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Abstract

This paper presents an efficient and easy-to-implement method for imposing feature size in level set-based topology opti-
mization. A minimum length scale is enforced via a penalty based on a spread skeleton that captures the location of the
skeleton and the required distance to it. The skeleton is constructed using first-order gradient information by solving a heat
conduction problem and smoothing the resulting gradient with a PDE-based filter. Unlike other approaches, the method does
not require to carry out integration over the skeleton, construct additional integration domains, or build an accurate distance
from the skeleton. The work focuses on the generation of spread skeletons and the influence of the formulated penalty on
optimization results. The design geometry is represented by a level set function, and structural responses are predicted using
the extended finite element method. Optimization problems are solved using gradient-based algorithms, and the sensitivity
analysis is performed with the adjoint approach. The ability of the proposed method to accurately control length scale is
demonstrated with compliance minimization problems under a volume constraint. Similarly to other feature size control
schemes, the developed geometric penalty tends to inhibit topological changes, especially in two dimensions, and results in a
high dependence on the initial layout. An activation strategy that successively recruits regions of the design domain based on
the spread skeleton value is used to avoid early convergence to suboptimal solutions. Numerical examples demonstrate the
potential of the proposed framework to generate designs exhibiting both enhanced performance and a minimum length scale.

Keywords Level set - Immersed boundary method - Topology optimization - Length scale - Skeleton

1 Introduction

Since early work by Bendsge and Kikuchi (1988), topol-
ogy optimization (TO) has been used as a systematic tool
for the generation of high-performance designs satisfying
a broad range of requirements, see Sigmund and Maute
(2013) and Deaton and Grandhi (2014). Despite its adop-
tion within industry, resulting designs are often regarded as
conceptual and require postprocessing to ensure their man-
ufacturability. However, altering optimized designs might
significantly affect their performance. Therefore, consider-
able efforts have been focused on including manufacturing
constraints early on during the optimization process, see
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Lazarov et al. (2016); Vatanabe et al. (2016), and Liu and
Ma (2016).

Among other fabrication aspects, feature size control
quickly became a topic of interest in TO and is still being
investigated to date. Reasons behind this continuous research
are manifold. Imposing geometric restrictions allows match-
ing manufacturing constraints, such as, e.g., the size of a
print nozzle or a cutting tool, and has a direct impact on the
design geometry in terms of complexity and level of redun-
dancy (Sigmund 2009; Guest 2009a). Furthermore, enforcing
a minimum length scale is highly desirable from a numeri-
cal perspective as it allows for an appropriate choice of the
discretization and guarantees that physics responses on the
finest parts of the design are resolved accurately.

The development of feature size control in TO was initially
driven by the need to address checkerboard and mesh depen-
dency issues in density-based approaches and can be traced
back to the introduction of filtering techniques by Sigmund
(1997); Bourdin (2001), and Bruns and Tortorelli (2001). The
basic idea s to apply blurring techniques, derived from image
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processing, to introduce a length scale below which design
variations are discouraged. As filtering does not guarantee
a minimum length scale, different restrictions were intro-
duced, for example, to control the gradient (Petersson and
Sigmund 1998) or the monotonicity (Poulsen 2003) of the
density field. To tackle the introduction of intermediate den-
sities after filtering, Guest et al. (2004) proposed to project
the density field to obtain black and white designs with min-
imum length scale. The projection, based on the Heaviside
step function, defines an element as solid when the average
density in its neighborhood is larger than a minimum value,
thus satisfying length scale in the solid.

Filtering and projection approaches gained in popular-
ity and multiple projection techniques were introduced to
achieve, for example, a minimum length scale in the solid
and in the void simultaneously (Guest 2009b), a maximum
length scale in the solid (Guest 2009a), and a minimum and
maximum length scale in the solid and in the void (Carstensen
and Guest 2018). To address the issue of robustness against
manufacturing uncertainties and artificially stiff so-called
one-node connected hinges, Sigmund (2009) proposed the
robust formulation. The approach relies on two projections
that erode and dilate the design and use a min/max formu-
lation to guarantee the performance of the resulting eroded,
intermediate, and dilated layouts. Wang et al. (2011) modi-
fied the approach by adding a projection for the intermediate
design for a more stable convergence of the optimization
problem. Despite the additional cost associated with the anal-
ysis of multiple designs, the robust approach is commonly
used in practice and is still being further developed. Among
others, Schevenels et al. (2011) account for non-uniformity
in the erosion and dilation operators, Ferndndez et al. (2020)
add simultaneous control of the maximum in the solid and
the minimum length scale in the void, and Mommeyer et
al. (2024) use Taylor series approximations to speed up the
required analyses.

In level set-based TO, the design geometry is defined by
the iso-contours of one or multiple level set functions (LSF),
see van Dijk et al. (2013), leading to a crisp description
of design boundaries. Length scale control can be achieved
using geometric information conveniently provided by the
LSF. Chen et al. (2008) and Luo et al. (2008) control the inter-
action between points lying on the design boundary within a
prescribed distance of each other. The penalty minimization
promotes the development of strip-like features with min-
imum length scale. Liu et al. (2016) prescribe a minimum
length scale in the void for rough-to-finish manufacturing.
Rough machining is enabled by constraining peak values of
the distance from the design boundary in the void, while
finish machining is achieved by limiting the minimum cur-
vature on the design boundary. In Yamada (2019b), geometric
shape features, including thickness, orientation, or skeleton
location, are extracted from an extended normal field to the
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design boundary. The latter is obtained by solving a fictitious
physical problem, i.e., one steady-state diffusion equation
per space dimension, over the design domain. In Yamada
(2019a), a length scale constraint is formulated by integrat-
ing the thickness measure over the design area. Michailidis
(2014) and Allaire et al. (2016) generate offset areas between
the design boundary and a curve lying at a given distance from
it. Over these areas, the signed distance to the design bound-
ary is constrained to impose minimum and maximum length
scale in the solid and minimum length scale in the void. Wang
etal. (2016) control length scale by minimizing the difference
between a geometric and a level set offset area, i.e., the area
created between the zero iso-contour and a given distance
iso-contour of the LSF. Contrary to the level set offset area,
the geometric one includes overlapping regions and is evalu-
ated based on the curvature of the design boundary. In these
approaches, feature size control is enforced via constraints
and penalties, which tend to inhibit topological changes and
might increase the dependence on the initial layout.

With the emergence of hybrid TO approaches combin-
ing geometry representations, see Barrera et al. (2020); Wei
et al. (2020), and Stankiewicz et al. (2021) among others,
techniques originally developed for density-based TO can
now be exploited in, for example, level set-based TO. Build-
ing directly upon filtering techniques, Barrera et al. (2022)
impose length scale in level set-based TO by using a derived
or an additional filtered density field. In Andreasen et al.
(2020) and Aage et al. (2021), a density field is derived
from the level set field and length scale is achieved following
the robust design approach. In comparison with purely level
set-based formulations, hybrid approaches show potential to
promote topological changes.

Another popular approach to achieve length scale in TO
relies on the use of skeletons. In the field of image processing,
skeletons offer a simple geometric representation of arbi-
trary shapes and describe a set of points within an arbitrary
shape that are in the closest vicinity to at least two bound-
ary points (Siddiqi and Pizer 2008; Saha et al. 2016). In the
context of feature size in TO, skeletons should ensure shape
reconstructibility, that is, the capability to restore the original
shape provided the skeleton and associated thickness. While
not strictly necessary, additional properties are relevant when
solving design problems. It is preferable to obtain a differen-
tiable skeleton for gradient-based algorithms (Menten et al.
2023). Additionally, for a smooth convergence of the opti-
mization problem, skeletons should be robust against small
design changes and exhibit a low sensitivity to boundary fluc-
tuations. Such a robustness can be achieved, for example, by
pruning skeletons, i.e., cutting off branches that are less sig-
nificant for reconstructibility (Montero and Lang 2012).

The level set method is particularly well suited to gener-
ate skeletons starting from the information provided by the
LSF. In most approaches, skeletons are built using second-
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order information, i.e., the Laplacian of the distance from
the design boundary. In Guo et al. (2014) and later in Geiss
(2018), a narrow-band skeleton is built by thresholding the
Laplacian of the distance from the design boundary. Feature
size is achieved by constraining the distance from the design
boundary on the skeleton. The width of the obtained skeleton
influences the achievable length scale, which is only exact for
infinitely fine discretizations. Xia and Shi (2015) additionally
prune the skeleton, built from the Laplacian of the distance
from the design boundary, to eliminate less relevant branches.
Length scale is then enforced by constraining the distance
from the skeleton on the design boundary. To generate struc-
tures with uniform thickness without a preset target, Liu et al.
(2015, 2018) penalize the distance from the design bound-
ary when it is larger or smaller than the average thickness,
evaluated using the distance from the skeleton. It should be
noted that skeletons are modified along with design changes.
However, this dependency is not always well defined, see
Allaire et al. (2016), and is often neglected when perform-
ing sensitivity analysis. To avoid evaluating the sensitivity
of the skeleton to design changes, Wang et al. (2025) pro-
pose a constraint-free formulation that enforces length scale
by directly adjusting bounds on the design variables. The
adjustment is based on a search strategy, in which skeleton
points are identified by discontinuities in the gradient of the
distance from the design boundary.

Skeleton-based formulations have also been proposed for
density approaches and mainly focus on the identification
of areas where the density distribution is penalized or con-
strained. Zhang et al. (2014) enforce minimum and maximum
length scale by constraining the density to be one within a
minimum distance from the skeleton or zero at distance larger
than a set threshold away from the skeleton. The skeleton
is generated by successive pixel deletion and its sensitiv-
ity to design changes is neglected. In Zhou et al. (2015),
two skeleton-like identifier fields are derived directly from
the density distribution and its gradient. To achieve mini-
mum length scale, the density is constrained, following the
robust formulation, on areas flagged by the identifier fields.
Their derivatives with respect to the density are included
in the sensitivity analysis. This approach was subsequently
adapted to level set-based TO in Dunning (2018) and Jansen
(2019). Zobaer and Sutradhar (2023) construct the skele-
ton by thresholding the Laplacian of the density field and
reconnecting separated parts through line extrapolation and
intersection. Length scale is imposed by constraining the
density field similarly to Zhang et al. (2014). Huang and
Liu (2024) generate uniform thickness designs by including
skeleton information in the material interpolation scheme,
similar to the coating approach in Clausen et al. (2015). The
skeleton is obtained by thresholding the Laplacian of the dis-

tance from the design boundary followed by a filtering and a
projection operation.

This paper proposes a framework to impose minimum
length scale in level set-based TO using spread skeletons.
The design geometry is described with a LSF. The structural
analysis is based on an immersed boundary technique, here
the extended finite element method (XFEM), with a general-
ized Heaviside enrichment strategy. Minimum feature size is
enforced using a spread skeleton that embeds its location
and thickness information. The latter is constructed from
first-order gradient information by solving a transient heat
conduction problem, followed by a smoothing to a predefined
thickness matching the required length scale. For computa-
tional efficiency, a single time step is used for the transient
problem. A penalty function is formulated from the spread
skeleton measure and evaluated at the design boundary. To
promote topological changes in the early design stage, an
activation strategy is proposed for the penalty. Optimization
problems are solved with gradient-based algorithms and the
required derivatives of the objective and constraint functions
are evaluated by the adjoint method using a semi-analytical
approach. The capabilities of the proposed framework are
demonstrated with two- and three-dimensional benchmark
problems considering compliance minimization of solid/void
designs under a volume constraint.

The remainder of the paper is organized as follows. Sec-
tion2 presents the level set description of the geometry,
provides a concise overview of the basic concepts of the
XFEM, and introduces the considered physics, here linear
elasticity. In Sect. 3, the formulation of the optimization prob-
lems is discussed. The framework for imposing minimum
length scale via a spread skeleton measure is explained. In
Sect. 4, the length scale penalty is studied with two- and
three-dimensional compliance minimization problems. The
optimization problem and the proposed penalty are investi-
gated, including variations of the targeted length scale, of
the penalty activation strategy, and of the initial configura-
tion. Finally, Sect. 5 draws conclusions about the developed
approach to length scale control and looks at perspectives for
future research.

2 Geometry and physics

In this section, the basics of the chosen XFEM-level set
framework are recalled. First, the description of the design
geometry using the level set method is addressed in Sub-
sec.2.1. Subsec.2.2 focuses on the use of the XFEM to
predict the design responses. Finally, the physics tackled in
this paper, i.e., infinitesimal strain linear elasticity, and asso-
ciated governing equations are presented in Subsec. 2.3.

@ Springer
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Fig. 1 Geometry description for a solid/void problem: LSF ¢ (x) and
iso-level ¢ (left) and resulting geometry of the design (right)

2.1 Geometry description

The level set method was introduced by Osher and Sethian
(1988) as an efficient method to track propagating fronts. It
was quickly adopted within the optimization community to
conveniently describe the geometry of evolving designs, see
van Dijk et al. (2013) for a general introduction.

A LSF ¢ (x) defines the boundary I" of a design using an
iso-level ¢

< ¢p, VYXxeQy,
d(x) 1 > do, Vx€Qs, (1
=¢p, Vxel,

where x are the spatial coordinates. The design boundary I
separates the domain €2 into a solid region Qg and a void
region Qv, such that Q2 = Qg U Qy and Qg N Qy = @. This
is illustrated in Fig. I for a solid/void problem.

The LSF is discretized to perform numerical analyses and
approximated using

1
px) ~ ¢"(x) =Y Bi(x) ¢, )
i=1

where [ is the number of basis functions B;(x) and ¢; is the
associated coefficient.

Contrary to the traditional approach, see Sethian and
Wiegmann (2000); Wang et al. (2003), and Allaire et al.
(2004), where the LSF is updated though solving Hamilton—
Jacobi-type equations, the LSF is defined, in this work, as
an explicit function of the design variables, i.e., the basis
coefficients ¢; defined in Eq. (2), and is updated using math-
ematical programming methods relying on shape sensitivity
information.

2.2 XFEM analysis

Immersed boundary methods allow for a crisp description
of the design boundary and for an accurate resolution of the
physics around it. In particular, the XFEM was introduced by
Mommeyer et al. (2024) and Belytschko and Black (1999)
to model crack propagation and to support the representation

@ Springer

Fig. 2 Enrichment strategy for a solid/void problem: Basis function

support (left) and identification of connected subregions Qlj with j =
1, 2, 3 within the basis function support (right)

of strong and weak discontinuities by enriching traditional
finite element approximations.

In this paper, the enrichment strategy proposed in Makhija
and Maute (2014) and further extended in Noél et al. (2022)
is adopted to avoid spurious coupling between disconnected
subregions filled with the same material. A generalized Heav-
iside enrichment strategy is used and a state variable field
u(x) is discretized and approximated as

I J; ) )
u) e () =YY Bix) ¢! 0 u, 3)

i=1 j=1

where I is the number of basis functions B;(x) and J; is
the number of enrichment levels associated with subregions

Qlj in the support of a basis function B;(x). The coefficient
J
i . .
Q! within its support. The indicator function ¢/ (x) defines
whether a point within the support of a basis B; (x) belongs

to a specific connected subregions sz such that

u; is associated with a basis function B;(x) and a subregion

1, ifx € Q/,
0, otherwise.

ol (x) = { (4)

The enrichment strategy is illustrated in Fig.2 for a
solid/void problem. Three connected subregions Qll , Qiz, and
Qf’ are identified within the support of the basis function B;
and three enrichment levels, J; = 3, are necessary.

2.3 Governing equations

The ability to enforce specific length scale is demonstrated
on design problems restricted to infinitesimal strain linear
elasticity. The governing equations are solved for static equi-
librium and are presented in the weak form in this subsection.

Using the XFEM, the weak form of the governing equa-
tions, i.e., the total residual R"™, consists of four terms

R" = R} + R} + R& + RE = 0. (5)
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The first term RE describes the balance of momentum for
a linear elastic solid undergoing infinitesimal strain

RE:/ (e(v):a(u)+v-5)dsz+/
Qs I'n

where u and v are the displacement field and the associated
trial field. The strain tensor, under the assumption of infinites-
imal strain, is computed as € = %(Vu + Vu'). The Cauchy
stress tensor o is given as 0 = C : €, with the Hooke’s tensor
C. Imposed body loads are denoted b and surface tractions t
are imposed on the Neumann boundary I'y.

The second term R[) of the total residual allows for
the weak enforcement of Dirichlet boundary conditions via
the unsymmetric version of Nitsche’s method, see Nitsche
(1971).

v-tdl,  (6)

RB:—/F V-(a(u)-n)dl"
+/ (6(v)-n)- (u—1u)dl @)
I'p

+ £ (u—1u)dr
. ¥D I v-(u—u ,
where I'p is the Dirichlet boundary with outward unit normal
n. The imposed displacements are denoted u. The penalty
parameter yp is chosen to achieve a certain accuracy on the
imposition of the boundary condition and is multiplied by the
ratio of the Young’s modulus E of the solid and the element
edge length Ap.

Immersed boundary methods, such as the XFEM, are
known to suffer from poor conditioning of the system of
equations, especially when boundaries generate small solid
subregions within a basis function support. To alleviate this
issue, the face-oriented ghost penalty proposed in Burman
(2010) and extended in Noél et al. (2022) is adopted in this
work. The third term R of the total residual is the ghost
penalty contribution and is defined as

RS = Z/F vG Ehp [Vv-n] - [Vu-n]dT, (8)
F

where F is a ghost facet, i.e., an element face cut by the
boundary. The jump operator [[e] evaluates the jump of a
quantity between two elements 4+ and — adjacent to the facet,
such that [e] = e — e_. The ghost penalty parameter is
denoted yG.

As the design boundaries evolve through the optimization
process, solid subregions can disconnect from the Dirichlet
boundary I'p. Such free-floating subregions lead to a singu-
lar system of equations, as their rigid body modes are not
constrained. The selective spring strategy proposed in Vil-
lanueva and Maute (2014) and Geiss and Maute (2018) is

used in this work. The fourth term Ry of the total residual
is an additional stiffness applied only to free-floating solid
subregions.

u E
RK: VKh_ZVUdQ (9)

Qg P

Solid subregions disconnected from the Dirichlet boundary
are detected using an auxiliary heat conduction problem. The
activation function yk takes the value one for free-floating
solid subregions and zero, otherwise, following

1
7 =5 (1+tanh (BT = Tw)), (10)

where T is the temperature for the auxiliary heat conduc-
tion problem; Ty, and Bk are the projection threshold and
sharpness and are set to 0.99 and 1000, respectively.

The numerical integration of the governing equations on
elements cut by the design boundary requires a specific treat-
ment. A conforming integration mesh is generated to perform
the integration accurately. Quadrangles and hexahedra are
subdivided into conforming triangles and tetrahedra in two
and three dimensions, respectively. For further details on the
XFEM implementation, the reader is referred to Villanueva
and Maute (2014); Noél et al. (2022), and Wunsch et al.
(2025).

3 Optimization problem

In this paper, the approach proposed to generate designs with
a minimum length scale is studied on compliance minimiza-
tion problems with a volume constraint. The generic form of
such optimization problems is given as

msin z(s, u(s))
st. gi(s,u(s)) <0, j=1,..., Ng, (11)

£Ss1557 lzls"'vNSs
where z(s, u(s)) is one of the objective function, g (s, u(s)) is
one of the N, constraints, and s; is one of the Ny optimization
variables with its lower s and upper 5 bounds.

In this work, the objective function z(s, u(s)) consists of

four contributions

Z(S’ ll(s)) =Wy w
Pr(s) P, (s)

Pi(s, u(s))

+ wj Ml—Pg’

@ Springer
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where F is the compliance. The LSF is controlled via a
perimeter penalty PP, and aregularization penalty P,. Length
scale control is enforced through a penalty P;, where p; is
a fraction of the perimeter PV, used to control the strength
of the enforcement of the requirement. Terms with super-
script zero are the initial values of the corresponding terms.
Weights w 7, w,, wp, and w; are associated with the differ-
ent contributions to the objective. Each of which is further
detailed in the following subsections.

A volume constraint is enforced on the solid domain and
is formulated as

gi(s,u(s)) = LG <0, (13)
uv vt

where Vr is the volume of the design domain, vy is the
allowed solid volume fraction, and Vs is the volume of the
solid domain, evaluated as

Vs = f 9. (14)
Qs

3.1 Minimum length scale

Developed within the field of image processing, skeletons
offer simple representations of arbitrary shapes. They can be
used along with distance measures to reconstruct the origi-
nal shapes, see Siddiqi and Pizer (2008). This concept was
first exploited by Guo et al. (2014) to efficiently control fea-
ture size in level set-based TO. In this paper, minimum length
scale is enforced via skeleton information. A so-called spread
skeleton that embeds both its location and the required dis-
tance to it is constructed and used to formulate a minimum
length scale penalty. It is worth mentioning that the proposed
penalty is independent of the approach chosen to build the
spread skeleton. The procedure followed, in this work, for
generating the spread skeleton is explained in details below.
Alternative approaches based on different physics could be
used to create measures similar to the spread skeleton, see,
for example, Yamada (2019b).

While different approaches are available, the skeleton can
be identified by the ridge of the shape, i.e., the location
where the gradient of the distance from the shape bound-
ary changes signs (Blum 1967). To locate the skeleton, an
approximation of the gradient of the distance from the design
boundary is obtained by solving a transient heat conduction
problem assuming that the direction of heat flow aligns with
the growth direction of the distance, see Belyaev and Fayolle
(2015) and Crane et al. (2017). The residual of the weak form
for a transient heat conduction problem is given as

96
RY — / (ApG R (Keve)> aQ, (15)
Qg at

@ Springer

where 0 and A are the temperature and the associated trial
field. Properties ,09, cg, and «? are the density, the specific
heat capacity, and the conduction selected for this problem.
Zero conditions are applied at the initial time, 6p = 0.0 on
Qg, and a unit temperature is prescribed at the design bound-
ary, 8 = 1.0 on I'. Equation (15) is solved only on the solid
domain, where the information is needed. To increase the
computational efficiency, a single time step is used, as pro-
posed in Crane et al. (2017) and Geiss et al. (2019), leading
to a cost comparable to solving a steady-state problem. The
time step should be selected large enough to yield non-zero
gradient over the considered domain.

Once its location is identified, the skeleton is spread to
a chosen thickness rg, equal to half the required minimum
length scale, by smoothing the jump in the normalized gra-
dient of the temperature field using a PDE-based filter. The
weak form of the residual for the smoothing takes the form

Vo
R" = ve - (F2V (p— ——))d, 16
/g< £V +2 (1 fgy) 1o

where n and ¢ are the smoothed gradient and the associated
trial field. The spreading radius is chosen as r = rs/2+/3
following Lazarov and Sigmund (2011). Homogeneous Neu-
mann boundary conditions, Vi - n = 0, are applied on the
design boundary I'. Equation (16) is solved only on the solid
domain to avoid interaction between disconnected members
through the void domain.

The obtained smoothed gradient field is used to build a
so-called spread skeleton S

S=1—Inl”, 7)

which takes non-zero values when the minimum length scale
is not satisfied and drops to zero as the thickness of a member
approaches 2rg. The operator | e|| is the Euclidean norm and
pis anexponent chosen as p = 2 to obtain a smooth measure.
The procedure to build the spread skeleton for a 1D prob-
lemisillustrated in Fig. 3. Solving Eq. (15), the temperature 6
is set to one at the boundary, denoted xr, and presents a min-
imum over the skeleton location, denoted xyx. The normed
gradient of the temperature VO /|| V6| switches sign over the
skeleton and serves as an identifier for its location. The jump
in the normed gradient is filtered with a radius rg leading to
the smoothed gradient n used to build the spread skeleton S.
If the spread skeleton measure S is zero at the design
boundary, then the minimum length scale is satisfied. If not,
the member is too thin and needs to be removed or thickened.
To promote this behavior, a penalty P is introduced in the
objective and is evaluated at the design boundary as

P = [ vk S dT, (18)
r
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Fig. 3 Generation of a length scale control measure based on spread skeleton. From left to right, the temperature 6, the normed gradient of the
temperature V6/||VO||, the smoothed gradient n, and the spread skeleton measure 1 — ||75]|

where yk, defined in Eq. (10), deactivates the penalty on free-
floating solid islands. Contrary to other approaches available
in the literature, the proposed method does not require to per-
form integration on the skeleton itself, to construct additional
integration domains, or to build an accurate distance from the
skeleton. While the feature size can be effectively and accu-
rately controlled using the proposed spread skeleton measure
through a penalty or a constraint formulation, numerical
experiments showed that penalization generally leads to bet-
ter performing designs, as it remains active throughout the
optimization process. This approach is therefore adopted in
this work.

In practice, the spread skeleton measure S is only approx-
imately dropping to zero at length scale, as the domain over
which the gradient is smoothed is finite, see Lazarov and
Sigmund (2011). On an infinite one-dimensional domain, the
smoothed gradient solution is obtained by convolution of the
input gradient and the Green’s function and leads to a spread
skeleton

Sa =1 — In| = exp(—Ix|/r), (19)
where |e| is the absolute value operator. On finite domains,
the obtained smoothed gradient deviates from Eq. (19) and
becomes dependent on the actual size of the domain, see
Fig.4. To allow for an accurate feature size control, it is nec-
essary that the spread skeleton measure approaches zero as
the domain thickness approaches the required length scale.
Therefore, the following correction is applied

\/max (1 — (”;’C”Y,O)Z-I—-’Ez—g
I+ ¢ ’

where 7 is a correction term, chosen as . = 0.937, based on
numerical studies of one-dimensional problems. The param-
eter £ controls the transition of the penalty and is set to
& = 0.001. The effect of the correction is illustrated in
Fig. 4 for one-dimensional domains of different thicknesses.
It should be noted that the correction is only exact, i.e., drops

Se =

(20)

to zero at a distance rg from the skeleton, for members at
length scale.

In order to control the length scale, it is crucial that both
the transient heat conduction in Eq. (15) and the smoothing
in Eq. (16) are accurately resolved on the state variable field
discretization. The non-linearity of these fields and the dis-
continuity of the spatial gradient at the skeleton require a
sufficient number of elements over the spread radius rs. A
practical lower bound of rg = 1.5hp is adopted in this work.

To mitigate the dependence on the initial design and
promote topological changes, see Allaire et al. (2016), an
activation strategy is used to gradually introduce the effect
of the penalty

P =/yKyLSCdF. 2D
r

The activation function y1. successively recruits thinner and
thinner members allowing them to disappear in the early
design and is defined as

(22)

n= %(1 + tanh (= BL(S: — sth))),

where the parameters Sy, and Sy, are the projection thresh-
old and sharpness, respectively. While the sharpness is kept
constant during the optimization process, here . = 25.0,
the threshold Sy, is gradually increased from an initial Sy to
a final Sk value

SIa lfISII,
I—1y .
Sh=15-(S—-§ ,if I I < Ig, 23
th 1— (51 F)(IF_II>1 1<1=<Ip (23)
8F7 lfI>IF,

where I, I1, and Ig are the current, the initial, and the final
iteration for the continuation, respectively. The threshold val-
ues are chosen as S = 0.0, to start the optimization without
imposing the penalty, and Sp = 1.0, to eventually enforce
length scale on all members. More complex or effective con-
tinuation schemes are not further explored in this paper.
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Fig.4 Analytical S, (Eq. (19)), uncorrected S (Eq. (17)), and corrected S (Eq. (20)) spread skeletons with p = 1, n. = 0.937, and & = 0.001 for

members of thickness t = rg, 2rg, 4rg

The activation function in Eq. (22) is directly dependent
on the smoothed gradient field through the corrected spread
skeleton. To prevent a direct exploitation of the activation
strategy to drop the length scale penalty, e.g., by generat-
ing or maintaining thin inactive structural regions within the
design, the implicit dependency of the activation function on
the design variables through the state variables is not included
in the sensitivity analysis.

3.2 Level set regularization and perimeter penalties

In level set-based approaches, it is essential to control the
level set field and its gradient to promote the generation of
smooth designs and to enable a smooth convergence of the
optimization process.

The second term in Eq. (12) is a level set regularization
penalty, as introduced by Geiss et al. (2019). The penalty
term eliminates the need for reinitialization by promoting
the convergence of the level set field ¢ toward a target func-
tion ¢. The target function is built from a distance field
obtained through the heat method, see Crane et al. (2017),
that requires solving two additional partial differential equa-
tions. The penalty is formulated as

f wy (¢ — ¢)7dR / wvellVe — Vo|I?dQ
Q + Q ,
/¢>]23d§2 /dQ
Q Q

(24)
where ¢p is a bound on the level set field value and where the
weights wy and wy control the regularization in the vicinity
and distance from the boundary, see Barrera et al. (2020).

The third term in Eq. (12) is a perimeter penalty, as pro-
posed by Haber et al. (1996) and Makhija and Maute (2014),
that mitigates the appearance of irregular geometric features
and ensures a well-posed optimization problem. The perime-
ter is computed as

Py = [ ar.
r
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P =

(25)

It is recommended to allocate small weights to both penal-
ties with respect to the main objective F to minimally impact
the optimization problem, i.e., up to 20% for w, (Makhija
and Maute 2014) and up to 10% for w; (Geiss et al. 2019).

4 Numerical examples

This section explores the characteristics of the proposed min-
imum length scale framework for level set-based TO. The
assessment of the flexibility and effectiveness of the method
is carried out on two- and three-dimensional compliance min-
imization examples under a volume constraint. Variations of
the optimization problem and the length scale formulation
are investigated.

In all examples, state and design variable fields are
approximated with linear and quadratic B-spline functions,
respectively. Coarser and higher-order discretizations are
used for the design variable field, resulting in a filtering
effect which promotes the generation of smoother designs
and speed up the convergence of the optimization problem,
see Noél et al. (2020).

In this work, physics responses consider linear elasticity,
heat conduction, and filtering. Unless specified otherwise,
physics parameters, introduced in Subsec. 2.3, are provided
in Table 1 in self-consistent units. The forward and sen-
sitivity analyses are implemented and carried out using
the open-source C++ immersed finite element and opti-
mization package MORIS (2025). The resulting system of
discretized governing equations and adjoint sensitivity equa-
tions are solved using the Multifrontal Massively Parallel
Solver (MUMPS), see Amestoy et al. (2001). The 3D prob-
lems are solved by employing a GMRES algorithm from
the Trilinos software project package Belos, preconditioned
by an incomplete LU factorization (ILU), see Bavier et al.
(2012). A relative drop in the linear residual of 1079 is
required.

Optimization problems are solved with the Globally Con-
vergent Method of Moving Asymptotes (GCMMA), see
Svanberg (2002). The parameters for the initial, lower, and
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Table 1 Numerical optimization examples: Physics parameters and
respective Nitsche’s and Ghost penalty parameter

Linear elasticity

E v t w e
1.0 0.3 —1.0ey 10.0 0.01
Heat method

o’ < K’ W vG
1.0 0.1 10.0 10.0 0.01

Smoothed gradient

N e
10.0 0.01

Table 2 Numerical optimization examples: Optimization penalty
parameters

Optimization weights

wy wp wy wy
1.0 0.1 0.05 0.05
Continuation

Is I It

0 400 20

St NS LY MLF
0 1 1 0.025

upper asymptote adaptation are setto 0.5,0.7, and 1.2, respec-
tively. Optimization problems are considered converged if
the objective stagnates and the constraints are satisfied. Nec-
essary gradients of response functions are evaluated by the
adjoint method, using a semi-analytical approach, following
(Sharma et al. 2017). Optimization parameters, introduced
in Sect 3, are given in Table 2, unless specified otherwise.

4.1 Two-dimensional beam

The design of a 2D beam with length 2L = 240 and height
H = 40 is investigated, see Fig. 5. The beam is supported at
its bottom left corner and is subjected to a vertical traction
on its top right corner. Design-independent solid blocks with
side dimension / = 1 are introduced under the load and at
the support. Exploiting symmetry, only half of the beam is
considered. Symmetry boundary conditions are enforced for
the structural and the smoothing problem on the symmetry
axis marked in blue, ux = 0 and nx = 0. For the symmetry
of the skeleton, Neumann boundary conditions are enforced
for the heat conduction problem on the symmetry axis. The
target volume fraction is set to uy = 0.4.

T
B A L L A L L L L L
| EEEEEEEEEEEEREE
 IEEEEEEEEEEEES
AN EEEEEEREREE
| EEEEEEEEES|
1 l_l_l_l_l_l_l_l_l_l_l

TOO0O0O00

OO0

R 7 >
Lex

Fig. 5 2D beam design: Geometry, boundary conditions, and initial
hole seeding

ey

The state variable fields are discretized on a mesh with
element size hp = H /160 = 0.25, while the design variable
field is discretized with a larger element size hip = H /80 =
0.5. As design changes are driven by shape sensitivities in this
work and hole nucleation is not possible, the initial design
is seeded with holes. Hole seeding during the optimization
could be triggered with topological derivatives or other meth-
ods, see van Dijk et al. (2013), but is not implemented here.

Throughout the optimization procedure, the relative influ-
ence of individual terms in the objective function is main-
tained by updating their scaling term every It iterations.
To reduce the dependence on the initial configuration, the
enforcement of the length scale requirement is initially
relaxed and gradually tightened over the optimization pro-
cess, as discussed in the following subsection.

4.1.1 Length scale activation

The introduction of length scale control penalties or con-
straints tends to inhibit topological changes, and there is
a necessity to relax the enforcement of such requirement,
especially during early optimization iterations. Various con-
tinuation approaches have been reported in the literature, both
in density- and level set-based TO, see, for example, Zhou
et al. (2015) and Allaire et al. (2016).

In this work, we investigate the effect of two continuation
strategies: (i) a gradual strengthening of the enforcement of
the length scale requirement and (ii) a progressive activation
of regions of the design domain. The strengthening strategy
gradually tightens the enforcement of the length scale by
decreasing the perimeter fraction parameter p;, effectively
increasing its weight within the objective, while the acti-
vation strategy successively includes regions of the design
domain into the penalty based on the spread skeleton mea-
sure. Both strategies are implemented through continuations
on parameters y; and Sy, that are updated every I iterations
from 1 to 0.025 and from O to 1, respectively, following Eq.
(23).

Figure 6 shows 2D beam designs with a length scale
rs = 0.625, obtained without any continuation (top), with the
strengthening strategy (middle), and with strengthening and
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No continuation

i only

i and Syp

127.8

F=

105.4

F=

101.3

F=

Fig.6 2D beam design: Enforcing alength scale rs = 0.625 without continuation (top), with strengthening strategy (middle) and with strengthening

and activation strategies (bottom)

activation strategy (bottom). Resulting layouts are depicted
on the left, while associated spread skeletons are shown on
the right. A yellow mark represents the minimum length scale
and performance in terms of compliance is provided for each
design.

Without any relaxation of the penalty, the optimization
problem results in alow-performing solution (top) with a high
dependence on the initial configuration. Although the design
exhibits the desired length scale, only marginal topological
changes occurred. This limitation is inherent to the proposed
formulation, where the length scale penalty value can only
be dropped by increasing the thickness of members that fall
below the imposed feature size, while breaking of members
is only caused by the volume constraint. As the optimization
problem is dominated by the length scale requirement, break-
ing of members is inhibited and structurally inferior designs
are generated.

Starting the optimization with a relaxed enforcement of
the length scale requirement, the optimization problem is
primarily driven by the compliance, leading to more signif-
icant topological changes and an enhanced design (middle),
F = 105.4 with continuation versus 127.8 without. As the
perimeter fraction parameter p; decreases, the emphasis in
the objective shifts toward the geometric constraint, result-
ing in the thickening of members to the imposed length scale
and ultimately in the inhibition of topological changes. Itis to
be noted, that in the strengthening strategy, the length scale
penalty is active during the entire optimization procedure,
and acts on all structural regions equally, ultimately restrain-
ing topological changes. The combined effect of the weight
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and perimeter fraction parameters dictates the point at which,
during the optimization procedure, the length scale penalty
overrules the compliance and ultimately fully inhibits topo-
logical changes.

To further promote topological changes, the continuation
on the perimeter fraction parameter ; can be combined with
an activation strategy. The penalty is initially exclusively
applied to thick members, while thin ones are progressively
recruited based on the spread skeleton value. As illustrated
in Fig. 6, the activation strategy allows for substantial topo-
logical changes driven by the minimization of compliance.
Structurally significant members increase in thickness, while
less significant ones disappear. The resulting design (bot-
tom) satisfies the length scale requirement and exhibits an
increased mechanical performance, 7 = 101.3 with activa-
tion versus 105.4 without.

Figure 7 shows the evolution of the design during the
optimization process with snapshots at iteration I = [100,
200, 300, 400]. The length scale penalty is active in the blue
and inactive in the orange regions of the design. Over the
span of the optimization procedure, regions of the design
domain are gradually recruited and thickened to the imposed
length scale. The thickening of recruited areas, in combina-
tion with the volume constraint, leads to the thinning and
eventually breaking of areas in which the penalty is inactive.
After Ir = 400 iterations, the penalty is active throughout the
structure and length scale is enforced everywhere. It should
be noted that, once included in the penalty, members are
prone to remain in the final design, as the formulation tends
to inhibit topological changes. Both the activation strategy
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I = 400

Fig.7 2D beam design: Evolution of the design enforcing a length scale
rs = 0.625 with strengthening and activation strategy. Snapshots of the
design are provided at iteration / = [100, 200, 300, 400]. Inactive
regions are colored in orange, while active ones are colored in blue

and the initial configuration have a strong influence on the
resulting optimized designs, see Subsec.4.1.3 and 4.1.4 for
further exploration.

4.1.2 Enforcing different length scales

In the following, the capability of the proposed formulation to
accurately control the length scale is demonstrated. To this
end, different minimum length scales are considered with
rs = [0.625, 1.25, 2.5]. Different spread radii result in dif-
ferent spatial gradients for the spread skeleton, i.e., larger
spatial gradients for small spread radii and lower spatial
gradients for large ones. To balance out this difference, the
weight wj is consistently multiplied by the ratio rg/0.625.

Figure 8 shows optimized designs generated with and
without length scale control. The left-hand side of the figure
illustrates the design layouts, where a yellow circle indicates
the imposed length scale. The right-hand side shows the asso-
ciated spread skeleton. Performance in terms of compliance
is provided for each design.

All three generated designs resemble the 2D beam design
without geometry constraint (top), while satisfying the
imposed length scale. Clear trends are observable in designs
with increasing feature size. The smaller the filter radius,
the larger is the non-uniformity in thickness across indi-

vidual member and the closer is the resemblance to the
original design. As the imposed length scale becomes larger,
designs are made of fewer members with increased unifor-
mity in thickness and, as expected, decreased performance,
F =101.3to 114.8 for rs = 0.625 to 2.5.

Besides differences in design layouts, clear differences
in the thickness and connectivity of the spread skeleton are
observable. A small spread radius results in a thin and discon-
nected spread skeleton with large spatial gradient. While the
spread skeleton is fully connected inside straight members, it
is disconnected at the junctions between multiple members.
This can be explained by the so-called object angle v, which
is the angle at the skeleton point between a vector directed
to the neighboring skeleton point and a vector directed to
the closest boundary point, see Blum (1973) and Siddiqi and
Pizer (2008). In a straight member, the approximated gra-
dient intersects head-on at the skeleton points, that is, at an
object angle of ¢ = 7, resulting in a clear jump in the gra-
dient. At the junctions, the object angle is lower ¥ < 7,
resulting in a less clear jump, and in turn, in lower spread
skeleton values. This effect is amplified as the skeleton is
built by means of an approximated gradient of the distance
field obtained by solving Eq. (15). As reported in Crane et al.
(2017), the quality of the approximated gradient depends on
the selected time step, as a consequence of inherent smooth-
ing. While full connectivity is desirable, numerical examples
show that the resulting level of connectivity, even for a small
spreading radius, enables the enforcement of length scale in
the entire design domain.

Large spread radii result in widely diffused and connected
spread skeletons with low spatial gradients. For large spread
radii, it becomes visible that the proposed penalty does not
only impose length scale, but also a minimum radius at junc-
tions. For rg = 2.5, the design presents curved members and
rounded junctions. The spread skeleton highlights regions
where the direction of the gradient of the distance to the
boundary changes abruptly, which occurs not only at the
skeleton points but also at junctions. As aresult, sharp corners
are penalized and round corners are favored. A separation
in prescribing a length scale and a corner radius could be
achieved by including higher-order information in the for-
mulation, i.e., making use of the Laplacian of the distance
field, which would allow distinguishing between skeleton
points and junctions by means of flux direction, see Guo et al.
(2014) and Geiss (2018) for representation of the Laplacian
at sharp corners.

Different spread radii lead to inherently different chal-
lenges in the optimization problems. For small spread radii,
a key difficulty is to promote topological changes, as the
allowed maximum volume can accommodate the numerous
redundant structural members present in the initial design. A
slow continuation is key to initially let the structural prob-
lem control the design updates, before the penalty inhibits
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Fig.8 2D beam design: Enforcing different length scales with spread radii rs = [0.0, 0.625, 1.25, 2.5] with strengthening and activation strategy
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Fig.9 2D beam design: Enforcing a length scale rs = 1.25 with different final iterations Iz = [100, 200, 400] for the activation strategy. Evolution
of the scaled compliance F/F° and scaled length scale penalty P/ ‘P, throughout the optimization (right) and resulting designs (left)
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topological changes. In contrast, topological changes are
inevitable for large spread radii due to the limited volume.
The key difficulty here is to recruit appropriate structural
regions based on a topology that differs significantly from
the final one. As structural regions are being recruited and
thickened, inactive regions are being thinned, delaying their
recruitment, and resulting in intermediate designs with wide
inactive regions below length scale. As the optimization
procedure progresses, the entire design is being recruited,
leading to either the thickening or removal of said struc-
tural regions as a result of the limited volume. A relaxed
feature size penalty, combined with a slow continuation strat-
egy results in optimization problems, in which the thickness
of numerous inactive structural regions is optimized, even
though ultimately being removed, resulting in a slow conver-
gence.

Finally, it should be noted that, despite a rather slow
activation strategy with Ir = 400, structurally suboptimal
members are still present in the final designs, e.g., the split
member in the center for rg = 1.25, or the curved member for
rs = 2.5. This effect is further studied in the next subsection.

4.1.3 Influence of the activation strategy

As demonstrated in Subsec.4.1.1, the use of an activation
strategy is necessary for the proposed formulation to produce
designs that are not fully dominated by the feature size. In this
subsection, the influence of the continuation in the activation
strategy on the optimization process and the resulting designs
is investigated. To this end, the recruitment of design areas is
carried out with three different final continuation iterations
Ir = [100, 200, 400].

Figure 9 shows designs obtained for three different final
continuation iterations on the left. A length scale of rg = 1.25
is enforced for all designs, as indicated by the yellow mark.
Performance in terms of compliance is provided for each
design. On the right-hand side, the evolution of the scaled
compliance F/F° and scaled feature size penalty P;/ Py is
provided. Regardless of the selected final continuation iter-
ation, all generated designs satisfy the imposed minimum
feature size. However, the choice of a final continuation
iteration has clear implications on the designs and their per-
formance.

The convergence plots show that as I increases, so does
the total number of iterations until convergence. Although
selecting a lower Ip accelerates the design process, it
increases the risk of prematurely converging to suboptimal
solutions. As the selection of regions subject to the length
scale penalty within the design domain is accelerated, large
structurally less significant regions are prone to be recruited
early on and remain in the final designs. Simultaneously,
the perimeter fraction parameter ; decreases and the incen-
tive to thicken recruited regions is strengthened. As a result,

= 2.5

s

Fig. 10 2D beam design: Enforcing a length scale restarted from an
unconstrained optimized layout (a), for different spread radii rsg =
[0.625, 1.25, 2.5] (b)-(d) without strengthening and activation strat-
egy

structurally inferior members are developed to length scale,
at the cost of thinning and eventually breaking members
that might be structurally more significant, but so far not
recruited. This phenomenon is observable in the evolution of
the compliance, as breaking a structurally relevant member
leads to jumps in its value, see iterations I = 80 and 100 for
Ir = 100. In contrast, a slow continuation approach yields a
slow, but smooth convergence of the strain energy.

The effect of a fast or slow continuation strategy empha-
sizes amajor challenge faced by purely geometric approaches
to length scale control, i.e., the limited available mecha-
nisms to reduce the length scale penalty. Once a member
is recruited, it tends to remain in the final design regardless
of its contribution to the strain energy. As shown in Fig.9,
a slow activation strategy promotes topological changes by
enabling the distinction between inactive regions based on
their structural performance. To enforce a minimum length
scale, all structural regions are recruited at the end of the
optimization problem.

It should be noted that the continuation also relies on
the trigger iteration It, as can be seen from jumps in the
penalty value, as new regions of the design domain are being
recruited. However, its influence on the resulting designs is
less significant and is not discussed further here.
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A common strategy in level set-based TO considering
feature size involves (i) solving a first problem without
geometric constraint and subsequently (ii) solving a sec-
ond problem with geometric constraint starting from the
previously optimized design, see Allaire et al. (2016) or
Wang et al. (2016). The proposed activation strategy is con-
ceptually similar to this approach. A notable distinction is
that with the proposed strategy, the feature size penalty
informs the entire optimization procedure, albeit signifi-
cantly relaxed during early iterations. It gradually steers
the optimization problem toward a solution that satisfies the
length scale constraint, while considering the structural per-
formance. In contrast, optimization problems, restarted from
an unconstrained optimized layout, see Fig. 10 (a) without
any continuation strategy, see Fig. 10 (b)-(d), result in designs
that meet the imposed length scale, but all retain a larger num-
ber of members with reduced performance.

4.1.4 Influence of the initial configuration

In this work, design updates are driven purely by shape sensi-
tivities, without mechanisms to nucleate new holes. To ensure
adequate design freedom, the domain is seeded with multiple
holes, which does not necessarily mitigate the dependence on
the initial configuration. In this subsection, the effect of the
length scale penalty on this dependency is investigated. Two
different hole seeding patterns, with similar initial volumes,
are considered, see Fig. 11 (1a) and (2a).

Figure 11 shows optimized designs without (b) and with
(c)-(e) enforcing a length scale, starting from the two dif-
ferent initial configurations (la) and (2a). A yellow mark
denotes the imposed length scale and performance in terms
of compliance is provided for each design.

Without enforcing a length scale, designs (1b) and (2b)
exhibit a high degree of similarity, resulting in similar per-
formance. However, clear differences in the local topologies
are observable, indicating a convergence to different local
minima. Similar observations can be made when imposing
a length scale, as designs (1c), (1d), and (1e) exhibit similar
topologies and performance to (2¢), (2d), and (2e). However,
for r¢ = 0.625 and 1.25, the difference between results is
more pronounced compared to the unconstrained designs.
As observed in previous subsections, designs with a length
scale show clear resemblance to the unconstrained results.
Structural members below the required feature size in (c),
(d), and (e) are either removed or thickened to length scale.
Despite a slow continuation strategy with Ir = 400, struc-
turally suboptimal members subsist in final designs, e.g., the
split up members in the center of designs (1d) and (2d).

As expected, results demonstrate the inherent dependency
of optimized designs on the selected initial configurations.
The enforcement of a length scale seems to reinforce this
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dependency that is also influenced by the parameter choice
for the continuation strategy.

4.2 Three-dimensional beam

In this section, the proposed length scale control approach is
extended to three-dimensional space. Compared to the two-
dimensional problem, the smoothing in Eq. (16) has to be
solved in an extra dimension, i.e., performing a spreading of
the skeleton in the e,-direction. In the following, the design
of a 3D beam for minimal compliance under a volume con-
straint, equivalent to the 2D beam studied in Subsec.4.1, is
investigated.

A 3D beam with alength2L = 240, aheight H = 40, and
a thickness 2T = 40 is considered, see Fig. 12. Exploiting
symmetry, only a quarter of the beam is studied. The beam
is supported at all corners on its bottom face and subjected
to a uniformly distributed vertical traction over a rectangular
area on its top face. The supports and tractions are applied
over design-independent solid blocks with side dimension
| = 3. Symmetry boundary conditions for the structural and
the smoothing problem are enforced on the symmetry planes
marked in blue, ux = u, = 0 and nx = n, = 0. To enforce
symmetry on the skeleton, Neumann boundary conditions
are imposed on the symmetry planes for the heat conduction
problem. The target volume fraction is set to uy = 0.3.

The design domain is seeded with multiple holes, see
right-hand side of Fig. 12. For 3D cases, it is expected that
final designs are less dependent on the initial configuration,
as, contrary to 2D cases, holes can effectively be developed
by varying the thickness along the third dimension. Numer-
ical analyses are performed on meshes with an element size
hp = T /32 for the state variable fields and hp = T /16 for
the design variable field.

Contrary to the 2D case, in which the skeleton is a curve,
in the 3D case, the skeleton points sit on a surface, generally
referred to as a surface skeleton in the field of image process-
ing. The spread skeleton in 3D exhibits the same information
as in the 2D case, and embeds the location of the skeleton
points and the required distance, allowing the reconstruction
of arbitrary shapes with minimum feature size.

4.2.1 Length scale activation

For 2D problems, the activation strategy allows for the gen-
eration of designs that match the required feature size, while
achieving enhanced structural performance. In this subsec-
tion, the necessity for an activation strategy is explored for
3D problems.

Optimized 3D beam designs for a length scale rg = 1.25
without (left) and with (right) activation strategy with Ir =
200 are provided in Fig. 13. Along with the design layouts,
two cuts in the ey —e, plane are shown, located at a fourth and
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Fig. 11 2D beam design: Enforcing different length scales with spread radii rs = [0.0, 0.625, 1.25, 2.5] considering two initial configurations
(la) and (2a). Optimized designs are provided for problems without (b) and with (c)-(e) length scale control with strengthening and activation

strategy

at half the design domain length. A cut in the ex — e, plane,
located at half the design domain height, is also provided.
A yellow mark represents the imposed length scale and the
compliance is given for each design.

The optimization results in designs that share a similar
topology, but local differences are observable. Similarly to
the 2D cases, both optimization problems yield designs that
satisfy the imposed length scale. The activation strategy leads
to a design consisting purely of shear webs, while truss-like
connections are found without activation strategy, see the
cross-section of a truss connection in the cut in the ey — e,
plane at aquarter of the design domain. These connections are
structurally inferior to shear webs, as reported in Villanueva
and Maute (2014), resulting in slightly inferior performance.
Such truss-like connections remain in the final design, as
the feature size penalty tends to inhibit topological changes.
This effect is therefore still present in 3D, however, to a lesser

extent than for the 2D case, where topological changes were
fully inhibited in the absence of a continuation strategy. This
observation validates the choice of a lower final continuation
iteration /g for 3D problems, as it speeds up the optimiza-
tion process and reduces the required computational effort
without drastic performance losses.

4.2.2 Enforcing different length scales

In this subsection, the capability of the proposed formu-
lation in controlling the length scale for 3D problems is
assessed and three different spread radii are considered
rs = [1.25, 2.5, 5.0]. Similarly to the 2D case, the penalty
weight w; is multiplied by the ratio rs/1.25 to balance the
difference in steepness of the spread skeleton. The continua-
tion strategies on parameters p; and Sy, are used and a final
continuation iteration /r = 200 is selected.
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o = 1.25, F = 476.0

Fig. 13 3D beam design: Enforcing a length scale with rs = 1.25 with (right) and without (left) strengthening and activation strategy

Figure 14 shows the optimized designs with and without
length scale control. Along with the design layouts, two cuts
in the ey — €, plane and one cut in the ex — e, are provided.
A yellow mark represents the imposed length scale and per-
formance in terms of compliance is given for each design.

While all optimized structures satisfy the required length
scale, there are noticeable differences in their topologies.
Trends analogous to the 2D case are observed in 3D. The
smaller the filter radius, the closer is the resemblance to the
design without feature size (top left), i.e., designs consist-
ing primarily of shear webs. Enforcing a larger feature size
results in a decrease in performance, as fine features cannot
be developed, and shear webs cannot be sustained at the given
feature size. As the length scale penalty is tightened and as
wider regions of the design domain are being recruited, holes
emerge within the shear webs and truss-like connections are
developed. Designs made of a combination of shear webs and
trusses are generated for rs = 2.5 and made of only trusses
forrg = 5.0.

@ Springer

5 Conclusion

This paper presents a simple and efficient framework for
imposing minimum length scale in level set-based TO using
skeleton information. The design geometry is described via
the level set method, while the structural analysis is based on
the XFEM. The framework uses a novel approach to obtain
a spread skeleton field that embeds the skeleton location and
associated predefined thickness. The skeleton is derived from
solving two computationally inexpensive auxiliary physics
problems. The proposed method is applied to two- and three-
dimensional structural solid/void TO problems considering
compliance minimization under a volume constraint.

The numerical examples demonstrate the capability of
the proposed methodology to accurately control the length
scale for both two- and three-dimensional examples. Simi-
larly to other level set-based feature size control schemes,
the developed approach tends to impede topological changes
and leads to a strong dependence on the initial design, espe-
cially in 2D. To promote significant design updates in the
early stage of the optimization problems and avoid conver-
gence to suboptimal solutions, continuation strategies, based
on the spread skeleton information, are proposed to initially
relax and later on tighten the enforcement of the length scale
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o = 1.25, F = 476.0

Fig. 14 3D beam design: Enforcing different length scales with spread radii rs = [0.0, 1.25, 2.5, 5.0] with strengthening and activation strategy

penalty. Numerical examples show that such continuations
allow generating designs with enhanced performance at the
required length scale. While the dependency on the initial
configuration is mitigated, the latter is still observable and
the resulting designs and convergence of the optimization
problems are affected by the selection of the continuation
parameters. Finally, numerical examples show that the pro-
posed penalty not only enforces length scale, but also restricts
the design geometry at junctions, thereby leading to the
enforcement of a minimum corner radius.

The proposed spread skeleton shows potential to represent
geometric properties of arbitrary shapes, making it an inter-
esting approach to formulate various geometric constraints.
Future work will focus on the following: (i) extending
the framework to additional manufacturing constraints. For
example, imposing uniform or maximum feature size could
be achieved by penalizing design areas which lie too far away
from the skeleton; (ii) decoupling the geometric restrictions
imposed by the proposed thickness measure, i.e., minimum

feature size and corner radius. Separating the effect of these
constraints could be done by exploiting additional geometric
or second-order gradient information; and (iii) extending the
proposed approach to more complex physics, where length
scale control can be crucial for the accuracy of the predicted
physics responses.
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