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Kemeny’s constant and the effective graph resistance™

Xiangrong Wang®*, Johan L. A. Dubbeldam?, Piet Van Mieghem?

“Faculty of Electrical Engineering, Mathematics and Computer Science, P.O Box 5031, 2600 GA Delft, The Netherlands

Abstract

Kemeny’s constant and its relation to the effective graph resistance has been established for reg-
ular graphs by Palacios et al. [1]. Based on the Moore-Penrose pseudo-inverse of the Laplacian
matrix, we derive a new closed-form formula and deduce upper and lower bounds for the Ke-
meny constant. Furthermore, we generalize the relation between the Kemeny constant and the
effective graph resistance for a general connected, undirected graph.

Keywords: Kemeny constant, effective graph resistance or Kirchhoff index, multiplicative
degree-Kirchhoff index, Moore-Penrose pseudo-inverse, spectral graph theory
2010 MSC: 15A09, 15A18, 15A63

1. Introduction

Consider an undirected graph G(N, L) with N nodes and L links. The adjacency matrix A of
a graph G is an N X N symmetric matrix with elements g;; that are either 1 or 0 depending on
whether there is a link between nodes i and j or not. The Laplacian matrix Q of Gisan N X N
symmetric matrix Q = A — A, where A = diag(d;) is the N X N diagonal degree matrix with the
elements d; = 2?]:1 ajj. Letd = (dy, dy, ..., dy) denote the degree vector for a graph G. The
Laplacian eigenvalues of Q are all real and non-negative [2]. The eigenvalues of Q are ordered
as 0 = uy < puy-1 < ... < py. For a connected graph, the second smallest eigenvalue, coined
the algebraic connectivity by Fiedler [3], is positive, i.e., uy_; > 0. The Laplacian matrix Q is
not invertible due to a zero eigenvalue uy = 0, but one of the generalized matrix inverses is the
Moore-Penrose pseudo-inverse, denoted as o

The effective graph resistance R, also called Kirchhoff index, characterizes the resistance
distance [4] between nodes in an electrical network and can be computed by Rg = N Zfi ]1 i,
where y; is the i-th eigenvalue of the Laplacian matrix Q. Studies [5, 6, 7] relate the effective
graph resistance and the trace of the pseudo-inverse Laplacian Q' as

N
R = Nrace(Q) =N ) (0"),
j=1

J

*This work is part of the research program complexity in logistics with project number 439.16.107, which is financed
by the Netherlands Organization for Scientific Research (NWO).
*Corresponding author.
Email addresses: x.wang-2@tudelft.nl (Xiangrong Wang), J.L.A.Dubbeldam@tudelft.nl (Johan L. A.
Dubbeldam), P.F.A.VanMieghem@tudelft.nl (Piet Van Mieghem)

Preprint submitted to Linear Algebra and its Applications September 5, 2017



Bounds and closed-form formulas for the effective graph resistance are extensively inves-
tigated in some classes of graphs, such as regular graphs [8], Cayley graphs [9] and circulant
graphs [10]. In complex networks, represented by graphs, the effective graph resistance char-
acterizes the difficulty of transport in a network. As a robustness indicator, the effective graph
resistance allows to compare graphs and is applied in improving the robustness of complex net-
works, especially against cascading failures in electrical networks [11, 12, 13].

Let P denote the transition probability matrix of a finite, irreducible Markov Chain and the
steady state probability vector 7 and the all-one vector u satisfying Pu = u and 77 P = nT .

Theorem 1 ([14]). Let h and g be any two column vectors such that the scalar products h' u and
#l'g are nonzero. Then the inverse

Z= (I—P+ghT)_l

exists.

The Kemeny constant is defined, in terms of the trace of the matrix Z, as
K(P) = trace (Z) — 7! Zu

For a given transition probability matrix P and with h” g = 1, the Kemeny constant K(P) is the
same regardless of the choice of the matrix Z defined in Theorem 1.

Kemeny offered a prize for the first person to find an intuitively plausible interpretation for
his constant. Peter Doyle suggested the following explanation: choose a target state j according
to the steady state probability vector. Start from a state i and wait until the time T, also called
hitting time, that the target state occurs for the first time. Let Xy, k > 0 denote the states of the
Markov chain. The expected hitting time is E [/]"“j|X0 = i] = 1+ Yz PikE [Tj|X0 = k]. By the
maximum principle E [Tj|X() = i] is a constant. The explanation is reported in the second edition
(2003) of a book [15] by Grinstead and Snell along with a question “Should Peter have been given
the prize?”. An alternative interpretation is provided by Levene and Loizou [16]. Rewrite K(P)
as K(P) = SN m; Z?’zl 7jm;j in a finite irreducible Markov chain, where m;; is the mean hitting
time from a state i to a state j and x is the steady-state vector. Imagine a random surfer who is
following links according to the transition probabilities. At some stage the random surfer does
not know in which state he is and where he is heading. In this scenario, the Kemeny constant
can be interpreted as the mean number of links the random surfer follows before reaching his
destination.

Kirkland [17] studied the Kemeny constant K(P) via the group inverse of the matrix / — P for
the directed graph associated with the transition matrix P. A closed-form expression [18] for the
Kemeny constant was provided in terms of the weights of certain directed forests in a directed
graph of matrix P. The Kemeny constant and its relation to the effective graph resistance Rg
was previously investigated by Palacios et al. [8, 1, 19]. For a regular graph with degree r, the
relation between the Kemeny constant and the effective graph resistance was shown to be

r
K(P) = NRG

However, the relation between the Kemeny constant K(P) and the effective graph resistance Rg
in a general graph is missing so far.



Motivated by advances of the pseudo-inverse of the Laplacian, such as its appearance in
the electrical current flow equation [4], the relation with the effective resistance [2] in electrical
networks, the relation with the mean first-passage time [20, 21] in a Markov-chain model of
random walks and the state-of-the-art application in identifying the best spreader node [6] in
a graph, we connect the Kemeny constant and the effective graph resistance via the pseudo-
inverse of the Laplacian. The paper is organized as follows. Section 2 presents a new closed-
form formula for the Kemeny constant. Bounds for the Kemeny constant and the relation to the
effective graph resistance are derived in Section 3. Section 4 concludes the paper.

2. New closed-form formula for the Kemeny constant

The stochastic matrix P = A~'A characterizes a random walk on a graph that is time-
reversible. One of the main contributions of this paper is Theorem 4, which derives a new
closed-form formula for the Kemeny constant based on the pseudo-inverse of the Laplacian ma-
trix. We first state two lemmas that will be used in the proof of Theorem 4.

Lemma 2. Consider the N X N transition probability matrix P = A™'A. The all-one column
vector u satisfies Pu = u. The column vector 1 = 4 satisfies n' P = n” and n"u = 1. The

Moore-Penrose pseudo-inverse of the matrix I — P equals,

T
—p)y =(I- AL
U-P) =(I-P+m") o (1)
Proof. See Appendix A. O
Lemma 3. The Moore-Penrose pseudo-inverse of the matrix product A~'QQ can be simplified
as
T
1007 = A - A9
(A"00") =a A )

where column vector d is the degree vector of a graph G and matrix Q is the Laplacian matrix.
Proof. See Appendix B O

Theorem 4. Assume the transition probability matrix P = A™'A. A closed-form formula for the
Kemeny constant follows
d'Q'd

14y _ #T g _
KAy =¢Td- =

3)

where the column vector { = (Q’;], Q;Z, ijzv)-

Proof. For the given transition matrix P = A~'A, all the matrices Z defined in Theorem 1 with
B¢ = 1 result in the same Kemeny constant. Choose the matrix Z as

Z=(1-P+m)’ 4)

Lemma 2 shows that the Moore-Penrose pseudo-inverse of the matrix / — P can be rewritten in

terms of matrix Z as

I/lﬂ'T

(I-Pf=z- (3)

ulunlm
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i H un” ) _ 4L’
The Kemeny constant can be written as, with trace (uTmrTn = Nid

2

4L
K(A_IA) = trace (Z) — n! Zu = trace ((I - P)T) +

T
Nde—ﬂ' Zu (6)

Next, we focus on the Moore-Penrose pseudo-inverse of the matrix /— P. Substituting P = A™'A,
we have that

+ _ i _ i
(I-P=(a"Aa-4) =(a"0)
In general, the pseudo-inverse of the product of two matrices does NOT follow the product of the
pseudo-inverse of each matrix, i.e., (AB)" # B'AT, but [22]

(AB)' = (A'AB) (ABB') %
Let A = A™! and B = Q, we arrive at

-
f

- i _ +\F
(a0) = 0" (a"00Q")
According to lemma 3, matrix (A‘l QQ*)T can be further simplified as

PR, dd"
(A0Q") =A-A ®)

The Moore-Penrose pseudo-inverse of the matrix / — P thus follows

dd’

I-P) =0Q'A-Q'A—
(1-P) = Q'A-Q'AZ ©)
and the trace of (I — P) can be written as
trace ((I - P)T) = trace (QTA) — trace QTA@ (10)
d’d
where trace (QTA) = l].\il (Qf)ii d; = {Td. With the inner product of two vectors following
trace (xyT) = xTy, we have that
o'ad 4\ (Q8)d
trace( g d'|=d o (11)
Substituting (10) into (6) yields
Q'A)d 412
K(A™'A) = Td—dT( +t——-n'Z 12
( )=¢ 7d Nata T (12)

Next, we focus on simplifying the term 7 Zu. After left multiplying 7 and right multiplying u of

(5), we arrive at
T

Al Zu=n" (I- P)Tu +al
4

13
uTmrTﬂu (13



Introducing the matrix (I — P)" in (9) and with 7 = %, we obtain that

_drgia d' (Q'A)d  4r2

T
z
Y aTd | NdTd

(14)

Substituting (14) into (12), we establish Theorem 4. O

Corollary 1. The Kemeny constant can be expressed, in terms of the effective resistance matrix
Q, as
d'Qd

K(A'A) = i

5)

where Q = (a),;,) and each element w;; represents the resistance on the link between nodes i and
J.

Proof. The effective resistance matrix Q2 can be written [2], in terms of the pseudo-inverse Lapla-
cian, as

Q=uu" +u" -20" (16)
Left multiplying d” and right multiplying d yields

d'Qd =4L:Td - 24 Q'd (17)
Dividing 4L on both sides of (17) and substituting to Theorem 4 results in (15). ]

The Kemeny constant in (15) contains a quadratic form,

N N
dTQd = Z d;w,-jdj (18)
=1

J=1

2

and each term d;w;;d; in a connected graph (with non-negative link weights) is positive: there is
a path between each pair (i, j) of nodes with positive effective resistance and each node has, at
least, a degree d; > 1. Hence, Corollary 1 indicates that the Kemeny constant is strictly positive.

Theorem 4 enables the computation of K(P) via the pseudo-inverse of the Laplacian in the
unweighted, undirected graph associated with the transition matrix P, which is different from
the approach in [18] employing the weighted, directed graph of the matrix P. The result in
Corollary 1 was obtained by Palacios and Renom [23, Corollary 1] working with a different Z

|
matrix, Z = (I -P+ mrT) , which is called the fundamental matrix [15]. Moreover, half of
the quadratic form in (18) is also defined [24, 23] as the multiplicative degree-Kirchhoff index

R;, = %dTQd. The Kemeny constant relates to Ry, in the form of K (A™'A) = I;—E.

3. Generalization of the relation between K(A~'A) and R

In this section, we derive a general relation between the Kemeny constant and the effective
graph resistance. Sharp upper and lower bounds are deduced for the Kemeny constant. Finally,
we study the Kemeny constant for special graphs.



3.1. Generalization of the relation
Corollary 2. Assume the probability transition matrix P = A™'A. The relation between the
Kemeny constant K(A™'A) and the effective graph resistance Rg is described as

dminRG dT QJr d
N 2L

where d,in and gy is the minimum and the maximum degree in graph G, respectively.

dmaxR
<K(A'A) < TG (19)

Proof. An inequality for the term ¢7d in (3) follows
dmin 1 < 'd < dipaxl"u (20)

Substituting (20) into (3), together with {Tu = % and % > 0 due to the positive semi-
definiteness of the matrix Q', we establish the general relation between K(A™'A) and Rg, i.e.,
Corollary 2. O

For a regular graph with degree r, the degree vector follows d = ru. Since Q'u = 0, the
quadratic form for a regular graph follows

d'0'd =0 (21)

The Kemeny constant in Theorem 4 is reduced to K(A™'A) = r{Tu = r%, which was found
earlier by Palacios et al. [1].

Moreover, a sharper lower bound than that in (19) is presented by invoking a new lower
bound for the term (7 d. Applying the lower bound of Q;, derived in [6],

f 1 1\
e L (22)
to the term ¢7d = Y, Qld; yields

Td>N 1—lz
© 0 N

Combining with (3), a sharper lower bound for the Kemeny constant follows

2 T At
1)_de 23

K(AT'A) > N|1-—
@42 ( N 2L
Next, we show that a lower bound (24) for the effective graph resistance (or the Kirchhoff index)

can be obtained by using (22). Invoking (22) and Rg = Ntrace (QT), we arrive at

N-12 1

Rg > —
¢ N &4

Employing the inequality Zf\i 1 d% > 12\’—; in [25], we show that

2

S N((N-1)
2L

The lower bound (24) is a pretty good bound obtained circa 2014-2015 (see, e.g., [12, 25, 26,

27]), but is superseded by the state-of-the-art result in [25, Theorem 1].
6

Rg (24)



3.2. Bounds for Kemeny’s constant

Since QTu = 0, we rewrite the degree vector as

d=dpu—-90 (25)
where the average degree d,, = % = LN”. This definition (25) has two direct consequences.
First,

Tu=0

implying that the difference vector of the degree has mean zero, is orthogonal to the vector
XN = % belonging to the zero Laplacian eigenvalue yy = 0 and that § can be written as a linear
combination of all eigenvectors of the Laplacian (and pseudo-inverse Laplacian) belonging to
positive eigenvalues (for a connected graph). Thus,

N-1

5= 2 (6" xi) xi (26)

k=1

which also illustrates that 6" u = 0 due to orthogonality of the Laplacian eigenvectors x,{xm = Om

(where 6y, is the Kronecker delta), because xy = % Next, the norm ||6]| = V&7 S follows from

676 = (d - dyu)' (d - dyu) =d"d — Nd2, (27)

which also equals, invoking (26) and orthogonality of the eigenvectors,

=

1
676 ="y (67x)
1

=~
]

av?

where D is the random variable of the degree in a graph, which equals the degree of a randomly
selected node in the graph.
After this preparation, we introduce the definition (25) into the quadratic form

The stochastic interpretation is Var[D] = E [(D -E [D])z] =E [Dz] —(E[D))? = dTTd — d?

d'0'd =6"Q%s

due to Q"u = 0. Invoking the inequality [28, (5.4) on p. 99],

~ 2
L _ o0 _ e G !
T SNN6Tx)T T HN-l

we find with (27) that

d'd-Nd, i d'd - Nd?,
— <000 —m— (28)
My HN-1
Consequently, the Kemeny constant K(A~'A) in (3) is upper and lower bounded by
Var [D] _ Var [D]
T 1 T

d— ————< KA A <{d- —7— (29)

“ 4 Dl CEDIn

7



Involving K(A™'A) = %, we derive upper and lower bounds for the multiplicative degree-
Kirchhoff index

NVar [D] NVar [D]

2L:Td - <R, <2L"d - ——— (30)
MN-1 M1
which improves the lower bound in [29]
R;2N-1+2L(N-2) 3D

We numerically evaluate the upper and lower bounds in (29) for various random graphs. In
Figure 1, we present the accuracy of the bounds for (a) Erdés-Rényi graphs (ER) with N = 500
nodes, link density p = 2p., where p, = % is the connectivity threshold; (b) Barabési-Albert
graphs (BA) with N = 500 and the average degree d,, = 6; (c) Watts-Strogatz small-world
graphs (WS) with N = 500, the average degree d,, = 6 and the rewiring probability p = 0.1. The
generation of these random graphs is described in, e.g., [30] for ER graphs, [31] for BA graphs,
and [32] for WS graphs. For each class of random graphs, we generate 10° graph instances and
the probability density functions and the bounds for the Kemeny constant K(A~'A) are plotted.
The upper bound deviates on average 0.01%, 0.04% and 0.002% of the numerical value of the
Kemeny constant in ER random graphs, BA graphs and WS graphs, respectively. The lower
bound is slightly less accurate compared to the upper bound, with 0.05%, 0.8% and 0.04% of
difference in ER, BA and WS graphs. Hence, the simulation results show that the upper and
lower bounds in (29) are a good approximation for K(A~'A). Moreover, Table 1 shows that the

result (30) improves the lower bound for the multiplicative degree-Kirchhoft index found in [29].

Table 1: Accuracy of lower bounds (30) and (31) in random graphs with the same parameters as in Figure 1. The value
in each column is the average value over 10° graph instances.

Random graphs \ RG; /2L \ lower bound (31)/2L \ lower bound (30)/2L

ER graphs | 544.38 498.08 54411
BA graphs | 603.87 498.17 598.80
WS graphs | 949.97 498.17 949.54

3.3. Quadratic form d” Q'd in star graphs
The Laplacian for a star graph with N nodes can be written as

N-1 —uT
Q =| 7 / IX(N-1) (32)
Un_nx1  LV=Dx(N-1)

The pseudo-inverse of the Laplacian matrix can be computed [2] by

0 =+ - = (33)

where J is the all-one matrix. With (32), we can write the inverse of matrix Q + J as

L N o !
(Q”)l:[o 1+J] :[
8

1
;.

N
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(b) BA graphs with N = 500 and d,,, = 6

Figure 1: Accuracy of the upper and lower bounds for the Kemeny constant.

Left multiplying d” and right multiplying d in (33), together with (34) and using d = (N —

1, 1, ..., 1), we have that deQLTd =1_20-D grom (3), the Kemeny constant for a star graph

=2 N -
can be explicitly expressed as K(A™'A) = N — 2. Due to {*d = (N - 2)Qf, + % and 0] = &L,
the Kemeny constant is rewritten, in terms of the effective graph resistance Rg, as

Rc N-2

K(A'A) = ~ o (35)

9



14)(10-3}! L S B B S B L L L
3 | | ST

—~ Y A \ 14.5x10 [ 7 7
& 2F \ : i
Y 3 N 14.0F 1 3
5 £ S E
§ 10f \ Y 135 13
B8 E B E
< E = 13.0 4 3
2 8F 2 E
2t 125F i 3
5 E S A IPRTE WE
°  6F 930 940 950 960 970
2 3 K(P) E
8 4E WS graphs 3
3 3 N=500,dy=6 |3
S — K(P) 5
2F —— Upper bound |3

3 —— Lower bound| J

0: f P T PRI I PR | MR PR | 3

900 950 1000 1050 1100

K(P)
(c) WS graphs with N = 500, d,, = 6 and rewiring probability p = 0.1

Figure 1: Accuracy of the upper and lower bounds for the Kemeny constant.

4. Conclusion

In this paper, we generalize the relation between the Kemeny constant and the effective graph
resistance, which was known for regular graphs, to general connected, undirected graphs. By
deriving a new closed-form formula (3), we provide a new approach to compute the Kemeny
constant via the pseudo-inverse of the Laplacian matrix. Moreover, we show that for general
graphs the Kemeny constant can be tightly upper and lower bounded by (29).
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Appendix A. Proof of Lemma 2

. . . -1 . ..
Proof. According to Theorem 1, the inverse matrix Z = (1 -P+ ﬂuT) exists. The definition
of the inverse of a matrix reads

(1-P+md)(1-P+md) =1 (A1)

Left multiplying #” in (A.1) yields, with 7 P = T,

ﬂ.T

u’ (I—P+7mT)71 = T

10



Substituting into (A.1) results in

-1 an’
[-P)I-P+mu") =1-—=—
(7 -P)( mu”) o
Similarly, the following can be obtained
-1 uu’
(1-P+m) (1-P)=1-— (A.2)
ul'u

Assume that (1) is correct, then we verify indeed that the matrix product (I — P) (I — P)"' follows

=]-—= (A.3)

aln

» T T
(I—P)((I—P+7ruT) —%) i

and, similarly, the matrix product (1 — P)T (I — P) can be written as

T T
T -1 um _ uu
((I—P+7TM) —m)(I—P)—I—m (A4)
Right multiplying I — P in (A.3) yields
. 7Z'T
(I—P)(I—P)'(I—P):(I—T)([—P):(I—P) (A.5)
Y/
Right multiplying (I — P)" in (A.4) results in
T T
; . uu -1 um
I-Pa-PI-P) = (1— m)(([—P+7ru ) - m)
=I-P)f (A.6)

Since matrices (I — P) (I — P)+ and (I — P)"' (I — P) are symmetric matrices, together with (A.5)
and (A.6), we establish Lemma 2. O

Appendix B. Proof of Lemma 3

Proof. Let x; be the eigenvector belonging to the eigenvalue gy of the Laplacian Q. The vector

\/LN is an eigenvector of Q belonging to the eigenvalue uy = 0. The Laplacian matrix can be

written as Q = ¥}, wexex! and the matrix product QQ' follows
N -1 !
QQJr = ,ukxkxT —XpxL =1==J

kZ:; k r; Lim miy

where matrix J = uu” is the N x N all-one matrix. Left multiplying A~' yields

Ay

A OO = AT —
00 -

11



The Moore-Penrose pseudo-inverse [22] for the sum of matrices (A + mnT)T is
(A+mn") = AT —kK'AT - ATH'h + (KTA"RY) kh (B.1)
where k = ATm and h = n” AT.

LetA=A"m= —%" andn’” = u”, sothatk = 3 and h = d". With k= K,—T, and At = %d’
we arrive at

A\ uul Ad u'  d \u
A - | =A-——=A-—d" +|5A——|=d"
( N ”) NN© T ard® T\ Card) N
Since —£ 1A + (45 AL ) £d" = 0, Lemma 3 is established. O
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