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Abstract
The human brain, with its intricate web of billions of neurons and trillions of synaptic con-
nections, is a remarkable organ responsible for performing complex cognitive processes.
While brain imaging techniques like functional magnetic resonance imaging (fMRI) and
electroencephalogram (EEG) provide insights into neural activity, there is no broadly ac-
cepted mathematical framework for the collaborative activity of neuronal populations and
their communication. In the interdisciplinary fields of neuroscience and computational
modelling, the pursuit of simplification is paramount for unravelling the enigma of the
human brain’s network complexity.

A data-driven mathematical framework is introduced representing the brain’s cortical
network obtained from EEG data while incorporating an exogenous input. This input sig-
nifies an external stimulus that impacts the brain’s activity. The mathematical framework
employs subspace identification to capture brain dynamics, resulting in the formulation of
a state-spacemodel. Additionalmanipulation of the state-space representation enables the
evaluationof the statistical interrelationships amongbrain sources, commonly referred to as
functional connectivity. Themain objective of thismathematical framework is tomodel the
brain dynamics and explore functional connectivity in individuals participating in a passive
task that stimulates the brain, utilizing EEG data. Integrating an exogenous input into the
dynamic model to represent stimuli within state-space models, pivotal for modelling brain
networks during cognitive processes, fills a gap in the scientific literature.

Thedeveloped framework consists of four consecutive steps. Firstly, EEGdataundergoes
preprocessing to enhance signal quality and ensure data reliability. In the second step, the
state-space model capturing brain dynamics is identified, employing two distinct subspace
identificationmethods: N4SID and PO-MOESP. Thesemethods are chosen to evaluate their
effectiveness in representing intricate brain dynamics. The third step facilitates the transi-
tion from simulated states in the state space model to brain sources, enhancing outcome
interpretability. The fourth stage involves the application of Granger causality for state-
space models, a statistical hypothesis test used to evaluate the predictive value of one time
series in relation to another. Employing Granger causality helps ascertain the functional
connectivity between different brain sources.

Employed on a dataset that involves continuous perturbations of participants’ wrists
mimicking a sensorimotor task, the framework yields valuable insights. These findings vali-
date the framework’s capability to capture brain dynamics through a subspace identification
method within a linear state-space model. Furthermore, simulation results indicate that
the PO-MOESP method outperforms the N4SID method. Additionally, the framework is
competent to assess functional connectivity between brain sources, resulting in a network
connectivity diagram that offers valuable insights into the statistical relationships between
distinct brain regions. Altogether, it is concluded that the designed algorithmcan determine
the intricate interactions within the brain during a passively performed task stimulating
the brain. Consequently, this achievement forms a robust foundation for advancing Brain-
Computer Interfaces (BCIs) and enhancing the diagnosis of neurological disorders.
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1
Introduction

The human brain is an incredibly complex organ characterised by billions of neurons and
trillionsof synaptic connections,which serve as junctions forneuronal intercommunication.
This intricate neural network is the foundation for the brain’s ability to process information,
enabling humans to engage in cognitive functioning andmotor activities.

Brain imaging techniques such as functionalmagnetic resonance imaging fMRI and elec-
troencephalography EEG reflect the collective activity of thousands of neurons. In the realm
of neuroscience and computational modelling, simplification is the key to gaining insights
into the complexity and diversity of the network that constitutes the human brain. Such
simplification can be achieved by constructing dynamic models, which serve as simplified
representations of real-world entities in equations or computer code. These models are
intended to mimic how essential features of the studied system change over time while
leaving out inessentials [1]. However, there is no broadly accepted mathematical theory for
the collaborative activity of neuronal populations and their communication [2].

1.1. Motivation
Developing a dynamic model of large-scale brain activity holds significance for various ob-
jectives. Foremost, it facilitates an in-depth comprehension of cerebral functioning and the
intricate communication dynamics among distinct neural sources. Additionally, it is helpful
inmultiple applications, including the development of real-time brain-computer interfaces
(BCI) andneurofeedback systems,which rely on immediate interactionwithbraindynamics.
Moreover, dynamicmodels could play a pivotal role in clinical domains, facilitating the diag-
nosis of neurological conditions such as Alzheimer’s disease and epilepsy, offering insights
into how brain activity evolves across diverse conditions and aiding in therapy design.

The intricacies of movement, cognition, and perception arise from the coordinated ac-
tivity of neurons within cortical circuits and across the expansive networks of the brain. To
identify areas that subserve specific tasks, most neuroimaging studies have traditionally fo-
cused on investigating task-dependent changes in brain activity [3]. However, to gain a com-
prehensive understanding of brain functioning and the execution of cognitive processes,
departing from the conventional practice of examining isolated brain regions separately
is necessary, as brain functioning hinges on the pattern of interactions between regions
[3]. Functional connectivity analysis, which involves assessing the statistical dependencies
among cortical or subcortical brain regions, is a means of unveiling these interactions [4].
By integrating the ability to extract functional connectivity patterns fromneuroimagingdata,
researchers are equippedwith apowerful approach to conduct in-depth analyses of complex
brain networks.

1



1.1. Motivation 2

Tomodel the dynamic behaviour of the brain and determine the functional connectivity,
it is necessary to record the brain’s activity. Three commonly used non-invasive techniques
formeasuring brain activity are functionalmagnetic resonance imaging (fMRI),magnetoen-
cephalography (MEG), and electroencephalography (EEG). Notably, EEG stands out as a
versatile and cost-effective solution, advantageous in dynamic environments where partic-
ipants may not be constrained to stationary positions [5]. Furthermore, EEG has a high
temporal resolution, making it an attractive option for researchers seeking to model the
temporal dynamics of brain networks [6]. Hence, employing and processing EEG to capture
electrical signals from the scalp enables the evaluation of cortical brain activity. This ap-
proach, coupledwith participants’ engagement in simple tasks stimulating the brain during
experimental sessions, is a favourable strategy for initiating the model’s construction.

The conventional mathematical framework for modelling brain dynamics using EEG
data relies on the utilisation of linear vector autoregressive (VAR) functions [7, 8]. These
models have demonstrated their ability to effectively capture a substantial portion of brain
activity [9, 10]. However, time series data originating from diverse applications often ex-
hibit a moving-average component, which may not be efficiently captured by a finite-order
VAR model [11]. This moving-average characteristic assumes significance when dealing
with data subjected to filtration, downsampling, and noise, as with neurophysiological data.
Consequently, the dynamics should be explained by vector autoregressive moving-average
(VARMA) models rather than VARmodels [11, 12].

As an alternative, studies have proposed the utilisation of state-space models to capture
the brain’s dynamics from EEG data [7, 13, 14] or fMRI data [15]. This choice is driven by the
established equivalence between the VARMA models and state-space models [11]. State-
space equations provide a robust and linear mathematical framework for modelling and
analysingdynamic systemsover time, accommodating the incorporationofmoving-average
components. Additionally, state-space models equip researchers to easily leverage tools
from control theory and system identification to gain deeper insights into and manipulate
dynamics [16]. Furthermore, the capacity of state-space models to accommodate missing
data is particularly advantageous in neuroscience, where data quality and availability can
be variable and inconsistent [16]. To date, research has focused on applying state-space
models to evaluate brain connectivity in input-free datasets devoid of specified external
stimuli, primarily during resting state experiments.

Data-driven identification techniques can be used to determine the parameters of the
state-space representation using EEG data. Within the realm of data-driven system identi-
fication, subspace identification emerges as a promising approach [17, 18]. This method
unveils the underlying system’s hidden characteristics directly from input-output measure-
ments without requiring an exhaustive understanding of the system’s physical equations
[18]. Unlike several other identification algorithms, such as the prediction error method,
subspace identification eliminates the need for model parameterisation [16]. Additionally,
the systemmodel is obtainednoniteratively, enhancing computational efficiency and reduc-
ing model complexity [16]. Applying subspace identification for state-space model identifi-
cation opens the path to extracting functional connectivity from the model.

Granger causality analysis is a widely adopted statistical approach for detecting func-
tional connectivity topology from data obtained through EEG. This method uses statistical
techniques to infer the relationship between time series based on the observed data [19].
Traditionally, Granger causality is applied within the context of VAR models. However, Bar-
nett and Seth [11] have formulated an approach for using Granger causality to state-space
models. It is worth noting that this method is designed for state-space representations that
lack an input, similar to the brain at rest without external stimuli.
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1.2. Research objectives
To facilitate an in-depth comprehension of brain dynamics and functional connectivity in
individuals engaged in passively performed tasks stimulating the brain, a mathematical
framework is developed to simplify the complex dynamics. This framework holds promising
potential for various applications, including BCI, and aiding in diagnosing neurological
disorders. Integrating an exogenous input into the dynamic model to represent external
stimuli within state-space models, pivotal for modelling brain networks during cognitive
functioning and motor activities, fills a gap in the scientific literature. Hence, the research
objective is:

Developadata-drivendynamicmathematicalmodel representing thebraincortical
network from EEG data in the presence of an exogenous input.

The research objective is achieved by developing a multi-step mathematical framework.
This framework involves preprocessing the acquiredEEGdata, applying subspace identifica-
tion, enhancing the interpretability of the identified state-spacemodel, andusingamodified
Granger causality method designed for state-space systems with exogenous input.

Several significant contributions are introduced in this research. Firstly, it presents an in-
novative framework that shifts fromconventional VARmodels to state-spacemodels. Within
state-space models, it integrates an exogenous input to represent external stimuli. Hence,
this study applies and modifies the Granger causality method for state-space representa-
tions that include an input. This decision is driven by the recognition that the brain operates
in an interactive environment, constantly engaging with and responding to external stimuli.
The selection of an input stimulus is deliberate, aiming to elicit a steady-state response
within the brain. This choice is motivated by the fact that steady-state responses are more
amenable to modelling and analysis than transient responses.

Furthermore, this study seeks to implement two different subspace identification tech-
niques. Prior research has effectively investigated the estimation of functional brain con-
nectivity using Granger causality within the context of state-space models that lack an ex-
ogenous input [13, 14]. However, it is worth noting that existing literature often omits de-
tailed descriptions of the specific subspace identification methods utilised. This research
aims to introduce distinct methodologies while offering comprehensive insights into their
application, thereby improving the understandability of the resulting state-space model.

The efficacyof thedeveloped framework is confirmed through its application to adataset
fromVlaar et al. [20]. The results obtained fromapplying this framework fulfil several crucial
objectives. Firstly, they indicate the framework’s viability and whether it is capable of effec-
tively capturing the intricate dynamics of the brain. This evaluation depends on whether
the brain dynamics can, in this case, be accurately characterised as linear. Second, the
results provide insights into the performance of the two subspace identification techniques.
Comparing these techniques aids in identifying the most appropriate and accurate method
for modelling the brain’s dynamic behaviour under specified conditions. Furthermore, this
research culminate in creating a network diagram that visually represents the brain connec-
tivity of the participants involved in the experiment.

1.3. Background
The research is built upon a broader context. Delving into the fundamental information
underpinning this research is essential to provide a strong foundation for the upcoming
chapters. The following section provides this foundational information, focusing on the
employed brain imaging tool, EEG, and the methodology utilised for state-space model
identification, specifically, subspace identification.
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Understanding the theoretical components is crucial for comprehending the research at
hand, such as themathematical prerequisites, the appliedmethodologies of subspace iden-
tification, and the utilisation of Granger causality to assess functional connectivity. Hence,
a more in-depth examination of these concepts will be conducted within the theoretical
framework presented in Chapter 2.

1.3.1. Electroencephalography (EEG)
Electroencephalography (EEG) is a non-invasive neuroimaging technique measuring the
brain’s electrical activity, captured using numerous electrodes placed on the scalp. These
electrodes record extracellular currents that arise frompostsynaptic potentials, mostly from
pyramidal cells, in the outermost section of the cerebral cortex. Postsynaptic potentials
are changes in the membrane potential of the postsynaptic terminal of a chemical synapse.
The potentials are derived from the release of excitatory and inhibitory neurotransmitters
in the endpoints of the axon, the dendrites. An excitatory postsynaptic potential at an
apical dendrite locally results in an intracellular current source, the region with the higher
potential, and an extracellular current sink, the region with the lower potential. Conversely,
there is an intracellular current sink and an extracellular current source at the cell body.
These source-sink configurations are also known as current dipoles, forming the primary
source of potentials measured by EEG [21]. The source of brain electrical activity detected
by EEG is displayed in Figure 1.1.

The electrical potential from a single neuron is too weak for scalp electrodes to detect.
Thus, measurable electric potentials require the simultaneous activity of neuronal popu-
lations with similar spatial orientation. This process enables the integration of electrical
currents, which disseminate homogeneously, regardless of their frequency spectra, across
the brain volume and subsequently through the pia mater, subarachnoid space, arachnoid,
pura mater, skull, muscles, fat, and skin to the EEG recording electrodes [21].

It is crucial to emphasize that the electrical signals generated by neurons in the brain are
weak, on the order of a millionth of a volt, and these signals have to pass through various
tissues before reaching the electrodes on the scalp. Hence, EEG only captures a fraction
of the brain’s electrical activity, and this signal is obtained in the presence of other types
of physiological activity creating noise, such as cardiac, ocular, and muscular activity, and
environmental noise [23].

Figure 1.1: The source of the electrical activity measured by EEG in the brain, where electrical fields are
generated by the aligned pyramidal cells. Adapted from [22].
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1.3.2. Subspace identification
System identification is a specialized discipline focused on modelling and comprehending
the behaviour of dynamic systems using input-output data to establish mathematical mod-
els that capture the underlying dynamics of a system, enable prediction, control, and deeper
insight into its functioning [16]. Within the system identification domain, subspace identi-
fication is a prominent data-driven approach. The method excels in extracting the hidden
representation of the system directly from input-output measurements without requiring
a thorough understanding of the physical equations [18]. The term ”subspace” refers to
a lower-dimensional space that captures the essential dynamics of the system, making it
particularly valuable for modelling complex dynamic systems.

Subspace identification encompasses a range of methods, each tailored to specific sce-
narios. Within this spectrum, there are open-loop and closed-loop approaches, as well as
making subspace identification adaptable to Single Input Single Output (SISO) or Multiple
Input Multiple Output (MIMO) systems [24].

Open-loop subspace identification applies to systems without feedback or control ac-
tions, as depicted in the block diagram shown in Figure 1.2.a. Commonly employed open-
loop subspace identification techniques encompass theNumerical algorithms for Subspace
State Space System Identification (N4SID) [25], Canonical Variate Analysis (CVA) [26], and
the Multivariable Output Error State sPace (MOESP) methods, along with its variations Past
Input Multivariable Output Error State sPace (PI-MOESP) and Past Output Multivariable
Output Error State sPace (PO-MOESP) [17, 27].

However, the presence of feedback loops and the potential for system control using
controllers may necessitate the application of closed-loop or partially closed-loop condi-
tions [24]. A block diagram representing the basics of a closed-loop system is displayed
in Figure 1.2.b. Closed-loop subspace identification models dynamic systems that operate
in feedback-controlled environments. While open-loop subspace identification focuses on
systems that lack feedback or control actions, closed-loop subspace identification thrives
precisely in scenarios where feedback mechanisms play a central role. The traditional sub-
space identification techniques are biased under these conditions. Hence, Verhaegen [28]
proposed a closed-loop subspace identification method via the identification of an overall
open-loop state-spacemodel followed by a reduction process to derive the state space repre-
sentations for both the system and the controller [28]. After this pioneeringwork, numerous
methodologies emerged to address this particular challenge.

The dynamic model in this study relies on output variables, namely the brain’s electrical
activity gauged through EEG, coupled with an exogenous input component. It is important
to emphasize that the dynamicmodel is constructed using open-loop system identification.
This distinction arises from the study’s emphasis on experiments that elicit a response from
the brain without active participation from the participants, referred to in this research as
a simple passive task. The algorithm’s validation is based on a dataset gathered during a

Figure 1.2: Comparison between the block diagram of open-loop and closed-loop systems. (a) Open-loop
control system. (b) Closed-loop control system open-loop.
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passively executed task in which participants experience wrist perturbations but do not ac-
tively partake in responsive behaviours. This differentiates it from the closed-loop scenarios
where participants interact or respond intentionally.

1.4. Related work
Linearmodels have found extensive application in the analysis of brain dynamics, emerging
as a practical approach that has garnered notable attention in recent decades, as demon-
strated by various studies [8, 29]. These models serve as a valuable framework for under-
standing and interpreting the intricate dynamics of neural activity. Moreover, linear models
have conventionally been employed to assess the association between the brain’s motor
cortex and related bodymuscles, often referred to as corticomuscular coherence [30, 31]. In
these studies, linear modelling describes the brain’s response to external stimuli, especially
in tasks involving perturbations of the participant’s muscles. Nonetheless, other research
emphasizes the necessity of using nonlinear models for capturing brain dynamics resulting
from the interaction between cortical oscillations andmuscle activity [32, 33].

To validate the developed framework, the algorithm will be applied to a dataset from
Vlaar et al. [20], which comprised EEG data. Studies have employed the same dataset [20,
32, 34] or using a similar approach for testing the cortical response towristmanipulation [35,
36, 33]. In experimental settings, continuous wrist perturbation is anticipated to stimulate
dynamic information flow among different brain sources involved in sensorimotor process-
ing. This interaction encompasses sensory processes, including proprioceptive and tactile
sensations, as well as motor processes. Research indicates that constant joint manipulation
triggers the transmission of proprioceptive and tactile sensory information to the contralat-
eral primary somatosensory cortex via the thalamus [32]. Other cortical areas that are likely
to be activated during sensorimotor stimulation comprise the posterior parietal cortex [37],
the insular cortex [38], and the secondary somatosensory cortices [39].

1.5. Thesis outline
This research is outlined as follows. First, the theoretical foundation for constructing the
model is presented in Chapter 2. This chapter encompasses the foundational principles
essential for developing a dynamic model, as well as an in-depth explanation of the two
employed subspace identification techniques, namely, N4SID and PO-MOESP. Chapter 3
provides the algorithmic design of the framework, consisting of four steps to achieve the
research objective. This chapter also delineates the experimental setup and conditions
concerning the dataset employed for model validation. Subsequently, in Chapter 4, the
simulation outcomes obtained by applying the developed framework to the dataset are pre-
sented. These results are determined for each framework step, culminating in the network
connectivity diagrams. Finally, Chapter 5 serves as a summary of the research findings. This
chapter responds to the research objective and assesses its success. In addition, this chapter
provides recommendations for future research that can build upon the findings of this study.



2
Theoretical Framework

In neuroscientific research, the brain’s cortical activity can be captured through EEG, yield-
ing a substantial volume of data. The obtained dataset can serve as a valuable resource,
facilitating the extraction of connectivity patterns within the brain to provide insights into
the interactions and information processed between distinct brain regions. To accomplish
this, the brain can be conceptualised as a dynamic system characterised by the changing
activity of its constituent brain sources over time. This dynamic behaviour lends itself to
mathematical modelling, enabling the description and simulation of the brain’s intricate
dynamics. Within this system, the complex interplay and connections among its compo-
nents canbe represented as adynamicnetwork. Adynamicnetwork represents a specialised
form of a dynamic system that focuses on the interactions and relationships between enti-
ties within a network or graph structure. The dynamic network captures how information,
signals, or influences flow between different nodes. This perspective offers a framework for
understanding the dynamic nature of the brain and the interconnections between its brain
sources [40].

The construction of a dynamicmodel is achieved by applying system identification tech-
niques. In the context of this research, particular emphasis is placed on the data-driven
approach known as subspace identification. Once the dynamic systems are modelled, the
topology of the dynamic network can be determined. Within this investigation lies the im-
portance of revealing the statistical dependencies between individual cerebral brain regions,
which can be accomplished by applying the Granger causality analysis.

This chapter introduces an in-depth examination of preliminaries intended to serve as a
review ofmathematical concepts and definitions to be used throughout the rest of the chap-
ter and report. These principles and definitions, forming the framework of this research,
are crucial for deciphering the complexities inherent in dynamic systems. Subsequently,
subspace identification is explained by relying on these preliminaries, focusing on the al-
gorithms of the two techniques N4SID and PO-MOESP and its corresponding assumptions.
This chapter ends with an explanation of Granger causality analysis for state-space models
to determine the statistical dependencies between time series to determine the topology of
a dynamic network. Overall, this chapter explores the foundational concepts and method-
ologies underpinning the formation of dynamic models and connectivity networks.

2.1. Preliminaries
To establish a robust comprehension of the theoretical framework used for the formation of
a dynamic model and identifying the dynamic network, this section expounds upon fun-
damental mathematical concepts and definitions integral to subspace identification and

7
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Granger causality, in which these ideas will be frequently employed. The geometric tools are
presented from a perspective rooted in linear algebra, independently of the specific context
of subspace identification andGranger causality. In general, thematerials of this section are
borrowed from Verhaegen and Verdult [16].

The theoretical foundation of this report also relies upon a set of basic concepts and
terms, which serve as the basis for formulating assumptions regarding dynamic systems.
The key definitions are summarized in Section 2.2.1.

2.1.1. State-spacemodel
A state-space model is a mathematical framework of equations describing how the system’s
internal states evolve over time in response to inputs and how these states generate outputs.
The essential components of a state-space model are the state vector x, input vector u and
output vector y. They are used to describe and analyze linear time-invariant (LTI) systems.
An LTI system can effectively be characterised using a discrete-time state-space model, re-
ferred to as the process form:

x(k + 1) = Ax(k) +Bu(k) + w(k),

y(k) = Cx(k) +Du(k) + v(k),
(2.1)

where the integer k ≥ 0 represents the discrete time index, x(k) ∈ Rn is the state vector,
u(k) ∈ Rm is the input vector, w(k) ∈ Rn is the state noise vector, y(k) ∈ Rl is the output
vector and v(k) ∈ Rl is the output measurement noise. The system matrices A,B,C andD
are of appropriate dimensions.

A state-space representation of a system is not unique. There are infinitely many rep-
resentations. An arbitrary non-singular (or invertible) matrix T ∈ Rn×n, also called the
transformationmatrix, defines a state-coordinate transformation z = Tx [41]. In the context
of a state-space system:

ẋ = Ax+Bu, y = Cx+Du,

the coordinate change z = Tx leads to:

ż = Ãx+ B̃u, y = C̃x+ D̃u,

with: [
Ã B̃
C̃ D̃

]
=

[
TAT−1 TB
CT−1 D

]
. (2.2)

2.1.2. Matrix properties
A state-spacemodel comprises severalmatrices, referred to as the systemmatrices. Amatrix,
for explanation denoted as A ∈ Rm×n, is termed an orthogonal matrix when it satisfies
the condition ATA = I. The rank of the matrix A, denoted by rank(A), is defined as the
number of linearly independent columns or linearly independent rows ofA. ThematrixA is
considered to have full rank when rank(A) = min(m,n). A crucial property concerning the
rank of the product of two matrices is stated in the subsequent lemma:
Lemma 2.1 (Sylvester’s rank inequality). Consider the matrices A ∈ Rm×n and B ∈ Rn×p,
then [42]:

rank(A) + rank(B)− n ≤ rank(AB). (2.3)
This inequality is frequently employed for assessing the rank of the product of thematri-

ces AB in situations where both matrices A and B possess a full rank of n, with n being less
than or equal to bothm and p. Then, rank(AB) also equals n.
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Linear subspaces
ThematrixA ∈ Rm×n defines a linear transformation from the vector spaceRn to the vector
spaceRm. A subspace is a set of vectors entirely containedwithin another vector space. Four
fundamental subspaces related to the matrixA can be defined within these vector spaces.

The vector space spanned by the columns of the matrix A is a subspace of Rm and is
denoted by range(A). Similarly, the rows of A span a vector space, being a subspace of Rn,
denoted by range(AT ). Another important subspace associated with matrix A is the kernel,
also called the null space and the left null space. The null space, denoted by ker(A), consists
of all vectors x ∈ Rn that satisfy Ax = 0. The left null space, denoted by ker(AT ), consists of
all vectors y ∈ Rm that satisfy AT y = 0. To summarize, the four fundamental subspaces of a
matrix A ∈ Rm×n are:

range(A) = {y ∈ Rm : y = Ax for some x ∈ Rn} ,

range
(
AT
)
=
{
x ∈ Rn : x = ATy for some y ∈ Rm

}
,

ker(A) = {x ∈ Rn : Ax = 0} ,

ker
(
AT
)
=
{
y ∈ Rm : ATy = 0

}
.

(2.4)

2.1.3. Matrix decomposition
Workingwith smaller components ismoremanageable thandealingwith large entitieswhen
performing more complex matrix operations [43]. Analogously, matrix decomposition is a
technique that facilitates partitioning amatrix into several smallermatrix components. This
process is referred to as matrix decomposition, as it enables the decomposition of a matrix
into its constituent vectors andmatrices. Twopracticalmatrix decompositionmethodsused
further in this chapter are explained.
Singular-Value Decomposition
Any matrix A ∈ Rp×j , that is not necessarily a square matrix, can be decomposed as [44]:

A = UΣV T , (2.5)
where U ∈ Rp×p and V ∈ Rj×j are orthogonal matrices and Σ ∈ Rp×j has its only nonzero
elements along the diagonal. The elements on this diagonal σi, are called the singular values
ofA and are ordered such that:

σ1 ≥ σ2 ≥ . . . ≥ σr > σr+1 = . . . = σk = 0,

for which r = rank(A) and k = min(p, j). The singular value decomposition (SVD) of the
matrix Awith rank r, such that r < p and r < j, can be partitioned as follows:

A =
[
U1 U2

] [Σ1 0
0 0

] [
V T
1

V T
2

]
,

where U1 ∈ Rp×r, U2 ∈ Rp×(p−r),Σ1 ∈ Rr×r, V1 ∈ Rj×r, and V2 ∈ Rj×(j−r). From this relation,
it can be concluded that the columns of the matrices U1, U2, V1 and V2 provide orthogonal
bases for the four fundamental subspaces of the matrixA, which is:

range(A) = range (U1) ,

ker (AT
)
= range (U2) ,

range
(
AT
)
= range (V1) ,

ker(A) = range (V2) .

(2.6)

The SVD stands out as a numerically robust factorizationmethod. Determining singular
values remains insensitive to computational inaccuracies, including rounding errors [16].
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QR decomposition
Any matrix A ∈ Rp×j can also be decomposed using the QR factorization [44]:

A = QR, (2.7)

where Q ∈ Rp×p is an orthogonal matrix and R ∈ Rp×j is upper triangular. For cases where
j > p, the matrix R is augmented with columns on the right. Conversely, for cases where
p > j, R is augmented with zero rows at the bottom. When the matrix A has rank r, such
that r < p and r < j, the QR factorization can be partitioned as follows:

A =
[
Q1 Q2

] [R1 R2

0 0

]
,

forR1 ∈ Rp×r, R2 ∈ Rp×(p−r), R1 ∈ Rr×r andR2 ∈ Rr×(j−r). This relation shows that [16]:

range(A) = range (Q1) ,

ker (AT
)
= range (Q2) ,

range
(
AT
)
= range

(
RT

1

)
.

(2.8)

The QR factorization of A is related to the RQ factorization ofAT .
The RQ factorization can be carried out with numerical reliability. Nevertheless, it is

not a dependable method for ascertaining the rank of a matrix. To obtain a reliable rank
determination, the SVD should be employed [16].

2.1.4. Projectionmatrices
Projection matrices are fundamental mathematical tools used in linear algebra and geom-
etry. At their core, projection matrices allow to project points or vectors from a higher-
dimensional space onto a lower-dimensional subspace, preserving specific properties of
interest. Two primary types of projections are often encountered: orthogonal and oblique
projections. This theory is based on Steward [45] and Hachicha et al. [46].

To better understand the geometric aspects involved, it is assumed that the system ma-
trices A ∈ Rp×j , B ∈ Rq×j and C ∈ Rr×j are known. Additionally, the following notations
are employed:

• A† denotes the Moore-Penrose pseudoinverse of matrix A.
• B⊥ represents the orthogonal complement of a subspace B. The orthogonal comple-
ment consists of all vectors in the vector space that are orthogonal to every vector inB.
In other words, for every vector b inB and every vector x inB⊥, the inner product of b
and x is zero: b · x = 0.

Orthogonal projections
An orthogonal projection is a fundamental concept that describes the process of projecting
one vector onto another vector in a way that preserves the orthogonality (perpendicularity)
between the vectors. The orthogonal projection operator is defined as ΠB , which projects
the row space of a matrix onto the row space of the matrix B. The row space of a matrix
refers to the subspace spanned by the rows (or row vectors) of that matrix. The orthogonal
projection can be calculated as:

ΠB = BT (BBT )†B. (2.9)
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The projection of the row space of thematrixA onto the row space of thematrixB is defined
by:

A

B
= AΠB = ABT (BBT )†B. (2.10)

TheΠB⊥ defines the geometric operator that projects the row space of a matrix onto the
orthogonal complement of the row space of the matrixB:

A

B⊥ = AΠB⊥ , (2.11)

where:
ΠB⊥ = Ij −ΠB, (2.12)

The combination of the projections ΠB and ΠB⊥ decomposes a matrix A into two matrices
of which the row spaces are orthogonal:

A = AΠB +AΠB⊥ . (2.13)
Alternatively, Equation 2.13 can be written as:

A = LBB + LB⊥B⊥, (2.14)
with:

LBB =
A

B
,

LBB
⊥ =

A

B⊥ .
(2.15)

A geometric interpretation of the decomposition of matrix A using orthogonal projec-
tions is illustrated in Figure 2.1a. The property of an orthogonal projection is:

ΠB/ΠB⊥ = 0. (2.16)

Oblique projections
An oblique projection, in the context of linear algebra, is a projection of a vector onto a
subspace that is not orthogonal to the vector itself. This means that the projected vector
can have a component in the direction of the subspace and another component orthogonal
to it. The oblique projection of matrixA along the row space of matrixB onto the row space
of matrix C, A/BC, can be calculated as:

A/BC =

[
A

B⊥

] [
C

B⊥

]†
C =AΠB⊥ + (CΠB⊥)†C. (2.17)

Instead of decomposing A as a linear combination of two orthogonal matrices (B and B⊥),
thematrix can also be decomposed as a linear combination of two non-orthogonalmatrices
B and C [18]. This can be written as:

A = LBB + LCC + LB⊥,C⊥

[
B
C

]⊥
, (2.18)

with the matrix LCC as the oblique projection of the row space of A along the row space of
B on the row space of C:

LCC = A/BC. (2.19)
Figure 2.1b illustrates the oblique decomposition of matrix A. The properties of the

oblique projections are:
B/BC = 0,

C/BC = C.
(2.20)
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Figure 2.1: Projection matrices in the two-dimensional space. (a) The orthogonal projection. (b) The oblique
projection. Retrieved from [46].

2.1.5. Kalman filering
For statistics and control theory, the Kalman filter is an algorithm that processes a series of
measurements observed over time, accounting for statistical noise and inherent inaccura-
cies. Its primary objective is to generate estimations of the system states. These estimations
are notably more precise than those derived from individual measurements, as the Kalman
filter enables the optimal statistical reconstruction of the system’s state within a given state-
space model, characterized by the minimization of state-reconstruction errors conditioned
on the available measurements. This section draws upon the insights and findings docu-
mented in Verhaegen and Verdult’s work [16].

Discrete-time algebraic Riccati equation
The discrete-time algebraic Riccatti equation (DARE) is a nonlinear equation used to find
the optimal gainmatrix for a state-space control system, particularly for discrete-time linear
systems [47]. The DARE can be represented as:

P = APAT − (APCT + S)(CPCT +R)−1 × (CPAT + ST ) +Q, (2.21)

where A and C are the system matrices, and S,R and Q are the covariance matrices. The
goal of the DARE is to solve P in this equation. Once P is found, it can be used to design the
Kalman gainK.

The Kalman filter for LTI systems
Consider the LTI model of Equation 2.1, with the process noise w(k) and the measurement
noise v(k) assumed to be zero-mean white noise sequences. The estimate of the state, x̂(k),
can be improved by introducing a correction based on the difference between themeasured
output y(k) and the estimated output, ŷ(k) = Cx̂(k) +Du(k), as follows:

x̂(k + 1) = Ax̂(k) +Bu(k) +K(y(k)− Cx̂(k)−Du(k)), (2.22)

where theK is the steady state Kalman gain that must be chosen appropriately. The innova-
tion Kalman filter can be denoted for further simplification as:

e(k) = y(k)− Cx̂(k)−Du(k). (2.23)

The difference xe(k) between the estimated state x̂(k) and the real state x(k) satisfies:

xe(k + 1) = (A−KC)xe(k). (2.24)

If theK is chosen such thatA−KC is asymptotically stable, the difference between the real
state x(k) and the estimated state x̂(k) goes to zero for k → ∞.
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TheK that satisfies this condition can be determined by first calculating the joint covari-
ance matrix of the process and measurement noise:

E

[[
v(k)
w(k)

] [
v(j)T w(j)T

]]
=

[
Q(k) S(k)T

S(k) R(k)

]
∆(k − j) ≥ 0, (2.25)

where δ(k) is the unit pulse, a discrete-time signal that satisfies:

∆(k) =

{
1, for k = 0.

0, for k ̸= 0.
(2.26)

Therefore, the joint covariance matrix is equal to:
[
Q S
ST R

]
≥ 0, withR > 0. (2.27)

If the pair (A,C) is observable and the pair (A,Q 1
2 ) is reachable, then the estimate of x(k)

at time instant k − 1 is represented as x̂(k|k − 1)with properties:

E[x(k)] = E[x̂(k)(k|k − 1)],

E[(x(k)− x̂(k|k − 1))(x(k)− x̂(k)|k − 1)T ] = P (k|k − 1) ≥ 0,
(2.28)

TheP (k|k−1) represents the covariancematrix of the state estimation error x̂(k|k−1), often
assumed to be known as it relies on prior knowledge.

When x̂(k|k − 1) = E[x(k)] satisfies:

lim
k→∞

P (k|k − 1) = P > 0, (2.29)

for any symmetric initial conditions P (0| − 1) > 0, where P satisfies the DARE, the P is
unique. Then, the Kalman gain K can be formulated as:

K = (S +APCT )(CPCT +R)−1. (2.30)

This Kalman gainK ensures that A −KC is asymptotically stable and, therefore, the differ-
ence between the actual state x(k) and the estimated state x̂(k) goes to zero for k → ∞.

2.2. Methods of Subspace Identification: N4SID and PO-MOESP
Asmotivated in Section 1.3.2, this research focuses on open-loop subspace identification. In
the domain of open-loop subspace identificationmethods, there are twoprimary categories.
These categories aim to tackle the challenge of determining the systemmatrices of the state-
spacemodel described in Equation 2.1 while accommodating a set of similarity transforma-
tions. This research focuses on two distinct open-loopmethods renowned for their ability to
determine the desired state-space model: N4SID [25] and PO-MOESP [17, 27]. The N4SID
method belongs to the first category, whereas PO-MOESP falls into the second category of
methodologies [48]. The critical distinction between these two algorithms lies in the types
of projection matrices used [46].

The selection of these algorithms is deliberate, driven by their classification as open-
loop subspace identification techniques, their application to the dataset and their esteemed
status in subspace identification. The rationale for choosing these methods is grounded
in their well-established effectiveness, especially within the context of multivariable sys-
tems [49]. This alignment with the diverse nature of the study’s scope makes them suit-
able candidates for the investigation. Furthermore, these methods benefit from applying
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robust numerical tools such as QR decomposition and SVD [49]. These tools enhance the
resilience when identifying state-spacemodels from data often tainted by noise, a common
occurrence when working with EEG datasets. This inherent robustness renders N4SID and
PO-MOESP particularly well-suited for the specific objectives of this study, where accurate
and reliable system identification is paramount to capture the intricacies of the dynamic
brain processes. Additionally, bothmethods are supported by programming toolboxes, and
their computational requirements are not excessive, making them operationally feasible
within the constraints of available computational resources.

Notably, the objectives and a significant portion of the methodology employed by both
N4SID andPO-MOESP are in concordance. The open-loop subspace identification problem
starts from the perspective that if a system can be modelled as a LTI system, it can be rep-
resented by the state-space model of Equation 2.1. If the pair (A,C) is observable, one can
design a Kalmanfilter for this system to estimate the state variables x̂(k+1) of Equation 2.22,
with the Kalman gainK and the innovation Kalman filter e(k) of Equation 2.23. Ignoring the
“^”, indicating an estimate, the state-space model can be written in the innovation form:

x(k + 1) = Ax(k) +Bu(k) +Ke(k),

y(k) = Cx(k) +Du(k) + e(k).
(2.31)

The goal of subspace identification is to estimate systemmatricesA,B,C,D, the Kalman
gainK and the initial statex(0)up to a similarity transformationdirectly from the input- and
output measurements.

2.2.1. Mathematical tools
Subspace identification methods are based on the fact that storing the input- and output
data into structuredmatricesmakes it possible to retrieve the state sequence up to a similar-
ity transformation [50]. This involves structuring input- and output measurement data and
state matrices in a specific format or arrangement that optimally facilitates the application
of these methods. This subsection sheds light on the essential aspects of data organisation.
It presents examples playing a crucial role in the notations required for the utilised subspace
identification methods N4SID and PO-MOESP. The materials of this section are based on
Verhaegen and Verdult [16] and De Cock and DeMoor [51].

Extended vectors andmatrices
An extended vector is constructed by stacking multiple vectors into a single vector. The
purpose of creating an extended vector is to represent a collection of relevant data or obser-
vations in a compact and structured format, which is easier to manipulate mathematically.
Within the framework of subspace identification, the extended state vector is:

Xi,N =
[
x(i) x(i+ 1) . . . x(i+N − 1)

]T
. (2.32)

The first entry of the subscript of Xi,N refers to the upper time index, and the second sub-
script refers to the number of block rows.

On a related note, an extendedmatrix is formed by concatenating or combiningmultiple
matrices. An example of this is the extended observability matrixON :

ON =

⎡

⎢⎢⎢⎣

C
CA
...

CAN−1

⎤

⎥⎥⎥⎦
, (2.33)

where the subscriptN denotes the number of block rows.



2.2. Methods of Subspace Identification: N4SID and PO-MOESP 15

Hankel matrix
Hankel matrices are frequently used in subspace identification. A Hankel matrix is a sym-
metric matrix with constant elements across the anti-diagonals. The Hankel matrix of the
output y(k) can be constructed as follows:

Yi,s,N =

⎡

⎢⎢⎢⎣

y(i) y(i+ 1) · · · y(i+N − 1)
y(i+ 1) y(i+ 2) · · · y(i+N)

... ... . . . ...
y(i+ s− 1) y(i+ s) · · · y(i+N + s− 2)

⎤

⎥⎥⎥⎦
. (2.34)

Hankel matrices of the same format can be formed for input and noise data. The first entry
of the subscript of Yi,s,N refers to the time index of its top left entry, the second to the number
of block rows, and the third to the number of columns. In general, n < s ≪ N [16].

Toeplitz matrix
A Toeplitz matrix is a special matrix type where each descending diagonal from left to right
is constant. In other words, the elements along any given diagonal are equal such that the
matrix is symmetric about its main diagonal. The lower block triangular Toeplitz matrix for
the quadruple (A,B,C,D) is denoted as Ts:

Ts =

⎡

⎢⎢⎢⎣

D 0 · · · 0
CB D . . . 0
... ... . . . ...

CAs−2B CAs−3B · · · D

⎤

⎥⎥⎥⎦
. (2.35)

The lower block tiangular Toeplitz matrix for the triple (A,C,K) is defined by Ss:

Ss =

⎡

⎢⎢⎢⎣

I 0 · · · 0
CK I · · · 0
... ... . . . ...

CAs−2K CAs−3K · · · I

⎤

⎥⎥⎥⎦
. (2.36)

2.2.2. Foundational principles in N4SID and PO-MOESP algorithms
To establish the foundation of open-loop subspace identification methods, the following
assumptions are imposed throughout Section 2.2:

• The system can be modelled as linear time-invariant.
• The eigenvalues of A − KC are strictly inside the unit circle such that the system is
asymptotically stable.

• The system is observable and controllable in the sense that (A,C) is observable and
(A, [BK]) is controllable.

• The noise term ek is a stationary, zero-mean, white noise process with a second-order
moment given by E(eieTj ) = Reδij . Where δij is the Kronecker delta.

• The input signal uk is persistently exciting, which entails that it should vary over time,
covering a wide range of values, to identify or estimate the parameters of a dynamic
system effectively.

• The input uk an d the noise sequence ej are uncorrelated.
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2.2.3. Algorithmic Comparison of N4SID vs. PO-MOESP
The N4SID and PO-MOESP methodologies entail a structured sequence of steps. The initi-
ation of the algorithm involves the acquisition and embedding of data, where raw observa-
tions are transformed into a format suitable for subsequent analysis. In the second stage,
the determination of the model order and state sequence is achieved, succeeded by the
application of a least squares regression technique to estimate the state matrices [51].

Each step is discussed in a different paragraph using the preliminaries and definitions
explained in Section 2.1 and the mathematical tools of Section 2.2.1. The methodology em-
ployed by both N4SID and PO-MOESP largely corresponds. However, for subspace decom-
position in the second step, N4SID and PO-MOESP adopt divergent approaches. Therefore,
two subparagraphswill provide a comprehensive anddetailed explorationof the contrasting
methodologies for this step.

Data collection and embedding
To initiate the subspace identification process, the input- and output data over some time
must be collected from the system of interest. Subsequently, in the embedding step, the
matrix that captures the dependencies and relationships between the input- and output
variables is created. Both N4SID and PO-MOESP hinge on the state-space model in the
innovation form, as represented in Equation 2.31. When filling in the state-space model
at time instant k to an initial state x(0) and an input signal from time 0 to k, the response can
be found from the state equation by recursion [16]:

x(1) = Ax(0) +Bu(0) +Ke(0),

x(2) = A2x(0) + ABu(0) +Bu(1) + AKe(0) +Ke(1),

x(3) = A3x(0) + A2Bu(0) + ABu(1) +Bu(2) + A2Ke(0) + AKe(1) +Ke(2),

...
x(k) = Akx(0) +Ak−1Bu(0) +Ak−2Bu(1) + . . .+ABu(k − 2) +Bu(k − 1)

+Ak−1Ke(0) + Ak−2Ke(1) + . . .+AKe(k − 2) +Ke(k − 1).

(2.37)

In a concise representation, the response from time instant 0 to time instant k can be ex-
pressed as:

x(k) = Akx(0) + +
k−1∑

i=0

Ak−i−1Bu(i) +
k−1∑

i=0

Ak−i−1Ke(i). (2.38)

By invoking Equation 2.38 into the output of the state-space model of Equation 2.31, the
following response from time instant 0 to time instant k can be observed:

y(k) = CAkx(0) + C
k−1∑

i=0

Ak−i−1Bu(i) + C
k−1∑

i=0

Ak−i−1Ke(i) +Du(k − 1) + e(k − 1). (2.39)

Through the concatenation of the output into an extended output vector, the following
relationship between the input data batch {u(k)}s−1

k=0 and the output batch {y(k)}s−1
k=0 can be

specified, making use of the extended matrix and Toeplitz matrices [16]:



2.2. Methods of Subspace Identification: N4SID and PO-MOESP 17

⎡

⎢⎢⎢⎢⎢⎣

y(0)
y(1)
y(2)
...

y(s− 1)

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

C
CA
CA2

...
CAs−1

⎤

⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Os

x(0) +

⎡

⎢⎢⎢⎢⎢⎣

D 0 0 · · · 0
CB D 0 · · · 0
CAB CB D 0
... . . . . . .

CAs−2B CAs−3B · · · CB D

⎤

⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Ts

⎡

⎢⎢⎢⎢⎢⎣

u(0)
u(1)
u(2)
...

u(s− 1)

⎤

⎥⎥⎥⎥⎥⎦

+

⎡

⎢⎢⎢⎢⎢⎣

I 0 0 · · · 0
CK I 0 · · · 0
CAK CK I 0
... . . . . . .

CAs−2K CAs−3K · · · CK I

⎤

⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Ss

⎡

⎢⎢⎢⎢⎢⎣

e(0)
e(1)
e(2)
...

e(s− 1)

⎤

⎥⎥⎥⎥⎥⎦
,

(2.40)
where s is some arbitrary positive integer. This equation establishes a relationship between
vectors originating from the input- and output data sequences, incorporating the unknown
initial state x(0) and the extended observabilitymatrixOs, as well as the Toeplitzmatrices Ts

and Ss.
Given the time-invariant nature of the system, the time-shifted input, state, and output

vectors in Equation 2.40 correspond to the same matrices Os, Ts, and Ss. As an illustration,
consider a shift of k samples in Equation 2.40:

⎡

⎢⎢⎢⎣

y(k)
y(k + 1)

...
y(k + s− 1)

⎤

⎥⎥⎥⎦
= Osx(k) + Ts

⎡

⎢⎢⎢⎣

u(k)
u(k + 1)

...
u(k + s− 1)

⎤

⎥⎥⎥⎦
+ SS

⎡

⎢⎢⎢⎣

e(k)
e(k + 1)

...
e(k + s− 1)

⎤

⎥⎥⎥⎦
. (2.41)

As stated, thematricesOs, Ts, and Ss exhibit consistency. The relationships of Equation 2.40
and Equation 2.41 can be merged and concatenated for different time shifts, as permitted
by the availability of input- and output samples, resulting in the following expression:
⎡

⎢⎢⎢⎣

y(0) y(1) . . . y(N − 1)
y(1) y(2) . . . y(N)
... ... . . . ...

y(s− 1) y(s) . . . y(N + s− 2)

⎤

⎥⎥⎥⎦
=Os

⎡

⎢⎢⎣

x(0)
x(1)
. . .

x(N)

⎤

⎥⎥⎦+ Ts

⎡

⎢⎢⎢⎣

u(0) u(1) . . . u(N − 1)
u(1) u(2) . . . u(N)
... ... . . . ...

u(s− 1) u(s) . . . u(N + s− 2)

⎤

⎥⎥⎥⎦

+ SS

⎡

⎢⎢⎢⎣

e(0) e(1) . . . e(N − 1)
e(1) e(2) . . . e(N)
... ... . . . ...

e(s− 1) e(s) . . . e(N + s− 2)

⎤

⎥⎥⎥⎦
.

(2.42)
The above equation is referred to as the ”data equation”. The matrices formed using the
input-, output- and noise data exhibit entries that remain consistent along the diagonals,
indicating their nature as Hankel matrices. Therefore, using the definitions of Section 2.2.1,
starting from time point i and accounting for data length s for N different time steps, the
data equation can be expressed in a more compact and general form. The parameter s,
representing the number of block rows, is a user-defined variable that demands careful
selection. It should adhere to the condition where the model order n is smaller than s and s
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is substantially smaller than the total number of data points denoted as N [16]. The model
order n can be ascertained through the subspace decomposition step in the process. The
following equation can be obtained:

Yi,s,N = OsXi,N + TsUi,s,N + SsEi,s,N . (2.43)

This equation establishes a crucial connection between matrices derived from the input-
output data and matrices derived from the system’s dynamics and disturbances. It serves
as the foundational basis for reconstructing the system dynamics from the available input-
output data, playing a pivotal role in the subspace identification process. Additionally, it
constitutes the outcome for the embedding step.

Subspace decomposition
In the second step, factorization techniques are used to decompose the input and output
data Hankel matrices into lower-dimensional subspaces, an essential process for extract-
ing critical insights into the underlying system dynamics and determining the model’s or-
der. This step is the primary distinguishing feature between the two methods, N4SID and
PO-MOESP. The subspace decomposition can be achieved through various methods, but
this report employs the SVD and projection matrices.

Both N4SID and PO-MOESP use an instrumental variable ZN to enhance the reliability
and accuracy of the subspace identification process in the presence of noise and uncertain-
ties in the input-output data [16]. This instrumental-variable matrix is carefully designed
to possess specific properties that enhance its utility in the system identification context.
These properties include:

lim
N→∞

1

N
Ei,s,NΠU⊥

i,s,N
ZT
N = 0,

rank
(
lim

N→∞

1

N
Xi,NΠU⊥

i,s,N
ZT
N

)
= n.

(2.44)

In words, this means that the instrumental-variable matrix is structured in such a way that,
as thenumberof data samples approaches infinity, the expected valueof a specificoperation
involving thematrix converges to zero. This property ensures that the instrumental variable
remains unbiased and does not introduce systematic errors in the identification process.
Furthermore, the rank of a specific matrix expression involving the instrumental-variable
matrix and other relevant matrices remains constant even as the number of data samples
increases towards infinity. This rank preservation property is essential for ensuring that the
instrumental variable retains information about the system’s dynamics.

The instrumental variable that satisfies these conditions, for bothN4SIDandPO-MOESP,
is [16]:

ZN =

[
U0,s,N

Y0,s,N

]
. (2.45)

A detailed proof for the choice of the instrumental variable can be found in Lemma 9.4-
9.7 of thebook ”Filtering andSystem Identification: A Least SquaresApproach” of Verhaegen
and Verdult [16].

N4SID The N4SID method is designed to estimate the state sequence of a system by per-
forming an oblique projection on subspaces generated from the input and output block
Hankel matrices [50]. Specifically, this oblique projection is carried out on the extended
state-spacemodel represented in Equation 2.43. The projection occurs along the row space
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of Ui,s,N , directed onto the row space of the instrumental variable ZN . This operation is
mathematically expressed as:

Ys,s,N/Us,s,NZN = OsXs,N/Us,s,NZN + TsUs,s,N/Us,s,NZN + SsEs,s,N/Us,s,NZN . (2.46)
In the context of this mathematical expression, it is evident that the last two components
become void or insignificant. This phenomenon arises because the term Us,s,N/Us,s,NZN is
constrained to be zero, aligning with the characteristic behaviour specified by the oblique
projection property detailed in Equation 2.20. Additionally, the termEs,s,N/Us,s,NZN is nulli-
fied by the assumption that the noise is uncorrelatedwith past input and output data, which
is the case in open-loop identification. Consequently, Equation 2.46 can be simplified to:

Ys,s,N/Us,s,NZN = OsXs,N/Us,s,NZN . (2.47)
This equation can be written as:

Ys,s,N/Us,s,NZN = OsX̃s, (2.48)

with X̃s = Xs,N/Us,s,NZN .
TheN4SID algorithmdetermines the order of the system and the observabilitymatrixOs

directly from the SVD of the oblique projection [18]:

Ys,s,N/Us,s,NZN = USV T =
[
U1 U2

] [S1 0
0 0

] [
V T
1

V T
2

]
≃ UnSnV

T
n . (2.49)

The left-hand side of the equation consists solely of matrices containing known values de-
rived from available input and output data. Consequently, the SVD can be solved.

In thepresenceofnoise, themodel orderof the systemcanbeestimated fromthe singular
values of Sn and depends heavily on the gap between the nth and the (n+1)th singular value.
Equation 2.49 indicates that extended observability matrix can be determined as Un = OsT
and the estimated state sequence as X̃s = SnV T

n .

PO-MOESP In contrast to N4SID, PO-MOESP aims at recovering the column space of the
extended observability matrix using the orthogonal projection of the future input Hankel
matrix Us,s,N defined as [16]:

ΠU⊥
s,s,N

= IN − UT
s,s,N (Us,s,NUT

s,s,N )−1Us,s,N . (2.50)

Multiplying the data equation of Equation 2.43 with the orthogonal projection gives:
Ys,s,NΠU⊥

s,s,N
= OsXs,NΠU⊥

s,s,N
+ TsUs,s,NΠU⊥

s,s,N
+ SsEs,s,NΠU⊥

s,s,N
. (2.51)

Utilizing the characteristics of the orthogonal projection as defined in Equation 2.16, the
component TsUs,s,NΠU⊥

s,s,N
can be nullified. The instrumental-variable ZN of Equation 2.45

is employed to remove the term SsEs,s,NΠU⊥
s,s,N

. By applying this instrumental variable,
Equation 2.51 can be deconstructed into:

Ys,s,NΠU⊥
s,s,N

ZT
N = OsXs,NΠU⊥

s,s,N
ZT
N + SsEs,s,NΠU⊥

s,s,N
ZT
N . (2.52)

Satisfying the first conditions set in Equation 2.44, it can be assumed that there exists no
correlation between the noise term and the past input and output data. This leads to the
conclusion that Es,s,NΠU⊥

s,s,N
ZN = 0. Consequently, what persists is:

Ys,s,NΠU⊥
s,s,N

ZT
N = OsXs,NΠU⊥

s,s,N
ZT
N . (2.53)
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Considering that s ≥ n, implying that the number of block rows exceeds the system order, it
can be asserted that:

lim
N→∞

1

N
Ys,s,NΠU⊥

s,s,N
ZT
N = lim

N→∞

1

N
OsXs,NΠU⊥

s,s,N
ZT
N . (2.54)

Due to the second condition of Equation 2.44, it can be assumed that:

rank( lim
N→∞

1

N
Xs,NΠU⊥

s,s,N
ZT
N ) = n. (2.55)

Application of the Sylvester’s inequality of Equation 2.3 to Equation 2.54 shows that:

rank( lim
N→∞

1

N
Ys,s,NΠU⊥

s,s,N
ZT
N ) = n. (2.56)

The properties of the instrumental variable ZN outlined in Equation 2.44 guarantee that
the multiplication by ZN preserves the rank of Equation 2.54. Consequently the following
relationship holds [16]:

range( lim
N→∞

1

N
Ys,s,NΠU⊥

s,s,N
ZT
N ) = range(Os). (2.57)

From this relation, it becomes evident that an asymptotically unbiased estimate of the col-
umn space ofOs can be obtained from the SVD of the matrix Ys,s,NΠU⊥

s,s,N
ZT
N .

Ys,s,NΠU⊥
s,s,N

ZT
N = UnΣnV

T
n = OsT. (2.58)

It isnumericallymoreefficient to compute theSVDof theRQ factorization. Theproposed
RQ factorization is given as [16]:

⎡

⎢⎢⎣

Us,s,N[
U0,s,N

Y0,s,N

]

Ys,s,N

⎤

⎥⎥⎦ =

⎡

⎣
R11 0 0 0
R21 R22 0 0
R31 R32 R33 0

⎤

⎦

⎡

⎢⎢⎣

Q1

Q2

Q3

Q4

⎤

⎥⎥⎦ , (2.59)

such that it results in:
Ys,s,NΠU⊥

s,s,N
ZT
N = R32R

T
22, (2.60)

range
(
lim

N→∞

1√
N

R32

)
= range (Os) . (2.61)

The proof for Equation 2.60 comes, among other things, from the properties of the or-
thogonalQmatrices in the RQ factorization [16]:

• QiQT
j = 0, for i ̸= j.

• QiQT
i = I.

• The sum of the individual orthogonal matrices’ transpositions results in the identity
matrix: QT

1 Q1 +QT
2 Q2 +QT

3 Q3 +QT
4 Q4 = In.

Based on Equation 2.59, the Hankel matrix of the future input data is equal to:

Us,s,N = R11Q1. (2.62)
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Therefore, because of the definition for the future Hankel matrix of the input data and the
attributes of the orthogonalQmatrices, the projection of the future input becomes:

ΠU⊥
s,s,N

= IN −QT
1 R

T
11(R11Q1Q

T
1 R

T
11)

−1R11Q1,

ΠU⊥
s,s,N

= IN −QT
1 Q1,

ΠU⊥
s,s,N

= QT
2 Q2 +QT

3 Q3 +QT
4 Q4.

(2.63)

Derived from Equation 2.59, the Hankel matrix of the past output data is equal to:

Ys,s,N = (R31Q1 +R32Q2 +R33Q3) . (2.64)

When the expression for the orthogonal projection of the future input Hankel matrix of
Equation2.63, the equation for theHankelmatrix of thepast data of Equation2.64 and the in-
strumental variable of Equation 2.45 are substituted into the expression for Ys,s,NΠ⊥

Us,s,N
ZT
N ,

it gives:
Ys,s,NΠ⊥

Us,s,N
ZT
N =(R31Q1 +R32Q2 +R33Q3)

×
(
QT

2 Q2 +QT
3 Q3 +QT

4 Q4
)
ZT
N ,

=(R32Q2 +R33Q3)
(
QT

1 R
T
21 +QT

2 R
T
22

)
,

=R32R
T
22.

(2.65)

This concludes the proof for Equation 2.60.
To demonstrate the validity of Equation 2.61, it is necessary to have an input signal

u that remains persistently exciting. A persistently exciting input signifies that the input
should varyover time, encompassing abroad spectrumof values, therebyproviding valuable
insights into diverse facets of the system’s behaviour. When this condition is met, it ensures
the invertibility of the following matrix:

lim
N→∞

1√
N

R22.

Utilizing Sylvester’s inequality as per Equation 2.3 demonstrates the following:

rank
(
lim

N→∞

1√
N

OsXs,NΠ⊥
Us,s,N

[
U0,s,N

Y0,s,N

]T)
= rank

(
lim

N→∞

1√
N

R32

)
,

= n.

(2.66)

This augmentation, together with Equation 2.54 and Equation 2.57, yields the desired result
for proving Equation 2.61. The asymptotically unbiased estimate of the column space ofOs

can be obtained from the SVD of the matrixR32:

R32 = USV T =
[
U1 U2

] [S1 0
0 0

] [
V T
1

V T
2

]
≃ UnSnV

T
n . (2.67)

The relationship between the column spaces can be expressed as Un = OsT . The singular
values in the Smatrix are inspected to estimate n, the order of themodel, depending on the
gap between the nth and the (n+ 1)th singular value [16].
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Estimate systemmatrices
In both N4SID and PO-MOESP methodologies, the observability matrix is obtained using
subspace decomposition, leading to the expression Un = OsT , with T ∈ Rn×n being a
non-singular similarity transformation matrix. From the observability matrix, the system
matrices can be obtained. The procedure starts by estimatingA,C from:

Un = OsT =

⎡

⎢⎢⎢⎣

CT
CT (T−1AT )

...
CT (T−1AT )s−1

⎤

⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎣

CT

CTAT
...

CTA
s−1
T

⎤

⎥⎥⎥⎦
. (2.68)

The matrix ĈT equals the first l rows of Un, that is, ĈT = Un(1 : l, :). The matrix ÂT is
computedby solving the following equation, which, due to the condition s < n, has a unique
solution:

Un(1 : (s− 1)l, :)AT = Un(l + 1 : sl, :). (2.69)
Given that the system matrices ÂT and ĈT are known, The matrices B̂T , D̂T and the initial
state xT (0) can be computed by solving the following least-square problem:

y(k) =CTA
k
TxT (0) +

(
k−1∑

τ=0

u(τ)T ⊗ CTA
k−τ−1
T

)
vec (BT ) +

(
u(k)T ⊗ Iℓ

) vec (DT )

+ (
k−1∑

τ=0

CTA
k−τ−1
T KT e(τ)) + e(k).

(2.70)

This equation can be simplified by defining:

φ(k)T =
[
ĈT Âk

T (
∑k−1

τ=0 u(τ)
T ⊗ CTA

k−τ−1
T ) (u(k)T ⊗ Il)

]
,

θ =

⎡

⎣
xT (0)
vec(BT )
vec(DT )

⎤

⎦ ,
(2.71)

such that Equation 2.70 becomes:

y(k) = φ(k)T θ + (
k−1∑

τ=0

CTA
k−τ−1
T KT e(τ)) + e(k). (2.72)

In this context, the error term e(k) is not correlated with φ(k). It can be omitted from
the least-square solution due to a fundamental assumption inherent in linear regression
and least-squares estimation [16]. This assumption relates to specific characteristics of
the error term, including its independence, zero mean, normal distribution, and constant
variance. Consequently, it becomes reasonable to exclude the error term from the least-
squares estimationprocess. Theprimaryobjectiveof the least-squaresmethod is to estimate
the parameters of the underlying model while accommodating random variability caused
by the error. In essence, the least-squares estimation seeks to identify parameter values
that minimize the sum of squared errors, implicitly assuming that the errors conform to the
mentioned assumptions.

Consequently, by employing the characterization in conjunction with the available out-
put data, it becomes feasible to solve θ within a least-squares framework:

min
θ

1

N

N−1∑

k=0

∥∥∥y(k)− φ(k)Tθ
∥∥∥
2

2
. (2.73)
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By solving the optimization problem, the system matrices ĈT and D̂T along with the
initial statexT (0) canbe extracted. It is essential to highlight that, according to theprinciples
of SVD, an alternate set of system matrices with a different similarity transformation could
be derived if UnS

1
2
n is taken equal to the extended observability matrixOs [16].

The remaining component of the state-space model in the innovation form described
in Equation 2.31 that requires determination is the Kalman gain denoted as K. Using the
estimated state matrices, assessing the state sequence X̂i,N while disregarding both the
noise term and the Kalman gain is possible. The residuals, corresponding to the error term,
can be calculated by solving a least-squares problem with the estimated systemmatrices:

[
Ŵs,1,N−1

V̂s,1,N−1

]
=

[
X̂s+1,N

Ys,1,N−1

]
−
[

ÂT B̂T

ĈT D̂T

] [
X̂s,N−1

Us,1,N−1

]
. (2.74)

These residuals can be used to estimate the covariance matrices as follows:
[

Q̂ Ŝ

ŜT R̂

]
= lim

N→∞

1

N

[
Ŵs,1,N

V̂s,1,N

] [
Ŵ T

s,1,N V̂ T
s,1,N

]
. (2.75)

Using the estimated covariance matrices, the DARE can be derived by solving:

P̂ = ÂT P̂ ÂT + Q̂− (Ŝ + ÂT P̂ ĈT
T )(ĈT P̂ ĈT

T + R̂)−1(Ŝ + ÂT P̂ ĈT
T )T. (2.76)

The estimate of the Riccati solution P̂ can subsequently be used to obtain an estimate of the
Kalman gain K̂ for the system:

K̂T = (Ŝ + ÂT P̂ ĈT
T )(R̂+ ĈT P̂ ĈT

T )
−1. (2.77)

As a result, the estimates of the systemmatrices ÂT , B̂T , ĈT and D̂T along with the initial
state x̂T (0) and the Kalman gain K̂ are determined in this step. From here, the output Ŷi,s,N
can be simulated for model verification and validation. This signifies the conclusion of the
algorithms for both N4SID and PO-MOESP.

2.3. The Granger causality analysis
The Granger causality analysis is a statistical method employed to establish whether one
time series can predict another time series, forming the statistical relationship between time
series [19]. The fundamental premise of this technique is that if past values of a time series
Y possess the ability to predict another time series X beyond what would be expected by
the past values of X alone, then Y is said to ’Granger-cause’ X. This method was initially
implemented in econometrics and finance to determine causal relationships between eco-
nomic variables. However, it is also possible to apply Granger causality analysis to infer
directed functional connectivity between brain regions by utilising the statistical technique
to examine whether the activity over time of one brain region exerts an influence on the
activity of another brain region [11, 52, 53].

TheGranger causalitymethod traces its origins to initially debatable principles that serve
as the foundation for the definition of causality. To turn these truths into testable conditions,
two essential notations were introduced: Ωn, representing the entirety of knowledge avail-
able in the universe up to time n, and Ωn − Yn, signifying the subset of this knowledge that
excludes the values of the time series Y at or before time n. Subsequently, the following
hypotheses are presumed to hold within the Granger causality framework:

• The past and present may cause the future, but the future cannot cause the past.
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• Ωn contains no redundant information.
As a starting point for defining causality, this suggests:
Definition 2.1. Yn is said to Granger-causeXn+1 concerning the entirety of knowledge avail-
able in the universe Ωn up to time n if Prob (Xn+1 ∈ A|Ωn) ̸= Prob (Xn+1 ∈ A|Ωn − Yn) for a
set A [54].
Thus, for causation to occur, in mathematical terms, Yn causesXn+1, the variable Yn needs
to have unique information about what valueXn+1 will take in the near future [55].

However, Definition 2.1 cannot be used with actual data since all knowledge in the uni-
verse up to time n is not available. Therefore, a set of restrictions is proposed to make
the definition workable for real-time data by defining Jn. Jn represents the information
set available at time n that does not include any components of Yn, which denotes the
variable containing specific information gathered up to time n. The conditional probability
distribution ofXn+1 given Jn is denoted by F (Xn+1|Jn). Now, the following conditions can
be obtained:
Definition 2.2. Yn is said to be the prima facie cause ofXn+1 with respect to the information
set Jn + Yn if F (Xn+1|Jn) ̸= F (Xn+1|Jn + Yn) [54].

2.3.1. Assumptions for Granger causality
Several requirements must be met to perform the Granger causality analysis on state-space
models to ensure the results are valid. These include:

• The relationship between the time series being analysed should be linear. Even if a
system comprises both linear and nonlinear connections, Granger causality measures
can still detect the linear parts of the system. However, their ability to identify weak
nonlinear connections may be limited.

• The eigenvalues of the system are strictly inside the unit circle such that the system is
asymptotically stable.

• The time series under consideration must, in principle, be stationary, which means
that their statistical characteristics, such as the mean and variance, do not fluctuate
over time [56]. In certain situations, the stationarity requirement may be relaxed, and
it canpartlybemitigatedbyusingawindowingapproach to takeadataset andpartition
it into subsections [11].

• The analysis is based on statistical tests, and the data size should be large enough to
ensure that the statistical dependencies are significant. A largedataset size is necessary
to determine the order with the best possible performance, such that the model order
will not substantially affect the model’s performance [53]. However, it is essential to
note that selecting a model order that is too large can lead to overfitting, where the
model not only fits the underlying relationship between variables in the system but
also fits the noise unique to each observed sample [57].

• The error terms of the model, denoted as ek, should exhibit a normal distribution. If
the errors are not normally distributed, alternative methods such as non-parametric
Granger causality can be used [58].

2.3.2. Application of Granger causality in state-spacemodels
The Granger causality is predominantly applied within the framework of linear autoregres-
sive modelling. Nevertheless, this approach has limitations as outlined in Section 1.1. Con-
sequently, it is possible to apply the Granger causality analysis to state-space models. The
materials of this section are borrowed from Barnett and Seth [11].
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The starting point for Granger causality for state-space models is the discrete-time LTI
system of Equation 2.1. Furthermore, themethodmakes use of the noise covariancematrix:

[
Q S
ST R

]
= E

[[
w(k)
v(k)

] [
w(k)T v(k)T

]]
, (2.78)

whereQ = E[wwT ], R = E[vvT ] and S = E[wvT ].
The state-spacemodel and its associated covariancematrix can be transformed into the

innovation form represented by Equation 2.31. In this transformation, themodel prediction
error covarianceΣ = E[e(k)e(k)T ] is introduced. The innovation formrepresents aparticular
form of Equation 2.1, with specific relationships defined as w(k) = Ke(k) and v(k) = e(k)
such that the noise covariance matrices areQ = KΣKT , S = KΣ andR = Σ [11].

It canbe tested if statexj is aGranger cause to statexi for all i ̸= j byusing the conditional
Granger causality measure Fij :

Fij ≡ Fxj→xi| all other x = log
(detΣR

ii

detΣii

)
. (2.79)

IfFij ̸= 0, then it can be concluded that state xi is Granger caused by state xj , in other words,
this means that state xi statistically depends on state xj . In Equation 2.79, the Σii and ΣR

ii
denote the terms on the diagonal (i, i) of the full model prediction error covarianceΣ and its
reducedmodel counterpartΣR. The reducedmodel is obtainedby eliminating the influence
of xj from the full model. More simply stated, this is achieved by removing the jth row of C
in Equation 2.31.

As evident, the task at hand involves the determination of prediction error covariances,
denotedasΣandΣR. Given the systemparameters in the state-spacemodel, namelyA,C,Q,
R, S, these covariances can be derived by solving the DARE of Equation 2.21 for prediction
error covariance matrices [59]. Then, the prediction error covariance and the Kalman gain
are given by [42]:

Σ = CPCT +R,

K = (APCT + S)Σ−1.
(2.80)

After repeating Equation 2.79 for j = 1, 2, . . . ,m, wherem corresponds to the total num-
ber of states, the statistical dependency between states can be evaluated. This is achieved by
estimating conditionalGranger causalitymeasuresFij for all pairs of states (i, j) and forming
a matrix that encapsulates these values, whose diagonals are not in consideration. Notably,
an essential characteristic of the Granger causality matrix is its invariance when subjected
to a similarity transformation of the system [14].



3
Experimental and algorithmic

framework
In the field of cognitive neuroscience, where the intricate dynamics of human behaviour
remain not completely clear and insightful, experimental precision and algorithmic inno-
vation are of paramount importance in unravelling the intricacies of processes like percep-
tion, memory and decision-making. These processes rely on a wide array of brain regions,
highlighting the interdependence of the brain’s complex network. To model the brain’s
dynamics and gain insights into the brain’s cortical network, a crucial initial step involves
conducting a neuroscience experiment. Such experiments may entail the generation and
manipulation of large amounts of both raw and processed data. There is wide variability in
the data types collected, from the form and behaviour of individual neurons to measures
of brain functioning [60]. Within the scope of this research, a foundational model will be
developed using data from an experiment in which participants passively participate in a
task involving brain stimulation, allowing for the incorporation of measurable exogenous
input.

After data collection, the dataset can undergo further processing through algorithmic
design. Algorithmic design refers to the systematic methodology and mathematical pro-
cedures used for problem-solving and engineering algorithms. In this research, the focus
is on developing a data-driven dynamic mathematical model that characterizes the brain’s
cortical network by leveraging EEG data in conjunction with exogenous input. The model
has been developed by exploring various methodological approaches and incorporating
customized techniques based on the methodologies discussed in Chapter 2.

This chapter is structured into two sections, providing an in-depth examination of the
experimental framework and the algorithmic design, forming the study’s foundation for
studying the brain’s dynamic behaviour. The first section offers insights into the experimen-
tal setup that generated the dataset under consideration. This dataset not only serves as
a critical testbed for evaluating the algorithm’s performance but also lays the groundwork
for potential extensions to more complex experiments in the future. The second section of
this chapter explains the core of the study, presenting the four key steps that constitute the
developed approach to modelling brain dynamics and cortical connectivity during simple
stimulation tasks. The proposed algorithm is not restricted to the dataset introduced in the
first section. It can be applied to various datasets, thereby enabling the exploration of brain
connectivity in more complex tasks and providing insights into the intricacies of the brain’s
involvement in cognitive functioning andmotor activities.

Overall, this chapter establishes the foundation for delving into the intricate dynamics

26
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of the brain, enabling the modelling of cortical connectivity during the passive execution of
tasks. This is achieved through the presentation of a developed algorithm and an in-depth
description of the experimental approach employed to assess the algorithm’s performance.

3.1. Experimental framework
This research utilises data from an earlier conducted experiment to assess the developed al-
gorithm’s efficacy inmodelling human brain dynamics while performing a task. The dataset
originates from an experiment conducted by Vlaar et al. [20], which focused on quantify-
ing cortical activation in response to continuous robotic wrist joint manipulation after a
stroke. Throughout the experiment, a robotic manipulator applied continuous periodic
disturbances to thewrist toprovide sensory stimulation. The signals fromthe roboticmanip-
ulator were recorded, while the simultaneous measurement of brain activity was achieved
using EEG [20].

Within the scope of this research, the incorporation of measurable inputs is crucial for
modelling brain dynamics. The input should comprise data that can be quantified, allowing
for precise examination and easy integration into the computational model. This quantifia-
bility simplifies the assessment of the brain’s responses to particular stimuli or task demands
while reducing the impact of extraneous noise or unexplained variables. To ensure the
model’s stability, it is advantageous to focus on studying SSR, which are evoked oscillatory
responses to modulated or repetitive stimuli [20]. Hence, it is essential to ensure that the
task exhibits a stable and synchronized rhythmic pattern. When aiming to model the dy-
namic behaviour of the brain during a specific task, it is necessary to distinguish the neural
responses during task engagement from the baseline resting state. Therefore, selecting
an experimental setup where the input stimulus remains persistently exciting is essential,
meaning that its frequency spectrum encompasses a sufficiently broad range of harmonics.
This choice also serves to maintain the model’s stability and continuity.

It is important to emphasize that one of the foundational assumptions underlying open-
loop subspace identification methods, as articulated in Section 2.2.2, is the necessity for
a persistently exciting input. Subspace identification techniques are designed to estimate
the parameters of dynamic systems, such as mathematical models describing input-output
relationships. Toachieveaccurateparameter estimates, it is critical tohave input signals that
thoroughly explore the system’s dynamic behaviour. A persistently stimulating input offers
the requisite diversity and coverage of input patterns for practical parameter estimation [16].

The rationale for selecting the dataset from the experiments conducted by Vlaar et al.
[20] aligns with the criteria to have a dataset where participants engage in a task involving
an exogenously applied input that is easily quantifiable, continuously being applied and
persistently exciting. Furthermore, the research demonstrated that the periodic angular dis-
turbances during the passive task induce sustained oscillatory brain responses, supporting
the successful elicitation of the intended SSR [20].

3.1.1. Participants and experimental setup
The research of Vlaar et al. [20] included the participation of ten unimpaired individuals
who had not experienced any history of stroke, aged between 22 and 25 years, with a gender
distribution comprising five men and five women. The local ethics committee granted ethi-
cal clearance for the study, and all participants provided written informed consent before
involvement. A concise overview of the relevant aspects of the experimental protocol is
provided here, while a detailed description of the protocol is available in Vlaar et al. [20].

A robotic manipulator applied continuous periodic angular disturbances to the wrist
during the experiment. To facilitate this procedure, participants were seated in a manner
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Figure 3.1: Experimental setup. (a) The forearm of the participant is strapped into an armrest, and the hand
is strapped to the handle of the robotic wrist manipulator, requiring no force to hold this handle. (b) Visual
feedback was presented to the participants. The yellow arrow is only visible when the subject applies torque.
Therefore, it bore limited relevance in the context of the passive execution of the task. (c) Close-up of the arm in
the robotic manipulator in which the arm is placed in the neutral angle of 20◦ wrist flexion. (d) The plot of one
complete cycle of the angle of the disturbance signal applied to the wrist. Retrieved from [20].

where their dominant forearm was secured on an armrest, with their hands firmly attached
to the handle of the robotic wrist manipulator known as the ”Wristalyzer” (manufactured by
MOOG Inc., headquartered in Nieuw-Vennep, The Netherlands). The experiment incorpo-
rated a passive task, which required no active participant involvement. Specifically, partici-
pants were instructed to maintain a relaxed state in their wrists and disregard the applied
perturbations. Throughout the experiment, the robotic manipulator continued to apply
continuous and periodic perturbations to the wrist, generating sensory stimuli. Figure 3.1
represents the experimental setup conducted in the experiment.

Eachparticipant’s involvement in the study encompassed 20 recorded trials. Within each
trial, ten consecutive periods of the disturbance signal were administered and recorded
for subsequent analysis. The cortical activity was sampled at 2048 Hz from 64 electrodes,
arranged according to a subset of the extended 10/20 system, using the EEG amplifier Refa
(manufactured by TMSi, headquartered in Oldenzaal, the Netherlands). The angle of the
wrist manipulator was, via optical isolation amplifiers (manufactured by TMSi, headquar-
tered in Oldenzaal, the Netherlands), recorded by the same EEG amplifier.

3.1.2. The input signal
The exogenous input signal for this study can be conceptualised as the periodic angular per-
turbations appliedby the roboticmanipulator at thewrist joint. This perturbation signalwas
constructed as amultisine signal characterised by random-phase attributes, combining sev-
eral sinusoids, each exhibiting a random phase. This signal design aimed to elicit responses
from the sensory system within a frequency range relevant to the control of movement [20].

The effectiveness of controlling wrist movements at high frequencies is inherently con-
strained by factors such as limb mass and the rapid contraction capacity of muscles. To
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account for lower-frequency phenomena, the perturbation signal was configured with a
periodicity of 1.25 seconds, resulting in a corresponding frequency resolution of 0.8Hz. This
choice represented a trade-off between frequency precision and the number of signal cycles
that can be accommodated within a givenmeasurement duration [20]. Themultisine signal
incorporated sinusoids spanning a wide frequency range from 0.8 Hz to 19.2 Hz, ensuring
that the signal continually evolved over time and is, therefore, persistently exciting.

In the experimental setup, angular perturbations were applied at the neutral angle, de-
fined explicitly as a wrist flexion of 20◦, as illustrated in Figure 3.1.c. These angular per-
turbations exhibited a root-mean-square value of 0.02 radians, indicating that the angular
perturbations caused the wrist to deviate from its neutral angle by 0.02 rad on average.
Figure 3.1.d illustrates a single cycle of 1.25 seconds of the multisine disturbance signal,
serving as the input signal for subsequent analyses.

3.2. Algorithmic design
As a response to the limitations associated with traditional methods for assessing directed
functional connectivity in the brain, as elaborated in Section 1.1, this section introduces an
alternative approach to model brain dynamics by tailoring existing theoretical frameworks.
The algorithm to perform the analysis comprises several steps. Each step is extensively elab-
orated upon in distinct paragraphs. This section terminates with a block diagram, providing
an overview of the complete framework to model brain dynamics and connectivity. The
Matlab code for implementing each step of the mathematical framework can be accessed
through the link provided in Appendix D.

3.2.1. Processing EEG data
The initial processing phase entails converting raw data measured with EEG into a format
more suitable for further analysis within two steps. The first step consists of preprocessing
the raw data to eliminate extraneous noise, while the second averages the data to derive the
SSR, aiming for accurateneural signal extraction. Following the formationof SSRs, anoutput
designated as y is generated, serving as the fundamental basis for constructing a state-space
model to represent the dynamic activities occurring within the brain. The input and output
for the initial step are summarised in the block diagram of Figure 3.2.

Filtered ERP per electrode yEEG data
processing

Raw EEG data

I

Figure 3.2: Block diagram of step 1, illustrating the input and output of the first stage of the algorithmic
framework.

Thepreprocessing stageunfolds througha series of filtering techniques. The specific steps to
beappliedmayvarydependingon thedataset. Nonetheless, the suggestedgeneral approach
for the algorithm encompasses the following steps:
1. Band-pass filter the EEG data to allow frequencies within a particular band to pass

through. The band-pass filter settings will depend on the specific task performed.
2. Band-stop filter the EEG data in narrow bands to remove line noise and the harmonic

of the line noise.
3. Reject bad channels with high-frequency noise and outliers for further analysis by

examining the data’s spectral characteristics.
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4. Re-reference the remaining EEG signal to the common average, thereby rendering the
electrical activity in relation to the average activity across all electrodes.

5. Perform independent component analysis (ICA) to remove artefacts embedded in the
data without removing the affected data portions. These artefacts can consist of mus-
cle activity, eye blinks or eye movement. The core idea of ICA is to assume that the
observed signal is a linear combination of statistically independent source signals. In
the case of EEG, these source signals correspond to the underlying brain activities and
artefacts. These mixed signals should be separated for explicit artefact removal.

6. Partition the dataset into epochs corresponding to the recurrent intervals of the input
signal.

The next phase involves generating SSRs. These SSRs represent the system’s behaviour
that emerges fromevoked neural responses, typically induced by external or internal stimuli
when it has reached a constant state. To estimate the SSR, the experimenter must conduct
many trials, segment the trials aligning with the exogenous input into epochs, and average
the results across these independent epochs [61]. This causes random brain activity to be
averaged out and the relevant waveform to remain. Within the generation of SSRs, it is
crucial to ensure that a sufficient number of datasets are averaged together to enhance the
signal-to-noise ratio while concentrating on the neural responses of particular interest.

The combination of preprocessing the raw EEG data and determining the SSR for each elec-
trode results in theoutputdata y. This outputdata is ready for further analysis andmodelling
within the subsequent stages of the algorithm. This procedure ensures the dataset is appro-
priately prepared for additional modelling procedures and guarantees that the data quality
is improved.

The first step can be performed using Matlab R2023A (The Mathworks, Inc., Natick, MA,
USA) and the specialized Matlab toolbox for processing EEG data called EEGLAB [62].

3.2.2. Performing subspace identification
The algorithm’s second step involves forming a state-space model using subspace identifi-
cation. This approach should be applied to estimate the inherent system dynamics from
the measured input and output data. In this context, the known components include the
exogenous input u, related to the performed task, and the output y, which captures the
cortical activity recorded from theEEGelectrodes. Theobjective is to construct a state-space
model that encapsulates the dynamic processes by identifying the state matricesA,B,C,D,
the Kalman gain K and the initial state x(0) using subspace identification. The process of
the second step, involving the inputs and desired outputs, is outlined in the block diagram
presented in Figure 3.3.

Perform subspace
identification

Input u

Output y

II System matrices A, B, C, D
Kalman gain K, initial state x(0)

Figure 3.3: Block diagram of step 2, illustrating the input and output of the second stage of the algorithmic
framework. A dashed line is used to signify that the input value is an output of a prior step.

The system of interest in this research is the human brain. A linear mathematical model
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representing brain dynamics can be expressed as [63, 64]:

x(k + 1) = Ax(k) +Bu(k) + w(k),

z(k) = Hx(k) + η(k),

y(k) = Lz(k) +Du(k) + v(k).

(3.1)

where x denotes the latent variable, z represents the source activity corresponding to neural
activity, and y corresponds to the output representing the electrical activity recorded by the
electrodes placed at the scalp during EEG measurements. The matrices A,B,D represent
the system matrices, while w, η, v are noise terms associated with the latent state, source
signal, and output measurements, respectively. The matrix L is the lead-field matrix, facili-
tating the mapping of neural sources to EEG sensors on the scalp. The matrixH represents
the mapping from the latent state x to the source activity z.

It is important to note that the brain source activity z is not directly identifiable through
system identification. However, the latent variable x can be estimated. The latent variable,
also referred to as the hidden state, is an unobservable variable in a mathematical model,
inferred or calculated based on available data to capture underlying patterns or processes
that are not directly observable.

To apply subspace identification, a modified state-space model is derived from Equa-
tion 3.1:

x(k + 1) = Ax(k) +Bu(k) +Ke(k),

y(k) = Cx(k) +Du(k) + e(k),
(3.2)

where C = LH and e = Lη + v. The implementation of the Kalman gainK is derived from
Equation 2.22. As a component of the algorithm, two subspace identification techniques are
employed, specifically N4SID and PO-MOESP, to compare the performance. Bothmethods
share the common goal of identifying the state spacemodel of Equation 3.2, using the input
and output data.

Both of the subspace identification methods involve a three-step process. The theo-
retical framework and working principles of these algorithms are extensively discussed in
Section 2.2. In short, the procedure is initialised by data collection, followed by data em-
bedding to construct the data equation, which consists of Hankel and Toeplitz matrices
derived from the provided input and output data. Subsequently, subspace decomposition
takes place using projection matrices and matrix factorization methods such as SVD and
RQ factorization. Once the subspace decomposition is complete, the system matrices, the
Kalman gain and the initial state can be identified. This, in turn, allows for the simulation of
the hidden state sequence x̂(k) and the output ŷ(k) for validation.

The parameters that need to be chosen are the model order n and the number of block
rows in the Hankel matrices s. To determine the appropriate model order, an examination
of the singular values derived from the subspace decomposition step in subspace identifi-
cation can be conducted. This entails identifying those values of n that exhibit a significant
gap between the nth and (n + 1)th singular value. In scenarios where multiple such values
emerge, the selectionprocesswill hingeona trade-offbetweenachieving goodperformance,
managing computational effort, and avoiding overfitting. For both N4SID and PO-MOESP,
the same model order will be chosen for consistency in comparing the performance. The
selection of s is critical, as it should satisfy the condition that n < s ≪ N [16].

Whenhandling extensive datasets in this algorithm, whichmay encompass data fromex-
periments conducted at different times involving, for example, distinct subjects interacting
with the samedevice, itmight become imperative to partition the data into separate batches.
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Subdividing the dataset into smaller batches can be advantageous to train the model on
more data, prevent excessive memory usage and enhance computational efficiency [65].

Subspace identification serves to identify the state-space model of Equation 3.2, using the
inputuand theoutput y. The state-spacemodel represents thedynamicsof thebrainactivity
of a participant while engaged in a task. After determining systemmatrices using subspace
identification, the output ŷ can be estimated and subsequently compared to the actual
output for validation. Successful validation, signified by effective performance, indicates
that the algorithmprovides a dependable linearmodel of brain dynamics suitable for a wide
range of analytical applications.

The N4SID method can be performed with the Matlab R2023A System Identification
Toolbox (The Mathworks, Inc., Natick, MA, USA). The PO-MOESP method can be applied
using the LTI System Identification Toolbox 2.4 [65].

3.2.3. Mapping from latent to source
The third step of the algorithm involves translating the latent state information obtained
through subspace identification into details about the source signals, enabling the extrac-
tion of insights into the interconnections amongbrain sources and regions. This step closely
corresponds to the traditional ”forward problem”, reflecting the objective to derive mean-
ingful conclusions regarding the connectivity among distinct brain sources, as opposed to
focusing on the connectivity among latent states.

The previous subspace identification step estimates the state matrixC. However, within
the matrix C, the information of L andH , as represented in Equation 3.1, are ambiguously
mixed via C = LH [63]. The lead-field matrix, denoted as L, can be estimated from prior
knowledge of the head model, source model and sensor positions of the electrodes at the
scalp [66]. The inputs necessary for performing the third step, as well as the desired outputs,
are summarized in the block diagram of Figure 3.4.

Mapping from latent
to source

Head model, Source model
Sensor positions III

System matrix C

Lead-field matrix C
Mapping matrix H

Figure 3.4: Block diagram of step 3, illustrating the input and output of the third stage of the algorithmic
framework. A dashed line is used to signify that the input value is an output of a prior step.

In the context of EEG, the lead-field matrix L is a fundamental component of the forward
modelling procedure. It operates as a linear operator, effectively establishing a mathemati-
cal relationship thatmaps source activationswithin thebrain to the corresponding electrical
potentials detected at sensor locations. To compute the lead-field matrix for each partici-
pant, five steps should be conducted [67]:

1. Create a mesh representing the head based on available magnetic resonance imaging
(MRI) data defining theparticipant’s head characteristics to create a headmodel. From
theMRIdata, geometric surfacemeshes are created that segment thehead intodistinct
components, including the scalp, skull, cerebrospinal fluid, grey matter, and white
matter. Electrical activity in the brain primarily originates from the grey matter.

2. Merge the geometrical (mesh) and electrical (electrodes placed) features to integrate
the head model. Ensuring precise alignment of the electrodes with the MRI data is
crucial in this phase to maintain accuracy.
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3. Define the source model by selecting the location of sources within the grey matter
compartment, as electrical activity in the brain primarily originates from the greymat-
ter. The spatial resolution, in this context, is a parameter associated with the source
locations and significantly impacts the computational requirements. In essence, the
spatial resolution characterises the level of detail and granularity in the placement of
source locations within the source space model. More densely sampled grids necessi-
tate a greater allocation of computational resources and time.

4. To characterise brain sources within the grey matter, these sources can be mapped
to established anatomical labels, as specified by a volumetric anatomical atlas. Such
atlases provide a comprehensive spatial description of head geometry, with coordi-
nates labelled according to specific schemes like Brodmann areas or the Talairach
atlas. Themapping of these sources onto the atlas labels, including the choice ofwhich
atlas to employ and how it is interpolated onto the source model, is at the researcher’s
discretion.

5. Estimate the lead-field matrix from the results of the four steps above by solving the
forward problem for each distinct source with, for example, the boundary element
method.

Thederivation of the transformationmatrixH , representing themapping from the latent
to the source, becomes feasible via the equation C = LH . Since the C and L matrices
are known respectively from subspace identification and the computation of the lead-field
matrix, the H matrix can be calculated. An estimation of H from C with a known matrix L
can be solved from a linear least-squares problem:

min
C

1

2
||C − LH||2F . (3.3)

Due to theunder-determinednatureof the forwardproblem, it is characterisedbyan infinite
set of solutions capable of faithfully reproducing the observed signal [68]. In pursuit of
obtaining amore precise representation of themapping from latent to source, it is beneficial
to impose constraints on theH matrix. These constraints can promote group sparsity in the
rows ofH , assuming that not all sources are synchronised. Only some sources are activated
corresponding to EEG sensors in a brief time [63]. Consequently, by encouraging many
source locations to be precisely zero, indicating inactive sources, this approach effectively
localizes the more potent active sources within the brain. This results in a H matrix that
contains specific zero rows corresponding to these inactive sources. To address this, the
problemcanbe formulated and solved as aGroupLassoproblem, incorporating anL1-norm
penalty term [69]:

min
C

1

2
||C − LH||2F + λ

m∑

i=1

||HT
i ||2, (3.4)

where m is the total number of sources. This problem is convex, given that the objective
function comprises norm functions, which are inherently convex. In this equation, λ acts
as a positive scalar that can be systematically adjusted to control the weight for penalizing
certain rows ofH to become entirely zero. Increasing λ drivesmore rows inH toward a state
of complete zero. The objective is to identify an appropriate sparsity pattern among the rows
inH . This can be achieved using the Bayesian information criterion (BIC) criterion, a trade-
off between model fitting, the term ||C − LH|| and model complexity. The BIC score of the
problem of Equation 3.4 can be calculated as [13]:

BIC(λ) = −nm− n log det Σ̂(λ) + k(λ) log(n),

Σ̂(λ) =
1

n
(C − LĤ(λ))(C − LĤ(λ))T .

(3.5)
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Such that the H is chosen with the lowest BIC score. This strategy enables the identifica-
tion of the matrixH , representing the most relevant and active source locations, ultimately
improving source localisation accuracy in EEG analysis. After creating the transformation
matrix H , it becomes possible to simulate the source activity z using the equation z = Hx,
with the noise component being disregarded. This particular step can be executed with the
purpose of establishing a relative measure of source activity.

The approach, encompassing both the computation of the lead-field matrix from the head
model derived from MRI data and the calculation of the matrix H through the application
of the Group lasso technique, facilitates the precise identification of the most relevant and
active source locations, enhancing the interpretability and accuracy of source localization
in EEG analysis.

The third stepof the framework canbe executed through theutilisationofMatlabR2023A
(TheMathworks, Inc., Natick, MA, USA), in conjunction with theMatlab software toolboxes
EEGLAB [62] for loading preprocessed EEG data and the Matlab toolbox FieldTrip [67] for
conducting advanced computations related to the lead-field matrix.

3.2.4. Connectivity analysis
In the last step of the algorithm, the directed functional connectivity within the brain is
assessed, with the goal of revealing statistical dependencies among various neural sources.
This analysis relies on the statematrices identified via the subspace identification procedure
in the second step. Additionally, it leverages the mapping from latent variables to source
activity, accomplished in the third step through the lead-field matrix. To determine the
functional connectivity, the process employs the Granger causality method for state-space
models [11]. This method examines whether brain activity in one source can influence the
activity in another source, quantified within the Granger causality measure Fij . The inputs
required for this final phase and the expected outcome are illustrated in Figure 3.5.

Connectivity analysis

IV

Lead-field matrix C
Mapping matrix H

System matrices A, B, C, D
Kalman gain K, initial state x(0)

Granger causality values Fij

Figure 3.5: Block diagram of step 4, illustrating the input and output of the fourth stage of the algorithmic
framework. A dashed line is used to signify that the input value is an output of a prior step.

As elucidated in Section 2.3.1, the Granger causality analysis requires access to the covari-
ances of the noise related to the latent state, source and measurement noise components,
none of which have been computed thus far. The research of Songsiri influences the com-
putation of the covariance matrices [13], and it is further customized to suit the specific
requirements of this study by incorporating the provided input data.

Considering the brain dynamics described in Equation 3.1, the covariances of the noise
terms related to the latent state, the source, and the output, as denoted by Equation 2.78,
are respectively represented by Σw = E[wwT ], Ση = E[ηηT ], and Σv = E[vvT ]. The state
noise covariance Σw, where w = Ke(k), can be determined by calculating the difference
between the estimated state sequence x̂(k)when including the Kalman gain and error term
and when not, resulting from the state matrices and initial state from performing subspace
identification. The covarianceΣw can thenbedeterminedbasedon this difference. Utilising
the identified state matrices, the covariance of themeasurement noiseΣe can be computed
by assessing the covariance of the differences between the actual output y and a simulated
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output ŷ generated from the determined state matrices obtained through subspace identifi-
cation.

A mathematical relation exists between the noise characteristics in the EEG and source
equations, following from e = Lη + v, as outlined by Equation 3.2 [13]. This connection
yields a relationship between noise covariances, which can be expressed as:

Σe = LΣηL
T + Σv. (3.6)

Given that bothΣe and the lead-fieldmatrixL are known, theΣη andΣv within Equation 3.6
can be determined as part of an optimization problem. This optimization problem can be
formally stated as [13]:

minimize
∥∥Σe − LΣηLT − Σv

∥∥
F

subject to Ση ≽ 0, Σv ≽ 0,
Ση = αI, Σv is diagonal .

(3.7)

The optimization problem seeks to minimize the Frobenius norm between the covariance
matrix Σe and the expression LΣηLT + Σv, subjected to specific constraints. The two initial
constraints, Ση ≽ 0 and Σv ≽ 0, are rooted in the property of covariance matrices being
positive semi-definite. This property ensures that the covariance matrix accurately repre-
sents the variance and covariance of the underlying variables, preserving their statistical
integrity. Two additional conditions are imposed on the variables to add further constraints
and enhance problem uniqueness. The third constraint mandates that Ση must be a diag-
onal matrix scaled by a positive scalar α, denoted as Ση = αI . This constraint is proposed
assuming that the noise covariances exhibit a diagonal structure, signifying that the noise
vectors η and v are uncorrelated. By enforcing these diagonal structures in the variables,
the optimization problem introduces the possibility of obtaining a non-zero optimal value.
Additionally, the problem adheres to the convexity criterion, with the cost objective and
constraint set falling within the convex space. Consequently, this optimization problem can
be efficiently solved for Ση and Σv.

Once the noise covariances have been computed, all the necessary information for calculat-
ing the Granger causality measure is available. The computation of the Granger causality
measure using state-space models adheres to the details in Section 2.3.1. It consists of
solving the DARE of Equation 2.21 for both the full model and the reduced model. For the
full model, applied to the state-space representation of Equation 3.1, this results in:

P = APAT − (APHT + S)(HPHT + Σv)
−1 × (HPAT + S) + Σw. (3.8)

Notably, S, representing the covariance between w(t) and v(t) as S = E[wvT ], is assumed to
be zero. This assumption is grounded in the constraints that necessitate Σv to be diagonal
[13]. Consequently, the prediction error covariance Σ for the full model is derived from:

Σ = HPHT + Ση. (3.9)
Upon transitioning to the reduced model, denoted by the superscript ”R” in variables

likeHR, the influence of brain source zj is eliminated from the fullmodel. Assuming that the
source vector z corresponds tomdistinct sources, anexamination is conducted todetermine
whether a specific component, referred to as zj , affects the remainingm− 1 variables. This
evaluation is performed by solving the DARE for the reduced model after removing zj from
the computations. The following series of steps, as described in [13], are executed:
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1. Remove the state zj from the original state-spacemodel of Equation 3.1. This action is
equivalent to deleting the jth row ofH and thereby obtainingHR as the output matrix
representing the mapping between the latent and source in the reduced model.

2. Determine thenoise covariance of η in the reducedmodel, denoted asΣR
η , by removing

the jth row and column of the original Ση matrix.
3. Solve the DARE by implementing (A,H,Σw,ΣR

η ) as input parameters to obtain the
covariance error of the reduced model PR.

4. Compute the reduced covariance error ΣR = HRPR(HR)T + ΣR
η .

After computing the prediction error covariance matrix Σ and the reduced prediction
error covariance matrix ΣR, the Granger causality measure Fij can be calculated using the
following formula:

Fij ≡ Fzj→zi| all other z = log
(detΣR

ii

detΣii

)
. (3.10)

The process of computing Σ and ΣR, and filling in their values of the diagonal in Fij ,
should be repeated for i, j = 1, . . . ,m to systematically construct a comprehensive Granger
causality matrix F . The resulting F values indicate causality strength between paired vari-
ables. Expressly, if Fij ̸= 0, it can be concluded that brain source j is a Granger cause to
brain source i. If F = 0, it signifies an absence of causality between the variables. These F
values can be represented in a heat map, visually representing the strength of connections
between different sources.

Researchers can opt for a threshold value to determine the significance of the Granger
causality matrix F . In this algorithm, the threshold is determined based on the maximum
absolute value of the Granger causality measure Fij . The causal relationships among differ-
ent brain regions can also be visually represented in a network diagram. In this diagram, the
brain sources are depicted as nodes, and the connections or causal influences between these
sources are shownusing arrows. These arrows are determined based on the values ofFij and
a predefined threshold. This network diagram provides a graphical representation of how
different brain regions interact and influence each other, making it easier to visualize and
understand the causal relationships within the brain. The threshold controls which connec-
tions are shown in the diagram, helping to highlight themost significant causal interactions
while excluding weaker or less relevant connections.

The final step of the algorithm, utilizing the identified systemmatrices as well as the derived
lead-fieldmatrix andmappingmatrix, encompasses several key components. This includes
the computation of the noise covariances using optimization techniques, the calculation of
the prediction error covariance for the full- and reduced model and the computation of the
Granger causality measure. This fourth step ensures that the connectivity between brain
sources can be determined to state something about the interaction between brain regions
during a passively performed task stimulating the brain.

The fourth step canbeexecutedusingMatlabR2023Awith theoptimization toolbox (The
Mathworks, Inc., Natick, MA, USA). The Granger causality analysis can be done manually
based on the equations presented in this section. Alternatively, it can also be performed
using the ssgc toolbox, a small Matlab toolbox to demonstrate state-space Granger causality
computation [11].

3.2.5. Algorithm design overview
A detailed exploration of the step-by-step process within the algorithm used to ascertain
brain dynamics and establish brain network connectivity has been provided. To conclude,
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the available data first undergoes preprocessing and transformation to ensure it is appropri-
ately structured. Utilising the filtered dataset in the subsequent step, a state-space model
is constructed to circumvent the limitations associated with autoregressive models. Two
subspace identification techniques will identify the state-space model. The third step en-
tails converting state information obtained through subspace identification into discernible
source signals. This transformation facilitates the derivation of insights into interconnec-
tions among brain sources and regions from the recorded EEG data. Finally, after the iden-
tification and mapping process, Granger causality analysis is applied within the framework
of state-space models. This designed algorithm, incorporating these four steps, enables the
analysis of the statistical relationships between brain sources, furnishing insights into the
cortical connectivity of the brain during a simple passive task.

The algorithm’s structural configuration is visually conveyed through a block diagram,
as illustrated in Figure 3.6. In this diagram, each block represents a procedural step, distin-
guished by a blue number in the top right corner. Arrows, in turn, symbolically represent
the transfer of information, either as input or output, for that specific step.

Subspace
identification

Mapping from latent
to source

Connectivity analysis

Input u

y
Head model
Source model
Sensor positions

EEG data
processing

EEG data
I

II III

IV

C

A, B, C, D, K, x(0) L, H

Figure 3.6: Block diagram illustrating the algorithmic framework for building a dynamic system and assessing
functional connectivity in an individual subject. Each block represents a distinct stage within the framework,
aligning with various subsections of this section.



4
Model validation and analysis

Theanalysis of thedevelopedalgorithm, as introduced inSection3.2, involves its application
to an established dataset derived from the experiment conducted by Vlaar et al. [20]. This
dataset originates from experiments involving ten healthy participants subjected to con-
tinuous wrist perturbations delivered by a robotic wrist manipulator to elicit sensorimotor
steady-state responses [20]. The exploration of the outcomes serves a dual purpose. The
primary objective is to validate the robustness, performance, and fidelity of the model to
real-world dynamics. The secondary aim is to unveil the dynamics of interactions among
various brain regions during continuous wrist perturbations.

The upcoming sectionswill examine the analysis and results of applying the algorithm to
the dataset. To facilitate clarity and coherence, these discussions will be structured around
the four fundamental steps of the algorithm.

The first section engages in the initial stage of the algorithm, which involves data prepro-
cessing and aligning the dataset with the developed algorithmic framework. This prepara-
tion optimises the dataset for in-depth analysis of neural responses to continuous pertur-
bations applied to the participants. The second section centres on subspace identification
usingboth theN4SIDandPO-MOESPmethods. Thesemethods are applied to derive system
matrices for constructing the dynamic brain model and subsequently reconstructing the
latent state and output of the dataset. The simulated outputs are then compared to the
previously generated SSRs to assessmodel performance. Validation and verification of both
methodsare conducted to identify themost appropriate approach for further analysis. In the
third section, the study focuses on establishing the head and sourcemodels for participants
involved in the experimental procedure. These models are crucial in creating the lead-field
matrixL and computing the transformationmatrix that links latent states to source statesH .
With the computed matrix H , the source activity z is reconstructed. The L and H matrices
are the building blocks for the algorithm’s final step: connectivity analysis. The connec-
tivity analysis is conducted by computing Granger causality measures. These measures
are essential for inferring directed functional connectivity among the brain sources. The
results are visually represented through Granger causality heatmaps and network diagrams,
highlighting the interactions between various brain regions during the experiment.

4.1. Data analysis
The dataset of Vlaar et al. [20] is characterised by two key components that play an inte-
gral role in forming the brain model. The first component comprises the EEG recordings
collected via an array of 64 electrodes placed at the participants’ scalp from a cohort of
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ten healthy participants. The second component encompasses the angular disturbances
inflicted upon the participants’ wrists by a robotic wrist manipulator. The same EEG am-
plifier that records the EEG signals is employed to capture these disturbances. The data is
sampled at a rate of 2048 Hz.

The procedure for analysing the data, outlined comprehensively in Section 3.2.1, oper-
ates through a two-phase algorithm. The first phase involves data preprocessing, where the
aim is to filter the EEG signal, enhancing its fidelity to reflect the neural activity within the
participants’ brains primarily. Subsequently, the secondphase entails the formation of SSRs,
to enhance theunderstanding of neural responses to external stimuli. The results from these
two phases applied to the dataset are elaborated in the following two paragraphs.

4.1.1. Data preprocessing
In the context of EEG data analysis, preprocessing is critical in transforming the raw EEG
signals into a format suitable for subsequent analysis. This preprocessing involves the ap-
plication of various used-defined parameters. It is noteworthy that for the application of
the algorithm on the available dataset, the specific parameter values, such as filter frequen-
cies, closely adhere to the approach utilised by Vlaar et al. [20] in their investigation of the
identical dataset.

The EEG data is band-pass filtered between 0.8 and 120 Hz and band-stop filtered in
narrowbands around 50Hz to remove line noise and around 100Hz to remove the harmonic
of the line noise. Two channels, AF4 and F6, are rejected and excluded from further analysis
by examining the channel data and the spectral characteristics [62]. In the data of all par-
ticipants, it is observed that these two channels exhibited exceptional oscillatory behaviour
compared to the others, likely suggesting the presence of high-frequency noise. A snippet
of the electrical activity data, clearly illustrating the differences from the other channels, is
presented in Figure C.1 in Appendix C.

After rejecting the bad channels, the data is re-referenced, whereafter an ICA is per-
formed using the Infomax algorithm implemented in CUDAICA [70] to separate brain sig-
nals from artefacts without removing the affected data portions. The Infomax algorithm,
a form of blind source separation, seeks to find a mixing matrix that transforms observed
mixed signals into statistically independent source signals. Through an iterative optimiza-
tion process, it adjusts this mixing matrix to maximize the statistical independence among
the estimated sources, reducingmutual informationbetween them [70]. The outcomeof the
ICA procedure is a set of independent components (ICs), some representing neural activity,
while others may capture various artefacts. After the separation of these components, the
ICs are visually inspected, and specific ICs that are identified as artefacts suggested by the
CUDAICA algorithm, such as those representing eye blinks or muscle activity, are removed.
The remaining signal is linearly combined to reconstruct the original EEG signal.

Subsequently, the dataset per participant is segmented into distinct epochs of 1.25 sec-
onds, aligning with the periodicity of the perturbation signal considered as the input. The
first and last epoch per trial are excluded from further analyses to minimize the impact of
transient effects. This process yields 160 time periods for each participant engaged in the
passive task. Two epochs of the remaining dataset for Participant 1 are displayed in Fig-
ure 4.1. Within this figure, one can observe the temporal dynamics, replete with distinctive
waveform patterns of the electrical activity.

Of significance is the fact that the initial dataset included oneparticipantwhose data had
already been subjected to epoching procedures, thereby necessitating distinct preprocess-
ing protocols tailored to accommodate this particular participant’s data. Consequently, this
participant’s data is excluded from the subsequent analyses. Additionally, two participants
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Figure 4.1: The preprocessed scalp recorded electrical activity from 20 electrodes over two distinct epochs for
Participant 1. The x-axis represents time in milliseconds, with a green line indicating the boundary between
the two epochs. The y-axis displays channel labels, adhering to the electrode labelling conventions of the 10/20
system.

exhibited discrepancies where the input signals were not synchronized temporally for each
epoch. Therefore, the data from these participants is also omitted from further research.
This results in a refineddataset comprising data from62 electrodes collected from sevenpar-
ticipants instead of the original dataset encompassing 64 electrodes from ten participants.

4.1.2. Steady-state response analysis
The SSRs are formed by averaging the electrical activity per electrode for each participant
separately, allowing for the effective removal of outliers and enhancing the signal-to-noise
ratio within the EEG signal. In relation to the dataset, the averaging is carried out across 160
epochs per participant, resulting in a 1.25-second signal for each electrode. With a sampling
frequency of 2048 Hz, this process yields a dataset of 62 × 2560 dimensions for all seven
participants.

Figure 4.2 provides a visual representation of the SSR recorded for Participant 1 for the
electrodes labelledCP3 andCP4, aswell as a scaled perturbation signal. The electrodeCP3 is
positioned at the Central Parietal region, situated above the primary somatosensory cortex,
on the left side of the head. The electrode CP4 is located at the same height but on the right
side of the head. The selection of these electrodes is grounded in the anticipation that joint
manipulation on one side is expected to trigger the contralateral primary somatosensory
cortex, a concept discussed in Section 1.4.

For Participant 1, the perturbations are applied to the right wrist [20]. The input signal,
corresponding to the angle of perturbation applied at the wrist, has been adjusted tomatch
themaximum electrical activity measured at the specific electrode. The perturbation signal
is presented to investigate periodic patterns or relationships between the electrical activity
and the input signal. Due to research decisions aimed at studying periodicity, the choice is
made to adjust the scale factor for each electrode.

The results depicted in Figure 4.2 provide evidence that the electrical activity recorded at
electrode CP3, situated contralateral to the perturbed wrist, exhibits notably higher ampli-
tude and more prominent oscillations compared to the electrical activity at electrode CP4.
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Figure 4.2: The SSR computed for electrode CP3 and CP4 of Participant 1. (a) Visualization of electrical activity
across 160 epochs (coloured lines) and the calculated SSR (black line) at electrode CP3. (b) Zoomed-in version
of the SSR signal at electrode CP3 and the scaled input signal. (c) Visualization of electrical activity across 160
epochs (coloured lines) and the calculated SSR (black line) at electrode CP4. (b) Zoomed-in version of the SSR
signal at electrode CP4 and the scaled input signal.

When examining the electrical activity at electrodeCP3 in relation to the perturbation signal,
particularly at time points around 700 and 1000 milliseconds, it is apparent that the peaks,
whether positive or negative, in the perturbation signal, align with corresponding peaks in
the electrical activity. Interestingly, the peak occurring at 400milliseconds does not seem to
coincide with a simultaneous or slightly delayed peak in the electrical activity. Upon closer
examination, a comparable pattern of peaks emerges in the electrical activity recorded by
electrode CP4, although with lower amplitude and a sign reversal. A certain periodicity
between the input signal and the SSR signal for these electrodes can be discerned.

4.2. Subspace identification performance
Within this section, the focus shifts to the performance of the second phase of the algorithm,
where the aim is to construct a state-space model of the brain’s dynamics for simplification.
The proposed method in this research for identifying the state-space model relies on ap-
plying subspace identification techniques. Specifically, two distinct methods, N4SID and
PO-MOESP, are employed in this study to model the brain. It is the objective to compare
the performance of these twomethods to determine the most suitable approach for further
research endeavours. Themethod demonstrating superior performance will be selected for
continued investigation in the proposed algorithm.
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Figure 4.3: Singular values obtained by computing the SVD in the PO-MOESP method after adding each of the
six batches, necessary for determining the model order.

4.2.1. Model parameter selection in subspace identification
In the context of conducting subspace identification using either N4SID or PO-MOESP, re-
searchers are tasked with specifying two crucial model parameters: the model order n and
the block size s that pertains to theHankelmatrices. Tomaintain an equitable and unbiased
comparison between the two methods, the parameters open to user-defined selection are
consistently configured with identical values for both N4SID and PO-MOESP.

The proposed strategy on data batches is employed to enhance the model’s training
process, as presented in Section 3.2.2. This involves concatenating the input and output
arrays from six participants, enabling the application of subspace identification on data
batches. Using data batches effectively leverages all the available information from the
system. Notably, one participant’s dataset is intentionally withheld for validation, ensuring
the accuracy and integrity of the model evaluation process.

In the subspace decomposition phase for both methods, the critical task is determin-
ing an appropriate model order n. The choice of model order follows the methodologies
outlined in Section 2.2.3. For N4SID, this is determined by assessing the singular values of
Ys,s,N/Us,s,NZN while PO-MOESP established themodel order is through the analysis of the
SVD ofR32. This process involves the examination of the gap between the singular values.

The PO-MOESPmethod is employed as the baseline reference. By computing the SVDof
R32, the corresponding singular values canbederived. These singular values, both the initial
set and those obtained after each batch iteration, are visualized in Figure 4.3. Examining
these singular values across iterations show a changing pattern in the gaps. Looking at the
gaps in the singular values in the plot after the sixth batch, one could choose a model order
of 3, 7, 10, 15, 16 or 18.

In line with the procedure elucidated in Section 3.2.2, when multiple significant gaps
manifest in theplot of the singular values, the selectionof themodel order involves abalance
between achieving optimal performance, managing computational resources, and prevent-
ing overfitting. The variance accounted for (VAF) is a measure of performance, that quanti-
fies the proportion of the total variance in the predicted values that can be attributed to the
actual values [16]. It is expressed as:

VAF(y(k), ŷ(k)) = max
(
0,

(
1−

1
N

∑N
k=1 ∥y(k)− ŷ(k)∥22
1
N

∑N
k=1 ∥y(k)∥22

)
· 100%. (4.1)

In this research, the variance accounted for (VAF) is used to compare the SSR, denoted by
y(k), and the simulated output generated using the PO-MOESP method, denoted by ŷ(k).
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These output values represent the electrical activity of a single participant for a specific
electrode, measured at a given time instant, k. The VAF falls within the range of 0% to
100%, where higher VAF values indicate reduced prediction errors and superior model per-
formance.

Validated on the data of Participant 7, Table 4.1 represents the VAF, which is the mean
VAF over all the electrodes for different model orders based on the singular values. Notably,
a substantial increase in VAF occurs at order n = 15 compared to lower orders. Elevating the
order to 16 or 18may lead to an increased risk of overfitting and extended computation time
without a significantperformance improvement. Consequently, for subsequent calculations
in both subspace identification methods, the model order n = 15 is adopted.
Table 4.1: The average VAF for different model orders is based on the gaps observed in the singular values.

Order n VAF [%]
3 69.29
7 86.31
10 88.95
15 92.04
16 92.65
18 93.67

The model parameter left to determine is the block size s, which should be larger than
the expected systemorder and smaller than the number of data points, such that n < s ≪ N .
For the ensuing results, s = 20meets the criterion.

4.2.2. State-spacemodel validation
In the context of this research, linear state-space models are identified on the available
dataset by employing both the N4SID and PO-MOESP methods. The identification process
utilises data batches containing information from six participants. The chosen model pa-
rameters consist of amodel order, determined asn = 15, and a block size, specified as s = 20.
These model parameters lead to the estimation of system matrices A,B,C,D, the Kalman
gainK, and the initial state x(0). The identifiedmatrices enable the estimation of the latent
state x̂ and the output ŷ.

A validation process is conducted to assess the accuracy and reliability of the identified
models. The validation criterion measures the model’s ability to accurately fit a part of the
data not employed during the identification process. This validation entails comparing the
predicted output, ŷ, generated by reconstructing the state-space model with the identified
statematrices, and theactual output y, corresponding to theSSR signals for all the electrodes.
The evaluation of themodel’s accuracy is conducted using two key performancemetrics, the
VAF and the root-mean-square error (RMSE). The VAF is explained by Equation 4.1. The
RMSE assesses the average magnitude of the error, signifying the differences between the
model’s predictions and the actual data points. The RMSE is calculated as:

RMSE =

√∑N
k=1(y(k)− ŷ(k))2

N
. (4.2)

A smaller RMSE value indicates amore accuratemodel with lower average prediction errors.
In practical terms, a lower RMSE signifies that themodel offersmore precise predictions that
closely align with the observed data, making it a better match for the dataset.

To validate the models effectively, the ”leave one out” cross-validation approach is ap-
plied. This involves training the model using data from the first six participants and validat-
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ing its performance using the data from the seventh participant. This process is iteratively
repeated for each of the seven participants, with each participant’s dataset serving as the
validation set once. The outcomes of the validationprocess are presented inTable 4.2, which
includes the mean and standard deviation (std) of the performance metrics, expressing the
deviations in theperformancebetween the sevenparticipants in the leave-one-outprinciple.
The standard deviation is taken into account to test the robustness of the model.

Table 4.2: Evaluation of N4SID and PO-MOESP using performance metrics.

VAF [%] RMSE [µV ]
Mean Std Mean Std

N4SID 78.28 9.05 0.27 0.04
PO-MOESP 89.53 3.29 0.17 0.04

Figure 4.4 visualises the output signals by displaying the computed SSR for Participant 7 at
electrode CP3, in conjunction with the SSR derived from the reconstructed outputs. These
reconstructions are accomplished using system matrices acquired through the N4SID and
PO-MOESP identification techniques.

As depicted in Table 4.2, the model validation measures indicate superior results for
the PO-MOESP method. Furthermore, as shown in Figure 4.4, the red line, marking the
reconstructed output from the systemmatrices identified with N4SID, shows a slight offset.
In contrast, the offset is considerably reduced for the blue line, representing the simulated
data from the systemmatrices estimated using the PO-MOESPmethod. The reduced offset
between the PO-MOESP-derived output and the actual output suggests that this method
is more effective in capturing the dynamics of the brain under investigation. This outcome
highlights the potential advantages of the PO-MOESP approach formodelling and analyzing
brain dynamics in similar experimental contexts.

The validation of both models, established through the utilisation of the two subspace
identification techniques, affirms the suitability of a linearmodel for capturingbraindynam-
ics.
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Figure 4.4: Comparison of the determined SSR at electrode CP3 for Participant 7 (highlighted in black), with
the reconstructed output estimated by N4SID (highlighted in red) and the output reconstructed using the
PO-MOESPmethod (highlighted in blue).
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4.2.3. State-spacemodel verification
Verification of state-space models is crucial for ensuring their reliability and validity. The
verification process aims to confirm whether the assumptions described in Section 2.2.2
are met for both modelling approaches. Although subspace identification methods can
estimate models, they do not automatically guarantee that the models meet essential as-
sumptions [71]. If, for example, the model is found to be unobservable, it implies that the
chosen inputs and outputs are not sufficient to determine the internal states of the system
uniquely. In such cases, additional or different inputs or outputsmay need to be considered,
or alternative modelling approaches may be required to ensure observability.

In this section, the focus is on testing key assumptions for the reliability of open-loop
subspace identification models, including linearity, asymptotic stability, observability, and
controllability. For both approaches, it will be demonstrated whether these assumptions
hold.

N4SIDmodel verification
Figure 4.4 shows that the predicted output from the N4SIDmodel follows the actual output,
displaying a remarkable similarity, although some offsets are observed. Quantitative met-
rics further validate the model’s performance. The average VAF, a measure of the model’s
explanatory power, is calculated at 78.38%, with a std of 9.05%. In addition, the RMSE,
an indicator of the average prediction error, is computed at 0.27µV , with a std of 0.04µV .
This RMSE value signifies that, on average, the model’s predictions deviate from the actual
data by 0.27µV , further substantiating the N4SID model’s predictive performance. These
outcomes suggest that employing the N4SID approach to model brain dynamics as a linear
time-invariant system is a reasonable assumption.

The second assumption formodel verification focuses on assessing the system’s stability,
which is achieved by examining the eigenvalues of the matrix A − KC. The eigenvalues
are visualized in Figure 4.5. The figure shows that the eigenvalues are positioned strictly
inside the unit circle. This indicates that the model composed with the N4SID method is
asymptotically stable. In practical terms, this implies that the system is internally stable, and
with the appropriate control strategies, it can be effectively regulated to achieve the desired
performance.

The final aspect of verification involves the assessment of observability and controllabil-
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ity. Mathematical calculations reveal that the system modelled using N4SID is observable
and controllable. The rank for the observability and controllability matrix is equal to the
model order, n = 15. This alignment with the fundamental requirements for observabil-
ity and controllability underpins the model’s effectiveness in capturing the intricate brain
dynamics. It affirms that crucial state variables can be reconstructed from the available
outputmeasurements and that the systemcanbemanipulated tomeet specificperformance
objectives.

In conclusion, the N4SID model verification process demonstrates that the model rep-
resents the observed brain dynamics and meets fundamental mathematical criteria, estab-
lishing its suitability as a linear time-invariant representation of the underlying system.

PO-MOESPmodel verification
From Figure 4.4, it can be noticed that the predicted output from the PO-MOESP model
closely tracks the actual output, displaying a high degree of similarity and fewer offsets
when compared to the N4SIDmodel. Quantitative metrics further substantiate the model’s
exceptional performance. The VAF is 89.53%, with a std of 3.29%. Additionally, the RMSE is
determined to be 0.17µV , with a std of 0.04µV . The high VAF and low RMSE values signify
that employing the PO-MOESPapproach tomodel brain dynamics as a linear time-invariant
system is a highly accurate assumption.

The system’s stability is assessed by examining the eigenvalues of thematrixA−KC. As
depicted in Figure 4.6, the eigenvalues are strictly inside the unit circle, verifying that the
PO-MOESPmodel meets the stability requirement.

The final aspect of verification involves assessing observability and controllability. The
mathematical analysis demonstrates that the system modelled using PO-MOESP is observ-
able and controllable. The ranks of the observability and controllability matrices align with
the model’s order, which is n = 15. This adherence to the fundamental prerequisites for
observability and controllability confirms that essential state variables can be reconstructed
from available output measurements, and the system can be manipulated to meet specific
performance objectives.

In summary, the PO-MOESP model verification process demonstrates that the model
closely alignswith thebraindynamics and satisfies fundamentalmathematical criteria. This
establishes its suitability as a robust linear time-invariant representation of the underlying
system.
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4.2.4. Model selection
A comparative examination of the two subspace identification methodologies, specifically
N4SIDandPO-MOESP, through the process of validation and verification, demonstrates the
superior performance of the state-spacemodel obtained through the PO-MOESP approach.
This superiority is evident from the results presented in the tabulated data, encapsulating
the performance measures and the graphical representation, representing the disparities
between the actual and reconstructed outputs. The lower std observed in the VAF suggests
that the various VAF values obtained when excluding individual participants exhibit less
variation. Therefore, it can be inferred that the PO-MOESP method demonstrates greater
robustness than the N4SID method. As a result, the PO-MOESP method is the preferred
approach for all subsequent computations and analyses.

4.3. Mapping from latent to source
The subsequent step in the algorithm leads to the establishment of a mapping from the
latent states denoted asx, reconstructed in thepreviousphase, to the sourcedynamics repre-
sentedby z. Thismappingholds significant implications for unveiling thebrain connectivity
patterns associated with actual neural sources distributed within the brain.

To derive the mapping from the latent to the source, the head model and the positions
of the electrodes are acquired from the available dataset. The head model and electrode
positions are synchronised for further investigations.

4.3.1. Construction of the lead-fieldmatrix L
The derivation of the lead-field matrix is a direct outcome of the head model, source model
and electrode positions. To obtain the source model in the context of the available dataset,
a spatial resolution of 20 mm is employed. In practical terms, a resolution of 20 mm entails
dividing the source space into small cubic regions or voxels, with each voxel measuring 20
mmalong its sides. Each of these voxels represents a potential source location for estimating
neural activity. The choice of a 20 mm resolution results in 204 candidate source locations
for each participant.

The selection of this resolution primarily hinges on computational considerations and
the desired number of source locations to ensure that the results remain understandable
and meaningful while also ensuring that brain regions are not omitted from the analysis.
Testing has confirmed that opting for a lower resolution, such as a 10mm resolution, would
result in theGranger causality heatmaps in the subsequent step displaying similar statistical
dependencies. However, this choice also leads to an increased number of brain sources.

Afterwards, the atlas ”ROI_MNI_V4” is interpolated on the source model. The atlas is
a template within FieldTrip referring to a neuroimaging file in the NIfTI (Neuroimaging
Informatics Technology Initiative) format. This file contains a region of interest (ROI) map
spatially registered to the Montreal Neurological Institute (MNI) standard brain space. The
mapping process is carried out to enable subsequent inferences regarding the functional
connections betweenwell-recognisedbrain sources. When the source locations aremapped
onto the atlas, specific source points share the same tissue labels. This observation suggests
thatmultiple source points pertain to one commonanatomical regionwithin the atlas space.
In such cases, the elements within the lead-field matrix and the positions of these sources
within the grid are averaged to create a unified representation, with each grid point in the
source model representing an individual source corresponding to a recognized tissue label
within the grey matter. This process results in 74 unique and distinct brain sources.

The catalogue of the anatomical labels of the brain sources defined in each hemisphere
and their location within brain regions can be found in Table B in Appendix B. The order of
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the sources is based on the automated anatomical labelling 2 (AAL2) atlas [72], following an
alphabetical arrangement of the brain regions. A comprehensive and in-depth elucidation
of the anatomical volumes of interest, along with the terminology for the regions specified
in the atlas, is available in the research paper of Tzourio-Mazoyer et al. [72].

The resulting lead-fieldmatrix possesses thedimensionof 74× 62, where 62 corresponds
to the number of electrodes, and 74 reflects the number of unique source locations. The
values in the lead-field matrix indicate the extent to which the electrical activity of each
source influences the electrical measurements recorded at the scalp.

4.3.2. Construction of the transformationmatrixH
Using the determined lead-field matrix L and the system matrix C obtained in the second
step of the algorithm, the Group Lasso problem of Equation 3.4 is solved. This utilises the
construction of the transformation matrix H , which facilitates the transition from latent
states to source states. To choose the matrix from a finite set of potential outcomes, the
BIC of Equation 3.5 balances the trade-off between model fitting, represented by the term
||C − LH||, and model complexity.

The dimensions of the resultingH matrix are 74× 15, wherein 74 accounts for the num-
ber of candidate source locations, while 15 represents the number of latent states. The
H matrix constitutes the mapping from the latent space to the source domain, which is
necessary to determine the functional connectivity from state-space models.

4.3.3. Simulation of the source activity
The source activity z is constructed from the computed matrix H , ignoring the noise com-
ponent. The results for the source activity of Participant 1 are shown in Figure 4.7 for four
significant brain regions. An observation drawn from this figure is the significant difference
in electrical activity between the thalamus, located in the subcortical regions of the brain,
and the other three sources in cortical regions. Based on prior research, it is anticipated that
the left postcentral gyrus, located within the contralateral somatosensory cortex, displays
heightened electrical activity during the stimulation task [32]. This expectation is based on
the role of the somatosensory cortex in processing sensory information and supported by
theobservedhigh SSRvalues in Figure 4.2 for electrodeCP3,which is customarily positioned
in proximity to the postcentral gyrus. However, the electrical activity of the postcentral gyrus
is not elevated compared to the other cortical sources, deviating from the initial expecta-
tions.

The simulated electrical activity of all the sources, according to the various brain regions,
are presented in Appendix C. These visual representations allow straightforward compar-
isons of the relative electrical activity levels among the multiple sources. Upon reviewing
these figures, it becomes apparent that specific brain regions, such as the frontal lobe, oc-
cipital lobe, and central sulcus, exhibit relatively high electrical activity. Notably, the left
supplementary motor area, the left superior parietal gyrus, and the superior occipital gyrus
standout as sourceswith particularly pronounced electrical activity. In contrast, regions like
the insular lobe, subcortical greynuclei, temporal lobe, and cerebellumdisplay considerably
lower electrical activity. Overall, sources located deep in the brain, such as the thalamus,
show low electrical activity.

4.4. Connectivity analysis
Utilising the subspace matrices extracted with the PO-MOESP method in the second step,
along with the lead-field matrix L and the transformation matrixH from the third step, the
final step of the algorithm is used to determine the functional connectivity of the brain for
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Figure 4.7: Simulated source activity in the left hemisphere, including the supplementary motor area, postcen-
tral gyrus, superior parietal gyrus, and the thalamus for Participant 1.

participants conducting theexperimentwhere the roboticwristmanipulator is continuously
perturbing there wrist.

As outlined in Section 3.2.4, this stage commences with the computation of the covari-
ancematrices. The state noise covarianceΣw and the output noise covarianceΣe are directly
derived from the identified state matrices and reconstructed outputs of step 2. The remain-
ing pair, Ση and Σv, are obtained by solving the optimisation problem of Equation 3.7.

Subsequently, the Granger causality analysis is performed. It initiates with the com-
putation of the DARE for the entire model, allowing to derive Σ, which is the prediction
error covariance. In the ensuing step, the DARE is computed for the reduced model by
systematically eliminating the jth column and row within the matrices H and Ση, resulting
in HR and ΣR

η respectively. The reduced prediction error covariance ΣR can be computed
following this.

Looping throughall thedifferent sources to span the entire spectrum, theGranger causal-
ity matrix F is computed. This measure utilises the calculated prediction error covariance
to determine whether region j Granger causes region i. In essence, it enables quantifying
the statistical dependency of brain source j on brain source i, thereby shedding light on the
intricate web of functional connectivity within the brain. Here, each i and j corresponds to
a specific brain source, identified by a tissue label within the atlas space.

4.4.1. Granger causality heatmap
Theoutcomes of theGranger causality analysis for Participant 1 are presented in theGranger
Causality heatmap of Figure 4.8. This heatmap employs a colour-coding scheme to repre-
sent the connectivity strength between two sources, which depends on a specified threshold.
The warmer colours, such as red, signify strong connectivity, while cooler colours, such as
blue, suggest weaker or negligible connections. The heatmap contains two axes. The x-
axis corresponds to the source fromwhich the causal influence originates, referred to as the
”cause”, denoted as j in the algorithm. The y-axis represents the recipient of this influence,
markedas the ”effect”, characterised as i in the algorithm. Thewhitemarkings along the axes
indicate the boundaries of a specific brain region to which the brain source is associated. A
comprehensive list of thebrain sources, alongwith their abbreviatednotations andpositions
in the superior brain region, can be found in Table B. The ordering of the sources is based on
an alphabetical arrangement of the respective brain regions, as outlined in the AAL2 atlas.
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Figure 4.8: The Granger Causality heatmap of Participant 1, created from the Granger Causality matrix F . The
heatmap shows how much region j (displayed on the x-axis) Granger causes region i (displayed on the y-axis).
The bold text highlights sources with expected strong dependencies.

The diagonal of the Granger causality heatmap pertains to self-causal relationships for
each brain source. It quantifies howmuch a particular brain source ”causes” itself, which is
not the primary focus of the connectivity analysis. Therefore, the diagonal elements are set
to zerowhen interpreting theGranger causality heatmap to emphasize interactions between
distinct brain sources.

Analysing the Granger causality measures for Participant 1 as depicted in Figure 4.8, it
is evident that specific sources, particularly the right insula, left thalamus, right precuneus
and the right parahippocampal, display significantly high Granger values in the rows. This
indicates a more pronounced influence from other brain sources. On the contrary, sources
such as the right lingual, vermis 7, right middle frontal gyrus, right precentral gyrus and the
left supplementary motor area demonstrate minimal or no dependence on the activity of
other sources.

During wrist perturbation, it is expected that constant joint manipulation triggers the
transmission of proprioceptive and tactile sensory information to the contralateral primary
somatosensory cortex via the thalamus [32]. The source corresponding to the contralateral
primary somatosensory cortex is the left postcentral gyrus. Subsequently, this information
is expected to be relayed to various regions, including the posterior parietal cortex [37], the
insular cortex [38], and the secondary somatosensory cortices. WithinFigure4.8, the sources
anticipated to exhibit strong statistical dependencies are identified in bold. Upon closer
examination of these sources in the Granger causality heatmap, it becomes evident that
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the left postcentral gyrus exerts a notable influence on other brain regions. However, it is
worth noting that this influence lacks statistical significance when compared to the impacts
of other sources. Contrary to expectations, the left thalamus exhibits a significant statistical
dependency on other sources, whereas the original anticipation is that other sources would
be dependent on the left thalamus. A somewhat surprising finding is that the right insula,
as opposed to the left insula, displays a marked statistical dependence on other sources.
Among the brain regions associated with the posterior parietal cortex, which includes the
superior parietal gyrus, inferior parietal gyrus, supramarginal gyrus, angular gyrus, and
precuneus, the precuneus stands out by demonstrating substantial statistical dependence
on other sources. In contrast, the remaining regions do notmanifest such dependencies. In
summary, these results diverge from the initially predicted outcomes.

4.4.2. Network connectivity diagram
In the context of the brain connectivity analysis, the network connectivity diagram signifies
the directed dependencies between different brain sources, determined with the Granger
causality analysis. For Participant 1, the network connectivity diagram is presented in Fig-
ure 4.9.

Central sulcus

Frontal lobe

Limbic lobe

Occipital lobe

Insular lobe

Parietal lobe

Sub cortical grey
nuclei

Cerebellum

Temporal lobe

Figure 4.9: Network diagram of Participant 1, illustrating directed functional connectivity. Nodes represent
individual brain sources; arrows show causal relationships between these sources. The dotted lines define brain
regions, and the red area on the brainmap indicates the locations of the regions. The bold text highlights sources
with expected strong dependencies.
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Figure 4.9 consists of nodes with edges representing the relationships between the vari-
ous sources. Each brain source is defined as a node, and the links between these nodes are
depicted as arrows, with the arrow indicating the direction from the cause, represented as
brain source j, to the effect, symbolized as brain source i. Each brain source is associated
with a specific region, delineated by the dashed lines. These brain regions are visually rep-
resented in red on a brain map. A map showing the overview of the distinct brain regions is
provided in Figure B.1.

The network diagram of Participant 1 highlights that the right insula exhibits a statisti-
cally significant dependence on several other sources compared to the remaining sources.
Furthermore, it reveals that the left precuneus and the right parahippocampal demonstrate
substantial statistical dependencies on other sources, serving as the primary causal factors.
These findings align with the observations from the heatmap.

The Granger causality heatmap and the network connectivity diagram employ the same
threshold. This threshold is selected and adjusted per participant to ensure the diagrams
remain informative, revealing 25 connections per participant.

4.4.3. Inter-participant connectivity evaluation
The Granger causality heatmaps and their associated network diagrams for all the partic-
ipants are available in Section C.3 to analyze the results. This assessment includes the
application of various threshold values, ranging from 0.1 to 0.35 times the maximum ab-
solute threshold for each participant, to visualize 25 arrows within the network connectivity
diagrams.

A recurring observation in the Granger causality heatmaps is the distinct prominence of
colour patterns within the rows compared to the columns. This finding suggests a temporal
hierarchy in the brain’s information processing. It is plausible that specific cerebral sources
demonstrating strong dependencies in the columns serve as central hubs or integration
pointswhere information converges, ultimately influencing other brain regions. Conversely,
particular sources might primarily receive and process this information.

In examining network connectivity diagrams, specific connections between nodes ex-
hibit a recurring pattern of occurrence. These recurrent directed connections observed
more than twice across the seven participants, are documented in Table 4.3. In this tabu-
lation, the initial column designates the causal component of the connection, represented
as the brain source j, signifying the point of origin of the directed arrow. Meanwhile, the
second column designates the effect aspect of the connection, identified as the brain source
i, indicating the terminal point towhich thearrow isdirected inside thenetwork connectivity
diagrams. Overall, it is evident that the insular lobe, limbic lobe, and subcortical grey nuclei
exhibit the highest statistical dependence onother regions compared to the remaining brain
regions.

It can be acknowledged that while there are some variations in the network diagrams
across different participants, there remains a commonality in the strong dependencies be-
tween the brain sources mentioned above. This shared observation suggests a consistent
functional connectivity pattern in these brain regions across the study’s participants who
performed the same experiment.

4.4.4. Assessing functional connectivity in relation to source activity
When assessing the relation between the electrical activity of brain sources and the func-
tional connectivity diagrams, specific patterns emerge. Specifically, it is noticeable that
brain sources exhibiting high electrical activity during the experimental task significantly
influence other sources but do not exhibit a corresponding statistical dependence,meaning



4.4. Connectivity analysis 53

Table 4.3: Inter-participant analysis of recurrent connections within the network connectivity diagrams.

From (source j) To (source i) Occurence
Temporal Mid R Temporal Inf R 5
Parietal Sup R Thalamus L 4
Calcarine L Insula R 3
Parietal Sup R Insula R 3
Angular L Insula R 3
Angular L Thalamus L 3
Frontal SupMedial L Cingulum Ant L 3
Calcarine L Thalamus L 3
Angular R Pallidum L 3

they are causal but not affectable.
This observation is particularly clear when reviewing the columns in the Granger causal-

ity heatmap depicted in Figure 4.8 for the left supplementary motor area, the superior oc-
cipital gyrus, and the left superior parietal gyrus. In these columns, these sources show
significant behaviour, demonstrating a substantial influence on other brain regions. When
referring to the source activity plots in Figure C.2 and C.3, it is evident that these sources
exhibit consistently high electrical activity. Conversely, specific brain sources, such as the
thalamus and precuneus, show low electrical activity but strongly depend on other brain
areas, as evidenced by the rows in the Granger causality heatmaps.



5
Conclusions

In the preceding chapters of this report, a data-drivenmathematical framework is designed
to study brain dynamics from EEG measurements, including an exogenous input. This
framework is crafted through an in-depth exploration of the theoretical foundations of po-
tential methodologies. Subsequently, the framework’s structure is introduced, incorporat-
ing the studied methodologies. Comprising four consecutive steps, this framework collec-
tively serves its ultimate objective: the revelation of functional connectivity within the hu-
man brain, particularly during the passive execution of a task, based on EEGmeasurements
and an external input. The performance of the designed framework is validated by applying
it to an available dataset.

This chapter serves as the conclusion of this report, providing a comprehensive overview
of the essential findings and their alignmentwith the research’s primary objective. It initiates
with a summary of themain findings, followed by a discussion of the results. The discussion
encompasses the significance of the developed framework, the implications drawn from the
outcomes, and methodological considerations discussing its potential and limitations. The
chapter concludes with recommendations for future research.

5.1. Final remarks
The multi-step mathematical framework has been developed and validated to fulfil the re-
search objective, employing a dataset from Vlaar et al. [20]. The dataset includes EEG
data and the angle of disturbance applied by the robotic wrist manipulator, serving as the
exogenous input. The investigation into the application of the framework on the dataset
aims to evaluate the efficacy and performance of the algorithm.

The first step of the algorithm involves preprocessing EEG data. This step serves as an
essential data preparationmeasure, partly due to the susceptibility of raw EEG data to noise.
The utilisation of filtering techniques, epoch extraction, and subsequent averaging leads
to the generation of SSRs, optimising the dataset for further analysis and providing clarity
regarding the brain’s response to stimuli.

The second step of the framework employs a data-driven approach tomodel the dynam-
ics of brain activity. This approach relies on subspace identification techniques, namely
N4SID and PO-MOESP, to identify a state-spacemodel. The assessment, guided by the VAF
metric, reveals high success rates for both N4SID (78%) and PO-MOESP (90%). The VAF
values, combined with results from the simulation andmodel verification, robustly support
the effectiveness of both methods in representing EEG activity. Consequently, it suggests
that linear models effectively represent brain dynamics, particularly in passively performed
tasks stimulating the brain.

54
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The third step of the designed framework facilitates the transmission from latent states
to brain sources. The latent states are the states simulated from the identified state-space
model in the second step of the algorithm. A head model and sensor positions for each
participant can be extracted from the acquired data. This step is critical in enhancing the
interpretability of the outcomes produced in the following stage by contributing to a better
understanding of brain dynamics and connectivity. However, challenges arise when work-
ingwith EEGdata,mainlywhen analysing sources deepwithin the brain, such as the cerebel-
lum and thalamus. When evaluating the reconstructed electrical brain activity, it is evident
that lower activity is detected in the subcortical grey nuclei, insula and cerebellum. This
observation aligns with the hypothesis that deeper brain regions exhibit reduced electrical
activity due tomeasurement challenges, indicating the successful executionof the transition
from latent to source state through this procedure.

The final step of the algorithm conducts the Granger causality analysis on the identified
state-space model. This step allows the determination of the statistical dependencies be-
tween nodes in a network, in this context representing the functional connectivity between
distinct brain sources. The process concludes in Granger causality heatmaps and network
connectivity diagrams, offering insights into themagnitude and direction of statistical influ-
ence among sources, enabling directed functional connectivity assessment and participant
comparisons.

In conclusion, the algorithm developed, consisting of four distinct steps, has success-
fully achieved the research objective. This framework provides a data-driven mathematical
model representing the brain’s cortical network using EEG data in the presence of an exoge-
nous input.

5.2. Discussion of the results
The developed framework could have significant implications for neuroscience by paving
the way for a deeper comprehension of brain dynamics and its interactions with external
stimuli. The successful creation of the data-drivenmathematical model that integrates EEG
data and incorporates an exogenous input extends the existing body of knowledge in the
field, addressing a gap in the literature. Additionally, the model holds promise for practical
applications, including the realm of brain dynamics control, encompassing BCI, and its
potential in diagnosing neurological disorders.

In data-driven modelling, the developed mathematical framework demonstrates its ca-
pability to effectively capture brain dynamics within a linear state-space model, employing
subspace identification methods. This achievement highlights the potential for using sim-
ilar data-driven approaches in modelling complex systems across diverse domains. The
successful integration of exogenous inputs into the model presents a valuable case study
for researchers working with statistical dependencies within dynamic systems influenced
by external factors, providing valuable insights into modelling and analytical methodolo-
gies. Furthermore, the results suggest that choosing the PO-MOESP method over N4SID in
comparable models can enhance overall performance.

As stated, the research undertaking yields valuable insights. Nonetheless, specific find-
ings are noteworthy or warrant further examination. This section provides a thorough anal-
ysis of the research findings and their implications, comprising two primary subsections.
The first part is dedicated to methodological considerations, enabling an exploration of
the various methodological choices made throughout the research and pinpointing areas
that may benefit from alternative approaches in future investigations. Subsequently, the
section transitions to a comparative analysis, where the research findings are compared to
the existing body of literature.
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5.2.1. Methodological considerations
In the pursuit of understanding brain connectivity, this section delves into several method-
ological considerations. A noteworthy observation arises during the second step of dataset
utilisation, indicating that the PO-MOESPmethod outperforms the N4SIDmethod in terms
of performance. This performance difference may be attributed to the distinct projection
matrices employed by both methods. Revising the preliminaries on projection matrices
in Section 2.1.4, the oblique projection of the row space of the future input Hankel ma-
trix, used in N4SID, involves an additional correction term containing the Moore-Penrose
pseudoinverse. While the Moore-Penrose pseudoinverse can help to deal with situations
where theprojectionmatrix is not orthogonal or perfectly aligned, it can also introduce some
inaccuracy or offset in the results. In contrast, the orthogonal projection used in PO-MOESP
obviates the necessity for such supplementary corrections when the projectionmatrices are
ideally orthogonal. This indicates that the fundamental nature of the projectionmatrix used
is inherently orthogonal. Further investigation could be conducted to confirm the validity
of this deduction.

The third step of the framework involves transitioning from latent to source states by util-
ising an atlas encompassing various brain sources. When the source locations are mapped
onto the atlas, specific source points share the same tissue labels. This observation suggests
that multiple source points pertain to one anatomical region within the atlas space. There-
fore, as a deliberate design choice within this framework, it is decided to average the grid
locations and the entries within the lead-field matrix, which indicate the extent to which
the activity can be measured at the scalp for each source. Methodologically, it might be
necessary to revisit this choice and explore the incorporation of weighting matrices.

Upon generating the transformation matrix, the simulation of source activity is con-
ducted with the exclusion of the noise component. It is essential to highlight that the simu-
lation of source activity extends slightly beyond the central scope of this research, which pri-
marily revolves around unravelling the connectivity patterns between brain sources rather
than delving into the detailed activities of those sources. As a result, the exploration of the
noise component has received limited attention. Nonetheless, there is room for further
exploration in this domain to refine the precision in estimating source electrical activity.
This would not only improve accuracy but also allow more robust conclusions about the
relationship between source activity and connectivity.

During the implementation of the fourth step, the investigation into brain network con-
nectivity patterns unveils notable connectionswith subcortical regions and sources situated
indeeper brain structures. Whenassessing the relationbetween functional connectivity and
electrical activity of brain sources, a remarkably heightened statistical dependence has been
observed in the deeper brain sources, exemplified by the thalamus and insula. This height-
ened dependence can be attributed to their relatively lower levels of electrical activity. This
lower electrical activity could render themmore susceptible to external influences, making
even minor perturbations significantly impact their neural activity. This revelation sheds
light on the vulnerability of these regions to external factors and prompts a comprehensive
reconsideration of the methodological approach.

In particular, questions arise regarding incorporating deeper brain sources in the analy-
sis, given the inherent challenges in accuratelymeasuring their electrical activity using EEG.
Furthermore, the findings underscore the necessity for a more profound examination of
the calculations behind Granger causality values based on correlations. This necessity en-
courages exploration into whether the observed low electrical activity correlation with high
functional connectivity truly reflects a natural phenomenonor if it necessitates adjustments
to the methodology to ensure a more precise interpretation of the results.
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5.2.2. Comparative analysis with existing literature
When comparing the findings to relevant literature, similarities, differences, and novel in-
sights arise. Applying the initial step of the framework on the dataset results in the gener-
ation of the SSR per electrode for each participant. Analysing these SSRs reveals that the
side contralateral to the perturbation site, where the participant is being stimulated, exhibits
higher activity than the ipsilateral side. This trend is clearly illustrated in the plots depicting
the SSR for two electrodes, CP3 and CP4, positioned on the left and right sides of the head,
respectively. These results are of particular interest because they align with the expected
surge in activation during tasks that activate the contralateral somatosensory cortex [32].

Earlier research has successfully explored the determination of functional brain connec-
tivity during resting state by employing the Granger causality within the framework of state-
spacemodels that donot incorporate an input [13, 14]. These investigations substantiate the
potential of subspace identification as a pathway for modelling brain dynamics. However,
it is notable that the literature lacks explicit mention of the specific subspace identification
method employed, often defaulting to the use of N4SID [13, 14]. This is despite the findings
from this study indicating that PO-MOESP outperforms N4SID.

The development of Granger causality for state-space models excludes the integration
of an input component [11]. This exclusion results in state-space models and successive
analyses that lack the incorporation of the B and D system matrices. Upon revisiting the
theoretical framework and conducting an analysis of the DARE, it can be inferred that the
estimation of the noise covariances, which are essential for solving the DARE and subse-
quently calculating the Granger causality measure Fij , exhibits variations when the model
incorporates an exogenous input. In contrast, the prediction error covariance Σ remains
consistent even when an exogenous input is introduced into the state-space model.

Studies using the same datasets have demonstrated that sensorimotor processing acti-
vates various cortical regions, including the primary somatosensory cortex, which receives
proprioceptive and tactile sensory information [20, 32]. The postcentral gyrus predomi-
nantly represents the somatosensory cortex in this study. Within the columns of theGranger
causality heatmap, increased dependency is evident, signifying a statistical impact on other
brain sources. This supports the idea that the postcentral gyrus functions as a central hub,
influencing various network regionswhere different information streams converge, exerting
a significant influence on these regions. However, it is essential to note that the columns of
the postcentral gyrus do not exhibit the highest dependencies, which does not alignwith the
expectations drawn from literature [32]. Furthermore, other areas involved in sensorimotor
processing include the thalamus, posterior parietal cortex, and insular cortex [37, 38, 39].
Notably, the angular gyrus within the posterior parietal cortex, as well as the insula and
thalamus, display distinctive statistical dependencies on other brain sources processing
the information. These insights are derived from examining inter-participant connectivity
networks, strengthening the expectation of heightened connectivity among the actively en-
gaged sources.

5.3. Future research
Several topics lend themselves to further research. Firstly, the mathematical framework’s
performance should be evaluated across a range of datasets, including both simple sensori-
motor processes andmore complex tasks, to enhance the research reliability and robustness.
While the obtained dataset was instrumental in addressing the research objectives, it is es-
sential to acknowledge the limitations of relying solely on a single data source. Additionally,
two critical considerations must be addressed for seamless dataset integration within the
framework. First, the suitability of employing open-loop identificationmethods in conjunc-
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tionwith specificdatasets or tasks shouldbe thoughtfully assessed. Second, assigning values
to the stimulus as the exogenous input is essential.

The designed framework identifies the brain dynamicswithin a linear state-spacemodel,
although existing literature frequently suggests modelling brain dynamics should incorpo-
ratenonlinear elements [32]. In the context of the specific task employed in this research, the
linear approachhasdemonstrated excellent performance. However, formore complex tasks,
there exists a promising avenue for future research. This involves expanding the framework
to integrate nonlinear elements alongside the linear state-spacemodel. Potential nonlinear
model identification techniques, such as the Hammerstein-Wiener or a neural state-space
model, can be considered to investigate whether including nonlinear components can fur-
ther enhance the model’s performance.

In this study, the framework utilises open-loop subspace identification for modelling
brain dynamics, which is well-suited for the passively performed tasks under investigation.
However, when the research is extended to encompass more complex tasks that involve ac-
tive participant engagement and feedback mechanisms, the dynamics of the brain become
more intricate. In such scenarios, employing closed-loop subspace identification methods
becomes essential to identify the state-space model representing the brain dynamics.

Evaluating the framework’s reliability through utilising multiple datasets, coupled with
the addition of nonlinear components and closed-loop subspace identification, could po-
tentially enhance the comprehension of brain dynamics and functional connectivity, par-
ticularly in the context of more complex tasks. In the long run, these advancements might
facilitate the diagnosis of neurological disorders. When utilising the framework for diagnos-
ing neurological disorders, it becomes imperative to examine the threshold values applied
in the context of Granger causality heatmaps and network connectivity diagrams. Currently,
these thresholds vary between participants. This approach can pose challenges in detecting
diminished connectivity patterns. Adopting a fixed threshold value or range could provide
a more consistent basis for detecting alterations in connectivity, which can be particularly
significant in diagnosing neurological disorders.

It is well-established that during the initial stages of Alzheimer’s disease, a decline in
brain connectivity can be observed. If this framework, or an adapted iteration, proves ef-
fective in handling more complex tasks, future experiments could be designed to investi-
gate processes reliant on the coordinated activity of multiple brain regions. Incorporating
datasets from these experiments into the framework may unveil distinctive connectivity
patterns, particularly in patient groups, that could potentially facilitate the early detection
of Alzheimer’s disease.



A
Appendix A - Mathematical definitions

The theoretical foundation of this report relies upon a set of defined concepts and terms,
which serve as the basis for formulating assumptions regarding the state-space models and
subspace identification, explained in Chapter 2. The materials of this section are borrowed
from Verhaegen and Verdult [16].

Time-invariance
A discrete-time state-space system can be represented as:

x(k + 1) = f(k, x(k), u(k)),

y(k) = h(k, x(k), u(k)).
(A.1)

Thefirst equationdescribes the timeevolutionof the state at time instantk+1, given the state
and the input at time instant k. The second equation shows how the value of the output at
time instant k depends on the values of the state and the input at that particular time instant.

A significant category of systems is the group known as time-invariant systems [16]:
Definition A.1 (Time-invariance). The system of Equation A.1 is time invariant if the func-
tions f and h are independent of time k for all x, u and y

In other words, a time-invariant system is described by functions f and h that do not change
over time:

x(k + 1) = f(x(k), u(k)),

y(k) = h(x(k), u(k)).
(A.2)

Linearity
Another important class of systems is the class of linear systems. To define a linear system,
it is important to define a linear function [16]:
Definition A.2 (Linear function). The function f : Rm → Rn of Equation A.1 is linear if, for
any two vectors x1, x2 ∈ Rm and any α,β ∈ R,

f(αx1 + βx2) = αf(x1) + βf(x2). (A.3)

Definition A.3 (Linear system). The state-space system of Equation A.1 is a linear system if
the functions f and h are linear functions concerning x(k) and u(k).
Therefore, a ”linear time-invariant” (LTI) state-space system (with additional noise) can be
represented as Equation 2.1.
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Dynamical system
A system transforms a particular set of input signals into another set of signals, referred
to as output signals. Most systems are dynamic systems. The term ”dynamical” refers to
the system’s memory, meaning that the current output signal is not only determined by the
current input but also influenced by its time history and the time history of the input signal
[16]. In mathematical terms, a dynamical system can be defined as follows:

Definition A.4 (Dynamical system). A dynamical system is characterised by a set of state
variables, denoted as x, representing the system’s internal configuration or state at a given
time. The system’s evolution is governed by a set of equations, often called ”dynamical
equations” or ”differential equations.” These equations describe how the state variables
change over time as a function of their current and past values and possibly external inputs.

Noise
In system modelling and estimation, it is crucial to account for various uncertainty or dis-
turbances. Two familiar sources of uncertainty are process noise w(k) and measurement
noise v(k), incorporated in the state-space model of Equation A.1. Process noise represents
the inherent randomness or unpredictability in the evolution of a dynamic system, which is
typically modelled as a stochastic sequence with specific statistical properties that capture
the system’s uncertainty. Process noise must be included in a model due to model approx-
imations and model integration errors. Measurement noise accounts for the imperfections
and inaccuracies in the measurement or observation process. Like process noise, measure-
ment noise is also represented as a stochastic sequence, but it characterises the uncertainty
associated with sensor readings or measurements.

One common assumptionmade whenmodelling process andmeasurement noise is the
use of a zero-mean white noise sequence:

Definition A.5 (Zero-mean white noise). A white noise sequence is a stochastic signal char-
acterised by constant power spectral density across all frequencies. Zero-mean white noise
specifically has an expected value or mean of E[n(k)] = 0, where n(k) represents the value
of the white noise sequence at time k.

Observability
Observability is a fundamental concept in system theory that assesses the ability to infer
the complete internal state of a dynamic system based solely on its external output mea-
surements. In other words, an observable system allows all its internal states to be uniquely
determined from the observed outputs over a finite time horizon. This property is crucial in
various applications, such as control design, estimation, and diagnosis, as it ensures that no
essential information is hidden from external observations. For a system to be observable,
the following definition should hold:

Definition A.6 (Observability). The system of Equation 2.1 is observable if any initial state
x(ka) is uniquely determined by the corresponding zero-input response y(k) for ka ≤ k ≤ kb
with kb finite.

To test the observability of an LTI system, the observability rank condition can be used
Equation 2.33:

rank(On) = n, (A.4)
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making use of the observability matrixOn:

On =

⎡

⎢⎢⎢⎣

C
CA
...

CAn−1

⎤

⎥⎥⎥⎦
. (A.5)

Controllability
Similarly, controllability is a fundamental principle within system theory that examines the
capacity to guide any state of the dynamic system through external input actions. A control-
lable system can be directed from any initial state to any desired state within a finite period
by selecting appropriate control inputs. For a system to meet the criteria of controllability,
consider the following definition:

Definition A.7 (Controllability). The system described by a state-space model is deemed
controllable if, given any initial state x(ka), there exists an input signal u(k) for ka ≤ k ≤ kb
such that x(kb) = 0 for some kb.

The problemwith controllability in discrete time is that specific systems are categorized
as controllable, even though the input does not genuinely contribute to steering the state
[16]. To illustrate, consider a system characterised by A = 0 and B = 0: in this scenario,
every initial state converges to zero, but the input holds no sway over the system’s behaviour.
As a result, a more robust concept termed ”reachability” is frequently employed:

Definition A.8 (Reachability). The system described by a state-space model is reachable if
for any two states xa and xb, there exists an input signal u(k) for ka ≤ k ≤ kb that will transfer
the system from the state x(ka) = xa to x(kb) = xb.

Analogous to the observability assessment, the reachability of the LTI system can be
evaluated through the reachability rank condition:

rank(Cn) = n, (A.6)

using the controllability matrix Cn:

Cn =
[
B AB . . . An−1B

]
. (A.7)
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Appendix B - Anatomical regions of

interest
The brain sources employed for mapping from latent to source states are detailed in Ta-
ble B. The brain sources are labelled according to the atlas ”ROI_MNI_V4” of the Automated
Anatomical Labeling 2 (AAL2) atlas.

The table lists the brain regions, the associated brain sources, and their corresponding
labels as featured in the heatmaps and network connectivity diagrams. In these diagrams,
the letter L or R is appended to the labels, indicating the placement in either the left or the
right hemisphere. This letter designation is omitted from the table. Furthermore, a visual
representation of the brain regions on abrainmap is provided in FigureB.1, with each region
distinguished by a unique colour.

Table B.1: List of the anatomical regions and sources according to the AAL Atlas ROI_MNI_V4.

Anatomical description Label ROI_MNI_V4
Central sulcus
Precentral gyrus Precentral

Frontal lobe
Superior frontal gyrus Frontal Sup
Middle frontal gyrus Frontal Mid
Middle frontal gyrus (orbital) Frontal Mid Orb
Inferior frontal gyrus (triangular) Frontal Inf Tri
Inferior frontal gyrus (orbital) Frontal Inf Orb
Rolandic operculum Rolandic Oper
Supplementary motor area SuppMotor Area
Superior Frontal gyrus (medial) Frontal SupMedial
Rectus gyrus Rectus

Insular lobe
Insula Insula

Limbic lobe
Anterior cingulate gyrus Cingulum Ant

Continued on next page
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Table B.1: (continued from previous page)
Anatomical description Label ROI_MNI_V4
Median cingulate gyrus CingulumMid
Parahippocampal gyrus Parahippocampal
Amygdala Amygdala

Occipital lobe
Calcarine cortex Calcarine
Cuneus Cuneus
Lingual gyrus Lingual
Superior occipital gyrus Occipital Sup
Middle occipital gyrus Occipital Mid
Fusiform gyrus Fusiform

Parietal lobe
Postcentral gyrus Postcentral
Superior parietal gyrus Parietal Sup
Inferior parietal gyrus Parietal Inf
Supramarginal gyrus SupraMarginal
Angular gyrus Angular
Precuneus Precuneus

Sub cortical grey nuclei
Caudate Caudate
Pallidum Pallidum
Thalamus Thalamus

Temporal lobe
Superior temporal gyrus Temporal Sub
Temporal pole (superior) Temporal Pole Sup
Middle temporal gyrus Temporal Mid
Inferior temporal gyrus Temporal Inf

Cerebellum
Cerebellum Cerebellum
Vermis Vermis
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Figure B.1: Spatial orientation of the brain regions, to which the defined brain sources are associated, based
on the Automated Anatomical Labeling 2 (AAL2) atlas. These regions are differentiated by various colours, as
described in the accompanying legend. (a) The lateral external view of the brain. (b) The interior view of the
brain. (c) The sagittal view of the brain.
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Appendix C - Expanded visuals and

tables for model analysis
Chapter 4 of this report detailed the model analysis. This appendix serves as a supplemen-
tary section, offering additional visual representations and tables that further elucidate the
results and conclusions presented in that chapter.

This section includes visualisations of the raw EEG data, the reconstruction of source
activity, and the Granger causality heatmaps, along with their corresponding connectivity
diagrams. These supplementary materials provide a more comprehensive and in-depth
understanding of the research findings and analysis.

C.1. Data analysis
In the initial preprocessing stage of the algorithmapplied to the dataset fromVlaar et al. [20],
the data from the electrodes labelled as AF4 and F6 are identified as problematic channels
and subsequently excluded from further analysis. As depicted in Figure C.1, the electrical
activity of these channels can be compared to that of six other channels, emphasising the
irregular behaviour. It is worth noting that the electrical activity depicted in this figure is
captured before the completion of the preprocessing phase.

Figure C.1: The scalp recorded electrical activity from 8 electrodes over two distinct epochs for Participant 1,
showing the distinctive behaviour of electrode AF4 and F6. The x-axis represents time in milliseconds, and the
y-axis displays channel labels
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C.2. Source activity reconstruction
After creating the transformationmatrixH , representing themapping from latent to source
states, it becomes possible to simulate the source activity z using the equation z = Hx, with
the noise component being disregarded.

The outcome of this critical step is the relativemeasure of source activity, which provides
insights into the intensity of neural activity within specific brain regions. To facilitate a
comprehensive understanding, the results of the relative source activity measurements are
presented in the figures below. These figures offer a systematic data organisation, cate-
gorised according to the corresponding brain regions, shedding light on the varying levels
of neural activity in each source.
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Figure C.2: Source activity reconstruction for the brain sources, part 1.
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Figure C.3: Source activity reconstruction for the brain sources, part 2.
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Figure C.4: Source activity reconstruction for the brain sources, part 3.
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C.3. Brain connectivity
The functional connectivity results for all seven participants involved in this study are pre-
sented below. This collection of heatmaps allows for an insightful comparison of the differ-
ences and similarities observed in the functional connectivity patterns among the partici-
pants. To ensure completeness and comparability, the heatmap for Participant 1 is included,
enabling a comprehensive analysis of the findings across all participants.

The outcomes of the Granger causality analysis are represented in the heatmaps. The
heatmap employs a colour coding scheme to represent the strength of the connectivity, also
denoted in the colour bar. From the Granger causality measures, the network diagrams are
formed. The diagram consists of nodes representing brain sources and edges representing
a directed statistical dependency between the nodes. In the figures, ”L” or ”R” designations
indicate the hemisphere in which each element is situated. The brain sources are labelled
according to the atlas ”ROI_MNI_V4”.
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Functional connectivity of participant 1

Granger Causality Heatmap - Participant 1
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Figure C.5: The functional connectivity of the brain of Participant 1, determined from the Granger causality
measure Fij . (a) The Granger Causality heatmap. (b) The network connectivity diagram, representing the
directed functional connectivity.
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Functional connectivity of participant 2

Granger Causality Heatmap - Participant 2
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Figure C.6: The functional connectivity of the brain of Participant 2, determined from the Granger causality
measure Fij . (a) The Granger Causality heatmap. (b) The network connectivity diagram, representing the
directed functional connectivity.



C.3. Brain connectivity 72

Functional connectivity of participant 3

Granger Causality Heatmap - Participant 3
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Figure C.7: The functional connectivity of the brain of Participant 3, determined from the Granger causality
measure Fij . (a) The Granger Causality heatmap. (b) The network connectivity diagram, representing the
directed functional connectivity.
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Figure C.8: The functional connectivity of the brain of Participant 4, determined from the Granger causality
measure Fij . (a) The Granger Causality heatmap. (b) The network connectivity diagram, representing the
directed functional connectivity.
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Granger Causality Heatmap - Participant 5
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Figure C.9: The functional connectivity of the brain of Participant 5, determined from the Granger causality
measure Fij . (a) The Granger Causality heatmap. (b) The network connectivity diagram, representing the
directed functional connectivity.
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Functional connectivity of participant 6

Granger Causality Heatmap - Participant 6
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Figure C.10: The functional connectivity of the brain of Participant 6, determined from the Granger causality
measure Fij . (a) The Granger Causality heatmap. (b) The network connectivity diagram, representing the
directed functional connectivity.
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Functional connectivity of participant 7

Granger Causality Heatmap - Participant 7
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Figure C.11: The functional connectivity of the brain of Participant 7, determined from the Granger causality
measure Fij . (a) The Granger Causality heatmap. (b) The network connectivity diagram, representing the
directed functional connectivity.



D
Appendix E - Link to Matlab code

The steps of the designed mathematical model are programmed in distinct scripts utilizing
Matlab R2023A (TheMathworks, Inc., Natick, MA, USA). TheMatlab code of these steps can
be found on a GitHub page. The link for this page is:
https://github.com/slbakels/Thesis-files
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https://github.com/slbakels/Thesis-files
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Glossary
List of Acronyms
AAL2 automated anatomical labelling 2
BCI brain-computer interfaces
BIC Bayesian information criterion
DARE discrete-time algebraic Riccatti equation
EEG electroencephalogram
fMRI functional magnetic resonance imaging
ICA independent component analysis
ICs independent components
LTI linear time-invariant
MOESP Multivariable Output Error State sPace
MRI magnetic resonance imaging
N4SID Numerical algorithms for Subspace State Space System Identification
PI-MOESP Past Input Multivariable Output Error State sPace
PO-MOESP Past Output Multivariable Output Error State sPace
RMSE root-mean-square error
ROI region of interest
SSR steady-state responses
std standard deviation
SVD singular value decomposition
VAF variance accounted for
VAR vector autoregressive
VARMA vector autoregressive moving-average

List of Symbols
ΠB The orthogonal projection of the row space of matrixB.
x̂(k + 1) Estimate of the state variable. In every instance, the symbol ̂ signifies an

approximation of a vector or matrix.
A/BC The oblique projection of matrix A along the row space of matrix B onto the

row space of matrix C.
A† TheMoore-Penrose pseudoinverse of matrix A
B⊥ The orthogonal complement of a subspaceB
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Cn Thecontrollabilitymatrix,where thefirst subscriptdenotes thenumberofblock
columns

Fij The Granger causality measure, indicating whether state xi is Granger caused
by state xj .

On The observabilitymatrix, where the first subscript denotes the number of block
rows

Ss The lower block triangular Toeplitz matrix for the triple (A,C,K).
Ts The lower block triangular Toeplitz matrix for the quadruple (A,B,C,D).
Xi,N Extended vector, where the first subscript denotes the time index of its top left

entry and the second refers to the number of block rows
Yi,s,N Hankel matrix, where the first subscript denotes the time index of its top left

entry, the second refers to the number of block rows, and the third refers to the
number of columns
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