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Abstract

Modeling plankton communities has been an import topic in mathematical bi-
ology for quite some time. Previous research mostly comes in two flavors. On one
hand we have large global models, which try and recreate measured data, but of-
ten lose track of what are the root causes of phenomena. On the other hand we
have smaller models, where the (mathematical) reasoning behind phenomena are
tried to be understood, but they lose some of their applicability. We try to bridge
the gap between these two, by exploring how far results after simplification carry
over to a more general case. We do this by investigating a size structured plankton
model as proposed by (Poulin & Franks, 2010). We first simplify the interaction
between phyto- and zooplankton, for which we are able to find analytical stationary
solutions. Using numerical methods we are able to show stable stationary and limit
cycle behavior. Furthermore we are able to show how much diversity remains, and
how this is linked to the analytical solutions. Then we are able to show that these
structures remain in place after allowing more complex interactions, and identify
how far this remains true. Using this knowledge we are able to give quick insights
into more complex models.

Thesis Committee:

Chair: Dr.ir. Y.M. Dijkstra, Faculty EEMCS, TU Delft
University supervisor: Dr. J.L.A. Dubbeldam, Faculty EEMCS, TU Delft
Committee Member: Dr.ir. S. Jain, Faculty EEMCS, TU Delft





Preface

I would like to start of with expressing my appreciation for Dr.ir. Yoeri Dijkstra, my
daily supervisor. The weekly meetings where we discussed new results kept me sharp
and enthusiastic about what we were doing. His guidance and constructive feedback
during the writing process has made the process a lot smoother. Then I would also like
to thank my responsible supervisor Dr. Johan Dubbeldam, who during our bimonthly
meeting kept both Yoeri and me from losing ourselves in the results. I want to thank
Di.ir Jain for being part of my thesis committee.

Lastly I want to thank my family and friends for all their support throughout my
life and studies.

iii





Contents

Preface iii

Contents v

1 Introduction 1

2 Method 7
2.1 Model formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Choice of feeding kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Continuous Analytical solutions . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.5 Discretized analytical solutions . . . . . . . . . . . . . . . . . . . . . . . . 13
2.6 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.7 Auto-07p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Results 19
3.1 Dirac-Delta kernel stability . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Dirac-Delta kernel Limit cycles . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Dirac-Delta two parameter study . . . . . . . . . . . . . . . . . . . . . . . 21
3.4 Dirac delta two parameter limit cycles . . . . . . . . . . . . . . . . . . . . 24
3.5 Narrow Gaussian kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.6 Narrow Gaussian kernel limit cycles . . . . . . . . . . . . . . . . . . . . . 28
3.7 Narrow Gaussian kernel two parameter study . . . . . . . . . . . . . . . . 29
3.8 Narrow Gaussian kernel two parameter limit cycles . . . . . . . . . . . . . 30
3.9 Gaussian kernel larger deviation . . . . . . . . . . . . . . . . . . . . . . . 31
3.10 Gaussian from Dirac-Delta . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.11 Ecological interpretation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.12 Dirac Delta tool . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Conclusion 41

v



Contents

5 Discussion 43

Bibliography 45

A Steele Stationary solutions 47
A.1 Auto Files and Constants . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
A.2 Function files (x.c files) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
A.3 constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

B Auto scripts 59

vi



Chapter 1

Introduction

Plankton play a crucial role in Earth’s marine ecosystems. They form the base of the
ocean food web and significantly influence global biological cycles, producing roughly half
of the world’s oxygen and absorbing nearly half of its annual carbon dioxide emissions
(Basu & Mackey, 2018). Recognizing this importance, there is considerable interest in
modeling the complex dynamics of plankton communities to better understand marine
ecosystem behavior and how it responds to environmental changes.

However, modeling plankton dynamics is challenging because of the multitude of in-
teracting processes involved (Carlotti, 2019). Many plankton ecosystem models become
highly complex, with numerous state variables and parameters, making it difficult to
discern how changes in any given parameter affect the outcomes. With today’s rapidly
changing climate and ocean conditions, this challenge becomes even more pressing: fun-
damental questions, such as how water temperature or ocean currents alter plankton
growth and species composition, remain only partially answered by existing models.
Starting an investigation with an overly complex model can be impractical and opaque,
often akin to searching for a needle in a haystack. Such an approach requires extensive
computation for each small parameter tweak, yet may still fail to reveal the root causes
of observed behavior.

In this context, a bottom-up modeling approach is appealing. Instead of beginning
with a full-scale, high-detail model, we start with a simpler plankton model that cap-
tures the essential processes, and analyze it in depth to reveal underlying dynamics and
cause–effect relationships. We then incrementally build up complexity, adding additional
species, nutrient types, or processes, to see if and how the behaviors from the simple
model carry over to more complex scenarios. Insights gained from the simpler model can
ultimately guide where to focus attention in more detailed models. In this research we
limit the model to two groups of plankton. The first is phytoplankton (P), this group
of plankton is autotrophic, and mostly relies on photosynthesis for energy. Secondly, we
consider zooplankton(Z), this group of plankton feeds on phytoplankton. Besides the
plankton groups, we have different kinds of nutrients(N), which might or might not be in
a viable state for consumption. Figure 1.1 shows a graph of the interactions and general
flow of nutrients.
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1. Introduction

These interactions are modeled using a system of differential equations which have
the following rough structure:

change in P “ grazing of N ´ death of P ´ grazing by Z
change in Z “ grazing on P ´ death of Z
change in N “ death of P ` death of Z ´ grazing by P

Figure 1.1: Graph showing a high
level overview of the flow of inter-
actions

This formulation omit the feeding of zooplank-
ton on zooplankton, and the state of the nutrients.
This general structure already shows the amount
of freedom in choosing how each element is for-
mulated. Generally each part of each equation is
formulated as a Holling’s type equation or a deriva-
tive thereof, (Holling, 1959). That is the response
is either a linear (Type I), saturating (Type II) or
logistic form (Type III). Each form introduces a
set of free variables which each tune some behav-
ior, and are generally fitted experimentally.

If we remove the dependence on nutrients, and
only consider linear responses (Type I). The system
reduces to the Lotka–Volterra equations, which
model the interaction between a predator and its prey.

dP

dt
“ P pα ´ βZq

dZ

dt
“ Z p´γ ` δP q

(1.1)

It limits the model to some reproduction rate α, consumption rate β, death rate γ
and growth rate δ. There is a rich body of theory analyzing these equations. Classic
predator–prey analysis of the Lotka–Volterra system reveals diverse dynamical behaviors
as outlined by (Brauer & Castillo-Chavez, 2011): The origin is a saddle point, which
is explained by the fact that without prey the predator dies. And without a predator
the prey grow unbounded. The system has a stationary point and a conserved quantity.
This leads to closed orbits, where prey and predator amounts follow the same orbit
indefinitely. While this simple formulation does allow for rigorous mathematical analysis.
It already shows a major flaw in the fact that unbounded growth of prey is not physical.
For example, a locust swarm will eventually eat so much there is nothing left, and lead
to their own demise. One way to repair this problem is by allowing non-linear, or self
limiting terms in the growth rate. However, this leads to qualitatively different behavior.

This then leads to a more general formulation which were introduced by (Kolmogorov,
1936):

dP

dt
“ PfpP,Zq,

dZ

dt
“ ZgpP,Zq

(1.2)
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Here he stated some conditions on the functions f and g, which need to be satisfied if
one would want a realistic predator-prey interaction. These are outlined by (Sigmund,
2007), but the Volterra equations fail to satisfy some of these. (May, 1972) showed how
these conditions lead either to stable equilibrium, or to stable limit cycles. Which one
of the two was present depended on the choices of parameters. They also stressed how
the existence of these limit cycles gave a lot more insight than was previously thought.
This gives rise to the need to do a more thorough bifurcation analysis of the system.

The Kolmogorov population model and Lotka-Volterra equations already allows for
a model which is applicable, but still mathematically understandable. However, it still
lacks to capture nutrient dependency. This is an essential part for a model which can
be used to try and get a better understanding of ecological processes. An example of
a system of equations which extends the Kolmogorov model is a system proposed by
(Steele & Henderson, 1992):

dP

dt
“

N

N ` k
βP p1 ´

P

γ
q ´ Zλ

P n

P n ` µ

dZ

dt
“ αλ

P n

P n ` µ
Z ´ δZm

dN

dt
“ ppN0 ´ Nq ´

N

N ` k
βP p1 ´

P

γ
q ` p1 ´ αqλ

P n

P n ` µ
Z

(1.3)

Here they have chosen to set the growth rate of phytoplankton to have a self shadowing
part,

´

1 ´ P
γ

¯

, and a nutrient limiting part, N
N`k . The nutrient limiting part is a Holling

type II reaction. We have that β is the maximal growth rate and k is the half saturation
value, that is the value of N for which the growth is half the maximum growth rate.
Then we have that the γ gives the value of P for which the death and growth rate would
be in balance. The feeding of phytoplankton by zooplankton then follows a response
function λP n

P n`µ , which is either a Holling type II (n “ 1) or III (n ą 1) reaction. Here
λ is the maximum feeding rate, and µ the half saturation value. That means that the
actual value of P for for which half the maximum feeding rate is consumed is µ

1
n . Of

all consumed phytoplankton α is actually converged into zooplankton biomass, so this is
the efficiency of the zooplankton. The death rate of zooplankton is given by δZm, where
m P N. For m “ 1 we get a straight forward linear death rate, but for higher powers we
get a self shadowing effect, which might be due to effects like over population. Lastly
the formulation of nutrients is built from three parts. The first is a regenerative part
ppN0 ´ Nq, which models the entrance of nutrients from outside of the system. Then
we have the nutrients eaten by phytoplankton. Lastly is the portion of phytoplankton
biomass not converted into zooplankton biomass at consumption. This system becomes
closed if ppN0 ´ Nq “ δZm. A short analytical analysis of this model can be found in
Appendix A.

These three systems show how deep mathematical analysis can be done, but this is
mostly due to them all restricting the amount of diversity. They all consider only one
type of both zoo- and phytoplankton, but in reality there are whole spectra of species
present in eco systems. This means for each individual species there is interactions with
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1. Introduction

all other species. This aggregation misses the rich diversity of plankton species and their
resource specializations. If we attempt to represent multiple phytoplankton species in a
purely resource-competition setting, so not considering any zooplankton, classical theory
dictates that the number of coexisting species cannot exceed the number of limiting
nutrients (Hardin, 1960). In other words, one species will out-compete the others for
each resource, eventually dominating. This basic prediction would imply that only a
handful of phytoplankton species could coexist on a few nutrients, contradicting the high
diversity observed in nature, (Hutchinson, 1961). Researchers have shown that relaxing
some assumptions of simple models can resolve this paradox. Notably, (Huisman &
Weissing, 1999), demonstrated that when species compete for three or more resources,
the system can exhibit oscillatory or chaotic fluctuations that allow many species to
coexist on a few resources. In their models, no single species permanently out-competes
the others; instead, species abundances cycle in complex ways, preventing competitive
exclusion. This result highlights that even deterministic models with simple rules can
sustain high biodiversity under non-equilibrium conditions, though the behavior can
become difficult to predict or generalize.

Accurately capturing plankton ecosystem requires modeling species diversity. This is
where classical models like before fail, they lack the freedom to match measurements. To
this end more recent models incorporate multiple plankton functional groups, size classes,
or even continuously varying traits. Instead of a single phytoplankton and zooplankton,
these models track many types, for example, diatoms vs. picophytoplankton, or small
grazers vs. large carnivorous zooplankton, each with distinct parameters for growth,
uptake, and predation. This approach can reproduce the coexistence of numerous species
observed in real oceans. Plankton Functional Type (PFT) models, for instance, classify
organisms into a few broad groups (e.g. nitrogen-fixers, diatoms, copepods) and assign
each group unique equations or parameter values. These models brought improved
realism, but they were soon criticized for oversimplifying the biological differences within
each plankton group. (Anderson, 2005) argued that lumping species into functional
categories might overlook important eco-physiological variation. These bigger models
also brought another problem, with each addition another set of free parameters emerged.
On one hand this created the parameter problem, where chosen values for each would
be an impossible task on itself. And as Anderson points out this also brings another
problem, where we have so many free variables, that the free variables allow us to fit
the model to observed data. But there might be multiple ways to achieve this, then the
question arises: which choice reflects reality?

In response, some PFT models were extended to include trait-based details, effec-
tively increasing the number of modeled “species”, this allowed for many parameter com-
binations. This was done by for example varying parameters over cell size, or optimal wa-
ter temperature. But while this solved the problem of over simplifying eco-physiological
variation, it instead enlarged the parameter problem. (Follows et al., 2007) tackled
this emerged ’parameter problem’ by seeding a complex model with many hypothetical
phytoplankton types that differed in random physiological traits. In their global ocean
simulation, dozens of phytoplankton competitors, with four nutrient types available and
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two zooplankton types, were allowed to compete and disperse. Remarkably, about 20
distinct phytoplankton phenotypes emerged as persistent “winners,” each dominating in
different environmental niches. Top–down control by zooplankton has been shown to be
a key factor enabling higher diversity in these complex simulations. Predation can pre-
vent the competitive exclusion of weaker phytoplankton by curbing the abundance of the
dominant competitor. As a result, more nutrients remain available in the system, which
allows additional species to coexist on what would otherwise be limiting resources. In the
example above, the presence of two zooplankton functional groups grazing on the most
abundant phytoplankton effectively “freed up” nutrients to support a greater variety of
phytoplankton, explaining why 20 species could stably coexist instead of the 16 one
might predict from four nutrients in four different climates alone. This is also shown by
(Poulin & Franks, 2010). They show how in a size-structured formulation a wide variety
of plankton is able to coexist. They argue that resources determine which plankton size
classes could exist, while predation determines which ones do exist. In other words, both
nutrient supply and grazing pressure are essential for structuring plankton communities,
and their balance influences how many species or size classes share the ecosystem.

As another example of a complex model, (Ward et al., 2012) developed a global ocean
food-web model that explicitly represents diverse phytoplankton and zooplankton popu-
lations distributed across a continuous size range. Their model, which was embedded in a
3D ocean circulation, qualitatively reproduced observed global patterns such as nutrient
concentrations and primary production. This success demonstrated that a carefully pa-
rameterized trait-based model can achieve both biological realism and consistency with
large-scale ocean data. To handle this explosion of parameters, researchers often impose
allometric scaling laws, whereby physiological rates are expressed as simple functions of
organism size. Many parameters for a given plankton type are determined by its body
size according to power-law relationships (p “ aV b), rather than tuned individually. This
significantly reduces the models degrees of freedom and imposes biologically sensible con-
straints. Recent evaluations of allometric formulations have found that single traits like
cell size can indeed explain a large fraction of variation in plankton functional parame-
ters. In fact, (Andersen & Visser, 2023) showed that size-based trait scaling aligns well
with empirical data for processes like nutrient uptake, metabolism, and grazing across
plankton taxa.

Allometric scaling usually cannot completely eliminate free parameters, often at least
a couple of coefficients must be specified for each relationship, and not all traits scale
neatly with size. Andersen notes that even a “size-only” framework needs additional
trait axes to accurately capture plankton diversity and ecosystem function. Furthermore,
running global simulations or doing sensitivity analyses on such models can be extremely
demanding, which makes it difficult to use them for exploring a wide parameter space
or for analytical understanding of dynamics.

These two examples already show two different methods to tackle the problem posed
by (Anderson, 2005). (Follows et al., 2007) showed how we can increase the number of
unique species, while (Ward et al., 2012) instead opted for varying along a trait axis.
What both of them also show is that with the exponential increase of parameters another
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1. Introduction

downside emerges. Highly complex models can behave like “black boxes”, one might trust
their output in aggregate, but it is hard to pinpoint cause and effect or to generalize
lessons to other systems. This is in stark contrast with the simpler models, where we
either have analytical reasons for behavior, or easy access to numerical methods. This
black box effect stops us from easily analyzing ”what if” questions, e.g. what if the water
temperature increases, what if the gulf stream slows down?

Given these trade-offs, there is growing recognition of the need to bridge the gap
between simple and complex models. Rather than treating simple vs. complex as a
binary choice, we suppose that we should build the models in a modular fashion: Starting
from a core simple model, and then extending it gradually. We then try to see what
parts of the structure found at a simpler model carries over. Knowing this might offer
some guiding advice on which settings do, and which do not matter when creating a
more intricate model. This thesis examines the qualitative bifurcation structure of the
size-structured plankton model originally introduced by (Poulin & Franks, 2010). The
purpose of this paper is to find out to what extent do the bifurcation layout and stability
regimes for a Dirac-delta feeding kernel survive when the kernel is broadened to a finite-
width Gaussian?

To answer this, we proceed in two deliberate steps. First, the Dirac-delta version is
treated in isolation: Equilibria are derived in closed form, their transcritical and Hopf
loci are traced in a two parameter plane. We also investigate the structure of emergent
non stationary solutions, to complete the full picture.

Then secondly, we relax the feeding assumption by introducing Gaussian kernels of
increasing width and. For each new kernel we repeat the full bifurcation analysis, docu-
menting how the locations and natures of the transcritical, Hopf and torus bifurcations
shift relative to the Dirac baseline. For a small deviation we also compare the non
stationary behavior and ecological measures.

For all models we also include analysis in the effect of refining, coarsening and ex-
tending the chosen discretization. By quantifying these shifts we establish the range for
which the simplified model remains a reliable proxy and identify the minimum model
complexity required to reproduce ecologically relevant dynamics.

In the methods chapter 2 we first reformulate the used model, after which we discuss
the place where we did a simplification. Then we derive analytical solutions of this
continuous system. After discretization we can find similar structures, for which we go
more in depth. Then we discuss all the setups of the experiments carried out. Finally,
we conclude the methods section with a brief outline of the used numerical solver. In
the results chapter 3 we will analyze the results outlined in the experimental setup. We
present our conclusion in chapter 4, and the discussion of the result in chapter 5
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Chapter 2

Method

We start by reformulating the model from (Poulin & Franks, 2010) in section 2.1. Then
we discuss two parameter choices in section 2.2, one of which leads to a simplification.
This simplification is first analyzed analytically in section 2.3, followed by a discussion of
discretization in section 2.4. Then some more analytical work is done on the simplified
version of the discretization in section 2.5. In section 2.6 we then give an outline of all
different studies conducted in the results chapter 3. We end the chapter in section 2.7
where we discuss what numerical solver we used for the results.

2.1 Model formulation

As a starting point, we take the equations proposed by (Poulin & Franks, 2010). These
equations take the following continuous form:

BP̃ pspq

Bt
“ P̃ pspq

„

µpspq
N

N ` kpspq
´ λpspq ´

ż

Sz

αpsz,spqgpszq
Z̃pszq

F pszq ` Kpszq
dsz

ȷ

,

(2.1a)
BZ̃pszq

Bt
“ Z̃pszq

„

γpszqgpszq
F pszq

F pszq ` Kpszq
´ δpszq

ȷ

, (2.1b)

Nt “ N `

ż

Sp

P̃ pspqdsp `

ż

Sz

Z̃pszqdsz, (2.1c)

F pszq “

ż

Sp

αpsz,spqP̃ pspqdsp. (2.1d)

Both sz and sp are a measure of size for zoo- and phytoplankton respectively. They
both take values in a subsets of R denoted by Sz and Sp respectively. Here P̃ pspq denote
the biomass of Phytoplankton with size sp, and Z̃pszq is the biomass of zooplankton with
size sz. This quantity behaves like a distribution, where point values have no mass, and
to get quantities that would be measurable we would need to integrate over some size
interval. We have chosen to use this representation since this representation aligns well
with the discretized formulation used later. The first term for the phytoplankton (2.1a)
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2. Method

is a Michaelis–Menten equation and gives the growth due to free nutrients in the system.
Here µpspq is the maximum growth rate, and kpspq is the half saturation constant. That
is when N “ kpspq then we would have half of the maximum growth rate. The second
term λpspq represent all nutrient losses besides predation by zooplankton. Finally the last
term is the amount of phytoplankton of size sp that gets eaten by all zooplankton. Before
considering the terms in this integral we first explain F pszq (2.1d). This integral is built
up from a feeding kernel αpsz,spq, and this represents the preference of a zooplankton
of size sz to consume phytoplankton of size sp. We set the condition

ş

αpsz,spqdsp “ 1
for all sz, this is because the constant could be absorbed by scaling K and g in (2.1a)
and (2.1b) appropriately and allows us to interpret F pszq as the weighted average of the
food available for a zooplankton of size sz. Using this we have for any fixed sz that gpszq

is the maximum uptake rate of phytoplankton by zooplankton. And Kpszq is the half
saturation constant, relative to the prey’s weighted average availability. Then the total
amount of phytoplankton sp eaten is the weighted integral over these uptake rates. For
the zooplankton (2.1b) the first term represent the uptake rate over all phytoplankton.
The extra term γpszq represents the assimilation and can be seen as how efficient the
zooplankton turns phytoplankton biomass into its own biomass. The remaining 1´γpszq

is thus the inefficiency, this term is not present as the system is closed by allowing all
losses to be available as free nutrients. Then the last term δpszq, distinct from the Dirac
delta function, is biomass losses of zooplankton. To close the system we set the condition
that the total nutrients Nt in the system is the sum of the free nutrients N , the biomass
of phytoplankton, and the biomass of zooplankton in (2.1c). An overview is given in
Table 2.1.

Variable Meaning unit A0 e

sp Phytoplankton size µm - -
sz Zooplankton size µm - -
P̃ ps0q P biomass per unit size s0

µMN
µm - -

Z̃ps0q Z biomass per unit size s0
µMN

µm - -
N Dissolved nutrients µMN - -
µps0q uptake rate day´1 5.9 -0.75
kps0q half saturation µMN 1.0 1.14
λps0q Biomass loss day´1 0.017 -0.6
gps0q maximal grazing rate day´1 7.0 -0.75
Kps0q half saturation µMN 1.0 0.24
γps0q assimilation dimensionless 0.7 0.24
δps0q Biomass loss day´1 0.17 0.75
αps,s0q grazing kernel dimensionless - -

Table 2.1: Table showing the definitions and units of all model variables. Where all
variables that are size dependent are denoted as a function of s0. The values in the
rightmost columns are taken from Poulin and Franks (Poulin & Franks, 2010), and are
taken unless otherwise specified

In reality we have that all size-dependent parameters are allowed to be any function.
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2.2. Choice of feeding kernel

We model them as power-law functions: vpsq “ A0se. This is because this narrows the
amount of free variables, and has been shown to be generally applicable by (Andersen
& Visser, 2023). Where relevant the default values are also shown in Table 2.1.

2.2 Choice of feeding kernel

In section 2.1 we introduced α as the preference of a zooplankton of size sz to consume
a phytoplankton of size sp. We imposed the condition that the integral over all sizes
of phytoplankton for one size of zooplankton would be equal to one. We have not yet
specified an exact distribution. In reality this can be of any form, and any continuous
probability function would be suitable. We limit ourselves to two distributions. The
first is using a Dirac-delta distribution, this is normally denoted as δ, but as this is
already a parameter in this system we instead denote it with ρ. This is formulated as
αpsz,spq “ ρp sz

r ´spq “ rρpsz ´rspq. This means that a zooplankton of size sz exclusively
consumes phytoplankton of size sz

r . In reality the amount of phytoplankton of exactly
size sp would be most likely be non-existent. So physically this distribution does not
make a lot of sense. However, it simplifies the differential equations, and allows a useful
exercise, which we will show in section 2.3. Using ρ we have that equation (2.1) reduces
to:

BP̃ pspq

Bt
“ P̃ pspq

„

µpspq
N

N ` kpspq
´ λpspq ´ gprspq

Z̃prspqr

P̃ pspq ` Kprspq

ȷ

. (2.2a)

BZ̃pszq

Bt
“ Z̃pszq

«

γpszqgpszq
P̃ p sz

r q

P̃ p sz
r q ` Kpszq

´ δpszq

ff

. (2.2b)

Nt “ N `

ż

Sp

P̃ pspqdsp `

ż

Sz

Z̃pszqdsz. (2.2c)

The second kernel we choose is a normalized normal distribution, i.e.:

αpsz,spq “
1

cpszq
?

2πσ2
exp

ˆ

´
psp ´ sz

r q2

2σ2

˙

.

cpszq “

ż

Sp

1
?

2πσ2
exp

ˆ

´
sp ´ sz

r

2σ2

˙

dsp.

(2.3)

This is chosen because this might simulate how a zooplankton individual of size sz prefers
to eat a phytoplankton of size sp, but by random chance also eats larger and smaller
phytoplankton. Because the causes of these effects are assumed to be random, we also
have that by the central limit theorem the average pattern would resemble a Gaussian
distribution. Another benefit is that the Dirac-delta distribution can be seen as the limit
of a normal distribution as the standard deviation goes to 0. The only problem with this
distribution is that both tails extend to infinity, so to satisfy our distribution constraint
need to normalize it back with the integral over all sp.
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2. Method

2.3 Continuous Analytical solutions

Before analyzing the discretized systems we take a step back to the continuous formula-
tion with the Dirac-delta feeding kernel seen in equation (2.2).

In the following the relation sz “ rsp holds, and are used interchangeably to make
it clear which variable, belongs to which group. Furthermore the following cases hold
pointwise, and so a global solution is build from a combination of these. Some global
restrictions follow after. For both P̃ pspq and Z̃pszq we either have that they are zero or
non zero. That means there are 4 cases to be studied: The first is the trivial solution
where P̃ pspq “ Z̃pszq “ 0. The second is where Z̃ipszq ‰ 0 and P̃ pspq “ 0, this is clearly not
possible by equation (2.2b). The first interesting case is where P̃ pspq ‰ 0 and Z̃pszq “ 0.
From equation (2.2a) it follows that:

N “
ρpszqkpspq

µpspq ´ λpszq
. (2.4)

But we get no further information on the value P̃ pspq. What we do note here that if
there are multiple sp which fall into this case, then all these need to equate to the same
expression. The final case is where they both are nonzero, for this we see that:

P̃ pspq “
δpszqKpszq

γpszqgpszq ´ δpszq
. (2.5a)

Z̃pszq “
P̃ pspq ` Kpszq

rgpszq

ˆ

µpspq
N

N ` kpspq
´ λpspq

˙

(2.5b)

As was already said earlier these are pointwise results, and any combination is possible.
The only remaining constraint is that equation (2.2c) is satisfied, and Nt can be chosen
accordingly. If any point falls into the third case then all values can be calculated, and
the validity depends on the last equation. If we do not have any in the third case then
we generally do not have a solution yet. For this we have 2 possibilities, the first is we
fix N to some value. The second is that we instead for some ŝz fix Z̃pszq. Then it follows
that:

N “
ρpŝzqkpŝpq

µpŝpq ´ ρpŝzq
. (2.6)

ρpŝzq “ λpŝpq ´
rgpŝzqZ̃pŝzq

P̃ pŝpq ` Kpŝzq
. (2.7)

“ λpŝpq ´ Z̃pŝzq

ˆ

rgpŝzq

Kpŝzq
´

rδpŝzq

γpŝzqKpŝzq

˙

. (2.8)

Some conditions follow if we would want all quantities to be physical, and are only
relevant when their respective solution is valid. We assume that all parameters re-
main strictly positive, then the first condition follows from equation (2.5a), and is
that γpszqgpszq ą δpszq. Likewise the second follows from equation (2.6) and is that

10
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µpŝpq ą ρpŝzq. The third follows from (2.8) and is that λpŝpq ą
rgpŝzqZ̃pŝzq

P̃ pŝpq`Kpŝzq
The last is

from equation (2.5b) and is that N ą
λpspqkpspq

µpspq´λpspq
.

An interesting case arises if we let I “ tsp; P̃ pspq ‰ 0u and J “ tsp P I; Z̃prspq ‰ 0u,
and IzJ ‰ ∅, that is there are some sp for which P̃ pspq has no predation. Then we can
use these ŝp P IzJ , to find N using equation (2.4). But this then means that with the
third condition that for all sp P J :

λpŝpqkpŝpq

µpŝpq ´ λpŝpq
ą

λpspqkpspq

µpspq ´ λpspq
. (2.9)

This means that for all ŝp P IzJ that this expression needs to be the maxima over all
sp P I. Further more they all need to be exactly equal.

The fixing of some Z̃ might seem like a useless exercise, but a useful case of this is
if we let I “ rs´,s`s for s´ ă s` P R and J “ rs´,s`q. That is there is some range of
sizes for there exist phytoplankton, and at the maximum size the zooplankton reaches
zero. Now in this case if we would increase Nt one of two things can happen: The first
is that Z̃ps`q increases but I stays unchanged, physically this can be thought of that
the size limit is reached. The second case is that s` increases, this then can be thought
of that more food allows for bigger plankton species. For this second case we would
still need the maximum constraint (2.9) to hold, and so because s` can be increased
arbitrarily we require N to increase monotonically with s`. Of course a combination of
these two can hold as well where s` can only increase till an absolute maximum, then
the monotonicity only needs to hold from s´ till this maximum.

If we would have chosen the parameters in a less restricted fashion we can also choose
the parameters in such a way that P̃ ps´q “ P̃ ps`q “ Z̃prs´q “ Z̃prs`q “ 0. For example,
this can be achieved by letting I “ r1,2s and setting all parameters to be constants
except Kpszq “ ´psz ´ 1.5q2 ` 0.25 and kpspq “ psp ´ 1.5q2.

2.4 Discretization

We discretize the size ranges into size classes, that is we let Sp “
Ť

i si
p, and Sz is dis-

cretized analogously. Now for all size classes we discretize all continuous parameters of
equation (2.1) by taking point values. That is for each size class we take some value ŝi

p{z P

si
p{z, then for all free variables we let ai “ A0pŝi

p{zqe. We let ∆si
p “ maxpsi

pq´minpsi
pq, that

is the width of size class si
p, and ∆sj

z is done analogously. We let P̃i “ 1
∆si

p

ş

si
p
P̃ pspqdsp,

11
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and again Z̃i in the same way. Then the discretization of equation (2.1a) is as follows:

dPi

dt
“

d

dt

1
∆si

p

ż

si
p

P̃ pspqdsp.

“
1

∆si
p

ż

si
p

P̃ pspq

„

µpspq
N

N ` kpspq
´ λpspq ´

ż

Sz

αpsz,spqgpszq
Z̃pszq

F pszq ` Kpszq
dsz

ȷ

dsp.

« P̃i

«

µi
N

N ` ki
´ λi ´

ÿ

j

aijgj
Zj∆sj

z

Fj ` Kj

ff

.

Here we assumed that P̃ is smooth enough to interchange the derivative and the integral.
For equation (2.1b) a similar thing can be done. Taking everything together we get:

dP̃i

dt
“ P̃i

«

µiN
N ` ki

´ λi ´
ÿ

j

αijgj

Z̃j∆sz
j

Fj ` Kj

ff

. (2.10a)

dZ̃j

dt
“ Z̃j

„

γjgjFj

Fj ` kj
´ δj

ȷ

. (2.10b)

NT “ N `
ÿ

i

P̃i∆sp
i `

ÿ

j

Z̃j∆sz
j . (2.10c)

Fj “
ÿ

i

αijP̃i∆sp
i . (2.10d)

Throughout the remainder of this work we will frequently will talk about a species
being the largest present. We adopt the ordering of species P̃1 ă Z̃1 ă P̃2 ă Z̃2 ă . . . and
use expressions like “P̃i is the largest present” to mean that both P̃j , Z̃j ą 0 for j ă i,
and Z̃i “ 0.

The choice of discretization of α remains free, if we want to find the straight forward
discretized version of equation (2.2), we require that si

z “ rsi
p. This then means that

∆si
z “ r∆si

p“̂r∆si. Then we set αij “ 0 for all i ‰ j, this makes the sum in equation
(2.10a) disappear. Then for i “ j we let αij “ 1

∆si
, this is because we want to get rid of

the size class dependence in equation (2.10d). This leads to the following system:

BP̃i

Bt
“ P̃i

„

µi
N

N ` ki
´ λi ´ gi

Z̃ir

P̃i ` Ki

ȷ

. (2.11a)

BZ̃i

Bt
“ Z̃i

„

γigi
P̃i

P̃i ` Ki
´ δi

ȷ

. (2.11b)

Nt “ N `
ÿ

i

`

P̃i ` Z̃ir
˘

∆si. (2.11c)

It can be seen that this indeed is a straight discretization of system (2.2). To formalize
this, we can also reach this αij if we would have set αij “ 1

r∆si∆sj

ş

rsi

ş

si
δpsp ´ sz

r qdspdsz.
That is the average over the region si ˆ rsj .
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Now for the gaussian of equation (2.3) we discretize as:

αij “
1

cpŝj
zq

1
∆si

p

ż

si
p

1
?

2πσ2
exp

˜

´
psp ´

ŝj
z
r q2

2σ2

¸

dsp

.

(2.12)

That is, for any size class of zooplankton, we take for each phytoplankton size class
the average of the continuous feeding kernel at ŝj

z P sj
z. Here, ŝj

z is taken as the midpoint
of size class sj

z.
In Figure 2.1 we can see evaluations of equation (2.12) for a range of σ. Where ∆s “ 1

8
and r “ 1, on the vertical axes we have one row per Z̃i and each column represent P̃i.
It is obvious that if we take σ sufficiently small that the resulting α would be such that
the system reduces to the found Dirac delta formulation. For larger σ we can see that
there is large overlap in the preference of different Z̃i, and the system is expected to be
quite different from the Dirac delta formulation. But in between it is expected that the
system will behave quite similar.

Figure 2.1: Four plots showing the kernel αij for different values of σ. The vertical axes
gives j, and the horizontal i. That is a single row represents the preference of Z̃j for
different P̃i.

2.5 Discretized analytical solutions

For the discretized system (2.11), which is the discretization of the Dirac-Delta system
(2.2), we follow an analogous analysis as was done in section 2.3.

That is we consider possible solutions per size class pair. Again there is 4 combina-
tions. The first being the trivial solution. Again there can be no zooplankton without
phytoplankton, so the second case is not possible. Then the third case, in which P̃i ‰ 0,
while Z̃i “ 0. This gives us the following expression:

Ni ”
λiki

µi ´ λi
. (2.13)

13
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Again P̃i remains unknown, but here again we have that if multiple i fall in this category,
then they all must equate to the same N . Then the last case in which they both are
nonzero. This gives:

P̃i “
δiKi

γigi ´ δi
” Pi (2.14a)

Z̃i “
P̃i ` Ki

rgi

ˆ

µiN
N ` ki

´ λi

˙

. (2.14b)

It is most obvious that these 4 are the same as found for the continuous system in
section 2.3. Just like there we again have that either for some i we have the third case,
or N remains unknown. Again we can fix it to some value or instead for any i fix Z̃i.
This then gives us:

N “
ρiki

µi ´ ρi
.

ρi “ λi ´
rgiZ̃i

P̃i ` Ki
.

(2.15)

The constraints ensuring non-negativity of all quantities follow analogously To reiterate:
γigi ą δi, µi ą ρi, λi ą

rgiZ̃i

P̃i`Ki
and N ą

λiki
µi´λi

.
Again a similar interesting case arises, where we take I “ ti; P̃i ‰ 0u and J “ ti P

I; Z̃i ‰ 0u with IzJ ‰ ∅. That is there a set of present phytoplankton, of which a subset
has a zooplankton that eats them. From this we can use equation (2.13). Which again
means that for i P IzJ Ni needs to be the same, and the maximum over all i P I. The
only remaining unknowns are P̃i for i P IzJ , the only remaining constraint we have is
that:

ÿ

iPIzJ
P̃i∆si “ Nt ´ Ni ´

ÿ

iPJ
pP̃i ` rZ̃iq∆si. (2.16)

Now if for some n P N we let I “ t1, . . .nu and J “ t1, . . .n´1u for n ą 1 or J “ ∅ for
n “ 1, some interesting structure follows. First of we have that for all i P J that equation
(2.14a) holds. Secondly we have that equation (2.13) for n holds, which gives us all Z̃i

by (2.14b). For all i R I we have that P̃i “ 0, and thus Z̃i “ 0. The only remaining
unknown is P̃n, this follows from equation (2.11c):

P̃n∆si “ Nt ´ N ´
ÿ

iăn

pP̃i ` rZ̃iq∆si. (2.17)

Interestingly this is a linear equation in Nt. Two points of interest occur on this line, the
first where P̃n “ 0, and the second where P̃n “ Pn. That is the nutrient value for which
the size class starts existing, and the value where it saturates. Now this n was arbitrary,
and we denote the family of these sets I and J with P. Between any consecutive
members of P there exists some other solution, these solutions have I “ J . For these
solutions all Z̃i remain free and one can be chosen to be fixed to any value, as long as
the constraints are hold. This family of solutions is denoted by Z. Now using these two
families we can create a path of solutions, starting with no nutrients Nt “ 0. No nutrients

14



2.5. Discretized analytical solutions

means no food for phytoplankton, which in turn means no food for the zooplankton, thus
the starting point is the trivial solution. Now we increase Nt, and with this increase we
get that the first member of P, which is just P̃1, increases following equation (2.17). At
some point Nt is such that P̃1 “ 0, this means that the trivial solution crosses over the
first and we start following this first member instead. Further increase leads to the point
where P̃1 “ P1. This point also lies in the first member of Z, with Z̃1 “ 0. Now we step
onto this first member and increase Z̃1. To see how far this increase is we have to look
at the second member of P. Here we know the value of Z̃1, and for which Nt we have
that P̃2 “ 0. So we can increase Z̃1 from 0 till this other value, and we cross over the
second member of P. This pattern can be repeated until all size classes for both groups
are present, at which point the only remaining thing that can be done is increasing Z̃n.

An interesting parallel to section 2.3 can be made here. There we found that with
increasing Nt we have two choices, either allow for larger plankton species, or increase
the largest zooplankton. The discrete solution back and forth found here is following
the first case, while if each size class is present we follow the second.

In Figure 2.2 we can see these two families of solutions. Not the whole range of
Nt is shown for each, but only the part where they are relevant. Here we have that
n “ 8,∆si “ 1

8 ,s´ “ 1, for a range of Nt on the horizontal axes. We changed the scaling
parameter of δ0 to ´1.5, this is done because for the value from Table 2.1 we get that all
Pi are almost identical. We can see that these solution families indeed match up nicely.
The parts of P have that everything is stationary except for P̃i, which increases linearly.
The parts of Z wee see that all Z̃i increase in unison, creating a staircase like pattern.
Here we note that while this structure builds up from the ground up nicely, it is not the
only set of solutions that exist. We can for instance create the exact same structure,
but then with families without P̃1, which start with P̃2. This is not the only example,
as these structures can be made using any subset of i. Besides these ’nice’ structures a
whole range of irregular structures can be made as well, where the order is random. To
see that in our case this nice structure is actually interesting we have to look into the
stability, which will be done in section 3.1. But all of these intersections are transcritical
bifurcations, so we expect that if they are non degenerate, that stability carries over
from one to the next solution. By analogous reasoning to the continuous case, we have
that for this structure to be physical that the expression for N needs to monotonic in i.

Figure 2.2: Two figures showing values for different values of Nt. The left showing
Phytoplankton size classes and the right Zooplankton size classes
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2.6 Experimental setup

All experiments below will unless stated explicitly otherwise use the parameter value
from Table 2.1, where we use the lower bound of each size class for ŝi

p{z. Experiments
will be carried out with eight size classes of equal size on the interval S “ r1,2s. The
reason for eight size classes is that it allows straight forward comparison between halving
the number of size classes multiple times while keeping the size classes equal in width.
We did not choose 16, as this then posed more numerical challenges for the experiments
done for the more general kernel. r was kept equal to 1.

Now we start the result in section 3.1 where we first analyze the stability of the
already found family of solutions of section 2.5. The stability of these solutions follows
from analyzing the Jacobian. This Jacobian is readily available for system (2.11), so can
be evaluated easily. The stability follows from the eigenvalues of this Jacobian, and if
all eigenvalues have real part less than zero, than the solution is said to be stable, and
unstable if not. Stability means that if we start in some (small) region around this point
we have that overtime we converge to this point. If a system is unstable then we get that
no matter how close we start to this point we get pushed away from it over time, and
only if you are on the exact value will it actually be stationary. We do refer to literature
like (Strogatz, 2000) for further explanation, and some mathematical rigor behind this
imprecise explanation. The Jacobian, and its eigenvalues are calculated using numpy.
We are interested in the stability as these act as a sink, solutions that start close enough
will, given enough time, converge to these points. In reality Nt might not be constant,
but might be swaying up and down with the seasons, what we then have is that the sink
constantly moves, and the values follow this movement with some lag.

We investigate these solutions using some elementary bifurcation theory, in particular
we will show how the interaction of the two families found in the tail part of section 2.5
leads to the found stability. We forgo some rigor behind the statements made, but
instead refer the reader to literature like (Seydel, 2010). The reason we also want the
parts in between the already found analytical solutions is that we than can say how
larger size classes potentially enter, or leave the system.

In coupled systems like these it is not surprising to find that solutions are generally
not stationary, and instead oscillate over time. That is why in section 3.2 we take a
small detour into limit cycles. These limit cycles follow from Hopf-bifurcation found in
section 3.1.

We have copied the parameter values of Table 2.1 blindly from (Poulin & Franks,
2010). But these values might or might not be correct, that is why we extend the
study into two parameters in section 3.3. In this study we follow the encountered Hopf-
bifurcation with δ0 also being a free parameter. δ0 was chosen as this was the parameter
studied by (Steele & Henderson, 1992), and it is generally chosen as a closure of the
system, as this parameter is hardest to give a concrete value. Here we then also show
how the found structure changes under different choices of discretization, by halving and
doubling ∆s, and by doubling the number of size classes.

This study is continued in section 3.4, where for two parameters we investigate stable
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limit cycles. Beyond the stable limit cycles we investigate behavior after time integrating.
For this we first spread half of the biomass evenly over all species, and then integrating
for 105 days. 105 is chosen as this gives time for species to die out, as the maximum
rate at which P̃i and Z̃i die is λi and δi respectively. That is, if they are without any
nutrients, then Z̃i “ ce´δit, which with numerical precision will be 0 given sufficient time.
After this the system is time integrated another 500 days, and a species is said to remain
if over this period the maximum value exceeds 10´18.

Then we continue to the system (2.12). This is done for 5σ “ ∆si “ 1
8 . This is

chosen as the resulting α is close to being in a form such that the system almost reduces
to system (2.11), as shown in Figure 2.1. This then is done in the hope that some
behavior previously found carries over. We repeat the same steps as the other system.
That is, we start of by finding the full solution in section 3.5, we then also take a
look into the emergent stable limit cycle in section 3.6. For this system we also do a
two parameter study in line with section 3.3 in section 3.7. And take a look into time
dependent solutions in section 3.8 The last experiments done in section 3.9 is repeating
the stationary parts of the study, but then for σ P t2

5∆si,
4
5∆si,

8
5∆siu. This is done to

see how far we can push the discretized kernel before the structure breaks down.
We then gather all information in section 3.10 and compare the results side by side,

and identify where behavior carries over, and where it does not. We also outline how
these results might be used to identify where interesting behavior might occur.

In section 3.11 we transform the previously gotten results into values which are more
directly interpretable. The first value we will look into is the biomass of the system, the
values thus far have been biomass per size class, so the biomass will be

ř

ipP̃i `rZ̃iq∆si.
By equation (2.11c) this is equal to Nt ´ N . Because we investigate the impact of
changing Nt we instead look at the biomass as a percentage of the total nutrients, i.e.
1´ N

Nt
, this will be called the efficiency, as this shows how much of the available nutrients

are utilized. The second quantity we will look at is the primary production, this is how
much inorganic matter is transformed into biomass. For our models this equates to:

ÿ

i

P̃i
µiN

N ` ki
(2.18)

This is given as a rate per day. For the stationary parts these quantities are readily
available. For the non stationary parts this will be taken as the average over 500 days,
after the system has settled.

Because the choice of δ0 is rather arbitrary, and all values were blindly copied, we
present an interactive tool to quickly explore other parameters besides δ0 in section 3.12.
This allows to quickly check a lot of combinations, and see which might have structures
worthy of a more in-depth analysis.

2.7 Auto-07p

For all the numerical solutions we used Auto-07p, which is publicly available software
for continuation of ODE’s. (Oldeman et al., 2007). The software uses Newton-Raphson
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iterations with a pseudo-arc length method to continue the found solutions. It allows
the detection of a wide variety of bifurcation types.

Auto uses user defined C functions which define the system of ODE’s. The used files
can be found in appendix A.2. We made use of the built in numerical approximation
of the jacobian. Both because it gave better convergence, and in the case of the more
general feeding kernel the analytical expression becomes cumbersome, and mistakes are
made easily. All constants that are not problem specific are kept on the suggested values
from the manual. The only constants varied were the amount of dimensions to change
the amount of size classes. The arc-length was also not constant for each worked out
case. Throughout the problems it changed to find values which converged, were able to
find all needed bifurcations, but were also big enough to compute all solutions quickly.
The general range of values can be found in appendix A.3.

With the base version of auto all solutions should be able to be found. But the base
version only prints six variables, some tricks using PVLS subroutines can be used to
print the remaining, but this requires custom code each time the number of size classes
are changed. Instead, we modified the source code as suggested by (Eedara, 2016), to
alter Auto’s output behavior. Note that this does nothing to the solution algorithms
and is only done for debugging purposes.

Most of this work has been done manually in the Auto command line user interface
(CLUI). But afterwards we were able to create scripts which achieved the same results.
The skeleton of these scripts and some notes on how to adept them can be found in
appendix B.
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Chapter 3

Results

We will start the results in section 3.1 by analyzing the stability of the previously found
solution. Following this we will examine emergent limit cycles in section 3.2. We then
conduct a two parameter study for both the stationary solutions, in section 3.3, and the
limit cycles, in section 3.4. We continue with system (2.10), with α from equation (2.12).
In section 3.5 we first find the stable stationary solutions for a range of Nt. We then
also perform a two parameter study on this system, and see how discretization choices
affect the behavior in section 3.7. For the standard discretization we investigate stable
limit cycles in two parameters in section 3.8. We finish the results for system (2.10) in
section 3.9 where we see how choices of σ affect both the solutions, and the regions in
two parameters. The results of these two systems are then compared in section 3.10. We
aim to identify where they share, and where the do not share, behavior. In section 3.11
we look into two ecological measures, the first being biomass and the second the primary
production. Then we conclude the results in section 3.12 where we discuss a tool useful
for doing a quick analysis.

3.1 Dirac-Delta kernel stability

In Figure 3.1a we show the largest real part among the eigenvalues of the trivial solution
and the first four members of both P and Z. Solid lines denote members of Z, while
dotted lines denote members of P. It can be seen that at each transition point one of the
eigenvalues has a rapid increasing real part, whereas for the next solution the maximal
real part drops quickly. This links the stable parts together, and thus the found solution
path in section 2.5 is stable the whole way. We also find that the stability transfers,
so this allows us to conclude that the following happens: As we have already noted in
section 2.5 there are two families of solutions at play P and Z. We start with the trivial
solution in Nt and this was stable as seen in the previous section. The trivial solution
can be seen as a part of Z. The first member of P, that is the one where only P̃i ‰ 0, will
start off with P̃1 ă 0. With increasing Nt, this increases linearly. Eventually P̃1 reaches
0 and thereafter becomes positive This means that this solution branch, will crosses the
stable trivial solution. This is a transcritical bifurcation, and if it is nondegenerate, then
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the stability will transfer. This is indeed what we found. Then we continue along the
blue line shown in Figure 2.2 until P̃1 “ P1. At this point we again cross a member of
Z as explained in section 2.5. This then again is a transcritical bifurcation, and again
if nondegenerate the stability will transfer. It again crosses over the next member of
P, and again it is a nondegenerate transcritical bifurcation, and the stability transfers
back to the next member of P. Repeating this argument along the branch shows that
no additional bifurcations are encountered, as the whole path remains stable. Here we
note that we may have stepped over two bifurcations simultaneously without noticing,
but then these solutions must live on a region so small that for the larger picture they
can be neglected.

These flat parts of the members of P are not the eigenvalues that rapidly increase
or decrease, but what can be noted is that they slowly approach 0. In Figure 3.1b we
can see that this trend continues, and at n “ 123 it crosses zero, indicating that between
these 2 families there is no stable solution left.

If we instead of adding larger groups we increase Nt we have that one pair of complex
eigenvalues slowly moves closer to 0, and at some point goes over. This means that a
Hopf bifurcation is encountered, which will be further explored in section 3.2.

(a) A plot showing the maximum of the real parts of the eigen-
values for members of P, member of Z, and the trivial solution.

(b) A plot showing the largest
real part among the eigenvalues
of P for n

Figure 3.1: two plots about the stability of members of P, Z and the trivial solution.

3.2 Dirac-Delta kernel Limit cycles

In the previous section we found the stable branches with increasing Nt until all size
classes were present. If we further increase Nt till 8.21˚10´2 we find a Hopf bifurcation.
From this Hopf bifurcation we are able to switch onto a stable limit cycle. This limit
cycle starts with low amplitude oscillations and slowly increases in amplitude. Some of
these are shown in Figure 3.2. For each pair the general structure is as follows: First the
phytoplankton increases in value, this increase is followed a little later by zooplankton.
The rise in zooplankton then means that more phytoplankton is being consumed and
the concentration drops again. This drop is then followed by zooplankton unable to
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sustain their numbers due to a decrease in food. For i “ 1, we can see that before this
drop the phytoplankton regenerates a little bit, but ultimately falls again. This second
part is explained by the interconnection of all systems, and while P̃1 drops, so do the
others, this in turn makes it so that more nutrients are available, allowing P̃1 to resist
the pressure from the increased Z̃1.

With increasing Nt it can be seen that for phytoplankton the cycles stay around
3.6 ˚ 10´2, but the amplitude increases. For the zooplankton we see that the mean
level around which the cycles oscillate increases, this is in line with the underlying, now
unstable, stationary structure. These stable limit cycles reach a torus-bifurcation at
Nt “ 9.6 ˚ 10´2, after which the structure remains unknown.

Figure 3.2: Stable limit cycles of P̃i and Z̃i for i P r1,2,8s. Shown for three values of Nt

3.3 Dirac-Delta two parameter study

In the previous section we found a Hopf bifurcation when Nt exceeded the value at which
all size classes were present. With auto-07 we are able to trace this Hopf bifurcation in
a second free parameter, which is chosen to be δ0.

If we follow this Hopf bifurcation with decreasing δ0, we eventually reach the point
where δ0 “ 0. This point is a Bogdanov–Takens bifurcation. Because zooplankton mor-
tality vanishes here, either P̃i or Z̃i must be zero. If P̃i ‰ 0, so Z̃i “ 0, then µi

N
N `ki

“ λi

for every such i. As the zooplankton never dies it can take on any value and the result
would be stationary, this means there are endless solutions here. Because zooplankton
are not immortal, we forego further analysis of this bifurcation.

If, instead, we increase δ0, Z̃8 decreases. This is seen in Figure 3.3a. The figure plots
Z̃8 against Nt, with δ0 “ 0 at the top-left end of the orange curve. We then follow the
orange line for increasing δ0 till the point at 1 is reached. At this point we have that
a second complex pair of the eigenvalues have a real part that is 0. That is we have
an Hopf-Hopf bifurcation, interesting mathematical behavior occur at these points, but
further analysis is forgone, as it also is not interesting for the larger structure. Instead, we
follow the other Hopf branch, which is the remaining blue part. This branch eventually
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reaches the point where Z̃8 “ 0 indicated by 2. This coincides with the transcritical
bifurcation encountered when the system switched from P to Z. So we are able to make
this switch again, and follow the blue branch into the solution with Z̃8 “ 0 and P̃8 ‰ 0.
Here we similarly find that for increasing δ0 that P̃8 slowly decreases till it hits 0. Again
this is the earlier found transcritical bifurcation, and we can switch back to Z. This
back and forth repeats and can be seen in Figure 3.3b. Here the vertical axis shows δ0
and the horizontal axis shows Nt. The lines show the location of the Hopf bifurcation,
the points 1 and 2 are the same as in Figure 3.3a. From point 2 to 3, P̃8 decreases; from
3 to 4, Z̃7 does; from 4 to 5, P̃7, and so on. It can be seen that this follows a saw tooth
pattern switching back and forth. With each tooth one less size class remains stable.

(a) A figure showing the value for Z̃8 against
Nt. Here the line is parameterized by δ0, where
δ0 “ 0 is the left-most point. The orange line
is the first encountered Hopf bifurcation, while
the blue part is another Hopf bifurcation that
crosses over each other at point 1.

(b) A plot showing at which Nt the Hopf bifur-
cations occurs for different values of δ0. Color
indicates the number of size classes. Solid lines
denote cases where both Z̃i and P̃i are present,
whereas dotted lines indicate that the largest
Z̃i are absent.

Figure 3.3

Besides the Hopf bifurcation we are also able to trace out the transcritical bifurcations
with a freed δ0. The result is shown in Figure 3.4a. Here we see for different values of
δ0 on the vertical axes the values of Nt where the transcritical bifurcations happen. The
solid lines are the points where we transfer from Z to P, and the dotted lines the other
way. Here we note that for our parameter setting the width of the members Z is small in
comparison to the members of P, so the dotted lines appear under the next solid line. It
can be seen that the structure is fan like, where for larger δ0 the regions of P get wider,
and thus the total nutrients needed to sustain all size classes increases as well.

Figure 3.4a and the sawtooth of Figure 3.3b can be combined into one picture to get
the full overview of where which stationary family member is stable. This can be seen in
Figure 3.4b. The diagram summarizes the stationary solution structure in the pNt, δ0q

plane. The lower dotted line is the value of δ0 used for Figure 2.2. The upper dotted
line is at δ0 “ 0.96, and that solution is shown in Figure 3.4c. Its structure is familiar,
but the dotted lines now indicate that for Nt « 0.136 the family members lose stability.
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(a) A plot showing at which value of Nt dif-
ferent transcritical bifurcations happen for a
range of δ0.

(b) A plot showing regions where different
stable solutions are present for a range of δ0.

(c) two Figures showing the stable value for different values of Nt. The left showing Phytoplank-
ton size classes and the right Zooplankton size classes

Figure 3.4

The structure of these Hopf bifurcations gave us the key to fully analyze the complete
stationary structure. Thus an interesting analysis can be done on how this boundary
changes under different choices of ∆si and n. In Figure 3.5 we see the traced out Hopf
bifurcations, for different discretizations. The green line is the same as in Figure 3.3b,
with our standard settings. The purple and red lines are with ∆si “ 1

16 , the blue with 1
4 .

The orange and red lines have 16 size classes instead of 8. The saw-tooth boundary shifts
left or right along Nt when ∆si is decreased or increased, respectively. Comparing red
with green, and blue with orange, shows that finer discretization causes stability to be
lost at lower Nt. The exact analytical cause of this shift is unclear; however, with smaller
size classes the one-to-one feeding assumption becomes less realistic. This is because the
preference of a zooplankton needs to be restricted even further. This might reach the
point where the actual biomass within one size class is so small that any zooplankton
has almost no chance of finding its exact and only preference.

If we solely increase the number of size classes, by increasing the maximum size. We
see that the lines overlap for the size classes that are shared. But for the larger size
classes we see that the pattern continues, and it pushes the Hopf bifurcation that was
previously encountered first further away. This then means that this first encountered
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Hopf bifurcation was due to the lack of a larger size class, and not due to same reason
as the saw tooth pattern.

Figure 3.5: Figure showing the Hopf bifurcations that intersect stable regions.

3.4 Dirac delta two parameter limit cycles

In the previous section we saw that the place the Hopf bifurcation was found changed
with changing δ0. To see how δ0 affects the emergent limit cycle, we first study the
branch at δ0 “ 0.96. Three phase diagrams are shown in Figure 3.6 of Z̃i against P̃i, for
i P t1,3,5u. For each diagram, four different values of Nt are plotted. The dotted lines
represent Pi.

For i “ 1 and i “ 3 the high over structure is similar to the one found for δ0 “ 0.17
in section 3.2. That is the structure similar to a classical predator-pray model. More
interesting is the bifurcation structure of these cycles. We first have that the blue cycle
is just after the Hopf bifurcation, this is still small in amplitude.

The first point of interest is the orange cycle, this is a bifurcation point of the limit
cycle. At this bifurcation the stable limit cycle gives way to a branch in which Z̃5
appears. We can see that this happens as soon as the limit cycle is close to P5. In
the now stable branch we see that with further increasing Nt, the values of Z̃i slowly
increase as well, which is most obvious for Z̃5 by the scale. At the green curve we observe
a period-doubling bifurcation, whose mechanism remains unresolved. More interestingly
we get that these stable limit cycles, just like δ0 “ 0.17, terminate in a torus bifurcation.

The point where for the stationary solution Z̃5 enters is at Nt “ 0.15595. The differ-
ence between this and the point where the limit cycles hit a bifurcation point are almost
equal, the small difference might be due to the limit cycles being found numerically.
This means that the limit cycle itself, and the monodromy matrix might have some
small errors, which add up to the difference. More importantly this suggests that some
of the structure of the stationary solutions carry over to the limit cycles. To confirm
this theory the experiment is repeated for a range of δ0 and the results are shown in

24
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Figure 3.6: Stable limit cycles of P̃i and Z̃i for i P t1,3,5u. Shown for four values of Nt

Figure 3.7. The left panel marks bifurcations at which a new size class appears. The
circles denote points where Z̃i enters and crosses P̃i; color indicates i. The blue dotted
line gives the Hopf bifurcation found in the previous section, while the dashed lines give
the transcritical bifurcations of the stationary system. It is immediately obvious that
all these points lay on their stationary counter part, and the differences are negligible.
These branches do not persist until all size classes are present; instead, they terminate
at a torus bifurcation. The points where this happens are shown in the right pane of
Figure 3.7, which is the same as the other picture, but now the points represent where
the torus was found. Here one can see that the place where this occurs also follows a
similar sawtooth pattern to the Hopf bifurcation of the stationary solutions, but shifted
to the right.

Figure 3.7: two plots showing the location of bifurcation points. The left pane shows
the location of the bifurcation points, where another species joins the system. The right
pane shows the places where a torus bifurcation was found.

We are unable to continue to follow the stable limit cycle beyond the torus, but the
structure found in Figure 3.7 suggests that the number of species present in the non
stationary system is closely linked to the number of species in the stationary system. To
see if this continues beyond the stable limit cycles we time integrate the system, and after
see how many size classes remain after sufficient time to settle has passed. The results
are shown in Figure 3.8, here the dots mark spots where the largest size class present was
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Z̃i, while crosses mark points where P̃i was the largest. The color of the dot gives which
i. The blue dotted line gives the Hopf bifurcations, and the lines give the location of the
transcritical bifurcations. Both of these are found in the previous section. It is obvious
that beyond the stable limit cycles, the system also closely follows how many species
remain. This means that while the stationary points in these regions are unstable, we
probably have that these points are saddle points, where in some directions we find that
they attract. Consequently, these size classes eventually die out.

There are some subtle differences between the stationary solutions and the results of
the numerical time integration. The most notable discrepancies occur near the bound-
aries where Z̃i enters the system. The first difference is seen at the boundary between
four and five size classes, from purple to red, where P̃5 persists. This might be due to the
fact that at these points we are close to the boundary found for the stationary solutions,
and so we have that for P̃5 that dP̃

dt remains close to 0. This results in the fact that it
takes a long time for all P̃5 to leave the system.

A second difference is seen along the boundary from the seventh to eighth size class,
where Z̃7 dies out. This might be due to the fact that the concentrations of Z̃i hit such
low levels, that numerical accuracy rends them extinct. At these points we get that over
a period of 5000 seconds the minimal value of Z̃5 “ 3.8˚10´20. Which means that we are
approaching the floating point limit, and arithmetic with larger numbers will yield large
relative errors, which might result in rounding to 0. Once any value is 0 it will forever
remain there as there is no way any plankton can start existing without itself. This
probably also explains the point where for Nt « 0.32 and δ0 « 1.3 we get that P̃7 “ 0.

Figure 3.8: A plot showing for a grid of points what species remain after time integrating
for 105 days. The color gives the number of size classes while circles represent points
where Z̃i ‰ 0, and crosses where Z̃i “ 0

We highlight the time series of two points, the first in Figure 3.9, for δ0 “ 0.8 and
Nt “ 0.16. This point lies just beyond the torus bifurcation, in the region where size
classes up to P̃7 persist. In the figure we can see over a period of 500 for the two kinds
of zooplankton the concentration per size class. It can be seen that while the structure
shows no exact repeating limit cycle, some structure does remain. First off we see that
all concentrations of P̃i for i ă 7 all remain close, while P̃7 remains halfway. This is
inline with the values that we find for the stationary solutions. Furthermore we see that
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Z̃7,8 and P̃8 are not present. For the remaining Z̃i we can see that, while not always the
case, that we still have that Z̃1 ą Z̃2 ą ¨¨ ¨ ą Z̃6. This was also the case for the stationary
solutions, and so this structure remains largely in place.

Figure 3.9: two plots showing the time series that remains after 105 days. They both
show a period of 500 days, for δ0 “ 0.8 and Nt “ 0.16. The left and right shows P̃i and
Z̃i respectively. The color gives the size class i.

The second point is shown in Figure 3.10, this is the same plot but for δ0 “ 0.33 and
Nt “ 0.3. This state lies in the region where all size classes persist but is far from the
torus bifurcation It can be clearly seen that at this point the number of present species
might correspond to the underlying stationary solution, but all remaining structure
is completely gone. At this parameter set the trajectories become almost homoclinic,
repeatedly departing from and returning to the saddle at the origin. For the Lotka-
Volterra equations this effect is called the ”atto-fox problem”.

Figure 3.10: two plots showing the time series that remains after 105 days. They both
show a period of 500 days, for δ0 “ 0.33 and Nt “ 0.3. The left and right shows P̃i and
Z̃i respectively. The color gives the size class i.

3.5 Narrow Gaussian kernel

We repeat the analysis done for the Dirac-delta kernel, but for now for system (2.11)
with α from (2.12). For this experiment we chose ∆si “ 1{8 and σ “ 1{40. The found
solution structure can be found in Figure 3.11. It can be seen that the structure of
these solutions is indeed closely related to the ones found earlier. The phyto- and
zooplankton size classes enter the system one after each other. From the smallest till
the biggest. When a phytoplankton size class enters the system it increases up to the
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point it hits its saturation value and then its zoo- counter part enters. When it enters all
already present zooplankton concentrations increase in unison. This continues until all
are present, at which point the zooplankton concentrations keep increasing up to where
a Hopf bifurcation is met. There are some slight differences, most notably that there is a
small overshoot for the phytoplankton when entering the system, but after the next size
class enters it drops back down to the same levels found in section 2.5. Because of the
overshoot, the exact location where the transcritical bifurcation occurs shifts slightly.
This is likely due to the fact that Z̃i is able to consume, and thus suppress P̃i`1 from
entering the system.

Figure 3.11: two Figures showing the stable value for different values of N t. The left
showing Phytoplankton size classes and the right Zooplankton size classes

3.6 Narrow Gaussian kernel limit cycles

In the previous section we found that eventually the stable stationary solution encounters
a Hopf bifurcation. This happens at Nt “ 7.51 ˚ 10´2, where it occurred at Nt “ 8.21 ˚

10´2 for the previous system. From this bifurcation we find a stable limit cycle, which
is in line with what was found for the Dirac-delta kernel. Some of the found limit
cycles are shown in Figure 3.12. Here we can see for four different values of Nt the
stable limit cycle for P̃i with i P r1,2,8s. The structure closely follows what was found

Figure 3.12: Stable limit cycles of P̃i and Z̃i for i P r1,2,8s. Shown for four values of Nt

in section 3.2. Where individual pairs of zoo- and phytoplankton rise and fall just after
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each other. These limit cycles also terminate in a torus bifurcation, which now occurs
slightly earlier, at Nt “ 0.09387 instead of 0.096 in the Dirac-delta case. But we also
found that the Hopf bifurcation is a little earlier for this system compared to the simpler
system.

3.7 Narrow Gaussian kernel two parameter study

As in section 3.2, increasing Nt beyond the point where all size classes are present
eventually leads to a Hopf bifurcation. This Hopf bifurcation can also be traced with
the additional free parameter δ0. The result is shown in Figure 3.13a, and has the same
structure as outlined for Figure 3.3b. To reiterate, we see for a range of δ0 the value of
Nt at which a Hopf bifurcation is found. Colors indicate the size class i in which the
bifurcation occurs; dotted and solid lines distinguish P̃i from Z̃i. It is apparent that
this structure is almost identical to the Hopf bifurcation structure for the Dirac delta
system in section 3.3. In Figure 3.13b they are shown side by side, and it is clear that
besides the structure, also the values are almost identical. The only difference is that
the bifurcation is encountered a little further along the respective region.

(a) The Hopf bifurcations found for the Gaus-
sian kernel, where the system is stable in the
region to the left, and has limit cycle behavior
just right to these lines.

(b) The Hopf bifurcation for the Dirac-kernel
in orange and the one for the Gaussian kernel
with σ “ 0.025 in blue

Figure 3.13
So when choosing α such that that the system is almost the same as the Dirac delta

system yields results which are similar. A more thorough conclusion of the implications
of this will be given in section 3.10. But before we can fully compare the two system
we first have to see how this solution changes under different choices of ∆s, and more
size classes. In Figure 3.14 this is shown. The red branch corresponds to ∆s “ 1{16, the
blue to 1{4. The green branch matches Figure 3.13a; the orange branch uses the same
∆s but 16 size classes instead of eight. First we note that just like for the Dirac delta
system we have that adding larger size classes moves the lower tail part upwards, and
thus the first Hopf bifurcation encountered, is again due to the lack of a larger size class.
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More notably is that with wider size classes the system moves in the same way as was
found in section 3.3. This is explained by the fact that with the same σ, the resulting α
is even more like the Dirac delta case. So behavior is expected to be the same. But on
the other end we have that refinement of the discretization no longer leads to the shift
downward. Instead we see that it stays largely in the same place. Where there was one
tooth before, there are two now. The only real difference is the tail part, but again this
is due to the lack of larger size classes. Here we have that the refinement made it so
our kernel no longer was like the left most example in Figure 2.1, but instead became
similar to the second (σ “ 0.05). So this canceled out the movement found earlier. In
section 3.9 we will make this statement more concrete by analyzing broader Gaussian
kernels.

Figure 3.14: a plot showing the Hopf bifurcations for a range of discretization settings.
The red, black and green are branches corresponding with ∆s being 1

16 ,1
8 and 1

4 respec-
tively. The blue branch has ∆s “ 1

8 , but smax is 3 instead of 2.

3.8 Narrow Gaussian kernel two parameter limit cycles

Just as in section 3.4 we can trace out some stable limit cycles and note where bifur-
cations do occur. This is shown in Figure 3.15. Here the left pane shows the found
branch points, where another Species enters the system. The blue dotted line shows the
Hopf bifurcations while the dashed and solid lines show the location of the transcritical
bifurcations of the stationary system. We again find that these bifurcation points follow
the stationary points closely, and so the structure translates up to the limit cycles.

These stable limit cycles eventually terminate in a torus bifurcation, for which the
location is shown in the right pane of Figure 3.15. Here we again see that the underlying
saw tooth pattern repeats again but slightly shifted to the right.

Continuing beyond the Torus bifurcation is generally hard, so instead we integrate
the system for a long enough time and see how many Species remain. The result is
shown in Figure 3.16. Here the circles show points where P̃i ‰ 0, while Z̃i “ 0, while
the crosses give points where Z̃i ‰ 0. The color gives which i, the blue dotted line again
shows the Hopf bifurcation, while the dashed and solid lines give the location of the
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Figure 3.15: two plots showing the location of bifurcation points. The left pane shows
the location of the bifurcation points, where another species joins the system. The right
pane shows the places where a torus bifurcation was found.

transcritical bifurcations. We once again see that the number of Species present in the
stationary solution carries over to the time dependent system. Just like before there are
some points where they do not align perfectly, especially for higher values of Nt, the
reason for this is similar to what we found earlier, where for these values the numerical
errors can become large enough to make Z̃i actually go extinct.

Figure 3.16: A plot showing for a grid of points what Species remain after time inte-
grating for 105 days. The color gives the number of size classes while circles represent
points where Z̃i ‰ 0, and crosses where Z̃i “ 0

3.9 Gaussian kernel larger deviation

In section 3.7 we ended on the note that further refinement under the same σ led α, away
from the form which made the system reduce to the Dirac delta system. This leads to
the question what the impact is of the choice of σ versus ∆s. For the discretized system
we have already seen that if ∆s “ 5σ, then the the solutions are almost identical. On the
other end we expect that for broader feeding kernels that the solutions start to diverge
away. We begin with Figure 3.17, which shows the first set of solutions for doubled σ
(i.e. 2.5σ “ ∆si). The first thing that is obvious is that the overshoot which was present
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in the previous section, grows in size. The same mechanism applies: Z̃i can consume
and therefore suppress P̃i`1. Then we can also note that the gap between Z̃1 and Z̃2 is
larger. This can be explained by the normalization we chose for α. Because Z̃1 has a
tail into smaller, non-existing size classes we get that both the preference of P̃1 and P̃2
increases for it. On the other hand we have that Z̃2 does not have quite this large of
a normalization, and so Z̃1 hunts more on P̃2, than Z̃2 on P̃1. This becomes more and
more apparent for larger σ as can be seen in Figure 2.1.

Figure 3.17: two Figures showing the stable value for different values of Nt. Here
2.5σ “ ∆si “ 1

8 . The left showing Phytoplankton size classes and the right Zooplankton
size classes

We then continue with 1.25σ “ ∆si, and the result can be seen in Figure 3.18. It is
immediately obvious that the structure that existed before, is no longer present. The
overshoots have increased even further in intensity, and only return to the value found
for the Dirac delta system above Nt « 0.035. To be more precise they drop down the
moment the second size class enters the system. This is also the second major difference,
the coming of larger size classes is no longer in order. It is largely in order, but the second
size class only enters as the sixth. This is again explained by the same reasoning as the
previous case. Furthermore we have that the before present ordered stair like structure
of Z̃i is also almost completely gone. Some plateau-like structure remains, but the values
are no longer in descending order. For example the 5th size class, shown in purple, enters
the system and goes to a value way higher than the 4th size class, shown in red.

Figure 3.18: two Figures showing the stable value for different values of Nt. Here
1.25σ “ ∆si “ 1

8 . The left showing Phytoplankton size classes and the right Zooplankton
size classes

The last case studied is 0.625σ “ ∆s “ 1
8 , this system is done for nine size classes

instead of the eight done before. It is shown in Figure 3.19. Here we can see that the
one by one, from small to big structure is completely lost. Instead after the first size
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class the fourth and the fifth appear. The fifth then leaves while the seventh enters. The
eighth then enters, which in turn brings back the fifth. Lastly the biggest ninth size class
enters, but this forces the eighth out. This structure has no resemblance to the earlier
found structure. And so most information gained is lost at this point.

Figure 3.19: two Figures showing the stable value for different values of Nt. Here
0.625σ “ ∆si “ 1

8 . The left showing Phytoplankton size classes and the right Zooplankton
size classes

For all but the largest standard deviation we can also find the Hopf bifurcation
structure. These can be seen in Figure 3.20. The blue, orange and green branch are for
σ “ 1

40 , 1
20 , 1

10 respectively. Increasing σ shifts the structure toward higher Nt, but when
σ becomes too large the pattern disintegrates. This break in structure is in line with the
break of in structure we found earlier in Figure 3.18. And is due to the second size class
being the sixth to join, and thus also the third tooth that we would expect to encounter.

But now we are able to see why the structure did not shift in section 3.7. The
decrease in ∆si made the structure move left, while the relative increase in σ made it
move right. These two phenomena cancel each other out and the structure remains in
the same place.

Figure 3.20: A plot showing the Hopf bifurcations. All with ∆s “ 1
8 . The blue, orange

and green lines are for σ “ 1
40 , 1

20 , 1
10 respectively.

33



3. Results

3.10 Gaussian from Dirac-Delta

In section 3.1 to section 3.4 we began with an extreme simplification, a Dirac-delta
feeding kernel representing perfectly selective predation, which allowed us to get some
purely analytical conclusions. This simplification yielded clear insights into the system’s
behavior, revealing a well-organized bifurcation structure and stability landscape. In
particular, the analysis exposed how phytoplankton–zooplankton size classes enter the
system sequentially under increasing nutrient supply, each new size class establishing
itself in turn until the food web is fully built out. Crucially, we identified the points at
which steady-state solutions lose stability via Hopf bifurcations, leading to limit cycles.
These analytical and numerical results provided a baseline understanding of the model’s
dynamics, including explicit conditions for stability and the emergence of complex be-
haviors, all in a framework that was largely interpretable due to the simplifying feeding
assumption.

In section 3.5 till section 3.9 we investigated a model where feeding interactions were
generalized using a Gaussian feeding kernel. This extension allowed predators to con-
sume a range of prey sizes around a preferred size, introducing a controlled increase in
complexity while preserving a degree of continuity with the original setup. Through nu-
merical bifurcation experiments and simulations, we explored how gradually broadening
the feeding kernel, from a near-Dirac narrow Gaussian to increasingly wide distributions,
alters the system’s dynamics. For small deviations from the delta-kernel, the behavior
proved remarkably robust. The characteristic sequence of size-class appearances and
disappearances persisted, and the overall stability pattern remained closely aligned with
that of the analytically solved case. Only minor quantitative differences were observed
under these narrow kernels, such as slight shifts in the nutrient concentration at which bi-
furcations occurred or small transient overshoots in concentration when new size classes
entered. Importantly, however, these differences did not disrupt the structure of the so-
lutions. Thus, within this regime of modest kernel breadth, the complex model retained
the essential dynamics and interpretability of the simplified model, indicating that the
insights gained from the Dirac-delta analysis are robust to a reasonable range of more
realistic feeding behaviors.

As the feeding kernel was widened further, this correspondence began to break down.
Once the Gaussian feeding distribution became sufficiently broad, the previously ob-
served orderly pattern of dynamics gave way to new, emergent behavior. The neat
stepwise assembly of the plankton community disappeared and the clear bifurcation
structure identified in the delta-kernel model became distorted. For example, the dis-
tinctive “sawtooth” progression of stable and unstable regions in parameter space was
lost as feeding generality increased. In other words, beyond a critical kernel width, the
system entered a regime of qualitatively new dynamics that the simplified framework
could not anticipate.

This last part might seem as a direct down side of this approach. These two models
start diverging with further refinement in discretization, and only with a very specific
choice of discretization they actually somewhat align. But the end goal was not giving
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a perfect answer to a more complex model, but instead showing how we can gather
information relevant for the complex model, at a simpler and tractable level. So the
usefulness becomes clear if we turn the steps around. That is we start with some kind
of known feeding kernel. Now we do not know anything of what we can expect, but if
we discretize P̃ and Z̃ in a way that the resulting α is close enough to the Dirac delta
system, then we get a quick, cheap and accessible insight in some structure we might
expect.

We have already seen this in Figure 3.13b, but with the reasoning swapped: Suppose
we start with a Gaussian kernel of σ “ 1{40 on S “ r1,2q. Discretized into eight size
classes with ∆si “ 1{8. This gives us all the insights gathered cheaply with the simplified
model, and as shown in Figure 3.13b the stability carries over, and this stays largely the
same with further refinement as shown in Figure 3.14. It does break down eventually,
and the solutions might become chaotic, but it does give us a hint at how many size
classes remain.

A second example is given in Figure 3.21a. Here the we let σ “ 1
20 , and if we would

want to have a similar situation here we need to take ∆si “ 1
4 . The orange line shows

the result from the Dirac delta system. The blue line is the one we found earlier for
∆si “ 1

8 . Here we can see a similar thing, the location of the structures is very close and
where the refinement has two tooth’s and the simple case has one.

This similarity does break down as shown in Figure 3.21b, for σ “ 1
10 , in this case

∆s “ 1
2 . The structure for the Dirac system is again shown in orange and this only has

two size classes, and its Gaussian counter part in blue. It can be seen that this simplifies
too far. We now have that one size class of the Dirac delta system fully encapsulates all
the details of the general case, and the found structure are no longer alike.

(a) A figure showing in orange the Hopf struc-
ture for the Dirac system using ∆s “ 1

4 . In blue
the found structure for the general system with
σ “ 1

20 and ∆si “ 1
8 .

(b) A figure showing in orange the Hopf struc-
ture for the Dirac system using ∆s “ 1

2 . In blue
the found structure for the general system with
σ “ 1

10 and ∆si “ 1
8 .

Figure 3.21
We have also seen that when we limit the Gaussian that the structure of the non

stationary solutions for the Dirac delta model also carry over. But at the same time
we saw that for the Dirac delta that, within reasonable Nt and δ0, that it corresponded
with the underlying stationary solution. So while we might not be able to exactly say
how a non stationary solution looks like for the Gaussian model. We are able to give a
good prediction on how many species, and the approximate values. If we went beyond a
reasonable point we lost the ability to say anything about approximate values, but the
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amount of species still corresponded well. This means that the cheap analytical solutions
found in section 2.5 actually give a lot of information beyond their first appearance.

3.11 Ecological interpretation

In the previous sections we saw that to some extent stability, and solution structures
carry over from the simplified model. These solution structures give good insight into the
question how many size classes remain in the system. They allow us to make an educated
guess in how to discretize a more general applicable setting. This gives us answers to the
question how diverse the system is. Some other ecological questions remain unanswered.

The first is question is: how much biomass is in the system? All values that we
have shown thus far have been a concentration per size class. This was done as this
quantity is not dependent on the choice of discretization, besides that the representative
parameter shifts. This allowed us to compare the results side by side, but to answer
the question all that remains is multiplying by the respective size class width. Because
we look at a range of Nt, we instead opt to look at the quantity biomass

Nt
. This quantity

can be thought off as the efficiency of the system in utilizing the available resources.
In Figure 3.22 we can see for the Dirac delta, and the Gaussian model for σ “ 1

40 , this
efficiency. For the stationary regions this is calculated straight forwardly. For the regions
which oscillate we take the average over a period of 500 days. At a first glance these
are also fairly similar between the 2 models, which is to be expected as these regions
have been behaving similar thus far. To be a little more specific about the implications:
For the stationary solutions, the left side of the black line, we can see that the system
generally has efficiencies close to 1, except where there is only P̃1. In this region we have
that the biomass goes up from 0, with P̃1∆s1, and so the utilization in this area will
asymptotically go to 1. Furthermore we see that for smaller δ0 the efficiency no longer
approaches 1 with increasing Nt, instead it goes up to 0.6. So because zooplankton
dies at a slower rate it can suppress the phytoplankton from fully utilizing the available
resources. This trend continuous into the oscillating region, where for larger amounts
of nutrients the systems biomass grows at diminishing rates. In section 3.4 we did find
that these cycles almost became homoclinic, where extreme phytoplankton blooms were
followed by extreme zooplankton blooms. So this might partly explain the diminishing
returns in this area. For larger δ0 we have that a bloom of phytoplankton, is still followed
by a bloom of zooplankton, but because of the higher mortality rate we get that they
die off before fully consuming all phytoplankton. This makes it so instead of bouncing
radically up and down, the phytoplankton stay within a more constant band.

The second question is how much of the nutrients is turned into biomass. In Fig-
ure 3.23 we can see the values for a range of Nt and δ0. Again for the same 2 models.
we can see that this is almost a mirrored image of the efficiency of the system. For the
most part of the plots we can see that the primary production is rather low. For the
stationary solutions this is directly linked to the fact that at these points the efficiency
is close to 1. This means that N is rather small, and thus the expression (2.18) is small.
For the region where the dynamic system behaves normally we see the same, as the
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Figure 3.22: The efficiency of the system of 2 models, left the Dirac delta model, right
the Gaussian model with σ “ 0.025. The black line denotes the Hopf bifurcations.

resulting system stays close to the values found in the stationary case. During the fast
phytoplankton blooms of the system we have high primary production. Then because
the zooplankton dies slowly enough to fully, and quickly, consume these blooms, another
phytoplankton species get the chance for quick reproduction. This then clearly shows
the transition from well behaved to unpredictable with decreasing δ0.

Figure 3.23: The primary production (PP) per day of the system of 2 models, left the
Dirac delta model, right the Gaussian model with σ “ 0.025. The black line denotes the
Hopf bifurcations.

This might show an apparent weakness in this model. As in this area we have that
the immediate availability of nutrients allows the system to behave erratically. Blooming
of algae is not unheard off, but quick succession of blooms is not common. Part of
this weakness can be alleviated by introducing larger size classes. This is shown in
Figure 3.24, where we can see both the primary production and efficiency for a system
extended with 8 more size classes. Again the Hopf bifurcations are shown in black. We
also added the locations of the transcritical bifurcation where Z̃16 enters the system,
these are down as the blue dotted line. It is clear that the areas where the system
behaves erratically are mostly below this line. This indicates that some of this behavior
is again due to a lack of biodiversity. We can now also better see that in general the
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primary production does increase with increased Nt, especially in the non stationary
region.

Figure 3.24: Left the average primary production per day, and right the average effi-
ciency. Both for the Dirac delta model, but with n “ 16, and s` “ 3.

This last part gives us another key insight in giving insights into the more complex
models. From the shape of a continuous α we already found directions on how to
discretize the system. It remained a question of how many size classes to include to
encapsulate all the dynamics. We can now answer this, because we see that in the area
where we have (stable) stationary solutions, left and above the green line, the system
is rather well behaved. So if we have a Nt and δ0, or a range there of, then we have
to include enough size classes such that the point lies in a region where the largest Z̃i

is not yet in the system. This links back all the way to the continuous system, where
in section 2.3 we found that with increasing Nt we had 2 options: Add larger species,
or let the zooplankton grow. Now we find that opting for the first choice gives us nice
behavior, while choosing for the second makes the system act chaotically. Physically
this is understandable, we expect that at some point adding more nutrients increases
bio diversity.

3.12 Dirac Delta tool

Motivated by the previous section we have made a tool which is able to generate figures
almost like Figure 3.4b. Figure 3.25 shows an example. Note that the output is approxi-
mate. The approximation is made using the analytically found values for the bifurcation
points as found in section 2.5. Then the stability is calculated for points just inside this
region, then the region is drawn for the values that are stable, and interpolated between
these points. This means that this is not an exact tool, but it does allow to do a simi-
lar analysis as section 3.3 for all input parameters, with minimal effort. The complete
tool can be found here (https://github.com/rolfws/npz model) where the interface is
explained in more detail.
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3.12. Dirac Delta tool

Figure 3.25: Screen shot of the tool, where instead of varying δ0 we change k0
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Chapter 4

Conclusion

This thesis set out to determine how far the bifurcation structure and stability regimes
of a size-structured plankton model with a highly specialized (Dirac-delta) feeding ker-
nel persist under two key generalizations: a more realistic Gaussian feeding kernel and
varying numerical discretization. Our results demonstrate that the core dynamical struc-
ture of the model is largely robust to these generalizations. In particular, the sequence
of bifurcations identified in the Dirac-delta case: A series of transcritical bifurcations
leading to non-trivial coexistence equilibria, followed by a Hopf bifurcation giving rise
to stable oscillatory dynamics. Remains qualitatively unchanged when the feeding ker-
nel is broadened to a narrow Gaussian form. The bifurcation diagrams for the Dirac
and Gaussian models are nearly identical in their overall layout: a phytoplankton-only
equilibrium loses stability via transcritical bifurcations at similar critical parameter val-
ues, and an interior (phytoplankton–zooplankton) equilibrium subsequently undergoes
a Hopf bifurcation to yield predator–prey limit cycles. Likewise, the model’s stability
regimes (extinction vs. coexistence, steady-state vs. oscillatory dynamics) persist under
changes in discretization resolution. Halving or doubling the size-class width ∆s (and
correspondingly adjusting the number of size classes) did not introduce or eliminate any
bifurcations. The same qualitative transitions between regimes occur at essentially the
same parameter thresholds across all tested resolutions. In other words, both the feeding
kernel generalization and the numerical grid refinement preserve the primary bifurca-
tion architecture of the system. This consistency strongly suggests that the dynamical
phenomena uncovered in the simplified Dirac-delta model are not artifacts of an overly
special assumption or a particular numerical scheme, but rather are intrinsic features of
the plankton–nutrient system.

Despite this overall robustness, certain finer-scale features of the Dirac-delta model’s
solution structure do not fully carry over under generalization. In the Dirac-delta sce-
nario, the extreme feeding specialization permits a multitude of distinct equilibrium
solution branches corresponding to different subsets of plankton size classes persisting.
This manifests as a stepped or sequential invasion pattern: as the environment (e.g. to-
tal nutrient level or zooplankton mortality rate) changes, each size class can enter or exit
the community one at a time, producing a series of transcritical bifurcations at differ-
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ent parameter values. Under a broader Gaussian feeding kernel, these multiple solution
families are no longer isolated. Feeding generalization couples the size classes, so the
previously separate equilibrium branches merge into a single, continuous family of solu-
tions. Consequently, beyond a certain kernel width, the rich multi-branch equilibrium
structure observed in the Dirac-delta case collapses into a less diverse configuration: the
sequential ‘staircase’ of transcritical bifurcations disappears, and some of the specialized
equilibrium states cease to exist as independent solutions. In practical terms, the model
with sufficiently wide feeding kernels exhibits one dominant coexistence equilibrium (and
its loss of stability via Hopf) rather than a hierarchy of equilibria appearing in turn.

In summary, the transcritical and Hopf bifurcations, and their associated stability
regimes, are robust features of the size-structured plankton model. They persist under
the introduction of a Gaussian feeding kernel and remain evident across different dis-
cretization resolutions. Aspects that proved not robust to these generalizations are the
fine details of the equilibrium structure unique to the Dirac-delta assumption and slight
parameter sensitivity at very coarse resolutions. Importantly, the core predator–prey dy-
namical behavior identified in the idealized model holds in more general settings. This
indicates that the insights gained from the simplified Dirac-delta model carry over to
more realistic formulations, while clearly delineating which complexities of feeding ecol-
ogy and numerical representation can alter the system’s stability landscape and which
do not.

This in turn allows us to turn the flow in opposite direction, where given some
general model, we can choose to discretize in a way that was outlined in section 3.10 and
section 3.11. This allows us to cheaply evaluate analytical expressions from section 2.5
to give quick insights into where stationary solutions lived, and give some indication into
what to expect in non stationary areas.
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Discussion

The bifurcation structure identified here appears robust to moderate changes in feed-
ing kernel shape and discretization granularity. However, several unresolved issues re-
main that could not be fully addressed in this study. In particular, continuing solution
branches beyond torus bifurcations proved difficult, leaving the post-bifurcation dynam-
ics only partially understood. Standard continuation algorithms struggled once a quasi-
periodic (torus) solution emerged, highlighting a technical limitation of our analysis. As
a result, the long-term behavior of the system in those parameter regimes remains an
open question. This challenge invites follow-up approaches, such as direct time integra-
tion and phase-space analysis, to characterize the attractors beyond the torus bifurcation
points. For example, time-series simulations combined with tools like Poincaré sections
or Lyapunov exponent calculations could help discern whether these regimes lead to
sustained quasi-periodicity or chaos. Addressing the torus bifurcation issue would thus
deepen our understanding of the system’s complex oscillatory behavior.

Another limitation is the finite discretization of the size spectrum, which we only
explored at a fixed or limited resolution. While the bifurcation patterns were consistent
for the tested discretization levels, it remains uncertain how the dynamics converge as
one approaches a fully continuous size spectrum. Investigating different discretization
schemes or a greater number of size classes would verify the persistence of the observed
structures and reveal any subtle numerical artifacts. This presents an opportunity to ask:
how fine must the size-class resolution be for the discrete model to reliably reproduce the
continuous model’s bifurcation behavior? Conversely, what is the impact of extremely
coarse discretization on system stability, and where does the simplified representation
break down?

To further test the generality of our findings, several natural extensions of the model
can be considered. Spatial coupling: Incorporating spatial heterogeneity (for instance, by
coupling multiple well-mixed regions or adding diffusion in a spatially extended model)
would allow examination of pattern formation and spatial synchrony in the plankton
dynamics. A key question is how far one can introduce spatial complexity—even in
minimal form—before the bifurcation structure deviates fundamentally from that of the
well-mixed (spatially homogeneous) system. Food-web complexity: Increasing the food-
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web complexity by adding additional plankton species or trophic levels is a direct way
to enhance realism and dimensionality. This extension could reveal richer bifurcation
phenomena, but it raises the question of whether the elegant patterns observed in our
two-group model persist when the network of interactions is expanded. How far might
the simplifying assumptions of our model still predict useful structure as more species
and interactions are included, and at what point do new dynamic regimes emerge that are
absent in the simpler configuration? Delays and nonlinear responses: Introducing time
delays (e.g. gestation or nutrient recycling lags) or more complex functional responses
(such as predator satiation beyond the forms considered) would capture important real-
world processes. Such additions are expected to influence stability and oscillatory be-
havior, prompting the question: to what extent can these delayed or highly nonlinear
effects be incorporated while retaining a tractable and predictive bifurcation structure
akin to the original model?

Each of these extensions represents a research opportunity to probe the limits of
our current model’s applicability. By exploring spatial dynamics, higher food-web com-
plexity, and more realistic interaction terms, we can assess how robust the identified
bifurcation structure remains under increased realism. Ultimately, determining how far
the simplified model’s insights carry over to more complex scenarios will not only vali-
date those insights but also guide the development of more comprehensive mathematical
frameworks for plankton dynamics.

While the analytical structure we found appeared to be stable, no verification was
done if it was the only stable branch. To this end more thorough analysis has to be done,
by for example finding a suitable Lyapunov function, or by analyzing the Jacobian. An
easier tasks would be to check all possible combinations that are outlined in section 2.5,
but this group grows exponentially with more size classes. Furthermore we have found
solutions for the continuous formulation with a Dirac delta kernel. What we have not
done is analyzed spectral properties of this solution, and thus can not say anything
about stability, and thus applicability. With further discretization we found that the
discretized system became unstable, so it is unexpected that the continuous solution is
stable, but still might have time dependent solutions.

Lastly we analyzed how far stationary structure did carry over, but we have not
done the same for the time dependent system. We have seen that the structure is
similar between the Dirac delta and a narrow Gaussian, but does this also work for a
little broader Gaussian? Furthermore we have seen that stationary structure impacts
the time dependent structure. But this might also be the case for broader structures,
and thus allow us to forgo expensive time integration, but take the results from the
stationary bifurcation analysis, and use them to approximate these costly operations.
This might be an useful insight if we extend the model up one level further, where now
these Gaussian models are the simplified case.
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Appendix A

Steele Stationary solutions

We consider the system as given by Steele (Steele & Henderson, 1992):

dP

dt
“

N

N ` k
βP p1 ´

P

γ
q ´ Zλ

P n

P n ` µ

dZ

dt
“ αλ

P n

P n ` µ
Z ´ δZm

dN

dt
“ ppN0 ´ Nq ´

N

N ` k
βP p1 ´

P

γ
q ` p1 ´ αqλ

P n

P n ` µ
Z

(A.1)

If we consider the case where there is an abundance of nutrients, (or k=0). Then the
stationary solutions can be found analytically for m “ 1. We get that P n “

µδ
αλ´δ , and

then that Z “
αβ
δ P p1 ´ P

γ q. For m ą 1 we can find the expression Z “

´

αλ
δ

P n

P n`µ

¯
1

m´1 ,

which then gives that P is the solution to: βp1 ´ P
γ q ´ Z P n´1

P n`µ “ 0 For m “ 2 we get a
solvable equation, but for m ą 2 it is easier to resort to root finding methods. The costs
of this are small because the derivative is available analytically.

We now show the general structure for m,n P t1,2u. Where we change δ, but keep
the other parameters fixed at γ “ 10, λ “ α “ µ “ β “ 1, p “ 0.3 and k “ 0.5. There is
some continuous path from the solution found for k “ 0, to k “ 0.5, so it is expected
that some structure carries over. First we let m “ n “ 1. As seen in figure A.1. It shows
that this stationary solution is only stable for high values of δ. There is a singularity of
the solution at δ “ 1, in which P Ñ 8. It can also been seen in figure A.2 that for lower
values of δ a somewhat periodic solution emerges, but for larger values of δ the solution
converges to an equilibrium. Note that there is not a 1 to 1 comparison between the
nutrient rich and sparse system. But the switch between stable and unstable remains in
the same high/low structure.
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Figure A.1: Solution values and stability of the solutions under changing δ

Figure A.2: Time integrated the system with nutrient dependency. On the left if δ “ 0.3
and on the right if δ “ 0.6

For m “ 1,n “ 2 we get that the solution also has a stable portion at lower values
of δ as can be seen in A.3. The stable domain, which started at δ „ 0.8 for n “ 1. Now
only starts at δ „ 0.95. This is also found in the nutrient limited system, where the time
integration only goes to equilibrium for values of δ close to one. While below 0.95 the
cyclic behavior remains. We can also see that the lower stable region carries over.
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Figure A.3: Solution values and stability of the solutions under changing δ for m “ 1,n “

2

Figure A.4: Time integrated the system with nutrient dependency. From the left top in
clockwise order we have δ “ 0.94, δ “ 0.97, δ “ 0.3, δ “ 0.7

For m “ 2,n “ 1 the structure does change drastically. Now a fold is introduced as
can be seen in figure A.5. The left side of this fold is now unstable while the right is
stable from δ „ 0.3, which is way lower than the value for m “ 1. The left unstable, right
stable structure does remain. This also caries over to the larger system, where cyclic
behavior is found for δ ă 0.3. And convergence to an equilibrium for larger values. This
can be seen in figure A.6.
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Figure A.5: Solution values and stability of the solutions under changing δ for m “ 2,n “

1

Figure A.6: Time integrated the system with nutrient dependency. From the left top in
clockwise order we have δ “ 0.1, δ “ 0.3, δ “ 0.4, δ “ 0.9

Now lastly we have m “ n “ 2, the fold remains, but now just like m “ 1,n “ 2 we
have that there is a stable region on the left as well. This can be seen in figure A.7.
This behavior does carry over to the full system, where each time integration converges
to some equilibrium. This is shown for two values of δ in figure A.8.
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A.1. Auto Files and Constants

Figure A.7: Solution values and stability of the solutions under changing δ for m “ n “ 2

Figure A.8: Time integrated system with nutrient dependency. Left for δ “ 0.7 and right
for δ “ 0.3

This first analysis shows that some behavior found in a simpler model caries over to
a fuller model. Furthermore, we can also see how the structure and stability have many
similarities between formulations. Further analysis can be done on where between m “ 1
and m “ 2 the fold emerges, as there is some homotopy between these 2 solution lines.

A.1 Auto Files and Constants

A.2 Function files (x.c files)

The first function file is for the dirac-delta formulation 2.11:
1 # include " auto_f2c .h"
2 # include "math.h"
3 double *var_mu , *var_ld , *var_k , *var_g , *var_K , *var_ga , *var_dt , *

var_ds , * var_sizes ;
4 double r = 1.0; /* size ratio */
5 int set = 0; /* Variables set on off.*/
6
7 /* This function sets the variables for the model using ndim as the number

of species (#P + #Z)*/
8 void set_vars (int ndim)
9 {

10 if (! set)
11 {
12 // start and stop size
13 double start = 1.0;
14 double stop = 2.0;
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15 // #P/#Z
16 integer hf = ndim / 2;
17 double ds_s = (stop - start) / hf;
18 double size;
19 size_t msize = sizeof ( double ) * hf;
20 /*
21 For each variable we create a variable size array and fill using

our scaling .ds_s
22
23 This will leak , but itgets destroyed with the program .
24 */
25 var_mu = ( double *) malloc (msize);
26 var_ld = ( double *) malloc (msize);
27 var_k = ( double *) malloc (msize);
28 var_g = ( double *) malloc (msize);
29 var_K = ( double *) malloc (msize);
30 var_ga = ( double *) malloc (msize);
31 var_dt = ( double *) malloc (msize);
32 var_ds = ( double *) malloc (msize);
33 var_sizes = ( double *) malloc (msize);
34 if (
35 var_mu == NULL || var_ld == NULL || var_k == NULL || var_g ==

NULL || var_K == NULL || var_ga == NULL || var_dt == NULL || var_ds ==
NULL || var_sizes == NULL)

36 {
37 printf (" allocation failed \n");
38 exit (0);
39 }
40 for (int n = 0; n < hf; n++)
41 {
42 size = start + ds_s * n;
43 var_mu [n] = 5.9 * pow(size , -0.75);
44 var_ld [n] = 0.017 * pow(size , -0.6);
45 var_k[n] = 1.0 * pow(size , 1.14);
46 var_g[n] = 7.0 * pow(size * r, -0.75);
47 var_K[n] = 1.0 * pow(size * r, 0.24);
48 var_ga [n] = 0.7 * pow(size * r, 0.24);
49 var_sizes [n] = size;
50 // var_dt [n] = 0.61 * pow(size * r, -0.75); // 0.61 for 8sys
51 var_ds [n] = ds_s;
52 }
53 set = 1;
54 }
55 }
56
57 int func( integer ndim , const double *u, const integer *icp ,
58 const double *par , integer ijac , double *f, double *dfdu , double

*dfdp)
59 {
60 set_vars (ndim); // Will only set once.
61 double Nt;
62 integer i;
63 integer hf = ndim / 2;
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64 Nt = par [0];
65 // Calculate the biomass to find N
66 double biomass = 0;
67 for (i = 0; i < hf; i++)
68 {
69 var_dt [i] = par [1] * pow( var_sizes [i] * r, -0.75);
70 biomass += u[i] * var_ds [i];
71 biomass += u[i + hf] * var_ds [i] * r;
72 }
73 double N = Nt - biomass ;
74 // Evaluate the system
75 for (i = 0; i < hf; i++)
76 {
77 // dP/dt
78 f[i] = u[i] * ( var_mu [i] * N / (N + var_k[i]) - var_ld [i] - var_g[i]

* u[i + hf] / (u[i] + var_K[i]));
79 // dZ/dt
80 f[i + hf] = u[i + hf] * ( var_ga [i] * var_g[i] * u[i] / (u[i] + var_K[

i]) - var_dt [i]);
81 };
82 return 0;
83 }
84 /*
85 Start point fn
86 */
87 int stpnt( integer ndim , double t, double *u, double *par)
88 {
89 par [0] = 0.0;
90 par [1] = 0.17;
91 for ( integer i = 0; i < ndim; i++)
92 {
93 u[i] = 0.0;
94 }
95 return 0;
96 }
97 /*
98 Custom output functions
99 */

100 int pvls( integer ndim , const double *u, double *par)
101 {
102 return 0;
103 }
104
105 /*
106 Boundary conditions
107 */
108 int bcnd( integer ndim , const doublereal *par , const integer *icp , integer

nbc ,
109 const doublereal *u0 , const doublereal *u1 , integer ijac ,
110 doublereal *f, doublereal *dbc) { return 0; }
111
112 /*
113 Initial conditions
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114 */
115 int icnd( integer ndim , const doublereal *par , const integer *icp , integer

nint ,
116 const doublereal *u, const doublereal *uold , const doublereal *

udot ,
117 const doublereal *upold , integer ijac ,
118 doublereal *fi , doublereal *dint) { return 0; }
119
120 /*
121 Objective function ??
122 */
123 int fopt( integer ndim , const doublereal *u, const integer *icp ,
124 const doublereal *par , integer ijac ,
125 doublereal *fs , doublereal *dfdu , doublereal *dfdp) { return 0;

}

For the general function we have the following:

1 # include " auto_f2c .h"
2 # include "math.h"
3 double *var_mu , *var_ld , *var_k , *var_g , *var_K , *var_ga , *var_dt , *

var_ds , *var_sizes , * kernel ;
4 double r = 1.0; /* size ratio */
5 int set = 0; /* Variables set on off.*/
6
7 /*
8 Reads the kernel array from a binary file in row major order.
9 So the second element is the first row and the second column .

10 */
11 void read_array (int n, double *out)
12 {
13 FILE *ptr;
14 size_t s;
15 ptr = fopen(" kernel_array .bin", "rb");
16 if (ptr == NULL)
17 {
18 printf (" kernel file not found");
19 exit (0);
20 }
21 for (int i = 0; i < n; i++)
22 {
23 s = fread (( void *)(& out[i]), sizeof (* out), 1, ptr);
24 if (s != 1) {
25 printf (" failed kernel read\n");
26 exit (0);
27 }
28 }
29 }
30
31 void set_vars (int ndim)
32 {
33 if (! set)
34 {
35 double start = 1.0;
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36 double stop = 2.0;
37 integer hf = ndim / 2;
38 double ds_s = (stop - start) / hf;
39 double size;
40 size_t msize = sizeof ( double ) * hf;
41 /* This will leak , but I do not really care , get destroyed with the

program */
42 var_mu = malloc (msize);
43 var_ld = malloc (msize);
44 var_k = malloc (msize);
45 var_g = malloc (msize);
46 var_K = malloc (msize);
47 var_ga = malloc (msize);
48 var_dt = malloc (msize);
49 var_ds = malloc (msize);
50 var_sizes = malloc (msize);
51 kernel = malloc (msize * hf);
52 if (
53 var_mu == NULL || var_ld == NULL || var_k == NULL || var_g ==

NULL || var_K == NULL || var_ga == NULL || var_dt == NULL || var_ds ==
NULL || var_sizes == NULL || kernel == NULL)

54 {
55 printf (" allocation failed \n");
56 exit (0);
57 }
58
59 read_array (hf * hf , kernel );
60 for (int n = 0; n < hf; n++)
61 {
62 size = start + ds_s * n;
63 var_mu [n] = 5.9 * pow(size , -0.75);
64 var_ld [n] = 0.017 * pow(size , -0.6);
65 var_k[n] = 1.0 * pow(size , 1.14);
66 var_g[n] = 7.0 * pow(size * r, -0.75);
67 var_K[n] = 1.0 * pow(size * r, 0.24);
68 var_ga [n] = 0.7 * pow(size * r, 0.24);
69 var_sizes [n] = size;
70 // var_dt [n] = 0.61 * pow(size * r, -0.75); // 0.61 for 8sys
71 var_ds [n] = ds_s;
72 }
73 set = 1;
74 }
75 }
76
77 int func( integer ndim , const double *u, const integer *icp ,
78 const double *par , integer ijac , double *f, double *dfdu , double

*dfdp)
79 {
80 set_vars (ndim);
81 double Nt , peaten ;
82 integer i, j;
83 integer hf = ndim / 2;
84 Nt = par [0];
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85 double biomass = 0, F[hf];
86 for (i = 0; i < hf; i++)
87 {
88 var_dt [i] = par [1] * pow( var_sizes [i] * r, -0.75);
89 biomass += u[i] * var_ds [i];
90 biomass += u[i + hf] * var_ds [i] * r;
91 F[i] = 0.0;
92 for (j = 0; j < hf; j++)
93 {
94 F[i] += kernel [i * hf + j] * u[j] * var_ds [j];
95 }
96 }
97 double N = Nt - biomass ;
98 for (i = 0; i < hf; i++)
99 {

100 peaten = 0.0;
101 for (j = 0; j < hf; j++)
102 {
103 peaten += kernel [j * hf + i] * var_g[j] * u[hf + j] / (F[j] + var_K

[j]) * var_ds [j] * r;
104 }
105 f[i] = u[i] * ( var_mu [i] * N / (N + var_k[i]) - var_ld [i] - peaten );
106
107 f[i + hf] = u[i + hf] * ( var_ga [i] * var_g[i] * F[i] / (F[i] + var_K[

i]) - var_dt [i]);
108 };
109 return 0;
110 }
111 /*
112 Start point fn
113 */
114 int stpnt( integer ndim , double t, double *u, double *par)
115 {
116 par [0] = 0.0;
117 par [1] = 0.17;
118 for ( integer i = 0; i < ndim; i++)
119 {
120 u[i] = 0.0;
121 }
122 return 0;
123 }
124 /*
125 ??
126 */
127 int pvls( integer ndim , const double *u, double *par)
128 {
129 return 0;
130 }
131
132 /*
133 Boundary conditions
134 */
135 int bcnd( integer ndim , const doublereal *par , const integer *icp , integer
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nbc ,
136 const doublereal *u0 , const doublereal *u1 , integer ijac ,
137 doublereal *f, doublereal *dbc) { return 0; }
138
139 /*
140 Initial conditions
141 */
142 int icnd( integer ndim , const doublereal *par , const integer *icp , integer

nint ,
143 const doublereal *u, const doublereal *uold , const doublereal *

udot ,
144 const doublereal *upold , integer ijac ,
145 doublereal *fi , doublereal *dint) { return 0; }
146
147 /*
148 Objective function ??
149 */
150 int fopt( integer ndim , const doublereal *u, const integer *icp ,
151 const doublereal *par , integer ijac ,
152 doublereal *fs , doublereal *dfdu , doublereal *dfdp) { return 0;

}

The only real difference between the two is the addition for a general matrix α. This
matrix is read in the read array function. This is read from a binary file, consisting of
n2 float64 values. Where the array is stored in row major. To create this array the
following numpy script is used:

1 import sys
2 import numpy as np
3 from scipy.stats import norm
4
5
6 def main ():
7 ’’’
8 Outputs the gaussian feeding kernel to a file.
9

10 data is ordered row wise , where each row is the sampled kernel
for Zooplankton class i.

11 This assumes linear size classes . Where the kernel is sampled
halfway .

12 ’’’
13 if len(sys.argv) < 5:
14 raise ValueError ("Not enough arguments ")
15 smin = float(sys.argv [1])
16 smax = float(sys.argv [2])
17 n = int(sys.argv [3])
18 sigma = float(sys.argv [4])
19
20 ds = (smax - smin) / n
21 Psizes = np. linspace (smin , smax , n, endpoint =False) + ds/2
22
23 b = (norm.cdf( Psizes + ds/2, loc= Psizes [:, None], scale=sigma) - norm

.cdf( Psizes - ds/2, loc= Psizes [:, None], scale=sigma)) / ds
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24 normalizer = norm.cdf(smax , loc=Psizes , scale=sigma) - norm.cdf(smin ,
loc=Psizes , scale=sigma)

25 b /= normalizer [:, None]
26 print(b. astype (float).round (1))
27
28 b. tofile (’kernel_array .bin ’)
29
30 if __name__ == " __main__ ":
31 main ()

Now this is called using python kern.py (smin) (smax) (n) (σ). For example python
kern.py 1.0 2.0 8 0.025. The output of this script has to be put in the same directory as
the .c file.

A.3 constants

For a detailed explanation of each constant we refer to the manual of auto. We used the
recommended settings together with the following:

Constant Value
parnames {1:’Nt’, 2:’d’}
ICP [’Nt’, ’d’]
NDIM n
DSMIN 10´6-10´4

DS 10 * DSMIN
DSMAX 100 * DSMIN
NPAR 2

The scripts contain references to constant files with the name c.gausX These only
differ in DSMIN, where gaus has a DSMIN of 10´6, gaus2 10´5, gaus3 10´4 and lastly
gaus4 10´3. These were put into files mostly because of ease of use when using the CLI.
For the scripts these could also be hard coded if one likes.
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Appendix B

Auto scripts

The following scripts are a general skeleton of scripts that could work for different pa-
rameter, and or parameter values. Most likely some tuning to the step size setting must
be done. For more general kernels these scripts might fail all together and a lot of manual
work has to be done. For the dirac delta kernel these scripts will most likely work the
best. The scripts are given in the order in which they should be run.

The first script is for the first bifurcations:
1 prev_run = run("pf", c="gaus", STOP =["BP1"])
2 runs = prev_run
3 while prev_run ("BP"):
4 if len(runs) % 2 == 1:
5 next_run = run( prev_run ("BP1"), ISW=-1, c="gaus3", STOP =["BP1"])
6 # elif len(runs) in [4]:
7 # next_run = run( prev_run (" BP1 "), ISW=-1, c=" gaus2", STOP =[" BP1

"])
8 else:
9 switch = run( prev_run ("BP1"), ISW=-1, c="gaus3", STOP =["BP1"],

NMX =2)
10 next_run = run( switch ()[0], ISW =1, c="gaus", STOP =["BP1"])
11
12 # if next_run ("BP"):
13 runs += next_run
14 prev_run = next_run
15 if len(runs) > 36:
16 break
17 plot(runs)
18 save(runs , " first_bif ")
19 wait ()

This script now stops after 36 branches. It is recommended to keep an upper bound on
the number of branches, as it can be possible to set step sizes for which the same branch
is found over and over again, never leaving this loop.

The second script follows the first found hopf bifurcation. This part might be highly
problem specific, and for the more general case this almost always needed to be done
manually:
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1 bch = loadbd (" first_bif ")
2 bchex = run(bch ()[-1], ISW =1, c="gaus2", NMX =5000 , STOP =["HB1"])
3 switch = run(bchex("HB1"), ISW=-2, c="gaus4", NMX =5, NPR =1)
4 hb1 = run( switch ()[-1], ISW =2, c="gaus3", STOP =["BP1", "ZH1"]) + run(

switch ()[-1], ISW =2, c="gaus3", STOP =["BP1", "ZH1"], DS="-")
5 hb1 = merge(hb1)
6 hbnex = run(hb1("ZH1"), ISW =2, NMX =20, NPR =5)
7 t = run(hbnex ()[-1], ISW =1, DS="-", STOP =["HB2"], c="gaus2")
8 switch = run(t("HB1"), ISW=-2, c="gaus4", NMX =5, NPR =1)
9 hb2 = run( switch ()[-1], ISW =2, c="gaus3", STOP =["BP1", "ZH1"]) + run(

switch ()[-1], ISW =2, c="gaus2", STOP =["BP1", "ZH1"], DS="-")
10 hb2 = merge(hb2)
11 plot(hb1+hb2 + t)
12 save(hb1+hb2 , " first_hopf_part ")
13 wait ()

Then the last script is to follow the saw tooth pattern of hopf bifurcations:
1 runs = loadbd (" first_hopf_part ")
2 prev_run = runs [1:]
3 while prev_run ("BP"):
4 if len(runs) % 2 == 1:
5 next_run = run( prev_run ("BP1"), ISW=-2, c="gaus3", STOP =["BP1"],

NMX =1000 , UZSTOP ={}, NPR =50)
6 else:
7 next_run = run( prev_run ("BP1"), ISW=-2, c="gaus3", DS="-", STOP =[

"BP1"], NMX =2000 , UZSTOP ={}, NPR =50)
8 runs += next_run
9 prev_run = next_run

10
11 plot(runs)
12 save(runs , " hopf_bifs ")
13 wait ()
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