanding the sum, we find that

n

c2(§) . . .
[gn h, a(s) ] 2h(ﬂ)2 (; (Tl,l + T2,z + 2T3,l)

+ Z (Taij+Tsij+ Toij+ Trij) )

I<i#j<n
where
L Va(§) — va(&i)
Tl,l =E -K < () >i| (15)
S <wa<s>+wa<s, ) o
' h(n)
- K( Va®) = Ya (&) )K< a®) + Va (&) >] -
’ h(n) h(n)
o Va (&) — Va(&i) Va(§) — Ya(&))
Ty =8 K< n() )K( hm ) {19
o Ya(§) — Va(&i) Va(€) + Va(€))
Ts;;:=E K( oD )K( ) ) (19)
Te.; =E|K (I/fa(é)era(Ez )K(I// a(§) — ¥a(§)) ) 20)
h(n) h(n)
Tyi; =B K(wa@)wa(s,-))K(wa(swm(sj ) | o
L h(n) h(n)

Therefore, because the random variables are identically distributed, we get

(&)
nh(n)?

E [En,h,a(g)z] = (T1,1 4+ T +2T3,10+ (n — DTa 12+ (n — DT512

+(n—DTs12+ (n— DT7,12).
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Step 1. Removing Terms That Disappear We start by applying Lemma 2. This
means that for all n large enough,

(&)
nh(n)?

E[?n,h,a(é)z] = (T1,1 4+ (n — DT4.1,2).

Step 2. Computation of an Equivalent of 77 ;| We apply Lemma 3, with K2
instead of K, and obtain

72h(n)
Tig=——
'(d/2)
-1 o=l d-2)/2
y ] ey )g(wa (Ya(€) + wh(n)) - ¥, ' (Ya(§) + wh) Jw
V) Vi (V' Wa® + whn))
and so
@ 1 L@/ 2y
nh(m)2 "' T nh(n) 7d/2
00 -1 Cafp—1 d-2)/2
y / K2(w)g(wa (Ya(€) + wh(®n)) - ¥ ' (Ya(€) + wh) Jw
w® Vi (v Wa® + whn))
1 Id/2)

PW@/2) a2y (eyg(e) / K2(w) dw,

- nh(n) mwd/2

by Bochner’s lemma.

Step 3. Computation of 7 ; » Since the X;,i = 1,...,n, are independent and
identically distributed, we have

B 92
[ (0= Vet
h(n)
r 12
s (Yt st
h(n)
h(n)2
- 2(5) [gnha(%_)]

for n large enough by Lemma 2.
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Step 4. Combining All Previous Results

Var (8u.i.a(®)) = E 8.0 )]~ E[Bna©]

2
- nch((j))z (T1,1 4+ (n — DT412) —E [§n,h,a(é)]2

(&)

= ——(T1,1 + (n — DTy12) — (g(§) — Biasy 4 (£))?

nh(n)?

()

J— 1 2 —
Biasp, ()" + Whn)?

Ty

— (g(&) — Biaspq(£))?

(&)
nh(n)2

1
=——(26) - Biasy 4 (£))* + Ti ).

Since Biasy 4(§) = o(1), we get

2
Var (gn.n.a(§)) = nch((s))z Ti.1+ 0(1/n)
1 T'(d/2
= whn) ,idfz)é( D2y ()5 (E) 1K |12

+o(1/(nh(n))) + O(1/n)

since h(n) — 0asn — oo.

Appendix 2: Proof of Proposition 2.2

We start from the expression of the asymptotic mean square error

AMSE; 0 = 1# &) +C2—1ﬂ &0 (Va()) .

The partial derivative of AMSE,, j , with respect to & is

0
oh

Solving aih AMSE,, ., = 0 for & gives the optimal bandwidth

hopt(n) = @a (E)n~ 175,

— AMSE, jiq = — hz%@) + Coh,(6) 0 (Va(6)) -

(22)
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where

Cl 1/5 w./
a = = (3 , 23
#a() (Czw )02 (Va (S))) Y@, — vz 23

and C3 := (C1/Cy)'/3. The second equality in Eq.(23) is a consequence of
Lemma 4, where the function z, is defined by z,(¢) := j,(—fg))é(d_z)/ 2 Substituting
hopt by its expression (22) in the AMSE gives

C
Pa(§)n

— A5 (C Ya + Ot (0 o 1/fa)>-

a

AMSE, o0 = ———= 4 (€) + Co0a (€)' 0, (€)% 0l (Wa ()

By Eq.(23), we get that ¥/, /¢, = C3 (0, — l'z/)*5. By Lemma 4, we also
obtain

4 " "1
PaV (o) 0 a) = Va “aVa — Va )

( N‘/fa //Z/ )8/5 wa ( I/Ic/?
_ C3( N‘/f I/f// /)2/5

Therefore,

2/5
AMSE, g0 =143 ;‘) pd (Wa(§))

( W)
=n"4> (g— + C2C3> (! — i)
(C1C2)4/5 4 C4/5 1/5)( //1// W”Z/)Z/S

5
=45 ((C] )Y + CT/SC;/S)

53A2 + 54A + 55 )2/5

X <§//(‘§)+ &2 1 A2

by Lemma 7. The expression of hop is obtained by combining Egs. (22) and (23)
and Lemma 7.
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Appendix 3: Proof of Proposition 4.2

In Proposition 2.2, we show that the asymptotic MSE with optimal bandwidth & has
the following expression:

AMSE, jip.a =1~ ((0102)4/5 n C?/SC;/S)

53A2 + 54A + 55)2/5

~y/ 2
x <g IXIP) + == 2

where A = q9/2

finding

. Therefore, we can minimize the function a AMSEn,hopw by

53A2 + 54A + 55 }

Aopt 1= argminy _q { ET2 1 A

and S0 aopy = Aopt2/ 4 minimizes a +— AMSE;, j,,,q- In this section, we analyze in
which cases the minimum exists.

Followed from the definition of Ap, we define the following function:

53A2 + 54A + 55
(Sd/2+A)2

k(A) = (24)

Note that « is a nonconstant ratio of polynomials, and therefore it is an analytic
function. Therefore, there exists a nonzero higher order derivative of . For the first
derivative of k, we have

Q2C3A + Ca)(E? + A2 — 2672 +24)(C3A% + C4A + Cs)
(Sd/z + A)4
_ 2C3A+ (Y2 + 4) = 2(C3A% + CyA + Cs)
- (%-d/z + A)3
C4£9/2 + C4A + 2C389/2A — 2C4A — 2Cs
(€972 4 A)3
_ AQC3§”2 — Cy) + C4/? — 2Cs
B (8972 + A)3 '

k' (A) =

We again differentiate « w.r.t A to get

Q3£ —C 1P +A) -3¢+ A (AQCEY - Co)+Cag 2 2Cs)
E12+A)8

KN(A) _
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_ G372 — C(E? + A) —3(AQC35/? — Cy) + Cag*/? — 2Cs)

2+ At
_ —2AQC3£Y? — Cy) +2C36? — 4C45%2 + 6Cs
- 2+ At '

From «’, we determine for which A is ¥ maximum or minimum. We have the
following cases:

Casel. If 2535 d/2 _ 54 = 0, then we consider the following three subcases.

Subcase la. If 545‘“2 — 255 < 0, then k¥’ < 0. The function « decreases, and
its minimum is attained when A — +o0.

Subcase 1b. If 545‘“2 — 255 = 0, then ¥’ = 0. This means that « is a constant
function.

Subcase 1c. If 54&‘”2 — 255 > 0, then ¥ > 0. Hence « reaches its minimum
as A | 0, since « is an increasing function in this subcase.

Case 2. Suppose 2C369/2 — Cy # 0. Let A* = (2Cs5 — C4£9/2)/(2C3£9/2 — Cy);
then k' (A*) = 0. Therefore,

_ =202Cs — Cag?/?) + 20369 — 4C45"2 + 6Cs

K_//(A*)

(Ce + A¥)*
 2Cs +2C389 — 6C44/?
- (Sd/Z + A*)4

Now we determine whether the (local) extrema of « is attained at A*, and we
also have three subcases to consider.

Subcase 2a. If 2Cs + 253f§d — 6545"/2 > 0, then «”(A*) > 0. There is only
one extremum, so the function « has a global minimum at A*.

Subcase 2b.  If2Cs +253§d —6545"/2 < 0, then k" (A*) > 0. This means that
A* is a local maximum. However, there is only one extremum and so A* is a
global maximum. The minimum is attained at either as A | 0 or as A — oo.

Subcase 2¢. If 255 + 2535‘1 — 654&‘1/2 = 0, then the minimum could be
attained at 0, +00, or A*.

The expressions for 253&‘”2 — 54, 54§d/2 - 255, and 255 + 2535" - 6545"/2 are
in Lemma 8.
From these cases, we conclude that a +— AMSE, , « is minimized when

al 0,a - oo,orata = (A*)2/4, The only case where we can compute dop
explicitly is in Subcase 2a. Recall that

_ 255 — 54&’”2
2G589 - Cy

*
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Using the definitions of the constants given in Proposition 2.2, we have

2[4 @42 §©) | -4 [36) [d—H—6F ©)5 D]/
2[42 (32 7O —67 ©)%) ] 642~ 42 F(E)d—4)~6F ()£ ¢+212]
_ 21 +2)3E)] - [3E)(d —4) — 6F (§)E 22 ]ed”

2[BE -3 - 67 ©)8)] 672 — [FE&)d —4) — 67 ©)ET7]

[2(d +2) — (d — 4)E?] 5(&) + 67T 5/ (&)
[6(d —2)§9/2 —d +4] 3(€) — 65@+D/2g/ (&)

A* =

Let A(§) := g(£§)/8'(£); then

_AG) [2d+4— (d - HEV?] + 650!
©OAE) [6£972(d — 2) —d + 4] — 65@+/2,

*

which finishes the proof of Proposition 4.2.

Appendix 4: Technical Results

Computation of Integrals

Lemma 2 Let  be a measurable function from R to RY and & > 0 such that
V(&) > 0. Assume that the kernel K has compact support and h(n) — 0 asn —
0. Let Z be a bounded random variable. Let I, be defined by

. Ty—1 L
P E[z x <1/f(é) Fy (X -T2 (X, n))) }
h(n)

Then there exists N € N such that I, = 0 for alln > N.

Proof Let [a, b] be the support of K, and remember &; := (X; — W TN Xi—p).
We have

o=z (POEVEN ] [y (VOVO)
h(n) h(n)

where P is the law of the random vector (&;, Z). For any x > 0,

@ty @
h(n) ~ h(n)

— 400
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Therefore, for all n large enough, we have

vE+YE

forall x > 0,
h(n)

b ’
and therefore

forall x > 0, K (M> =0.

h(n)

Finally, we get I, = O for n large enough, as claimed. O

In many computations involving elliptical distributions, one can use a well-
chosen change of variable to transform an expectation over the elliptically dis-
tributed variable X (i.e., a d-dimensional integral) into a one-dimensional integral.
This is formalized in the following lemma, which is a consequence of the results
given in [15]. They show that by using d-dimensional spherical coordinates, we
can simplify these integrals (see pages 174—175 and Lemma 4.3 of [15]).

Lemma 3 Forany & > 0, for any a, h > 0, and for any function K : R — R, we
have

B dj2 oo
E[K<m<s> wu@l))]:n h K(—w) x
h L'd/2) J-y,&/n

g (V! (Wa(IxI1®) + wh)) - ¥t (Ya(§) + wh) =2/
v (e (WX + wh))

dw.

Proof We begin by doing the change of variables z; := X ~!/2(x; —u), and then we
apply Stute and Werner’s [15] change of variable using the d-dimensional spherical
coordinates, so that

E [K (%(E) ; %(Sl))}

— )T —
=E[K(“’“@) (ACS hu) X u)))]

— 112
ZA‘WK (wa@) ;l/fa(uzln )) = g (a?) |21

_ 7d/2 * Ya(§) — Yq (V1) d-2)/2
=t@m ) K <f> gy, dvy.
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We now do a third change of variables

w = w)) = _‘”“@,j LZICH N viw) = ¥ (Ya(E) + wh),

which gives
— . dj2 00
E[K<m<s) wa@,))}:n h/ K (w) x
h U'd/2) Jwo)

g (V! (Ya(®) + wh)) - vy (w) =2/
vy (V! at®) +wh)

dw

Noting that w(0) = —v,(§)/ h finishes the proof. O

Technical Computations

We remind that z, is the function defined by z,(§) := 5/(—2)5(‘1’2)/ 2,
a

Lemma 4 For any integer d > 0 and any &, a > 0, we have

2q(8) - v (§) — v (§) - 2, (§)
VAN '

ol (Ya(&)) =

Proof Let W, () be the inverse function of v, and let ¥, be the derivative of ¥,
w.r.t. ¢t. Recall that p, = z, o ¥,. By differentiating this expression, we obtain
p‘/l = (z; oWy,) - \Il; and

2
Pl = (2 0 Wa) - W, + (2 0 Wa) - W) = (2 0 Wa) - (W) + (2} 0 Wa) - 0.

So,
Pl (W) = € - (V) Wa(®) + 2,(®) - W] (Va(E)) (25)
Since
V(1) = m and W/ (1) = —%,

we get
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A

: 26
IRZAGK 20

(¥,)? (Wa(®)) = and W (4 (€)) =

1
[V, ]

Therefore, combining Egs. (25) and (26), we get

2,6 W) -z zgE) Y ) — ¥ () -z, (6)

pg (Ya(§)) = [T G W, &P

as claimed. m]

Lemma 5 For any integer d > 0 and any &, a > 0, we have

gEV/E) + 8V, (S)

7,(6) = (27
[V (S)]
poen 2000 (E)] PEE Y. EWE)EE) 28 EW,EWE)+T Y, E)
() = ; ,
YAGQ)
(28)
where

5E) =92 and  F(E) =YD ) + g(d D24 (E).

Besides, we have that

d—-2)d—-4)
4

g(E) = (d —2)g'E)EI? 4 g (5)s @I 4 g(6)E=9/2,

Proof By Eq.(12), z4(§) = g®)E"P2/y (&) = ZE)/y, @) for & > 0.
Differentiating this equality gives
gEY6) — g(&)W(S)

() =
VAGIE

We differentiate this expression a second time to obtain

(T EVLE) — FEVLE) [VLE] — 20, E VL E)(F EWLE)
[v.®]"

7, &) =

HGUAR)
[v,©]



110 V. Ryan and A. Derumigny

FOVLE) — FEVLEN YLE) — 20 E(F EVLE) — FEWLE)
- [vi@]
(FEVLE + T EOVLE) — TEOVLE) — T E)YL®)
YAGE
R ACIHGIAGENGIAR))
VAGIE
(F/EV,E) — FEOVLE)WLE) — 20L& (F EVLE) — TEW®)
VAGI:
T OWLEP — OV EVLE) — 28 OV E)W,E)
[vi®7

VA
+ ==
[v.®]

as claimed.

Lemma 6 We have

ol (Ya ENIYLE)T
g(d72)/2

n Vg (6) X [6g(5) +268'(6) + (d —2)8E)] + 8(E)v"(©)
§v,(8)

v, (&) 2( ’ d—2g(§))
+ | a2 ) 4+ 27
( ‘,l(%_)> g (&) 8(&) ) £

G

gE @—-2(d-4g®)

—(d-2) p 2 2

Proof From Lemma 4 and Lemma 5, we have

28@) Yy G = TEVL G, E) =28 OV, )Y, §)

Pl Wa(®)) = TG0
L FOWEP - FOWLEP + FOVLEV]E)
TAGHE ’

which yields
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PaWa @Y, )P + T EWL EP + EEVLE V&)
[V ()12

FEE VLGV E) + 28OV Y (6) = 28E) [y, @1
A

AQIVAG) N gEV) &)
VAGIE V()
gEVE) N 28V E)  28@Y @
v, (&) vl (&) VAGK

@)W, ) + &)Y, (¢) +28" ()Y, (©)
Va(§)

g'® =

+

= Pl (Ya ENIYLE) +

= Pl (Ya ENIYLE) +

n O, OF =28, P
[V ()12 '

Using the definition of g”(&) given in Lemma 5, we express the above expression
in terms of g”(&). It yields that

§"(E) = pl (WaENYLE)P
N WD)l (&) + EUD2gEVY (&) + 26D 2 &)Yl (§)

V()
(d — 2D 2gE) Yl (&)
V()
LRI + R I2 )y $)IF = 28D (O)y ()1
TAGE

1
= qaon X (p;;(t/fu@))[l/f;@m

N @2y (E)x[Eg(E)+2E 8 (E)+(d — 2)g (&) +EDD2g(&) Yl (§)

Vi(®)
v,/ (&) 2( d-2)/2¢, d=2 @a-sn )
Tabs ) i

+(528) (e92P1ee - 2e1+ T2 )

G S el 2)4(d — 4)g(e>s<d—6’/2)

I ACAIVAGI LY ©)X[E8()+258'(E)+[@=28()I+8 )Yy ¢)
S )
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1E)\ d—2
" (‘”“ (é)) (g’(é) —20(6) + —@>

V(&) 2 ¢
g'E) (d—2)(d—4) g’
—(d=-2) : — 7 2
O
Lemma 7 Forany & > 0, we have
— C3A2 4+ C4A+C
@, — &) = Fl(e) + oA
€7+ 2)
where A = A(a) := a?/* and
~ d—2 ~ ~
C3 = F(3(d—2)g(é)—6g($)€), (29)
~ d—2, . ~
Co= 2 (BO)d —4) —63 (£)5@272), (30)
~  d*—4_
Cs = Tg(é)- (3D

Proof We can express 2, — ¥, z,, in terms of derivatives of ¥4, by using (27) and
(28). We have

29, P ZE) = Yo @Y () EE) =28 @) Ya v, &)

ZaVa = Viza = Va
VAGIE
=1 ’ 2 ol / _ 3 "
L2 (5)[%(3)] gy EEOV® géé)% (&)
YAQ) VAQ)
_ 38O - EOYav — 33 ©vivy + 'O WL
AN
(32)

We now compute explicit expressions for the derivatives of 1,. Remember that
Va(&) = —a+(A+£42)2/d and Y (&) = 21 (A+£%/2) 1 Then, differentiating
Yl (§) yields

AQES <§ - 1)55_2 (E% +A>%71 + (% _ 1) g5-1 (g% +A)%72 gég—l
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This can be recognized as

d—2 -1
Vi©) = v, ©) x ——7A (52 + 4)

Differentiating again, we obtain
d—2\ (d i
= (£2) (e

d—72 2 %72 % *—3d dl
+(T)<2_2>§ A(sT+a)" " e

d-DA =D 4y, (.4
R A($2+A)

d—-2)1—d)
"

d

=d4;2A$%73 (s%+A)§ 3((d 4 (8% +4) +200 - ¥
:"4;2/45%—3 (s%+A)%73 (a% +aa —4g% —4a 4265 — 25%)
G +A)" 7 (cagt — 25% 4 da - 4a)
S22 (8 4) T (@A @ 2gY).

This can also be recognized as

-2
V' (€) = Yo (6) x

£724 (gd/z n A)72 ((d —HA—(d+ 2)5%) .

We have therefore shown that

-1
v = v « 2 A (s 1 a)
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v =i x T2 2A (5 1 4) (@ Ha- @+ 2E”).

As a consequence, all terms in the numerator and the denominator of Eq. (32) are
proportional to [1//5’1]2, which can then be simplified, so that we obtain

712 " "
v -yl =35l e Yale sz Yade |z
[vi] [vi]’ [vi]’
~y/ -2
=g @6+

W2ET AR

(3@ -2 F©42 - FE) (@~ HA - (@ + 28"
FOEAE + 1))

C3A% + C4A + Cs
(597 + 4)*

finishing the proof. O

=3"®+

In the following lemma, we give an expression of 2535”’/ 2_Cy, 545‘1/ Z_ 255,
and 2Cs + 2C3E% — 6C4£%/?. These are conditions for the locations of the extrema
of (24) in section “Appendix 3: Proof of Proposition 4.2”.

Lemma8 Let & > 0andd > 2. Let C3, C4, and Cs be defined as in Proposition
2.2. Then we have

~ ~ d-
20367 = Ca= 7

(3&‘1 '(d ~2)8(6) — g(©)d — 9§ — 6g'©)¢” )
2Cs — Cas"? = —d4;2 (2d + 264 D/2(6) — D2 (6)(d — 45 DN
+36 9228/ (€) + (@ — 25 g(®)8).

Lastly,

2Cs + 2C369 — 6C4£4/?

- d4$22 (2(d+2)g(d D2g(6) 4 6d — 260D 2g(6)

—3(28'E) + (d —2)E ' g(®)) (XTI d - 4) — 4g3d/2)>.

Proof We have
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2036 — € = 267242 e = (3@ -2 ~ 67 ®)8) - e (70 -9
— 6 ()§+21?)
= zz(zfd/2(3<d 25 ~ 67 (§)E) — (3E)d —4)
4t
— 67 ©)£72))
—d4§22(6sd/2<d 2)§(E) — FE)d — 4 — 67 §)s D).

From Lemma 4, we get the expressions g(§) := §“72/2¢g(¢) and 28'(§) =
E@D/2(20/(£) + (d — 2)E ().

d—2
2C3C6 — C4 = Fé“—”/z(@“(d —2)g®) —g®)d -4
—3(24'®) + (@ — &' g(®))§ "2

_d=2
= Tz £ (387 D5®) 5O -4 — 68 ©)5 )

d— - /
= 2 (369 (@ - 25(6) — g1 ~ 9D — 65 @),
Furthermore,
d—
205~ CaCo =2 2d+2)56) - e 2 (560 -4

— 67 (£)E@D/2)gd-D)2

d— ~ -
=7 (2<d+2)g<s> (FE)d —4) — 6F ()5 +D/2)g-212)

d—2 ~
=% S (2@ +2)F©) - FOE - HE I+ 67 ©)8”).

From Lemma 4, we get the expressions g(§) = £ 2/2g(£) and 2%'(5) =
E@=D12(24/(£) + (d — 2)E ().

2Cs — C4Co = d4_22 (2d +2E“22g(6) — D2 (6)(d — )V

+36@D2(24/(8) + (d — 2)§‘lg($))€d>-
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Using the fact that Cg = £%/2, we get

2Cs +2C3C¢ — 6C4Cg
= 2Cs + 20389 — 6C4£4/*

d-2 - ~ ~ ~
=7 <2<d +2)ZE) +287(3(d —2)3(¢) — 63 (5)E) — 657 () (d — 4)

—6 §’<s)s<d”>/2))

d—12 - ~ ~ ~
=7 <2(d +2)8(E) +689(d —2)8(&) — 128 ()& — 692 5(5)d — 4)

+36 §’<s>s<2d+2>/2)

- —d4;_22 (Z(d + 225 (6) + 6(d — 205D g (e)
—669D/2(26/(8) + (d — 2)E ' g(®)) !

— 342D (20 (8) + (d — 26 g(§))(d — 4)

+ 18522 (2'(6) + (d — 2)5—1g(5>)s<2d+2>/2>

= ”’45;22 (2(d +2)E@D2g () +6(d — 2)ECI7D/2g()
— 6£%12(2g' (&) + (d — 2)& ' g(8))

— 3D (2g/(E) + (d — 20 g (£))(d — 4)
+ 188372 (2¢'(8) + (d — 2)€‘lg($))>-

So,

2Cs +2C3C2 — 6C4Ce

- d4;22 (2(d 2Dy 1 6(d — 254D/ 2g e

— 6532 (28 (8) + (d — 2) ' g(8))
—3CA=D2 (20" (£) + (d — 2)6 ' g(8))(d — 4)
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+ 188372 (2¢'(8) + (d — 2)s‘g(s>)>

- —d4;—22 (2(d + 2§ g) + 6 — 5P g6)

~3(28'€) + (d —DE'g(®)) (26X + I~ 4) - 65“/2))

- —d4;—22 <2<d + 280 D2(6) + 6(d — 253D 2 (6)

—3(28'&) + (d —2)& ' g(®)) (P2 (d — 4) — 453‘1/2)).

Proof of Lemma 1

Proof Let ¥ = ¢~ ie, U(x) = ((x + a)¥/? — ad/z)z/d. By Faa di Bruno’s
formula, we have

k
PP = (o) ="M o W) x B (¥, W, ..., whmth),

m=1

where B, ; are the partial exponential Bell polynomials (see, e.g., [13] and the
references therein). Therefore,

k
p(k) oY = Z Z(m) X Bi,m,

m=1

where
Biow i= B (W', W/, ..., whk=mt)) oy

Remark that z(§) = g(&) x t(&), where T(§) = £@=2/2/y/(&). Therefore,
applying the general Leibniz rule, we obtain

m

k k
Vo= 3 g x D™ x Bm = Y
m=1

m=1

k
m . o~ .
<i>g(1)1—(m l)Bk,m — ani,kg(l),
=

i=0

where
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k k
Qo = Z t(’”)ﬁk,m, andfori > 1, a;y := Z (@)r(mi)ﬁk,m. (33)

A l
m=1 m=i

O

Applying again Faa di Bruno’s formula, it is possible to compute higher order
derivatives of ¥ and 7. Indeed, ¥ (x) = ((x +a)d/? — ad/z)z/d = fi o f2, where
fi(x) = x¥? and fr(x) = (x 4+ a)¥/* — a?/?. Therefore,

k
k— 1
) — Z(fl(m) o o) x Bk,m(fz/, 2//, o 2( m+ ))'

m=1

Note that form > 1,

m—1 .
f1(m)(x) = [izo (znjl X d)x(z/d)_’", and
_1 .
7oy = 0 @22 gya-amre,
2m

d_ 2_
We have 7(£) := £@=2/2/y/(£). Remember that ¥, (§) = £2 -1 (A+&4/2)a~!,
Therefore, 7(£) = (A 4 £94/2)@=2/d = f1 6 f4 where f3(x) = A + x%/2 and
fa(x) = x@=2/d The computation of the derivatives of T can be done in the same
way as for W.

Appendix 5: Proof of Proposition 3.1: MSE for Estimating
Derivatives

Computation of the Bias

Proof To simplify the notations, we write only 7 instead of . .14 (§). By linearity,
we have

1 (&) — Vg , ’

By assumption, the kernel K; has a compact support; we can then apply Lemma 2
and obtain

“<%®Z%@U:Q
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for n large enough. Therefore, by applying Stute and Werner’s [15] change of

variable
! Va(®) = Ya (1) _
E[i] = Sdh—mj;@ Ki (f> g (€1 || déy

Sd [°° e (Wa(%) — Y (vl)) )02 gy,
0

5 R h
We now do a second change of variables

w:i=w) = _1/}“(5): Vav1) = vi(w) = w;l (Ya (&) + wh),

which gives

1 o =1 (. (£) + wh)) - d-2)/2
E[ﬁ] = Wh/ Kk(—w)g(wa Wa§) +w )) v (w)

dw
V) Vi (Ve (Wa®) + wh))

We get that

1 o0
Bl = f Ke(—w)z( " (Ya(®) + wh)) dw

—Va(€)/h
1 o0
=F Ki(—w) - 2, ' (Ya (&) + wh)) dw
1 [—Va®/h |
- Ki(—w) - 2, (Wa(§) + wh)) dw.

We have (—vy,(&£))/h — —oo0 as n — 4-00. Since K} has compact support, we
deduce that the second term in the above equation is zero for n large enough by
Lemma 2. We now then have

l (&)
Bl = o [ Kucwrez (07 @) + wb) du

1 o0
L f Ki(=w) - pu (Yra (&) + wh) duw.

=w )

We now apply the Taylor-Lagrange expansion at the order m + 1 to the function p,
at the point ¥, (€).

Bl = [ Ketw)-z (v W)+ wm) du
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m

o0 h
/ Ke(—w) w500 (o €)) dw

i=0 Y~

00 +1 hm—H ( +n
+ Ki(—w) - w™t ——— cr) dw,
/_Oo (—w) ot 1), (cr)

where cr lies between ¥, (&) + wh and ¥, (). All the terms in the sum are zero
except for i = k and i = m. Therefore,

00 hk
E[7] = / Kk(_w)‘wkypék) (Ya(8)) dw

o0 h
+ / Ki(—w) - w —p<"” (Wa (@) dw

—00

00 H hm—i—l (+1)
+ Ki(—w) - wmtl——plm cr) dw.
| Kecw e e

By the assumption on the kernel, we get

hm —k
E[M] = p® Wa(©)) + tm(Kr) — o™ (W (£))
+ Lk“fw Ki(—w) - w1 p ) (e dw
m+ D) a e

If ,0<m+ )is continuous, then ,o(mJr ) is bounded around Y4 (€). Therefore, the last

integral will converge to a finite constant by Bochner’s lemma. So,

W= k

Em] = p (Ya(8) + um<Kk)—p<'"> (Ya(€)) + O™+,

The bias of 7] is

m—k

h
Biasy(§) = pm (Ki)—

P (Y (€)) + O (R 1,

Variance for Estimating Derivatives and the Corresponding
MSE

We now study the variance term. From the definition of the variance, we have
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Var (7)) = E [ﬁz] —

121

E[M)°.

Since that the term E [7]? is already known, we only need to study the term E [’ﬁ2]

We have

where

Therefore, because the random variables X

get

o[

5[7]

T, =E
T, =E
T, :=E
Ty :=E
Ts;; :=E
Tsij :=E
T7:; =E

Va(§) + Va(&i)

+Kk( "

Expanding the sum, we find that

n

['(d/2)?

=

I'(d/2)? Z Va(€) — Ya(&)
- WE[(g [Kk (T)

)]

- W(Z (T1,i + Toi + 2T3,)

+ Z (T4,i,j + Ts; + Te,i,j + T7,i,j))v

I<i#j<n

K( @—%@)}

K<W®+W®>}

m(W( m@>m( @+%@>]

m(%( %@)m(%( mg)

m(m( %@>n<%@+%@»

m<¢®+W@>m(%( m@)
(%@+%@>M(m@+m@>_

.....

X,, are identically distributed, we
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E [ﬁz] _ T@/2)?

= W(Tl,l + D1 +2T1+ (= DTy 10+ 0 —DTs512

+ 0 —DTs12+ (n—DT712).

Step 1. Removing Terms That Disappear We start by applying Lemma 2. This
means that for all n large enough,
g rd/2)?
E[le] =——"—(Ti,1+(n—DTu12).

dy p2@k+1)

Step 2. Computation of an Equivalent of 77 ;| We apply Lemma 3, with K2
instead of K, and obtain

o m2h K2 w)g(w;1 Wa(®) +wh)) - v (w) 22
A= S k=
F@/2) Jopueorn Vi (Ve Wa® +wh)
and so
I'd/2)? _TW@/y 1
gdpp2trn LU= T ok
00 -1 (d=2)/2
+wh)) - v (w
X/ K,f(—w)g(% (%(E? )) - vi(w) dw
)/ v (Ve (Wa®) + wh))
F(d/2) 1
S e ® [ KR d.
as n — 00, by Bochner’s lemma and remarking that ffooo K,?(w)dw =
ffooo K,%(—w)dw.
Step 3. Computation of 74 ; » Since X{, ..., X, are independent and identically

distributed, we have

P Y LG ELAC ) [ PRGN

2
=E[Kk (1//51(5) ;wa(§1)>:|

4 p20k+1)

= F(d—/z)zEmz’

for n large enough by Lemma 2.
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Step 4. Combining All Previous Results

Var () = B[] - (@1

r(d/2)? R
= %(ﬂ,l +(n—DTy12) — E[gn,h,a(x)]2
I'(d/2)?

= 7 e (1 + (0= DT2) = (o (wa(®)) - Biasy (x))

2 Td/2)?
= (<k><wa<s>>—BlaSA<X>) e

2
— (P Wa(®) — Bias; )
2 T(d/2)?
(0 (Wal®)) ~ Biasy0) + b T

Since Biasj(x) = o(1), we get

I'(d/2)?
Val‘(m = WTI’] + O(I/n)
rds2 1 L B
- ndfz Wg(é)llKkII%+o(n =@y 4 o)
r'd/2) 1

i 8O,
since h(n) — 0 asn — oo. So,

2
h" rad/2 1
MSE [7]] = (um(Kk)—p“”) (%(é))) + (dfz) T8O IKI3

Lo <h2(m—k+l)) +o (n—lh—(2k+1)> Lo (n—1> _
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