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Abstract:

This paper contributes towards the development of a reduced-order modelling methodology for
nonlinear, unsteady aerodynamic loads for the active control of transonic aeroelastic flutter. To
this end, a 1-DOF torsional NACA0012 airfoil is chosen as the test configuration. The aim is
to develop the reduced-order model in nonlinear state-space form to be used in active control
scenarios. Hence, a nonlinear coupled differential equation that captures the shock dynamics.
The underlying hypothesis of this work is that, once these aerodynamic effects are included in
the low-order model, the nonlinear trend in the flutter stability boundary, specifically in the tran-
sonic regime, will be predicted purely based on first principles, without the need for numerical
or experimental corrections. In this work, we observe that the aeroelastic system could become
prematurely unstable as soon as the aerodynamic flow field undegoes a Hopf bifurcation. For
low amplitude airfoil pitching below a certain threshold, the aerostructural system is seen to
exhibit a coupled oscillator behaviour that has an exact linear analytical formulation. The ana-
lytical formulation thus produces an accurate prediction whilst being orders of magnitude faster
than than the numerical simulation.

1 INTRODUCTION

With our continuous quest for optimality in aircraft design and performance through the lens of
a sustainable aviation, aeroservoelastic (ASE) interactions have increased in recent years [1].
Generally, aeroelastic research involving load alleviation strategies can be broadly classified
into active (using control surfaces and actuators) and passive (tailoring and optimizing compos-
ite lay-ups) methods. It is also realized that combining the effects of both active and passive
load alleviation strategies can result in superior aeroelastic performance [2]. Concepts such
as the VCCTEF [3] and Smart-X [4] are some examples of state-of-art distributed morphing
technologies for active loads alleviation.

Within the field of aeroelasticity, the current focus of research is towards large aspect ratio
wings such as the XHALE [5] and the Pazy wing [6]. In such configurations, the structural non-
linearities are of primary concern due to large deflections. Furthermore, they are often designed
for low subsonic regimes and the aerodynamic panel codes provide sufficient accuracy under
attached flow assumptions. However, most modern aircraft operate in the transonic regime,
which necessitates the use of high-fidelity aerodynamic tools. In the last five years, there has
been a substantial increase in interest towards transonic aeroelasticity at NASA [7–10]. More
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specifically, the focus has been on building efficient reduced-order models for control law de-
velopment [11–13]. Traditional linear ASE techniques implement reduction techniques due to
the presence of large number of states. NASA has extended the use of these techniques to tran-
sonic aerodynamics [9–11]. However, it is observed that having the most efficient and accurate
ROM for such nonlinearities is still an open question. Furthermore, most ROMs are built on
steady aerodynamic GAFs from high-fidelity aerodynamics, and the unsteady effects are not
considered. An erudite review of the need to model unsteady aerodynamics is provided by [14]

Traditionally, ASE modelling techniques are developed with the assumptions of linear super-
position of eigenmodes. In practice, aeroservoelastic models for aircraft demonstrators such as
the FLEXOP [15] and the NASA X56 [16] typically consist of a finite element (FE) structural
model, a panel-based aerodynamic model such as the DLM/VLM. These coupled models are
subjected to a reduction algorithm [17–19], following which controller synthesis is performed
on the low-order state-space models. Beyond a certain regime, a bifurcation of the flow occurs
due to the development of a supersonic region over the airfoil, leading to a normal shock. These
numerical procedures are thus valid up to such a change in the flow behaviour, typically around
Mach 0.7 - 0.8 [20].

Experimental research pertaining to oscillating structures in transonic windtunnels is quite
sparse with Tijdeman [21] from the late 70s, McDevitt and Okuno [22] from the early 80s being
referred to till date. The next two decades witnessed the emergence of several theories on the
mechanism of self sustained flow oscillation and its potential contribution to the structural insta-
bility [20,23–26]. These have included the proposal of synchronisation and lock-in mechanisms
often seen in coupled nonlinear systems. However, no low-order mathematical models exist that
explain these phenomenon. More recently, several transonic wind tunnel campaigns focusing
on controlling the shock motion have been undertaken [27, 28]. From a numerical perspective,
in the last decade, several high-fidelity analyses have been performed [29–31]. However, these
simulations are often infeasible for active control of such multi-physical systems. But, a given
model often loses accuracy while reducing the fidelity of these numerical procedures.

To circumvent this issue, several instances of data-based numerical model correction procedures
can be observed today: Ground Vibration Test (GVT) based finite-element (FE) model correc-
tion [15], wind-tunnel based Aerodynamic Influence Coefficient (AIC) matrix correction [15],
look-up table based nonlinear model improvement [32] and CFD-based nonlinear reduced or-
der models [33–35]. On the other hand, purely data-driven approaches exist [36], but often
with limited mathematical basis and involve substantial hyper-parameter tuning to obtain an
optimal fit [37, 38]. With such a setting, it is easy to overfit a model to a dataset with no phys-
ical significance and quite often requires a substantial amount of data for training [38, 39]. It
is, therefore, evident that combining both physics-based and data-based simulation in a logical
manner is the key to achieving accurate numerical predictions. An ideal middle ground then
would be to identify a set of governing differential equations that forms a reduced order model
of the Navier-Stokes equations, which can then be cast into a nonlinear state-space form. This
way, we obtain a link to first principles; there is minimal data dependency and hence more
interpretable.

This work contributes towards building such a nonlinear model order reduction framework to
be used for active control of aeroelastic instabilities in the transonic regime. In this paper, we
present the amplitude and frequency effects of prescribed structural oscillations on the buffeting
frequencies. Furthermore, we present some preliminary results showing the prowess of linear
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analytical models that can capture these complex nonlinear phenomenon.

This paper is structured as follows: Section 2 presents the methodology adopted to generate the
results. Section 3 discusses various aspects of aero-structure interaction in the transonic regime
such as the amplitude and frequency effects, the suppression of natural dynamics of the flow
field, and finally the extent of linearity of the observed phenomenon. Section 4 presents the
conclusions and future work.

2 METHODOLOGY

This section provides the numerical procedures and settings utilised to generate the results in
this work. Section 2.1 presents the details on the high fidelity fluid-structure simulations. Sec-
tion 2.2 presents the details of the low fidelity mathematical model that captures the dynamics
of shock-structure interaction.

2.1 High-Fidelity Computational Domain Definition

In this work, ANSYS Fluent 24R2 was used for the 2D transonic flow simulations of NACA0012
airfoil. The simulation parameters are summarised in table 1. The simulation domain shown in
figure 1 along with the mesh settings are adopted from [40]. We utilise the 1-equation Spalart
Allaramas (SA) turbulence closure model to carry out the unsteady Reynolds Average Navier-
Stokes (uRANS) simulations. In this paper, two simulation scenarios are presented:

• A transonic flow analysis around a static airfoil at Mach M = 0.80 and α = 4.0◦. This is
to identify the self-sustained transonic buffet frequency.

• A prescribed airfoil pitching motion analysis with 2 amplitudes (∆α = ±1◦,±2◦) and
4 frequencies (ωs = {12, 16, 20, 24} Hz). Here, both the amplitude effects and the fre-
quency coupling effects are studied.

Table 1: CFD Simulation Settings [40].

Property Definition
Bounding Box 15X × 10X (X is the airfoil chord)
Mesh Domain Mapped face meshing with 5.53× 105 nodes
Airfoil geometry NACA0012, 1 m chord, α = 4.0◦

Flow settings
Spalart Allaramas uRANS model, Mach M =
0.80
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Figure 1: CFD Domain definition for structured meshing [40].

2.2 Analytical Coupled Oscillator

Figure 2: Transonic airfoil modelled as a coupled oscillator.

Consider the transonic airfoil modeled as a dynamical system of 2nd order shown in figure 2. A
forced, coupled harmonic oscillator model can be defined as:

ẍ(t) + ω2
sx = f(y(t), ωf , t)

ÿ(t) + ω2
fy = g(x(t), ωs, t) (1)

where x, y are time-dependent states of the individual subsystems. ωs, ωf are the natural fre-
quencies of the subsystems respectively. f, g in principle can take up any nonlinear form. But in
general they are assumed to be functions of either {x, y}, {ẋ, ẏ}, {ẍ, ÿ}. Thereby making them
displacement-coupling, velocity-coupling or acceleration-coupling respectively. In this work, a
displacement-coupled model is used.

This analytical model is used in section 3.3 for verifying the high-fidelity simulations. Newmark-
beta method [41] is used to integrate the given 2-system coupled equation iteratively in a stag-
gered manner. For the sake of brevity and completeness, the staggered direct time integration
scheme applied to the equation above is illustrated in figure 3.
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Figure 3: Staggered predictor-corrector time integration scheme.

3 RESULTS AND DISCUSSIONS

In order to study the influence of the structural motion on transonic buffet dynamics, the fol-
lowing 2D unsteady flow analysis was carried out. NACA0012 was chosen as the airfoil sec-
tion. An unsteady RANS simulation with Spalart Allaramas (SA) turbulence closure model
was used. The airfoil was subjected to 2 test cases: (a) Unsteady flow around the static air-
foil at M = 0.80, α = 4.0◦ and (b) Forced oscillations of the airfoil at 2 amplitudes, i.e.
∆α = ±1◦,±2◦ and 4 pitching frequencies, i.e. f = {12, 16, 20, 24} in Hz. The pitching
motion was prescribed around the C.G. of the airfoil at half chord. In order to maintain spec-
tral resolution to the required accuracy, the unsteady simulations were carried out for a total of
t = 5s,∆t = 0.001s.

3.1 Amplitude effects of prescribed pitching frequencies

The first objective was to obtain a baseline unsteady flow regime that exhibits the self-sustained
shock oscillations over the static NACA0012 airfoil. From a preliminary analysis, M = 0.80, α =
4.0◦ was used to obtain this baseline unsteady flow field. In the results that follow, all temporal
simulations are plotted for a 2-second time window after the initial transient responses have
damped out.

Figure 4 illustrates the effect of low-amplitude structural oscillations, i.e ∆α = ±1◦, on the
unsteady lift coefficient. The subplots depict the effect of increasing the prescribed pitching
oscillation frequency ωs, towards the buffet frequency ωf , sequentially. For a direct compari-
son, the purely unsteady shock motion around a static airfoil is plotted in red. Two significant
effects can be observed here. Firstly, the aerodynamic buffet is directly influenced by the airfoil
motion irrespective of the amplitude of the perturbation. Around a static airfoil, the unsteady
lift fluctuation is a direct function of the characteristic buffet frequency. Next, as the airfoil is
set into motion, the fluctuations in the lift coefficient is significantly impacted. The prescribed
structural oscillations begin at half the buffet frequency. For this case shown in blue, the un-
steady lift is seen to exhibit two distinct response cycles. One cycle having a higher response
amplitude compared to the other. Thus indicating the existence of individual sub-system con-
tributions. As the prescribed oscillation frequencies are further increased, the lift responses are
seen to coalesce leading to the emergence of amplitude modulations with specific frequencies.
This is similar to the phenomenon of beats in coupled oscillators. This crucial observation will
be further investigated in section 3.3.
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Figure 5 depicts the temporal variation of the pressure coefficient on the suction side of the
airfoil. In order to provide a clear contrast in the effects observed, two prescribed oscillation
test cases are compared to the transonic buffet around a static airfoil.

Figure 4: Temporal variation of lift coefficient for low amplitude pitching oscillations ∆α = ±1◦.
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Figure 5: Temporal variation of suction-side pressure coefficient for ∆α = ±1◦: (Left) ωs = 0 Hz. (Middle)
ωs = 20 Hz. (Right) ωs = 24 Hz.

Firstly, in case of prescribed oscillations, the extent of supersonic region seems to be directly in-
fluenced by the local angle of attack. This is expected as there exists a minimum threshold angle
of attack, approximately α = 3.5◦, below which the shock disappears. In addition, by compar-
ing the respective test cases in figures 4 and 5, a direct correlation can be made between the
shock location and the coefficient of lift at any instance of time. Furthermore, as the prescribed
pitching oscillation frequencies (ωs) gets closer to the buffet frequency (ωf ), the aforementioned
amplitude modulations are also observed in the temporal variation of the shock location as seen
in figure 5. This confirms the influence of amplitude and frequency of the shock motion that
could lead to the premature occurrence of aeroelastic instability in the transonic regime.

Next, figures 6 and 7 illustrate the effect of increasing the amplitude of the prescribed motion
to ∆α = ±2◦. On a direct comparison to figure 4, the extent of amplitude modulation in 6
is smaller. In addition, the flow field is seen to have attained a constant phase lag irrespective
of the frequency of oscillations. The amplitude modulation seen for the 16 Hz test case here
is indicative of the existence of lock-in phenomenon observed in nonlinear coupled systems as
described by Arnold Tongues [42]. Finally, close to the buffet frequency, the variation in lift
coefficient is of constant amplitude, phase and frequency as seen for 24 Hz case in green. Thus,
totally controlled by the structural motion. This is referred to as the suppression of natural
dynamics of the flow, a phenomenon observed in the synchonization of coupled systems.
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Figure 6: Temporal variation of lift coefficient for low amplitude pitching oscillations ∆α = ±2◦.

Similar to figure 5, figure 7 shows the pressure coefficient variation on the suction side of the
airfoil for the high-amplitude test case. A constant amplitude shock motion is observed. This
confirms that the flow field is now completely influenced by the structural motion. Summarising
the amplitude variation analysis, there seems to be a threshold amplitude upto which the shock
motion has an influence on the lift coefficient. Beyond this threshold, the shock dynamics is
governed purely by the structural motion. This observation has a direct consequence to the
assumptions in Theodorsen’s stability mechanism [43]. In the presence of an aerodynamic
instability such as the transonic shock oscillation, a static airfoil can be forced into motion due
to resonance, which can eventually lead to flutter as the threshold amplitude is crossed.
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Figure 7: Temporal variation of suction-side pressure coefficient for ∆α = ±2◦: (Left) ωs = 0 Hz. (Middle)
ωs = 20 Hz. (Right) ωs = 24 Hz.

3.2 Frequency effects of prescribed pitching oscillations

Figure 8 shows the frequency spectrum of the lift coefficient fluctuations and hence, the pres-
sure fluctuations in the flow field due to shock motion. Comparing the low amplitude responses
with the high amplitude ones in figure 8, it is immediately noted that the spectral energy of the
oscillating system is concentrated around the natural frequency of the transonic flow below a
given threshold of amplitude. Figure 8 (left) clearly shows that all test cases have a dominant
peak at the buffet frequency in addition to the peaks at their respective frequencies of oscilla-
tions. Also, the emergence of new peaks in the low frequency region again indicates the energy
exchange leading to beats. Interestingly, as shown in figure 8 (right) these additional dominant
peaks seem to disappear beyond the threshold amplitude. Thus confirming the influence of the
structural motion on the buffet dynamics at high amplitudes.

Figure 8: Frequency spectrum of the transonic flow field for prescribed pitching oscillations. (Left) ∆α = ±1◦,
(Right) ∆α = ±2◦.

This brings us to our hypothesis on the mechanism involved in the transonic flutter: Considering
a static airfoil submerged in a steady flow field. As the flow velocity increases and crosses
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the critical Mach number, the flow bifurcates, giving rise to a stable periodic orbit and hence
becoming unsteady. At this moment, the static airfoil is subjected to periodic forces at specific
frequencies that could potentially cause amplified responses at its natural frequency. After
this, as shown above, the transonic buffet follows the structural motion, feeding energy into
the structure continuously. Thus forming a cascade of instabilities towards an early onset of
aeroelastic flutter in this region, termed as ”transonic dip”.

3.3 Analytical Coupled Oscillator Model

It was observed that the low amplitude test case in section 3.1 was crucial in the energy exchange
between the oscillating fluid and the stationary structure. In addition, the responses obtained
as the prescribed structural frequencies approached the buffet frequency indicated the existence
of a coupled oscillator behaviour. To verify this analogy, an analytical model was developed
that uses a staggered, iterative direct numerical time integration scheme as described in 2.2.
Figure 9 shows a direct comparison between the response of the analytical model and the high
fidelity numerical model for similar operating conditions. These responses are analytically
exact with a beating frequency ωbeat = |ω1 − ω2|, indicating the possibility of analysing the
inherently nonlinear system as a linear one for the low-amplitude case. It is imperative to note
that the values obtained from the analytical model are normalised and centered around zero.
This is due to the fact that the analytical equations used here describe an abstraction of two
mass-normalised oscillators. Hence, the system frequencies and the beating phenomenon are of
primary importance here.

Figure 9: Comparison of analytical and numerical response of the coupled system: (Top) Linear coupled oscillator
model with a ωbeat = 5.50 Hz. (Bottom) URANS (SA) model with prescribed oscillations having
ωbeat = 5.50 Hz.

4 CONCLUSIONS

This work examines the nature of the transonic instability from the perspective of linear cou-
pled oscillators. To this end, a high-fidelity fluid-structure model of NACA0012 was anal-
ysed for two main testcases: (a) Transonic aerodynamic buffet over a static airfoil and (b)
Prescribed torsional motion of the airfoil subjected to transonic buffet. For the former, the op-
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erating conditions used was M = 0.80, α = 4.0◦. For the latter, two studies were conducted.
Firstly, two sinusoidal amplitudes were analysed for the amplitude effects, i.e. ∆α = ±1◦ and
∆α = ±2◦. Next, the prescribed pitching motions consisted of sinusoidal frequencies ranging
between ωs = 10 Hz and ωs = 26 Hz with ωf = 25.5 Hz. Here, two major conclusions are
drawn:

• The effect of increasing structural amplitudes leads to a suppression of natural dynamics
of the flow. There exists a threshold of amplitude below which the oscillatory transonic
flow influences the excitation of the structure via a coupled oscillatory motion. The phase
of the flow field alternatively leads and lags that of the structure. Above this threshold,
the flow field and hence the shock motion seems to consistently lag behind the structural
motion and is only influenced by the structure.

• Within this crucial region below the aforementioned amplitude threshold, the response
of the system can be physically explained by a linear coupled oscillator model with ana-
lytically derived exact values for beating frequencies. This indicates that the aeroelastic
system can become unstable as soon as the flow becomes unsteady and oscillatory. The
aeroelastic damping matrix need not be zero for the system to become unstable. The
structure behaves as a forced oscillator in this region. Above this amplitude, aeroelastic
model with a lagging aerodynamics becomes valid once again.

The results obtained in this work are crucial indicators for future work and pose several open
questions. First, in order to completely prove the coupled oscillator analogy, the prescribed os-
cillation experiment must be extended to a fully coupled aero-structural simulations. Thus far,
the results shown here are valid for a forced oscillatory system. Next, the amplitude effects, syn-
chronisation effects and the suppression of natural dynamics are all topics of nonlinear systems
and the current linear models will be extended to nonlinear differential equations for further ana-
lytical analysis of limit cycles. Finally, it is expected that such closed form analytical equations
will be valid only for 2D simulations and extension of frameworks to 3D wings will require
reliance on high-fidelity data for accurate models.
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