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Abstract

Air-pollution is one of the most critical ecological and public health challenges of the 21st
century. Its pre-emptive, passive, and reactive control is a fundamental aspect of environ-
mental management, that is aimed at minimising the release of harmful substances and their
impact on human health and natural systems. An effective pollution control strategy involves
the scientific modelling of the pollution dispersion so as to either prevent pollutants from
being emitted or mitigate the effects after their release in specified areas of interest. One
mathematical framework suitable for this purpose, includes the solution of partial differential
equations in order to accurately simulate the physical phenomenon in question. By coupling
this model with an optimisation scheme, it is possible to design targeted interventions, such
as the real-time adjustment of emission rates, the optimal placement of industrial facilities,
and other related countermeasures. These actions can guarantee that the concentration of
a pollutant will be within specified safe margins inside the regions of interest. The main
objectives of this thesis are to propose an accurate mathematical model that describes the
dispersion of air-pollutants in a wide range of scenarios, and implement it successfully within
an appropriate parallel optimisation scheme, while evaluating its convergence under specific
assumptions. The formulation of an optimisation methodology under those requirements,
will result in a large-scale numerical problems with different properties depending on the
application parameters, and with various limitations regarding their numerical solution. In
an attempt to overcome them, this thesis examines the use of PDE-constrained optimisation
methods in combination with parallel techniques so as to achieve the minimisation of the
air-pollutants’ effects along with the distribution of the computational burden. More specif-
ically, it will provide insight on the implementation of the augmented Lagrangian technique
with the use of a Newton method in the formulation of a robust and accurate optimisation
framework. In addition, emphasis will be given in the utilisation of parallel algorithms based
on domain decomposition methodologies (DDM) in order to produce faster results, improve
scalability, and allow the time-sensitive regulation of the pollutants’ emission rate.
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Chapter 1

Introduction

This chapter establishes the underlying scope, the motivation and the main objectives of this
thesis. Section 1-1 will break down and provide insight into the main challenges associated
with the problem of optimal air pollution management. It includes a brief overview of the re-
quirements of an optimisation scheme focused on the minimisation of pollutant concentrations
and their socioeconomic impacts. Furthermore, some of the existing methodologies utilised
for the optimal control of air pollution will be discussed, along with their respective advan-
tages and limitations. Then, in Section 1-2 we will present the main research questions that
are addressed in this thesis. Finally, an outline of the structure and the remaining chapters
is provided in Section 1-3.

1-1 Background and Motivation

Air pollution is the phenomenon of the accumulation of particles or gases in the atmosphere,
at concentrations high enough to alter the atmospheric chemistry and impair ecological sys-
tems. Pollutants, such as SO2, NOs, CO, and PMs5_19, can originate from natural pro-
cesses (volcanic eruptions, forest fires), biogenic sources (marine and terrestrial ecosystems),
and anthropogenic activities (energy production, agriculture, transportation, industrial man-
ufacturing processes, urbanisation, etc.)[1]. The atmospheric propagation of these pollutants
is dependent on meteorological variables (temperature, wind speed, boundary layer height,
etc.) and on the morphology of the terrain through a variety of physical processes such as
diffusion, advection, chemical conversion, and many other [2]. At present, air pollution is an
unavoidable by-product of human activity and after more than two hundred years the rapid
industrialisation and technological advancement, mankind constitutes its main contributor [3].
However, the impact of poor air quality conditions is detrimental to human health with both
economic and societal implications. The total cost of sick days, chronic diseases, increased
mortality in combination with a decreased fertility rate [4] will continue to accumulate for
both the society and the economy unless action is taken. Fortunately, the time period from
the last quarter of the twentieth century until 'recently’, can be distinguished by an increased

Master of Science Thesis Evangelos Skrinis



2 Introduction

awareness of humanity’s impact on Earth. As a result, the improvement of air quality, through
the minimisation of the adverse effects of human activities, has been a worldwide concern. To
that end, a plethora of systems for the prediction, early warning, and control of air pollution,
in a variety of anthropogenic sources and environmental circumstances has been a priority for
many countries and international regulatory organisations such as EEA,US EPA and others
[5, 6].

An optimal pollution-abatement policy should involve the control of human activities that
generate emissions and at the same time support essential societal, economic, and industrial
functions. Bringing those processes to a halt, relocating them, or even blindly regulating
them, would indeed negate the effects of air-pollution but it would also generate substantial
costs in different areas of interest such as supply chains, manufacturing, essential services,
etc. [7]. As a result, the objective of minimizing the adverse effects of the dispersion of
pollutants in the atmosphere must also take into account both the implementation costs of
the proposed countermeasures and their toll in the economy and the society[8]. To that
end, the formulation of an optimisation framework that is able to accommodate different
cost functions and, most importantly, a variety of constraints would be of paramount im-
portance. The ideal framework should be able to support both short-term control strategies
(early warning, emergency response) and long-term planning (scenario testing, policy assess-
ment) while taking into account the results of cost-benefit analysis. This can be achieved in
an optimisation scheme (PDE-constrained optimisation) by utilising complex mathematical
models for the accurate prediction of the underlying physical phenomena, and constraints
along with cost functions for the enforcement of specific policies [9, 10]. The selected model,
used for the simulation of the transport of air pollution, must be sufficiently accurate, so as
to provide reliable quantitative prediction data in real-world conditions. At the same time,
it should be simulated within a time frame that allows for dynamic responses in continuously
evolving phenomena and its form should accommodate the implementation of fast-converging
optimisation algorithms [11, 12].

Analogous requirements are extended to the optimisation scheme that will be implemented.
In particular, the ideal methodology should be adaptable to the aforementioned specifica-
tions, meaning that it should be able to incorporate different types and number of optimi-
sation variables, state & control constraints and conflicting objective functions. However,
this formulation is desirable only as long as it is able to provide a computationally tractable
framework that retains sufficient fidelity to the underlying physical model. Although there are
many methodologies, that are able to accommodate PDE-constrained optimisation problems,
a common disadvantage is the increase of the computational, as the spatial and temporal
resolution increases and more complicated characteristics are introduced. A partial solution
to this limitation could be the use of domain decomposition methods (DDM). DDM are ba-
sically a parallel numerical technique focused on the solution of partial differential equations.
They are able to split up the whole domain into smaller subdomains and thus find a quickly
global solution from the results of the local problems that can be solved independently and
in parallel [13, 14]. The insight behind this idea, lies in the fact that a PDE-constrained op-
timisation could retain most of the numerical properties of the discretised state equation and
as a result, a parallel solution through DDM for the large discretised optimisation problem
could be designed.

Based on, either the decomposition of the whole optimal problem [15], or the PDEs that
govern it [16], it is possible to parallelise some procedures and create preconditioners that
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1-2 Research Questions 3

speed up selected solvers (e.g. Krylov) [17]. In fact, several approaches have been proposed
for the utilisation of DDM and the spatial or temporal decomposition of the PDE-constrained
optimisation problems [18, 19]. Although, the specific details of all these methodologies may
differ, their common characteristic, is that they are implemented in a particular class of linear
PDEs and, most importantly, without any equality or inequality constraints [20, 21, 22, 23].
This means that they cannot be implemented successfully to air pollution control problems
and other applications that require complicated, sometimes non-linear, PDEs to accurately
describe the underlying processes, and depend on constraints to restrict the systems variables
from exceeding operational or physical limits.

1-2 Research Questions

In an attempt to address the gap that was identified in the previous section, this thesis will
endeavour to formulate an optimisation framework capable of accommodating a broad range
of requirements, focus on air pollution control, utilising domain decomposition methodologies.
As a result, the main research question will be formulated as follows:

How can an optimisation framework based on domain decomposition
methodologies be formulated to accommodate the requirements of air
pollution control?

The analysis of this research question can be broken into four tasks, each of which must be
addressed for the development of the proposed framework.

Firstly, it is important to identify the main requirements for the optimal control of air pollu-
tion and its impacts. This includes the different types of cost functionals, control variables
and, constraints that are crucial for the formulation of the PDE and the optimisation prob-
lem. Only after these requirements have been established can the necessary attributes of the
optimisation algorithm be determined.

Secondly, the focus is directed on the search of PDE-constrained optimisation methods that
can accommodate those attributes, can ensure the computational tractability of the problem
as the size and the complexity increases and whose framework enables the implementation of
domain decomposition methods.

Thirdly, a variety of domain decomposition methods must be assessed in order to determine
whether they could reduce the computational cost and improve the efficiency and the scala-
bility of the selected optimisation algorithm.

Finally, the last question addresses how can all these components be integrated into a unified
methodology that can incorporate all the necessary requirements of air pollution control.

1-3 Thesis Outline

The rest of this thesis is composed by six additional chapters.Chapter 2 examines the main
approaches to air-pollution modelling and their integration into optimisation frameworks.
Furthermore, it formulates a case study that will be used as a reference in the proposed
methodology. Then at Chapter 3, we review the optimisation schemes that could be coupled
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with the described models. PDE-constrained optimisation algorithms in combination with
techniques that enhance their adaptability and tractability of the overall methodology such
as the augmented Lagrangian approach are analysed. This is followed by an overview and
the analysis of the classical and contemporary methods associated with DDM in Chapter 4.
Emphasis is given on the substructuring methods that are focused on the solution of PDEs.
All these aforementioned techniques are integrated into one unified framework that is formu-
lated and explained in Chapter 5. Later, on Chapter 6 the implementation of the proposed
algorithm in the case of air pollution control is addressed. Furthermore, the numerical results
along with the efficiency comparison between case studies are presented and interpreted. Fi-
nally the concluding remarks and suggestions for future work and improvements on proposed
methodology are summarised in Chapter 7.
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Chapter 2

Air Pollution

In this chapter we present a review of air-pollution along with the fundamental concepts that
are used to simulate its underlying physical phenomena. Section 2-1 includes an overview
of the adverse effects and consequences of air-pollution and highlights the need for accurate
prediction models imbedded in optimisation frameworks. Afterwards, Section 2-2 focuses on
the different types of forecasting models and it provides insight on their classification and
implementation. Following this, Section 2-3 discusses the main requirements of an optimisa-
tion problem with respect to the corresponding model and air-pollution in general. Finally,
in Section 2-4 we present and analyse the reference model that will be used for the numerical
examples of the proposed optimisation framework.

2-1 Overview of Air-Pollution

Air-pollution should not be regarded as an abstract concept that affects only a minority of
highly susceptible individuals. It can result in both long-term and short-term effects, impact-
ing global and regional areas alike, and it could require widely spread policies in order to deal
with its aftermath. In other instances, it is possible to counteract its negative consequences
through local, in situ decisions [24]. For example, the accumulation of air pollutants over
many decades can have an adverse impact even on the whole planet and its climate, and thus
requires the cooperation of many countries over different continents in order to counter it. On
the other hand, the same pollutants can pose an immediate risk to human well-being if they
exceed specific concentration limits even for a short period of time in a specific region [25].
Simultaneously, the prolonged exposure to even slightly elevated concentration can prove to
be detrimental to people’s health [26].

Depending on the scope of interest of a specific research, most of these harmful effects can
be identified and accurately estimated for the ecological systems, the economic activities and
the health humans. In particular, healthcare expenses, lost productivity, water quality de-
terioration, abatement expenditure, decreased agricultural production, societal impacts, and
many other direct or indirect consequences have quantifiable costs that can be reflected to
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6 Air Pollution

key performance indicators. These KPIs can provide an evaluation basis for the assessment of
the different policies and control decisions based on the predicted outcome and their effect on
a selected objective [5]. To protect human health, the environment, and mitigate the societal
burden, the World Health Organization (WHO) along with several countries have identified
and issued guidelines for the concentration of sulphur dioxide (SO3), nitrogen dioxide (NOz),
carbon monoxide (CO), ozone (O3), lead (Pb), particulate matter with aerodynamic diam-
eters less than 2.5 mm and 10 mm (PMajs_19) and benzene (CsHg) as some of the most
prominent sources of air-pollution [27, 28]. The process of correlating the concentration of
these pollutants with macroeconomic indexes is a complicated, multi-stage procedure that re-
quires the interdisciplinary cooperation of a plethora of fields (environmental science, medical
science, exposure assessment, econometrics, etc.). However, any attempt to assess, predict,
or control the effects of air-pollution, must begin with the creation of an accurate model of
the pollutant’s dispersion through the atmosphere[29, 30]. In order to compute the required
concentrations, one must take into account the emission sources that produce the air pollu-
tants, the atmospheric processes of diffusion, transport, and chemical transformation as well
as the response of the receptors agents. The main focus of this chapter is the description of
mathematical models that are able to achieve this and of the necessary requirements to their
implementation in optimisation frameworks.

2-2 Dispersion Models of Air-Pollution

The transportation of pollutants in the air is a result of a variety of physical and chemical
processes (advection, turbulent diffusion, deposition, chemical reactions, aerosol dynamics
etc.) and is dependent on a plethora of variables (temperature, wind speed & direction,
geomorphological relief, source type, particle diameter, etc.) [2]. These pollutants can travel
over many distances in varying timescales, impacting ecosystems on their path and even
infiltrate indoor spaces far away from the emission sources. Due to differences in the size of the
regions and/or time domains, the availability of data, the required accuracy and robustness,
the available computational power and many other factors, several Air Quality Forecasting
(AQF) methodologies have been developed. They can be broadly classified into a variety of
different groups based on their properties (deterministic, parametric, statistical, hybrid, etc),

One of the first contemporary systematic methods that developed a tool for the prediction of
the air-pollution in the atmosphere was documented in the middle of the twentieth century
and it served as an early warning mechanism. Based on the idea that meteorological stagna-
tion is conducive to the accumulation of air pollutants in the atmosphere, these methodologies
made qualitative predictions of the air quality level, based on the meteorological measure-
ments in the atmosphere [11, 31]. Since then, the advances in the sciences of meteorology,
environmental statistics, and computer engineering, as well as the decreased cost and the tech-
nological improvement of measuring instruments, have paved the way for the development of
more sophisticated pollutant dispersion models [11, 32].

Statistical models can analyse a vast amount of data from many different sources and rapidly
predict the concentration of air pollutants without any previous knowledge of the physical,
chemical, or biological processes that affect their dispersion. Multi-variate regression models
(e.g. LUR [33]), ARIMA models, and principal component analysis methods are just some of
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2-2 Dispersion Models of Air-Pollution 7

the more prominent frameworks that fall under this category [34, 35]. Most of these method-
ologies focus on the prediction of the air quality based either on the past measurements and
variations from computed values or on the correlation of specific meteorological, geographical
and other features to the pollutants’ concentration. The availability of measurement data
along with the implementation of machine learning techniques has enabled the development
of black box models with high accuracy and rapid result generation [36, 37, 38].

Numerical models, on the other hand, utilise mathematical approaches to simulate the internal
mechanisms of the underlying physical, chemical and biological processes that are present at
the dispersion of pollution in the atmosphere. Depending on the required accuracy, these
techniques can result in large coupled differential or partial differential equations with a
spatial domain ranging from an indoor area to the whole atmosphere and a temporal range
from minutes to years. the diagram of a complete model of air-pollution can be seen in
Figure 2-1 [39]. Depending on the application, the selected mathematical expressions could
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Figure 2-1: Components of a comprehensive air quality model.

be simplified by taking into consideration only the principal phenomena such the processes
of advection, diffusion, wet and dry deposition and chemical reaction. Furthermore, the
spatio-temporal domain can be adjusted to fit the corresponding problem at hand. However
there are problems, that based on the kind of the pollutant and the type of research, have to
be capable of representing more elaborate mechanisms (aerosol micro-kinetics, gravitational
settling, effect of boundary layers) under more complex environments (street canyons) [40] .
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8 Air Pollution

2-3 Air-Pollution Optimal Control Requirements

One of the goals of this thesis, is the implementation of a model for the dispersion of pollu-
tion in the atmosphere, into an optimisation framework, that is aimed in the mitigation air
pollutants and their effects. In order to achieve this in a systematic way, it is crucial that
the model can facilitate numerical comparisons between different cases. These outputs are
necessary for the strategic design of countermeasures that could efficiently suppress the ef-
fects of air-pollution [30]. Advanced and proactive risk assessment plans have the potential to
yield substantial societal and economic benefits, positively affecting individuals, companies,
and whole countries in general. As a result, any qualitative approaches have to be excluded
from a proposed optimisation framework. The lack of precise prediction of the pollutants’
concentration would lead to a large margin of error since too much idle information is left
unused. However, this is not the sole requirement. Accuracy, robustness and computational
efficiency play a critical role and are essential characteristics of a model planned to me used
within an optimisation framework.

Statistical and machine learning approaches are able to produce quantitative results with the
added benefit of rapid computation since the computationally heavy task (training) has been
already performed online. However, these types of methods have specific prerequisites in
terms of data quality and sample size. When they are not met, the accuracy of the proposed
model will decrease. Even when these requirements are met, the simulation’s uncertainty will
increase if the optimisation process leads the system outside of its training set [41]. Thus,
an optimisation framework, based on these models, would require high-resolution and high-
quality datasets. These, however, that are not always available or easily accessible across
a variety of scenarios, pollutants or spatial and temporal resolutions. Furthermore, most
of these models are treated as a ’black box’ with little to no insight on the interpretability
between the produced concentrations and the controllable inputs.

For these reasons, numerical models are used for the representation of the phenomena of the
pollution dispersion in the proposed optimisation framework in this thesis. They are also
capable of generating quantitative approximations of the pollutant concentration in the at-
mosphere with different levels of accuracy depending on the application [42]. The knowledge
of the governing dynamics allows the model to capture abrupt emissions or rapidly changing
atmospheric conditions when the transient response is significant as well as the steady state
under a wide variety of circumstances. Furthermore, it is possible to derive explicit informa-
tion regarding the sensitivity of the pollutant dispersion with respect to selected parameters.
This is extremely advantageous in PDE-constrained optimisation for the utilisation of the
gradient based methods. Their only limitation lies in the computational cost that arise from
their numerical solution. As the complexity of the model and the accuracy requirements
increase, so does the necessary time it takes to solve the underlying equations. One of the
goals of this thesis is to attempt to resolve this obstacle with the appropriate optimisation
framework and the utilisation of domain decomposition techniques.

Apart from the choice of the model, there are many other attributes, associated with air-
pollution, that have to be clarified before the formulation of an optimisation problem. One
of them, is the type of the emission sources, as it may be required to represent a road
(line source), an industrial or agricultural area (area source) or the residential buildings
(multiple distributed sources). Closely related to this, is the identification of the control and
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2-4 Air-Pollution Model Based on PDE 9

mitigation strategies. Through these actions, the optimisation algorithm attempts to reduce
the effects of pollutants. Apart from the obvious restriction of the emission rate (reduce
industrial output, road access, etc.), more advanced options could be required depending
on the application. The position of the emission source, its maximum operating level, the
adjustment of the composition of energy production, when available, should be intergraded to
a general PDE-constrained optimisation framework. Furthermore, any constraints to either
the control or state variables that correspond to safety and operational limits should not be
excluded from the problem. Finally, the cost function of the optimisation problem could be
as simple as penalising pollutant concentrations that exceed a preset safety threshold or could
include competing objectives. For example, an advanced cost-benefit analysis could provide
the environmental and health-related costs associated with the increased pollution along with
the required resources and additional cost of mitigation policies. All these characteristics
should be considered in the choice of an optimisation algorithm.

2-4 Air-Pollution Model Based on PDE

The case study of this thesis, as it is previously mentioned, is the dispersion of pollutants
through the air. In order to accurately simulate all the related physical phenomena under a
broad range of different scenarios, a mathematical model based on partial differential equa-
tions is utilised. For that reason, the advection-diffusion-reaction equation was selected since
it is the basis of many contemporary CTM [43]. It is a well-studied model for representing all
the relevant natural or anthropogenic processes of emission, atmospheric transport, diffusion,
turbulent dispersion along with more complicated phenomena such as chemical reactions,
aerosol dynamics, photolysis, and more [39].

Depending on the application, the pollutant in question, and the required accuracy, it is
possible to select which terms of the PDE are essential for the proposed model. The general
form of this equation is:

Oc(x,t)
ot

— V- (KVe(x,t))+ V- (Ve(x, t) = q(x,t) + R(c, x,t) (2-1)

with

c(x,t) is the pollutant concentration measured in an unit such as kg/m? or mol/m3,

X is the spatial coordinates and t is the temporal coordinate,

V is the wind velocity [m/s], and

K is the diffusivity tensor [m°/s].

Based on this formulation, the first term 9¢/a¢ denotes the temporal accumulation of the pol-
lutant’s concentration. Then, the principal terms that contribute to the pollutants’ transport
are presented. Based on Fick’s laws [44], the advection V - (V¢) and the diffusion —V(KVe¢)
terms denote the advective and diffusive flux, respectively and describe their correlation with
the concentration’s gradient. Finally, q represents the existence of pollutant emission sources
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10 Air Pollution

or sinks whereas R(c,x,t) term denotes any additional required physical or chemical process,
as described beforehand. This expression can be critical to specific applications since it is the
key to a realistic description of processes that are more complicated than simple advection
or diffusion. These complex mechanisms of chemical reactions, deposition, aerosol dynamics,
and others can be represented by non-linear and/or coupled PDEs dependent on several other
parameters such as temperature, pressure gradients, the Coriolis force, the type of terrain and
soil properties, etc [39].

As it is mentioned previously, the described formulation is able to capture a wide range of
scenarios with different operational requirements. One common example is that the advection
component can incorporate the case of compressible atmospheric flow whereas the diffusion
component capable of modelling anisotropic and turbulent dispersion via the values of the
tensor K. The terms:

Ky sz K.
K= |K, Ky K|, V(Ve) =V -Ve+c-VV
sz sz Kzz

could be also dependent on the spatial or temporal coordinates (K(c,x,t)) as well as on
additional parameters used to describe complex processes such as turbulence or deposition.
Similarly, the term q(x,t) is usually represented mathematically as an ideal point source or
sink via the Dirac function. However, it is possible to extend this form into a line source in
case a road acts as input or even into a distributed source in a subdomain €2, in the case of
various industrial pollution areas, chimneys, or others as seen below:

q(x,t) = {gr(X»t) z ; gr‘

If emissions can be controlled, then they can take the format q(x,¢;u) = u(t) - q(x,t), with
u(t) denoting the available actions that limit or increase the production of pollutants.

Proposed Case Study

It has become evident that the advection-diffusion-reaction equation can facilitate a wide
range of problems. It can also be augmented with data or measurement-derived parameters
that manage to capture more complicated phenomena. The purpose of the proposed air-
pollution model is to be implemented in a PDE-constrained optimisation scheme. To that
end, it is advantageous to formulate a model that will be complex enough to accurately depict
the dispersion of air pollutants but also simple enough, so as to not hinder the implementation
of a novel methodology and its numerical benchmark. After an initial case study is complete,
the method’s effectiveness can be analysed for a more general form of the PDE.

Based on this framework, the steady state 2D advection-diffusion equation is presented. The
main changes consist of the lack of a reaction term along with any time-varying terms. Among
those is the temporal accumulation term based on the variable t, % = 0. Although transient
models provide a more comprehensive representation of atmospheric pollutant transport,
steady-state formulations are more preferable for continuous emission scenarios with slowly

varying meteorological conditions. Furthermore, the q represents the controllable distributed
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2-4 Air-Pollution Model Based on PDE 11

source from three industrial chimneys and is equal to the normalised emission rate with
respect to an appropriate emission volume. Moreover, the spatial coordinates x are limited
into two dimensions. V will denote the stable median air-velocity with constant intensity and
direction. Lastly, the diffusion will be assumed to be isotropic and independent of any other
parameter. All the aforementioned changes can be mathematically represented as follows:

K=v Iy = —V-(KVc(x)) = —vV3(x),
V- (Ve(x)) =V - Ve(x) + e(x} V-V =V - Ve(x),

o Julx) xeQ,
e ={0 L2h

As a result, the derived partial differential equation that is proposed for the initial case study
of the formulated optimisation framework is seen in the Equation 2-2. It describes the steady
state of the advection and diffusion of the air pollutant on a two-dimensional plane with a
vertical distance from the ground equal to the effective height H.

—vV2%e(x) + V- Ve(x) = q(x;u) in Q

c(x) =0 on I, (2-2)
Jdc
l/% =0 on oyt

The boundary conditions in this PDE describe a very specific situation as well. The concen-
tration of the pollutant in zero in the inflow domain boundary(Ty, := {92V -n < 0}) so as
to ensure that all the pollutant in the domain is derived exclusively from the emission sources.
Furthermore, at the outflow domain boundary(Ioys := {09|V -n > 0}) the concentration is
assumed to have a state that does not change in the outward direction n

Extension into three dimensions

The aforementioned model is the first step in the design of the PDE-constrained optimisation
method. The selected form PDE will be advantageous for the initial case study since it
captures the principal physical phenomena that dominate dispersion process while it is simple
enough to allow benchmark testing of complex optimisation techniques. However, there are
other models that can provide higher accuracy to the proposed methodology with respect to
the representation of real-world scenarios. Most of the previously described examples, like the
CTM models with coupled mechanics in three dimensions that treat the whole atmosphere
as a unified system [6], can be used to achieve this. Therefore, it is essential to ensure the
effectiveness of the formulated optimisation framework for more sophisticated air-pollution
models. In order to achieve this goal, an extension of the Equation 2-2 is introduced based
on the well-established approach of the Gaussian plume.

The Gaussian plume method, along with a plethora of its variants has been used by engi-
neers for numerous applications that demand the modelling of turbulent dispersion of natural
or human-induced pollutants [39, 45]. This mathematical model can be derived from the
advection-diffusion equation under the mild assumptions of minor variations in the ground
topography and neglecting diffusion along the airflow direction in favour of the advection
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12 Air Pollution

terms [45]. Then, based on the variation, different hypotheses are implemented so as to
accurately simulate a variety of more elaborate processes. The standard interpretation is
described by Equation 2-3 and the result can be seen in Figure 2-2[45]. According to the
Gaussian plume model the concentration is equal to

B Q y? (z—H)? (z+ H)?
o0 = e oy () oo () oo (-t )]

where ¢(x,y,z) is the concentration of pollutant at the point (z,y,z), @ is the constant
emission rate of the pollutant, u, is the mean wind speed in z—direction, and H is the effective
height of the plume centre-line that is expressed as H = Hs+AH, with Hy the physical height
of the emission source and AH the plume rise height caused by the initial momentum and
buoyancy of the emitted gases. The coordinates x, y, and z denote the downwind, crosswind,
and vertical directions respectively whereas the functions o, (x) and o,(x) are the standard
deviation terms which describe the spread of the plume due to atmospheric turbulence and
are dependent on the distance from the source as well as the class of atmospheric stability.

CONCENTAN0Nn

Figure 2-2: The Gaussian plume emitted from a point source.

Using this formulation as a basis, it is possible to implement additional features such as
multiple sources of varying type, different levels of terrain absorbing capacity, and introduce
the notions of the inversion layer, height-dependent parameters and time-varying sources.

Instead of transitioning directly to a PDE that describes the pollutants’ behaviour in three
dimensions, the aforementioned advection-diffusion equation can be projected into the vertical
direction with the assistance of the Gaussian plume. This quasi-3D model utilises the solution
c(x,y) of (2-2) and multiplies it by the term:

z— H)? z §
m(z) = [exp <—(20§)) + exp (—(;rgg)ﬂ : (2-4)

As a result the complete solution will have the following form:
C2.5D($7 Y, Z) = 7T(Z) : C(.’L’, y)? (2_5)
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2-4 Air-Pollution Model Based on PDE 13

with variable z denoting the distance from the ground. In most cases of environmental control,
the concentration value at z = 0 (the ground level) is required for the computation of the
degree of air-pollution. Under this assumption, the solution can be reformulated as follows:

2
ca5p(x,y,0) =7(0) - c(x,y) = 2exp ( 252 ) c(z,y) (2-6)

Extensions of the quasi-3D model

In the previous section, several additional attributes are presented on the premise that their
implementation can augment the capabilities of the air-pollutant dispersion models. Among
these, emphasis should be given in the cases of a non-uniform air velocity field and the
dependence of the diffusion parameters on variables such as the velocity, distance from the
source and atmospheric stability. In those cases, the air speed will be substituted with
the term V = V(x) and all the terms that are used to describe turbulent diffusion will
also be subject to additional parameters. More specifically, based on the Pasquill-Gifford
dispersion model, the atmospheric conditions can be categorised into stable, neutral and
unstable according to a variety of factors such as the wind speed, the solar irradiance, the
type of the terrain, etc [39]. Depending on the stability class, both the vertical o,(x) and the
lateral o, (x) will be computed using formulas based on the distance from the emission source
r as seen in Table 2-1 [46]. Then, the diffusion coefficient can be computed via the formula:

o) = [T K de (2-7)
Stability Class Lateral Dispersion oy(x) Vertical Dispersion o, (x)
Extremely unstable  0.22r (1 4 0.00017) /2 0.20r
Slightly unstable 0.117 (1 + 0.0001r) /2 0.087 (1 + 0.0002r) /2
Neutral 0.08r (1 + 0.0001r) "1/ 0.067 (1 + 0.0015r) /2
Stable 0.047 (1 + 0.0001r) /2 0.0167 (1 4 0.0003r) "

Table 2-1: Briggs' dispersion coefficients for rural terrain

Another way to enhance the performance of the described model is to include the reaction
terms described via the expression R(c,x,t). This general term is able to facilitate the mod-
elling of a vast range of phenomena. For example, the plethora of chemical reactions, that
occur in the atmosphere, could constitute an important factor for the whole model. Many
of the pollutants that are produced by human activities are highly reactive and create new
molecules continuously, as they come in contact with other atmospheric gases. As a mat-
ter of fact, in some cases the by-products of these transformations would consist a more
dangerous pollutant and thus they would have to be monitored. One way to achieve the
representation of the chemical reactions in the partial differential equation, is with the term
Achem - €(x)%hem . The parameter Acpern, includes the information regarding the reaction rate
and can be associated with either the pollutant’s lifetime or the chemical kinematics of the
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14 Air Pollution

process whereas the cpem denotes the chemical reaction’s order [47]. Similarly to the de-
scribed expression, phenomena such as photolysis (Apnorc), dry or wet deposition (Agy/werC)
and gravitational settling (AgrqpVc) can be implemented in the PDE if it is necessitated by
the selected application.

Synopsis of Chapter 2

This chapter presented the fundamental concepts of air-pollution and highlighted the prin-
cipal modelling approaches used to simulate the dispersion of pollutants in the atmosphere.
Then we discussed the requirements of optimal air-pollution control with respect to its vari-
ous scenarios. Finally, emphasis was given to the formulation of the mathematical model of
air-pollution (advection-diffusion) that will be used as a case study for the numerical imple-
mentation of the proposed methodology. This model is analysed and assessed with respect
to its accuracy, interpretability, computational efficiency, and suitability for integration into
air-pollution optimisation frameworks.
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Chapter 3

PDE-Constrained Optimisation

In this chapter the fundamental concepts of PDE-constrained optimisation are presented and
its application to the control of air-pollution is thoroughly examined. Section 3-1 introduces
the primary components of an optimisation framework that aims into the development of
optimal mitigation strategies. Then, Section 3-2 provides the main characteristics of the
proposed optimisation algorithm. we emphasise on the attributes of the optimality conditions,
discretisation, decision variables, and handling of the constraints that, more often than not,
are dictated from the nature, prerequisites, and goals of the problem.

3-1 General Formulation of the Optimisation Scheme

PDE-Constrained Optimisation refers to the solution of optimal control problems that are
governed by partial differential equations. In engineering and many other applied sciences,
PDEs are used in order to model the behaviour of a wide range of systems, from heat trans-
fer, electromagnetism, and fluid mechanics to structural analysis, economic processes, and
population dynamics [10]. Optimal Control Problems (OCPs) involve the identification of a
control function w and a corresponding state function ¢, that will drive the objective func-
tional J (¢, u) to its minimum while they are subject to constraints (by physical or artificial
laws). The state equations are represented by the operator £(c,u), which may denote al-
gebraic, ordinary differential, or a partial differential equations while the state and control
functions may be restricted within specific admissible sets Yaq, Uaq. Any equality constraints
are embedded in the £ term whereas any additional inequality constraints are represented by
the G(c,u) operator. As a result the following abstract and general form of an OCP arises
[48]:

min 7 (c, u)
st. E(c,u) =0, Qc,u) <0 (3-1)

u € Uyq CGCad

This framework can incorporate a vast range of problems and thus, it can accommodate
the requirements of the many applications and different scenarios of air pollution control.
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16 PDE-Constrained Optimisation

For example, physical coefficients, boundary/initial conditions, source/sink terms, material
parameters, as well as the geometrical or even the topological configuration of the domain can
act as control variables depending on the situation and the associated goals [10]. All these
choices, in addition to the structure of the PDE and the cost functional 7, hold a pivotal role
in the methodologies that will be used to obtain an optimal solution and can be expressed
via the Equation 3-1.

For that reason, PDE-constrained optimisation is a very well suited methodology to tackle
the problem of mitigating the air-pollution effects on a specified area of interest [49, 50]. First
of all, as it is mentioned beforehand, it is designed around the minimisation of cost functional
that is constrained by a partial differential equation. The air pollution underlying dynamics
will be described by a set of PDEs, so it will be prudent to take advantage of the transport
model and implement an optimisation algorithm that can facilitate this. Furthermore, this
methodology satisfies all the requirements of air pollution optimal control as described in
Chapter 2. The cost functional does not have any restrictions and as a result it could be
composed of either two quadratic penalties that are localised some parts of the domain Q. get

and €, :

1
J(c,u) = 2 /s (¢ — Crarget)” dQ + . u? d, (3-2)
target u

or a general function ¢ defined over the whole domain :

T(e,u) = /0 ! /Q S(x, £, c(x, £), u(x, 1)) da dt. (3-3)

Moreover, the different types of control actions can easily be taken into account as long as they
are included in the state equation and/or the cost functional. Finally, any type of restrictions
on the state ¢ and the control u can be represented in this optimisation framework with
equality or inequality constraints.

3-2 Development of PDE-Constrained Optimisation Framework

Even though the air pollution control problems, embedded with a numerical model, can be
expressed naturally in a PDE-constrained optimisation framework, that does not necessarily
mean that they can be easily solved. This will depend from the innate attributes of the
problem, meaning the characteristics of the PDE, the cost functional, the type of constraints
as well as the chosen optimisation algorithm. There are many different techniques that can
be used to solve an infinite dimensional optimisation problem that is subject to a PDE.

Design Choices

First of all, in the general form of the OCP seen at (3-1), ¢ and u do not denote variables but
functions. The well-posedness of the optimal control problem requires that these functions
lie within specific function spaces. However, instead of searching for the functions c(x,t)
and u(x,t) that satisfy the PDE directly everywhere, it is much more advantageous to relax
this requirement and search for the weak solution of the system. The weak solution, in the
case of the advection-diffusion PDE (2-2), indicates a function whose first derivative exist,
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3-2 Development of PDE-Constrained Optimisation Framework 17

it is integrable and it satisfies the variational form of the governing equation. Generally,
optimisation problems with non-linear terms or non-continuous parameters may not have a
strong solution. So, by loosening this requirement, it is possible to derive to an optimal
function that would be unattainable otherwise. Furthermore, the weak solution is the basis
of the finite elements method that will be utilised, later on, for the discretisation of the
optimisation problem.

The discretisation of the problem is necessary since, even in its weak form, the analytical solu-
tion of the optimal control problem is not always possible and it is rarely a simple procedure.
However, the exact stage, in which the discretisation takes place, constitutes a design choice.
The numerical approximation of ¢ and u the can be performed in a different stage of the
optimisation algorithm, leading to the distinction between the two different methodologies
9, 48]:

o Optimise-then-discretise (OtD)

« Discretise-then-optimise (DtO)

In OtD methods the optimality system is derived at the continuous level and then it is solved
numerically. On the other hand, in DtO the state problem, the objective function and the
constraints are discretised, which is then followed by an optimisation method that will be
applied on the derived algebraic system. These two strategies do not necessarily yield the
same result depending on the properties of the state and control functions and the selected
optimisation scheme [10].

Another design choice of the optimisation algorithm, is related to the optimisation variables.
Based on the handling of the state ¢ there are two categories of optimisation frameworks. On
the one hand, there are the Reduced Space Methods in which the state equation is solved
with respect to the state variable ¢. Then the state is eliminated from the cost functional and
the constraints, leaving v the sole decision variable. On the other hand, All-at-Once Methods
treat both the state and the control variables as optimisation variables and the state equation
is handled as an equality constraint. Both of these methods exhibit specific advantages and
disadvantages. It is evident that the first approach would require the solution of the PDE
that describes the state equation every time the evaluation of the objective function or the
gradient is required. Furthermore, information regarding the second order optimality condi-
tions becomes expensive to compute which usually forces the use of more slowly converging
algorithms and the state constraints become more difficult to handle. This will lead to an
increase of the computational cost at every iteration step towards the optimal solution, espe-
cially if the underlying PDE is non-linear [51]. However, this approach reduces the number of
optimisation variables and therefore simplifies the resulting optimisation processes. In addi-
tion, it removes the state equation from the constraints, since it is satisfied directly through
the computation of state variables with respect to the control variables. In the latter case,
both state ¢ and control u are treated as independent optimisation variables. As result, the
optimisation problem avoids the numerical solution of a PDE at every time that the eval-
uation of the state variable is necessary. Moreover, all the constraints can be incorporated
directly into the optimisation algorithm. Nevertheless, its efficient solution would require the
selection of an appropriate solver and preconditioning. This is necessary since the derived
linear system of the optimality conditions has a much higher dimension due to the additional
variables and it is usually in a saddle-point structure [52].
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Optimality Conditions

A convenient way to handle the state equation as a constraint, is the introduction of the
Lagrangian functional and the formulation of the new optimisation problem. By defining
the Lagrangian multiplier p, the first order optimality conditions of the new unconstrained
problem are expressed through the Karush-Kuhn-Tucker (KKT) conditions. In the general
case, the saddle points of the Lagrangian minimisation are candidates for the optimum of the
original optimisation problem. Furthermore, it is possible to derive information regarding the
sensitivity of the cost functional based on the multiplier function p [53]. Assuming that the
optimisation problem is constrained only by the state equation,

min  J(c,u) s.t. E(e,u) =0, (3-4)

c,u

the Lagrangian functional is defined as:
E(C, U,p) = j(ca u) + <p7 E(C, U)> : (3_5)

Then the KKT conditions are described via the system of equations:

5,L =0
5,L =0 (3-6)
5uL = 0.

The Newton linearisation of these equations will lead to the following system:

V2L V2,L & 5ck V. L(cF, ub, pk)
viL Vv2.L & Sul | = — |V L(F,uF, pF) | . (3-7)
&y &, 0 (ck aib ) sp" E(ck,ub)

Handling of Constraints - Augmented Lagrangian

The resulting saddle point system is large and sparse so the corresponding solver must be
chosen very carefully in order to ensure a fast convergence to the optimum. To that end, in
order to improve the conditioning of the derived matrix and implement any additional equality
and inequality constraints, the use of the augmented Lagrangian technique is suggested.
In constrained optimisation problems, the existence of inequality constraints perplexes the
derivation of an optimal solution. There are methods that can account for them directly, such
as projected gradient, interior point or active-set [54]. However, in the augmented Lagrangian
methodology there is the option to "include" them in the cost functional. This will lead to
the derivation of an unconstrained optimisation problem in which fast converging algorithms
can then be implemented [55, 56]. The augmented Lagrangian preserves the KKT conditions
of the Lagrangian optimisation problem since on the feasible points the penalty terms vanish.

Any equality constraint (linear or non-linear) can be easily included in the augmented La-
grangian £, via the implementation of a quadratic penalty and a multiplier term, similar to
(3-5):

Ly(c,u,p) = T(c,u) + (p, E(c, u)) + g 1€ (e, w)lI?. (3-8)
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Inequality constraints can also be reformulated into additional equality constrains with the
introduction of the slack variables z. For example, the optimisation problem:

min  J(c,u)
c,u (3_9)
st. Qjlcu) <0, j=1,....p Q=(91,...,9Dp),

can be reformulated as follows:

min  J(c, u)
ot (3-10)
s.t. Qj(c,u)—i—z?:(), j=1,...,p.

Under this form, typical and robust methodologies associated with the equality constrained
optimization problems can be implemented. Considering the augmented Lagrangian ap-
proach, as before, with u; as the multipliers, the aforementioned formula (3-8) arises:

P P
Ly(c,u,z,p1) = T(c,u) + ZMj(Qj(C, u) + zjz) + g Z!Qj(c, u) + z?\Q (3-11)
j=1 j=1

The introduction of the slack variables z and the term 22 simplifies the form of the augmented

Lagrangian and nullifies the need for any constraint on the values of the optimisation variables.
However, it leads to an increase of the total number of optimisation variables and, as a result,
the size of the derived linear system. To that end, we attempted to remove the z variable.
To achieve this we break down the optimisation into two steps. First, the minimisation of
the augmented Lagrangian with respect to the z variable followed by the optimisation of the
derived expression with respect to (c,u). In this case, the minimisation of £,(c,u, 2, A, i)
with respect to z can be done explicitly as long as ¢, uare fixed. Thus, the minimisation can
be written as:

I p p
. . P 2
min L, (¢, u, z, 1) = min | J (¢, u) + Zlﬂj(Qj(@U) +25) + 3 ZJQ;‘(C, u) + 2| =
L j= j=
& 2 P o 2
mzinﬁp(au, Z, 1) = min Zluj(Qj(c,u) + 25) + 5 Zl(Qj(c, u) + 25)
= j=
The optimum of this expression is located at:
. P 2
EH :argg@m {uj(Qj(c,u) +25) + i(Qj(c,u) +23) } =
! (3-12)

(Z;)Q = max<0, —Q](C,U) - ij) )

and by replacing z7 in the previous formula (3-11), the augmented Lagrangian is now exclu-
sively dependent on (c,u), as seen in :
Ep(c,u, p) = Ly(e,u, 2" (c,u,p), p) =
~ 1 & (3-13)

Lolesup) = T(e;u) + o > (max{0, j; + pQ;(e,u)}* — pi3)
j=1
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In the general case, with both equality and inequality constraints, the additional slack vari-
ables 22 are replaced by the max(0, —Qj(c,u) — Hi/p) expression. Then, the complete aug-
mented Lagrangian, with two Lagrangian multipliers p, i can be compressed into the form:

N p

1
Lyle,u,p, ) = T (e.u) + (o, Ee,)) + 5 NEG,w) |+ 53 (maoe{0, s + Qe )} = 1)
=1

After its formulation, each optimisation iteration consists of two steps. First, the minimisation
of £, with respect to the state and control variables is performed (3-14a) and then, based on
the produced outcome, the update of the Lagrangian multipliers is executed (3-14b):

(1w 1) = axgmin £, 0., ) (3-14a)

P = pF g RE (L gk,

Wi = - oxp (pFQ (M WM (3-14b)

AR (pk’ L ijukJrl’uk) ‘
The minimisation of (3-14a) constitutes the most computationally demanding step of the
described optimisation algorithm and its convergence could require many iterations. Thus,
we decided that Newton optimisation algorithm should be utilised to speed up the whole
procedure [53]. The main issue that hinders the effectiveness of this methodology is the
requirement of a twice differentiable ENp as well as the size of linear system that is produced.
However, the terms :

P

_ (max{(), Wi+ ij(C, u)}2 - M?) )
2p s

are only once differentiable in the whole domain. As a result, the presented reformulation
of the inequality constraints cannot accommodate the implementation of the Newton opti-
misation algorithm. More specifically, the elimination of the additional slack variables was
achieved through the loss of the Lagrangian’s smoothness. Therefore, the fastest optimisation
methods like Newton, that utilise information from the Hessian of the Lagrangian, will not
provide accurate results close to the non-differentiable points. One way to resolve this issue
is to use inexact Newton methods, sacrificing the convergence speed of the whole process.

However, it is attempted to resolve this obstacle by incorporating a continuous differentiable
function like the exponential, as a penalty function of the augmented Lagrangian [53] seen in
Figure 3-1. Handling the inequality constraints G; with this approach, will result in a new
formula for the augmented Lagrangian function that is continuously differentiable. Namely,
we have:

Lo(eu,p) = T (e,u) + (p.E(c,u) + S B0 + 3 % lexp (p- Qj(e,u)) — ]| (3-15)
J
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Exponential penalty term
60 \

50 -

40 -

30

20 -

erGilyw) _ 1

10 -

Figure 3-1: Exponential Penalty Term of Q,(c,u) <0

Following this, the augmented Lagrangian algorithm will take the following form:

Cias = argmin L, (c,u, p*, 1¥) (3-16a)

uk—i—l)

9

PP = 4 pRE(A b,
pEE = - exp (pFQ (W) ) (3-16b)

k+1 _ k k+1 k . k+1 Kk
P —<I><p,c ,chu ,u).

The update of the penalty parameter p* is dictated by the comparison of the norms of the
residual of the equality constraints and norm of the violation of the inequality constraints. Be-
tween the outer iterations, whenever these values do not decrease fast enough, the parameter
p will have to be increased in general. Otherwise it keeps the same value.

So the proposed methodology provides a clear path to the handling of an optimisation problem
with any type of equality and inequality constraint based on the rapid Newton-step algorithm.
Nevertheless, it is a valid concern that in the All-at-Once approach, a large number of DoFs
is required in order to achieve adequate accuracy in the numerical solution. As a result, the
direct inversion of the Hessian matrix of the augmented Lagrangian function can be very
costly computationally. To overcome this obstacle, domain decomposition techniques will be
implemented in the Newton algorithm. These methodologies exploit the inner structure of
PDEs to simplify them into smaller problems that can be solved in parallel. The idea to
use DDM was drawn from the fact that the Hessian, that is derived from the augmented
Lagrangian of a PDE-constrained optimisation problem, will share many similarities with
the numerical solution of the same PDE. Since DDMs are used for the numerical solution of
PDEs, then they could potentially speed up the derivation of the minima in the optimisation
problem in Equation 3-16a.
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Synopsis of Chapter 3

The main goal of this chapter is to present the decision choices of the PDE-constrained
optimisation algorithms that can accommodate the requirements of optimal control of air
pollution, as discussed previously. Emphasis is given on the analysis of the techniques that can
enhance the adaptability and robustness of the overall methodology such as the augmented
Lagrangian approach with Newton step iterations. These methods in combination to the
choice of the DtO technique and the All-at-Once approach motivate the implementation of
domain decomposition methodologies that will accelerate the solution of the derived large
linear systems.
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Chapter 4

Domain Decomposition Methodologies

This chapter introduces the fundamental concepts of Domain Decomposition Methods (DDMs)
and investigates their applicability to the optimal control of air pollution. Section 4-1 presents
an overview of the DDM along with the motivation behind its selection for the solution of the
large and sparse linear system derived from the augmented Lagrangian optimisation problem.
Next, Section 4-2 provides insight on the general principles that are shared between various
domain decomposition methods. Finally, in Section 4-3 the selected approach (substructur-
ing method) is analysed, with emphasis on the numerical solution of a partial differential
equation.

4-1 Overview of Domain Decomposition Methods

Domain Decomposition can be classified as a divide-and-conquer technique for the solution
of partial differential equations using parallel architectures. The methodology is based on the
premise that, by splitting the computational domain into smaller subdomains and solving the
corresponding problems locally, it is possible to reconstruct the global solution. This leads
to the creation of a family of subproblems with reduced size that are coupled either directly,
through the values of the unknown variables at the interfaces, or weakly at the expense of
introducing an iterative converging process among the subdomains [57] that guarantees the
solution continuity.

This framework can be applied directly on "continuous" PDEs and leads to the decomposition
of the global analytical solution, but it can also facilitate the efficient implementation of clas-
sical numerical techniques on discretised differential equations. In the continuous case, DDM
assists by breaking down hard geometries into analytically solvable domains, localising singu-
larities, and easily handling heterogeneous or discontinuous coefficients. In the discrete case,
DDM provide an alternative solution to the robust but slow numerical solvers used for large
algebraic systems [58, 59]. This implementation is far more interesting since, complicated and
non-linear problems related to fluid dynamics, electromagnetism, continuum mechanics, and
many other fields can only be solved via the discretisation of the underlaying equations. In
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24 Domain Decomposition Methodologies

most cases, the accuracy of these simulations is directly related to the number of DOFs avail-
able in each method. As the spatial or temporal resolution increases, so does the dimension
of the derived linear system, and as a result the computational costs related to processing
power and memory requirements of the specified solver [14].

The reason why DDMs are very promising in numerical analysis, is based on the fact that they
can seamlessly incorporate one very critical component into their algorithms: parallel compu-
tations. Each domain decomposition method shares the same principal idea, the splitting the
problem’s domain €2 into the subdomains 21,9, ...,y and the computation of the solution
of a PDE on each of the ;. The key aspect of this technique is that it coordinates the results
from each of the subdomain to ensure their convergence to the original global solution [60].
This is achieved via the appropriate coupling through interface conditions and/or coarse grid
corrections. Its main advantages are that it can be used to improve efficiency (with respect
to time and memory), modularity (different solver or mesh in each region), and scalability
while decreasing the demand for processing power. To that reason, different procedures have
been developed over the years to cover a wide variety of applications.

4-2 General Principles of Domain Decomposition Methodologies

Even though a a wide range of domain decomposition methods have emerged, their analysis
and formulation can be studied under a common framework. As the first step, a partial
differential equation Lu = f in Q2 with the boundary condition Bu = g on 912 is assumed, with
L denoting the differential operator and B the boundary operator of a well-posed problem. In
order to decompose the domain, the subdomains €; will be chosen such as Q = [J~, Q; with
interface I'; := 0Q2; \ 0€2. In the following examples, the case of two subdomains is presented
(I'y =T'; =T), in order to simplify the comprehension of the discussed mathematical concepts.
By introducing the operator T'7; that corresponds to the transmission/coupling conditions
between the subdomains and the outward directions n; (from 052;) the following two distinct
techniques arise.

Alternating DDM with general transmission conditions

Given uék), the values ugkﬂ) followed by uékﬂ) are computed sequentially from:
cul = ¢ in O cudtY = ¢ in Q
Bu{tY = ¢ on 99N O Bul Y = ¢ on 99 N 0Ny (4-1)
ﬂugkﬂ) = ﬂugk) on I’ ’Eugkﬂ) = Bugkﬂ) on I

Parallel DDM with general transmission conditions

(k) (k) (k+1) (k+1)

Given u; ’, the values uy ', uy and u, are computed simultaneously from
cul = f in O cul = ¢ in 0,
Bugkﬂ) =g on 092 N Oy Bugkﬂ) =g on QN ANy (4-2)
ﬂugkﬂ) = ﬂugk) onT ngkﬂ) = Bu&k) on .
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4-2 General Principles of Domain Decomposition Methodologies 25

The transmission conditions of both the aforementioned methodologies could receive (but are
not limited) any of the presented forms:

Dirichlet—Dirichlet (classical): Ti=1

Dirichlet—-Neumann : Ti=1,T; = On,;
Neumann-Neumann: Ti = O, (4-3)
Robin : Ti = On, + il

Ventcell (includes tangential derivatives): 7; = Op, + ;1 + BiA.

The expression 0y, is the normal derivative on 92; and A, is the Laplace operator on I'. The
choice of the interface operator, is one of the most important in the domain decomposition
methods. It is responsible for the process of data exchange between the sub-domains and as
a result is directly responsible for the convergence of the whole procedure. In the classical
approaches facilitate the transmission of the Dirichlet conditions to enforce matching values
at the interface region. However, this option may be a sub-optimal strategy or even not
acceptable choice in complicated scenarios. This is a very important, since an ill-suited
interface operator can lead to a dramatic drop in the solver’s speed and accuracy or even cause
the divergence of the solution. To address this issue different types of interface operators were
introduced. Neumann, Robin, or even higher-order artificial conditions on the interface can
be beneficial and increase the convergence rate of the whole procedure [61, 62].

4-2-1 Overlapping Domain Decomposition Methods

Another one main categorisation of DDMs is based on the distinction between overlapping and
non-overlapping domains as shown in Figure 4-1[63]. In the case of overlapping decomposition,
at least one subdomain §2; shares a common intersecting region with one or more other
subdomains. As a result, information will be exchanged between those overlapping regions
and this data will iteratively lead the whole system to the global solution. The simplest
example of this methodology is the original alternating method proposed by H. Schwarz for
the numerical solution of the Poisson equation in a geometrically complex 2D domain as seen
in Algorithm 1. The formulation of the global answer is derived with data from each one of
the subdomains as they are combined, along with a weighted average over the overlapping
region.

o a0,

ny n n2

1973 o) I’ Qs
0

90, 0

Figure 4-1: DDM with overlapping and non-overlapping subdomains.
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26 Domain Decomposition Methodologies

Several extensions of the classical Schwarz approach have been developed since, such as the
Additive Schwarz Method (ASM), Restricted Additive Schwarz (RAS), and Optimized Re-
stricted Additive Schwarz (ORAS), with small differentiations on transmission conditions and
sequence of updates. In these types of DDMs, the rate of convergence is not dependent only
on the type of PDEs and the transmission conditions. Another prerequisite is the overlap of
the subdomains. This requirement will increase the computational cost of the whole proce-
dure since the same variables will have to be computed multiple times by different solvers in
the shared domains. Generally, as the overlapping area increases, so does the convergence
speed of the algorithm. This attribute hinders the scalability of this methodology.

Algorithm 1 Classical overlapping Schwarz method (Alternating Method)
(0)

1: Choose an initial guess uy’ on €2y
2: For k=0,1,2,...

Solve in € : Au’f“ = f in €y, with boundary conditions

u]fH =g on 00 NOSY, u]f'H = u§ on I'1 : 001 NI

Solve in € : AugJrl = f in o, with boundary conditions
u§+1 =g on 0¥y NN, USH = u]fH on I'g : 90 N Oy

Check convergence (e.g. interface residual or iterate difference)
End For

4-2-2 Non-Overlapping Domain Decomposition Methods

In non-overlapping domain decomposition methods, the partition of the domain leads to
disjoint regions that only meet at their interfaces. The global solution is reconstructed from
the sum of the local solutions of the subdomains and their continuity can be enforced via a
variety of methods. For example, it can be enforced strongly via Neumann or/and Dirichlet
boundary conditions or weakly via the introduction of additional constraints and variables
in the subdomains’ interface. The formulation of these interface conditions necessitates an
in-depth analysis, since it encloses the fundamental properties of this approach. It can affect
the convergence speed, the numerical size of the problem, the solver’s robustness, and it must
be specifically designed for most of the distinct cases.

In order to better understand the properties and requirements of this methodology, the previ-
ous case with two subdomains will be used again as a example. Assuming that the PDE under
consideration is of second order, then in can be reformulated in the equivalent multi-domain
form [61]:
Lu; = f in O, Lug = f in Qo,
up =g on 021 N O, us =g on 082 NI

Uy = U2 On r (4'4)
6u2 6u1
—_— = — T.
on on on
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4-2 General Principles of Domain Decomposition Methodologies 27

It is evident that in the presented framework, the optimal boundary conditions of the two
subproblems are intertwined with each other. The partition between the subdomains €2q
and s has led to the artificial interface I" and in order to solve the PDE in each of the
subproblems, the knowledge of their boundary conditions (both in 99 and T') is necessary.
Wherever the subdomain’s boundary coincides with the border of the whole domain €2, the
boundary conditions are known. It is logical that, in those regions the properties of the local
solution must be the same as those of the initial problem and thus, both the local and the
global solutions must share the same boundary conditions (u; =g on 099; N 9ON).

However, the interface I' is not included in those regions. In this artificial boundary, the opti-
mal conditions of each subdomain would be an ’absorbing boundary condition’ [57], meaning
an operator that is able to reproduce the precise response for each of the subdomain’s adjacent
regions. In order to achieve this in the 1% sub-problem and compute u1, it would require the
computation of the normal derivatives from the 2"¢ subdomain that were produced by the use
of the u; as boundary condition on I'. In other words, each sub-domain would require to have
information regarding how its own solution affects the response of other sub-domains. The
optimal coupling conditions can therefore be expressed through the Steklov-Poincaré op-
erator (S-P) [61]. The idea behind it, is to eliminate the interior unknowns of a subdomain
and produce its flux at the interface (similar to a Dirichlet-to-Neumann (DtN) operator).

If we define S as the S-P operator of the presented example, the Equation 4-4 can be written
as follows:

Lu;=[f inY SA=v¢ onT
u; =0 ond;NONY  with B o o o (4-5)
u; =X onl' fori=1,2 SA = %Hl/\ B 87nH2)\’ Y= (‘TnTQf B anTlf'
The introduced operators H; and T; derive from the solution of the following PDEs:
L (HZ)\) =0 in Qz —L (ﬂf) = f in Ql
HX=0 on 09 N ON T,f =0 on 09; N ON (4-6)
H =\ onT T,f=0 on I'.

Under the described circumstances, the use of the Steklov-Poincaré operator as a coupling
condition allows the local solutions to converge to the global solution, by enforcing bound-
ary conditions that make the interface ’invisible’ and precisely reproduce the responses of
the adjacent subdomains. To achieve this, the operator utilises the data not only from the
subdomains’ interface (typical DtN operator), but it requires the solution of an additional
boundary value problem of the neighbouring subdomains. Its formulation depends strongly
on the PDE in question as well as the domain of the problem. The analytical derivation of
this operator is not straightforward and it can differ significantly depending on the initial
problem.

To overcome these issues, instead of the ideal transmission conditions, a combination of lower
order differential operators that are local and cheaper to implement can be used. This is
performed in an attempt to estimate the S-P operator through asymptotic or series-based
approximations. However, these imperfect interface conditions cannot remove every ’artificial
reflection’ of the error as it bounces of the interface and will only converge to zero iteratively

Master of Science Thesis Evangelos Skrinis



28 Domain Decomposition Methodologies

as the subproblems keep correcting each other. The prevailing non-overlapping methods that
attempt this include the Neumann-Neumann (NN,BNN), the Balancing Domain Decompo-
sition (BDD,BDDC), and the Finite Element Tearing and Interconnecting methods (FETTI)
[64)].

The aforementioned difficulties associated with the formulation of the optimal interface con-
ditions through the analytical computation of the Stekloc-Poincaredperator arise primarily
at the continuous level. For discretised PDE formulations, the explicit derivation of the S-P
operator is algebraically equivalent to the Schur complement of the locally interior variables.
This observation consists the basis of the substructuring methods, which we present in the
next section.

4-3 Algebraic Formulation of Substructuring Domain Decomposi-
tion Methods

Substructuring methods are a family of non-overlapping domain decomposition techniques
that solve a linear system by eliminating subdomains’ interiors DOFs. Closely connected to
the Schur complement, this framework is implemented for the parallel computation of the
solution of large and sparse linear systems that are derived from the discretization of PDEs.
Their main principle lies in the local elimination of the interior degrees of freedom and the
formulation of a system based on the interface’s unknowns that will be equivalent to the
global problem. According to the methodology that is used to enforce the interface continuity
between the subdomains, these algorithms can be categorised as primal, dual, or hybrid.

A variety of processes can be used to discretise the physical problem (finite differences, finite
elements, finite volume, etc.). Regardless of this choice, the linear system that emerges will
have the general form Au = f. Due to this specific choice of discretisation, the inner structure
of the matrix A will be similar to the Figure 4-2a.

Following the partition of the domain €2 into non-overlapping subdomains 2 = Ufil Q;, the
variables can be reordered accordingly. The unknowns DOFs of each subdomain €2; are divided
into the interior DOFs uy, that lie either inside the subdomain or at the Neumann boundary
(092N 09Y;) and the local interface DOFs ur, that lie at the subdomains’ interface. Thus, for
N subdomains, the following system, that is equivalent to the previous Au = f, arises:

Ann 0 0 0 Anr uy, Fy,
0 App -+ 0 Apr| |ug Fr,
: : - : : = = (4-7)
Ari Arp -+ Ary Arr | |ur Fr
—— =
Agr ur Fr
Arur = Fr
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T
with upr = [u;rl ugz e uPN} . The matrix Ar has now the inner structure seen in Fig-

ure 4-5. This was achieved via the identification of the interface variables and the reordering
of all the DoFs so that they are placed at the bottom of ur (Figure 4-3), followed by the
consistent reordering of the equations of the linear system (Figure 4-4).

In order to enhance the understanding of this procedure, a schematic representation of the
described processes is presented in the Figure 4-2, Figure 4-3, Figure 4-4 and Figure 4-5.

The discretisation of the PDE will produce the matrix A whose structure can be seen in
Figure 4-2(a). The grey shaded regions represent subdomains’ contributions whereas all
the other white regions are equal to zero. Each sub-matrix Aj, can be derived from the
discretisation of the same PDE at the 2; subdomain. But, in the reconstruction of the global
A matrix, the subdomains that share an interface, will contribute to the same area. This area
is denoted with a darker shade of gray.

ury ur, Urs ... Ury
Al AIIII
Vi e le— Ur,
As Afzfz
sz MK [— UT,
As o A1,
= ey | — UT
95000 f4— UT
An Aryin
(a) Original Structure of Matrix A (b) Identification of

Interface DoFs and Equations

Figure 4-2: The structure of the matrix A derived from the discretisation of the PDE.

By identifying the associated interface unknowns (green columns), and the corresponding
equations (blue rows) on Figure 4-2(b) or Figure 4-3(a), one can see how matrix A will have
to change due to the dictated permutations.

At first, the permutation of the variables is performed with the help of the permutation matrix
P, which will lead to the change of the A matrix as seen in Figure 4-3 and Equation 4-8:

Au:f Permute variable Ap_lf}_l/:f — AP_luR:f (4—8)
ur
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us ur
A11]1 AIl Iy
2 : Z
A1212 AI212
: G % 3
Alsfs e Alsfs
| permute 7
variables
AIN IN AIN IN
(a) Identification of (b) Permutation of the Variables

Interface DoFs and Equations

Figure 4-3: ldentification and permutation of the interface degrees of freedom.

Then, the reordering of the equations is performed. These equations, that are associated
with the original position of the interface variables, can be reordered successfully with the
use of the same permutation matrix P. The final form Ar can be seen in Figure 4-4 and
Equation 4-9:

_ Permute equations _
AP 1uR:f 4 PAP luR: Pf — Agur = Fr (4—9)
—— ~—
AR Fg
uy ur up up, ug ury ur
— " ° — "
AI111 AIIII AIIF
4 ALt Ap,r
AI2I2 242 2
B Ar,1, Apnr
AI313 —
I permute
equations
Aryr Aryr
i Arn ArtArvr, -, Ariy App
(a) Permutation of the Variables (b) Permutation of the Equations

Structure of Agr

Figure 4-4: Permutation of the corresponding equations, resulting in the matrix Ag.
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By eliminating all the interior wuy,, the formulation of Schur Complement will lead to the
following system:

N N
S ur =4g with S = AFF - ZAFIiA;i}iAIiF and g = FF - ZAFI%A;Z}zFIl (4—10)
i=1 i=1

The described reordering can be applied relatively easy once the original matrix A has been
formulated by the FEM software for the underlying PDE in the whole domain. However, it is
also possible to parallelise the formulation of the Schur complement system. Instead of com-
puting the matrix that corresponds to the whole discretised PDE, we can receive the necessary
information by computing the equivalent matrices of the local discretised subproblems:

A[A[. A[,F, uy. F[.
1l 141 7 — ) . 4_ 1 1
[Arifi Ar,r; | |ur, Fr, ( )
— N~
Alocal Ulocal Flocal

Attention must be given to the presented matrices and their indexes. While Ay, ;, represent
the same matrices seen in (4-7), there is a difference in the matrices with the I'; index. They
are specifically correlated to the interface variables of the i** subdomain. On the other hand,
in (4-7) the I' index of the matrices refers to all the interface variables of the subdomains.

In the local system (4-11), in order to eliminate the interior DOFs of each independent solver,
the inverse of Ay, must be computed so as to form the local Schur complement (4-12):

Si ur; = g; 1 (4—12)
9i = Fr, — Ar,1, A1, Fl,.
These local Schur operators are then used to reconstruct the global Schur complements system
that couples all the subdomains as seen in Equation 4-13. Physically, the S; matrix computes
the flux of the w; in the interface of the subdomains. Then the global interface system is
formulated, based on the restriction operators R; that match the interface local DOFs to the
global set of interface DOFs.

N N
S=> RiSiRi, g=> Rjg. (4-13)
i=1

i=1

This smaller interface problem is the discretised version of the S-P operator. Because each in-
terface node carries one global DOF, the continuity across all subdomains is enforced strongly.
The restriction operators R make sure that all the different equations, from each subdomain
that are related to the same node, will collapse to a single expression. The dimension of
this linear system ends up equal to the total number of interface DOFs, that is often many
orders of magnitude smaller than the initial system. Once the numerical solver converges,
each interior unknown uj, can be computed locally as follows:

ur, = App (F, — Apnur,), i=1,2,...,N. (4-14)

k3
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32 Domain Decomposition Methodologies

In the general case, Figure 4-5 shows how the reordered matrix is obtained after grouping the
interior degrees of freedom of each subdomain and placing the interface degrees of freedom
on the bottom. The diagonal blocks, inside the dotted line, correspond to the subdomains’
interior unknowns, while the final rows and columns represent their coupling with the DoFs
on the interface. An example of the substructuring methods is seen in Algorithm 2.

Urn Ur, Ursg < Uy ur
T
= | 4 D
5 I =
s | o <
1
] ~
& A G
fiphi 1S
3 2142 : ﬂ:
1
o
N[? A 1 el
IsI =
3 313 :ﬂ:
1
1
1
1
1
T
Z A ; 2z
’5 INIJ\5 ~
_________________________ L =Tl
1
5 | Arr, Ari,  Arg ArrwmArre
1

Reordered Block Diagonal Structure of Ag

Figure 4-5: Reordered matrix Ag

Following the discretisation of the PDE, the described algorithmic steps describe how this
non-overlapping domain decomposition method, with optimal transmission conditions, boils
down to the solution of the interface system Sur = g. However, this system is not as easy to
solve as it seems. The size of the matrix S is directly related to the number of the subdomains’
interface DoFs. It is much lower than the total number of DoFs but it can still rise dramatically
as the size of the whole domain rises, as the number of its partitions increases, or even as the
mesh size reduces. In addition, after eliminating all interior DoFs, S is a dense matrix and, as
a result, its formulation and storage is expensive in terms of processing power and required
memory. A direct solver will work but it will require reasonable time and resources so an
iterative framework (Krylov solver) may be more attractive depending on the application.
Even then, the advantage of parallel computation can be used not only in the formulation of
S, but in the creation of a valid preconditioner [65].

Based on the previous analysis, there are indications that the substructuring methods can
be utilised in the solution of PDE-constrained optimisation problems associated with air-
pollution. This is based to the fact that, the large sparse algebraic system from the discreti-
sation of the governing transport equations shares similar characteristics to the linear system
derived from the Newton step of the discretised augmented Lagrangian. The structure of the
algebraic system of a PDE allows the elimination of the interior degrees of freedom of each
subdomain locally. It is shown that the global problem can be reduced to a Schur-complement
system, dependent only on the interfaces variables. The same logic can be attempted in the
linear system that is derived from the optimisation with respect to the interface state vari-
ables and the control inputs. This structure is advantageous for optimisation schemes with
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multiple iterations since the same domain partition can be reused throughout the optimisa-
tion process and, contrary to the overlapping techniques that duplicate some DoFs, the total
number of variables does not increase. As a result, substructuring methods could potentially
reduce both computational time and memory requirements while improving the scalability of
large-scale optimisation frameworks for air-pollution control.

Algorithm 2 : Substructuring Domain Decomposition Method

1: Splitting of the whole domain € Partition of the global mesh into non-overlapping
subdomains {Q }X | and computation of the local matrices and vectors (Ay, Fy,).

2: Local DOFs identification on each subdomain: Reorder unknowns into interior I
and interface I'y, and remove the DOFs associated with global constraints :

Arnn. Anr Fr
A, — kK N F = k|
k [Arklk Ar,r, F Fr,

3: Compute local g; and assemble global g:

K

g > Rigr  g=Fr, — Arg, (Arg) ' F,
k=1

4: Compute local S; and assemble the global Schur Complement operator:

K
S Z R;— Sk Ry, S = Apkpk — Ark]k (A]k[k)flA[k[‘k.
k=1

> Discrete equivalent to Steklov-Poincare Operator
5: Solve the interface linear system:

Sur =g

> formulation of preconditioner M is possible
6: On each domain k, compute the local interior DOFs :

_ —1
ur; = Alili (FIi - A[iFiUFi)

7. Return complete solution u = (ur,,...,ur,,ur).
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Synopsis of Chapter 4

The main goal of this chapter is the familiarisation of the reader with the main principles
of the domain decomposition methods. Emphasis is given to the substructuring techniques,
as an alternative methodology for the solution of the large and sparse linear systems which
are derived from the discretisation of partial differential equations. By exploiting the inner
structure of the discretised matrix A, the whole procedure can be parallelised and thus improve
the overall computational efficiency. This characteristic is what motivates the selection of
DDM as an approach that can be extended to the proposed PDE-constrained optimisation
problem, in order to mitigate its cost and improve its performance.
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Chapter 5

A Domain-Decomposition Framework
for PDE-Constrained Optimisation

In this chapter the implementation of domain decomposition methods on the framework of
PDE-constrained optimisation is analysed. In Section 5-1, an overview of existing method-
ologies is presented. Then the formulation of the proposed method is introduced. Section 5-2
describes in detail all the decision choices, their effects on a generalised case of OCP and the
steps of the algorithm that will generate the numerical solution of the optimisation problem.

5-1 Existing Domain Decomposition Strategies for PDE-Constrained
Optimisation

As the underlying physical models in optimisation schemes become larger and more compli-
cated, there exists a compelling need for faster and more efficient numerical solvers. The
conducted analysis of the previous chapters has revealed that the interior structure and at-
tributes of DDMs have many similarities to the derived linear systems of these optimisation
problems. In addition DDMs support parallel computations which makes them ideal for the
formulation of a scalable numerical framework. There have been many attempts to combine
PDE-constrained optimisation and domain decomposition methodologies but the derived ap-
proaches are restrictive in terms of the type of state equation, cost functional and, more
importantly, in the existence of additional constraints. The main categories of the already
established DDM implementations are outlined in the following section.

Domain Decomposition Methods in Reduced-Space Optimisation
One of these approaches is based on overcoming the practical limitations of the reduced-
space formulation of PDE constrained optimisation problems. A typical strategy for the

simplification of these optimisation problems, consists of the elimination of the state variables
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and the implementation of a suitable optimiser with respect to only the control variables.
This procedure is then followed by the discretisation of the whole system. For example, the
minimisation of a cost functional J(c,u) that is subject to a state equation, denoted as &,
could be replaced via an equivalent optimisation problem with the u as its exclusive decision
variable (5-1). The reformulation

min J(c,u) s.t. E(c,u) =0 = min T (c(u),u) = min J (u) (5-1)

however, means that each evaluation of the objective function and its derivatives would require
the solution of the state equation. This solution can be derived via the discretisation of the
PDE and must be performed at every iteration. In some applications, the use of complicated,
non-linear equations with tens of thousands (if not more) degrees of freedom is not uncommon.
As a result, the reduced-space approach of the optimisation scheme would grind a halt since
PDE’s solution constitutes a numerical bottleneck. This is exactly where the DDMs can
intervene, as they were primarily developed as a fast and parallel alternative solver of PDEs.
Following the computation of the state ¢ from the values of u at each iteration (through the
solution of £(¢, u) = 0), the minimisation of the cost function has yet to be performed. To that
end, one can use typical optimisation solvers such as gradient descent, conjugate gradient, etc
[66, 67, 68].

Another characteristic approach is the formulation of Lagrangian and the use of the adjoint
function p :

L(c,u,p) = T (c,u)+(E(c,u), p)
Computation of the adjoint p L.(c,u,p) = 9L/oc =0 = (5-2)
Te(e,u) + Ec(c,u)'p =0 = E(c,u)*p = —Te(c,u)
so as to derive the necessary information regarding the sensitivity of the cost functional with
respect to u. The PDE that describes p has almost identical characteristics with the state
equation. Consequently, following the replacement of ¢ with ¢(u), DDMs could be used in

this case to parallelise and speed up the computation procedure of p [69]. More details on
this technique are provided in Appendix A-1-1.

Domain Decomposition Methods in the Coupled Optimality System

A different case of the integration of DDM into the PDE constrained optimisation framework,
is based on the principle of optimise-then-decompose. More specifically, the use of of the
aforementioned Lagrangian (5-2) will introduce the adjoint function p and assist in formulating
the optimality conditions. The search of the stationary points of the produced Lagrangian £
is equivalent to the search of potential optimal states of the cost functional 7. The first-order
optimality conditions (KKT) can be written as follows:

VpL(c,u,p) =E(c,u) =0 state equation
Ve L(e,u,p) = Te(c,u) + E(c,u)*p =0 adjoint equation (5-3)
VuL(c,u,p) = Tulc,u) + Eu(c,u)*p =0 control optimality condition

In some cases the optimal control u* can be explicitly derived from the optimality condition
VuL(c,u,p) = 0. The optimal control will be dependent on the state and adjoint variables,
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and when it is applied, it is guaranteed to drive the system to its optimal state. Unlike
the previous example where the only decision variable that remained was u, here it will be
substituted. Replacing the v with the optimal input u* in the other two optimality conditions
will result into a coupled system of PDEs dependent only on ¢ and p. With the use of DDM,
this system can then be decomposed into subdomains under suitable interface conditions and
be solved either iteratively or in parallel [70, 15]. After its convergence, the the state and
the adjoint can be reconstructed from all the local solutions. Additional information can be
found in Appendix A-1-2.

Domain Decomposition in the Optimal Control Problem

Finally, another option for the integration of DDM into a PDE-constrained optimisation
framework is based on a decompose-then-optimise strategy that provides greater flexibility in
the design of the optimisation algorithm and can result in increased efficiency and scalability.
At first, the underlying PDE domain is decomposed into a set of subdomains. For any PDE,
the solution of the state variable ¢ depends not only on the control u, but also on the conditions
on the boundary of the whole domain. These conditions are dictated by the the application
requirements and the phenomenon that is described. However, the physical boundary of each
subdomain is not equivalent with the physical boundary of the whole problem. As a result,
each of the local problems will not be well-defined unless further conditions are implemented
to their interface boundary with other subdomains. Thus, local solution ¢; at each subdomain
will be dependent on the local input w;, acting as control, and the local interface variables
cr, or 9cr;/on, acting as boundary conditions on the interface. Now, the local problems are
well defined and their solution can be expressed as a function of the local controls u; and
the interface value cp, or 9cr;/on [23]. Nevertheless, it is not guaranteed that the synthesis of
these solutions will be equivalent to the global solution. In order to achieve this, the following
equation must hold true:

E(ciyui) =0 in Q;, E(ej,uj) =0 in Qj,
¢; =g on 08; NOSY, cj =g on 0% NI
oc; Oc;
%j - _8711‘

(5-4)

C; = Cj on Fij on Fz’j

with g denoting the global boundary conditions and the last two equations representing the
continuity between the solutions of different subdomains. Based on that, the local problems
can be defined and are equivalent with the global problem. Then, the optimisation problem
can be reduced and expressed based, not only on the local inputs u; but also on either the
value of ¢ or its outward flux on the interface between the subdomains. The term that is
chosen as a decision variable can be imbedded into the optimisation problem in a way that
it a priori satisfies one of the conditions of continuity in (5-4). The other term enters the
optimisation problem as an additional constraint. As a result, this methodology formulates a
reduced optimisation problem with decision variables the local inputs u; and a corresponding
interface term along with an additional constraints to enforce continuity. The corresponding
cost functional will be equal to the sum of the original objective function at each subdomain.
Domain decomposition methods can be utilised for the parallel computation of the interior
state variables ¢;. This technique is discussed in greater detail in Appendix A-1-3.
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5-2 Formulation of the Proposed Methodology

The proposed optimisation methodology is intended to provide a general framework for the
solution of optimisation problems governed by partial differential equations. Unlike the de-
scribed attempts, rather than restricting the formulation to a particular objective functional,
state equation, or set of constraints, the problem is initially considered in its abstract form.
This general formulation will allow us to incorporate a broad range of equality and inequality
constraints, something that is absent from the existing methodologies lack of. Taking into
consideration all the information presented in Chapter 3, the general representation of the
optimisation problem will be:
min 7 (¢, u)
ceVuelU (5_5)
st. E(c,u) =0, D(c,u)=0, Q9Qc,u) <0

where ¢ denotes the state variable, u the control variable, and J : V x U — R an arbitrary
objective functional. The £ operator represents the underlying PDE along with the boundary
conditions whereas the operators D and Q describe any additional equality and inequality
constraints, respectively.

5-2-1 Discretisation of the Optimisation Problem

The chosen optimisation method will be based on a discretize-then-optimize strategy in con-
trast to the aforementioned implementations of domain decomposition at PDE-constrained
optimisation of Section 5-1. This approach offers greater flexibility in the handling of the opti-
misation terms and thus it could reveal similarities between the optimisation problem and the
solution of the underlying PDE. The identification of similarities in their structure will provide
insight on novel ways to decompose the OCP and exploit it via DDM. For the same reason,
a all at once technique will be utilised and both the state and the control will be treated
as optimisation variables. For the first step, the governing PDE, the objective functional, as
well as the constraints functions are discretised. By doing so, the original infinite-dimensional
problem is reformulated into a finite-dimensional optimisation problem. The discretisation is
performed utilising one of the various finite element methods. This choice was made due to
the ability of FEM to accurately capture a wide range of PDEs along with their adaptabil-
ity to various requirements and domain changes. Furthermore, the weak formulation of the
PDEs, which forms the basis of the mathematical analysis of optimal control problems, can
be naturally intergraded into FEM.

The discrete state and control spaces, denoted as Vj, and U}, respectively, are finite-dimensional
subspaces of the continuous spaces V and U. They are derived through the basis functions
¢i(x) and 1;(x) which result in the approximation of ¢ and u as follows:

V,CcV U,cU Vi, = span{é1, ..., 0n.} Up =span{e1, ..., ¥, }

cn(x) = icz Pi(x) €V up(x) = iuj Yi(x) € Uy (5-6)
i=1 =

Here, ¢; and u; denote the degrees of freedom (n. and n, collectively) that are associated with
the corresponding basis functions. For a more concise mathematical representation, they will
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be grouped into the following vectors:

u

T T
c=lcg ¢ --- cnc} c R u= |uy us --- Uy € R™,

After the substitution of these expressions in the formulation of Equation 5-5 the following
finite dimensional optimisation problem arises.

minJ,(c, u)
ou (5-7)
st. &p(c,u) =0, Dp(c,u)=0, Qp(c,u)<0

In Equation 5-7, &, represents the discrete form of the state equation PDE, 7}, denotes the
discretised term associated with the cost functional and Dy, includes any additional discretised
equality constraints. Special attention should be given to the term Qp, which is associated
with the inequality constraints of the continuous optimisation problem. The discretisation of
these expressions is not as simple as substituting ¢, (x) and uy(x) and then solving for ¢ and
u. The reformulation of the continuous inequality constraints (e.q. ¢p(X) < €maq) into a set
of nodal discreet constraints (e.q. ¢; < Cmae) is equivalent only under specific assumptions
associated with the finite element discretisation. The use of Py or P; Lagrange-type elements
guarantees that the value of the polynomial basis function will not exceed the value at the
node and, as a result, the aforementioned reformulation is valid. However, there are instances
where the application requires the use of P or higher order elements to guarantee the accurate
simulation of the underlying physics. Then nodal constraints are not sufficient unless further
simplifications are made or different basis functions (e.q. Bernstein-Bézier) are utilised.

5-2-2  Formulation of the Augmented Lagrangian Method

After the discretisation, the resulting finite dimensional and constrained optimisation problem
can be solved with typical optimisation techniques. To that end, in order to transform it
into an unconstrained optimisation problem, an augmented Lagrangian methodology will be
implemented. It is worth mentioning, that any degrees of freedom that are allocated to the
compliance of Dirichlet boundary conditions or associated with any additional the equality
constraints (D) will have to be eliminated from the problem or be treated numerically. For
the sake of compactness, it will be assumed that the Dy, is incorporated into the &, term.
Under this simplification, all the equality constraints contribute two terms in the augmented
Lagrangian, one multiplier term and one quadratic penalty term.

On the other hand, the treatment of the inequality constraints is not so straightforward.
Typical methods based on the introduction of additional slack variables that will not only
increase the size of the problem but produce some strictly once-differentiable terms as seen
in Section 3-2. The main drawback of this approach is the exclusion of Newton optimisation
methods since there exist areas in the space, where the Hessian is not well-defined. As a result,
either approximations (semi-smooth Newton) or different types of optimisation techniques
should be used. In order to avoid this and be able to apply the rapidly convergent Newton
algorithm, a different approach is proposed, and a continuously differentiable exponential
penalty function is introduced 3-2. Taking into consideration all the attributes mentioned
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above, the augmented Lagrangian for the general discrete problem can be written as seen
below:

Ly(c,u,\, 1) = Tn(c,u) + A&, (c,u) + gSh(c, u) ' & (c,u)+
Ly (5-8)
+ ;] [exp (pQn(c, u);) —1].

j=1

In the previous equation \ denotes the multipliers associated with the equality constraints,
whereas p; represent the multipliers associated with the inequality constraints whose total
number is adding to m (number of inequality constraints). Finally, the new term p is the
penalty parameter of the optimisation methodology.

So far, the described technique offers a systematic approach to create the augmented La-
grangian equation from the minimisation problem of a cost function under any type equality
and inequality constraints. The next steps of the methodology require the solution of equiv-
alent optimisation problem seen in Equation 5-10.

Iglgljh(c7 11) Augmentei_];agrangian ﬁp(C, w A, ,u) (5_9)
st. Ep(c,u) =0 Qp(c,u) <0

The resulting optimisation procedure is composed by two reoccurring steps. At first, for fixed
values of the Lagrange multipliers and penalty parameters, an unconstrained minimisation of
the augmented Lagrangian is performed with respect to the state and control variables. Once
an acceptable minimiser has been obtained, the multipliers and the penalty parameter will
be updated according to the residuals of the corresponding constraints. This process will be
repeated until all the preset optimality criteria are satisfied.

Step 1 - Inner Iteration: Solve the optimisation problem with constant A,

(ckH, ukH) =argmin L, (ck, u”®, \F, Mk>
c,u

Step 2 - Outer Iteration: Update the multipliers and penalty parameters
ARFL 2k R gy (Ck+1’uk+1)
Pt =k eXp(p’“ 9 (c’““,uk“)) j=1....m

k+1 _ k k+1 _k+1 yk+1 k41
IO —f(,o,c 7u 7A 7M )

(5-10)

5-2-3 Newton-Step Update of the Inner Optimisation Problem

In order to compute the minimiser determined by the first step of (5-10), a Newton method is
proposed. Newton methods exploit additional information associated with the Hessian matrix
and can exhibit substantially faster local convergence, compared to simple gradient methods.
However, each iteration demands the solution of a larger and more complicated linear system.
More specifically, at the iteration k, the gradient g and the Hessian Hj of the augmented
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Lagrangian with respect to the optimisation variables ¢ and u are formulated while all the
other parameters are treated as constants. Then, the Newton step [Ac, Au}T is computed
based on the following equation:

H, (ck,uk> [ilj = —gk (ck,uk> (5-11)

By denoting:

E, - %ih ( uk) E, = %“ZL ( uk) and s? = uf exp (th (ck,uk>j>

the gradient g is computed from the differentiation of the augmented Lagrangian function
(5-8), with respect to ¢ and u decision variables:

VL, (cF, u”
Lo ;] it
,u

VuL, (c*

VL, (ck, uk) =V (ck, uk) + E;‘F (/\k + p€n (ck, uk)) + f: s?VCQh (ck, uk)j (5-12)

j=1

Vul, (ck, uk) —VuTh (ck, uk) +ET ()\’“ + p&p (ck, uk>> + jf:l HAvNa (ck, uk)j

9k (ck’ uk> — v(c,u)ﬁp (Ck, uk) —

The Hessian will be computed in a similar manner from the differentiation of the gradient of
the same augmented Lagrangian function. It is derived via the following formula:

v2 L k7 k vZ L k’ k
H;, (Ck’uk> = ViewLs (Ck’uk) V%ZLZ Ezkik)) Vﬁuﬁz Ezkz’% (5-13a)

By denoting some additional terms,

Eee := V2, (c ,uk) Eeuw = V2,&n (Ck, uk) Bue := V2i.En (Ck,uk) Euu = VZ,&n (ck, uk>
Dk = diag (31, ey ffn) Qc :=V9, (ck,uk) Qu = Va9 (ck,uk)
Qcc := V <9n (c u ) Qecu = Vquh (ck, uk) Quc := Vﬁth (ck, uk) Quu = Vath (ck, uk)
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the blocks of the Hessian can be formulated as follows:

Vicﬁp (ck, uk) = V2. T (ck, uk) + pELrE. + Zn: [()\k + p& (ck, uk>) (ECC)Z} +
=1
+ 58 Qe + pQI DEQ.
V2,2, (¢4 ub) = V2,5 (b, u) £ pET Bu + 37 [(V + o (o8, ut)) (Bew),] +
=1
+ 5* Qeu + PQLDEQq
. (5-13b)
Vﬁcﬁp (ck, uk) = Vicjh (ck,uk) + pEEEc + Z K)\k + p&n <ck, uk)) (Euc)z} +
=1
+ SkQuc + pQZDEQC
V2iuL, (ck’, uk) = ViuTh (ck, uk) + pELE, + zn: [()\k + ph (Ck, uk)) (Euu)i} +
=1

+ 5°Quu + pQLDFQ,

5-2-4 Attempted Decomposition of the Derived Linear System

After the derivation of the formulas that produce the gradient and the Hessian ((5-12),(5-13))
of the augmented Lagrangian equation (5-8), the next step is to solve the linear system in
Equation 5-11 that computes the Newton-step correction of the state and the control variables.
This solution would normally require the inversion of a large and sparse matrix and would
have to be repeated at every inner iteration since both the Hessian and the gradient could be
dependent on the current ¢i or ug. Following the typical discretise-then-optimise method of
a PDE-constrained optimisation problem, this step would be considered the computational
bottleneck of the proposed methodology. To that end, at the next stage, DDM techniques
are utilised in an attempt to decompose the problem and speed up the solution of the derived
linear system.

From the analysis of the structure of the Hessian matrix, several interesting features have
emerged. First of all, as the nature of the described problem dictates, the state variable
is used to describe a characteristic of the simulated system and, as a result, ¢ will have to
be defined in the whole domain. On the other hand, the control variable u represents an
action designed to influence the state of the system. This action, mathematically is usually
modelled as distributed and is applied in the whole domain. In real world scenarios however,
it is spatially localised. In the described example of air-pollution, the control will be limited
from the location and the surface of the industrial chimneys and can either increase or decrease
their output. Therefore, it is safe to assume that the value of u will be a priori equal to zero
over most parts of the domain. The crucial deduction from these observations is that the
number of DoFs associated with the state ¢ is immensely larger compared to the the control
u. Consequently, the term that predominantly contributes to the Hessian is the upper-left
block, which is equal to V2.L, (ck,uk>. If this term can be decomposed and reordered
into interior and interface variables, then by adding the fewer control inputs as "artificial"
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interface variables, it would be possible to decompose the complete Hessian. For this reason,
the attention of the subsequent analysis was directed towards the aforementioned matrix and
its structure.

From all the terms of V2.£,, the product of pELE,. is the one that is standing out. The
reason for this is that the term FE is also used for the solution of the underlying PDE that is
described via the state equation. More specifically, as it is mentioned beforehand, F. denotes
the derivative of the PDE residual in the discretised formulation. Based on their definition
and the discretisation with FEM, it can be proven that all the other terms of VZ L, have
a beneficial structure similar to what was seen in Figure 4-2. This means that they can be
successfully manipulated by a DDM and its inverse matrix can be assembled via the local
contributions of the decomposed domain. The same holds true for the E, term as it is directly
associated with the PDE solution. However, the term that appears in the V2,£, is not the E.
but the product pE! E.. Unfortunately, there is no guarantee that this term will retain the
same attributes as the E.. As a result, directly applying a non-overlapping substructuring
DDM to the derived Hessian will, most likely, fail to produce the block diagonal form of the
interior variables seen in Figure 4-5. This structure is required for the parallelisation of the
whole procedure.

5-2-5 Proposed State Variable Transformation

To overcome this issue and recover a structure with promising characteristics, the proposed
methodology introduces a transformation of the state variables on the equation that computes
the Newton-step update (5-11). More specifically, instead of solving the equation with respect

T
to x = [ACT AuT} a new set of variables x* will be defined as the vector

« _ |EcAc|  |Ee 0| |[Ac|
= B [ ]3] e o1y
P

By executing this reformulation, the Hessian will have to be altered too, in order to accom-
modate the change in the variables and satisfy the original equation.

Hy, (ck,uk) X =— gk (ck,uk) -
Hy, (ck, uk> Pli:;g == 9k (Ck7 uk) = (5-15)
Hy
Hj (ck,uk) x* = — g (ck,uk)
So, the value of the Hj is computed as follows:
i (¢ ) o= V2L, (Fuk) BgL V2L, (oF ut 5.16)

2 kE k) —1 2 kokY|’
Vacly (¥ u )Ec Vaulp (¥ u
and a new Newton-step equation arises.
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The main advantage of this method lies in the fact, that it changes the structure of V2.L,
from the original Hessian into a more favourable one. This is achieved through the presence
of the E. term and the "amplification" of the its beneficial structure. More specifically, by
denoting as

M. (ck, uk) =V2.Th (Ck, llk) + z": K)\k + pEh (Ckv uk)) (ECC)i] +
i=1
+ Schc + szDch

which gathers all the terms of V%C[,p(c, u) from (5-13b), besides pEl E., it can be seen that
the upper left block of H; will be equal to:

(5-17)

Vgcﬁp (ck7 uk> Ec—l — Mee (ck, uk:) Ec_l 4 pEZEcEc_l . -
VeeLy (¢ ub) Bt = Mec (F,u¥) BEgt + pEL. (5-18)

From Equation 5-18, we can see that the El term is present into VZ.L,E;! but the E.
is missing. However, the aforementioned beneficial structure of F. is symmetric (Figure 4-
2a, Figure 5-2a) and as a result the transpose E! shares this beneficial structure. The
improvement of the inner structure of H; comes at the expense of an additional computational
cost at every iteration. From now on, at every iteration for which x* is computed, in order
to retrieve the isolated values of Ac the large linear system

¥

E. (ck,uk> Ac=x! with x*= l X; ] : (5-19)
will have to be solved. The x} term is derived from the parts of the solution of x* that are
associated with the state variable c. However, the specific type of the linear system in (5-19)
is basically the same as the solution of the £(c¢,u) PDE. As it is mentioned many times now,
the structure of E. is compatible with the utilisation of the substructuring decomposition
method and thus, the computation of the Ac at each iteration can occur through parallel
processes, which reduces the overall computational costs of changing from x to x*.

5-2-6 Proposed Reordering into Interior and Interface Variables

So far, the proposed methodology has ensured the presence of E! within V2 L,E; 1. Never-
theless, this alone is not enough for the beneficial structure properties of F, to be transferred
into the upper left block of H};. In order to accomplish this goal, the aforementioned property
of E. will have to be "amplified". This is achieved via the nullification of the effects from all
other terms of V2.L,E; 1. As seen in Equation 5-18, the terms that are included in MecEg !
not only do not share the desired structure (Figure 5-2b), but also require the computation
of the inverse of E, in order to compute them.

To eliminate their effects two possible interventions have been identified. The first one is
the reordering of the corresponding DoFs so as to transport the counterproductive structure
out of the upper left block of the Hessian. From the view of the substructuring domain
decomposition methods this is equivalent to the transition of the corresponding DoFs from
interior variables into "artificial” interface variables. By doing so, they are no longer considered
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as a part of the upper left block of H;’ and their removal, although it does change ET it does
not affect its beneficial structure (Figure 5-3).

In order to provide some further insight on the steps of the algorithm, we create a schematic
representation of the system reformulation. Assuming a physical domain 2 similar to Figure 5-
1 that is split into N subdomains (£2;) and it includes areas of interest that are associated
with the cost functional, inequality constraints or non-linear phenomena (red areas).

Q

Ql (13 Q5 - QN—I

Qs Q Qs e Qn

Figure 5-1: Decomposed physical domain, with spatially localised areas of interest.

Then, based on the mesh from the finite elements method and the proposed transformation
of the state variables, the upper left block if the transformed Hessian (5-16) will have a
structure similar to the one seen in the Figure 5-2(a). In this figure, the gray areas denotes
as Q; represent the values of the E] matrix that are associated with the ; subdomain.
The red stripes denote the values of the M E; ! terms. It is evident that the advantageous
structure of E. is perturbated by the values of the Mo ES ! terms . Independently of the
individual structure of Mee, its multiplication with E_! will spread its values all over the
domain. On the other hand, the values of E, are localised in the regions that correspond to
the subdomains €2;.

X*Ac,ll X*AC,IZ X*AC,Ig e X*AC,INX*AC,F
: =
1 —
Q Qr, =
1 : G
1
MccES ! b &
cclic Qs QI2 G
1 G
1
: =~
Q3 Typicall Qr, : &
MccES? — ! G
Dedqomposifion i
1
:
MeccEe .
Q1 2
1
Qv | -ttt mmmmmmmmmmmmms - S
Qrr,  Qr,  Qrr Qrry, Qe
1
(a) Original structure of V2, L,FE* (b) Physical decomposition of V2.L,E "

Figure 5-2: The structure of the upper-left block matrix of Hj.
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If a typical substructuring decomposition algorithm, based on the physical interfaces of the
domain, is performed then the interior matrix, denoted via the dashed line (Figure 5-2b),
will not be block diagonal. As a result its computation cannot be parallelised like the case of
Figure 4-5.

To overcome this issue, as it is mentioned beforehand, the degrees of freedom that correspond
to the red stripes can be considered as an "artificial" interface variable and thus be transported
outside the interior matrix. The procedure is similar to the one described in Section 4-3 and
the result can be seen in Figure 5-3. There some of the interior matrices {27, are smaller that
before since DoFs were removed from them but now they are block diagonal.

X*[1 X*]2 X*[3 e X*[N X*F
b
Q; ; =
1 : G
1
L
Q; ! =
2 1
s
o
Q[3 : =
. ©
1
1
1
1
1
0. =
IN' ~
1
| _____ LS
1
1
Qrr, Qrr, Qrr, Qrrye Qr
1
L

Proposed decomposition including the "artificial" interface variables

Figure 5-3: Proposed Decomposition of V2.L,E "

The disadvantages of this technique lies with the increase of the interface variables x*r. In
the described DDM framework (Section 4-3), the interior variables (in this case x*j) are
eliminated and the large and sparse linear system is transformed into a smaller but denser
one, with size equal to the number of the interface variables. When this number increases,
not only the effect of parallelisation is reduced but also the matrix derived from the Schur
complement may have a comparable computational cost with the original one.

As a result, this technique is only valid for the terms of M. which affect the H} locally as
seen in the schematic representation. This means that, the majority of Mc.FE, ! will have
to be a priori equal to zero with the exception of the rows associated with a preselected set
of nodes of the mesh. This preselected set denotes the corresponding DoFs that have to be
removed to "amplify" the structure of EI'. Terms with this property can be the Hessian of the
cost functional with respect to ¢ (V2.J,), assuming that its area of interest is a subregion of
the whole domain, the inequality terms (s*Qce +pQL DFQ.) associated with the state variable
at a specific region and the contribution of the second-order derivative of the state equation

{ 1 {(x\k + p&), (ck, uk>> (ECC)ZH when its effect is spatially localised.
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However, the identification of these terms is not sufficient for the proposed methodology.
Prior to the reordering of the associated DoFs, the products

VaedhEe',  8'QeeBe!, pQEDEQCES! and i{(A’%pé‘h (¢ u)) (Bec), } B
=1

(5-20)
will have to be computed. Normally, that would be a computationally expensive process but
since E, is the matrix associated with the PDE solution and all terms of M. are considered to
be mostly empty, there are ways to design a procedure that will speed up this computation. It
is safe to assume that M7 will retain the property of its components and it will be composed
from a relative small number (compared to the total number of DoFs) of non-zero rows. Then
each of these rows can be isolated and with Z¢c the solution of the product MeccEg 1 the
equations, that arise for each row, are:

{MCC]Z‘ Ec_1 = [ZCCL‘ = [MCC]Z‘ = [ch]i Ee = [Mcc}? = EZ {ZCC]ZT- (5-21)
So, for each of these rows, a linear system is formulated with a structure that is favourable
for substructuring domain decomposition methods due to E.. As a result, the small number
of non-zero rows of Z¢. can be computed fast and in parallel.

The last step, before the implementation of the proposed domain decomposition method is
the computation of the VZ,L,E; ! term. This is a by-product of the selection of the new set
of variables x*. Based on Equation 5-13b the aforementioned term will be equal to

VicLy (¢ ut) Bt = V2Th (of ) B + pBL BB+

[+ o6 (¢h0)) (e B+ 54 Que ! + pQEDEQeES =
i=1 (5-22)
V2oL, (¢ ub) Bt = (V2.0 (5 ut) + 5" Que + pQLDEQe) B+

+ Zn: [(/\k + p&h (c’“, u’“)) (Euc)z} E;' + pEL.
=1

The last term of the (5-22) is actually simplified from the multiplication with E;! and all
the others will have to be computed based on the techniques previously described this section
(5-21).

Alternative Approach

The second intervention that could eliminate the effect of M. is the removal of the terms
that interfere with the beneficial structure of E. For example, eliminating

(X" + pén (k. u")) (Bee),] (5-23)

n
1=

could be a result of simplification in the formulation of the PDE-constrained optimisation
problem or a simplification of the optimality conditions (quasi-Newton step methods).
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5-2-7 Formulation of the Decomposed Linear System

By following the presented steps of the proposed methodology until this stage, all the blocks of
the Hj will have been computed. The next phase of the solution requires the reordering of the
variables from Equation 5-15. This reordering will occur in order to enforce the advantageous
structure of E into the upper left block of the H}}. This is necessary since, based on Section 4-
3, in order to apply the substructuring domain decomposition methods in Equation 5-15 the
matrix H} must have the form

el bk Hi, ck, uF Hip ck, uF
Hj, (C u ) T ok gk s (ok ok (5-24)
Hf;(c¥u Hip (c¥,u

and Hj; must be block diagonal. In the solution of a stand-alone PDE the reordering of
the variables is based on the selected non-overlapping decomposition of the physical domain.
Standard substructuring methods split the state variables c into the interface variables cr
that are associated with the sub-domains interfaces and the interior variables cy that exist
inside the sub-domains. If this action is repeated here, based on (4-5), it will ensure that
E,. is block diagonal. Then the same can be said for E!. However, the additional terms of
Hj, break this property in the general case as seen in Figure 5-2(b). To resolve this issue,
as it was suggested in the previous paragraph, some additional variables that typically would
belong in the interior group will have to be considered as "artificial" interface variables.

As a result, in the proposed optimisation framework, the definition of the decomposition of
the problem is not limited to the decomposition of the physical domain and the corresponding
geometrical interface. Depending on the nature of the optimal problem, interior and interface
variables may adapt to accommodate the convergence of the substructuring DDM. So, in
the general case, the interface variables x} will include Au, the Ac at the nodes on the
geometrical interface of the domain as well as some originally interior variables Ac that are
associated with localised objective functions and constraints. Finally, the form of the linear
system that leads to the computation of the Newton step update will be:

8k (Ck’ uk)l
e (e ),

H* Ck, uk H* Ck, uk %
i ( i ( M 5.35)

o7 (ck, u” Hpr (ck’, u” Xp
A schematic representation of the full H} matrix can be seen in Figure 5-4. According to our
assumption about the size of the H}, it must be mostly identical to its upper left term that
is seen in Figure 5-3. Indeed, when the other terms V2,L,E; V2 L, V2,L, are included
(blue parts) the general structure of the matrix does not change. In fact Equation 5-25 has

the exact same structure described in Equation 4-11 and thus it can be partitioned and solved
based on the described substructuring domain decomposition algorithm Section 4-3.

5-2-8 Solution of the Decomposed Linear System

The derived Schur complement equation will be

250

Evangelos Skrinis Master of Science Thesis



5-2 Formulation of the Proposed Methodology 49

x* I X*]2 X*[3 cee X*[N x*r XAu
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Figure 5-4: Formulation of the reordered H} Hessian matrix.
with
-1 -1
Sr = Hrr — Hr; (Hpp) " Hip, br=—gr+ Hr; (Hyp)  gr- (5-26D)

The formulation of the Schur-complement equation will be accelerated up via the parallel
computation of (H3;)~" but the derived linear system will have to be solved via a standard
numerical solver. After the computation of xy, the interior variables xj can be computed in
parallel via the formula

xi = (Hi) ™' (—81 — Hirxy) (5-26¢)

5-2-9 Derivation of the Original State Variable and Computation of Newton-
Step

Following the computation of x* and its reformulation into x based on (5-14), the update

T
step of the Newton optimisation method x = [ACT AuT} will arise. The state and control
variables will be updated based on the formula:

[3’;11] _ [:;’,i] + [ﬁg] | (5-27)
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5-2-10 Convergence Criteria of the Proposed Methodology

This inner iteration will be repeated until one or more of the selected convergence criteria is
met, and arg min, ,, £, converges to an optimal value. These criteria can include lower bounds
on the norm of the augmented Lagrangian’s gradient or on the size of the Newton correction
step as well as an upper bound on the total number of iterations. Then, the outer update of
the Lagrange multipliers and of the penalty parameter will be performed. The iterations of
the outer optimisation problem, as seen in Equation 5-10, will continue until the optimality
conditions of the augmented Lagrangian are satisfied. These conditions can incorporate the
acceptable limits of the equality and inequality constraints as well as the satisfaction of the
stationarity condition.

5-2-11 Summary of the Proposed Methodology

To sum up, the complete proposed methodology is comprised by a series of consecutive steps.
At first, the general optimisation problem is formulated with a PDE as the state equation, a
cost functional and any additional equality or inequality constraints. Once the state and con-
trol variables are defined, the whole problem is discretised via an appropriate finite elements
methodology and it is turned into a finite dimensional constrained optimisation problem. In
order to reformulate it into an unconstrained optimisation problem and enforce the equali-
ties and inequalities into the cost functional, the augmented Lagrangian methodology with
quadratic and exponential penalties is implemented. For the minimisation of the current
augmented Lagrangian function with respect to the state and control variables (inner optimi-
sation), Newton iterations are selected. However, in order to efficiently solve the derived linear
system, a transformation followed by a reordering of the selected variables is performed. By
doing so, the transformed Hessian has a structure that is favourable to the implementation
of substructuring domain decomposition methods. This allows the proposed methodology
to solve the derived sparse and large linear system in parallel and reduce its computational
costs. The update of the decision variables via the Newton step is repeated until the solution
converges. Then the Lagrangian multipliers are revised and this whole process is repeated
until the preselected optimisation criteria are met. Domain decomposition methodologies are
utilised not only in the solution of the Newton-step linear system but also in the formulation
of the Hessian as well as the transformation between the x* and x.

Synopsis of Chapter 5

This chapter conducted a step by step analysis on the proposed methodology that incorpo-
rated the substructuring domain decomposition method into a PDE-constrained optimisation
framework. Tackling the problem with a different perspective from already established meth-
ods, led to the formulation of an algorithm that could be used in a wide variety of problems
associated but not limited to air pollution control. Contrary to established approaches, this
method is capable of handling any type of constraints under mild assumptions. Emphasis
was given to the various positive and disadvantageous characteristics as they emerged from
the formulation of the algorithmic steps. In conclusion, since the proposed method is based
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on the parallelisation of specific processes of the optimisation, it could potentially exhibit
improved computational efficiency and scalability.
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Chapter 6

Numerical Implementation and
Performance Analysis

This chapter evaluates the proposed incorporation of domain decomposition methods in a
PDE-constrained optimisation framework. In Section 6-1, all the aforementioned information
is combined for the formulation of a numerical example that can be used as a benchmark
test. It follows, step by step the algorithm that was derived in the previous chapter for a
case of air-pollution control. Then Section 6-2 presents the optimum state that was reached
after the convergence of the optimisation procedure. This state is then compared to similar
examples with more degrees of freedom and with an unoptimised case. Finally, Section 6-3
offers insight on the numerical efficiency of the proposed methodology in comparison to the
direct computation of the Newton step.

6-1 Implementation of the Proposed Methodology

Following the introduction of the proposed optimisation framework and the analysis of each
one of its steps, a benchmark test is required in order to assess its performance and numerical
efficiency. For that reason, a particular case of PDE-contained optimisation problem associ-
ated with the mitigation of air-pollution will be considered, as described in Chapter 2. The
purpose of these tests will be to examine the computational costs of the proposed algorithm,
to identify any limitations with respect to its implementation and to gain insight on how to
improve the methodology.

6-1-1 Formulation of the Optimisation Problem

We decide that the objective of the presented optimisation problem will be to attempt keeping
the concentration of sulphur dioxide (SOz2) below a curtain threshold level ¢, at a specific area
of interest €2; of the domain. That area of interest could signify a town, an agricultural area,
a historical site etc. The emission sources of the problem will be three industrial chimneys
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placed at different areas of the domain (2,, with a maximum output equal to u;qz. They
cannot be shut down completely (lower limit ;) and their cumulative output should be
above the threshold denoted as upzinc. In addition, the chimneys stand at a distance from the
ground equal to H. The speed of the wind is set as V whereas as it direction 6 is considered
constant throughout the domain. The diffusion coefficient will be set to be isotropic and it
will be computed as a function of the distance from the emission sources r, the air velocity V
and the two-dimensional standard deviation o,,. From the theoretical analysis, this function
should be equal to (2-7) but it can also be simplified to the formula:

2

= 22| (6-1)
v 2.r )

The model that will be used for the transport of the SO3 in the atmosphere is the the steady
state of advection-diffusion PDE as it was described in Section 2-4.

Then finally, the optimisation problem will take the following form:

1
min  J(c,u) == [ (e(x) — ¢ (x))? dQ+ a u(x)? dS
& 2 Qt 2 Qu
3
subject to  — vV2¢(x) + V- Ve(x) = Z XQ,, (X) u; in Q,
i=1
c(x)=0 on Ty, (6-2)
u% =0 on I'out,
Umin < Ui < Umax Vi=12,3

UMinCc < UL+ Uz + U3

The variables x = (z,y) " represent the spatial coordinates in the 2-D plane while the function
¢(x) describes the concentration of the air-pollutant. The additional quadratic penalty term
of the emission rate u(x) in the cost functional is present to prevent the control from receiving
too large values and to improve the conditioning of the derived linear system. Furthermore,
the xq,, denotes the characteristic function of the control regions (1,:

{1 x €y,

X, (%) =3 o xd 0.

6-1-2 Discretisation of the Optimisation Problem

The next step of the algorithm is the discretisation of the optimisation problem via the finite
elements methodology. Based on the description in (5-6), the weak formulation of the PDE
in (6-3) and the cost functional expressed in (6-2), the original optimisation problem can be
reformulated as a finite-dimensional optimisation problem. For the simulation of the state
variables, P, elements were utilised whereas for the control inputs Fy elements are sufficient.
The weak formulation of the state equation will be derived by multiplying both parts of the
PDE with a test function v with the same boundary conditions and properties as the state c:

3
/yvc.vud9+/(v.vc)vd9=2ui/ v dS2. (6-3)
Q Q i=1 Qi
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The diffusion term will result in the diffusion matrix K € RVexNe

N
/Q Ven(x)  Verd2 =3 ¢ /Q ViV d) — Ky = /Q Vb VeidQ  (6-4)

Jj=1

Similarly, the advection term will generate the advection matrix C' € RNexNe

Nc
/Q(V~Vch(x))¢>i dQ:j;cj/Q(V-quj)qbi dQ = Cjj :/Q(V-quj)qbi Q. (6-5)

Since both the diffusion and advection matrices act on the same state vector c, they should
be combined into a single matrix A, to help with the notation.

A=K~+C (6-6)

For the source term leads to the formulation of the control matrix B € RNex3
3 3
> /Q Xe, ()0 (x) dQ2 =) u; /Q Yi(x)dQY = Bj;; = /Q i (x) dSQ. (6-7)
j=1 j=1 uj uj

So, the discretised state equation is

‘Sh(c,u) :=Ac— Bu= O.‘ (6-8)

It is important to mention that, the selected discretisation procedure, does not a priori enforce
the pre-set Dirichlet conditions on the domain’s boundary. The nodes of the mesh at this
boundary are included amongst the degree of freedom of the state ¢ and the have to be
removed. This can be done either algebraically by the identification and the substitution
of these variables with their value or numerically via their penalisation with sufficient large
penalty parameters. From the discretisation of the objective functional two matrices arise.
M € RNexNe s derived from the state related cost whereas N € R3*3 comes from the control
related cost and they are both defines as:

Mz‘j = /Q ¢Z¢j dQ, Nij = /Q XQui (X) . XQu]— (X) dQQ. (6—9)
t u

Combining all these results together leads to the complete discretised PDE-constrained opti-
misation problem:

. 1 T @ T
win 5(0 —c¢;) " M(c—cy) + Su Nu
subject to Ac —Bu=0, (6-10)

Umin S u S Umax;

UMinC < U1 + u2 + us.

It is important to mention that the B matrix was simplified based on the assumption that the
emission rate of each chimney cannot vary independently at every node of the mesh (input
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is not distributed). On the contrary, it is localised at the areas of the chimneys. Thus the
number of the variables of u can be considered equal to the degrees of freedom of the mesh
at those areas and not of the whole domain ( everywhere else they would be a priori equal
to zero). Furthermore, this idea was extended by assigning an average and uniform emission
rate to the area of each chimney and as a result the number of control variables was set to
three: uq, ug, us.

6-1-3 Coupling of Augmented Lagrangian and Domain Decomposition

Comparing the general form of the discrete optimisation problem (5-7) with this specific
example (6-10) it is evident that:

1
Jn(c,u) :§(c — cd)TM(c —cq) + %uTNu
En(c,u) =Ac—Bu=0

U — Umax
Qh(C7 u) = Unmin — U <0.
uMinc — (u1 + ug + u3)

(6-11)

Having identified all the relative terms, it is now possible to derive the augmented Lagrangian
function based on (5-8) as follows:

1
Lo(e,uA ) = 5(e—ca) M(e —c) + %uTNu)\T(Ac —Bu) + g(Ac ~ Bu)?(Ac — Bu)+

3
+ 30 B fexp (p (5 — tma)) = 1]+ 30 22 [ex (p (i — 1)) — 1] +
= op =1 P

c
+ % [exp (p (uminc — u1 — ug —ug)) — 1].

(6-12)
From now on, the optimisation algorithm begins an iterative process.

The next step is the minimisation of the £, with respect to ¢ and u (5-10). To reach the
optimum a Newton method has been proposed and analysed. The gradient of the augmented
Lagrangian (5-12) is equal to

M(c" — cq) + AT [N + p (Ack — But)]
g = . (6-13)
aNu*F — BT [)\k +p (Ack _ Buk)} + Slfj _ S]Z _ S’é .13x1

since its two components are derived as follows:

VL, (ck, uk) =M (ck — cd) + AT [)\k +p (Ack — Buk)} + 0

inequality contribution

Vel BT (A 1085
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Vul, (ck,uk> = @}l’i— BT [)\k +p (Ack - Bukﬂ + sf—sh — sk

—_—
VuJh _pr ()\k—‘rpc‘fh) inequality contribution
with )
Slch,i = Mllc],i exXp |p (uég - umax)] .
) . : ) i=1,2,3. (6-14)
SL,i = ML, XP _,0 (umin - ’U,j):|
and _
st = pk exp L (uMinC —uk —ub — ulg)] . (6-15)
Following with the computation of the Hessian (5-13):
M + pATA —pATB
Hy, = (6-16)
—pBTA  aN + pBTB + pdiag (s’f] + s’z) + psk, - 13%3

from the individual terms

Vi.L, (ck, uk) = M +pATA+ 0 + 0
~ N—— ~ ~
VieTn  pETE.  + 3 05 [(MNo+pn(ckub) ) (Bea;]  s¥QectpQe” DEQE

VZ.L, (ck, uk) = 0 +-pATB+ 0 + 0
~—~ ——— ~~
ST BB 4T [V ()] Qe T DEQu

Vi L, (ck, uk) = 0 +-pBTA+ 0 + 0
~ —~—
NETn  pETE.  + 3 or [(Wpsn(ckuk))(Bae);]  *QaetrQT DEQE

2 koE) T . k k k . 13x3
Vaulp (c ,u ) = aN +pB"B+ 0 + pdiag (SU+SL>+psC 1
Viudn  pBLBa + 300 [(Aepen (b u) ) (e s+ Qaa QL DEQu

The next step of the proposed methodology includes the decomposition of the system via

the transformation of the state variable. The new set of variables x* = [EC - Ac Au] will
result in a new Hessian that, based to (5-16), is equal to

_vzcﬁp(cka uk) E‘c_1 v?:u‘cp(ck7 uk) ]
~————
(M+pATA)A—L —pATB
Hi(ck ub) = —
Vicﬁp(ck, uk) E‘c_1 viuﬁp(ckv uk) (6 17)
—_———— -
| (-pBTA)A! aN+pBTB-p diag (s, +s} ) +psf;- 1373 |
H*(ck uk) B MA~! + pAT —pATB
k™ - —pBT aN + pBTB + pdiag (s’f] + s’z) + psk, - 133
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The only remaining step before the computation of the Newton step is the calculation of the
matrix Z, Each one of its rows will be calculated through the solution of a linear system with
the use of a typical domain decomposition method:

Z;=MA! — ZA=M, — AT(Z)" =(M;)" (6-18)
Then the linear system that provides the Newton step of the transformed variables:
sk kY | Xe| _ (kK :
Hk(c,u) lA“]_ gk<c,u> (6-19)
can be solved through the proposed substructuring domain decomposition methodology (5-25)

and (5-26).

The final step of the inner optimisation problem is the computation of the original variable’s
Newton step via the solution of :
E. Ac=x (6-20)

with the use of the typical substructuring domain decomposition methodology

Having identified the optimiser of the augmented Lagrangian with respect to ¢ and u:

(ck’q, ukH) = argmin £, (ck, u”, )\k”uk) == (ckH, ukH) = (ck + Ac,u” + AU) (6-21)

c,u

the inner optimisation problem is complete and in the next phase, the Lagrangian multiplies
and the penalty parameter will be updated:

ARFL — Nk (Ack+1 _ Buk+1)

u’f]jl = ,u]f]i exp [pk (uéCH — umax)} , 1=1,2,3,

i = exp [ (i — uf )], i=1,2;3, (6-22)
MIEH = M]E* exp [Pk (UMinc - U’f“ - USH - U’?f“)]

P S
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6-2 Numerical Results of the Case Study - Air-Pollution Control

In the previous section all of the necessary steps of the designed algorithm are presented. The
discretisation of the system with standard Galerkin finite elements was performed through the
FreeFEM [71] open-source software whereas the matrix manipulation and the visual presen-
tation of the results was done in MATLAB. Those simulation were performed in my personal
laptop equipped with an Intel Core i7-10750H, 16 GB of RAM and 2.60 GHz based clock
frequency. However, as the final step, the execution of the algorithm requires the specifi-
cation of the problem’s physical parameters and the appropriate tuning of the optimisation
parameters.

6-2-1 Numerical Setup and Tuning

This case study of optimal air-pollution control, is to be used as a benchmark test that will
provide insight on the designed methodology. This example is not drawn from an existing
industrial plant at a specific location. Nevertheless, it is an objective of this thesis to present a
real world example and not just a mathematical exercise. To that end, the physical parameters
associated with the atmosphere and the emission sources (such as the wind velocity, the
maximum emission rate, the exit gas velocity, etc.) will be estimated based on a medium
scale coal plant.

However, this is not the only objective. The purpose of these numerical examples is also to
evaluate both the numerical efficiency of the methodology and the quality of the optimum
solution. Thus, the resulting optimisation problem should not be trivial. This issue can be
addressed with the appropriate positioning of the three chimneys and the area of interest
within the domain. The knowledge of the air velocity, the diffusion coefficient and the spatial
dimensions of the domain can provide an approximation on region of influence for each of the
chimneys. If they are positioned too close to each other then their regions of influence will
be almost identical and the optimal control of all three will be almost the same. If they are
too far apart then their area of influence will not overlap and as a result the mitigation of
the air-pollution will be limited to the control of only one of the chimneys. This is why both
the chimneys and the area of interest are selected so that, under the specified atmospheric
parameters, they will lead to a coupled optimisation system. The area of influence of each
chimney overlaps with the area of interest at a different extent, resulting in distinct optimal
control inputs.

Moreover, another issue that arises, is associated the numerical simulation of the advection
diffusion PDE with standard Galerkin finite elements. It is known that in advection dominated
cases, these type of FEM will result in non-physical oscillations of the solution. Typical
techniques that resolve this issue is the use of more advanced finite elements such as the
SUPG [72]. In the presented example however, this problem was not addressed directly but
rather avoided. Using the Péclet number as a reference, the selection of advection dominated
examples was prevented through the appropriate choice of the associated physical parameters.
The Péclet number is derived through the formula:

V-

P
€ 2v

(6-23)
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and when it is lower that one, the resulting solution will not have any oscillations. In this
formula, V denotes the wind speed, v the diffusion coefficient and h is the size of the mesh’s
elements.

Based on the aforementioned requirements, the values the physical parameters of the air
pollution optimal control problem are specified in Table 6-1

Table 6-1: Air-Pollution Physical Parameters

Parameter Symbol Value

Domain configuration

Domain Length L, 2000 [m)]
Domain Width L, 2000 [m)]
Transport parameters

Wind Velocity Magnitude V| 2 [m/s]

Wind Velocity Direction 0 0.85-7/2 rad
Diffusion Coefficient v 50 [m?/s]
Emission Sources

Number of Chimneys Ny 3 []

Position of Chimney #1 Ty s Yuy 350 , 350] [m x m]
Position of Chimney #2 Tuys Yuo 1000 , 350| [m x m]
Position of Chimney #3 Tug, Yus 1650 , 350| [m x m]
Minimum Emission Rate Umin 0 [kg-s™1]
Maximum Emission Rate Umaz 1 [kg . sfl]
Minimum Cumulative Emission Rate UNMinC 1.8 [kg-s™!]
Reference Volume of Air Emitted per Second Vi 300 [m?]

Area of Interest

Position of Area of Interest Tt, Yt [1300, 1700] [m x m)]
Radius of Area of Interest Ry 100 [m]
Target Concentration ct 0.005 [kg/m3]

Based on the selected parameters, the optimisation problem is well-defined since all of its
physical properties have been quantified. However, for the proposed optimisation algorithm,
there are still some parameters that have to be defined as seen in Table 6-2.

First of all, for the discretisation of the optimisation problem, the size of the mesh within
the specified domain must be selected. If the accuracy of the simulation is lacking then
the mesh must be refined and the total number of DoFs will increase. Then, there are
the values of the parameters that require initialisation for the optimisation algorithm to
begin. These include the initial values for the decision variables and the multipliers. Finally,
the last group of parameters is associated with the convergence of the algorithm which is
assessed through several criteria . The convergence of the inner minimisation of the augmented
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Lagrangian is evaluated based on the norm of the step along with the norm of the gradient
computed at the suggested optimum. The outer optimisation is evaluated based on the
equality constraint residual and the violation of the inequality constraints. The optimisation
procedure is terminated when all preset tolerances are satisfied simultaneously or when the
maximum permissible number of iterations has been reached.

Table 6-2: Tuning of Optimisation Parameters

Parameter Symbol Value

Domain decomposition

Number of DoFs Npors 4163
Number of subdomains Ny (Nz x Ny) 4 (2x2)
Augmented Lagrangian parameters

Initial penalty parameter p° 1
Initial equality multiplier parameter 0 10~6
Initial inequality multiplier parameter 0 106
Initial state c? 0
Initial control ! 0.6 0.6 0.6] !
Regularisation parameter « 1076
Equality tolerance €R 107°
Inequality tolerance €1 10~
Stationarity tolerance €g 107°
Step tolerance €S 10~6
Maximum Number of Iterations TterMax 100

6-2-2 Numerical Results

Based on the described methodology and the parameters’ selected value, the proposed algo-
rithm was executed. The initial domain of Np,rs degrees of freedom was decomposed into
four subdomains with an average of 1002 DoFs each. The number of interface variables was
computed to be 154. It converged to a solution after 34 outer steps with an average of 2.5
inner iterations. The optimal control is :

uy = 72.6% Umax w2 ~ 23.1% Umax uz ~ 84.3% Umaz

The cumulative emission rate is almost equal to 1.8 kg - s~!, within the acceptable margin
(> unrinc — €1). The average concentration over the are of interest is computed at 5.046¢ - s71
which is less than one percent away from the desired concentration. The final solution can
be seen in Figure 6-1 and Figure 6-2
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Optimal Concentration Field
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Figure 6-2: Optimised SOy concentration from the proposed algorithm.

Master of Science Thesis Evangelos Skrinis



62 Numerical Implementation and Performance Analysis

Optimal Concentration Field in Refined Mesh

As the case study is repeated with a denser mesh and more DoFs, the optimal control shows a
minor fluctuation of 0.5 %otmqs. For example, the doubling of the available DoFs, compared
to the previous test, will result in the following optimal state:
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Figure 6-3: Optimised SO concentration from the proposed algorithm with 7464 DoFs.

Uncontrolled Pollutant Dispersion

Assuming that the control of the emissions rates {ul U9 ug] is not derived from an optimisation
procedure but it is set to be uniform between the chimneys and equal to 60% of the maximum
emission rate. Then, the derived dispersion of the pollution through the atmosphere would
be as seen in Figure 6-4
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Figure 6-4: Initial SOy concentration with uniform emission rate.
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In this case the average concentration at the are of interest is close to 9.6 g - m™3, which is
almost double the targeted concentration.

These simulations demonstrate that the proposed algorithm can indeed reach an optimal
state for both the concentration and the emission rates of the problem. However, until now,
there has not been offered any indication regarding its numerical efficiency. This attribute
is equally, if not more, important for a successfully designed optimisation framework with
practical applicability.

6-3 Numerical Performance and Efficiency of the Proposed Method

In order to assess the numerical performance and efficiency of the proposed methodology
a series of benchmark tests have been performed. At first, the presented example was run
repeatedly with increasing number of total degrees of freedom while it was decomposed into
four subdomains. The derived data will clarify on the effect of the mesh size to a selected
decomposition. At the same time, the presented case study will be repeated for the same
number of DoFs but an increasing number of subdomains. It is important to mention that
the computer code for the implementation of the proposed method does not incorporate
the communication and techniques required for the parallelisation. Instead it computes the
results sequentially and by recording the necessary data, it presents the parallel version of
the computations.

6-3-1 Linear Case Study

Based on the described case study, the designed technique will be compared to the direct
computation of the linear system derived from the Newton step seen in Equation 5-11. A
variety of tests will be conducted, to make sure that the solution of this linear system, is
computed faster via the proposed decomposition in comparison typical numerical techniques.
This is not a detrimental test since the proposed methodology does not just decomposes one
matrix but a plethora of them along its steps for the computation of the optimum (Z;, H}, xg).
The computational efficiency of this strategy can be seen in Table 6-3.

Table 6-3: Computational Results in the Linear Case Study

Subdomains | DOFs | Nr Nlnter Outer Iterations | Avg. Inner Iterations | Efficiency

4 (2x2) 4163 154 1002 34 2.5 45.2

4 (2x2) 11599 | 250 2837 61 3.0 73.1

4 (2x2) 22799 | 350 5612 100 3.2 90.0

4 (2x2) 37679 | 432 9312 ~ 100 ~ 3.3 ~ 137

4 (2x2) 11599 | 250 2837 61 3.0 73.1
(3x3) 11599 | 514 1232 61 3.0 171

36 (6 x6) 11599 | 1246 287 61 3.0 348

81 (9x9 11599 | 1973 119 61 3.0 126
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The numerical examples were conducted for a varying number of subdomains and degrees
of freedom. The reported data include the total number of interface variables (Np) together
with the average interior variables per subdomain (N Inter)- In addition, the number of outer
iterations along with the average number of the inner iterations are presented. Finally, the
efficiency of the proposed methodology is evaluated as a ratio of computational time of the
direct case divided by the parallelised one. The computational costs are computed based on
the inversion of the required matrices and not the assembly and the mesh generation since it
comprises more than 85% of the total computation time [73].

However, this is not an very accurate representation of the method capabilities. In the
previous methodology the inverse matrix are computed explicitly which increases the com-
putational cost and memory requirements immensely. A much more standard practice is the
derivation of the solution of the linear system without ever computing the inverse matrix.

Based on this approach the numerical results are seen in Table 6-4.

Table 6-4: Practical Computational Results in the Linear Case Study

Subdomains | DOFs | Nr Nlnter Outer Iterations | Avg. Inner Iterations | Efficiency

4 (2x2) 4163 154 1002 27 2.7 6.8
4 (2x2) 11599 | 250 2837 50 2.4 8.4
4 (2x2) 22799 | 350 5612 100 2.7 7.8
4 (2x2) 37679 | 432 9312 100 3.1 6.4
4 (2x2) 22799 | 350 5612 100 2.7 7.8

(3% 3) 22799 | 667 2459 100 2.7 29
36 (6 x6) 22799 | 1728 585 100 2.7 47
81 (9x9) 22799 | 2703 248 100 2.7 22

This is a much more accurate representation of the methodology’s efficiency. But again, this
is not end of the story. There are much more advanced numerical solvers that can speed up
the computation for both the Newton step (5-11) and the linear system that is derived via the
Schur complement (4-13). These approaches may involve approximations based on iterative
solvers or the exploitation of the underlying matrix structure. However, the identification of
the optimum generic strategies for the solution of large and sparse systems beyond the DDM
approach is outside the scope of this work.

Nevertheless, the derivation of an more representative assessment of the proposed methodol-
ogy’s capabilities would require a comparison between the aforementioned approaches. For
this purpose, the Matlab built-in capabilities for linear system solutions were utilised. Instead
of enforcing specific method for all the linear systems, Matlab was allowed to choose whatever
strategy it considered the best. The results of these tests are seen in Table 6-5

From these results it is evident that there are numerical techniques that speed up the di-
rect approach by capitalising on the inner structure of the Hessian. However, the proposed
approach is still beneficial for the right combination of Nipter and N
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Table 6-5: Advanced Computational Results in the Linear Case Study

Subdomains | DOFs | Nr ﬁlnter Outer Iterations | Avg. Inner Iterations | Efficiency
4 (2x2) 4163 154 1002 27 2.5 2.5
4 (2x2) 11599 | 250 2837 50 2.4 1.4
4 (2x2) 22799 | 350 5612 100 2.2 1.3
4 (2x2) 37679 | 432 9312 100 2.2 1.1
4 (2x2) 22799 | 350 5612 100 2.2 14
9 (3x3) 22799 | 667 2459 100 2.2 2.5
36 (6x6 22799 | 1728 585 100 2.2 2.0
81 (9x9) 22799 | 2703 248 100 2.2 0.9

6-3-2 General Case Study

The previous example can be used as an benchmark test for all the cases of linear PDEs.
However, the situation changes dramatically when non-linearities are included in the algo-
rithm. FEvery simplification that is seen in Equation 6-16 and Equation 6-17 is no longer
valid. Those matrices will have to be recomputed at every iteration since, through the lin-
earisation of the associated terms, they are dependent on the current values of (ck, uk). But
the most important distinction is the computation of the Mcc - Eg! term. In the linear case,
the Mg is derived based on the cost functional and it is constant. As a result it will have to
be computed only once in the beginning of the algorithm and the it can be reused at every
iteration. Whenever an non-linear term is present that means that M. is dependent on the
current state and thus, it will have to be computed at every inner iteration as well. This is a
significant computational cost that in most cases dominates the whole procedure as seen in

Table 6-6.

Table 6-6: Computational Results in the General Case Study

Subdomains | DOFs | Nr Nlnter Outer Iterations | Avg. Inner Iterations | Efficiency
4 (2x2) 4163 154 1002 27 2.7
4 (2x2) 11599 | 250 2837 50 2.3
4 (2x2) 22799 | 350 5612 100 2.2
4 (2x2) 37679 | 432 9312 ~ 100 ~23
4 (2x2) 22799 | 350 5612 100 2.2
9 (3x3) 22799 | 667 2459 100 2.2
36 (6 x6 22799 | 1728 585 100 2.2
81 (9x9) 22799 | 2703 248 100 2.2

These results were to be expected. For the direct inversion of a large, sparse and almost
symmetric matrices Matlab has developed optimised numerical methods that have been a
product of many decades of work. These techniques take advantage of the sparsity of the
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matrix and can produce a fast result without explicitly deriving the inverse of the Hessian.
With that in mind there are numerical techniques and other tricks that could be used to
improve the proposed methodology.

The "computational bottleneck" of the designed algorithm is the computation of the Z matrix.
Not only it requires the solution of numerous (equal to the number of non-zero rows of M)
linear systems that are equivalent to the solution of a PDE, but in the non-linear case they
would have to be computed at every inner iteration of the optimisation algorithm. In an
attempt to limit its effect on the computational performance, a set of options were identified.

First of all, a possible improvement is the introduction of additional processors that will be
allocated towards the computation of the different rows of Z instead of the decomposition
of the domain into more subdomains. In the present case, the processors are equal to the
total number of the subdomains. If more sets of processors could be dedicated to the solution
of the aforementioned linear systems then the efficiency of the methodology would increase.
That approach however, could be easily hit a wall due to the limited hardware availability
along with the polynomial growth in the number of the required processors.

Secondly, the simplification of the matrix Mcc, as was suggested before, can reduce the total
number of non-zero rows and thus lower the number of the linear systems that are required
for the computation of Z. In general, that simplification would mean the transition to a
quasi-Newton method, since partial information of the Hessian will be lost.

In addition, the cost functional could be selected in a way that enhances the numerical
efficiency of the proposed methodology without deviating from the optimal state. If the
application can facilitate the choice of a much smaller area of interest then it is guaranteed
that the number of non-zero rows of M. will reduce. In the specific case of air-pollution, the
steady state of the advection-diffusion equation is studied. In addition, the area of interest is
far away from the emission regions and as a result, the solution displays no abrupt changes.
Thus, instead of comparing the values over all of the nodes of the mesh associated with the
area of interest, the algorithm could evaluate the solution on a few point in the boundary of
that region and still reach the same optimum state.

Finally, the presented options are ideas on how to improve the efficiency of the proposed
methodology in comparison to the direct approach. Nevertheless, there is also the absolute
computational efficiency, meaning the total time required for the algorithm to reach the
optimum state. The computation of the matrix Z must be performed at every inner iteration
of the Newton-step which increases the total time of the optimisation procedure even with
the suggested parallelisation. To that end, the approach of inexact augmented Lagrangian is
proposed. In this technique, the inner Newton-step will be performed only once before the
update of the Lagrange multipliers. This will most probably increase the required number of
the outer iterations but it is was seen that it reduced the total computations of the Z matrix
since it reduced the total number of iterations.

The results of these changes can be seen in Table 6-7. We can see that the proposed method-
ology has regained its efficiency at the expense of an increased number of processors.
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Table 6-7: Improved Computational Results in the General Case Study

Max Efficiency

Subdomains | DOFs | Nr Nlmer Outer Iter. | Size of Z | Efficiency o —
4 (2x2) 4163 154 1002 35 49 2.38 (196)
4 (2x2) 11599 | 250 2837 65 133 1.57 (532)
4 (2x2) 22799 | 350 5612 100 269 1.43 (1076)
4 (2x2) 37679 | 432 9312 100 437 0.98 (1748)
4 (2x2) 22799 | 350 5612 100 269 1.26 (1076)
9 (3x3) 22799 | 667 2459 100 269 1.46 (2421)
36 (6 x6) 22799 | 1728 585 100 269 1.23 (9684)
81 (9x9) 22799 | 2703 248 100 269 0.86 (21789)

Synopsis of Chapter 5

In this chapter several numerical tests were conducted so as to evaluate the performance
and efficiency of the proposed methodology. The simulated data and the comparison with
other direct methods has provided an in-depth understanding of the major advantages and
disadvantages of the designed algorithm. The optimisation framework is able to converge
to an optimal state in the case study of air-pollution control under a variety of conditions.
Its numerical efficiency varies depending on many factors but based on the total number of
DoFs there appears to exist a critical number of subdomains for which the computational
performance of the methodology is maximised.
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Chapter 7

Conclusion

7-1 Concluding Remarks

The main goal of this thesis is to investigate the implementation of domain decomposition
methods in PDE-constrained optimisation problems, that are associated with air-pollution
control. To achieve this, an overview of the different types and characteristics of PDEs,
that can be used to simulate the transport of pollutants in the atmosphere, was performed.
Moreover, the principal requirements of an optimisation algorithm, designed to mitigate the
concentration of pollutants in the air, were identified. This information eventually constituted
the prerequisites of the proposed framework.

Following this, an examination of the various PDE-constrained optimisation methods was
conducted. Emphasis was placed the techniques that are able to accommodate the necessary
attributes of the different state equations, cost functionals and constraints that are crucial in
air-pollution control. Contrary to most conventional approaches, the designed optimisation
framework primarily focused on discretise-then-optimise strategies combined with the All-at-
Once methodology. This was motivated by the simplicity and flexibility of a finite dimensional
optimisation problem and by the fact that, keeping both the state and the control as decision
variables, helps us preserves a structure that is similar the discretisation of the underlying
PDE. In addition, emphasis was given to the analysis of the domain decomposition methods
and specifically the substructuring approach as a solution to the increased computational
costs of the derived large and sparse linear systems.

Then, this thesis developed and evaluated an optimisation algorithm based on the frame-
work of PDE-constrained optimisation and domain decomposition methods. An augmented
Lagrangian approach along with a Newton-step algorithm was implemented in order to deal
with the constraints and ensure rapid convergence. Furthermore, to overcome the increased
computational cost of the derived linear system, substructuring methods were utilised. The
applicability of domain decomposition methodologies was dependent on the identification of
a structure that, similar to the solution of a PDE, allows the decomposition of the linear sys-
tems into a set of smaller ones that can be solved in parallel. At places where that attribute
was missing, it was artificially reconstructed to meet with the demands of the methodology.
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The numerical experiments demonstrated that the proposed optimisation methodology man-
ages to reduce the effects of air-pollution while at the same time satisfies the underlying PDE
along with any other equality or inequality constraint. The impact of DDM in the optimi-
sation procedure is also indicated in its comparison to conventional numerical techniques,
as far as the computational cost is concerned. On the other hand, the restrictions of the
designed algorithm were made clear through this rigorous testing. One clear example, is the
convergence of the augmented Lagrangian which appears to be strongly dependent on both
the initialisation, the stopping criteria and the update strategy of the Lagrangian and penalty
parameters.

Another objective, of the thesis, was to design an optimisation algorithm that is capable of
handling the complicated and non-linear governing equations and constraints. In theory, this
goal was only partially achieved. The proposed algorithm can accommodate a broad class of
equality or inequality constraint as long as it is localised is a subregion of the domain. As
this portion grows larger, the number of the interface variables will become comparable to the
number of general DoFs, thus leading to a substantial drop in the computational efficiency.
Similarly, non-linearities in the PDE can be incorporated in the algorithm if they are local
or if the Newton-step is substituted by a less restrictive approximation. Nevertheless, these
assumptions are compatible with the application of air-pollution control and as a result the
algorithm can be used in real-world scenarios without any practical limitation. Furthermore,
the proposed method can facilitate the handling of constraints, an attribute that is not present
in other established combinations of PDE constrained optimisation methods that are coupled
with DDM.

Overall, the proposed framework manages to reach the optimal state of the problems in which
it was tested. It is able to handle the prerequisites of a optimisation framework focused on air-
pollution control and it can be extended to many other applications. Its numerical efficiency
is shown to surpass methods with direct approaches in many cases and shows promise for
additional improvement.

7-2 Recommendations for future work

The theoretical analysis of domain decomposition methods and PDE-constrained optimisa-
tion, along with an extensive numerical investigation, has been pivotal in the deeper un-
derstanding of this topic and the proposed methodology. For that reason there have been
identified many areas for future research in which the proposing algorithm can be optimised
with regard it numerical implementation and compete with the performance of other well-
established methodologies.

First of all, the efficiency comparison in complicated cases has shown that the methodology
requires improvement in this area and more specifically in the computation of the MccEe ™1
term. Some numerical tricks have been already been proposed that manage to surpass the
performance of Matlab in this specific case study (additional processors, simplification of
objective function, inexact Lagrangian). However, the designed algorithm can be improved
further. Some ideas that warrant further investigation are:

e Small changes in the steps of the proposed algorithm to improve the condition of the
resulting matrices (Section C-1).
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e The implementation of Krylov solvers with preconditioners for the Schur complement
linear system of the decomposed Hessian (Section C-2).

e The implementation of different approaches for the transformation of the inner structure
of the Hessian that does not require the MccE. ! term (Section C-3).

Furthermore, for the specific application of air-pollution control, the implementation of finite
element methods that more suitable than the standard Galerkin elements, such as the SUPG,
is imperative for the accurate representation of advection dominated transport phenomena.
It would also be of great value to assess the methodology against measured data and validate
its convergence towards the optimal state. Beyond the air-pollution, the proposed method-
ology could also be investigated in other classes of PDE-constrained optimisation problems,
including shape optimisation, since they share several structural and computational charac-
teristics. Moreover, the algorithm requires a more robust convergence criteria, since the use
of the global norm of the gradient or the step vector becomes more and more restrictive as
the total number of DoFs increases which leads to unnecessary delays. This is also related to
the need for a better balancing and scaling of the terms associated with the cost functional
of the augmented Lagrangian.

Finally, it is suggested that the proposed algorithm is incorporated into the FreeFEM software
environment. Although FreeFEM is primarily designed for finite element analysis, it can be
coupled with many external libraries (PETSc,HPDDM,Scotch) that support the numerical
solution of large linear systems and can handle the communication between the subdomains
in domain decomposition methods. In this thesis, Matlab was utilised since it offers the level
of customisation that is required for the proof of a concept and the benchmark testing of a
designed algorithm as well as the visualisation of the results. The goal of the algorithm was to
provide insight to the proposed methodology rather than optimise the numerical computing.
To that end, the integration of already optimised advanced linear iterative solvers, precondi-
tioners, and parallel frameworks could significantly improve the computational efficiency and
scalability of the proposed method.
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Appendix A

PDE-Constrained Optimisation &
Domain Decomposition

A-1 Implementation of DDM into PDE-Constrained Optimisation

The simple example presented in this appendix, aims to provide insight on the implementation
of already established domain decomposition methods in a PDE constrained optimisation
framework. Assume a linear-quadratic distributed optimal control problem, subject to only
an elliptic state equation:

1
I{}iunJ(y,u)zi/g(y—yt)2 dX-f—%/QlﬂdX
. —Ay=f+u inQ (A-1)
s.t.
y=20 on 02

Here, y denotes the state variable, u the distributed control, y; is the target state, and a > 0
is a regularization parameter. In order to define a solution constrained by this state equation
y would require to be twice differentiable. However, it is not easy to solve an optimisation
problem under the assumption of a "strong" solution. It is much more advantageous to assume
that only the first derivative of y will exist and that it will be square-integrable. This "weak"
solution will help the derivation of an optimal solution and will simplify the discretisation
through finite element methods.

Assuming a test function v, the state equation can be reformulated by multiplying with it
and then integrating, as follows:

/VvadQ:/ude+/ Fodo. (A-2)
Q Q Q

Then the discretisation of the problem will transform this infinite dimensional OCP into a
finite dimensional optimisation problem. The discrete state Vj, and control Uj spaces are
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derived from the basis functions ¢(x) and ¥ (x) that are used to approximate the state y and
control u respectively. By replacing the

(@) = ydile) and @) = uisi(a) (A-3)
i—1 j=1

into (A-1) the optimisation problem that arises is

. o1 T a T
minJy(y,u) = min 5 (y —ye) M(y —y:) +5u Nu (A4)

st. Ay = Bu+ F
with
My = [ oi@es@)d = MR Ay = [ Voi@)V6,(r)d2 = A RN
N :/Qwi(x)%(x) d} = N eR™™ Bij :/QT/JJ‘(@@(JJ) dQ) = BeRWw*™

Fo= [ f@o@d2 Fer™ ()= [ w@ola)de yer™
(A-5)
For the derivation of the optimality conditions in the continuous case, the Lagrangian can be
introduced:

1 o
Lyup) =5 [w-uwPde+ [

u2dQ+/ VprdQ—/ude—/fde (A-6)
Q Q Q Q

along with the Lagrangian multiplier or adjoint function p that resides in the same space V'
as the state. Then the KKT conditions can be expressed as follows:

0pL=—-Ay—u—f=0 = state equation,
0yL=—-Ap+ (y—y) =0 = adjoint equation, (A-7)
0 L=au—p=0 = optimality condition for the control.

Following the described discretisation procedure, the Lagrangian will be equal to:

1 o
Lp(y,p,u) = 5(}’ - yt)TM(y — ) + EUTNU + PT(AY — Bu—F) (A-8)

and the KKT conditions, now a system of linear equations is formulated:

OpLlp=0=>Ay—-Bu—-F=0 A 0 _B y F
OyLh=0=Mly—y)+A'p=0= |M AT 0 p|=|My|. (A-9)
-
6u£h:O:>aNu—BTp:0 0 -B oW U 0
N = =b

A-1-1 Implementation of DDM into Reduced-Space Optimisation

There exists a natural way to take advantage of DDM in the case of the reduced-space op-
timisation framework. From the solution of the state equation, it is possible to compute an

Evangelos Skrinis Master of Science Thesis



A-1 Implementation of DDM into PDE-Constrained Optimisation 73

explicit relationship between control v and the state y = y(u). As result, the state vari-
able may be eliminated from the minimisation problem by introducing the reduced objective

~

functional J(u).

min J(y,u) = min J(u) = min J(y(u), u) (A-10)
For the described example, that means that after the discretisation the explicit relation be-
tween u and y is:

y=A""! (Bu+ F) (A-11)

So the finite dimensional optimisation problem that is equivalent to (A-10) arises from the
substitution of (A-11) into (A-4):

u

min Jp(u) := min %(A*1 (Bu+ F) —y)"M(A™Y (Bu+ F) —y;) + %uTNu (A-12)

This reformulated optimisation problem has as decision variables the values of u and regardless
of the selected optimiser it will require the evaluation of Jj(u). So, the inversion of matrix A
is necessary at every iteration and it is equivalent with the solution of the governing PDE. At
this point domain decomposition methods can be implemented to either solve the discretised
PDE or formulate preconditioner matrices for Krylov solvers.

Furthermore, in this type of problems, it is common to apply adjoint-based techniques to
compute the optimal response. From the formulation of the Lagrangian (A-8) and the KKT
conditions (A-9), it is possible to derive the optimal control u from the adjoint p:

aNu= B'p. (A-13)
However, from the same optimality conditions, the adjoint can be expressed with respect to

the state y as:

ATp = My + My, &

p= (A7) My~ (AT) " MAT (But F) = (A-14)
p=(AT) "My~ A (But F).
Finally, combining (A-13) and (A-14) the optimal control is computed via the formula:
[aN +B7(aT)" MA‘lB} w=B"(aT)" My - A7F]. (A-15)
To solve this linear system, the inverse of AT must be computed which is equivalent to

solving the adjoint PDE. Alternatively, domain decomposition methods can be implemented
to formulate preconditioners of the global K matrix in combination with Krylov solvers (A-9).

A-1-2 Implementation of DDM into Coupled Optimality System

On the other hand, instead of reducing the space and expressing both y and p with respect
to u, there are cases where the opposite is possible. From the KKT conditions in (A-7), and
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specifically from the optimality condition for the control, it is possible to eliminate the the
control function by replacing it with:

= —p. A-16
U . D ( )
As a result, the coupled system of PDEs that arise

.
—Ay=f— Lp in Q, y = 0 on 01, (A-17)

—Ap=y—y in p =0 on 0

can be decomposed, and their solution can be reconstructed from the solution of local subdo-
mains. This implementation of the domains decomposition is similar to the use of DDM for
the solution of any other PDE. The difference lies to the fact that this is a system of coupled
PDEs and the decomposition characteristics should reflect that fact. The convergence rate
of this method is directly related to the corresponding PDEs and the selected transmission
conditions between the subdomains. Each of the subdomains will solve a local problem that
is formulated as follows:

—Ay; = f — oflpi inQ;, =0 ond\T,
—Api=yi—yt inQ, pi=0 ondY\T i,j=1,2,---,n (A-18)
Ty (yf ™) + T ) = Ti(yf) + Ta(ph ) on Ty;

with T; denoting the selected interface conditions as described in (4-3).

A-1-3 Implementation of DDM in Optimal Control Problems

It is possible to first decompose the optimal control problem before its optimisation and
discretisation. By splitting the original domain into a set of subdomain, the local subproblems
defined as:

—Ay; = f+u; in Y, —Ay; = f+u; in Q;,
yi=0 on 0€; N 0Q, y;j =0 on 09, N 01,
Yi = Yj on I';; := 0Q; N 08Y, (A-19)
Oyi  Oy;

an; = —ainj on Fij = 00; N 8QJ

The derived solution of these problems will be equivalent to the global solution of the governing
PDE from (A-1). However, these problems are over-defined in the attempt to guarantee the
continuity of the whole solution. To independently solve the PDE in the subdomains, the
only requirement is either the value of yr, or the value of yF’ on the interface. As a result,
the local solutions can be expressed based on the control ul and one of the aforementioned

terms.
1 subdomain, the expression:

= —g; and ensuring that, at any adjacent interface of the

&UF' ayri
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is a priori true, the whole optimisation problem can be expressed with respect to u; and
gi- However, the continuity of the solution is lost since there is no guarantee that the local
solutions will adhere to y; = y;. This can be resolved if this term is added as a constraint on
the reduced optimisation problem. In the aforementioned example, the form of the OCP will
then be:

. (1 , a
min Z (2 /Q (i (Owrs fom, us) — yy)? da + 3 /Q u? da:)

u,ByF/Bn i—1 i

(A-21)

s.t. i (9yrifon, u;) = —y; (9vr;/on, uj) onTy; Vi, j=1,2,---,n.

This optimisation problem is equivalent to both A-1 and A-19.
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Appendix B

Additional Case Studies

B-1 Case Study of Quasi-3D State Equation

Implementing the quasi-3D model, that is described in Section 2-4, as the governing PDE it
is possible to minimise the concentration of the SOy pollutant in a specified height. Selecting
as reference the ground level (z = 0 m) the same procedure that is specified in Section 6-1
is implemented. The only difference in this case study is the size of the domain that has
increase to 8 km x 8 km and the target concetration. The results of optimisation can be seen
in Section B-1

Initial SC!2 concentration atz= 0.0 m Optimised SO2 concentration atz=0.0m
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* * * 5
2 1000
0 0 0

0
0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
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S0, concentration [g/m”]
S0, concentration [g/m’]

Figure B-1: Initial and Optimised SO concentration in Quasi-3D.
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Appendix C

Thoughts on the Proposed Method

C-1 Proposed Changes on the Designed Algorithm

In the main body of this thesis, it has already been established the importance of computation
of the M¢c - Eg1 term as it is the reason for the efficiency drop of the proposed methodology.
In order to tackle this issue a change to the steps of the algorithm is suggested.

The M. - EZ 1 is composed of the matrix Mec, which is associated with the Vgcﬁp term of
the Hessian, and the E_ 1 matrix. Several ideas that include the simplification of M matrix
have already been discussed in Chapter 6 and their main disadvantage is associated with the
introduction of quasi-Newton methods or the limitation of the cost functionals. The Eg?!
term could not be changed since it is required for the reformulation of the inner structure
of the Hessian. Nevertheless, it is mostly Ec! fault that the aforementioned term cannot be
computed fast enough even with DDM and when it is decomposed it requires a lot processors.

To overcome this, it is suggested to change the order of the proposed steps. More specifically,
in the described algorithm of Chapter 5, the proposed state variable transformation from

T T
X = [Ac Au] into x* = [EC -Ac Au} is performed before the reordering of the variables

into interior and interface variables. By doing so, the presence of the E.~! is guaranteed
as the only way to remove the disadvantageous structure of the E] E¢ term. However, that
would not be the case if those steps were performed in the reverse order.

By decomposing x into interior and interface variables the structure of the V(%CL,) is altered.
The original formula :

Vi.L, (ck, uk) = Mecc (ck, uk) + pEL'E, (C-1)

will be replaced by :
VhL, (Fut) = p (D) - (Bo)g. (C-2)

This is possible since the degrees of freedom that are associated with the physical interface
variables and the artificial interface variables of the localised M are a priori known. Most
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78 Thoughts on the Proposed Method

importantly, it has been shown that through this reordering the (F.)p matrix will retain
the inner structure of E. that is crucial for the substructural domain decomposition method.
Then, in order to reveal this structure into the upper left block of the reordered Hessian the
term V§ L, (ck , uk> will have to be multiplied via (E.)5"' instead of E; .

To summarise, after the discretisation of the optimisation problem and the formulation of the
Hessian matrix and the gradient vector, the decision variables are reordered on the bases of
interior and interface (physical and artificial) as seen in Equation C-3

X = lﬁlj — xR = [ig] . (C-3)

This leads to changes in the structure of the reordered Hessian (Hg) and its upper left block
that will be equal to:

ViL, (Cka uk)R =p (ECT)R (Ee)g -

The reordered (E¢)p can be seen schematically in Figure C-1

)(R(I1 )(R‘I2 XRIS e XRIN XRT
b
U 2, (Ee)p r g
Mg var. { Q, Qr, | é
B
Q3 2, e
M, var. { —> :
M b ' £
cvar {8 I_N_E"?_"
QN Ql"l QFQ QF3 QFN: QF
(a) Original structure of E. highlighting (b) Decomposed E,. with
the variables associated with M. highlighted the (E.)j upper left part

Figure C-1: Structure and proposed decomposition of the E. so as to derive (E¢) 5.

The transformation of the state variables will now be done as described in Equation C-4.

. xR xR
i S e i e

As a result the Hessian will be equal to :

V%Iﬁp (ck, u”

2 k .k
VFIEP (C , 4

: (Ec);zl ’ V%I“Cﬂ (Ckv uk)

Hj, (c*0") = (B Vg, (¢ ut) ]

(C-5)

N— N —

Evangelos Skrinis Master of Science Thesis



C-1 Proposed Changes on the Designed Algorithm 79

with
VHL, (F,ut) - (B = p(Be)h - (Be)p - (Eo)p' = p (ET) . (C-6)

This part of the Hessian resulted in the exact same decomposition as seen in Figure 5-
4. In addition because of the transformation of the reordered state, all the other terms of
Equation C-1 that disappeared from Equation C-2 will end up in the other parts of the
Hessian (HR), meaning VipL,(c*, u¥)r VEL,(ck, u¥) g and VERL,(ck, u¥)p.

The point of interest is ViL,(cF, uF)x that is multiplied with (E.)z'. In the previous

methodology this term would be equal to :

V2.L, (e ) = V2,7 (e ) 4 T + ; (v oo (o)) Buel ]+

+ 58" Que + PQLDEQe.

In this case, due to the reordering, it is equal to:

v%I'/"‘p (ck’ uk)R :v%ljh (Ck7 uk) + ,OEI (EC)R + i {()‘k + pgh (Ck7 uk)) [(EUC)R]z} +
=1

4 SkQI‘I + pQ%DgQI + (Mcc)R + (EC)S .
(C-8)

In this formula the term (Mgc)y corresponds to the red rows of the Figure C-1(b) and the
(Ec)g denotes the rest grey rows from the bottom left region of the Figure C-1(b).

So in the end the total number of terms that must be multiplied via the (EC)ISL1 did not
decrease in comparison to the previous algorithm. As a matter of fact due to (E¢)g, the
terms of the new expression in (C-8) are more than in the already proposed method seen
in (C-7). However, an argument can be made that since (E¢)gr is block diagonal then its
inverse will be computed much faster than the original E; ! even with the implementation
of DDM. This holds true for both the parts of the Hessian that are multiplied via (Ee)z"
in order to produce the advantageous internal structure and foe the transformation to the
original coordinates x.
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80 Thoughts on the Proposed Method

C-2 Implementation of Krylov Solver

In the substructuring domain decomposition methodology the main advantage derives from
the partition to a plethora of subdomains so as to parallelise the procedure and share the
computational burden. However, this will lead to a larger and more dense Schur complement
linear system. This is a problem since the interface variables increase proportionally with
the number of the subdomains but the associated computational cost increases polynomially.
To solve this issue, an iterative solver (Krylov) with preconditioners that are computed in
parallel by the subdomains can be implemented. There is extensive literature around this
topic for their implementation in the solution of PDEs and PDE-constrained optimisation
problems without constraints. Many ideas can be drawn from this research and potentially
increase the efficiency of the proposed methodology.

For the simplest case, the benefit in the efficiency and the scalability of the designed algorithm
can be seen in Section B-1

Table C-1: Computational Results of Inexact Augmented Lagrangian in the General Case

_ A c tational Ti
Subdomains | DOFs Nr | Nigter Outer Size of Z verage Computational Time [s] a Efficiency | Max. Efficiency
Iter. Int NSchur Xint Xschur Zmnt Zschur H™
16 (4x4) | 186415 11456 | 100 4 049 024 051 022 050 041 180 035 0.75 (64)
144 (12 x 12) [ 186415 [11313] 1216 | 100 4 0.065 0296 0035 0282 0.040 0257 1.861] 1.00 1.94 (576)
(12 x 12) | 296512 [ 14380 1959 | 100 4 0089 0284 0.056 0292 0.116 0.314 3.351| 1.39 2.99 (576)
(12 x 12) | 425684 [ 17113 | 2837 | 100 4 0139 0432 0087 0423 0.094 0361 4.726] 1.61 3.02 (576)
(12 x 12) | 751348 | 22376 | 5062 | 100 4 0275 0.636 0.267 0.617 0.485 0.604 11.80| 1.88 3.92 (576)
‘206 (16 x 16) [ 751348 [31278] 2809 [ 100 [ 4  J0.159 0772 0.54 0762 0.163 0871 11.63] 192 [ 3.95(1024) |

In this table, the average time required for the solution of the Schur complement system into
the Newton step (Ngehur), the computation of x (Xschur) and the computation of the Z;
rows (Zgehur) is presented. The same is done for the average time of the computation of the
interior matrices of the subdomains denoted as Np,¢, Xt and Zr,:. The total time of the
proposed algorithm is compared to the direct solution of the Hessian denoted as H !

C-3 Attempted Direct Decomposition of the Hessian

From the structure of the Hessian in (5-13b), particular attention is given to the upper left
block:
V2eLy = Mqc + pE E, (C-9)

since it is the most dominant part of the matrix. In this case
n
Mee = V2 Tn + 3 [(* + pEn) (Bee),| + 5 Qee + pQE DEQe (C-10)
i=1

is introduced to represent all of the Hessian contributions except from pEl E.. The ma-
trix E. represents the gradient of the discretised underlying PDE with respect to the state
variable. Due to the locality of the finite-element basis functions, F. has a advantageous
sparse structure that can be naturally combined with substructuring domain decomposition
methods.

Evangelos Skrinis Master of Science Thesis



C-3 Attempted Direct Decomposition of the Hessian 81

C-3-1 Implementation of Additional Artificial Interface Variables

The efficiency of the substructuring method is directly related to the size of the Schur linear
system and the size of the subdomains. In order to be successfully implemented, the choice
of the interface variables is very important. In the solution of a PDE, this selection was
dictated by the variables in the spatial or temporal interface of the domain. But, from an
numerical point of view, this does not need to be upheld. Any choice that could lead to the
formulation of an block diagonal matrix in the upper left part of the Hessian is capable of
being decomposed via the proposed methodology. Identifying these variables in a random
matrix is not an easy task and a standard interior-interface reordering based exclusively on
the geometrical interface will generally not work. This can be even harder, especially if there
are specific requirements with respect to the size of the subdomains and the Schur complement
matrix that are associated with the computational performance of the methodology.

However pECT E. and M. are not completely random. Due to the discretisation with finite
elements methods, they exhibit a structure very similar to the E. matrix. As a result, it
was observed that it is possible to reformulate them into the desired Hessian via the selection
of additional "artificial" interface variables.More specifically, for the M¢. and without any
requirements or limitations on its terms (unlike before), the choice of the physical interface
variables seems to lead in the desired reformulation of the matrix. Obviously, this is not the
case for the pEL E, elsewhere the E_! term would not have been introduced in the main
part of the thesis. However, by adding the degrees of freedom adjacent to the nodes that
correspond to the actual physical interface of the domain, the reordered matrix will be block
diagonal. As the total interface variables, the union of the aforementioned DoFs must be
selected.

Ql Ql
Qs Q,

Q3 05

(a) Structure of M, (b) Structure of ELE,

Figure C-2: Schematic structures of M. and EIE,.
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C-3-2 Introduction of an Auxiliary State Variable

A different approach to prevent the formulation of the ELE, term, could be the introduction
of an auxiliary state variable denoted as £&. The term :

VzcﬁpAc = Mc.Ac + pETE.Ac

can be reformulated into
V2.L,Ac = MccAc + pEL¢ (C-11)

assuming that:
& = pE:Ac. (C-12)

This implementation will also affect the Vicﬁp term accordingly as seen:

V2. LyAc = MycAc + pELE (C-13)

Then combining (C-11),(C-13) and (C-12), the linear system that provides the Newton step
will be reformulated as:

Mee EI Mew+ETEL] TAC

gc
E. —p I 0 E|l=-10]. (C-14)
Mye ET  Myy+ ETE,| [Au gu

K

The variables are subsequently reordered by subdomain. For each €;, define the local interior
vector x*; and the total interface variables x*r as seen below:

ACF

X", = Acli, x'r=|¢r |- (C-15)
& Au

With this ordering, the matrix K takes the form:

K 0 0 0 Kir
0 Ky, O 0 Kor

K= : Lo ol (C-16)
0 0 0 Ky Knr
Kr1 Kr2 ... Krn Krr

in which the interior blocks are computed by the formula:

M;;  EE .
K—[E _p_lli], i=1,...,Ns. (C-17)

As a result the K matrix a structure similar to Figure 4-5 and the substructuring decompo-
sition methods can be used for its solution. There were no assumption regarding the range of
inequalities or spatial limitations of the non-linearities. However, the size of the system has
been doubled.
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AQF
ARIMA
ASM
BDD
BDDC
BNN
CTM
DDM
DOF
DtN
DtO
EEA
FETI
HPDDM
KKT
KPIs
LUR
NN
OCP
ORAS
OtD
PDE
PETSc
RAS

Master of Science Thesis

Air Quality Forecasting

Autoregressive Integrated Moving Average

Additive Schwarz Method

Balancing Domain Decomposition

Balancing Domain Decomposition by Constraints
Balancing Neumann Neumann Domain Decomposition
Chemical Transport Model

Domain Decomposition Methods

Degree of Freedom

Dirichlet to Neumann Operator
Discretise-then-Optimise

European Environment Agency

Finite Element Tearing and Interconnect
High-Performance unified framework for Domain Decomposition Methods
Karush-Kuhn-Tucker Conditions

Key Performance Indicators

Land-Use Regression

Neumann-Neumann Method

Optimal Control Problem

Optimised Restricted Additive Schwarz Method
Optimise-then-Discretise

Partial Differential Equation

Portable, Extensible Toolkit for Scientific Computation
Restricted Additive Schwarz Method
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S-P Steklov Poincaré Operator

SUPG Streamline-Upwind /Petrov-Galerkin FEM

US EPA  United States Environmental Protection Agency
WHO World Health Organisation
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List of Symbols

Qchem

Chemical Reaction Order

Equality tolerance

Stationarity tolerance

Inequality tolerance

Step tolerance

Chemical Reaction Parameter [kg/m3]'™* . s1
Dry or Wet Deposition Parameter [1/s]
Gravitational Settling Parameter [7/s]
Photolysis Parameter [1/s]

Diffusion Coefficient [m?*/s]

Wind Velocity Direction [rads]

Regularisation parameter control penalisation
Diffusivity Tensor [m?/d]

Emission Source/Sink Term [kg/m?.s]

Distance from the Emission Source

Wind Velocity Field [m/s]

Concentration of the pollutant [kg/m3]
Target Concentration [kg/m?]

Domain Length [m]

Domain Width [m]

Number of Subdomains

Number of DoFs

Maximum Emission Rate [kg-s™1]

Minimum Cumulative Emission Rate [kg-s™!]

Minimum Emission Rate [kg-s™!]

Reference Volume of Air Emitted Per Second [m3]

Master of Science Thesis

Evangelos Skrinis



PDE-Constrained Optimization

for Air Pollutant Minimization
Master Thesis

Advection-Diffusion L e - ; = — = Pollutant € trati
: ?"" T = — olutan oncentration ¢
(Air Pollutant Transport) o -

o dc b
M, % Ve -V (DVe) =+ Bu S =TT

)i Control variables u e
| ; e (e.g. emission reduction, <
| S—;%f// ventilation, flow control) — f‘{f@i
{ k3 = — Vi -
W o R / L]
- g - ot 3 " " . :
¢ ot s {
4 o'yt LT ! : g

H
1. o,
Vs P e / . ,)’
Bt b S

PDE-Const
min J(c(u), u)

u
d Z
s.t. a—i+u—?c—'\7°(D?c}=$+Bu y

rained Optimization

-

in 2 x (0,T] _
C = Cin on a8 x (0,T]
c(0)=cy InK2

uelu

.
Goal: Find optimal control »*

| that minimizes pollutant concentration
while satisfying the physics.

-
Before Control , After Optimization
; (Lower Pollution)

Optimization
drives pollution ;
down while I
respecting |
physics.

Delft
I D e I ft Uﬁiversity of
Technology Delft Center for Systems and Control



	Front Matter
	Cover Page
	Title Page
	Signatures
	Table of Contents
	List of Figures
	List of Tables
	Preface
	Acknowledgements

	Main Matter
	Introduction
	Background and Motivation
	Research Questions
	Thesis Outline

	Air Pollution
	Overview of Air-Pollution
	Dispersion Models of Air-Pollution
	Air-Pollution Optimal Control Requirements 
	Air-Pollution Model Based on PDE

	PDE-Constrained Optimisation
	General Formulation of the Optimisation Scheme
	Development of PDE-Constrained Optimisation Framework

	Domain Decomposition Methodologies
	Overview of Domain Decomposition Methods
	General Principles of Domain Decomposition Methodologies
	Overlapping Domain Decomposition Methods
	Non-Overlapping Domain Decomposition Methods

	Algebraic Formulation of Substructuring Domain Decomposition Methods

	A Domain-Decomposition Framework for PDE-Constrained Optimisation
	Existing Domain Decomposition Strategies for PDE-Constrained Optimisation
	Formulation of the Proposed Methodology
	Discretisation of the Optimisation Problem
	Formulation of the Augmented Lagrangian Method
	Newton-Step Update of the Inner Optimisation Problem
	Attempted Decomposition of the Derived Linear System
	Proposed State Variable Transformation
	Proposed Reordering into Interior and Interface Variables
	Formulation of the Decomposed Linear System
	Solution of the Decomposed Linear System
	Derivation of the Original State Variable and Computation of Newton-Step
	Convergence Criteria of the Proposed Methodology
	Summary of the Proposed Methodology


	Numerical Implementation and Performance Analysis
	Implementation of the Proposed Methodology
	Formulation of the Optimisation Problem
	Discretisation of the Optimisation Problem
	Coupling of Augmented Lagrangian and Domain Decomposition

	Numerical Results of the Case Study - Air-Pollution Control
	Numerical Setup and Tuning
	Numerical Results

	Numerical Performance and Efficiency of the Proposed Method
	Linear Case Study
	General Case Study


	Conclusion
	Concluding Remarks
	Recommendations for future work


	Appendices
	PDE-Constrained Optimisation & Domain Decomposition 
	Implementation of DDM into PDE-Constrained Optimisation
	Implementation of DDM into Reduced-Space Optimisation
	Implementation of DDM into Coupled Optimality System
	Implementation of DDM in Optimal Control Problems


	Additional Case Studies
	Case Study of Quasi-3D State Equation 

	Thoughts on the Proposed Method
	Proposed Changes on the Designed Algorithm
	Implementation of Krylov Solver
	Attempted Direct Decomposition of the Hessian
	Implementation of Additional Artificial Interface Variables
	Introduction of an Auxiliary State Variable



	Back Matter
	Bibliography
	Glossary
	List of Acronyms
	List of Symbols



