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Abstract

The Generic Hypersonic Aerodynamics Model Example (GHAME) provides a practical benchmark
for evaluating advanced control strategies for hypersonic vehicles. Its nonlinear dynamics and strong
aero-propulsive coupling make it suitable for assessing nonlinear control methods. Although GHAME is
the only publicly available hypersonic model derived from real flight data, Nonlinear Dynamic Inversion
(NDI) has not previously been applied to it. This study develops a hierarchical control architecture
based on time scale separation, combining NDI for attitude and position control with Incremental
Nonlinear Dynamic Inversion (INDI) for angular-rate and velocity control. The implementation is
carried out in MATLAB and Simulink, and the controller is tested under model uncertainty, atmospheric
disturbances, and additionally tested under synchronized and desynchronized measurement time delays.
The controller achieves accurate tracking when no delay is present. Under desynchronized delays,
performance degrades rapidly and similarly in both axes. Under synchronized delays, degradation is
more gradual: the lateral dynamics lose stability at roughly half of the allowable delay margin, whereas
the longitudinal dynamics remain stable until the full margin is reached. This behavior reflects the
very short natural time constants of the lateral subsystem in slender hypersonic configurations, which
reduce the effectiveness of the assumed time scale separation. Overall, the study provides the first
NDI application to the GHAME model and demonstrates that an NDI-INDI architecture can remain
effective under uncertainty, disturbances, and realistic time delays when synchronization is maintained,
although its application must be approached with caution due to the heightened sensitivity of the lateral
dynamics. The findings naturally pave the way for future investigations, including flight envelope
protection strategies, and integration with guidance and trajectory optimization methods for hypersonic
missions.

Keywords: Nonlinear Dynamic Inversion, Incremental Nonlinear Dynamic Inversion,

Hypersonic vehicle control, GHAME, Flight Dynamics, Robustness, Model uncertainty, MATLAB,
Simulink.
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Introduction

Hypersonic vehicles are at the forefront of future aerospace developments, both for space transportation
concepts, such as Moon-to-Earth and orbit-to-Earth return, and for high-speed civil aviation envisioned
as a successor to the Concorde [Hermeus, 2024]. While earlier hypersonic systems, including Single-
Stage-To-Orbit (SSTO) concepts, re-entry capsules, and waveriders, have been studied extensively,
modern air-breathing hypersonic vehicles introduce significantly greater complexity and must operate
under more stringent requirements. These requirements extend beyond performance, with increasing
emphasis on passenger comfort and safety.

Traditionally, flight control laws have been developed as linear controllers, with gain scheduling
used to achieve the desired closed-loop behavior across the flight envelope. The gains are designed
based on linearized models of the aircraft and its subsystems, including aerodynamics, actuators,
sensors, and propulsion, at a range of operating conditions. For hypersonic vehicles, this approach
becomes significantly more complex. Their dynamics differ fundamentally from those of conventional
aircraft due to operation at extreme Mach numbers, where strong shock interactions, kinetic heating,
and propulsion—airframe coupling introduce pronounced nonlinear and time-varying effects [McRuer,
1991]. In addition, these vehicles are subject to large uncertainties in aerodynamic coefficients, notable
aeroelastic effects arising from slender flexible structures, and external disturbances such as gusts and
turbulence [McRuer, 1991]. As a result, obtaining accurate models over the full flight envelope is
challenging, and available aerodynamic data are often limited to specific operating points. Although
linear control methods remain powerful, and modern approaches such as LPV can provide automated
scheduling, they still rely on a collection of local models.

This motivates the exploration of nonlinear control strategies, which may offer the possibility of a
single control law valid over a wide operating range and potentially reduce the need for complex gain
scheduling. A widely studied nonlinear control strategy is Nonlinear Dynamic Inversion (NDI). Its
objective is to transform the closed-loop input—output dynamics associated with the selected controlled
variables into a chain of ideal integrators [Khalil, 2002]. This inversion is performed online through a
combination of feedback and an On-Board Model (OBM) representation of the physical plant. This
structure introduces a degree of modularity and transparency that is beneficial during control law
development, as it largely decouples the airframe dynamics from the design of the flight qualities [Pollack,
2024]. Consequently, NDI-based design has become a widely used technique in aerospace applications
and has demonstrated successful performance in numerous cases (e.g., [Harris and Stanford, 2018]).

However, this structure also introduces a key limitation in the hypersonic context. The effectiveness
of NDI depends on the accuracy of the OBM used for inversion. In regimes with high modeling
uncertainty and limited aerodynamic data, this requirement is difficult to satisfy.
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This creates a mismatch between the need for nonlinear control and the availability of accurate
models, which motivated the research for alternative approaches that reduce model dependence.

Incremental Nonlinear Dynamic Inversion (INDI) has emerged as one such approach [Sieberling
et al., 2010]. In this formulation, a significant portion of the model is replaced by direct sensor
feedback, reducing the reliance on high-fidelity aerodynamic models. Model information on the control
effectiveness is still required for control allocation which may be complex to obtain but the overall
dependence on the system model is reduced and it is assumed to have complete and accurate knowledge
about the state of the system. Essentially, the burden has been changed from modeling to the availability
of accurate sensors.

Furthermore, INDI can achieve improved low-frequency disturbance rejection compared to NDI
at sufficiently high sampling rates, which is a notable advantage for hypersonic vehicles. However,
this benefit comes at the cost of very limited delay margins in the sensor feedback path, making INDI
significantly more sensitive to singular perturbations arising from unmodeled higher-order dynamics,
such as actuator dynamics, sensor delays, and filtering effects. In particular, the improved low-frequency
disturbance rejection is accompanied by increased sensitivity to high-frequency disturbances [Pollack
and van Kampen, 2023]. As a result, low-pass filtering is typically required in practice, which introduces
additional phase lag and further reduces the available delay margin [Sieberling et al., 2010].

Despite these limitations, the advantages of INDI make it a compelling candidate for hypersonic
applications. Its reduced reliance on detailed modeling and its strong low-frequency disturbance rejection
address two of the primary challenges in this regime. This motivates a systematic evaluation of INDI
for air-breathing hypersonic vehicles, with particular attention to the interplay between sampling rate,
actuator dynamics, and sensor-induced delays. Understanding whether the method can operate within
practical limits, and to what extent its known weaknesses can be mitigated, is essential to assess its
suitability for this class of vehicles.

An important reference for investigating such control strategies in a realistic setting is the Generic
Hypersonic Aerodynamic Model Example (GHAME) vehicle, developed by the National Aeronautics
and Space Administration (NASA) as a high-fidelity aerodynamic and propulsion dataset representative
of air-breathing hypersonic flight up to Mach 24 [Zipfel, 2025]. The GHAME model has become a
benchmark in hypersonic research, yet applications of nonlinear control methods to it remain limited
compared to simpler analytical models. More recently, Goz [2024] implemented a six-degree-of-freedom
flat-Earth, constant mass simulation of the GHAME vehicle, demonstrating how the dataset can be
integrated into flight dynamics simulations and providing a basis for further control-oriented studies.

This thesis has two primary aims of equal importance. The first is to improve and extend the existing
GHAME simulation framework introduced by Goz [2024]. The updated model features a rotating
elliptical Earth, variable gravity, wind and turbulence models, a new atmospheric model valid up to an
altitude of 1000 km, realistic fuel depletion, a variable center of gravity with corresponding changes in
the moment of inertia, and second-order actuator dynamics. Together, these additions create a more
complete and reliable simulation environment for investigating hypersonic flight dynamics. Verifying
the model is a major part of the work, and the result is a simulation platform that can support future
students and researchers working on hypersonic vehicle control.

The second aim is to design and evaluate an INDI control system using the improved GHAME
model. The focus is on achieving robust stability and control performance in the presence of significant
uncertainties and external disturbances. Particular attention is given to time delays, which constitute the
fundamental limitation of INDI and therefore determine the achievable robustness margins. Through
both analytical design and simulation-based testing, the thesis examines how INDI responds to these
delays and assesses its strengths and limitations in this context. The two aims complement each other:
the improved model provides the foundation for realistic control development, while the controller offers
a meaningful demonstration of the model’s capabilities.
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This chapter provides a detailed review of hypersonic flight control literature, with a focus on the
nonlinear control methodologies of NDI and INDI. It begins by introducing hypersonic vehicles and
their operational characteristics in Sec. 2.1. A discussion of the key technical challenges associated
with controlling vehicles at hypersonic speeds is given in Sec. 2.2. Common flight-dynamics models
used in hypersonic research are then presented in Sec. 2.3. Subsequent sections examine the historical
development and current state-of-the-art applications of NDI and explores the emergence and recent
advancements of INDI in Sec. 2.4, and explain how (I)NDI has been applied to hypersonic flight control
Sec. 2.5. The literature study is summarized in Sec. 2.6 to identify the research gaps that motivate this
work. These gaps form the foundation of the research proposal, from which the overall objective and
corresponding research questions are formulated in Sec. 2.7.

2.1. Overview of Hypersonic Vehicles

Hypersonic vehicles are commonly classified by propulsion into three categories: rocket-propelled,
boost—glide, and air-breathing systems [Besser et al., 2017]. Rocket-propelled vehicles carry both fuel
and oxidizer, enabling very high speeds and altitudes. Examples include the X-15, which reached
Mach 6.70, as well as the Space Shuttle and various missile systems [Mellinger, 1960]. Boost—glide
vehicles use a solid rocket booster for ascent, then reenter the atmosphere and glide unpowered at
hypersonic speeds, as seen in systems such as the U.S. Advanced Hypersonic Weapon, Russia’s Yu—71,
and China’s DF-ZF [Besser et al., 2017]. While rocket-propelled and boost—glide systems are relatively
mature, air-breathing configurations remain less developed and are the main focus of current research.
Air-breathing hypersonic vehicles employ engines that ingest atmospheric air for combustion, eliminating
the need to carry onboard oxidizers. This approach reduces vehicle mass and offers the potential for
greater range and payload capacity compared to rocket propulsion. However, the associated challenges
of sustaining stable combustion, managing extreme thermal loads, and maintaining efficient operation at
hypersonic speeds have made air-breathing systems the least technologically mature class of hypersonic
vehicles [Bruno, 2023].
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(a) North American X-15 by NASA, licensed under PDM 1.0. (b) AQM-60 "Kingfisher" by USAF, licensed under PDM 1.0.

Figure 2.1: The left image shows North American Aviation’s X—15, while the right image shows the Lockheed
AQM-60 Kingfisher drone.

The development of air-breathing hypersonic vehicles dates back to the 1940s with the emergence of
the ramjet, which compresses incoming air through forward motion rather than rotating compressors.
Combustion occurs in a subsonic chamber, producing thrust through exhaust acceleration. Research
accelerated in the 1950s with the Mach 4.3 ramjet developed under the Lockheed X-7 program, later
used in the AQM-60 Kingfisher drone between 1951 and 1959 [Jenkins et al., 2003]. The Kingfisher
ramjet was subsequently adapted for the Lockheed D-21 reconnaissance drone, which completed four
high-speed surveillance missions over China. These developments demonstrated sustained air-breathing
propulsion at high supersonic speeds and laid the groundwork for later hypersonic research [Donald,
2002].

Figure 2.2: Lockheed SR-71 Blackbird by USAF / Judson Brohmer, licensed under CC BY-SA 4.0.

During the 1960s and 1970s, the limitations of ramjet propulsion became apparent. Ramjets cannot
operate from rest and require a minimum flight speed of about Mach 2, necessitating auxiliary propulsion
or external acceleration [Falempin, 2008]. This led to the development of the Pratt & Whitney J58,
a hybrid turbojet-ramjet engine used in the SR-71 Blackbird. The J58 operated as a turbojet with
afterburner at lower speeds and gradually transitioned toward ramjet-like behavior at higher Mach
numbers. The SR-71 remains the fastest manned air-breathing aircraft, reaching Mach 3.2 in 1976
[Donald, 2004].


https://de.wikipedia.org/wiki/North_American_X-15#/media/Datei:North_American_X-15.jpg
https://creativecommons.org/publicdomain/mark/1.0/deed.en
https://en.wikipedia.org/wiki/Lockheed_AQM-60_Kingfisher#/media/File:Aqm-60a.jpg
https://creativecommons.org/publicdomain/mark/1.0/deed.en
https://en.wikipedia.org/wiki/Lockheed_SR-71_Blackbird#/media/File:Lockheed_SR-71_Blackbird.jpg
https://creativecommons.org/licenses/by-sa/4.0/
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In the 1980s and 1990s attention shifted to another drawback of ramjet technology: its inability to
operate efficiently at higher Mach numbers. Because a ramjet decelerates incoming supersonic air to
subsonic speeds before combustion, excessive heating occurs at flight speeds above Mach 5 [Bruno,
2023]. This limitation motivated the development of the supersonic combustion ramjet, or scramjet, in
which combustion occurs with supersonic airflow through the engine. The scramjet alleviates the thermal
restrictions of the ramjet and enables sustained propulsion at far higher velocities. The Hypersonic
Research Engine project by NASA was instrumental during this period, demonstrating key principles
of hypersonic combustion in ground tests, while DARPA’s Copper Canyon Program simultaneously
addressed the integration of scramjets into vehicle designs and explored solutions for challenges such as
supersonic ignition stability and thermal management [Bruno, 2023]. These advancements established
scramjets as a viable successor to ramjets, unlocking the potential for sustained flight at speeds beyond
Mach 5. The performance advantage of scramjets over other air-breathing and rocket systems is illustrated
in Fig. 2.3, which compares the specific impulse of different propulsion concepts as a function of Mach
number. Hydrogen emerged as the preferred scramjet fuel, offering superior specific impulse, efficient
combustor cooling due to its cryogenic properties, and lower emissions relative to hydrocarbon fuels. Its
rapid dispersion in the event of leaks or crashes also provides safety benefits for crewed vehicles, and it
has been employed in experimental hypersonic programs such as NASA’s X-43A and X-43D [Moses
et al., 2004].

8000
% Hydrogen Fuel
+ Cryogenic storage
+ Larger volume
+ Easier ignition

6000/ §

Hydrocarbon Fuel
+ Easier to handle
+ Smaller volume
+ Harder to ignite

O HRE
0O X-43A

Mach Number

Figure 2.3: Specific impulse of different propulsion concepts as a function of Mach number, comparing turbojets,
ramjets, scramjets, and rockets for hydrogen and hydrocarbon fuels [Bruno, 2023].

The 2000s marked key breakthroughs in scramjet technology. The first successful in-flight
demonstration is generally attributed to the HyShot II program in 2002, which achieved a supersonic-
combustion window of a few seconds during a ballistic re-entry trajectory [Bruno, 2023]. NASA’s X-43A
followed in 2004, reaching Mach 9.6 with a scramjet burn of roughly ten seconds [NASA, 2022]. In 2013,
the X-51 Waverider demonstrated sustained scramjet operation at Mach 5.1 for 210 seconds until fuel
exhaustion, the longest air-breathing hypersonic flight to date and a demonstration that longer-duration
flight is feasible [Force, 2011].

In the 2010s, attention shifted to combined-cycle engines, which integrate a turbine with a dual-mode
scramjet to cover a wider flight envelope [Thomas et al., 2009]. While the concept builds on earlier
variable-cycle propulsion, such as the Pratt & Whitney J58, modern designs extend this idea into the
hypersonic regime. By enabling operation from takeoff to beyond Mach 5 without external acceleration,
these systems represent an important step toward practical hypersonic flight.
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(a) NASA X-43A "Hyper-X" by Navneet Yadav, licensed under CC (b) Boeing X-51A "Waverider" by Mark Jones Jr., licensed under
BY 2.0. CC BY 2.0.

Figure 2.4: Side-by—side comparison of hypersonic vehicles that were successfully flight tested. The left image
shows an artist’s impression of NASA’s X—43A, while the right image shows the X—51A Waverider mounted
beneath its B-52 carrier aircraft.

In the 2020s, significant progress has been made in the development of air—breathing hypersonic
vehicles for both military and civilian applications. On the defense side, Lockheed Martin’s SR-72 is
being designed as a reconnaissance and strike aircraft capable of Mach 6 flight using a combined—cycle
engine [Hollings, 2024]. In parallel, commercial ventures are advancing reusable demonstrators.
Hermeus is developing its Darkhorse hypersonic aircraft through the incremental Quarterhorse test
series, which is progressively building toward sustained Mach 5+ flight, while Stratolaunch has flown its
rocket—powered Talon—A vehicle at hypersonic speeds [Hermeus, 2024]. These initiatives illustrate the
growing dual-use potential of hypersonic technology. To the author’s knowledge, an overview of the
most prominent publicly known vehicle concepts currently under development is provided in Table 2.1,
based on open-source information.

Table 2.1: Overview of modern supersonic/hypersonic concept vehicles, based on open-source information.

Vehicle Origin First flight Max speed Payload
Lockheed SR-72 USA ~2030 Mach 6 No data
Venus Stargazer M4 USA ~2030 Mach 4 No data
Dawn Mk-1I Aurora NL/NZ In flight test Mach 3.7 Upto 15 kg
BrahMos-1I India/Russia 2028 Mach 6 300 kg
Hermeus Darkhorse USA 2030 Mach 5+ No data
Stratolaunch Talon-A2 USA 2025 Mach 5+ Up to 450 kg
Invictus ESA/UK 2031 Mach 5 No data
ASN4G France 2035 Mach 5+ 300 kg

HACM USA/Australia 2027 Mach 8 Warhead (missile)



https://www.flickr.com/photos/navneetyadav247/12008640094
https://www.flickr.com/photos/navneetyadav247/
https://creativecommons.org/licenses/by/2.0/deed.en
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https://www.flickr.com/photos/multiplyleadership/
https://creativecommons.org/licenses/by/2.0/deed.en
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(a) The Stratolaunch Talon-A2 by Eva Folsom, licensed under CC (b) Hermeus Darkhorse by Hermeus Corp. licensed under CC
BY-SA 4.0. BY-SA 2.0.

2.2. Control Challenges

At hypersonic speeds, typically above Mach 5, vehicles face severe thermal, aerodynamic, and propulsion
challenges that drive the need for specialized designs. Kinetic heating from air compression at the leading
edges can produce stagnation temperatures above 1,800 K, which places strict limits on materials and
internal systems. At the same time, aerodynamic loads become extreme, with surface pressures reaching
several tons per square meter at 20 km altitude, leading to significant structural demands [Besser et al.,
2017]. These combined effects require careful structural design to maintain integrity and performance.
To cope with these conditions, hypersonic vehicles use highly streamlined shapes. A slender fuselage
reduces frontal area, lowering drag and spreading thermal loads more evenly. It also helps manage shock
interactions and stabilize the flow [Besser et al., 2017]. Large wings become impractical due to the
associated thermal and structural penalties, so designs typically rely on lifting-body or compression-lift
concepts, where the fuselage generates most of the lift. This reduces wing size, structural mass, drag,
and surface heating while maintaining aerodynamic efficiency.

The high slenderness ratio and lightweight construction result in closely spaced elastic and rigid-body
mode frequencies, with a separation of less than one decade [Gilbert et al., 1990]. These closely spaced
modes produce significant aeroelastic interactions with the rigid-body response [Schmidt and Velapoldi,
1999]. This effect is increased by the nonuniform aerodynamic heating that reduces structural stiffness
and introduces variability in vibration frequencies and mode shapes [Schmidt and Velapoldi, 1999].

Propulsion is tightly integrated into the airframe in hypersonic vehicle design. Ramjets and scramjets
rely on the vehicle’s forward motion to compress incoming air for combustion. To enhance this effect,
the engines are placed along the underside, where the bow shock generated by the forebody provides
additional precompression of the inflow, increasing inlet pressure and thrust. This configuration aligns
the propulsion system with the aerodynamic shape, helping preserve shock structures and avoid adverse
interactions. The aftbody is shaped to promote expansion of the exhaust flow, effectively acting as
an extension of the nozzle. As a result, the lower surface of the vehicle contributes directly to thrust
generation and becomes an integral part of the propulsion system [McRuer, 1991].

The integrated aerodynamic—propulsion design of hypersonic vehicles makes control particularly
challenging, as aerodynamic, propulsion, and structural dynamics are strongly coupled and highly
configuration dependent. The high slenderness ratio required for aerodynamic efficiency leads to highly
nonlinear aerodynamics and varying stability characteristics [Schmidt and Velapoldi, 1999]. Studies
on the X-30 showed that static stability margins decrease with increasing Mach number, along with
significant changes in directional stability and dihedral effect [Penland et al., 1978]. Maintaining
acceptable stability at hypersonic speeds requires larger margins at lower speeds, which increases control
deflections and reduces maneuverability [Schmidt and Velapoldi, 1999].


https://commons.wikimedia.org/w/index.php?curid=155217414
https://creativecommons.org/licenses/by-sa/4.0/
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Figure 2.6: Rockwell X-30 "National AeroSpace Plane" by Jim Phillips, licensed under CC BY-SA 4.0.

At high angles of attack, the center of pressure shifts aft, reducing rudder effectiveness and
complicating pitch trim, while directional stability may be lost in the yaw and roll planes [Schmidt and
Velapoldi, 1999]. To manage pitch forces, the center of mass must lie between the extreme positions of
the center of pressure, resulting in positive stability during descent and negative stability during ascent.
Non-conventional control surfaces on the windward side are sometimes used to improve directional
stability under these conditions [Schmidt and Velapoldi, 1999].

Moreover, the integration of scramjets into the forebody and underside of the vehicle creates
bidirectional coupling between propulsion and aerodynamic forces [McRuer, 1991]. Increased forebody
pressure during airflow compression generates lift and induces a nose-up pitching moment, while the
external nozzle produces a counteracting nose-down moment [McRuer, 1991]. The propulsion system
is therefore not only a source of thrust, but also contributes to lift and moments, directly affecting the
thrust—drag and lift-moment balance. As a result, it becomes a major contributor to control authority
alongside the aerodynamic effectors and has a strong influence on airframe stability [McRuer, 1991].
Additionally, the efficiency of scramjets depends on the capture of incoming mass flow, which is governed
by the bow shock. The position and strength of the bow shock are highly sensitive to altitude, flight
speed, and angle of attack [Schmidt et al., 1991].

A critical propulsion-related challenge with direct control implications is inlet unstart, a phenomenon
in which the shock system within the scramjet isolator propagates upstream and exits the inlet. This
event disrupts the internal flow to the combustor, drastically reducing total pressure recovery and leading
to an immediate loss of thrust [Hall and Poggie, 2019]. At hypersonic speeds, scramjets operate with
small net thrust margins, with gross thrust exceeding net thrust by an order of magnitude due to the
substantial aerodynamic drag. As a result, even a modest reduction in thrust can rapidly destabilize
flight and result in loss of control [Johnson et al., 1987]. Preventing unstart therefore becomes a control
objective rather than solely a design constraint, and requires coordinated management of inlet geometry,
fuel flow, and vehicle attitude to maintain a stable shock system and continuous combustion. An example
of this phenomenon is illustrated in Fig. 2.7, where the unstarted flow condition (left) is compared to the
stable started condition (right).


https://www.flickr.com/photos/n303wr/5478175438/in/photolist-7ika7q-9m65GE
https://creativecommons.org/licenses/by-sa/4.0/
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Figure 2.7: Schlieren visualization of shock wave structures in a supersonic axisymmetric cone inlet. The left
image shows the unstarted flow condition, where the shock system is expelled upstream, while the right image
shows the started flow condition with stable shock containment inside the inlet. Image from NASA document ID:
C-1955-37520.

2.3. Public Hypersonic Flight Models

In 1989, NASA introduced the first publicly available mathematical model of a hypersonic aircraft,
known as the GHAME [Bowers et al., 1989]. Developed at NASA Ames Research Center during the early
phases of the National Aero-Space Plane (NASP) initiative, the GHAME model was intended to provide
universities and U.S. government agencies with an unclassified, high-fidelity aerodynamic and geometric
reference vehicle for research and simulation. Conceptually, it was based on the configuration proposed
for the X-30 of the NASP program, which remained a conceptual design and was never constructed.
As a result, the GHAME dataset combines flight-test data from the Space Shuttle and the X-24C with
theoretical predictions derived from a swept double-delta configuration and a six-degree half-angle
cone using the modified Newtonian impact-flow method. Covering flight conditions from Mach 0 to 25
and incorporating a turbo-ram-scramjet propulsion system, the GHAME model was released without
further analysis to serve as a generic, physically representative benchmark for hypersonic research.
Detailed aerodynamic and propulsion data are provided in White et al. [1992], while its implementation
in simulation frameworks is described in Zipfel [2025].

Figure 2.8: NASA’s GHAME model, as shown in White et al. [1992].
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The GHAME model was primarily employed at NASA’s Dryden Flight Research Center (renamed
to NASA Armstrong Flight Research Center in 2014) to evaluate the handling qualities of proposed
controllers, with test pilots conducting simulations in flight simulators [Araki, 1992, Sachs, 1998, Sachs
and Moravszki, 2006, Stich and Sachs, 1998, Vu and Biezad, 1993a,b]. Outside of NASA, research
involving the GHAME model has been relatively sparse. Notable exceptions include the work of O. J.
Murillo et al. in 2010, who used the model to test fast ascent trajectory optimization strategies [Murillo
and Lu, 2010], and more recent contributions by Goz [2024], who developed a robust control framework
for the GHAME model using modern H,, techniques.
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Figure 2.9: NASA’s winged cone model, as shown in Shaughnessy et al. [1990]

In 1990, NASA introduced a second hypersonic aircraft model known as the Hypersonic Vehicle
Simulation Model: Winged-Configuration. This model was also developed as part of the NASP program
and can be considered a counterpart to the GHAME model, with its development taking place at the
Langley Research Center. While the two models share many similarities, a key distinction lies in the
inclusion of a canard in the winged-cone model. Additionally, unlike GHAME, which relied on mission
data from various vehicles to estimate acrodynamic and force coefficients, the winged-cone model used
subsonic/supersonic panel methods and hypersonic local surface inclination codes to obtain aerodynamic
data [Shaughnessy et al., 1990]. The winged cone model garnered significantly more attention in research
with far over 300 citations for the informal reason that the NASP program was significantly better funded
and attracted more interest.

As part of the NASP program, further research focused on understanding the airframe—engine
interactions from an integrated control perspective to develop improved hypersonic vehicle models
McRuer [1991], Schmidt [1992], Schmidt et al. [1991]. All of this effort culminated in Chavez and
Schmidt [1994] developing the first comprehensive analytical model of the longitudinal dynamics of
a hypersonic vehicle, which incorporated both aeropropulsive and aeroelastic effects. In this model,
Newtonian impact theory was employed to derive pressure distributions as functions of Mach number,
freestream pressure, angle of attack, and geometry. These distributions were then used to compute the
total aerodynamic forces, which were subsequently linearized to obtain analytical stability and control
derivatives. The representative vehicle geometry used in this formulation is shown in Fig. 2.10.
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Figure 2.10: Hypersonic vehicle geometry used by Chavez and Schmidt [1994]. This early NASP—era model used
Newtonian impact theory to approximate aerodynamic loads, offering a simple yet practical baseline for studying
aeropropulsive coupling and longitudinal dynamics.

In 2005, Bolender and Doman [2005] extended the work by Chavez and Schmidt with several key
modifications. First, oblique—shock and Prandtl-Meyer theory replaced Newtonian impact theory for
calculating surface pressure, yielding more accurate aerodynamics. Second, their model introduced a
translating cowl door to maintain a shock—on-lip condition during off—design flight, enhancing propulsion
modeling fidelity. Third, and most significantly, Bolender employed a distributed double—cantilever beam
model for structural dynamics in place of the lumped-mass model used by Chavez. This allowed the
model to capture an unstable aeroelastic mode near 202 rad/s, which was absent in the earlier formulation.
Although both models produce similar short—period dynamics, differences in the phugoid and altitude
modes emerge due to variations in aerodynamic modeling, and the added aeroelastic mode in Bolender’s
work reflects the higher structural fidelity made possible by modeling a structure not constrained at any
interior point. The vehicle geometry used for this study is shown in Fig. 2.11.

In subsequent studies, this configuration is often augmented with a canard in addition to the elevator.
The canard was introduced to address controllability limitations and to mitigate non-minimum phase
behavior that can arise when only the elevator is used as the primary longitudinal control effector.
However, the concept of canards on hypersonic aircraft has largely fallen out of favor, as their forward
placement exposes them to extreme thermal loads from aerodynamic heating, making their practical
implementation highly questionable.

Mo, —a " Oblique Shock =
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Figure 2.11: Hypersonic vehicle geometry used by Bolender and Doman [2005]. Compared to the earlier
Chavez—Schmidt model, Bolender’s configuration included a translating cowl door and refined structural
representation, enabling improved aerodynamic and aeroelastic fidelity.



12 2. Literature Review & Research Proposal

2.4. (DNDI in General Flight Control

Nonlinear Dynamic Inversion (NDI) is the term commonly used in the aerospace community for feedback
linearization [Enns et al., 1994]. More specifically, NDI is a form of feedback linearization that renders
the input—output dynamics of the selected controlled variables linear through an inversion step applied to
the corresponding input—output mapping of the system. It is applied to control-affine systems, where the
outputs are differentiated until the inputs appear explicitly. If the system has a well-defined and constant
relative degree, and if the associated decoupling matrix is nonsingular in the region of operation, state
feedback can be used to transform the input—output dynamics into a chain of integrators [Khalil, 2002].
Once the input—output dynamics have been reduced to a set of integrator chains, a virtual control input
is introduced to assign the desired closed-loop behavior, typically using linear control design. This
formulation provides a relatively simple conceptual framework and introduces a level of modularity and
transparency in the control law. NDI separates the flight qualities design from the airframe-dependent
dynamics.

In practice, however, the inversion is computed online using an on-board model (OBM) representation
of the airframe dynamics. Therefore, the performance of NDI depends critically on the availability of an
accurate OBM representation of both the drift dynamics and the control effectiveness. Modeling errors
or unmodeled dynamics lead to imperfect inversion, causing the actual closed-loop system to deviate
from the ideal linear design. Consequently, this approach does not provide robustness guarantees with
respect to modeling uncertainties or disturbances, and is therefore often combined with robust control
techniques to achieve improved robustness [Balas et al., 1992].

Figure 2.12: NASA Buffalo Augmentor Wing Jet STOL Research Aircraft by NASA, licensed under Public
Domain Mark 1.0.

The origins of NDI are often traced back to Meyer and Cicolani [1975], who, in their work on
augmentor wing jet Short Take-Off and Landing (STOL) aircraft, claimed that the prevailing divide-and-
conquer design strategy suffers from tractability issues as nonlinear effects become more pronounced.
They also noted that it was not evident how reference trajectories should be selected for the transition
and landing phases. To address these issues, they proposed a unified flight control methodology based
on physical insights from flight dynamics, intended to provide a more general control structure for highly
nonlinear flight regimes. They propose a flight control methodology featuring a trim map. The trim
map calculates control settings for commanded forces and if the trim map accurately represents the
vehicle’s characteristics, the calculated control settings will generate trajectories that closely match the
commanded ones. When the trim map is used in the control loop, the trim map and the aircraft together
behave almost like an identity system, leading to nearly linear operational characteristics.


https://www.flickr.com/photos/nasacommons/4857947827
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https://creativecommons.org/publicdomain/mark/1.0/deed.en

2.4. (DNDI in General Flight Control 13

NDI was first demonstrated in flight in 1980 on both a STOL aircraft and a DHC-6 Twin Otter,
confirming its practical viability for real-time control of nonlinear systems [Jr. and Meyer, 1980,
Meyer and Cicolani, 1980]. The following year, Hunt and Su [1981] provided the necessary and
sufficient conditions under which a class of time-varying nonlinear systems could be transformed into
time-invariant, controllable linear systems through state feedback. In 1982, Su extended this framework
to general multi-input systems, building on foundational work by Krener [1973], Brockett [1978], and
Jakubczyk and Respondek [1980] on nonlinear system transformations. Around the same time, Meyer
et al. [1984] applied these concepts to helicopter flight control, demonstrating their applicability beyond
fixed-wing aircraft. These early theoretical and practical developments laid the foundation for more
advanced formulations of NDI suited to the control of underactuated and multivariable systems.

In the late 1980s and early 1990s, researchers at the Honeywell Technology Center in Minneapolis
made several key contributions to this effort. Dynamic inversion requires that the system have at least
as many control inputs as states. This condition is often not satisfied in conventional aircraft, where
the typical four control inputs (thrust, aileron, rudder, and elevator) are insufficient to control all six
degrees of freedom. To address this, Elgersma [1988] developed the concept of partial dynamic inversion.
This method focuses on directly controlling a subset of the system states, while the remaining states,
known as zero dynamics or complementary dynamics, must be analyzed to ensure stability [Isidori,
1985]. Building on this, the same group at Honeywell including Elgersma [1988], Bugajski et al. [1990],
Bugajski and Enns [1992], and Snell et al. [1992] introduced a time-scale separation framework for
NDI [Chow and Kokotovic, 1978]. Their approach partitioned the system dynamics into fast and slow
subsystems: the fast states, comprising the angular rates p, g, and r, were controlled using aerodynamic
surfaces, while the slow states, such as the angle of attack «, sideslip angle 3, and bank angle u, were
managed via an approximate inversion using the commanded angular rates as intermediate inputs. This
decomposition relies on the assumption that the open-loop time scales of the fast and slow dynamics
differ significantly, allowing for a hierarchical control architecture.

Figure 2.13: NASA X-38 by NASA, licensed under Public Domain Mark 1.0.

By the early 1990s, these developments positioned the Honeywell Technology Center as a central
contributor to the maturation of NDI. In 1996, a joint effort involving Honeywell, Lockheed Martin
Tactical Aircraft Systems, and Lockheed Martin Skunk Works produced a comprehensive set of design
guidelines for multivariable flight control systems, including NDI-based architectures [Reiner et al.,
1996]. In the early 2000s, Honeywell developed the MACH (Multi-Application Control for Hypersonics)
design environment, a proprietary tool for systematically implementing NDI controllers in aerospace
applications [Balas, 2003], which was applied to design the flight control system of the X-38. The


https://en.wikipedia.org/wiki/NASA_X-38#/media/File:X-38_Ship_-2_Release_from_B-52_-_GPN-2000-000196.jpg
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objective was to shorten the design cycle time for varying vehicle shapes, flight envelopes, and evolving
aerodynamic databases [Wacker et al., 2001]. This methodology was later integrated into the STOVL
variant of the X-35 demonstrator as part of the Joint Strike Fighter program, and eventually adopted in
the production configuration of the Lockheed Martin F-35 Lightning II [Harris and Stanford, 2018].
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Figure 2.14: Lockheed Martin F-35 "Lightning II" by Robert Sullivan, licensed under Public Domain Mark 1.0.

NDI might be a mature control technology now but it is far from perfect. Already in the 1990s, Enns
et al. [1994] identified robustness as a critical challenge, particularly when the nominal aircraft model is
replaced with a perturbed model or when variations in aerodynamic coefficients occur. Consequently,
improving the robustness of NDI became a central focus in subsequent research. In 1992, Balas et al.
[1992] introduced robust dynamic inversion control laws that combined p-synthesis with dynamic
inversion. In 1996, they extended this approach by incorporating time-scale separation for angle-of-attack
control [Reiner et al., 1996]. Meanwhile, Snell [1992] pursued a different approach. He demonstrated
that performance under aerodynamic coefficient perturbations could be improved by integrating terms
within the control loops to eliminate steady-state errors. Initially, he applied this method to an exact
aircraft model and later, in collaboration with Stout, extended it to a perturbed model [Snell and Stout,
1994]. Smit and Craig [1998] combined dynamic inversion with He, loop-shaping, and Hyde and
Papageorgiou [2001] analyzed the stability of NDI-based controllers using Linear Parameter-Varying
methods, addressing stability concerns critical for robust operation. A good summary of robust methods
was presented by Kolesnikov [2005].

As these studies highlighted the inherent model dependence of NDI and its sensitivity to uncertainties,
efforts were made to reduce its reliance on high-fidelity models. This led to the development of
Incremental Nonlinear Dynamic Inversion (INDI) Sieberling et al. [2010]. This approach reduces
the required OBM representation by using direct sensor feedback of the control variable derivatives.
Consequently, the reliance on model information is reduced, although not entirely eliminated. The
remaining model dependence is the control effectiveness required for control allocation. The relative
ease of implementation and the ability to maintain consistent flying qualities in the presence of linear
and nonlinear variations in the airframe aerodynamics have contributed to the widespread interest INDI.
However, compared to NDI, studies have shown that INDI exhibits a relatively limited stability robustness
margin when subjected to unmodeled dynamics affecting the sensor feedback path [Pollack and van
Kampen, 2023].
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Figure 2.15: VAAC Harrier by Tony Hisgett, licensed under CC BY 2.0.

The INDI concept was likely first introduced in 1998, when a “simplified NDI” control approach
for input—affine system dynamics was proposed and applied to the rate control of a simulation model
of the McDonnell Douglas F/A-18 [Smith, 1998]. The resulting inversion law eliminated the need for
state derivatives by expressing the dynamics in terms of measured signals, which structurally matches
what later became known as INDI control laws. This approach was subsequently validated for a rate
demand loop on the VAAC Harrier in flight tests with successful results [Smith and Berry, 2000]. In this
work, the controllers were found to independent of aerodynamic coeflicient and exhibit robustness under
parametric variations of the inertias and control power coefficients. At the same time, it was observed
that conditioning noisy feedback signals using filters could have an adverse effect on the closed-loop
response. Rotational acceleration sensors were available, but the measurements were affected by noise
generated by the aircraft structure and engines, which required filtering. Phase differences introduced
by this filtering were found to result in oscillations in pitch rate following a step or disturbance, with
amplitude, damping, and frequency depending on the magnitude of the phase shift. They highlight the
sensitivity of the inversion loop to phase differences introduced in the signal path.

Building on this work, Bacon and Ostroff [2000] presented a more general formulation of the
incremental inversion law, referred to as “modified NDI.” Using a Taylor series approximation, the
derivation was extended to a broader class of systems, including those with input non-affine control inputs.
This formulation has since become the most commonly used approach for deriving INDI control laws.
In their initial implementation, Bacon and Ostroff [2000] proposed a setup with multiple accelerometers
to measure angular acceleration directly. However, this approach introduced practical challenges due
to its complexity and the sensitivity of accelerometers to structural vibrations. To address this, Bacon
et al. [2001] proposed estimating angular acceleration from gyroscope measurements. To mitigate
the noise in these measurements, a second-order low-pass filter combined with discrete differentiation
was introduced. This approach enables accurate estimation of the derivative at low frequencies while
attenuating high-frequency sensor noise. However, the second-order filter differentiator introduces lag,
resulting in a delayed estimate of the output derivative, which led to what they described as jitter in the
control variable responses, similar to the oscillations previously reported by Smith and Berry [2000].
To mitigate this effect, Ostroff and Bacon [2002] proposed the use of a compensator placed around
each actuator. It was found that a simple lag filter with a bandwidth similar to that of the washout filter
provided the most effective reduction of jitter. Furthermore, this allowed the bandwidth of the washout
filters used to generate angular accelerations to be reduced further while preserving the decoupling
properties of the original design, resulting in improved control variable responses in the presence of
sensor noise. This approach was referred to as “enhanced NDI.”
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In 2010, Sieberling et al. [2010] revisited the work of Bacon and Ostroft [2000] and, in doing so,
introduced the term “Incremental Nonlinear Dynamic Inversion,” arguing that the use of increments
more accurately reflects the nature of the method than describing it as a simplification of NDI. Their
work focused on two main aspects: the robustness of INDI to model uncertainty and the treatment of
measurement delays. The robustness analysis was carried out using linear transfer functions derived
from block diagrams, leading to the claim that, under sufficient time-scale separation and in the presence
of ideal sensors and actuators, the linearizing control law obtained from INDI remains linearizing in the
presence of model uncertainty, unlike NDI, where modeling errors directly affect the inversion [Juliana
et al., 2004]. At the same time, the authors emphasized that ideal sensors do not exist and investigated in
detail the effect of measurement delays arising from sensor dynamics or filtering, which had previously
been observed by Smith and Berry [2000] and Bacon et al. [2001]. It was shown that such delays
introduce an inversion residual, implying that in the presence of measurement delays the INDI control
law no longer achieves exact linearization. To address this issue, a method was proposed that avoids
delay by estimating angular acceleration through predictive filtering based on angular rate measurements
and their reference trajectories. While this approach increased the performance of INDI in the presence
of measurement delays, it requires additional modeling to predict the angular accelerations.

Subsequent research extended INDI to new application. Acquatella et al. [2012] was the first to
successfully apply the method to spacecraft attitude tracking and disturbance rejection in the presence of
parametric uncertainties. Simplicio et al. [2013] applied INDI successfully to helicopter flight control
and combined it with pseudo-control hedging (PCH) [Johnson and Calise, 2000]. PCH is used to
account for actuator dynamics and limitations that are not included in the INDI formulation. Since INDI
assumes that the commanded pseudo-control is always realized instantenously, actuator bandwidth limits
and saturation can lead to a mismatch between commanded and achieved control. PCH compensates
for this by feeding back the portion of the pseudo-control that is not achieved, thereby preventing the
controller from reacting to unrealizable dynamics. In addition, angular accelerations were estimated
using backward finite differences, while first-order low-pass filters were introduced before the actuators
to attenuate high-frequency oscillations caused by numerical noise. The delay introduced by the filters
degraded performance as no explicit synchronization between the measurement and actuator paths
was applied. Acquatella et al. [2013] and Koschorke et al. [2013] combined incremental action with
backstepping, demonstrating superior robustness under aerodynamic uncertainty compared to standard
backstepping methods [Khalil, 2002].

The next major development occurred when researchers at the German Aerospace Center, Delft
University of Technology, and the University of Minnesota addressed the challenges associated with
measurement delays through signal synchronization. This was successfully demonstrated in a series of
flight tests with the fixed-wing FASER UAV in 2013, although the concept was formally published only a
few years later by Smeur et al. [2016a]. In this work, a synchronization strategy is proposed in which the
actuator signal is passed through a matching filter, with a delay chosen such that the actuator response is
aligned in time with the filtered estimate of the angular acceleration. This ensures consistent timing
between the signals used in the incremental inversion loop and was validated in flight experiments using
a Parrot Bebop quadrotor UAV [Smeur et al., 2016b].
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Figure 2.16: Parrot Bebop with credit to TU Delft.

Their approach can be interpreted as a formalization of a solution already reported by Ostroff and
Bacon [2002], where a lag compensator around the actuator was used to reduce jitter caused by filtering
effects, albeit without explicitly framing it as a synchronization problem. The method was later validated
through flight tests on a PH-LAB Cessna Citation II by Grondman et al. [2018]. In van’t Veld et al.
[2018], the synchronization aspect was further investigated empirically, showing that INDI is more
sensitive to delays in the output derivative feedback than to actuator delays.

Other approaches have been proposed to address delays in the measurement feedback path. de Ange-
lis Cordeiro et al. [2021] introduced an input scaling gain to improve robustness to feedback delays when
using a second-order filter differentiator. Kumtepe et al. [2022] proposed a complementary filtering
approach, where the measured rate is low-pass filtered and differentiated, while the high-frequency
component is obtained from a high-pass filtered model-based acceleration estimate. Furthermore, Liu
et al. [2022] designed a non-delay differentiator based on a precise-delay differentiator to obtain output
derivatives without introducing delay.

Another limitation of INDI is that, in most existing derivations, the control effector dynamics are
assumed to be negligible, implying that commanded control inputs are applied instantaneously. While
this assumption can be reasonable for systems with sufficiently fast actuators, it does not accurately
capture the behavior of most real-world actuators. As a result, the actual control input builds up gradually,
which leads to deviations in both the gain and phase of the pseudo-control signal. To address this
limitation, Raab et al. [2019] propose a continuous reformulation of the INDI control law that explicitly
incorporates actuator dynamics into the control allocation process, such that the control effectiveness
also depends on the control effector speed. This formulation also allows different control effectors with
different bandwidths to be taken into account explicitly. It shows significant improvements for systems
with slow actuators, and the resulting approach is referred to as Extended INDI.

A related contribution is presented by Steffensen et al. [2023b], who derive an NDI control law that
explicitly accounts for first-order actuator dynamics, in a manner similar to Raab et al. [2019]. The
resulting approach, referred to as Actuator NDI (ANDI), retains the state-dependent terms and provides
an exact inversion for systems with such actuator dynamics. In this formulation, the additional terms
depend inversely on the actuator bandwidth, such that their influence diminishes as the actuator dynamics
become faster. This also clarifies the relation between ANDI and INDI. In the limit of infinitely fast
actuators, all bandwidth-dependent terms vanish, and the control law reduces to an INDI-like structure.
Conversely, if a finite actuator bandwidth is retained but the state-dependent terms are neglected, the
formulation reduces to the Extended INDI approach. This interpretation also makes explicit which terms
are neglected in practical INDI implementations.
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Figure 2.17: Cessna Citation II ‘PH-LAB’ by Alan Wilson, licensed under CC BY-SA 2.0.

Thus far, robustness to aerodynamic model uncertainties and external disturbances has primarily
been demonstrated through simulation studies and in-flight experiments, while existing stability analyses
rely on linear transfer function representations derived from block diagrams [Sieberling et al., 2010,
Smeur et al., 2016a]. In other words, the stability and robustness properties of sensor-based INDI have
lacked rigorous mathematical justification. To address this limitation, Wang et al. [2019] reformulate
INDI for systems with arbitrary relative degree without neglecting the incremental perturbation term, and
provide rigorous proofs of nominal stability and ultimate boundedness under external disturbances and
regular perturbations' using nonlinear Lyapunov methods and system perturbation theory. It is shown
that disturbances enter the external dynamics only through their increments, implying that their influence
can be reduced by decreasing the sampling interval. Consequently, for sufficiently small sampling times,
INDI exhibits improved disturbance rejection properties compared to NDI.

Furthermore, the authors show that INDI leads to smaller closed-loop perturbation terms than NDI
in the presence of regular perturbations. In particular, the model uncertainty term in NDI, given by the
difference between the true drift dynamics and their estimate, is replaced in INDI by an incremental term
whose influence decreases with increasing sampling frequency. In addition, multiplicative uncertainty in
the control effectiveness depends on the control increment rather than on the full control input, which
further reduces its impact. As a result, for sufficiently small sampling intervals, the overall perturbation
magnitude under INDI is reduced and can be further diminished by increasing the sampling frequency,
leading to smaller ultimate bounds for the system states. Singular perturbations were briefly considered
as well, but detailed analysis was left as future work.

Building directly on the work of Wang et al. [2019], Pollack and van Kampen [2023] extend the
analysis from the point where it was left off to include both regular and singular perturbations. The
authors first incorporate these perturbations into the NDI framework and show that, under bounded
perturbations and bounded virtual control, the NDI inversion residual may become large but remains
bounded. For INDI, the results differ. The upper bound of the INDI inversion residual converges to zero
as the gain of the singular perturbations approaches zero. This behavior is independent of the regular
perturbations. This confirms the results of Wang et al. [2019] and shows that the INDI closed-loop
system is robust to regular perturbations in the output dynamics. However, certain combinations of
singular perturbations cause the inversion residual to become unbounded and thus limit the admissible

'In system perturbation theory, regular perturbations are those that do not increase the order of the system, such as
variations in model coefficients [Khalil, 2002]. Singular perturbations, on the other hand, change the system
order and typically represent fast time-scale unmodeled dynamics.
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perturbation dynamics, called the synchronization effect. This contrasts with NDI, where an upper bound
on the inversion residual always exists under bounded perturbations.

The synchronization effect explains issues that have been observed in earlier studies, for example
in Smeur et al. [2016a], van’t Veld et al. [2018]. A matching strategy is proposed in which the known
singular perturbations in the input and output channels are aligned such that their effects cancel within
the incremental inversion loop. This approach is consistent with the synchronization design philosophy
commonly adopted in INDI-based control before.

Furthermore, the structured singular value framework is used to analyze the robust stability and
performance properties of the (I)NDI architecture, and Pollack and van Kampen [2023] show that the
robustness characteristics of a fully sensor-based INDI control law are complementary to those of the
classical model-based variant. Sensor-based inversion does not increase robustness uniformly, but
redistributes it across frequency. It improves robustness to parametric uncertainty in the aerodynamic
stability and control derivatives in the low-to-medium frequency range, but reduces robustness to
high-frequency dynamic uncertainties associated with actuator and structural dynamics. As a result, it is
not meaningful to state that INDI is more robust than NDI without specifying the type of uncertainty and
the frequency range, since gains in one region come at the expense of losses in another.

This complementary behavior motivates the development of hybrid INDI, which aims to achieve a
more balanced robustness profile. In hybrid INDI, model-based and sensor-based inversion signals are
combined, typically through a complementary filter structure, to compensate for inversion errors within
a desired bandwidth Kim et al. [2021], Kumtepe et al. [2022], Pollack et al. [2024]. This approach can
be interpreted as an extension of model-based NDI with an additional inversion error compensation
loop that corrects for model inaccuracies. By tuning this compensation loop, the inversion can be made
predominantly model-based or sensor-based, allowing the designer to shape the robustness trade-offs
across frequency. In this way, hybrid INDI allows the robustness characteristics of NDI and INDI to be
combined and adjusted according to the design requirements.

Building on this concept, Pollack [2024] provide a quantitative assessment of the resulting robustness
characteristics of NDI, INDI, and hybrid INDI. In addition, he introduces a systematic procedure for
designing the synchronisation filter within a robust control framework based on u-synthesis. The relative
strengths and limitations of these approaches are further illustrated through a case study involving the
design of a C* controller for a Boeing 747-100/200 simulation model. In this study, a multi-objective
structured H,, synthesis problem is formulated under mixed uncertainty to tune the control parameters
of each architecture.

In a separate line of work, Pollack et al. [2024] investigate whether hybrid INDI provides improved
robustness and performance compared to classical gain-scheduled PID control. They note that systematic
studies on the robust design benefits of INDI are scarce. The authors formulate both control strategies
within a unified robust control framework and impose identical design specifications. They show that
hybrid INDI can be expressed as an equivalent regulation and loop-shaping problem. In this formulation,
the compensation dynamics introduce proportional-, integral-, and derivative-like behavior and reveal a
close structural correspondence to PID control. Based on H,, synthesis and u-analysis, hybrid INDI and
gain-scheduled PID achieve virtually equivalent robustness and performance under the same requirements
and uncertainty descriptions. The main conclusion is therefore not an inherent robustness advantage of
hybrid INDI, but its structural properties. In particular, hybrid INDI provides a modular architecture in
which the equivalent regulation term, inversion error compensation, and plant dynamics are explicitly
separated. This allows a transparent implementation of implicit model-following control and supports
systematic robust design.
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Systematic robust design methods for hybrid INDI control laws have so far remained limited.
This gap is addressed by Pollack et al. [2025], who observe that INDI introduces parameter-varying
dynamics through its dependence on the system state. Based on this, the nonlinear closed-loop
dynamics of the INDI-controlled system are reformulated into a quasi-linear parameter-varying (q-LPV)
representation that preserves local linear behavior. This representation is extended to include inversion
error compensation, resulting in a unified description of plant dynamics, inversion, and compensation.
Based on this formulation, both the compensation gains and filter dynamics can be scheduled with
the operating condition and designed using Ho, synthesis. This enables robustness requirements to be
imposed explicitly, while the nominal closed-loop behavior remains defined by the virtual control design.
The approach is demonstrated on a nonlinear aeroservoelastic system, where robust performance is
achieved over a wide operating range without modifying the desired nominal dynamics.

The performance and robustness of (I)NDI-based control are analyzed within a g-LPV framework
in Pollack et al. [2026]. By exploiting the duality between the inversion action of (I)NDI and state
transformations in q-LPV modeling, a unified representation is developed that encompasses model-based,
sensor-based, and hybrid INDI, including singular perturbations. This enables robust analysis and
synthesis in an LPV setting for output-nonlinear systems. The framework is demonstrated on a nonlinear
aeroservoelastic system, where INDI-based and direct q-LPV controllers are optimized and compared.
The results show that the structural constraints of (I)NDI can limit achievable robustness and performance,
with direct q-LPV control attaining higher robustness for the same controller order. Nevertheless, the
transparency and modularity of the (I)NDI architecture remain practical advantages. The proposed
framework allows these trade-offs to be addressed systematically and enables (I)NDI-based controllers
to approach near-optimal g-LPV robustness levels.

For completeness and as a recommendation, Steffensen et al. [2023a] provides a comprehensive
overview of methods for compensating and synchronizing measurement filtering and delays in standard
INDI, INDI with derivative filtering, and hybrid INDI with complementary filters. In addition, detailed
analyses of time-delay margin effects due to control effector mismatch, actuator dynamics, and sampling
rates are presented in Huang et al. [2022] and Raab [2025]. A two-part review of INDI is provided in
Steinert et al. [2024] and Steinert et al. [2025]. To conclude, INDI has been successfully flight-tested in a
wide range of applications and has demonstrated strong practical performance, although it does not fully
meet the expectations that were once initially attributed to it. A collection of flight-tested applications of
INDI is given in Table 2.2.

Table 2.2: Flight-tested applications of INDI controllers

Plant Flight test references

Fighter Smith and Berry [2000]

Fixed wing Grondman et al. [2018], van Ekeren et al. [2018], Pollack et al. [2019],
Pfeifle and Fichter [2021], Steinleitner et al. [2022], Xin et al. [2023]

Airship Azinheira et al. [2015]

Helicopter Pavel et al. [2020]

MAV Smeur et al. [2016a], Smeur et al. [2018], Akkinapalli and Holzapfel

[2018], Wang et al. [2021]
Tilt-rotor & Tilt-wing Raab et al. [2018], Bhardwaj et al. [2018], Milz and Looye [2022]
Tailsitter Binz et al. [2019], Smeur et al. [2020], Tal and Karaman [2022], Lovell-
Prescod et al. [2023]
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2.5. (DNDI in Hypersonic Flight Control

At the end of the 1990s, the first proposals for applying feedback linearization techniques to the specific
problem of hypersonic aircraft control began to appear. In all subsequent studies of that period, the focus
remained exclusively on longitudinal control. The first application of NDI to a hypersonic aircraft was
presented by Wang and Stengel [2000], who combined nonlinear dynamic inversion with stochastic robust
control to design a flight control law for the winged—cone hypersonic aircraft model [Shaughnessy et al.,
1990]. In their approach, altitude and velocity were selected as the controlled variables, with the velocity
differentiated three times and the altitude four times to obtain a decoupled, feedback-linearizable system.
This work was later critiqued by Wang and Stengel [2001], who argued that the exact feedback—linearized
form was only achievable because the influence of the elevator on the lift coefficient had been artificially
removed. This assumption eliminated the nonminimum—phase behavior, leading them to conclude that
only approximate feedback linearization is achievable when altitude or flight-path angle and velocity are
chosen as the control variables.

A follow-up study by Parker et al. [2006] extended the use of NDI to a more advanced longitudinal
model of a hypersonic aircraft, the Bolender model developed in 2004 to include flexible modes, and
propulsion dynamics [Bolender and Doman, 2005]. They observed that when either altitude /4 or
flight—path angle v is chosen as an output alongside velocity, the internal dynamics that remain after
enforcing the output constraints are the pitch—attitude and pitch—rate states, together with the flexible
modes in the full aeroelastic model. In the rigid—body case, these internal dynamics reduce to the
short—period (a, g) subsystem. Under feedback linearization, holding / or y exactly at their commands
requires fixing y and its first two derivatives to zero. This consumes the elevator authority entirely in
service of the altitude/flight—path channel, leaving no control freedom to damp the short—period motion.
For a statically unstable hypersonic configuration the short—period mode has a real unstable root, so
the Jacobian of the zero—dynamics at trim is a hyperbolic saddle with one positive and one negative
real eigenvalue, rendering the internal dynamics exponentially unstable. This instability persists even
when the flexible modes are removed, confirming the conclusion of Wang and Stengel [2001] that the
pitch dynamics alone can render the zero—dynamics unstable when 4 or vy is directly regulated under
exact feedback linearization. They then suggested an approach for approximate feedback linearization by
removing the flexible states and the elevator coupling which reduced the system to a full relative degree
simplified model. Subsequently they applied the same feedback linearization strategy as employed by
Wang and Stengel [2000]. An inner-loop NDI controller was designed for this simplified system, while
the outer loop employed an LQR-based design with integral and model reference augmentation. The
resulting controller achieves comparable tracking performance over a wider operating range than an
earlier LQR design with integral augmentation, as presented in Groves et al. [2005], which was based
on a linearized version of the Bolender model. The authors state that the tighter integration with the
nonlinear model reduces the need for extensive tuning to achieve accurate tracking. However, this
reduced tuning effort comes at the cost of increased complexity in both the system identification process
and the computational implementation of the controller.

Three years later, Fiorentini and Serrani [2009] suggested that by assuming the availability of a canard
in addition to an elevator, the unstable internal dynamics caused by regulating altitude or flight—path
angle directly could be effectively counteracted. With both surfaces contributing to the pitching moment,
the control-effectiveness matrix gains an additional column. The canard can then be ganged with the
elevator to cancel the elevator’s lift coupling, the very coupling responsible for the right—half—plane
zero, while the remaining independent control authority is directed toward actively stabilizing the
short—period mode that forms the internal dynamics. Their method combined dynamic inversion with a
backstepping—based design, in which virtual control inputs are introduced for intermediate subsystems
and a Lyapunov function is constructed at each step to guarantee stability.
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Although canards improve controllability, they complicate thermal protection since they must
withstand significant aerodynamic heating. Consequently, for hypersonic vehicles, it is of interest to
develop nonlinear control strategies under the assumption that the elevator is the only aerodynamic control
surface available for longitudinal dynamics. Therefore, in the same year, Fiorentini et al. [2009] sought
to design a control system that avoided the need for a canard to compensate for nonminimum—phase
behavior. To achieve this, they reformulated the system outputs so as to remove the unstable short—period
mode from the internal dynamics. Instead of using the flight—path angle y directly as a regulated output
alongside velocity, they selected the pitch angle 6 as the second output. This change altered the system’s
relative degree structure, reducing the zero—dynamics to a stable one—dimensional subsystem in vy,
thereby eliminating the hyperbolic saddle behavior that occurs when 7 is chosen directly. The cost of this
reformulation is that y can no longer be commanded directly; instead, it must be achieved indirectly by
generating a suitable § command through a feedforward mapping based on the desired y trajectory, while
the feedback loop acts on 8 to stabilize the short—period dynamics. The authors themselves expressed
this as a time-scale separation method.

Around the same time, Poulain et al. [2009] tackled nonminimum phase dynamics by introducing
a geometric reformulation of the dynamics. Their method is a reference—point relocation. Instead of
evaluating the vertical motion at the center of mass, they shift the controlled point along the body to a
location where elevator inputs no longer influence the vertical acceleration directly. This adjustment is
based on a kinematic transformation that redefines the longitudinal dynamics relative to the new point.
By carefully selecting the location of this point using aerodynamic and inertial parameters, they cancel
the elevator’s effect on the flight path angle dynamics. As a result, the flight path angle behaves as a
minimum-phase output, enabling it to be shaped through a feedforward path, while the pitch dynamics
are treated through feedback. This separation allows standard nonlinear control methods to be applied
without encountering internal instability due to nonminimum-phase zeros.

In 2013, Serrani [2013] revisited the unstable internal-dynamics problem, beginning with the same
observation that the zero—dynamics associated with regulating velocity and flight—path angle (or altitude)
contain a hyperbolic—saddle short—period mode. Unlike Fiorentini et al. [2009], who eliminated this
instability by redefining the outputs and replacing y with 6, thereby removing the short—period from the
internal dynamics altogether, Serrani retained the original outputs. His approach augments the plant
with a nonlinear internal model that captures persistent disturbances and tracking—error dynamics, then
applies feedback linearization to the augmented system. This yields a hierarchical structure with two
distinct sets of zero—dynamics: the outer zero—dynamics, governing the augmented altitude and velocity
errors, and the inner zero—dynamics, containing the pitch dynamics and internal-model states. The
control design proceeds in two stages: the outer loop uses certainty—equivalence linearizing feedback to
regulate the auxiliary altitude error and velocity, while the inner loop uses a high—gain zero—dynamics
controller to actively stabilize the short—period mode. The result is a formal time—scale separation,
where the fast inner loop rapidly stabilizes the pitch subsystem, enabling the slower outer loop to treat
it as quasi—steady while regulating the primary outputs. In contrast to Fiorentini’s avoidance strategy,
Serrani’s method tackles the unstable zero—dynamics directly, preserving the original output definitions
while ensuring stability through active control of both the inner and outer dynamics.

Finally, Ye et al. [2018] introduced another output—redefinition—based dynamic inversion method
for nonminimum—phase hypersonic vehicles. Building on Fiorentini et al. [2009], they replaced the
original outputs with virtual control outputs, defined as linear combinations of the original outputs and
their derivatives. The coefficients were chosen so that the redefined system had stable zero—dynamics,
thereby removing the hyperbolic—saddle instability without additional actuators. This retained a
more direct influence over the flight—path angle y than Fiorentini’s substitution of 8, and avoided the
internal-model-based zero—dynamics stabilization of Serrani [2013]. The method yields a natural
time—scale separation. A fast inner loop regulates the virtual outputs, linked to the short—period pitch
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dynamics. A slower outer loop adjusts the virtual-output commands to track 7y, altitude, and velocity.
This structure is equivalent to a cascaded time—scale separated control system, where the inner loop’s
stability allows the outer loop to treat the inner dynamics as quasi—steady.

The case is different for INDI. The technology has matured significantly and found applications
across many aerospace fields, yet to the author’s knowledge it has not previously been applied to an
air-breathing hypersonic vehicle. Two prior studies come close, each in a different way. The first is that of
Lietal. [2016], who applied Sensor—Based Backstepping (SBB), also known as incremental backstepping.
SBB employs angular accelerometers to determine the time derivatives of the body angular rates and
requires almost no accurate model information, retaining the fundamental advantages of traditional
INDI. Numerical simulations using the air—breathing hypersonic vehicle model from Wang and Stengel
[2000], including sudden parameter uncertainties, compared SBB with a linear augmented LQR and a
real-time model-based NDI controller. The results demonstrated superior tracking performance and
strong robustness to model uncertainties, consistent with theoretical expectations. While SBB is an
incremental, sensor—based method closely related to INDI, it is not INDI in its standard form, and the
study was restricted to longitudinal control of an air-breathing configuration.

A second closely related contribution is that of Autenrieb [2023], who developed an incremental
nonlinear model-following control architecture for the attitude control of a hypersonic glide vehicle, the
DLR GHGV-2 waverider. The design combines a cascaded, time—scale—separated INDI feedback loop
with a model-following feedforward path, and it addresses the measurement—path difficulties central
to INDI through complementary—filter angular—acceleration estimation and a synchronization filter on
the control-surface feedback, together with optimization—based control allocation for the over—actuated
effector set. This is, to the author’s knowledge, the only prior incremental-dynamic—inversion study
applied to a hypersonic vehicle. It differs from the present work in two respects that matter for the
research gap. First, the GHGV-2 is an unpropelled glide vehicle, as the work explicitly concerns
the re—entry and atmospheric glide phases and therefore does not address the strong aero—propulsive
coupling that characterizes air—breathing hypersonic flight. Second, although the INMFC architecture is
formulated for full three—axis attitude control, the reported simulations are restricted to longitudinal «
maneuvers, leaving the lateral-directional behavior under incremental control largely unexamined.

2.6. Discussion of Findings

The literature reviewed in this chapter reveals a clear evolution in both hypersonic vehicle design and the
associated control methodologies. Early hypersonic concepts were predominantly rocket-propelled or
glide-based, optimized for ballistic or skip reentry profiles. In contrast, modern research has shifted
toward air-breathing configurations that promise extended range and operational flexibility. These
new concepts, however, bring considerable design and control challenges. Strong coupling among
aerodynamics, propulsion, and structural dynamics gives rise to a system that is highly nonlinear, exhibits
pronounced aeroelastic interactions, and operates across a broad flight envelope where linear control
assumptions often fail. These complexities have motivated the transition from conventional linear
control strategies to nonlinear approaches capable of addressing the strongly coupled and rapidly varying
dynamics of hypersonic flight.

The study of hypersonic flight dynamics has traditionally relied on analytical models that simplify the
coupled aeroelastic and propulsive behavior to isolate dominant phenomena. Representative examples
include the winged cone, Chavez, and Bolender configurations. The Chavez model introduced structural
flexibility, allowing the study of aeroelastic effects, while Bolender’s formulation incorporated additional
flexible modes to capture richer coupled dynamics. These models have been invaluable for theoretical
studies but lack complete aerodynamic and propulsion databases, limiting their fidelity for control
validation. The winged cone model, although more simulation-oriented, remains based on synthetic
aerodynamic data and employs a canard configuration that is not representative of modern hypersonic
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designs. In contrast, the GHAME vehicle, developed at NASA Ames and Dryden, offers a unique
dataset derived from real flight measurements, combining data from multiple supersonic and hypersonic
vehicles to form a generic, high-fidelity reference model. Its design avoids canards and reflects current
aerodynamic and thermal considerations. Despite these advantages, studies employing GHAME are
rare, and the model has not yet been systematically utilized as a benchmark for modern nonlinear control
development.

NDI has shaped much of the modern perspective on nonlinear flight control. Its central idea is
straightforward but powerful. By inverting the nonlinear dynamics, the method cancels the system
nonlinearities and, under ideal assumptions, yields an exact input—output linearization that enables the
use of powerful linear control techniques to an otherwise nonlinear system. However, exact input—output
linearization is only achieved under specific conditions. It relies on an accurate model, a well-defined
relative degree, and full availability of the required state variables. When these conditions are not
satisfied, the cancellation of the nonlinear dynamics is no longer exact. Instead, a residual term remains
and in this case, the controller no longer linearizes the true system, but rather an approximation of it,
and the closed-loop dynamics are influenced directly by this residual error. In hypersonic flight, this
limitation becomes significant due to both model uncertainty and limited state availability. Aerodynamic
and propulsion models are uncertain because of sparse data and strong sensitivity to flight conditions,
while several required states are not directly measurable and must be reconstructed. As a result, both
modeling and estimation errors enter the inversion directly, leading to incomplete cancellation and
degraded performance. Since NDI does not explicitly account for these effects, its robustness is limited,
motivating extensions such as robust outer-loop designs or incremental NDI.

Incremental NDI reformulates the inversion problem in terms of measured increments instead of
a full-state model, using sensor feedback and control effectiveness directly. This reduces reliance on
aerodynamic modeling, making INDI inherently robust to such uncertainty. Its incremental structure
introduces an integrator-like effect, which improves rejection of external low frequency disturbances
compared to NDI. This advantage, however, comes from shifting the design burden from model accuracy
to measurement quality. Because INDI relies on measured state derivatives, any imperfections in the
measurement chain directly affect the control input. The delay margin in its measurement feedback
path is inherently small. As a result, the method is more sensitive to singular perturbations associated
with unmodeled higher-order dynamics, such as flexible modes, actuator and sensor dynamics, and
measurement delays compared to NDI. These effects reduce delay margins further and must be explicitly
accounted for in the design.

This trade-off highlights that INDI and NDI possess complementary robustness properties, which
has motivated the development of hybrid INDI formulations aimed at shaping and balancing these
characteristics. These approaches introduce an additional degree of freedom to modify the open-loop
gain response and thereby can improve robustness.

Nonetheless, INDI has shown strong performance in nonlinear control applications for conventional
aircraft, rotorcraft, micro air vehicles, and spacecraft. To the author’s knowledge, INDI has not previously
been applied to an air-breathing hypersonic vehicle. The two most closely related studies illustrate the
gap. One applies a related SBB method to an air-breathing configuration but is restricted to longitudinal
control, while the other applies a full incremental model—following architecture to a hypersonic wave
rider which is an unpropelled glide configuration rather than an air—breathing one. Neither therefore
addresses incremental control of an air—breathing hypersonic vehicle across its coupled longitudinal
and lateral-directional dynamics. This raises the question of how well the method carries over to such
vehicles.
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Taken together, the reviewed studies motivate two main research objectives. First, to develop
a high-fidelity implementation of the GHAME vehicle for control design and analysis. Second, to
evaluate the applicability of incremental nonlinear dynamic inversion to air-breathing hypersonic vehicles,
including an assessment of its underlying assumptions under practical sampling and actuator conditions.

2.7. Research Formulation

From the identified research gaps, the research objective is defined. To achieve this objective, the work is
structured around two main objectives. First, the development and verification of an improved GHAME
model with higher fidelity for hypersonic flight simulation and second, the application and evaluation of
advanced nonlinear control strategies, namely NDI and INDI, on this model.

The research objective is to enhance the fidelity of the GHAME simulation model in Simulink
and to investigate, for the first time, the application of (I)NDI controllers on this dataset, with
the aim of assessing their suitability for hypersonic flight control under realistic modeling
assumptions.

To address this objective in a practical way, it is divided into several research questions that guide
the development, implementation, and evaluation process.

Research Question 1

How can the challenges and limitations of GHAME’s current nonlinear Simulink
model be addressed, thereby creating a higher fidelity simulation?

1.1. What are the key limitations of the existing Simulink GHAME model implementation?

1.2. In what ways can the GHAME model be refined to achieve higher physical and dy-
namic fidelity for hypersonic flight simulation?

1.3. How was the trimming procedure redesigned to ensure reliable convergence and appli-
cability across the supersonic and hypersonic regimes of the GHAME vehicle?

1.4. How can the correct implementation and expected behavior of the nonlinear GHAME
model in Simulink be verified?

Research Question 2

How can NDI-INDI be applied to the GHAME vehicle to evaluate its suitability for
hypersonic flight control?

2.1. How was the nonlinear control architecture of the GHAME vehicle designed to com-
bine NDI and INDI, and how were implementation aspects such as incremental feedback
and filtering addressed within this structure?

2.2. How were the linear controllers designed across the different control loops?

2.3. How were digital implementation effects incorporated into the controller design, and
what impact did they have on closed-loop stability?
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Research Question 3

To what extent does the digitally implemented NDI-INDI control system, integrated
within the nonlinear simulation in Simulink, satisfy the specified performance require-
ments across two flight conditions when subject to sensor delay, measurement noise,
wind, turbulence, and actuator perturbations?

3.1. How is the cascaded NDI-INDI FCS implemented in discrete form within Simulink?

3.2. How does the cascaded NDI-INDI FCS satisfy the specified performance requirements
during altitude and heading maneuvers when subjected to wind, turbulence, sensor noise,
and actuator perturbations?

3.3. How does the cascaded NDI-INDI FCS satisfy the specified performance requirements
during altitude and heading maneuvers when subjected to continuous-time sensor delay?




Theoretical Background

The theoretical background chapter establishes the framework for the key concepts underlying this
research. It begins with the tensor notation and mathematical conventions used throughout the thesis in
Sec. 3.1 and Sec. 3.2. The next section introduces the relevant reference frames and their associated
transformation matrices in Sec. 3.3, which together form the foundation for the development of the
control law and simulation model. Subsequently, the principles of nonlinear dynamic inversion are
introduced in Sec. 3.4, followed by its incremental formulation in Sec. 3.5, which also incorporates the
concept of delay synchronization essential for practical implementation.

3.1. Notation

The notation adopted in this thesis follows the modified tensor convention described by Zipfel [2023]. In
the Euclidean space of Newtonian mechanics, all physical quantities are categorized into three types.
Scalars, which are rank-0 tensors, are written in italic font, such as b for span. Vectors, representing
rank-1 tensors, are denoted by lowercase boldface letters, for example, v. Rank-2 tensors, such as the
inertia tensor, are written using uppercase boldface letters, e.g., I for the moment of inertia.

Subscripts are used to denote physical points, while superscripts on a tensor indicate the reference
frame with respect to which the quantity is defined. When a tensor carries two such identifiers, whether
as superscripts, subscripts, or both, they are always read from left to right: the first symbol refers to the
object of interest, and the second to what it is defined relative to. For example, w?B’ denotes the angular
velocity of frame B with respect to frame I, and s 45 denotes the position of point A relative to point B.
This reading order also applies to rotational derivatives and skew-symmetric angular velocity tensors,
and ensures consistency across all multibody and flight dynamics expressions.

Coordinate representations of tensors are enclosed in square brackets, with a superscript indicating
the coordinate system in which the components are expressed. Once enclosed in brackets, boldface is
removed to emphasize that the object is no longer a geometric tensor. For example, [w®!]2 denotes the
angular velocity of frame B with respect to frame I, expressed in body coordinates. Likewise, [sa5]®
denotes the displacement of point A with respect to point B, expressed in Earth coordinates.

An important exception to the left-to-right reading rule is the notation for transformation matrices.
The matrix [7]24 transforms a tensor expressed in coordinate system A into its equivalent representation
in coordinate system B. It does not alter the tensor’s physical meaning or its reference frame, only
the coordinate basis. For example, [x]Z = [T]84[x]* converts the same geometric vector from one
coordinate system to another. The superscript 24 must therefore be read as “from A to B” in terms of
coordinates. This distinguishes transformation matrices from physical quantities like w?’, which describe
motion or relative orientation between reference frames. The transpose of a transformation matrix is

27



28 3. Theoretical Background

denoted using an overline. For example, [T]4# denotes the transpose of [T]4Z, and maps vectors from
coordinate system A to coordinate system B. Although this operation is mathematically equivalent to
([T]4B)T, the overline notation improves readability by eliminating the need for parentheses or stacked
superscripts.

The operator D4 denotes the rotational time derivative of a tensor, taken with respect to reference
frame A. This symbolic form is used instead of subscripts or overbars to clearly indicate the frame
of differentiation. It applies to all tensors of rank one or higher and distinguishes geometric (frame-
dependent) derivatives from purely component-wise rates. Coordinate expressions follow the standard
bracketed form, e.g., [D“v]2. This convention avoids ambiguity in systems involving multiple rotating
frames and is standard in flight dynamics. A hat symbol indicates an estimated quantity. For any tensor
x, its estimate is denoted . The hat is applied bei(ze any coordinate transformation, so the coordinate
representation of an estimate is written [£]4, not [x]4. Hat notation is reserved exclusively for estimates
and is not used to denote unit vectors or directions.

3.2. Tensors and Transformation Matrices

Tensors are geometric objects that exist independently of any coordinate system. They have an intrinsic
meaning that is invariant under changes of basis. Coordinate systems are introduced solely for the
purpose of numerical representation; they do not affect the physical definition of the tensor itself. In the
context of this thesis, all tensors are assumed to reside in three-dimensional Euclidean space and are
expressed in Cartesian coordinate systems. A geometric object qualifies as a tensor if its coordinate
representations transform according to the standard tensor transformation laws. For a rank-one tensor x
and a rank-two tensor X, their components in two coordinate systems A and B are related by:

[x]% = [T1PA[x]4, (3.1)
[X]1% = [T1PA[X]A[T]%4, (3.2)

]B

where [T]54 is the transformation matrix from coordinate system A to coordinate system B, and [T]54

denotes its transpose. These relations define the correct behavior of tensors under change of coordinates.
If a quantity does not transform according to these rules, it is not a tensor. Any rank-one tensor x can
also be associated with a skew-symmetric rank-two tensor X, which is particularly useful for expressing
cross products in matrix form. This tensorial identity is given in components as:

A A
X1 0 —X3 X2
[x]4 = |x2 = [X]%=|x3 0 -—x| . (3.3)
X3 —X2 X1 0

This allows the cross product x X y to be written compactly as Xy. This form appears frequently
in the formulation of rotational kinematics and dynamics, particularly in the representation of angular
velocity and torque. Rotational derivatives preserve the tensor character of quantities and play a central
role in describing motion. If sp4 is the displacement of point B relative to a reference point on frame
A, the velocity and acceleration of point B with respect to frame A are given by the first and second
rotational derivatives of the displacement:

v =D%spa, (3.4)

ay =D*D%spa. (3.5)

Time derivatives of vectors with respect to different frames are related through the Euler trans-
formation. For any vector x, the relation between its time derivative in frames A and B is given
by:

D%x = DPx + QP%x, (3.6)
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where QB4 is the angular velocity matrix of frame B with respect to frame A. Tensors must follow
appropriate index logic when combined. Displacements and angular velocities, for instance, follow
consistent addition rules when expressed in a common coordinate system. Consider the vector addition
of displacements. Given three points A, B, and C, the displacement from A to B can be decomposed as:

SBA =SBC +SCA- (3.7)

This expression follows from the geometric interpretation of displacements and respects head-to-tail
ordering of subscripts. Similarly, angular velocities add as follows:

P = WBE + WP, (3.8)

Transformation matrices are not tensors. They do not represent physical quantities and do not
transform according to the tensor transformation laws. Instead, they are coordinate operators that act on
the representation of tensors, enabling conversion between different coordinate systems while leaving
the tensor itself and its reference frame unchanged. A transformation matrix [7]%4 maps the coordinate
representation of a tensor from coordinate system A to coordinate system B. It does not redefine the
frame in which the tensor is observed or alter the geometric meaning of the tensor. All transformation
matrices used in this thesis are orthogonal, which implies that their transpose equals their inverse:

[T]154 = ([T184 7. (3.9)

This orthogonality ensures that the Euclidean norm of a tensor is preserved under coordinate
transformations. Additionally, the determinant of a transformation matrix satisfies det([T]24) = +1, but
only transformations with unit determinant are permitted to preserve right-handedness. That is, only
matrices with det([T]54) = +1 are used. The transpose of a transformation matrix reverses the direction
of coordinate transformation without changing its superscript structure, meaning that [7']24 maps from
B back to A. Composition of transformations is associative: if [T]54 maps from A to B and [T]¢2
from B to C, then the combined transformation:

[T]€4 = [T]<B[T]54, (3.10)

maps from A to C. Transformation matrices do not, in general, commute.

3.3. Reference Frames, Coordinate Systems, and Transformations

Accurate modeling of vehicle motion requires a precise definition of reference frames and coordinate
systems. This section introduces the four principal reference frames used throughout the simulation: the
inertial frame /, the Earth-fixed frame E, the body-fixed frame B, and the air-relative frame A. These
frames are physically meaningful constructs used to express positions, velocities, orientations, and forces.
It is important to maintain a clear distinction between reference frames and coordinate systems. A
reference frame defines an origin and orientation in space relative to other physical objects or frames,
whereas a coordinate system provides a numerical representation of vectors and tensors within that
frame.

Coordinate transformations are used to express geometric quantities in different coordinate systems
associated with these frames. These are handled using transformation matrices, which preserve the
underlying physical meaning while converting between coordinate representations. The following
sections define the reference frames used, the coordinate systems in which quantities are expressed in,
and the transformations that relate them.
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Reference Frames and Coordinate Systems

A reference frame is defined by a point of origin, known as the frame center, and an orientation specified
by three mutually orthogonal unit vectors (a1, @, a3). The frame center establishes the location of
the frame in space, while the ordered triad of base vectors defines its orientation. Together, they fully
describe the frame A in both position and orientation. This is illustrated in Fig. 3.1.

Figure 3.1: Reference frame A, consisting of a frame center and a right-handed orthonormal basis, taken from
Zipfel [2025].

Inertial Frame and Coordinate System

The flat-Earth assumption is commonly adopted in low-altitude or short-range flight regimes where the
motion occurs over distances small compared to Earth’s radius, and where gravity can be considered
uniform and constant in direction. However, this assumption becomes invalid at hypersonic speeds
and high altitudes, where the vehicle traverses a significant portion of Earth’s curvature within a short
time. In such conditions, the curvature and rotation of Earth introduce non-negligible effects on gravity
direction, inertial velocity, and trajectory propagation, making a flat-Earth approximation insufficient
for accurate dynamics modeling. Therefore, the flat-Earth assumption is discarded in this model. As a
result, the Earth-fixed coordinate system is non-inertial, and a truly inertial reference is required. The
inertial coordinate system ]/ is taken to be the Earth-centered inertial system defined with respect to the
J2000 epoch'. Its origin is located at the Earth’s center, and its orientation is given by the orthonormal
base vectors i1, i, i3.

€,

Greenwich Meridian

\ Lcliptic Plane

Equator

L

(a) Inertial reference frame, taken from Zipfel [2025]. (b) Earth-fixed reference frame, taken from Zipfel [2025].

Figure 3.2: Reference frames used for vehicle modeling.

IThe 72000 epoch corresponds to January 1, 2000, at 12:00 TT (Terrestrial Time), which serves as a standard
reference for celestial coordinate systems and Earth-centered inertial frames.
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The vector i; points toward the vernal equinox, the intersection of the ecliptic and equatorial planes,
and is fixed with respect to the distant stars. The vector i3 aligns with Earth’s spin axis, pointing
northward through the geographic poles. The third vector i, completes the right-handed triad and
lies in the equatorial plane, perpendicular to both i and i3. Because Earth’s rotation axis, equatorial
plane, and the ecliptic all undergo slow secular variations due to gravitational perturbations from other
celestial bodies, a fixed epoch must be used to define an inertial frame. The J2000 system, based on the
reference epoch J2000.0 (January 1, 2000, 12:00 TT), is commonly adopted for this purpose in aerospace
applications [Zipfel, 2025].

The Inertial coordinate system |/ is the preferred coordinate system of the Inertial reference frame 7,
which means that its coordinate axes 17,27, 3! are aligned with the frame basis i1, i,, i3. Because of this
alignment, the orientation of the coordinate system matches that of the reference frame: 1/ points toward
the vernal equinox, 3/ points through the North Pole along Earth’s rotation axis, and 2! completes the
right-handed coordinate system.

Earth-fixed Reference Frame and Coordinate System

The Earth-fixed frame, denoted by E, shares the same origin as the inertial frame and is initially aligned
with it in both the equatorial plane and along Earth’s spin axis. However, unlike the inertial frame, which
remains fixed relative to the stars, the Earth-fixed frame rotates with the Earth at a constant angular
velocity. Its orientation is defined by the orthonormal triad e, e;, e3. The vector e points toward
the intersection of the Greenwich meridian with the equator. The Greenwich meridian, also known
as the prime meridian, is the reference for zero longitude and passes through the Royal Observatory
in Greenwich, England [Zipfel, 2025]. The vector ej3 is aligned with Earth’s rotation axis, directed
northward through the geographic poles. The third vector e, completes the right-handed system, lying in
the equatorial plane and perpendicular to both e and es.

Similarly, the Earth-fixed coordinate system ] is the preferred coordinate system of the Earth-fixed
reference frame E, meaning that its coordinate axes 1E,2E 3E are aligned with the basis ey, e, €3. Due
to this alignment, the coordinate system shares the orientation of the reference frame: 1 points along
the intersection of the equator and the prime meridian, 3F points through the North Pole along Earth’s
rotation axis, and 2F completes the right-handed coordinate system.

Body-fixed Reference Frame and Coordinate System

The body-fixed frame, denoted by B, is defined with respect to a rigid body and remains fixed relative to
its structure. Its origin is placed at the vehicle’s center of mass (CM), and its orientation is described by
the orthonormal basis b1, b2, b3. The vector b lies in the symmetry plane and points forward toward
the nose of the vehicle, b, points laterally toward the right wing, and b3 points downward, forming a
right-handed basis.

Figure 3.3: Body-fixed reference frame B with orthonormal basis (b1, b2, b3), taken from Zipfel [2025].
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The body-fixed coordinate system ]2 is the preferred coordinate system of the body-fixed reference
frame and its coordinate axis 1Z,25,38 are aligned with the triad of the body reference frame. The
18-axis points forward through the nose of the vehicle, the 28-axis points out the right wing, and the
3B_axis points downward, perpendicular to the symmetry plane. It is therefore often referred to as a
Forward-Right-Down (FRD) coordinate system.

Atmosphere-fixed Reference Frame

The atmosphere-fixed reference frame, denoted by A, is a non-inertial frame attached to the surrounding
air mass. Its motion is defined by the local wind field and is therefore independent of the vehicle motion.
However, if the air mass is in uniform rectilinear motion with respect to an inertial frame, then the
atmosphere-fixed frame becomes inertial.

It is important to note that this is not a different coordinate system of the body frame, but a distinct
reference frame. A coordinate transformation (e.g., from body to inertial) only changes the representation
of a physical vector while preserving its magnitude. By contrast, introducing the atmosphere-fixed frame
changes the underlying physical quantity itself: the presence of wind alters the vehicle’s velocity, so that
its magnitude differs from the Earth-relative velocity. If the atmosphere is at rest, the atmosphere-fixed
frame coincides with the Earth-fixed reference frame. In this case, the velocity of the vehicle relative to
the atmosphere reduces to its velocity relative to the Earth.

Geocentric and Geodetic Coordinate System

Different coordinate systems are used to describe the position of an aircraft or any object on Earth,
depending on the assumed Earth model and the required level of accuracy. The simplest model represents
Earth as a perfect sphere, characterized by a constant radius in all directions. While this approximation
is mathematically convenient, it neglects the fact that Earth’s rotation causes a bulging at the equator
and a flattening at the poles. As a result, the actual shape of Earth is better represented by an oblate
spheroid with a larger equatorial radius than polar radius. When Earth is approximated as a sphere, the
geographical coordinate system is commonly used. If an oblate spheroid model is adopted to account
for Earth’s equatorial bulge and polar flattening, the geographical system is renamed the geocentric
coordinate system, and the geodetic coordinate system is introduced to distinguish between directions
defined relative to Earth’s center and those defined relative to the surface normal of the ellipsoid.

The geocentric coordinate system | represents position relative to Earth’s center. Geocentric

latitude is defined as the angle between the equatorial plane and the position vector from the center of
the Earth. The system follows the North-East-Down (NED) convention: the first axis 1¢ points toward
geographic North along the meridian, the second axis 2¢ points East along the parallel, and the third
axis 39 points directly toward Earth’s center. The coordinate axes rotate with Earth.
In contrast, the geodetic coordinate system ]? accounts for the ellipsoidal shape of Earth. Here, the
third axis 37 aligns with the local surface normal of the reference ellipsoid, not with the Earth’s center.
Geodetic latitude is measured as the angle between the equatorial plane and this local normal. The
system also follows the NED convention: 12 points North, 22 points East, and 3” points downward
along the ellipsoid normal. Unlike 3¢, the axis 3” does not generally intersect Earth’s center, except at
the equator and the poles. These coordinate axes likewise rotate with Earth.

Flight-path Coordinate System

The flight-path coordinate system is defined using the direction of the velocity vector v, which can refer
either to the ground-relative velocity vg or the air-relative velocity vg, depending on the context. The
first axis, 1Y, is aligned with v. The second axis, 2V, lies in the local horizontal plane and points to
the right of the velocity vector, and the third axis, 3V, completes the right-handed triad by pointing
downward. This coordinate system captures the vehicle’s motion direction and is very useful when
formulating kinematic or navigation equations.
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Wind Coordinate System

The wind coordinate system shares its first axis 14 with the flight-path coordinate system, aligning with
the direction of the velocity vector v. However, unlike the flight-path coordinates system, the orientation
of the remaining axes is chosen to reflect the symmetry of the aircraft. The third axis 34 lies in the
symmetry plane of the vehicle and points downward relative to the body, while the second axis 2 points
to the right, completing a right-handed triad. This choice makes the wind coordinate system better suited
for expressing forces such as lift and drag, which are defined relative to the aircraft’s geometry.

Table 3.1: Summary of reference frames

Frame Base point Base vectors First direction Third direction
Inertial CM of Earth, I  iy,i»,13 i1: Vernal Equinox i3: Earth’s spin axis
Earth-fixed CM of Earth, E e, e, e3 e: Greenwich meridian es: Earth’s spin axis

Body-fixed CM ofbody, B by, b, b3 b: along nose direction b3: downward through
fuselage

Coordinate Transformations

Accurately describing the vehicle’s motion requires transformations between different coordinate systems.
A coordinate transformation changes only the representation of a vector, while the underlying reference
frame remains fixed. In flight dynamics, different physical quantities are naturally expressed in different
coordinate systems. For example, position is described in geocentric or geodetic coordinates, while
aerodynamic quantities are defined in body- or velocity-aligned systems. To ensure consistency in the
equations of motion, these quantities must be transformed between coordinate systems. This section
introduces the transformation matrices required to relate the coordinate systems used in the model.

Unit Axis Transformation Matrices

Transformation matrices are used to convert the coordinate representation of a tensor between Cartesian
coordinate systems. Their mathematical properties, notation, and composition rules are defined in
Sec. 3.2. In the following, the matrix forms used to construct rotations in three-dimensional space are
introduced.

In three-dimensional space, coordinate transformations between Cartesian systems can be constructed
from unit axis transformation matrices, which correspond to rotations about the principal axes of a
coordinate system. These matrices serve as the fundamental building blocks for all transformations used
in this work. A rotation by angle ¢; about the 1-axis, by angle ¢, about the 2-axis, and by angle ¢3
about the 3-axis are respectively given by:

1 0 0 cosgy; 0 —singy cosegsy sings 0
0 cosg; singp|, 0 1 0 , and |—sing3 cos¢3 Of. (3.11)
0 —sing; cosg singy, 0 cosgy 0 0 1

General transformations are formed by multiplying these elementary rotations in a prescribed
sequence. In three-dimensional space, at most three independent rotations are required to describe any
relative orientation between Cartesian coordinate systems. The order of multiplication must be preserved,
since transformation matrices do not commute, as discussed in Sec. 3.2. Each transformation introduced
in this chapter is therefore defined by a specific rotation sequence.
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Inertial to Earth-fixed Coordinate System [T'] %!

The transformation between these coordinate systems accounts for Earth’s rotation, which continuously
alters the orientation of the Earth-fixed coordinate system relative to the Inertial coordinate system.
Since Earth completes one full rotation relative to the stars in a sidereal day (approximately 23 hours, 56
minutes, and 4 seconds), the Earth-fixed frame realigns with the inertial frame once per sidereal day.
The accumulated rotation is quantified by the Greenwich hour angle E, which measures the angular
displacement of the Greenwich meridian relative to the vernal equinox. A visual representation is
provided in Fig. 3.4.

31 3E

Greenwich Meridian

3 3E

Figure 3.4: Inertial and Earth coordinate systems, taken from Zipfel [2025].

By inspection, this rotation is a constant counterclockwise rotation by angle E around the third
inertial axis, 3/, which corresponds to the third-axis unit rotation matrix. The transformation from ]I to
]E is therefore given by:

cosZ sinE 0
[T]1¥! = |-sinE cosZ 0. (3.12)
0 0 1

The angle = is initialized based on the date and time at the start of the simulation. As the simulation
progresses, it evolves due to Earth’s uniform rotation and must be continuously updated to reflect the
accumulated angular displacement over time. With Earth’s angular velocity wg, the Greenwich hour
angle at time ¢ is given by:

E(1) = Eo + wet, (3.13)
where Ey is the initial Greenwich hour angle at the simulation start time, and ¢ is the elapsed simulation

time. This formulation ensures that the transformation matrix [T]£! correctly tracks the Earth-fixed
frame’s orientation with respect to the inertial frame throughout the simulation.
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Geocentric to Geodetic Coordinate System [7]°¢

The difference between geocentric and geodetic latitudes is quantified by the deflection angle §, which
arises due to Earth’s oblateness. This angle accounts for Earth’s flattening f and can be computed using
the relation from Britting [2010]:

. f h
0= 220) (1 -%-—], 3.14
fsin(24q) ( TR (3.14)
where A4 is the geodetic latitude, £ is the altitude of the body B above the spheroidal surface, and R
denotes the distance from the reference point By on the surface to Earth’s center. The quantity Ry can be

approximated as:

2
Ry=a {1 - g [1-cos(214)] + % [1- cos(4/ld)]} . (3.15)

A graphical depiction of the deflection angle is provided in Fig. 3.5, illustrating the geometric
relationship between the geocentric and geodetic latitude angles.

Figure 3.5: Illustration of the deflection angle §, adapted from Zipfel [2025].

The angle ¢ represents the rotation necessary to transform vectors between the geodetic and geocentric
frames. Since both frames share the same local meridional plane, this transformation is a right-handed
rotation about the common second axis 2¢ = 2P, which points East. A positive deflection angle
corresponds to a rotation from the geodetic to the geocentric frame. The transformation is performed
using the second-axis unit rotation matrix as defined in Eq. (3.11):

coso 0 —sind
[r1’?=({ o 1 o0 |[. (3.16)
sino 0 cosé

In the translational dynamics model, gravitational acceleration must be transformed from geocentric
to geodetic coordinates. In that case, the direction is reversed, and the rotation angle becomes -3,
corresponding to the transpose of the above matrix:

_ cosd 0 sino
[T1P¢ =[T1°?=| 0 1 0 [. (3.17)
—sind 0 coso

For a perfectly spherical Earth, 6 = 0, meaning the geocentric and geodetic coordinate systems
coincide. Since the geodetic coordinate system is locally normal to Earth’s surface, any point on the
surface can be described using geodetic latitude and longitude.
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Earth-fixed to Geodetic Coordinate System [T]PF

The transformation from the Earth-fixed coordinate system ] £ to the geodetic coordinate system ]2 is
carried out using two consecutive rotations. Therefore, one intermediate frame is introduced. The first
step is to rotate about the 3F-axis the longitude /, bringing the 2E-axis to the 2P-axis. This corresponds
to the third unit axis transformation matrix around /:

cos! sinl O
[T]1XE = |=sinl cosl 0]. (3.18)
0 0 1

The second stage of the transformation is performed about the east-pointing axis 2% and is described
in two consecutive rotations. First, a right-handed rotation of angle 7 — A is applied about the axis 2X,
transforming the intermediate coordinate system ]X into |¥. This rotation aligns the third axis with the
outward normal to the ellipsoidal surface. At this stage, the coordinate system has the correct geometric
alignment with respect to the local vertical direction. However, the orientation of the axes does not yet
match the geodetic coordinate system: the axis 1¥ points toward the South instead of North, and the axis
3Y points upward instead of downward.

Figure 3.6: Relationship between the Earth-fixed and geodetic coordinate systems, adapted from Zipfel [2025].

To correct this orientation, a second rotation of —180° (i.e., —m) is applied about the same axis
2Y = 2P This rotation leaves the east axis unchanged but reverses the directions of the other two axes.
As aresult, 17 is mapped to 1, now pointing North, and 3¥ is mapped to 3, now pointing downward.
This completes the alignment with the geodetic coordinate system.

Since both rotations are performed about the same axis, they can be combined into a single equivalent

rotation about 2. The total rotation angle is therefore:

/s bis
__/l)_ = _1,-Z 3.19
(2 d] —m d~ 7 (3.19)
which is implemented using the second-axis unit transformation matrix:
cos (-Ag—%) 0 —sin(-Aq—-3%) —sindgy 0 cosdy
[T1PX = 0 1 0 = 0 1 0o |. (3.20)
sin (-1g—%) 0 cos(-Aq— %) —cosdy 0 —sindy



3.3. Reference Frames, Coordinate Systems, and Transformations 37

Combining this with the transformation matrix from Eq. (3.18) and leads to the transformation chain:

I 7 =Ad —180°
E—-X——Y——D.

The resulting coordinate system is oriented such that the first axis 1? points North, the second axis
2P points East, and the third axis 3P points downward, normal to the ellipsoidal surface. The full
transformation matrix from Earth-fixed to geodetic coordinates is:

—sindgcos! —sindgsinl cosAdy
[T1PF = [T]1PX[T)*E = —sin/ cos/ 0o |. (3.21)
—cosdgcosl —cosdgsinl —sindy

This process is valid for both the geocentric and geodetic coordinate system because the only
difference is the used latitude angle. The geometry of this process is illustrated in Fig. 3.6, which shows a
general latitude A and the relationship between the Earth-fixed, intermediate, and geographic coordinate
systems.

Inertial to Geodetic Coordinate System [7]"!
D

The transformation from the inertial coordinate system ]! to the geodetic coordinate system |7 is
obtained by extending the Earth-fixed to geodetic transformation to account for Earth’s rotation. This is
achieved by replacing the geodetic longitude / with the celestial longitude /;, which describes the inertial
orientation of the local meridian. The celestial longitude is defined as:

l; =80+ wet +1, (3.22)

where B is the Greenwich hour angle at the reference epoch #(, and wg is the Earth’s angular velocity.
Substituting /; into the Earth-fixed to geodetic transformation yields the inertial to geodetic transformation

matrix:
—sindgzcosl; —sindgsinl; cosdy

[T1P! = —sin/; cos l; 0o . (3.23)
—cosdgcosl; —cosAdgsinl; —sindy

This transformation is also used to construct the inertial-to-geocentric transformation matrix [7]¢7,
which is required to express gravitational acceleration in inertial coordinates. It is obtained by combining
the geodetic-to-geocentric transformation [T]P¢ from Eq. (3.17) with [T]P!:

[T1¢" = [T]P¢[1]"". (3.24)

Geodetic to Body-fixed Coordinate System [7'] 37

By convention, the orientation of an aircraft is defined as the relative orientation of the body coordinate
system |2 with respect to the geodetic coordinate system P, describing how the vehicle is rotated
relative to the local-level reference. This relative orientation is expressed by the three Euler angles
Oba, Ppa, and Ypq, where the subscript 4 denotes the rotation of the body with respect to the geodetic
coordinate system. For readability, the subscript is omitted in the following expressions, but it should
not be confused with the inertial Euler angles, which describe orientation with respect to the inertial
coordinate system ]/. The transformation matrix from ]? to ]2 is constructed from a sequence of three
right-handed rotations, most commonly in the yaw—pitch—roll order. To represent this sequence, two
intermediate coordinate systems, X and Y, are introduced, leading to the transformation chain:

pLxtyLp

The transformation begins with a rotation about the vertical axis 3” by the yaw angle v, aligning
the intermediate axis 1% with the vertical plane of the vehicle’s nose, i.e., the direction of 1B. Next, a
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rotation about the lateral axis 2% by the pitch angle 6 adjusts the elevation so that 17 aligns with 15.
Finally, a rotation about the longitudinal axis 1¥ by the roll angle ¢ completes the transformation, placing
2Y and 3Y into their final body-aligned positions. Each of these rotations is represented by a unit axis
transformation matrix. To sum it up, the yaw rotation is given by a transformation about the z-axis, the
pitch rotation about the y-axis, and the roll rotation about the x-axis. Combining these gives the full
transformation from geodetic to body coordinates:

1 0 0 cos® O —sinf|| cosy siny O
[T]1BP = |0 cos¢ sing 0 1 0 —siny cosy Of. (3.25)
0 —sing cos¢||sind 0 cosé 0 0 1

The sequence of rotations is important because rotation matrices do not commute, so changing the
order generally leads to a different final orientation. Once the sequence is fixed, the matrix product can
be evaluated with any grouping, since matrix multiplication is associative. Multiplying the three unit

axis transformation matrices leads to the resulting matrix [7]5P:
cos i cos 6 sin iy cos 8 —sind
[T]BP = |cosy sin@sin¢ —siny cos ¢ siny sinfsing +cosycos¢ cos@sing | . (3.26)

cos Y sinf cos ¢ + siny sing  siny sin @ cos ¢ — cosy sing  cos 6 cos ¢

This matrix serves two purposes. It provides the elements from which the Euler angles are extracted
from and initializes the transformation matrix from inertial to body coordinates, given by:

[T1%" = [T]®P[T]P". (3.27)

Geodetic to Velocity Coordinates [T]VP
The orientation of the flight-path coordinate system with respect to the local-level geodetic coordinate
system |? is defined by two angles, the flight path angle y and the heading angle y. The heading angle
is defined as the azimuth of the velocity vector projected onto the local horizontal plane, measured from
geographic north toward east. The flight path angle gives the angle between the velocity vector and the
local horizontal plane. When the velocity is ground-relative, these angles are written as yx and yg. If
the velocity is air-relative, they are denoted y4 and y 4. Their angle range is given by [Zipfel, 2025]:
Tyt
2 2
To construct the transformation from ]? to |V, the coordinate system is rotated such that its 1-axis
becomes aligned with the velocity vector. First, a rotation by y about the vertical axis 37 aligns the
intermediate axis 1% with the projection of the velocity vector onto the local horizontal plane. Next, a
rotation by y about the intermediate axis 2% tilts the system so that 1V coincides with the full velocity
vector. This leads to the transformation chain:

0<y<2n.

pSxLv.

Substituting the corresponding elementary rotation matrices and applying them from right to left
yields:
cosy 0 -—siny cosy siny O
TP =| 0 1 0 —siny cosy O]. (3.28)
siny 0 cosy 0 0 1
The complete transformation matrix from the geodetic coordinate system to the flight-path coordinate
system is then given by:
COSycosy cosysiny -—siny
[T1YP = | —siny cos x 0 . (3.29)
sinycos y sinysiny cosy
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Geodetic to Wind Coordinates [T]"?

The wind coordinate system |" is obtained by applying an additional rotation to the flight-path coordinate
system |V, which serves as an intermediate coordinate system. The bank angle u is defined as the
rotation about the velocity direction 1Y that aligns the flight-path coordinate system with the aircraft
symmetry plane. More precisely, it is the angle between the plane spanned by 1" and 3" and the body
symmetry plane spanned by 12 and 32, measured about the axis 1V. The bank angle is typically defined
in the range [Boiffier, 2000]:

—-n<u<sm.

Using this definition, the wind coordinate system is obtained by rotating |V about 1 by the angle .
This leads to the transformation chain:

DEXxLvE W,

Substituting the corresponding elementary rotation matrices and applying them from right to left
yields:

1 0 0 cosy 0 —siny cosy siny O
[TI"P =[0 cosu sinu 0 1 0 —siny cosy Of. (3.30)
0 —sinug cosu||siny 0O cosy 0 0 1

The complete transformation matrix from the geodetic coordinate system to the wind coordinate
system is then given by:

COS Y COS Yy sin y cosy —siny
[TTWP = [cos y sinysinu —sin y cosu  sin y siny sinp +cos y cosu  cosysinpu | . (3.31)
COS y siny cos y + sin y siny  sin y siny cos i — cos y Sin 4 COSy COS i

Body to Wind Coordinates [T]%?

The orientation of the body coordinate system ]? with respect to the wind coordinate system S
described by two angles: the angle of attack « and the sideslip angle 5. The angle of attack « is defined
as the angle between the body axis 12 and the projection of the velocity vector onto the 15-32 plane,
measured about the body axis 25. The sideslip angle 3 is defined as the angle between the velocity
vector and its projection onto the 123 plane, measured about the body axis 3Z. Their ranges are given
by convention as [Boiffier, 2000]:

Vi

by
-1 <a<m, —Esﬂs

YRS

To construct the transformation matrix, an intermediate stability coordinate system ]° is introduced.
The transformation proceeds in two steps. First, a rotation by —a about the body 2Z-axis aligns the
15-axis with the projection of the velocity vector in the symmetry plane. The negative sign follows from
the definition of the angle of attack @, which is measured in the 12-3% plane about the axis 2Z. Since
the velocity vector is inclined by a positive angle @ with respect to 15, the coordinate system must be

rotated in the opposite direction to align the axis with this vector.

Then, a rotation by 8 about the stability 35-axis completes the alignment with the velocity direction,
resulting in the wind coordinate system. This sequence can be written as:

B=%sEw.

Substituting the corresponding elementary rotation matrices and applying them from right to left
yields:
cosfB sing 0 cosa 0 sina
[T]VB = |-sinB cosB 0O 0 1 0 |. (3.32)
0 0 1| [-sina 0 cosa
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Multiplying the two transformation matrices gives the full transformation from body to wind

coordinates:
cosacosf sing sin @ cos 8

[TIWB = | -cosasinf cosf —sinasinf]. (3.33)
—sina 0 cos

Body to Flight-Path Coordinates [7]V?

The transformation from the body coordinate system ]? to the flight-path coordinate system ]V is
completed by a rotation about the velocity direction. Starting from the wind coordinate system ", a
rotation by the bank angle u is applied about the axis 1" This rotation defines the orientation of the
flight-path coordinate system about the velocity vector and determines the direction of the lateral axis 2"
relative to the local horizontal plane. The transformation sequence is:

1V i

B%sEwhy.

The complete transformation is then given by:

1 0 0 cosB sinf O|]|cosa O sina
[T]VB =10 cosu —sinu||-sinB cosB 0 0 1 0 1. (3.34)
0 sinu cosu 0 0 1| |-sinae 0 cosa

Multiplying the three transformation matrices yields the transformation matrix from body to
flight-path coordinates:

cosa cos 8 sin 8 sin @ cos 8
[T]VB = |-cosasinBcospu+sinasiny cosfBcosu —sinasinBcosy —cosasinu|. (3.35)
—cosasin@Bsiny —sinacosy cosfB siny —sina sin S sin y + cos @ cos u

This completes the set of transformations between the relevant coordinate systems. Whether it
is more appropriate to transform from the geodetic coordinate system to the wind coordinate system
directly, or instead through the body coordinate system, depends on the specific application. The choice
is guided by which states or measurements are available and which coordinate system provides the most
meaningful physical interpretation for the task at hand.

Coordinate System Transformation Diagram

The coordinate systems used in flight dynamics are related through a sequence of passive, right-handed
rotations. These transformations do not alter the physical vectors themselves but instead express them in
different coordinate systems attached to various reference frames. Each rotation captures the relative
orientation between frames such as inertial, Earth-fixed, geocentric, geodetic, and body-fixed.

Given the number and complexity of these transformations, they can be difficult to visualize intuitively.
To aid understanding, a schematic diagram is provided in Fig. 3.7, which illustrates the relationships and
transformation paths between the relevant coordinate systems used throughout this work. The direction
of each arrow indicates a transformation from the coordinate system at the tail of the arrow to the
coordinate system at its head, with the corresponding transformation matrix shown along the arrow. The
inverse transformation is obtained by reversing the arrow direction, which corresponds to taking the
transpose of the associated transformation matrix.

3.4. Nonlinear Dynamic Inversion (NDI)

The fundamental idea of NDI is to transform selected input—output channels into chains of integrators
through model-based state transformation and feedback. This results in a decoupled, linearized system.
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Figure 3.7: Relationships between coordinate systems used in the flight dynamics model.
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While not a control technique in itself, NDI provides a framework on which linear control methods can
be applied to shape the closed-loop behavior, including tracking performance, disturbance rejection, and
noise attenuation [Slotine and Li, 1991].

Flying quality dependent Airframe dependent
Virtual S Contrc?l 5 %
Control Allocation
A
On-Board | Sensor
Model Processing

Figure 3.8: Basic NDI control structure adapted from [Pollack, 2024].

The basic NDI structure consists of an outer loop that computes the virtual control to achieve
the desired flying qualities and an inner loop that executes this command by cancelling the airframe
nonlinearities. This modular separation allows the outer loop to remain largely independent of the
specific airframe dynamics, while the inner loop uses an On-Board Model (OBM) together with sensor
feedback to perform the inversion and generate actuator commands via control allocation, as shown
in Fig. 3.8. This structure enables the flying qualities design to be carried out in a largely decoupled
manner, which is a key advantage of NDI and has supported its use in practical control system design
[Pollack, 2024].

MIMO Input-Output Linearization

For the derivation of the NDI control law, the concept of the Lie derivative will be introduced first. The
Lie derivative describes the rate of change of a smooth real-valued function along the flow of a smooth
vector field. It provides a formal way to describe how the output of a nonlinear system evolves along the
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system dynamics. Consider a nonlinear system of the form:

x=f(x)+G(x)u (3.36)
y =h(x), (3.37)

where f : R"” — R" and h : R" — R” are smooth vector fields. The matrix G : R — R is a
smooth function mapping whose columns g ; are smooth vector fields.

The relationship between the number of outputs p and the number of inputs m determines the
feasibility of exact input—output linearization. If p < m, the problem is overdetermined and requires
a control allocation method. If p > m, the problem is underdetermined and exact tracking cannot be
achieved. In the following derivations, the case p = m is assumed so that an exact nonlinear inversion is
possible.

If the elements of & are denoted as h;,i = 1,2, ...,m, and the column vectors of the matrix G are
denoted as g; Jj=1,2,...,m,then the Lie derivatives ([Slotine and Li, 1991]) of the scalar functions
h; with respect to the vector fields f and g ; are defined as follows:

o0h; oh;

o f(x), Lg hi(x) = Oy g;(x). (3.38)

Lyghi(x) =
Higher-order Lie derivatives along f are defined recursively as:
Lhhi(x) = Ly (L5 i) = V(257 0i@)) £ ), L9hi(x) = hy(o), (3:39)

where V denotes the gradient with respect to the state vector x. Finally, the Lie derivative of the k" Lie
derivative along f, taken along g ;, is:

Lg,L5hi(x) =V (L;h,-(x)) .g;(x). (3.40)

A feedback linearization law can then be constructed for the system in Eq. (3.37) by taking repeated
Lie derivatives of the controlled variable y € R” until the input vector u € R appears explicitly in the
dynamics. The number of differentiations required for each output y;, i = 1, ..., p, is determined by its
relative degree p;.

Formally, the relative degree p; of the i-th output channel y; = h;(x) is the smallest integer p; such
that:

Lg,Lihi(x)=0, O0<k<pi—1, j=1,....m, (3.41)
and for k = p; there exists at least one j such that:
ngL’}i_lh,-(x) £ 0. (3.42)

In other words, p; counts the number of successive differentiations of the output y; along the vector
field f before the input u appears explicitly through one of the input vector fields g ;. Intuitively, the
relative degree describes how “deeply” the control input is embedded in the system dynamics for each
output channel. Collecting the relative degrees for all outputs yields the vector relative degree:

p=Ilpi p2 ... pml’s (3.43)

and the total relative degree of the system is defined as:

p=llpll = > pi <n. (3.44)
i=1



3.4. Nonlinear Dynamic Inversion (NDI) 43

The inequality expresses that the number of independent output derivatives cannot exceed the order
of the system n. The system is said to possess a well-defined vector relative degree on a region 9y when
each p; exists in the sense of Egs. (3.41)—(3.42) and the control effectiveness matrix introduced below
has full rank throughout 9. This is a purely local structural condition and constitutes the minimal
requirement for the inversion of the dynamics to be well defined.

If the conditions for the existence of a vector relative degree p are satisfied and the control
effectiveness matrix $B(x) is nonsingular in a region of interest, then the external output dynamics of the
system can be expressed as [Khalil, 2002]:

o) L5y (x) Le, L7 " (x) -+ L, 97 ) | [u
= + JERE (3.45)
v | L ]| L L () L I R (x) | am
N e’
a(x) B(x)

or in compact form:
y(P) = a(x) + B(x)u’ (346)

with B(x) € RP*™ being the control effectiveness matrix and a(x) € RP collecting the nonlinear
dynamics not directly attributable to the control inputs. In the general case, the number of outputs p and
the number of inputs m need not be equal. If p < m, the system is over-actuated: the matrix B (x) has
more columns than rows, and a right pseudo-inverse or a control allocation scheme is typically used to
distribute control effort among the actuators. If p > m, the system is under-actuated: there are more
outputs than inputs, and it is not possible to simultaneously linearize all channels, so one must select a
subset of outputs or use approximate methods.

The standard nonlinear dynamic inversion formulation assumes p = m, such that 8(x) € R"™*™
is square and nonsingular. Under this assumption, a control law can be established that reduces the
nonlinear dynamics to a set of integrators:

u=8"0x|v-ak), (3.47)

where 87!(x) and @(x) are OBM representations of 8! (x) and a(x), respectively. The control
effectiveness matrix B(x) is necessarily assumed to be invertible. Moreover, v € R™ represents the
virtual control signal generated by an outer-loop controller. This term ensures stability of the external
dynamics and leads to improved performance and robustness properties. Returning the input as defined
in Eq. (3.47) to Eq. (3.46) yields:

y P = a(x)+ B(x)B ' (x) [v - fy(x)], (3.48)

In the absence of modeling uncertainty and disturbances, the static feedback law leads to the
linearized map:

y® =y, (3.49)

Whenever a vector relative degree exists, this construction renders the input—output map linear; the
system is then said to be input—output linearizable. Note that this property concerns only the map from
v toy: if p < n, the inversion leaves n — p states unaccounted for, a point examined in the following
subsection.
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By considering the transformation of the nonlinear system Eq. (3.49) in the frequency domain, the
relationship between the pseudo-controls v and the system outputs y can be expressed as:

- M1 - -
i w0 01w
. " 8%2 o (3.50)
Im] 00 - | V]

The linearized system exhibits a decoupled structure in which each output component y; evolves as a
pi-fold integral of its corresponding pseudo-control input v;. This chain of integrators separates the
pseudo-controls v from the outputs y in each input/output channel, allowing the designer to directly
specify the desired tracking dynamics through the selection of v.

Figure 3.9 shows the control architecture for a Single-Input, Single-Output (SISO) NDI system. The
flying-quality-dependent linear controller generates the virtual control v from the tracking error, while
the airframe-dependent inversion block computes the commanded input ™ using the model-based
control law in Eq. (3.47). The commanded signal passes through the actuator dynamics A(s) before
reaching the plant. When the actuator dynamics are sufficiently fast, such that A(s) ~ 1, the overall
behavior approximates an ideal integrator with y = %v.
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w | =
<
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Figure 3.9: Ideal SISO NDI control structure.

Internal Dynamics

The strongest of these structural properties is full-state feedback linearizability, which holds when the
total relative degree p = Zf’zl p; equals the dimension of the state vector n. In this case the input—output
dynamics fully capture the system behavior, and the feedback linearization law derived above reduces the
nonlinear dynamics to a set of integrator chains without leaving any unmodeled dynamics. If, however,
p < n, then not all states are reflected in the output derivatives. The remaining n — p states evolve
according to their own dynamics, which are not directly influenced by the input—output linearization.
These are referred to as the internal dynamics of the system.

To characterize the internal and external dynamics, input—output linearization introduces a coordinate
transformation z = 7 (x) = [€ p] T, where the external states &€ are formed from the outputs and their
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successive derivatives up to order (p; — 1):

-1
£ = h(x), & =Lemx), -, & =L ),
ff = hy(x), f% = Lghy(x), ---, ‘f/%z = L?_lhg(x),
(3.51)
= h(x), &= Lphp(x), -, & = I (),
1 2 Pm f
In parallel, the internal states are defined as smooth functions n = ¢(x) € R" 77 that satisfy:
d¢; 3 . .
Egj(x)—O, 1<i<n-p, 1<j<m, VxeDy, (3.52)

which ensures that the internal dynamics are unaffected by the control input. Such functions are
guaranteed to exist only locally, and the resulting coordinate transformation 7~ is a valid diffeomorphism
on a neighborhood Dy of the operating point [Isidori, 1985].

This transformation maps the system into the normal form [Isidori, 1985]:

‘f:v: = A+ B, [a'(x) + B(x)u”x:rr—l(z) >

. o
n=fe&m=-"fx , (3.53)
* x=T"1(z)
y=C:E.
where the triplet (A., B, C.) is in Brunovsky block canonical form:
A, =diag{A}}, B.=diag{B}}, C.=diag{C}}, i=1,...,m, (3.54)

and (A, Bf), Cf)) is a canonical form representation of a chain of p; integrators:

0 1 o 0] 0]
00 1 -0 0
A=t - - . i, By=|:, Ci:=[1 0 -~ 0], i=1...,m.  (3.55)
0 -~ 0 0 1 0
0o - 0 0 0 1]

For each input—output channel i, a feedback law for v; can be designed to drive its associated
linearized chain of integrators to zero. In other words, the external dynamics can be stabilized through
appropriate feedback design. However, since the internal dynamics are not directly influenced by the
control input, they cannot be stabilized by the control law in Eq. (3.47). Their stability must therefore be
analyzed separately.

To guarantee the stability of the overall closed-loop system, the remaining internal dynamics must
also be stable when the external coordinates are constrained to zero [Khalil, 2002, p. 517]. This condition
corresponds to the so-called zero dynamics, obtained by enforcing & = 0 in Eq. (3.53), which yields:

i =f.(0.7). (3.56)

The zero dynamics describe the evolution of the internal states that are unobservable from the
output when the output and all its time derivatives are identically zero for ¢+ > 0. In the linear case,
the eigenvalues of f.(0, 1) coincide with the transmission zeros of the open-loop transfer function.
If these zero dynamics are asymptotically stable within the operating region, the system is said to be
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minimum phase. Conversely, if any zero lies in the open right-half of the complex plane, the system is
non-minimum phase and possesses unstable zero dynamics.

This instability can be understood by observing that feedback linearization effectively performs a
mathematical inversion of the system’s input—output mapping. The linear case offers a useful illustration:
inverting a transfer function G (s) = N(s)/D(s) yields G~'(s) = D(s)/N(s), which exchanges its poles
and zeros, so that a zero in the right-half plane becomes a pole of the inverted system and directly causes
internal instability. In the nonlinear case the corresponding role is played by the zero dynamics of
Eq. (3.56). If these zero dynamics are unstable, any attempt to enforce perfect output tracking through
inversion excites divergent internal modes. Consequently, the feedback-linearized model is valid and
stabilizing only when the underlying system is minimum phase [Khalil, 2002].

One can therefore summarize that for standard NDI to be applicable, the system must satisfy the
following conditions:

1. The system must have a well-defined vector relative degree, i.e. the control effectiveness matrix
B(x) formed from Lie derivatives must be nonsingular in the region of interest.

2. The zero dynamics must be globally asymptotically stable with respect to the origin, or at least
bounded-input bounded-state stable.

Linear Error Feedback Control Design
The feedback control law defined in Eq. (3.47) can be inserted into the nonlinear system representation
in Eq. (3.37), which yields the input—output dynamics given by Eq. (3.49). In this formulation, the
pi-th derivative of each output y; becomes equal to the corresponding pseudo-control variable v;.
Consequently, the pseudo-controls v; can be designed as functions of the tracking error to ensure that
the actual outputs y; follow the desired reference trajectories y, ;. The control objective is therefore to
minimize the error:

€ =Yr,i—Yi- (3.57)

A common and straightforward way to specify the pseudo-control v; is by applying a linear feedback
law. In this case, the pseudo-control is defined as a weighted combination of the error and its derivatives
up to order p; — 1:

vi= e )P+ kio(ri = yi) kit i — Vi) +.. o+ ki,pi—l()’£{),-i_l) - yf""’”), (3.58)
or, equivalently,
pi—1
V; = yif)ii) + Z ki,jegj). (359)
j=0

If the feedback gains k; ; are chosen to be positive, the closed-loop error dynamics become:

(pi) _
ei =

—k,-,oei - ki,léi - .. ki,pi_1e(pi_l), (3.60)

i

which represents a linear differential equation with constant coefficients. The characteristic polynomial
associated with this equation can be selected to ensure that all roots have negative real parts, leading
to exponential convergence of the tracking error. Substituting the feedback law Eq. (3.59) into the

input—output linearized model produces the final NDI-based control law:

w20 ey
u=8"x) : - a(x). (3.61)

et
Yo 3P D)
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Robustness Properties
The major dynamic inversion robustness issues are exhibited by replacing the nominal aircraft model in
Eq. (3.37) with a perturbed model:

[y] = [a(x) + Ex)] + [B(x) + E(x)] u, (3.62)

where &(x) and B(x) are the nominal OBM drift and control effectiveness terms, and &(x) and E(x)
represent the corresponding perturbations in the drift and input terms, respectively. These are assumed
to be regular (i.e. state-dependent but free of fast parasitic dynamics) and bounded on the region of
interest. In addition, the ideal control effector position in Eq. (3.47) is replaced by a perturbed value
obtained by passing the ideal position through actuator dynamics, flexible structural elements, and other
high-frequency uncertainties:

u=T+A)B'(x)[v-ax)], (3.63)

where A(s) is an arbitrary stable dynamic perturbation, small for low-frequency signals but increasing in
magnitude towards unity and beyond as frequency increases. It is likewise assumed to be bounded at
every frequency. A short derivation shows that the resulting dynamic model for y is then given by [Enns
et al., 1994]:

y P = [£(x) - D(x,A)a(x)] + [+ D(x,A)] v, (3.64)
where the term D(x, A) is given by:
D(x,A) =Ex)B7'(x) + BX)AB ™ (x) + 2(x)AB ! (x). (3.65)

These equations replace the integrators in Eq. (3.49) as a new dynamic model for the controlled
variables. Note that there are two major uncertainty terms. The first term, [£(x) — D(x,A)&(x)], is a
direct disturbance input to the integrators, while the second term, [I + D(x,A)] v, is a multiplicative
perturbation on the control inputs of the integrators. Clearly the new system is not necessarily a linear
system anymore. Furthermore, a different insight can be reached by writing the closed loop as [Pollack
and van Kampen, 2023]:

y P =y 4 [£(x)+ D(x,A) (v — @&(x))] £ v+ enpr(x, v, A). (3.66)

Because &, E, and A are all bounded as assumed above and B! (x) is well defined on the region of
interest, the term D (x, A) is itself bounded, and consequently exp; admits an upper bound at a given
state x under bounded virtual control v. This means the inversion error does not grow without bound.
However, both regular perturbations, such as modeling errors, and singular perturbations, such as actuator
dynamics and delays, directly increase this residual. In practice, this can lead to noticeable errors and
reflects limited robustness, even though the error remains bounded under the given assumptions.

To sum it up, although this control law has appealing analytical properties, it depends on the structural
assumptions introduced in the previous section. Exact inversion requires a well-defined relative degree
and stable zero dynamics. When these conditions are not met, for instance in non-minimum phase
systems, exact inversion is no longer possible. In practice, these requirements are not always satisfied,
and the problem must be addressed through a different choice of outputs or an alternative control design.
Furthermore, the implementation relies on an accurate OBM and access to the required system states.
This is expensive and not always possible. Model inaccuracies lead to incomplete cancellation of
the nonlinear dynamics, resulting in residual terms that affect the desired behavior. When full state
measurements are not available, observers must be used, and their dynamics can further influence the
closed-loop response.

To address these limitations, NDI is often combined with additional robustness measures in aerospace
applications, for example through H,, loop shaping Franco et al. [2006], Papageorgiou and Polansky
[2009]. Another approach is incremental NDI, which replaces explicit model cancellation with a local,
measurement-based update using control effectiveness and measured state derivatives, thereby reducing
reliance on the nonlinear model [Sieberling et al., 2010].
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3.5. Incremental Nonlinear Dynamic Inversion (INDI)

In NDI control, the goal is to cancel the nonlinear terms a (x) and B (x) exactly through the control input.
In practice, achieving such exact cancellation is nearly impossible because of model simplifications,
numerical computation errors, and parametric uncertainty. INDI control addresses this issue by reducing
the dependence of the control law on the system model and replacing part of the model information with
additional sensor measurements.

INDI is derived by taking the first-order Taylor expansion of the output dynamics in Eq. (3.46)
around the previous state xg and control input ug at time ¢ — At, denoted by the subscript 0, where At is
the sampling interval:

yP) = a(x) + B(x)u

d[a(x) + B(x)u] d [a(x) + B(x)u]
=y + axax = Jx o axau = 0("_"°)+O(Ax2) (3.67)
_y 1 ["(x)gxg ]| Ax + Bxo)Au + O(AX),
0

where Ax and Au denote the state and control increments over one sampling interval Az, and O(Ax?)
represents higher-order terms. INDI employs a time-scale separation assumption in the design of the
control input Au. Specifically, it is assumed that over one sampling interval the state increment Ax
produces a negligible change in the dynamics compared with that produced by the control increment Au:

H 0a(x)+ B(x)u]

Ax|| < [|B(xo) Aul| . (3.68)

ox

0

This is usually justified by the cascaded structure of the dynamics. With an instantaneous actuator, a
deflection produces the aerodynamic moments algebraically, and these enter the angular accelerations
D, 4,7 directly. The rates p, g, r lie one integration downstream, so over a sampling interval they change
only by Ax ~ x At. The control increment thus acts on the output at full magnitude immediately, whereas
the induced state increment is first-order small in Az. For a sufficiently small sampling interval it can
therefore be disregarded together with the higher-order terms [Bacon and Ostroff, 2000], leaving:

y# =y 4 B(xo)Au. (3.69)

Shorter sampling intervals only improve this separation, and in the limit A+ — 0 the neglected term
in Eq. (3.68) vanishes entirely. It weakens, however, when the controlled states are themselves fast: a
low-inertia subsystem produces large angular accelerations, so the rate can drift substantially within
one interval and the left-hand side in Eq. (3.68) is no longer small relative to the control increment.
The separation then breaks down and the simplification introduces large residuals, a point that becomes
important for the lateral dynamics examined later.

The control law is completed by adding the control vector ug to the incremental input term:

u=uy+ B (x0)[v —y(()p)]. (3.70)

Figure 3.10 shows the complete block diagram of an INDI controller for a SISO system. The inner
loop computes the incremental control action using delayed measurements of the input and output, while
the outer loop determines the virtual control according to the desired flying qualities”.

2Although the derivation above is expressed in continuous time for clarity, INDI is fundamentally a discrete-time
control law. The quantities ug and y, correspond to the control input and output measured at the previous
sampling instant r — Ar. This introduces an inherent one-sample delay, represented as a unit delay z~! in the
discrete domain. Continuous-time diagrams often omit this block to highlight the control structure, but when
modeling a digital implementation, these delays must be included explicitly.
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Figure 3.10: Ideal SISO INDI control structure.

Compared to the non-incremental formulation in Eq. (3.47), INDI replaces the model-dependent
term @ (x) with direct sensor measurements of the previous control input and the derivative of the
controlled variable. This shift explains why INDI is often referred to as a sensor-based (SB) control
method. By inspection the comparison can be made that:

a(x) = y(()p) — B(xo)uo. (3.71)

However, this equality only holds in the absence of model uncertainty and external disturbances,
which introduces a fundamental distinction between model-based and SB inversion schemes. This
difference leads to distinct robustness characteristics [Pollack and van Kampen, 2023]. In particular,
SB INDI implementations tend to exhibit elevated open-loop gains at low frequencies, making them
more effective at rejecting slowly varying uncertainties such as aerodynamic modeling errors. This helps
explain why INDI is often considered more robust than conventional NDI. However, the associated high
crossover frequencies can degrade robustness at higher frequencies unless proper roll-off is enforced.

Another important advantage is that the INDI approach is not limited to input-affine systems of the
form Eq. (3.37). By leveraging a Taylor expansion around recent measurements, the method can also be
extended to handle non-input-affine dynamics [Bacon and Ostroff, 2000].

Obtaining ug in INDI

In SISO INDI, the incremental control command is defined in as:
u™ = yo + Au, (3.72)

where ug denotes the actuator deflection from the previous timestep. Since the accuracy of ug directly
influences the control law, several approaches exist to obtain this signal.

1. Delayed command approximation. When actuator position measurements are unavailable,
uo can be approximated by delaying the commanded input by one sample, z~!. This approach
assumes that within one sample time the commanded deflection can be achieved. It is efficient and
removes the need for any actuator modeling or sensors but is suitable only for very fast actuators
[Azinheira et al., 2015].

2. Direct measurement. This method relies on dedicated sensors to measure actuator deflections
directly, such that u( reflects the actual actuator state rather than a model-based approximation.
While this can provide high accuracy, it depends on measurement quality. In practice, noise and
structural vibrations are fed directly into the control loop, often requiring filtering which adds
delay [Smith and Berry, 2000].
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3. Actuator model. A more accurate alternative is to use a dynamic or predictive actuator model to
estimate u#g. This approach captures bandwidth limitations and provides a realistic representation
of actuator behavior, even without direct measurements. However, differences between the model
and the actual actuator must be evaluated carefully to avoid errors such as integrator wind-up
[Smeur et al., 2016a].

4. Model-measurement combination. A hybrid approach combines actuator measurements with
model predictions. The model provides a smooth and continuous estimate of actuator dynamics,
while the measurements correct for drift and modeling errors. This method improves robustness
in the presence of noise and uncertainties but introduces higher implementation complexity
[Myschik et al., 2022].

In this work, u( is obtained from a dynamic actuator model (method 3), which provides a continuous

estimate of the actuator state and captures its bandwidth limitations without requiring dedicated deflection
Sensors.
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Figure 3.11: RMS tracking error for INDI as a function of actuator and angular rate delays [van’t Veld et al., 2018].

Filter and Sensor Delay Synchronization

A distinctive feature of INDI is that angular acceleration is used as feedback. Since it cannot usually
be measured directly, it must be estimated from angular rate measurements. These measurements are
affected by sensor dynamics, and because angular acceleration must be estimated by differentiating noisy
rate signals, filtering is applied to suppress noise, at the cost of introducing additional delay. At the same
time, actuator commands are also subject to dynamics. If these two signal paths are not synchronized,
the controller may respond too early or too late, leading to oscillations or even instability.
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Stability analyses have shown that the system achieves its largest stability margin when actuator
signals and angular acceleration feedback are subjected to the same delay [van’t Veld et al., 2018].
Synchronization therefore improves stability, but only up to a limit: if the common delay becomes
too large, the system will still become unstable. This limitation can be understood from fundamental
constraints on feedback systems. As shown by Stein [2003], all control performance must be achieved
within a finite available bandwidth determined by sensing, actuation, and structural dynamics. A time
delay introduces phase lag that effectively reduces this available bandwidth. For unstable systems,
stabilization requires that the available bandwidth be sufficiently large compared to the unstable pole.
As the delay increases, the available bandwidth decreases until it becomes comparable to the unstable
dynamics. At this point, the constraints imposed by Bode’s integral prevent any controller from
maintaining sufficient stability margins, and the closed-loop system becomes unstable. Stein [2003]
further emphasizes that no controller can overcome these fundamental limitations, as they arise from the
inherent physics of feedback systems rather than from the design method itself. Figure 3.11, adapted
from van’t Veld et al. [2018], illustrates that the best performance occurs along the diagonal where both
delays are equal, while the Root-Mean-Square (RMS) tracking error grows more rapidly with angular
rate delay. This highlights the importance of synchronizing delays and minimizing sensor-path latency
in practical INDI implementations.

To address the delay introduced by filtering, Smeur et al. [2016a] proposed a synchronization method
in which the same filter H(s) used to estimate angular acceleration from the angular rate is also applied
to the actuator feedback signal. This ensures that both signals entering the INDI control law experience
identical delay, preserving their relative timing and maintaining stability. Figure 3.12 illustrates this
concept: the angular rate is filtered by H(s) and differentiated with s, while the actuator command u
is passed through an equivalent filter H(s), which may differ in dimension from H(s). Under these
synchronized conditions, the closed-loop transfer function from the commanded pseudo-control input v
to the system output matches the actuator dynamics A(s)/s, restoring the intended INDI behavior.

or;

H(s)

. Synchronization ,’

Figure 3.12: INDI control loop with synchronized filtering for delay compensation [Lu et al., 2016].

A limitation with synchronized filtering in the actuator feedback path is that in the MIMO case,
either the condition H(s) = H(s) must be satisfied or all entries of H(s) and H(s) must be identical, so
that H () matches H(s) elementwise, even with different dimensions. This implies that in the presence
of a dimension mismatch, different filters cannot be applied independently to each axis [Steffensen et al.,
2023a]. To avoid this restriction, a reformulated structure removes the filter from the actuator feedback
path while preserving the same closed-loop behavior. This alternative formulation is shown in Fig. 3.13.
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Figure 3.13: Alternative INDI control loop with synchronized filtering for delay compensation [Steffensen et al.,
2023a].

This version also corresponds to INDI with a complementary filter, where only the high-frequency
content of y is used to estimate yopm = Bu, allowing per-axis filtering in multi-channel control systems.

Sensor Dynamics

The problem of delay synchronization becomes more involved once the dynamics of the sensors
themselves are considered. Rate gyros and other sensors introduce dynamics into the measurement path.
These effects act as an extra source of delay that must be accounted for in the INDI design.

A pragmatic solution, proposed by Grondman et al. [2018], is to experimentally determine the
effective delay induced by the sensors and then compensate for it by inserting an equivalent pure
delay in the actuator path. Since INDI tolerates delays on the actuator side better than on the sensor
side, van’t Veld et al. [2018] recommend adding a slightly larger delay than measured to ensure safe
synchronization. This method is simple to implement and does not require detailed sensor models, but it
can be conservative and may unnecessarily reduce performance. More rigorous approaches have been
introduced by Kumtepe et al. [2022] and Steffensen et al. [2023a], where the sensor path is explicitly
modeled as a chain of filters. In the latter work, the sensor dynamics are represented as:

Fey(s) = F(s)Dy(s5)S(s), (3.73)

with three distinct contributions. The term F(s) represents a potential roll-off or notch filters used to
attenuate noise, engine vibrations, and structural mode excitations. The term D, (s) captures sensor
measurement delays. Finally, S(s) models the intrinsic sensor dynamics, which almost always include
an anti-aliasing filter. This anti-aliasing is required because sensor measurements are sampled digitally
in the flight control computer. Without such pre-filtering, high-frequency components above the Nyquist
frequency would fold back into the measured bandwidth, corrupting the control signals with spurious
low-frequency artifacts. All these filters unavoidably introduce additional phase lag, which must be
synchronized with the actuator commands to preserve stability and performance. To achieve this,
Steffensen et al. [2023a] applied the same chain of filters to the actuator feedback path, in the same way
that noise filtering is handled. Figure 3.14 illustrates the latter architecture, where the complementary
filter H(s) and synchronization through F(s) align all control paths and preserve closed-loop stability
and performance.
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Figure 3.14: INDI control architecture with explicit sensor dynamics and synchronization [Steffensen et al.,
2023a].

In this work, the analytical strategy of Fig. 3.14 is adopted, in which the sensor dynamics are
modeled explicitly and the same filter chain F., (s) is applied to the actuator feedback path to keep the
actuator and measurement paths synchronized. Since the applied sensor dynamics are known, modeling
them explicitly is the more natural choice than approximating them with a single compensating delay.
Applying the filters to the actuator feedback path imposes the restriction that the same filter must act on
every channel, which rules out independent per-axis filtering. This is not a limitation here, as a common
filter chain is applied across all axes, so the reduced complementary filter of Fig. 3.13 is not required. It
is precisely this synchronization that the delay experiments later probe, by comparing the controller’s
behavior under matched and mismatched actuator and sensor delays.






GHAME Vehicle Model Implementation

This chapter outlines the implementation of the GHAME vehicle model used in this research. The work
is organized into seven sections, each addressing a key component of the modeling effort. Section 4.1
presents the GHAME configuration and mass properties, describing the geometry, propulsion layout,
and overall vehicle structure. Section 4.2 formulates the 6 DoF equations of motion that govern the
vehicle dynamics. Section 4.3 introduces the kinematic relationships and the environmental modeling
framework, including the atmosphere, wind, and turbulence representations. Section 4.4 defines the
modeling of aerodynamic and propulsive forces as well as actuator dynamics. Section 4.5 describes
the sensor models used for feedback and state estimation within the control system. Section 4.6 details
the initialization and trimming procedures required to establish a steady-flight condition for simulation.
Finally, Sec. 4.7 presents the model verification process, in which the Simulink implementation is
validated against the original NASA Fortran version' to ensure consistency and physical accuracy.

4.1. Model Description

The GHAME is a high-fidelity aerodynamic and geometric model developed at the NASA Ames
Research Center and extensively tested at the Dryden Flight Research Center [Bowers et al., 1989].
It was conceived during the early phases of the NASP initiative to provide accurate and physically
representative aerodynamic data for hypersonic vehicle research. GHAME was designed as a generic
hypersonic configuration capable of performing a SSTO mission, involving horizontal takeoff using
air-breathing propulsion, acceleration to orbital velocity, orbital insertion, atmospheric reentry, and
unpowered gliding recovery. The aerodynamic database spans the complete mission envelope, including
subsonic, transonic, hypersonic, and reentry flight regimes [White et al., 1992].

The model enables high-fidelity Six-Degree-of-Freedom (6DoF) simulations and produces a dynamic
response representative of hypersonic flight. Consequently, GHAME has become a benchmark for
evaluating control architectures, developing guidance strategies, and conducting trajectory optimization
studies. Multiple versions of the model have been implemented in Fortran by P. Zipfel, using the original
NASA Ames aerodynamic dataset as documented in White et al. [1992] and detailed in his textbook
[Zipfel, 2025]. More recently, Goz [2024] developed a Simulink-based implementation of a simplified
GHAME model assuming a nonrotating, flat Earth, constant mass and first-order actuator dynamics.

This thesis builds on that foundation by implementing Zipfel’s highest-fidelity GHAME model in
Simulink and extending it to include additional physical effects. In contrast to the flat-Earth formulation,
the model developed here incorporates Earth’s rotation, ellipticity, and a full gravity model. It also

! Available at: https://arc.aiaa.org/doi/suppl/10.2514/4.107535

55
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includes an atmosphere extending to 1000 km, wind and turbulence effects, variable mass and inertia
due to fuel consumption, sensor models, and second-order actuator dynamics. The objective is to
reproduce the most complete and physically representative version of the GHAME model available while
maintaining consistency with the original aerodynamic and dynamic formulations.

The GHAME vehicle geometry consists of analytically defined surfaces that capture the essential
aerodynamic characteristics of a hypersonic lifting body. The fuselage is modeled as a 120 ft-long
cylinder with a diameter of 20 ft, terminated at the front and aft ends by 10° half-angle conical nose
and boat-tail sections. The wings and vertical tail are represented as thin, flat, triangular plates with no
dihedral, arranged in a mid-wing configuration. Strakes extend rearward from the wing trailing edges to
enhance directional stability at hypersonic speeds. Primary control is provided by all-moving elevons
mounted on the trailing edges of the wing panels, performing the combined functions of elevators and
ailerons. Symmetric deflection produces pitch control, differential deflection produces roll control, and
yaw control is achieved by a rudder mounted on the trailing edge of the vertical tail [White et al., 1992].

— =
/”/\'
— ———

\J

Figure 4.1: Schematic configuration of the GHAME vehicle model, adapted from White et al. [1992].

The GHAME model uses mass properties derived from the North American XB-70 Valkyrie. The
takeoff gross weight is 300,000 1b, with 60 percent allocated to liquid-hydrogen fuel. The fuel-burnout
weight is 120,000 1b. All liquid-hydrogen fuel is stored within the fuselage. The propulsion system
is integrated into the lower fuselage between the wing roots, featuring a forward-facing intake on the
underside and an aft-mounted nozzle extending beneath the tail section [White et al., 1992]. Moments
of inertia are specified for both takeoft and burnout conditions, with mass and inertia values varying
linearly with fuel consumption during simulation. The aerodynamic reference area and inertia data used
for nondimensionalization are summarized in Appendix A.1. A schematic of the configuration is shown
in Fig. 4.1.

The wing planform consists of a triangular delta wing with a root chord ¢, = 120 ft and a span of
brer = 80 ft, combined with a 30 ft span rectangular trailing surface of length 40 ft. The combined
lifting surface yields a reference area of S = 6000 ft>, and the reference chord is cyef = 75 ft. The Mean
Aerodynamic Chord (MAC) and its leading-edge location are MAC = 72 ft and xpgmac = 116.5 ft
[White et al., 1992].
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Model Assumptions

The GHAME model used in this work is the highest-fidelity version publicly available. Nevertheless,
several simplifying assumptions were necessary to enable practical simulation. The following list
summarizes the major assumptions adopted during the development and implementation of the model:

1. The vehicle is assumed to be a rigid body, neglecting structural deformation as well as aeroe-
lastic and thermoelastic effects. Although these phenomena are known to occur in hypersonic
flight, accurately modeling their influence remains an active area of research. The aerody-
namic—structural-thermal coupling involved is complex, and defining a reliable model would
constitute a research effort in its own right. Moreover, high-fidelity simulation models that
capture such effects are not publicly available, making independent implementation and validation
infeasible. For these reasons, such effects are excluded from the present simulation.

2. The total mass m(¢) and moment of inertia matrix [/ g 18(t) are assumed to vary linearly with
fuel consumption, using interpolation between values at takeoff and burnout. This simplifies
the underlying mass distribution, which in reality may vary nonlinearly depending on tank
geometry and fuel routing. The linear assumption is made due to the absence of detailed internal
configuration data and is consistent with prior implementations of the GHAME model.

3. The Center of Gravity (CG) is modeled and its position is computed from the mass distribution.
However, its influence on aerodynamic characteristics and stability derivatives is not considered,
as such data are not available. The CG position is used only for IMU correction calculations.

4. The wind velocity field is assumed to be uniform, and although it is not strictly constant in time,
it is sufficiently constant within the framework of flight dynamics modeling. As a result, the
atmosphere is considered stationary with respect to the Earth-fixed frame implying no angular
velocity of the atmosphere relative to Earth.

5. Atmospheric turbulence is assumed to be accurately represented by the Dryden turbulence model,
and steady horizontal wind profiles are modeled using the Horizontal Wind Model (HWM 14).

6. Thrust is assumed to be aligned with the velocity vector. In the present formulation, this is
approximated by aligning the thrust force with the 15-axis and neglecting any thrust incidence
angle. As a result, the thrust vector does not generate pitching or yawing moments. This
simplification neglects possible off-axis thrust components that can arise in high-speed propulsion
systems, such as afterbody expansion or pressure effects. Such effects can generate additional
normal forces and pitching moments, which would alter the trim condition and may increase trim
drag [Calise and Flandro, 1988]. Such contributions are not included here and go beyond the
scope of this thesis.

7. A key assumption in the aerodynamic model is that sideslip angle is not included as a gridded
variable in the aerodynamic database. All acrodynamic lookup tables are defined only over Mach
number and angle of attack. Sideslip-dependent effects are retained, such as Cy, S, but the sideslip
angle itself is not used in the interpolation process.

4.2. Equations of Motion

The equations of motion describe the translational and attitude dynamics of a rigid body. Translational
dynamics govern the motion of the vehicle’s center of mass under the influence of external forces, while
attitude dynamics describe the evolution of the body’s orientation due to external moments. Together,
these six coupled equations capture the full 6DoF of vehicle motion in space.
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Translational Dynamics
The translational motion of a rigid body is governed by Newton’s second law, which states that the net
external force equals the time derivative of linear momentum. In an inertial reference frame /, this gives:

D' (mvy) = fex 4.1

where D' denotes the time derivative in the Inertial frame, vg is the velocity of the vehicle center of
mass B relative to the inertial frame /, m is the mass of the vehicle, and f,, denotes the sum of all
external forces acting on the body. This expression is valid in an inertial coordinate system and does not
depend on the particular orientation of that system. When the mass m is constant, it can be taken outside
the derivative, and Newton’s law becomes:

levg = fext- 4.2)

Although Newton’s law is valid only in inertial frames, it is often convenient to express the equations
of motion in a rotating frame. By applying Euler’s transformation of frames, also referred to as the
Coriolis transformation, the time derivative can be shifted from the inertial frame / to a rotating frame
R. The most common choice for R is the Earth-fixed frame E, which is non inertial due to the Earth’s
rotation.

The advantage of using the Earth-fixed frame is that the atmosphere rotates with the Earth, so
aerodynamic forces depend on the vehicle’s velocity relative to it. Moreover, trajectories are typically
referenced to Earth’s surface, making the Earth-fixed frame a natural choice. However, when transforming
to a rotating reference frame with constant angular velocity, two correction terms appear in the equations
of motion: the Coriolis and centrifugal accelerations. Thus, assuming constant mass and a uniformly
rotating Earth, i.e. @£/ = 0, the translational dynamics become::

mDEVE = fo —m| 208 xvE +0f x (0" xspE)|. (4.3)

Coriolis acceleration Centrifugal acceleration

Here, DE denotes the time derivative in the Earth-fixed frame, and w’ is the angular velocity vector
of the Earth with respect to the inertial frame, and sgg is the displacement vector from the center of
the Earth to the center of mass of the vehicle. The added complexity is the reason that this model was
decided to be implemented with the inertial reference frame as the reference for Newton’s law without
the transformation.

For a variable-mass system, the change in momentum must account for the momentum carried by
the expelled mass. Consider the vehicle over a small time interval A¢. At time ¢, the vehicle has mass m
and velocity vg. At time f + At, the vehicle mass has changed to m + miAt, and a mass —ri1At has been
expelled.

Let vfel denote the exhaust velocity relative to the vehicle, expressed in inertial coordinates. The
inertial velocity of the expelled mass is therefore defined as:

I _ .1 I
Vxh = VB = Viel- “4.4)

The total momentum at time ¢ + At is the sum of the momentum of the remaining vehicle and the
expelled mass:

p(t+Ar) = (m + mAt) (v’B +D! v’BAz) + (=1A) (v’B ! ) . (4.5)

rel
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Expanding and retaining only first-order terms in At yields:

I At (4.6)

p(t+Ar) = mvll3 + mDIvllgAt + n'ngt - n'wéAt +my,

The terms +n'1ngt and —nhngt cancel, giving:
p(t+At) = mvl + mDIvh At + v! Az, 4.7

Subtracting p(t) = mvé and dividing by At, the rate of change of momentum becomes:

D (mvl) = mD!vl + ! 4.8)

rel*
Applying Newton’s second law (Eq. (4.1)) yields:
mD'vl = fo — vl (4.9)

The second term represents the momentum flux associated with mass ejection and gives rise to the
thrust force, defined as f ., = —#v’,. The translational dynamics can therefore be written as:

levg = fext + fthrust' (4-10)

The external forces are decomposed as f,, = f, + mg, while the aero-propulsive forces are defined
as fa.p = fa+ finrus Substituting these definitions yields the final expression:

mD'vl, = f, ,+mg. 4.11)

Here, the aero-propulsive forces f, ,, are expressed in body coordinates 12, while the gravitational
force mg is expressed in geocentric coordinates ]©. Since neither are expressed in inertial coordinates,
they are transformed into inertial form using the transformation matrices [7]5, defined in Eq. (3.27)
and [T]¢!, defined in Eq. (3.24). The final expression for the translational dynamics is therefore:

1

av! — B —
Bl = [T18" [ fup]” +m[T19"[g]°. (4.12)

"\ ar

To calculate the actual trajectory, another integration is necessary for obtaining the displacement
vector s gy of the center of mass B relative to the center of the inertial reference frame /. The inertial
position vector is updated by integrating the body velocity which is in inertial coordinates:

=i’ (4.13)

dsgr |’
dt

Equation (4.12) and Eq. (4.13) are the six differential equations that must be solved starting from
initial conditions to solve the trajectory traces. From the inertial velocity vg and inertial position s gy it
is now very simple to obtain the kinematic (or geographic) velocity vg defined as the velocity of the
aircraft with respect to the Earth, which is used to describe the trajectory of the vehicle. The geographic
velocity is obtained by correcting the inertial velocity vg for Earth’s rotation:

vil" = vl = Q¥ [ser]. (4.14)

For convenience, this velocity is subsequently expressed in the NED coordinate system by applying
the transformation matrix [7']P from Eq. (3.23):

E1P = [T1° ([vE]" - 1951 [spi]"). (4.15)
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In the presence of wind, two additional velocity vectors are introduced. The first is the aerodynamic
velocity vg, which defines the motion of the aircraft relative to the surrounding air mass and governs
both aerodynamic forces and propulsion effects. The second is the wind velocity vi, which represents
the velocity of the atmosphere relative to the Earth. The aerodynamic velocity is obtained by subtracting
the wind velocity from the aircraft’s velocity relative to Earth:

val? = [vE]IP - VAP, (4.16)

where the wind velocity [vg]D is provided by the wind module described in Sec. 4.3. The aerodynamic
velocity in geodetic coordinates can be used to determine the aerodynamic heading y 4 and flight path
angle y4. However, evaluation of the aerodynamic angle of attack @4 and aerodynamic sideslip angle
B4 requires the aerodynamic velocity expressed in body coordinates. This is obtained by applying the
transformation matrix [T]2? from Eq. (3.26):

[va]? = [T1°P(vi1” = [v41°). (4.17)
Finally, the magnitude of the aerodynamic velocity is the true air speed of the vehicle:

Vias = vl (4.18)

Attitude Dynamics

The attitude dynamics of a rigid body are governed by Euler’s law. It states that the time derivative of the
angular momentum vector / gl of a rigid body, taken relative to the inertial frame and expressed about
the body’s center of mass, is equal to the net external moment m g applied about that same point:

DB = mp. (4.19)
The angular momentum / IB;R of a rigid body B with relation to any reference frame R and referred to
a reference point R can be calculated from two additive terms:

18R = 15 0B + mB (rpr x v¥), (4.20)

where 1 g is the inertia tensor about the center of mass, w?! is the angular velocity of B relative to I,
rgr is the vector from R to the center of mass, and vlg is the linear velocity of that center with respect to
R. The first term describes the angular momentum about its center of mass and the second term corrects
it in case that the reference point lies somewhere else. If the reference point is chosen as the center of
mass itself (R = B), the second term vanishes and the angular momentum simplifies to:

15" = 15", (4.21)
Substituting this into Eq. (4.19) gives:
p! (Ing’) — mg. (4.22)

The inertia tensor and angular velocity are most naturally expressed in the body-fixed frame, so the
time derivative is shifted from the inertial frame to the body frame using the rotational transport theorem:

DI()=DB()+QBI(,). (4.23)

Here D! and D® denote time derivatives taken in the inertial and body frames, respectively, and Q57
is the skew-symmetric matrix corresponding to the body’s angular velocity relative to inertial. Physically,
the extra term Q57 (-) accounts for the apparent change in a vector simply because the coordinate axes
themselves are rotating. Applying this to the angular momentum term yields:
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DF (150"} + QB 505! = mp. (4.24)

To solve the angular momentum rate in the rotating frame, the product rule must be applied to
DB (I1BwB!):
B :

D (1§ ") = (DPI}) 0®" + I (D 0®"). (4.25)

For a constant inertia matrix, the derivative D81 g vanishes, otherwise, the additional term must be
retained. Substituting this expansion into Eq. (4.24) yields:

(DBlg)wB[+Ig (DBwB[)+QB’ 15 wP =mp. (4.26)
Finally, expressing each tensor in body-fixed coordinates -]? yields:

B
+ QBB 1518 [wP"]® = [mp]®. (4.27)

B
dlg BIB B1B dw®!
dt] W17+ U] [ a1

This is the full expression for Euler’s law in the body frame with a time-varying inertia tensor. It
accounts for three terms on the left-hand side: the contribution due to the change in inertia, the angular
acceleration term, and the gyroscopic coupling due to rotation of the body frame. To isolate the angular
acceleration DZ[w?B7]B, the equation is rearranged:

] 1) -

B

B
dly [wBI]B _ [QBI]B [Ig]B [wBI]B ‘ (4.28)

dr

This is the rotational equation of motion given in the body frame. The translational plus attitude
equations together form nine first-order differential equations and therefore nine state variables are
needed for initialization. It is general in the sense that it does not assume constant inertia, and can
therefore accommodate time-dependent mass distributions. For aerodynamic calculations, the angular
velocity of the body relative to the rotating Earth, expressed in body coordinates [wB%]5, is required. It
is related to the inertial angular velocity [w?!]8 via:

[(/_)BE]B — [U_)BI]B _ [T]BI[(,L)EI]I. (429)

Here, [w®!]! is the angular velocity of the Earth frame with respect to the inertial frame, expressed
in inertial coordinates. For a rotating Earth model, this vector is defined as:

T

0
=101, (4.30)

We

[wEI]I

where wg is the Earth’s angular velocity. The components of [w?F]8

moment calculation.

are used in the aerodynamic

4.3. Kinematics and Environment

The orientation of the vehicle can be represented using either quaternions, Direction Cosine Matrix
(DCM), or Euler angles. Quaternions are efficient for integration and avoid singularities, but they
represent orientation implicitly and complicate initialization when multiple reference frames are involved.
By contrast, DCMs express orientation explicitly as a sequence of rotations between coordinate systems,
making them straightforward to interpret and manipulate in a multi-frame formulation. Both are valid
options but for this reason, the present simulation employs DCMs rather than quaternions.
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Attitude is defined using yaw, pitch, and roll angles which give the orientation of the body-fixed
coordinates relative to the geodetic coordinate system. These Euler angles are updated indirectly through
the body-to-inertial transformation matrix, [7]2/ whose time evolution is governed by the angular
velocity of the body relative to the inertial frame:

BI
—BI

[dT =[Q 12117, (4.31)

dr

—BI_ 5. . . . .

where [Q ]2 is the transpose of the skew-symmetric matrix of [w®!]8. The transformation matrix from
inertial to body coordinates [7]57 is initialized as shown in Eq. (4.86). Therefore, after initialization the
DCM only depends on the inertial rotational rates.

Numerical integration of Eq. (4.31) introduces small errors that accumulate over time and gradually
degrade the orthogonality of [T]2!. To preserve the rotation matrix properties, [7]?! is re-orthogonalized

at each time step using the algorithm of Savage [1984]:
1 _
[T(n+ DI = [T()]% + 5 ([EVNT 1P, where [E] =[]~ [T1¥[TIP.  (4.32)
2

Here [T(n)]?! is the transformation matrix after integration, [T(n + 1)]®! is the re-orthogonalized
matrix, [E] denotes the error matrix, and [/] the identity. The error [E] vanishes when [T (n)]8/ is
perfectly orthogonal. The corrected matrix is then used to update the geodetic—to—body transformation:

(7152 = [T1%1 [T]7". (4.33)
At each time step, the updated Euler angles are extracted from the transformation matrix [7]5P.
Two methods can be used for this purpose. The first is the approach implemented by Zipfel [2025],
which computes the pitch angle first and then recovers yaw and roll using arccos and sign disambiguation.
This method includes explicit safeguards against domain errors and singularities. The second method
makes use of the arctan 2 function to compute yaw and roll directly, avoiding the need to divide by
cos 0p4. While both approaches are equivalent away from singularities, the arctan 2-based method was
implemented here due to its cleaner structure, reduced numerical sensitivity, and better behavior near
gimbal lock.

Starting with the method by Zipfel [2025], the pitch angle 64 is computed first, along with its
cosine, using the matrix elements #;; of [T]BP as defined in Eq. (3.26):

—aresin(f13),  |ti3| < 1, [ —2, sl <1,

Oba =9 1 _ cos Opq =
ESIgn(—m), lti3] > 1, EPS, lti3] > 1,

where EPS < 1 prevents division by zero when |#13] ~ 1. This guarded formulation serves two purposes.
First, it accounts for slight numerical errors that may push |#13] just outside the valid domain [-1, 1]
of arcsin, avoiding NaN results. Second, as [t13] — 1 (i.e., Opq — +7), cos g approaches zero,
making any subsequent division by cos 64 (required for yaw and roll extraction) ill-conditioned. By
clamping 6,4 to +75 and enforcing a minimum value cos 64 = EPS, the algorithm maintains stable,
finite intermediate values and ensures reliable recovery of all three Euler angles even near the gimbal-lock
condition. With cos 8,4 thus guaranteed nonzero, the cosine of the yaw angle is then computed using

the (1, 1) and (1,2) element:

I
cos Opq

COS Ypg = min (1, ) - sign(cos¥pa), Wpa = arccos (Cosypy) - sign(tyn).
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Similarly, the cosine of the roll angle and the roll angle itself are computed using the (3, 3) and
(2,3) element:

) - sign(cos ¢pa),  Ppa = arccos (cos ¢pq) - sign(t23).
cos Opa

CoS ¢pg = min (1,

This formulation ensures all three Euler angles remain well-defined and numerically stable even when

Opa — i%, where the Euler angle extraction would become ill-conditioned. The second formulation

makes use of arctan2 to compute the ¢4 and ¥4 angles in which case special logic for cos € is not
needed anymore:

arcsin(-t13),  |ti3| < 1,
Oba =7
3 sign(=t13), |ti3] > 1,
Ypa = arctan 2(t12,111), $pa = arctan 2(13, 133).

This formulation avoids discontinuities and domain errors by using the two-argument arctangent,
which preserves sign information and avoids division by cos 8,4. The pitch angle is clamped to +7
when |t13| > 1, ensuring robustness near the gimbal-lock condition.

Angle Computation from vé, and VQ’
Using the components of the air-relative velocity vector expressed in the body-fixed coordinates,

[vA]18 = [ugq va wa] T, the aerodynamic sideslip angle 3, is given by:
B y p ang

<pfa =z, (4.34)

1N
ST

ﬁ . ( Va )
4 = arcsin , -
Vras

where Vas = Vu2 + v + w2 is the magnitude of the aerodynamic velocity vector. Using this result, the
aerodynamic angle of attack a4 is defined by

Ug
<, 4 b
VTAs €OS 54

Wa

and singg=—"—"79090—.
VTas €OS 54

cosay = (4.35)
Alternatively, a more compact and robust expression is given by the two-argument arctangent
function:

ap = arctan2(wg, ug), —T <@g < T (4.36)

The aerodynamic bank angle 4 requires additional algebraic manipulation to express in closed
form. The resulting relation is:
cos g sinag sina g

= arctan 2t +1 tan 0 - 1 +tanGpg——— | 4.37
1A = arctan (an Ppa +tan B4 ( anOpa_— bod  c0sOha bd o B c0s b (4.37)

Kinematic Flight Path Angle and Heading Angle yx, vk
The kinematic heading angle yx and kinematic flight path angle yx are computed from the Earth-

relative velocity vector [VE]P = [vn, vE, vp]T, expressed in the geodetic coordinate system. The
y B p g y

ground-relative velocity magnitude is:
Vi = |vgll- (4.38)

The velocity components relate to the kinematic angles by:
vy = Vg cos yk cos Yk, (4.39)
vE = Vg sin yk cos yk, (4.40)
vp = —Vg sinyg. 4.41)
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The heading angle is defined as the angle between the horizontal projection of the velocity vector
and the north direction:
Xk = arctan2(vy, vg), - < Yk < 7. (4.42)

The flight path angle is defined as the angle between the velocity vector and the local horizontal
plane:

T

yK = arcsin (—V—D), T eyk < (4.43)
Vk

s
2 2

The use of yx and yk in this context provides a natural parameterization of the trajectory based on
Earth-referenced velocity components. These angles differ from the aerodynamic flight path, y 4, and
heading angle, y 4, when wind is present.

Gravity Computation in Geocentric ] Coordinate Axis

Gravitational acceleration is required for the vehicle’s translational dynamics. For an elliptical-Earth
simulation, the standard model is the World Geodetic System 84 (WGS-84) [WGS, 1997], which
represents gravity using a zonal harmonic expansion truncated after the dominant J, term. In this
formulation, the gravitational acceleration expressed in geocentric |¢ coordinates is given by

2
oM -3v5 Cro (dLBI) sinA. cos A,
19=—~ 0 :

2
1+3V5Co0 () (sin* a0 - 1)

[g J = =V5Cay. (4.44)

Here, GM is the Earth’s gravitational parameter and A, is the geocentric latitude. The parameter a
denotes the Earth’s reference equatorial radius. The scalar d gy is the distance between the vehicle’s center
of mass and the Earth’s center. The coefficient C5 ¢ is the normalized degree-2, order-0 Stokes coeflicient
representing the leading-order deviation from spherical symmetry due to the Earth’s oblateness.

The third component of the gravity vector contains both the dominant radial 1/ d% ; term and a
latitude-dependent correction from the J, perturbation. This correction increases gravity near the poles
and reduces it near the equator. While the equatorial bulge contains more mass than a perfect sphere,
this mass is distributed farther from the Earth’s center and therefore contributes less effectively to the
gravitational attraction at a given altitude. The inverse-square nature of gravity amplifies this effect,
resulting in a net reduction in gravitational acceleration close to the equator. The first component
introduces a horizontal acceleration directed toward the equator, positive in the Northern Hemisphere
and negative in the Southern, caused by the off-axis gravity induced by the oblate shape. The second
component is zero due to the axial symmetry of the pure zonal harmonic field.

When C; o = 0, the oblateness terms vanish, and the acceleration reduces to the classical spherical-

. .. I
Earth result. To evaluate Eq. (4.44), use the inertial position vector [s B 1] = [s1 52 s3] " to compute the
distance dp; and the geocentric latitude A.:

dB] = ”SBI” = S%+S§+S2, Ae ZaI'CSiI’l(dS—;I) .
Gravity must be expressed in geocentric coordinates because gravitational force acts toward the
Earth’s center of mass, not perpendicular to its surface. Geodetic coordinates, which define “down” as
normal to the reference ellipsoid, misalign with the actual gravity vector, particularly at high latitudes
where the ellipsoid surface deviates most from spherical. Expressing [g]“ in geocentric coordinates
avoids this geometric inconsistency and ensures that the gravity vector is modeled correctly in both
direction and magnitude. The constants used in this formulation are summarized in Appendix A.
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Wind and Turbulence

To enhance atmospheric fidelity, this simulation incorporates horizontal wind and turbulence models.
Wind and turbulence change the incidence angle of the aircraft and thus change the aerodynamic moment
and forces. These two are superimposed to find the wind velocity. The horizontal wind is obtained from
the HWM14. For a given geodetic latitude, geo-potential altitude, longitude, time of day, and day of
year it outputs the zonal and meridional components of wind (east and north), corresponding to the first
and second components of a velocity vector in geodetic coordinates. No vertical wind component is
modeled, so the third element of the wind vector is set to zero. Accordingly, this wind vector in geodetic
coordinates can be expressed as:

VWind, N
VE1Rw = | vwind £ | - (4.45)
0

To account for random turbulence, a modified Dryden model is implemented. The turbulence is first
computed in body axes using a second-order linear filter shaped by the Dryden spectral distribution,
then transformed to geodetic coordinates. The stochastic disturbance is modeled as a scalar turbulence
amplitude, filtered using the following differential equations:

T =T, Ty = —v%‘rl —2veTy + v%w(t), (4.46)

where w(t) is zero-mean white Gaussian noise scaled for discrete-time simulation, are the gust variables
and v, = vas/L is the turbulence frequency bandwidth based on true airspeed and turbulence scale
length L. For high-altitude flight, a typical value is L = 150 m [Zipfel, 2025]. The resulting turbulence
amplitude is computed as:

Ve Ve

(1) =0 7 ! (n + ﬁ'z’z) . (4.47)

This model assumes isotropic turbulence aligned with the freestream direction. While this simplifica-
tion neglects cross-axis coupling and vertical shear, it is appropriate for evaluating control performance
under moderate atmospheric disturbance. The turbulence 7 is then projected into body axes using the
angle of attack « and roll angle ¢, forming a three-dimensional turbulence velocity vector:

—Tsina
[v?]B =| Tsingcosa|. (4.48)
T COS ¢ cos

This projection approximates the local direction of atmospheric gusts relative to the body, it assumes
negligible sideslip and small yaw excursions. The turbulence vector is transformed to geodetic coordinates
using the body-to-geodetic transformation matrix [T']P# which is given in Eq. (3.26):

V1P = [T]1PB[vR]15. (4.49)

The total wind velocity in geodetic coordinates is defined as the sum of the horizontal wind and the
turbulence velocity vector:

VETP = VETRw + [vi1”. (4.50)

To prevent discontinuities, a first-order low-pass filter is applied to the wind velocity with a time
constant fying = 0.1 s, yielding the smoothed wind velocity [vg]é) and its time derivative:

VE1P - V512
- % [val? = [vils- 4.51)

D
dt
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The chosen time constant balances responsiveness with robustness to high-frequency noise and
ensures numerical stability in the downstream computation of air-relative velocity. After filtering, the
smoothed velocity [vE]Z replaces the original [v5]? in all subsequent computations. The wind model
is subsequently integrated into the environment and kinematics subsystems to determine air-relative
velocity and dynamic pressure.

Atmospheric Model

The atmospheric model used in this work is the 1976 U.S. Standard Atmosphere (USSA76), implemented
following the NASA Marshall Space Flight Center realization [NASA, 1976]. For a given geopotential
altitude Z;Vgsm, the model provides local air density p, pressure p, temperature 7', and speed of sound a
over the full range from sea level to 1000 km. The implementation combines two regimes. Below 86 km,
the standard stratified-layer structure of the USSA76 is applied, using geopotential altitude correction,
piecewise-linear temperature gradients, and hydrostatic pressure relations defined by the specified lapse
rates or isothermal layers. In this region, density is computed from the ideal gas law with a constant

mean molecular weight.

Above 86 km, the model transitions into the thermosphere and exosphere, where molecular diffusion
dominates and the atmosphere becomes compositionally stratified. Between 86 km and 91 km,
temperature is obtained by direct lookup from USSA76 tabulated values, and pressure is interpolated in
logarithmic space. From 91 km to 110 km, temperature follows a nonlinear empirical fit to capture the
curvature observed in measured thermospheric profiles, with pressure and molecular weight interpolated
quadratically. Between 110 km and 120 km, temperature increases linearly with altitude. From 120 km
to 500 km, an exponential formulation drives the temperature asymptotically toward 1000 K, while the
molecular weight decreases with altitude due to the growing abundance of lighter atomic species such as
helium and hydrogen. In the exosphere (500—1000 km), temperature is held constant at 1000 K, and
pressure continues to be interpolated in log-space. To ensure smooth transitions across all layers above
86 km, interpolated quantities are averaged at the regime boundaries.

Most atmospheric and wind models, including the USSA76 and the HWM14, use geopotential
altitude above the WGS-84 ellipsoid as input. This differs from the geodetic altitude, which measures
the vertical distance above the reference ellipsoid. Geopotential altitude accounts for the reduction in
gravitational acceleration with height and represents the altitude at which a parcel of air has the same
potential energy in a constant-gravity field. The conversion from geodetic altitude / (in meters) at
geodetic latitude A, to geopotential altitude Z;Vgs84 is given by [Scherllin-Pirscher et al., 2017]:

h i K2
h[l—R—e(1+f+m—2fs1n AU,)+F

e

y(da)

Z35¥ (g, h) = , (4.52)

where gg is the nominal gravitational acceleration at sea level, R, the equatorial radius of the WGS-84
ellipsoid, f the Earth’s flattening, and m the geodynamical constant. The latitude-dependent normal
gravity y(A4) is computed as [Scherllin-Pirscher et al., 2017]:

2 .2
eYe COS“ Ag + Rpyp sin” Ag

, (4.53)

R
yY(da) =
\/Rg cos2 A, + Rf, sin Ay

where vy, and vy, are the gravitational accelerations at the equator and pole, respectively, and R), is the
polar radius. This formulation accounts for the variation of gravitational acceleration with both latitude
and altitude and ensures consistency with the hydrostatic assumption underlying standard atmospheric
models. The constants used are listed in Appendix A.
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4.4. Aeropropulsive Forces and Actuators

The GHAME aerodynamic database was developed by combining theoretical flow models and empirical
data from multiple legacy hypersonic vehicle configurations. Longitudinal aerodynamic coefficients
were constructed using blended data from the Space Shuttle Orbiter, lifting-body vehicles, a swept
double-delta wing platform, and a 60° half-angle cone. For lateral-directional coefficients, Space Shuttle
and double-delta data were used at Mach numbers below 8. Above this threshold, only Space Shuttle
data were retained. Drag coefficients were scaled to match lift-to-drag ratios consistent with measured
Space Shuttle performance. All coefficients were normalized using a fixed aerodynamic reference area
and span. To extend the aerodynamic model into the hypersonic regime, a modified Newtonian impact
theory was applied. This combination of analytical and empirical methods yields an aerodynamic model
capable of capturing the nonlinearities, cross-coupling, and regime transitions critical for high-fidelity
hypersonic flight simulation [White et al., 1992].

The aerodynamic force and moment coefficients are expressed as linear combinations of the control
surface deflections, angular rates, sideslip angle (5, and angle of attack . For readability, the aerodynamic
subscripts have been omitted, but it is important to note that in simulations with wind, the aerodynamic
angles of attack a4 and sideslip 84 must be used, whereas in wind-free conditions, the corresponding
kinematic angles ag and Sk are applied. All aerodynamic coefficients are tabulated as functions of
Mach number M and angle of attack @ and were derived under the assumption of zero sideslip angle
(B = 0), as specified in the original GHAME reference model, even though 5 may vary during simulation.
Additionally, the coefficients Cy, . Cy,, Cyp, Cy,, Cy,, and C,, are negligible across the evaluated flight
envelope [White et al., 1992]. The force coefficients are defined as follows:

CL = CLO + CLa ap+ CLée 56,
CY = Cyﬁﬁ + CYaa 5a + Cyér 5,, (4.54)
Cp = CDO + CDQ aa,

where 0, is the elevator deflection, ¢, the aileron deflection, and 6, the rudder deflection. The moment
coefficients are calculated as follows:

Con = Cony + Cony @4 + Cony, O + Con, 2qchers’
b b
Ci = Ciy Ba+Ci,, 60+Ciy, 6, +Ci ;)VTIZZ +C, ;V;Zfs, (4.55)

& + C rbref
P 2Vras " 2Vras’

Cn=CrngBa+Cns, 67 +Cny, 6a+Cp

where p, g, and r denote the roll, pitch, and yaw rates of the vehicle with respect to Earth in body axes,
respectively. Then ¢t is the reference chord, b+ the reference span of the aircraft and Vrag is the true
airspeed which is defined as the magnitude of the aerodynamic velocity v’l‘;. All partial derivatives with
respect to angles have units of 1/°, while those with respect to angular rates have units of 1/rad.

The lift coefficient Cy, is defined as positive upwards and perpendicular to the velocity vector, and
the drag coefficient Cp, is positive in the direction opposite to flight. The side force coefficient Cy is
positive to the right (starboard), the rolling moment coefficient C; is positive for right-wing-down roll,
the pitching moment coefficient C,, is positive for nose-up rotation, and the yawing moment coefficient
C,, is positive for nose-right yaw. Since the aerodynamic force coefficients are expressed in stability
coordinates, they must be transformed into body coordinates using the angle of attack a4:

Cx =—Cpcosap+Crsinaga,

CZ:_CD sinaA—CLcosaA. (456)
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The total force vector [ f. p]B is computed by combining the aerodynamic forces with the propulsive
force. The total force vector in body coordinates is given by:

Ja,p: gSCx + fp
[fa,p]B = fa,pz = qSCy s 4.57)
fa,p3 qSCZ

where g = % pVT2AS is the dynamic pressure, in which p is the air density, S is the wing reference area
and fp is the propulsive force. The aerodynamic moment vector in the body frame is computed as:

mp, q_SbrefCl
12 = |mg,| = |GSctetCn| , (4.58)
mp; q_Sbrean

[mp

where C;, C,,, C,, are the aerodynamic moment coefficients. These force and moment vectors are inputs
to the translational and rotational dynamics equations. Each coeflicient is represented in a tabulated
format over a fixed grid of nine angle-of-attack rows and thirteen Mach number columns, as shown
below.

a=[-3 0 3 6 9 12 15 18 21],

4.59
M=[04 06 08 09 095 1.05 12 15 2.0 3.0 6.0 12.0 24.0]. (49

To be used in simulation, the aerodynamic dataset must be interpolated so that coefficient values
are available throughout the flight envelope. The tabulated aerodynamic coeflicients are defined at
discrete combinations of angle of attack @ and Mach number M, which requires constructing a two-
dimensional interpolation surface. A typical approach is to interpolate each partial derivative term (e.g.,
Cimy> Cim,,) independently and then reconstruct the total coefficient using a linear combination such as
Cn=Cny+Cpn, -a.

While this method may appear modular, it introduces structural inconsistencies. The partial
derivatives are derived from local linearizations valid only at specific grid points. Interpolating them
separately and combining them at arbitrary off-grid locations can distort the intended behavior of the
aerodynamic model. This is especially evident in regions with strong curvature or cross-coupling between
a and M, where the recombined surfaces exhibit slope inversions and local extrema that contradict the
original data.

This issue is illustrated in Fig. 4.2. Subfigure 4.2a shows the raw tabulated surface for C,,, + Cyp,,, - @,
which correctly captures the negative slope expected in the subsonic regime. Subfigure 4.2b, however,
shows the effect of interpolating C,,, and C,,,, independently and recombining them afterward. This
surface contains artificial undulations and local slope reversals, even though the original partials are
strictly monotonic. These artifacts arise because the interpolated partials no longer retain the internal
consistency of the linear model structure. This problem can be overcome by first computing the total
coefficient expressions C = Cy + C, - @ at each discrete (@, M) grid point. These precomputed values
were then interpolated directly using standard surface interpolation. This eliminated the inconsistencies
caused by independent interpolation of partials, as shown in Subfig. 4.2¢c. In the current implementation,
shown in Subfig. 4.2d, the total coefficient C = Cy + C,, - « is interpolated directly using the modified
Akima method (Makima). This method preserves the shape of the surface and provides smooth first
derivatives. This approach maintains consistency with the tabulated aerodynamic model while providing
smoothness for use in a simulation environment.

Propulsion System Model
The engine approximates a generic combined-cycle propulsion system. It transitions automatically
between turbojet (Mach 0-2), ramjet (Mach 2—6), and scramjet (Mach > 6) operation based on Mach
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Figure 4.2: Comparison of interpolation methods for the pitch moment coefficient C,,,.

number. The inlet is modeled as a variable-geometry system whose capture area coefficient C,, reflects
the effective shockwave structure under the vehicle forebody and varies with both Mach number and
angle of attack. The full thrust expression is given by Eq. (4.60):

fp=0.0296,I,,(M,5,) go p Ma Co(M, ) Ac. 6, € [0.05,2] (4.60)

The thrust model in Eq. (4.60) expresses the net axial force as a product of multiple factors. The
commanded throttle §,, with idle at 0.05, is scaled by 0.029 to yield a stoichiometrically normalized
mass flow rate. This is multiplied by the specific impulse /, the standard gravitational acceleration
go, and the true airspeed Ma, where M is the Mach number and a is the local speed of sound. The
capture-area coefficient C, accounts for inlet shock losses, and A, is the fixed engine cowl area. The
resulting force acts along the 12-axis and is applied through the vehicle’s center of gravity.

The capture-area coefficient C, is defined over a two-dimensional grid in angle of attack and Mach
number, as given in Eq. (4.59), and is interpolated using the same method employed for the aerodynamic
coeflicients. The specific impulse I, is obtained from a separate Mach—throttle grid and uses the same
interpolation scheme. The throttle grid is defined as:

0r = [0, 0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0]. (4.61)
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In addition to force generation, the propulsion system governs the evolution of the vehicle’s mass
and inertia properties. The fuel mass is updated dynamically based on the instantaneous thrust output
and the specific impulse /,, according to:

fp
Isp 80'

g = (4.62)

The fuel mass flow rate n1 ¢ is integrated to obtain the fuel consumption m . The total mass m
decreases linearly with fuel consumption:

m(t) =my—mg(1), (4.63)
where my is the initial mass and m ¢(¢) is the cumulative fuel mass burned. As the fuel depletes, the

vehicle’s moment of inertia matrix [/ g] B evolves as a function of fuel mass fraction. This is modeled by
linear interpolation between the inertia matrix at full fuel load, denoted [/5 17, and at dry mass [/ 17:

E1P(0) = 15 01" + (’"f (”) (115 17 - 115,1%) (4.64)
IR P 1 (U ,

A simulation stop condition is triggered automatically when the remaining fuel falls below zero.

Actuator Model

The vehicle contains one rudder and two elevons located at the trailing edge of the wing. The elevons
function simultaneously as elevator and aileron control surfaces. Their symmetric and antisymmetric
combinations define the elevator and aileron control inputs, respectively, according to:

Oyi +0yr Ovi — Ovr
5e: vlzv’ 6a: vl2v, (465)

where 6,; and 6,, are the left and right elevon deflections, both defined as positive in the upward
direction. The rudder deflection 9, is defined to be positive for a trailing-edge right deflection. Each
control surface is subject to deflection limits of £20° and rate limits of £150°/s. To realistically capture

actuator dynamics, all surfaces are modeled using a second-order system with rate and position limits.
The actuator transfer function from commanded deflection §.. to realized deflection ¢ is given by:

o(s) w%lct

0c(8) 52+ 20,0405 + W2, ’

A(s) = (4.66)

where w,; = 50rad/s is the natural frequency and £, = 0.707 is the damping ratio. To enforce physical
constraints, the implementation includes:

A saturation block limiting the actuator deflection § to +20°.

* A rate limiter applied to the actuator input signal (§™¢ — §), limiting the rate at which the actuator
dynamics are driven.

* The second-order actuator is realized using two integrators, where the position integrator is
constrained by the deflection limit and the rate integrator is constrained by the rate limit.
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Figure 4.3: Actuator model with deflection and rate limits, damping feedback, and position feedback.

4.5. Sensors

An Inertial Measurement Unit (IMU) provides measurements of angular rates and linear accelerations
by means of gyroscopes and accelerometers integrated in a single device. Once processed into
navigation information, it becomes an Inertial Navigation System (INS). Errors in the measurements
and computations corrupt the navigation solution. The GHAME model includes a strapdown INS,
as implemented in the reference code provided by Zipfel [2025]. Unlike gimbaled systems, the
strapdown INS mounts its inertial instruments rigidly on the vehicle body axes and numerically integrates
the equations of motion to determine navigation states. The accelerometer cluster consists of three
instruments aligned nominally with the body axes to sense the specific force, while the gyro cluster
consists of three rotary devices measuring the inertial angular velocity about the same axes.

IMU Location and the Grubin Transformation

In this simulation all kinematic and dynamic quantities are computed directly at the CG, and the IMU
is therefore assumed to be located at the CG. Under this assumption, no correction for displacement
is required. In practice, however, the IMU is rarely mounted exactly at the CG, and the measured
accelerations then include additional angular acceleration and centrifugal contributions. The Grubin
transformation provides the relation between the acceleration at the CG and the acceleration at any
displaced point in the body [Zipfel, 2025, p. 152]. This makes it possible, for example, to compute the
accelerations experienced by the pilots in the cockpit or by an IMU mounted off-center.

The relation between the acceleration at the IMU and at the center of gravity is:

I I 1, BI BI BI
aBIMU =apg— (D w X SBB\y T @ X ((,() X SBBIMU))a (467)
where § g, denotes the displacement from the CG to the IMU (or, more generally, to any point of
interest). Equation (4.67) indicates that the acceleration at a displaced point equals the CG acceleration
corrected by angular acceleration and centrifugal contributions due to the vehicle’s rotation.

Center of Gravity
The CG calculation is necessarily approximate, since the exact dry CG of the GHAME is not reported
in the literature. A reasonable estimate can be obtained using the information provided in White et al.
[1992]. Two aspects are important for this estimate. First, all fuel is located exclusively in the cylindrical
fuselage of L¢y; = 120 ft length and D = 20 ft diameter, beginning immediately aft of the conical nose
with half-angle § = 10°. The centroid of this uniform tank is therefore:
Xy = %+§Lcﬂ - %mo ~ 116.7 ft. (4.68)

The second aspect is that the GHAME mass distribution is known to follow that of the XB-70. The
dry CG of the XB-70is x4 = 123.17 ft for a total length of L = 196 ft, corresponding to a nondimensional
fraction x4/ L = 0.628. This fraction can be applied as a scaling factor to the GHAME configuration.
For a total length of L = 233.4 ft this gives a dry centroid of:

xq =0.628 - 233.4 =~ 146.7 ft. (4.69)
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With the fuel and dry mass centroids established, the takeoff mass centroid can be computed as a
weighted average. With a fuel mass of m ¢ = 180,000 Ib and a dry mass of m, = 120,000 Ib, the takeoft
mass is mto = 300,000 Ib. The combined CG at takeoff is given by:

maxq+mygxy 120,000 - 146.7 + 180,000 - 116.7
mg+ms 300,000

XMTOW = ~ 128.7 ft. (4.70)

At burnout, only the dry mass remains and the CG coincides with x; = 146.7 ft. The results are
summarized in Table 4.1.

Table 4.1: Center of gravity locations for the GHAME aircraft

Condition Mass, b  CG, ft CG, 9%MAC
Takeoff (fuel + dry) 300,000 128.7 16.9%
Burnout (dry only) 120,000 146.7 41.9%
Nominal reference CG - 140.3 33.0%

Thus, the center of gravity migrates aft from 128.7 ft (16.9% MAC) at takeoff to 146.7 ft (41.9%
MAC) at burnout, corresponding to a total shift of 18.0 ft, or approximately 25% MAC. The nominal
reference CG at 0.33 MAC (140.3 ft) lies between these values.

IMU Error Modeling

The accelerometer error is modeled as:

[efip]? = [ebal® + [enal® + ([Sal® + [Ma]®) [ f5p]°, 4.71)
where [eb,]? denotes the bias instability and [gn,]? velocity random walk, [S,]? is the diagonal scale

factor error matrix, and [M,]? is the skew-symmetric misalignment matrix. The specific force output is
then simply the sum of the true specific force and the instrument error:

[ﬁp]B = [fsp]B + [8fsp]B- 4.72)
The angular velocity error is modeled as:

[ew® 17 = [ebg]" + [eng]® + ([Sg]” + [Mg]7) 0517 + [Ug1 P [ £p] %, (4.73)
with [gb g]B the bias instability, [en g]B the angular random walk, [S,] B the diagonal scale factor error
matrix, [Mg]B the skew-symmetric misalignment matrix, and [U. g]B the diagonal imbalance matrix
coupling linear acceleration into the angular rate measurement. The misalignment reflects only the
cluster error of the otherwise orthogonal gyro triad. The final gyro output is therefore:

[0BT]8 = [wP1]® + [ew®]®. (4.74)

All errors are modeled as zero-mean Gaussian processes. The parameters adopted here are
representative of a tactical-grade IMU suitable for hypersonic flight [Zipfel, 2025].
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Table 4.2: Gyroscope and accelerometer error parameters (1o values) used in the strapdown INS

Symbol Description Distribution Units
[Mg]B, [M,]® Gyro and accel. misalignment A(0, 0.11) mrad
[S.]5 Gyro scale factor N (0, 20) ppm
[S.]18 Accel. scale factor N (0, 500) ppm
[ebe]® Gyro bias N (0, 0.206) deg/hr
[eb,)B Accel. bias N(0,3.56x107%)  m/s?
[eng] B Gyro noise N(0, 0.15) deg/Vhr
[enal®? Accel. noise N(0,2.5x1073) m/s?

The specific error magnitudes adopted in this study are summarized in Table 4.2. In the simulation,
these errors are added to the sensor outputs after passing through the respective sensor dynamics.

Sensor Dynamics

In the present simulation only the rate gyroscopes and accelerometers are modeled with explicit sensor
dynamics. These devices are subject to two main effects: filtering to prevent aliasing and computation
delays introduced by the sensor processor.

The anti—aliasing filter is required because the IMU signals are sampled at a fixed interval Af = 0.01 s.
The corresponding sampling frequency and Nyquist frequency are:
2n

ws = =62832madfs,  wy = % = 314.16 rad/s. (4.75)

Any signal content above wp will fold into the lower frequency band, producing aliasing in the
sampled data. Since sensor noise is broadband and not naturally band-limited, a low—pass filter is
required before sampling. To guarantee sufficient attenuation of out—of-band noise, the cutoff is

wN

conservatively placed at half the Nyquist frequency, w, = 5% = 157.08 rad/s. The anti—aliasing
dynamics are represented as a first—order low—pass transfer function:

Wqa

Ga(s) =

. 4.76
S+ wq (4.76)

In addition to filtering, the IMU introduces a finite computation delay. This effect can be represented
exactly by a pure time delay which is given by the nonrational transfer function:

Gsp(s) = e 5P, 4.77)

which is referred to as the sensor delay transfer function. The exact duration of this sensor delay 75p is
uncertain and therefore not modeled as a fixed constant, but it is expected to be on the order of one to
several sampling intervals. Since its precise value cannot be specified a priori, the sensor delay is not
fixed in the nominal simulation model. Instead, it is varied parametrically in the high-fidelity nonlinear
simulation studies to evaluate how well the controller can tolerate such effects.

The overall sensor model therefore consists of a first-order low-pass filter for anti-aliasing, followed
by the optional application of the sensor delay transfer function when robustness to measurement delays
is investigated.

4.6. Initialization and Trimming

Before any dynamic simulation can be performed, the vehicle must be placed in a steady-flight condition
that satisfies all physical and dynamic equilibrium constraints. This is achieved through two coupled
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procedures, initialization and trimming. Initialization specifies the vehicle’s geometric and kinematic
configuration from known parameters, providing the foundation for the trimming routine. Trimming then
computes the equilibrium states and corresponding control inputs that bring aerodynamic, gravitational,
and propulsive forces into balance for the prescribed flight condition.

The model requires initialization of four key quantities: the inertial body rate [w?®!]2, the inertial
velocity [vh]7, the inertial position [sp/]’, and the inertial-to-body transformation matrix [T]5/. These
quantities are derived from known inputs such as the vehicle’s longitude [, geodetic latitude 14, altitude
h, and Greenwich longitude /g, together with the geodetic Euler angles ¢4, 0p4, and ¢pq. The initial
geographic speed |v§| must also be specified, along with either the kinematic flight-path and heading

angles (yk, yk) or the kinematic angle of attack and sideslip angle (ak, Bk).
gles (Yk» x g p ang

1. Inertial Position in Inertial Coordinates

The inertial position vector [sg7]! is computed using the longitude /, geodetic latitude 1,4, geodetic
altitude &, and the Greenwich hour angle Z¢. The deflection of the normal ¢ and the Earth’s radius to the
ellipsoidal surface Ry at the given latitude are defined in Eqgs. (3.14)—(3.15). With these quantities, the
displacement vector from the Earth’s center to the vehicle, expressed in geodetic coordinates, is:

—(Ro+ h)siné
[sg1]P = 0 ) (4.78)
—(Rop + h) cosé

At initialization time ¢ = 0, the celestial longitude of the vehicle is:
I =5 +1. (4.79)

The inertial position vector is then obtained by applying the transpose of the transformation matrix
from geodetic to inertial coordinates, [T]”!, evaluated at A4 and [;, as defined in Eq. (3.23):

[sgrl’ = [T1°! [s51]". (4.80)

2. Inertial Velocity in Inertial Coordinates

The inertial velocity can be initialized in two ways depending on the available data. In both cases, the
geographic speed |v§| is assumed known. When the kinematic heading yx and flight path angle yx are
specified, the velocity vector in geodetic coordinates is:

COS Yk COS YK
[vg]D = |v§| COS Yk Sin yg | . (4.81)
—sin YK
Alternatively, when the kinematic angle of attack ag, sideslip angle Bk, and Euler angles

(dba, Opa, Wpa) are known, the velocity vector in body coordinates is:

cos ak cos Bk
1% =il sinBx |, (4.82)
sin @k cos B

which is then transformed into geodetic coordinates via:
[v51? = [T1%° [vi]", (4.83)

E]D

where [T]2P is the geodetic-to-body transformation matrix defined in Eq. (3.26). Once [v gl= s

obtained, the inertial velocity in inertial coordinates follows as:

il = [T1° [vE]P + (@ [ssi]", (4.84)
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where [QF!]! is the skew-symmetric matrix of the Earth’s rotation rate:

0 —Wg 0
[QE =|we 0 0]. (4.85)
0 0 0

3. Transformation Matrix from Inertial to Body Coordinates
The initial transformation matrix from inertial to body-fixed coordinates is constructed as:

(717" = [T]5P[T]P’, (4.86)

with both components initialized in the preceding steps.

4. Angular Velocity in Body Coordinates
The angular velocity of the body with respect to the inertial frame, expressed in body coordinates, is:

[wBI]B — [a)BE]B + [T]BI[(,L)EI]I, (487)

where [wBF]® denotes the angular velocity of the body relative to the Earth-fixed frame, expressed in
body coordinates. For initialization, these rates are set to zero. The Earth’s rotation vector in inertial
coordinates is given by [wf’]! = [0 0 we]T, and the transformation matrix [7']3/ maps this vector into
the body coordinate system.

Trimming Methodology

After initialization, the trimming routine computes the states and control inputs that satisfy the steady-
state solution of the nonlinear equations of motion for the prescribed Mach number and altitude. A
steady-flight condition is required to define a physically consistent operating point about which the
aircraft dynamics can be analyzed. In particular, trim conditions provide the equilibrium states used
for performance analysis, control design, and linearization of the nonlinear equations of motion. The
initialization procedure is then repeated using the computed trim conditions to ensure that the simulation
begins from a consistent steady-flight equilibrium suitable for subsequent time-domain analyses and
controller evaluations.

A trim condition consists of two components: the prescribed flight condition and the imposed
steady-state constraints. The prescribed flight condition is defined by the freestream Mach number,
geodetic altitude, and fuel fraction,

p=[M h fua]. (4.88)

The steady-state constraints require all states to remain constant in time except for the inertial
zy-coordinate, as the aircraft is in steady forward flight. All trim solutions are computed assuming a
stationary atmosphere with no wind.

The trim problem is initialized by setting the angular rates p, g, r, roll angle ¢4, yaw angle Y4,
and sideslip angle Sk to zero. The sideslip and yaw angle are free to choose. The angular rates are
fixed, and the constraints p = ¢ = 7 = 0 ensure a non-rotating steady state, while Sx = 0 enforces steady
sideslip. The free trim variables are the angle of attack ag, pitch attitude 6,4, and the control inputs
0a,0e,0r,0r. This gives six trim variables for six imposed derivative constraints.
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Table 4.3: Trim variables and prescribed quantities

States Steady State Known Inputs Known
p v v or X
q v v Oa X
r Vv v O X
) v v Or X
0 v X

/4 v v

Vk v v

ag Vv X

Bk v X

XI v v

Vi v v

Z] X v

The throttle is bounded between 0.05 (idle) and 2 (maximum), while the aileron, elevator, and rudder
deflections are each limited to +20°. The angle of attack is additionally restricted to the aerodynamic
range of —3° < ax < 21° to prevent going outside the given aerodataset.

The trim condition is computed using the function jj_trim from the open source TrimMod package
[Buchholz, 2026]”. The trim problem is formulated as a square nonlinear system, meaning that the
number of unknowns matches the number of constraints, so that a unique solution can be determined. At
each iteration, the nonlinear model is evaluated at the current estimate of the trim variables to obtain
the corresponding state derivatives. The residual vector is defined as the deviation of the selected
derivatives from their desired values. The objective is to drive this residual vector to zero. A local linear
approximation of the mapping from variables to residuals is constructed by computing the Jacobian
matrix numerically using finite differences. Each trim variable is perturbed individually, and the resulting
change in the residual vector is used to estimate the sensitivities. The correction step is obtained by
solving the linear system:

JAz=r, (4.89)

where J is the Jacobian, Az is the increment in the trim variables, and r is the residual vector. The trim
variables are updated as:
Zitl = 2k + AZ. (4.90)

If the Jacobian becomes ill-conditioned or the residual increases, the algorithm applies step-size
reduction through bisection. Additional safeguards enforce maximum step sizes and hard bounds on
states and inputs, ensuring that all iterates remain physically feasible. The procedure is repeated until the
maximum absolute residual falls below the prescribed tolerance. Convergence depends on the initial
guess, and accurate initial values for ax and 64 significantly improve the speed.

The resulting trim routine yields equilibrium states and control inputs that satisfy the steady-flight
condition defined in Eq. (4.88). Three representative flight conditions within the considered envelope are
analyzed to characterize the trimmed response. The selected cases span Mach numbers from 3 to 10 and
altitudes from 60,000 ft to 110,000 ft, thereby covering a broad range of hypersonic operating conditions.
These trim points are chosen to represent distinct regions of the flight regime and provide a basis for
assessing controller performance under different operating conditions. The resulting trimmed states
serve as reference points for the subsequent simulations and analyses presented throughout this work.

>The MATLAB TrimMod package is available through MATLAB File Exchange: https://nl.mathworks.
com/matlabcentral/fileexchange/268-trimmod. The primary motivation for using this package is that it
does not require the Simulink Control Design Toolbox.


https://nl.mathworks.com/matlabcentral/fileexchange/268-trimmod
https://nl.mathworks.com/matlabcentral/fileexchange/268-trimmod
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Figure 4.4: Trimmed inertial position response for the Mach 3 case at 60,000 ft.

The inertial position response for the Mach 3 case at an altitude of 60,000 ft is depicted in Fig. 4.4.
The plot shows the time histories of the position vector components x, y, and z. For clarity, the mean
Earth radius has been subtracted from the position magnitude so that the figure emphasizes the relative
displacement about the trimmed operating point rather than the absolute geocentric distance. This
representation highlights how the vehicle maintains its equilibrium state in the inertial coordinate system.

A broader summary of the trim settings for all three flight conditions is provided in Table 4.4. The
table lists the throttle setting, aileron, elevator, and rudder deflections, along with the trimmed angle of
attack ax and pitch angle 8,4. For level flight ayin, and i, coincide.

Table 4.4: Trim settings for representative flight conditions

Condition Throttle Otrim» deg Qrim, deg  Oyim, deg
Mach 3, 60,000 ft 0.8894 [0.0,-5.1039, 0.0] 3.45 3.45
Mach 6, 90,000 ft 0.7468 [0.0,-6.5197, 0.0] 8.10 8.10

Mach 10, 110,000 ft  0.9080  [0.0, -8.0474, 0.0] 9.40 9.40
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4.77. Model Verification

Before the simulation can be used for analysis or control design, the model must be verified to ensure
correct implementation of the underlying equations and algorithms. The development of the present
model followed the methodology and equations described in Zipfel [2025]. To verify that these
formulations were implemented correctly, the Simulink model is compared against the GHAME flight
dynamics simulations independently developed by Zipfel himself, first in Fortran and later in C++. For
verification in this project, the most complete available version of the C++ simulation is used”.

A common approach is to run both implementations with the same initial conditions and compare
their output time histories. If no errors are present they should naturally be the same. However, while this
will reveal discrepancies, it does not show where they originate. In such a large nonlinear system, small
mismatches can cause rapid errors, making it difficult to trace errors to a specific subsystem. For this
reason, verification should be integrated into the development process from the start. A more effective
strategy is to test smaller components individually, using unit tests to confirm that elements such as
transformation matrices, aerodynamic models, actuator dynamics, and integration schemes produce
correct results for known inputs. This avoids building the full system on top of faulty subsystems.
Therefore, the Simulink model was developed incrementally, with each module locally verified against
the C++ implementation before evaluating the overall simulation.

To ensure meaningful comparisons between Simulink and C++, the simulation conditions were
matched exactly. This included setting the integration step to 0.01 s and hard-coding all physical
constants, unit conversions, and numerical tolerances to the same values as in the C++ code. Examples
include fixed definitions for 7, radian-to-degree conversions, and other constants which are all provided
in Appendix A. The used integration scheme in the C++ code is the modified Euler method which was
replicated in Simulink by selecting Heun’s method:

Yn+1 :}7n+%(fn+1 + fu) - At, (4.91)

The methodology for all verification tests is to apply identical inputs to both implementations, log
the outputs, and compare them element by element. The expected result is agreement within a predefined
tolerance &, while the actual result is given as the maximum absolute error. When the expected result
matches the actual result, the test is marked as Pass. If a test does not pass, the corresponding subsystem
is inspected until the error is found and corrected, after which the verification is repeated until it is done.

As an example, the environment module was verified by isolating the original C++ code and
supplying predefined test arrays for time, inertial position, velocity, and geodetic altitude. The outputs,
gravitational acceleration, air density, pressure, and temperature, were logged and compared element
by element with those from the Simulink model. A wide range of geodetic altitudes was included to
confirm that the atmospheric model produced correct results across all layers of the atmosphere. A
difference between the Simulink model is that wind is not constant but modeled using the HWM14 block
which means that cannot be verified. The results are summarized in Table 4.5.

3Simulation files are available at: https://arc.aiaa.org/doi/suppl/10.2514/4.107535


https://arc.aiaa.org/doi/suppl/10.2514/4.107535
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Table 4.5: Environment module verification tests

Test ID | Purpose ‘ Inputs ‘ Expected Result ‘ Actual Result ‘ Status
TI1.1 Computation  of | Inertial posi- | Matches ref- | Max. absolute er- | Pass
gravitational accel- | tion [sp;]! | erence within | ror < 1079 m/s?

eration g £=10"%m/s?

T1.2 Computation  of | Geodetic alti- | Matches reference | Max. absolute er- | Pass
pressure p and | tude within € = 107°Pa | ror < 107Pa
speed of sound a and 10~°m/s and 10~°m/s

The verification philosophy followed a bottom—up approach. Once a module was verified against
reference data, it was regarded as a trusted component and subsequently used as the foundation for testing
higher-level functionality. After the environment module had been verified, the same procedure was

applied to the kinematics module.

Table 4.6: Verification tests for the kinematics module

Test ID ‘ Purpose ‘ Inputs Expected Result | Actual Result Status
T2.1 Computation of | Geodetic latitude, | Matches reference | Max. absolute er- | Pass
DCM [T]P! longitude, geode- | within & = 1076 ror < 107° for each
tic altitude, time entry
T2.2 | Computation of | Geodetic  yaw, | Matches reference | Max. absolute er- | Pass
DCM [T]8P pitch, and roll | withine =10"% | ror < 107° for each
angles entry
T2.3 | Computation of | Time, inertial | Matches reference | Max. absolute er- | Pass
DCM [T]8! body rate [wB!]B, | within & = 1076 ror < 107 for each
DCMs [T]BP entry
and [T]P!
T2.4 | Computation of | Geographic veloc- | Matches reference | Max. absolute er- | Pass
airspeed relative | ity [vE]P, wind | withine =107® | ror < 107% m/s
velocity [vg]B velocity [vf]D ,
DCM [T]8P
T2.5 Computation of | Airspeed relative | Matches reference | Max. absolute er- | Pass
aerodynamic an- | velocity [v]? within e = 107® | ror < 107 rad
gles a4, fa
T2.6 | Computation DCM [T]58P Matches reference | Max. absolute er- | Pass
of Euler angles within & = 107°; | ror < 10~°rad; no
Ybd, Obd, Pba numerically stable | instability or NaN
when 6pq — +90° | behavior detected

With the environment and kinematics modules verified, these components were integrated with
the propulsion module. Verification of the propulsion module focused on several key aspects: the
interpolation of the specific impulse, the interpolation of the capture area coefficient, the correctness of
the thrust calculation itself, and the resulting variations in vehicle mass and moment of inertia due to

fuel depletion.
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Table 4.7: Verification tests for the propulsion module

Test ID | Purpose Inputs Expected Result | Actual Result | Status
T3.1 Interpolation of | Mach number, throt- | Matches reference | Max. absolute | Pass
specific impulse | tle, angle of attack | within & = 1076 error < 107°

and capture area
T3.2 Computation of | Air density, throttle, | Matches reference | Max. absolute | Pass
thrust airspeed [v4|, SPI | withine = 107N | error < 107®N
and C,
T3.3 | Computation of | Time series of | Matches ref- | Max. absolute | Pass
expended fuel | thrust values and | erence within | error < 10~kg
mass specific impulse £=10"%kg
T3.4 | Interpolation of | Initial and burn-out | Matches ref- | Max. abso- | Pass
moment of iner- | MOI, total and ex- | erence within | lute error <
tia tensor pended fuel mass e =10"%kg-m? 106 kg-m?
Table 4.8: Verification tests for the aerodynamics module
Test ID | Purpose Inputs Expected Result Actual Result | Status
T4.1 Interpolation be- | Inputs between ta- | No discontinuities | All output val- | Pass
havior ble grid points or undefined values | ues finite and
continuous
T4.2 Clamping behav- | Inputs beyond up- | Coefficients equal | cy, ¢y, Cim, Cin, | Pass
ior at table limits | per/lower bounds | to values at nearest | ¢;, ¢4 remain
of table grid points | table edge; no ex- | finite and con-
trapolation occurs | stant
T4.3 Force coefficient | Angle of attack, | Matches reference | Max. absolute | Pass
computation Mach number, con- | output within toler- | error < 1076
trol deflections ance
T4.6 Force trans- | cg4, cj, angle of at- | ¢, and ¢, match | Max. absolute | Pass
formation  to | tack reference force | error < 1076
body-fixed transformation
coordinates
T4.7 Moment coeffi- | Angle of attack, | ¢, cim, and c¢j, | Max. absolute | Pass
cient computa- | Mach number, con- | match  reference | error < 107°
tion trol inputs, angular | output within
rates tolerance

The next module to be verified is the aerodynamics module, which computes the aerodynamic
force and moment coefficients. Particular attention was given to verifying that the interpolation and
clamping behavior is correct, especially in edge cases. This verification relied on the previously verified
atmospheric and kinematic variables, together with the body rates with respect to the Earth, and control
deflections provided as a time series from the Zipfel reference implementation.
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Table 4.9: Verification tests for the Euler module

Test ID ‘ Purpose Inputs Expected Result | Actual Result | Status
T5.1 Integration of in- | Aero. moments | Matches reference | Max. absolute | Pass
ertial body rate | m g, moment of | within & = 107° error < 1070
[wB!]B inertia Ig
T5.2 | Computation of | [wB’]B, DCM | Matches reference | Max. absolute | Pass
body rate wrt | [T]8!, Earth ro- | within & = 107° error < 107°
Earth [wBEF]5 tation

The next module to be verified is the Euler module, which has two primary tasks: the integration of
the inertial body rates from the aerodynamic and control moments, and the computation of the body
rates with respect to the Earth, which are required for the aerodynamic moment calculations.

Table 4.10: Verification tests for the Newton module

Test ID ‘ Purpose Inputs Expected Result | Actual Result ‘ Status ‘
T6.1 Computation of | Geod. latitude | Matches reference | Max. absolute er- | Pass
DCM [T]¢! and altitude, DCM | withine < 107® | ror < 107©
[T] DI
T6.2 | Integration of in- | Initial [ag]l , spe- | Matches reference | Max. absolute er- | Pass
ertial acceleration | cific forces, grav- | withine < 107° ror < 1076 m/s?
ity force, DCMs
[T]18! and [T]¢!
T6.3 | Integration of in- | Initial [v4]?, in- | Matches reference | Max. absolute er- | Pass
ertial velocity ertial acceleration | within & < 1076 ror < 1070 m/s
[a]!
T6.4 | Integration of in- | Initial [s%]’, iner- | Matches reference | Max. absolute er- | Pass
ertial position tial velocity [vg]’ within £ < 1076 ror < 107%m
T6.5 | Computation of | Inertial position | Matches reference | Max. abs. error | Pass
geodetic position [sg]l , time within & < 1076 <107% radorm
T6.6 | Computation of | Inertial velocity | Matches reference | Max. absolute er- | Pass
geographic veloc- | and position, DCM | within & < 107° ror < 1079 m/s
ity [vE]? [T]P!, Earth rate
T6.7 Computation of | Geographic veloc- | Matches reference | Max. absolute er- | Pass
geographic angles | ity [vg]D within £ < 1076 ror < 107%rad
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Finally, the Newton module was verified by assessing the integration of inertial acceleration, velocity,
and position, as well as the updates of geographic position and velocity, together with the computation of
the geographic angles.

Discussion on unit tests

Across the verification of all modules, unit testing was especially helpful for uncovering many small
mistakes that would otherwise have been difficult to trace. These included the use of inconsistent
constants, such as Zipfel’s different value of gravitational acceleration, as well as minor indexing and
parameter errors. Catching such issues early saved considerable time, since they would have been
far more difficult to isolate once the modules were integrated. At the same time, the approach also
ensured that larger mistakes were identified quickly, providing confidence in the correctness of the overall
implementation.

System-level verification using logged inputs

After verifying all individual building blocks in isolation, the final step was to connect the full simulation
chain and test whether the integrated Simulink implementation could faithfully reproduce the behavior of
the C++ reference model from A to Z. This was done by executing mission files in the reference model,
which computed the actuator and throttle commands necessary to perform specific maneuvers. These
inputs, aileron, elevator, rudder, and throttle, were then saved to file and fed, without modification, into
the Simulink implementation under open-loop conditions. Because both systems started from identical
initial states and shared the same environmental settings and vehicle parameters, any discrepancies in the
resulting trajectories would indicate a modeling error. Zipfel does not trim his model so verification is
performed without the trim routine.

The criterion for a successful test is strict: for identical input histories, the Simulink model must
produce the same outputs, position, velocity, orientation, and mass, as the reference model. This mission
scenario is a short 100s simulation to verify correct turn and climb behavior. The reference mission
began in level northbound flight at Mach 3.3 and 10 km altitude. The autopilot (maut = 45) executed
the following maneuvers:

1. 0s <t < 20s: altitude and heading hold.

2. 20s <t < 40s: elevator command initiates a 50m climb (altcom raised from 10000 m to

10050 m).
3. 40s <t < 100s: coordinated heading change of 30°.
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Figure 4.5: Comparison of the simulated flight path and heading responses during verification. Subfigure (a)
shows the flight path response, and subfigure (b) shows the corresponding heading response.
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All actuator and throttle inputs were logged and subsequently applied to the Simulink model.
Verification was based on output agreement across all integrated states. The final response, after
correcting the timing-related issues, is shown in Fig. 4.5 and Fig. 4.6. The Simulink model response is
plotted in red, while the C++ Zipfel model response is shown in blue. The two responses are essentially
identical. After 100 seconds, the altitude difference is approximately 4.0 x 10~7 m, which is sufficiently
small to be attributed to rounding errors.
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Figure 4.6: Comparison of the simulated altitude and speed responses during verification. Subfigure (a) shows the
altitude response over time, and subfigure (b) shows the corresponding speed response.

Discussion

At the system level, the main challenge was ensuring correct timing across modules. The Simulink
implementation tended to update integrated states before dependent modules provided their new inputs,
which led to inconsistencies in the data flow. Execution order timing in Simulink is difficult to control and
not entirely transparent, so it is often unclear how the software determines the sequence of updates. In
contrast, the Zipfel implementation, written in Fortran and C++, avoids this issue because the execution
order is explicitly coded and therefore fixed. He enforces a fixed evaluation order that begins with the
environment and kinematics modules and continues sequentially through the Newton and Euler modules.
Replicating this ordering in Simulink was necessary to resolve the timing problem and ensure consistent
results. This required explicitly reordering the execution sequence within the Simulink model to match
the Zipfel implementation.






Flight Control System Design

This chapter presents the design of the Flight Control System (FCS) for the GHAME vehicle. The process
begins with an overview of the control requirements, including the target maneuvers, performance
bounds, and the rationale for the chosen control-law structure, as detailed in Sec. 5.1. The subsequent
section justifies the selected architecture with reference to established results in hypersonic vehicle
control and the assumptions used for controller synthesis. The derivation of the control laws for each
loop is then given in Sec. 5.2. The design and tuning of the linear controllers embedded within the
nonlinear inversion framework are described in Sec. 5.3. Finally, Sec. 5.4 addresses the digital control
design, incorporating sampling and discretization effects into the synthesis.

3.1. Control System Selection

The FCS developed for the GHAME vehicle simulation were evaluated on three representative tasks:
(1) heading control  (2) altitude hold  (3) airspeed trimming

These tasks were conducted across multiple Mach numbers and altitudes, ensuring that the control
architecture was tested under varying aerodynamic, propulsion, and stability conditions. Performance
was evaluated using two benchmarks: adequate values, defining the minimum acceptable accuracy, and
desired values, representing the target tracking precision. The corresponding specifications for the three
tasks, originally defined as SR-71 design requirements are summarized in Table 5.1 and are adopted here
as the relevant performance criteria for GHAME [Vu and Biezad, 1994].

Table 5.1: Performance specifications, adapted from Vu and Biezad [1994]

Flight condition Controlled parameter ~ Adequate performance  Desired performance
Mach 3. altitude 60,000 ft Target hefadmg (8 deg) +2 deg +1 deg
Target altitude +400 ft +200 ft
Trim KEAS +20 knots +10 knots
Target heading (4 deg) +1 deg +0.5 deg
Mach 6, altitude 90,000 ft Target altitude +600 ft +200 ft
Trim KEAS +20 knots +10 knots
Target heading (2 deg) +1 deg +0.5 deg
Mach 10, altitude 110,000 ft ~ Target altitude +1000 ft +300 ft
Trim KEAS +20 knots +10 knots

Abbreviation: KEAS, knots equivalent air speed.
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The inclusion of both altitude-tracking and heading-tracking tasks requires regulation of both the
longitudinal and the lateral directional dynamics. A controller acting only in the longitudinal axis would
therefore be insufficient, and an architecture limited to inner-loop rate and attitude stabilization would
also fall short, since outer-loop control of flight path and altitude is required.

The altitude—change tasks for the pilot evaluation are summarized in Table 5.2. Each maneuver was
executed at a specified Mach number and initial altitude, with the pilot commanding a fixed climb or
descent rate until the required altitude change was achieved. At Mach 3 and 60,000 ft, the pilot performed
a 5,000 ft climb at a constant rate of 5,000 ft/min. At Mach 6 and 90,000 ft, two separate maneuvers were
executed: a 10,000 ft descent at —10,000 ft/min and a 10,000 ft climb at 10,000 ft/min. Finally, at Mach
10 and 110,000 ft, the pilot performed a 20,000 ft climb at 10,000 ft/min. These altitude—change profiles
were designed to evaluate the FCSs ability to maintain smooth vertical transitions under high—speed
flight conditions.

Table 5.2: Altitude—change maneuvers, adapted from Vu and Biezad [1994]

Mach number Initial altitude, ft Altitude change, ft Vertical speed, fpm

3 60,000 5,000 5,000
6 90,000 —-10,000 —-10,000
6 90,000 10,000 10,000
10 110,000 20,000 10,000

The purpose of this section is to justify the selection of the control architecture for the hypersonic
vehicle studied in this work. The choice is guided directly by insights from the literature on NDI for
hypersonic flight [ Ye et al., 2018], with particular attention to how recent advances have addressed the
well-known problem of unstable internal dynamics.

As outlined in Sec. 2.5, NDI for hypersonic vehicles has almost exclusively been applied to the
longitudinal dynamics, with the objective of controlling velocity and either altitude or flight—path
angle. This is typically achieved by differentiating altitude four times and velocity three times to obtain
a decoupled, feedback—linearizable system. However, this formulation introduces unstable internal
dynamics in the pitch channel, often taking the form of a hyperbolic—saddle short—period mode [Serrani,
2013]. To address this, various strategies have been explored: adding a canard to provide additional
control authority, neglecting certain coupling effects, or redefining outputs to remove the elevator’s
influence on the flight—path angle dynamics. Since the output-redefinition method of Fiorentini et al.
[2009], the most effective solutions, whether by output redefinition, internal-model augmentation, or
generalized virtual-output design, have all relied on time—scale separation. In such designs, a fast
inner loop stabilizes the short—period or virtual-output dynamics, while slower outer loops regulate
velocity, flight—path angle, and altitude. This arrangement allows each loop to treat the faster dynamics
as quasi-steady, thereby avoiding the destabilizing effects of unstable internal modes.

As a direct consequence of these findings, the control architecture in this work adopts the principle
demonstrated by Ye et al. [2018] and other recent designs: a cascaded system with explicit time—scale
separation between loops. Ye et al. implemented a two—loop structure combining velocity and flight—path
angle control with attitude stabilization. In contrast, the present design extends this concept to a four—loop
hierarchy, with nested loops for angular rate, attitude, velocity, and position control. Each loop has full
relative degree and is differentiated only once, eliminating internal dynamics while keeping the command
laws straightforward. Time—scale separation ensures that faster subsystems appear quasi—steady to slower
ones, enabling stable inversion at each stage and simplifying tuning.
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In this framework, the main control approach is INDI. To the author’s knowledge, INDI has not
previously been applied to an airbreathing hypersonic vehicle control. It is well suited to this problem
because hypersonic flight is characterized by large variations in aerodynamic coefficients, strong state
coupling, and significant uncertainty in aerodynamic models. NDI relies heavily on accurate modeling,
which can limit performance under such conditions. INDI, on the other hand, updates the control
effectiveness in real time using measured accelerations and angular rates, making it more robust to
modeling errors and rapid aerodynamic changes. In the proposed four—loop architecture, INDI is used in
the inner angular—rate loop, where fast and reliable response is essential for stabilizing the outer loops.
For relationships that are purely kinematics, NDI is applied to achieve exact inversion without relying on
aerodynamic models.

The cascaded FCS is organized into four nested loops, each operating at a distinct dynamic level.
The innermost rate loop stabilizes the angular rates, while the successive outer loops regulate attitude,
velocity, and finally position. This hierarchical structure, illustrated in Fig. 5.1, ensures that the fast
inner—loop dynamics provide stability for the slower outer—loop objectives, thereby achieving a natural
separation of time scales and facilitating controller design. The subscript K is used throughout to
denote quantities derived from Earth-relative velocities rather than air—relative ones. This distinction is
crucial because the onboard INS, as described in Zipfel [2025], provides only the Earth—relative velocity
vector [vg]D and without direct wind measurements, it cannot compute the air—relative velocity [v‘g]D .
Consequently, all kinematic quantities used in the control system are expressed relative to Earth motion.

Within this framework, each control loop acts on a specific subset of system states. The indices
1 through 4 are used solely to distinguish the different control loops and do not refer to points. The
corresponding state vectors are defined as:

p UK Vk [
x1=|q|, x2=|ak|, x3=|yk|, Xxs4=|4]. (5.1)
r Bk XK h

Here, p, g, r are the measured inertial body rates. The quantities ux, ag, Bx denote the kinematic
bank angle, angle of attack, and sideslip angle, while Vi, Yk, yx represent the geographic speed,
flight—path, and heading angle. Finally, /, 4, & denote the geocentric longitude, latitude, and altitude.
These state groups correspond directly to the four nested control loops:

1. Angular rate control loop
Drives the angular rate state x| to match the command x?md. It produces actuator commands uimd
that are sent to the actuators. Uncertainty in the control effectiveness and aerodynamic moments

is handled using INDI.

2. Attitude control loop
Regulates the attitude state x» to track the commands from the velocity loop. The resulting body
rate command vector is ximd. Since this mapping is kinematic, it is implemented using NDI.

3. Velocity control loop
Steers the velocity state x3 to follow xgmd. It determines incremental attitude angles and throttle
input for the attitude loop. Model uncertainty arises here from the aerodynamic and propulsive
forces and is compensated using INDI.

4. Position control loop
Tracks the commanded position vector xjmd. It provides the velocity command xgmd for the
velocity loop. Since this mapping is purely kinematic, it is implemented using NDI.
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Figure 5.1: Cascaded flight control architecture used in this work.

Model Assumptions for Control Law Development

The complete flight dynamics model presented in Chapter 4 captures all major physical effects relevant to
the vehicle’s motion. Such fidelity is essential for accurate simulation and reliable performance evaluation.
However, formulating a control law directly from this high-fidelity model would introduce unnecessary
complexity, complicating analytical derivations, controller tuning, and practical implementation.

A

simplified dynamic model is therefore used for control law development. Only effects whose

omission has a negligible impact on the vehicle’s response are removed, resulting in a reduced-order

model

that preserves the dominant control-relevant dynamics. This simplification makes the analytical

derivation of the control law feasible while maintaining sufficient accuracy within the intended flight
envelope. The final control law is then validated using the complete high-fidelity model to confirm its
performance under all relevant physical effects and interactions.

L.

Non-rotating Earth

The rotational velocity of the Earth introduces transport and Coriolis accelerations in the equations
of motion. For sub-orbital flight in the sensible atmosphere, the transport acceleration is very small
compared to aerodynamic and gravitational forces. Its maximum value, occurring at the equator,
is about 0.034 m/s* (3.5x 1073 go), and it decreases with latitude to zero at the poles. The Coriolis
acceleration magnitude is bounded by 2wgV; at V = 300 m/s it is 0.044 m/s> ~ 4.5 x 1073 g,
at V = 1500 m/s it is 0.22 m/s> ~ 2.2 x 1072 8o, and it only becomes significant (~ 0.116 g¢)
at orbital velocities. For the control loops designed here, these values are smaller than typical
modeling and actuation uncertainties, so omitting them simplifies the derivation without altering
closed-loop behavior. All rotational effects are restored for the full nonlinear model validation.

Spherical Earth Model

The high-fidelity model represents the Earth as an ellipsoid, but for the reduced-order control
model it is assumed spherical, as the difference between an ellipsoidal and spherical representation
is negligible for controller design. This simplification removes the distinction between geodetic
and geocentric latitude and makes the Earth’s radius constant, rather than dependent on latitude.
Quantitatively, the difference between the equatorial and polar radii in WGS-84 is about 21.4 km
out of 6378 km, i.e. less than 0.34%. The maximum discrepancy between geodetic and geocentric
latitude is approximately 0.19°, which has little influence on the closed-loop dynamics considered
here.

A further simplification to a flat Earth, however, would remove curvature-related terms from the
equations of motion. In particular, omitting the term V?/(gr) eliminates the centrifugal force
component that contributes to the lift vector. As orbital velocity is approached, the lift required to
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balance this term reduces to zero, and consequently the induced drag is also reduced to zero. This
is a significant physical effect that directly influences aerodynamic force balance and performance
predictions. For this reason, the flat-Earth assumption is not adopted, and the reduced-order
control model retains the curvature terms in the equations of motion.

3. Gravity field proportional to the inverse of the radius squared

In the reduced-order control model, the latitude-dependent variation in gravitational acceleration is
neglected, but the change in gravity with altitude is retained. For flight within the atmosphere, the
variation with latitude is small compared to other modeling uncertainties and has little influence
on the short time scales relevant for control. The altitude-dependent variation, on the other hand,
is very straightforward to include and becomes more relevant at higher altitudes, so it is kept in
the model.

4. Stationary Atmosphere Model

The reduced-order control model assumes steady atmospheric conditions and ignores changes in
wind over time or location. At hypersonic speeds, the contribution of wind to the total airspeed is
negligible compared to the vehicle’s forward velocity, and its rotational influence on the body
dynamics is effectively zero [Autenrieb, 2023]. At subsonic speeds, Pfeifle and Fichter [2021]
have shown that INDI exhibits excellent disturbance rejection properties against constant wind and
wind gusts, further reducing the need to model wind explicitly during control synthesis. Moreover,
the onboard INS has no direct access to wind information, making it unrealistic to incorporate
wind into the controller as a measured quantity. It is therefore more appropriate to treat wind as
a disturbance that must be rejected rather than as a modeled input. This assumption simplifies
the controller and allows the design process to focus on the core vehicle dynamics. Wind and
turbulence effects are, however, retained in the high-fidelity model to quantify performance in
realistic atmospheric conditions.

5. Coordinated-Flight and Constant-Speed Assumption

The attitude control loop regulates the sideslip angle Sk to zero, so both the velocity and position
control loops are formulated under the assumption Sx = 0. Similarly, the velocity control loop
ensures that the commanded speed is reached and maintained, allowing the position control loop
to be formulated under the additional assumption Vg = VI%md. Together, these assumptions reduce
the number of states that must be considered in the outer loops and provide the additional benefit
of filtering out small-scale fluctuations in the computed velocity and sideslip angle, since both
quantities are treated as constant.

6. Small-Displacement Assumption

The change in longitude [/ and latitude A is negligible over the short time scales relevant to
the velocity dynamics. As a result, / and A are omitted from the attitude control loop design
[Juliana et al., 2004]. Numerical evaluation confirms that their effect on the velocity response is
insignificant, with differences in the computed states below 107°.

7. Accurate Control Effectiveness and Actuator Dynamics

Throughout the control-law derivation, it is assumed that the estimated control effectiveness matrix
matches the true system behavior and that the modeled actuator dynamics accurately represent the
physical actuator response. These assumptions ensure that the nonlinear inversion remains valid
and that the incremental control updates behave as predicted by the reduced-order model.



90 5. Flight Control System Design

3.2, Control Law Design

This section presents the design of the dynamic inversion control laws for each loop in the cascaded
architecture. It begins with the angular—rate control loop, where both NDI and INDI formulations are
developed, including the method for reconstructing previous control inputs and the selection criteria
for the low—pass filter used in the INDI implementation. The next part addresses the attitude—control
loop, describing the derivation of the nonlinear inversion law used to track commanded attitudes. The
velocity—control loop is then introduced, outlining its inversion law and its role in regulating airspeed
and flight—path dynamics. Finally, the position—control loop is discussed, including its two functional
modes for altitude and heading tracking.

Angular Rate Control Loop

The angular rate loop forms the innermost part of the FCS. It is responsible for tracking angular velocity
commands generated by the attitude controller. The system is described using the following state, output,
and input vectors:

xi=[p q r] =y,

5.2
uy =64 6. 6., 62

where p, g, r are the inertial body rates, and the control inputs d,, d., 0, are the aileron, elevator, and
rudder deflections, respectively. The output function /& (x) implies that state and output are the same.
The variable-mass attitude equations of motion for a symmetric aircraft are given in Eq. (4.26) but are
repeated here for reference:

(DBIS) xy + 15 (DPx1) + QP IS x1 = mp. (5.3)

The external moments in mp are considered as the sum of moments generated by the airframe
aerodynamics m, and moments generated by control surface deflections m.. Assuming the control
derivatives to be linear as (m.)s = imc, then m p is linear in the deflection angles:

a6
mp=mg+(m:)sui. 5.4
Substituting Eq. (5.4) into the rotational equation of motion yields:
(DBIS) x1 + 15 (DPx)) + QP I8 x ) =my + (mo)suy. (5.5
Solving for the body angular velocity derivative yields the control-affine form:
-1 -1
(Dx1) = (1) [-(DP15) 1 - @5 15y 4+ my| + (15)  (mo)sur. (5.6)
By introducing the virtual control input v| = DBx?md, the rate—loop control law becomes:
ur = (me);! [15v1+ ((DP15) %1 + QP 15y - m, )| 5.7)
For clarity, the same control law can be expressed in NDI form as:
uy =Gy (x1) (vi = f1(x1). (5.8)

The control effectiveness matrix and plant dynamics are consequently:

Gix;) = (Ig)_l (m.)s, 59

fi(xn) = (Ig)_1 {_ (DBzg + ng,g)xl . ma} ‘
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All quantities are expressed in the body-axis coordinate system:

Ly 0 I b Cy, 0 bCy bCy,
[I512=10 I, O, [(mo)s]®=GS| 0 &Cny, 0 |, [ma]®=qS|cCn,
I, 0 I, b C,,éa 0 Cn5, bC,,

This NDI control law depends on accurate knowledge of both aerodynamic and inertial parameters. It
is assumed that the control effectiveness matrix G (x) is invertible over the entire domain of operation,
and that the number of control inputs equals the number of controlled outputs, i.e., dim(u;) = dim(y,).
This ensures that the inverse G1_1 (x1) is well-defined and that the system is fully actuated. In
situations where dim(z ) > dim(y,), the system is overactuated and control allocation methods must
be used to distribute the virtual control command v; among redundant actuators. Conversely, when
dim(u;) < dim(y,), the system is underactuated and internal dynamics may emerge that must be
analyzed for stability.

Furthermore, the effectiveness of NDI is contingent on accurate modeling of the aerodynamic
moment coefficients and the mass/inertia properties, which enter explicitly in both f;(x;) and G(x1).
As such, NDI offers precise inner-loop linearization and decoupling, but its robustness is inherently
limited by the fidelity of the plant model. To reduce this sensitivity in the presence of modeling errors,
an alternative formulation is adopted that preserves the structure of the control effectiveness matrix
G (x1) but avoids explicit dependence on the plant dynamics f(x). This leads to the INDI version.

Incremental Nonlinear Dynamic Inversion (INDI)

To reduce the dependency of the control law on the full nonlinear model, the angular-rate loop employs
an incremental NDI formulation. The key idea is to replace part of the model information by locally
measured state-rate data, thereby improving robustness to modeling uncertainty. Starting from the
angular—rate dynamics in Eq. (5.6):

x1 = f1(x1) +Gi(xu;. (5.10)

A standard Taylor series expansion is taken about the values at the previous sampling instant, where
x10 =x1(t—At)andu; o =u;(t — Ar). This yields:

O[f1(x1)+Gi(x1)uy] Ax +6[f1(x1)+G1(x1)u1]
0x 0 : Oouy 0

N O[f1(x1) +Gi(x1)uy]
(9x1

X1 =X'1’0+ Au1+O(Ax%),

(5.11)
Ax1+G(x1,0) Auj + O(Ax?).

=X1,0

0

Here Ax| =x| —x1,0, Auj; = u| — uy,9, and the term O(Ax%) collects all higher—order contributions.

As in the standard INDI argument, a time—scale separation assumption is introduced: over one
sampling step the state increment is much smaller than the control increment, Ax; < Au;. Actuator
dynamics typically evolve on a much faster time scale than the rotational states, so the term involving Ax
and the higher—order contributions can be neglected [Bacon and Ostroff, 2000]. This reduces Eq. (5.49)
to the incremental approximation:

X1 zx1,0+Gl(x1,0)Au1. (5.12)

The matrix G o is treated as constant over this interval and may be estimated offline or updated
online. To enforce desired angular acceleration dynamics, a virtual control input v is introduced.
Substituting this into the approximation Eq. (5.12) and solving for u; yields the INDI control law:

wy=u10+Gi(vi—%10). (5.13)
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This control law preserves the input-affine structure of feedback linearization while avoiding explicit
dependence on the full nonlinear model. Provided that measurements of X (¢ — Ar) and u(t — Ar) are
accurate and the delay At is sufficiently small, the INDI formulation achieves robust inner-loop angular
rate tracking. In the specific case of angular rate control using the variables shown in Fig. 5.2, the generic
INDI law becomes:

6™ =80+ Gi g (v — @), (5.14)

where dy = 6(¢ — 61) is the previously applied control input, @g = @(t — d¢) is the previous angular
acceleration measurement, and v is the virtual control input derived from the desired angular rates.

State estimation, filtering and synchronisation
This subsection explains how the delayed control input 8¢ and the delayed state derivative g are obtained
for the SISO case. Since neither quantity is directly measurable, both must be estimated. The delayed
control input is generated by passing the commanded signal §°™(¢) through a second—order actuator
model with a fixed delay Af. Using the actuator dynamics defined in Eq. (4.66), the resulting delayed
actuator deflection is:

So=0(t = At) = L7He M A(s) 6™ (s)} . (5.15)

The presence of the fixed delay Ar arises from the local linearization of the system dynamics
about a previously measured operating point. The control law is defined relative to this delayed point,
not the current state, which is why both dp and &g appear with the same delay. In the discrete time
implementation the delay At corresponds to the sample time of the FCC and is implemented using a
single unit delay. The delayed angular acceleration wg = (¢ — At) is obtained by differentiating the
measured angular rate signal w(t) in the frequency domain, followed by the same fixed delay:

wo=w(t—At)= L7 {se7M w(s)}. (5.16)

In practice, angular acceleration is obtained by numerically differentiating the measured angular rate
at the sampling rate of the FCC. Since angular rate sensors inevitably introduce measurement noise,
this differentiation process amplifies high-frequency components that will be passed to the actuators,
wearing them down and potentially degrading control performance [Grondman et al., 2018]. To reduce
this effect, the measured angular rate is passed through a second-order low-pass filter:

2

w
H(s) = H . (5.17)
2 2
s+ 2{gwps + wy

A lower cut-off frequency attenuates noise more effectively but also degrades the disturbance—rejection
capability of the rate—control loop. The cut-off frequency is therefore chosen as a compromise between
noise suppression and maintaining good disturbance rejection. Applying the filter yields the filtered
angular—acceleration estimate:

dp =t -A) =L {sH(s)e "™ w(s)} . (5.18)

The low-pass filter introduces a phase delay in the angular rate estimate, causing it to become
desynchronized from the unfiltered actuator signal §y. Since the Taylor series approximation in the
INDI control law is only valid when the angular acceleration and actuator signal are delayed by the
same amount of time, temporal alignment between the two must be preserved [Smeur et al., 2016a]. To
achieve this, the same low-pass filter H(s) is applied to the actuator path:

Sp=67(t— A1) = L7 H(s)e M A(s)6™(s)} . (5.19)
The final filtered control law then becomes:

6™ (1) =6, + G;}O (vi(t) —ay,) - (5.20)
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The full structure of this implementation, including the filtering and reconstruction paths, is illustrated
in Fig. 5.2. The diagram highlights the role of the filter H(s), actuator model A(s), and fixed delay At in
generating the desired actuator deflection under the INDI framework.
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Figure 5.2: Frequency-domain implementation of the INDI control loop for angular rate tracking. The loop
includes angular acceleration estimation, actuator modeling, and consistent filtering of both the feedback and
control branches.
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The following transfer functions characterize the frequency-domain behavior of the INDI inner
loop. Each one describes how the angular acceleration @w(s) responds to a different input, whether it
be a commanded signal, disturbance, or sensor noise, under the influence of actuator dynamics, sensor
filtering, and delay. This analysis relies on the previously stated assumption that the control effectiveness

matrix and actuator dynamics are accurately represented in the reduced-order model, i.e., G, =G, and
A(s) = A(s).

1. Open-Loop Transfer Function: The expression below represents the open-loop transfer function
from the angular rate error w.(s) = vi(s) — @z (s) to the resulting angular acceleration @(s).
This expression captures how the control law propagates the effect of an angular acceleration
command through the actuator and filter dynamics. The expression may also be written in fraction

form as:
w(s)

_ _ _ -1 -1
oo () =Go(s) =G (I3(1 - A(s)H(s)) " A(5))G, (5.21)

=1 (1 - A(s)H(s)) " A(s).

2. Closed-Loop Transfer Function: The following expression defines the closed-loop transfer
function from the commanded angular acceleration v (s) to the actual angular acceleration @w(s),
assuming zero sensor noise and no external disturbances. The expression accounts for the feedback
path through the filtered measurement channel H(s)e 5.

©6) _ Gos) = (I + G () H(s)) ™ Gan(s)
vi(s)
_ . (1-AH(s) A (5.22)
S A (1= A()H(s) " A(s)H(s)

= I3A(s).

The closed-loop transfer function shows that, without external input, the aircraft dynamics and
the delay-compensated feedback cancel out, leaving the actuator dynamics A(s) as the exact
input—output behavior from the virtual control input to the angular acceleration. This means that,
from the perspective of the outer loops, the angular acceleration loop can be modeled by the
actuator dynamics [Smeur et al., 2016a]. In practice, this implies that an ideal integrator behavior
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is not achieved, as the closed-loop response is shaped by the finite actuator bandwidth. This is not
necessarily detrimental. While the limited bandwidth constrains the achievable response speed, it
can also increase the delay margin of the closed-loop system and thereby improve robustness to
time delays [Raab, 2025].

. Disturbance Transfer Function: Unlike NDI, INDI does not achieve exact linearization of the

system dynamics. Instead, it provides an approximate linearization around a previous operating
point. As a result, the nonlinearities in the angular acceleration dynamics are not fully canceled
and persist as residual terms. These residual angular acceleration nonlinearities, which include
unmodeled dynamics and higher-order effects, are modeled as an additive disturbance D (s) acting
on the angular acceleration. This disturbance is present even under ideal measurement conditions,
because the linearization achieved by INDI is inherently local and only approximate. Following
the formulation first derived by Smeur et al. [2016a], the resulting transfer function from the
disturbance D (s) to the angular acceleration @w(s) quantifies the system’s disturbance rejection
capability:

@(s)

iy = Ga®) = U3+ Ga(HE) ™ Iy

1L ! (5.23)
1+ (1—A(s)H(s)) P A(s)H(s)
=13 (1 - A(s)H(9)) .

This expression shows that the disturbance rejection capability is determined by the product
A(s)H (s). The faster the actuator dynamics A(s) and the filter H(s), the more closely this product
approaches unity across the frequency range of interest. As a result, the disturbance transfer
function G 4(s) becomes smaller, leading to faster and more effective disturbance rejection by the
INDI loop.

. Noise Transfer Function: This transfer function quantifies the sensitivity of the system to sensor

noise N(s), which enters through the feedback path. Due to the numerical differentiation of
measured angular rates, this path can amplify high-frequency components:

;8 = Gu(s) = =Ga(s) sH(s) (I3 + Ga() H(s)) ™!

(1-A(s)H(s)) " A(s) (5.24)
1+(1-A(s)H(s)) P A(s)H(s)
=—I3-sH(s) - A(s).

=—I3-sH(s) -

This transfer function shows that sensor noise is shaped by the term sH(s), which reflects the
numerical differentiation of the measured angular rates. Without filtering, high-frequency noise
would be strongly amplified.

Together, these transfer functions provide a complete frequency-domain characterization of the INDI

inner-loop behavior, including performance, disturbance rejection, and robustness to sensor noise and
actuator lag. They also clarify the effect of filtering and delay on the dynamic response of the angular
rate control loop. The total system output @(s) is the result of superposition of the desired signal, the
disturbance, and sensor noise:

W(s) =Ga(s)vi(s) +Ga(s)D(s) + G, (s) N(s). (5.25)

Both the low-pass filter H(s) and the actuator model A (s) shape how the inner control loop responds

to disturbances and sensor noise. In most implementations, A(s) is determined by physical actuator
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dynamics, leaving H(s) as the only tuning mechanism. For disturbance rejection, the closed-loop
sensitivity function includes the factor:

S(s) o (1 - A(s)H(s)).

Increasing the bandwidth of H(s) (and where possible, A(s)) raises the magnitude of A(s)H(s)
over a wider frequency range, reducing S(s), and thus improving disturbance rejection. This leads to a
faster and smaller-amplitude transient in response to external disturbances. In contrast, the response to
sensor noise follows a different transfer function,

N(s) < s H(s) A(s),

which increases with frequency. As aresult, increasing the bandwidth of H (s) allows more high-frequency
measurement noise to propagate to the output. The filter bandwidth must therefore balance disturbance
rejection against noise amplification. This trade-off is evident in flight-tested INDI controllers: reported
corner frequencies range from 5 rad/s for a tailsitter Unmanned Aerial Vehicle (UAV), to 20 rad/s for
the Cessna Citation, and up to 45 rad/s for a fixed-wing UAV, all with unity damping [Grondman et al.,
2018, Pfeifle and Fichter, 2021, Smeur et al., 2020].

To evaluate the noise response, the measurement noise is modeled as a zero-mean Gaussian process
with variance o = 4 x 1077 rad?/s2, corresponding to the INS measurement noise level specified by
Zipfel [2025]. Each sample is drawn as nx ~ N (0, o%), yielding a white sequence band-limited by the
sampling interval At with Nyquist frequency:

T
Ny = 1 (5.26)

Fig. 5.3 shows identical noise inputs passed through G, (s) with corner frequencies of 20rad/s
and 45rad/s. The lower bandwidth suppresses high-frequency content more effectively, producing
significantly less amplification in the angular-acceleration output. Increasing the bandwidth to 45 rad/s
allows a larger portion of the noise spectrum to pass, which yields a visibly higher output variance.
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Figure 5.3: Simulated noise-to-w responses for two shaping filter bandwidths. The large-amplitude gray trace
shows the raw amplified noise, the blue curve shows the response with H(s), and the low-amplitude black trace is
the input noise.
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The effect on disturbance rejection is shown in Fig. 5.4. The step responses show that the 20 rad/s
filter rejects the disturbance in roughly twice the time required by the 45 rad/s filter. Both filters reduce
the residual disturbance to essentially zero in steady state, so the difference is limited to the transient
response. In the simulations, the 45 rad/s filter shows visible noise during the transient, whereas this
effect is much less noticeable for the 20 rad/s filter.
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Figure 5.4: Simulated disturbance rejection for two shaping filter bandwidths. A higher corner frequency yields a
faster transient, while both cases achieve near-zero steady-state error.

To assess the influence of the low-pass filter H(s) on the closed-loop stability of the SISO continuous
INDI system in Figure 5.2, the feedback loop is opened at the location indicated in Figure 5.5, namely in
the sensor feedback path. This is necessary because, under ideal inversion, the closed-loop input—output
dynamics reduce to the actuator dynamics, and the effect of the low-pass filter does not explicitly appear.

fjde s ~ Ad ) omd ) v out

G;! A(s) G, T—»
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s H(s)

H(s) %Xl

Figure 5.5: Broken-loop configuration of the inner INDI control loop used for stability margin analysis.

Vout

Opening the loop at this location exposes the internal feedback structure in which the filter introduces
phase lag. This path is particularly critical for delay margin analysis, as the sensor feedback path is known
to possess low delay margins [Pollack and van Kampen, 2023]. The resulting diagram is equivalent
to the original system with non-essential elements omitted, while retaining the dynamics relevant for
robustness analysis.

The output at the break point, denoted by vy, follows directly from the system dynamics:

1 A(s)

Vout = — G(x)
K 1

mé_l(x) [Vaes — SH(8)vin] | - (5.27)
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The control effectiveness is assumed to be known exactly, such that G(x)G~!(x) = 1. For stability
margin analysis, only the transfer function from v, to voy is required. Rearranging the terms and
extracting gives for the synchronized configuration the relation:

H(s)A(s)
1—H(s)A(s)"

The classical gain and phase margins can then be evaluated using the margin command in MATLAB:

Gy (8) = = (5.28)

margin (=G, v, (5)) . (5.29)

First, consider the case in which no filter is present. In this case, H(s) = 1 in Eq. (5.28). The gain
margin then becomes infinite, the phase margin is 65.5°, and the delay margin is 0.036 s, corresponding
to approximately three sample periods.
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Figure 5.6: Classical stability margins for the broken loop in Figure 5.5 as a function of the low-pass filter
bandwidth, for fixed actuator dynamics.

The classical stability margins as a function of the low-pass filter bandwidth are shown in Fig. 5.6.
The gain and phase margins remain high over the full bandwidth range. The gain margin decreases from
infinity to a minimum of approximately 11 dB near 70 rad/s and increases again thereafter, while the
phase margin rises from 63° to 76°. Reducing the bandwidth increases the delay margin approximately
logarithmically, whereas increasing the bandwidth causes the delay margin to asymptotically approach
0.035 s, which corresponds to the delay margin without a low-pass filter. These results are in close
agreement with Raab [2025]. For the synchronized configuration with a low-pass filter bandwidth of
20 rad/s, the delay margin is 0.158 s, corresponding to approximately 15 sample periods for a sampling
frequency of 100 Hz.

In the case that no synchronization is applied between the actuator and low-pass filter dynamics, the
additional phase lag introduced by the low-pass filter is no longer compensated. The resulting transfer
function from vj, to vy is given by:

_H(s)A(s)

GVm—)Vou[(s) = 1 _ A(S) *

(5.30)

IThe negative sign is required because the extracted transfer function does not follow the standard negative
feedback convention. In its current form, the closed-loop condition is 1 — G, _,y,, (s) = 0, whereas classical
margin analysis assumes 1 + L(s) = 0. Therefore, the loop transfer must be defined as L(s) = —G,,,—y,,, (8) to
apply the margin definition correctly
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The corresponding classical stability margins are shown in Fig. 5.7. As the filter bandwidth decreases,
the additional phase lag introduced by the low-pass filter reduces the delay margin and can eventually lead
to instability. For the selected low-pass filter with a bandwidth of 20 rad/s and unit damping, combined
with the chosen actuator dynamics, the system is unstable.
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Figure 5.7: Classical stability margins for the broken loop in Fig. 5.5 without synchronization in the actuator path,
shown as a function of the low-pass filter bandwidth wg, for fixed actuator dynamics and (g = 1.

The preceding analysis establishes the basis for selecting the filter configuration. As shown, the
bandwidth of H(s) trades disturbance rejection against noise amplification. A corner frequency of
20 rad/s with unit damping is selected as the compromise: it suppresses noise sufficiently while retaining
acceptable disturbance-rejection speed, and it is consistent with the bandwidths reported for flight-tested
INDI controllers, in particular the 20 rad/s used on the Cessna Citation.

The stability analysis confirms that this choice is only viable with synchronization between the actuator
and filter dynamics. The synchronized configuration retains large classical gain and phase margins
together with the delay margin reported above, whereas without synchronization the uncompensated
phase lag of the same filter drives the system unstable, so unsynchronized operation is not feasible at this
bandwidth. The synchronized 20 rad/s, unit-damping configuration is therefore adopted, as it jointly
satisfies the noise, disturbance-rejection, and robustness requirements of the angular rate control loop.
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Attitude Control Loop

The attitude control loop governs the vehicle’s orientation relative to the velocity direction and is
responsible for tracking commanded attitude angles. In this formulation, the attitude is described by
the bank angle g, angle of attack ak, and sideslip angle Sk, rather than by the Euler angles ¢, 6, and
. The velocity control loop generates commands directly in terms of g and ak, so introducing an
Euler angle representation would require an unnecessary transformation. It is assumed that the INS
provides estimates of ug, ak, and Bx”. The system is defined using the following state, output, and
input variables:

.
x2=|ux ax Bk| =y,
T
uy; = [ P q r] .

Here, [p g r] are the inertial angular rates. Unlike the angular rate control loop, where the
dynamics depend on aerodynamic moments and control effectiveness, the attitude loop is governed solely
by kinematic relations between angular rates and the attitude angles. As a result, the system dynamics
are known exactly and do not depend on uncertain aerodynamic parameters. NDI is therefore appropriate

for this loop. The goal is now to express the rate of change of the aerodynamic angles as a nonlinear
function of angular rates and flight path dynamics that can be written in the control-affine form as:

(5.31)

X3 = fr(x2) + Ga(x2) us. (5.32)

A set of dynamic attitude equations suitable for expressing this form was derived by Mooij [1997].
The dynamics of the aerodynamic angles, expressed with respect to the vehicle’s geographic velocity, in
the notation of this thesis, are given by":

4 = —asinfB+ ysiny + Adgsin y cosy — (I + wg)(cos A4 cos y cosy + sin A4 siny)
+ pcosasinf+ gsinf +rsina cos S,
@ = —sin,u/cos,B[)'(cosy—/idsin)(siny+(i+w@)(cosﬂd cosXsiny—sin/ldcosy)]

. ; 5.33
—cos,u/cosﬁ[)'/—/ldcos/\/— (l+w@)cos/ldsin/\/] —pcosatanfB+q — rsinatanf, (5-33)

B = —sin,u[)'/—/id cosx—(i+w@)cos/ldsin)(] +cosu[)'(cosy—/idsin)(siny]

+ Cos,u[(i + wg)(cos A4 cos y siny — sin A4 cos y)] + psina — rcos a,

where y and y are the Earth-relative flight-path and heading angles, [ is the longitude, A is the geodetic
latitude, and wg is Earth’s angular velocity.

The original equation is unnecessarily complex for control law derivation. It can therefore be
simplified by retaining only the dominant physical contributions. The equation is primarily influenced
by the body rates, which must always be retained. The flight path rate terms [y y] are also significant
and are therefore included. In accordance with the Small-Displacement Assumption, variations in 14 and
I, and consequently their rates A4 and /, are considered negligible and omitted from the formulation
[Juliana et al., 2004]. Consistent with the Non-rotating Earth Assumption, Earth’s angular velocity is set
to zero, wg = 0. The resulting reduced formulation captures the essential dynamics while preserving
sufficient accuracy for control law development.

’The subscript K denotes kinematic angles, defined with respect to the velocity direction rather than the air-relative
flow. As such, these quantities can be obtained from inertial velocity estimates without requiring direct air data
measurements.

3For improved readability of the equations, the subscript K is omitted.
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For the purposes of dynamic inversion, the term & appearing in the g equation should be replaced
by the expression for & from Eq. (5.33). This substitution yields a form in which all derivatives of the
aerodynamic angles are expressed explicitly in terms of measurable quantities and retained rates. The
new set of equations is then:

a4 = y(siny+sinutanBcosy)+ycosutan B+ p cosa/cos S+ rsina/cos S,
& = —ysinucosy/cosB —ycosu/cos— pcosatan B+ g — rsinatan g, (5.34)
B = ycospucosy—ysinu+psina —rcosa.

This can be readily separated into the body rate contribution and the flight path dynamics. Therefore,
if Earth rotation is neglected and changes in geodetic position are slow, the aerodynamic angle dynamics
in control-affine form take the form:

i siny +sinutan8cosy cosug tanf cosafcosf 0 sina/cosB | |p
&|=| —sinucosy/cospf —cosufcosB| ||+ |-cosatanB 1 -—sinatanf||qg]|. (5.35)
B COS {1 COS Y —sinu sin & 0 —cosa r

A virtual control input v; is defined to represent the desired attitude angle rates. Enforcing X, = v,
in Eq. (5.35) and writing u, = w gives:

V2 = for(x2,%3) + G2(x2) w. (5.36)

In this expression, G, maps the body angular rates to the attitude angle rates, while f, represents the
flight path dynamics*. The required body angular rates then follow by taking the inverse of Eq. (5.36):

0™ = G5 (x2) (v2 = fr(x2.x3)) . (5.37)

Substituting f, and G, with the expressions given in Eq. (5.35), and subsequently inverting G,
yields the commanded body angular rates:

cmd

p cosacosfS 0 sina Vu siny +sinutanfBcosy  cosutanf
q = sin B 1 0 Va|—| -—sinucosy/cosf  —cosu/cosf lX} . (5.38)
r sinacosff 0 —cosaf\|vg COS L COS Y —sin u 4

The matrix G is invertible for all @ in the operating regime of interest, provided the sideslip angle
[ remains small such that cos 5 # 0. The singularity at cos 8 = 0 lies outside the considered flight
envelope. This inversion yields the commanded body rates required to track the desired changes in
attitude angles.

The velocity control loop does not generate a sideslip command for the attitude control loop. Instead,
the commanded sideslip angle 8™ is set to zero by default.

“4The influence of y and y on the prior equation can alternatively be expressed as functions of the externally acting
weight force, aerodynamic lift force, and aerodynamic side force [Snell et al., 1992]
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Velocity Control Loop

The velocity control loop governs the translational dynamics of the vehicle and is responsible for
flight—path tracking. It generates angle of attack and bank angle commands for the inner attitude control
loop, and throttle commands for the propulsion system. The state vector consists of the vehicle speed
Vk, heading angle yg, and flight-path angle yg, which fully describe the motion of the vehicle along
its trajectory. The control inputs act on these states through thrust and orientation, where the throttle
primarily influences the speed, while the bank angle and angle of attack affect the direction of the velocity
vector. The system is defined using the following state, output, and input variables:

x3=[VK XK VK]T:J’S’ (5.39)

us = [6r px CYK]T-

In contrast to the attitude loop, the translational dynamics depend directly on uncertain aerodynamic
forces. This makes INDI suitable, as it compensates for modeling errors and neglected effects that act as
disturbances on the slower velocity dynamics. The governing dynamics are formulated by expressing
Newton’s Second Law in the air-path coordinate system. The resulting time derivatives of the velocity
states are given by’:

m 0 0
i3= M ([T]VB[fa,,,]B +[T1VO [ £,1€ + mam)  where M = |0 mVcosy 0 |. (540)
0 0 -mV

Here, [ £]5 is the aero-propulsive force vector expressed in body coordinates, [ f,]€ is the gravitational
force vector in the geocentric coordinates [7']YC and [T]V# are transformation matrices from geocentric
and body coordinates to the velocity coordinates, which are given by Eq. (3.29)° and Eq. (3.35),
respectively, and a.; contains rotation and curvature corrections [Etkin, 2005]. The spherical Earth
assumption implies that all latitude angles are identical, 1. = 14 = A, and that the Earth radius function
Ro(14) reduces to the constant mean spherical Earth radius Ry. In this case, the corrections are:

wéRo cos A (siny cos A — cosy sinAd)
2

. . . v 2 2 .
2wgV (sin A cosy — cos A sinvy cos y) + sin y R—Ocos ytan A + wgRpcos Asin A (5.41)

Acorr =
2

\%
—2wgV(cosAsin y) — R oSy - wéRo cos A(cos A cosy + sin?y sin A cos y)
0

As before this needs to be simplified, with the non-rotation Earth assumption the terms containing,
we fall away. Together this yields the simplified form of the velocity dynamics for a spherical Earth’:

1% m 0 0 -1 X 0 0

¥|=10 mVcosy 0 [T1YB Y| +[T]VC| 0 | +m X—zcoszytan/lsin)( . (5.42)
0 0 -mV 1%

Y zZ mg — R, COSY

SFor improved readability of the equations, the subscript K is omitted.

®Due to the spherical Earth assumption, [T]V? = [T]VC.

"Under the spherical-Earth assumption, the gravitational acceleration is modeled using Newton’s law of gravitation
as g = %, where G is the universal gravitational constant, M is the mass of the Earth, Ry is the mean Earth
radius, and £ is the altitude above the Earth’s surface.
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All Earth rotation effects are ignored. Earth curvature effects are retained, and the gravity vector is
assumed to follow an inverse square law and act vertically. It is also assumed that the sideslip angle S is
kept at approximately zero by the attitude control loop. With 8 = 0, the transformation matrix [7]"5

becomes:
cos @ 0 sin a

[TV = | sinasing cosu —cosasinpul. (5.43)
—sin@cosy Sing Ccosacosu

Next, it is noted that u, @, and 67 do not appear in an affine form in Eq. (5.40). The following step is
to express the nonlinear dynamics in the standard input-affine form:

x3 = f3(x3) + G3(x3) us. (5.44)

This can be partially accomplished by separating the force contributions to isolate the effects of bank
angle, angle of attack, and thrust setting on the dynamics, thereby attempting to put the equations into a
control-affine structure. The forces in body coordinates are modeled as:

XZQ_SCXZQS (CX0+CX aA+CX +CX5 5 +CXT5T)

12V
rb pb
Y = qSCY = qS CYO + CyﬁﬂA + CY X + Cyp v + Cy(s 04 + Cyé o0, + CYT(ST (545)

Z = qSCZ—qS(CZO+CZ CL’A+CZ 2V+CZ§ O¢ +CZT6T)

Here the angles @4 and 54 are used, rather than ax and Sk, because the aerodynamic coeflicients
depend on the air-relative angles. This expression can be simplified by noting three things; first, the
thrust vector is aligned with the 18-axis, which implies Cz, = 0 and Cy,. = 0. Secondly, in the GHAME
aerodynamic dataset, the coefficients Cy,, Cy,, Cyp ,C X, and C 7, Are Zero or not modeled. Finally, the
coordinated flight assumption eliminates the contribution from Cy,. Together, this yields:

XZC?S( +CX aA+CX5 Oe +CXT‘5T)
Y =4S ( (5 + CY5 ) (5.46)
Z=qS (CZO +Cz,aa+ Czﬁe(se) .

It is now possible to solve Eq. (5.42) for each of its components and express the results in terms of lift
and drag. The body-axis force coeflicients are first transformed to the stability axis using the relations:

Cp, =

i

— (cosaa Cx; +sinaa Cz,), (5.47)

Cr, =sinas Cx, —cosas Cz,

where the subscript i denotes the contribution from a specific aerodynamic or propulsive effect. Another
important information is that the controller only has access to the kinematic values of angle of attack, ak,
from the INS. So the on board-model introduces an error if wind is present. Substituting these relations
into the velocity dynamics of Eq. (5.42) and retaining curvature and gravity variation effects yields:

. qS

V= 42 [CXT(ST cosa — Cp, — CDaoz] —gsiny,

X = L [(CX orsina+Cr,+Cr. 6. +CL a) sin,u+Cycosu] + Kcosytan/lsin/\/, (5.48)
mVCOS)/ T 0 Se @ RO .

qS
T mV

v
[(CxTérsma/+CL0+CL6 Se+Cr,a)cos u— Cysm,u] +cosy(R——€).
0
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Looking at Eq. (5.48), the bank angle u enters the dynamics only through the nonlinear terms sin u
and cos . As a result, the velocity subsystem is not control-affine in y, meaning it cannot be written
in the form f(x) + g, (x) u. This violates the standard requirement for applying NDI directly with u
treated as a control input.

INDI does not have this limitation [Bacon et al., 2001]. By using a first-order Taylor expansion, it
can produce an inversion law that works locally around the operating point. A standard Taylor series
expansion is taken about the values at the previous sampling instant, where x39 = x3(¢ — Ar) and
u3, = u3(t — Atr). This yields for the usual INDI assumptions:

0x ox
X‘3 =Xx30+ —x3(x3, u3) A)C3 + —x3(X3, u3) Au3 +O(Ax§),
. (5.49)
. 0%3(x3, u3)
xX30+ o Aus,

here Ax3 = x3 — x3,0, Auz = u3 — u3, and the term O(Ax%) collects all higher—order contributions.

As in the rate control loop, a time—scale separation assumption is introduced: over one sampling
step the state increment is much smaller than the control increment, Ax3 < Aus. Attitude dynamics
typically evolve on a much faster time scale than the flight path states, so the term involving Ax3 and the
higher—order contributions can be neglected [Bacon and Ostroft, 2000]. From Eq. (5.48) and by using
CL=Cr,+CL;, 6.+ CL,, the control effectiveness matrix is found by taking the partial derivatives of
each state rate X3 with respect to each control input u3:

Cx, cosaV 0 —(Cx,orsina+Cp,)V

0% _ 4GS |Cxpsinasing  (Cxporsina+Cr)cosu—Cysing  (Cxpdrcosa +Cr,)sinu (5.50)

dus  mV cosy cosy cosy

Cx,sinacospy —(Cx,0rsina+Cr)sinu—Cycosu (Cx,0rcosa+Cr,)cospu

To evaluate these partial derivatives, several simplifying assumptions are introduced at the lineariza-
tion point. Vertical force equilibrium is expressed in a form consistent with the spherical Earth model
assumption:

V2
GS (Cx, 67 sine + Cp) cos :mcosy(g— R—O), (5.51)
ensuring that aerodynamic lift and the vertical component of thrust balance both gravity and the
curvature-induced centrifugal term. Additionally, the influence of thrust on lift and drag derivatives is
neglected, as aerodynamic forces dominate in magnitude:

Cr,qS > qSCx, 0T cosa, Cp,qS > ¢SCx,orsina.

The lateral coefficient Cy is also neglected. With § = 0 its magnitude is much smaller than the lift-
and thrust-related terms, and because the remaining Cy signal contains small-magnitude high-frequency
fluctuations that lead to noisy bank angle commands. Substituting Eq. (5.51) into Eq. (5.50) and
removing negligible terms yields the following expression for the control effectiveness matrix:

Cx, cosaV 0 -Cp,V |
gs | Cxr sin a sin u m V2 Cr,sinu
G3(x3,u3) ~ mvV cosvy gs & Ro cosvy (5.52)
Co si mtan y cosy V2 c
sinacosy —-—|g - — cos
| Xr lu qS g RO Lo /’l_
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A virtual input v3 = [vy v, v,]7 is now defined to represent the desired rates of the velocity
states. Linearizing the dynamics around the previously measured operating point yields the incremental

inversion law:
cmd

or or vy 1%
u =|p| +G3' | |ve| - |X] |- (5.53)
a @], Vy y 0

The matrix Gz becomes non-invertible only in vertical flight (y = +90°), knife-edge flight
(1 = £90°), or in the limiting case g = V?/Ry, where centrifugal force cancels gravity and lift can no
longer steer the velocity vector.

The inversion relies on the aerodynamic force coefficients, which may contain significant uncertainty.
In addition, wind introduces errors because the onboard model uses kinematic angles from the INS rather
than the true air—relative angles. These effects appear as modeling errors and external disturbances that
vary slowly, allowing the INDI controller to reject them effectively.

Position Control Loop
The outermost loop governs the vehicle’s position by generating reference commands for velocity,
heading, and flight—path angle, which are tracked by the velocity—control loop. Its purpose is twofold.
First, it enables trajectory tracking, allowing the vehicle to follow prescribed references in longitude,
latitude, and altitude. Second, it enables test—case generation, where the performance of heading and
altitude tracking is evaluated. The system is formulated using the state vector, output vector, and control
input shown below, where / denotes the vehicle’s longitude, A its latitude, and # its altitude above a
spherical Earth: .

xa= |l A n=y 4 (5.54)

Uy = [I/tE un uu] .

In this context the heading angle yk is defined in the standard navigation convention: yx = 0°

corresponds to motion due north, yx = 90° to motion due east, yx = 180° to motion due south, and
Xk = 270° to motion due west. A positive latitude rate corresponds to northward motion, a positive
longitude rate corresponds to eastward motion, and a positive altitude rate corresponds to an increase in
altitude.

With this convention, the translational kinematics for a point—-mass model on a spherical Earth are®:

- velsin y cosy . Vel cos y cosy

== " ‘7 = . h=V"™giny, 5.55
(Ryp + h)cos A Ro+h — ( )

with Ry the mean Earth radius and V' the prescribed geographic speed’. The velocity loop is assumed
to be able to maintain the reference geographic speed V™', which is therefore treated as constant.

For nonlinear dynamic inversion it is convenient to define an intermediate input vector:

UE Vel sin y cosy
u=|uy|=|Vecos ycosy|, (5.56)
uy Vet siny

where ug, uy, and uy denote the linear velocity components of the vehicle in the geographic
East—North—Up coordinate system. These components serve as intermediate control variables: when

8For improved readability of the equations, the subscript K is omitted.

The superscript “ref” denotes an externally specified reference command provided by the guidance system or
designer, whereas the superscript “cmd” denotes an internally generated command signal computed within the
control loop and passed to the subsequent inner loop.
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mapped through the spherical-dependent matrix G4(x), they yield the correct time derivatives of (I, A, ).
The dynamics of the output vector can then be expressed in control—affine form as:

Vo= fa4(x) +Ga(x) uy. (5.57)
From the control-affine representation the output dynamics can be written explicitly as:
; 1
—_— 0 0
l_ (Ro+ h)cosA UE
Al = 0 Lol un]- (5.58)
h Ro+h uy
0 0 1

In nonlinear dynamic inversion, the virtual control input v, is applied by enforcing the output
dynamics such that y, = v4, which gives v4 = G4(x) u4 so that the commanded inputs are:

ui™ =Gl (x) vy, (5.59)

which yields the explicit inversion law:

UE cmd (Rop+ h)cosA 0 0] | v
Un = 0 (R() + h) 0 val, (5.60)
uy 0 0 1 Vh

where v;, v, and v, denote the virtual control inputs for the longitudinal, latitudinal, and vertical
channels, respectively. The commanded flight—path and heading angles are obtained directly by inverting
the kinematic relations:

. (U
y*™ = arcsin (VTZ) , ™ = atan2 (ug, uy) . (5.61)

These angles, together with the reference speed, form the commanded inputs to the velocity control
loop. The required virtual control inputs v;, v, and v, are generated from reference trajectories defined
using the reference altitude 4™, latitude /™!, and longitude A™!. These references may either correspond

to constant setpoints or to waypoint-based trajectories generated by the guidance system.

For control-system testing, however, the objective is not to follow arbitrary reference trajectories, but
to assess how well the system can maintain a prescribed heading or climb at a fixed climb rate. Therefore,
two test modes are implemented to facilitate these specific scenarios.

1. Mode 1: Constant-rate climb to altitude:

In this mode, the vehicle is commanded to reach a target altitude 2™ while maintaining a
specified vertical rate 2™, The commanded up—velocity component is therefore imposed directly
as:

uy = ", (5.62)

This value is substituted into Eq. (5.61) to compute the commanded flight—path angle y°™¢. Once
the altitude error is eliminated (i.e. 4 ~ h™"), the climb rate command is set to zero. This mode
can also be combined with Mode 2.

2. Mode 2: Heading-hold:

In this mode, when heading-hold is enabled (e.g. mheading = 1), any heading value calculated
from Eq. (5.61) is overridden and the commanded heading is specified directly as:

Xcrnd — Xref, (563)

while the commanded flight—path angle ™ is still obtained from Eq. (5.61) to ensure that the
altitude h tracks its reference 1.
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This completes the design of the position—control loop. Its feasibility depends on several conditions
that ensure the inversion law is well-defined and that the commanded angles remain physically meaningful.
Specifically, the input—gain matrix G 4(x) must be invertible, which requires cos A # 0. The inner velocity
loop must accurately track the commanded reference speed. The east and north velocity components
(g, un) cannot both be zero, since in that case the commanded heading y*™ becomes undefined.
Finally, the longitude [ is ill-defined at the poles (4 = £90°), where the geographic equations lose
validity.

3.3. Linear Controller Design

Nonlinear dynamic inversion reshapes the system dynamics into approximate chains of integrators, which
then serve as the foundation for feedback design. To reduce the design burden, a time—scale separation
assumption is adopted, so that the faster inner loops appear instantaneous from the perspective of the
slower outer loops. This hierarchical structure allows each loop to be designed independently.

With the dynamics reduced to integrator—like behavior and the control architecture organized
hierarchically, the remaining task is to specify the desired transient and steady—state characteristics.
This is accomplished by placing linear controllers on top of the inverted dynamics. The following
subsections describe the design of these controllers at each level of the hierarchy. The hierarchical
control architecture follows a set of design requirements:

1. Rate Requirement: The rate loop requires a 0% overshoot at the lowest settling time for good
performance.

2. Damping requirements: The outer loops are designed to be well damped, with
Lo =0.7, {y =0.9, {x =0.7,
ensuring fast responses with little overshoot.

3. Time-scale separation: Each loop is designed to be significantly slower than the loop beneath
it. A practical and commonly used choice is a bandwidth ratio of approximately four between
adjacent loops, leading to:

BW BW BW
BW, < 4“’, BWy < —2  BWy < 4".

4. Robustness margins: All loops must achieve a classical phase margin of at least 40° and a gain
margin of at least 6 dB. In addition, disk margins must guarantee robustness to simultaneous gain
and phase variations of at least +3 dB and +20°.

Rate Loop

The design of the angular—rate controller starts from the observation that, under ideal INDI and in the
absence of disturbances and sensor noise, the airframe dynamics are cancelled by the inversion, leaving
only the actuator dynamics A(s) in the loop. This follows directly from Eq. (5.25). The assumption of
rapid disturbance rejection and effective noise suppression is justified for a suitably chosen filter H(s),
as established in the earlier analysis of the INDI structure.

“’_md,@L» Ko(s) 2] A(s) |2 % T_“k
1

A
Y

Figure 5.8: Idealized closed-loop structure of the angular—rate control loop.
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Figure 5.8 illustrates the corresponding idealized closed—-loop structure of the angular—rate controller,
where the linear controller K, (s) generates the virtual input v; from the rate error, and the integrator
yields the angular rate w, which corresponds to the state vector x;. Thus, in this simplified setting the
closed—loop w™d(s) to w(s) is:

A(5)Kw(s)
s+A()Ky,(s)

The actuator dynamics are often assumed to be sufficiently fast so that A(s) =~ 1 over the frequencies
of interest [Smeur et al., 2016a]. This is reasonable for systems with very fast actuators, such as small
UAVs, where bandwidths can reach several hundred rad/s. When actuator bandwidth is limited, this
assumption breaks down, and the predicted loop performance no longer reflects the true limitations,
which affect stability and achievable bandwidth. Two approaches can address this. The first approach is
to reduce the rate—loop bandwidth to a fraction of the actuator bandwidth so that A(s) ~ 1 holds, at the
cost of slower response. The other is to include the actuator dynamics A(s) explicitly in the controller
design, avoiding this limitation.

Ho(s) = (5.64)
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Figure 5.9: Rate—loop step responses for different actuator bandwidth separation ratios.
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For the present aircraft, an actuator bandwidth of 50 rad/s clearly illustrates this limitation.
Subfigure 5.9a shows that with a bandwidth ratio of three between the actuator and the rate loop, actuator
dynamics still noticeably affect the response. Only at a ratio of ten, as shown in Subfig. 5.9b, does this
influence become negligible. Achieving such a ratio would require reducing the rate—loop bandwidth to
about 5 rad/s, which is not acceptable for a high-performance controller. For this reason, the controller
developed in this thesis adopts the second approach and explicitly includes the actuator dynamics A (s)
in both the design and stability analysis. This enables a practically relevant rate—loop bandwidth while
accurately capturing actuator effects.

The controller is designed for the third—order plant P(s) = A(s)% formed by the second—order
actuator dynamics A(s) from Eq. (4.60) in series with the integrator as can be seen in Fig. 5.8. For
this plant, a proportional control strategy was adopted, using proportional control, K, (s) = K,. For
the system under consideration, the maximum admissible gain is determined from the root locus of
L(s) = K,P(s). The gain is increased until the overshoot constraint is just satisfied, yielding a 0%
overshoot and a 5% settling time of approximately 0.13 s:

K, =13.45. (5.65)

The proportional controller yields a fast-settling step response with zero overshoot, as shown in
Subfig. 5.10a. The controller was designed with the actuator dynamics included in the loop. For
comparison, neglecting the actuator dynamics increases the settling time by approximately 0.08 s and the
rise time by approximately 0.06 s. The zero-overshoot response is consistent with the large phase and
gain margins observed in the open-loop response in Subfig. 5.10b, indicating a well-damped closed-loop
system. A summary of the classical and disk margins is provided in Table. 5.3.

Gm =14.34 dB (50.00 rad/s), Pm =67.57 deg (13.53 rad/s)
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Figure 5.10: Closed-loop performance and open-loop stability characteristics of the ideal angular rate controller.
Subfig. (a) shows the closed loop step response, and Subfig. (b) shows the open-loop gain and phase margins.
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The large stability margins are a consequence of the strict 5% overshoot requirement. Reducing the
phase margin further would increase the closed-loop bandwidth and crossover frequency, but would
also reduce the damping of the dominant complex poles and therefore increase the overshoot beyond
the specified limit. Consequently, the proportional controller is already operating near the achievable
performance limit for the imposed transient-response constraint.'’ The closed-loop pole locations
are shown in Fig. 5.11. The system contains a real pole at —24.96 and a complex conjugate pair at
—22.87 + 28.90i with damping ratio ¢ = 0.62 and natural frequency of approximately 36 rad/s.
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Figure 5.11: Closed—loop stability characteristics of the rate controller including the actuator dynamics.

To evaluate the steady-state tracking performance of a proportional controller applied to the plant,
P(s) = A(s) % the error dynamics are analyzed explicitly. With a proportional controller K, (s) = K,
the tracking error is defined in the Laplace domain as:

E(s) = “R(s), with L(s) =K, - P(s), (5.66)

1
1+ L(s)

where R(s) is the Laplace transform of the reference input. For a unit step input, R(s) = 1/s, the
steady-state error is obtained using the final value theorem:

€oo = tlim e(t) = lin%) sE(s) = lim (5.67)
—00 S S

S
) tim—
—>0(1 +K,P(s) s) 00 T+ K, P(s)

Noting that P(s) = A(s)/s, the plant contains an integrator through the 1/s term. Furthermore,
since A(0) = 1, the remaining dynamics have a finite nonzero value at zero frequency. Consequently, as
s approaches zero, the proportional open-loop transfer function K, P(ss) becomes unbounded because the
integrator causes the low-frequency gain to increase without limit. Therefore, the system has infinite DC
gain, which results in zero steady-state error for a step reference input under ideal conditions. Therefore,

00:1 _ =
o = T+ K, P(s)

0. (5.68)

The presence of an integrator in the plant guarantees that the error dynamics asymptotically drive the
tracking error to zero under proportional feedback, provided the reference is a step input. This confirms
that the system achieves zero steady-state error despite the simplicity of the controller.

10A two-degree-of-freedom architecture with a reference prefilter could be used to reduce overshoot without
altering the feedback-loop stability margins.
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Attitude Loop

For the linear controller in the attitude loop, the first step is to obtain the closed—loop expression of the
system, shown schematically in Fig. 5.12. Here, NDI is used rather than the incremental form. Unlike
INDI, where additional dynamics appeared as disturbances to reject, the NDI formulation retains these
explicitly. In this case it is the term f,, representing the flight—path dynamics given in Eq. (5.35):

jond le(s) .le(s)
;:é: STS 0. Ko(s) &@_, G w™ Ho(s) w Gy _)c%; 0 % 0

Figure 5.12: Closed-loop architecture for attitude control using model-based inversion and linear compensation.

The block diagram represents a cascaded control structure. The commands for y™ and o™
are supplied by the outer velocity loop, while the sideslip reference is fixed at S™ = 0 to enforce
coordinated flight. A linear controller Kg4(s) regulates the commanded attitude error 6, to produce
the virtual control vector v;(s), which defines the desired attitude rate. The angular rate command is
obtained by subtracting the estimated kinematic term f » () from v, (s) and mapping the result through
the inverse of the kinematic matrix as given in Eq. (5.38).

The matrices G,(s) and G, (s) map angular rates to attitude rates. Since this relation is known
analytically and the angle of attack and sideslip are assumed to be estimated with sufficient accuracy, the
two matrices are considered equal. The resulting closed-loop relation for () is:

1
s +Hw(s) KH(S)

H(s)

_ H,(s)Kg(s)
o(s) s+ He,(s)Ko(s)

s+ Hy(s)Kg(s) 6(s) -

Fas)+ f2(5). (5.69)

At this stage, the bandwidth separation assumption becomes relevant. The standard approach is
to design the inner rate loop to operate on a sufficiently faster timescale than the outer attitude loop,
such that it can be approximated as ideal, i.e. w(s) = w™I(s), which implies H,,(s) ~ 1. With this

approximation, the attitude dynamics reduce to:

0(s) = Kq(s)

cmd
S K ¢ WF

1 A
TrG [0- 0), (5.70)

where f,(s) represents the true flight-path kinematics and f »(s) denotes its model estimate used in the
controller. Due to the assumptions in the attitude control loop design, f,(s) # f »(s), but the mismatch
is extremely small in magnitude and varies slowly with time [Juliana et al., 2004]. As a result, the
induced tracking error remains bounded and does not compromise overall system performance. The
closed loop from 8°™4(s) to @(s) is therefore:

le(lhlv'l)lﬁng(S) = m (571)

This assumption effectively decouples the rotational axes in the outer loop, allowing each attitude

channel to be treated independently. While this simplification introduces a potential risk of instability,

exponential stability of the outer-loop states around their commanded values is still guaranteed if the

inner-loop bandwidth is sufficiently high [Schumacher and Khargonekar, 1998]. In practice, it is

recommended that the rate loop bandwidth exceeds the attitude loop bandwidth by at least a factor of
three to ensure that the approximation remains accurate [Naidu and Calise, 2001].
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For this single—integrator loop structure, exact second—order closed-loop dynamics with the desired
natural frequency wg and damping ratio g can be obtained through pole placement. A purely
proportional controller is not sufficient for this purpose. Substituting Ky (s) = Ky into Eq. (5.71) yields
a first-order system. As a result, only a single pole can be assigned, and independent specification of
wg and (g is not possible. To obtain second-order dynamics, a proportional-with-roll-off controller is
introduced:

Kyw w?
Ko(s) = =22 0 (5.72)
stwr  s+20wg
where the second equality follows from coeflicient matching using w ¢ = 2{gwg and K¢y = ;UTH.
0

These expressions directly link the controller parameters to the desired dynamic characteristics.
Using the design values specified in the control requirements yields the second order closed-loop system:

38.84
s+11.22°

38.84

H = B
() = 51225 + 38.84

using Kg(s) = (5.73)

The difference in closed-loop pole locations is shown in Fig. 5.13. The reduced system places the
poles exactly at the designed second-order locations, whereas the full system also contains contributions
from the actuator and rate loop dynamics. Consequently, unlike the rate control loop, the desired damping
ratio is not fully achieved in the complete closed-loop system. Increasing the time-scale separation
would cause the damping ratio to approach the desired value of 0.9, but this would also slow down the
overall system response. Therefore, a trade-off exists between achieving the exact damping ratio and
maintaining a faster closed-loop response. Nevertheless, the discrepancy is considered acceptable for the
controller design, since the dominant pole behavior is still captured sufficiently accurately.
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Figure 5.13: Closed—loop stability characteristics of the attitude controller. Subfig. (a) shows the closed—loop
poles including the inner—loop dynamics, and Subfig. (b) shows the poles assuming ideal inner loops.

Moreover, since the gain and phase margins in Subfig. 5.14b are already large, further increasing the
time—scale separation would only enlarge them unnecessarily and make the system more sluggish. The
corresponding effect on the step response is shown in Subfig. 5.14a. The “Simplified” curve assumes
instantaneous inner—loop dynamics, resulting in a monotonic rise without overshoot, whereas the
“Complete” response includes the inner rate—loop dynamics, producing a slightly faster rise accompanied
by a small overshoot. As the bandwidth separation increases, the difference between the idealized and
full-system responses becomes negligible.
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Gm = 11.05 dB (9.90 rad/s), Pm = 48.46 deg (4.01 rad/s)

N
S

—-—-Complete
—Simplified

N
=)
T

=)

Magnitude (dB)

)
=]
T

0.8+ i 1 -40

Amplitude

0.6f H

04r

02t /!

0 05 1 15 2 25 ot 100 10! 102
Time (seconds) Frequency (rad/s)

(@ (b)

Figure 5.14: Closed—loop performance and open—loop stability characteristics of the full and reduced attitude
control loops. Subfig. (a) compares the closed—loop step responses, while Subfig. (b) shows the open—loop gain
and phase margins of the full system.

To show that the controller achieves zero steady—state error when tracking a step command, the error
dynamics can be expressed in the Laplace domain as:

o RO Hu

=T+l . Ko(s), (5.74)

where L(s) is the open—loop transfer function composed of the inner angular-rate loop H,(s), the
integrator 1/s, and the outer attitude controller K4 (s). For a unit—step input R(s) = 1/s, applying the
Final Value Theorem gives:

h)
= lim sE(s) = I . 7
¢oo = i B s) = im o Ko () (5.75)

At low frequency, the inner loop behaves as unity gain (H,,(s) — 1) because the actuator has a finite,
nonzero DC gain (A(0) # 0), allowing the rate loop to track constant commands without steady—state
error. The attitude controller approaches a finite gain (Kg(s) — wg/(2{g)). Substituting these limits
into Eq. (5.75) yields:

s
o = lim ————— =0, 5.76
o= s r1- T (-76)

confirming that the attitude loop eliminates steady—state error for a step command.

Velocity Loop

The outer velocity loop regulates the geographic airspeed Vi, the heading angle yk, and the flight—path
angle yg. This regulation is achieved indirectly by generating small changes in attitude and thrust, which
the inner attitude and rate loops convert into linear accelerations.

The cascaded control structure used for velocity regulation is illustrated in Fig. 5.15, where the
velocity state vector V corresponds to x3. Commands originate from the position control loop, and the
resulting command error is processed by the linear controller Ky to produce the desired attitude and
thrust setting rates. The error in the commanded derivatives is mapped through the control effectiveness
matrix from Eq. (5.48), generating incremental attitude commands. These increments are added to the
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previous values and forwarded to the inner loops for bank angle and angle of attack, while the throttle
command is sent directly to the engine.

cmd

1 ©
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K il =
% v(s) Gs (8)emd Gs 2

N

T
[/‘L a 5T} 0 e_Ats

Vo 14

e—Ats

Figure 5.15: Closed-loop block diagram of the velocity loop, assuming perfect attitude and angular rate tracking.

For the linear controller design, the closed—loop expression plays a central role. Under the assumption
that the estimated control effectiveness matrix G3 is exact and that disturbances are rejected sufficiently
fast, the closed—loop relation is given by:

V(S) _ HH(S)KV(S) chd(s), lim Hv(S) — KV(S)

" s+ Ho(s)Ky(s) Ho(s)—1 s+Ky(s) (>.77)

This relation applies to the angle-of-attack and bank-angle channels, where the inversion-based
commands pass through inner dynamics represented by Hy(s). The throttle channel does not include
this term, since it acts directly on the propulsion system. When the inner loops are sufficiently fast such
that Hy(s) =~ 1, the closed-loop map reduces to the expression shown on the right.

The velocity controller is obtained using the same second—order pole—matching approach applied in
the attitude-loop design together with the bandwidth-separation and damping requirements, resulting in
the closed-loop relation:

2.428 . Kv(s) 2.428
, usin §) = ———.
2+ 21815 +2.428 & AV sl
The closed-loop pole locations of the reduced and complete transfer functions are illustrated in
Fig. 5.16. The figure compares the closed-loop dynamics obtained with the full controller structure,

including the inner-loop dynamics, against the reduced formulation that assumes ideal instantaneous
inner loops.

Hy(s) = (5.78)
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Figure 5.16: Closed-loop stability characteristics of the velocity controller. Subfig. (a) shows the closed-loop
poles including the inner-loop dynamics, and Subfig. (b) shows the poles assuming ideal inner loops.
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The effect of these differences on system performance is further illustrated in Fig. 5.17. Specifically,
Subfig. 5.17a compares the step responses of the ideal and non-ideal closed-loop systems. The inclusion
of inner-loop dynamics introduces slight coupling effects that reduce the overall damping; however, the
system remains stable and converges to the commanded velocity. Subfigure 5.17b shows the open-loop
gain and phase margins of the complete system, which confirm adequate stability margins.

Gm =12.75 dB (2.95 rad/s), Pm =62.42 deg (0.84 rad/s)
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Figure 5.17: Closed—loop performance and open—loop stability characteristics of the full and reduced velocity
control loops. Subfig. (a) compares the closed—loop step responses, while Subfig. (b) shows the open—loop gain
and phase margins of the full system.

Position Loop

The position control loop determines the required heading yx and flight-path angle yx commands
to track the commanded waypoints in latitude, longitude, and altitude. As shown in Fig. 5.18, these
waypoint commands originate from the onboard guidance system, and the resulting command error
is processed by the linear controller Kx (s) to produce the desired changes in heading and flight-path
angle. In the figure, the position state vector X corresponds to x4. The errors in the commanded
derivatives are then mapped through the inverse of the matrix G4 to account for spherical Earth effects,
yielding intermediate commanded inputs. These are used in the inverse of Eq. (5.56) to generate the
corresponding commands passed to the inner loops, which realize the actual heading and flight-path
angle. The resulting control inputs are subsequently remapped through G4 to obtain the geodetic rate
derivatives, which are integrated to produce the achieved tracking vector.

|:X:| cmd
cmd cmd v
L»(-%}—» Kx(s) 25 @7t FUIRq. (5.65) 0] Hy(s) | o{Ba. (5.59) 4 Gy [

Figure 5.18: Closed loop block diagram of the position control loop [Stevens et al., 2016].

o | =

Analogous to the attitude loop, and assuming the estimated mapping G4 is exact, the position
closed—loop transfer function is given by the expression on the left below. This formulation incorporates
the inner velocity dynamics through Hy(s). When the velocity loop is sufficiently fast such that
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Hy (s) = 1, the closed-loop map reduces to the simplified first—order form shown on the right:

Hy(s) Kx(s) o . _ Kx(v)
St Hy(5) Kx(s) & (s), pm Hx(9) = e

X(s) = (5.79)

The position control loop follows the same design principles as the inner loops. The loop bandwidth
is selected to preserve the hierarchical time—scale structure. It uses the same controller as designed in
Eq. (5.72) which yields the second order closed-loop system:

0.1517 0.1517

H = . i K =
x() = T 7o ros e Kx() ==

(5.80)

The pole locations of the reduced transfer function and the complete transfer function, which includes
the inner control loops, are illustrated in Fig. 5.19.
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Figure 5.19: Closed—loop stability characteristics of the position controller. Subfig. (a) shows the closed-loop
poles including the inner-loop dynamics, and Subfig. (b) shows the poles assuming ideal inner loops.

The effect of these differences on system performance is further illustrated in Fig. 5.20. Specifically,
Subfig. 5.20a compares the step responses of the ideal and non-ideal closed-loop systems.

Gm = 10.43 dB (0.61 rad/s), Pm = 48.34 deg (0.25 rad/s)
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Figure 5.20: Closed—loop performance and open—loop stability characteristics of the full and reduced position
control loops. Subfig. (a) compares the closed—loop step responses, while Subfig. (b) shows the open—loop gain
and phase margins of the full system.
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The inclusion of inner-loop dynamics introduces slight coupling effects that reduce the overall
damping; however, the system remains stable and converges to the commanded velocity. Subfigure 5.20b
shows the open-loop gain and phase margins of the complete system, which confirm adequate stability
margins. Figure 5.21 shows the open-loop Bode plots of all four control loops. The figure clearly
illustrates the intended bandwidth separation between the rate, attitude, velocity, and position loops.
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Figure 5.21: Bode plots of all control loops showing bandwidth separation across the cascaded NDI-INDI

architecture.

Table 5.3 summarizes the classical stability margins of the ideal control loops, including the gain
margin, phase margin, delay margin, and crossover frequency for each loop. The results show that all
control loops maintain sufficient stability margins. As expected, the rate loop has the highest crossover
frequency and smallest delay margin, while the outer loops exhibit lower bandwidths and larger delay

margins due to the desired time-scale separation.

Table 5.3: Stability margins summary for the ideal control loops

Loop

Classical

Disk

CGM,dB CPM,deg CDM,s

DGM, dB DPM, deg

Rate

Attitude
Velocity
Position

14.35
11.05
10.75
11.15

67.55
48.45
51.40
51.60

0.087
0.211
0.871
3.464

10.0
6.70
7.13
7.20

54.85
40.35
42.50
42.85
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3.4. Digital Control Design

So far, the control design has been carried out in continuous time (CT). In practice, however, FCSs are
implemented on a digital flight control computer operating in discrete time (DT). A common approach
is therefore to first design the controller in CT and then convert it to a DT implementation using
methods such as the bilinear transform (BLT) or the matched pole-zero method. However, this approach
neglects the inherent properties of digital implementation. The controller interacts with sampled signals,
Zero-Order Hold (ZOH) devices, computation delays, and on-board filtering, none of which are captured
in a purely CT design [Stevens et al., 2016]. Only for very small sampling intervals Az does a directly
converted DT controller reproduce the performance of its CT counterpart.

A more sophisticated approach is the modified CT controller design for discretization. Here, the
DT effects of sampling, hold operations, computation delay, and aliasing are modeled explicitly as CT
transfer functions and incorporated directly into the synthesis. The controller is then designed with these
effects included, such that the DT effects are accounted for from the start. Only then is the BLT method
applied to obtain the digital controller for implementation. This approach ensures that the implemented
digital controller preserves the intended performance characteristics, even for practical sampling rates.
The relevant digital effects are modeled as follows:

1. Anti-aliasing filter: Before sampling, all sensor signals must be band-limited to avoid aliasing.
Aliasing occurs when frequency components above the Nyquist frequency are folded back into
the sampled spectrum, corrupting the measured signal with low-frequency artifacts that cannot be
distinguished from the true dynamics [Stevens et al., 2016]. To prevent this, an analog low-pass filter
is applied to the sensor signals prior to sampling. The filter has already been defined in Eq. (4.76),
but for completeness it is repeated here with cutoff frequency waa = wnyq/2 = 157.08 rad/s:

wAL AGAA(jw)z—tan—‘(i). (5.81)
S+ wWaa WAA

Gaa(s) =

This anti-aliasing filter introduces its own phase lag and attenuation, which must be included in
the plant model G (s) for realistic analysis and ideally the controller must be designed against it.

2. Sampler and ZOH. After sampling, the control input is only updated at DT intervals of At.
Between these updates, the actuator input is held constant by a ZOH. This piecewise-constant
behavior attenuates high-frequency components and introduces additional phase lag, which can be
approximated as an effective delay of about Az/2. The combined effect of the sampler and ZOH
can be represented in CT by the transfer function and frequency response [Stevens et al., 2016]:

1 —esM WAt

LGzoH(jw) = ———. (5.82)

Gzou(s) = AL >

3. Computation delay. The flight control computer requires time to process the sampled measure-
ments and compute the actuator command. This introduces a delay that depends on the processor
load and scheduling. Although the actual delay is typically smaller than one sampling period, a
conservative worst-case assumption is to model it as a full-sample delay [Stevens et al., 2016].
In this case, the control command is delayed by a full sampling period A¢, which in CT can be
represented by the transfer function and frequency response:

Gep(s)=eY,  /Gep(jw) = —wAt. (5.83)

In addition to these three modeled effects, real sensors may introduce additional sensor delays
Gsp(s), as discussed in Eq. (4.77). Since such delays are generally unknown during the design stage,
they are not included in the modified CT controller synthesis.
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The overall control structure, shown in Fig. 5.22, includes the key effects introduced by digital
implementation. The controller K. (s) operates together with the sampler and ZOH element G zog (),
computation delay G¢p (s), and sensor anti-aliasing filter G 44 (s). Together with the plant dynamics
G(s), these components form a continuous-time representation of how the digital controller interacts
with the aircraft.

T e v U Y yr
K(s) > Gzon(s) > Gep(s) —1 G(s) > Gaals)
Controller Zero-Order Computation Plant Anti-aliasing
to design Hold delay dynamics filter

Figure 5.22: Continuous-time control structure with digital implementation effects [Stevens et al., 2016].

The transfer functions Gzog (s) and G¢p(s) contain exponential terms, making them irrational
functions and therefore unsuitable for controller synthesis. To obtain rational transfer functions, these
exponentials are approximated using Padé approximations. A Padé approximation is a rational function
whose Taylor series expansion matches that of the original function up to a specified order [Stevens et al.,
2016]. This makes Padé approximations well suited for delay modeling, since they capture both the
initial slope and the phase lag using relatively low-order rational functions. The third-order Padé forms
used here follow the formulations presented in [Stevens et al., 2016]. For the sampler and ZOH transfer
function, the third-order Padé approximation is:

1 — (sA1)/14 + 23(sA1)? /840 — (sAr)3/840
1+3(sAt) /7 + (sA1)2/14 + (sAr)3/120

Gzou(s) = (5.84)

For the case where the computation delay is equal to one sample time, the third-order Padé
approximation of the computation delay transfer function becomes:
1 - (sAr)/4

Gep(s) » 1+ 3(sAt) /4 + (sA1)2 /4 + (sA1)3 /24"

(5.85)

A representative block diagram illustrating how the system is implemented in Simulink, including the
digital effects (shown in purple) and a sensor delay for testing, is presented in Fig. 5.23'". Continuous-time
blocks are shown in blue, while discrete-time blocks are shown in orange.'”
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We—1 \C
O
Sampler

Figure 5.23: Discrete-time INDI rate control loop including actuator dynamics, sensor dynamics, sampling, and
noise filtering.

"In Simulink, the computation delay is modeled using a unit delay block and is therefore represented as 1/z. The
ZOH operation is handled automatically by Simulink and does not require an explicit block implementation.
The ZOH block is nevertheless shown to indicate the effect of the hold operation within the digital control loop.

12Although G and Gl‘l are technically constant matrix gains, they are colored for consistency with the surrounding
block structure.
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The digital effects on the rate control loop are now considered. Since digital effects become more
significant for faster dynamics, their influence is most pronounced in the innermost rate loop. The rate
loop therefore requires particular attention. When the control structure from Fig. 5.22 is applied to
the angular rate loop described in Sec. 5.3, the additional digital dynamics invalidate the previously
calculated open-loop gain and phase margins.

~

The crossover frequencies used for evaluating these effects are given in Table 5.3. Using the
frequency responses defined in Egs. (5.81), (5.82), and (5.83), the additional phase lag can be evaluated
at the phase crossover frequency of 13.5 rad/s. For a sampling period of Az = 0.01 s, the computation
delay contributes approximately —7.7°, the anti-aliasing filter contributes approximately —4.9°, and the
ZOH contributes approximately —3.9°. Together, these effects introduce about —16.5° of additional
phase lag. As a result, the original continuous-time phase margin of 67.6° is reduced to approximately
51.1° in the digital implementation. Since the phase response is shifted downward, the —180° crossover
frequency also shifts to lower frequencies, thereby reducing the gain margin. This reduction is more
significant than for the phase margin and is illustrated in the open-loop Bode plot of Fig. 5.24.

Gm =7.67 dB (30.14 rad/s), Pm = 51.20 deg (13.47 rad/s)

1.2 ' .—\' 40
e N,
l’ \\
,,,,,,,,,,,,,,, VAN T N R S 2
1 / > " 3
,,,,,,,,,,,,,, IK,,,,,,,,,,,,,:T:TE?:TZ—,-,—,-,,,,,,,,,,,, 2 o
c
d g
0.8f ! = 20
© i
= i -40
2 ] —-—-Digital implementation
g— 06 } ——Analog implementation|
I
< /
i
1 —
04Fr !- S
! o
i Py
] (20
0.2+ / &
/ a-
ll'
:’
"
oL | | | | 360 | |
0 0.1 02 03 0.4 05 p o o 0
Time (seconds) Frequency (rad/s)

(a) (b)

Figure 5.24: Closed—loop performance and open—loop stability characteristics of the digital and analog rate
control loops. Subfig. (a) compares the closed—loop step responses, while Subfig. (b) shows the open—loop gain
and phase margins of the rate control loop with digital implementation effects included.

As shown in Fig. 5.24b, the classical stability margins are reduced to a gain margin of 7.67 dB and a
phase margin of 51.20° at 13.47 rad/s, giving a delay margin of 0.066 s.Furthermore, the closed-loop
step response in Fig. 5.24a exhibits an overshoot of 19.5% and a settling time of 0.257 s, meaning that
the original zero-overshoot requirement is no longer satisfied. Although the reduction in stability margins
is not critical, the increase in overshoot significantly changes the system behavior and should therefore
be considered during controller design.

The influence of digital effects diminishes as the system dynamics become slower and is thus
significant only in the rate and attitude control loops. The gain and phase margins, with a comparison
between the ideal continuous-time and digital implementations per loop, are summarized in Table 5.4.
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Table 5.4: Comparison of stability margins for each control loop without and with digital effects (D)

Classical Disk
Loop CGM,dB CPM,deg CDM,s DGM,dB DPM, deg
Rate 14.34 67.57 0.087 9.98 54.83
Rate (D) 7.67 51.20 0.066 6.10 37.3
Attitude 11.05 48.45 0.211 6.70 40.35
Attitude (D) 7.60 43.40 0.301 5.43 33.70
Velocity 10.75 51.40 0.871 7.13 42.50
Velocity (D) 10.50 51.30 0.816 7.08 42.30
Position 11.15 51.60 3.464 7.20 42.85
Position (D) 11.15 51.60 5.19 7.20 42.85

The table illustrates why the modified CT analysis is valuable. With the original proportional gain
from Eq. (5.65), two design paths can now be considered. The first option is to accept the reduced
stability margins and the small overshoot as sufficient for operation, since the system remains stable
with acceptable stability margins. The second option is to redesign the linear controllers with the digital
effects explicitly included, thereby recovering the intended performance targets. This approach is adopted
here to restore the zero-overshoot behavior of the rate loop and to improve the limited delay margins
observed under digital implementation.

The resulting redesigned linear controllers for the rate, attitude, velocity, and position loops are
given by:

13.96 0.87 0.055

L OKu(s)= —2L and Ky(s) = .
sie73 v =aEp ad K6 = s

Ko, =797, Kpy(s) = (5.86)

The corresponding stability margins obtained with these redesigned controllers are summarized in
Table 5.5.

Table 5.5: Stability margins obtained with the redesigned controllers from Eq. (5.86), based on the modified
continuous—time control design

Classical Disk
Loop CGM,dB CPM,deg CDM,s DGM,dB DPM, deg
Rate 12.3 67.3 0.15 9.91 54.55
Attitude 10.8 48.1 0.35 6.59 39.80
Velocity 10.7 514 1.45 7.12 42.45
Position 11.2 51.6 6.00 7.20 42.85

To summarize the key characteristics of the developed cascaded controller, the control architecture
consists of four nested loops: rate, attitude, velocity, and position. Each outer loop is tuned to operate at
a lower bandwidth than the one inside it, ensuring that the inner dynamics are already attenuated within
its operating range. This arrangement minimizes coupling between loops and simplifies both tuning
and analysis. The corresponding loop transfer functions are shown in Fig. 5.25. The magnitude plot
illustrates clear bandwidth separation among the loops. For clarity, reference lines at 0 dB and —180°
are added to visualize crossover frequencies and phase margins. All results presented here use the final
tuned gains and filters listed in Table 5.6.
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Figure 5.25: Open loop Bode magnitude and phase for the rate, attitude, velocity, and position loops with the

redesigned controllers.

Table 5.6: Design parameters used for control law development using the modified continuous control design

Parameter Symbol Value Unit Parameter Symbol Value  Unit
Separation factor k 4 - Velocity bandwidth BWy, 1.60 rad/s
Filter corner freq. wH 25 rad/s Velocity nat. freq. wy 1.56 rad/s
Filter damp. ratio {H 1 - Velocity des. damp. {y 0.9 -
Actuator nat. freq. Wact 50.0 rad/s Position bandwidth BWx 0.49 rad/s
Actuator damp. ratio  {y¢r 0.707 - Position nat. freq. wx 0.39 rad/s
Rate bandwidth BW,, 2493 rad/s Position des. damp. (x 0.7 -
Attitude bandwidth ~ BWy 7.58 rad/s Anti-aliasing freq. WAA 157.07 rad/s
Attitude nat. freq. we 6.23  rad/s Comp. delay tq 0.01 s
Attitude des. damp. g 0.7 - Sampling time At 0.01 S







Nonlinear Simulation Results

In the previous chapter, the controllers for the FCS were designed. This chapter focuses on their
implementation in a digital environment using Simulink. Once implemented, the controllers are
integrated with the nonlinear simulation model to evaluate overall control system performance through a
set of well-defined test cases. The digital implementation, including the discretization of the controllers
and their integration within the FCS, is presented in Sec. 6.1, while the resulting non-linear simulations
are presented in Sec 6.2.

6.1. Digital Implementation

Digital implementation is required because the FCS developed in Chapter 6 and the hierarchical linear
controllers described in Eq. (5.86) are formulated in continuous time. In practice, however, a flight
control computer operates discretely with a finite sampling time, meaning that the FCS implemented
within it must also be discrete. These discrete effects influence system performance and motivate
the digital control design presented in Sec. 5.4. The next logical step is therefore to discretize all
continuous-time elements of the FCS that directly affect the control law implementation. In particular,
the continuous derivative blocks and the hierarchical INDI controllers must be expressed in discrete
form to ensure proper operation on the flight control computer. The aircraft dynamics, actuator models,
sensor dynamics, and noise filters, on the other hand, operate in continuous time. As a result, all input
signals to the flight control computer must be sampled before use by the discrete controllers. Likewise,
the outputs of the flight control computer must interface with continuous subsystems. In theory, this
would require converting the discrete outputs back to continuous signals through a ZOH with a sample
time equal to that of the computer. In practice, Simulink manages rate transitions between discrete and
continuous domains automatically, eliminating the need for explicit conversion blocks.

The final layout of the hierarchical control system is shown in Fig. 6.1. The diagram presents
all five main components: the sampling of input signals into the flight control computer, followed by
the four control loops described previously. This configuration represents the discrete-time Simulink
implementation of the architecture shown in Fig. 5.1.
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All controllers are executed at a baseline sampling frequency of 100 Hz. Simulations are performed
using a fixed-step solver to capture discretization effects. In addition to the defined sampling times for
each discrete element, the solver step size is set to At/25, corresponding to 4 X 10~%s for a computer
sampling period of At = 1/100s.

The sampling subsystem, illustrated in Fig. 6.2, contains a set of samplers that process nearly all
variables obtained from the INS. For convenience, all sampled signals are routed through Goto blocks,
which simplifies their use in the downstream control subsystems, as shown in Fig. 6.1. The angular rates,
however, are not sampled within this subsystem because they must first pass through the sensor dynamics
in the rate control loop before sampling. Consequently, dedicated samplers for the angular rate signals
are included within the rate control loop itself.
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Figure 6.2: Structure of the sampling subsystem within the control system.

Position Control

The Simulink representation of the position control loop is shown in Fig. 6.3. The desired flight path
function implements the equations in Eq. (5.60) and Eq. (5.61). The green inputs represent sampled
variables from the sampling subsystem, while the blue blocks correspond to the commanded signals
and the discrete position controller. The blue color indicates that these elements operate at a defined
sampling time. The pink blocks denote the outputs, which are the commanded flight path and heading
signals passed to the next control loop.

The position controller is the discretized version of the continuous-time controller defined in
Eq. (5.86). The discretization is performed using the bilinear (Tustin) transformation, which maps the
continuous s-domain to the discrete z-domain according to:

21-z71
s=— s
At 1+z7!1

6.1)
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Figure 6.3: Simulink implementation of the discrete-time position control loop, showing sampled inputs, discrete
controller, and commanded flight path outputs.

where At is the sampling period. This transformation maintains the stability properties of the continuous
system while providing a consistent mapping of its low-frequency dynamics to the discrete domain.
Applying it to the continuous controller in Eq. (5.86) with Az = 0.01 s yields the following discrete-time
transfer function:

4.0319x 1075 +4.0319 x 1075z
1-0.99838 77! '
The resulting discrete controller preserves the dominant low-frequency dynamics of the continuous
design, ensuring similar closed-loop behavior within the controller’s operating bandwidth. Deviations
are primarily expected at higher frequencies due to frequency warping and the finite sampling period.

Kx(z) = (6.2)

Velocity and Flight Path Control

The velocity control loop is shown in Fig. 6.5. The compute_inv_G3 function determines the inverse
of Eq. (5.50), which is required for the control allocation within this loop. It is assumed that the throttle
actuator can achieve the commanded change within a single sampling period. Under this assumption, a
Unit Delay (UD) block provides a sufficient approximation to generate the incremental input required for
speed control. A potential extension of this work would be to investigate how incorporating a throttle
delay model influences the performance of the velocity control loop.

The remaining incremental inputs, corresponding to the commanded bank angle and angle of attack,
are forwarded to the attitude control loop, where they are combined with the corresponding values from
the previous sampling instant. The computed derivatives are also passed to the attitude control loop
for its control law. The speed command is provided through a constant block that defines the trimmed
velocity, while a step block is used to introduce heading changes when the hold—heading mode is enabled
in the simulation.

A key feature of this loop is that the derivatives required for the INDI control law are computed
using the backward difference numerical differentiation method, as shown in Fig. 6.4.

State

Gd—»x *
. 1 o
® > = - Derivative
Sample time Divide uD Diff

Figure 6.4: Discrete differentiation algorithm used for computing derivatives in the velocity control loop.
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Unlike the rate control loop, a second—order noise filter is not applied before differentiation. Strictly
speaking, one would need to verify whether the measured airspeed, flight path angle, and heading signals
are sufficiently noise-free to allow omission of a noise filter. In this thesis, the INS model includes
errors only in the angular velocity measurements and does not account for tilt, velocity, or position
errors. Consequently, the airspeed, flight path, and heading angles are assumed noise—free, and filtering
is unnecessary.

The velocity controller is obtained by discretizing the continuous-time design in Eq. (5.86) using the
Tustin (bilinear) transformation. With a sampling period of Ar = 0.01 s and normalized coefficients, the
resulting discrete transfer function is:

0.0003297 + 0.0006595 z~! + 0.0003297 72

1-1.9220z"! +0.9249 72

The discretization approach and its implications are identical to those discussed for the position
controller.

Kv(z) =

(6.3)

Attitude Control

The attitude control loop is implemented using NDI, which eliminates the need for discrete derivative
approximations and thereby simplifies implementation in Simulink. The overall structure of the loop is
shown in Fig. 6.6. At each integration step, the terms G, and f, are computed according to Eq. (5.38)
to perform the dynamic inversion. The attitude command is formed by combining the incremental
control inputs from the preceding velocity loop with the sampled states provided by the INS. The sideslip
command is fixed at zero to maintain coordinated flight, and the resulting rate command is passed to the
rate control loop.

The attitude controller is obtained by discretizing the continuous-time design in Eq. (5.86) using the
Tustin (bilinear) transformation. With a sampling period of Az = 0.01 s and normalized coefficients, the
resulting discrete transfer function is:

0.1271 +0.1271 77!
Ko(2) = . 6.4
0@ = T o3 ©4)

The discretization procedure follows the same approach as for the position and velocity controllers.
The resulting discrete controller is implemented within the blue discrete transfer function block of the
attitude control loop, as shown in Fig. 6.6.
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Figure 6.6: Simulink implementation of the attitude control loop. The discrete controller Ky (z), obtained via
Tustin discretization, is located in the linear control subsystem.

Rate Control:

The rate control loop is implemented using INDI and therefore requires discrete derivatives. Unlike
the velocity control loop, noise filtering is applied in this case and sensor dynamics are present, which
introduces the need for actuator synchronization. The discrete—time block diagram of the INDI rate
controller, including sensor, noise, and actuator dynamics, is shown in Fig. 5.23 it is essentially the
Simulink implementation of Fig. 5.23.

In the upper path, the control effectiveness matrix G is computed according to Eq. (5.9). The
lower path contains the continuous implementation of the sensor dynamics, representing anti-aliasing
effects plus an unknown delay. The INS state is subsequently processed through a continuous noise
filter before being sampled to obtain the discrete derivatives, which are identical to those presented in
Fig. 6.4. The angular rate state that is not differentiated bypasses the noise filter and is directly sampled.
Another important aspect is the worst-case computational delay, which occurs when the flight control
computer fails to compute the command within one sampling period, resulting in a one-step delay. In the
simulation, this effect is modeled using a UD block placed immediately before the control signal is sent
to the actuators. Although this delay is not required for the control law to function, it provides a more
realistic representation of digital implementation effects. For the rate control loop, the controller reduces
to a constant linear gain, which requires no translation into discrete time.
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Figure 6.7: Simulink implementation of the INDI subsystem for angular rate control, including sensor, noise, and
actuator dynamics.
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The key aspect here is the discretization of the actuator path, which includes the synchronization
transfer functions. The corresponding discrete formulation for implementation within the digital control
loop is presented next.

Discrete Synchronized Actuators

The physical actuators operate in continuous time, while their implementation in the flight control
computer is discrete. To ensure consistent timing between the actuation and measurement paths, the
actuator dynamics are augmented with synchronization and filtering dynamics. Based on the sensor
synchronization method defined in Eq. (3.73), the combined continuous-time representation is given by

A(s) = A(s) Hyyne (5) Hri(5), (6.5)

where A (s) denotes the actuator dynamics and Hy(s) represents the second order low-pass filter designed
in Section 5.2. The term Hgy,c(s) captures additional synchronization dynamics that introduce phase
or timing mismatches between the actuator and measurement paths. In this work, these effects arise
from the anti-aliasing filter G, () and the sensor delay Gsp (). In the first set of simulations, Hgync(s)
includes only the anti-aliasing filter G, (s). For the fully synchronized case, the sensor delay Gsp () is
incorporated as well.

All components except the delay are combined in the continuous—time domain prior to discretization,
because the transformation from the s—domain to the z—domain is nonlinear and must, in general, be
applied to the complete transfer function [Nise, 2015]:

Z{S(s)G(s)} # z{S(s)} z{G(s)}. (6.6)

Here, z{-} denotes the z—transform, and discretization is performed using the ZOH method rather
than the Tustin method, since it reproduces the sampled-data behavior of actuators with constant input
during each sampling period. By separating the delay component from Eq. (6.5), the non-delayed portion
of the system is defined as:

H.(s) = A(s) Hsync(s) Hpg (). (6.7)

Equation (6.7) is now discretized in a single step using ZOH discretization with sampling period At:
R 1= e—sAt

A(z) =z {7 Hc(s)} . (6.8)

The resulting discretized synchronized actuator dynamics can be expressed as follows:

8503-109z71+1.46-10732240.0024z3+6.024- 104z 4+1.43-10757°
1-3.163z71+3.935272-2.381 773 +0.682 774 - 0.0687 773 '

The final step is the initialization of the discrete synchronized actuator. To avoid spurious transients
at t = 0, the actuator must start at the calculated trim input; otherwise, a mismatch between the trim
condition and the actuator state would occur. In a discrete-time transfer function block in Simulink,
however, the trim deflection cannot be assigned directly as the initial output. The parameter Initial states
instead specifies the contents of the internal delay registers of the filter. Consequently, the internal states
must be computed such that the filter output equals the trim deflection uyip, at the start of the simulation.

A(z) =

(6.9)

Simulink realizes a discrete-time transfer function in state-space form as:

X k+1 =Axk+Buk, (610)
Vi =Cxp + Duy,

where x; € R” are the filter states, uy is the vector of control inputs, and yy is the output. The matrices
(A, B, C, D) are obtained directly from the actuator numerator and denominator coefficients using the
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MATLAB command tf2ss. At trim, the input is constant, #; = uyiy,. Requiring the state to remain
constant, X, = X, leads to the steady-state condition:

xo= (I - A) "' Bugin, (6.11)

with I the identity matrix of the same size as A. Assigning the vector x to the actuator block as its
initial state ensures that, at ¢ = 0, the actuator outputs match the trimmed control deflections # .
The corresponding initial states associated with the equilibrium control inputs listed in Table 4.4 are
summarized in Table 6.1.

Table 6.1: Initial condition for discrete actuators

Condition Initial state x Otrim, deg Qim, deg  Oyim, deg

Mach 3, 60,000 ft [0, -12.21,0]  [0.0, -5.1039, 0.0] 3.45 3.45

6.2. Simulation

The simulation integrates the formulated control law, the designed controller, and the improved, trimmed,
and verified nonlinear model to create a representative test environment for performance evaluation.
The objective is to assess the effectiveness of the INDI controller under realistic operating conditions,
including horizontal wind, atmospheric turbulence, IMU noise, sensor delays, multiplicative parameter
uncertainties, and actuator perturbations.

The flight conditions used for testing, together with the corresponding performance specifications,
are listed in Table 5.1. The specific parameters of the altitude-change maneuvers are given in Table 5.2.
At the start of each simulation, the aircraft is trimmed at zero longitude and zero latitude, and
initially commanded to hold attitude and airspeed while maintaining a zero heading (northward flight).
Depending on the test case, the aircraft then performs altitude or heading step commands. Throughout
these simulations, the aircraft is subjected to several environmental and system-level effects that must be
properly accounted for.

The controller and the model are tested according to the test cases specified in the table reproduced
here for convenience. The model is first trimmed for level flight, as described in the trim section,
using the values provided in Table 4.4. Target heading and altitude commands are then applied, and
performance is evaluated based on whether these targets are achieved within the desired tolerances.
Results are first presented for the nominal case, after which the tests are repeated with the inclusion of
real-world effects to examine the controller’s robustness. The trimmed airspeed is also monitored to
ensure that it remains stable and does not deviate from its reference value.

Altitude Change Maneuvers
The first case tests the vehicle response during altitude climb and sink maneuvers. The test parameters
are summarized below.

Free-stream Mach number: M, =3  Altitude: A = 60,000 ft = Vertical speed: £5,000 fpm
Altitude change: +5,000 ft

The altitude reference trajectory is generated from the vertical speed requirement. A constant climb
or sink rate of +5,000 fpm (~ +25.4 m/s) produces the black dashed reference line. The desired and
adequate performance bounds prescribed in Table 5.1 correspond to altitude deviations of +200 ft and
+400 ft, respectively, and are shown as green and magenta shaded regions in Fig. 6.8. The red line
represents the nominal response without uncertainty.
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Figure 6.8: Altitude and load factor response for the climb—sink maneuver at 60,000 ft and free-stream Mach
number of 3. The maneuver consists of a 5,000 ft rise and sink at a prescribed vertical speed of +5,000 fpm.

The nominal model successfully follows the reference closely with little overshoot with a lag
of almost exactly 2.0 s.' The response remains within the desired performance bounds during all
phases, demonstrating that the cascaded INDI-based control method is capable of achieving accurate
altitude tracking while satisfying the prescribed performance requirements in the nominal case. The

corresponding load factor response is shown in Fig. 6.9.
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Figure 6.9: Load factor response using the INDI controller.

I'This lag is expected, since the closed-loop flight path angle dynamics exhibit a rise time on the order of 2 s.
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Figure 6.10 shows the flight path angle tracking response using the INDI controller. The tracking
performance is very good throughout the maneuver, with the maximum flight path angle remaining below
2° due to the fixed vertical speed. The small overshoots are consistent with the designed closed-loop
dynamics and arise from the selected damping characteristics of the controller. The larger transient
excursions occur once the commanded altitude has already been reached and the flight path angle
command returns toward zero. At this stage, the aircraft still possesses vertical momentum associated
with the climb or descent maneuver, causing the altitude to overshoot the target value. This altitude
overshoot then forces the controller to command a corrective flight path angle of opposite sign to remove
the altitude error and return the aircraft to the reference trajectory. Consequently, the flight path angle
excursions become noticeably larger than those associated with the nominal closed-loop response alone.
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Figure 6.10: Flight path tracking responses using the INDI controller.

The sideslip angle response during the maneuver is shown in Fig. 6.11. The sideslip angle remains
essentially zero throughout the simulation, which is expected since no wind disturbances are present and
the maneuver does not require any lateral motion.
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Figure 6.11: Sideslip angle tracking responses using the INDI controller.
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The angle of attack response is shown in Fig. 6.12. The gradual variation in angle of attack throughout
the climb and descent phases is caused by two primary effects. First, the angle of attack required to
maintain a given flight path angle depends on the aircraft mass. As fuel is consumed during flight, the
aircraft mass decreases, reducing the lift required for equilibrium flight. Consequently, a smaller angle
of attack is sufficient to maintain the same flight path angle later in the maneuver. The second effect
comes from the altitude change itself. As the aircraft climbs to higher altitude, the atmospheric density
decreases, requiring a higher angle of attack to generate the lift needed to sustain the maneuver. During
the descent phase, the increasing atmospheric density allows the required lift to be generated at a lower
angle of attack.
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Figure 6.12: Angle of attack tracking responses using the INDI controller.

Good airspeed tracking is also achieved, as shown in Fig. 6.13. The deviation remains below 1 m/s
and appears only during maneuvers. This high performance results from the immediate response of the
INDI throttle loop, which excludes throttle dynamics and therefore corrects airspeed deviations almost
instantaneously.
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Figure 6.13: Airspeed tracking responses using the INDI controller.
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However, the absence of throttle dynamics also causes the sharp transients observed in the throttle
command, since the thrust reacts much faster than the flight path angle and angle of attack. Including
realistic throttle or engine dynamics would significantly smooth this behavior.
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Figure 6.14: Throttle tracking responses using the INDI controller.

The pitch rate in Fig. 6.15 shows brief spikes during each commanded maneuver, caused by the
virtual control signal reacting strongly to the initial attitude error. Once the command is reached, the
response settles rapidly back to zero, showing that the controller damps the motion effectively.
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Figure 6.15: Pitch rate response using the INDI controller in the nominal case.

Figure 6.16 shows the control deflections during the climb and sink phases. Both elevons move
symmetrically to produce an effective elevator input and stay close to their trim values throughout. A
sharp spike appears at the start of the maneuver, where the large initial command error produces a
correspondingly large virtual control output. When the command returns to level flight, the state error is
small and the deflections are much smoother. The elevons stay well below saturation, showing that the
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Figure 6.16: Left and right elevon and rudder deflection responses using the INDI controller.

climb requires no excessive control effort, and the rudder remains essentially at zero, as expected for a
purely longitudinal maneuver without wind or turbulence.

Heading Change Maneuvers

The next objective is to verify whether the GHAME vehicle can track a commanded heading change
within the specified performance requirements. In this case, a maneuver of 8° in heading is performed at
a freestream Mach number of 3 over a simulation duration of 60 s.

Free-stream Mach number: M, =3  Altitude: 4 = 60,000 ft Heading change: 8 deg

The altitude response behaves as expected. The altitude-hold algorithm successfully maintains
constant altitude throughout the maneuver, as shown in Fig. 6.17. However, the load factor response
in Fig. 6.18 requires further discussion. The steady-state load factor settles slightly below unity, at
n; ~ 0.982. The same effect is also present in the climb maneuver of Fig. 6.8, although it is less
visible. The load factor being less than one arises from gravity contributing to the required centripetal
acceleration during high-speed flight over a spherical Earth.
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Figure 6.17: Altitude response during heading command maneuver.
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Figure 6.18: Load factor response during heading command maneuver.

In a flat-Earth formulation, a velocity vector that is initially tangent to the surface remains tangent
indefinitely, so maintaining constant altitude requires a load factor of exactly n, = 1. In contrast, in a
spherical and rotating Earth model, the aircraft moves in an inertial coordinate system while the Earth
rotates beneath it. For eastward flight at the equator, the total inertial velocity about Earth’s centre is the
sum of the aircraft’s Earth-relative velocity Vi and the Earth’s surface velocity wgRp. To remain at
constant altitude, the aircraft must generate a centripetal acceleration equal to

(Vk + CUEBRO)Z
e = ————,
Ro
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Since gravity already provides most of this inward acceleration, the aerodynamic lift required to
maintain altitude is reduced accordingly, resulting in a steady load factor of

(Vk + wgRo)*
n,=1- ———.
Rog
Substituting the simulated values Vg = 885.15 m/s, Ry = 6.3853 X 10° m, we = 7.292115 x

1075 rad/s, and g = 9.79 m/s? yields n, ~ 0.9821, which agrees well with the observed steady-state
value. The same steady-state load factor is also obtained from the HYPERG6 simulation of Zipfel [2025].

During the heading maneuver, the aircraft performs a coordinated bank to generate the horizontal
component of lift required for turning. In such a coordinated, level turn, the lift vector is inclined by the
bank angle ¢, so its vertical component must increase to balance the weight. The total lift, and thus
the load factor, scale with 1/cos(¢). With a bank angle of ¢n.x = 30°, the instantaneous load factor
becomes:

ng 0.982

= =1.134,
cos(Pmax)  €0s(30°)

Nz tarn =

which matches the increase in n, observed during the turn. After the bank is removed, the load factor
returns to its steady-state value of approximately 0.982.
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Figure 6.19: Heading response during the heading-command maneuver.

The heading response in Fig. 6.19 shows that the command is tracked accurately, with only a minor
overshoot well below the specified 1° limit. The heading holds at its trimmed value until the command
is applied at r = 15 s, after which the aircraft banks and turns. The change proceeds almost linearly
because the turn rate is constrained by the maximum bank angle ¢n,x = 30° and is low due to the high
flight speed, giving a large turn radius. The heading settles onto the commanded value at approximately
40 s, so the turn itself lasts about 22 s. The response is stable, well damped, and meets the performance
requirement.
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Figure 6.20: Bank angle response during the heading-command maneuver.

The bank angle response in Fig. 6.20 shows how the aircraft rolls to initiate and sustain the
commanded turn. The bank angle holds at zero until the command is applied, after which the aircraft
rolls rapidly to establish the turn. A strict bank angle limit of 30° is enforced, and the response saturates
at this value during the turn, apart from a small initial overshoot of a few degrees before it settles onto
the limit. The bank angle is held at 30° throughout the turn and is then commanded back to zero once
the target heading is approached, with a small undershoot before the aircraft rolls level and returns to
zero with negligible steady-state error.
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Figure 6.21: Angle of attack response during the heading-command maneuver.

The angle of attack shown in Fig. 6.21 is not commanded directly but is obtained as part of the
trimmed solution, set by the lift required to balance the aircraft weight at the given flight condition.
Initially, o decreases slightly to reduce lift and achieve the steady load factor n, =~ 0.982. It then
continues to decline gradually over time as fuel is consumed: as the aircraft loses mass, less lift is
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required to maintain level flight, and a correspondingly smaller angle of attack is needed. When the
heading command is applied, @ increases sharply. This occurs because the aircraft must maintain
constant altitude while the airspeed is held fixed by the FCS. During the banked turn, the vertical
component of lift decreases with cos(¢), but the total lift must still balance the aircraft weight, so with
the dynamic pressure essentially constant the lost lift can only be recovered by increasing the angle of
attack. Once the aircraft rolls level, the additional angle of attack is no longer required and @ drops back,
after which it resumes its slow decline as fuel continues to burn.

The sideslip angle in Fig. 6.22 is held very close to zero throughout the maneuver, with only small
transients of a few hundredths of a degree at the roll-in and roll-out, confirming that coordinated flight is
maintained at all times.
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Figure 6.22: Sideslip angle response during the heading-command maneuver.

The airspeed and throttle are essentially unaffected by the roll maneuver, as shown in Fig. 6.23 and
Fig. 6.24. The FCS holds the airspeed at its commanded value throughout, with only negligible variation
in the throttle command during the turn.
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Figure 6.23: Airspeed during heading-command maneuver.
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Figure 6.24: Throttle during heading-command maneuver.

The roll and yaw rate responses in Fig. 6.25 reflect the two phases of the turn, the roll-in near 15 s
and the roll-out near 37 s. At roll-in the aircraft rotates to the commanded bank angle, producing a
sharp positive roll rate that peaks at about 38° /s before returning to zero. A mirror-image negative peak
appears at roll-out as the aircraft returns to wings-level. Between these events the roll rate is essentially
zero, consistent with the constant 30° bank held during the steady turn.
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Figure 6.25: Roll rate p and yaw rate r during the heading-command maneuver.
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The yaw rate has two contributions. The sharp transients at roll-in and roll-out coincide with the roll
rate peaks and stem from the yawing moment produced during the rapid roll, including adverse yaw
and rotational coupling. More significant is the small but sustained yaw rate of roughly 0.3°/s held
throughout the steady turn. This is the kinematic yaw rate of a coordinated turn. As the aircraft banks at
constant altitude, the velocity vector rotates in the horizontal plane, so the nose must yaw steadily to stay
aligned with the flight path and keep the sideslip at zero.

This value can be verified analytically. For a coordinated level turn, the turn rate is given by:

_ g tan(Pmax)

' 6.12
¥ Ve (6.12)

At the flight condition considered, Vx ~ 885 m/s (Mach 3 at 60,000 ft) and ¢n.x = 30°, giving
s ~ 0.37°/s. This agrees closely with the sustained yaw rate in Fig. 6.25 and confirms a coordinated
turn. The corresponding turn radius is about 138 km, and a full 360° turn would take roughly 16 minutes,

reflecting the very wide turning circle of high-speed flight.
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Figure 6.26: Left and right elevon and rudder deflections during the heading-command maneuver.
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The control surface deflections remain close to their trim values and deviate only briefly during the
banking maneuver, as shown in Fig. 6.26. At the onset of the heading command, the elevons deflect
differentially to generate the rolling moment that initiates the bank, while the rudder deflects momentarily
to maintain coordinated flight and suppress sideslip. The rudder transient is the largest of the three
surfaces and briefly approaches saturation during roll-in. Once the target bank angle is reached, the
elevons settle close to their trimmed value of about —5°, with the slightly more negative deflection
providing the extra lift required during the turn, and the rudder returns near zero. During roll-out near
37 s, the elevons and rudder deflect in the opposite sense to roll the wings level, after which they return
to their trim positions.
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Figure 6.27: Pitch rate ¢ during the heading-command maneuver.

The pitch rate in Fig. 6.27 shows a positive pulse at roll-in, which raises the angle of attack to the
higher value needed to sustain lift during the turn. It then returns near zero while the bank is held, and a
negative pulse at roll-out lowers the angle of attack back to its level-flight value.

In summary, the nominal simulations confirm that the cascaded INDI controller performs well in
both test cases. In the altitude maneuver, the aircraft tracks the climb and sink reference within the
desired performance bounds, with airspeed deviations kept below 1 m/s. In the heading maneuver, the
8° command is tracked accurately with an overshoot well below the 1° limit, while altitude, airspeed,
and sideslip are held essentially constant throughout the turn. In both cases the responses are stable and
well damped, the control surfaces stay within their authority, and the observed behaviour agrees with the
analytical predictions for load factor and turn rate. These results establish the nominal baseline against
which the controller’s robustness to real-world effects is assessed in the following sections.
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Effect of Perturbations

To assess the controller’s performance under realistic flight conditions, the same nonlinear simulations for
the altitude and heading commands are repeated with selected physical and environmental disturbances
enabled. These perturbations do not represent model uncertainty, which will be analyzed separately, but
instead simulate measurable disturbances that occur during actual flight. The objective is to verify that
the control system maintains satisfactory tracking and stability when exposed to wind, turbulence, sensor
noise, and actuator disturbances. These effects are modeled as follows:

Altitude (m)

Load Factor n. (-)

L.

IMU errors: sensor bias, zero-mean Gaussian noise and misalignment errors are added to the
accelerometer and gyroscope outputs within the INS to emulate realistic measurement errors. The
specific parameters are listed in Table 4.2, and the implementation is discussed in Sec. 4.5.
Wind and turbulence: atmospheric wind in geodetic coordinates [vﬁ ]IL{’W is computed using the
HWM14 block in Simulink, while stochastic turbulence is modeled using the Dryden formulation
with intensity o = 2 m/s and correlation length L = 150 m. The implementation of both effects is
discussed in Sec. 4.3.

Actuator perturbations: two elevon perturbation types are applied: short Gaussian impulses
at selected times and constant step biases to represent actuator offsets. The impulses test the
controller’s response to rapid deflection changes, while the steps evaluate its ability to reject
longer-term biases. No constant bias is applied initially.

These effects have negligible influence on the command tracking shown in Fig. 6.28, as the altitude
command remains accurately followed throughout the entire maneuver. High-frequency fluctuations
appear in the load factor response but do not affect the overall tracking performance.
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Figure 6.28: Altitude and load factor response during altitude command maneuver under perturbations, noise,
wind and turbulence.
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The actuator perturbations follow a predefined sequence of time intervals and amplitudes, which are
summarized in Table 6.2. The chosen schedule introduces control input variations throughout the entire
altitude command maneuver, and allows a consistent evaluation of the controller’s tracking performance
under different actuation conditions.

Table 6.2: Elevator perturbations applied in the altitude command test case.

Type Time interval, s Amplitude, deg
Gaussian impulse ¢ = [40, 140, 210] [11.5, —13.75, —11.5]
Constant step 20 <t <100, 100 <t <200, r >200 -3,7, -4

The effect of the perturbations can be clearly observed in the control surface deflection plot shown in
Fig. 6.29. The perturbation signal is applied to the right elevon deflection after the actuator dynamics,
and thus, its influence is directly visible in the right elevon response. In the figure, the green line
represents the injected perturbation signal, the blue line corresponds to the commanded elevon deflection
computed by the INDI-based FCS, and the red line shows the final deflection applied to the airframe.
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Figure 6.29: Left and right elevon and rudder deflection during altitude command maneuver under perturbations,
noise, wind, and turbulence.
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Compared with Fig. 6.16, the combined disturbances introduce small high-frequency variations in the
control surface deflections. These oscillations are caused by the imposed turbulence and measurement
noise, with turbulence having the larger influence. Most of the sensor noise is successfully suppressed by
the implemented noise filter, leaving only minor residual fluctuations in the deflection signals. The wind
field produces a slight rudder offset to maintain coordinated flight, while the injected perturbations on
the right elevon (green line) are rapidly counteracted by the controller. The commanded response (blue
line) adjusts almost instantaneously, resulting in an overall deflection (red line) that closely resembles
the undisturbed case. It is important to note that the FCS has no direct knowledge of the applied
actuator perturbations, as it relies on its internal on-board model of the actuator, which is unaffected
by the disturbances. A good demonstration of the strong disturbance rejection capability of the INDI
architecture, even when operating with a nominal actuator OBM.

During the start of the climb and sink phases, small sideslip deviations appear due to the presence of
wind. This occurs because, at the onset of the maneuver, the control surfaces are primarily engaged in
generating the pitching moment required to establish the commanded climb or sink rate. As a result,
the available control authority for counteracting wind-induced roll moments is temporarily reduced,
allowing a transient roll and sideslip response to develop. The actuator perturbations also contribute to
sideslip deviations, as they generate roll moments that the control system must counteract, as shown in
Fig. 6.30.
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Figure 6.30: Angle of attack and sidedslip angle response during altitude command maneuver under perturbations,
noise, wind and turbulence.

The fluctuations in sideslip and angle of attack are less pronounced than those observed in the
control deflections, since the vehicle’s aerodynamic response and inertia naturally smooth out the
high-frequency control activity. Once the maneuver stabilizes, the INDI controller compensates for these
effects, restoring the bank and sideslip to their nominal values, while the flight path and angle of attack
remain closely aligned with the nominal trajectory.
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Heading maneuver with perturbations:

For the heading maneuver, the perturbations applied to the heading command are slightly adjusted, as
this scenario corresponds to a shorter simulation lasting only 80 seconds. The modified perturbation
schedule, including the timing and amplitudes of the applied inputs, is summarized in Table 6.3.

Table 6.3: Elevator perturbations applied in the heading command test case.

Type Time interval, s Amplitude, deg
Gaussian impulse ¢ = [20, 40] [11.5, —13.75]
Constant step 20t <60, t>60 -3,7

Compared with Fig. 6.26, the effects are similar to those observed in the altitude maneuver case,
including small fluctuations caused by turbulence, and the disturbances are effectively rejected. As
shown in Fig. 6.31, a new observation is the increased oscillatory behavior during the heading hold
phase, which is not present in longitudinal flight and gradually subsides once the maneuver concludes.
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Figure 6.31: Left and right elevon and rudder deflection during heading command maneuver under perturbations,
noise, wind, and turbulence.
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The rapid disturbance rejection of the INDI controller ensures that the heading command remains
accurately tracked, as shown in Fig. 6.32. Despite the presence of perturbations, noise, wind, and
turbulence, the controller maintains the commanded heading without noticeable degradation. The
actuator disturbances are slightly visible in the bank angle response, but no significant fluctuations appear
here. The effect of wind is seen as a small steady-state offset in the bank angle, as a slight roll is required
to maintain the desired heading against the crosswind component.
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Figure 6.32: Heading and flight-path response during the heading-command maneuver under perturbations, noise,
wind and turbulence.

The angle of attack response closely follows the unperturbed case, with only small fluctuations
introduced by the turbulence model. The right elevon perturbations excite the sideslip angle, as shown in
Fig. 6.33, which exhibits brief spikes of up to 0.1° that are rapidly corrected by the controller. These
deviations are minor and do not pose a problem for stability or performance. The wind itself has a
negligible effect at a flight speed of Mach 3, although its influence can be expected to become more
pronounced at lower speeds.
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Figure 6.33: Angle of attack and sideslip angle during heading command maneuver under perturbations, noise,
wind and turbulence.
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Effect of Uncertainty

The following simulations investigate the effect of aerodynamic coefficient uncertainty on the closed-loop
performance. Although INDI is generally effective in rejecting disturbances and parameter variations, its
robustness is verified through a Monte Carlo analysis. Each aerodynamic coefficient is modeled using
the parametric uncertainty formulation [Skogestad and Postlethwaite, 2005]:

ap=a(l+ryd), [A<1, (6.13)

where @ denotes the nominal value, r,, is the relative uncertainty, and A is a normalized uncertainty
variable. In this simulation r, = 0.3, resulting in parameter variations within the interval ), €
@ [0.7, 1.3]. This corresponds to a maximum deviation of +30%, which reflects the significant modeling
uncertainty associated with hypersonic flight conditions. The FCS uses the nominal aerodynamic model
for control law computation, while the nonlinear simulation evaluates performance using the perturbed
coefficients defined in Eq. (6.13). Consequently, the controller is required to maintain acceptable
performance despite discrepancies between the assumed and actual aerodynamic parameters.

The simulations were performed with 100 different uncertainty realizations to provide sufficient
data. The altitude command response under aerodynamic uncertainty for all realizations is shown in
Fig. 6.34. The blue traces correspond to the uncertain realizations, while the red line represents the
nominal response. As expected for INDI, the controller effectively rejects disturbances even under this
level of aerodynamic uncertainty. The 30% variation in control effectiveness does not significantly
degrade command tracking performance.
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Figure 6.34: Altitude and load factor for nominal and uncertain models during the altitude-command maneuver.

The heading command response under aerodynamic uncertainty is shown in Fig. 6.35. The figure
includes one hundred uncertainty realizations, illustrating the variation in response due to aerodynamic
parameter deviations. The heading response shows only minor deviation from the nominal case, as
the heading dynamics evolve more slowly than the effects introduced by the aerodynamic uncertainty.
The controller maintains accurate heading tracking throughout the maneuver, and the steady-state error
remains negligible even under large parameter variations.
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Figure 6.35: Heading and bank angle response for nominal and 100 uncertain models during the
heading-command maneuver.

The right plot in Fig. 6.35 shows the bank angle response, where the effects of aerodynamic
uncertainty are slightly more evident. Up to the onset of the maneuver, the response remains nearly
identical across all models. During the maneuver, variations in aerodynamic coefficients cause small
deviations in the instantaneous aerodynamic balance and dynamic response.
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Figure 6.36: Elevons and rudder deflection for the nominal and 100 uncertain models during the
heading-command maneuver.
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These deviations remain minor and decay rapidly once the maneuver ends, demonstrating that the
INDI controller effectively rejects the induced disturbances and restores the nominal bank trajectory.
While the overall attitude response appears largely unaffected by uncertainty, its influence becomes
evident in the control surface deflections shown in Fig. 6.36. Each uncertain airframe model requires
slightly different control deflections to maintain force and moment equilibrium and to achieve the
commanded motion. The INDI controller adapts to these variations almost instantaneously, successfully
compensating for aerodynamic uncertainty and preserving the desired response.

Effect of Sensor Delay

The effect of unsynchronized sensor delay is analyzed by progressively increasing the measurement
delay while keeping the actuator dynamics and filters unchanged. The sensor delay is increased by 0.01 s
for each simulation run. The corresponding altitude, flight path, and heading responses are shown in
Figs. 6.37, 6.38, and 6.39.
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Figure 6.37: Effect of increasing sensor delay on altitude tracking without sensor delay synchronization.
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The effect of sensor delay is twofold. First, it causes a desynchronization between the angular
acceleration and actuator paths, which directly disturbs the incremental feedback mechanism. Second, it
introduces a pure delay in the angular rate feedback loop, reducing both the gain and phase margins.
While proper synchronization can mitigate the first issue by aligning the actuator and measurement paths,
it cannot eliminate the second effect.
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Figure 6.39: Effect of increasing sensor delay on heading response without sensor delay synchronization.
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Figure 6.40: Effect of increasing sensor delay on bank angle response without sensor delay synchronization.

The controller maintains accurate tracking up to a sensor delay of approximately 0.04 s. Beyond this
point, the response begins to deteriorate, as evident from Fig. 6.37. Although the altitude error remains
moderate, the inner control loops exhibit growing oscillations that indicate the onset of instability, as
shown in Fig. 6.38. Once the delay exceeds 0.04 s, the closed-loop dynamics degrade rapidly and
eventually the simulation automatically terminates at a delay of 0.08 s when the angle of attack reaches
21°, which lies outside the aerodynamic data set.
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A similar trend appears in the heading and bank angle responses shown in Fig. 6.39 and Fig. 6.40.
Oscillations develop once the sensor delay exceeds approximately 0.04 s, matching the onset observed
in the altitude and flight path responses. However, the simulation remains stable for a longer duration
and only terminates at 0.12 s. This delayed onset of instability is likely caused by the nonlinear
effect introduced by the bank angle limitation, which constrains the commanded bank to within +30°.
Simulations performed without this constraint diverge earlier, at a delay of approximately 0.07 s. INDI
shows its major limitation when not designing for delay margins.

Synchronized Time Delay

When sensor delay synchronization is not applied, the effective delay margin is approximately 0.04 s,
which is considerably lower than the values reported in Table 5.5. In practical implementations,
sensor delay synchronization is therefore essential to compensate for known timing offsets between
the measurement and actuation paths. The principle is to introduce an equivalent delay in the actuator
or reference signal so that both signals are temporally aligned when processed by the controller. This
alignment ensures that the control law operates on consistent information despite the presence of sensor
latency. The following analysis presents the results obtained with synchronized sensor delay.

The synchronized case for the altitude command is shown in Fig. 6.41 and Fig. 6.42. With
synchronization enabled, the controller tolerates sensor delays perfectly up to approximately 0.13 s,
which is more than twice the limit observed without synchronization, before any degradation occurs. At a
delay of 0.14 s, sustained oscillations appear that drive the angle of attack beyond the valid aerodynamic
range, terminating the simulation. The system is therefore close to divergence. This behavior occurs
because the pure delay continues to erode the gain and phase margins in the angular rate loop. As
expected, the critical delay of 0.14 s aligns closely with the delay margin calculated for the rate loop in
Table 5.5. Synchronization therefore extends the stable delay range to the theoretical limit given by the
delay margins for the longitudinal case.
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Figure 6.41: Effect of increasing sensor delay on altitude tracking with sensor delay synchronization.

For the heading command case shown in Fig. 6.43 and Fig. 6.44, the response differs notably from
the longitudinal case. Oscillations appear at a sensor delay of about 0.08 s, much earlier than predicted by
the calculated delay margin. This indicates that the lateral-directional loop is considerably more sensitive
to delay. Beyond this point, the system still tracks the heading command but with large oscillations.
The apparent stability up to around 0.16 s results mainly from nonlinear effects, particularly the roll
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command limit of +30°, which prevents full divergence. Without this limit, the simulation would fail at
smaller delays.
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Figure 6.42: Effect of increasing sensor delay on flight-path angle tracking with sensor delay synchronization.

The early onset of oscillations indicates that a core assumption of the INDI formulation may not be
fully satisfied for the lateral-directional dynamics of the GHAME vehicle. Examination of the airframe
provides some clues. The GHAME's slender body, low—aspect-ratio wings, and tight wing—body
integration yield an unusually low roll moment of inertia, producing exceptionally fast roll dynamics.
As aresult, the lateral states evolve on time scales close to those of the control inputs rather than being
clearly separated as assumed in the incremental formulation. Under these conditions, the system departs
from the ideal chain—of—integrators behavior on which INDI relies. The measured acceleration increment
is then affected not only by the control input but also by the natural evolution of the states, reducing the
validity of the quasi—static mapping between input and acceleration. This coupling introduces additional
phase lag in the feedback path and plausibly explains the premature oscillations observed in simulation.
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Figure 6.43: Effect of increasing sensor delay on heading response with sensor delay synchronization.
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Because the integrator assumption is not fully satisfied, the linear model used for design no longer
provides an accurate representation of the system. Consequently, gain and phase margins derived from
the linearized model are not predictive of the actual closed—loop behavior. Retuning the controller gains
can slow the response and give the impression of increased robustness, yet instability still occurs at delay
values inconsistent with linear predictions. The discrepancy is therefore structural rather than tuning
related.
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Figure 6.44: Effect of increasing sensor delay on bank angle response with sensor delay synchronization.

Nonlinear effects such as the roll-command limit can temporarily slow the lateral dynamics and
delay the onset of oscillations. However, this behavior arises from nonlinear saturation rather than
from a restoration of the quasi—integrator structure assumed by INDI. As such, the apparent stability
does not imply that the underlying assumptions of the incremental formulation are recovered. A more
consistent improvement would be expected from physical or implementation-level changes that increase
the separation between control and airframe dynamics. Increasing actuator bandwidth or sampling
frequency strengthens the influence of the control input within each update interval, thereby helping to
reestablish the quasi-static relationship between control input and acceleration increment on which INDI
depends.

Taken together, these findings indicate that the longitudinal and lateral dynamics of the GHAME
vehicle behave fundamentally differently with respect to the INDI assumptions. The longitudinal motion
satisfies the time-scale separation assumed by INDI, allowing accurate inversion and stable control
performance. In contrast, the lateral-directional motion does not. The combination of low roll inertia
and fast lateral response prevents the system from behaving as an ideal chain of integrators, making
the incremental inversion only approximate. As a result, linear control design and classical stability
margins lose validity for this axis. At present, it is therefore not recommended to apply INDI in this
form to control the lateral-directional dynamics. Only physical or hardware-level modifications, such as
faster actuators, higher sampling rates, or an altered vehicle design that slows the lateral dynamics, could
restore the conditions required for accurate inversion.



Simulink Details

This chapter documents the simulation framework developed for this thesis, with the aim of providing
sufficient detail for future users to understand, modify, and extend the models. Section 7.1 describes
the script files required to run the simulations, while Sec. 7.2 presents the structure of the nonlinear
Simulink model, explaining the purpose and implementation of each module.

7.1. Scripts

The GHAME model implementation in MATLAB and Simulink is supported by a set of scripts and
functions that organize, initialize, and execute the simulations. To help future users understand the
workflow, this section provides an overview of the main files contained in the simulation directory. The
directory consists of ten primary scripts together with one supporting folder, summarized below:

1. Main.m: the master script that organizes and runs the full simulation workflow. It sets up the envi-
ronment, adds the required helper paths, loads the aeropropulsive data through Load_Aero_Data,
and defines the function handles used throughout the model. It computes the initial condition with
Initialize_Simulation and prints the mission description for verification. The steady-state
trim is then obtained through Trim_Run_jj, after which Reinitialize_Simulation updates
the initial states from the trimmed angle of attack and pitch angle. Command inputs are built
with Build_Command_Profile, the controllers are synthesized through ComputeControllers,
and the actuator and filter models are constructed with Build_Actuator_ Model. If enabled,
parameter uncertainty is generated through Create_Uncertainty. The nonlinear Simulink
model is then executed through Run_Simulations. Finally, the outputs are collected, the results
directory and filename suffix are set according to the active modeling options, and the responses
are plotted through Plot_Heading or Plot_Responses depending on the maneuver. All helper
functions in the Helper_Functions folder are required for execution.

2. Initialize_Simulation.m: defines the initial conditions and configuration settings for a
simulation run. It assigns all relevant constants, parameters, and toggles directly into the base
workspace for use in Simulink and supporting scripts.

3. Initial_Condition.m: computes the initial state variables of the nonlinear aircraft model from
the specified inputs (Earth model, flight condition, attitude, position, and mass properties) and
returns them in the structure IC.

4. Load_Aero_Data.m: loads aerodynamic coefficient tables and engine performance data into the
structured output Data. It provides lookup tables for lift, drag, side force, and moment coefficients

155



156 7. Simulink Details

as functions of angle of attack, Mach number, and control deflections, as well as lookup tables for
engine capture area and specific impulse data.

5. Trim_Run_jj.m: performs the trim computation for the Simulink model using the trimming
function. It sets the state, input, and output constraints, runs the optimizer, and extracts the
trimmed quantities together with the operating point report. The function also includes options to
linearize the trimmed model for subsequent analysis.

6. Reinitialize_Simulation.m: updates the initial conditions based on the trimmed angle of
attack and pitch angle. After the trim solution is obtained, it recomputes the dependent initial
states so that the simulation starts from the correct trimmed operating point.

7. Helper_Functions: this folder contains the key functions required to initialize and run the
simulation, together with several minor routines used internally. Important functions include
InitializeSimulation.m, InitialCondition.m, and loadAeroData.m, which set simula-
tion parameters, compute initial states, and provide aerodynamic and propulsion data, respectively.
In addition, the folder contains utility functions such as coordinate transformations (cad_tdi84 .m,
cad_tgi84.m, cad_in_geo84.m), and inertial navigation initialization (init_ins.m).

8. ComputeControllers.m: the main controller script for controller synthesis files and their .mat
outputs: the Simulink file used by the script above containing the FCS layout and the linear
models. a partial function of the optimization process to compute optimal w and ¢ for reference
tracking. It calculates the weighted sum of the squared errors.

9. Build_Actuator_Model.m: constructs the actuator and filter models for the simulation. It
returns two outputs: a struct Act containing the discrete-time transfer function coefficients used
in the discrete simulation, and a struct Filters containing the continuous-time transfer functions
(sensor dynamics, noise filter, and sensor delays) required for the simulation.

10. GHAME_Trim.slx: used to trim and linearize the airframe. It is a copy of the nonlinear model
with the actuator, control, and INS subsystems removed. The kinematics subsystem is also
modified to use Euler integration instead of DCM integration.

11. GHAME_Control.slx: the full nonlinear GHAME model, including the control, actuator, and
INS subsystems, together with the disturbance, noise, and perturbation models.

To summarize, files 1-7 are required to run the trimmed GHAME model. Files 8-9 are used
for flight control system design and controller synthesis, while files 10—11 are the Simulink model
implementations.

7.2. Modeling

The trim model Trim_Version.slx is a simplified Simulink representation of the full non-linear model,
used exclusively for computing steady-state operating points. Unlike the full nonlinear model, it contains
only the bare airframe dynamics needed for equilibrium calculations. All actuator dynamics, the INS,
and the flight control system are omitted, since they play no role in determining the steady trim condition
and would only add unnecessary complexity.

Figure 7.1 shows the layout of the trim model, which consists only of the bare airframe dynamics
without actuators, INS, or controller. On the left, the control inputs, aileron (), elevator (8. ), rudder
(6,), and throttle, are bundled into an input bus and passed to the nonlinear airframe block (center).
The airframe computes the resulting angular rates, accelerations, and flight path quantities, which are
collected in the output bus (right). These outputs are then provided to the MATLAB trimming routine,
which uses them to solve for the control inputs that yield an equilibrium state.
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Figure 7.1: Block diagram of the trim model.

Full non-linear model

The overall layout of the GHAME nonlinear Simulink model, illustrated in Fig. 7.2, follows the standard
structure of a closed-loop flight dynamics simulation. The Control block generates pilot or guidance
commands based on information from the INS and the Force Bus. These commands are passed to the
Actuator block, which models the control effector dynamics and outputs the corresponding surface
deflections. The deflections and throttle setting are then applied to the GHAME Airframe block, which
implements the vehicle’s rigid-body dynamics as described in the previous sections.
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Figure 7.2: Overall layout of the GHAME nonlinear Simulink model. Includes the control, actuator, GHAME
airframe and the INS subsystems.

The airframe outputs its updated state through the Dynamics, Kinematics, and Force buses. These
signals are processed by the INS block to provide navigation measurements, thereby closing the feedback
loop with the control system. The Force Bus additionally supplies the aerodynamic and propulsive force
coeflicients required by the controller for nonlinear dynamic inversion.

Airframe System:

The overall GHAME Airframe subsystem, illustrated in Fig. 7.3, represents the rigid-body dynamics of
the vehicle. It is organized into four main components. The Environment block provides gravitational,
atmospheric, and wind quantities based on the current state. The Kinematics block computes the vehicle
orientation and transformation matrices. The Forces and Moments block evaluates aerodynamic and
propulsive forces and moments as functions of the vehicle state, control inputs, and environmental
conditions. Finally, the Dynamics block integrates the Newton—Euler equations of motion to update the
vehicle state. Data exchange between subsystems is managed through the Input, Dynamics, Environment,
Force, and Kinematics buses.
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Figure 7.3: Top-level structure of the GHAME Airframe subsystem. It contains the environment, kinematics,
forces & moments and the dynamics subsystems.

Kinematics Module:

The subsystem shown in Fig. 7.4 updates the transformation matrix [T]2!, which defines the vehicle’s
orientation relative to the inertial coordinate system and serves as the DCM. The matrix is propagated
using the body angular velocity [w®!]? and orthonormalized at each integration step to prevent numerical
drift and maintain a valid rotation matrix.
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Figure 7.4: Kinematics subsystem responsible for computing the body-to-inertial transformation matrix [7]57.

Along with the update of [T]2!, the subsystem provides three sets of angles. The first set consists
of the geodetic Euler angles ¢4, 6p4, and ¢p4, obtained from [T'] BD ' The second set contains the
aerodynamic incidence angles: the angle of attack @4 and the sideslip angle 84. The third set contains
the aero-ballistic incidence angles: the total angle of attack a, and the aerodynamic roll angle ¢,,. These
quantities are derived from the velocity of the body relative to the air, [vg]B .

Dynamics Module:

The subsystem shown in Fig. 7.5 represents the core of the vehicle dynamics model. It consists of the
Euler subsystem, which integrates the rotational dynamics, and the Newton subsystem, which integrates
the translational dynamics. Together, these components solve the full 6DoF equations of motion and
provide the body angular rates, attitude, position, and velocity to the other modules through the Dynamics
Bus.
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Figure 7.5: Internal structure of the Dynamics subsystem. It contains the Euler dynamics and the Newton
dynamics as separate subsystem.

The Newton subsystem shown in Fig. 7.6 integrates the translational dynamics of the vehicle. Using
the current mass, the external forces expressed in the body coordinate system, and the gravitational
acceleration in geocentric coordinates, it computes the inertial position [s%]” and inertial velocity [vh]’.
From these, altitude, longitude, latitude, and geographic velocity are derived. Additional navigation
quantities, including geographic speed, flight path angle, heading angle, and load factors', are also
determined.
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Figure 7.6: Newton subsystem for translational dynamics. It computes accelerations from the applied forces,
integrates inertial velocity and position, and updates the geodetic position, flight path angles, and load factors.

! Alternative coordinate systems are explicitly distinguished with bracketed notation. The body coordinate system is
defined as FRD, but the Forward—Right-Up (FRU) convention is used for load factors so that ., is positive under
upward acceleration. Similarly, the geodetic coordinate system is defined as NED, whereas the North—East—Up
(NEU) system is used for position so that altitude remains positive.
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A dedicated sub-block within the Newton subsystem updates the geodetic position, as shown in
Fig. 7.7. This subsystem takes the inertial position vector [sg]l and the simulation time as inputs and
computes the geodetic latitude, geodetic altitude, the longitude, and the celestial longitude. It also
evaluates the transformation matrices [T]”! and [T]¢!, which are required for converting between

inertial, geodetic and geocentric coordinates.
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Figure 7.7: Geodetic position update sub-block.

The Euler subsystem shown in Fig. 7.8 integrates the vehicle’s rotational dynamics. It receives the
aerodynamic and propulsive moments, the inertia tensor, and its time derivatives, and uses these inputs to
compute the body angular acceleration, which is integrated to obtain the body angular velocity [w?!]5.
The subsystem also receives the transformation matrix [T]8, which is required to convert the Earth
rotation rate [w®!]! into body coordinates. The transformed quantity [w®]? is then subtracted from
[wB]® to obtain the angular velocity relative to the rotating Earth [w?®F]® for use by other modules.
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Figure 7.8: Euler subsystem for rotational dynamics.
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Environment Module:

The subsystem shown in Fig. 7.9 defines the external conditions acting on the vehicle. It consists of
three main components: the gravity model, the atmospheric model, and the wind and turbulence block.
The gravity model computes the geocentric gravity vector [g]€ from the inertial position [sg;]’. The
atmospheric model determines altitude-dependent properties, including air density p, static pressure,
temperature, and the local speed of sound. From these quantities, the dynamic pressure § and Mach
number M are obtained, which are subsequently used by the aerodynamic and propulsion models. The
wind and turbulence block introduces environmental disturbances by superimposing horizontal wind and
stochastic turbulence on the geographic velocity to obtain the air-relative velocity vector.
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Figure 7.9: Environment subsystem responsible for gravity, atmospheric properties, and wind and turbulence
modeling.

Finally, the wind and turbulence block in Fig. 7.10 models the wind velocity in geodetic coordinates
[vﬁ]D and combines it with the vehicle velocity in geodetic coordinates [vg 1P. The HWM 14 model
provides the mean wind components and the Dryden model adds turbulence, which together yield the
wind velocity [vi ]P. This is then used to compute the true airspeed DVBA and the vehicle velocity

relative to air [v‘g]B.
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Figure 7.10: Wind and turbulence modeling within the environment subsystem.

Forces Module:

The subsystem shown in Fig. 7.11 combines the aerodynamic and propulsion models to compute the
total forces and moments acting on the vehicle. It determines the aerodynamic and propulsive force and
moment coeflicients, assembles the corresponding vectors, and provides these together with supporting
aerodynamic and propulsion data. The resulting outputs supply both the equations of motion and the
control system with the required aero-propulsive information.
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Figure 7.11: Forces module, including propulsion, aerodynamic coefficients, and force and moment calculation.

Within the Forces subsystem, the propulsion block shown in Fig. 7.12 models thrust generation,
fuel consumption, and the resulting updates to vehicle mass and inertia. The thrust model evaluates
the propulsive force as a function of Mach number, angle of attack, throttle setting, and atmospheric
conditions. From the computed thrust, the fuel mass flow rate is determined and integrated to track the
remaining fuel. The mass and inertia update block adjusts the total vehicle mass and interpolates the
inertia tensor between the full- and empty-fuel conditions. It also provides the time derivative of the
inertia tensor, which is required in the rotational dynamics. A stop flag is raised once the fuel is depleted
so that the simulation terminates when no fuel remains.
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Figure 7.12: Propulsion subsystem, including thrust and thrust-coefficient calculation, fuel-mass depletion, mass
and inertia updates, and the stop flag.

The assembly of forces and moments is handled in a dedicated block, shown in Fig. 7.13. Aerodynamic
and propulsive forces are computed from aerodynamic coefficients, dynamic pressure, and thrust, while
aerodynamic moment coeflicients yield rolling, pitching, and yawing moments using the same parameters
and reference lengths. These contributions combine into the total aero-propulsive force vector [ f4, ] B
and moment vector [mpg] 5, expressed in the body coordinate system, and are passed to the dynamics
subsystem through the force bus for integration of the equations of motion.
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Figure 7.13: Force and moments assembly subsystem, computing the aero-propulsive forces [ f,, ,,]B and
aerodynamic moments [mp]5.
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Actuator Module:

The subsystem shown in Fig. 7.14 maps pilot or control system inputs to the control surface deflections
used by the airframe. It splits aileron and elevator commands into left and right elevon deflections to
distribute roll and pitch inputs across the control surfaces. Each elevon channel, together with the rudder
command, passes through a second-order nonlinear actuator model that accounts for rate and position
limits. After the actuator dynamics, the elevon deflections recombine to yield effective elevator and
aileron deflections, while the rudder remains a separate channel. The throttle command passes directly
through the subsystem, and perturbations are superimposed on the right elevon deflection to enable
control system testing in the nonlinear simulation.
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Figure 7.14: Actuator subsystem, including elevon control allocation, second-order nonlinear actuator dynamics,
recombination of effective control deflections and actuator perturbations.



Conclusions

This research was carried out using the GHAME vehicle as a case study, which is of particular interest
because its aerodynamic dataset is derived from flight test data. A central part of the work was the
redevelopment and extension of the GHAME simulation model to increase its fidelity by incorporating
several physical effects that had not been included previously. On this foundation, controllers based on
NDI and INDI were designed and implemented at different levels of the control architecture. Their
performance was assessed through nonlinear time—domain simulations, with emphasis on stability and
tracking capability across hypersonic flight conditions. The main findings are discussed in Sec. 8.1,
where the research questions are revisited in light of the results, and Sec. 8.2 reflects on the overall
objectives of the study.

8.1. Revisiting the Research Questions

1. How can the challenges and limitations of GHAME’s current nonlinear Simulink model be
addressed, thereby creating a higher fidelity simulation?

* What are the key limitations of the existing Simulink GHAME model implementation?

The model from Goz [2024] provided a useful basis but relied on simplifications that
were acceptable in the subsonic regime yet break down at hypersonic speeds: first-order
actuators, constant gravity, and a flat, non-rotating Earth, which neglect variations in
apparent gravity, inertial acceleration, and trajectory curvature. Mass variation was omitted,
despite hypersonic vehicles losing more than half their mass in flight, and the atmosphere
excluded wind and turbulence. Sensor dynamics and measurement errors were also absent,
preventing realistic navigation behavior. In addition, only longitudinal motion was verified,
leaving full 6DOF behavior and cross-coupling untested. Finally, the trimming algorithm
did not converge reliably beyond Mach 1, restricting the model to subsonic conditions and
preventing its use as a baseline for hypersonic FCS development.

* In what ways can the GHAME model be refined to achieve higher physical and dynamic
fidelity for hypersonic flight simulation?

The model was rebuilt on an elliptical, rotating Earth with a variable gravity field, time-
varying mass and inertia from fuel consumption, second-order actuators with rate limits, and
an atmosphere extended to 1000 km including wind and turbulence. An inertial navigation
system with IMU error models was integrated to assess sensor-induced state deviations,
with additional blocks for time delays and filtering. The resulting Simulink architecture,
organised into four main systems coordinated by a centralised initialisation script, provides
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a high-fidelity environment for evaluating nonlinear inversion—based control under coupled
aerodynamic and environmental effects.

How was the trimming procedure redesigned to ensure reliable convergence and
applicability across the supersonic and hypersonic regimes of the GHAME vehicle?

The original two—step approach, with separate airframe and engine models, often failed
to converge at higher Mach numbers. The redesigned procedure combines airframe and
propulsion dynamics into a single framework and formulates the trim as a one—step steady-
state solution, solving simultaneously for throttle and control deflections. This removes
model switching and provides reliable convergence across the supersonic and hypersonic
regimes. The trim enforces force and moment equilibrium at a specified speed V, altitude &
and mass ratio, with ¢ and the angular rates p, g, r set to zero for symmetric flight and the
yaw angle left free. The unknowns are the throttle, elevator, rudder, and aileron deflections
together with «, g8, and 6; force and moment balance provide six equations, closed by the
level-flight condition y = 6§ — a = 0 (see Section 4.6).

How can the correct implementation and expected behavior of the nonlinear GHAME
model in Simulink be verified?

Verification followed a structured bottom-up process (Sec. 4.7). Each subsystem was tested
in isolation against the reference C++ implementation, with outputs compared element
by element within strict tolerances. To ensure a fair comparison, the integration scheme
(Heun’s method reproducing the modified Euler method), fixed time step, and hard-coded
constants were matched exactly. Once the individual modules were confirmed error-free,
the full model was verified by replaying logged actuator and throttle inputs under identical
conditions. The resulting trajectories matched the reference to near machine precision, with
altitude differences after 100 s on the order of 10~" m, giving strong confidence that the
model is correctly implemented and suitable for control design.

2. How can INDI be applied to the GHAME vehicle to evaluate its suitability for hypersonic

flight control?

* How was the nonlinear control architecture of the GHAME vehicle designed to combine

NDI and INDI, and how were implementation aspects such as incremental feedback
and filtering addressed within this structure?

The architecture is a cascaded system with four loops, rate, attitude, velocity/trajectory,
and position, using time-scale separation to avoid full inversion (Sec. 5.1). Each loop
uses NDI where the dynamics are well modeled and invertible, and INDI in regions with
significant aerodynamic uncertainty, where reliance on measured state increments preserves
performance as the aerodynamic coeflicients vary. Splitting the system into cascaded
subsystems, each with direct control authority and full relative degree, limits inversion to
controllable dynamics and avoids the unstable zero dynamics of full nonlinear inversion.
The control laws are derived directly from the GHAME dynamics (Sec. 5.2), capturing
the actual aerodynamic behaviour and coupling rather than simplified formulations. Since
the incremental formulation relies on real-time angular-acceleration estimates, a filter is
required; a cutoff of 20 rad/s was chosen to balance noise reduction against disturbance
rejection.

How were the linear controllers designed across the different control loops?

Building on the inversion that transforms the dynamics into a chain of integrators, the
linear controllers shape the bandwidth, damping, and steady-state performance of each
loop (Sec. 5.3). Each loop is designed at least four times slower than the one below it,
ensuring approximate decoupling. Actuator dynamics are included explicitly in the rate
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loop; neglecting them would force a lower rate-loop bandwidth and slow the entire cascade.
With this design, the idealised attitude, velocity, and position controllers achieve near-critical
damping, smooth transients, and zero steady-state error. In the full cascade with a separation
of four, however, the inner loops are not truly instantaneous, so the outer loops show slightly
lower effective damping than designed while steady-state tracking remains exact, illustrating
the trade-off between ideal behaviour and overall responsiveness.

* How were digital implementation effects incorporated into the controller design, and
what impact did they have on closed-loop stability?

Rather than discretising a continuous design afterward, the discrete effects were included
directly in the synthesis through continuous-time approximations (Sec. 5.4). The anti-aliasing
filter G, (), sample-and-hold Gsg (), and computation delay G p (s) were combined with
the plant, with third-order Padé approximations used for the exponential terms. Applied to
the rate loop, these effects added about 16.5° of phase lag, reducing the phase margin from
67.6° to 51.1° and raising the overshoot to 5.2%, violating the zero-overshoot requirement.
The controllers were therefore reoptimised within the modified continuous-time framework,
restoring the desired margins and ensuring the intended performance in discrete time.

3. To what extent does the digitally implemented NDI-INDI control system meet the specified
performance requirements across two flight conditions under sensor delay, measurement
noise, wind, turbulence, and actuator perturbations?

* How is the cascaded NDI-INDI FCS implemented in discrete form within Simulink?

The flight control computer operates in discrete time on sampled sensor data, while the
aircraft, aerodynamics, environment, and filters remain continuous, reflecting a real onboard
system (Sec. 6.1). All linear controllers are discretised using the Tustin transformation
to preserve frequency and phase behaviour near the controller bandwidth. Angular rates
pass through a first-order anti-aliasing filter and a second-order noise filter before sampling.
Actuator dynamics are combined with the synchronisation dynamics Hgync(s) and noise
filter Hg)(s) in the continuous domain and discretised using ZOH to preserve correct timing.
The worst-case computational delay is modeled by a unit delay z~! on the control inputs,
with a second z~! on the throttle command. All controllers run at 100 Hz with a fixed step
of 1 x 107%s.

* How does the cascaded NDI-INDI FCS satisfy the specified performance requirements
during altitude and heading maneuvers when subjected to wind, turbulence, sensor
noise, and actuator perturbations?

Evaluated at Mach 3 and 60,000 ft (Sec. 6.2), the system maintains precise altitude and
heading tracking under nominal conditions, with altitude following the command within
limits, heading tracked with less than 1° overshoot, and airspeed deviations below 1 m/s.
The internal dynamics remain physically consistent, including a sub-unity load factor
(n; = 0.982) and a small steady roll rate from Earth-rotation coupling. Under measurement
noise, turbulence, and wind, tracking remains good: the noise filter suppresses IMU noise
and turbulence produces only minor control-surface motion. A brief heading deviation
during climb and descent in wind is quickly compensated, and the steady rudder offset under
crosswind matches the expected coordinated-flight correction. The INDI controller also
rejects both impulsive and step actuator perturbations rapidly while keeping control motion
within limits, and the response stays close to nominal under multiplicative aerodynamic
uncertainty. Although limited to a single flight condition, the results show that the digital
NDI-INDI controller meets the performance requirements and remains stable under realistic
disturbances.
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* How does the cascaded NDI-INDI FCS satisfy the specified performance requirements

during altitude and heading maneuvers when subjected to continuous-time sensor
delay?
A continuous-time delay introduced after the anti-aliasing filter adds phase lag to the
angular-rate feedback path. In the unsynchronised case, degradation begins beyond about
0.04 s, with the rate loop developing oscillations that lead to instability. When the delay is
included in the synchronisation filter Hyyc, the longitudinal axis remains stable up to about
0.15 s, consistent with the linear delay margin, but the lateral-directional axis improves
far less, becoming oscillatory at about 0.08 s. This early onset indicates that the linearised
model does not fully capture the nonlinear stability characteristics. The lateral-directional
dynamics appear to violate the time-scale separation implicit in INDI: the combination
of low roll inertia and strong lateral control effectiveness causes the airframe states to
evolve on time scales similar to the actuators, making the incremental control-to-derivative
mapping dynamic rather than quasi-static and adding phase lag that reduces the effective
delay margin. The GHAME lateral-directional dynamics therefore only partially satisfy
the conditions for ideal incremental inversion, so linear stability predictions are overly
optimistic. Increasing actuator bandwidth or sampling frequency, or raising roll inertia,
would restore the quasi-static relationship on which INDI relies and extend the range of
stable operation without modifying the control law.

8.2. Research Objective

With the research questions answered, attention can now turn to the overarching objective to determine
the extent to which it has been achieved. The objective is stated as follows:

The research objective is to enhance the fidelity of the GHAME simulation model in Simulink and
to investigate, for the first time, the application of (I)NDI controllers on this dataset, with the aim
of assessing their suitability for hypersonic flight control under realistic modeling assumptions.

The work presented in this study successfully achieved both aspects of this objective. The fidelity
of the GHAME model has been substantially improved through the incorporation of high-resolution
aerodynamic data, an updated propulsion and mass-inertia model, and a complete six-degree-of-
freedom environment including geocentric gravity, rotating Earth effects, and dynamic atmospheric
and wind conditions. The model has been thoroughly verified through extensive simulation testing and
demonstrated numerical consistency with existing hypersonic simulation models. This verified platform
now provides a good foundation for further research in hypersonic guidance and control development,
both for linear and nonlinear controller.

The INDI control framework was successfully implemented for the GHAME vehicle and evaluated
under two specific flight conditions and perturbations. For the longitudinal axis, INDI achieved stable
and accurate tracking despite the presence of wind, turbulence, measurement noise, time delay, and
significant aerodynamic uncertainty. The controller exhibited strong robustness to regular perturbations
and maintained precise airspeed and altitude control across all tested conditions. Similar robustness was
demonstrated for the lateral-directional axis; however, analysis revealed that the time-scale separation
between realistic roll control inputs and the airframe dynamics of the GHAME configuration is insufficient
to achieve ideal inversion. As a result, the system departs from the perfect integrator behavior assumed
by INDI, making purely linear outer-loop design less effective for the lateral channel. Consequently, the
method cannot be universally recommended for all control axes without further adaptation to account for
the rapid roll dynamics characteristic of hypersonic vehicles.



Recommendations

More work can always be done to improve the results of this thesis, and several recommendations for
future work follow naturally from the current research. The following is therefore addressed specifically
to the next student who continues this work, with the aim of making their start easier. Some of these
recommendations are outlined below.

¢ Feasibility of ideal inversion: Future work should examine under which sampling times ideal
nonlinear inversion for lateral—directional control is recovered. This dependency on the sampling
time is particularly interesting to analyze in conjunction with the actuators, since the interaction
between sampling time and actuator dynamics directly affects inversion accuracy and performance.
In this context, it should also be investigated how changing the actuators alters this interaction, so
that the combined effect of sampling time and actuator characteristics can be properly characterized.

* Advanced control methods: A more rigorous tuning procedure should be applied to the outer
control loops. The current use of time-scale separation combined with pole placement provides a
straightforward design approach, but it does not fully exploit the achievable performance of the
system. More systematic and advanced techniques, such as loop shaping or structured (robust)
control, should be considered to improve disturbance rejection and robustness; the design need
not be strictly robust, but a more advanced control system would be preferable. In addition, when
the system is simplified as a chain of integrators, it should be verified that the system actually
behaves in this manner. Otherwise, the controller is effectively designed for a different system
than the one being controlled.

* NDI versus INDI: The current design combines NDI with INDI. Future work should examine
whether a pure NDI design with robust outer loops might be a better option overall for this type of
vehicle, as it could perform better due to the fast lateral dynamics.

* Engine model and dynamics: The current simulation employs a simplified combined—cycle
engine model in which many effects critical to hypersonic flight are neglected. As a result,
phenomena such as choking and inlet unstart are not represented. Furthermore, the model does
not include any engine dynamics, which is not realistic. Future work should address both aspects:
incorporating a more advanced engine model, if available, to capture these effects and provide
a more realistic assessment of vehicle performance and controller behavior, and adding engine
dynamics, for which a first—order transfer function should be sufficient to simulate the response of
the engine.

* Engine placement in the control structure: The thrust setting is currently computed in the
trajectory/velocity loop. This is not an ideal placement, since velocity controlled through the
thrust setting acts on a faster time scale than the trajectory. It is therefore recommended to move
the computation of the thrust setting out of the trajectory/velocity loop and place it one loop ahead,
at the level of the attitude loop.

* Aerodynamic data: The aerodynamic dataset for the GHAME vehicle is fixed and cannot be
altered, but the way it is modeled can be refined. In this work, a simple linear approximation
was employed. In theory, higher—order polynomial representations could improve accuracy,
particularly for NDI, while the effect on INDI would be less critical.
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Recommendations

Elastic effects: The current simulation assumes a rigid body, which neglects the flexible modes
of the vehicle. Including these elastic effects is a monstrous task, well beyond the scope of this
work and arguably a PhD-level undertaking in its own right. Nevertheless, it would improve the
analysis significantly, as these effects are very important for the simulation of hypersonic vehicles
due to the high dynamic excitation encountered in flight. Accounting for them would align the
GHAME model more closely with modern research models, such as the Bolender model, which
explicitly captures aeroelastic coupling.

Aerothermodynamic heating: The current model neglects aerothermodynamic heating effects,
which are critical in hypersonic flight. For simulations beyond Mach 5, such effects must be
included to ensure physical realism. Aerothermodynamic data for the GHAME vehicle are
available in White et al. [1992], and incorporating these data would represent an important step
toward a more comprehensive and accurate simulation.

Sensor fusion and state estimation: The present work assumes that all states required for
control, such as angle of attack, sideslip angle, bank angle, flight path angle and heading angle,
are always provided accurately by the IMU. This is not realistic, since many of these quantities
are not measured directly and all measurements are subject to noise and bias. Future work should
therefore incorporate state estimation techniques such as Kalman filtering and sensor fusion
to reconstruct these states from realistic sensor data. This would improve the realism of the
simulation and could additionally reduce the impact of delays introduced by noise filtering.

Flight protection: The present work does not include flight protection mechanisms. One
possibility for future work is the use of control barrier functions (CBFs) or barrier Lyapunov
functions (BLFs) to directly enforce safety limits. For instance, such functions could be applied
to limit both the magnitude of the angle of attack and its rate of change in order to prevent inlet
unstart. They could similarly be used to constrain the magnitude and rate of change of the bank
angle. The approach could also be extended to structural limitations or other safety constraints,
which are not modeled in the current study.
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Physical and Mathematical Constants

Table A.1: GHAME geometric and mass properties, together with WGS-84 physical constants (SI units). Values
correspond exactly to constants used by the Hyper6 simulation of Zipfel [2025]

Parameter Symbol Constant Takeoff Fuel Burnout  Unit
Fuselage length l 71.1 - - m
Reference area S 557.42 - - m?
Reference chord c 22.86 - - m
Reference span b 24.38 - - m
Inlet cowl area Ac 27.87 - - m?
Weight w - 1.334 x 10°  5.337 x 10° N
Mass m - 136,080 54,432 kg
Moment of inertia Lix - 1.573x10° 1.180x10°  kgm?
Moment of inertia Iy - 31.60x 106 19.25%x 10  kgm?
Moment of inertia I, - 32.54 x 10%  20.20 x 10° kg-m?
Product of inertia I, - 0.380 x 10° 0.240 x 10°  kg-m?
Earth gravitational const. GM 3.986005 x 104 - - m3/s?
274 deg. zonal grav. coef. Co g —4.8416685 x 107* - - -
Flattening f 1/298.257223563 - - -
Equatorial radius R, 6.378137 x 10° - - m
Mean Earth radius Ry 6.370987308 x 10° - - m
Earth rotation rate We 7.292115 x 1073 - - rad/s
Stand. gravity at sea level go 9.80675445 - - m/s?
Gravity at equator Ve 9.7803253359 - - m/s?
Gravity at pole Yp 9.8321849378 - - m/s?
Geodynamical constant m 3.449786506 x 1073 — - -
Conversion deg->rad RAD 0.0174532925199432 — - rad
Conversion rad->deg DEG 57.2957795130823 - - deg
Number of PI 4 3.1415926536 - - -
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SciTech 2026 Paper Submission

A condensed version of this thesis, presenting some of its main results, was submitted as a paper to
SciTech Forum 2026. The paper places particular focus on the time-delay aspect of the measurement
feedback path and on the derivation of the control laws.
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I. Introduction
Recent interest in applying Incremental Nonlinear Dynamic Inversion (INDI) to hypersonic vehicles is driven
by the extreme control challenges posed by these platforms. Air-breathing hypersonic vehicles exhibit strong
propulsion—airframe coupling, highly nonlinear and speed-dependent stability characteristics, and structural flexibility
arising from slender geometries and thermal loading [1, 2]. These effects produce rapid variations in aerodynamic forces
and moments that are difficult to model accurately in real time. The reduced reliance of INDI on precise aerodynamic
models therefore makes it an appealing candidate for such environments.

INDI achieves this reduced model dependence by using measurements of the controlled-variable derivatives to
construct an incremental inversion of the dynamics. In an aircraft rate-control study, Smith [3] demonstrated that the
resulting control law becomes largely insensitive to uncertainties in aerodynamic coefficients, centre-of-gravity position,
and inertial properties, since these effects are already embedded in the measured angular accelerations. The same study,
however, showed that this benefit comes at the cost of increased sensitivity to sensor delay.

To assess the applicability of INDI in the hypersonic regime, this study uses the Generic Hypersonic Aerodynamic
Model Example (GHAME), a publicly released NASA model of a single-stage-to-orbit vehicle. GHAME combines
aerodynamic and propulsive characteristics of turbojet, ramjet, and scramjet propulsion across Mach 0-24 and captures
the dominant nonlinearities governing hypersonic flight [4]. Using this model, the paper develops and evaluates a
cascaded INDI controller and examines its robustness under synchronized and desynchronized sensor delays to determine
whether the method’s inherent robustness extends to flight conditions characterized by strong nonlinearities and rapid
variations in aerodynamic behavior. The main contribution is the first systematic application and assessment of an
INDI-based architecture on a high-fidelity hypersonic model.

I1. Modelling

A. GHAME Vehicle Model

The GHAME is a high-fidelity aerodynamic and geometric model developed at the NASA Ames Research Center
and extensively tested at the Dryden Flight Research Center [4]. It was conceived during the early phases of the NASP
initiative to provide accurate and physically representative aerodynamic data for hypersonic vehicle research. GHAME
was designed as a generic hypersonic configuration capable of performing a SSTO mission, involving horizontal takeoff
using air-breathing propulsion, acceleration to orbital velocity, orbital insertion, atmospheric reentry, and unpowered
gliding recovery. The aerodynamic database spans the complete mission envelope, including subsonic, transonic,
hypersonic, and reentry flight regimes [5].

The model enables high-fidelity Six-Degree-of-Freedom (6 DOF) simulations and produces a dynamic response
representative of hypersonic flight. Consequently, GHAME has become a benchmark for evaluating control architectures,
developing guidance strategies, and conducting trajectory optimization studies. Multiple versions of the model have
been implemented in Fortran by P. Zipfel, using the original NASA Ames aerodynamic dataset as documented in White
et al. [5] and detailed in his textbook [6]. More recently, Goz [7] developed a Simulink-based implementation of a
simplified GHAME model assuming a nonrotating, flat Earth, constant mass and first-order actuator dynamics.

B. Dynamics

The simulation in this work is a Simulink implementation of the full six-degree-of-freedom Hyper6 C++ flight-
dynamics model described by Zipfel [6].* Hyper6 is the most complete and rigorously tested version of the GHAME
model. It incorporates a rotating elliptical Earth, propellant depletion with the associated variation in mass and moment
of inertia, and the coupled translational and rotational equations of motion. The Simulink implementation used here is a
direct port of these dynamics and has been extensively verified, providing a high-fidelity environment for evaluating the
proposed control architecture.

*Simulations can be downloaded from: https://arc.aiaa.org/doi/suppl/10.2514/4.107535
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Fig. 1 Schematic configuration of the GHAME vehicle model

C. Aerodynamics and Forces

The GHAME aerodynamic database was developed by combining theoretical flow models and empirical data from
multiple legacy hypersonic vehicle configurations. Longitudinal aerodynamic coefficients were constructed using
blended data from the Space Shuttle Orbiter, lifting-body vehicles, a swept double-delta wing platform, and a 60°
half-angle cone. For lateral-directional coefficients, Space Shuttle and double-delta data were used at Mach numbers
below 8. Above this threshold, only Space Shuttle data were retained. Drag coefficients were scaled to match lift-to-drag
ratios consistent with measured Space Shuttle performance. All coefficients were normalized using a fixed aerodynamic
reference area and span. To extend the aerodynamic model into the hypersonic regime, a modified Newtonian impact
theory was applied. This combination of analytical and empirical methods yields an aerodynamic model capable of
capturing the nonlinearities, cross-coupling, and regime transitions critical for high-fidelity hypersonic flight simulation

[5].

The aerodynamic force and moment coeflicients are expressed as linear combinations of the control surface
deflections, angular rates, sideslip angle 3, and angle of attack «. In simulations with wind, the aerodynamic angles are
used directly, whereas in wind-free conditions the corresponding kinematic angles apply. All aerodynamic data follow
the GHAME reference model and were generated under the assumption of zero sideslip, although S may vary during
simulation. Additionally, the coefficients C Ly Cy,, Cyp, Cy,, Cy,, and Cp, are negligible across the evaluated flight
envelope [5]. The force coefficients are defined as follows:

CL = CLo + CLQ a/+CLée 69,
Cy = Cy; B+ Cy,, 6a + Cy,, 6, (1)
CD = CDO + CD(, @,

where 6, is the elevator deflection, ¢, the aileron deflection, and ¢, the rudder deflection. The moment coefficients are
calculated as follows:

Cin = Cony + Cong @ + Gy, S + Crpy 1L
¢ 2V1As
p Dret 7 bret
C=C +C;, 6,+Cp; 6, +C +C, s
1=ClB+Ci, 6a+Cly 6, +C, Wins T Cr 2y )
p Dret 7 Dret

Cp=Cny B+ Cry, 67+ Cpy, 60 +Cy,

2V1As " 2Vras
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where p, ¢, and r denote the roll, pitch, and yaw rates of the vehicle with respect to Earth in body axes, respectively.
Then ¢t is the reference chord, bys the reference span of the aircraft and Vrag is the true airspeed. All partial derivatives
with respect to angles have units of 1/°, while those with respect to angular rates have units of 1/rad.

The lift coefficient Cy, is defined as positive upwards and perpendicular to the velocity vector, the drag coefficient
Cp is positive in the direction opposite to flight and the side force coefficient Cy is positive to the right (starboard).
Rolling moment C; is positive for right-wing—down roll, pitching moment C,,, for nose-up rotation, and yawing moment
C,, for nose-right yaw. Since the aerodynamic force coefficients are expressed in stability coordinates, they must be
transformed into body coordinates using a:

Cx =—-Cpcosa+ Cpsina,

3

Cz =-Cpsina — Cr, cosa.

The total force vector [ f,,,,,]? is computed by combining the aerodynamic forces with the propulsive force. The
total force vector in body coordinates is given by:

B
X gSCx + fp

[fa,p]B =Y = gSCy , “)
Z qSCy

where g = % pVT2 Ag 18 the dynamic pressure, in which p is the air density, § is the wing reference area and fp is the

propulsive force. The aerodynamic moment vector in the body frame is computed as:

B
L Clbref
[mp]® = M| =35 |Cneer| )
N Cnbref

The aerodynamic coefficients are tabulated over a two—dimensional grid in angle of attack and Mach number,
spanning @ € [-3°, 21°] and M € [0.4, 24]. For simulation, most coefficients are interpolated independently on this
grid. The only exceptions are the grouped forms Cp = Cp, +Cp,,a, Cpy = Cpgy +Cpy, @, and Cp = Cp, + Cp @, which
are combined first and then interpolated as single variables. This follows the implementation approach described in [7].

D. Actuator Model
The vehicle contains one rudder and two elevons located at the trailing edge of the wing. The elevons function
simultaneously as elevator and aileron control surfaces. Their symmetric and antisymmetric combinations define the
elevator and aileron control inputs, respectively, according to:
5, = Oyl + Oyr . 6, = Oyl — Oy i (6)
2
where 6,; and ¢, are the left and right elevon deflections, both defined as positive in the upward direction. The rudder
deflection d,- is defined to be positive for a trailing-edge right deflection. Each control surface is subject to deflection
limits of £20° and rate limits of +150°/s. To realistically capture actuator dynamics, all surfaces are modeled using a
second-order system with rate and position limits. The actuator transfer function from commanded deflection 6. to
realized deflection ¢ is given by:

2
A(S) _ 6(5’) _ wact (7)

6c(8)  $24+20gerWacts + w2,
where wqe; = 50rad/s is the natural frequency and {,.; = 0.707 is the damping ratio. To enforce physical constraints,
the implementation includes a saturation block limiting the input command . to the allowable deflection range +20°
and a rate limiter which is calculated as % %j;“: applied to the difference in deflection , ensuring the actuator slew rate
does not exceed prescribed limits. 4
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E. Propulsion System Model

The engine models a generic combined-cycle propulsion system that switches automatically between turbojet, ramjet,
and scramjet modes based on Mach number. The inlet is represented as a variable-geometry system whose effective
capture area depends on Mach number and angle of attack, reflecting the changing shock structure on the forebody. The
thrust is computed as a product of throttle setting, specific impulse, atmospheric density, true airspeed, and the inlet
capture—area coefficient. Implementation details follow the formulation in [6]. The commanded throttle ranges from
idle at 0.05 to a maximum value of 2.

Both the capture—area coefficient and the specific impulse are stored on lookup tables in Mach—angle—of—attack and
Mach-throttle space, respectively, and are interpolated using the same method applied to the aerodynamic coefficients.
The propulsion model also includes fuel consumption. The instantaneous thrust determines the fuel mass flow rate,
which is integrated to update the remaining fuel. The total vehicle mass decreases accordingly. As fuel is depleted, the
moment of inertia matrix is updated by interpolating linearly between the full-fuel and dry—mass inertia tensors. The
simulation terminates automatically once the fuel level drops below zero.

F. Sensor Dynamics

The rate gyroscopes and accelerometers are modeled with explicit sensor dynamics. These devices are subject to two
main effects: filtering to prevent aliasing and computation delays introduced by the sensor processor. The anti—aliasing
filter is required because the Inertial Measurement Unit (IMU) signals are sampled at a fixed interval Ar = 0.01 s. The
corresponding sampling frequency and Nyquist frequency are:

2
Wy =

— =628.32 rad/s, wN = Ys 314.16 rad/s. ()
At 2

Any signal content above wpy will fold into the lower frequency band, producing aliasing in the sampled data.
Since sensor noise is broadband and not naturally band-limited, a low—pass filter is required before sampling. To
guarantee sufficient attenuation of out—of—band noise, the cutoff is conservatively placed at half the Nyquist frequency,

wq = % = 157.08 rad/s. The anti-aliasing dynamics are represented as a first-order low—pass transfer function:

Wq

Ga(s) = &)

S+wg
In addition to filtering, the IMU introduces a finite computation delay. This effect can be represented exactly by a
pure time delay which is given by the nonrational transfer function:

Gsp(s) = e ™", 10)

which is referred to as the sensor delay transfer function. The exact duration of this sensor delay 7sp is uncertain and
therefore not modeled as a fixed constant, but it is expected to be on the order of one to several sampling intervals. Since
its precise value cannot be specified a priori, the sensor delay is not fixed in the nominal simulation model. Instead, it is
varied parametrically in the high-fidelity nonlinear simulation studies to evaluate how well the controller can tolerate
such effects.

The overall sensor model therefore consists of a first-order low-pass filter for anti-aliasing, followed by the optional
application of the sensor delay transfer function when robustness to measurement delays is investigated.

I11. Flight Control System

In this framework, the main control approach is INDI. To the author’s knowledge, INDI has not previously been
applied to hypersonic vehicle control. It is well suited to this problem because hypersonic flight is characterized by
large variations in aerodynamic coefficients, strong state coupling, and significant uncertainty in aerodynamic models.
Classical NDI relies heavily on accurate modeling, which can limit performance under such conditions. INDI, on the
other hand, updates the control effectiveness in real time using measured accelerations and angular rates, making it
more robust to modeling errors and rapid aerodynamic changes. In the proposed four—loop architecture, INDI is used in
the inner angular—rate loop, where fast and reliable response is essential for stabilizing the outer loops. For relationships
that are purely kinematics, standard NDI is applied to achieve exact inversion without relying on aerodynamic models.
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The cascaded Flight Control System (FCS) is organized into four nested loops, each operating at a distinct dynamic
level. The innermost rate loop stabilizes the angular rates, while the successive outer loops regulate attitude, velocity,
and finally position. This hierarchical structure, illustrated in Fig. 2, ensures that the fast inner—loop dynamics provide
stability for the slower outer—loop objectives, thereby achieving a natural separation of time scales and facilitating
controller design. The subscript K is used throughout to denote quantities derived from Earth-relative velocities rather
than air-relative ones. This distinction is crucial because the onboard Inertial Navigation System (INS) provides only the
Earth-relative velocity vector without direct wind measurements, and thus, it cannot compute the air—relative velocity.
Consequently, all kinematic quantities used in the control system are expressed relative to Earth motion.
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Fig.2 Cascaded flight control architecture used in this work.

Model Assumptions for Control Law Development

The complete flight dynamics model captures all major physical effects relevant to the vehicle’s motion. Such
fidelity is essential for accurate simulation and reliable performance evaluation. However, formulating a control law
directly from this high-fidelity model would introduce unnecessary complexity, complicating analytical derivations,
controller tuning, and practical implementation.

A simplified dynamic model is therefore used for control law development. Only effects whose omission has
a negligible impact on the vehicle’s response are removed, resulting in a reduced-order model that preserves the
dominant control-relevant dynamics. This simplification makes the analytical derivation of the control law feasible
while maintaining sufficient accuracy within the intended flight envelope. The final control law is then validated using
the complete high-fidelity model to confirm its performance under all relevant physical effects and interactions.

1) Non-Rotating Earth

The angular rate of Earth is assumed to be zero, wg = 0. The rotational velocity of the Earth introduces transport
and Coriolis accelerations in the equations of motion. For sub-orbital flight in the sensible atmosphere, the
transport acceleration is very small compared to aerodynamic and gravitational forces. Its maximum value,
occurring at the equator, is about 0.034 m/s” (3.5 x 1073 g¢), and it decreases with latitude to zero at the poles.
The Coriolis acceleration magnitude is bounded by 2wgV; at V = 300 m/s it is 0.044 m/s? ~ 4.5%x 1073 8o, at
V = 1500 m/s it is 0.22 m/s> ~ 2.2 x 1072 g, and it only becomes significant (~ 0.116 go) at orbital velocities.
For the control loops designed here, these values are smaller than typical modeling and actuation uncertainties,
so omitting them simplifies the derivation without altering closed-loop behavior.

2) Spherical Earth Model
The high-fidelity model represents the Earth as an ellipsoid, but the reduced-order control model assumes a
spherical Earth, because the difference between an ellipsoidal and spherical representation is negligible for the
purposes of controller design. This simplification removes the distinction between geodetic and geocentric
latitude and makes the Earth’s radius constant rather than latitude dependent. Quantitatively, the WGS—-84
equatorial and polar radii differ by approximately 21.4 km. At a flight altitude of 91 km, the equatorial and polar
distances from Earth’s center are 6469.137 km and 6447.752 km respectively, based on the WGS—84 radii. The
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corresponding gravitational accelerations are geq(91 km) ~ 9.516 m s~2 and gpo1(91 km) = 9.547 m s72, so the
maximum latitude-dependent difference Ag ~ 0.031 ms~2 corresponds to roughly 0.33%. This variation is
small and has negligible influence on the closed-loop dynamics considered here.

A further simplification to a flat Earth would eliminate the curvature terms from the equations of motion. In
particular, omitting the term V?/(gR) removes the centrifugal contribution that reduces the net force which
the aerodynamic lift must balance. As the vehicle’s speed approaches the orbital condition V> = gR, this
centrifugal contribution becomes large enough to offset gravity, so the aerodynamic lift required to maintain
altitude decreases toward zero. Because induced drag depends directly on lift, it also decreases toward zero in
this regime. This reduction is a real physical effect that influences high-speed aerodynamic behavior. For this
reason, the flat-Earth assumption is not adopted and the reduced-order control model retains the curvature terms.

Central Gravity Field

In the reduced-order control model, the gravitational field is taken to be purely central, meaning that zonal
harmonics such as J, are omitted. Combined with the spherical Earth assumption, which already removes
geometric latitude dependence, the only remaining variation in g is its inverse-square dependence on the distance
from Earth’s center.

Assuming constant gravity introduces a larger error when the 1/r2 decrease with altitude is ignored: evaluating
g(h) = go(Ro/(Ro + h))? at h = 91 km yields g(91 km) ~ 9.530 ms~2, so the constant-gravity approximation
overestimates gravitational acceleration by about 0.277 ms~2, or approximately 2.83%. Although this altitude-
induced variation is comparable to the error introduced by neglecting Coriolis effects at 1500 m/s, it is retained
because it is straightforward to include and does not introduce any additional complexity into the reduced-order
model.

Stationary Atmosphere Model

The reduced-order control model assumes steady atmospheric conditions and ignores changes in wind over time
or location. At hypersonic speeds, the contribution of wind to the total airspeed is negligible compared to the
vehicle’s forward velocity, and its rotational influence on the body dynamics is effectively zero [8]. At subsonic
speeds, [9] have shown that INDI exhibits excellent disturbance rejection properties against constant wind and
wind gusts, further reducing the need to model wind explicitly during control synthesis. Moreover, the onboard
INS has no direct access to wind information, making it unrealistic to incorporate wind into the controller as a
measured quantity. It is therefore more appropriate to treat wind as a disturbance that must be rejected rather
than as a modeled input. This assumption simplifies the controller and allows the design process to focus on the
core vehicle dynamics. Wind and turbulence effects are, however, retained in the high-fidelity model to quantify
performance in realistic atmospheric conditions.

Coordinated Flight and Constant Speed

The attitude control loop regulates the sideslip angle Sk to zero, so both the velocity and position control loops
are formulated under the assumption S = 0. Similarly, the velocity control loop ensures that the commanded
speed is reached and maintained, allowing the position control loop to be formulated under the additional
assumption Vg = V1°<md. Together, these assumptions reduce the number of states that must be considered in the
outer loops and provide the additional benefit of filtering out small-scale fluctuations in the computed velocity
and sideslip angle, since both quantities are treated as constant.

Small-Displacements

The change in longitude / and latitude A is negligible over the short time scales relevant to the velocity dynamics.
As aresult, [ and A are omitted from the attitude control loop design [10]. Numerical evaluation confirms that
their effect on the velocity response is insignificant, with differences in the computed states below 107°.

Accurate Control Effectiveness and Actuator Dynamics
Throughout the control-law derivation, it is assumed that the estimated control effectiveness matrix matches the
true system behavior and that the modeled actuator dynamics accurately represent the physical actuator response.
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These assumptions ensure that the nonlinear inversion remains valid and that the incremental control updates
behave as predicted by the reduced-order model.

IV. Control Law Design

This section presents the design of the dynamic inversion control laws for each loop in the cascaded architecture.
It begins with the angular—rate control loop, where both NDI and INDI formulations are developed, including the
method for reconstructing previous control inputs and the selection criteria for the low—pass filter used in the INDI
implementation. The next part addresses the attitude—control loop, describing the derivation of the nonlinear inversion
law used to track commanded attitudes. The velocity—control loop is then introduced, outlining its inversion law and its
role in regulating airspeed and flight—path dynamics. Finally, the position—control loop is discussed, including its two
functional modes for altitude and heading tracking.

A. Position Control Loop

The outermost loop governs the vehicle’s position by generating reference commands for velocity, heading, and
flight—path angle, which are tracked by the velocity—control loop. Its purpose is twofold. First, it enables trajectory
tracking, allowing the vehicle to follow prescribed references in longitude, latitude, and altitude. Second, it enables
test—case generation, where the performance of heading and altitude tracking is evaluated. The system is formulated
using the state vector, output vector, and control input shown below, where A denotes the vehicle’s latitude, [ its longitude,
and £ its altitude above a spherical Earth':

X4 = [/l [ h]T,
Z Y4 = ha(xy4) = x4, (11)
us = [un ug uyl’.

In this context the heading angle yx is defined in the standard navigation convention: yx = 0° corresponds to
motion due north, yx = 90° to motion due east and so forth. A positive latitude rate corresponds to northward motion, a
positive longitude rate corresponds to eastward motion, and a positive altitude rate corresponds to an increase in altitude.

With this convention, the translational kinematics for a point—-mass model on a spherical Earth are:

. Vg'cosykcosyk . Vielsin yk cosyk h=Vsinyx (12)
Ro+h , (Ro+h)cosd K ’

with Ry the mean Earth radius, Vlrgf the commanded geographic speed, yx heading, and yk the flight—path angle. Due
to the constant speed assumption Vlrff is treated as constant.

For nonlinear dynamic inversion it is convenient to define an intermediate input vector:

UN V;ff COS YK COS YK
u=|ug|=|VEsinyg cosyk | (13)
uy V,rgf sinyg

where uy, ug, and uy; denote the linear velocity components of the vehicle in the geographic North—East-Up coordinate
system. These components serve as intermediate control variables: when mapped through the spherical-dependent
matrix G4(x), they yield the correct time derivatives of (A, [, h). The dynamics of the output vector can then be
expressed in control—affine form as:

V4= Sf4(x) + Ga(x) ua. (14)
From the control-affine representation the output dynamics can be written explicitly as:
1
0 0
Ro+h Y
il = 1 ug |- 15)
. (Ro+ h)cos A "
h 0 0 i

For a spherical Earth the distinction between geocentric and geodetic disappears, so that = A. = Ag and h = he. = hy.
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In nonlinear dynamic inversion, the control objective is expressed in terms of virtual controls, defined as the desired
geographic rates v4 = [4 [ h][ , which are obtained from the reference trajectory yj“‘d =[A [ h]]4 by suitable
tracking laws. Enforcing y, = v4 gives:

V4 = G4(x) Uy, (16)
so that the required linear velocities are:
ud™ =G (x)va, (17)
which yields the explicit inversion law:
un (Ro+h) 0 0] |va
Ug = 0 (Ro+h)cosa Of|v|, (18)
77 0 0 1| |vn

where v,, vy, and v;, denote the virtual control inputs for the longitudinal, latitudinal, and vertical channels, respectively.
The commanded flight—path and heading angles are obtained directly by inverting the kinematic relations:

¥ = arcsin (Vb:f‘d) , XM = atan2 (up, ug) . (19)
K

These angles, together with the reference speed, form the commanded inputs to the velocity control loop.

For control-system testing, however, the objective is not to follow arbitrary reference trajectories, but to assess how
well the system can maintain a prescribed heading or climb at a fixed climb rate. Therefore, two additional test modes
are implemented to facilitate these specific scenarios.

1) Mode 1: Constant-rate climb to altitude:

In this mode, the vehicle is commanded to reach a target altitude /™' while maintaining a specified vertical rate
h*f. The up—velocity component is therefore imposed directly as:

g = e (20)

This value is substituted into Eq. (19) to compute the commanded flight—path angle y%md. Once the altitude error

is eliminated (i.e. & = A'™F), the climb rate command is set to zero. This mode can be combined with Mode 2.
2) Mode 2: Heading-hold:

In this mode, when heading—hold is enabled (e.g. mheading = 1), any heading value calculated from Eq. (19)

is overridden and the commanded heading is specified directly by the reference heading:

X = XK @1
while the commanded flight—path angle yﬁ{md is still obtained from Eq. (19) to ensure that the altitude 4 tracks its
reference h°™9,

This completes the design of the position—control loop. Its feasibility depends on several conditions that ensure the
inversion law is well defined and that the commanded angles remain physically meaningful. The input—gain matrix
G 4(x) must be invertible, which requires cos A # 0 and therefore excludes the poles where the geographic formulation
is ill defined. The inner velocity loop must accurately track the commanded reference speed, and the north and east
velocity components (uy, ug) cannot both be zero, because the commanded heading X}’g“d is otherwise undefined.

B. Velocity Control Loop

The velocity control loop governs the translational dynamics of the vehicle and is responsible for tracking the
flight-path command ujmd. It generates the throttle, 57, bank-angle, ux, and angle-of-attack, ax, commands ugmd
for the inner attitude control loop. As in the previous section, the controller has access only to the kinematic,
groundspeed-relative values ax and ug provided by the INS, which means that the on-board model incurs an error
when wind is present.

In contrast to the attitude and position loop, where the dynamics are purely kinematic, the translational dynamics
depend directly on uncertain aerodynamic forces. This makes INDI particularly suitable for this loop. Its distur-
bance-rejection mechanism allows the controller to compensate for modeling errors and neglected effects, which appear
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as disturbances on the slower time scale of the velocity dynamics [11]. The system is defined using the following state,
output, and input variables:
x3=[Vk xx vk’
D {ya=halx) = xs, (22)

us = [67 pk ag]’.

Here, Vi denotes the groundspeed. The angle of attack ak is positive for nose—up motion relative to the groundspeed
velocity vector, and the bank angle kg is positive for a right-wing—down rotation about the groundspeed velocity vector.
The throttle command 67 denotes the throttle setting and takes values in the interval [0.05, 2]. The governing dynamics
are formulated by expressing Newton’s Second Law in the air-path coordinate system. The resulting time derivatives of
the velocity states are given by [12]:

m 0 0
i3=M"" ([T]VB [fapl®+[T1VO[£]€ + macorr) , where M = [0 mVk cosyk 0 |. (23)
0 0 —mVK

Here, [f]? is the aero-propulsive force vector expressed in body coordinates, [ fg]G is the gravitational force
vector in expressed in geocentric coordinates, [7]VC and [T]V8 are transformation matrices from geocentric and body
coordinates to the velocity coordinates, which are given by Eq. (26) and a., contains rotation and curvature corrections
[12]. The spherical Earth assumption implies that the Earth radius function Ry(14) reduces to the constant mean
spherical Earth radius Ry. In this case, the corrections are:

w% Ry cos A (sinyg cos A — cos yk sin 1cos yk)
2

2wq Vi (sin A cos yg — cos A sinyk cos yk) + R—K cos? vk tan A sin yg + wéRo cosAsindsin yx 24)
0 .

V2
—2wgVk cos Asin yx — R—K COS YK — wéRo cos A(cos A cos yk + sinyg sin A cos yx)
0

Acorr =

With the non-rotating Earth assumption, all terms containing wg vanish. Together, this yields the simplified
spherical-Earth form of the velocity dynamics:

. B G
Vi | [m 0 o ] X 0 0
2
xk| =10 mVkcosyk 0 [T1VEB Y| +m[T]VC 0 +m ‘;—’; cos? yg tandsin yx | |.  (25)
. 0 0 — GM V2
VK mVk VA (Ro+h)? —R—’g COS YK

In the gravitational force term, GM denotes the Earth’s gravitational parameter. Although [T']V? is normally
written in its full three—angle form, the condition Sgx = 0 reduces it to the simplified expression shown below. The

corresponding transformation matrix [7]VC taken from the same reference is placed alongside it [13].

cos ag 0 sinag cosycosy cosysiny —siny
[T] VB — | _sin ag Sinjlg —COSUg COSak Sinug |, [T] VG| - sin y cos y 0 . (26)
—sinag cosug  sinug  COS g COS Uk sinycosy sinysiny cosy

Next, it is noted that ug, ok, and é7 do not appear in an affine form in Eq. (25) because the aerodynamic forces
contain nonlinear trigonometric couplings with these inputs. The following step is to express the nonlinear dynamics in
the standard input-affine form:

X3 = f3(x3) + G3(x3) u3. 27

This can be partially accomplished by separating the force contributions to isolate the effects of bank angle, angle of
attack, and thrust setting on the dynamics. The propulsive force is modeled as f,, = §SCx;. 0r, and, using the axial
force definition in Eq. (4), the body—axis force relation becomes [ X] B_-gs (CX + Cx, 67), showing that thrust enters
the dynamics in the same nondimensional manner as the aerodynamic coefficients. Since the velocity dynamics are
formulated in the air—path coordinate system, the body—axis force vector is first transformed using [T]V2. The resulting

10
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expressions contain products of cos @k, sin @k, and the body—axis coefficients Cx and Cz. To simplify these terms, the
standard relations between body—axis and stability—axis coefficients are used:

CDZ—(COSO'K Cx+SiIla'K Cz), CLZSinCZ](Cx—COSCYKCZ,

allowing the trigonometric combinations in the velocity—axis forces to be replaced by the physically meaningful drag
and lift coeflicients:

X v X B cosak Cx;67 — Cp
Y| = [T]VB Y| =¢S|-sinug (CXTér sinag +CL) —cosug Cy| - (28)
V4 V4

—COS Uk (CXT(ST SiIl(YK + CL) + Sill/,lK Cy

Finally, C;, and Cp are decomposed using the definitions in Eq. (1) so that the @k -dependent terms required by the
controller appear explicitly. Substituting the velocity—axis force vector from Eq. (28) into the translational dynamics of
Eq. (25), and explicitly evaluating the resulting expressions, gives the nonlinear velocity equations shown in Eq. (29):

. qS .
Vk = % [CXT(ST cosag —Cp, — CDaaK] — gsinvyg,

L qS . . Vk .
YK = P —— [ sinuk (Cx, 07 sinak + Cr, + Cp,, e + Cp,ak) — Cy cos ux | + R cosyk tan Asin yx,  (29)
7S . . Vi
VK = a [COS/JK (CXT(STSIIICXK+CLO+CL5 0. +Cr. a/[()—CySIIl,uK] +CoSyk K_5 .
mVg ¢ @ Ry Vi

Wind effects are not included but could be incorporated, in which case all subscripts g change to the wind case 4.
Looking at Eq. (29), the bank angle ug enters the dynamics only through the nonlinear terms sin ux and cos pg. As a
result, the velocity subsystem is not control-affine in pg, meaning it cannot be written in the form f(x) + g, (x) pk.
This violates the standard requirement for applying NDI directly with ux treated as a control input.

INDI does not have this limitation [14]. By using a first-order Taylor expansion, it can produce an inversion law that
works locally around the operating point. A standard Taylor series expansion is taken about the values at the previous
sampling instant, where x3 0 = x3(r — Ar) and u3 o = us(z — Ar). This yields:

o0x 0x
iy = dyg+ O GBS B L oaxd),
6)C3 0 6u3 0 - (30)
. 0x3(x3, u3)
NE30+ Aus,
us 0

here Ax3 = x3 — x3,, Auz = u3z — u3, and the term O(Ax%) collects all higher—order contributions.

As in the standard INDI argument, a time—scale separation assumption is introduced: over one sampling step the
state increment is much smaller than the control increment, Ax3 < Aus. Attitude dynamics typically evolve on a
much faster time scale than the flight path states, so the term involving Ax3 and the higher—order contributions can
be neglected [15]. From Eq. (29) and by seeing that Cr, = Cp, + CL,, 6. + CL, @k, the control effectiveness matrix is
found by taking the partial derivatives of each state rate X3 with respect to each control input #3, which yields:

CXT cos ag Vg 0 —VK(CXT(ST sinag +CD,Y)
% _ qs —Cx, sinpg sinag  —cos ug(Cp + Cx, 0rsinag) + Cy sinug = sinug (Cx 07 cosag +Cr,) (31)
Ous  mVg COS YK COS YK COS YK
Cx,cospg sinag  —sinug(Cr + Cx 0rsinag) —Cycosug  cos g (Cx, 01 cosak +Cr,)

To evaluate these partial derivatives, the vehicle is assumed to be in vertical force equilibrium, expressed in a form
consistent with the spherical Earth model:

V2

Ro | (32)

GScos ug(Cr + Cx, 07 sinak) = mcos yg

11
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This condition makes it possible to replace the aerodynamic term on the left in Eq. (32) by the gravitational—curvature
term on the right. Additionally, the influence of thrust on lift and drag derivatives is neglected, as aerodynamic forces
dominate in magnitude:

CL,qS > qSCx, 0T cos ak, Cp,qS > GSCx, ot sinag.

The lateral coefficient Cy is also neglected. With Sx = 0 its magnitude is much smaller than the lift- and
thrust-related terms, making its contribution to the velocity dynamics negligible. Substituting Eq. (32) into Eq. (31) and
removing negligible terms yields the following expression for the control effectiveness matrix:

CXT Cos a/KVK 0 —Cpan
s Cx, sin ug sinag m V,z( Cr, sin ug
Gs3(x3, u3) ~ mVk cos v gs § Ro Cos Yk (33)
mtan ug cosyg V2
Cx,cosug sinag ——————|8— K CL, cos g
qs Ry

A virtual input v3 = [vy v, v,]7 is now defined to represent the desired rates of the velocity states. Linearizing
the dynamics around the previously measured operating point yields the incremental inversion law:

u§™ = s+ G5l (x3,0, u30) (v3—%30) . (34)

The subscript “0” refers to measurements from the previous timestep. The matrix G3 becomes non-invertible only
in vertical flight (yx = £90°), knife-edge flight (ux = £90°), or in the limiting case g = V12</ Ry, where centrifugal
force cancels gravity and lift can no longer steer the velocity vector.

C. Attitude Control Loop
The objective of the attitude loop is to follow the commands ugmd generated by the velocity control loop. It does

so by producing the angular-rate commands ugmd for the inner rate loop. The loop regulates the aerodynamic angles
UK, @k, and Sk, which are used instead of Euler angles because they are directly provided by the INS and match the
commanded quantities from the velocity loop. For the control design, the attitude subsystem is written as:

x2=[ux ax Bkl
DTy =ha(xa) = x5, (35)
u=1[p qrl".

Here, [p ¢ r] are the inertial angular rates. For the NDI design, the attitude kinematics are written in the
control-affine form:

X2 = fr(x2) + Ga(x2) us. (36)

A set of dynamic attitude equations suitable for expressing this form was derived by Mooij [16]. The general
dynamics of the aerodynamic angles for a rotating, geodetic Earth are given by:

lig = —dg sin Bk + ¥k sinyk + Asin yx cos yx — ([ + we)(cos A cos yx cos Yk + sin A sin yx)
+ p cos ak sin Sk + g sin Bk + r sin @k cos Bk,
sin . ,
ax = _COSZK [)g,( cosyg — Asin yg sinyg + (I + wg)(cos A cos yg sinyg — sin A cos 71()]
K
COS UK | . . , ) ) 37
- I [yK —Acos yx — (l+w@)cos/lszK] — pcosag tan Bk + g — r sinak tan Sk,
OS Pk
Bk = —sinuk|yx — A cos yx — (I + wg) cos Asin yk | +cos pk | ¥k cosyx — Asin yk sinyk|

+COS Uk [([ + wg)(cos Acos yk sinyg — sin A cos yK)] + psinag —rcosag,

where [ is the longitude, A is the geodetic latitude, [ and A are their time derivatives, and wg 1s Earth’s angular rate.

12
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The full expression in Eq. (37) contains several terms that have negligible influence on the control law. The
body-rate contributions must be retained, and the flight—path rates [yx yx] remain significant for maneuvering. Under
the Small-Displacement Assumption, variations in [ and A4 and their rates ([, A4) are neglected [10]. Consistent with
the Non-rotating Earth Assumption, the Earth’s rotation rate is set to wg = 0 for control design.

For dynamic inversion, each aerodynamic—angle derivative must be expressed explicitly in terms of measurable
quantities rather than in terms of other angle derivatives. In Mooij’s formulation, the equation for fix contains the term
@k, whose value is already given by the second line of Eq. (37). Substituting this expression into the fix equation
removes the derivative coupling and yields a set of equations in which fix, @k, and Sk depend only on INS—measurable
states, flight—path rates, and body angular rates. Because the resulting dynamics contain only kinematic terms, they
admit a direct nonlinear dynamic inversion without the need for an incremental control law. The resulting equations are:

cosag sinag

bk = xk(sinyg +sinug tan Bg cosyg) + vk €oS ug tan S + p +r ,
cos Bk cos Bk
sin (g cos cos .
dx = —XK KK YK _ VK 'uK—pcosaKtan,BK+q—rs1naKtan,BK, (38)
cos Bk cos Bk

Bk = XK COS UK COSYK — VK Sin g + psinag — rcos ak.

Equation 38 can be separated into the contribution from the body angular rates and the terms arising from the
flight—path kinematics which yields the following control-affine form from Eq. 36:

. . . cos &, sin «,
Ak sinyg + sin ug tan S cosyx  cos g tan B ﬁ 0 ﬁ p
. _ sin (g Cos YK COS UK .
k| = —cosBr ~ s Bx K +|-cosagtanBg 1 —sinagtanBg| |¢| - (39)
Bk COS UK COS YK —sin ug sinag 0 —cosag r
N——
fa(x2) G (x2) u

The influence of yx and yk can alternatively be expressed using the specific forces measured by the onboard
accelerometers, from which the contributions of weight, lift, and side force to the flight—path angles are reconstructed
[17].

A virtual input v, = [v, v, vg]T is defined to represent the desired attitude angle rates. By enforcing X, = v, and
inverting Eq. (36), the required body rates become:

uS™ = G5 (x2) (v2 = fr(x2)). (40)

The matrix G is invertible for all ag provided cos Sk # 0, i.e. Bk # % + nm, n € Z. This inversion yields the
commanded body rates required to track the desired changes in attitude angles.

D. Angular Rate Control Loop
The angular rate loop forms the innermost part of the FCS. It is responsible for tracking angular rate commands ugmd
generated by the attitude controller. It calculates the actuator commands The system is described using the following
state, output, and input vectors:
x1=[p qrl,
DAy =x, @1
uy=[6, 6. 5r]T,
where p, g, r are the inertial body rates, and the control inputs 8, d., d,- are the aileron, elevator, and rudder deflections,
respectively. The variable—mass attitude equations of motion for a symmetric aircraft, written in the body coordinate
system with superscripts omitted for clarity, are:

i =1" (mB—ixl —x xle). (42)

where I are the vehicle’s moment of inertia and m g are the external moments from Eq. (5). These moments are the
sum of the aerodynamic moments m, and the control-generated moments m .. Assuming linear control derivatives
(me)s = %mc, the total moment becomes linear in the deflection inputs:

mp=mg+(m)su;. (43)

13
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Substituting Eq. (43) into the rotational equation of motion and solving for the input-affine form yields:

X‘lzl_l [—ix1—x1><1x1+mu]+1_1(mc)5u1. (44)

The control effectiveness matrix and plant dynamics are consequently:
G| = I‘l(mc)(;, and f(x1) = I (—ixl —x1 xX1Ixy +ma) . 45)

To reduce the dependency of the control law on the full nonlinear model, the angular—rate loop also employs an
INDI formulation. The key idea here is to replace part of the model information by locally measured state-rate data,
thereby improving robustness to modeling uncertainty. Take the local Taylor series expansion on the control-affine
Eq. (44) and remove state dependent contributions by using the time scale separation assumption. This reduces Eq. (44)
to the incremental approximation:

X1 2’/)271’()+G1Au1. (46)

The matrix G is treated as constant over the interval and is obtained from the OBM, which updates it online.
To enforce desired angular acceleration dynamics, a virtual control input v is introduced. Substituting this into the
approximation Eq. (46) and solving for u; yields the INDI control law:

ufmd:u1,0+G1_1 (V] —Xl,()). a7)

This control law preserves the input-affine structure of feedback linearization while avoiding explicit dependence on

the full nonlinear model. Provided that measurements of X (¢ — Ar) and u(t — Ar) are accurate and the delay At is

sufficiently small, the INDI formulation achieves robust inner-loop angular rate tracking. All quantities are expressed in
the body-axis coordinate system:

Le 0 I bCy, 0  bCy bCy,
I=|0 I, 0|, (m)s=3S| 0 éCpny O |, Mma=GS|cCn,
Ly 0 I. bCu 0 bCay bCp,

E. State Estimation, Filtering, and Synchronization

In the SISO implementation, both the delayed control input 6y and the delayed angular acceleration wg must be
reconstructed, since neither quantity is directly measurable. The delayed actuator deflection is obtained by passing the
commanded signal §.mq(?) through the second—order actuator model in Eq. (7) together with the fixed delay At¢:

So=0(t—At) = L7He M A(S) Sema(s)} - (48)

The same delay appears in the angular—acceleration term because the INDI control law is linearized about a
previously measured operating point. In the Discrete Time (DT) implementation, this delay coincides with the Flight
Control Computer (FCC) sampling time and is represented by a single Unit Delay (UD) block. The delayed angular
acceleration follows from differentiation of the measured angular rate:

wo=w(t—At)= L {se ™ w(s)}. (49)

Direct numerical differentiation amplifies sensor noise, so the angular-rate measurement is first passed through the
second—order low—pass filter:

2

w
H(s) = H s using wpg =25rad/s, {g =1, (50)
52+ 2{pwps + wy,
This filter produces the angular—acceleration estimate:
@, Z.C_I{SH(S) e As a)(s)}. 51

The filter introduces a phase lag that would desynchronize w g, from the unfiltered actuator signal §¢. Because INDI
relies on a first—order Taylor expansion evaluated at a common delayed operating point, both paths must experience the
same temporal shift. The actuator path is therefore filtered identically:

6= L {H(s) e A(5) Sema(s)} - (52)
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With the two signals synchronized, the filtered INDI control law becomes:
Ocmd = (5]4'0 +Gl_’%)(v1 —(i)ﬂ]) . (53)

The complete structure, including the filtering and reconstruction paths, is illustrated in Fig. 3. The diagram
summarizes the roles of the actuator dynamics A(s), the noise—attenuating filter H(s), and the fixed delay At within the
INDI formulation.

D
. A ) .
U1 @e - B P A(s) Semd . W
W,
1

)
s ° | H(s) e eAts -

S
N
0 H(s) wo e—Ats < w é:

wf

Fig.3 Frequency-domain implementation of the INDI control loop for angular rate tracking. The loop includes
angular acceleration estimation, actuator modeling, and consistent filtering of both the feedback and control
branches.

V. Linear Controller Design
Nonlinear dynamic inversion reshapes the system into approximate chains of integrators, forming the basis for
hierarchical feedback design. A time-scale separation assumption is adopted so that the faster inner loops appear
instantaneous from the perspective of the slower outer loops, allowing each loop to be designed independently.

With the dynamics rendered integrator-like and the hierarchy established, the remaining task is to specify the
desired transient and steady—state characteristics through linear controllers placed on top of the inverted dynamics. The
hierarchical control architecture follows a set of design requirements:

1) Damping requirements: The rate loop is designed to be critically damped (¢, = 1) with no overshoot in the
angular rate. The outer loops are designed to be well damped, with

6=09, v=07  {x=09,

ensuring fast responses with minimal overshoot.

2) Rate Requirement: The rate loop bandwidth BW ,, is selected as high as possible subject to the critical-damping
requirement, as a faster inner loop eases the design constraints imposed on the slower outer loops.

3) Time-scale separation: Each loop is designed to be significantly slower than the loop beneath it. A practical
and commonly used choice is a bandwidth ratio of approximately four between adjacent loops, leading to:

BW BW BW
BW, < 4”, BWy < 49, BWy < 4V.

4) Robustness margins: All loops must achieve a phase margin of at least 30° and a gain margin of at least 6 dB.

Rate Loop
The design of the angular—rate controller follows from the observation that, under ideal INDI and in the absence of
disturbances and sensor noise, the airframe dynamics are cancelled by the inversion, leaving only the actuator dynamics
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Wemd We

LC,(s)

Y

A(s)

Y
A\ 4

Fig.4 Idealized closed-loop structure of the angular-rate control loop.

A(s) in the loop, and that rapid disturbance rejection together with effective noise suppression can be ensured by a
suitable choice of the noise filter H(s) [18].

Figure 4 illustrates the corresponding idealized closed—loop structure of the angular-rate controller, where the linear
controller LC,,(s) generates the virtual input v from the rate error, and the integrator yields the angular rate w. Thus,
in this simplified setting the closed—loop wemd(s) to w(s) is:

A(s)LCy(s)

Hol) = A0 ICa )

(54

The actuator dynamics are often assumed to be sufficiently fast to justify the approximation A(s) = 1 over the
relevant frequency range [18]. This assumption holds for systems with very high actuator bandwidths, but becomes
inaccurate when the actuator bandwidth is more moderate. In such cases, neglecting A(s) leads to optimistic predictions
of loop performance, since the actuator still limits stability and achievable bandwidth. For the present aircraft, the
actuator bandwidth of approximately 50 rad/s is not high enough for A(s) = 1 to be a valid approximation within the
desired control bandwidth. A substantially lower rate-loop bandwidth would be required to make actuator dynamics
negligible, which is undesirable for performance. Therefore, the actuator model A(s) is included explicitly in both the
controller design and the stability analysis, ensuring that achievable bandwidth and robustness are evaluated with the
true actuator limitations in mind.

The controller is designed for the third-order plant P(s) = A(s) % where the actuator dynamics A(s) from Eq. (7)
act in series with the integrator, as shown in Fig. 4. For this plant, a proportional control strategy is adopted, using the
control law:

LC,(s) =K.

From the requirements it follows that the proportional gain K, must be chosen to maximize the closed—loop
bandwidth while ensuring negligible overshoot and sufficient robustness. To this end, a bisection search is employed to
determine the largest feasible gain subject to the constraints of at most 0.1% overshoot and a minimum phase margin of
30°. The search begins with a broad interval [K min, Kp max]. At each iteration, the midpoint value of K, is evaluated
by forming the closed-loop transfer function:

T(s) = ﬂ. (55)
1+K,P(s)

From this closed—loop system, the overshoot is extracted from the time—domain step response, while the phase
margin is obtained from the frequency response of the open—loop transfer function L(s) = K, P(s). If the constraints
are satisfied, the gain is deemed feasible and the lower bound of the search interval is raised, otherwise, the upper
bound is reduced. This procedure continues until the interval width falls below the prescribed tolerance &, guaranteeing
convergence to the largest feasible proportional gain. The result is expressed as:

K% =max {K, | OS < 0.1%, PM > 30°}, (56)

which yields the fastest critically damped response consistent with the actuator dynamics described in Eq. (7). The
bisection search is characterized by the iteration bound:

Kpmax = Kpmi
N = {1%(Mﬂ, 57)
E
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where K, min and K, nax represent the initial search interval. With K, s = 1073, K pomax = 10%, and a convergence
tolerance of & = 107, the method is guaranteed to converge, if a solution exists, within N = 27 iterations. For the plant
under consideration, the optimized gain and maximum achievable bandwidth and phase margin are:

LC,(s) = 13.5625, BW,, =24.96 rad/s PM = 67.57 deg. (58)

This yields the following closed loop relation:

33906

Ho(s) = .
(8) = T496) (52 + 45745 1 1358)

(39)

Allowing a small overshoot would enable a higher crossover frequency and bandwidth at the expense of reduced
phase margin®. It should also be noted that digital implementation effects, such as sampling and computation delays,
introduce extra phase lag. For this reason, retaining sufficient phase and gain margins is essential to ensure robustness
against these delays.

Table 1 Pole locations, natural frequencies, and damping ratios of the angular rate dynamics

Real + Imag Wy, rad/s e Type

—22.87 + 28.90i 36.85 0.62  Actuator poles
—24.96 + 0.00¢ 24.96 1.00 Rate pole

Attitude Loop

For the linear controller in the attitude loop, the first step is to obtain the closed—loop expression of the system,
shown schematically in Fig. 5. Here, standard NDI is used rather than the incremental form. Unlike INDI, where
additional dynamics appeared as disturbances to reject, the NDI formulation retains these explicitly. In this case it is the
term f,, representing the flight—path dynamics given in Eq. (39):

£2(s) f2(s)
HMemd
cm 0. v - Wem w 0 1 0
‘;—j» LCy(s) 2 G;! 4 H(s) G: =

Fig.5 Closed-loop architecture for attitude control using model-based inversion and linear compensation.

The commands for pucmg and acmg are supplied by the outer velocity loop, while the sideslip reference is fixed at
Bemd = 0 to enforce coordinated flight. A linear controller LCg (s) regulates the commanded attitude error 6, to produce
the virtual control vector v, (s), which defines the desired attitude rate.

The angular rate command is obtained by subtracting the estimated kinematic term f »(s) from v, (s) and mapping
the result through the inverse of the kinematic matrix. The matrices G, (s) and G, (s) map angular rates to attitude
rates, and since this relation is known analytically, they are exactly equal. The resulting closed-loop relation for 8(s) is:

H(s) LCy(s) He(s) 1

s+ Hgy(s) LCo(s) S+ Ho(5) LCa0) 2 ST HL ) LCa ()

6(s) =

Ocma(s) —

fa(s). (60)

At this stage, the bandwidth separation assumption becomes relevant. Including the full inner-loop dynamics makes
the system effectively fourth order, complicating controller design. To simplify the problem, the standard approach in
the literature is to assume that the inner rate loop operates on a sufficiently faster timescale than the outer attitude loop.

This trade-off is intrinsic to the structure of the system and the absence of any compensatory phase lead in the proportional controller. Achieving
higher closed-loop bandwidths would require a lead or PD compensator to provide additional phase margin.
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If the inner-loop bandwidth is sufficiently higher than that of the attitude loop, it is reasonable to approximate the rate
loop as ideal, i.e. w(s) & wWema(s), which implies H,, (s) ~ 1. With this approximation, the attitude dynamics reduce to:

0(s) = LCy(s)

= T3 LCo05) (£205) = 209, ©1)

1
6 +—
cma (5) s+ LCy(s)
where f,(s) represents the true flight-path kinematics and f » () denotes its model estimate used in the controller. Due
to the assumptions in the attitude control loop design, f,(s) # f,(s), but the mismatch is extremely small in magnitude
and varies slowly with time. As a result, the induced tracking error remains bounded and does not compromise overall
system performance. The closed loop from 6.4 (ss) to @(s) is therefore:

. LCo(s)
1 H =
Hwigll 0(9) s+ LCg(s)

(62)

The bandwidth separation assumption effectively decouples the rotational axes in the outer loop, allowing each
attitude channel to be treated independently. While this simplification introduces a potential risk of instability, theoretical
results show that exponential stability of the outer-loop states around their commanded values is still guaranteed if the
inner-loop bandwidth is sufficiently high [19]. In practice, it is recommended that the rate loop bandwidth exceeds
the attitude loop bandwidth by at least a factor of four to ensure that the approximation remains accurate [20]. For
this single—integrator loop structure, exact second—order closed—loop dynamics with the desired natural frequency wg
and damping ratio {y can be obtained through pole placement. This is achieved using a proportional-with—roll—off

controller of the form:
K ] _ K oW s

LC = = .
o(s) l+s/wy  s+wy

Substituting the controller into the attitude dynamics yields the second—order pitch response:

Kowy we

These expressions directly link the controller parameters to the desired dynamic characteristics. Using the design
values specified in the control requirements yields the second order closed-loop system:

Hg(s) = wr =2Lgwe, Ko

s +wrs+Kowy'

38.84 e LCy(s) = BB
. usin S) = —m/m/.
2+ 11225 +38.84 g ~be s+11.22

Hy(s) = (63)

The corresponding pole locations are summarized in Table 2. Unlike the rate control loop, however, the desired
damping ratio is not fully achieved in the full closed loop. Increasing the time-scale separation would cause this value
to approach 0.9, but such an adjustment would also slow down the overall system response. Hence, the trade-off lies
between achieving the exact damping ratio or maintaining a faster response.

Table 2 Pole locations, natural frequency and damping for the full and the reduced attitude closed-loop system

System  Real + Imag wp, rad/s e Type

Hg,,, -23.2+29.4i 37.5 0.619  Actuator dynamics
-28.2 +0.00¢ 28.2 1.00  Rate pole
—3.66 + 4.45i 5.77 0.635  Attitude poles

Hg,, -5.61 +£2.72i 6.23 0.900  Attitude poles

Velocity Loop

The outer velocity loop regulates the geographic airspeed Vg, the heading angle y, and the flight—path angle yk.
This regulation is achieved indirectly by generating small changes in attitude and thrust, which the inner attitude and
rate loops convert into linear accelerations.
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The cascaded control structure used for velocity regulation is illustrated in Fig. 6. Commands originate from the
position control loop, and the resulting command error is processed by the linear controller LCy to produce the desired
attitude and thrust setting rates. The error in the commanded derivatives is mapped through the control effectiveness
matrix from Eq. (29), generating incremental attitude commands. These increments are added to the previous values and
forwarded to the inner loops for bank angle and angle of attack, while the throttle command is sent directly to the engine.

cmd D3

K o

Aa
Hy(s)

cmd Ad:
v X ve LCy(s) = é§1 : G3 v L ¥>—’V
s
(5T)cmd
lpadrly [, lpadd’
e
V(') e—Ats \ 4

Fig. 6 Closed-loop block diagram of the velocity loop, assuming perfect attitude and angular rate tracking.

For the linear controller design, the closed—loop expression plays a central role. Under the assumption that the
estimated control effectiveness matrix G3 is exact and that disturbances are rejected sufficiently fast, the closed—loop
relation is:

Hy(s)LCy(s) . LCy(s)
V()= ———————V , lim H =—.
O = TH LCv ) Lo lim Hy(s) = =t

This relation applies to the angle-of-attack and bank-angle channels, where the inversion-based commands pass
through inner dynamics represented by Hy(s). The throttle channel does not include this term, since it acts directly on
the propulsion system. When the inner loops are sufficiently fast such that Hy(s) ~ 1, the closed-loop map reduces to
the expression shown on the right.

(64)

The velocity controller is obtained using the same second—order pole-matching approach applied in the attitude-loop
design together with the bandwidth-separation and damping requirements, resulting in the closed-loop relation:

2.428 g LCu(s) = 2428
. usin S) = —m.
2+ 2.1815s +2.428 & v =Rt

Hv(S) = (65)

The poles of the reduced and complete transfer function, which includes the inner control loops, are given in Table 3:

Table 3 Pole locations, natural frequency and damping for the full and the reduced velocity closed-loop system

System  Real + Imag wy [rad/s] -] Type

Hy,, —23.2+29.4i 37.5 0.62  Actuator poles
—28.2 +0.00i 28.2 1.00  Rate pole
—4.08 +4.43i 6.0 0.68  Attitude poles
-0.67 +1.33i 1.5 0.45  Velocity poles
Hy,, -1.09+1.11¢ 1.6 0.70

Position Loop

The position control loop determines the required heading yx and flight-path angle yx commands to track the
commanded waypoints in latitude, longitude, and altitude. As shown in Fig. 7, these waypoint commands originate
from the onboard guidance system, and the resulting command error is processed by the linear controller LCx (s) to
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produce the desired changes in heading and flight-path angle. The errors in the commanded derivatives are then mapped
through the inverse of the matrix G4 to account for spherical Earth effects, yielding intermediate commanded inputs.
These are used in the inverse of Eq. (13) to generate the corresponding commands passed to the inner loops, which
realize the actual heading and flight-path angle. The resulting control inputs are subsequently remapped through G4 to
obtain the geodetic rate derivatives, which are integrated to produce the achieved tracking vector.

[x]“"d m
Xcm Xe ~ cmd
4 LOx(s) 2 @' 4| Bq.(28) | Hy(s) [ Ba.(17)

Uy X

G4 > X

-

Analogous to the attitude loop, and assuming the estimated mapping G4 is exact, the position closed—loop transfer
function is given by the expression on the left below. This formulation incorporates the inner velocity dynamics through
Hy (s). When the velocity loop is sufficiently fast such that Hy (s) = 1, the closed—loop map reduces to the simplified
first—order form shown on the right:

@ | =

Fig.7 Closed loop block diagram of the position control loop.

LCx ()
s+ LCX(S) '

X(9) = VO y o), tim Hx(s) =

" s+ Hy(s) LCx(s) Hy(s)— ©0

As with the attitude and velocity loops, the controller is derived using the same second-order pole-matching procedure
applied to the inverted dynamics, together with the bandwidth-separation and damping requirements, producing the
second-order closed-loop system:

0.1517 0.1517

Hy(s) =  using LCx(s) = ——>"'_.
X = T oo rosr Wi EOxO) = S50

(67)

The poles corresponding to the reduced transfer function and the complete transfer function, which includes the
inner control loops, are given in Table 4:

Table 4 Pole locations, natural frequency and damping for the full and the reduced position closed-loop system

System  Real + Imag wp, rad/s e Type

Hx,., -23.2+29.4i 37.5 0.619  Actuator poles
—28.2 + 0.00i 28.2 1.000 Rate pole
—4.08 +4.43i 6.02 0.677  Attitude poles
-0.74 + 1.28i 1.48 0.502  Velocity poles
—-0.28 + 0.27i 0.39 0.716  Position poles

Hy

red

-0.35+0.17i 0.39 0.900

The stability margins in Table 5 show that all control loops maintain sufficient gain, phase, and delay margins,
consistent with well-damped and stable behavior. As expected, the rate loop has the highest crossover frequency and
smallest delay margin, while the outer loops exhibit lower bandwidths and larger delay margins, preserving the desired
time-scale separation. Overall, the ideal Continuous Time (CT) control structure achieves zero steady-state error and
robust stability across all levels of the cascaded NDI-INDI architecture.

VI. Digital Control Design

In practice, FCSs must be implemented on digital FCCs, which operate in DT. A straightforward approach is to
design a controller in CT and then transform it into a discrete controller using, for example, the bilinear transform or the
matched pole—zero method. This approach, however, neglects the inherent properties of digital implementation: the
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controller interacts with sampled signals, Zero-Order Hold (ZOH) devices, computation delays, and on-board filtering,
none of which are captured in a purely CT design [12]. Only when the sampling interval Az is very small can one
argue that the discrete controller obtained from such a transformation accurately reproduces the performance of its CT
counterpart.

A more sophisticated approach is the so-called modified CT controller design. Here, the discrete effects of sampling,
holding, and computation are modeled explicitly as CT transfer functions and included in the synthesis process. The
controller is then designed in this modified CT framework, so that the delay and hold dynamics are taken into account
from the outset. Finally, the bilinear transform or a similar mapping is applied to obtain the actual digital controller for
implementation. This approach ensures that the implemented digital controller preserves the intended performance
characteristics even for practical sampling rates. Within this framework, the additional dynamics introduced by digital
implementation must be modeled explicitly, as they influence both stability margins and transient response. The
considered effects are:

1) Sensor anti-aliasing filter. Before sampling, sensor signals are band-limited to prevent aliasing, which folds
high-frequency content above the Nyquist frequency into the measured bandwidth [12]. The anti-aliasing
low-pass filter defined in Eq. (9) attenuates these components but introduces phase lag and gain reduction, both
of which must be included in the plant model G (s) for accurate analysis.

2) Sampler and ZOH. After sampling, the controller updates commands only at intervals of A¢, while the ZOH holds
the actuator input constant between updates. This piecewise-constant reconstruction attenuates high-frequency
content and introduces an effective delay of roughly Ar/2. The corresponding CT transfer functions are:

_ e—Ats 1= e—Ats

Gron(s) = =5, Gguls) = (68)
s s At
The second expression includes the sampling action through normalization by the sampling interval.

3) Computation delay. The FCC requires finite time to read measurements, compute the control input, and send
the command to the actuator. A conservative model assumes the worst case which is a full-sample computation
delay of At, represented in CT as:

Gp(s) =e . (69)

In addition to the modeled effects, real sensors may introduce further delays, as noted in Eq. (10). Because these
delays are typically unknown at the design stage, they are not included in the modified CT controller synthesis. Instead,
potential sensor delays are introduced in the high-fidelity simulation to evaluate how much delay the controller can
tolerate.

The overall control structure, shown in Fig. 8, includes the key effects introduced by digital implementation. The
controller LC(s) operates together with the sample-and-hold element Gsg (s), computation delay G (s), and sensor
anti-aliasing filter G, (s). Combined with the plant dynamics G (s), these components form a CT representation of how
the digital controller interacts with the aircraft.

T e v u Y yr
LC(s) Gsu(s) Gp(s) G(s) Ga(s)
Controller Sample Computation Plant Anti-aliasing
to design and hold delay dynamics filter

Fig. 8 CT control structure with digital implementation effects [12].

The transfer functions Gsg(s) and Gp(s) contain exponential terms and are therefore irrational, which is
inconvenient for controller synthesis where rational transfer functions are preferred. A standard remedy is to approximate
these exponentials with Padé expansions. The (m,n) Padé approximation represents a function by a ratio of two
polynomials whose Taylor series matches the first m + n terms of the original function [12]. Padé forms capture the key
delay behavior, including phase lag, with low-order rational models suitable for analysis and simulation. The third-order
approximations used here follow [12].

21



Downloaded by Thomas Mueller on April 22, 2026 | http://arc.aiaa.org | DOI: 10.2514/6.2026-0548

For the sample-and-hold and the computation delay transfer function, a third-order Padé approximation of the
exponential yields:

1- ﬁ(sAt) + %(SAI)2 - S}TO(SAI)S 1- %(STCD) + %(STCD)Z - ﬁ)(S‘rCD)3 (70)

1+ 3(sA LA + 2 (sAF)3 GD(S)zll ] 5, 1 3"
+ 2 (sA) + 17 (sA1)? + 155 (sAr) +5(s7cp) + 15(s7cp)* + 135 (s7CD)

GsH(s) =

It is important to note that the influence of digital implementation effects strongly depends on the sampling interval.
For small sampling times, the impact of sample—and-hold behavior, computation delay, and sensor filtering is minor
and can often be neglected. However, as the sampling interval increases, these effects introduce additional phase lag and
attenuation that can noticeably degrade closed—loop performance. Consequently, explicitly accounting for these effects
in the controller design is advisable to preserve the intended performance.

A representative block diagram illustrating the inclusion of discrete effects (shown in pink), as well as sensor delay
and anti-aliasing effects, is presented in Fig. 9.

GHAME aircraft D N
cmd - des des .
w @ .| As o 1 o N w
L@_. LC,(2) % a1 k @ = | ZOH|—| A(s) — Gy Sl N
A 1 P s
~ Comp. Zero-Order v
Wy k-1 0f k-1 A(z) Delay Hold )
G, ( 8) Anti-
Synchronized @ Aliasing
Actuator l
z—1 Wi, k-1 1 Wi, k '\O Sensor
Atz ; Hﬁl(s) GDS(S) Delay
Sampler
Discrete Derivative Unit Delay Noise Filter
“ o
O
Sampler

Fig. 9 DT INDI rate control loop including actuator dynamics, sensor dynamics, sampling, and noise filtering.

The digital effects on the rate control loop are now considered. When the control structure from Fig. 8 is applied to
the angular rate loop described in Sec. V, the additional dynamics introduced by the sample-and-hold, computation
delay, and anti-aliasing filter invalidate the previously calculated open-loop gain and phase margins.

The phase effects of the digital elements can be assessed directly at the crossover frequencies. A one—sample
computational delay with A7 = 0.01 s introduces about —7.7° of lag at the phase crossover frequency of 13.5 rad/s. The
anti—aliasing filter contributes roughly —4.9°, and the ZOH adds about —3.9°, giving a total of approximately —16.5°.
This reduces the CT phase margin from 67.6° to about 51.1° in the digital implementation. At the gain crossover
frequency of 50 rad/s, the same mechanisms generate nearly —60° of lag. Although the exact gain—margin reduction
cannot be computed analytically, the additional phase clearly lowers the achievable margin. These reductions confirm
that a sampling time of Ar = 0.01 s is not small enough for digital effects to be ignored.

Table 5 Comparison of stability margins for each control loop without and with digital effects (D)

Loop Gain margin, dB  Phase margin, deg  Delay margin, s  Crossover, rad/s
Rate 14.3 67.6 0.0872 13.5
Rate (D) 7.67 51.2 0.0664 13.5
Attitude 13.5 59.7 0.315 33
Attitude (D) 10.9 57.9 0.301 3.35
Velocity 10.0 48.1 0.831 1.01
Velocity (D) 9.78 47.7 0.816 1.02
Position 12.8 62.4 5.19 0.21
Position (D) 12.7 62.4 5.19 0.21
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The impact of discretization becomes smaller as the dynamics slow down and is therefore most relevant in the rate
and attitude loops. Table 5 summarizes the resulting gain and phase margins for the continuous and digital cases. With
the nominal CT gain from Eq. (58), the digital implementation yields a gain margin of 7.67 dB, a phase margin of
51.20°, and a delay margin of 0.066 s. The corresponding step response shows an overshoot of 5.2%, meaning the
zero—overshoot requirement is no longer met. The reduction in stability is not severe, but it is significant enough that it
should be considered when choosing controller parameters.

Table 6 Final stability margins obtained with the redesigned controllers from Eq. (71), based on the modified
CT control design

Loop Gain margin, dB  Phase margin, deg  Delay margin, s  Crossover, rad/s
Rate 12.3 67.3 0.148 7.95
Attitude 12.9 58.7 0.52 2.0
Velocity 9.83 47.8 1.37 0.61
Position 12.8 62.4 8.64 0.125

Two design paths can now be considered. The first option is to accept the reduced stability margins and the small
overshoot as sufficient for operation, since the system remains stable with acceptable stability margin. The second
option is to redesign the linear controllers with the digital effects explicitly included, thereby recovering the intended
performance targets. This approach is adopted here to restore the zero-overshoot behavior of the rate loop and to
improve the limited delay margins observed under digital implementation. The resulting four linear controllers obtained
from this reoptimization are presented in Eq. (71), and their corresponding stability margins are summarized in Table 6:

LCy, =7.9663, LCo(s) =225 LCy(s)=2320  and LCx(s) = 2224 a1

To summarize the key characteristics of the developed cascaded controller, the control architecture consists of four
nested loops: rate, attitude, velocity, and position. Each outer loop is tuned to operate at a lower bandwidth than the
one inside it, ensuring that the inner dynamics are already attenuated within its operating range. This arrangement
minimizes coupling between loops and simplifies both tuning and analysis. The corresponding loop transfer functions
are shown in Fig. 10. The magnitude plot illustrates clear bandwidth separation among the loops. For clarity, reference
lines at 0 dB and —180° are added to visualize crossover frequencies and phase margins.
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Fig. 10 Open loop Bode magnitude and phase for the rate, attitude, velocity, and position loops.
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The parameters used in the modified CT control design are listed in Table 7. They include the selected bandwidths,
damping ratios, filter and actuator characteristics, and timing values that define the dynamic properties of each loop.
These parameters produce the frequency responses shown in Fig. 10.

Table 7 Design parameters used for control law development using the modified continuous control design.
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Parameter Symbol  Value  Unit Parameter Symbol  Value Unit
Filter corner freq. wy 25 rad/s Velocity nat. freq. BWy 0.9375 rad/s
Filter damping {H 1 - Velocity damping vy 0.7 -
Actuator nat. freq. Wact 50.0 rad/s Position nat. freq. BWyx 0.234375  rad/s
Actuator damping Lact 0.707 - Position damping  {x 0.9 -
Rate bandwidth BW, 15.0 rad/s Anti-aliasing freq. wq 157.07 rad/s
Attitude damping lo 0.9 - Comp. delay D 0.01 S
Attitude bandwidth BWyg 3.75 rad/s Sampling time At 0.01 S

VII. Digital Implementation

Digital implementation is required because the FCS and the hierarchical controllers in Eq. (71) were developed in
CT, whereas the FCC operates with a finite sampling interval. The effects of sampling and delays have already been
incorporated in the digital control design of Sec. VI. The objective here is therefore to discretize the CT components
that must execute on the FCC, including the derivative blocks and the hierarchical INDI controllers. All signals entering
the FCC must be sampled accordingly. The aircraft dynamics, actuator models, sensor dynamics, and noise filters
remain in CT, requiring the FCC outputs to interface with continuous-time subsystems. Although this interaction would
nominally require a zero-order hold, Simulink manages the discrete—continuous rate transitions automatically, so no
explicit conversion blocks are needed.

The final layout of the hierarchical control system is shown in Fig. 11. The diagram presents all five main components:
the sampling of input signals into the FCC, followed by the four control loops described previously. This configuration
represents the DT Simulink implementation of the architecture shown in Fig. 2.
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Fig. 11 DT hierarchical INDI control architecture implemented in Simulink, including the sampling subsystem.

All controllers are executed with a sampling time of Az = 0.01 s. Simulations use a fixed-step solver to capture
discretization effects, with the step size set to A¢/25, which corresponds to 4 X 10%s.

Position Control

The Simulink representation of the DT position control loop is shown in Fig. 12. The function implements the
equations in Eq. (18) and Eq. (19). The green inputs represent sampled variables from the sampling subsystem, while
the blue blocks correspond to the commanded way points and the DT position controller. The blue color indicates that
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these elements operate at a defined sampling time. The pink blocks denote the outputs, which are the commanded flight
path and heading signals passed to the next control loop.

pos psivd_cmd 4}.

‘ psivd:cmd
desired_heading_flightpath

nu4 - 9-HIPEN v _omd | ——> @D

thtvd:cmd

Flight path and heading commands
Y@
U(2)

Position controller

Fig. 12 Simulink implementation of the DT position control loop.

The DT position controller is obtained by discretizing the CT controller in Eq. (71). The Tustin transformation is
used for this purpose, mapping the s-domain to the z-domain while preserving stability and accurately capturing the
low-frequency dynamics. With a sampling period of Ar = 0.01 s, the resulting DT controller is:

4.0319 x 1075 +4.0319 x 1075771
1-0.99838 77! ‘

LCx(z) = (72)

The DT controller maintains the dominant low-frequency behavior of the CT design, yielding comparable closed-loop
performance within the operating bandwidth. Differences appear mainly at higher frequencies due to frequency warping
and the finite sampling period.

Velocity and Flight Path Control

The DT velocity control loop is shown in Fig. 13. The inverse of Eq. (31) is computed for control allocation within
this loop. The throttle actuator is assumed to track the commanded change within one sampling period, so a UD block
provides a sufficient approximation for generating the incremental input for speed control. The remaining incremental
inputs for commanded bank angle and angle of attack are passed to the attitude loop and combined with values from the
previous sampling instant. The heading and flight-path derivatives are likewise provided to that loop for its control
law. The speed command is set by a constant block defining the trimmed velocity, and a step block introduces heading
changes when the hold-heading mode is active.
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Fig. 13 Simulink implementation of the DT tracking control loop.

A key feature of this loop is that the derivatives required for the INDI control law are computed using the backward
difference numerical differentiation method, as shown in Fig. 14.
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Fig. 14 Discrete differentiation algorithm used for computing derivatives.

Unlike the rate loop, no second—order noise filter is applied before differentiation. The INS model used here
introduces errors only in angular rate and excludes tilt, velocity, and position errors. The resulting airspeed, flight path,
and heading signals are therefore treated as noise-free, and additional filtering is not required.

The DT velocity controller is again obtained by discretizing the CT design in Eq. (71) using the Tustin transformation.
With a sampling period of A¢ = 0.01 s and normalized coefficients, the resulting discrete transfer function is:

0.0003297 + 0.0006595 z~! + 0.0003297 72
1 -1.9220z! +0.9249 72 ’

LCy(z) = (73)

Attitude Control:

The attitude control loop is implemented using NDI, which eliminates the need for discrete derivative approximations
and thereby simplifies implementation in Simulink. The overall structure of the loop is shown in Fig. 15. At each
integration step, the terms G, and f, are computed according to Eq. (39) to perform the dynamic inversion. The attitude
command is formed by combining the incremental control inputs from the preceding velocity loop with the sampled
states provided by the INS. The sideslip command is fixed at zero to maintain coordinated flight, and the resulting rate
command is passed to the rate control loop.
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thtvdc Anitudecompme—fz
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alpha:cmd U@
alpha:delta
: > Attitude controller

beta:cmd

Fig. 15 Simulink implementation of the attitude control loop. The discrete controller LCy(z), obtained via
Tustin discretization, is located in the linear control subsystem.

The attitude controller is obtained by discretizing the CT design in Eq. (71) using the Tustin transformation. With a
sampling period of At = 0.01 s and normalized coeflicients, the resulting discrete transfer function is:

0.1271 +0.1271 7!
1-0.9113z"!

LCy(2) = (74)

Rate Control:

The rate control loop is implemented using INDI and therefore requires discrete derivatives. Unlike the velocity
control loop, noise filtering is applied in this case and sensor dynamics are present, which introduces the need for
actuator synchronization. The DT block diagram of the INDI rate controller, including sensor, noise, and actuator
dynamics, is shown in Fig. 16 it is essentially the Simulink implementation of Fig. 9.
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In the upper path, the control effectiveness matrix G is computed according to Eq. (45). The lower path contains
the CT implementation of the sensor dynamics, representing anti-aliasing effects plus an unknown delay. The INS state
is subsequently processed through a CT noise filter before being sampled to obtain the discrete derivatives. The angular
rate state that is not differentiated bypasses the noise filter and is directly sampled. Another important aspect is the
worst-case computational delay in the simulation, this effect is modeled using a UD block placed immediately before the
control signal is sent to the actuators. For the rate control loop, the controller reduces to a constant linear gain, which
requires no translation into DT.
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Fig. 16 Simulink implementation of the INDI subsystem for angular rate control, including sensor, noise, and
actuator dynamics.

The key aspect here is the discretization of the actuator path, which includes the synchronization transfer functions.
The corresponding discrete formulation for implementation within the digital control loop is presented next.

Discrete Synchronized Actuators:

The physical actuators operate in CT, but their representation within the FCC must be discrete. The CT formulation
of the combined actuator, synchronization dynamics, and filtering is based on the sensor synchronization method defined
in [21] and is expressed as:

A(s) = A(s) Hyync () Har(s) e ™25, (75)

where A(s) denotes the actuator dynamics, Hg(s) represents the noise filter from Eq. (50), and e~*'S models a

one—sample delay aligning the actuator output with the previous control step. The term Hgy,c(s) represents the
synchronization dynamics, capturing all phase and timing mismatches between the actuator and measurement paths. In
this system, these correspond to G, (s) and Gsp (s) from Egs. (9) and (10), respectively. The synchronized simulation
includes both. In the unsynchronized case, only G () is applied, and the sensor delay is modeled as an uncertainty.

All components except the delay are combined in the CT domain prior to discretization, because the transformation
from the s—domain to the z—domain is nonlinear and must, in general, be applied to the complete transfer function [22]:

{S(5)G ()} # 2{S(s)} 2{G(9)}. (76)

Here, z{-} denotes the z—transform, and discretization is performed using the ZOH method rather than the Tustin
method, since it reproduces the sampled-data behavior of actuators with constant input during each sampling period.

By separating the non delayed portion of Eq. (75), obtain A(s) Hsync(s) Hsi(s). Using this expression directly inside

the ZOH discretization gives:
_ ,—Ats

He(z) =z {1% A(s) Hygne(s) Hm(s)} : a7

The exponential term e 2% corresponds directly to a UD in the z—domain, i.e. multiplication by z~!. The final DT
synchronized actuator is therefore:

A(z)=H.(2)z7". (78)
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The resulting discretized synchronized actuator dynamics can be expressed as follows:

272 (1.3389 - 107 +0.0023z 7" +0.0039z 72 + 9.7198 - 1074273 +2.3291 - 1075z 74)
1-3.1777z71 +3.99217-2 — 2.4448773 + 0.7099z~* — 0.0722z >

A(z) = (79)

The final step is the initialization of the discrete synchronized actuator. To avoid spurious transients at r = 0, the
actuator must start at the calculated trim input; otherwise, a mismatch between the trim condition and the actuator state
would occur. In a DT transfer function block in Simulink, however, the trim deflection cannot be assigned directly as
the initial output. The parameter Initial states instead specifies the contents of the internal delay registers of the filter.
Consequently, the internal states must be computed such that the filter output equals the trim deflection up, at the start
of the simulation.

Simulink realizes a DT transfer function in state-space form as:

Xi+1 = Axg + Buy, (80)
Yk = ka + Duk,

where x; € R" are the filter states, . is the vector of control inputs, and yy is the output. The matrices (A, B, C, D)
are obtained from the actuator numerator and denominator coefficients using the MATLAB command tf2ss. At trim,
the input is constant, u; = uyin. Requiring the state to remain constant, X1 = X, leads to the steady-state condition:

x0= (I - A)"" Bugin, (81)

with I the identity matrix of the same size as A. Assigning the vector x( to the actuator block as its initial state
ensures that, at ¢ = 0, the actuator outputs match the trimmed control deflections . The corresponding initial states
associated with the trimmed states are summarized in Table 8.

Table 8 Initial condition for discrete actuators

Condition Initial state x Otrim» deg Qrim» 1ad  Oypim, rad

Mach 3, 60,000 ft [0, -12.21,0]  [0.0, -5.1039, 0.0] 0.0602 0.0602

VIII. Simulation Results

Effect of Sensor Delay:

The effect of unsynchronized sensor delay is analyzed by progressively increasing the measurement delay while
keeping the actuator dynamics and filters unchanged. The sensor delay is increased by 0.01 s for each simulation run.
The corresponding altitude, flight path, and heading responses are shown in Figs. 17, 18, and 19. The effect of sensor
delay is twofold. First, it causes a desynchronization between the angular acceleration and actuator paths, which directly
disturbs the incremental feedback mechanism. Second, it introduces a pure delay in the angular rate feedback loop,
reducing both the gain and phase margins. While proper synchronization can mitigate the first issue by aligning the
actuator and measurement paths, it cannot eliminate the second effect.
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Fig. 17 Effect of increasing sensor delay on altitude tracking without sensor delay synchronization.
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Fig. 18 Effect of increasing sensor delay on flight-path angle without sensor delay synchronization.

The controller maintains accurate tracking up to a sensor delay of approximately 0.04 s. Beyond this point, the
response begins to deteriorate, as evident from Fig. 17. Although the altitude error remains moderate, the inner control
loops exhibit growing oscillations that indicate the onset of instability, as shown in Fig. 18. Once the delay exceeds
0.04 s, the closed-loop dynamics degrade rapidly and eventually the simulation automatically terminates at a delay of
0.08 s when the angle of attack reaches 21°, which lies outside the aerodynamic data set. A similar trend appears in the
heading and bank angle responses shown in Fig. 19 and Fig. 20. Oscillations develop once the sensor delay exceeds
approximately 0.04 s, matching the onset observed in the altitude and flight path responses. However, the simulation
remains stable for a longer duration and only terminates at 0.12 s. This delayed onset of instability is likely caused by
the nonlinear effect introduced by the bank angle limitation, which constrains the commanded bank to within +30°.
Simulations performed without this constraint diverge earlier, at a delay of approximately 0.07 s.
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Fig. 19 Effect of increasing sensor delay on heading response without sensor delay synchronization.
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Fig. 20 Effect of increasing sensor delay on bank angle response without sensor delay synchronization.

Synchronized Time Delay

When sensor delay synchronization is not applied, the effective delay margin is only 0.04 s, far below the values in
Table 6. Practical implementations therefore require sensor delay synchronization to compensate for timing offsets
between the measurement and actuation paths. The idea is to introduce an equivalent delay in the actuator or reference
signal so that both signals are aligned when processed by the controller, ensuring consistent information despite sensor
latency. The following analysis presents results obtained with synchronized delays.

The synchronized altitude-response results are shown in Fig. 21 and Fig. 22. With synchronization enabled, the
controller tolerates delays up to approximately 0.13 s before degradation occurs, more than twice the unsynchronized
limit. At 0.14 s, sustained oscillations drive the angle of attack outside its valid aerodynamic range, causing the
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simulation to terminate; the system is close to divergence. This follows from the continued erosion of gain and phase
margins in the rate loop as the pure delay increases. The critical delay of 0.14 s matches the rate-loop delay margin in
Table 6, showing that synchronization extends the stable delay range to the theoretical limit for the longitudinal case.
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Fig. 21 Effect of increasing sensor delay on altitude tracking with sensor delay synchronization.
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Fig. 22 Effect of increasing sensor delay on flight-path angle tracking with sensor delay synchronization.

For the heading command case shown in Fig. 23 and Fig. 24, the response differs notably from the longitudinal case.
Oscillations appear at a sensor delay of about 0.08 s, much earlier than predicted by the calculated delay margin. This
indicates that the lateral—directional loop is considerably more sensitive to delay. Beyond this point, the system still
tracks the heading command but with large oscillations. The apparent stability up to around 0.16 s results mainly from
nonlinear effects, particularly the roll command limit of +30°, which prevents full divergence. Without this limit, the
simulation would fail at smaller delays.

The early onset of oscillations indicates that a core assumption of the INDI formulation may not be fully satisfied
for the lateral-directional dynamics of the GHAME vehicle. Examination of the airframe provides some clues. The
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GHAME's slender body, low—aspect-ratio wings, and tight wing—body integration yield an unusually low roll moment
of inertia, producing exceptionally fast roll dynamics. As a result, the lateral states evolve on time scales close to those of
the control inputs rather than being clearly separated as assumed in the incremental formulation. Under these conditions,
the system departs from the ideal chain—of—integrators behavior on which INDI relies. The measured acceleration
increment is then affected not only by the control input but also by the natural evolution of the states, reducing the
validity of the quasi—static mapping between input and acceleration. This coupling introduces additional phase lag in
the feedback path and plausibly explains the premature oscillations observed in simulation.
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Fig. 23 Effect of increasing sensor delay on heading response with sensor delay synchronization.
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Fig. 24 Effect of increasing sensor delay on bank angle response with sensor delay synchronization.

If that is the case, the linear model used for design no longer provides an accurate representation of the system.
Consequently, gain and phase margins derived from the linearized model are not predictive of the actual closed—loop
behavior. Retuning the controller gains can slow the response and give the impression of increased robustness, yet
instability still occurs at delay values inconsistent with linear predictions. The discrepancy is therefore structural rather
than tuning related.
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Conclusion

The analysis demonstrates that the NDI-INDI control architecture performs well for GHAME when no sensor delay
is present. Introducing unsynchronized delay causes the system to fail rapidly, confirming that misaligned measurement
and actuation paths severely degrades the incremental control law formulation. Synchronizing the delay substantially
increases the admissible delay margin and is therefore essential for reliable performance.

The delay study also exposed a deeper structural limitation in the lateral-directional axis. Even with synchronized
delays, the lateral subsystem remains far more sensitive than the longitudinal subsystem. This arises from the intrinsic
characteristics of GHAME: low roll inertia and very fast lateral dynamics leave insufficient separation between the
control input and the airframe response. As a result, the system cannot approximate the chain of integrators required by
INDI. Incremental inversion becomes only approximate, and linear stability margins lose predictive value. In contrast,
the longitudinal axis exhibits adequate separation between control and dynamics, satisfies the INDI assumptions, and
supports accurate inversion and stable control. Overall, the study shows that while NDI-INDI performs effectively for

the longitudinal motion, particularly when sensor delays are synchronized and the lateral axis suffers from a fundamental
structural limitation. In its current form, INDI should only be applied to GHAME's lateral-directional dynamics with
caution. Only physical or implementation-level modifications, such as higher actuator bandwidth, faster sampling, or
increased roll inertia, could establish the conditions required for reliable inversion-based control.

Appendix

Table 9 GHAME Geometric, Mass Properties, and WGS-84 Physical Constants (SI Units)

Parameter Symbol  Constant Takeoff Fuel Burnout  Unit
Reference area S 557.42 - - m?
Reference chord c 22.86 - - m
Reference span b 24.38 - - m
Mass m - 136,080 54,432 kg
Moment of inertia Ixx - 1.573x10°  1.180 x 100 kgm2
Moment of inertia Iyy - 31.60x 106 19.25x 10°  kg:m?
Moment of inertia I, - 32.54x 100 20.20 x 10° kg-m?
Product of inertia Iz - 0.380 x 106 0.240 x 10° kg-m?
Earth gravitational const. ~GM 3.986005 x 1014 - - m3/s?
Mean Earth radius Ry 6.370987308 x 10° — - m
Earth rotation rate we 7.292115 x 1075 - - rad/s
Stand. gravity at sea level  gg 9.80675445 - - m/s?
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