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Abstract Characterization of nonlinear behavior of
micro-mechanical components in MEMS applications
plays an important role in their design process. In this
paper, nonlinear dynamics, stability and pull-in mech-
anisms of an electrically actuated circular micro-plate
subjected to a differential pressure are studied. For this
purpose, a reduced-order model based on an energy
approach is formulated. It has been shown that nonlin-
ear dynamics of an electrically actuated micro-plate, in
the presence of differential pressure, significantly dif-
fers from those under purely electrostatic loads. The
micro-plate may lose stability upon either saddle-node
or period-doubling bifurcations. It has also been found
that in the presence of a differential pressure, increas-
ing the DC or AC voltages may surprisingly help to
stabilize the motion of the micro-plate.

Keywords Electrostatic · Instability · Micro-plate ·
MEMS · Period-doubling · Dynamic pull-in

1 Introduction

Electrically actuated micro-electro-mechanical sys-
tems (i.e., MEMS) are increasingly being used in
diverse engineering applications, such as sensors and
actuators [1,2]. Electrostatic instability is one of the
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main features of these devices, which for many appli-
cations is considered as a failure, and thus, avoided.
Though, in electrostatic switches and sensors, for
example, electrostatic instability is often employed as
the main driving mechanism and therefore, it is inten-
tionally triggered [3,4]. In either way, in order to avoid
or to exploit the electrostatic instability, a good under-
standing of this phenomena is essential to obtain a high-
performance MEMS device.

Electrically actuatedmicro-devices typically employ
a parallel-plate capacitor, in which at least one elec-
trode is flexible.When an electric potential is applied to
the capacitor, an attractive electrostatic load is induced
between the two electrodes, leading to the deformation
of the flexible one. When the potential fluctuates with
time, a forced dynamic motion is induced in the sys-
tem, which can be detected by capacitive changes of
the system [5,6].

The electrostatic load driving the motion of the flex-
ible electrode is a function of the applied bias (DC)
and alternating (AC) voltages, and the distance between
the two electrodes. Consequently, it also depends non-
linearly on the electrode deflection. In case of finite
defections of the electrode, geometrical nonlinearity
also appears in the elastic potential of the structure. As
a result, the system might exhibit nonlinear softening
or hardening. Particularly, at a critical combination of
DC and AC voltages and also the excitation frequency,
the motion of the flexible electrode becomes unstable,
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and then, the micro-plate falls on to the stationary one.
This phenomenon is known as pull-in [7,8].

If the applied electric potential is a staticDCvoltage,
the deformation of the electrode is static as well. In that
case, the only load parameter in assessment of stabil-
ity is the applied DC voltage, and the critical stability
appears as a ‘fold’ or a ‘limit point’ in the response
of the system. Many studies have addressed the static
pull-in phenomenon, andproposed analytical or numer-
ical methods to estimate the pull-in voltage [6,8–13].
A literature survey on this topic has been carried out
in Ref. [5]. It has been shown that the critical volt-
age and deflection of the flexible electrode depend on
the material properties, geometry and dimensions of
the flexible electrode, and the initial gap size between
the two electrodes. Particularly, for circular plate-like
electrodes, the critical deflection in static pull-in varies
between 51 and 71%of the initial gap between the elec-
trodes, depending only on the thickness of the struc-
ture [14,15].

In electrostatic actuators, in which the applied elec-
tric potential includes a dynamic AC component, the
deflection of the electrode will be dynamic as well. In
studying the stability of such a system, in addition to
the DC voltage, the frequency and the amplitude of the
AC voltage play influential roles. Many studies have
addressed the dynamic pull-in phenomenon, and pro-
posed analytical or numerical methods to estimate the
pull-in voltage [7,8,16]. It has been reported that for
micro-resonators, the dynamic pull-in can be triggered
by dynamic instabilities, and therefore, it might occur
at much lower voltages compared to the static pull-in
voltage [17,18]. The dynamic pull-in can be triggered
by different mechanisms [7,19]: (i) a cyclic fold in the
frequency response function due to nonlinearities of the
system, (ii) a transient jump between two ormore coex-
isting stable solution branches due to a disturbance in
the AC voltage or, (iii) a period doubling bifurcations
leading to chaos.

The dynamic pull-in threshold (i.e., the critical
deflection, and the critical combination of DC and
AC voltages) is shown to be highly influenced by any
mechanical load applied to the micro-mechanical com-
ponent. For example, the effects of van der Waals or
Casimir forces between the electrodes on the dynamic
behavior and stability of the micro/nano-plates have
been reported [20–23]. Moreover, the effect of a uni-
form hydrostatic pressure on the linear resonance fre-
quency of an electrically actuated circular micro-plate

has been observed [24]. In practice, the additional
mechanical loads, such as a differential pressure, are
very common in MEMS applications, and insufficient
attention for the effect of these factors on pull-in thresh-
old can result in decreasing the reliability of theMEMS
device. Therefore, in this paper, we investigate nonlin-
ear vibrations and stability of an electrically actuated
circular micro-plate when subjected to a differential
pressure.

A Lagrangian approach is used to obtain a reduced-
order model and to derive the approximate equations
of motion. In the proposedmodel, nonlinear stretching,
and non-uniformity and nonlinearity of the electrostatic
load due to finite deflection of the flexible plate are con-
sidered. It shall be mentioned that reduced-order mod-
eling of electrically actuatedmicro-plates has been per-
formed in the literature following different approaches
[9,19,25–27]. However, the distinguishing feature of
the present model is its simplicity while maintaining
the accuracy. In this study, as a consequence of using
a proper set of polynomials as the basis functions, a
simple and yet accurate equation of motion is obtained
which ismore versatile for performingbifurcation anal-
ysis as compared to the alternative available models.

In order to investigate the branches of periodic solu-
tions and detect instabilities, a pseudo arc-length con-
tinuation and collocation technique are utilized. Based
on the proposed solution, the effects of load parame-
ters, namelyDCandACdriving voltages, the excitation
frequency, and particularly the differential pressure on
the stability of the system are explored. The results of
this study show that the applied loadparameters can sig-
nificantly affect the dynamic characteristics, resonance
frequency, and the pull-inmechanisms of amicro-plate.
The method presented in this paper is shown to be sim-
ple, easy to use, fast, and accurate enough to be used
as a design tool for MEMS devices.

2 Problem formulation

In this section we propose a model for the harmonic
motion of a parallel-plate capacitor with a very thin,
circular, fully clamped plate as the flexible electrode.
The schematic model is shown in Fig. 1. The radius
of the plate is R and its thickness is h. The plate is
isotropic and homogeneous and its Young’s modulus,
Poisson’s ratio and density are E , ν andμ, respectively.
The plate is suspended over a grounded electrode hav-
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Effect of pressure on nonlinear dynamics

Fig. 1 Schematic of a a capacitor with flexible, circular elec-
trode subjected to a differential pressure, its cross section in b
undeformed and c deformed configurations due to the electro-
static load and the differential pressure

ing the same radius, and the initial gap between the
two electrodes is d. An electric potential V consisting
of a DC bias voltage and an alternating AC voltage
is applied to the electrodes. The flexible electrode is
loaded with a differential pressure P , positive outward
(in the opposing direction the electrostatic load).

Due to the alternating electrostatic field induced by
the AC voltage, a forced dynamic motion is induced
in the system. We use a reduced-order model and a
Lagrangian approach to obtain the equations of motion
for such a system. For this purpose, the following sim-
plifying assumptions are considered: first, the plate is
modeled by nonlinear von Kármán plate theory for
thin plates, which accounts for finite deflections and
moderate rotations [28]. Second, due to radial sym-
metry in the geometry and the loads, the problem is
assumed axisymmetric [29]. In fact, we assume that
the plate is excited around its fundamental frequency,
and the first mode is not involved in an internal res-
onance with other modes of vibration. Hence, other
modes (including the anti-symmetric modes), even if
accidentally excited, will decay with time due to the
presence of damping [30]. Therefore, the only existing
displacement components are radial (u) and transverse
(w) components, which are functions of the radial coor-
dinate (r ), only.

Considering that the plate is clamped around its cir-
cumference, the following approximate displacement
field is used to present the radial (u) and the transverse
(w) displacements:

w = q(t)d�0(ρ), (1)

u =
N∑

i=1

ξi (t)R�i (ρ), (2)

where ρ = r/R is the normalized radial coordinate,
and, the functions�0(ρ) and�i (ρ) are the Admissible
basis functions and are defined as follows:

Fig. 2 The normalized proposed global mode in com-
parison with the first linear mode shape of a clamped
circular plate calculated with classical plate theory(
J0(κρ) −

(
J0(κ)
I0(κ)

)
I0(κρ), κ = 3.19625

)

�0(ρ) = (1 − ρ2)2, (3)

�i (ρ) = ρi (1 − ρ), (i = 1, . . . , N ). (4)

The function �0(ρ) is a 4th order polynomial repre-
sentation of the first linear mode shape of the plate (see
Fig. 2), and �i (ρ) are capable of reflecting the asso-
ciated in-plane displacement [31]. The functions q(t)
and ξi (t) are dimensionless, time-dependent general-
ized coordinates, and q(t) is physically restricted to
−1 < q(t). The proposed displacements are admissi-
ble functions satisfying the geometric boundary condi-
tions:

w = u = ∂w

∂ρ
= 0 at ρ = 1, (5)

the continuity condition of �i = 0 at ρ = 0, and the
finitude of the resulted Cauchy strain components at
ρ = 0. The validity and accuracy of the chosen mode
shapes will be discussed in Sect. 4.

The total potential energy of the system consists of
four terms: the potential associated with elastic defor-
mation due to bending (Ub) and stretching (Us) of the
plate, the electrostatic potential (Ue), and finally, the
potential associated with the mechanical pressure (W );

U = Ub +Us +Ue − W. (6)

The potential associated with elastic deformation
can be approximated by (Ub +Us) [28]:

Ub = πD

R2

∫ 1

0

((
∂2w

∂ρ2

)2

+
(
1

ρ

∂w

∂ρ

)2

+
(
2ν

ρ

∂w

∂ρ

∂2w

∂ρ2

) )
ρdρ, (7)

123



B. Sajadi et al.

Us = πEh

(1 − ν2)

∫ 1

0

((
u

ρ

)2

+
(

∂u

∂ρ
+ 1

2R

(
∂w

∂ρ

)2
)2

+ 2νu

ρ

(
∂u

∂ρ
+ 1

2R

(
∂w

∂ρ

)2))
ρdρ, (8)

where D = Eh3

12(1−ν2)
is the bending stiffness of the

flexible plate.
Since the deflection of the plate due to mechanical

and electrostatic loads is very small compared to its lat-
eral dimensions, the loads on the plate are assumed to
be always perpendicular to its undeformed surface [32].
This is, in fact, consistent with the moderate rotation
assumption. Therefore, the parallel-plate capacitor the-
ory can be employed and the electrostatic potential can
be formulated as [5]:

Ue = −πεV 2R2
∫ 1

0

ρdρ

d + w
, (9)

where ε is the electric permittivity of the dielectric
between the electrodes. Notice that in formulating the
electrostatic potential (Ue), the local distance between
the electrodes (d + w) is employed to calculate the
electrostatic potential. Finally, the potential associated
with the pressure can be calculated as follows:

W = 2π PR2
∫ 1

0
wρdρ. (10)

In vibrations of a clamped microplate, the in-plane
displacement and its time derivative are much smaller
than the transverse displacement and velocity. Hence,
in calculating the kinetic energy, the contribution of the
in-plane velocity is in orders of magnitude lower than
the transverse velocity (ξ̇i (t)2 � q̇(t)2) and thus, it can
be neglected. Consequently, the kinetic energy of the
system can be expressed as:

T = πμR2h
∫ 1

0
ẇ2ρdρ. (11)

By substituting Eqs. (1) and (2) into (7)–(11), the
Lagrangian of the system can be obtained analytically
and expressed in terms of the generalized coordinates
L(q, ξi , q̇, t).

L = T − (Ue +Ub +Us − W ) (12)

Next, Lagrange equations can be employed:

d

dt

(
∂L

∂ q̇

)
− ∂L

∂q
= 0, (13)

∂L

∂ξi
= 0 i = 1, . . . , N . (14)

Equation (14) yields a set of N nonlinear algebraic
equations in terms of ξi (i = 1, . . . , N ) and q. By
solving this set of equations for ξi , one can find all ξi
analytically as:

ξi (t) = ξi (q(t)) i = 1, . . . , N . (15)

In fact, Eq. (15)would describe the relation between the
plate stretching and its transverse deflection, indepen-
dent of the applied loads.Hence, the degrees of freedom
can be reduced to q(t) only, while incorporating the in-
plane displacement and its associated stiffness which
is a major contributor to nonlinearity. This simple form
appears as a result of neglecting the contribution of
ξ̇i (t) in the inertia. Next, the equation governing the
transverse motion of the micro-plate can be obtained
from Eq. (13):

q̈(t) + 2ζω0q̇(t) + ω2
0q(t) = −α1Dq(t)3

+ α2V (t)2
(
1 − (q + 1)�(q)

2q(1 + q)

)

− α3P,

(16)

The parameter ζ is the modal damping that has been
added to the equation of motion to account for the dis-
sipation. Furthermore,

�(q(t)) = atanh
√−q(t)√−q(t)

if q(t) < 0,

�(q(t)) = 1 if q(t) = 0,

�(q(t)) = atan
√
q(t)√

q(t)
if q(t) > 0.

(17)

Note that at q(t) = 0, the function�(q(t)) is described
as unity to maintain the continuity and smoothness of
this function at zero. The parameter α1 is the coef-
ficient of geometric nonlinearity, and its convergence
and accuracy is determined by in-plane degrees of free-
dom N in Eq. (2). The parameter α2 is the coefficient
of the nonlinear electrostatic force, and parameter α3
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is the projection of the pressure to the assumed mode
shape in transverse direction:

α2 = 2.50
ε

μhd3
,

α3 = 1.67
1

μhd
.

(18)

The parameter ω0 is the natural frequency of the cir-

cular clamped plate and is equal to 10.32
R2

√
D
μh . The

obtained fundamental frequency is less than 1% differ-
ent from the natural frequency of the plate calculated
with classical plate theory. It is worth noting that if
VDC is nonzero, it will influence the natural frequency
of the system even if linearized around q(t).

The electric potential V (t) in Eq. (16) consists of
a DC bias voltage VDC, and an alternating AC voltage
VAC with the excitation frequency 
:

V = VDC + VAC sin (
t). (19)

Thus, Eq. (16) describes the nonlinear axisymmetric
motion of a circular clamped plate, loaded with a uni-
form differential pressure and electrically actuated by
its fundamental mode.

3 Solution methodology

In order to solve Eq. (16), first, the nonlinear term asso-
ciated with the electrostatic field is approximated by a
polynomial function:

G(q) = 1 − (q + 1)�(q)

2q(1 + q)

�
n∑

i=0

Aiq
i + O(qn+1), if q �= 0,

G(q) = −1

3
if q = 0,

(20)

where coefficients Ai are obtained by using the least
squares technique (polynomial regression) for − 1 <

q < 1. Similar to �(q), G(q) is described at q = 0 in
a manner to maintain its continuity. Figure 3 shows the
comparison between the exact function and approxi-
mate ones (for n = 4 and n = 12). It can be seen that
with a polynomial of order 12 the exact function could
be very well approximated.

Fig. 3 Approximation of the nonlinear electrostatic load (G(q)).
A polynomial of order 12 has a good match with the exact func-
tion

Next, in order to investigate the periodic solu-
tions and perform bifurcation analysis, a pseudo arc-
length continuation and collocation scheme have been
used [33,34]. More details about the employed con-
tinuation algorithm are given in “Appendix A”. In this
analysis in particular, a bifurcation analysis is carried
out in two essential steps: (i) The continuation starts
at a trivial steady-state solution, zero AC and DC volt-
ages, and zero pressure. In turn, three out of the four
parameters (VAC, VDC, 
 and P) are taken as the con-
tinuation parameters. The unstable solution branches
are avoided in this step. (ii) Bifurcation analysis is per-
formed by using the remaining parameter, whereas the
other three parameters are fixed. In this step, the contin-
uation is performed over the entire physical range. The
stability of the solution branches is determined using
Floquet theory. The obtained solution is stable only if
all Floquet multipliers are inside the unit circle [28].
It is noteworthy that an alternative approach for anal-
ysis of bifurcations of periodic responses in nonlinear
structures is proposed by Ref. [35].

4 Results and discussion

The procedure outlined in previous sections has been
applied to a siliconmicro-platewith the followingprop-
erties: E = 169GPa, ν = 0.17, μ = 2328 kgm−3,
h = 0.6µm, R = 100µm and d = 2µm. The elec-
tric permittivity of air ε = 8.854 × 1012 Fm−1 has
been considered for the gap between the electrodes.
Hence, the coefficients inEq. (16) are obtained as:α1 =
4.139 × 1021, α2 = 1.981 × 109, α3 = 5.978 × 108,
ω0 = 1.545 × 106 rad/sec, D = 3.132 × 10−9 Nm.
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Fig. 4 Normalized amplitude of vibrations of the system(
wmax−wmin

2d

)
with an electrostatic load equivalent to VAC = 8V

as a function of excitation frequency, while VDC = 0 and P = 0.
The graphs are obtained with one transverse degree of freedom
and different numbers of in-plane degrees of freedom

Moreover, a damping ratio of ζ = 0.004 is used. In
the graphs provided in this section, the amplitudes of
vibrations and the deflections are normalized with the
initial gap between the electrodes (d).

A convergence analysis has been performed to find
the minimum number of in-plane degrees of freedom
able to capture the nonlinear motion of the plate accu-
rately. Figure 4 shows the frequency response curves
of the micro-plate while subjected to a relatively large
load equivalent to VAC = 8V, while VDC = 0 and
P = 0, and by using different numbers of degrees
of freedom for the in-plane displacement. It should be
noticed that inEq. (16), ifVDC = 0, the actuation load is
proportional to (VAC sin(ωt))2, whichmeans the actual
excitation frequency is equal to (2
). Therefore, reso-
nance is observed at 
/ω0 = 0.5. Figure 4 shows that
convergence of the solution can be obtained by only
three degrees of freedom (one transverse and two in-
plane), and therefore, considering two in-plane degrees
of freedom is sufficiently accurate to be used in the
reduced-order model. Moreover, the parameter α1 (the
coefficient of geometric nonlinearity in Eq. (16)) con-
verges to α1 = 52.04 d2

μh3R4 for two in-plane degrees of
freedom.

It is worth to note that a convergence study is only
reliable if the shape of the displacement field is repre-
sentative of the motion. Therefore, in order to verify
the accuracy of the proposed 4th order mode shape,
we compare the hardening effects—as a result of the
differential pressure and the high AC voltage—to two
other methods. First, the frequency associated with the
maximum amplitude in the nonlinear resonance peak
is calculated using the proposed model and compared

Fig. 5 The normalized frequency at which the maximum ampli-
tude in the nonlinear resonance peak is obtained as a function of
the AC voltage using the propose mode shape and the first linear
mode shape of a clamped circular plate calculated with classical

plate theory
(
J0(κρ) −

(
J0(κ)
I0(κ)

)
I0(κρ), κ = 3.19625

)

to those obtained using the exact linear mode shape of
a circular plate (both previously shown in Fig. 2) as
�0. Figure 5 shows the obtained frequency of the peak
amplitude, normalized with respect to the natural fre-
quency (ω0), as a function of the applied AC voltage.
The graphs in this figure are both derived using two in-
plane degrees of freedom (N = 2). The proposed 4th
order mode shape is capable of predicting the change
in resonance frequency with less than 1.5% difference
from the model with the exact linear mode shape of a
circular plate.

Finally, to verify the efficiency of the proposed
model for capturing the geometrically nonlinear stiff-
ness, an eigenfrequency analysis has been performed
in a 3D finite element model built in COMSOL Multi-
physics. More details about this eigenfrequency anal-
ysis is given in “Appendix B”. Figure 6 shows the lin-

Fig. 6 Normalized resonance frequency as a function of the
differential pressure, while VDC = 0V
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ear resonance frequency (normalized with the natural
frequency ω0), as a function of the applied differen-
tial pressure, obtained by the proposed 4th order mode
shape, and the finite elementmodel. As shown in Fig. 6,
the proposed model is capable of predicting the change
in resonance frequency and is in good agreement with
the finite element solution (with less than 3.6% differ-
ence). This verifies the suitability of the basis functions,
for expressing the inplane displacements of the plate,
and for capturing the eigenfrequency of the deflected
system linearized around its static equilibrium point.

Next, in order to perform a thorough bifurcation
analysis, four different sequences of loading have been
applied. In each case, three out of four load parameters
(VDC, VAC, ω and P) are preserved and one is varied.
The associated dynamic pull-in mechanisms of differ-
ent sequences of loading are investigated.

4.1 Sweep over DC voltage

In this section, the solution branches over the full pos-
sible range of DC voltage are investigated while the
differential pressure, AC voltage, and its frequency are
kept constant. First, we consider the case when the AC
component of the applied voltage is zero (see Fig. 7). In
the absence of differential pressure (P = 0), the deflec-
tion of the midpoint of the flexible electrode increases
monotonically with the applied voltage until the sys-
tem reaches a limit point or saddle-node bifurcation.
At this critical point, the system becomes unstable, and
if the voltage is increased, it leads to pull-in. However,
when a differential pressure is applied, three saddle-
node bifurcations (P1, P2, and P3) appear in the solu-
tion of the system which we refer to as the primary,
secondary, and the ultimate limit points. Therefore,
the system becomes bi-stable, and sweeping the DC
voltage over these limit points leads to a snap-through
behavior between coexisting solution branches or fail-
ure of the system. This bi-stability can be of interest for
actuation or binary sensing mechanisms (for differen-
tial pressure measurements for example [15]).

The bi-stable behavior of the micro-plate is only
observed in a limited pressure range, which in this case
is P = 3000–4100 Pa. This pressure range is a func-
tion of the thickness, radius, and material properties of
the plate. In order to investigate the nonlinear dynamic
behavior of the micro-plate in the bi-stable regime, we
set the differential pressure to P = 3300 Pa.Moreover,

Fig. 7 The normalized static deflection
(

w
d

)
of the micro-plate

as a function of appliedDC voltage for different differential pres-
sures, while VAC = 0. Straight line: stable solution, dotted line:
unstable solution. P1,P2 and P3 indicate primary, secondary and
ultimate limit points

Fig. 8 The normalized deflection of the micro-plate averaged
over time as a function of applied DC voltage, while P =
3300 Pa, 
/ω0 = 1. Straight line: stable solution, dotted line:
unstable solution. P1,P2 and P3 indicate primary, secondary and
ultimate limit points, while PD demonstrates period-doubling
bifurcation

the excitation frequency is set at the natural frequency
of the non-pressurized plate (
/ω0 = 1). Figure 8
shows the variation of the average deflection of the
center of the plate (i.e., static deflection) as a function
of the applied DC voltage. The graphs are obtained for
different AC voltages. The static case (i.e., VAC = 0V)
and its associated limit points are also illustrated in this
figure.

When the plate is dynamically actuated, it goes
through a nonlinear resonance for a certain combina-
tions of load parameters (see VAC = 0.1V in Fig. 8).
Therefore, unstable branches emerge in the solution
and at the points where the stable and unstable solu-
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tion branches coincide, a saddle-node bifurcation is
noticed (see points P4 and P5). Increasing the DC volt-
age around P4 (or similarly decreasing the DC voltage
around P5) would result in jump from a stable solution
to a second stable branch.

When a relatively large AC voltage is applied (see
VAC = 0.3V in Fig. 8), the resonance occurs with
a highly nonlinear behavior. In that case, in addition
to critical saddle-node bifurcations, a period-doubling
(PD) bifurcation appears in the solution. This type of
bifurcation is a consequence of one of the Floquet mul-
tipliers leaving the unit circle through − 1. As a result,
a new limit cycle with a period twice the period of
the excitation frequency will be generated. This phe-
nomenon usually leads to a transition to chaos and at
ultimately, failure of the system [34,36].

It is worth to note that although the period-doubling
bifurcation is in the solution of the system, the promi-
nent form of instability is still the saddle-node (i.e.,
the static pull-in). In fact, the period-doubling bifurca-
tion can be only reached through several loadings and
unloadings.

Figure 9 shows the amplitude of vibration (i.e.,
around the static deflection) as a function of the applied
DC voltage. The critical points marked in Fig. 8 are
illustrated in this figure, as well. As it can be observed,
the vibration has the highest amplitude just before the
period-doubling bifurcation.

Fig. 9 The normalized amplitude of vibrations of the micro-
plate

(
wmax−wmin

2d

)
as a function of appliedDCvoltage,while P =

3300 Pa, 
/ω0 = 1. Straight line: stable solution, dotted line:
unstable solution. P1,P2 and P3 indicate primary, secondary and
ultimate limit points, while PD demonstrates period-doubling
bifurcation

4.2 Sweep over excitation frequency

Next, we study the frequency response curves of the
micro-plate, while maintaining other parameters. In
this way, we can detect the frequencies at which the
maximum amplitude in the nonlinear resonance peak
is obtained, and hardening/softening responses for dif-
ferent cases.

Figure 10 shows the frequency response curves of
the micro-plate subjected to a small AC voltage of
0.01V and a differential pressure P = 3300 Pa. The
graphs in this figure are determined for different values
of DC voltage. The excitation frequency in this graph is
normalizedwith respect to the natural frequency (unde-
formed configuration). The applied differential pres-
sure (when VDC is small) leads to a static deflection and
therefore, a stretch in the micro-plate. This induces a
geometrically nonlinear stiffness and as a result, a shift
(static hardening) in resonance frequency of the system
to 1.97ω0 (see VDC = 2V in Fig. 10a).

As Fig. 10 shows, when a DC voltage below the
static pull-in is applied to the system (e.g., 50V), the

Fig. 10 The frequency response function of the micro-plate; the
normalized amplitude of vibrations

(
wmax−wmin

2d

)
as a function of

excitation frequency, while P = 3300 Pa, and VAC = 0.01V.
Straight line: stable solution, dotted line: unstable solution. PD
indicates period-doubling bifurcation
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vibration of the system is approximately linear. There-
fore, no dynamic hardening or softening is observed in
the resonance and the frequency response of the sys-
tem. However, the applied DC voltage relaxes the static
deflection and as a result, a shift (static softening) is
observed. In higherDCvoltages though, both static and
dynamic softening appear in the frequency response of
the system (see VDC = 54V and 54.6V in Fig. 10a).
As a result, an unstable solution branch emerges in the
frequency response curve. At points where the stable
and unstable solution branches coincide, a saddle point
bifurcation is noticed. If the frequency is swept over
the saddle points, the system will jump from one sta-
ble branch to the other one. However, it might also
become unstable, leading to pull-in. Indeed in such
cases, the transient dynamics of the systemwoulddeter-
minewhether the system settles at a stable orbit, or fails
[7,19]. Finally, when the voltage gets close to primary
limit point (i.e., P1 in Fig. 8), the system loses stability
and therefore, the resonance frequency of the system
tends to zero (see VDC = 54.7V in Fig. 10a), passing
a period-doubling bifurcation.

Figure 10b shows the frequency response curves of
the system for higher DC voltages. These frequency
response curves are equivalent to the lower stable
branch (i.e., from P2 to P3) of Fig. 8. As it can be
observed, increasing the DC voltage increases the res-
onance frequency (see VDC = 55.5 and 56.5V in
Fig. 10b). When the DC voltage approaches the ulti-
mate limit point (i.e., P3 in Fig. 8), the frequency
response function exhibits a dynamic softening and
finally, loses stability through period doubling (see
VDC = 57V in Fig. 10b).

Figure 11 illustrates the feasible path taken by the
system when sweeping up and down the frequency,
when VDC = 54.7V. As it can be observed when
the frequency is increased, the system either jumps
between the stable solution branches (Fig. 11a), or the
transient behavior ends up in pull-in. In either case,
the period-doubling instability would not be noticed.
On the other hand, by decreasing the frequency, the
system exhibits a first period-doubling bifurcation and
as a result, the plate oscillates with a period twice
the period of the excitation frequency (Fig. 11b). By
slightly decreasing the frequency, a second period-
doubling bifurcation is detected (Fig. 11c). In fact, this
shows that the systemcould be susceptible to losing sta-
bility upon continuous period-doubling bifurcations.
For the present load combination, sweeping down the

Fig. 11 The normalized amplitude
(

wmax−wmin
2d

)
as a function

of excitation frequency observed in a sweeping up, b sweeping
down the frequency, and c after the period doubling (zoom-in),
while P = 3300 Pa, VDC = 54.7V, and VAC = 0.01V. Straight
line: stable solution, dotted line: unstable solution. PD indicates
period-doubling bifurcation

frequency is a sufficient condition for observation of
the dynamic pull-in.

The phase portrait, Poincaré section, and the time
response of the system just before and after the period
doubling (for VDC = 54.7V) are illustrated in Fig. 12.
Before the bifurcation (see Fig. 12a), a stable periodic
solution with frequency 
, and a closed loop in the
phase plane can be observed. After the bifurcation (see
Fig. 12b), the only stable solution is a bifurcated branch
with frequency
/2, and a single closed curvewith two
loops in the phase plane.

In Fig. 10 it was clearly observed that the frequency
of the nonlinear resonance peak has a strong depen-
dence on the applied DC voltage. This dependence is
explicitly shown in Fig. 13, when the micro-plate is
under the action of combined pressure and DC voltage.
For comparison, the resonance frequency of a simi-
lar system without differential pressure is also shown
in this figure. For P = 3300 Pa, the results indicate
initially a static hardening (due to the presence of dif-
ferential pressure), which changes to softening when
increasing the DC voltage, down to zero resonance fre-
quency at the primary critical DC voltage. Increasing
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Fig. 12 The phase portrait, the Poincaré section (the blue dot)
and time response of the plate in a just before period doubling

/ω0 = 0.1765 and b after period doubling with the new limit
cycle
/ω0 = 0.17585, while P = 3300 Pa, VDC = 54.7V, and
VAC = 0.01V. (Color figure online)

Fig. 13 The frequency at which the maximum amplitude in the
nonlinear resonance peak is obtained as a function of the applied
DC voltage, while VAC = 0.01V. Straight line: stable solution,
dotted line: unstable solution

the DC voltage above 54.7V stabilizes the system, and
finally at the ultimate limit point the system becomes
unstable and fails.

Figure 14 shows the dynamic response of the micro-
plate subjected to different AC voltages and relatively
small DC voltage (i.e., VDC = 30V). Exciting the sys-
tem with a small AC voltage leads to an approximately
linear periodic motion around the static configuration
(VAC = 0.01V in Fig. 14a). When the AC voltage
is increased, the vibration of the electrode allows for

Fig. 14 The frequency response function of the micro-plate; the
normalized amplitude of vibrations

(
wmax−wmin

2d

)
as a function

of excitation frequency, while P = 3300 Pa, and VDC = 30V.
Straight line: stable solution, dotted line: unstable solution

lower geometrically nonlinear stiffness and therefore, a
local nonlinear softening is observed (VAC = 0.20V).
If the voltage is further increased, the softening behav-
ior turns into hardening at VAC = 0.60V, and turns
back to softening at VAC = 0.65V (in Fig. 14b) which
would lead to dynamic pull-in through period-doubling
bifurcation. A similar behavior was also reported in
Ref. [7] for micro-beam resonators. However, this
bifurcation will be observed only through several steps
of sweeping up or down the frequency. In fact, when a
relatively small DC is applied, the system is very robust
to frequency sweep and therefore, not prone to dynamic
pull-in.

4.3 Sweep over AC voltage

In this section, we study the stability of the micro-
plate by varying VAC, and other parameters are pre-
served. Figure 15 shows the variation of amplitude of
vibrations as a function of the applied AC voltage. The
graphs in this figure are calculated for P = 3300 Pa,
VDC = 30V, and different driving frequencies. Due to
the presence of the differential pressure and DC volt-
age, the plate has an initial upward static deflection
of ∼ 0.37d. This static deflection induces a geomet-
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Fig. 15 The normalized amplitude of vibrations
(

wmax−wmin
2d

)
as

a function of the AC voltage, while P = 3300 Pa, and VDC =
30V. Straight line: stable solution, dotted line: unstable solution

rically nonlinear stiffness and therefore, the resonance
frequency of the system (when the AC voltage is rela-
tively small) has a shift with respect to its fundamental
frequency (
/ω0 = 1.75).

When the driving frequency is much lower than
the resonance frequency of the pressurized system
(
/ω0 = 1 in Fig. 15), the AC voltage can be increased
even to 24.7V and the system would be stable. Finally,
in a critical AC voltage the system loses stability upon
a period-doubling bifurcation and fails. At this criti-
cal point, the maximum voltage V = VDC + VAC is
very close to the primary limit point for static loading
(Fig. 8).

At a higher driving frequency 
/ω0 = 1.4, three
saddle node bifurcations appear in the graph. When
increasing (or decreasing) the AC voltage over Point
P6 (or P7), the system will snap from one stable solu-
tion branch to another. However, increasing the voltage
over the other critical point (i.e., P8) will always lead
to failure of the system. When the driving frequency
is close to the resonance of the pressurized system

/ω0 = 1.75, a small AC voltage can cause a rela-
tively high amplitude of vibrations. In this case, also,
the pull-in occurs via a saddle-node bifurcation (i.e.,
Point P9).

4.4 Sweep over pressure

Finally, we study the vibration of the micro-plate by
varying the differential pressure as the bifurcation
parameter, while keeping all other parameters constant.
Figure 16 shows the static deflection of the micro-
plate while loaded by pressure and DC voltage (i.e.,
VAC = 0). As it can be observed, for voltages larger

Fig. 16 The static normalized deflection of the micro-plate
(

w
d

)

as a function of pressure. Straight line: stable equilibrium, dotted
line: unstable equilibrium

than zero, at least one limit point exists in the equi-
librium path of the flexible electrode (i.e. Point P10 in
VDC = 30V).At this point, if the amplitude of the pres-
sure increases in the negative direction (similar to elec-
trostatic load), or any other perturbation is introduced
to the system, pull-in occurs. For larger voltages, two
other limit points appear in the equilibrium path. For
example, in the curve corresponding to VDC = 58V,
if we sweep down the pressure around Point P11, the
system snaps from a positive to a negative deflection.

Next, we preserve the DC voltage at 30V and intro-
duce a small AC voltage to the system. The driving
frequency is fixed at 
/ω0 = 1. In Fig. 17a, a com-
parison is made between the maximum deflection in
case of static (i.e., VAC = 0V) and dynamic loading
(i.e., VAC = 0.05V). As it can be noticed, when a
small AC voltage is applied to the system, the overall
shape of the equilibrium path does not change. How-
ever, in certain combination of load parameters, the
system goes through nonlinear resonance. In this case,
the resonance occurs in two configurations, atwhich the
system has very similar deformations though in oppo-
site directions.

Figure 17b shows the deflection of the micro-plate
while actuated with different AC voltages, in the pres-
sure range which leads to the nonlinear resonance of
the system. As it can be observed, by increasing the AC
voltage, unstable solution branchesmight emerge in the
response of the system (see VAC = 0.10V). Therefore,
sweeping the pressure over these points would result
in resonance and finally, a jump to another stable solu-
tion branch. Increasing the AC voltage further leads
to combination of nonlinear resonances into one stable
region (e.g., VAC = 0.30V). As a matter of fact, when
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Fig. 17 The normalized deflection of the micro-plate (its min-
imum over time wmin

d ) as a function of pressure, while VDC =
30V, for a whole pressure range and, b the pressure range with
nonlinear resonance straight line: stable solution, dotted line:
unstable solution

sweeping over pressure, the stability of the micro-plate
is increased when a higher AC voltage is applied to
the system. Overall, when sweeping the pressure, the
main mechanism of pull in remains similar to the static
pull-in. However, due to the dynamic motion of the
micro-plate, the pull-in occurs at a different voltage
and deflection.

5 Conclusions

The nonlinear dynamics and stability of an electrically
actuated micro-plate subjected to a differential pres-
sure has been addressed. Using an energy approach,
a reduced-order model was obtained, and then solved
numerically. As a consequence of employing proper
polynomials as the basis functions, we have been able
to calculate the electrostatic load analytically and to

obtain a reduced-order model for investigating the non-
linear dynamic behavior of circular micro-plates. The
obtained equation incorporates dominant sources of
complexities such as geometric and electrostatic non-
linearities and the non-uniform distribution of the elec-
trostatic pressure and is versatile for performing bifur-
cation analysis. Bifurcation analysis was particularly
performed considering pressure, DC and AC voltages
and the excitation frequency.

The results of this study reveal the different possi-
ble failure mechanisms depending on the order of the
loading applied to the micro-plate. Saddle-node and
period-doubling bifurcations were repeatedly observed
in the analysis and, therefore, are recognized as the
dominant mechanisms of failure. Moreover, this study
shows that in the presence of pressure, increasing the
DC or AC voltages could surprisingly help to stabi-
lize the motion of the micro-plate. This is while, in
the absence of pressure, increasing the voltage always
deteriorates the stability. In addition, in the presence of
pressure, the motion of the micro-plate can be bi-stable
or multistable.

The proposed description is potentially useful for
designing sensing mechanisms relying on nonlinear
dynamics (e.g., micro-mechanical mass sensors), as
well as electrical actuators (such a inkjet printer head,
RF switches, and vacuum resonators). The presented
method in this paper provides a great insight into the
nonlinear dynamics of clamped circular micro-plates.
Such an insight is necessary for improving the perfor-
mance of existing MEMS devices, as well as develop-
ment of new applications.
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Appendix A: Numerical continuation of periodic
solutions

This section is adopted from Refs. [28,33,34]. We use
the software AUTO for continuation of the periodic
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solutions. The algorithm implemented in AUTO per-
forms numerical continuation on a set of the first-order
differential equations of the form:

ẋ = F(x, μ). (A1)

A solution x(T (s), η(s), μ(s)) of A1 with period T (s)
is then sought such that

x[T (s), η(s), μ(s)] = η(s). (A2)

whereμ is a system parameter. The systemA1 together
with the boundary conditions A2 constitute a set of
n differential equations with n + 2 unknowns, which
are η, T and μ. Therefore, in order to obtain the peri-
odic solutions, two equations shall be added. The first
equation gives a phase condition in the form of an
integral equation. In particular, two consecutive points
x0 = x(T0, η0, μ0) and x̂ are considered on the same
branch of solution. Therefore, for any time shift σ ,
x̂(t + σ) is also a solution. As a matter of fact, the
phase condition can then be obtained by requiring that
the distance |x̂− x0| be minimized with respect to σ as

D(σ ) =
∫ T

0
|x̂(t + σ) − x0(t)|2dt. (A3)

Setting dD/dσ = 0 and following few mathematical
steps, it can be shown that the phase condition yields
[28]:

∫ T

0
xT F[x(T0, η0, μ0), μ0]dt = 0. (A4)

The second equation is the pseudo arc-length con-
straint:

∫ T

0
(x−x0)T x′

0dt+(T−T0)T
′
0+(μ−μ0)μ

′
0−�s = 0,

(A5)

where the prime denotes a derivative with respect to
s and �s is the continuation step. In the program
AUTO, the integrals A4 and A5 are approximated by
back-forward difference formulas and the (n + 2)-
dimensional system of equations given by A1, A4
andA5with the boundary conditionsA2 are discretized
by using a collocation algorithm. AUTO discretizes
this set of boundary value problems by the method

of orthogonal collocation using piecewise polynomi-
als with 2–7 collocation points per mesh interval.

Appendix B: Eigenfrequency analysis in COMSOL
Multiphysics

To verify the obtained pressure-dependent natural fre-
quency, a circular micro-plate has been modeled using
the solidmechanicsmodule ofCOMSOLmultiphysics.
The material properties and specifications that are used
for the test case are: E = 169GPa, ν = 0.17,
h = 0.6µm, R = 100µm, and μ = 2328 kgm−3.
The outer edge of the micro-plate is fully clamped and
a differential pressure is applied as a boundary load
to the surface of the micro-plate. The micro-plate is
then discretized with solid elements using free tetra-
hedral meshing, with at least two elements in trans-
verse direction. The FE study consists of three step, (i)
a parameter sweep which varies the differential pres-
sure step by step, (ii) a stationary analysis in which
the deflection and geometric nonlinearities induced by
the pressure are calculated, and (iii) an eigenfrequency
analysis to obtain the eigenfrequencies and eigenmodes
of the system while incorporating the geometric stiff-
ness linearized around thedeformedconfiguration.As a
result, the pressure-dependent resonance of the circular
micro-plate is obtained.We remind that this eigenvalue
analysis is in fact a linearization around the deformed
configuration.
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