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Abstract
An analytical study of an energy-based approach to damping of a clamped timber column in free vibra-
tion under axial, lateral and torsional loading conditions was conducted. Backed by experiments it was
confirmed that an energy-based approach, as proposed by Sánchez Gómez [45], could describe the
energy dissipation in a laterally vibrating timber column. With the help of an energy balance equation,
the energy flow in a timber column was formulated including any energy dissipated during vibration. It
was found that the energy in the system could be approximated by an exponential function for which
a new dissipation constant 𝐸D (s-1) was introduced. For lateral vibrating columns of Norway spruce,
typical values of 𝐸D were 0.4 - 0.6 s-1. Furthermore, a case study on a timber high-rise building demon-
strated that damping has a significant influence on reducing peak accelerations which, in turn, could
potentially lead to lowered costs. This largely untapped design lever warrants significant research and
design improvement for these timber high-rise structures and, hence, several recommendations for
follow-up research are offered.
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Summary
In recent years, the environmental and cost benefits of timber as main building material has been re-
discovered, even for high-rise buildings: it has low weight, relatively high strength and stiffness and is
the only carbon-negative construction material. At the same time, compared to steel and reinforced
concrete high-rise buildings, complying with the acceleration criteria introduces new challenges for a
relatively low-weight timber building. Whilst energy dissipation, also known as damping, is an important
factor in any dynamic behaviour, it is relatively little understood. Currently, it is not possible to deter-
mine and actively take into account the damping ratio of a building during the design phase, which
particularly for a timber high-rise is a missed opportunity.

This research has confirmed with analytical models that an energy-based approach, as proposed by
Sánchez Gómez [45], can describe the energy dissipation in a clamped timber column under axial,
lateral and torsional loading conditions during free vibration. For lateral vibration the analytic model
was further evaluated by conducting experiments. With the help of an energy balance equation, the
energy flow in a timber column was formulated including any energy dissipated during vibration. In
a timber column, the energy predominantly dissipates as thermal energy because of micro-structural
defects or impurities in the material which initiate friction at grain boundaries. The energy balance
equations for lateral, axial and torsional vibration cases have been derived. The total energy in the
system during vibration consists of kinetic energy and potential energy, while the change of energy
over time is equal to the dissipated energy. A set of basic experiments involving lateral vibrations
were conducted using Norway spruce, a commonly utilized material, to test the validity of the analytical
equations. It was found that the energy in the system can be approximated by an exponential function
which introduces an energy dissipation constant 𝐸D (s-1) and the initial energy 𝐸0 (J) as can be seen in
equation 1. For lateral vibrating columns of Norwegian spruce, typical values of 𝐸D were 0.4 - 0.6 s-1.

𝐸(𝑡) = 𝐸0 exp(−𝐸D𝑡) (1)

The newly introduced energy dissipation constant 𝐸D proved able to assess damping also in vibrat-
ing systems with beating, which is challenging using half-power bandwidth or logarithmic decrement
method. Compared to these traditional methods, the energy-based approach is a more fundamental
approach. Another advantage of 𝐸D is that it will be easier to compare the damping values for different
configurations: potential influences from amplitude, modes or frequency can be avoided due to initial
energy being similar and the only varying constant being 𝐸D. Finally, it has been established that damp-
ing has a significant influence on reducing peak accelerations and a better prediction of damping could
potentially lead to lowered cost. A sensitivity analysis of a case study on the high-rise timber building
HAUT showed that increasing the damping from 1.5% to 2% or 2.5% could reduce the mass by 17% or
29%, respectively, while maintaining constant peak accelerations. This largely untapped design lever
warrants significant research and design improvement for these timber high-rise structures.

The thesis offers several recommendations for follow-up research, including improving and modifying
the experimental set-up and extending it to a timber frame. Not only will this lead to valuable improve-
ment in data quality and deepen the understanding of damping in timber structures but also open the
way to a practical application in engineering design. This, in turn, should result in both safer and more
economic designs in timber as high-rise buildings of the future.
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1
Introduction

As the population grows and housing demand increases, more buildings are being constructed. With
the threats and the upcoming awareness of climate change, people are looking to build housing in a
more sustainable manner. High-rise buildings have a unique position in this building process as they
affect the environment both positively and negatively. The positive impact on the environment is the
result of the higher concentration of population in high-rise buildings, resulting in efficient use of both
surface area and energy and likely leads to less or more efficient travel and commuting. The negative
impact on the environment stems from the relatively high carbon footprint of high-rise buildings: con-
struction of tall buildings requires relatively more material compared to low-rise buildings. As structural
systems of high-rise buildings are usually made of steel, concrete or a combination of both and the
production and assembly of either material causes a significant amount of CO2 emissions, its global
warming impact is higher. To counter the negative environmental impact of high-rise buildings, engi-
neers are starting to rely once again on the oldest building material available: wood.

Humankind has been building with wood, or rather with its sawn construction form, timber, for a very
long time already. The oldest and tallest timber building is the Yingxian Pagoda in China. It was built in
1056 and is 67 meters tall. In its almost thousand years of existence, it endured several earthquakes
which demonstrate the durability of wood. The tallest timber structure made to date is the 190 meters
high Münhlacker Radio Transmission Tower in Germany. The tower was built in 1930 but destroyed at
the end of World War II in order to prevent the Allied forces to use it. The biggest timber structures in
the world are seven hangars which were constructed in the USA during World War II. The hangars are
340 meters long by 115 meters wide and 53 meters high and were made in timber due to a shortage of
steel during the war [28]. History thus shows the feasibility of timber structures. It is up to contemporary
architects and engineers to restart designing and building in timber.

Figure 1.1: Yinxian Pagoda, China. Figure 1.2: Timber hangar, Moffet Field, USA [28]
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2 1. Introduction

Tall timber buildings are an ideal opportunity for a sustainable solution as timber is the only construction
material which is carbon negative, in other words, the entity in question has a net effect of removing car-
bon [44]. Due to photosynthesis wood absorbs CO2 which is stored in the wood for its lifetime, making
it a carbon sink. Furthermore, the production of timber is less energy-consuming than concrete or steel,
making it by far the most sustainable building resource. In Figure 1.3 the environmental properties of
timber are compared to other often-used building materials. Figure 1.3a depicts the carbon emission
per cubic meter for production, but as different volumes are needed for different materials, Figure 1.3b
gives an overview of the environmental performance of a building being made of either timber, steel or
concrete, across its life cycle. It illustrates the potential of timber as sustainable construction material.
An extra environmental benefit of using timber is that in the case it is harvested in a sustainable way,
it is a renewable resource. Lastly, prefabricated timber could potentially be disassembled and reused
after demolition leading to a more circular economy [22]. It is noteworthy that new developments such
as ’green steel’ and low carbon concrete are as yet not mature enough to be considered at large con-
struction scales and have thus been discarded in this comparison.

(a) CO2 emission per m3 produced [44]

(b) Environmental impact of comparative wood, steel, and concrete buildings [53]

Figure 1.3: Comparison environmental effect various building materials.

Besides all the environmental benefits, the use of timber offers more advantages in comparison to
traditional high-rise building materials. Table 1.1 provides an overview of the characteristic values of
the three most common building materials. The low weight of timber reduces the overall weight of the
building thus decreasing the size of the foundation. Despite its low weight, timber is a very strong and
stiff material and in fact, compared to steel and concrete has the lowest mass-strength ratio [25]. When
building with timber, the lower weight enables easier handling and lower craneage and hence reduced
construction time. Due to the possibility to prefabricate many structural components and easily adjust
these on-site a shorter site erection time can be achieved. All combined this leads to lower construction
costs. This also positively affects the surroundings as less construction noise and hindrance will be
experienced.

The completion in 2009 of the 9-storey Stadthaus in London marked the start of the exploration of
high-rise timber structures. Nowadays, more high-rise timber buildings have been constructed; the
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Table 1.1: Characteristic design values of the three most common building materials.

E (MPa) 𝜌 (kg/mኽ) 𝑓፭፤ (MPa) 𝑓፜፤ (MPa)

Steel - S235 [14] 210,000 7,850 235 235
Concrete - C40 [13] 35,000 25,000 3.5 40
Timber - C24 [16] 11,000 350 14 21

tallest already being almost three times as tall as Stadthaus. Mjøstårnet is currently the tallest timber
building at a height of 85 meters. An overview of different timber high-rises can be found in Figure 1.4.
In 2016, engineering firm Arup, architect firm Team V and developer Lingotto started to investigate the
possibilities of constructing in timber and proposed a design for a 21-storey tall building in Amsterdam
named HAUT, which phonetically means wood in Dutch. The construction of their award-winning de-
sign started end of 2018 and was eventually completed in 2022, making it the tallest timber building in
The Netherlands.

Figure 1.4: Height tallest residential timber buildings [8]

During the design process of HAUT, several challenges had to be overcome, including the dynamic
behaviour of the building. While the relatively low weight of the building is a clear benefit for the piled
foundation design in the very soft Amsterdam soils, it also poses a disadvantage. The dynamic re-
sponse due to wind is adversely affected by the low mass, which leads to higher accelerations along
the height of the building and notably its top floor, possibly causing residents to feel uncomfortable
or even nauseated. Therefore, the lateral acceleration response is a key aspect of timber high-rise
designs.

The structural design properties influencing the acceleration due to wind-induced vibrations are the
stiffness, mass and damping [55]. Whereas the mass and stiffness of a building can quite accurately
be determined, currently no method exists to precisely calculate the damping. Damping of buildings in
general is a phenomenon that is not very well understood and the calculation, therefore, is unknown.
Smith and Willford [47] states that the difference of measured damping ratio versus assumed can be as
high as a factor ten. Fortunately, at least for steel and concrete structures, there are ample references
to estimate the damping to avoid gross under- or overprediction. However, for timber structures, this is
not the case as only a few buildings have been constructed which differ in their structural configuration
as well. To get a better understanding of the damping properties of tall timber buildings more research
is needed.



4 1. Introduction

1.1. Problem Statement
Due to the continuing desire to build higher and more slender, the limiting requirements regarding floor
acceleration due to wind will become more and more governing for its design, even if design stresses
remain well within elastic limits. Especially in buildings constructed out of timber, this will be important,
because of the relatively low weight of timber compared to steel and concrete. If the accelerations of
the top floor of a building are too high, this can cause discomfort for the residents and can even lead
to nausea. Therefore, building codes prescribe a limit to the allowable acceleration at the top floors
of buildings. To reduce the acceleration and comply with the code requirements, the damping ratio is
key. This makes it valuable to have a better understanding of the damping in order to avoid under or
over-designing.

Usually, the designer performs the dynamic design calculations with the standard damping ratio as
provided by the Eurocode. These have been simplified to a single material value for either steel or
concrete. It is noteworthy that for timber no value for damping ratio is provided [15]. Besides the Eu-
rocode, multiple different equations are developed to estimate the damping ratio of buildings. Using
these equations, the damping ratios calculated for the exact same building are hardly ever in agree-
ment with each other or the Eurocode. It would be preferable to be more certain of the lower bound of
the damping ratio. This would assure engineers of their choice for damping ratios and hence lead to a
more accurate design.

Fundamentally, the energy flow and dissipation in a vibrating system form the basis of damping. How-
ever, to date methods to estimate damping have been mostly empirical or phenomenological; merely
describing what is observed rather than its fundamental physics. Given that damping is essentially
energy dissipation during vibration it would appear logical to try to approach the determination of the
damping ratio from a fundamental energy-based perspective.

Damping is currently not actively being taken into account during the design process. Engineers do not
consider the different damping performances of joints, materials and structural systems in their design
choices. If the damping properties of joint types and bracing configurations could be determined, this
could be included in the design process of the building. In summary, an important factor in the dynamic
behaviour of a building is left untapped during design, which is odd considering the effort spent in mod-
elling mass and stiffness in high-rise buildings.

High-rise timber buildings are extremely complex systems, consisting of many different structural el-
ements with different shapes and dimensions, as well as many secondary and non-structural compo-
nents, all connected with different joint details and friction surfaces. It is essential to dissect the problem
into basic elements and boundary conditions for each of which a dynamic model can be construed, and
basic conclusions can be drawn. Subsequently, the complexity of the models can be increased. In this
thesis, the choice has been made to assess the basic system of a one-sided clamped, timber column.

Problem Statement
Compared to steel and reinforced concrete high-rise buildings, the design with relatively low-
weight material such as timber, the acceleration criteria will be evenmore important. Damping
is an important factor in any dynamic behaviour but is a little-understood energy dissipation
mechanism. It is currently not possible to accurately determine the damping ratio of a building
during design. Therefore, damping is not actively taken into account during the design phase,
which particularly for a timber high-rise is a missed opportunity.

1.2. Research Objective
To avoid both under and overestimating damping it is desirable to be able to predict the damping of
a building with higher precision. This research aims to give a better fundamental understanding of
how and where the energy dissipates in a clamped timber column during vibration. The damping of a
timber column under axial, lateral and torsional loading is researched. The focus is to derive a method
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which shows how the energy dissipates and accurately determines the damping in a simple timber
structure. To improve the understanding of damping in a complex system such as a high-rise timber
building, firstly the dynamic behaviour of basic structural, timber systems must be understood and
combine basic systems to increase complexity thereafter. A simple column is taken as starting point
to investigate the possibilities of determining damping using an energy-based approach. If the results
are satisfactory, the complexity of the researched structure can be increased.

1.3. Research Questions
The research question to be answered in this master’s thesis is:

– How is the energy dissipated in a clamped timber column under axial, lateral and torsional load-
ing conditions during free vibration and can its damping be predicted using an energy-based
approach?

In order to answer the main research question four sub-questions are formulated.

– What energy-based approaches exist in order to determine the damping properties of a timber
column?

– How can the damping of the first mode of a timber column during free axial vibration be determined
using an energy-based approach?

– How can the damping of the first mode of a timber column under free lateral vibration be deter-
mined by using an energy-based approach?

– How can the damping of the first mode of a timber column under free torsional vibration be de-
termined by using an energy-based approach?

1.4. Scope
The energy dissipation of a clamped timber column will be investigated during free lateral, torsional
and axial vibration. By an imposed displacement or hammer impact test, energy will be added to the
system. Subsequently, the dissipated energy during free vibration will be measured. As the premise
of high-rise design codes is linear-elastic it suffices to limit this study to the linear and elastic range.

1.5. Reader Guide
This thesis can be divided into four parts: I Literature Study, II Theoretical Basis Energy, III Experiment
Approach and IV Conclusions and Recommendations. The literature study is described in Chapter 2
to 4. It starts with an overview of the relevance of this research. Next, the theoretical background of
the thesis relating to timber and damping is discussed. In Part II the theoretical basis of the energy ap-
proach is derived and presented. This is done in Chapter 5 and 6, which covers dynamics and energy.
Part III contains all the chapters concerning the experiment. It starts with the setup of the experiment
in Chapter 7, followed by the results in Chapter 8. In Part IV of this thesis, the conclusion and recom-
mendations are discussed.

The reader is reminded that the symbol E can represent both energy and modulus of elasticity (MOE)
in this thesis. Both conventions have been used; in those rare cases where the intended meaning of E
was not immediately obvious from the context it has been made explicit.
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Literature Study
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2
Relevance

It is useful to assess what is already known and researched on this topic, both from a scientific perspec-
tive as well as from an engineering perspective. As the exact behaviour and determination of damping
is still a mystery to both scientists and engineers, it is very relevant to investigate the nature of damping.

2.1. Scientific Relevance
Investigating damping is an ongoing activity within the field of structural dynamics. This holds for high-
rise buildings of all materials, however, as designing tall timber buildings is a recent development,
research on the damping of timber buildings is less extensive. It can be noted that understanding the
dynamic behaviour of tall timber buildings is key to its successful deployment. While it is possible to
determine the stiffness and mass of a building quite accurately, this is not the case for damping. No
simple method exists to derive the damping of a building.

In 2019, Sánchez Gómez proposed a promising method to identify damping by using the energy-flux
method. The in and outflow of energy in a segment is observed to create the energy balance. The
dissipated energy in this energy balance can thus be attributed to the damping. This method gives
researchers the opportunity to investigate the damping properties of different sections in a structure. In
this thesis, the energy dissipation in a lateral vibrating steel clamped beam and a five-story frame was
studied. It will be interesting to continue on this energy-based approach to investigate its applicability
to timber structures.

2.2. Relevance to Engineers
To give a better insight into the relevance of a more accurate estimation of damping from the engineer’s
point of view, the influence of the damping on the peak acceleration of a building is determined. As
stated earlier, the peak acceleration of tall timber buildings can be governing during the design. There-
fore, knowing the impact of damping on peak accelerations offers an increased understanding of the
relevance of estimating damping.

Fundamentally understanding the energy dissipation in a structure during vibration could contribute to
actively including damping in the design process. This is relevant to engineers as currently no method
is used — unless an artificial damping system is deployed — to add damping to a structure during the
design phase. By choosing specific configurations with known higher damping, an increased damping
ratio could be achieved in high-rise buildings possibly without extra cost.

2.2.1. Literature
The effect of mass, damping and stiffness on dynamic accelerations has been researched by M. Jo-
hansson and Reynolds [30], Van den Berg [54] and Van Oosterhout [55]. While Van den Berg’s and Van
Oosterhout’s research focused on concrete and steel buildings, M. Johansson and Reynolds analysed
the effect specifically for timber buildings. Their conclusions were similar despite the difference in the

9
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studied material.

The researchers concluded that increasing the mass has the biggest influence on lowering the acceler-
ation of a building. Mass can be added to a timber building by, for instance, choosing a concrete core.
Due to various design requirements, this might be undesirable for the design depending on the circum-
stance. Nonetheless, an extra positive effect of added mass on the peak acceleration is the decrease
in natural frequency. For most codes, the allowed peak acceleration is higher with lower frequencies.
Added mass thus allows higher peak accelerations as the natural frequency decreases.

Stiffness does influence acceleration, but the effect depends on the slenderness of a building. For
a non-slender building increasing the stiffness positively influences the acceleration. However, for a
slender building, this is not so much the case. For buildings with a natural frequency below 1 Hz, in-
creasing the stiffness does not have a significant effect. This is even more enhanced if the allowed
peak acceleration of codes is taken into account. Higher natural frequencies, which allow for lower
peak accelerations, follow from increased stiffness. Therefore, the decrease of acceleration gained by
the increase of stiffness could still lead to unacceptable accelerations as the allowed acceleration will
be lower. Increasing the stiffness has the least effect of the three parameters on the peak acceleration.

Damping is an effective measure to reduce the peak acceleration of a building [55]. Whilst mass and
stiffness change the natural frequency, damping has no impact to a structure’s natural frequency. It
only impacts the magnitude of the dynamic response.

In summary, the effect of increasing the stiffness is limited, whereas increasing the mass and damping
do have a positive effect on the maximum allowed acceleration. It depends on the circumstances and
building requirements if adding mass or damping is the preferred method of lowering the acceleration.
In certain situations, it could be unfavourable to add mass, but it might be necessary in some cases.
For example, the acoustics could require a higher mass of the floors. It is up to an engineer to decide
for each situation which parameter is adjusted in order to comply with the allowed accelerations in the
Eurocode. A summary of the influence of the parameters on the acceleration can be found in Figure
2.1 and 2.2. Figure 2.1 depicts the effect on the peak acceleration to changes in mass (𝑚), damping
(𝜁) and stiffness (𝑘) for either a slender building or a squat building. The influence of doubling or tripling
the mass, damping and stiffness in a timber building on the acceleration can be found in Figure 2.2.

Figure 2.1: Effect on acceleration to changes in mass (m), damping (᎓) and stiffness (k) [55].
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Figure 2.2: Effect on acceleration to changes in mass (m), damping (᎓) and stiffness (k) for a timber building [30].

Smith andWillford [47] state that the difference of measured damping ratio in buildings can be as low as
0.3% and assumed as high as 3%. Assuming that the aerodynamic loading on the building is effectively
a broadband random process (in the frequency range in which the natural period of the building lies) the
dynamic response is inversely proportional to the square root of the damping coefficient of the building.
In other words, the overestimation of damping in design could result in an underestimation of dynamic
response loads of more than threefold (√10). In the case of timber design, where even less is known
of damping values the potential error is likely to be even higher.

2.2.2. Case study HAUT
As part of the literature study, a sensitivity analysis was performed to further assess the relevance of
damping in the design of tall timber buildings. The high-rise timber building HAUT was used as a case
study. Using the finite element model provided by Arup, the effect of the damping ratio on the accel-
eration due to wind-induced vibrations were investigated. The analysis was aimed at determining the
possible mass reduction if the damping ratio is increased. The acceleration was evaluated using the
formula of Eurocode 0. Full calculations can be found in Appendix A.

The sensitivity analysis demonstrated clearly that changing the value of the damping ratio for HAUT
has a profound impact on the building’s dynamic response. The results showed that by increasing the
damping ratio by half a percentage point, the mass can be reduced by 17%while the same acceleration
is guaranteed. By increasing the damping ratio up to 2.5%, the mass can even be reduced by 29%.
This shows that the damping ratio has a significant influence on the design of a building. By calculating
the damping ratio more accurately, it would be possible to drastically reduce the required mass in order
to fulfil the requirements of the peak acceleration. This might lower the cost of a building. It remains
noteworthy that it highly depends on the circumstances and the building requirements if lowering the
mass is preferable. Eventually, it is up to the engineer to identify which solution best suits the design
requirements.

Table 2.1: Influence increasing damping ratios on the mass.

Damping ratio [%] Mass reduction [t] Mass reduction [%]

1.5 - -
2 2544 17
2.5 3411 29





3
Timber

Wood is a natural material which serves three main functions in a tree: transport of water, structural
support and storage of biochemicals. Understanding both the function and biological structure of wood
provides insight into its properties. The following section is based on Wiedenhoeft [58].

Two distinct groups of trees can be identified: hardwoods and softwoods. Softwoods are generally ev-
ergreen trees with needle-like leaves, whereas hardwoods are deciduous and broad-leaved. Besides
their physical dissimilarities, softwoods and hardwoods also differ at the cellular level. Hardwoods
contain vessel cells, but softwoods lack these so-called pores. Hence, the wood of softwood is more
uniform in structure.

For both soft- and hardwoods, wood can be divided into two sections: sapwood and heartwood. The
sapwood is the lighter, active, outer area of the trunk. This part is responsible for the conduction of
saps and the storage of biochemicals. The inner, oldest part of the tree is called the heartwood and
is darker in colour. The region between the bark and the sapwood is called the vascular cambium. In
the cambium, new cells are formed in order for the tree to grow. The cells produced in the early stage
of the growth increment are called earlywood and latewood if formed in the later stage. In seasonal
climates, these growth increments occur yearly, resulting in growth rings. Depending on the specie
these growth rings can be clearly visible or difficult to distinguish.

Figure 3.1: Different regions of wood [18].
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The cells in wood are different than in other plants. In most plants, the cell is made out of two parts:
a living inner part, called the protoplast, and the non-living cell wall. However, for many cells in wood,
only the cell wall has a function, resulting in the fact that most mature wood cells remove their proto-
plast to become functional. The open space left is called the lumen. As a result, wood consists of two
domains: air space (mostly lumen) and cell walls. As the lumen is an empty space, the properties of
wood are mostly derived from the structure of the cell walls. The cell wall consists of three different
components: cellulose, hemicellulose and lignin. Cellulose is an organic polymer with a high tensile
strength, which is embedded in a matrix of lignin resisting compressive forces. Hemicellulose binds
the cellulose and lignin together.

Most cells in wood are elongated in one direction. These cells generally are oriented either in the axial
direction or the radial direction; forming two structural systems. The axial system transports water up
and down the tree and provides most of the structural strength. The lateral biochemical transport and
storage are mainly a function of the radial system. The structure of the cells in softwood is relatively
simple and is characterized by two types of cells. The tracheids compose the axial system and the
radial system consists of ray parenchyma cells. Tracheids are long, thin cells, which can be a hun-
dred times longer than wide. They make up ninety per cent of the wood volume in softwood. Ray
parenchyma cells are not as long as tracheids and are shaped like rectangular prisms.

Hardwood on the other hand has a cell structure which is more complicated. The size, proportion and
structure of the types of cells can vary over different hardwood species. The axial system is defined
by three types of cells: vessels, fibres and axial parenchyma. Vessels are not as long as tracheids
but are typically wider. They are also called pores. The conducting of water is done by the vessels.
The vessels are supported by fibres. The fibres are two to ten times longer than vessels. Hardwood’s
density and mechanical properties are mainly governed by the thickness of the fibre cell wall. The last
group of cells is the axial parenchyma. These are similar to the ray parenchyma but orientated axially.
Just as in softwood, the ray parenchyma cells make up the radial system. The configuration of the ray
cells however can be different.

Figure 3.2: Different type of cells in softwood and hardwood [18].

3.1. Model Representation Wood
Due to the fact that wood forms in natural conditions and is made out of fibres, challenges rise if a
model representation of wood must be derived. To model all the irregularities formed during the growth
of wood is impossible. Therefore, a simplification in the model always has to be assumed. The current
most accurate model with the least simplification is a non-homogeneous, cylindrical orthotropic model.
In this way, the difference between the earlywood and latewood in each growth ring is accounted for.
Nairn [36] found that the pattern of the growth rings can lead to a reduction of the transverse modulus.
Normally, however, the distinction between early- and latewood is disregarded.
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This leads to a homogeneous cylindrical orthotropic model. By using this model the curvature of the
growth rings is taken into account. N. Labonnote and Malo [35] states that the curvature reduces
the mechanical properties of wood. By considering either smaller cross-sections or cross-sections
further away from the pit, the curvature of the rings could be decreased. Thus the reducing effect
on mechanical properties becomes negligible. For simplicity’s sake, the cylindrical model is therefore
generally replaced by a rectangular orthotropic model. Different studies discovered an effect on the
mechanical properties by the grain angle 𝜃 [35]. In the Eurocode, nevertheless, a further simplification is
made. Only two different directions in the wood are acknowledged: parallel (0∘ direction) and transverse
(90∘) plane to the fibres. This transverse isotropic model is currently being used in timber engineering.

Figure 3.3: Different models for wood and its corresponding material properties: a) cylindrical orthotropy, b) rectangular
orthotropy, c) transversal isotropy [25].

3.1.1. Constitutive equations timber
The relationship between strains (𝜖) and stresses (𝜎) are given by the constitutive equations. In general,
a linear relationship between strain and stress can be written as:

𝜖።፣ = 𝑆።፣፤፥𝜎፤፥ (3.1)

where 𝑆።፣፤፥ is called the compliance tensor. A full compliance tensor would consist of 81 components.
However, due to the symmetry of both 𝜖።፣ and 𝜎፤፥, the tensor reduces to 36 elements. As 𝑆።፣፤፥ is also
symmetric, only 21 independent components remain [43]. For an orthotropic material, this reduces
further to:
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The compliance tensor for a transversely isotropic material simplifies slightly as 𝐸ኼ = 𝐸ኽ, 𝜈ኻኼ = 𝜈ኻኽ and
𝐺ኻኼ = 𝐺ኻኽ.
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The simplest compliance tensor only has two independent components, which holds for isotropic ma-
terial.
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(3.4)

An overview of the necessary material constants for orthotropic or transversely isotropic material can
be found in Figure 3.3. These constants vary for each wood specie but can be found in the literature
(for example in Kretschmann [24]).

3.2. Modulus of Elasticity
Although values for the modulus of elasticity (MOE) can be found in the literature, they also can be
easily derived experimentally. A quick way of determining the MOE is using the dynamic method.
For this method, a longitudinal stress wave is initiated by a hammer impact into a beam supported on
wooden sticks. The acceleration is measured on the other side of the beam. The first natural frequency
(𝑓) can hence be obtained. Combined with the length (𝐿) and density (𝜌) of the beam, the modulus of
elasticity can be determined [41].

𝑀𝑂𝐸dyn = 4𝜌𝑓ኼ𝐿ኼ (3.5)
This modulus of elasticity is calculated for the longitudinal direction. The MOE obtained is called the
𝑀𝑂𝐸dyn as the wood is vibrating during the test. To determine the bending modulus, the calculated
modulus is reduced by 5% and is called the 𝑀𝑂𝐸loc [41].

3.3. Engineered Timber
As discussed previously, the properties of wood are anisotropic due to wood’s cellular structure and
natural forming. Because of differences in environment and circumstances, not only do species differ
in their properties, but also within species differentiation in properties can be found. To safely design
timber structures it is necessary to take these uncertainties into account. To provide reliable wood
characteristics which can be designed, two methods have been developed: grading and engineered
timber. The wood can be graded by various aspects, such as knots and the age of the wood, in order to
determine its quality. Subsequently, it is possible to create engineered timber by glueing smaller parts
of graded timber into structural timber elements [6].

For high-rise timber buildings mainly engineered timber is used. During the production process of
engineered timber, the wood is first graded. After grading smaller pieces of wood are glued together
in order to create engineered timber. Knots and other properties influencing growth characteristics are
hence distributed over the timber, leading to a more homogeneous material. The variability of wood is
decreased by reconstituting the wood. Engineered timber does not have a higher average capacity, but
the variation of the strength properties is decreased and thus the characteristic strength is increased [6].
Two of the most used engineered timbers in tall timber buildings are glued laminated timber (glulam)
and cross-laminated timber (CLT). Therefore, these timber products are discussed in more detail in the
next sections.

3.3.1. Glued laminated timber
Glulam consists of laminated solid timber bonded together by adhesives. The timber layers’ orientation
is all in the same direction, with the grains parallel to the axis. The lamination of the glulam beam leads
to a more homogeneous material. The mean strength and stiffness properties of a glulam beam are
thus, as stated before, increased. The strength can be further improved by manufacturing beams with
higher-graded timber at higher-loaded positions. A beam in bending, for instance, could have lamina-
tions of higher strength at the outer layers. This also results inmore economic use of the available wood.
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Figure 3.4: Orientation Cross-laminated timber (left) and Glued laminated timber.

Glulam is generally used as beams and columns. An advantage of glulam is that beams and columns
of almost all sizes can be produced. Dimensions can theoretically be unlimited, but production halls
and transportation in reality limit the dimensions. It is also possible to create a curved or tapered
glulam beam, but in general straight beams are manufactured. Additionally, an advantage of glulam
being prefabricated is the high dimensional accuracy. Since correct dimensions are important for rapid
construction, accurate dimensions avoid delays during construction time [6].

3.3.2. Cross-laminated timber
In the 90s, universities and companies in Austria started researching and developing an innovative
engineered timber product for larger panels: cross-laminated timber (CLT). Over the years, building
with CLT has started to become common practice. Not only the sustainable performance but also the
fast construction time due to its easy handling and its high level of prefabrication contributed to the rise
of CLT.

CLT is also made from laminated solid timber. Most of the panels are made out of Norway spruce [51].
In contrast to glulam, for which the timber is orientated in the same direction, every layer is rotated 90∘
compared to the previous one. The layers are glued together on their wide faces and sometimes also
on their narrow faces. Between three and nine layers of timber can be stacked to create CLT. Normally,
the layers are orientated alternating, but special configurations do exist in which consecutive layers are
orientated in the same direction. Due to the cross-laminating, it is possible to construct big panels of
timber. The width of a panel can be up to 3 meters and the length up to 18 meters. Some companies do
manufacture panels which exceed these dimensions. The limiting factor of the panel dimension may
be imposed by transportation regulations. The bigger dimension makes CLT panels very suitable for
floors and walls. Furthermore, the cross-laminating process provides high in- and out-of-plane strength
and stiffness properties. Due to the alternating orientation of the timber in a CLT floor, it is capable of
two-way action similar to a reinforced concrete slab [22].

3.4. High-Rise Timber Buildings
In the last years, an increased number of timber high-rise buildings have been constructed. An overview
of a selection of these buildings and their heights is depicted in Figure 1.4 and an overview of the main
properties is given in Table 3.1. For completeness, it is noted that high-rise timber buildings are strictly
speaking ’hybrid’ timber buildings. Some steel and concrete details remain required to meet building
norms (floor deck layers or joint connections). However, if the main structural elements are made out of
timber, the building is classified as a mass timber building. If concrete and/or steel are used in addition
to timber for the structural system, the building is referred to as a hybrid timber building.

From the various timber structural designs, some conclusions can be drawn. The smaller buildings
make extensive use of CLT. For taller buildings it is however necessary, considering stability, to design
a concrete core. The taller buildings generally also make more use of glulam columns, instead of only
CLT walls. Another trend that can be observed for taller buildings is that a hybrid system is chosen.
This not only includes the aforementioned concrete core, but also hybrid concrete CLT floors, concrete



18 3. Timber

beams, and concrete/steel connections.

Compared to concrete/steel high-rise buildings, timber buildings have some different properties. As
mentioned before the weight is reduced. For HAUT the weight was 30-50% lower compared to a
similar concrete building [56]. Although the stiffness of timber is lower, the global stiffness of a timber
building should be similar to non-timber buildings as the same stiffness is needed to comply to the
Eurocode. However, concrete/steel buildings could be stiffer than necessary for the codes due to their
material properties. So a stiffness comparison between timber and concrete/steel buildings could vary
for each situation. Furthermore, it is assumed that the damping in timber connections is higher due to
the lower rigidity. More friction will occur during vibration, which will lead to higher damping properties.
This point will be further elaborated on in the next chapter.

Table 3.1: Overview properties discussed high-rise timber buildings.

Stadthaus Forte Treet Tallwood HAUT HoHo

Height [m] 29 32 49 58 73 85
Location London Melbourne Bergen Vancouver Amsterdam Vienna
Completion 2009 2013 201 2017 2022 2020
Material Timber Timber Timber Timber/concrete Timber/concrete Timber/concrete
Structural system Core Core Truss Core Core+shear wall Core+shear wall
Core Timber Timber Timber Concrete Concrete Concrete
Joints Steel angle brackets Steel angle brackets Slotted-in steel Hollow steel Various Glued reinforcement bar



4
Damping

Damping is the irreversible conversion of mechanical energy into other forms of energy, for instance,
thermal energy or energy release to the surrounding medium [26]. In a vibrating system, the energy
that is dissipated is connected to damping; it causes the amplitude decay of a vibration. As previously
mentioned the exact process behind damping is not fully known. The complexity is increased by the
fact that in a structure the damping depends on the amplitude the structure is excited in and the mode
in which it vibrates.

There exist various methods for the modelling of damping. In this chapter, the theoretical background
of the mathematical models describing the physical mechanisms of damping is described. This is done
both mathematically, by presenting the appropriate equations and physically by describing the form of
damping. Subsequently, the various forms of physical damping are carefully outlined. Finally, predictive
models to assess the damping ratio of buildings are discussed.

4.1. Mathematical Models
Every mathematical term which enforces energy dissipation over time in a system could be a mathe-
matical model for damping. Therefore, various models could be used to model damping in formulas.
Each model has different properties which make it suitable for specific damping or calculations. The
most common mathematical damping models are considered.

4.1.1. Viscous damping
The most frequently used model for damping is viscous damping, meaning that the damping force is
proportional to the velocity and in the opposite direction of the displacement. The damping force 𝐹 is
thus:

𝐹 = 𝑐𝑥̇ (4.1)

The energy dissipated in one cycle during harmonic motion 𝑥 = 𝑥̂ sin(𝜔𝑡) for viscous damping is
described by [49]:

𝐸፝።፬፬ = 𝑐𝜋𝜔𝑥̂ኼ (4.2)

The dissipated energy is thus proportional to the damping coefficient 𝑐, frequency 𝜔 and the ampli-
tude 𝑥̂ squared. Viscous damping results in a convenient linear mathematical formula, which is solved
relatively easily. Although most damping is non-linear and independent of the frequency, for small os-
cillations and low damping, viscous damping is fairly accurate [50]. Therefore, viscous damping is the
preferred damping if it is applicable.

Another way to model the damping and retain linearity is by using equivalent viscous damping. The
energy dissipated from non-linear damping mechanisms is equalled to the energy dissipated from vis-
cous damping. The equivalent viscous damping coefficient 𝑐eq can thus be calculated. The equivalent
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viscous damping coefficient can be used in a linear calculation which dissipates the same amount of
energy during a cycle as the corresponding non-linear damping mechanism. A non-linear damping
model can thus be used to derive a linear equation [49].

4.1.2. Quadratic damping
With quadratic damping, the damping is proportional to the velocity squared. This is a better approxi-
mation for systems with higher velocities. Quadratic damping is associated with the motion of a solid
through a fluid or gas. The quadratic damping force is described by [49]:

𝐹 = 1
2𝑐|𝑥̇|𝑥̇, (4.3)

The associated dissipated energy is stated as:

𝐸፝።፬፬ =
4
3𝑐𝑥̂

ኽ𝜔ኼ (4.4)

4.1.3. Friction damping
Friction damping is based on the force that occurs due to two surfacesmoving relatively. Variousmodels
exist for friction damping. Here only the friction damping by Coulomb is described. The damping is only
activated after a certain amount of force, after which the energy is dissipated constantly. The friction
damping only depends on the friction coefficient 𝜇 and the normal force 𝐹ፍ [12].

𝐹 = −𝑆𝑔𝑛(𝑥̇)𝜇𝐹ፍ with 𝑆𝑔𝑛(𝑥̇) = {
1, 𝑥̇ > 0
0, 𝑥̇ = 0
−1, 𝑥̇ < 0

(4.5)

The friction damping is therefore independent of the magnitude of the displacement and the velocity.
The direction of the damping force is always opposed to the direction of the displacement. The energy
dissipated during a harmonic motion 𝑥 = 𝑥̂ sin(𝜔𝑡) is equal to:

𝐸፝።፬፬ = 4𝜇𝑁𝑥̂ (4.6)

4.1.4. Hysteretic damping
In the case of hysteretic damping, the damping is independent of the frequency. In most research, it is
shown that the damping of structures behaves independently of the frequency [32], but is dependent on
the squared amplitude [19]. Although further research stated that a certain dependency on frequency
does exist, hysteretic damping is still believed to be theoretically more accurate. Hysteretic damping
is formulated by a viscous damping coefficient which is inversely proportional to the frequency 𝜔. This
results in a frequency-independent damping force

𝐹 = 𝑐𝑥̇ = 𝑑
𝜔 𝑥̇ (4.7)

where 𝑑 is the hysteretic damping coefficient. The energy dissipated in a cycle is given by:

𝐸፝።፬፬ = 𝜋𝑑𝑥̂ኼ (4.8)

If the equivalent viscous damping coefficient is calculated by equating the dissipated energy, it can
indeed be found that 𝑐፞፪ = ፝

Ꭶ .

4.2. Physical Models
In reality, different damping mechanisms occur simultaneously in a structure during vibration, which
exacerbates the problem. Five damping mechanisms for high-rise buildings can be determined, which
all have different characteristics. Each of the mechanisms is based on different laws and therefore the
determination of the total damping of a structure is very complicated. This complexity causes a unique
damping ratio for each structure. The five damping mechanisms and the corresponding mathematical
models are discussed briefly.
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Table 4.1: Overview of mathematical damping models.

𝐹 ፚ፦፩።፧፠ 𝐸፝።፬፬ 𝑐፞፪

Viscous 𝑐𝑥̇ 𝑐𝜋𝜔𝑥̂ኼ 𝑐
Quadratic ኻ

ኼ |𝑥̇|𝑥̇
ኾ
ኽ𝑐𝜔ኼ𝑥̂ኽ

ኾ
ኽ᎝𝑐𝜔𝑥̂

Friction 𝑆𝑔𝑛(𝑥̇)𝜇𝑁 4𝜇𝑁𝑥̂ ኾ᎙ፍ
᎝Ꭶ፱̂

Hysteretic ፝
Ꭶ 𝑥̇ 𝜋𝑑𝑥̂ኼ ፝

Ꭶ

4.2.1. Material damping
Material damping is an intrinsic property of each material due to energy dissipation associated with
micro-structural defects. It is caused by internal friction within a material. These can, for example, oc-
cur in grain boundaries, impurities or between glued surfaces [10]. Material damping is also prominent
at the foundation due to the intrinsic damping of the soil [31].

For composite materials, such as wood, four mechanisms play a role in energy dissipation:

1. Visco-elastic behaviour of the fibre materials
2. Thermo-elastic damping due to cyclic heat flow from compressive to tensile stress regions
3. Coulomb friction due to slip in unbounded areas of fibre interface
4. (Poorly understood) damping at cracked or delaminated areas

Of the four mechanisms, visco-elastic damping appears to be the dominant damping mechanism in
small amplitude vibrations of composites [20].

Different mathematical models exist to model material damping. The two fundamental models are a) a
single spring and b) a single dashpot. A single spring only represents the elastic property of a material
and does not represent any damping, while a dashpot generates a damping force proportional to the
velocity. Both are not a very accurate representation of actual material behaviour [5]. However, more
accuracy — and more complexity — can be achieved through various combinations of these two.

Two-parameter models have commonly used combinations: a spring and dashpot are either placed in
parallel (Maxwell) or in series (Kelvin-Voigt) to represent the material behaviour. For visco-elastic fluids,
the Maxwell model can be used as a fair approximation [5]. This model, however, cannot account for
internal stresses and is less accurate for any slow, time-dependent response of the structure (such as
creep). Contrary, the Kelvin-Voigt model accurately describes this behaviour, as it is a good represen-
tation of a visco-elastic solid. The setback of the Kelvin-Voigt model is that no elastic response occurs
during the application or release of loading and the creep rate approaches zero during long times of
loading [5]. The damping force and dissipated energy are equal to that of a viscous damping model as
the damping is proportional to the velocity.

Figure 4.1: Two- and three-parameter visco-elastic models, (a) Maxwell, (b) Kelvin-Voigt, (c) and (d) three-parameter models.
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For a continuous system, the damping force of a Kelvin-Voigt model corresponds to strain-rate damping,
which is determined as:

𝐹 = 𝑐𝐼 𝜕
኿𝑤

𝜕𝑥ኾ𝜕𝑡 (4.9)

In contrast to Gibson [20], Labonnote et al. [27] applied hysteretic material damping for timber. However,
it has to be noted that Labonnote et al. applied it specifically for timber and Gibson only specified the
type of damping for general composite materials. For an SDOF system, the hysteretic damping can be
formulated by using the equivalent viscous damping 𝑐eq:

𝑚𝑥̈ + 𝑐eq𝑥̇ + 𝑘𝑥 = 𝐹(𝑡) with 𝑐eq =
ℎ
𝜔 (4.10)

However, this model was criticized because this formula does not provide a definition for 𝜔 and it
violates the causality principle [7]. Variousmodels were proposed with different drawbacks, until Ribeiro
et al. [42] derived the complex stiffness:

𝑚𝑥̈ + 𝑘∗𝑥 = 𝐹(𝑡) with 𝑘∗ = 𝑘(1 + 𝑖𝜂፬) (4.11)

For an Euler-Bernoulli beam, the modulus of elasticity is replaced in the equation of motion by the
complex modulus of elasticity in order to account for the damping.

𝐸∗ = 𝐸(1 + 𝑖𝜂) (4.12)

𝐹 = 𝑖𝜂𝐸𝐼𝜕
ኾ𝑤
𝜕𝑥ኾ (4.13)

In this formula, 𝜂 is a loss factor which is independent of 𝜔. It has to be noted that the damping force
is complex-valued which could complicate calculations.

4.2.2. Structural damping
Energy dissipation caused by the friction between different components of a structure as they move
relative to each other is called structural damping. Structural damping is also caused by impacting or
intermittent contact between various components of a structure [11]. In contrast to material damping,
structural damping is not only dependent on material properties but on the mechanical system as well.

To model structural damping all the mathematical models are theoretically applicable. The use of these
is generally the preferred method, as viscous damping produces a linear equation of motion, which
allows for relatively simple calculations.

4.2.3. Radiation damping
As buildings vibrate the soil-structure interaction causes radiation of energy waves to the soil. This is
called radiation damping. Radiation damping plays an important role during earthquakes. In contrast,
during regular operation of any structure, the wind-induced vibrations only cause low-frequency rocking
of the foundation, which causes very low radiation damping. Thus, in the soil, the material damping
normally has a larger impact than the radiation damping [3].

4.2.4. Aerodynamic damping
The difference between the velocity of the wind and the velocity of the building produces aerodynamic
damping. Energy is dissipated through waves from the structure into the surrounding airflow. Gen-
erally, the aerodynamic damping — for small to moderate wind speeds — is small compared to the
other damping mechanisms. Moreover, for higher wind speeds the aerodynamic damping could even
become negative [23].

4.2.5. Artificial damping
Artificial damping is defined as active or passive damping added to the structures. This can, for in-
stance, be applied in the form of a tuned mass damper. A tuned mass damper is a dynamic vibration
absorber, which can mitigate the structure’s vibrations if the frequency of the mass is carefully tuned
[40]. Artificial damping is the only damping that can already easily be determined. The use of artificial
damping in high-rise timber buildings is uncommon.
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4.2.6. Total damping
Previous research has demonstrated that as energy is an additive quantity, damping is also an additive
quantity [49]. For a structure which is subject to many forms of damping, the total damping, 𝜁(𝑒𝑞), can
therefore be expressed as the sum of all damping factors:

𝜁፞፪ = 𝜁ኻ + 𝜁ኼ + .... (4.14)

4.3. Predictive Models
Over the years several models have been developed to predict the damping ratio of a building. Four dif-
ferent models exist: Jeary (1986), Davenport and Hill-Carrol (1986), Lagomarsino (1993), and Tamura
et al. (2000). All the predictor formulas are derived from different damping databases and follow
the same equation (Equation 4.15 and Equation 4.16). A baseline damping is defined to which an
amplitude-dependent damping is added. The difference between the models comes from the various
coefficients that are model specific. The values of the parameters for each model can be found in
Figure 4.2.

𝜁፬(𝑋) = 𝜁፛ + 𝜁፜(𝑋) ≤ 𝜁፬;max (4.15)

𝜁፜(𝑋) = 𝛼𝑋ፚ (4.16)

Figure 4.2: Values of the parameters for the different damping predictors [4].

As shown in figure 4.2, the formulas only depend on the natural frequency, height, depth and used
material. The chosen structural system of the building, however, does not influence the damping ratio
calculated by these models, nor does the soil-structure interaction. Furthermore, no material constants
are provided for timber buildings.

The predictor formulas are based on measurements at low amplitudes. The damping increases with
higher amplitude, up to a maximum value. Aquino and Tamura [4] found that damping ratios do in-
crease with increasing amplitudes, but up to a certain value. After this value, the damping ratio actually
decreases. This only occurs if the drift ratio X/H is higher than 10-4. For wind-induced vibrations the
drift ratio, however, is generally below 10-4, meaning that the possible decrease of the damping ratio
does not occur if wind loads are applied [4].

4.3.1. Predictive values for timber structures
For timber structures, values for different types of damping are given in Petersen and Werkle [39]. The
material damping is stated to be between 0.4 and 0.8%, which is almost equal to reinforced concrete
(0.4 - 0.9%) and higher than steel (0.1 - 0.3%). The structural damping attributed to dowel-type con-
nections is given as 0.6 to 0.8%, whereas glued elements contribute 0.2 - 0.4% to the total damping.
An extra 0.1 - 0.3% is given by the type of support. It is stated that the secondary structure accounts
for 0.1 - 0.4%. However, these are values for concrete or steel buildings. Although no specific values
are available for timber structures, it is understood that non-structural components provide additional
sources of damping. For example, offices generally have lower damping ratios than a similar residen-
tial building, due to the smaller number of walls [47].
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Figure 4.3: Variation of damping with height [52].

Additionally, Feldmann et al. [17] researched the damping properties of timber towers and buildings. It
was observed that the damping ratio of timber towers with glued elements was lower than with dowel-
type connections. This is probably due to the higher friction experienced between elements. Towers
with slotted steel plate connections were found to have the highest damping ratio. The cladding of tow-
ers also increased the damping ratio by approximately 0.6%. This could be caused by the additional
friction through the secondary structure. For the timber buildings, an increase in damping for buildings
with concrete cores was found. The damping for buildings was higher than for towers. Once again this
could be due to the non-structural elements.

From Petersen and Werkle [39], a damping ratio of 0.8 to 2.3% can be predicted for timber structures.
The values found in Feldmann et al. [17] are between 0.5 and 3%. If only looked at buildings, the values
range between 1.5 and 3%. However, it must be noted that only three buildings were examined all of
a relatively low height of around 25 meters. It has been established that damping ratios decrease with
increasing heights [31]. So for timber high-rise buildings the damping ratio probably will be lower. An
overview of different timber buildings and their damping ratio is shown in Figure 4.3. The scatter for the
various timber buildings is high. However, it can be concluded that a lower bound of around 1% exists.

4.4. Eurocode
In order to design a building in the Netherlands, the Eurocode is normally followed. The Eurocode
provides the necessary formulas to calculate the damping and the acceleration. As mentioned before,
only generic damping ratios are provided. The damping ratio is calculated in Eurocode 1 Part 4 by
dividing the logarithmic decrement by 2𝜋. The logarithmic decrement consists of three parts: structural
damping (𝛿፬), aerodynamic damping (𝛿ፚ) and artificial damping (𝛿ፚ).

𝛿 = 𝛿፬ + 𝛿ፚ + 𝛿፝ (4.17)

The logarithmic decrement is defined as:

𝛿 = 1
𝑝 ln

𝑥፧ዄ፩
𝑥፧

(4.18)

In this equation 𝑥፧ is the amplitude at a certain point and 𝑥፧ዄ፩ is the amplitude at 𝑝 peaks away. The
damping ratio can be calculated by:

𝜁 = 𝛿
2𝜋 (4.19)

For different constructions and materials, the structural logarithmic decrement is given. Some values
can be found in Table 4.2. It has to be noted that no decrement is given in the Eurocode for a timber
building. However, values are given for a timber bridge. Compared to bridges made out of steel and
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concrete it can be said that for most cases timber has a higher decrement. It is assumed that structural
logarithmic damping is a combination of the material and structural damping from the physical models.
The material damping is probably already included, because for different materials different damping
values are found.

Table 4.2: Structural logarithmic damping for various constructions [15].

Structure Structural damping (𝛿፬)

Reinforced concrete building 0.10

Steel building 0.05

Steel/concrete construction 0.08

Steel bridge with regular bolts 0.05

Concrete bridge without cracks 0.04

Concrete bridge with cracks 0.10

Timber bridge 0.06-0.12

The aerodynamic decrement can be derived by using the following equation:

𝛿ፚ =
𝑐፟ ⋅ 𝜌 ⋅ 𝑣፦(𝑧፬)
2 ⋅ 𝑛ኻ ⋅ 𝜇፞

(4.20)

where 𝑐፟ is the force coefficient, 𝜇፞ is the equivalent mass, 𝑣፦(𝑧፬) is the mean wind speed at height 𝑧፬
and 𝑛ኻ is the first natural frequency.

The last decrement only has to be calculated if artificial damping is added to the structure. Due to the
nature of this damping — carefully tuned— it is possible to derive this value relatively accurately, either
theoretically or experimentally.

The soil-structure interaction is not taken into account in the derivation of total damping in the Eurocode.
It is unknown if the soil material damping and the radiation damping are included in the total material
damping. If this is not the case, this would be reasonable for the radiation damping as this has minimal
impact on the structure. For the soil material damping, this may not be the case.

4.5. Damping Identification Methods
Various methods exist to identify the damping in a structure. Some of these methods are discussed in
the following section.

4.5.1. Logarithmic decrement
The logarithmic decrement method can be applied to structures in free vibration. The ratio between
different amplitudes is calculated by using equation 4.18. This method is simple to use and thus fre-
quently applied. However, as it is often found that damping is amplitude dependent, the logarithmic
decrement will vary for higher amplitude vibrations. If different peaks are inserted in the formula, differ-
ent damping ratios could be obtained. It is also found that applying this method to timber did not yield
consistency and repeatable results [26].

4.5.2. Envelope fitting
Another method which could be applied to free vibrations is envelope fitting. The peaks of the decaying
motion are enveloped by a function in the form of:

𝑋(𝑡) = 𝐴𝑒𝑥𝑝(−𝜁𝜔፧𝑡) (4.21)
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Figure 4.4: The half-power bandwidth method for estimation of the damping ratio [38].

The accuracy is higher than for the logarithmic decrement as all peaks are taken into consideration.
Nonetheless, both methods have similar drawbacks. They only base information about damping on a
limited amount of data: at the peaks. Furthermore, the accuracy depends highly on the sampling rate.
With a low sampling rate, the peaks could become less accurate leading to a misinterpretation of where
the actual peaks are [26].

4.5.3. Half-power bandwidth method
The half-power bandwidth method is based on the frequency domain. In the frequency response func-
tion, the peak of the resonance frequency serves as starting point. For low-damped systems the damp-
ing ratio is determined by [38]:

𝜁 ≈ 𝜔ኼ − 𝜔ኻ
2𝜔፫

(4.22)

In this equation, 𝜔፫ is equal to the resonance frequency in the frequency response function. The values
for 𝜔ኻ and 𝜔ኼ correspond to the two frequencies at ኻ

√ኼ
of the peak resonance value as demonstrated in

Figure 4.4. This method is very sensitive to the accuracy of the resonance peak and thus the sampling
rate [26]. Furthermore, problems arise if two closely spaced frequencies exist.
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5
Dynamics

Structural dynamics constitutes the analysis of structures subject to time-dependent forces [34]. In
this section, the dynamic behaviour of a simple degree of freedom system is described to illustrate
how damping affects vibrating motion. Next, the system is expanded to a continuous system and two
different beam equations of motion (Euler-Bernoulli and Timoshenko) are used to describe the damping
dynamic response of a cantilevered beam system in preparation for the energy-based approach to
damping. Only the equations of motion and the solutions are given in this chapter. The full derivations
can be found in Appendix C.

5.1. Single Degree of Freedom
Single-degree-of-freedom systems consist of a mass which can vibrate in only one direction. The
system is generally represented by a mass, spring and dashpot. If no external force is present and the
system is excited by an initial displacement or velocity, the system is in a state of free vibration. The
equation of motion is described by [34]:

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 = 0 (5.1)
In the equation, 𝑚 represents mass, 𝑐 viscous damping coefficient and 𝑘 spring stiffness. 𝑥 denotes
the displacement in the direction of the degree of freedom.

Figure 5.1: Single degree of freedom.

If the damping coefficient is small relative to the spring constant (𝑛 < 𝜔፧), the mass is vibrating and
represents damped free vibrations. The displacement is described by:

𝑥(𝑡) = 𝐴ኺ exp(−𝑛𝑡) cos(𝜔።𝑡 − 𝜙ኺ)

with 𝑛 = 𝑐
2𝑚 , 𝜔። = √𝜔ኼ፧ − 𝑛ኼ, 𝜔፧ = √

𝑘
𝑚

𝐴ኺ = √𝑥ኼኺ + (
𝑣ኺ
𝜔ኻ

+ 𝑛𝑥ኺ𝜔ኻ
)
ኼ
, 𝜙ኺ = arctan(𝑣ኺ + 𝑛𝑥ኺ𝑥ኺ𝜔ኻ

)

(5.2)

29



30 5. Dynamics

From Equation C.8 it is clear that the vibration of the mass is enveloped by 𝐴ኺ𝑒𝑥𝑝(−𝑛𝑡) as is shown in
Figure C.2. The rate of decay depends on the value of 𝑛.

Figure 5.2: Displacement-time curve of damped free vibrations.

5.2. Continuous Models
Two different models for describing the motion of a beam are discussed in this section: Euler-Bernoulli
and Rayleigh. Both are differential equations in which the manner of support is not included, because
the differential equations make use of an infinitesimal part of the beam. The supports are introduced
by means of imposing boundary conditions.

5.2.1. Euler-Bernoulli beam
The bending of an Euler-Bernoulli beam is described by the following fourth-order partial differential
equation [34]:

𝐸𝐼𝜕
ኾ𝑤(𝑥, 𝑡)
𝜕𝑥ኾ + 𝜌𝐴𝜕

ኼ𝑤(𝑥, 𝑡)
𝜕𝑡ኼ = 𝑓(𝑥, 𝑡) (5.3)

It is important to note that a few assumptions were made in order to simplify the model. The first
assumption is that the cross-section remains perpendicular to the neutral line. Therefore, no shear
deformation is taken into account. It is also assumed that plane cross-sections remain plan, meaning
that the strain is linear over the height of the beam. Lastly, the rotational inertia has not been taken into
account in the Euler-Bernoulli beam. By making use of these assumptions, the equation is simplified
but still accurate for slender beams and low natural frequencies.

The solution for a free vibrating cantilever beam is described by:

𝑤(𝑥, 𝑡) =
ጼ

∑
፧዆ኻ

𝑊፧(𝑥) sin(𝜔፧𝑡 + 𝜙፧)

with 𝜔፧ = 𝛽ኼ፧√
𝐸𝐼
𝜌𝐴

and 𝑊፧(𝑥) = 𝐴፧ (
cosh𝛽፧𝑥 − cos𝛽፧𝑥
cosh𝛽፧𝐿 + cos𝛽፧𝐿

− sinh𝛽፧𝑥 − sin𝛽፧𝑥
sinh𝛽፧𝐿 + sin𝛽፧𝐿

) (𝑛 = 1, 2, ..∞)

(5.4)

The values for 𝐴፧ and 𝜙፧ are still unknown but can be derived by the initial conditions. For an initial
displacement, the boundary conditions are as follows:
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𝑤(𝐿, 0) = 𝑎
𝜕𝑤(𝐿, 0)
𝜕𝑡 = 0

(5.5)

This will lead to

𝑤(𝑥, 𝑡) =
ጼ

∑
፧዆ኻ

𝑊፧(𝑥) cos(𝜔፧𝑡)

with 𝐴፧ =
𝑎

𝜓፧(𝐿)

(5.6)

Damping
In the above equations of motion, no damping was included. The described beams would thus vibrate
indefinitely. Therefore, a term must be added in order to account for the damping. As discussed in
Chapter 4, different terms may be added to account for energy dissipation. Two models are elaborated
on in this section: Kelvin-Voigt damping and viscous damping along the beam. The resulting equation
of motion of a clamped beam with Kelvin-Voigt damping is hence formulated as:

(𝐸 + 𝐸∗ 𝜕𝜕𝑡) 𝐼
𝜕ኾ𝑤(𝑥, 𝑡)
𝜕𝑥ኾ + 𝜌𝐴𝜕

ኼ𝑤(𝑥, 𝑡)
𝜕𝑡ኼ = 𝑓(𝑥, 𝑡) (5.7)

The solution for this equation of motion can be found as:

𝑤(𝑥, 𝑡) =
ጼ

∑
፧዆ኻ

𝑊፧(𝑥) expዅፁ᎓Ꭶ፭ cos(𝜔ኻ𝑡 − 𝜙)

with 𝜔ኻ = 𝜔√𝐵 − 𝐵ኼ𝜁ኼ and 𝐵 =
∫ፋኺ 𝑊

ᖥ
፧ (𝑥)ኼ𝑑𝑥

∫ፋኺ 𝑊፧(𝑥)ኼ𝑑𝑥

(5.8)

For a beam modelled with viscous dampers along its length, the equation of motion slightly differs.

𝜔ኼ፧
𝜕ኾ𝑤(𝑥, 𝑡)
𝜕𝑥ኾ + 𝜕

ኼ𝑤(𝑥, 𝑡)
𝜕𝑡ኼ + 2𝜁𝜔፧

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡 = 0

with 𝜁 = 𝑐
2𝛽ኼ√𝜌𝐴𝐸𝐼

and 𝜔ኼ፧ = 𝛽ኾ
𝐸𝐼
𝜌𝐴

(5.9)

The displacement is then described by:

𝑤(𝑥, 𝑡) =
ጼ

∑
፧዆ኻ

𝑊፧(𝑥) expዅ᎓Ꭶ፭ cos(𝜔ኻ𝑡 − 𝜙)

with 𝜔ኻ = 𝜔√𝐵 − 𝜁ኼ
(5.10)

To determine 𝐴፧ and 𝜙፧ the boundary conditions as given in equation 5.5 can be imposed.

5.2.2. Timoshenko beam
Lord Rayleigh introduced the effect of rotary inertia to the beam theory by Euler-Bernoulli. Subse-
quently, the influence of shear deformation was added by Timoshenko. The result is a coupled linear
partial differential equation with the dependent variables 𝑤, the lateral displacement, and 𝜙, the angle
of the cross-section to the neutral plane.

𝜌𝐴𝜕
ኼ𝑤
𝜕𝑡ኼ − 𝑞(𝑥, 𝑡) = 𝑘𝐺𝐴(

𝜕ኼ𝑤
𝜕𝑥ኼ −

𝜕𝜙
𝜕𝑥 )

𝜌𝐼𝜕
ኼ𝑤
𝜕𝑡ኼ =

𝜕
𝜕𝑥 (𝐸𝐼

𝜕𝜙
𝜕𝑥 ) + 𝑘𝐺𝐴(

𝜕𝑤
𝜕𝑥 − 𝜙)

(5.11)
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In this equation k is the shear coefficient, which takes into account the variation of shear stresses
across the cross-section and depends on its geometry. For a rectangular cross-section, this is generally
taken as 5/6. G is the shear modulus and I the second moment of inertia. For a linear, isotropic,
homogeneous beam of constant cross-section, the two coupled differential equations can be combined:

𝐸𝐼𝜕
ኾ𝑤
𝜕𝑥ኾ +𝑚

𝜕ኼ𝑤
𝜕𝑡ኼ − (𝜌𝐼 +

𝐸𝐼𝑚
𝑘𝐺𝐴)

𝜕ኾ𝑤
𝜕𝑥ኼ𝜕𝑡ኼ +

𝑚𝜌𝐼
𝑘𝐺𝐴

𝜕ኾ𝑤
𝜕𝑡ኾ = 𝑞(𝑥, 𝑡) +

𝜌𝐴
𝑘𝐺𝐴

𝜕ኼ𝑞
𝜕𝑡ኼ −

𝐸𝐼
𝑘𝐺𝐴

𝜕ኼ𝑞
𝜕𝑥ኼ (5.12)

For free vibrations, this simplifies to:

𝐸𝐼𝜕
ኾ𝑤
𝜕𝑥ኾ +𝑚

𝜕ኼ𝑤
𝜕𝑡ኼ − (𝜌𝐼 +

𝐸𝐼𝑚
𝑘𝐺𝐴)

𝜕ኾ𝑤
𝜕𝑥ኼ𝜕𝑡ኼ +

𝑚𝜌𝐼
𝑘𝐺𝐴

𝜕ኾ𝑤
𝜕𝑡ኾ = 0 (5.13)

5.3. Torsional Vibration
If a torque is applied to a column, torsion will occur. For a circular cross-section, the cross-section will
remain plane during the torsion. However, for a non-circular cross-section warping will occur. Warping
is the phenomenon where the cross-section distorts during torsion; the cross-section does not remain
plane. If warping is neglected and the column is homogeneous the equation of motion is [34]:

𝜌𝐽𝜕
ኼ𝜓
𝜕𝑡ኼ − 𝐺𝐽፭

𝜕ኼ𝜓
𝜕𝑥ኼ = 𝑚። (5.14)

The solution to the equation of motion can be represented by the multiplication of a time-dependent
part and a space-dependent part.

𝑢(𝑥, 𝑡) = 𝑈(𝑥)Ψ(𝑡) (5.15)

This solution is substituted into the equation of motion. Two solutions follow one for the function de-
pendent on time and the function dependent on spatial coordinates. They are given by:

Ψ(𝑡) = 𝐴𝑠𝑖𝑛(𝜔𝑡) + 𝐵𝑐𝑜𝑠(𝜔𝑡)
𝑈(𝑥) = 𝐶𝑠𝑖𝑛(𝛽𝑥) + 𝐷𝑐𝑜𝑠(𝛽𝑥) (5.16)

A boundary condition at 𝑥 = 0 is determined and at 𝑥 = 𝐿,

𝜙(0) = 0 and 𝐺𝐽፭
𝜕𝜓(𝐿)
𝜕𝑥 = 0 (5.17)

With the use of the boundary and initial conditions, the unknown constants 𝐴, 𝐵, 𝐶 and 𝐷 can be deter-
mined.

5.4. Axial Vibration
The equation of motion for axial vibration is very similar to that of torsional vibration. By substituting the
rotational parameters with parameters associated with axial motion, the equation of motion is derived.

𝜌𝜕
ኼ𝑢
𝜕𝑡ኼ − 𝐸

𝜕ኼ𝑢
𝜕𝑥ኼ = 0 (5.18)

The same holds for the boundary conditions.

𝑢(0) = 0 and 𝐸𝐴𝜕𝑢(𝐿)𝜕𝑥 = 0 (5.19)

5.5. Selected Beam Models
In the remainder of this thesis, the Euler-Bernoulli beam model is used for simplicity, while the analysis
of the Timoshenko beam is beyond the scope of this research. As the experiment will be conducted on
a slender beam and at low frequencies, it is assumed that the Euler-Bernoulli beam will be accurate.
Although the EB theory assumes isotropic behaviour, it is still decided to apply this theory to timber,
which is an anisotropic material. It is expected to yield satisfactory results, but further research should
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confirm this assumption.

For the torsional vibration, warping will be neglected. As a square cross-section is used, the occurred
warping will not be so big. Besides, warping will make the calculations unnecessarily complex at this
stage.





6
Energy

This chapter introduces the energy-based method used for identifying damping. The energy balance
equations for lateral, torsional, and axial vibrations of an Euler-Bernoulli beam have been derived.

Energy (E) is defined as the capacity to do work. Work is defined as the force applied to a mass times
the displacement due to that force. A clear distinction between energy and work exists: energy is
‘possessed’ by the system and forces in the system ‘perform’ work. Energy cannot be generated or
lost, but can only change form. Work is done when energy changes form. The mechanical energy of a
column consists of kinetic (K) and potential (P) energy. In a vibrating system, energy is dissipated by
irreversibly conversing mechanical energy into other forms. All energy that is dissipated during vibra-
tion is ascribed to damping.

Kinetic energy is the energy of an object due to its motion. For a mass 𝑚 with a velocity 𝑣 the kinetic
energy can be determined as:

𝐾 = 1
2𝑚𝑣

ኼ (6.1)

The capacity to perform work because of its configuration or position is called potential energy. The
potential energy can consist of different sorts of energy. A mass with a certain height to a reference
position possesses energy due to gravity. For this research, elastic energy is of interest. Elastic energy
refers to the energy that an elastic object stores when a force is applied to deform it. This energy
remains stored until the force is released, causing the object to return to its initial shape, doing work in
the process. For a spring this leads to:

𝑃 = 1
2𝑘𝑥

ኼ (6.2)

The elastic potential energy is always related to an elastic stiffness constant and an associated defor-
mation.

6.1. Energy Flow Analysis
The energy flow analysis is a tool to determine the flow of energy in a structure. For a segment of a
structure, the balance of energy is formulated. The variation in energy over time in such a segment is
equal to the energy entering or exiting the boundaries (energy flux 𝑆) plus the dissipated energy (𝑊diss)
[46].

𝑑𝐸(𝑡)
𝑑𝑡 = 𝑆(𝑥, 𝑡)|፱ዄጂፋ፱ዅጂፋ +𝑊diss(𝑡) (6.3)
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Figure 6.1: Energy balance of segment with width ኼጂፋ and boundaries ፱ ዅ ጂፋ and ፱ ዄ ጂፋ.

The energy flux crossing the boundaries of the segment is equal to the power that is transmitted in
the structure. For a transversely vibrating beam, this is done by two internal mechanisms: the shear
force and the moment. The power transmitted by the shear force is equal to the shear force times the
velocity. The moment times the angular velocity is the power associated with the moment [59]. So for
an EB beam, the following relation for the energy flux exists:

𝑆(𝑥, 𝑡)|፱ዄጂፋ፱ዅጂፋ = 𝑞፬ + 𝑞፦ (6.4)

𝑞፬ = 𝐸𝐼
𝜕ኽ𝑤
𝜕𝑥ኽ

𝜕𝑤
𝜕𝑡 (6.5)

𝑞፦ = 𝐸𝐼
𝜕ኼ𝑤
𝜕𝑥ኼ

𝜕ኼ𝑤
𝜕𝑥𝜕𝑡 (6.6)

The dissipated energy consists of all the terms associated with the damping and loss factors. These
depend on the chosen mathematical models for the structure. If the total energy and the energy flux
can be derived, it is possible to calculate the dissipated energy and therefore the damping and loss
factors.

6.2. Energy Balance Equation
For a system where no energy crosses the boundaries and no external energy is introduced by external
loads, the energy balance is given by:

𝑑𝐸(𝑡)
𝑑𝑡 = 𝑊diss(𝑡) (6.7)

So, the change in energy over time at 𝑡 is equal to the dissipated energy at 𝑡. Because no energy is
added or lost at the boundaries, the rate of energy must be equal to the dissipation. Subsequently, it
follows that the difference in energy in a certain period is equal to the total dissipated energy:

𝐸(𝑡)|
፭Ꮂዄ፭

፭Ꮂ
= ∫

፭Ꮂዄ፭

፭Ꮂ
𝑊diss(𝑡)𝑑𝑡 (6.8)

This equation demonstrates that the energy present in the system at time 𝑡 is equivalent to the initial
energy of the system at 𝑡ኺ minus the energy that has been dissipated over time.

𝐸(𝑡ኺ+𝑡) = 𝐸(𝑡ኺ) − ∫
፭Ꮂዄ፭

፭Ꮂ
𝑊diss(𝑡)𝑑𝑡 (6.9)

The energy balance equation is provided for the three vibration cases in the following subsections. If
the displacement and its corresponding derivatives are known, the energy can be calculated at a given
time.
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6.2.1. Lateral vibration
The energy of an Euler-Bernoulli bending beam can be described by:

𝐸(𝑡) = ∫
ፋ

ኺ
[12𝜌𝐴(

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡 )

ኼ
+ 12𝐸𝐼(

𝜕ኼ𝑤(𝑥, 𝑡)
𝜕𝑥ኼ )

ኼ
] 𝑑𝑥 (6.10)

From the energy balance equations follows that:

𝑊diss(𝑡) =
𝑑
𝑑𝑡 ∫

ፋ

ኺ
[12𝜌𝐴(

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡 )

ኼ
+ 12𝐸𝐼(

𝜕ኼ𝑤(𝑥, 𝑡)
𝜕𝑥ኼ )

ኼ
] 𝑑𝑥 (6.11)

This equation describes the energy dissipation per unit of time in the system. To determine the total
dissipated energy for a given time period, the following equation is used:

∫
፭Ꮂዄ፭

፭Ꮂ
𝑊diss(𝑡)𝑑𝑡 = ∫

ፋ

ኺ

1
2𝜌𝐴(

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡 )

ኼ
𝑑𝑥|

፭Ꮂዄ፭

፭Ꮂ
+∫

ፋ

ኺ

1
2𝐸𝐼(

𝜕ኼ𝑤(𝑥, 𝑡)
𝜕𝑥ኼ )

ኼ
𝑑𝑥|

፭Ꮂዄ፭

፭Ꮂ
(6.12)

6.2.2. Torsional vibration
The energy of a torsional beam is given by:

𝐸(𝑡) = ∫
ፋ

ኺ
[12𝜌𝐽 (

𝜕𝜓(𝑥, 𝑡)
𝜕𝑡 )

ኼ
+ 12𝐺𝐽፭ (

𝜕𝜓(𝑥, 𝑡)
𝜕𝑥 )

ኼ
] 𝑑𝑥 (6.13)

Subsequently, the energy rate can be determined.

𝑊diss(𝑡) =
𝑑
𝑑𝑡 ∫

ፋ

ኺ
[12𝜌𝐽 (

𝜕𝜓(𝑥, 𝑡)
𝜕𝑡 )

ኼ
+ 12𝐺𝐽፭ (

𝜕𝜓(𝑥, 𝑡)
𝜕𝑥 )

ኼ
] 𝑑𝑥 (6.14)

The dissipated energy for a specific time period is described by:

∫
፭Ꮂዄ፭

፭Ꮂ
𝑊diss(𝑡)𝑑𝑡 = ∫

ፋ

ኺ

1
2𝜌𝐽 (

𝜕𝜓(𝑥, 𝑡)
𝜕𝑡 )

ኼ
𝑑𝑥|

፭Ꮂዄ፭

፭Ꮂ
+∫

ፋ

ኺ

1
2𝐺𝐽፭ (

𝜕𝜓(𝑥, 𝑡)
𝜕𝑥 )

ኼ
𝑑𝑥|

፭Ꮂዄ፭

፭Ꮂ
(6.15)

6.2.3. Axial vibration
The energy of a rod can be described as:

𝐸(𝑡) = ∫
ፋ

ኺ
[12𝜌𝐴 (

𝜕𝑢(𝑡)
𝜕𝑡 )

ኼ
+ 12𝐸𝐴(

𝜕𝑢(𝑡)
𝜕𝑥 )

ኼ
] 𝑑𝑥 (6.16)

The energy dissipation per unit of time is thus given by:

𝑊diss(𝑡) =
𝑑
𝑑𝑡 ∫

ፋ

ኺ
[12𝜌𝐴 (

𝜕𝑢(𝑡)
𝜕𝑡 )

ኼ
+ 12𝐸𝐴(

𝜕𝑢(𝑡)
𝜕𝑥 )

ኼ
] 𝑑𝑥 (6.17)

To determine the total dissipated energy during a time period, the following equation can be used.

∫
፭Ꮂዄ፭

፭Ꮂ
𝑊diss(𝑡)𝑑𝑡 = ∫

ፋ

ኺ

1
2𝜌𝐴 (

𝜕𝑢(𝑡)
𝜕𝑡 )

ኼ
𝑑𝑥|

፭Ꮂዄ፭

፭Ꮂ
+∫

ፋ

ኺ

1
2𝐸𝐴(

𝜕𝑢(𝑡)
𝜕𝑥 )

ኼ
𝑑𝑥|

፭Ꮂዄ፭

፭Ꮂ
(6.18)

Having derived the three fundamental energy balance equations, everything is now set up for answering
the research question through experiments.
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Experiment on Timber Column
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7
Experiment Setup

To determine the energy dissipation of a cantilever beam, the setup for the experiment is introduced
in this chapter. Firstly, the setup of the physical model has to be established in line with the research
questions. Next, an analytical representation has to be made to calculate the energy flow in the model.
An overview of the steps necessary to derive the energy dissipation is given in Figure 7.1. The left
part (green) of the flowchart describes the actions in the physical model. The numeral steps executed
by a script, in this case MATLAB, can be found in the middle column (blue). Lastly, the right column
(orange) consists of the mathematical steps of the process, which are mainly discussed in Chapter 6.

Due to circumstances, the experiments could not be conducted in a professional lab environment.
Therefore, an alternative experiment setup was carried out in a home setting. The first sections (Section
7.1 to 7.3) discuss the experiments as if they would be performed at the lab. In Section 7.4 a description
is given about the alternative setup at home.

Physical model

Retrieve data us-
ing accelerometer
and strain gauges

Acceleration → velocity
Strain → curvature

Apply energy
equation to data

Dissipated
energy rate Wdiss

Energy
dissipation

damping model

Damping
ratio

Energy
balance equation

Excite system

Post-process

Figure 7.1: Flowchart assessing damping with energy-based approach.

7.1. General Physical Model Setup
As stated in Chapter 1, the aim of the study is to investigate the energy dissipation in a clamped timber
column in the first mode. The type of wood used in this experiment is spruce and the column’s cross-
section is rectangular. The damping will be observed under axial, lateral and torsional loading. For the
lateral and torsional directions, an initial displacement or rotation is imposed at the top of the column
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and after release, free vibration occurs in the column. The system will predominantly vibrate in the
first mode. A hammer impact is used to excite the system during the axial vibration tests. During the
experiments, the vibrations are measured by two sensors: an accelerometer and a strain gauge. The
acceleration will vary from zero at the clamp to the maximum value at the top and vice versa for the
curvature. Therefore, the accelerometer is mounted at the top, while the strain gauge is attached to
the bottom. An overview of the experimental setup is presented in Figure 7.2.

Figure 7.2: Setup of the model.

7.2. General Numerical Setup
After the experiments are conducted, the data from the accelerometer and strain gauge can be re-
trieved. To complete the energy equation and only have the dissipated energy as unknown, the velocity
and the curvature must be derived (see Section 6.2). Depending on the data, some post-processing
may be necessary to clean up the data. To obtain the velocity, the acceleration is integrated. For
the curvature, the derivative with respect to 𝑥 is taken. With the velocity and curvature established,
the energy balance equation can be applied and the energy dissipation rate for the system can be
calculated.

7.3. General Analytical Setup
The aforementioned energy balance equations (Section 6.2) are applied to obtain the dissipated energy.
The last step is to determine the corresponding damping values. All the dissipated energy is associated
with the damping of the system. As for different types of modelled damping the energy loss can be
determined, and the damping values thus can be calculated. For viscous damping, it holds that:

𝑊diss(𝑡) = 𝑐 ∫
ፋ

ኺ
(𝜕𝑤(𝑥, 𝑡)𝜕𝑡 )

ኼ
𝑑𝑥 (7.1)

so that

𝑐 =
∫፭𝑊diss(𝑡)𝑑𝑡

∫፭ ∫
ፋ
ኺ (

Ꭷ፰(፱,፭)
Ꭷ፭ )

ኼ
𝑑𝑥𝑑𝑡

(7.2)

By combining this with the following equation, the damping ratio can be found.
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𝜁 = 𝑐
2𝛽ኼ√𝜌𝐴𝐸𝐼

(7.3)

In the same manner, the damping constant for Kelvin-Voigt damping can be determined.

𝐸∗ =
∫፭𝑊diss(𝑡)𝑑𝑡

∫፭ ∫
ፋ
ኺ
ᎧᎷ፰(፱,፭)
Ꭷ፱ᎶᎧ፭

Ꭷ፰(፱,፭)
Ꭷ፭ 𝑑𝑥𝑑𝑡

(7.4)

𝜁 = 𝐸∗𝐼
2𝛽ኼ√𝜌𝐴𝐸𝐼

(7.5)

7.4. Conducted Experiment
As mentioned earlier, a modified experiment setup was executed in a home setting. Not surprisingly,
the setup had its limitations and was therefore prone to more inaccuracies.

The energy dissipation due to two different loading directions was examined: axial and lateral. All
displacements or loads were only applied initially, resulting in a free vibrating column. The axial load
was performed by a hammer impact on the top of the timber column. The lateral load was applied in
the form of a forced displacement. The biggest difference in the setup compared to the original setup
was the absence of a strain gauge. Hence, the curvature could not directly be determined using the
obtained data, which altered the process. The adjusted flowchart can be found in Figure 7.3.

Physical model

Retrieve data us-
ing accelerometer

Acceleration, velocity
and displacement

Determine curvature
using the displacement
shift or acceleration fit

Apply energy
equation to data

Dissipated
energy rate Wdiss

Energy
dissipation per cycle

Damping
ratio

Energy
balance equation

Excite system

Post-process

Figure 7.3: Flowchart assessing damping from conducted experiments.

7.4.1. Physical model setup
A physical “Do It Yourself” model was built in the form of a clamped column. Rectangular timber sections
were cast in a twenty-centimetre-thick, concrete foundation. Three long, square pieces of FSC-certified,
untreated pine wood were purchased at a local DIY shop in The Netherlands. Table 7.1 presents the
properties and design values of all timber beams used during the experiment.
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Table 7.2: Overview of four different experimental setups.

Setup Beam Free standing length [m] Position accelerometer [m]

1 1 0.405 0.375

2 1 1.908 1.878

3 2 1.915 1.885

4 3 1.915 1.885

Table 7.1: Properties of timber samples used in the experiments.

Beam Mass [kg] Length [kg] Cross section [mm] ρ [kg/mᎵ] m [kg/m] I [mmᎶ] A [mᎴ]

1 2.42 2.7 44x44 463 0.90 312341 1940

2 1.19 2.1 34x34 490 0.57 111361 1156

3 0.64 2.1 27x27 419 0.31 44287 729

Setup configurations
Four different configurations, referred to as setups, were built. To easily investigate the impact of nat-
ural frequency and varying amplitude three different clamped columns with decreasing cross-sections
but identical lengths were selected. In addition, a short stubby test piece with only 40cm free-standing
length was added to mimic a very stiff column. Once all four test columns were prepared, the 20cm
concrete foundation was poured. The resulting, four, parallel, experimental set-ups are presented in
Table 7.2 and Figure 7.4.

For each of the four set-ups, three different tests were conducted. To assess consistency and allow
limited statistical analysis, each of the twelve tests was repeated five times, resulting in a total of sixty
simulations. As setup 1 was shown too stiff to be manually displaced it was decided to use this setup for
the axial test. The axial vibration was induced by striking with a rubber hammer weighing approximately
360 grams. For setups 2, 3 and 4, which could be bent manually to a defined amplitude, initial offsets
of 0.5 cm, 1 cm and 2 cm were chosen. Initial offsets were measured as shown in Figure 7.5. Due to
the limitations of the at-home lab, the imposed initial displacement is not very precise and could be off
by a few millimetres.

Figure 7.5: Setting initial displacement.

Table 7.3 summarizes the final test programme executed for this research. With an average test dura-
tion of approximately one minute, all sixty tests were carried out over a period of two days: 4th and 5th
of January 2023. The average room temperature recorded during the tests was 18°C and the humidity
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50%.

Table 7.3: Test programme for 60 experiments of the study.

Setup Test Version Loading Direction Vibration magnitude

1 1 1–5 Bending ፳-axis small

1 2 1–5 Bending ፳-axis medium

1 3 1–5 Axial ፱-axis medium

2 1 1–5 Bending ፳-axis ±0.5 cm

2 2 1–5 Bending ፳-axis ±1.0 cm

2 3 1–5 Bending ፳-axis ±2.0 cm

3 1 1–5 Bending ፳-axis ±0.5 cm

3 2 1–5 Bending ፳-axis ±1.0cm

3 3 1–5 Bending ፳-axis ±2.0 cm

4 1 1–5 Bending ፳-axis ±0.5 cm

4 2 1–5 Bending ፳-axis ±1.0 cm

4 3 1–5 Bending ፳-axis ±2.0 cm

Accelerometer
The accelerometer mounted on the test columns was the commercially available, Witmotion Shenzhen
Corporation, BWT901CL sensor. This AHRS IMU sensor measures 3-axis angle, angular velocity,

Figure 7.4: The physical models: four clamped columns. Note that the adopted set-up numbering 1 - 4 is in the picture from
right to left; the column on the right is the stiffest (setup 1), ending with the most flexible (setup 4) on the left.
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acceleration and magnetic field. Set at an output ratio of 200Hz it measured and recorded all data in
time steps of 5ms. As it is a relatively small and light sensor — approximately 4cm width by 6cm height
— it could be easily fixed to the top of the column without concerns that it would (materially) impact
results, as shown in Figure 7.6. Similarly, its Bluetooth 2.0 connection, avoids the risk of cable motions
or weight as all measurements are wireless transmitted to the PC.

Figure 7.6: The accelerometer used in the experiments.

Technical details and selected settings of the BWT901CL accelerometer are provided in Table 7.4. The
accelerometer was outfitted with an automatic detection and calibration feature to create zero bias. The
orientation of the axis system was confirmed before conducting the experiments.

Table 7.4: Technical specification BWT901CL.

Witmotion BWT 901CL Mini IMU v.6.2.69

Witmotion Firmware version V18426

Calibration bias 0

Working Temperature -40∼85 °C

Data output frequency 200 Hz

Range Acceleration ±16 g

Resolution Acceleration 0.005 g

Angle Accuracy 0.05° (Static) – 0.1° (Dynamic)

Baud Rate 115200

Weight 15 gram

7.4.2. Numerical model
Because of the absence of a strain gauge, the curvature had to be derived numerically. Two methods
were proposed: displacement based and acceleration based. For the first method, the displacement
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was calculated by integrating the acceleration twice. With the use of the Euler-Bernoulli beam theory,
the associated curvature for each displacement could be found.

The second method was based on the acceleration data. The acceleration of the theoretical Euler-
Bernoulli beam was fitted to the retrieved acceleration. Hence, the theoretical curvature of the Euler-
Bernoulli beam could be determined at each time step and used as input data for the energy balance
equations.

7.5. Expected Vibration Behaviour
After the release of the column, it is expected to vibrate freely with decaying amplitude. With the help of
the EB beam theory, the vibrations and corresponding energy flow can be predicted. The column’s os-
cillation is depicted in Figure 7.7 and in Figure 7.8 the associated energy is shown. Figure 7.8a clearly
illustrates the decrease of energy in the system over time. The kinetic energy depends on the velocity
whereas the curvature determines the potential energy. The column’s position with respect to its equi-
librium state determines the values of curvature and velocity. During the free vibration of a column, the
maximum value of the velocity is at its equilibrium state, whilst being zero at maximum excitation. For
the curvature, the inverse applies. Consequently, the kinetic and potential energy fluctuates between
a maximum value and zero out of phase, which can be observed more closely in Figure 7.8b. This
figure also illustrates that no energy dissipates if the potential energy is at its highest. An explanation
for this behaviour can be given by the fact that the velocity is zero at this point. Therefore, the column
is stationary at this moment in time, so no energy is dissipated. Figure 7.9 demonstrates this behaviour
very clearly.

Figure 7.7: Acceleration, velocity and displacement for damped free vibrating clamped EB beam with an initial displacement

Furthermore, the initial energy in the system at 𝑡 = 0 could be predicted. The initial energy consists
only of potential energy as the velocity is equal to zero. The curvature was determined theoretically
using the matlab script for the three initial displacements and setups. Therefore, the potential energy
at 𝑡 = 0 could be calculated. This resulting initial for the planned experiments on setups 2, 3 and 4 is
presented in Table 7.5.
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(a) Total simulation time. (b) First second of simulation time.

Figure 7.8: Energy in a damped freely vibrating EB column.

Figure 7.9: Energy dissipation in EB column.

Table 7.5: Initial energy for every setup and initial displacement in Joule.

Setup 5 mm 10 mm 20 mm

2 0.013 0.052 0.21

3 0.007 0.027 0.11

4 0.002 0.008 0.033
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Results and Analysis

This chapter presents the results of the conducted experiments. While the axial test for setup 1 did not
yield data which could be used, tests for setups 2, 3, and 4 were able to be further analyzed. The results
were evaluated to compare the curvature determination methods and to validate the experiments.

The results of the experiment were not as initially expected: instead of a decaying vibration in the main
direction, the timber vibrated alternatively in both the excited direction and the perpendicular direction.
This phenomenon is known as beating. As a result, it was more challenging to determine the damping
in the column, as damping occurred in two directions. However, the dissipated energy of the entire,
coupled system could be determined.

As a result of the lack of a strain gauge, the curvature data could not be measured. Instead, a numerical
process was applied to obtain the curvature of the beam. As the kinetic and potential energy depends
on the velocity and the curvature, these inputs must be accurate and correspond, to depict the energy
precisely. It was challenging to retrieve this data in a manner which correctly showed the energy in
the column. The data needed to be extensively fitted to obtain satisfactory outcomes. In the end, an
overview of energy dissipation could be given. However, it must be noted that due to all the necessary
numerical processes, the result is less accurate than initially expected. Additionally, the experiments
were conducted at home, resulting in a less robust setup, which is more prone to errors.

Nonetheless, despite its limitations, the method proposed seems to be adequate to determine the
energy dissipation during vibration in a timber column. If these experiments are conducted in a profes-
sional lab setting, it is expected that the energy dissipation can be determined with sufficient accuracy.

8.1. Beating
During all executed tests of setups 2, 3 and 4, beating was observed. Beating is a well-known phe-
nomenon in dynamics whereby two different vibration systems interact with each other, resulting in
combined responses which differ from the two original systems. Beating occurs in case there is soft
coupling between two different systems which have natural frequencies close to each other.
Figure 8.1 illustrates two undamped vibrations with close natural frequencies resulting in a beating
response. The impact of beating to the vibration of the coupled system is threefold:

• The resulting vibration occurs in a frequency which equals the average of the two different system
frequencies: 𝑓፧ = (፟ᑟ,Ꮃዄ፟ᑟ,Ꮄ)

ኼ

• A coupled response occurs displaying increasing and decreasing amplitudes over time, whereby
the maximum amplitude is the sum of the initial amplitudes.

• The amplitudes of the coupled responses follow a secondary, low, ‘beating’ frequency 𝑓፛, which
equals the delta between the frequencies of the two different systems: 𝑓፛ = 𝑓፧,ኻ − 𝑓፧,ኼ.

49
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Figure 8.1: Development of beating from two, almost identical, undamped vibrations

In the experiments, the two different vibrating systems were the lateral bending vibration in the 𝑧-
and 𝑦-direction. In the experiments, the 𝑧-direction was the direction in which the column was initially
displaced. It was clearly visible that the free vibration rapidly moved back and forth between the 𝑧- and
𝑦-direction. This is demonstrated in the data found in Figure 8.2. The accelerometer measurements
confirmed that the natural frequencies of the first modes in either axis were close to each other for
each of these three set-ups. This is shown in the frequency spectrum response presented in Figure
8.3. The difference between the frequencies varied between 0.1 to 0.8 Hz, which is in accordance with
the secondary frequency observed in the data.

(a) ፳-direction (b) ፲-direction

Figure 8.2: Acceleration, velocity and displacement in ፳- and ፲-direction of lateral vibrating column demonstrating beating.

Figure 8.3: Frequency spectrum of setup 2. The two peaks of the spectra correspond to the first natural frequency in the ፳- and
፲-direction.
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It should be noted, that, in theory, in a clamped column no beating occurs. The two lateral vibrating
systems should not have been coupled if the column was excited in only one direction due to clamped
boundary condition. It is expected that the beating occurred due to the imperfect boundary condition
and that the anisotropy of timber could also have an effect. Furthermore, if a rectangular cross-section
rather than a square cross-section had been selected, it is improbable beating had been observed as
the difference in natural frequency in 𝑧- and 𝑦-direction would likely be too large.

8.1.1. Clamped boundary condition
The clamped boundary condition was imposed by pouring concrete around the timber columns. The
concrete showed cracks during the experiments and in combination with shrinkage, it could be ex-
pected that an imperfect clamped boundary condition was created. It is probable that the displacement
at 𝑥 = 0 in both 𝑧- and 𝑦-direction was not equal to zero. The same could be expected for the angle. As
some movement was possible at the interaction between the timber and the concrete, the two lateral
vibrating systems probably became coupled, which lead to the observed beating.

Consequently, in practice, some friction would have occurred between the immersed part of the timber
column and the concrete. This would have led to damping at the connection, which is classified as
structural damping. Theoretically, the only damping expected was the material damping in the column,
but in this setup, it appeared that some energy dissipation was also found at the boundary condition.
In this research, it was not possible to determine how big the effect of the structural damping in the
clamped column was on the total damping. Further research could give insight into the ratio between
structural and material damping.

8.1.2. Anistropy
The 𝑧 and 𝑦 natural frequencies being close indicated that there was a slight difference in geometry
and/or stiffness across these two axes over the length of the column. With respect to geometry, it was
possible that the square section is not perfectly symmetrical along its length or that there was a small
out of straightness or curvature along its length due to the quality of sawing. However, more likely, the
primary cause for the difference in natural frequency was caused by a difference in MOE as a result
of anisotropy with fibres and a-symmetric knots in the timber cross-section along its length. This was
shown in Figure 8.4. The a-symmetrically spread knots both across 𝑧 and 𝑦 direction, length and cross
section for the three set-ups can be clearly observed.

Figure 8.4: A-symmetric fibres and knots causing anisotropy in the timber columns.
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8.2. Energy Transfer
The observed beating phenomenon has complicated the interpretation and analyses of the test results
as the energy is now dissipated across both lateral vibrating systems. Furthermore, the energy is
transferred from one direction to the other and back during vibration. A schematic of this observed
energy flow in the experiments is presented in Figure 8.5.

Potential
energy 𝐸ኺ
introduced
in 𝑧-direction

System 1:
free vibration in 𝑧

System 2:
free vibration in 𝑦

Energy transfer
between

system 1 and 2
𝑊፳ዅጻ፲ 𝑊፲ዅጻ፳

Energy
dissipation
from both
systems

𝑊 ።፬፬,፳

𝑊 ።፬፬,፲

Figure 8.5: Energy flow observed in experiments.

Energy is a scalar without direction. So therefore it cannot be said that energy is transferred from one
direction to the other as energy is always possessed by the total system. However, to discern the
two vibrating systems, in this section the energy associated to the velocity and curvature in a direction
is being described as energy in that specific direction. The dissipated energy in the energy balance
equation consists of two parts: damping and transfer.

𝑊diss = 𝑊transfer +𝑊damp (8.1)

The energy balance equation for each direction thus looks as follows:

𝑑𝐸፳
𝑑𝑡 = 𝑊transfer,፳→፲ +𝑊transfer,፲→፳ +𝑊damp,፳

𝑑𝐸፲
𝑑𝑡 = 𝑊transfer,፲→፳ +𝑊transfer,፳→፲ +𝑊damp,፲

(8.2)

As the energy transfers within the system from one direction to another, no energy is dissipated out of
the system. Therefore, it can be stated that the dissipated energy for the total system consists of the
dissipated energy associated with damping in both directions.

𝑑𝐸
𝑑𝑡 = 𝑊damp,፳ +𝑊damp,፲ (8.3)

This complicates matters, as two unknown terms appear. It is thus not possible to determine the dissi-
pated energy for each direction. Only the total energy dissipation can be calculated.
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Figure 8.6: Contribution of the energy in ፳-, ፲-direction to the energy at ፭ (blue line).

In Figure 8.6, the ratio between the energy in the 𝑧- and 𝑦-direction compared to the total energy in
the system at time 𝑡 is depicted. It clearly shows how the energy in the system is transferred from
one direction to the other and back. For most tests, the pattern is similar. At the peaks, around 90%
of the total energy is due to the work in one direction. In Figure 8.7, the dissipated energy is also
added to the graph. So now the ratios are between the energy in the 𝑧-, 𝑦-direction and the dissipated
energy compared to the initial energy. The energy dissipation contribution seems to follow a negative
exponent curve, which seems to be constant for most tests and in accordance with the expectation of
the theoretical EB column. It also corresponds to theory as more energy is dissipating while the velocity
is higher.

Figure 8.7: Contribution of the energy in ፳-, ፲-direction and the dissipated energy compared to the initial energy (blue line).

8.3. Comparing Curvature Determination Methods
As discussed in the previous chapter, two methods were proposed for determining the curvature: ac-
celeration fit and displacement shift. The results of both methods are discussed in this section.
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8.3.1. Displacement shift method
The first method was based on the displacements derived from the experiment. By using a MATLAB
script, the acceleration data is filtered and integrated twice to obtain the displacement. The Euler-
Bernoulli beam theory is then used to determine the shape of the column in the first mode as it is ob-
served that the column only vibrates in its first mode. For each time step, the displacement is known.
So by imposing this displacement in the EB column, the corresponding curvature can be determined.

However, a problem was encountered. The derived displacement data was physically incorrect, which
was probably due to the double integration and filtering of the data. In contrast to what it should be, the
mean of the displacement was non-zero. This resulted in values for the curvature which were incorrect.
To counteract this issue, the displacement data was shifted such that the mean of the displacement
became zero. For each cycle, a writtenMATLAB script ensured the mean was zero by subtracting the
cycle’s mean value. This resulted in usable displacement data. The shifted displacement compared to
the original data is shown in Figure 8.8.

Figure 8.8: Displacement data from Setup 2, Test 1, Version 1 before (top) and after (bottom) displacement shift is applied.

Since the adjustment is made for each individual period, the resulting curve is not smooth at the transi-
tion point between cycles as depicted in Figure 8.9. As a result, the energy calculated from the exper-
iments was not continuously decreasing as expected but showed non-physical peaks in the potential
and total energy. The energy time histories were hence fitted, giving feasible results and allowing for
a better interpretation of the results.

8.3.2. Acceleration fitting method
For this method, a MATLAB script was written to fit the acceleration of a beam using the EB beam
theory to the measured data. All the properties gained from the experiment are implemented for the
EB beam. The beating phenomenon was replicated by simulating two modes with the two measured
closely spaced natural frequencies. For both modes, the same 𝛽 (see Section C.2.1) was applied
that corresponds to the first mode as the beam vibrates in the first mode for both directions. The only
unknown quantity in the EB equation is 𝜁. The script optimized the zeta value by finding the fit with
the lowest Root Mean Squared Error. At this point, the theoretical acceleration was fitted to closely
match the experimental data. Subsequently, the fitted acceleration is used to theoretically determine
the displacement and finally the curvature. A comparison between the fitted and experimental data
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Figure 8.9: Jumps in displacement data at transition points.

Figure 8.10: Comparison of the Acceleration, velocity, displacement and curvature between the experimental data and the
acceleration fitting method.

can be found in Figure 8.10. This figure also depicts a comparison between the experimentally and
theoretically acquired velocity, displacement and curvature.

Despite applying the natural frequencies obtained from the experiments to the two fitted vibrations, the
fitted and the experimental data were occasionally observed to be slightly out of phase, indicating that
the derived frequency was not entirely correct. For simplicity, the 𝜁 and the 𝛽 values were assumed
equal for the two fitted vibrations, as they are assumed to be the first modes. Yet it is unsure whether
this is entirely correct. The aforementioned limitations and assumptions highly influence the results as
the final energy calculations strongly depended on these values, hence a small change could lead to
oscillations in the total calculated energy. For more consistent results, the kinetic, potential and total
energy was thus fitted to interpret the results better.

For both methods, the energy decays for the experiment from setup 1 with an initial displacement of
5 millimetres are presented in Figures 8.11 and 8.12. The energy for the acceleration-fitted method
was less smooth than for the method with the shifted displacement. This was the case for almost all
the experiments. The fitted data being slightly out of phase with the experimental data could have led
to this less smooth curve. Especially for the first second, it was observed that the energy with the ac-
celeration fit encountered unexpected behaviour. For some experiments, the energy even increased,
which was physically impossible. The necessary estimation of the velocity and curvature for the first
second explained this behaviour. Compared to the expected behaviour of Figure 7.8, the shifted dis-
placement returned more satisfactory results. Although this expected behaviour did not experience



56 8. Results and Analysis

Figure 8.11: Energy decay using shifted displacement method. Figure 8.12: Energy decay using acceleration fitting method.

beating, a more smooth decay was to be anticipated. The plateaus at the peaks of the potential en-
ergy however were not discovered in the experiments. The absence of a strain gauge and therefore
reduced accuracy of the data explained the lack of these plateaus in the obtained energy graphs. As
the displacement shift method’s results were more in line with the expected outcomes, this method was
applied for the remainder of this analysis.

The decay of energy in the system was found to follow a decaying exponential function. Hence a con-
stant regarding the energy dissipation could be presented: 𝐸D. This value was obtained by matching a
decreasing exponential function to the total energy in the system. 𝐸0 is the initial value of the energy at
𝑡 = 0. Subsequently, the 𝐸D was derived by finding the value for which the lowest Root Mean Squared
Error was found compared to the original energy curve.

𝐸(𝑡) = 𝐸0 exp (−𝐸D𝑡) (8.4)

Figure 8.13 compares the energy plotted with the obtained 𝐸0 to the energy calculated with the shifted
displacement. A high level of agreement exists between the two lines. For most of the experiments the
retrieved 𝐸0 showed a good fit. As comparison the dotted blue line represents the fitted energy for the
acceleration fitting method.

Figure 8.13: Energy with ፄD fit compared to the energy from the displacement shift and acceleration fitting method.
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8.4. Energy Dissipation Trends
From the data, two constants could be retrieved: the damping ratio 𝜁 and a newly introduced energy
dissipation constant 𝐸D. As the measured data has been fitted to match the theoretical EB data, the
corresponding 𝜁 values could be extracted. A difference exists between the constants. Whereas 𝜁
was specifically obtained for either the 𝑧- or 𝑦-direction, 𝐸D was a constant which describes the energy
dissipation in the total system, independent of the direction. For both constants, the trends observed
for the different setups and displacements are discussed. It must be noted that due to the low number
of tests, the accuracy of these trends is not high. To gain better insights into the trends, more research
is warranted.

8.4.1. Damping ratio trends
Figure 8.14 and 8.15 depict the damping ratios for every experiment for both 𝑧- and 𝑦-direction. For
almost all setups a trend could be observed for which slightly higher damping ratios were obtained for
a higher initial displacement. Only 𝜁፳ for setup 4 and 𝜁፲ for setup 3 did not follow this trend. However,
for setup 4 if one outlier at an initial displacement of 5 millimetres would be disregarded, the slightly
upward trend would be noticed. A small amplitude dependency seemed to appear for the damping
ratios. However, more research is necessary for concluding remarks.

The mean damping ratios per test for each setup are presented in Figure 8.16. In this figure, test 1 is
the mean value of all tests with an initial displacement of 5 mm, test 2 for 10 mm and test 3 for 20 mm.
For the 𝑧-direction no real trend could be determined for setups with a higher natural frequency. In the
𝑦-direction, setups with higher frequency did have lower damping ratios. Nevertheless, the trend is not
strong and only limited data was available, so no clear conclusions can be drawn.

(a) (b) (c)

Figure 8.14: Fitted damping ratios for all tests for (a) setup 2, (b) setup 3 and (c) setup 4 and initial displacements in the
፳-direction.

(a) (b) (c)

Figure 8.15: Fitted damping ratios for all tests for (a) setup 2, (b) setup 3 and (c) setup 4 and initial displacements in the
፲-direction.
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(a) (b)

Figure 8.16: Damping ratios per setup for the (a) ፳- and (b) ፲-direction.

8.4.2. Energy dissipation constant trends
The trend in Figure 8.17 did not show a consistent pattern. For setup 2, a higher scatter appeared,
which made it difficult to conclude a trend. Setup 3 seemed to have a small amplitude dependent trend.
Lastly, no clear trend could be distinguished for setup 4. Figure 8.18 shows the mean values for all the
tests per setup. It seemed that for the setup with higher stiffness and natural frequency, a lower 𝐸D
was obtained. This was in agreement with the 𝜁፲.

(a) (b) (c)

Figure 8.17: Energy dissipation constant for all tests for (a) setup 2, (b) setup 3 and (c) setup 4 and the associated initial
displacements.

Figure 8.18: Mean energy dissipation constant for each test and setup.
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8.5. Validation
The results of the energy-based approach must be validated to ensure its applicability. Although the
comparison between 𝐸D and the Kelvin-Voigt constant or a viscous constant was impossible due to
the encountered beating, the damping ratios obtained from the acceleration fitting were compared
to values from the literature. Furthermore, the correlation between the newly introduced 𝐸D and the
damping ratios could also be examined. The predicted natural frequency, MOE and initial energy could
be compared to the actual values to determine the accuracy of the energy-based method.

8.5.1. Comparison damping ratio to the literature
From different studies Labonnote et al. [26] concluded that the material damping for timber ranged from
0.2% to 0.75%. In its own research, it was determined that for a simply supported beam of Norway
spruce the mean value for the damping ratio was 0.52%. The measured damping ratios from the
experiments ranged between 0.42% and 1.5%, with a mean value of around 0.8%. This is higher than
would have been expected from previous experiments. This could be explained by the difference in
the setups. In Labonnote’s research [26] no structural damping occurred as it was a simply supported
beam. Due to the imperfect clamp, it could be expected that some structural damping did occur. The
difference in damping ratios could therefore be another indication that the clamped boundary condition
was indeed imperfect. If the material damping of Labonnote et al. was applied to the setup in this
research, it could be stated that the structural damping of the experiment setup was around 0.3%.
However, no concluding remarks can be given as further research is necessary.

8.5.2. Comparison energy dissipation constant and damping ratio
For all experiments 𝐸D is plotted against 𝜁 in Figure 8.19. Between 𝜁፳ and 𝐸D no correlation was found.
A moderately weak correlation was found between 𝜁፲ and 𝐸D. The correlation between the average
of 𝜁፳ and 𝜁፲ for each experiment and 𝐸D was also calculated. This also resulted in a moderately weak
correlation. The not very strong correlation could be possibly explained by the low number of data
points. A research with more conducted tests could give a better insight into the correlation.

(a) (b) (c)

Figure 8.19: Correlation energy dissipation constant and damping ratio in (a) ፳-, (b) ፲-direction and (c) the mean value of ፳ and
፲ with its corresponding ፫ value.

8.5.3. Comparison initial energy
In Section 7.5, the expected initial energy in each column for the three initial displacements was cal-
culated. The energy graphs showed the actual initial energy in the system. The mean for every test
is presented in Figure 8.1. Setup 2 only showed an accurate comparison with the expected energy
for an initial displacement of 5 mm. Both the initial energy values for 5 and 10 mm displacement were
consistent with the expected values for setup 3. The energy for the 20 mm displaced column was more
than twice as low as expected. In the case of setup 4, the initial energy was near as expected, with
only a slight difference observed for the experiments with a 5 mm displacement. This difference could
be attributed to the manual imposition of displacements using a tape measure, which caused variations
in the imposed displacements per experiment. This also explained the high scatter of initial energy for
identical tests. A trend was observed of better agreement between the expected and initial values for
the less stiff column. During the experiments, it was more challenging to hold the stiffer columns in
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Table 8.1: Actual initial energy for every setup and initial displacement in Joule.

Setup 5 mm 10 mm 20 mm

2 0.008 0.019 0.072

3 0.004 0.020 0.040

4 0.004 0.008 0.034

their exact initial displacement before release, which could explain this trend. An extra factor could be
the imperfect boundary condition, which would lead to a different expected value for the initial energy.

8.5.4. Validation natural frequency and modulus of elasticity
The natural frequency of a lateral vibrating EB beam in the first mode can be described as:

𝑓፧,ኻ =
1.875ኼ
2𝜋 √ 𝐸𝐼

𝜌𝐴𝐿ኾ (8.5)

An initial value of 8 GPa for the MOE was assumed for all four test pieces, and with the properties as
per Table 7.1 the values for the first natural frequencies were predicted beforehand as in Table 8.2.
However, the tests showed that the measured natural frequencies deviated from the predicted values.
Given the variation in density and the strong relationship between density and the modulus of elasticity
of timber, the deviation in the predicted natural frequency is not illogical and can also be observed in
the literature, as indicated by Figure 8.20. A second explanation for the difference could be found in
the imperfect boundary condition. An imperfect clamped boundary condition was created, which was
more flexible than assumed in the model.

Table 8.2: Predicted first natural frequency of the four setups.

Setup ፟ᑟ,Ꮃ [Hz] ፄ [GPa]

2 8.1 8.0

3 6.1 8.0

4 5.2 8.0

Table 8.3: Back-calculated MOE per setup based on ፟ᑟ,Ꮃ,ᑫ.

Setup ᎞ [kg/mᎵ] ፟ᑟ,Ꮃ,ᑫ [Hz] ፄ [GPa]

2 463 8.04 7.4

3 490 6.81 10.8

4 419 4.50 8.4

The theoretical MOE of the timber columns were back-calculated, using the obtained natural frequen-
cies which were applied to Equation 8.5. These newly calculated MOE are presented in Table 8.3.
Depending on the method of testing, mean values for the MOE of 10600 (static tests) or 12000 GPa
(dynamic tests) are given for Norway Spruce [29]. Although the back-calculated values for the MOE are
lower than the mean values, they do fall broadly within the range for Norway spruce. Especially if the
dependency of the MOE on density is taken into account. Figure 8.21 shows a positive correlation be-
tween the MOE and the density giving further credibility to the values measured and the setups created.

Additionally, theMOE for the specimens were determined in a professional lab setting, using themethod
described in Section 3.2. The density was recalculated using a scale in the lab. Subsequently, the MTG
handheld from Brookhuis Micro Electronics was used to measure the accelerations, from which the nat-
ural frequency was obtained. The calculated values for the different MOE are presented in Table 8.4.
The value for 𝐸loc corresponds to the bending modulus, which is compared to the back-calculated val-
ues from Table 8.3. The final column lists Δ𝐸, which denotes the difference between the back-calculated
𝐸 in Table 8.3 and 𝐸loc. The measured MOE were slightly higher than the calculated values. However,
the difference for all values was similar. The imperfect clamped boundary condition could not be an
explanation for these higher values, as this would have led to lower MOE. It was unclear what reason
precisely lead to the higher measured MOE. Figure 8.21 presents all values compared to the density
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Figure 8.20: Modulus of elasticity versus density in Norway
spruce [29].

Figure 8.21: Modulus of Elasticity versus density in
experiments. The red line indicates the fit from Figure 8.20.

and the regression line of Figure 8.20. TheMOEall fall in the range for known values for Norway Spruce.

In conclusion, it can be stated that the energy-based approach yields adequate results for energy
dissipation in a timber column. While some validation results did not align with expectations, most
differences could be attributed to the limitations of the at-home experimental setup. Consequently, it
is expected that conducting experiments in a professional laboratory would provide more satisfactory
outcomes.

Table 8.4: Calculation of actual modulus of elasticity and comparison to theoretical modulus of elasticity

𝐿 [m] 𝜌 [kg/m3] 𝑓፧,ኻ,፱ [Hz] 𝐸dyn [GPa] 𝐸loc [GPa] Δ𝐸 [%]

Specimen setup 2 1.872 415.8 1269 9.4 8.9 16.9

Specimen setup 3 1.869 478.1 1410 13.3 12.6 18.2

Specimen setup 4 1.867 393.8 1405 10.8 10.3 18.4





IV
Conclusions and Recommendations

63





9
Conclusions

This research has confirmed with analytical models that an energy-based approach, as proposed by
Sánchez Gómez [45], can describe the energy dissipation in a clamped timber column under axial,
lateral and torsional loading conditions during free vibration. For lateral vibration the analytic model
was further evaluated by conducting experiments. With the help of an energy balance equation, the
energy flow in a timber column was formulated including any energy dissipated during vibration.

The energy balance equations for lateral, axial and torsional vibration cases have been derived. The
total energy in the system during vibration consists of kinetic energy and potential energy, while the
change of energy over time is equal to the dissipated energy. The analytical equation for lateral vibra-
tions was tested in a series of simple experiments using the commonly used Norway spruce. It was
found that the energy in the system can be approximated by an exponential function which introduces
an energy dissipation constant 𝐸D (s-1) and the initial energy 𝐸0 (J) as can be seen in equation 9.1.
For lateral vibrating columns of Norwegian spruce, typical values of 𝐸D were 0.4 - 0.6 s-1.

𝐸(𝑡) = 𝐸0 exp(−𝐸D𝑡) (9.1)

The newly introduced energy dissipation constant 𝐸D proved able to assess damping in vibrating sys-
tems with beating, which is challenging using half-power bandwidth or logarithmic decrement method.
Compared to these traditional methods, the energy-based approach is a more fundamental approach.
Another advantage of 𝐸D is that it will be easier to compare the damping values for different configu-
rations: potential influences from amplitude, modes or frequency can be avoided due to initial energy
being similar and the only varying constant being 𝐸D.

Finally, it has been established that damping has a significant influence on reducing peak accelerations
and a better prediction of damping could potentially lead to lowered cost. A sensitivity analysis of a
case study on the high-rise timber building HAUT showed that increasing the damping from 1.5% to
2% or 2.5% could reduce the mass by 17% or 29%, respectively, while maintaining constant peak ac-
celerations. This largely untapped design lever warrants significant research and design improvement
for these timber structures of the future.
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10
Recommendations

This research serves as a starting point from which further research on energy dissipation in timber
could continue. The recommendations outlined in this study provide guidance for conducting future
research. The follow-up research could contribute to a more profound understanding of the energy
dissipation in timber structures. Additionally, the suggestions presented here offer insights to be con-
sidered in the design of timber high-rises regarding damping.

10.1. Follow-up Research
Firstly, it is advised to conduct the experiments proposed in this thesis in a formal laboratory setting.
The addition of a strain gauge would highly increase the accuracy of the experiment. Likewise, a supe-
rior accelerometer could also lead to better results. The precision of the imposed displacement could
also be more accurately determined in a lab. Besides the lateral vibration tests, the experiment could
be performed for torsional and axial vibration. A larger number of tests would lead to 𝐸ፃ values which
would be statistically significant and would be able to identify any trends.

As the experiments with square cross-sections encountered beating, experiments and analyses of rect-
angular cross-sections would be sensible. It is expected that this would not lead to beating, making
it possible to observe the energy dissipation in only the main direction. In addition, testing a glulam
column rather than solid timber will be valuable, as glulam columns are used more frequently in timber
design. Due to the lower scatter in natural properties in glulam, it is expected that less variance will
occur in the results.

In this thesis, it was assumed that the anisotropy of the wood does not influence the vibrating behaviour
and thus the damping characteristics. It seemed that the motion of a lateral vibrating timber beam was
in accordance with the isotropic Euler-Bernoulli beam model. However, no extensive research was
conducted on this area of topic. So to be certain the effect of the anisotropy on the vibrations and
damping can be neglected in the model, further research is advised.

Subsequently, the energy dissipation in simple timber frames could be studied. It would be interesting
to investigate the possibility of determining the contribution of material and structural damping to the
total damping. By using the energy flow method, energy dissipation in certain areas can be observed.
Therefore, it is expected that by defining the connections and members as specific regions, the energy
dissipation in each can be determined.

The initial energy in a system can be determined easily if after an imposed displacement the system
can vibrate freely. Therefore, a comparison between the rate of energy dissipation (𝐸D) can be simply
made if the same initial energy is put into different systems. In this manner, various configurations
of a frame could be compared for their damping properties. For example, the energy dissipation in
different connection types could be compared. This might lead to engineers being able to choose
which connection types they would prefer to increase the damping properties in a design.
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10.2. Timber Design
At the moment it is impossible to accurately determine the damping ratio for a timber high-rise building
during the design phase. It is expected that due to the complex nature of damping and the unique
design of each building, this will also hold for the future. However, by gaining a better understanding
of which elements or configurations increase the damping properties of a building, engineers can in-
tentionally design for increased damping. The research suggested in the previous section could help
achieve this goal. At the moment some recommendations can already be given in regard to the damp-
ing characteristics of timber high-rise buildings.

From the literature, it is clear that the damping ratio varies greatly between timber buildings. Further-
more, the existing data is limited, due to the relatively low number of timber high-rise buildings. The
accuracy of predicting the damping ratio beforehand is thus low. It is therefore advised to be conser-
vative with the assumed damping ratio. However, a lower bound of 1% seems to exist.

The damping properties of a timber structure increase if the connections are less rigid. As more move-
ment between members is possible, more frictional forces are generated which will lead to increased
damping. The connection type showing the highest added damping was found to be slotted steel plate
connections. A design with relatively more non-structural elements will also increase the damping. All
elements which are not rigidly connected will encounter friction and therefore will increase the total
damping of the building.

In conclusion, multiple research opportunities exist for further exploring the topic of damping in timber
structures which can lead to a more profound understanding of this phenomenon. This, in turn, should
result in both safer and more economic designs of timber high-rise buildings.
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A
Acceleration HAUT - Eurocode

Calculation
The focus of this quick case study is the potential mass reduction of HAUT if the damping ratio is
increased, guaranteeing the same peak acceleration. For the peak acceleration the Eurocode equation
is used:

𝑎፰።፧፝ = 1.6 ∗
𝜙ኼ𝑝፯፰,ኻ𝑐፩፞𝑏፦

𝜌፥
(A.1)

with

𝜙ኼ dymamic factor √ ኺ.ኺኽኾኾ(፧Ꮃ,ᑩ)ᎽᎴ/Ꮅ
ፃ(ኻዄኺ.ኻኼ፧Ꮃ,ᑩ፡)(ኻዄኺ.ኼ፧Ꮃ,ᑩ፛ᑞ

𝑝፯፰,ኻ 100𝑙𝑛( ፡ኺ,ኼ)
𝑐፩፞ sum of the external pressure coefficient

𝑏፦ average width of building

𝜌፥ mass of building per meter

𝑛ኻ,፱ natural frequency

𝐷 damping

ℎ height of building

In the current design, the total mass of the building is 146,800 kN. With the building being 73 meter tall,
this result in a 𝜌፥ value of 204991 kg/m. The assumed damping value is 1.5% and the natural frequency
is 0.56 Hz. The calculated peak acceleration is therefore 8.1 mg. For the calculations the damping is
increased to 2 and 2.5% to measure the possible mass reduction which can be achieved in order to
obtain the same peak acceleration.

Firstly, the overall mass in the FEM model is reduced and the new natural frequency is calculated. It is
assumed that the stiffness remains constant. With the new mass and corresponding natural frequency,
Formula A.1 is filled in. The mass is reduced until the point that the peak acceleration is equal to the
current situation: 8.1 mg. An overview of the different values of the mass reduction, the corresponding
natural frequency and the peak acceleration for both situations can be found in Table A.1 and A.2.

This quick study shows that an increase of the damping has a significant effect on the reduction of the
mass. By increasing the damping with half a percentage point the mass could potentially be decreased
by 17%. An addition of one percentage point to the damping leads to a mass reduction of 29%. It must
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74 A. Acceleration HAUT - Eurocode Calculation

Table A.1: Mass reduction for a damping ratio of 2%

Mass Natural frequency [Hz] Peak acceleration [mg]

Value [kN] Relative [-]

146,800 1 0.54 7.0

132,120 0.9 0.55 7.6

123,312 0.84 0.56 8.0

121,844 0.83 0.56 8.1

Table A.2: Mass reduction for a damping ratio of 2.5%

Mass Natural frequency [Hz] Peak acceleration [mg]

Value [kN] Relative [-]

146,800 1 0.54 6.3

117,440 0.8 0.57 7.4

105,696 0.72 0.58 8.0

104,228 0.71 0.58 8.1

be noted that this method is an approximation and not a full-scaled calculation. Nonetheless, it shows
that damping certainly has an impact on the acceleration and the possibility to reduce mass.



B
High-Rise Timber Buildings

This appendix presents an overview of six timber high-rise buildings. Stadthaus, Forte, Treet, Tallwood
and HoHo held the title of tallest timber building in the world upon completion, while Haut was the
second tallest. Currently, two taller buildings have been constructed: Mjøstärnet (85m) and Ascent
(87m). Both are not covered in this overview.

B.1. Stadthaus
Stadthaus was the first residential tower to be fully constructed in CLT. Not only the floors and walls are
constructed in CLT, but also the core. Upon completion in 2009 it was the tallest timber building in the
world. The structural system consists of a central timber core, which is surrounded by a honeycomb
pattern of CLT walls and floors. This results in a cellular structure of the building. All CLT panels
are part of load bearing system. As panellised buildings are prone to progressive collapse, it was
made sure that the failure of one element would not lead to fatal collapse. Due to the typical layout of
residential buildings, the over-structuring was utilized [57]. All the CLT panels are connected by steel
angle brackets in combination with screws [2].

Figure B.1: CLT honeycomb structure Stadthaus [1]. Figure B.2: CLT walls and floors Stadthaus [1].
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Figure B.3: Construction of Forte [48] Figure B.4: Placement CLT with doorway already cut out [48]

B.2. Forte
In 2013, Forte surpassed Stadthaus as the highest timber building in the world. The Forte Tower is
situated in Melbourne. The structural system of Forte is similar to that of Stadthaus. CLT panels are
used for the core, floors and walls. From literature is was unclear if all panels are part of the load
bearing system. It is however expected to be the case as the design is similar to Stadthaus. Again,
steel angle brackets are used to connect the CLT. All CLT panels were prefabricated with the windows
and doorways already cut out. This dramatically reduced the construction time of Forte [48].

B.3. Treet
Upon completion, Treet, located in the city of Bergen, was the highest timber building in the world.
Nowadays, Treet is still the second highest building having an all timber structural system with only
Mjøstårnet being higher. Treet uses a large glulam truss to provide the stability of the building. At each
fifth storey a concrete slab is placed in the frame to provide extra stiffness. The structure does have a
timber core, but it is not necessary for the stability. The glulam elements are connected to each other by
slotted-in steel plates and dowels. Each separate house is designed as a CLT module which was lifted
into the braced frame. The residential modules are not connected to the frame, but only to adjacent
modules. The CLT walls are thus almost independent of the main load bearing structure [33].

Figure B.5: Glulam truss system Treet [33]. Figure B.6: Slotted-in steel connection with dowels Treet [33],
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Figure B.7: Structural system Tallwood House [37]. Figure B.8: Glulam beams and CLT slabs [37].

B.4. Tallwood House at Brock Commons
Tallwood House at Brock Commons, Vancouver was completed in 2017. Standing 58 meters tall, it
is not classified as an all timber building as two concrete cores provide the necessary stiffness and
lateral stability. The column-floor system consists of glulam columns and CLT slabs. The columns
are connected by a hollow steel connector and the slabs are linked to the columns using screws.
All the connections were deliberately designed to be the same, to make the building as simple as
possible. Combined with prefabricating all the structural elements, the construction time was drastically
decreased. During construction they were able to erect two stories per week [37].

B.5. HAUT
The construction of HAUT in Amsterdam was finished in 2022. As in most taller timber buildings, HAUT
has a concrete core providing the necessary lateral stability and stiffness. Due to the wish to have an
unobstructed view from all the residential areas, the façade could not be load bearing. Therefore,
interior shear walls are designed for the load bearing system in combination with the concrete core.
The shear walls are made out of CLT. In contrast to the other timber buildings, HAUT utilizes different
load bearing systems in one storey. A combination of glulam beams and columns, steel beams and
columns, CLT walls, concrete walls and columns and composite floors are used, making it a more
complex building than the relative simple Tallwood House. The high number of different structural
elements also result in many different connection types.

Figure B.9: Structural system HAUT. Figure B.10: Composite slab connected to concrete core.
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B.6. HoHo Wien
From 2020 until 2022, HoHo Wien was the tallest tallest timber building in the world. HoHo is a combi-
nation of three towers; the tallest is 85 meter high. Concrete cores in combination with CLT shear walls
provide the necessary stability of the building, but still 74% of the building will be timber. The shear
walls can be found at the East and West side of the building. CLT floors are connected to the cores.
At the perimeter, glulam columns are placed which in combination with concrete edge beams support
the hybrid floors. The floors are made out of a combination of CLT and concrete. The outer walls
will be constructed in CLT as well. These will be mounted on the glulam beams. Inner walls are also
made of CLT, but do not have a structural function. To minimize the erection speed, a returning joint
is designed which connects columns, beams and slabs on each storey in the same way. The glulam
columns are connected to the concrete edge beams by a glued reinforcement bar. The concrete/timber
floor slabs are also connected to the edge beams by reinforcement bars [60]. In contrast to the other
timber buildings, the timber is mostly kept uncovered as was the wish of the architect and client [9].

Figure B.11: Structural system HoHo Wien [9]. Figure B.12: Connection between glulam column and concrete
beam edge [60].



C
Derivation Equations of Motion

C.1. Single Degree of Freedom
Single degree of freedom systems consist of a mass which can vibrate in only one direction. The
system is generally represented by a mass, spring and dashpot. The equation of motion for a single
degree of freedom system is described by [34]:

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 = 𝐹(𝑡) (C.1)

In the equation, 𝑚 represents the mass, 𝑐 the viscous damping coefficient and 𝑘 the spring stiffness. 𝑥
denotes the displacement in the direction of the degree of freedom. The force on the system is given
by 𝐹 as a function of time 𝑡.

Figure C.1: Single degree of freedom.

If no external force is present and the system is excited by an initial displacement or velocity, the system
is in a state of free vibration. The equation of motion simplifies to:

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 = 0 (C.2)

The equation is rewritten by dividing it by 𝑚 and introducing

√𝑘/𝑚 = 𝜔፧ 𝑎𝑛𝑑 𝑐/𝑚 = 2𝑛 (C.3)

where 𝜔፧ is the natural frequency of the undamped system and 𝑛 is a measure for the damping. This
results in the following equation:

𝑥̈ + 2𝑛𝑥̇ + 𝜔ኼ፧𝑥 = 0 (C.4)

By substituting the general solution into the equation of motion the characteristic equation is given.

𝑠ኼ፧ + 2𝑛𝑠 + 𝜔ኼ፧ = 0 (C.5)

The general solution follows as:

79
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𝑥(𝑡) = 𝑋ኻ𝑒𝑥𝑝(𝑠ኻ𝑡) + 𝑋ኼ𝑒𝑥𝑝(𝑠ኼ𝑡) (C.6)

with the characteristic exponents 𝑠፧:

𝑠ኻ = −𝑛 + √𝑛ኼ − 𝜔ኼ፧ 𝑎𝑛𝑑 𝑠ኻ = −𝑛 − √𝑛ኼ − 𝜔ኼ፧ (C.7)

Two distinct cases exist which offer different solutions to the equation. In one case 𝑛 > 𝜔፧ and in the
other 𝑛 < 𝜔፧. If 𝑛 > 𝜔፧, 𝑠ኻ and 𝑠ኼ have real values and are both negative. Therefore, the mass does
not vibrate, but instead slowly returns to the equilibrium. This is called aperiodic motion, which occurs
if the damping coefficient is large relative to the spring stiffness. A special case of aperiodic motion
exist when 𝑛 = 𝜔፧, which is called critical damping.

In the case of 𝑛 < 𝜔፧, the characteristic exponents are complex. In this case the damping coefficient
is small relative to the spring constant. Therefore, the mass is vibrating and represents damped free
vibrations. The displacement is described by:

𝑥(𝑡) = 𝐴ኺ𝑒𝑥𝑝(−𝑛𝑡)𝑐𝑜𝑠(𝜔።𝑡 − 𝜙ኺ) (C.8)

with

𝜔። = √𝜔ኼ፧ − 𝑛ኼ, 𝐴ኺ = √𝑥ኼኺ + (
𝑣ኺ
𝜔ኻ

+ 𝑛𝑥ኺ𝜔ኻ
)
ኼ
, 𝜙ኺ = 𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑣ኺ + 𝑛𝑥ኺ
𝑥ኺ𝜔ኻ

) (C.9)

From Equation C.8 it is clear that the vibration of the mass is enveloped by 𝐴ኺ𝑒𝑥𝑝(−𝑛𝑡) as is shown in
Figure C.2. The rate of decay depends on the value of 𝑛.

Figure C.2: Displacement-time curve of damped free vibrations.

C.2. Continuous Models
Three different models exist for describing the motion of a beam: Euler-Bernoulli, Timoshenko and
Rayleigh. All are differential equations in which the manner of support are not included, because the
differential equations make use of an infinitesimal part of the beam. The supports are introduced by
means of imposing boundary conditions.
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C.2.1. Euler-Bernoulli beam
The bending of a Euler-Bernoulli beam is described by the following fourth order partial differential
equation [34]:

𝐸𝐼𝜕
ኾ𝑤(𝑥, 𝑡)
𝜕𝑥ኾ + 𝜌𝐴𝜕

ኼ𝑤(𝑥, 𝑡)
𝜕𝑡ኼ = 𝑓(𝑥, 𝑡) (C.10)

It is important to note that a few assumptions were made in order to simplify the model. The first
assumption is that the cross-section remains perpendicular to the neutral line. Therefore, no shear
deformation is taken into account. It is also assumed that plane cross-sections remain plan, meaning
that the strain is linear over the height of the beam. Lastly, the rotational inertia has not been taken into
account in the Euler-Bernoulli beam. By making use of these assumptions, the equation is simplified
however still accurate for slender beams and low natural frequencies.

As mentioned before, the support conditions are not included in the differential equation, but will show
up in the imposed boundary conditions. Two equations which are obtained during the derivation of the
Euler-Bernoulli beam are very useful for setting up boundary conditions:

𝑀 = −𝐸𝐼𝑑
ኼ𝑤
𝑑𝑥ኼ

𝑄 = −𝐸𝐼𝑑
ኽ𝑤
𝑑𝑥ኽ

(C.11)

The solution for the partial differential equation under free vibration is described by:

𝑤(𝑥) = 𝐴 cosh𝛽𝑥 + 𝐵 sinh𝛽𝑥 + 𝐶 sin𝛽𝑥 + 𝐷 cos𝛽𝑥

with 𝛽 = 𝜌𝐴𝜔ኼ
𝐸𝐼

(C.12)

The value of 𝐴, 𝐵, 𝐶, 𝐷 and 𝛽 depend on the boundary conditions. For a cantilevered beam, or clamped
column depending on the orientation, the boundary conditions are as follows:

at 𝑥 = 0
𝑤(0) = 0
𝑑𝑤(0)
𝑑𝑥 = 0

at 𝑥 = 𝐿

−𝐸𝐼𝑑
ኼ𝑤
𝑑𝑥ኼ = 0

−𝐸𝐼𝑑
ኽ𝑤
𝑑𝑥ኽ = 0

(C.13)

Substituting these into C.12 and evaluating it results in a relative simple equation:

cos𝛽𝐿 = − 1
cosh𝛽𝐿 (C.14)

So it follows that:

𝛽ኻ𝐿 ≈ 1.875, 𝛽ኼ𝐿 ≈ 4.694, 𝛽ኽ𝐿 ≈ 7.855... (C.15)

The natural frequencies are thus obtained as:

𝜔፧ = 𝛽ኼ፧√
𝐸𝐼
𝜌𝐴 , 𝜔ኻ ≈

3.52
𝐿ኼ √

𝐸𝐼
𝜌𝐴 (C.16)

The eigenfunction is written as:

𝑤፧(𝑥) = 𝐴፧ (
cosh𝛽፧𝑥 − cos𝛽፧𝑥
cosh𝛽፧𝐿 + cos𝛽፧𝐿

− sinh𝛽፧𝑥 − sin𝛽፧𝑥
sinh𝛽፧𝐿 + sin𝛽፧𝐿

) = 𝐴፧𝜓፧(𝑥) (𝑛 = 1, 2, ..∞) (C.17)

The first three eigenmodes of a vibrating cantilever beam are depicted in Figure C.3.
As this is only the solution for the space function, it has to be combined with the harmonic time function.
Thus, the complete solution for a free vibrating cantilever beam is described by:
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Figure C.3: First three eigenmodes of a cantilever beam [34].

𝑤(𝑥, 𝑡) =
ጼ

∑
፧዆ኻ

𝐴፧𝜓፧(𝑥) sin(𝜔፧𝑡 + 𝜙፧) (C.18)

𝐴፧ and 𝜙፧ are still unknowns, but can be derived by the initial conditions. For an initial displacement
the boundary conditions are as follows:

𝑤(𝐿, 0) = 𝑎
𝜕𝑤(𝐿, 0)
𝜕𝑡 = 0

(C.19)

This will lead to

𝑤(𝑥, 𝑡) =
ጼ

∑
፧዆ኻ

𝐴፧𝜓፧(𝑥) cos(𝜔፧𝑡)

𝑤𝑖𝑡ℎ 𝐴፧ =
𝑎

𝜓፧(𝐿)

(C.20)

Damping
In the above equations of motion no damping was included. The described beams would thus vibrate
indefinitely. Therefore, a term must be added in order to account for the damping. As discussed in
Chapter 4, different terms may be added to account for energy dissipation. Two models are elaborated
in this section: the Kelvin-Voigt damping and viscous damping along the beam. The resulting equation
of motion of a clamped beam with Kelvin-Voigt damping is hence formulated as:

(𝐸 + 𝐸∗ 𝜕𝜕𝑡) 𝐼
𝜕ኾ𝑤(𝑥, 𝑡)
𝜕𝑥ኾ + 𝜌𝐴𝜕

ኼ𝑤(𝑥, 𝑡)
𝜕𝑡ኼ = 𝑓(𝑥, 𝑡) (C.21)

To find a solution for this equation separation of variables is applied, followed by a multiplication by the
𝑚፭፡ mode and the equation being integrated over 𝑥 [61].

ጼ

∑
፧዆ኻ

𝜓̈፧(𝑡)∫
ፋ

ኺ
𝑊፧(𝑥)𝑊፦(𝑥)𝑑𝑥 + (2𝜁𝜔፧𝜓̇፧(𝑡) + 𝜔ኼ፧𝜓፧(𝑡))∫

ፋ

ኺ
𝑊ᖩ
፧ (𝑥)𝑊፦(𝑥)𝑑𝑥

with 𝜁 = 𝐸∗𝐼
2𝛽ኼ√𝜌𝐴𝐸𝐼

(C.22)

As the non trivial solution is of interest, only terms for which𝑚 = 𝑛 hold remain, due to the orthogonality
of mode shapes.
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ጼ

∑
፧዆ኻ

𝜓̈፧(𝑡)∫
ፋ

ኺ
𝑊፧(𝑥)ኼ𝑑𝑥 + (2𝜁𝜔፧𝜓̇፧(𝑡) + 𝜔ኼ፧𝜓፧(𝑡))∫

ፋ

ኺ
𝑊ᖥ
፧ (𝑥)ኼ𝑑𝑥 (C.23)

This equation can be simplified to:

𝜓̈፧(𝑡) + 2𝐵𝜁𝜔፧𝜓̇፧(𝑡) + 𝐵𝜔ኼ፧𝜓፧(𝑡) = 0

with 𝐵 =
∫ፋኺ 𝑊

ᖥ
፧ (𝑥)ኼ𝑑𝑥

∫ፋኺ 𝑊፧(𝑥)ኼ𝑑𝑥
(C.24)

As only the first mode is considered this simplifies to a single degree of freedom system with a solution
that reads as:

𝜓 = 𝐴ኺ𝑒ዅፁ᎓Ꭶ፭ cos(𝜔ኻ𝑡 − 𝜙)
with 𝜔ኻ = 𝜔√𝐵 − 𝐵ኼ𝜁ኼ

(C.25)

The spatial solution is equal to the one derived in equation C.17. So the total solution consists of the
product of equation C.17 and C.25. To determine 𝐴ኻ, 𝐴ኺ and 𝜙 the boundary conditions are imposed.

For a beam modelled with with viscous dampers along its length the equation of motion slightly differs.

𝜔ኼ፧
𝜕ኾ𝑤(𝑥, 𝑡)
𝜕𝑥ኾ + 𝜕

ኼ𝑤(𝑥, 𝑡)
𝜕𝑡ኼ + 2𝜁𝜔፧

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡 = 0

with 𝜁 = 𝑐
2𝛽ኼ√𝜌𝐴𝐸𝐼

and 𝜔ኼ፧ = 𝛽ኾ
𝐸𝐼
𝜌𝐴

(C.26)

The same procedure as before can be applied which results in the following equation.

𝜓 = 𝐴ኺ𝑒ዅ᎓Ꭶ፭ cos(𝜔ኻ𝑡 − 𝜙)
with 𝜔ኻ = 𝜔√𝐴 − 𝜁ኼ

(C.27)

C.2.2. Timoshenko beam
Lord Rayleigh introduced the effect of rotary inertia to the beam theory by Euler-Bernoulli. Subse-
quently, the influence of shear deformation was added by Timoshenko. The result is a coupled linear
partial differential equation with the dependent variables 𝑤, the lateral displacement, and 𝜙, the angle
of the cross section to the neutral plane.

𝜌𝐴𝜕
ኼ𝑤
𝜕𝑡ኼ − 𝑞(𝑥, 𝑡) = 𝑘𝐺𝐴(

𝜕ኼ𝑤
𝜕𝑥ኼ −

𝜕𝜙
𝜕𝑥 )

𝜌𝐼𝜕
ኼ𝑤
𝜕𝑡ኼ =

𝜕
𝜕𝑥 (𝐸𝐼

𝜕𝜙
𝜕𝑥 ) + 𝑘𝐺𝐴(

𝜕𝑤
𝜕𝑥 − 𝜙)

(C.28)

In this equation k is the shear coefficient, which takes into account the variation of shear stresses
across the cross section and depends on its geometry. For a rectangular cross section this is generally
taken as 5/6. G is the shear modulus and I the second moment of inertia. For a linear, isotropic,
homogeneous beam of constant cross section the two coupled differential equations can be combined:

𝐸𝐼𝜕
ኾ𝑤
𝜕𝑥ኾ +𝑚

𝜕ኼ𝑤
𝜕𝑡ኼ − (𝜌𝐼 +

𝐸𝐼𝑚
𝑘𝐺𝐴)

𝜕ኾ𝑤
𝜕𝑥ኼ𝜕𝑡ኼ +

𝑚𝜌𝐼
𝑘𝐺𝐴

𝜕ኾ𝑤
𝜕𝑡ኾ = 𝑞(𝑥, 𝑡) +

𝜌𝐴
𝑘𝐺𝐴

𝜕ኼ𝑞
𝜕𝑡ኼ −

𝐸𝐼
𝑘𝐺𝐴

𝜕ኼ𝑞
𝜕𝑥ኼ (C.29)

For free vibrations this simplifies to:

𝐸𝐼𝜕
ኾ𝑤
𝜕𝑥ኾ +𝑚

𝜕ኼ𝑤
𝜕𝑡ኼ − (𝜌𝐼 +

𝐸𝐼𝑚
𝑘𝐺𝐴)

𝜕ኾ𝑤
𝜕𝑥ኼ𝜕𝑡ኼ +

𝑚𝜌𝐼
𝑘𝐺𝐴

𝜕ኾ𝑤
𝜕𝑡ኾ = 0 (C.30)



84 C. Derivation Equations of Motion

C.3. Torsional Vibration
If a torque is applied to a column, torsion will occur. For a circular cross-section, the cross-section will
remain plane during the torsion. However, for a non circular cross-section warping will occur. Warping
is the phenomenon where the cross-section distorts during torsion; the cross-section does not remain
plane.

If warping is neglected and the column is homogeneous the equation of motion is [34]:

𝜌𝐽𝜕
ኼ𝜓
𝜕𝑡ኼ − 𝐺𝐽፭

𝜕ኼ𝜓
𝜕𝑥ኼ = 𝑚። (C.31)

𝐽 is equal to polar moment of inertia and 𝐽፭ is the torque constant. For circular cross-section these prop-
erties are equal. However, for non circular cross-sections they are not identical. The torque constant
and polar moment of inertia for a square cross-section are as follows:

𝐽፭ ≈ 2.25 (
1
2𝑎)

ኾ
and 𝐽 = 1

6𝑎
ኾ (C.32)

With 𝑎 being equal to the length of the sides of the cross-section. For free vibration equation of motion
simplifies to:

𝜌𝐽𝜕
ኼ𝜓
𝜕𝑡ኼ − 𝐺𝐽፭

𝜕ኼ𝜓
𝜕𝑥ኼ = 0 (C.33)

The method of separation of variables is used to solve the equation. The solution to the equation of
motion can be represented by a multiplication of a time dependent part and space dependent part.

𝑢(𝑥, 𝑡) = 𝑈(𝑥)Ψ(𝑡) (C.34)

This solution is substituted into the equation of motion. Two solutions follow: one for the function
dependent on time and the function dependent on spatial coordinates. They are given by:

Ψ(𝑡) = 𝐴𝑠𝑖𝑛(𝜔𝑡) + 𝐵𝑐𝑜𝑠(𝜔𝑡)
𝑈(𝑥) = 𝐶𝑠𝑖𝑛(𝛽𝑥) + 𝐷𝑐𝑜𝑠(𝛽𝑥) (C.35)

A boundary condition at 𝑥 = 0 is determined and at 𝑥 = 𝐿,

𝜙(0) = 0 and 𝐺𝐽፭
𝜕𝜓(𝐿)
𝜕𝑥 = 0 (C.36)

With the use of the boundary and initial conditions, the unknown constants 𝐴, 𝐵, 𝐶 and 𝐷 can be deter-
mined.

C.3.1. Warping
If warping is taken into account an extra term is added to the equation [21].

𝐸𝐼Ꭵ
𝜕ኾ𝜓
𝜕𝑥ኾ + 𝜌𝐽

𝜕ኼ𝜓
𝜕𝑡ኼ − 𝐺𝐽፭

𝜕ኼ𝜓
𝜕𝑥ኼ = 0 (C.37)

To solve this fourth order differential equation, a harmonic solution is assumed in the form of

𝜓(𝑧, 𝑡) = 𝜙 exp(𝑖𝜔𝑡) (C.38)

with 𝜙 being the amplitude of the rotation along the beam and 𝜔 the angular frequency. 𝜙 is defined
as:

𝜙 = 𝐷ኻ𝑐𝑜𝑠ℎ(𝛼𝑧) + 𝐷ኼ𝑠𝑖𝑛ℎ(𝛼𝑧) + 𝐷ኽ𝑐𝑜𝑠(𝛽𝑧) + 𝐷ኾ𝑠𝑖𝑛(𝛽𝑧) (C.39)

The values of 𝐷። are determined by the applied boundary conditions. 𝛼 and 𝛽 are given by

𝛼ኼ = √14𝑘
ኾ + 𝜆ኾ + 12𝑘

ኼ, 𝛽ኼ = √14𝑘
ኾ + 𝜆ኾ − 12𝑘

ኼ (C.40)
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with the warping length scale 𝑘, the normalized wave number 𝜆 and the wave speed 𝑣 as

𝑘ኼ = 𝐺𝐽፭
𝐸𝐼Ꭵ

, 𝜆ኾ = (𝑘𝜔𝑣 )
ኼ
, 𝑣ኼ = 𝐺𝐽፭

𝜌𝐽 (C.41)

For a clamped beam torsion and warping is prevented at the fixed end. The boundary conditions are
thus obtained as:

at 𝑥 = 0
𝜓(0) = 0
𝜕𝜓(0)
𝜕𝑥 = 0

at 𝑥 = 𝐿

𝑘ኼ 𝜕𝜓(𝐿)𝜕𝑥 − 𝜕
ኽ𝜓(𝐿)
𝜕𝑥ኽ = 0

𝜕ኼ𝜓(𝐿)
𝜕𝑥ኼ = 0

(C.42)

This results in the following transcendental equation:

(𝛼𝐿)ኾ + (𝛽𝐿)ኾ
(𝛼𝐿)ኼ(𝛽𝐿)ኼ cosh(𝛼𝐿) cos(𝛽𝐿) + (𝛼𝐿)

ኼ − (𝛽𝐿)ኼ
(𝛼𝐿)(𝛽𝐿) sinh(𝛼𝐿) sin(𝛽𝐿) + 2 = 0 (C.43)
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