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SUMMARY

AUTONOMOUS LANDING OF M ICRO AIR VEHICLES
THROUGH BIO - INSPIRED MONOCULAR VISION

Hann Woei HO

Autonomous �ying vehicles – especially the small and light- weight Micro Air Vehicles
(MAVs) – are currently not capable of �nding a safe landing si te by themselves and per-
forming smooth landings. The main reason is that most of the s tate-of-the-art solutions
are computationally expensive and thus restrict their appl ication on MAVs which have
severely limited processing power and sensors available. H ence, this kind of vehicles
requires an energy-ef�cient landing solution using a light -weight sensor.

A promising option for MAV landing is to draw inspiration fro m tiny �ying insects.
The motivation comes from the fact that these insects have ve ry limited neural and
sensory resources, yet they can perform complex tasks, such as navigating in a dense,
obstacle-rich environment and carrying out smooth landing s. This means that they pos-
sess ef�cient and robust approaches to perception and contr ol problems, and these ap-
proaches could be ideal for designing the control strategie s for MAV landing. Research
shows that, to realize many of these complex tasks, �ying ins ects use control strategies
which heavily rely on optical �ow.

However, there are many challenges when using solely optica l �ow for MAV landing.
Optical �ow is `scaleless' and does not provide the distance to an object or the observer's
velocity, but only the ratio of them. The scaleless property of optical �ow can lead to
various stability problems of MAV landings. For instance, f or landing on a �at surface,
optical �ow control causes instabilities at some points in t he phase of the landing when
the control gains are not adapted to the height. Thus, height information is important
in optical �ow landings. Besides, for a fully autonomous MAV , being able to land on a
�at surface is not suf�cient. The MAV must also be able to �nd a suitable landing site
by itself. In fact, optical �ow information obtained from a s ingle camera is sparse and
needs to be further interpreted to understand what the �ow pa ttern actually represents.
Therefore, MAVs need ef�cient algorithms which can analyze the optical �ow to search
for a ground surface that is relatively �at and also – perhaps even more important – free
of obstacles.
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viii SUMMARY

This thesis aims to overcome the optical �ow related control problems in MAV land-
ings, and has the following main problem statement:

How can Micro Air Vehicles utilize bio-inspired monocular v ision
to land fully autonomously?

The problem statement can be divided into a low-level and a hi gh-level landing control
part, both using bio-inspired monocular vision methods. Th e low-level landing control
part ensures a smooth landing trajectory by solving the scal eless problems when using
only optical �ow for landings, whereas the high-level landi ng control part searches for
a suitable landing site for the MAV using monocular vision. T his leads to the following
research questions:

1. How can MAVs cope with the scaleless property of optical �o w from a single cam-
era for optical �ow landing?

2. How can MAVs autonomously �nd a suitable landing site with monocular vision?

To address the �rst research question, two approaches are pr oposed. The �rst ap-
proach directly tackles the problem by introducing an exten ded Kalman �lter (EKF) al-
gorithm that estimates the height and vertical velocity of a n MAV during landings. The
algorithm utilizes the knowledge of the control input, the s o-called efference copy, and
the observed �ow divergence resulting from this input. For t he prediction step in the
EKF, the efference copy is used to predict the states, i.e., t he height and vertical velocity,
while for the correction step in the EKF the observed �ow dive rgence is used to correct
the predicted states. By doing that, the height and vertical velocity of an MAV can be
estimated.

To check the observability of the system, a nonlinear observ ability analysis was car-
ried out. The analysis shows that with the knowledge of the co ntrol input and �ow di-
vergence the system is observable. The algorithm was tested in computer simulation
as well as in multiple �ight tests in indoor and windy outdoor environments. Results
show that the algorithm manages to estimate the height and ve locity of the MAV during
landing accurately, compared to the ground truth provided b y a motion tracking system
for the indoor �ights or a sonar for the outdoor �ights. After obtaining the height esti-
mate, several �ight tests also demonstrate that either the c ontrol gain can be adapted to
the height during constant �ow divergence landings, or a lin ear control with the height
estimate feedback can be used to land the MAV smoothly.

The second approach solves the scaleless problem of optical �ow landing by propos-
ing a control strategy that automatically adjusts the contr ol gain during landing. This
strategy has two phases which intend to achieve a smooth land ing trajectory using con-
stant �ow divergence. In Phase I, the MAV detects its height in hover using an oscillating
movement and sets the gains accordingly. In Phase II , the constant �ow divergence land-
ing is activated, and the gains are reduced exponentially du ring descent and adjusted
properly when the actual trajectory deviates too much from t he expected constant �ow
divergence landing. In this strategy, Phase I ensures that proper initial gains are selected
to maximize the control performance and thus avoid the MAV to descend too fast, while
PhaseII prevents self-induced oscillations when descending.



SUMMARY ix

To realize Phase I, a novel way to detect self-induced oscillations in real-ti me was
developed based on the observation of the �ow divergence. Th is method detects oscilla-
tions experienced by the MAV by examining the covariance fun ction of a windowed �ow
divergence and a time-shifted windowed �ow divergence. Thi s function is computation-
ally ef�cient and can capture both the relative phase and the magnitude of deviations in
the signal. Both simulation examples and �ight tests show la rger covariances of the sig-
nal at the instance when the oscillations occur. By detectin g oscillations, the MAV can
select proper initial gains. To examine the feasibility of P hase II , a stability analysis of
the adaptive control strategy was performed. This analysis proves that the system is not
subjected to self-induced oscillations when the adaptive c ontroller is used during the
constant �ow divergence landing. In addition, multiple �ig ht tests demonstrate smooth
landings in both indoor and windy outdoor environments usin g the adaptive control
strategy.

To answer the second research question, this thesis discuss es an ef�cient algorithm
that uses the optical �ow information to search for safe land ing sites. These are de�ned
as relatively �at surfaces that do not have a too large inclin ation and, most importantly,
are free of obstacles. To �nd a safe landing site, the propose d algorithm �ts the optical
�ow �eld using RANdom SAmple Consensus (RANSAC). This algor ithm assumes that the
landing surface is planar. The results of the �tting provide two important estimates, i.e.,
the surface slope, which shows the inclination of the ground surface, and the surface
roughness, which indicates the presence of obstacles. When the �t is bad, the surface
roughness is high, and thus the plane is likely to include som e obstacles. In contrast,
when the �t is good, the surface roughness is low, and thus the re are no obstacles of any
size.

To �rst evaluate the accuracy of the slope estimate, arti�ci al images, hand-held
videos, and images from an MAV were tested. The results show t hat the algorithm is
able to estimate the slope angles of a landing surface accura tely when the camera is
calibrated, and the MAV rotation is compensated. Additiona lly, a landing experiment
was performed to show that the algorithm can distinguish bet ween a stairway and a �at
surface and land on a �at surface. To evaluate an obstacle det ection method based on
surface roughness, multiple on-board image sets taken in ni ne different indoor and out-
door scenes were tested. In fact, the success of �nding a safe landing site depends on
the obstacle detection performance with a reasonable false alarm. The obstacle detec-
tion performance is measured by the true positive rate, i.e. , the percentage of obstacles
which are correctly identi�ed, while the false alarm is give n by the false positive rate,
i.e., the percentage of empty landing areas wrongly classi� ed as containing an obstacle.
The classi�cation tests show that for the performance measu re the true positive rates are
higher than 90% for all scenes, while for the false alarm meas ure the false positive rates
are less than 25% for all scenes. These results show high prop ortions of correct identi-
�cation of obstacles and non-obstacles images. Most of the u ndetected cases occurred
because only a small part of the obstacles appears at the edge of the images. This makes
them dif�cult to be detected as the surface roughness measur es the presence of obsta-
cles in the global image. Multiple �ight tests demonstrate t he success of identifying the
safe landing sites.

In addition, this research attempts to `go beyond' optical � ow approaches for the safe
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landing site selection. A novel setup of self-supervised le arning is introduced, in which
optical �ow serves as a `scaffold' to learn the visual appear ance of obstacles. This setup
is to deal with the main problem of using monocular motion cue s, i.e., their requirement
of signi�cant camera movement. By �rst using the surface rou ghness to detect obstacles,
a function is learned that maps the appearance features repr esented by texton distribu-
tions to the surface roughness. This approach allows the MAV to select a suitable landing
site while hovering. In addition, despite the fact that the s urface roughness represents
the global value for the presence of obstacles, this appeara nce learning allows for the
pixel-wise segmentation of obstacles when analyzing local image patches.

To evaluate the classi�cation performance of this approach , similar image sets as
mentioned above were used. Results show that the true positi ve rates are slightly better
than the classi�cation using the surface roughness from opt ical �ow. Similar undetected
cases were found using this approach. However, the false pos itive rates are higher for
some complex indoor scenes. This can also be seen from the lar ger normalized root
mean square errors in more challenging indoor scenes where t he appearance variation
is larger. Based on the analysis, this approach is able to det ect most of the obstacles and
�nd the possible safe landing sites. Additionally, using th is approach also resulted in
successful landings in both indoor and outdoor experiments .

In conclusion, the bio-inspired monocular vision is a promi sing approach to achieve
autonomous landings of an MAV. It is shown that the bio-inspi red control strategies as
practiced by �ying insects, such as constant �ow divergence landing, can only be suc-
cessfully implemented on MAVs by solving some fundamental p roblems of optical �ow.
In addition, learning the obstacle appearance from optical �ow can further improve the
landing capabilities of MAVs. This thesis proposes several solutions which lead to novel
insights that are not only important to a tiny drone but may al so prove their value to
biology.

Future work on adapting the bio-inspired approach to novel s ensors that mimic in-
sects' eyes is recommended. These novel sensors are small an d can directly measure op-
tical �ow. Hence, the sensing ef�ciency and the performance of the methodology can be
further improved. For height estimation, it is recommended to augment the state vector
in the extended Kalman �lter with the wind disturbance as an a dditional state. Although
the outdoor �ight test showed that the wind factor might not b e a problem, compensat-
ing for the wind disturbance might further improve the accur acy of the height estimate.
Additionally, for the self-supervised learning of obstacl e appearance, it is also interesting
to try out advanced learning methods, such as deep learning. The proposed future work
would be of great help in enhancing the �ying capabilities of MAVs, and ideally moving
towards the remarkable capabilities of �ying insects.
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1
I NTRODUCTION

1.1. AUTONOMOUS FLIGHT OF M ICRO AIR VEHICLES

U NMANNED Aerial Vehicles (UAVs) have become very popular since many y ears ago.
At that time no one could imagine that one day these vehicles w ould be operated so

close to our daily life. Recently, the use of UAVs in the civil ian �eld has rapidly grown as
they provide inexpensive and more effective solutions to ou r day-to-day problems com-
pared to manned aircraft. These vehicles, without a pilot on -board, can be controlled
remotely by ground crews or �y autonomously.

Remotely-controlled civilian UAVs are mostly used by hobby ists or aerial photogra-
phers. Autonomous UAVs have wider applications, ranging fr om cost-effective mail and
package delivery [1, 2] to life-saving ambulance UAVs [ 3]. Autonomous UAVs do not
only signi�cantly reduce the workload of the ground crews, b ut also save time, money,
and effort to recruit and train human pilots. Most important ly, autonomous UAVs have
tremendous potential capabilities to perform tasks in dang erous areas where the risk to
humans would be unacceptable, such as wildlife monitoring, civil security, �re scene
inspections, and search and rescue missions after a nuclear plant disaster.

In many of these applications, the UAVs will have to �y in narr ow environments and
even close to people. This has led to a huge interest in smalle r UAVs, the so-called Mi-
cro Air Vehicles (MAVs). Due to their small size and light wei ght, they are often safer
and more practical to be operated in urban and indoor environ ments. The US Defense
Advanced Research Projects Agency (DARPA) de�ned the physi cal size of an MAV to be
smaller than 15 centimeters, and maximum take-off weight to be less than 100 grams in
an MAV program in 1997 [ 4]. Recently, due to the exponential growth in drone industry ,
this term has generally referred to smaller and man-portabl e UAVs. Some examples of
MAVs are presented in Fig. 1.1. They range from a 700 g commercially available, tail-
sitter quadrotor [ 5] to a 60 mg research-based, insect-like MAV [ 6]. Since they are so
small, these vehicles are barely visible in the sky and thus h ard to be operated by hu-
man pilots in a line-of-sight operation. Furthermore, for s ome missions, more than one
MAV is often required to operate together, i.e., in a swarm of MAVs. Here, it is absolutely
necessary to enable them to �y completely by themselves.

1
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Figure 1.1: Examples of different types of Micro Air Vehicle s (MAVs). Flapping wing: (a) RoboBee [ 6] , (b) Del�y
Micro [ 7], (c) Nano Hummingbird [ 8]; Fixed wing: (d) BATCAM [ 9] (e) Black Widow [ 10]; Hybrid: (f) Quadshot
[5]; Rotary wing: (g) Black Hornet PD-100 [ 11], (h) Ladybird [ 12], (i) Parrot AR.Drone 2.0 [ 13]

1.2. LANDING PROBLEMS OF M ICRO AIR VEHICLES

Any �ying vehicle will need to land eventually, so will the MA Vs. Since these vehicles
need to �y autonomously, the autonomous landing capability is indispensable. For ex-
ample, in emergency situations where the vehicle detects a s erious problem, the vehicle
could be forced to land by itself as quickly as possible by ove rriding all other commands.
Moreover, when these vehicles operate outside the line-of- sight, they need to have the
autonomous landing capability, without the help of ground p ilots or other external sys-
tems.

A major concern of the current landing systems is that they do not have reliable
methods that would allow them to decide by themselveswhich areas are safe to land
and how to approach the desired landing target. For instance , the recent demonstration
of package delivery using an MAV by Amazon shows the feasibil ity of an MAV sending a
package to its consumer [ 14]. A marker which is placed by the consumer on the ground
is used to allow the MAV to land safely. In some circumstances in which the marker is
unavailable, these vehicles need to be able to sense and avoi d the surrounding objects in
the environment and perform a smooth descent, all by themsel ves. Without this capa-
bility, the safety of the surrounding animals, humans, and p roperty cannot be ensured.
As a result, the use of these vehicles will de�nitely be prohi bited by the regulations.

Compared to larger UAVs, MAVs face greater challenges in per forming autonomous
landing. The main problem for MAVs lies in the restriction of their size and weight. In
other words, the sensors they can carry on-board and the proc essing power available
are severely limited. Unlike larger UAVs, many intelligent algorithms which require large
sensor(s) and heavy processing are not available to MAVs to p erform autonomous land-
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ing. Hence, they need a computationally much more ef�cient l anding solution, using
much smaller and lighter sensors which are also much less acc urate than their larger
counterparts.

1.3. VISUAL LANDING SOLUTIONS FOR M ICRO AIR VEHICLES
MAVs are typically equipped with some conventional, yet min iaturized, sensors on-
board, such as Inertial Measurement Unit (IMU), barometer, magnetometer, and Global
Positioning System (GPS). These sensors are mainly used in b asic functionalities, such
as self-stabilization, waypoint guidance and navigation. For navigation, GPS is the most
commonly used sensor in MAVs. Recent developments of GPS nav igation techniques
(e.g., real-time kinematic, RTK, and Differential GPS, DGP S) have improved GPS accu-
racy and allow for more precise positioning of MAVs. However , GPS is only reliable for
high altitude navigation. When �ying at low altitudes, it ca n only be used when a very
detailed map of the ground, where the locations of all obstac les are available, is known
in advance. In addition, due to its weak signal, GPS is not app licable to indoor environ-
ments and also urban areas with surrounding tall buildings.

Modern auxiliary sensors play a vital role to provide additi onal information to MAVs.
Active sensors, such as laser range�nders, measure the dist ance to a target using a
method called Light Detection and Ranging (Lidar) which emi ts a laser light and mea-
sures its de�ection time. This method is often used to build a 3D map [ 15, 16]. Although
this sensor can provide accurate measurements, it is not sui table for MAVs due to the
size and weight which is typically more than 100 g. In contrast, visual sensors are pas-
sive sensors which can provide rich information about the su rroundings and the MAV's
self-motion. Multiple cameras used in stereo vision can als o measure the distances to
many points in an image [ 17–19]. However, stereo vision is limited in range. Further-
more, having two cameras is less energy or weight ef�cient th an a single camera. Thus,
for MAVs, single cameras are preferable to be installed and u sed on-board.

Intelligent algorithms which utilize this visual sensory i nformation from a single
camera are needed to perform the autonomous landing task. If a visual landing target is
known, object detection and tracking is often used with a dow nward-looking camera for
locating a static or dynamic landing platform over time [ 20, 21]. The image position of
an MAV with respect to the target can be determined and used to control the MAV. More-
over, with the known target size, the distance to the target a nd its velocity can be esti-
mated. Some common designated markers used as landing targe ts are shown in Fig. 1.2.
Although one of the real world applications [ 14] mentioned in the previous section relies
on a designated marker for landing, using this approach rest ricts the autonomy of MAVs.
For example, when the marker is wrongly placed or unavailabl e, the MAV might be mis-
led, or it cannot decide where to land. Additionally, in some emergency situations, the
MAV needs to land as quickly as possible. Therefore, it is ess ential that these vehicles
know how to select a safe landing spot all by themselves, with out depending on external
systems.

In an unknown environment, where no known landing target is p resent, a standard
approach in robotics is visual Simultaneous Localization a nd Mapping (SLAM). It lo-
cates and tracks all features in the �eld of view of the camera and constructs a 3D map
of the surrounding environment. Visual SLAM is currently th e most popular method
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Figure 1.2: Examples of designated markers used as landing t argets. In the current applications, Amazon
Prime Air [ 14], for example, needs one of these speci�c markers to know whe re to land. It would be more

practical if the autonomous UAVs could �nd a suitable landin g spot all by themselves, without any markers.

used in robotics and can be categorized into feature-based a nd direct methods. In the
feature-based method, the SLAM problem consists of feature s extraction, and compu-
tation of camera pose and scene geometry using these feature s [22–24]. The reliability
of this method depends on the detected features and it is insu f�ciently robust to some
scenes in which the features are hardly visible. The direct m ethod solves this limitation
by directly using image intensities to generate (semi-) den se maps [25–27]. Although
the computational ef�ciency and accuracy of this method hav e been improved over the
years [28–32], it still uses much more computational resources than stri ctly required and
is not available on smaller platforms.

1.4. BIO- INSPIRED SOLUTIONS FOR AUTONOMOUS LANDINGS
MAVs are limited in their size and weight. These constraints make MAVs challenging for
achieving fully autonomous landing. For instance, they are restricted in the amount of
payload and the processing capability. MAVs need very ef�ci ent algorithms that use a
small and light-weight sensor, such as a single camera.

A promising option for MAV landing is to draw inspiration fro m biological systems.
Flying insects can perform complex tasks using very limited neural and sensory re-
sources [33]. Honeybees, for example, weigh only about one tenth of a gra m on average
and have a tiny brain of 1 mm 3, which contains only around 960,000 neurons [ 34] (for
comparison: the human brain has about 100 billion neurons [ 35]). They primarily rely
on their eyes to perform safe and smooth landings [ 36, 37]. Research shows that these
insects have incredibly ef�cient and robust solutions to un dertake these perception and
control problems. These solutions can serve as the bio-insp ired design principles for
MAV control strategies [ 38, 39].
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For knowing their movements and sensing objects in the surro undings while �ying,
the main visual cue used by �ying insects is optical �ow. Opti cal �ow refers to the ap-
parent motion of objects in a scene perceived by an observer d uring his/her movement
through the world [ 40, 41]. Flying insects perform amazing maneuvers by heavily re-
lying on optical �ow. For instance, honeybees can use this in formation to center their
positions when they are �ying through a narrow space and to av oid obstacles [ 42].

Flying insects also perform approach and landing using opti cal �ow. For example,
honeybees keep the ventral �ow constant to carry out a grazin g landing, in which the
direction of motion is nearly parallel to the landing surfac e [36, 37, 43]. Ventral �ow as
shown in Fig. 1.3a can be de�ned as a measure of the lateral velocity divided the height.
Many studies on autonomous landings of MAVs and spacecraft h ave focused on using
this strategy [ 33, 38, 44–46]. In fact, the success of these landings is governed by a pitc h-
ing law pro�le [ 45, 46]. This pro�le is designed in such a way that the vehicles can r e-
duce their lateral velocity while maintaining the ventral � ow at a desired set point and
thus automatically decrease the height. However, to achiev ing a certain descent pro�le,
for instance, an exponential decay of the height, the design of the pitching pro�le re-
quires the estimates of the height and vertical velocity of t hese vehicles. Additionally, for
vertical landings, ventral �ow is not dominant, and its valu e is (close to) zero.

On the other hand, �ow divergence as shown in Fig. 1.3b or time-to-contact (i.e., the
reciprocal of �ow divergence) can provide the vertical moti on of an observer relative to
the ground [ 47–49]. A series of experiments shows evidence that bees land with constant
�ow divergence [ 49]. By keeping �ow divergence constant, honeybees reduce the ir ver-
tical velocities to almost zero at touchdown. Since �ow dive rgence is a measure of the
vertical velocity divided by the height, it is straightforw ard to show that when the �ow
divergence is held constant, the vertical velocity will dec ay exponentially to zero and so
does the height.

(a) Ventral �ow. (b) Flow divergence.

Figure 1.3: Different patterns of optical �ow resulted from different movements.

Optical �ow strategies followed by honeybees are typically praised, as they seem to
guarantee a smooth landing by only using optical �ow. This is remarkable because the
optical �ow is `scaleless' and provides the ratio of velocit y to distance but not velocity and
distance separately. This means that honeybees land withou t any knowledge of velocity
and distance but some observables of their ratio. The scalel ess property of optical �ow
can be seen from Fig. 1.4. In this �gure, an MAV which hovers at a �xed position uses
a downward-looking camera to measure the optical �ow from a m oving object on the
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h1

h2

v

Figure 1.4: `Scale-less' property of optical �ow. This prop erty can be clearly seen from the case that the same
amount of optical �ow v can be perceived by a stationary observer from a near, slow-m oving object and a
distant, fast-moving object. For instance, if v Æ1s¡ 1, it could be perceived from an object that moves at 1 ms¡ 1

at h1 Æ1m or at 10ms¡ 1 at h2 Æ10m.

ground at different heights. The same amount of the optical � ow can be observed from
a closer object which moves slower and a distant object which moves faster. Using the
optical �ow, i.e., the ratio of velocity to distance, would b e contrary to typical engineering
solutions that opt to separate these physical quantities. F or instance, using additional
information from other sensors, such as accelerometers and sonar, can help to dissect
the optical �ow and estimate its distance and velocity compo nents. However, minimal
sensor solutions, e.g., using a single camera, are preferab le for MAVs which have limited
weight and size.

Using only a single camera (the optical �ow) for landing on a � at surface is still a
huge challenge for MAVs. Optical �ow control causes instabi lities at some points in the
phase of the landing when the MAV control gain is not adapted t o the height [ 50]. Several
studies, therefore, use a gain-scheduling technique based on time-to-contact or a hybrid
strategy which switches between the control of time-to-con tact and �ow divergence to
achieve successful landings [ 51, 52]. In fact, these solutions require the knowledge of the
height. For instance, those control gains are scheduled to a range of certain heights and
velocities (or time-to-contact) for a landing pro�le which has a speci�c initial height and
velocity. If the initial height and velocity deviate too muc h from the designed values, a
smooth landing cannot be achieved. Therefore, the height in formation plays a major
role in optical �ow landings.

Using bio-inspired vision solutions in landing an MAV invol ves the feedback control
of often very noisy visual cues (i.e., optical �ow estimates ). Some studies have shown
the feasibility of using optical �ow for autonomous landing of MAVs [52–54]. However,
the landings were either performed at a relatively slow pace , or only a few successful
landings using visual feedback were presented [ 53, 54]. The only study which performed
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many �ight tests did not use any visual sensor but used other s ensors for control [ 52].

Solving the problem of landing on a �at surface is not suf�cie nt for a fully au-
tonomous MAV. Namely, the MAV also has to select a suitable, � at landing surface by
itself. From the literature, many studies use optical �ow ob served from a forward-
looking camera for avoiding obstacles while navigating in a n indoor or urban environ-
ment [ 55, 56], but it seems none of them has a solution which uses optical � ow from a
downward-looking camera to select landing sites. To utiliz e optical �ow, MAVs need an
ef�cient algorithm which can interpret optical �ow to searc h for a relatively �at ground
surface that is also, and most importantly, free of obstacle s.

1.5. PROBLEM STATEMENT AND RESEARCH QUESTIONS

Based on the challenges mentioned in the previous section, t he main problem state-
ment of this thesis can be formulated as follows:

Problem statement

How can Micro Air Vehicles utilize bio-inspired monocular v ision to land fully
autonomously?

The problem statement can be divided into two parts: (I) low- level landing control,
and (II) high-level landing control, both using bio-inspir ed monocular vision methods.

Low-level landing control is responsible for ensuring a smooth landin g trajectory
using for instance the constant �ow divergence strategy. By controlling the upward
thrust of the vehicle to keep the observed �ow divergence con stant, both height and
velocity of an MAV decay exponentially during landing. Howe ver, the scaleless property
of optical �ow leads to a problem of optical �ow control in MAV landings. For instance,
a �xed-gain control cannot guarantee a desired landing traj ectory [ 50]. In fact, the
height information plays an important role in optical �ow co ntrol. For instance, the
height dictates how strongly the MAV has to react for maintai ning a stable constant �ow
divergence landing [ 50]. This leads to the �rst research question (RQ):

RQ1: How can MAVs cope with the scaleless property of optical �ow from a single
camera for optical �ow landing?

High-level landing control relates to searching for a suitable landing site for the MAV.
A desired landing site is free of obstacles and should not hav e a too large inclination.
Flying insects are good at avoiding obstacles using optical �ow. However, optical �ow
information obtained from a single camera is sparse and need s to be further interpreted
to understand what the �ow pattern actually represents in th e real world. Therefore, the
second research question is formulated as:
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RQ2: How can MAVs autonomously �nd a suitable landing site wi th monocular
vision?

These two research questions are formulated based on the cha llenges encountered
in the two-level architecture de�ned above. In general, gui dance, navigation, and con-
trol (GNC) is a framework of �ight control. In that de�nition , navigation is �nding the
vehicle's position and velocity along the route. Guidance i s comparing positions with
desired positions along the route and �nding the best trajec tory to �y from the current
waypoint to the designated waypoint. Control is the way whic h the vehicles try to fol-
low the guidance trajectory. The relationship to the framew ork adapted in this thesis is
as follows: The low-level control involves the vertical gui dance and control of the MAV
landing. The vertical guidance is tightly integrated with t he vertical control because by
just keeping �ow divergence constant (i.e., the control) a d esired exponential landing
trajectory of the MAV (i.e., the guidance) can be achieved. T he high-level control relates
to a navigation task, i.e., searching for a suitable landing site for the MAV.

1.6. SCOPE OF THE THESIS
To focus on the main goal of this thesis, re�ected by the probl em statement stated above,
the scope of this thesis is de�ned as follows:

• MAV type: This research tests with the most common type of MAV, which is a
quadrotor, as shown in Fig. 1.5. This platform is chosen because it has a hover-
ing capability, which is suitable for the �ight tests in both indoor and outdoor en-
vironments. However, in principle, the algorithms are port able to other types of
MAVs.

• Visual perception: A small downward-looking camera sensor, which is �xed to the
bottom of the MAV, is used for the visual perception. The use o f this camera limits
the �eld of view of the vehicle and provides a relatively low i mage quality. In addi-
tion, the camera is a traditional frame-based CMOS camera. H owever, all �ndings
are also relevant to neuromorphic sensors [ 57, 58]. This research also assumes that
the environment is stationary, and thus, the optical �ow is s olely generated by the
self-motion of the MAV.

• Information processing: A feature-based method is used to compute optical �ow
from the image sequence captured by the camera. This method d etects features
on images and tracks them over multiple images. It is computa tionally ef�cient
and can be easily adapted to other common miniature cameras. However, it only
provides sparse motion �elds. A direct method, on the other h and, gives more
dense motion �elds by recovering image motion at all pixels w ith contrast. This
method is more computationally expensive and sensitive to a ppearance variations
compared to the feature-based method. Both optical �ow comp utation methods
work in textured environments. Since this research focuses on how to use optical
�ow for autonomous landing of the MAV, the proposed algorith m generalize to
direct and other methods of determining optical �ow.
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• Lateral control: The current approach used in this research to perform latera l
maneuvers is based on (1) the standard navigation technique s, i.e., using a GPS
(outdoor �ights) or a motion capture system (indoor �ights) , for knowing the ve-
hicle position and computing the position of the selected la nding site, and (2) the
stabilization using optical �ow, for hovering control. Aft er the landing position is
known, the MAV �rst navigates to the desired landing positio n using the standard
navigation techniques and then stabilize itself laterally using optical �ow during
the vertical descent. The lateral control has not yet been di scussed in this chap-
ter because it is not the main focus of this research. However , the step to lateral
control without a GPS or motion tracking system is not a big on e.

Figure 1.5: A quadrotor is used as a testing platform in this r esearch.

1.7. RESEARCH APPROACH
In this thesis, four methods are proposed to answer the two re search questions stated
above (two methods for each question). These methods can be s ummarized as:

1. The scaleless property of optical �ow ( RQ 1) in low-level landing is tackled with:

(a) A monocular distance estimation using knowledge of the a pplied control in-
put to `scale' the optical �ow, in order to obtain the height a nd the velocity of
the MAV and further use these estimates for landing.

(b) An adaptive control strategy which automatically adjus ts the control gain
which is implicitly adapted to the height information to ach ieve a smooth
and high-performance landing.

2. A suitable landing site ( RQ 2) in high-level landing can be identi�ed using:

(a) Surface slope and roughness estimated using optical �ow �eld �tting, to
know the inclination of a landing surface and to detect obsta cles on the
ground.
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(b) A novel setup of self-supervised learning (SSL) of obsta cle appearance using
the surface roughness obtained from optical �ow, to ef�cien tly detect obsta-
cles by just looking at still images.

These four items are further discussed in detail as follows.
First, to directly tackle the scaleless problem of optical � ow control, an algorithm that

uses an Extended Kalman Filter (EKF) is introduced to estima te the height and velocity
of an MAV from optical �ow. In fact, it is challenging to use on ly the �ow divergence (the
ratio of velocity to height) observed from a single camera to estimate the height. The
proposed concept is to utilize the knowledge of the control i nput, the so-called efference
copy, and the observed �ow divergence that results from this input. In the algorithm, the
efference copy predicts the effect of an action (the predict ion step in EKF), while the �ow
divergence observes the movement of the MAV (the update step in EKF). By doing that,
the height and velocity of an MAV can be estimated.

Second, an adaptive control strategy for constant �ow diver gence landing is pro-
posed. This strategy allows for a smooth and high-performan ce landing of the MAV by
automatically adjusting the control gains during landing. There are two phases involved
in this strategy. The �rst phase is to determine near-optima l initial control gains in hover
by gradually increasing the control gain until an oscillati on is detected. The stable gain
just before the oscillation is used as the initial gain for th e second phase. Here, the con-
stant �ow divergence landing is activated with an exponenti al decay of the control gains,
with mechanisms in place to adjust the gains when the actual t rajectory deviates from
the expected constant �ow divergence landing.

Third, optical �ow is utilized to search for safe landing sit es. These are de�ned as
relatively �at surfaces that do not have a too large inclinat ion and, most importantly, are
free of obstacles. To �nd a safe landing site, an algorithm th at �ts the optical �ow �eld
using RANdom SAmple Consensus (RANSAC) is proposed. This algorithm assumes that
the landing surface is planar. The results of the �tting prov ide two important estimates,
i.e., the surface slope which shows the inclination of the gr ound surface and the surface
roughness which indicates the presence of obstacles. When t he �t is bad (=high rough-
ness), the plane is likely to include some obstacles. On the o ther hand, when the �t is
good (=low roughness), there are no obstacles of any size.

Finally, an attempt is made in this thesis to `go beyond' opti cal �ow approaches for
the safe landing site selection. Obviously, using optical � ow requires the MAVs to move.
When there is hardly any vehicle movement, there is not enoug h visual input to the com-
puter for further interpretation. Optical �ow can also be sp arse and less informative,
e.g., in environments which have a little texture. And also, by only relying on optical
�ow for obstacle detection, the MAV needs to repeat its optic al �ow based estimation
also for objects that are the same and that have been experien ced (perhaps many times)
before. A novel setup of self-supervised learning (SSL) is i ntroduced, in which optical
�ow provides the target for supervised learning of some func tion. This function maps
appearance features to a surface roughness measure. The MAV �rst uses optical �ow
to determine the surface roughness, and then simultaneousl y extracts appearance fea-
tures represented by texton distributions from each image. Then, it learns a function
that maps appearance features to the surface roughness. Aft er learning, the MAV can
detect obstacles by just examining appearance features in s till images. In this way, the
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MAV can �nd a safe landing site without moving.

1.8. OUTLINE OF THE THESIS
A schematic diagram showing the main content of each chapter is presented in Fig-
ure 1.6. The body of this thesis focuses on bio-inspired landing con trol of an MAV, which
is divided into two parts.

The �rst part, Chapters 2 and 3, presents the low-level landi ng control of the MAVs
which intends to deal with scaleless property of optical �ow RQ 1. Chapter 2 presents a
monocular distance estimation of an MAV using the knowledge of control input and �ow
divergence. Chapter 3 describes an adaptive control strate gy to solve the fundamental
problem of gain selection for optical �ow landing.

The second part, Chapters 4 and 5, investigates the high-lev el landing control of the
MAVs which aims to �nd a suitable landing site for an MAV RQ 2. Chapter 4 shows an
optical �ow algorithm to estimate slope and roughness of the landing surface for landing
site selection. Chapter 5 introduces a novel setup of self-s upervised learning (SSL) of
obstacle appearance using surface roughness from optical � ow.

Chapter 6 summarizes and concludes the results obtained and gives recommenda-
tions for future work.
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Chapter 1

Chapter 2 Chapter 3

Chapter 4 Chapter 5

Chapter 6

Part I: Low-level landing control ( RQ 1)

Part II: High-level landing control ( RQ 2)

Introduction

Surface slope estimation
using optical �ow

Self-supervised learning
of obstacles appearance

Adaptive control strategy for
constant �ow divergence landing

Monocular distance estimation
for MAV landing

Conclusions and
Recommendations

Figure 1.6: Outline of the thesis.
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2
M ONOCULAR D ISTANCE

ESTIMATION FOR MAV L ANDING

Previous studies have reported that �ying insects, such as h oneybees and dragon�ies,
heavily rely on optical �ow for avoiding obstacles while nav igating and performing
smooth landings [ 43, 59]. This method is particularly suitable for MAVs, which have lim-
ited processing capabilities and payloads. One of the great est challenges of using optical
�ow is the fact that optical �ow does not directly provide us t he distance to an object or
velocity, but the ratio of them. This scaleless property of o ptical �ow can lead to various
problems of optical �ow control. To directly tackle this iss ue, this chapter introduces an
algorithm that estimates the height and vertical velocity o f an MAV from the optical �ow
and the knowledge of the control input, the so-called effere nce copy.

This chapter begins by providing some knowledge about the �o w divergence and the
constant �ow divergence guidance and control strategy in Se ction 2.2. After that, Sec-
tion 2.3 describes the proposed EKF-based height and velocity estim ation using the �ow
divergence and the applied control inputs, the nonlinear ob servability analysis of the
system, and the vision algorithm used to estimate �ow diverg ence with a single camera.
Then, Section 2.4 and 2.5 shows the simulation results of the estimation and the resul ts
of several landings of an MAV, respectively. Lastly, a concl usion with future work is drawn
in Section 2.6.

This chapter is based on the following article.
H. W. Ho, G. C. H. E. de Croon, and Q. P. Chu, Distance and veloci ty estimation using optical �ow from a
monocular camera, International Journal of Micro Air Vehic les (accepted) [60]

15
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2.1. INTRODUCTION
Micro Air Vehicles (MAVs) have gained in popularity in recen t years. Due to their small
size, they are easier and safer to use than large Unmanned Aer ial Vehicles (UAVs). How-
ever, the size and weight constraints make the MAVs more chal lenging to be deployed
for autonomous missions. To deal with the problems, it requi res reducing the amount of
payload or sensors and developing more intelligent and ef�c ient algorithms.

Optical �ow, which can be extracted from a monocular camera, provides a very
promising solution for miniaturization. Optical �ow refer s to the apparent visual mo-
tion of objects in a scene relative to an observer [ 40]. This information tells us not only
how fast the camera moves, but also how close it is relative to the things it sees. Flying
insects use it as the main visual cue for sensing their own mov ements and surrounding
objects while �ying. They can perform complex tasks, such as landing, by only relying
on this visual input and using limited neural resources. For instance, honeybees heavily
use optical �ow to perceive the environment and avoid danger ous objects while �ying
[43, 59].

To accomplish vertical landings, honeybees use a divergent pattern of optical �ow or
the so-called �ow divergence. By keeping the �ow divergence constant, honeybees can
perform smooth landings. This strategy leads to exponentia l decay of both height and
velocity to zero at touchdown, and it is ideal for MAVs landin gs [44, 53, 54, 61]. Often,
a straightforward proportional or proportional integral ( P or PI) feedback controller is
used for MAVs to perform constant �ow divergence landing.

However, in our previous studies, we found that �xed-gain co ntrols used in constant
�ow divergence can lead to instability of the landing [ 50, 62]. This is because the critical
control gain is directly proportional to the height [ 50]. Most of the current approaches to
solving this problem are to use a gain-scheduling technique which is actually designed
according to the knowledge of an initial height [ 51, 52]. However, if no additional sensor
is installed, the height is unknown. Besides, if the initial height deviates too much from
the one which is used to design the gain-scheduling structur e, this method will not work
properly. Thus, the knowledge of the height is important for optical �ow control.

In fact, optical �ow does not give us the absolute distance to a surface or velocity of
the camera directly. There are four known methods to estimat e distances from optical
�ow. First, one can add sensors that directly or indirectly m easure distance, velocity, or
accelerations. The right type of �ltering and fusion can the n give distance estimates.
For instance, some studies include an Inertial Measurement Unit (IMU), a camera sen-
sor, and a pressure sensor, and use a Kalman-based sensor fus ion technique to estimate
distances [63, 64].

Second, when performing a perfect constant �ow divergence l anding, the control in-
put (the thrust) or so-called efference copy follows a speci �c monotonously decreasing
function over time, which can be used to estimate distances [ 65]. They demonstrated
this approach by moving a camera along a track toward an image scene to �rst estimate
an initial distance. Since the constant �ow divergence cont rol will result in an exponen-
tial decay of distances, they simpli�ed the estimation prob lem to an exponential propa-
gation of distances after obtaining the initial value.

Third, a stability approach that detects self-induced osci llation caused by high con-
troller gains and uses these gains to estimate distances was introduced [ 50]. It was shown
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analytically that there exists a directly proportional rel ationship between the critical con-
trol gain, i.e., the gain which causes instability, and the h eight. Based on this relationship,
the MAV detects self-induced oscillation and uses these gai ns to estimate the height.

Fourth, by knowing the effect of the control inputs, one can “ scale” the optical �ow to
obtain the distance and velocity. An early study on the dynam ic effects in visual servoing
showed that the control gain is a function of the distance [ 66]. It was used in an adaptive
control scheme for visual servoing [ 67]. The relationship also implies that the closed-
loop response depends on the distance which opens up the poss ibility of estimating the
distance to a target from closed-loop dynamics.

In this paper, we build upon the principle presented in the fo urth method to esti-
mate the height (distance to the ground) and vertical veloci ty of an MAV applying it for
the �rst time to optical �ow landing. An extended Kalman �lte r (EKF) is used to esti-
mate the height and vertical velocity of an MAV using the know ledge of the control input
in combination with the �ow divergence observed from a monoc ular camera. This al-
gorithm uses the efference copy to predict the effects of an a ction, and the observed
�ow divergence to correct the prediction. The signi�cant ad vantage of this method is
that we simplify the nonlinear control of the constant �ow di vergence to a linear control
that uses height and velocity estimates. Thus, this provide s the possibility of using some
optimization techniques with vision output from a monocula r camera to improve the
performance of the control.

The remainder of the paper is set up as follows: In the �rst sec tion, we provide some
knowledge about the �ow divergence and the constant �ow dive rgence guidance and
control strategy. The following section describes the prop osed EKF-based height and
velocity estimation using the �ow divergence and the contro l inputs, the nonlinear ob-
servability analysis of the system, and vision algorithms u sed to estimate �ow divergence
with a monocular camera. Then, the next section shows the res ults of estimation in com-
puter simulation while in the succeeding section we also sho w the results of multiple
landings of an MAV. Finally, a conclusion with future work is drawn.

2.2. BACKGROUND

2.2.1. FLOW D IVERGENCE
For vertical landing of an MAV, �ow divergence ( D) or visual looming as shown in Fig. 2.1
can be computed as follows:

D Æ
VZ

Z
. (2.1)

where Z is the distance to the MAV from the ground in the direction of Z w and VZ is the
rate of change of Z . When the MAV is approaching the ground, we measure positive Z ,
negative VZ , and thus D Ç 0 according to the coordinate systems shown in Fig. 2.2. The
camera coordinate system is assumed to coincide with the bod y coordinate system.

2.2.2. CONSTANT FLOW D IVERGENCE GUIDANCE AND CONTROL
Constant �ow divergence approach has been used for vertical landing of the MAVs. This
approach controls the vertical dynamics of the MAVs by track ing a constant �ow diver-
gence. When jDj equals a positive constant c, we can derive from Eq. 2.1 the height
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Figure 2.1: Divergence of optical �ow vectors (�ow
divergence) when the observer is approaching a

surface.

Xb

Y b

Z b

X w

Y w

Z w

Ob

Ow

b: body

w : world

Figure 2.2: MAV body ( Ob X bY b Z b ) and world
(Ow X w Y w Z w ) coordinate systems.

Z ÆZ0e¡ c t , and velocity VZ Æ ¡cZ0e¡ c t , where Z0 is the initial height. This shows that
both height and velocity will decrease exponentially and ev entually become zero when
touching the ground.

A proportional feedback controller is used to track the desi red �ow divergence D¤ as
shown in Eq. ( 2.2):

¹ ÆKp (D¤ ¡ D), (2.2)

where Kp is the gain of the proportional controller.
A double integrator system is used to model the dynamics of an MAV towards the

ground in one-dimensional space. The continuous state spac e model can be written as:

�r (t ) Æf
¡
r (t ), ¹ (t )

¢
ÆA¢r(t ) Å B ¢¹ (t )

Æ
·
0 1
0 0

¸
r (t ) Å

·
0
1

¸
¹ (t ), (2.3)

y(t ) Æh
¡
r (t )

¢
Æ[r 2(t )/ r 1(t )] ÆD, (2.4)

where r Æ[r 1,r 2]T Æ[Z ,VZ ]T and ¹ is the control input.
It is clear that the model dynamics in Eq. ( 2.3) are linear but the observation in

Eq. (2.4) is nonlinear. Fig. 2.3 shows a time response of the system when tracking a con-
stant �ow divergence. In this �gure, we can see that the MAV ac celerates in the �rst 2.5 s
and then decelerates to zero velocity to touch the ground. Bo th height and velocity of
the MAV decrease exponentially to zero in the end.

2.3. EKF-BASED H EIGHT AND VELOCITY ESTIMATION USING

FLOW D IVERGENCE AND CONTROL INPUT
An overview of the methodology is presented in Fig. 2.4. Images captured by a camera
are served as the inputs to the software while the control inp ut commands the actua-
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Figure 2.3: Height Z , velocity VZ , and �ow divergence D of an MAV during landing using constant �ow
divergence strategy (D ¤ Æ ¡0.3 s¡ 1) with control input ¹ .

tor to control the MAV. In this section, we describe: (1) an ex tended Kalman �lter (EKF)
algorithm using the �ow divergence and efference copies to e stimate the height and ve-
locity of an MAV during landing, (2) a nonlinear observabili ty analysis of the system, (3)
a vision method to compute the �ow divergence.

2.3.1. EXTENDED KALMAN FILTER

In practice, the �ow divergence is computed using an on-boar d processor. Therefore,
we used a discrete-time extended Kalman �lter to estimate th e height and vertical veloc-
ity of the MAV. The system model and observation model are sho wn in Eq. 2.5 and 2.6,
respectively.

�x(t ) Æf
¡
x(t ), ¹ (t )

¢
Å w(t ). (2.5)

zk Æh
¡
xk

¢
Å vk . (2.6)

where f (¢) and h(¢) are the system matrix and the observation matrix which are o btained
from Eq. 2.3and 2.4, respectively. w(t ) and vk are the system noise and observation noise
which are both assumed to be zero mean multivariate Gaussian process with covariance
Q and R, respectively.

Several computational steps taken in EKF when the update of � ow divergence is ob-
tained are shown below:
a) One-step ahead prediction:

x̂k jk ¡ 1 Æx̂k ¡ 1jk ¡ 1 Å

tkZ

tk¡ 1

f
¡
x(¿), ¹ (¿)

¢
d¿ (2.7)
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Figure 2.4: An overview of the methodology.

b) Covariance matrix of the state prediction error vector:

Pk jk ¡ 1 Æ©k Pk ¡ 1jk ¡ 1©T
k Å ¡ k Q¡ T

k (2.8)

where © and ¡ are the discretized matrices of A and B, and can be computed as below
(their derivations can be found in the appendix A):

©k Æ
·
1 tk ¡ tk ¡ 1

0 1

¸
, ¡ k Æ

·
(tk ¡ tk ¡ 1)2/2

tk ¡ tk ¡ 1

¸
(2.9)

c) Kalman gain:
Kk ÆPk jk ¡ 1H>

k

¡
Hk Pk jk ¡ 1H>

k Å R
¢¡ 1 (2.10)

where

Hk Æ
@h

@x

¯
¯
¯
¯
x̂k jk¡ 1

Æ
£
¡

x̂2k jk¡ 1

x̂2
1k jk¡ 1

,
1

x̂1k jk¡ 1

¤T (2.11)

d) Measurement update:

x̂k jk Æx̂k jk ¡ 1 Å Kk
¡
zk ¡ h(x̂k jk ¡ 1)

¢
(2.12)

where zk ¡ h(x̂k jk ¡ 1) is called the innovation of EKF.
e) Covariance matrix of state estimation error vector:

Pk jk Æ(I ¡ Kk Hk )Pk jk ¡ 1(I ¡ Kk Hk )T Å Kk RKT
k (2.13)
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2.3.2. NONLINEAR OBSERVABILITY OF THEESTIMATION

In this subsection, we show that with the �ow divergence and t he efference copy/control
input the system is observable, i.e., any distinct states ar e distinguishable by applying a
bounded measurable input (e.g., a piecewise constant input ). To check the observability
of the nonlinear system, the observability rank condition c an be used ([68]).

We �rst construct the observability algebra which consists of repeated Lie deriva-
tives of the observation model in Eq. 2.4, h

¡
r (t )

¢
Ær 2(t )/ r 1(t ), with respect to the model

dynamics in Eq. 2.3, f
¡
r (t ), ¹ (t )

¢
Æ[r 2(t ), ¹ ]T . The system is observable if and only if the

Jacobian of the observability algebra is full rank. In our ca se, the observability algebra O
can be written as:

O Æ

"
L0

f h
¡
r (t )

¢

L1
f h

¡
r (t )

¢

#

Æ

"
h

¡
r (t )

¢

@h
¡
r (t )

¢

@r(t ) ¢f
¡
r (t ), ¹ (t )

¢

#

Æ
·

r 2(t )/ r 1(t )
¡ (r 2(t ))2/( r 1(t ))2 Å ¹ /( r 1(t ))

¸
(2.14)

Next, we analyze O to see whether its Jacobian is full rank. The �rst function of
the observability algebra is y(t ) Æh

¡
r (t )

¢
Æ[r 2(t )/ r 1(t )] ÆD from Eq. 2.4 while its sec-

ond function is the �rst Lie derivative with respect to the dy namics which equals to
¡ (r 2(t ))2/( r 1(t ))2 Å ¹ /( r 1(t )) Æ ¡(h

¡
r (t )

¢
)2 Å ¹ /( r 1(t )). From this result, we can clearly

see that the system is (locally) observable (i.e., a full ran k Jacobian of O) if and only if
the control input, ¹ 6Æ0, r 1(t ) 6Æ0, and r 2(t ) 6Æ0. In other words, we are able to estimate
the distinct states, i.e., Z and VZ , by using both �ow divergence and control input in the
algorithm.

2.3.3. FEATURES-BASED FLOW D IVERGENCE ESTIMATION

In computer simulation, we used Eq. 2.1to compute �ow divergence, while in �ight tests,
we estimated �ow divergence based on Eq. 2.15 (Proof can be found in [ 62].). For each
image captured by an on-board camera, corners were detected using the FAST algorithm
[69, 70], and tracked in the next image using the Lucas-Kanade track er [71]. Then, the
image distances between every two corners at one image, d(t ¡ ¢ t ),i and at the next image,
d t ,i were computed. By further computing the ratio of d(t ¡ ¢ t ),i ¡ d t ,i to d(t ¡ ¢ t ),i , we can
measure the expansion and contraction of the �ow. We took the average of these ratios,
and with a known time interval between these two images ¢ t , we estimated divergence
using Eq. 2.15:

bD Æ
1

n
¢

1

¢ t

nX

i Æ1
[
d(t ¡ ¢ t ),i ¡ d t ,i

d(t ¡ ¢ t ),i
], (2.15)

where n is the total number of tracked corners. In practice, the visi on output is often
noisy. Therefore, we used a low pass �lter to reduce the noise in the estimation.

2.4. COMPUTER SIMULATION
Before performing �ight tests, we simulated the proposed al gorithm presented in the
previous section in MATLAB to show the feasibility of the alg orithm.
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2.4.1. LANDING SIMULATION WITH SIMULATED CONTROL INPUTS

In the simulation, we generated the height and velocity with a timestamp of 0.05 s using
a set of control inputs, ¹ as shown in Fig. 2.5e. These data served as ground truth for
validation. The �ow divergence measurement was generated u sing Eq. 2.1 with a mea-
surement noise standard deviation of 0.001 s¡ 1 as illustrated in Fig. 2.5d.
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Figure 2.5: EKF-based height and vertical velocity estimat ion from �ow divergence for landing control.

By using the control input, ¹ and the �ow divergence measurement, D, we estimated
the height, Z and the velocity, VZ with the proposed EKF algorithm. Fig. 2.5 shows esti-
mated states (Z and VZ ) and their ground truth, innovation of the EKF, �ow divergen ce
measurement, and the control inputs. In this simulation, we can observe that the es-
timated height and velocity converge and follow the ground t ruth after a few seconds,
even with different initial conditions ( Z0 and VZ0) than the actual values. In addition,
the innovation of EKF has zero mean implying that the �lter is working correctly. Sim-
ulation results show that the proposed algorithm is able to e stimate the distance to the
ground and velocity accurately.
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2.5. EXPERIMENTSRESULTS AND D ISCUSSION
We implemented the EKF algorithm and vision algorithms in Pa parazzi Autopilot, an
open source autopilot software [ 72]. A Parrot AR.Drone 2.0 equipped with a downward-
looking camera was used as a testing platform, and all algori thms were running on-
board the MAV. We used an OptiTrack system to track the position of the MAV in order to
provide the ground truth of its height and velocity only for validation purposes , and these
measurements were not used in the estimation. In this section, we show the feasibil ity
of the algorithm by performing three different control stra tegies for MAVs landings.

Before executing the algorithm in real-world experiments, we need to check the rela-
tionship between the control input ¹ (which is assumed to be the acceleration in the
model) and the resulting acceleration aZ imposed on our platform, e.g., aZ Æ f (¹ ).
Fig. 2.6 shows the vertical acceleration aZ resulted from the control input ¹ used in
performing a constant �ow divergence landing. The accelera tion measurement was ob-
tained from the on-board IMU but was not used in the following �ight tests. Knowing
that the variation of the control input ¹ from the hovering command ¹ g is small (total
command to motors ¹ T Æ¹ g Å ¹ ), a linear function is used to map the control input to
the acceleration. From the mapping, we obtained az Æ9.906¹ Å0.047 plotted as a dashed
line in the �gure.
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Figure 2.6: Mapping of the control input ¹ to the vertical acceleration aZ using a linear function
(az Æ9.906¹ Å 0.047).

2.5.1. LANDING USING CONSTANT FLOW D IVERGENCE WITH FIXED-GAIN

CONTROL
The �rst strategy we used in the �ight tests is the constant �o w divergence. A �ow diver-
gence set point was tracked for the entire landing. During th e landing, the EKF algorithm
was running in real-time to estimate the height and velocity of the MAV.

Fig. 2.7 shows the estimation results of the landing with a constant d ivergence of
¡ 0.3 s¡ 1 using a �xed-gain control. The initial value of the height fo r EKF was set to be
Ẑ0 Æ3m which was different from the true initial height, i.e., Z0 ¼ 2m. In the �gure,
we can see that the height estimate converges to the true heig ht, even though the ini-
tial value is different. In addition, the velocity estimate also matches well with the true
velocity.

From the landing results, we can observe that this strategy e xponentially decreases
both height and velocity to nearly zero by only tracking a con stant �ow divergence. In
fact, the drawback of vision algorithms is that when the imag e is too dark, the algorithms
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Figure 2.7: Fixed-gain landing with constant �ow divergenc e (D ¤ Æ ¡0.3 s¡ 1) with EKF-based height and
velocity estimation.

will not work properly. For instance, when the camera is too c lose to the ground, the
�ow divergence estimate becomes incorrect. To deal with tha t, we constantly decrease
the trim throttle when the MAV is very close to the ground ( Z Ç 0.2m) to allow the MAV
for touchdown. Another fact is that a �ne-tuned control gain or gains adapted with the
height are needed to solve the instability issue [ 62]. This issue can be seen from the
measured �ow divergence in Fig. 2.7d when the MAV is close to the ground.

To show the reliability of the proposed algorithm, we perfor med multiple landings
with different �ow divergence set points ( D¤ Æ ¡0.1,¡ 0.2,¡ 0.3 s¡ 1) at different initial
heights ( Z0 ¼2,3m). The same initial guess of the height (3 m) was used in the EKF al-
gorithm for these �ight tests. Fig. 2.8 shows the height and velocity estimates using EKF
algorithm in different landings. In this �gure, we can see th at both height and velocity
estimates match well with the true values. With a larger set p oint, the MAV landed faster
with the exponential decrease in both height and velocity. B esides, these results also
show that a good guess of the initial height has a faster conve rgence of the estimates.

The height and velocity estimated from EKF can then be adapte d to tune the con-
troller gain in real-time for the constant divergence landi ng. This will be discussed in



2.5. EXPERIMENTS RESULTS AND D ISCUSSION

2

25

Time (s)

Z
(m

)

D¤ Æ ¡0.1 s¡ 1

Z0 ¼2m
¡ 0.2 s¡ 1

2 m
¡ 0.3 s¡ 1

2 m
¡ 0.1 s¡ 1

3 m
¡ 0.2 s¡ 1

3 m
¡ 0.3 s¡ 1

3 m

Time (s)

V
Z

(m
/s

)

0 90 130 210 80 110 14

0 90 130 210 80 110 14

-0.5

0

0.5

-0.5

0

0.5

-0.5

0

0.5

-0.5

0

0.5

-0.5

0

0.5

-0.5

0

0.5

0

1

2

3

4

5

0

1

2

3

4

5

0

1

2

3

4

5

0

1

2

3

4

5

0

1

2

3

4

5

0

1

2

3

4

5

Figure 2.8: Fixed-gain multiple landings with different �o w divergence set points ( D ¤ Æ
¡ 0.1 s¡ 1,¡ 0.2 s¡ 1,¡ 0.3 s¡ 1) at different initial heights ( Z0 Æ 2m,3m). The estimates are shown with
blue lines while their true values are represented by red lin es.

the coming section. By doing that, oscillations can be reduc ed, and thus a smooth land-
ing can be achieved by only using a monocular camera.

2.5.2. LANDING USING CONSTANT FLOW D IVERGENCE WITH HEIGHT-
ADAPTED CONTROL

Experiments presented in the previous subsection were perf ormed using a manually-
tuned control gain in order to achieve stable landings. In fa ct, the critical control gain,
i.e., the control gain which causes instability, is directl y proportional to the height [ 50].
This means that if a �xed gain is used in constant �ow divergen ce landing, oscillation
will occur at a certain height. When the height is known from t he proposed algorithm,
it can be used to automatically adjust the control gain in suc h a way that the oscillation
is eliminated [ 62]. This second strategy is used to keep the advantages of usin g constant
�ow divergence landing, i.e., achieving an exponential lan ding pro�le by just tracking a
desired �ow divergence set point, and avoid the instability due to a �xed-gain control.

By letting Kp Æf (Z ) Æk ¢Z where k is a positive constant, the proportional controller
in Eq. 2.2, ¹ ÆKp (D¤ ¡ D) becomes:

¹ Æk ¢Z (D¤ ¡
VZ

Z
)

ÆkD ¤ Z ¡ kVZ

Æ ¡k ¢r(t ), (2.16)

where k Æ[k1 k2] Æ[¡ kD ¤ k].
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This controller simpli�es the problem to a linear control pr oblem. To �nd k, we can
�rst solve this linear control problem using the pole-zero a nalysis. From Eq. 2.3, the
model dynamics becomes:

�r (t ) ÆA¢r(t ) Å B ¢(¡ k ¢r(t ))

Æ(A¡ B ¢k) ¢r (t )

Æ
·

0 1
¡ k1 ¡ k2

¸
¢r(t ). (2.17)

To achieve stable conditions, all the poles should lie in the left half of the s-plane.
The poles of the system are obtained as shown below:

¸ 1,2 Æ
¡ k2 §

q
k2

2 ¡ 4k1

2
. (2.18)

Therefore, for a stable system, k2
2 ¸ 4k1. By substituting k1 Æ ¡kD ¤ and k2 Æk, we

get k2 ¸ ¡ 4kD ¤ and thus k(k ¡ 4c) ¸ 0, where c Æ ¡D¤ . Since k È 0, k ¸ 4c.
Three �ight tests were performed at different �ow divergenc e set points ( D¤=¡ 0.1,

¡ 0.2, ¡ 0.3 s¡ 1) shown in Fig. 2.9. The initial guess of the height for EKF was set to be
different from the true height in order to test the convergen ce of the estimates. When the
landing was activated, the control gain was adapted to the he ight according to Kp Æk ¢bZ .
Note that the value of Kp used in the real �ight needs to be mapped according to the
result shown in Fig. 2.6. Since the initial height was selected to be much higher than
the true height, it was expected that a slight oscillation oc curred at the beginning of the
landing. After the height estimate converged to the true hei ght, the landing was smooth
as the correct gain was used. In addition, it can be seen from t he last column of Fig. 2.9
that the tracking of these three different D¤ is good. This strategy ensures a stable and
high-performance landing.

2.5.3. LANDING USING HEIGHT AND VELOCITY FROM EKF
The third strategy we used for landing is tracking a height pr o�le using the estimates
from EKF. To this end, the landing begins by (1) giving an init ial excitation to the MAV, or
(2) using constant divergence strategy, for the �rst few sec onds. This can ensure that the
EKF converges and the controller tracks the right height est imate.

This �rst initialization was performed in an indoor �ight te st by giving a block input
as the excitation as shown in Fig. 2.10e to the MAV for the �rst 0.5 s. This allowed the
MAV to go down or move in order to `observe' �ow divergence and initialize the EKF
algorithm. After that, the controller used the estimates fr om the EKF to track a desired
pro�le or set points for landing.

Fig. 2.10 shows the height and velocity estimates from EKF compared wi th their
ground truth, the innovation of EKF, the �ow divergence from the vision algorithms
and the ground truth, and the control input. After giving the initial excitation, the MAV
started to track a height pro�le represented by the black das h-dot line. This pro�le was
generated using x¤

1,k Æx¤
1,k ¡ 1Åx¤

2 ¢¢ t with x¤
1,0 ÆẐ0 and x¤

2 Æ ¡0.2ms¡ 1. The results show
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Figure 2.9: Height-adapted control for constant �ow diverg ence landings with different �ow divergence set
points ( D ¤ Æ ¡0.1,¡ 0.2,¡ 0.3 s¡ 1).

that the height and velocity can be estimated accurately usi ng the proposed EKF algo-
rithm and further used in the controller for landing. The zer o mean innovation of the
EKF also tells us that the �lter was working properly.

The second initialization was conducted in an outdoor �ight by tracking a desired
divergence for the �rst few seconds as shown in Fig. 2.11. Since the OptiTrack system is
not available for outdoor �ight, we can only use the onboard s ensor, such as sonar, to
provide the true height and velocity ( dZ / d t ) for accuracy comparison.

The landing started at 5 m, and the desired divergence of ¡ 0.2 s¡ 1 was tracked. Af-
ter 2 s, the controller was switched to track a height pro�le as pres ented in Fig. 2.11a
which was generated based on the velocity estimate at the ins tance when the controller
was switched (¼ ¡ 0.8 ms¡ 1). In fact, the height pro�le can also be created based on the
desired velocity (see Fig. 2.10). The results show that both height and velocity estimates
are accurately estimated, compared to the measurements fro m sonar. In addition, the
height estimate can also be used in landing control. It can al so be observed from Fig. 2.11
that the estimates converge soon after the landing starts. T hus, the time interval for ini-
tialization can also be shortened. Note that the previous in door �ights were performed
to validate the proposed algorithm using the highly accurat e OptiTrack system while the
outdoor �ight was conducted to show the robustness of the alg orithm to a windy out-
door environment. Some videos of the �ight tests are availab le online 1.

In this paper, we presented three landing strategies using: (1) constant �ow diver-

1Experiment videos: https://goo.gl/KiJurr
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Figure 2.10: Landing with a linear controller using estimat es from EKF (Indoor Flight).

gence with �xed-gain control, (2) constant �ow divergence w ith height-adapted control,
and (3) height and velocity estimates. All these strategies can provide a smooth land-
ing solution for MAVs. The �rst strategy, however, is likely to cause instabilities at some
points during the landing. The second strategy solves this p roblem by adapting height
estimate from EKF to the control gain. This allows stable lan dings without affecting the
tracking performance. Due to fast convergence of height, we only observe a slight oscil-
lation at the start of the landings. Lastly, the third strate gy uses the height and velocity
from EKF directly for landing. Although it requires an initi al excitation for observing op-
tical �ow, this strategy lands the MAV by following a desired landing pro�le and allows
further performance improvement using gain optimization t echniques.

2.5.4. D ISCUSSION ON WIND EFFECT AND REJECTION

In principle, external disturbance, such as wind, has no pro blem in control as it can be
rejected easily. For instance, when using a proportional fe edback control with height
estimates, the steady-state error due to wind can occur, but it can be eliminated using
the analysis of �nal value theorem on our model with the wind. From this analysis, we
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Figure 2.11: Landing with a linear controller using estimat es from EKF (Outdoor Flight).

found that in order to reject for instance a constant wind, th e proportional control gain
should be KP Æd0/ x(1 ), where x(1 ) is the required steady state error, and d0 is the wind
disturbance estimate.

However, for state estimation, the wind as the external forc e is not accounted for in
our model at the moment. The practical experiment performed in a windy outdoor en-
vironment shows that this factor might not be problematic. H owever, a more thorough
investigation and a solution for this problem might be neces sary. For instance, we can
augment the state vector in Eq. 2.3 with the wind disturbance as an additional state, i.e.,
�dwind Æw (w can be modeled by the random walk [ 73, 74]) and modify the second state

to be �VZ Æ¹ Å dwind . By doing that, the wind factor is included in the model, and t hus
the estimation can be improved in the presence of the wind [ 75]. Both discussions to
deal with external disturbance will be the future work of thi s study.
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2.6. CONCLUSION
In conclusion, we proposed an algorithm to use an extended Ka lman �lter (EKF) to esti-
mate the height and vertical velocity of an MAV from the �ow di vergence and the knowl-
edge of the control input while approaching a surface and use these estimates for landing
control. This algorithm was tested in computer simulation a s well as in multiple �ight
tests in indoor and windy outdoor environments. The results show that the proposed
EKF approach managed to estimate the height and velocity of t he MAV accurately com-
pared to the ground truth provided by the external cameras. I n addition, the estimates
were used in the controller to smoothly land the MAV. The prop osed approach avoids
the complexity of having nonlinearity in the constant �ow di vergence based landing by
`splitting' the �ow divergence into the height and velocity which allows the use of a linear
controller. For future work, an augmented state Kalman �lte r can be used to improve the
estimation when strong external disturbances are involved . Also, the algorithm opens
up the possibilities to use gain optimization techniques to improve the control perfor-
mance.



3
ADAPTIVE CONTROL STRATEGY

FOR CONSTANT FLOW D IVERGENCE

LANDING

In the previous chapter, knowledge of the thrust is used to de al with the scaleless prob-
lem of optical �ow control. In this chapter, a novel control s trategy is introduced to au-
tomatically adjust the control gain during the constant �ow divergence landing. This
strategy has two phases. At the beginning of a landing, the MA V detects the height using
an oscillating movement and set the gains accordingly (Phas e I ). After that, the gains are
reduced exponentially during descent and adjusted properl y when the actual trajectory
deviates too much from the expected constant �ow divergence landing (Phase II ). This
strategy allows for a stable and high-performance landing o f the MAV with optical �ow.
It does not rely on knowledge of the thrust or any additional s ensor.

This chapter �rst gives some background on the constant �ow d ivergence guidance
strategy, and show results of computer simulations with a co nventional control scheme
assuming a perfect �ow divergence estimate in Section 3.2. After that, Section 3.3 shows
a characterization of the �ow divergence estimates as obtai ned with a single camera.
Then, Section 3.4analyzes the conventional closed-loop control with the del ay and noisy
estimates in both computer simulation and �ight test. Next, Section 3.5 introduces the
adaptive control scheme to deal with the instability proble ms encountered with the con-
ventional control scheme. In Section 3.6 demonstrates the real-world experiments. Fi-
nally, conclusions and recommendations are given in Sectio n 3.7.

This chapter is based on the following articles.
H. W. Ho and G. C. H. E. de Croon, Characterization of �ow �eld d ivergence for MAVs vertical control landing,
in AIAA Guidance, Navigation, and Control Conference (San D iego, California, USA, 2016) p. 0106. [76]
H. W. Ho, G. C. H. E. de Croon, E. van Kampen, Q. P. Chu, and M. Mul der, Adaptive control strategy for constant
optical �ow divergence landing, IEEE transactions on robot ics (submitted). [ 62]
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3.1. INTRODUCTION
Autonomous landing is challenging for Micro Air Vehicles (M AVs), which have payload
constraints and limited computing capability. Many earlie r studies have used traditional
methods of sensing and navigating involving active sensors , such as a laser range �nder
[15, 77], or a stereo camera [ 17, 19]. Although they give accurate and redundant mea-
surements, they are costly and heavy for MAVs. In addition, m ethods using stereo cam-
era are limited in their perception range. A monocular camer a would be preferred for
MAVs, also due to its light weight and low power consumption [ 78, 79].

Visual Simultaneous Localization and Mapping (SLAM) is the most commonly used
method for navigating using a monocular camera. This method locates all the de-
tected features in the camera �eld of view and determines the vehicle's location and
3D-structure of the landing surface at these points [ 22, 80]. Although its computational
ef�ciency and accuracy has been improved over the years [ 23, 24, 81], visual SLAM still
requires more computational resources than strictly neces sary for landing.

Besides SLAM, another method is inspired by tiny �ying insec ts, which accom-
plish complex �ight control tasks using limited neural and s ensory resources [33]. For
instance, honeybees mainly rely on their eyes to perform smo oth landings [ 36, 37].
They possess extremely ef�cient and robust solutions to lan ding problems. These bio-
inspired solutions could provide design principles for �ig ht control strategies in MAVs
[38, 39].

In �ying insects, optical �ow is probably the mostly used sou rce of visual informa-
tion. When approaching a ground surface, the expansion of th e �ow (�ow divergence)
provides a perception of the observer's relative motion to t he ground. Honeybees reduce
their speeds to almost zero at touchdown by keeping �ow diver gence constant [ 44, 49].
This strategy is typically praised, since it does not seem to rely on knowledge about the
height and approaching speed. Optical �ow only captures the ratio of height and veloc-
ity. Several studies have implemented a constant �ow diverg ence strategy with a �xed-
gain controller, e.g., on an MAV for landing [ 53, 54]. Additionally, time-to-contact (the
reciprocal of �ow divergence) based landing strategies hav e been performed on rotor-
craft, such as the TauPilot [ 52], which implemented the guidance and control scheme as
proposed by Tau theory [ 82, 83].

However, there is a fundamental problem when actually contr olling a constant �ow
divergence landing, i.e., the controller gain(s) depends o n the height. No true solution
has been presented for this problem. A few studies, focusing on decreasing time-to-
contact landings, schedule the gains according to the time- to-contact [ 51, 52]. However,
the initial gain depends on the height and velocity. Deviati ng signi�cantly from these
assumed initial conditions leads to severely hampered perf ormance or even a crash. In
addition, such gain-scheduling is not possible for constan t �ow divergence (or constant
time-to-contact) landings.

A recent theory developed by one of the authors shows the rela tionship between the
height and the controller gain [ 50]. It was shown analytically that for a speci�c �xed gain,
optical �ow control becomes unstable at a speci�c given heig ht. Instead of regarding this
as a problem, it was proposed that the MAV can detect oncoming self-induced oscilla-
tions and use these for estimating the height. One of the uses of this theory is to detect
self-induced oscillations close to the landing surface for landing triggering.
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The main contribution of this paper is that we leverage this t heory to propose a strat-
egy that solves the fundamental problem of gain selection fo r optical �ow landing. This
strategy allows for a smooth and high performance landing of the MAV, by adjusting the
controller gains during landing. Two other, smaller, contr ibutions of this paper are: 1)
to develop a novel way to detect oscillations in real-time ba sed on observation of the
�ow divergence, and 2) to characterize the �ow divergence me asured from a single cam-
era mounted on a quadrotor MAV (this part of the work is partly based on a conference
paper [76]).

The remainder of the article is structured as follows. In Sec tion 3.2 we provide some
background on the constant �ow divergence guidance strateg y, and show results of com-
puter simulations with a conventional control scheme assum ing a perfect �ow diver-
gence estimate. Section 3.3 presents a characterization of the �ow divergence estimate s
as obtained with a monocular camera. Section 3.4 then shows the analysis of the con-
ventional closed-loop control with the delay and noisy esti mates in both computer sim-
ulation and �ight test. In Section 3.5 the adaptive control scheme is introduced to deal
with the instability problems encountered with the convent ional control scheme. Sec-
tion 3.6 demonstrates the real-world experiments. Conclusions and recommendations
are given in Section 3.7.

3.2. BACKGROUND

3.2.1. FLOW D IVERGENCE
The de�nition of axes used in this paper is illustrated in Fig . 3.1. In this �gure, the body
reference frame is denoted as Ob XbY b Z b , where Ob is located at the center of gravity of
an MAV, Xb points forward, Y b is starboard, and Z b points downward. World reference
frame is a �xed frame on the ground and uses North-East-Up ( X w -Y w -Z w ) system.

Y b
Xb

Z b

X w

Y w

Z w

Ob

Ow

b: body

w : world

Figure 3.1: MAV body ( Ob X bY b Z b ) and world ( Ow X w Y w Z w ) reference frames.

Since a camera is attached to the body of the MAV, the camera re ference frame
(OcX cY cZ c) can be assumed to be aligned with the body reference frame, w here the
camera is facing downward or in the positive Z c direction. When the MAV is approach-
ing a �at ground surface, the camera observes a divergent pat tern of optical �ow, the
so-called �ow divergence shown in Fig. 3.2. Flow divergence of a feature point in an im-
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Oc

Y c

X c

v
u

c: camera

x
y

Figure 3.2: Divergence of optical �ow (�ow divergence) when an observer is approaching a surface.

age is de�ned as the partial derivatives of its velocities ( u and v) at its position ( x and y)
in the camera image coordinates system [ 61]:

D(x, y) Æ
@u(x, y)

@x
Å

@v(x, y)

@y
. (3.1)

This is illustrated on the right side of Fig. 3.2 in which one of optical �ow vectors is en-
larged and shown in an image. By examining all D(x, y) of the available features in an
image, a `global' �ow divergence, D which is of particular interest in this paper can be
obtained. For vertical landings, �ow divergence can be de�n ed as the ratio of the vertical
velocity, VZ to its height from the ground, Z :

D Æ
VZ

Z
. (3.2)

Flow divergence can be used to determine the time-to-contac t, ¿ which is reciprocal to
D. For vertical landing of an MAV, Z È 0, VZ Ç 0, and thus D Ç 0.

3.2.2. CONSTANT FLOW D IVERGENCE GUIDANCE STRATEGY

The common guidance strategy using �ow divergence for verti cal landing is the constant
�ow divergence approach [ 53]. By keeping the �ow divergence constant, D Æ ¡c, we can
control the dynamics of the landing with a suitable c. To examine the in�uence of c on
this strategy during a landing maneuver, the equations of mo tion describing the height
Z , vertical velocity VZ , and vertical acceleration AZ of the MAV are:

Z ÆZ0e¡ c t , VZ Æ ¡cZ0e¡ c t , AZ Æc2Z0e¡ c t , (3.3)

where Z0 is the initial height above the landing surface.

Fig. 3.3 shows the effect of c on the height, velocity, and acceleration time histories
with the same initial height. It is clear that only �ow diverg ence, c È 0 will lead to con-
vergence of the states to zero. With different positive valu es of c, we can manipulate the
dynamics of the maneuver. For example, the larger the c is, the faster the states con-
verge to zero. The practical feasibility of these maneuvers , however, also depends on the
vehicle limitations, such as the maximum vertical velocity that can be achieved.
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Figure 3.3: Constant �ow divergence guidance with differen t desired �ow divergence D ¤ Æ ¡c.

3.2.3. CONVENTIONAL CONTROL SCHEME
To track the desired �ow divergence D¤ , a relatively straightforward proportional feed-
back controller can be used:

¹ ÆKp (D¤ ¡ D), (3.4)

where Kp is the gain of the proportional controller.
To simplify the analysis, we model the dynamics of an object, moving towards a sur-

face in one dimensional space, using a double integrator. Th e state space model can
then be written as:

�r(t ) Æ

·
0 1
0 0

¸

r (t ) Å

·
0
1

¸

¹ (t ), (3.5)

y(t ) Æ[r 2(t )/ r 1(t )] ÆD, (3.6)

where r Æ[r 1,r 2]T Æ[Z ,VZ ]T and ¹ is the control input.
Eqs. (3.5) and (3.6) show that the model dynamics are linear but its observation is

nonlinear. To visualize the feasibility of the proportiona l controller to track a constant
reference (e.g., D¤ Æ ¡0.3), a time response of the system is plotted in Fig. 3.4. In this
�gure, both height and velocity are approaching zero in the e nd. During this maneuver,
the vehicle accelerated in the �rst 2 s and then decelerated to zero velocity to touch the
ground.

3.3. CHARACTERIZATION OF FLOW D IVERGENCE
In the previous section we showed that, with a simple proport ional controller and `per-
fect' estimate of �ow divergence, the vehicle can be landed s moothly with zero velocity
touching the ground. However, in a real scenario, we cannot a void having delays and
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Figure 3.4: Fixed-gain closed-loop landing control using a constant �ow divergence strategy.

noise in the sensor measurements. For this reason, we will ne ed to characterize the in-
accuracies induced in estimating the �ow divergence, to inv estigate the effects of these
sensor inaccuracies on the feasibility of using a simple con troller in practice. In this pa-
per, we use two different methods to estimate the �ow diverge nce. One is based on �ow
�eld �t, the other uses a more direct method to compute the exp ansion and compression
of the optical �ow vectors.

3.3.1. FLOW FIELD D IVERGENCE ESTIMATOR
We �rst need to estimate the r̀aw' �ow divergence from a camer a sensor. In this study,
optical �ow vectors are computed based on a sparse corner tra cking method using Fea-
tures from Accelerated Segment Test (FAST) [ 69, 70], integrated with a Lucas-Kanade
tracker [ 71]. The �rst vision algorithm that estimates the �ow divergen ce of the optic
�ow �eld [ 84] is based on early �ndings by Longuet-Higgins and Prazdny [ 85]. The al-
gorithm assumes that (a) a pinhole camera model pointing dow nward is used, (b) the
surface in sight is planar, and (c) the angular rates of the ca mera can be measured and
used to de-rotate the optical �ow. Under these assumptions, the optical �ow equation
can be expressed as follows:

u Æ

pu1
z}| {
¡ #x Å

pu2
z }| {
(#x a Å #z)x Å

pu3
z}|{
#x b y ¡

pu4
z}|{
a#z x2 ¡

pu5
z}|{
b#z xy, (3.7)

v Æ

pv1
z}| {
¡ # y Å

pv2
z}| {
# y a x Å

pv3
z }| {
(# yb Å #z) y ¡

pv4
z}|{
b#z y2 ¡

pv5
z}|{
a#z xy, (3.8)

where #x ÆVX / Z , # y ÆVY / Z , and #z ÆVZ / Z are the velocities in xb , yb , and zb direc-
tion scaled with respect to the height Z . a and b are the gradient of the ground surface.

By re-writing Eqs. ( 3.7) and (3.8) into matrix form, as shown in Eq. ( 3.9), the param-
eter vectors pu Æ[pu1,pu2,pu3,pu4,pu5] and pv Æ[pv1,pv2,pv3,pv4,pv5] can be esti-
mated using a maximum likelihood linear least squares estim ate within a robust random
sample consensus (RANSAC) estimation procedure [ 86]:

u Æpu [1, x, y,x2,xy]T , v Æpv[1, x, y, y2,xy]T . (3.9)
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The estimated parameters provide important information fo r bio-inspired navigation,
such as ventral �ow, surface slope [ 84], �ow divergence, time-to-contact, etc. In this
study, we are primarily interested in estimating the �ow div ergence:

bD Æpu2 Å pv3. (3.10)

Note that Eqs. ( 3.7) and (3.8) can be simpli�ed by neglecting the second-order terms, as
in this study we focus on landing upon �at surfaces without an y inclination ( a Æ0 and
b Æ0). Therefore, a linear �t of the optical �ow �eld can be obtai ned.

3.3.2. SIZE D IVERGENCE ESTIMATOR
We propose a more straightforward way to estimate �ow diverg ence by measuring the
size of the lines connecting between features in consecutiv e image frames. The left side
of Fig. 3.5 is a pinhole camera model showing the actual and image size of the lines con-
necting two features indicated by L and d, respectively. On the right side of this �gure,
the geometry illustrates the change of the size of the projec ted lines in the image plane,
from d t ¡ ¢ t to d t when the MAV is moving towards the ground, from Zt ¡ ¢ t to Zt . Using

Focal point

Image plane

Ground

Ground

Ground

Features

f̃d

L

L
L

Z
Zt ¡ ¢ t

Zt
d t ¡ ¢ t

d t

Figure 3.5: Pinhole camera model (left) and projected lines on image plane when approaching ground (right).

similar triangles, we can write the following relationship s:

L

Zt ¡ ¢ t
Æ

d t ¡ ¢ t

f̃
,

L

Zt
Æ

d t

f̃
, (3.11)

where f̃ is the focal length of the camera while ¢ t is the timestamp between two consec-
utive images. By substituting L, we can obtain:

d t

Zt ¡ ¢ t
Æ

d t ¡ ¢ t

Zt
. (3.12)

From the geometry in Fig. 3.5 and Eq. (3.12), it is reasonable that when the MAV moves
closer to the ground, i.e., Zt Ç Zt ¡ ¢ t , the size of the line in the image plane becomes
larger, i.e., d t È d t ¡ ¢ t . By recalling Eq. ( 3.2), �ow divergence can also be expressed as
follows:

D t Æ
1

¢ t
[1 ¡

Zt ¡ ¢ t

Zt
]. (3.13)
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By substituting Eq. ( 3.12) into Eq. ( 3.13), we can obtain the size divergence of one feature
line:

D st Æ
1

¢ t
[
d t ¡ ¢ t ¡ d t

d t ¡ ¢ t
]. (3.14)

To obtain a more reliable estimate of size divergence, we can use the average of all de-
tected feature lines, bD s in our computation:

bD s Æ
1

n

nX

i Æ1
D st i

. (3.15)

When the MAV moves towards the ground surface, the lines conn ecting features extend
leading to bD s Ç 0, and vice versa.

3.3.3. TESTING PLATFORM AND DATA LOGGING

A Parrot AR.Drone 2.0 is used as our platform for performing � ight tests. The downward-
facing camera on this MAV is of particular interest here. We i mplemented aforemen-
tioned algorithms to estimate the �ow divergence in Paparaz zi Autopilot, an open-
source autopilot software 1. Fig. 3.6 shows the overview of the control architecture of
Paparazzi and the integration of the computer vision module . All the computer vision
and control algorithms are run on-board the MAV.

In Fig. 3.6, images are captured from the downward-looking camera in th e vision
module. These images are processed using the computer visio n algorithms presented in
the subsections above. The angular rates ( p, q, r ) from the IMU are used in the optical
�ow computations to reduce the effects of MAV rotation on the optical �ow vectors. One
of the �ow divergence estimates, bD or bD s, is used in the vertical guidance loop to perform
automatic landings.

MAV

Hardware Software (Paparazzi Autopilot)

Vision Module

Camera

IMU

Actuator

Image
Capturing

Optical Flow
Computation

Divergence
Estimator

Vertical
Guidance

Control Loop
(Rotorcraft)

p,q,r

x, y

u,v

bD, bD s

¹

Figure 3.6: Control architecture of Paparazzi Autopilot an d the integration of the computer vision module.

1Paparazzi Autopilot: http://wiki.paparazziuav.org/wik i/Main_Page
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In our experiments, we start logging the data while the MAV is hovering at a height
around 1.5m. By only controlling the climb rate, we measure the variatio n of estimated
�ow divergences bD and bD s, the height above the ground Z , and the vertical velocity VZ .
Note that in order to guarantee good measurements of Z and VZ , which will serve as our
ground truth for �ow divergence D, we use an external motion tracking system (Optic-
Track), to provide these measurements.

Fig. 3.7shows the measurements log for estimating the delay model an d noise model
of the �ow divergence estimates. We deliberately varied the vehicle climb rate to obtain
a wide range of bD, bD s, Z and VZ measurements.
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Figure 3.7: Log of �ow divergence estimates, height, and ver tical velocity during a vertical maneuver of an
AR.Drone 2.0.

3.3.4. DELAY ESTIMATION AND NOISE M ODEL

After obtaining �ow divergence estimates, this subsection describes how to characterize
their properties. There are two steps proposed: 1) to estima te the delays in the estimates,
and 2) to model the noise using the delay-corrected data.

DELAY ESTIMATION

We estimated the delay Lagi of every sample i Æ1,2, ...,N by comparing the datasets of
�ow divergence estimates bD and bD s with the ground truth D. First, W windowed sam-
ples, f (i , i Å W ) and g(i Å m,i Å W Å m) of ground truth and �ow divergence estimates,
respectively, were selected, where m is the moving index. Second, the sums of square er-
ror between both samples sets were computed. Then, by repeat ing the aforementioned
steps with different sample sets of �ow divergence estimate s (from m Æ0 to m ÆM ), we
looked for the sample set with minimum error. The number of es timates lagging behind
the ground truth can then be estimated as:

Lagi Æarg min
m

WX

j Æ0
( f (i , j ) ¡ g(i , j ,m ))2. (3.16)
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Based on observation of the estimates compared with the grou nd truth, the delays
are expected to be consistent. Multiplying the average of Lag with the sampling time
¢ t , we can obtain the time delay of each data set. The estimates h ave, on average, a
lag of 2 and 1, which are equivalent to 0.1 s and 0.05s for bD and bD s, respectively (¢ t ¼
0.05s). These lags are used to correct the �ow divergence estimate s. Fig. 3.8 illustrates
that the corrected �ow divergence bDcr , and the corrected size divergence bD scr , indeed
better match the ground truth D. In this �gure, the bottom left plots show the enlarged
view of �ow divergence estimates with the ground truth from 2 200s to 2400s while their
corresponding plots which are corrected for the delay are pr esented on the bottom right.
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Figure 3.8: The estimated and delay-corrected �ow divergen ces, together with their ground truth.

Note that to avoid the estimate of Lag to be driven by noise and outliers, the �ow diver-
gence estimates were pre-�ltered using a moving median �lte r. The delay caused by this
�lter (i.e., ( Nwin ¡ 1)/2, where Nwin is its window size) was subtracted from the estimated
Lag to obtain the actual lag.

NOISE M ODEL

After correcting for the delay, we can proceed to model the no ise of the �ow divergence
estimates. Fig. 3.9 plots the �ow divergence estimates bD and bD s against the correspond-
ing ground truth D. This �gure illustrates the deviation of the estimated �ow d ivergence
from its ideal condition. There are two groups of estimated � ow divergence plotted in the
�gure, i.e., the �ow divergence without (circles) and with d elay correction (asterisks), re-
spectively. The root mean square errors (RMSEs) of bDcr and bD scr with delay correction
(¼0.6059 1/s and ¼0.1469 1/s) are smaller than their corresponding RMSEs without de-
lay correction ( ¼0.6206 1/s and ¼0.1526 1/s). Overall, both are noisy signals and slightly
deviate from their ideal condition, especially when the �ow divergence becomes more
negative and more positive. This could happen when the groun d features can hardly be
tracked due to, e.g., an aggressive maneuver, or when the veh icle is either very close to
the ground or far away from the ground.
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Figure 3.9: Deviation of the estimated �ow divergences bD (left) and bD s (right) from their ground truth D.

To take into account this condition in the noise model, we �tt ed a linear function, as
shown in Eq. ( 3.17) to the delay-corrected estimates using a bisquare weights regression.
This method is preferable as it minimizes the in�uence of out liers on the �t by giving
less weight to the data far away from the �tted line. The �tted models are drawn in as a
dashed line in Fig. 3.9:

f1(D) Æe1 ¢D Å e2, (3.17)

where e1 and e2 are the �t coef�cients. The �tted models for bD and bD s are given as bD f i t

and bD sf i t .
The next step is to estimate the variances of the estimates wi th respect to the �tted

models. Fig. 3.10 shows the absolute errors of the estimates versus ground tru th �ow
divergence. The circles represent the absolute errors of the estimate with respect t o the
�tted model. Since we can observe (also from Fig. 3.9) that the errors are higher for larger
values of D, a quadratic �t function is more suitable:

f2(D) Æe3 ¢D2 Å e4 ¢D Å e5, (3.18)

where e3, e4, and e5 are the �t coef�cients. The solid line in Fig. 3.10 is the �tted line of
these absolute errors which represents the variance. Table 3.1 lists the �t coef�cients of
the noise models ( e1, e2, e3, e4, and e5) for both bD and bD s that are used in the computer
simulations and the controller design.

Fig. 3.11 presents the probability density functions of the models er rors, er r bD and
er r bD s

. These model errors are computed by subtracting the data gen erated based on
Eqs. (3.17) and (3.18) from the corresponding �ow divergence estimates. In this � g-
ure, we �tted a Gaussian model ( solid lines ) to each distribution, we obtain er r bD Æ
N (0.0173,0.1292) ander r bD s

ÆN (6.1979£ 10¡ 4,0.0937). This shows that both estimated
noise models are quite accurate.

To validate the noise model, we plotted generated data with e stimates of bD and bD s as
shown in Fig. 3.12. In this �gure, the generated data sets show that the errors a re higher
for larger values of D, which are similar to the observation in Fig. 3.10. However, some
inevitable outliers in the estimates remain, as there are ne glected in both noise models.
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Figure 3.10: Absolute errors of the �ow divergence estimate s bD (left) and bD s (right) versus their ground truth
D.

Table 3.1: Fit coef�cients of noise models for bD and bD s.

Coef�cients bD bD s

e1 0.8519 0.8393
e2 ¡ 0.0655 ¡ 0.0060
e3 0.5766 0.1841
e4 0.1918 ¡ 0.0043
e5 0.0412 0.0455
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Figure 3.11: Probability density functions of the estimate errors of bD (left) and bD s (right) with respect to the
�tted model.
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Figure 3.12: The �ow divergence estimates bD (left) and bD s (right) and the data generated using the noise
models.

Note that since bD s has less delay and noise, we use it for the following simulati ons
and �ight tests. Additionally, the term �̀ow divergence' an d the symbol bD will be used,
instead of size divergence and its symbol bD s, in order to have a more general expression
and to maintain consistency.

3.4. INFLUENCE OF DELAY AND NOISE ON FIXED-GAIN CON-
STANT FLOW D IVERGENCELANDING

In the previous section, we estimated the delay and noise in t he vision measurement
obtained from an on-board camera. This section investigate s the effects of the delay and
noise on the constant �ow divergence landing using the conve ntional control scheme as
described in Section 3.2. This is performed in both computer simulations and real-wo rld
experiments.

3.4.1. SIMULATION RESULTS
The same model and controller described in Section 3.2 are used in this simulation. For
a fair comparison, the settings including D¤ , Kp , and the initial conditions of Z and
VZ are set to be the same. The control analysis of the system is pe rformed in sequence
by adding: (1) a delay, (2) a noise model, and (3) both delay an d noise model into the
observation model in Eq. ( 3.6). Their results are presented in Fig. 3.13.

ADDING DELAY

In Section 3.3, we estimated a delay of 2 samples, i.e., a time delay of 0.1 s, in the �ow di-
vergence measured from the vision system. This delay is adde d to the observation model
in the simulation. Fig. 3.13a plots the time response of the states using the �ow diver-
gence based control. The result shows that with this delay bo th Z and VZ converge to
almost zero quicker than the response of the perfect observa tion, but the MAV becomes
unstable when it is very close to the ground.
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(a) Adding delay.
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(b) Adding noise model.
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(c) Adding delay and noise model.

Figure 3.13: Adding delay and noise to constant �ow divergen ce landing using �xed-gain controller leads to
self-induced instability at a low height.
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ADDING NOISE

Next, only the noise model is added to the observation model. Fig. 3.13b shows the ef-
fects of noise to the time response of the states. Similar to a dding delay, the MAV be-
comes unstable when both height and velocity are very small. In practice, for both cases
the oscillations can be avoided by throttling down or comple tely switching off the en-
gine when the MAV is very close to the landing surface; also, i n a real-world scenario a
suf�ciently low gain can be selected so that the MAV's landin g gear touches the ground
before oscillations occur.

ADDING DELAY AND NOISE

In reality, we have both delay and noise in the estimate of �ow divergence from the vi-
sion system. Therefore, we also examine the effects of both d elay and noise on the con-
trol scheme performance. Fig. 3.13c shows that large oscillations occur sooner and are
ampli�ed further when the MAV moves close to the landing surf ace.

3.4.2. FLIGHT TEST RESULTS
In this subsection, we present the �ight test results for ver tical landing controls using
the conventional control scheme (e.g., a �xed gain). For the experiments, a proportional
and integral (PI) controller is used to reject external dist urbances and thus minimize the
steady-state errors:

¹ ÆKp

·
(D¤ ¡ D) Å

1

·

Z
(D¤ ¡ D)d t

¸
(3.19)

· Æ
Kp

Ki
is the integral time constant and Ki is the integral gain.
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Figure 3.14: Constant �ow divergence landing of the MAV usin g a �xed-gain controller.

The same MAV platform as described in Section 3.3.3 is used for the experiments
with all vision and control algorithms running on-board. Fi g. 3.14shows the experiment
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results of constant �ow divergence landing using the basic, �xed-gain, controller (e.g.,
Kp Æ0.6,Ki Æ0.1). Clearly, large oscillations occur for �ow divergence , height, and ve-
locity due to the delay and noise of the �ow divergence estima te, even though the height
and velocity exponentially decay to zero. We used a slightly smaller desired �ow diver-
gence than the one used in the simulations, i.e., D¤ Æ0.1s¡ 1 in order to obtain a better
view of the oscillations before touching the ground surface .

3.5. ADAPTIVE GAIN STRATEGY FORCONSTANT D IVERGENCE

LANDING
In the previous section, we observed that the presence of tim e delay and measurement
noise leads to instability of constant �ow divergence landi ngs when the basic, �xed-gain,
controller is used. The oscillations can be further ampli�e d when the vehicle is getting
closer to the ground or can even happen at an earlier stage of t he landing when a large
gain is used. This section introduces a novel way to reject os cillations in constant �ow
divergence landings.

3.5.1. ADAPTIVE CONTROL STRATEGY
Fig. 3.15shows the proposed adaptive control strategy for constant d ivergence landings.
There are two phases in this strategy: ( I ) Determination of near-optimal initial controller
gains, and (I I ) Landing with an adaptive gain.

Z

T ime

I I I

Figure 3.15: Two-phase adaptive control strategy for const ant �ow divergence landing. In phase I , the MAV
increases the gain until it starts to oscillate. This allows the MAV to select a suitable gain for phase I I , in which

it lands while reducing the gain exponentially.

DETERMINATION OF NEAR-OPTIMAL I NITIAL GAINS

The initial controller gains K0 are the important parameters that we need to determine
for the PI controller before starting the landing. If these i nitial values are too small, track-
ing of D¤ will not be accurate. In contrast, if they are too large, self -induced oscillations
can happen at the beginning of the landing. To deal with both c ases, the MAV hovers by
tracking D¤ Æ0 using a PI controller while small initial values of K0, which are gradually
increased until an oscillation is detected. Then, the stabl e gain just beforethe oscillation
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is used as the initial K0 for phase I I . Both gains from P and I controllers undergo this
process.

LANDING

Once the stable initial gains are obtained, the constant �ow divergence landing is acti-
vated by tracking D¤ Æ ¡c. We know that the value of the gain at which instability start s
to occur depends linearly on the height [ 50], and that during a constant divergence land-
ing the height decays exponentially. Therefore, we have the gains decay exponentially to
mitigate and, if possible, eliminate the oscillations when moving close to the ground. In
this strategy, phase I ensures that proper initial gains are chosen to have a good pe rfor-
mance of the tracking, while phase I I prevents self-induced oscillations when descend-
ing. In the following subsections, the stability analysis o f the adaptive controller and the
real-time oscillation detection method used in this strate gy are described in details.

3.5.2. STABILITY ANALYSIS OF THEADAPTIVE CONTROLLER
In this subsection, we show that the linearized system is not subject to self-induced os-
cillations when the adaptive controller is used for constan t �ow divergence landings. In
fact, we know from Eq. ( 3.3) that Z ÆZ0eD¤ t when D ÆD¤ . As mentioned, to cope with
the instability problem, we introduce:

Kp ÆKp0eD¤ t , Ki ÆKi 0eD¤ t (3.20)

where Kp0 and Ki 0 are the initial gains of the PI controller which relates to th e initial
height ( K0 Æf (Z0)) and can be obtained using the method presented in Subsecti on 3.5.1.
By recalling Eqs. (3.5) and (3.6), �r Æ[r 2,¹ ]T and y(t ) Æ[r 2/ r 1], where r Æ[r 1,r 2]T Æ
[Z ,VZ ]T .

To understand the dynamical behavior of this system, we �rst analyze the phase por-
trait of the system. Fig. 3.16 shows the system's trajectories with arrows and three cases
with different initial states. All states of these cases con verge to zero in the end. Most
importantly, we can observe that positive VZ , which could happen due to external dis-
turbances, will eventually become negative (i.e., the MAV d escends). This can also be
seen from Eq. (3.19) that when VZ becomes positive, the controller will further reduce
the thrust and lead to VZ Ç 0.

Here, we study the stability of the discrete system. We will s ee that even introducing
just a zero-order hold form in which it has a discrete sample t ime and thus a small delay
in the system already suf�ces to get self-induced instabili ty. By linearizing and discretiz-
ing the system model, we obtain:

© Æ
·
1 ¢ t
0 1

¸
, ¡ Æ

"
¢ t 2

2
¢ t

#

, C Æ
h
¡ VZ

Z 2
1
Z

i
, D Æ[0]. (3.21)

The open-loop transfer function of the discrete system can b e determined to be:

G(¾) ÆC (¾I ¡ ©)¡ 1 ¡

Æ
¢ t [(2Z ¡ ¢ tVZ )¾¡ (2Z Å ¢ tVZ )]

2Z 2 (¾¡ 1)2 ,
(3.22)
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Figure 3.16: Phase portrait of the constant �ow divergence l anding.

where ¾is the discrete frequency domain operator (variable z typically used for this term
could be confused with the height Z , thus ¾is used to avoid confusion).
The discrete form of the PI controller can be written as:

FPI (¾) ÆKp

·

1Å
¢ t

2·

µ
¾Å 1

¾¡ 1

¶¸

. (3.23)

The closed-loop transfer function of the discrete system is :

H (¾) Æ
G(¾) ¢FPI (¾)

1Å G(¾) ¢FPI (¾)

Æ
N (¾)

D(¾)
,

(3.24)

where

N (¾) ÆKp ¢ t [(¢ t ¡ 2· ) Å (¢ t Å 2· )¾] [(¢ tVZ Å 2Z )

Å (¢ tVZ ¡ 2Z )¾] ,

D(¾) ÆKp ¢ t
£
VZ ¢ t 2(¾Å 1)2 Å 2¢ t (· VZ ¡ Z )(¾2 ¡ 1)

¡ 4Z · (¾¡ 1)2
¤
¡ 4· Z 2(¾¡ 1)3.

The zeros of the system can be obtained to be:

¾01 Æ
2Z Å ¢ tVZ

2Z ¡ ¢ tVZ
or ¾02 Æ

2· ¡ ¢ t

2· Å ¢ t
. (3.25)
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We know that due to a relatively small and positive ¢ t , Z È 0 and VZ Ç 0, thus 0 Ç ¾01 Ç 1.
In contrast, ¾02 depends on · . For a stable discrete system, all poles should lie inside a
unit circle in ¾-plane. From Eq. ( 3.24), we know that all poles are located at ¾Æ1 when
Kp Æ0. As the gain increases, two poles move toward the two �nite z eros presented in
Eq. (3.25) and the third pole moves toward the negative in�nite zero. F rom this obser-
vation, there are two factors which can affect the stability of the system: (1) the gain at
¾Æ ¡1, the so-called critical P-gain, Kcr , and (2) the in�uence of · on ¾02 . For the reader
to understand the �rst case, we plot a root locus of the closed -loop discrete system for
Z Æ100m and Z Æ10m with ¢ t Æ0.03s in Fig. 3.17. In this �gure, both results of the
different heights lead to the same root locus plot, but with d ifferent values of the gain
(see Eq. (3.26)). Let ¾Æ ¡1 in Eq. (3.24), we obtain:
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Figure 3.17: Root locus of the closed-loop discrete system f or two different heights.

Kcr Æ
2Z

¢ t
. (3.26)

This relation is exactly the same as the one found in [ 50] for a pure P-controller. It shows
that the critical gain depends on the sample time ¢ t , and - importantly - on the height
Z . From this result, the controller gain should be 0 Ç Kp Ç Kcr in order to have a stable
system. If K0 is set to be Ç 2Z / ¢ t and Kp scales with the same exponent as Z , it will stay
below that threshold for the rest of the trajectory.

For the second case, we investigate the in�uence of · on ¾02 , and thus the stability
of the system. Fig. 3.18 shows three root loci of the closed-loop discrete system for three
different values of · . As mentioned above, one pole moves to ¾02 , and another pole
moves to negative in�nite zero. We will prove that a part of th is root locus is a circle with
center located at ¾02 . Since we know that these two poles are 1 and the �nite zero is ¾02 ,
we can write the system characteristic equation for this spe ci�c case to be approximately
[87]:

1Å
Kp

¡
¾¡ ¾02

¢

(¾¡ 1)2 Æ0 (3.27)

By substituting ¾ Æ%Å j Â where %and Â are the real and imaginary part of ¾ into
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Figure 3.18: Root locus of the closed-loop discrete system f or three different integral time constants.

Eq. (3.27), we obtain:
Kp

¡
%¡ ¾02 Å j Â

¢

¡
%¡ 1Å j Â

¢2 Æ ¡1 (3.28)

We know that for every point on root locus, the angle conditio n must be satis�ed:

tan ¡ 1
µ

Â

%¡ ¾02

¶

¡ tan ¡ 1
µ

Â

%¡ 1

¶

¡ tan ¡ 1
µ

Â

%¡ 1

¶

Æ180o (3.29)

By solving Eq. (3.29), we get the following:

¡
%¡ ¾02

¢2 Å Â2 Æ
¡
1¡ ¾02

¢2 (3.30)

Eq. (3.30) shows that this part of the root locus is a circle centered at (¾02 ,0) with radius
1¡ ¾02 in the ¾-plane. Since this circle is tangent to the unit circle at 1, i t will coincide
with the unit circle if ¾0,2 Æ0. From this result, the system is stable if ¾0,2 ¸ 0 and hence
· ¸ ¢ t

2 obtained from Eq. ( 3.25). In fact, in practice, the value of · is usually set to be
much greater than 1, meaning that Kp ÈÈ Ki . Still, since Kp has to decrease when going
down, it means that Ki needs to decrease exponentially as well in order to prevent Ki È
Kp and keep · constant.

To summarize, for the discrete system which possesses a smal l delay, instability of
the closed-loop system will happen if Kp È Kcr or · Ç ¢ t /2. With the proposed adaptive
controller shown in Eq. ( 3.20), Kp and Ki are kept small enough to prevent self-induced
instability, while always being as high as possible to maxim ize control performance.

3.5.3. REAL-T IME OSCILLATIONS DETECTION
In the �rst phase of our landing strategy, the MAV has to incre ase its control gains until
it starts to self-induced oscillations. In addition, in pha se I I it can happen that the MAV
is not able to keep the �ow divergence constant, and that it de scends too fast. In that
case, the exponentially decreasing gains Kp and Ki may cause self-induced oscillations
that have to be detected and dealt with (by resetting the gain s to appropriate values). For
both these cases, we need a method to detect self-induced osc illations experienced by
the vehicle in real-time.
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There are a few methods in the literature to detect self-indu ced oscillations, typically
relying on a fast Fourier transform (FFT) [ 88, 89]. The reason an FFT is used, is that self-
induced oscillations are a “resonance” property of the cont rol system and hence have
a typical frequency. However, FFT methods are computationa lly expensive. Therefore,
we detect self-induced oscillations by examining the covar iance function of a windowed
�ow divergence bD and a time-shifted windowed �ow divergence bD0:

cov( bD, bD0) ÆE[( bD ¡ E( bD))( bD0¡ E( bD0)T )], (3.31)

where E(b¤) is the expected value of windowed �ow divergence. The covar iance is chosen,
since it is much faster to compute than an FFT, while capturin g both the relative phase
and the magnitude of deviations in the signal. The “price pai d” is that it will only react
to a single frequency, but this is exactly what we want for the detection of self-induced
oscillations.
Fig. 3.19 illustrates the oscillations detection method using the co variance function. The

bD samplesbD0samples

1
2P

Figure 3.19: Oscillations detection method using the covar iance function, cov( bD , bD 0).

bD0samples set is the previous samples set of bD, which is 1
2P lagging behind the current

samples set of bD, where P is the period of one full oscillation.
To show the feasibility of this method, consider the signals which are generated with

oscillations of different magnitudes (0.1, 0.3, 0.2) and fr equencies (2, 1, 5 Hz), and noise
is added to these signals as shown in Fig. 3.20a. By computing their discrete Fourier
Transforms (DFT), the frequency of the oscillation in each s ignal can be found as pre-
sented in Fig. 3.20b. Then, the proposed covariance function of the generated si gnals
can be computed, based on the period of the oscillation known from the DFT. Fig. 3.20c
clearly shows that the covariances of the generated signals are large at the instance when
the oscillations occur.

This method is implemented on the MAV and tested in the same ex periment pre-
sented in Fig. 3.14. Fig. 3.21 shows the covariance of the �ow divergence, indicating that
we can successfully detect the oscillations in a real �ight. For instance, in Fig. 3.14, we
observe that strong oscillations happen from 8 s to 10s and from 12 s to 20s, and this leads
to highly negative covariance values at these time instance s as shown in Fig. 3.21. Thus,
this method provides a new way to detect oscillations in real -time.

3.6. FLIGHT TESTS
In this section, we present the �ight tests results for verti cal landing control using the
adaptive controller. The same MAV platform as described in S ection 3.3.3 is used for
the experiments, with all vision and control algorithms run ning on-board. To show the
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(b) Discrete Fourier Transform of the generated signals.
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Figure 3.20: Generated signals with different magnitudes ( 0.1, 0.3, 0.2) and frequencies (2, 1, 5 Hz) of
oscillations and noise, and the corresponding Discrete Fou rier Transform and covariances.
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Figure 3.21: Covariance of the �ow divergence obtained from the experiment presented in Fig. 3.14.

robustness of the proposed method in the face of external dis turbances, �ight tests are
performed not only in indoor but also in outdoor environment s as shown in Fig. 3.22. 2

Figure 3.22: Indoor and outdoor environments for the �ight t ests.

3.6.1. INDOOR FLIGHT TESTS
For indoor landing tests, the vertical control is performed using the �ow divergence from
an on-board camera while the horizontal control is executed using the position and ve-
locity provided by the OptiTrack system. Fig. 3.23 shows the experiment results of the
landings at different desired �ow divergence values ( D¤ Æ ¡0.1,¡ 0.2,¡ 0.3).

From the results shown in this �gure, the controller gains ar e gradually increased
until the �rst oscillation is detected while hovering, i.e. , by tracking D¤ Æ0. After ob-
taining the initial gains, the landing starts by tracking D¤ Æ ¡0.1, ¡ 0.2, or ¡ 0.3. There
are two important observations from these results: 1) bD ¼D¤ , and 2) cov( bD, bD0) is small

2Explanatory video with experiments: https://goo.gl/ZDPP3m
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(a) D ¤ Æ ¡0.1.
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(b) D ¤ Æ ¡0.2.
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(c) D ¤ Æ ¡0.3.

Figure 3.23: Constant �ow divergence landing using the adap tive controller (indoor environment).
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and bounded ( ¼10¡ 3). This means that the tracking performance is good, and the s elf-
induced oscillations are prevented (see Figs. 3.14and 3.21for comparison). Additionally,
the adaptive control scheme performs well for the three desi red �ow divergences.

3.6.2. OUTDOOR FLIGHT TESTS
Outdoor �ight is more challenging, due to the presence of win d. In outdoor experiments,
the vertical dynamics are also controlled using �ow diverge nce, while the horizontal dy-
namics are stabilized using translational optical �ow esti mates. The wind speed during
the �ights was reported to be around 8 knots, and the maximum gust was approximately
10 knots3. Fig. 3.24 shows the results of the outdoor landing tests at different d esired
�ow divergences ( D¤ Æ ¡0.1,¡ 0.2,¡ 0.3).

From the outdoor �ight results, the adaptive controller tra cks the desired �ow diver-
gences well, and the self-induced oscillations are prevent ed. Because of the unknown
wind disturbances, it can be observed that slight perturbat ions exist, but the controller
is suf�ciently robust to deal with wind. Note that in the �gur e the height is obtained
from an ultrasound sensor, while the vertical velocity is pr ovided from a GPS which has
an accurate of Ç 3m and has a relatively low update rate, i.e., 5 Hz. Both these sensors
have only been used for logging purposes, and not in the contr ol.

3.7. CONCLUSIONS
A control strategy has been developed to solve the fundament al problem of gain se-
lection for constant �ow divergence landings. The delay and noise models of the es-
timates were �rst obtained, and their effects on closed-loo p control performance were
investigated. In the presence of the delay and noise, comput er simulations as well as
real �ight tests show that oscillations occur during the lan dings when a �xed-gain con-
troller is used. We propose an adaptive controller which �rs t initializes a near-optimal
gain by means of an oscillating movement and then exponentia lly reduces this gain dur-
ing descent. A stability analysis shows that the adaptive ga in strategy indeed prevents
self-induced oscillations and instability. This strategy was implemented on a Parrot
AR.Drone 2.0 with all vision and control algorithms running on-board. Multiple success-
ful landing �ight tests, in both indoor and windy outdoor env ironments, were performed
using the adaptive gain strategy.

3Wind speed reference: https://www.wind�nder.com/
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