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Summary

Obtaining data is often costly, making it important to assess whether collecting addi-
tional data is justified by the expected improvement in performance. Learning curves,
which describe the expected performance of a learner as a function of dataset size, pro-
vide a useful tool for this purpose. They can help practitioners assess whether further
data collection is justified by the anticipated gains. However, additional data does
not always lead to improved performance, which makes estimating the potential ben-
efit challenging. Under such conditions, model selection also becomes more difficult,
as it is unclear how to compare models when no data is available to evaluate their
performance at a hypothetical training set size.

In this context, the thesis takes a step back and asks a more fundamental question:
how can we reliably reason about generalization when data is scarce and the behav-
ior of learning curves is itself uncertain? Rather than treating learning curves as sim-
ple, and monotonic functions, we study their full statistical structure. We show that
variability across training subsets can influence model comparison, decision making,
and performance extrapolation. In addition, we investigate conditions under which
monotonic improvement can be guaranteed or encouraged. Beyond single task learn-
ing, we also examine meta-learning, where information from multiple related tasks is
leveraged to improve generalization performance while reducing the amount of data
required from any individual task.

We begin by showing that the mean, as a statistical summary of learning curves,
may not provide a reliable estimate of performance. We demonstrate that generaliza-
tion performance distributions are often skewed and heavy tailed, regardless of how
they are obtained. As a result, relying solely on the mean for model selection can be
suboptimal for some problems.

Next, we propose a semi parametric extrapolation method that adapts its induc-
tive bias to capture complex and potentially non monotonic patterns. This approach
improves predictive reliability in settings where additional data collection is costly or
infeasible and where learning curves may not exhibit monotonic behavior.

We then study the monotonicity of learning curves under specific conditions. For
linear regression, we show that a single gradient update is sufficient to ensure mono-
tonic improvement, provided that the learning rate does not exceed a certain thresh-
old. To construct similarly monotonic learners in practice, we propose a data driven
approach for selecting both the learning rate and the initial parameter estimates.
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Finally, we investigate the learning curves of a meta learning algorithm. Through
controlled synthetic experiments, we analyze the generalization performance of both
meta learners and task specific learners, providing insights into how properties of the
task distribution influence generalization under a limited adaptation stage consisting
of a single gradient update.
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Samenvatting

Het verkrijgen van data is vaak kostbaar, waardoor het belangrijk is om te beoorde-
len of het verzamelen van data gerechtvaardigd is door de verwachte verbetering van
de prestaties. Leercurves, die de verwachte prestatie van een model beschrijven als
functie van de grootte van de dataset, vormen hiervoor een nuttig hulpmiddel. Ze
kunnen praktijkbeoefenaars helpen te beoordelen of verdere dataverzameling gerecht-
vaardigd is door de verwachte winst. Extra data leidt echter niet altijd tot betere pres-
taties, wat het moeilijk maakt om de potenti€le voordelen in te schatten. Onder der-
gelijke omstandigheden wordt ook modelselectie complexer, omdat het onduidelijk
is hoe modellen met elkaar vergeleken moeten worden wanneer er geen data beschik-
baar is om hun prestaties te evalueren bij een hypothetische trainingssetgrootte.

In deze context doet de thesis een stap terug en stelt een meer fundamentele vraag;:
hoe kunnen we op betrouwbare wijze redeneren over generalisatie wanneer data schaars
is en het gedrag van leercurves zelf onzeker is? In plaats van leercurves te beschou-
wen als eenvoudige en monotone functies, bestuderen we hun volledige statistische
structuur. We laten zien dat variabiliteit tussen trainingssubsets modelvergelijking,
besluitvorming en prestatie-extrapolatie kan beinvloeden. Daarnaast onderzoeken
we onder welke omstandigheden monotone verbetering kan worden gegarandeerd
of gestimuleerd. Naast single task learning bestuderen we ook meta-learning, waar-
bij informatie uit meerdere verwante taken wordt benut om de generalisatieprestatie
te verbeteren en tegelijkertijd de hoeveelheid benodigde data per individuele taak te
verminderen.

We beginnen met aan te tonen dat het gemiddelde, als statistische samenvatting
van leercurves, mogelijk geen betrouwbare schatting van de prestaties geeft. We laten
zien dat verdelingen van generalisatieprestaties vaak scheef en zwaarstaartig zijn, on-
geacht hoe ze worden verkregen. Als gevolg daarvan kan het uitsluitend vertrouwen
op het gemiddelde voor modelselectie bij sommige problemen suboptimaal zijn.

Vervolgens stellen we een semi-parametrische extrapolatiemethode voor die haar
inductieve bias aanpast om complexe en mogelijk niet-monotone patronen te kunnen
vastleggen. Deze benadering verbetert de voorspellende betrouwbaarheid in situaties
waarin aanvullende dataverzameling kostbaar of niet haalbaar is en waarin leercurves
mogelijk geen monotoon gedrag vertonen.

Daarna bestuderen we de monotonie van leercurves onder specifieke voorwaar-
den. Voor lineaire regressie laten we zien dat één enkele gradiéntupdate voldoende is
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om monotone verbetering te garanderen, mits de leersnelheid een bepaalde drempel
niet overschrijdt. Om in de praktijk vergelijkbaar monotone modellen te construeren,
stellen we voor gebruik te maken van een datagedreven aanpak voor het selecteren
van zowel de leersnelheid als de initiele parameterschattingen.

Tot slot onderzoeken we de leercurves van een meta-learningalgoritme. Door mid-
del van gecontroleerde synthetische experimenten analyseren we de generalisatiepres-
taties van zowel meta-leerders als taakspecifieke leerders, en bieden we inzicht in hoe
eigenschappen van de taakverdeling de generalisatie beinvloeden onder een beperkte
adaptatiefase die bestaat uit een enkele gradiéntupdate.



1| Introduction

One of the most frequently used terms in this dissertation is “learning”. Throughout
this dissertation it is used to refer the process of induction: drawing general rules
from limited examples. In other words, upon observing apples and pears, learning
refers to the process of finding the rule or function that separates the two.

Humans rely on this type of inductive reasoning constantly, often without noticing
it. Imagine a friend who is late to every meeting. You might infer that this friend will
always be late. This inference is not guaranteed to be correct, but it is a reasonable
expectation given the data you have.

Machines can also be designed to perform inductive reasoning [1, 2]. Given a hy-
pothesis space and a metric for evaluating correctness, a machine can be programmed
to find a hypothesis, not necessarily the hypothesis. The found hypothesis explains
the observed data with regards to the selected metric. For example, a machine might
classify an apple as edible not because it recognizes it as an apple and it has some
edible properties, but because the example provided was a red spherical object. Con-
sequently, a red ball might also be classified as edible under the same learned rule.

The way we use the term learning for algorithms aligns perfectly with Mitchell’s
definition [3]: a computer program, or machine, is said to learn if its performance on
a task, such as distinguishing elephants from rhinos, improves with increasing expe-
rience. In this definition; experience refers to data, for instance it can be characteristic
features of elephants and rhinos, and one hopes that as the number of examples of
elephants and rhinos increase a capable learning algorithm finds rule(s) such as, if a
trunk or tusk is present, it is an elephant, and if a horn is present, it is a thino. The
fundamental assumption is that such a rule exists and data, or examples, support this
rule.

What happens when we cannot increase the number of examples, though? In-
deed considering the amount of data that we are exposed to from all the social media
channels, it is easy to assume that data is always abundant, but this is not always the
case. Let us consider the example of classifying rhinos again, but this time we want
to distinguish between two different rhino species, namely, Sumatran and Javan rhi-
nos, both of which are endangered. At the time of writing this dissertation, there are
around fifty (hopefully at the time of you reading it is more) rhinos from both species
[4]. Although a small set of examples may allow a rule that fits the available examples,
the challenge lies in learning a rule that generalizes beyond the observed examples.
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With so few rhino examples, the found rule may fail to capture the natural variability
within each species. As a result, obtaining a general rule for distinguishing between
two endangered rhino species that have not yet been observed is more difficult than
in cases where larger populations are available.

Data-scarcity effects various domains from engineering [5] to healthcare [6]. Ex-
periments and measurements often rely on specialized equipment, long-term moni-
toring or expensive labeling all of which limit scalability. In engineering fields there
are computational tools to circumvent expensive or timely experimentations, such
as determining the humidity and temperature behaviour of materials used in wind
turbines [7]. Even these computational counter parts of the resources required for a
particular problem can consume considerable time and resources.

When the data is scarce, there are two main questions to address: how much of
it is needed to reach a desired performance level, and, if obtaining more data is not
possible, how the generalization performance of our models can be improved. The
former question is addressed through learning curves [§], introduced in the following
Section 1.1. The latter can be investigated under the umbrella of learning-to-learn,
which is introduced in Section 1.2 .

1.1 Learning Curves

The term learning curve is multivalent. In the artificial neural network literature it often
refers to generalization performance as a function of the number of training iterations
(epochs) [9]. This is also called a training curve [10]. In the broader machine learning
field, however, a learning curve typically expresses generalization performance with
respect to the number of training examples. In [11], a learning curve is defined a
bit more broadly as the performance of a learning algorithm with respect to some
parameter of the learning process, such as epochs, complexity of the model or training
set size. This unification can be problematic because, depending on the variable under
investigation curves represent different notions of generalization performance and are
obtained in different ways. Therefore, unless stated otherwise, learning curve in this
dissertation refers specifically to generalization performance as a function of training
set size.

An example of a learning curve is shown in Figure 1.1a in green. It is computed by
averaging the individual generalization performances, shown as scatter points in the
same figure, of a learning algorithm on a held-out testing data. These performance
measurements are obtained from the models trained on sampled subsets of the overall
training data.

The distinction between a learning curve and a training curve becomes clearer in
the plot highlighted in Figure 1.1c. In this plot, the training curve shows the gen-
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eralization performance for three different random initializations, evaluated at every
update as the learning algorithm follows the gradient of the loss over the dataset. The

circled point on the learning curve corresponds to the final point of one of these train-
ing curves, trained on one randomly selected training set. This example illustrates the
difference between learning curves and training curves.

Random Training Set Performance mmsms Expected Performance
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(b) Performance distribution histogram at the (c) Sample training curves for the highlighted
highlighted point in Figure 1.1a. training set size in Figure 1.1a.

Figure 1.1: Learning curve vs training curve for a one-dimensional linear regression
problem with Mean Squared Error as the performance metric.

Observing the overall trajectory of performance with respect to training set size
provides practitioners with information about a learning algorithm’s generalization
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performance on that specific dataset. For instance, in Figure 1.1a the learners is not
gaining much more generalization after 10 training points. This suggests further in-
creases in training set size unlikely to yield benefit and may motivate exploring al-
ternative model classes if better performance is expected. However, using averages,
the green line in Figure 1.1a, as statistical summaries for learning curves can be mis-
leading, as the performance may appear overly optimistic due to a particularly favor-
able sampled training subset, or unrealistically poor due to an unfavorable one. The
probability of such extreme outcomes increases in data-scarce regimes. Figure 1.1b il-
lustrates a histogram of generalization performance at a fixed training set size on the
learning curve. The distribution shows that different sampled training subsets can
lead to quite distinct performance outcomes.

Perhaps more importantly, learning curves help determine whether collecting ad-
ditional data is worthwhile. A stable expected performance can indicate that further
data collection is unlikely to yield meaningful improvements in generalization perfor-
mance. This is a critical consideration in data-scarce settings where data acquisition
is the primary bottleneck. To estimate potential performance gains from additional
data, we face a fundamental challenge: the portion of the learning curve we wish to
examine has not yet been observed. For instance, in practice, we may not have access
to the shaded region in Figure 1.1a. To gain insight into expected generalization per-
formance in these regions, learning curves must be extrapolated. Historically, this
relies on parametric models with built-in assumptions of monotonicity and satura-
tion [10]. These assumptions imply that performance improves with more data and
eventually plateaus. While monotonicity is often motivated by the intuition that more
data leads to better generalization, it rests on other assumptions about model capacity,
data distributions, and the loss measures.

It is therefore not surprising that these assumptions may fail: more data is not
always better [12, 13, 14, 15, 16]. In [10] a taxonomy of non-monotone curves are
presented, where different reasons for monotonicity, such as modeling choice, data
distribution, objective mismatch between training and testing loss, are identified as
some of the causes of non-monotonic behaviour. If additional data is costly and diffi-
cult to obtain, determining the performance gain from additional data becomes even
more important compared to the case of a monotonic curve. Some examples of non-
monotonic learning curves are shown in Figure 1.2.

1.1.1 Monotonicity of Learning Curves

Because adding more data does not always lead to better results, a natural question is:
when can we be sure that having more training examples will actually improve per-
formance? Several theoretical studies have identified settings in which this guarantee
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Figure 1.2: Some examples of non-monotonic learning curves for different perfor-
mance measures (in green), presented in [10], are shown together with power-law-
with-offset fits (orange dashed lines) to the observed points on the learning curve
(blue scatter points).

holds. For example, [17] shows that in a classification problem, where performance is
measured by accuracy, performance improves as more data is added, provided that
the set of possible prediction rules is limited in both size and complexity. Similarly,
[18] present two problems for which performance improves monotonically as addi-
tional data become available. The first is fitting a normal distribution with fixed co-
variance and an unknown mean. The second is a specialized algorithm that is able to

memorize the observed inputs.

Beyond identifying conditions under which learning performance improves with
more data, it is also practically important to design methods that enforce such mono-
tonic behavior. In this direction, [19] proposes an algorithm that guarantees, with
high probability, monotonic improvement in accuracy. The key idea is to discard mod-
els that violate monotonicity on a validation set when additional data is introduced.
This approach is further refined by [20], who improve monotonic behavior by explic-
itly constraining the difficulty of the learning problem. Moreover, [21] shows that, in
multi-class classification, any classifier can be transformed into a monotonic counter-
part without sacrificing accuracy. Finally, [22] demonstrates that in regression prob-
lems, selecting an optimal level of regularization ensures monotonic improvement in

performance as more data is added.

Although the above mentioned efforts of finding when a learner is monotonic or
how the monotonicity can be ensured, it is still an open problem, under unbounded
losses, such as mean squared error (MSE), the existence of a monotone learner is yet
to be discovered.
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1.1.2 Extrapolating Learning Curves

To extrapolate learning curves one has to determine the shape of the learning curve.
In [23], itis suggested that the learning curves of deep learning models follow a power-
law. However, in [12] a large learning-curve database is created and analysed, where
a wide set of learning algorithms are considered. All learning curves are fitted with a
wide range of parametric models and the best performing ones are found to be more
flexible than a power-law.

In Figure 1.2, we present power-law (with offset) fits to the limited portion of the
learning curve data. The unreasonable extrapolations produced by these fits to lim-
ited data and its effect on the extrapolation capabilities are evident across various
types of non-monotonic curves. [13] also presents similar findings where the non-
monotone curves are more difficult to extrapolate. To tackle this, one approach is
division of the learning curve into regions and each region is predicted by again para-
metric formulations [24], assuming piece-wise monotonicity.

Then, how can we extrapolate learning curves in the presence of non-monotonicity?
One way of fitting complex functions is using non-parametric models, however, if the
data is extremely limited non-parametric modeling is difficult (due to their degrees
of freedom). Another way can be to actually study a large amount of learning curves
to try to find out better parametric forms that can represent real non-monotonic learn-
ing curves. However, maybe a more practical approach is to create data-driven ways
that are learning from a large number of learning curves directly. This approach is
recently gaining attention with foundation models that can learn to extrapolate in
data-scarce settings. One such example is presented recently in [25] where a large col-
lection of previously observed learning curves is used to train a foundation model that
can extrapolate learning curves upon seeing little data from the beginning of the curve.
However, the problem of extrapolating non-monotonic learning curves remains open.

1.2 Learning-to-Learn

Data-scarce settings are referred to as small-sample size problem in the pattern recog-
nition field [26, 27], and nowadays, in the machine/deep learning field introduced
as few-shot learning. The challenge in this regime is that the data for a single task
are insufficient for induction [28]. A variety of strategies exist for enriching limited
data with auxiliary meta-information. These include data augmentation, generating
synthetic observations, or leveraging related tasks or domains [6].

The setting where the meta-information comes from other related tasks is coined
as meta-learning or learning-to-learn [29]. This closely mimics some settings in which
humans learn. For instance, [30] shows that previous tasks can aid learning a related
task. Going even further, [31] shows that even if the previous tasks are not directly
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related, some early stages of the learning are more efficient.

Meta-learning, nowadays, is often viewed through the lens of modern deep learn-
ing, particularly following the influential work of [32], it has become widely recog-
nized for enabling models to adapt quickly to new tasks [29]. However, the con-
cept itself has much deeper historical roots. In classical machine learning contexts,
Mitchell’s definition [3] can be used for this paradigm in a similar spirit: a computer
system learns to learn when, given examples from related tasks, its performance im-
proves as it encounters additional tasks and accumulates experience [33]. Crucially,
this definition does not emphasize rapid adaptation in terms of fine-tuning time, but
rather data-efficient learning, achieving better performance with fewer examples. This
suggests that exposure to related tasks reduces the overall data requirements for learn-
ing new tasks.

To make this idea more concrete, we consider a family of related regression prob-
lems drawn from a common task distribution. Representative datasets from this fam-
ily are shown in Figure 1.3a. In each task, the underlying data-generating process is a
linear function whose slope varies across tasks, while all lines are constrained to pass
through the origin.

Our goal is to estimate the slope from noisy observations of a task drawn at ran-
dom and to evaluate the resulting generalization performance. To highlight the role of
meta-information, we assume access to multiple datasets sampled from the task distri-
bution in Figure 1.3a. From these, we extract shared structural knowledge, specifically
that all tasks correspond to functions that pass through the origin. This information
is then incorporated explicitly into the model used for a new, previously unseen task.

Figure 1.3b compares the learning curves of two linear regression models evalu-
ated using mean squared error. The first model exploits this meta-information by
enforcing the zero-intercept constraint, while the second model is trained without
any such prior knowledge. The advantage of incorporating meta-information is par-
ticularly evident in the low-data regime, where the performance gap between the two
approaches is largest, demonstrating improved generalization from fewer samples.

In this thesis, meta-learning refers to the process of extracting a transferable struc-
ture across tasks to improve learning efficiency on new tasks. In the example men-
tioned above, the process of obtaining priors from other tasks is what we mean by
meta-learning. However, it can also involve learning common temporal patterns, such
as spikes, trends, or periodic behaviors, for a regression problem too. With this addi-
tional information, the hope is that for an unseen task, the model can recognize sim-
ilar patterns and make more accurate predictions with only a small amount of data.
Rather than optimizing a model solely on samples from a single task, meta-learning
operates on a distribution of tasks and aims to learn an initialization, a representation,
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Figure 1.3: Effect of incorporating simple meta-information on the expected perfor-
mance of the linear regression setting.

or relevant information that allows the model to adjust its inductive bias on-the-fly
when only a few new samples are available.

Since meta-learning aims to improve the ability to learn in data-scarce settings, it is
an attractive research direction with several open challenges. In [28], these challenges
include the definition of realistic task distributions, the need for more diverse and
representative benchmarking datasets, and developing theoretical understanding of

meta-learners.

1.3 Contributions

In Chapter 2, we investigate the generalization performance distributions shown in
Figure 1.1b. Generally, while estimating the generalization performance, practition-
ers utilize a limited number of re-samplings of the training set. Consequently, the
resulting trained performances are averaged over a low number of sampling and only
sometimes the standard deviation is considered when performing model selection or
hyper-parameter tuning. We investigate the performance distributions along learn-
ing curves and show the implications of looking at the average of performances in
comparison to other statistical measures.

In Chapter 3, we tackle the problem of extrapolating non-monotone learning curves,
which are typically observed under specific data distributions and loss measures. We
introduce a semi-parametric learning curve extrapolation method capable of handling
this non-monotonicity by automatically adjusting its inductive bias.

Linear Regression also shows a non-monotonic learning curve when data is scarce.
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When the number of data points are smaller than the features for Ordinary Least

Squares (OLS), the minimum-norm solution results in a non-monotonic behaviour. In

Chapter 4, we present a setting where a linear model can have a monotone learning
curve. Furthermore, we propose a method that can be applied in practical problems
to make learning curves of linear regression more monotone.

In Chapter 5, we analyze the generalization performance of the meta-learner MAML
[32] and a set of task-specific learners with respect to the parameters governing the
task distribution, using a synthetic experimental setting.

Chapter 2 and 3 requires collecting large numbers of learning curves. We present
a learning curve generation tool in Appendix D which enables reproducible learning
curve generation with or without hyperparameter tuning with various options for
training set sampling and can be scaled easily high-performance computing environ-

ments.
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2| Generalization Performance

Along Learning Curves

Learning curves show the expected performance with respect to training set size.
This is often used to evaluate and compare models, tune hyper-parameters and
determine how much data is needed for a specific performance. However, the dis-
tributional properties of performance are frequently overlooked on learning curves.
Generally, only an average with standard error or standard deviation is used. In
this paper, we analyze the distributions of generalization performance on the learn-
ing curves. We compile a high-fidelity learning curve database, both with respect
to training set size and repetitions of the sampling for a fixed training set size.
Our investigation reveals that generalization performance rarely follows a Gaus-
sian distribution, regardless of dataset balance, loss function, sampling method,
or hyper-parameter tuning along learning curves. Furthermore, we show that the
choice of statistical summary, mean versus measures like quantiles affect the top
model rankings. Our findings highlight the importance of considering different
statistical measures and use of non-parametric approaches when evaluating and
selecting machine learning models with learning curves.

2.1 Introduction

In (supervised) machine learning, the goal is often to optimize the expected perfor-
mance of a model. For optimizing the expected performance, samples are assumed to
be drawn from some fixed distribution. However, in practice, we do not have access
to this distribution. Instead, we rely on training and testing sets obtained from finite
datasets, which introduces stochasticity. Factors such as, initialization or optimiza-
tion procedures, further contribute to the variability of model performance.

To account for stochasticity, performance is most often summarized using the av-
erage [1]. While averages are useful in many problems, they are not always sufficient.
If the performance distribution is highly skewed, exhibits heavy tails, or contains sub-
stantial outliers, the mean may fail to capture the underlying behavior. In such cases,
more robust estimators such as quantiles can provide a clearer picture. For example,

in high-risk settings, one may prefer a more conservative or, conversely, a more opti-

Published as: O. Taylan Turan et al. “Generalization Performance Distributions Along Learning
Curves”. In: Pattern Recognition Letters (2026).
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mistic estimate than the mean. In finance, the Value-at-Risk measure is widely used
to quantify potential losses at a specified probability level [2], and in medical appli-
cations such as drug discovery, higher quantiles can be used to evaluate promising
candidates [3].

Average performance is used for obtaining learning curves, model selection and
hyper-parameter tuning. Although generally non-parametric tests are available, often
parametric ones are utilized without being able to test the assumptions of it. For in-
stance, a set of performance estimates are often used with (paired) ¢-tests to determine
if the expected performance of models are significantly different in all of these settings
with limited number of samples. This prevents accurately testing if actually the indi-
vidual model performance or their differences follow a Gaussian distribution or not
[4]. This assumption is often justified by viewing each prediction as a Bernoulli trial,
leading to a Binomial distribution over errors. For large and fixed test sets, the Bino-
mial distribution is assumed to converge asymptotically to a Gaussian [5]. However,
when we use finite datasets, this assumption may not hold.

To highlight that generalization performance along learning curves might be com-
plex, we show an example on a OpenML-46597 classification problem in Figure 2.1a.
Here, the generalization accuracy of Quadratic Discriminant classifier (QDC) and Lo-
gistic Regression classifier (LREG) without regularization are plotted against training-
set size (n), with the solid lines representing the average performance, and the dotted
lines representing 5% and 95% quantiles. The shaded area indicates the two standard
deviations away from the average performance. If we look at average performance,
QDC is preferred over LREG for a training set size around n > 100. When the 5%
quantile is used for comparison QDC has higher accuracy for n > 200. However, if
we choose the 90% quantile, the threshold where one chooses QDC over LREG earlier
n > 80.

This issue does not only pertain to the learning curves, but can also affect other sub-
sampling based generalization performance estimation strategies. Figure 2.1b shows
the accuracy distribution of a multi-layer perceptron (5 hidden layers with 16 neu-
rons) resulting from 20-fold cross-validation repeated 1000 times on a OpenML-1046
classification task. We can clearly observe a bimodal distribution for generalization
performance, one below 0.5 accuracy level and one above. This means that some mod-
els resulting from the cross-validation procedure perform worse than random chance
and some not. Across different learning rates, the dominant mode of the performance
distribution can change. When conducting cross-validation with a limited computa-
tional budget, one may miss some of these modes and end up selecting a suboptimal
learning rate.

In this paper, we systematically analyze the distributions of generalization per-
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Figure 2.1: Performance Distributions for learning curve and cross-validation.

formance obtained for learning curves across a wide range of models, datasets, sam-
pling strategies, and evaluation metrics. To this end, we create a high-fidelity learning
curve database (LCDB++). We refer to it as high-fidelity since the biases introduced
by predefined sampling grids or the limited number of repetitions that affect other
databases [6, 7] are mitigated. We examine the extent to which the common Gaus-
sianity assumption holds for this database and explore how factors such as dataset
balance, model type, loss functions, multi-class extensions, hyper-parameter tuning,
and sampling strategies influence this. Finally, we assess the practical impact of these
deviations by comparing model selection outcomes when using traditional statistics
(mean and standard deviation) versus alternative measures such as quantiles.

2.2 Experimental Setup

We investigate the generalization performance along learning curves, which show
generalization performance with respect to training set size. In this section, we formal-
ize our definition of a learning curve and introduce how we constructed our learning

curve database.
221 Generalization Performance Along Learning Curves

Let us denote the input and output spaces as X and Y, respectively. A learning al-
gorithm A takes a training set D,, := (z;,¥;)}_;, which is sampled from a dataset
containing i.i.d. samples Dy := (z;,;)X., from unknown distribution P(z,y) over
XxY. Providing this algorithm with training data result in a hypothesis  from a class
H: h,, := A(D,,) € H. Note that, producing a hypothesis can involve hyper-parameter
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Figure 2.2: Investigating the performance distribution in various settings for OpenML-
1063 dataset with fixed testset.

tuning as well. Then, the prediction of a learner can be represented as § = h,(z) € Y.
The performance of the learner is measured by a loss function L(y, 7). The expected
performance R of a hypothesis i over the true distribution P(z,y) is given by:

R(h) = / £(y,9)P(x, y)drdy @.1)

The true performance in Equation 2.1 is attainable only when we have access to
P(z,y) and when the integral is tractable. In practice, the risk is usually estimated
through cross-validation, bootstrapping, or other related methods [8]. A learning
curve can then be obtained by increasing the training set size n, repeatedly sampling
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training sets D,, from a finite dataset Dy, and computing the average risk

Ru=_ E R(AD.)). 2.2)

2.2.2 High-fidelity Learning Curve Database

While obtaining learning curves, two main decisions arise. The first is the choice of
training set sizes used to evaluate generalization performance, and the second is the
number of repetitions performed for each size. To obtain reliable distributions of per-
formance, experiments must be repeated many times, and to study these distributions
along learning curves, we use a finely spaced grid of training set sizes. We construct
generalization performance distributions along learning curves for every training set
size pr,. This enables us to go beyond average performance and investigate addi-
tional statistical measures, such as quantiles Fﬁi (¢), which are defined via the cumu-
lative distribution function (c.d.f.) of the performance Fi, (1) :=p(R, <) =gq.

The database contains the generalization performance of Logistic Regression (LREG),
Linear and Gaussian Kernel Support Vector Machine (LSVC, GSVC), Linear Discrim-
inant and Quadratic Discriminant (LDC, QDC), Nearest Mean (NMC), Decision Tree
(DT), Random Forest (RFOR), AdaBoost (ADAB) classifiers. Since some of these meth-
ods do not support multi-class classification we use one-vs-rest for generalization per-
formance estimates. In our experiments we investigated 10 datasets from OpenML
database. We utilize the four widely used performance measures for classification
tasks. Area Under the ROC curve (AUC), Brier Loss (BRI), Accuracy (ACC) and Cross-
Entropy Loss (CE) . Note that AUC is only for binary classification, hence we use one-
vs-rest strategy to generalize two-class classifiers to multi-class classifiers [9]. Every
training set size in the range n € [1,0.7 x N] for fixed models and n € [10,0.7 * N] for
hyper-parameter tuned learning curves is used. Moreover, for every training set size
we repeat the experiments 1000 times.

To investigate the effect of splitting and sampling schemes used in learning curve
generation, we also investigate most common schemes. One of the ways of obtaining
a learning curve is using all the data and the other is separating a test set at the begin-
ning [8]. If we choose to use the whole dataset as the training samples increase the
test set size will decrease, hence we refer this choice as Varying Testset. For the case
where the dataset is split at the start is referred as Fixed Testset. For obtaining multiple
training datasets for a given training set size one may employ many sampling strate-
gies, such as input density preserving sampling, cross-validation, random sampling,
bootstrap method etc [10]. We choose the simplest settings to investigate the effect
of sample replacement and sample dependence. Hence, we use Random sampling
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as randomly drawing samples without replacement, Bootstrap sampling with replace-
ment, and finally Additive involves drawing random points without replacement and
incrementally adding them to the training dataset.

To investigate the effect of splitting and sampling schemes in learning curve gener-
ation, we consider the most common approaches. One way to obtain a learning curve
is by using all available data, while another is by separating a test set at the beginning
[8]. If the whole dataset is used, the size of the test set decreases as the number of
training samples increases. We refer to this approach as Varying Testset. In contrast,
when the dataset is split at the start, we call it Fixed Testset. To obtain multiple train-
ing datasets for a given training size, several sampling strategies may be employed,
such as input density preserving sampling, cross-validation, random sampling, or the
bootstrap method [10]. In our study, we focus on the simplest settings to examine the
effect of sample replacement and sample dependence. Specifically, we use Random
sampling, where samples are drawn without replacement; Bootstrap sampling, where
samples are drawn with replacement; and Additive sampling, where random samples
are drawn without replacement and incrementally added to the training dataset.

A visual summary of the possible samplings is shown in Figure A.1, and informa-
tion about the OpenML datasets used can be found in A.1. Finally, our database can
be found at (LCDB++).

2.3 Results

In this section, we investigate if the generalization performance distributions follow a
Gaussian distribution and the effect of it. This investigation is conducted from various
aspects, including model family, performance metric, and sampling strategy. Sam-
ples of generalization performance distributions from our learning curve database
are presented in Figure 2.2, along with density estimations of the observed general-
ization performance for several cases. Results in this section pertain only to Accuracy

and AUC. Furthermore, unless pairwise comparisons are not mentioned the whole

Table 2.1: Percentage of non-normal performance distributions for each loss measure
and across dataset indicated by their OpenML IDs.

OpenML-ID 11 23

37

53

61

Accuracy

98.16 £ 6.28 %

99.75 £+ 0.46 %

97.63 £ 6.68 %

94.85 + 13.75%

99.38 +£2.47 %

AUC 9227 £12.85% 97.14+596 % 93.57 +21.84% 82.15+28.38% 91.51 +13.61%
OpenML-ID 1063 44037 46597 46733 46847
Accuracy 93.77 £9.98% 91.95+16.79% 88.10 £19.30% 97.76 £9.73%  94.66 + 15.14%

AUC

88.82 £+ 15.25%

87.70 + 21.64%

86.47 + 16.13%

97.54 +4.82%

86.63 £ 23.61%
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database is used, for the paired investigations 3 missing dataset results are excluded.
The corresponding results for other loss measures are presented in A.3.

The effect of sampling strategies is visualized in Figure 2.2a, using a fixed learner
(QDC) and dataset (OpenML-1063). While the overall variation between sampling
methods are not substantial, it is apparent that the fixing the test set size can shift the
current modes and add other modes to the generalization performance. Since we do
not see a significant difference between the sampling strategies, we use the Additive
sampling strategy in the rest of the Figure 2.2 with the Fixed Testset as that is the mostly
used setting in supervised machine learning applications.

Figure 2.2b shows slices of training set sizes versus generalization performance for
a fixed QDC model, and the accuracy performance metric. As seen in the figure, when
the training set size is small (n = 1) performance distribution has two distinct modes.
As the sample size increases, the distribution of generalization performance changes
significantly. So, the generalization performance distribution changes with respect to
training set size.

For the same dataset and training set size, different models have completely differ-
ent performance distributions. In Figure 2.2¢, we plot performance distributions for
a fixed sample size (n = 100) and a fixed dataset across all models. It is evident that
not only does the average of the performance distributions vary, but the shapes of
the distributions also differ. LSVC displays a heavy-tailed performance distribution,
NMC has bi-modal distribution, while DT has a more uniform spread. In contrast,
the ADAB exhibits a multiple modes that are close to each other.

Tuning the hyper-parameters for the same sample size of one model (QDC in this
case) can also alter the generalization performance distribution compared to fixed
model. As shown in Figure 2.2d, although the average of the performance improves
with tuning, it creates another mode that is close to the not tuned version performance,
indicating that tuning can still lead to poorly performing models in some cases.

Asillustrated in Figure 2.2, the distribution of generalization performance can vary

Table 2.2: Percentage of non-normal performance distributions for each loss measure
and model.

ADAB DT GSVC LDC LREG
Accuracy  99.58 +2.21% 97.90 + 5.12% 97.25 + 8.14% 99.14 +£233%  95.99 + 8.43%
AUC 94.55+512%  93.56 £7.98%  96.09 £10.37% 88.83 +£14.34% 94.99 £+ 9.73%

LSVC NMC NNC QDC RFOR

Accuracy 92.87 £18.94% 9791 £6.04%  92.79 £13.59% 85.64 £22.16% 98.07 £ 5.53%
AUC 97.28 +£8.82%  89.70 £22.09% 85.07 £19.30% 69.43 £35.53% 95.58 + 8.84%
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significantly depending on how learning curves are obtained, and may deviate from
Gaussianity. In the following section, we qualitatively investigate how frequently this
deviation occurs using our learning curve database, derived from various real-world
datasets.

2.3.1 Deviations from the Gaussian Distribution

In this section, we present results from Shapiro-Wilk tests on performance estimates
for each sample size to determine whether the generalization performance distribu-
tions are Gaussian. The significance level for the all the tests is set at o = 0.05.

In Table 2.1, we present the percentages of non-Gaussian generalization perfor-
mance distributions, along with corresponding standard deviations. For each training
set size, we assess whether the distribution of generalization performance is Gaussian
along learning curves.

Across all loss functions and datasets, approximately 95% of the generalization
performance distributions are found to be non-Gaussian. For nearly all datasets, the
accuracy metric consistently shows the lowest level of Gaussianity, with only around
5% of distributions classified as Gaussian. This shows that it is rare to find perfor-
mance distributions that are Gaussian.

Among all datasets, OpenML-23 exhibits the lowest proportion of Gaussian distri-
butions, approximately 2%. This dataset is imbalanced, containing a different num-
ber of samples across all available classes. In contrast, OpenML-46597, which is bal-
anced (with the same number of samples per class), exhibits the highest percentage of
Gaussian cases. To better capture this distinction, Table 2.3 also reports our statistics
separately for balanced and imbalanced datasets. Our analysis indicates that data im-
balance has only a marginal overall effect for the accuracy metric. However, for AUC
metric there is around 6% increase in Gaussian distributed performance. A similar
result is observed for Brier Loss, see A.5. This indicates that performance metrics can

be affected by data imbalance.

Table 2.3: Effect of dataset imbalance to the Gaussianity.

Imbalanced Balanced

Accuracy 96.95% 93.57%
AUC 92.66% 86.96%

Different models lead to different performance distributions An example of this
is shown in Figure 2.2c. To assess whether certain models are more prone to pro-
ducing non-Gaussian generalization performance distributions, Table 2.2 reports the
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percentage of non-Gaussian cases observed for each model across different loss func-
tions. Our selection covers a diverse range of model families, including ensemble
methods, gradient-based learners, and models with analytical solutions. Among all
models, ADAB shows the lowest propensity for Gaussian generalization performance,
with approximately 1% of its accuracy distributions classified as Gaussian. This effect
is slightly reduced when using the AUC metric. By contrast, the QDC model yields
30% Gaussian distributions for the AUC.

There are several modeling decisions involved in solving supervised classification
problems. One key decision arises when adapting a binary classifier to handle multi-
class classification tasks. In our setup, we use the one-vs-rest strategy to enable this
extension. To evaluate the effect of this approach, we focus on the Logistic Regression
model applied to both binary and multi-class problems, as shown in Table 2.4. Our
results indicate that this modeling has different effects for performance metrics. The
accuracy metric shows minimal sensitivity to the transition from binary to multi-class
classification with a slight increase in normal distributions. In contrast, the AUC met-
ric exhibits a decrease. This is expected since it also requires adaptation through the

one-vs-rest scheme in multi-class settings.

Table 2.4: Percentage of non-normal and loss measure for binary and multi-class cases
of LREG.

Binary Multi-class

Accuracy  96.99% 94.78%
AUC 93.21% 96.43%

Hyper-parameter tuning increases the non-Gaussian performance distributions In
Table 2.5, we examine the effects of hyperparameter tuning. Four different models are
considered are, DT, LDC, LREG, and RFOR, which represent a diverse set of model-
ing approaches. In our database learning curves for hyper-parameter-tuned models
are shorter than their untuned counterparts since their starting point is training set
size n = 10 instead of n = 1. Hence, we restrict the analysis of untuned models to
the same sample sizes used in the tuned setting. The evaluation metric is accuracy
for consistency. For all selected models, hyper-parameter tuning results in slight in-
crease for non-Gaussianity of the generalization performance. In the case of the RFOR

model, performance is entirely non-Gaussian.

Normality of paired performance differences Table 2.6 reports the proportion of
non-normal performance difference distributions across all model combinations. We
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Table 2.5: Percentage of non-normal test splits for each dataset for Accuracy and a
fixed testset.

DT LDC LREG RFOR

Not Tuned 97.67+6.03% 99.80+ 0.57 %  97.89 +5.47%  97.82+5.47%
Tuned 98.73+4.84% 99.50 £ 1.67%  98.72 +4.35%  100.0 +0.00%

observe that when fixed models are evaluated on varying test sets, the paired differ-
ences between models are more likely to follow Gaussian distributions, around 20%
of the cases, compared to learning curves obtained from tuned models on fixed test
sets, where this holds in only about 1% of the cases. Notably, neither model tuning
alone nor the choice between fixed and varying test sets shows such a pronounced

increase in the normality of paired performance difference distributions.

Table 2.6: Percentage of non-normal paired generalization performance differences
for all model combinations.

Accuracy AUC

Not Tuned + Varying Testset  84.85%  81.25%
Tuned + Fixed Testset 99.24%  98.40%

Smaller training set sizes exhibit less normally distributed generalization perfor-
mance. Thus far, we have established that generalization performance distributions
along learning curves are predominantly non-Gaussian, regardless of the assump-
tions made during the construction of the curves. To illustrate the spatial dependence
of this phenomenon with respect to sample size, we normalize all learning curves ob-
tained, with Additive sampling and Fixed Testset, to the range [0, 1] with respect to
the training set size and report the frequency of observed non-Gaussian distributions
across this normalized domain. As depicted in Figure 2.3, the general trend indicates
that the likelihood of observing Gaussian generalization distributions increases with
larger training sample sizes. On our preliminary inspection we found an exception
for the AUC metric compared to others, where the initial segments appear to exhibit
more Gaussian behavior. This, however, is largely due to the lack of variation, where
the metric often remains constant at 0.5. In such cases, the Shapiro-Wilk test loses

validity due to zero variance.
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Figure 2.3: The frequency of performance distributions that are Gaussian, as a func-
tion of the training set size.

2.3.2 Gaussianity Assumption Gone Wrong

In the previous section, we demonstrated that the assumption of Gaussianity is fre-
quently violated along learning curves. In this section, we investigate the consequences
of this violation. Specifically, we analyze the learning curves of all models across all
datasets for the Additive sampling strategy with Fixed Testset and examine whether
the rankings of the top-3 models change.

Our baseline is the commonly used approach of selecting models based on the
mean and standard deviation, which implicitly assumes Gaussian performance dis-
tributions. We compare this with selection based on alternative statistical measures:
the 0.975-quantile, the median (0.5-quantile), and the 0.025-quantile. To ensure a
consistent comparison between quantiles and the mean, we evaluate the 0.975/0.025-
quantiles relative to the mean using the interval ;s + 20, where p and o are the mean
and standard deviation of the performance distribution, respectively.

The results are summarized in Table 2.7. From the table, we observe that selec-
tion based on the mean often resembles selection based on lower quantiles, with the
probability of a different model ordering around 0.40 for accuracy and 0.44 for AUC.
Comparing the mean with the median shows a slightly higher probability of reorder-
ing, while the 0.975-quantile produces the most conflicts, with a 0.94 probability that
the top-3 models differ in ranking or composition. This indicates that model ordering
changes significantly across different quantiles depending on the performance metric,
and that the top models change considerably when different statistical measures are
used, especially when the best-performing models are of interest.
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Table 2.7: Top-3 model Probability of observing a change in the top 3 models for Ac-
curacy and AUC Measures with Additive Sampling where the test set is separate and
hyper-parameter tuning is done. Excluding the 3 datasets that had missing learning
curves.

Accuracy AUC

u~+ 20 vs 0.975-Quantile 0.94 0.90
1 vs Median 0.42 0.44
1 — 20 vs 0.025-Quantile 0.40 0.44

2.4 Discussion and Conclusion

In this work, we investigate the distribution of classifier performance across multiple
datasets, evaluation measures, sampling strategies, and training set sizes. We find
that, in most cases, performance distributions deviate from a Gaussian distribution.
In particular, smaller training sets often produce distributions with long tails and mul-
tiple modes, and hyper-parameter tuning amplifies the non-Gaussian behavior. This
effect is consistent across different test splits and sampling strategies, although the
choice of sampling method itself has only a minor impact on Gaussianity.

The results reported in [11, 12] suggest that the normality assumption is well justi-
fied for many sources of variation in hyper-parameter optimization for deep learning
applications, which are not covered in our study. Nevertheless, not all generaliza-
tion performances in these studies conform to a Gaussian distribution also. More-
over, their experimental setup differs from ours: their sources of variation do not
include training set sizes. Our spatial analysis along learning curves further reveals
that smaller training sets are more likely to yield non-Gaussian distributions, whereas
larger sets tend to produce distributions closer to Gaussian behavior, partially explain-
ing the patterns observed in prior work. High-fidelity learning curve generation for

deep learning models is needed to fully verify these results.

We also show the deviations from Gaussianity have practical consequences for
model selection. When comparing models using the mean and standard deviation
versus robust statistics such as quantiles and medians, substantial discrepancies arise.
For instance, ranking models by the 0.95 quantile instead of the mean changes the
top three models in 90% of the cases, highlighting that relying solely on mean perfor-
mance can be misleading.

Average learning curves can be used for model selection [13] faster and equally re-
liable as cross-validation. We argue that quantile-based learning curves can provide
additional insights into training set size requirements and model robustness. For ex-
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Figure 2.4: Quantile learning curves for the Quadratic Discriminant Classifier on the
OpenML-11 dataset.

ample, in Figure 2.4, the average performance of the Quadratic Discriminant Classifier
on the OpenML-11 dataset increases steadily with more training data, yet the lower
quantile remains flat, indicating that poorly performing runs do not improve until the
training set size reaches n = 40. Conversely, while the average performance appears
to plateau around 100 samples, the lower quantile begins to improve, revealing de-
layed benefits for underperforming runs. These patterns demonstrate that averages
can obscure critical information about reliability and robustness.

The failure of the Gaussianity assumption has further implications. In particu-
lar, it violates assumptions underlying (paired) ¢-tests commonly used for algorithms
trained with random sub-sampling. Although we did not use the exact sampling
strategies from [14, 15, 16], similar assumptions may be violated there as well, given
that we observed no significant differences between sampling methods.

For more reliable comparisons, we recommend evaluating quantiles of general-
ization performance distributions using the statistical frameworks presented in [17,
18] or investigating stochastic dominance as proposed in [19]. While generating well-
sampled performance distributions for accurate quantile estimation is computation-
ally demanding [20], such rigor is essential for benchmarking and model comparison
to fulfill their intended scientific purpose [21, 22], particularly in data-scarce or high-
uncertainty settings.
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3| Learning Learning Curves

Learning curves depict how a model’s expected performance changes with vary-
ing training set sizes, unlike training curves, showing a gradient based model’s
performance with respect to training epochs. Extrapolating learning curves can
be useful for determining the performance gain with additional data. Parametric
functions, that assume monotone behaviour of the curves, are a prevalent method-
ology to model and extrapolate learning curves. However, learning curves do
not necessarily follow a specific parametric shape: they can have peaks, dips, and
zigzag patterns. These unconventional shapes can hinder the extrapolation per-
formance of commonly used parametric curve-fitting models. In addition, the ob-
jective functions for fitting such parametric models are non-convex, making them
initialization-dependent and brittle. In response to these challenges, we propose
a convex, data-driven approach that extracts information from available learning
curves to guide the extrapolation of another targeted learning curve. Our method
achieves this through using a learning curve database. Using the initial segment
of the observed curve, we determine a group of similar curves from the database and
reduce the dimensionality via Functional Principle Component Analysis FPCA.
These principal components are used in a semi-parametric kernel ridge regression
(SPKR) model to extrapolate targeted curves. The solution of the SPKR can be ob-
tained analytically and does not suffer from initialization issues. To evaluate our
method, we create a new database of diverse learning curves that do not always
adhere to typical parametric shapes. Our method performs better than parametric
non-parametric learning curve-fitting methods on this database for the learning
curve extrapolation task.

3.1 Introduction

A learning curve shows the generalization performance of a learner as a function of
the training set size. This should not be confused with training curves. Both curves
find various applications in machine learning pipelines. Tuning hyperparameters, se-
lecting models, and assessing whether adding more data benefits a learner, for in-
stance, are some of the applications [1].However, training curves are used to track
model performance for a single learning problem during loss optimization, whereas

Published as: O. Taylan Turan et al. “Learning Learning Curves”. In: Pattern Analysis and Applica-
tions 28.15 (2025).
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the learning curve tracks the average model performance over different learning prob-
lems from the same dataset. In other words, one obtains the training curve at no cost
while training the model. However, obtaining learning curves require training the
model multiple times with different subsets of the dataset, making it computation-
ally taxing to obtain.

The performance of a learner for increasing training set sizes can be predicted by
extrapolating the learning curves. Starting with very small training set sizes, the ini-
tial segment of a learning curve can be obtained in a cheap and quick manner. With
this partially observed learning curve, one can extrapolate it to predict a model’s per-
formance for the given dataset without the need for excessive amount of data or com-

putational resources.
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Figure 3.1: Learning curve plots show generalization performance vs sample size. In
b: initial points observed marked with pink, and the desired training set size marked
with green for which we would like to get the generalization performance.

Historically, learning curves are extrapolated by fitting to parametric functions,
such as exponential or power law functions [2, 1]. These parametric models often (im-
plicitly) assume that the learning curves are well-behaved, i.e. that increasing dataset
size the generalization performance gets better. As pointed out in the survey [3], this
assumption can be violated in various ways. Moreover, due to limited number of train-
ing samples available, the fitting of nonlinear functions becomes fragile and highly
dependent on the initialization.

It is worth mentioning that these parametric functions are used not only to model
learning curves but also for modeling training curves. One example of this usage
is presented in [4], where a collection of parametric curve models is used as a prior
to extrapolate training curves with a transformer. Moreover, in [5], a hand-crafted
collection of parametric models is used to model learning and training curves with
multiple infliction points. Finally, [6] uses trainable parametric models for the mean

function of a Gaussian Process.
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Using parametric models is a logical choice, if curves have underlying paramet-
ric forms. However, curves do not follow fixed parametric shapes. For this reason,
obtaining these functional forms from data is a promising path to automate learning
curve extrapolation further.

To break free from limitations of parametric functions, we assume the existence
of a database of learning curves, as shown in Figure 3.1a. The goal is to extrapolate
an unknown targeted learning curve to get a generalization performance at a specific
training set size, as depicted in Figure 3.1b, without using any parametric models.

A similar setting is considered in [7], where, a non-parametric, data-driven pipeline
is introduced that uses a similar setting where a learning curve database is available.
However, their task is to perform a binary model selection for classification prob-
lems at unseen sample sizes. We propose a pipeline using the semi-parametric kernel
ridge (SPKR) model for extrapolating learning curves. SPKR can incorporate any real-
valued function in addition to training points from the targeted learning curve. We ob-
tain these functions by functional principal component analyses (FPCA) and the mean
of the relevant part of a database to incorporate related learning curve behaviours for
better extrapolation performance for learning curves.

In addition to our method, we provide a learning curve database. The motivation
to create a new learning curve database is threefold. Firstly, to have a database free
from missing values, something the dataset from [1] suffers from. Secondly, we want
to include some significantly non-monotonic curves, for instance, sawing [8] and dip-
ping [9] curves, to highlight the ability of a non-parametric approach to curve extrap-
olation. Finally, we want to have learning curves obtained from regression problems
which [1] lacks again.

This paper is organized as follows: In Section 3.2, we provide a brief background
on learning curves. Section 3.3 presents common methods for extrapolating learn-
ing curves, along with our proposed methodology. We then detail our experimental
setup in Section 3.4. Section 3.5 presents our results, followed by the main conclusions
in Section 3.6. Before giving our learning curve definition in Section 3.2, we should
mention that this paper deviates from the works proposed on training curve extrap-
olation [10, 11, 12, 13, 14, 15, 16], simply because of the inherent differences between
learning and training curves.

3.2 Background on the Learning Curves

In this section we cover the necessary background on learning curve theory follow-
ing the notation of [2]. We employ the term learning curve, as defined in the broader
context of the general machine learning literature, to describe generalization perfor-
mance as it relates to the number of training samples. It is worth noting that the same
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term is used to refer to different types of curves in various domains. This can lead to
common misconceptions, especially when dealing with the artificial neural network
(ANN) literature, where the x-axis of the learning curve often represents the number
of training iterations [17].

To formalize our definition of a learning curve for supervised regression and clas-
sification problems, let us denote the input and output spaces as X and Y, respectively.
A learning algorithm A takes N i.i.d samples Dy := (z;,y;)Y; from an unknown dis-
tribution P(z, y) over X x Y and produces a hypothesis h from a hypothesis class H.
This can also be represented by i := A(Dy)). Then, the prediction of a learner can be
represented as § = h(x) € Y. The error of the learner is measured by a loss function
L(y, ). In classification this is typically the zero-one error, and in regression the mean
squared error is often used. The expected loss (or risk) R of a hypothesis h over the
true distribution P(z, y) is given by:

R(h) = / £(y,9)P(z, y)dzdy (3.1)

An individual learning curve of a learner A is ideally obtained by plotting R against
N. Thus, a learning curve C : Z* — R depends on A, P, and N.

3.3 Extrapolating Learning Curves

Learning curve extrapolation can be formulated as a learning problem too. Assume
that we are given pairs Z := (N;, R;)% ,, which are sampled points from the begin-
ning of an arbitrary learning curve. Our primary goal is to learn this unknown learn-
ing curve C such that, predicted risk ﬁtarget is as close to the real risk Riarget as pos-
sible for a given sample size Niarget & [N1, Ng|. In the rest of this section, we first
recall parametric curve-fitting and subsequently present our proposed approach for
extrapolating learning curves.

3.3.1 Parametric Curve-fitting

Commonly, it is assumed that learning curves have similar shapes, making the para-
metric curve-fitting a commonly used approach [2]. Let us assume that an arbitrary
parametric curve for fitting learning curve is represented by f.(N, 8), with 6 as the ad-
justable model parameters. Then, for training pairs Z := (N;, R;)%, the least squares

curve-fitting problem is given by:

Q
6 € argmin » (R; — f.(N;,0))*. (3.2)

6 =
According to [2, 1], many researchers use power law and exponential parametric
models for f. To account for behaviour changes for different regions of the learning
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curves, more complex parametric formulations are proposed in [5, 18]. All the para-
metric models proposed are non-linear functions of 6. This makes parametric curve-
fitting initialization dependent. When this is the case, Equation 3.2 does not have a
closed form solution and is non-convex.

3.3.2 Semi-parametric Kernel Ridge (SPKR)

Next to the training pairs Z := (N;, R;)%,, we now assume that other learning curves
are available at training time.
Let us assume a model in the form f = f 4 h to approximate an arbitrary learning

curve C. Here, f € R* represents the information coming from Z, and h € span{y,},

where {1, },L is a set of real-valued functions that represent the information coming
from the available learning curves. Assuming a strictly increasing loss function £, and

a strictly increasing regularizer function €, our learning problem can be expressed as:

fEargminﬁ(f,’R,)+Q(\|f||H). (3.3)
feH

In this equation, H is the Reproducing Hilbert Space and R € R?*! is all the labels of
our training set. According to the Semi-parametric Representer Theorem [19], the solution
to Equation 3.3 has the form: f(-) = Z? a; K (-, N;) + Z]M Bi1¢;(-), where K is any
Mercer kernel. If we assume Q(|| f||m) := A||f||% and the squared error as loss function
L= ZZQ:l(RZ — f(N;,0))?, the convex optimization problem has a unique solution.
The optimal parameters are represented by & € R?*!, and 8 € RM*!. Furthermore,
when K € RP*Q, 4y ¢ RO*M are the kernel matrix, and the additional information
coming from the available learning curves, respectively, this unique solution can be

obtained as:
w=(ATA +\BT)'ATR. (3.4)

Here, W := [&; 8] € R(@QTM)*1 is the collection of the optimal parameters, and A :=
[K, ] € R*(@+TM) g the concatenation of the Kernel matrix and the additional infor-
mation coming from the available learning curves,and B := [I,0; 0, 0] € R(@+M)x(Q+M)
is the regularization applied to f.

A crucial part of SPKR is how the {v, gil are obtained. In our aforementioned
extrapolation problem, we aim to obtain it from the relevant part of a learning curve
database. First, the relevant part of the database can be selected by using a similarity
measure S(Z,C). It measures the similarity of Z with respect to the initial part of all
the curves available in the learning curve database C.

One of the most obvious choices is to use all the similar curves in the database,
but note that there is an inverse operation in Equation 3.4 with the complexity O((Q +
M)?). This results in a computational bottleneck when the relevant part of the database
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is large. To keep the computations feasible, a small set of curves representing the
biggest modes of variations is derived using principal component analysis (PCA) [20].
Next to reducing the computational cost, it also prevents overfitting to the learning
curve database. Our learning curve database consists of functionals; hence we use
functional principal component analysis (FPCA) to extract the most important modes
of variations in the learning curve database.

Using the notation of [21], the covariance of learning curve database is given by
v(s, t) = UL zle(c,»(s) — p¢(8))(Ci(t) — pc(t)), where U is the number of learning
curves present in the database and y¢ is the mean function for the relevant part of the
database. We can formulate the eigenvalue problem for the FPCA as follows (see also

21
[ ettt = pe(s). (35)

This eigenvalue problem is satisfied for each eigenfunction £ with the correspond-
ing eigenvalue p. Eigenfunctions, in this case, represent the modes of variation in the
database. We choose the first M of these eigenfunctions with the largest eigenvalues
{p}hl, = {&})L,) to be used in the SPKR. Since the principal components describe
the principal variations around the mean ¢ of the relevant part of the database, we
also separately include it in our model definition. Thus, our final proposed model
for learning curve extrapolation takes the form f = f + h + pc. Similar to Equation
3.4, the optimal solution with the addition of the database mean at the training points
C := {uc(N;)}% | can be obtained as:

w=(ATA + \BH)'AT(R - C). (3.6)

The entire pipeline is summarized in Algorithm 1, where the steps for extrapolation

using SPKR on learning curves are outlined in detail.

procedure SPKR(C, Z, S, Niarget, num_curve, pca_perc)

similarities < sort(S(C, 2Z)) > Sort similarities
selected_curves < C|similarities[num_curve]] > Select similar curves
1 < FPCA(selected_curves, pca_perc) > Obtain eigenfunctions

f(-) < solve((ATA + AB")"*AT(R —C)) v Obtain the optimal parameters
return f(Ntm-gez)
end procedure
Algorithm 1: Extrapolation with SPKR on learning curves
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3.4 Experimental Setup

This section provides details of the learning curve database generation, outlines the
extrapolation setting that we consider, methodological choices, and the experimental

setting.
3.4.1 Learning Curve Database

The true risk in Equation 3.1 can only be computed when we have access to the exact
joint distribution P(z,y) and when the integral is tractable. In practice, however, we
only have access to a finite sample drawn from P(x,y). To estimate a learning curve,
we choose to repeatedly select a subset of size NV from the available dataset, using the
remaining data to compute the test error [2]. This process is repeated 100 times, and
the resulting errors are averaged to get an estimate for Equation 3.1. We apply this
procedure for each training set size in the range N € [2, 100] to generate one complete
learning curve.

Our database is comprised of 11240 learning curves, of which 4840 are classifica-
tion problems and 6400 are regression problems. This collection of learning curves
involve curves that are known to exhibit non-monotonic behaviour (i.e. sawing-type
[8] and special high dimensional Gaussian Process model learning curves [22], dip-
ping phenomenon [9]) as well as monotone learning curves.

Classification models are selected to be Linear Discriminant (LDA), Quadratic Dis-
criminant (QDA), Nearest Mean (NMC) and Nearest Neighbor (NNC) classifiers. Learn-
ing curves of these classifiers with range of hyperparameters are created for the Ba-
nana (BAN), Gaussian (GAU) and Dipping [9] (RDIP-DDIP) datasets. Different vari-
ants of the Banana and Gaussian datasets are obtained by varying the separation of
the two classes. Moreover, For the Dipping dataset dimension of the problem (DDIP)
and the radius of the outer class (RDIP) increased to create various datasets.

Regression learning curves are obtained for linear model (LIN) with a range of
regularization, multi-layer perceptron (ANN) model with changing width of the 2
hidden layers with soft-sign activation function. Kernel Ridge model with Gaussian
(GKR) and Laplace (LKR) kernel. Datasets used include linear (ELN), sinc (ESC), and
sine (ESN) datasets with a homoscedastic noise. Variants of these datasets are cre-
ated by increasing the variance of the added Gaussian noise. Moreover, a sawing
dataset (SAW) [8] (used only for a linear model without bias term), and finally DGP
prior dataset [22] (used only by Gaussian process model). Further details about the
models and datasets used to create the learning curves, along with their respective
abbreviations, can be found in Appendix B.1.

In our experiments, we treat classification and regression problems separately due
to the distinct nature of their performance metrics. Specifically, classification tasks are
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evaluated based on the error rate, while regression tasks are assessed using the mean
squared error (MSE). To accommodate these differences, we create separate curve
databases for classification and regression, ensuring that each is split independently.
For both cases, we allocate 80% of the learning curves for training and use the remain-

ing 20% for evaluating extrapolation performance.

3.4.2 Learning Curve Extrapolation

During extrapolation, we assume that the learning curve is partially observed; up to
a maximum value for N. We consider only cases in which the first = 10, @ = 25,
or ) = 50 points of the target learning curve are observed. Given a learning curve
database and a targeted learning curve, our primary objective is to predict the perfor-
mance at the end of each targeted learning curve, N = 100. Finally, the extrapola-
tion error is calculated using the squared loss for each curve for every extrapolation
method. All the curves are normalized such that the area under each curve is 1.

Baselines

We choose the parametric curve-fitting baselines as WBL4 [23] and MMF4 [24], with

parametric functions given in Equations 3.7 and 3.8 respectively.

Fubia(N,0) = —01exp(—02(N)%) + 6, (3.7)
Somia(N, 8) = (0102 + 03 - (N)?) /(62 + (N)) (3.8)

These two parametric functions are reported to perform the best for extrapolating
learning curves in [1] for another learning curve database. We use LBFGS [25] to solve
Equation 3.2. Since gradient approximation (i.e. finite difference) results are reported
to be unstable for optimization, we use the exact gradients for both parametric models
[14]. The optimization is repeated 100 times where the initial parameters are drawn
from a normal distribution with zero mean and unit variance. For each observed
curve we do a 80%-20% random train-validation split on the observed data of that
curve. The best performing parameter configuration on the validation set is used to
initialize the fitting procedure again with the 100% of the observed data. Note that
the baseline models do not have access to the learning curve database by construction.

We also use the parametric formulation given in [5], which can handle non-monotonic
curves. The training procedure in the paper is followed. A general form with k inflic-

tion points is given by:

k
fbnslk (N 0) =01 + 6‘2N b H 1+ N/H 1/92i)_031921. (39)
i=1
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Although, authors of [5] suggest using cross-validation to obtain the number of in-
fliction points. We train separate models up until 3 infliction points to see the general
trend of these parametric models. Although 3 infliction points might not be sufficient
to model some of the curves in our database, computational resources create a bottle-
neck given the training procedure in [5]. These baselines are tokened as BNSLk, where
the k represents the number of infliction points 0, 1, 2.

A similar method to ours is [6], where parametric models used for enhancing
the extrapolation performance of Gaussian Process Regression. However, since this
model depends on an expert decision regarding the saturation limit and is designed
solely for classification problems, we are unable to use it as a baseline.

We compare our model also to the non-parametric method Meta-learning on Data
Samples MDS proposed in [7]. However, since our task is to extrapolate a learning
curve and approximate the generalization performance given the initial segment of
the learning curve, we adjust MDS as follows: First, k most similar curves of the
database to the target curve Z is selected, from learning curve database C with a sim-

ilarity measure S(Z, C). The resulting collection of curves are denoted by Cj. These
9 i Cr (V) ))w;
selected curves are then scaled with s = igo(R’(Ck(N'M )

oo (Cr(Ni)2ws)

arbitrary weight for a given point. Finally, the scaled curves are averaged to predict

, where w represents an

generalization performance at Vi, Which is given by:

Fmas (NS, = 1 3 s,CalV) (3.10)

1€Cy

In [7] weights are defined as w; = N?, however [26] suggests w; = 2° claiming
improved performance. Our preliminary experiments confirmed the superiority of
this weighing scheme on our database as well, hence we adopt it. Moreover, for the
similarity measure we use the cosine similarity, since we did not observe significant
difference between the results of average squared distance between the curves. Ad-
ditionally, we set £ = 100 to be consistent with our method. By selecting the same
similarity measure and number of curves, we ensure a fair comparison between MDS

and our proposed method.
Fitting Semi-Parametric Kernel Ridge

Our method has several hyperparameters, including the regularization parameter (}),
kernel parameters (e.g. length-scale of the kernel), the number of FPCA components,
similarity measure, and set the number of curves for selecting the relevant part of the
database. We choose similarity measure as cosine similarity and the number of curves
to be selected from the database as 100. Then, Nadaraya-Watson smoothing [27] with
default values is applied to make the eigenfunctions smoother. In this work, we select
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M FPCA components which represent 95% of the selected subset of the database.

For our method we optimize only for the length-scale of a Gaussian Kernel length
scale in the range v € [10°, 10?] and a regularization parameter A € [10°, 10]. Similar
to the approach used for baselines, an 80%-20% train-validation split of the targeted
curve is followed by a grid search for hyper-parameter optimization. Each hyper-
parameter range is divided into 20 evenly spaced values in logarithmic space. The
hyper-parameter configuration that yields the lowest validation error is selected for
training with the full observed data of the partially observed curve. The resulting
model is evaluated for extrapolation at N' = 100. This process is carried our for each

curve to be predicted.

3.5 Results and Discussion

In this section, we investigate the extrapolation performance of our model compared
to parametric baselines for regression and classification learning curves. Next, we an-
alyze the average performances of all the models along with their variances. Then
we examine the partial ordering and full ordering by analyzing the empirical cumu-
lative distribution function and average rankings. We further explore the importance
of selecting the relevant part of the database through additional experiments. Finally,
we compare the average ranking of our method with a non-parametric learning curve

extrapolation method MDS.

Note that a Wilcoxon significance test showed that the error distributions of our
method compared to all the parametric and non-parametric baselines is significantly
different with all the p-values smaller than the significance level of 0.0001.

3.5.1 Extrapolation Performance

Figure 3.2 shows the extrapolation errors for the SPKR, and other baselines for both
classification and regression learning curves. The top row shows the averaged squared
error, the bottom row shows the standard deviations. The left column shows the re-
sults for the classification learning curves, while the right column the regression re-

sults.

SPKR exhibits lower average squared errors made for the targeted extrapolation
point compared to baselines across all the ) values that is considered in this work.
Similarly, the spread of SPKR errors is smaller, except ) = 10, where MMF4 and
BNSLO and BNSL1 show lower spread. The increased spread for small training points
can be caused by the lack of information selecting the relevant part of the database
with little number of training points. Additionally, in our database, highly non-monotonic
curves exist where the beginning of the curve is not representative of the end portion.
We also observe a slight standard deviation increase for regression problems for our
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Figure 3.2: Mean and standard deviation of the extrapolation squared errors (SE) for
varying training points. Classification and regression learning curve results are plot-
ted with solid and dashed lines respectively.

method for when the training set size is increased from 10 to 25, although it still has
the lowest spread.

Another observation in Figure 3.2 is that BNSL performance does not strictly im-
prove as the number of infliction points are increased, hindering the trivial usage of
this method in learning curve extrapolation. The varying performances of paramet-
ric models for classification and regression learning curves across varying initial seg-
ment lengths suggests that our method is able to adjust its bias dynamically with the
selected curves.

Since averaging squared errors is prone to being affected by the outliers, we also
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Figure 3.3: Empirical Cumulative Distribution of the extrapolation errors. Solid lines
and dashed lines represent the experiments on classification and regression subsets
respectively.

examine the average rankings in Table 3.1. Similar to average performance, SPKR
achieves a better average rank for all initial segment sizes. We observe that our method
is highly effective for regression problems with smaller initial segments (@?). Addition-
ally, we investigate the average rank on subsets of the database and found that our
model has a better average rank in almost all of the subsets we considered. (See Tables
3.2and 3.3.)

Figure 3.3 illustrates the cumulative error distribution, where SPKR has consis-
tently lower median for all experiments. The only instances where baselines MMF4
and WBL4 have lower errors is in the first quartile of () = 10 for classification prob-
lems. Finally, we observe that the infliction point increase does not influence the per-
formance of BNSL significantly, especially for lower () values.

Tables 3.2 and 3.3 show the average rankings for various subsets of the data. Our
method performs well across all the subsets besides the Gaussian Dataset where MMF4
and WBL4 has better average ranks. Only, on the Gaussian dataset (GAU) our method
comes third.

All the results discussed so far pertain to the extrapolation performance; however,
our method also performs as good in interpolation regime with the overall curve.
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Table 3.1: Average extrapolation ranking (lower is better) for both classification and
regression learning curves.

Classification Regression
Q=10 Q=25 Q=50|Q=10 Q=25 Q=50
SPKR 2.5 2.2 1.8 1.1 1.3 1.5
MMF4 3.4 3.2 3.0 3.1 2.7 2.6
WBL4 3.8 3.2 2.7 2.9 25 2.2
BNSLO 3.7 4.0 4.4 4.6 47 47
BNSL1 3.7 4.0 44 4.5 4.8 4.8
BNSL2 3.7 4.0 4.4 4.5 47 4.8

Table 3.2: Average rankings of several groupings for the classification learning curves.

SPKR MMF4 WBL4 BNSLO BNSL1I BNSL2

NMC 1.6 2.8 24 4.7 4.6 4.6
LDC 1.9 29 29 4.3 44 4.4
QDC 2.3 3.5 2.8 4.1 4.0 4.0
NNC 1.5 27 2.8 4.7 4.6 4.5
DDIP 1.8 3.3 3.1 4.1 4.2 41
RDIP 1.6 3.2 29 44 4.3 43
GAU 22 1.9 1.8 49 49 4.9
BAN 1.6 3.4 3.1 43 4.2 4.2

Ranking with respect to whole curve fitting (including all extrapolation and interpo-
lation) based on MSE can be seen in Table 3.4.

3.5.2 Obtaining v from database

In [28] it is argued that cosine similarity can be a problematic choice in some cases.
This is why we investigated two other types of similarity measures. We found that
minimizing the area between the targeted curve and the curves in the database, and
dynamic time warping [29] does not yield vastly different eigenfunctions ) in our
case. Nonetheless, care must be taken when determining ¢ as it the main driving force
of the extrapolation performance of the SPKR. To demonstrate this, we intentionally
choose the most dissimilar curves in our method and observe the average rank of our
method drops significantly as shown in 3.5. Finally, we also attempted to get rid of the
similarity measure and extract 1) via FPCA on the whole database, we see a similar
drop in performance again for the SPKR.
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Table 3.3: Average rankings (lower is better) of various groupings for the regression

learning curves.

SPKR MMF4 WBL4 BNSLO BNSL1 BNSL2
DGP 1.5 1.5 2.7 5.5 4.8 4.8
NN 1.3 3.1 27 44 4.6 4.6
LKR 1.6 25 1.9 4.8 49 49
GKR 15 2.6 1.9 49 49 49
LIN 1.7 2.3 2.1 4.7 5.0 49
ELN 1.6 2.6 2.1 4.7 4.8 4.8
ESC 1.5 25 2.2 4.7 49 49
ESN 1.5 2.6 2.2 4.7 4.8 4.8

Table 3.4: Average ranking for the whole curves (lower is better) for both classification
and regression problems.

Classification Regression
Q=10 Q=2 Q=50|Q=10 Q=25 Q=50
SPKR 1.8 1.7 1.5 1.3 1.5 1.6
MMF4 2.0 22 24 24 2.5 2.6
WBL4 2.2 21 2.1 2.3 2.0 1.7

Table 3.5: Average extrapolation ranking (lower is better) for the case when we choose
the least similar curves in the database.

Classification Regression
Q10 @25 Q50 | Q10 Q25 Q50
SPKR 5.8 5.7 5.8 3.9 4.8 5.7
MMF4 28 26 23 25 20 1.9
WBL4 3.2 2.6 21 2.3 1.7 1.5
BNSLO 30 33 36 41 40 38
BNSL1 29 3.2 3.6 4.0 4.1 3.9
BNSL2 29 32 35 40 40 39

We assume that the learning curve database contains only learning curves, with
no other information available. As shown in [26], an active testing strategy proposed
in [30] for learning curve selection can enable these types of curve selection strategies
when the information is available, and might improve our methods extrapolation per-
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formance.

3.5.3 Divergence of Parametric models

We observed diverging curve-fitting results for complex problems, which can happen
for non-convex objective functions. To ensure a fairer comparison between all mod-
els, we decided to exclude all curves that were problematic for at least one model.
Thus, we ended up removing 9% of our results for the test part of our learning curve
database.

Since our method has analytical solution, we do not have diverging solutions. Our
method is able to find the best solution that is minimizing the squared error for the
training data with the obtained FPCA components. Moreover, although we eliminate
the diverging results of the parametric models our proposed method has lower vari-

ance in most of the cases, making our model more reliable.

3.54 Comparison with MDS

Performance across classification and regression tasks are presented in Tables 3.6 and
3.7. For both types of learning curves, SPKR achieved the lowest rankings, outper-
forming MDS in all experiments, except for the classification learning curves with
smaller observed part ¢ = 10.

The better performance of our method is expected since it incorporates the MDS
method. Prediction of MDS is based solely on the average of the obtained learning
curves from the database. We assumed a solution in the form f = f + h + uc, where
tic is the mean of the learning curves obtained from the database. Hence, on top of
the mean of the most similar curves, we also leverage data points and FPCA compo-
nents from the database to improve our prediction compared to MDS. In addition,
our method relies on interpolation of the learning curves in the database as it is re-
quired for the FPCA. This makes our method more robust for cases where the learn-
ing curve database might have missing values or follows different sampling strategies
for the sample size N. However, this remains an open question, as our learning curve

database and experimental design do not explicitly address such case.

Table 3.6: Average ranking for extrapolation at N = 100 (lower is better) for both
classification and regression problems.

Classification Regression
Q=10 Q=2 Q=50|Q=10 Q=2 Q=50

SPKR 1.40 1.45 1.45 1.18 1.36 1.49
MDS 1.60 1.55 1.55 1.82 1.64 1.51
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Table 3.7: Average ranking for the whole curves (lower is better) for both classification
and regression problems.

Classification Regression
Q=10 Q=25 Q=50|Q=10 Q=2 Q=50

SPKR 1.54 1.40 1.28 1.29 1.44 1.38
MDS 1.46 1.60 1.72 1.71 1.56 1.62

3.6 Conclusions

We introduced a data-driven approach that facilitates the rapid extrapolation of learn-
ing curves by incorporating already available learning curves. We utilize a learning
curve database to extrapolate partially observed learning curves that are not present
in the database. Our proposed method, called SPKR, extracts the relevant part of the
dataset, applies dimensionality reduction and uses this information in combination
with the partial observations to model the learning curves. To test our method, we
create a learning curve database consisting of curves that have monotone and non-
monotone behaviours. The extrapolation results demonstrate that, on average and
rank wise, our approach yields better extrapolation performance than current para-
metric and non-parametric methods for learning curve extrapolation.

Although we show that SPKR outperforms the alternative approaches considered
in the paper, it just provides a point estimate. In order to get an idea about the un-
certainty of the estimate, its probabilistic counterpart, Gaussian Processes can be used
(similar to [6]). This would be particularly useful for applications concerning learning
curves such as hyperparameter optimization and model selection. Finally, we present
our results using a densely sampled learning curve database without missing values.
The effectiveness of our method in cases involving partially missing learning curves
remains an open question. As a next step, investigating learning curves with varying

sizes or partial observations presents an interesting research direction.
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4| On Sample-Wise Strict
Monotonicity with a Gradient Update

Learning curves describe how the performance of a model evolves with increasing
training data. Although more data is generally expected to improve model perfor-
mance, in practice models can exhibit non-monotonic behavior where additional
data leads to performance degradation. Sample-wise double descent is one par-
ticular example. We address the question of how a learner can have a provably
monotone learning curve. For isotropic Gaussian covariates under a Gaussian
noise model and a linear predictor, we prove that a single step of steepest descent
guarantees sample-wise monotonicity in the learning curve, if the step size does
not exceed an upper bound. Furthermore, we present a practical procedure that en-
sures monotonicity without explicit reqularization or cross-validation, using ini-
tialization from the previous training set size. Experiments on real-world datasets
demonstrate that this method achieves monotone behavior and improved sample
efficiency compared to ordinary least squares and optimally reqularized ridge re-
gression. We also explore extensions to binary classification, where monotonicity
depends on the chosen performance metric. While our guarantees are derived un-
der simplifying assumptions, they provide both theoretical and practical insights
for constructing monotone learners and for understanding and mitigating sample-

wise double descent behavior.

41 Introduction

Does additional data always help? Intuitively, it should, but in practice, for some
problems and some models, it does not. There are classification and regression prob-
lems both in supervised [1] and in semi-supervised learning [2] where the expected
performance can get worse with additional training data. In general, it is desirable
to have models get better with data, as it makes it easier to predict, for a given level
of model performance, how much more data should be collected. This dependence
of expected performance on training set size is studied using learning curves. Learn-
ing curves, which plot expected performance as a function of training set size, should
not be confused with training curves commonly used in the deep learning literature,



50 On Sample-Wise Strict Monotonicity with a Gradient Update

where performance is shown as a function of training epochs.

Although this observation of non-monotonic behaviour dates back to 1989 [1], its
connection to deep learning [3] and to questions of model complexity renewed interest
in it. In [4], the double descent phenomenon with respect to model complexity is
examined in detail for linear regression, trees, and boosting. Their analysis shows that
the conclusions drawn in [3] were rather flawed, because multiple axes of complexity
were conflated in the original study.

We are concerned with the sample-wise double descent phenomenon for linear
regression which exhibits an unconventional bias-variance trade-off: as the number
of samples increases, the bias decreases while the variance increases [5]. Despite this
atypical behavior, optimal ridge regularization has been shown to mitigate the effect
[6].

We show that for ordinary least squares (OLS) the problem of double descent along
learning curves can also be mitigated without explicitly regularizing the loss function.
First, we prove that for an initial parameter vector and step size independent of the
training points, if only one gradient step is taken, the expected performance decreases
monotonically provided that the step size does not exceed a certain value. We also
present, for Gaussian covariates, what this maximum step size is that ensures sample-
wise monotonicity. Although this proof is under strict assumptions about the data-
generating process, we propose a way to make monotone linear regression models.
In this approach, we still take one gradient update, but with exact line search starting
from the parameters of the average estimator obtained from the previous training set
size.

An illustration of our method is shown in Figure 4.1, which displays the learning
curves of several models on isotropic Gaussian data. In this plot, the green curve cor-
responds to our proposal, where only one gradient update is performed using exact
line search, starting from the average estimator of the previous training set size (a
warm start). The orange curve depicts the optimally regularized ridge estimator pro-
posed in [6], and the blue curve shows the standard OLS estimator. As seen in the
same figure, the OLS estimator exhibits sample-wise double descent behavior, which
disappears under optimal regularization. Likewise, our proposed estimator does not
display this behavior.

Similar efforts on making general learners more monotone have been undertaken
in [7] and [8]. Both of these works make the learners monotone via a smart selec-
tion strategy. Our proposal is not model-agnostic as we restrict the model to linear

regression. We are only focused on making linear regression problems monotone.

Published as: O. Taylan Turan et al. “On Sample-Wise Strict Monotonicity with a Gradient Update”.
In: Advances in Intelligent Data Analysis XXIV (2026).
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Figure 4.1: Expected MSE with respect to the training set size n, where inputs come
from an isotropic Gaussian  ~ A (0, I;) and outputs follow y = 8* '@ + N (0, 0%),
with d = 20, 0% = 1, and ||8*]]2 = 1.

Moreover, we do not require a strategy other than using the previous training set size
for the initial guess. Hence, the closest work to our effort is [6], where, similarly, a
supervised linear regression problem is proven to be monotone with optimal regular-
ization. In practice, the optimal regularization parameter is of course not available
and one needs to resorts to techniques like cross-validation to estimate it.

Our paper is organized as follows. Section 4.2 introduces expected risk and mono-
tonicity along learning curves for the linear regression problem, and we show that for
the optimal step size, the expected risk decreases monotonically. In Section 4.3, we
make use of our theoretical findings to create monotone learners in practice. Finally,
we reflect on our findings and point out open questions.

4.2 Strict Monotonicity for One-Step Gradient Update

We consider the linear regression problem where the input € R¢ is from a random
distribution and the output (or response) is generated according to the model:

y= ,B*Tw + e, (4.1)

where ¢ is random noise, and 8* € R? is an unknown parameter vector. Let D

denote the joint distribution of (z,y). In practice, we are given a training dataset
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Dy, := {(x;, y;)}}—;, drawn independently from D. The goal is to learn a linear model

fs(x) = BTx, with B € R? that minimizes the population mean-squared error:

R(B):= E {(,BTa:fy)ﬂ. (4.2)

" (@y)~D

Let’s assume X € R" 4 to be the data matrix whose rows are the covariates x,,
and let y € R™ be the corresponding vector of responses. For any estimator B, =

Bn (X, y) expected risk is defined as:

R, = R(Bn)} . (4.3)

xEo|

Assume input data comes from a zero mean isotropic Gaussian distribution  ~
N (04, I;) and the noise is homoscedastic and Gaussian e ~ N (0, 02). We consider
ordinary least-squares estimator (OLS) with one gradient update step. Recall that the
OLS estimator is given by

B = argmﬁin{HXﬁfyH%}- (4.4)

Defining the Gram matrix as X,, = X " X, the scaled gradient for the OLS objective
is given by,
=Xy —X,6. (4.5)

If B is the initial guess, then our estimator takes the following form:
Bn = B + ary, (46)

where « is the step size. Finally, we assume that initial guess 3 and step size a are
independent of covariates and corresponding responses. Our starting point is to ob-
tain the expected risk given in Equation 4.3 with B =P8+ a(XTy — XTXpB) and
we represent the difference between the initial guess and the optimal parameters as

B=B-5".

Theorem 1. For the above setting, the expected risk of well-specified isotropic linear regression
problem is sample-wise monotone, that is Ros1 < Rn, if 0 < a < Quyay, where

2813
do? + (2+d+2n)|B3

gy =

Lemma 1. For the above setting, the expected risk can be represented as a function of o, B, B*, d
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and n as,

Ry = (2(n® 4+ n+dn) — 2an + 1)||8]|2 + (ond + 1)0?

Proof of Lemma 1. For isotropic Gaussian covariates the risk of an estimator for a
given n training samples is R, := ||8, — 8|3 + 0. Then, the expected risk for any

given training set size n can be obtained as follows [6]:
R = ||1Bn = B3 +0°

Using our one-step steepest descent estimator 3* from the initial guess 3,

R XIE [\|aXTyfaXTXB+B\\§}+02

)

= E |: XT X * o XTX* ~ 2:| 2
orbogary 10X (XB™+m) —aX X8+ B3| +o

=E[jloaX X" —aX X5+ B3] + E [laX n|3] +o?
iy

A B

Since the elements of X are drawn from an isotropic Gaussian distribution (N (0, 1)),
the Gram matrix is a Wishart distribution & = X " X ~ W (I, d). The first and the
second moments of Wishart distribution are given by

E[X] =nl;, and
X
E[EZX]=E [2%] = ndI; + (n® + )1y,

respectively [9]. Expanding the squared norm in A and using the expressions for
moments of the Wishart distribution leads to

A:a‘]% [QB*TEQIB* _QQB*T225+2B*TZB’+QBTEQB_QBTZB} +ET[§

= a®(n® +n+dn)[|8%]3 - 28" B+ |1BI3] + 2an(8* B - BT B) + ||BI3
= (6®(n® + n+dn) — 2an +1)||8||2.

We can obtain the B as
T2 T2
B= E [laX nl3] = E |E [JlaX n|3|X]

_ 22 2] _ 2 2 _ 22
=a‘c ;]*% [I1X|] = a’c tr(;]*% [X]) = a®ond.
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Then, the expected performance at training set size n can be expressed as,

Ry = (2(n® 4+ n + dn) — 2an + 1)||B]|3 + a?0*nd + o>

Now, we provide the proof for Theorem 1.
Proof of Theorem 1. Using Lemma 1, Rut1 < R, takes the form after some rear-
ranging,
Ros1 — R = [2n+2+d)||B]3 + 0%d]a® - 2|| |3 <0, (4.7)
——

a

o

which is quadratic in the step size aa® — ba < 0 with respect to step size. Since we
want to update the initial guess with one gradient update, step size must be bigger
than 0 o > 0. Then, the solution can be found as;

<b<0/\a<0/\0z22> \Y,

<b20/\ ((a§0/\a>0) \ (a>0/\0<a§2))>.

Since, b < 0 and a < 0 is not possible values for our case given in Equation 4.7, the
only valid interval for our case can be found as 0 < o < g

To support our theoretical findings, in Figure 4.2 we show for various dimension-
alities and noise-levels, the sample-wise monotonicity with respect to OLS estimator
and the alignment of our theoretical results with empirical observations. These plots
are obtained with the exact setting described above. In the figure the green line repre-
sents the empirical expected risk for mean squared error metric and the dotted orange
line shows Theorem 1. For the empirical results, we repeat the sampling of the train-
ing set 1000 times. As can be observed, our empirical findings using the maximum
step size are closely aligned with our theoretical findings, when one gradient update
is used for training with maximum step size amax. These observations are consistent

among different dimensionality and noise-variance.

4.3 Monotonicity in Practice

Obtaining the expected risk given in Equation 4.3 in a real-world setting is impossible
since D is not known. Generally, bootstrapping or cross-validation methods are em-
ployed to get an estimate of the expected risk while creating learning curves [10]. To
calculate the expected risk empirically, we first randomly sample 20% of the dataset
for the test set. Then, the remaining 80% of the dataset containing Ni,in samples
is used for training. In our experiments, we sample a new training set without re-
placement for each training set size 1000 times, in order to get a reliable estimate of
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Figure 4.2: Expected MSE with respect to training set size. We simulate the setting of
Theorem 1 and use the expression derived in Lemma 1 with the maximum step size
Omax. In this simulation, the data-generating parameters are drawn from a normal dis-
tribution 8* ~ N (0, 1), and the initial parameter vector is also drawn independently
from a normal distribution 8 ~ N (0, 1).

the expected risk. We repeat the same procedure for every sample size in the range
n € [1,0.8 X Ninin] to create the learning curves. Finally, for training, we normalize
both the features and the outputs.

Note that the maximum step size amax found in Theorem 1 depends on the vari-
ance of the noise 0% and the norm of the difference between the initial guess for the
estimator and the optimal parameter vector (8|2, which means it depends on the data
generating process. To make our proposal applicable in practice, we propose using
exact line search since our objective function is convex. TThen, the step size for our

e,

estimator with n training samples takes the form a5 == 5.

In Figure 4.3, we present results for two datasets obtained from OpenML [11]. For

each dataset, we consider two models with fixed initializations: one drawn from a
normal distribution and the other from a uniform distribution. Each model performs
a single gradient update using exact line search, which results in monotonic learning
curves. We observe that the expected performance depends on the quality of the fixed
initialization. Moreover, convergence to the ordinary least squares (OLS) solution may
not occur as the training set size increases.

To mitigate the effect of the starting point, we propose a warm start for each train-
ing set size n by using the average solution obtained using n — 1 samples on top of
the exact line search with one gradient update. We cannot have a warm start for the
first sample, and we initialize 3; with a random sample from a standard normal dis-

Code used for the experiments is available at https://github.com/taylanot/monotonicity.git
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Figure 4.3: Learning curves for two OpenML [11] datasets, Sulfur and Bike Sharing.
We compare fixed initial guesses for the parameter vector (sampled from uniform and
normal distributions) with a warm start, all using a single gradient update with exact
line search.

tribution. For the rest of the training set sizes, the average parameter vector from the
previous training set size will be used; B, = % Z:’;l 371—1, where m is the number
of training sets drawn from a given training set size for obtaining R,,. Then, the pro-
posed estimator for training set size n takes the form,

Bn = Bn + QT (48)

As can be seen from Figure 4.3, the warm starting point makes the solution con-
verge to the OLS solutions as the training set size increases. We observed the same in
four more random supervised regression problems from OpenML [11] in Figure 4.4,
where the green line represents the OLS solution that gives the minimum-norm solu-
tion when d > n and the orange dotted line represents our proposed solution using
one gradient update, exact line search and warm initialization.

For all the datasets considered, our estimator is monotone, where the sample-wise
double descent is not present. Moreover, our proposal converges to the OLS solu-
tion that is achieved after the double descent rapidly in terms of sample-size needed.
Finally, we observe that this monotonicity does not always come at the cost of low
performance as well.

4.4 Discussion and Conclusion

We tried to answer one of the open questions presented in [12]: when is a learner prov-
ably monotone? We proved that for isotropic Gaussian covariates, a linear regression
with a Gaussian noise model and one step of steepest descent can result in a sample-
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Figure 4.4: Learning curves for four other OpenML [11] datasets: Pakistan hunger,
climate insights, sleep deprivation, and climate change impact. Across all learning
curves, our proposed approach exhibits monotonic behaviour compared to its OLS
counterparts.

wise monotone learning algorithm, given that the maximum step size is not exceeded.
We also provide this limiting step size for which this monotonicity holds. However,
in practice, we of course typically do not know the optimal step size. Hence, we pro-
pose a practical way to set this size. We showed on real-world datasets that if one step
of steepest descent is used with fixed parameters, it yields sample-wise monotonic
learner.

Our proof relies on three major assumptions. The initial parameter vector and step
size are independent of the training points and, the training points are drawn from
an isotropic Gaussian distribution with Gaussian noise model. Both the warm start
and the exact line search we suggest to be used in practice violate the independence
assumption. We showed empirically that both the step size dependence alone and the
combined warm starting and step size dependence does not violate the monotonicity
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in practice. A theoretical analysis may be difficult when both parameters are allowed
to depend on the covariates. We suspect that, although the exact line search decision
for the step size introduces dependence on the training points, it may still be possi-
ble to bound the expected step size to guarantee sample-wise monotonicity. However,
this may not be possible for the warm start initialization. It may be easier to first inves-
tigate whether relaxing the Gaussian assumption on the covariates enables a similar
analysis.

Unlike other regularization techniques resulting in monotonicity, our practical
proposal of one step of steepest descent does not require any cross-validation. Instead,
it relies on a single gradient update with an analytically derived step size. This elim-
inates the need for hyperparameter search or data splitting, both of which can intro-
duce additional sources of variance while estimating the expected risk. The absence of
tuning makes our approach simple to implement, and well-suited for scenarios with
limited data, where validation sets are limited. Despite its simplicity, the resulting es-
timator exhibits performance comparable to optimally regularized models. However,
to have performance converging to OLS estimate in practice our approach relies on
the average parameters from the previous training set sizes n — 1, which introduces a
computational complexity that is essentially equal to that of leave one out. A sparser
grid for the training set size can reduce this burden, although it may also result in av-
erage solution from the previous training set sizes to be further apart from the current
one, which can lead to non-monotonic behaviour.

We investigated only the monotonicity aspect. However, as shown in Figures 4.1
and 4.4, our method is not only monotone but also stabilizes more quickly to a lower
generalization error as the training set size increases, compared to the other methods.
Similar observations, where gradient descent outperforms the analytical OLS solution,
are also reported in [13].

All of our results pertain to the regression setting with the MSE loss. When other
measures are used for obtaining the learning curve, some non-monotone behaviour
can be observed (although not as severe as for the OLS). In Figure 4.5 we allude to
such cases for two random binary classification problems (multi-class classification
problems, require additional decisions to determine the warm starting point of the
parameter vector), with same experimental setting apart from the loss measure pro-
vided in Section 4.3. The non-monotonic behavior of our approach could stem from
the mismatch between the MSE considered during training, while testing is done us-
ing accuracy. [14, 10] have more generally indicated that metric mismatch between
training and testing can introduce unexpected behavior. Expected error of Pseudo
Fisher Linear Discriminant (PFLD) is presented in [15], where also analytically, the
peaking behaviour [16] is observed. Our proposal addresses the non-monotonic be-
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haviour introduced by the pseudo-inverse operation in the OLS estimator. For this
reason, it may also be possible to guarantee monotonicity for linear classifiers that
rely on the same pseudo-inverse, such as PFLD, for error rate or accuracy.
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Figure 4.5: The effect of metric choice (Accuracy vs. MSE) across two datasets (heart
stats and blood transfusion) from OpenML [11]. Each row corresponds to a dataset,
with the left column showing expected Accuracy and the right column showing ex-
pected MSE as functions of training set size.

All in all, we have given a case when a learner is provably monotone in a con-
strained setting. However, our observations provide no universal guarantees: there
might exist a distribution D for which any estimator performs poorly even for arbitrar-
ily large training sizes n [17]. Thus, outside the narrow regimes where we can guar-
antee monotonicity, the very existence of a universally monotone learners remains
unknown. For the MSE, one may even wonder if such learner at all exists.
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5| When MAML Learns Quickly

Does it Generalize Well?

Model-Agnostic Meta-Learning is a meta-learning method that achieved state-of-
the-art performance on few-shot image classification benchmarks at the time of
its introduction. MAML's strength is its ability to quickly adapt to a new task
in time-critical settings, while still being general enough for any gradient-based
model. Although there is no need for quick adaptation in most of the few-shot
learning benchmarks, often MAML is utilized as a benchmark in this context.
We investigate the benefit of limiting the adaptation steps of MAML in settings
where quick adaptation is not required by the problem. In this initial study, the
expected performance of MAML is compared to some conventional base learners
for synthetic linear and nonlinear regression problems. Our experimental results
show that limited gradient descent steps only improve generalization performance
when faced with small task variance.

5.1 Introduction

Learning to learn, also referred to as meta-learning, treats the training of a machine
learning model as a learning problem in itself. In this setting, there exist multiple
learning problems and they are treated together. A machine learning model is “learn-
ing to learn” if the performance on each task improves with training experience ob-
tained from the other tasks [1]. A major use of meta-learning is to tackle few-shot
learning problems, where there is little data available from the learning task that is of
prime interest, whereas there is an abundance of data from other, yet similar tasks.
Early works on the learning-to-learn paradigm relied upon two different mod-
els working together, where one model tries to improve performance on the specific
task and the other tries to improve performance over the observed tasks together [1].
MAML (Model-Agnostic Meta-Learning) [2] provides an algorithm that circumvents
the need for multiple models. This method tackles meta-learning by providing a
model initialization (which is always required for models that are optimized with
Stochastic Gradient Descent) that facilitates quick adaptation and good generaliza-

tion.

Presented as: O. Taylan Turan et al. “When MAML Learns Quickly, Does It Generalize Well?” In:
BNAIC BeNeLearn (2022).
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Since it is model and problem independent, MAML finds a wide application area
in the context of few-shot meta-learning. Specifically, for supervised and reinforce-
ment learning problems under that paradigm. Moreover, MAML also aims to im-
prove a specific task performance quickly (with a few gradient steps). This is an addi-
tional important aspect of meta-learning.

The quick adaptation feature can prove useful in certain settings, for instance, in
robotics applications, where the reaction/adaptation time of the agents in dynamic
environments imposes time limitations. However, this limitation is not present in su-
pervised learning problems, where MAML or its variants are utilized as a baseline
(e.g. [3,4,5,6,7]). Most supervised problems are benchmarked with an image clas-
sification problem, where N-way K-shot classification problem (/N different classes
with K labeled training data) is tackled, where memory or time limitations do not
constitute a major issue.

The main aim of this paper is to investigate MAML in settings where quick adap-
tation is not needed, and where most of the applications and variants of this method
are benchmarked. This will be achieved by looking at the expected performance of
MAML under two synthetic regression scenarios, and comparing its performance to
conventional base learners (e.g. Linear Regression, Ridge Regression, Kernel Ridge
Regression, etc.). By doing this we aim to investigate the effect of the limited adap-
tation step, and whether or not there is a benefit to this limitation. The code for all
experiments is available at github.com/taylanot/EE_MAML.git.

5.2 Model-Agnostic Meta-Learning (MAML)

MAML aims to obtain an intermediate model M (Weta) that can generalize well after
adaptation with gradient descent to a dataset Z observed from a new and unseen task
T drawn from ps where the number of training points N and the number of iterations
Niter 18 limited.

In order to obtain Wneta first, a batch of tasks {7;}, from pr is observed with
each having a corresponding dataset { Z;}2,. Then, the future gradients concerning
each task are observed and gradient descent is utilized to get possible parameters w’
for each task and a gradient descent iteration is made by collecting all the possible
parameters from an observed batch of tasks for the real parameter update. The gen-
eral procedure for supervised learning problems is given in Algorithm 2. Authors of
[2] indicate that by using this procedure the model M(Wmeta) requires few gradient
updates from a specific task, achieving good generalization performance. Examples
of the intermediate model M (Weta) prediction with the observed tasks on the back-
ground can be seen in Figures 5.1a and 5.1b.
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Data: p1, o, 8
Result: Intermediate Model M (W,,ct0)
initialize w randomly;
while not done do
sample a batch of tasks 7; from pr
forall 7; do
Obtain future gradients: Vg L7, (M(W)) wrt. Z;
Possible future parameters: w;, = w; — aVg L7, (M(W))
end
Update: w < w — 8V > L7 (M(W)))
end
Algorithm 2: MAML[2] Algorithm

5.3 Related Work

MAML received multiple developments that followed the same approach of finding
a warm initialization for all the tasks coming from a certain task distribution. Subse-
quent works highlight some of its limitations. Authors in [3, 6] improved on MAML's
need for task similarity making the meta-learning more task family robust. The sen-
sitivity of MAML to architectural details is noted and circumvented in [8]. The need
for a second order term in MAML is questioned and shown that first order approxi-
mations can give equally good results in [4]. Deeper changes to the MAML method
are presented in [9] to convert it to a method of probabilistic inference. Moreover, a
continual learning extension where tasks are introduced sequentially is proposed in
[10, 5].

Besides most of the above-mentioned developments, some of the attention went to
improving the quick adaptation stage from the learned initialization. In [11] not just
the initialization, but also the update direction and the learning rate are optimized.
Moreover, in [12] the learning rate for the adaptation is learned with hypergradient

descent. Both methods aim to limit the adaptation steps needed.

Therefore, MAML's developments also focus on quick adaptation. However, the
above-mentioned articles use the Omniglot dataset [13] as a supervised classification
benchmark with MAML as the baseline and some of the works recreate the sinusoidal
regression task as shown in the original MAML paper [2]. Both of these settings where
MAML and its variants are tested do not have the time or memory restrictions as few-
shot learning problems. Yet, quick adaptation methods are still being benchmarked
with these datasets.
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5.4 Experimental Setting

Throughout this work uppercase bold letters (e.g. X), lowercase bold letters (e.g. x),
and lowercase letters (e.g. x) are used for matrices, vectors, and scalars respectively.
Moreover, the vectors are assumed to be stored in columns. Finally, the I, represents
a D x D identity matrix, the 1p and 0p represents D x 1 vector of ones and zeros

respectively.

5.4.1 Learning Problems

In this work, two families of regression tasks are considered; a linear and a nonlinear
regression task family.

Consider the conventional linear regression problem

y=x'a+e, (5.1)

where y € R, x € RP, a € RP and ¢ ~ N(0,02). Each realization of the slope a
corresponds to a task 7.

For the nonlinear problem family, the regression function is defined as a weighted
combination of sinusoidal functions:

y =sin(x + ¢)Ta + ¢, (5.2)

wherey € R, x € RP, a € RP and ¢ ~ N(0,0?). Assuming that each realization of
scale term a and ¢ corresponds to a task observed in the environment 7.

For both learning problems each set of observed NV input (x) and its corresponding
label (y) is denoted by a dataset Z := {(x;,v;)} Y.

A model parameterized by w is denoted by M(x,w) : x — y. A model M(x, w)
that is trained with Z obtained from task 7 is denoted by M(x). Noting that M (x)
for a base learner is only exposed to a single task 7" and a single dataset Z, whereas a
meta learner, in this case, MAML, are exposed to multiple tasks from p7 and multiple
datasets Z in the meta-learning stage and then the adaptation is done as in the case
of a base learner with just a single task 7 and a single dataset Z. The discrepancy
between the prediction of the estimator M and y is measured in terms of squared
loss £ := (M(x) — y)2. Ultimately the loss that this paper investigates is the Expected
Squared Loss of an estimator M over the pr;

e = [[[ 60~ vPpix.ppzprasayizar (53)

This performance measure gives rise to the Bayes Error to be given by o2 that is
coming from the noise term, which represents a model that is the perfect estimator,
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referred to as oracle in some of the meta-learning literature.

For all the problems the input distribution is given by px ~ N(0, kI) where k is
a parameter for the variance of the inputs. For the linear problem the py := p(a) ~
N(mlp,clp)and for nonlinear problem the task distribution takes the form of a joint
distribution p7 := p(a, ¢) where po ~ N(1p,c1Ip) and py ~ N (0p, c2Ip)

2 5
1
= 04 —— = 04
1
—2 -5
T T T T T T T T T T
-1 —-0.5 0 0.5 1 —4 —2 0 2 4
(@y=x"a (b) y = sin(x + ¢)Ta

Figure 5.1: 100 sample tasks drawn from p7 for both linear (m = 0 and ¢ = 1) and
nonlinear (¢; = 1 and ¢, = 1) problems with low opacity and the intermediate models
for MAML trained with respective p.

5.4.2 Models

For the linear problems M(x,w) := xw with x € R™>*P*! and w € RPT1*! where
w := [w,b]T and x := [x, 1] is utilized. The optimum parameters (w) for different
linear models are obtained as follows:

Linear Estimator is given by the least-squares solution, w := (X"X) !XTy, where
X € RV*P is the design matrix where the observed input data is stored in rows.

Ridge Estimator is given by w := (X"X + A\Ip)~'X"y which is obtained by mini-
mizing the squared loss with the additional term of \||w||3.

Kernel Ridge Estimator is given by w = X' where a := (K + M x) "'y where
K € RV*N is the Gram Matrix obtained by replacing XX inner product by a kernel
k(X, X). Then, the prediction of the estimator takes the form M(x*,w) = aTk(x*, X)
where x* € RPX1,

For both linear and nonlinear models, gradient descent can be utilized to update
the parameters of a model M. Then,
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Gradient Descent for any given model M(x,w) and a given number of iterations
niter the gradient descent estimator is given by {w; 1 = w; =1V, va(/\/l(xi, w;)—
y:)?}j 26" In other words for any given value of W one gradient update is given by the
gradient with respect to w with a scaling parameter .

All the models investigated can be divided into two sub-categories the models
that have information regarding the task space and the ones that have not. The labels
used in Section 5.5 of the models that have information regarding the task space are
as follows:

MAML (for linear problem): corresponds to gradient descent with n;.., with
the adjustable parameters obtained from the mean of the tasks E[ps] with small
perturbation § ~ A(0,0.1I) since the MAML procedure for a linear model goes
to the mean of the task distribution.

MAML (for nonlinear problem): an intermediate model trained with the net-
work and meta-learning procedure given in [2] for the sinusoidal regression
problem. After which gradient descent with n;., is used for adaptation to a
certain task.

Finally, the following model labels have information from a single task:

Linear: standard least squares solution.
Ridge: standard least squares solution with Ly — regularization.

random GD: gradient descent with n;.., with the adjustable parameters starting

from random initialization.
Kernel Ridge: kernelized (with Radial Basis Function Kernel)

For the linear problem setting, it should be noted that the optimum can always be
reached when the gradient descent is utilized with an infinitely small learning rate
and an infinite number of gradient steps. Thus, allowing us to investigate the differ-
ence between taking limited steps or allowing the model to go towards the optimum
directly.

It should be noted that the hyper-parameters of the utilized models if there are any,
are selected with a simple grid search with 20 different values, and only the one with
the lowest mean expected error over the parameter under investigation are presented
in the results.
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5.5 Results and Discussion

This section is dedicated to the expected performance results of a meta-learning model
after adaptation and conventional base learners (e.g. Linear, Ridge, and Kernel Ridge
Regression models), to see their performance differences under certain scenarios in-
duced by the experimental assumptions (e.g. task variance, input variance, noise, and

dimensionality).
Linear Problem

The linear problem introduced in Section 5.4 is characterized by the dimensionality
D, number of training samples IV, number of gradient steps n;:.,, the task variance
¢ and task mean m, and the variance of the input samples k. For the sake of brevity,
only some of the parameters are discussed in this section. Unless the parameter in the
configuration is under investigation, the default values are utilized. And, the default
values for the experimentationo =1, m =0,k = 1, ¢ = 1, njter = 1. Moreover, the
number of tasks drawn (N7), and dataset draws (N z) for approximating the expected
error given in Equation 5.3 are taken to be 100 each. Finally, the test set size is taken
as 1000.

Effect of Number of Gradient Steps n;..,: It can be observed from Figure 5.2a that
for a low number of training samples the gradient steps taken have little to no influ-
ence. But as the number of training samples increases for a given problem dimension-
ality the effect n;.., on the expected error gets much more prominent. It is evident that
MAML decreases the number of gradient steps needed for convergence. Moreover,
for D = N case it even improves generalization after convergence too (see Figures
5.2d and 5.2a). Overall, it can be observed that the increasing n+., converges towards
the Ridge model variants with the exception of the D = 1 and N = 1 cases.

Effect of the Number of Training Samples N: Results of this experiment can be
found in Figure 5.3 for increasing problem dimensionality. It can be seen that the
Linear model suffers from singularities. For instance, in Figure 5.3b when the number
of samples equals dimensionality NV = D. However, it is able to have comparable error
over all the selected problem dimensionalities. For the increasing training samples
case, the Ridge model performs much better as all the cases converge towards the
Bayes error. However, MAML is unable to converge towards the Bayes error. This can
be attributed to the regularizing effect of the limited gradient steps (nt.,) allowed for
the models. Overall, the improvement that the additional task-related information
brings to the gradient-based models is not visible, as the random GD model is orders
of magnitude higher in expected error. It is evident that although task information
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Figure 5.2: The expected error for the increasing number of gradient steps 7+, used
for adaptation when changing the number of training samples for various problems
of different dimensions.
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provides gain over random initialization, the expected performance is hindered for

the gradient-based models.
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Figure 5.3: The expected error for the increasing number of training samples and prob-
lem dimensionality.

Effect of Task Variance ¢: The results of increasing task variance for various prob-
lem dimensions and various numbers of training samples can be found in Figure 5.4.
The most obvious observation is that for all the models that utilize gradient descent,
expected error increases, whereas the Linear model and the Ridge model are only
affected by this phenomenon for problem dimensionality D > N.

In light of this observation, another important result is that for N > D and for
small task variance the gradient descent variants (except the randomly initialized
model) have lower expected error than the Ridge model. However, this performance
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diminishes with increasing problem dimensionality and the increasing number of
training points. It is interesting to see a better performance from just one gradient
step.

That is why an additional mini-experimentation is done for the GD and MAML
models to investigate if there is an improvement with the additional gradient steps.
The results of this experimentation are given in Table 5.1. It is observed from the
table that there exists a point at which the gradient steps are hurting the expected
performance one would get in this range after the second gradient step. Then, it can
be conjectured that the number of gradient steps has a regularizing effect on the task
distributions with small variance. Despite, the surprising results of MAML-like algo-
rithms, the Ridge model is much more stable and performs better than gradient-based
methods for N > D.

Table 5.1: Mean expected error over c € [0, 1] for different numbers of gradient steps
(niter) with learning rate n = 0.3234. Results shown for D = 1, N = 10 (see Fig-
ure 5.4b).

Number of gradient steps (niter)
1 2 3 4 5 6 7 8 9 10
12132 1.1938 1.2067 1.2171 1.2318 1.2476 1.2773 1.3330 1.4622 1.7556

Effect of Task Mean m: The results can be seen in Figure 5.5. The most important
observation from this experimentation is that the Ridge model has an increasing ex-
pected error for the cases of N < D cases (see Figures 5.5a, 5.5d and 5.5¢) and mostly
the best A from the trials is found to be the lowest value, which makes the Ridge model
behave similar to the Linear model. Furthermore, other models which have prior task
information do not seem to be affected by the task mean shifting in the task space,
as expected. Again, the superiority of including information from the task space is
evident as the conventional regularization cannot deal with the changing task distri-
bution mean for N < D.

Nonlinear Problem

The nonlinear problem introduced in Section 5.4 has parameters controlling the di-
mensionality D, number of training samples /N, number of gradient steps n¢c,, the
task variances and means m; and ms, ¢; and c3, and the variance of the input sam-
ples k. Note that only some of the parameters are discussed in this section. Unless
the parameter in the configuration is under investigation, the default values are uti-
lized. And, the default values are givenaso =1, m; =1, mg =0,¢1 = 2,¢2 = 2,



Results and Discussion

73

Expected Error

Expected Error

—— Linear _— Li.near
10 1 —— Ridge-\:2.6317 4 - = Ridge-A:0.0001
- == Bayes - == Bayes
g 4 = random GD-7:0.158 é* —— random GD-7:0.4211
== MAML-7:0.1112 s 34 T MAML-7:0.3334
o
3 E
[
o
%
4 B 24
2 —
et
............................. T
T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
c c
@D=1N=1 (b)D=1,N =10
50 Imrr rr T T T vYIo[
1.8 1 —— Linear mn| Ll‘near
—— Ridge-):0.0001 40 —— Ridge-\:2.6317
=== Bayes === Bayes
1.6 9 — random GD-7:0.4737 8 50 —— random GD-7:0.2106
—— MAML-7:0.4445 = ~— MAML-7:0.2223
2 \g
1.4 ]
5
o
&
1.2
T
T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
¢ c
(c)D=1,N =50 (dyD=10,N =10
—— Linear
400 4 = Ridge-X:0.0001
- == Bayes
5 —— random GD-7:0.1054
& 3007 —— MAML-:0.1112
k=]
2
8 200
[=N
%
=
100
O ,

(e) D =50, N =10
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k = 1, nyer = 10. Moreover, the number of tasks drawn (N7), and dataset draws
(Nz) for approximating the expected error given in Equation 5.3 are taken to be 50
each. Finally, the test set size is taken as 1000.

Effect of Number of Gradient Steps n;.,: It can be seen from Figure 5.6a that a
single realization of the Kernel Ridge model can have a lower expected error for an ex-
treme value of 1 training sample for the 1-dimensional problem. However, as the num-
ber of training samples increases for a given problem dimensionality MAML model
starts showing a lower expected error (see Figure 5.6b). Moreover, the further increase
in training samples to 50 lowers the difference in expected error for given models. An-
other interesting observation is, that for N < D Kernel Ridge model can achieve a
lower expected error, and for all the other cases one might find a better MAML model
given that sufficient gradient steps are allowed. Moreover, it can be observed that the
difference between random GD and MAML is low in terms of expected error for most
of the presented problems. Finally, in cases where MAML outperforms Kernel Ridge
the number of gradient steps required to get a lower expected error is low.

Effect of Number of Training Samples N: By looking at Figure 5.7 it can be seen
that for all the given dimensionalities there exists a training sample amount where the
expected error of the Kernel Ridge model is higher than MAML. Another observation
is that the randomly initialized model average performance is stable over all number

of training samples.

Effect of Phase Task Variance c;: Remembering that the task variance effect for the
linear problem had some interesting properties where even a single gradient step re-
sulted in a lower expected error. One might wonder if that is the case for the nonlinear
problem as well. As can be seen in Figure 5.8b a similar effect is observed for the non-
linear problem. However, for this case, the decreased expected error of MAML is only
better than a randomly initialized model. This indicates that a better performance
can be achieved with a regularization-based conventional learner. The only clear ad-
vantage of utilizing MAML is seen in the case where there is only 1 training sample.
However, even the randomly initialized model performs better than the Kernel Ridge
model for that case and what MAML adds is just a slight improvement.

Additional experimentation results for ¢ for linear and nonlinear problems can be
found in C, it is observed that increasing noise has similar behavior with single task
learning models. Moreover, the effect of input variance is investigated and found that
the gradient descent based methods perform poorer for the linear problem.
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Figure 5.7: The expected error for the increasing number of training samples and prob-

lem dimensionality.

5.5.1 Discussion

Upon our investigation, it is found empirically that meta-information about the task

space can help the generalization performance in linear and nonlinear problem set-
tings even with limited gradient steps. Increased generalization performance of MAML
compared to single task learning models on expectation when the tasks that are in con-
sideration are close to each other is observed, where the same observation is made
theoretically in [14]. This observation suggests that there is a regularizing effect of
limiting the gradient steps used for adaptation. We conjecture that after the meta-

learning stage intermediate model parameters w are closer to the test set optimum
compared to the proximity of train and test set optimums. This type of behavior is
investigated in [15] as well, where the large learning rate in the training phase acts as
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a regularizer due to the discrepancy between train and test loss landscapes.

This limitation of adaptation steps is noted in [12, 16] that tries to improve the
MAML adaptation step so that the adaptation is limited to fewer gradient steps, prefer-
ably one. Our findings suggest that the expected performance of these methods should
be investigated as well since some of the generalization power of MAML might be
coming from the regularization induced by not optimizing the training loss perfectly.
This hypothesis is supported by the findings of [17] which concludes that the perfor-
mance gain of MAML is about feature reuse instead of rapid learning.

5.6 Conclusion

Upon our investigation, we observed that single-task learners are able to compete with
MAML when a limited number of gradient steps are allowed. We show that even
in the case of general regularization, and when there is enough data, a single-task
learner can outperform on expectation of a meta learner. Especially when the tasks
observed start to deviate from each other. It indicates that the regularization-based
meta-learners similar to the ones presented in [18], can be competitive and robust
enough for much wider task variance. However, it also should be suitable for non-
linear problem settings. Moreover, regularization-based methods similar to the ones
presented in [7] for MAML can prove useful to extend the generalization performance
of MAML to wider task variances.

This study only utilizes synthetic data, since the computational burden of expected
error analysis is high. Thus, more in-depth expected performance should be done for
the Omniglot dataset and other widely used supervised few-shot learning benchmark
datasets with improvements introduced on top of MAML. We believe that understand-
ing all the contributing factors to generalization performance is key to correct use cases
of meta-learning methods.
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6| Discussion

Evaluation can be considered one of the major enablers of a measurable progress
for machine learning research [1]. The work presented in this dissertation addresses
some of the main components of the evaluation topic of learning algorithms: perfor-
mance measures, error estimation, statistical significance, and benchmark selection
[2], through the lens of learning curves. In the following sections, some of the find-
ings presented in this dissertation are revisited within a broader perspective.

6.1 Benchmarking

Benchmarking results on known real-world datasets are presented in Chapters 2 and
4. This is possible thanks to the online sharing of such datasets in databases, such as
UCI machine learning repository [3] and OpenML [4]. This democratizes the evalua-
tion for machine learning researchers. Although these large collections of databases
contain a considerable amount of real world datasets, the general trend shows a con-
centrated usage of limited datasets [5]. Hence, any work that is extending our findings
in terms of number of datasets is worth the effort given the potential biases that are
present inherently in the datasets that were utilized.

In the remainder of the chapters, namely Chapters 3 and 5, we use synthetic datasets.
There are various reasons that force people to generate and use synthetic datasets,
such as privacy concerns and cost. Our reason was purely to investigate some spe-
cial phenomena that may not be as easily observable in current real-world datasets.
For instance, in Chapter 5 we use synthetic datasets to control the task similarities
since current datasets for meta-learning applications are known to lack the variability
between tasks [6].

Both real and synthetic datasets can be valuable for machine learning research,
particularly in settings where data are scarce. For instance, TabPFN [7] demonstrates
strong performance on real-world tabular data despite being trained exclusively on
synthetic datasets. This suggests that, to some extent, synthetic data can be repre-
sentative of real-world distributions. However, this approach does not fully capture
real-world distributions, which is reflected in the performance gains of Real-TabPFN
[8] when incorporating real-world training data during training.

These observations indicate that synthetic datasets can also play a useful role in
evaluation benchmarks. Recent work such as TabArena [9] introduces the concept of
a living benchmark, in which models are continuously evaluated on a curated collec-
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tion of real-world datasets using a standardized pipeline. A similar approach could
be adopted for synthetic datasets, enabling the community to develop a living syn-
thetic benchmark that evolves over time or maybe even better, a combination of those
can be utilized instead of relying solely on real-world or synthetic datasets. While
any evaluation system, particularly those based on curated datasets, such as the one
presented in [10], inevitably introduces biases. We believe that relying on combina-
tion of real-world benchmarks with synthetic ones may help cover a broader range of
scenarios and yield more robust and reliable performance estimates.

6.2 Learning Curves

This thesis addresses several aspects of learning curve research, including extrapola-
tion and the examination of key hypotheses. Based on our findings, we also identify
several important topics that warrant further efforts.

Expected Performance

Every chapter of this dissertation pertains to the expected performance of machine
learning models in one way or another. Focusing on expected performance is often a
convenient and pragmatic choice; however it can be misleading. We showed in Chap-
ter 2 that, for varying training set sizes, a model’s generalization performance can
be multimodal and skewed. Hence, the emphasis on point estimates of performance
can obscure important aspects of model behavior, such as variability, robustness, and
sensitivity to worst-case scenarios.

In many practical settings, understanding the reliability of a model is as critical
as achieving high average performance as mentioned in Chapter 2. Therefore, while
studying learning curves we might need to look at other measures that take into ac-
count the performance distribution. These distributions along learning curves can
yield much more than a simple average. It can increase the quality of the model/
architecture driven research. Indeed, it is rather costly maybe to obtain representative
generalization performance distributions. However, given the computational power
increase and potential efforts put into the computational aspects of the evaluation
pipelines of learning systems, it is not impossible.

Fidelity

One important aspect that has the potential to alter the conclusions about the shapes
of the learning curves is the fidelity at which the learning curves are studied. In this
dissertation, fidelity refers to the resolution of the training set size used and the num-
ber of resampling per training set size. We deliberately tried to create and use high-
fidelity learning curves in all of the chapters, unlike existing learning curve databases.

The motivation is straightforward: sparse learning curves, those obtained at only a
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few training set sizes, can be misleading. When learning curves are sampled at coarse
intervals (e.g., only at 10%, 50%, and 90% of training data), they may appear smooth
and well-behaved, suggesting clear trends like monotonic improvement or smooth
convexity. However, a finer-grained sampling might reveal the opposite.

As we demonstrated in Chapter 2, learning curves exhibit performance distribu-
tions with substantial outliers and heavy tails. Existing algorithms that character-
ize learning curve properties, monotonicity, convexity, sample complexity—rely on
whatever training set resolution was used to obtain the curves. This reliance intro-
duces systematic bias: the detected properties depend more on the sampling resolu-
tion chosen than on the underlying learning process. We hypothesise that using much
denser grids would reveal even more ill-behaved curves, which is partially observed
in [11].

Increasing the fidelity had several consequences, including the use of medium- to
small-sized real-world datasets, as well as the consideration of a limited number of
training set sizes and learning algorithms in some studies. Therefore, future work
should focus on increasing dataset sizes and investigating a broader range of learning
algorithms, both of which would enhance the practical relevance of learning curve

research.

Hyper-parameter Optimization

A current trend in the learning curve databases created for analysis is to study a learn-
ing algorithm with fixed hyper-parameters [11, 12]. We believe that this is one of the
main limitations of current learning curve research. Hence, in Chapter 2 we also in-
vestigated hyper-parameter optimization. However, it is not be feasible to thoroughly
search the hyper-parameter space, especially for high-fidelity learning curves. In our
work we employed grid search, which is also not scalable to many hyper-parameters.
Hence, more scalable methods such as random search or evolution-based methods
[6] can be used to circumvent this bottleneck and create learning curves with more

complex optimization loops.

The software package for learning curve creation presented in Chapter D intro-
duces an easy interface to enable this with minimal effort. Observing more algorithms
that involve additional optimization steps can lead to changes in some of the obser-
vations obtained in this work and other learning curve research [11, 12]. Some of
the general observations about the shape of learning curves given in [13] may change
upon the addition of hyper-parameter optimization in the training phase. Moreover,
this can also increase the relevance of learning curve research for practitioners.
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Parametric Models

In Chapter 3, we proposed a data-driven method for learning curve extrapolation
using a learning curve database. The motivation was the inability of many existing
parametric models to extrapolate non-monotonic learning curves well. Our approach
leverages a database of observed learning curves to construct a non-parametric learn-
ing curve by matching and aggregating curves with similar early-stage behavior.

Although the existing parametric methods provided in [13] provide information
about the shapes of learning curves, they rely on assumptions that can be violated for
certain data distributions. One way to probe the shapes of learning curves is through
data-driven analysis of learning curve databases. This may help derive explicit para-
metric models that capture non-monotonic patterns as well. One obvious approach is
to employ symbolic regression on the learning curve databases created in this work.
With a restricted set of candidate functions, for example, polynomials, exponentials,
and rational terms, we can obtain parametric models that are far more expressive
than the current parametric models. The resulting analytical expressions can provide
interpretable models of learning dynamics, enable quantitative comparison of curve
shapes across tasks and models, and allow us to test hypotheses about which func-
tional components correspond to specific training phenomena.

These parametric forms can also be incorporated for extrapolation. For instance,
our proposed method in Chapter 3 can use a collection of such parametric forms and
the dependence on the learning curve database can be eliminated. Or, they can be
used individually for learning curve fitting and extrapolation. However, these new
parametric forms may be difficult to fit, which is a known issue [13]. Therefore, im-
proving optimization methods for fitting learning curves keeps on being an important
direction for future research.

Monotonicity

Perhaps we will see the days when a learner that is robust enough to any type of data
distribution and any type of evaluation metric will be provably monotone. But it is not
this day, unfortunately. Currently, we only identify certain settings in which certain
learners are guaranteed to improve with additional data. In Chapter 4, we present one
such combination of evaluation measure and learner, where monotonicity guarantees
are given in expectation for specific data distribution.

In combination with the findings of Chapter 2, the usefulness of guarantees given
in expectation can be questioned. Research efforts that focus on the worst performing
cases may be more meaningful than guarantees in expectation, as they provide insight
into the least favourable scenarios and are therefore safer from a reliability perspec-
tive. Such guarantees may be obtained by applying extreme value statistics to random
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matrix theory in simple settings such as the one considered in Chapter 4. Although
for other settings the extreme value statistics may be difficult to obtain, it remains to
be important.

6.3 Open-Source Toolboxes

This dissertation would not have been possible without the support of open-source
machine learning and algebraic toolboxes. Over the years, machine learning research
has addressed some of the open-science challenges discussed in [14], though solving
those issues may have created new ones. One concern we would like to highlight
is that the open-source nature of machine learning and deep learning research can
sometimes have detrimental effects on research quality and reproducibility.

The openness of the machine learning community and its resources significantly
accelerates development and experimentation for researchers. However, this conve-
nience also carries a risk: subtle implementation details and methodological deci-
sions can remain hidden when one relies exclusively on existing frameworks. This
became evident while working on the software package presented in Appendix D,
where many computational details would have otherwise remained unnoticed, such
as additional jitter terms for numerical stability, and decisions in extreme cases of one
unique or missing labels.

Modern machine learning pipelines abstract away most underlying processes and
increasingly sophisticated end-to-end pipelines are readily available for public use.
We believe that this encourages treating models as black boxes. While this can reduces
the burden of implementing models from scratch and can shorten the research cycle
[15]. We also believe that this can also risks overemphasizing benchmarking compe-
titions at the expense of hypothesis-driven research, reducing the quality and depth
of research output and increasing the reliance on the hidden decisions, the original
implementers made.

These developments can also have implications for industrial roles in which ma-
chine learning expertise is valued. The ease of applying pre-built pipelines can result
in overstated claims of expertise, despite limited understanding of underlying princi-
ples. This risks diluting professional standards and blurring the distinction between
tool usage and methodological mastery.

This critique should not be interpreted as opposition to open science or open-
source software in general. On the contrary, the democratization of computational
tools and resources brings far more benefits than drawbacks. Nevertheless, researchers
should remain mindful of potential pitfalls and focus not only on how tools are ap-
plied but also on what can be observed and why.

Also extending this attitude to educational practice is important for robust scien-
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tific output in the field of machine learning, especially in fields at the intersection
of machine learning and domain-specific applications. In such interdisciplinary con-
texts, understanding the assumptions underlying machine learning methods and the
implementation details of software libraries can often be overlooked due to the ap-
plied nature of these systems. However, given the rapidly evolving nature of open-
source software, educators should equip students with the skills to not only use cur-
rent tools but also to track and understand how these tools change over time. Students
should recognize that software is not infallible: bugs exist, vulnerabilities emerge, and

careful scrutiny of both tools and results remains essential.

6.4 Last Words

This dissertation is unified by the theme of learning curves and data scarcity, yet it re-
mains diverse in its approaches. It brings together some mathematics with statistics,
and a fair bit of programming within the broader field of machine learning research.
Some may ask whether this represents the pinnacle of machine learning research. Per-
haps not.

Nevertheless, my curiosity was drawn to multiple facets of learning curves, rang-
ing from questions of monotonicity, assumptions, computational aspects to the chal-
lenges of extrapolation. Over the years, I have come to feel that this niche area has
often been overlooked, neither widely appreciated nor deeply engaged with by many
of those I encountered.

Still, learning curves remain insufficiently understood, and data scarce machine
learning stands to benefit substantially from a deeper and more principled under-

standing of them.



References 89

References

(1]

(2]

(3]
[4]

[5]

(6]

(7]

(8]

[9]

(10]

(11]

(12]

(13]

Kenneth Ward Church and Joel Hestness. “A survey of 25 years of evaluation”.
In: Natural Language Engineering 25.6 (2019), pp. 753-767. por: 10.1017/513513
24919000275.

Nathalie Japkowicz and Zois Boukouvalas. Machine Learning Evaluation: Towards
Reliable and Responsible Al. Cambridge University Press, 2024.

Dheeru Dua and Casey Graff. UCI Machine Learning Repository. 2017.

Bernd Bischl et al. “OpenML: Insights from 10 years and more than a thousand
papers”. In: Patterns 6.7 (2025), p. 101317. por: 10. 1016/ j . patter.2025.101317.

Bernard Koch et al. “Reduced, reused and recycled: The life of a dataset in ma-
chine learning research”. In: arXiv preprint arXiv:2112.01716 (2021).

Pavel Brazdil et al. Metalearning: Applications to Automated Machine Learning and
Data Mining. Cognitive Technologies. Cham: Springer International Publishing,
2022. por: 10.1007/978-3-030-67024-5.

Samuel Miiller et al. Transformers Can Do Bayesian Inference. 2024. arXiv: 2112.1
0510 [cs.LG].

Anurag Garg et al. “Real-TabPFN: Improving Tabular Foundation Models via
Continued Pre-training With Real-World Data”. In: Foundation Models for Struc-
tured Data workshop at ICML. 2025.

Nick Erickson et al. TabArena: A Living Benchmark for Machine Learning on Tabular
Data. 2025. arXiv: 2506.16791 [cs.LG].

Sebastian Felix Fischer, Matthias Feurer, and Bernd Bischl. “OpenML-CTR23 -
A curated tabular regression benchmarking suite”. In: AutoML Conference 2023
(Workshop). 2023.

Cheng Yan, Felix Mohr, and Tom Viering. LCDB 1.1: A Database Illustrating Learn-
ing Curves Are More Ill-Behaved Than Previously Thought. 2025. arXiv: 2505. 16657
[cs.LG].

Felix Mohr et al. “LCDB 1.0: An Extensive Learning Curves Database for Classi-
fication Tasks”. In: Machine Learning and Knowledge Discovery in Databases. Ed. by
Massih-Reza Amini et al. Vol. 13717. Cham: Springer Nature Switzerland, 2023,
pp- 3-19. por: 10.1007/978-3-031-26419-1_1.

Tom Viering and Marco Loog. The Shape of Learning Curves: A Review. Nov. 2022.
arXiv: 2103.10948 [cs].



https://doi.org/10.1017/S1351324919000275
https://doi.org/10.1017/S1351324919000275
https://doi.org/10.1016/j.patter.2025.101317
https://doi.org/10.1007/978-3-030-67024-5
https://arxiv.org/abs/2112.10510
https://arxiv.org/abs/2112.10510
https://arxiv.org/abs/2506.16791
https://arxiv.org/abs/2505.15657
https://arxiv.org/abs/2505.15657
https://doi.org/10.1007/978-3-031-26419-1_1
https://arxiv.org/abs/2103.10948

90 Discussion

[14] SAkren Sonnenburg et al. “The need for open source software in machine learn-
ing”. In: Journal of Machine Learning Research 8.0ct (2007), pp. 2443-2466.

[15] Max Langenkamp and Daniel N Yue. “How open source machine learning soft-
ware shapes ai”. In: Proceedings of the 2022 AAAI/ACM Conference on Al, Ethics,
and Society. 2022, pp. 385-395.



91

A| Generalization Performance Along Learning Curves

A.1 Learning Curve Database Creation

The classification datasets used in this work are presented with their corresponding
OpenML-ID is given in Table A.7.

In this work in order to keep the computational burden at manageable levels we
decided to tune only one hyper-parameter for every given model and conducted with
a simple grid search of 20 values. For continuous hyper-parameters logarithmically
spaced values between 10~® and 10! and for the discrete hyper-parameters regularly
spaced values between 1 to 100 used. In all our experiments we use our home-brewed
learning curve generation tool in C++ [1].
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Figure A.1: Summary of sampling strategies for learning curve generation (Addi-
tive,Bootstrap,Random Selections and with and without split) used in this work. The
dataset for training and testing for 2 repetitions is given for sample sizes 2 and 3 for
both varying and fixed test set. At the top (above the pink line) a fixed test set is used,
in the bottom a varying test set is used. The dashed lines encapsulate the testing set,
and the solid lines encapsulate the training set used for the learning curve creation.
The colored balls represent the data points in the dataset. Each ball has a unique
color, hence seeing the same colored data point multiple times indicate sampling with
replacement. Ellipsis represent the repetition of the experiment with different sam-
plings for the same sample size.

In our current experiments 94 learning curves are missing out of 4800 expected
learning curves. These are due to timed out experiments which are not finalized due

to time constraints. The missing experiments are summarized in Tables A.1,A.2 and
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A.3. From these one can see that the missing learning curves mostly come from Gaus-

sian Kernel Support Vector Classifier for large datasets with hyper-parameter tuning.

Table A.1: Missing learning curves per Model

Model Missing #

ADAB 2
GSVC 64
LREG 6
NNC 16
RFOR 6

Table A.2: Missing learning curves per Dataset ID

OpenML-ID Missing #

1063 24
44037 20
46597 50

Table A.3: Missing Combinations for Hyper-parameter Tuning

Tuning Missing #
Not Tuned 18
Tuned 76

A.2 Effect of Sampling Strategies

For the same set of learners used in Section 2.3.2, we examine the effect of different
sampling strategies without using a separate test split, as shown in Table A 4. The only
clear difference appears for the Logistic Regression model combined with Bootstrap
sampling, where we observe an increase in the proportion of performance distribu-
tions classified as Gaussian. However, beyond this case, we do not observe any clear
or systematic relationship between the sampling methods (Additive, Bootstrapping,
and Random Selection) and the Gaussianity of the resulting performance distribu-
tions, indicating that not all models are affected by the sampling strategy in the same

way.



Corresponding Results for Brier and Cross-Entropy Losses Results

Table A.4: Average Percentage of non-normal results for selected models for investi-

gating the effect of sampling type.

Additive Bootstrap Random
DT 9732 +717% 99.49 £2.00% 97.82 +£5.78 %
LDC  99.63 £153% 99.87 £0.27 % 99.45+1.52 %
LREG 98.48 +£450% 97.46 +6.36% 99.01 £3.51 %
RFOR 99.06 £3.90% 98.87 £4.20 % 98.99 £ 3.90 %

A.3 Corresponding Results for Brier and Cross-Entropy

Losses Results

This section is dedicated to the corresponding result presented in Section 2.3 with
Brier Loss and Cross-Entropy Loss.

Table A.5: Effect of dataset imbalance to the Gaussianity for Brier and Cross-Entropy
Losses.

Imbalanced Balanced

95.21%
96.97%

90.84%
94.43%

Brier
Cross-Entropy

Table A.6: Average Percentage of non-normal test splits for each dataset and loss mea-
sure (based on Shapiro-Wilk test with o« = 0.05) for binary and multi-class cases of
LREG model for Brier and Cross-Entropy Losses.

Brier = Cross-Entropy
Binary 92.60% 99.74%
Multi-class  95.22% 99.98%
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Figure A.2: Quantifying which portion of the learning curves we see more non-
Gaussian performance distributions for Brier and Cross-Entropy losses.

Table A.7: Dataset information used in creating the Learning Curve Database

Property 44037 46597 46847 46733 11 37 53 61 23 1063
Number of Samples 4970 2111 383 520 628 768 270 150 1473 523
Number of Features 12 16 16 16 4 8 13 4 9 21
Number of Classes 2 7 2 2 3 2 2 3 3 2
Balanced v X X X X v v X X

Table A.8: Average percentage of non-normal test splits for each loss measure across

datasets.
11 23 37 53 61
Brier 97.72+7.13%  98.82+3.43%  91.42+23.83% 94.40+14.65% 95.74+16.19%
Cross-Entropy  98.99+4.17%  99.464+3.28%  93.32+22.00% 95.39+14.16%  95.13+18.01%
1063 44037 46597 46733 46847
Brier 90.51+£15.15%  82.79+33.02% 91.79+13.63%  99.11+3.87%  93.13+15.69%
91.86+17.80%  95.32+11.37%  99.13+3.42%  94.93+14.72%

Cross-Entropy  96.01+10.07%

Table A.9: Average percentage of non-normal for each loss measure across models.

ADAB DT GSVC LDC LREG
Brier 99.29+2.95%  93.89+13.76%  96.42+16.39%  93.39+11.63%  93.14+12.24%
Cross-Entropy  99.80+1.51%  95.31£12.09% 94.97+18.92% 94.51+10.73%  99.49+2.90%

LSVC NMC NNC QDC RFOR
Brier 91.59+27.71%  86.60+£28.35% 95.07+11.91%  83.79+24.31% 92.49+15.12%
Cross-Entropy  99.99+0.07%  87.17+27.73%  94.95+£12.12%  86.58+23.15%  98.33+4.34%
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B.1 Learning Curve Database Details

In this work, both classification and regression problems are used to create a learning

curve database. We introduced variety into the learning curves by altering dataset

parameters and model hyperparameters. We obtain our learning curves by using 20

different hyper-parameter and 20 different dataset realizations by regular sampling

from the given ranges summarized in Tables B.2 and B.3. Figures B.1 and B.2 presents

one realization for some of the datasets used. The combinations of models and the

datasets used for our learning curve database can be seen in Table B.1.

e class-1eclass-2

Figure B.1: Scatter plots for one realization of classification datasets (dipping, banana
and Gaussian datasets from left to right).

QDC
LDC
NNC
NMC
ANN
LR
KR
GP

GAU BAN RDIP DDIP ESN ESC ELN SAW DGP
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ANENIEN

v
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v
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v

v

v

v
v v v
v v v v
v v v

v

Table B.1: Combinations of datasets and models to create learning curve database.
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Figure B.2: Scatter plots for one realization of regression datasets (sine, sinc, sawing
and linear datasets from left to right).

B.2 Computational Details

All of the learning curve generation and majority of experimentation is done in a
home-brewed C++ machine learning library that can be found in https://github
.com/taylanot/mlcxx.git. If a model that we mention was not available in mlpack
[1] we code it from scratch (NMC, LDC, QDC, KR, DGP). All the datasets used for the
database are created by us. BNSL [2] and MDS [3] are implemented in a library de-
signed specifically for fitting learning curves in the python environment and is acces-
sible at https://github.com/taylanot/learningcurvefitting.git. The learning
curve database that we created and the experimental results can be downloaded from
https://surfdrive.surf.nl/files/index.php/s/6K4FiCtxeEdvQdx.


https://github.com/taylanot/mlcxx.git
https://github.com/taylanot/mlcxx.git
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Classification
Name Hyperparameters
Nearest Mean (NMC) no hyperparameters
Nearest Neighbor (NNC) number of neighbours: A, € [1,20].

Linear Discriminant (LDC)

Quadratic Discriminant (QDC)

regularization parameter for the covariance matrix: Ag €
(1072, 1].
regularization parameter for the covariance matrix: Agq €
(1075, 1].

Regression

Name

Hyperparameters

100

Linear Ridge (LR)
Kernel Ridge (KR)

Gaussian Process (GP)

Artificial Neural Network (ANN)

regularization parameter: A\, € [107°,1].

regularization parameter: A, € [107°, 1] Gaussian and Laplace
kernels with default length-scale v = 1.

regularization parameter: A, € [107°,1] Gaussian kernel with
default length-scale v = 1.

Adam [6] optimizer with learning rate 0.001 and width of the 2
hidden layer network changing between [5, 25].

Table B.3: Models and hyperparameters, that are used for the learning curve database.
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Figure C.1: [Linear Problem]: The expected error for increasing input variance k
when changing the number of training samples for various problems of different di-
mensions.
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Figure C.2: [Linear Problem]: The expected error for increasing noise standard devi-
ation o when changing the number of training samples for various problems of dif-
ferent dimensions.
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D| Learning Curve Plus Plus

A learning algorithm is said to learn if its performance on a given task improves
with experience [1]. This fundamental definition links the size of training data to
the generalization performance of the model. In supervised learning, a learning
curve depicts how generalization performance evolves as a function of the training
set size. Collections of such data, known as learning curve databases track
the performance of diverse machine learning algorithms (learners) across multiple
tasks as they observe increasing amounts of training data.

Learning curve databases are valuable for model selection and for estimating
the amount of data needed to achieve a target performance. These applications
typically assume learning curves are monotonic and convex. However, findings
of [2], [3] and [4] suggest that learning curves often exhibit more complex and ir-
reqular behavior. Sparse sampling of training sizes limits the ability to fully char-
acterize these behaviors, highlighting the need for high-fidelity learning curves
to investigate them.

LCPP (Learning Curve Plus Plus)is a C++ library that allows for learning
curve creation of machine learning models. LCPP enables its users to obtain learn-
ing curves for variety of learners on any supervised learning dataset with/out
hyper-parameter tuning, enabling model selection and training data requirement
determination.

D.1 Statement of Need

Generally, creating learning curves is computationally expensive because it requires
repeatedly training algorithms on many subsets of varying training sizes. Conse-
quently, learning curves are often computed for a limited number of training set sizes.
For example, while creating learning curve databases [3] and [2] limited number of
training set-sizes are investigated, moreover, these generations are done only for fixed
learners without hyper-parameter tuning.

To empower the machine learning community to generate richer, more detailed
learning curves, we propose LCPP, a C++ library for scalable learning curve genera-
tion. LCPP offers several features; first several approaches for splitting a given dataset
into training and test sets of varying sizes (where training sets can be drawn randomly
or incrementally, where test sets can be fixed or vary in size). Next, unlike most exist-
ing tools that fix hyper-parameters during learning curve creation, LCPP integrates
hyperparameter optimization routines from mlpack [5], enabling optimized learner
evaluations.

Published as: O. Taylan Turan et al. “LCPP: Learning Curve Plus Plus”. In: Journal of Open Source
Software 11.120 (2026).
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LCPP also includes a simple dataset container for access to OpenML datasets [6],
with built-in support for complete dataset transformations and train/test splits, allow-
ing users to directly measure the generalization performance of models available in
mlpack [5] and some other learning algorithms included in itself, such as kernel ridge
regression, discriminant classifiers, multi-class classification extensions of binary clas-

sifiers.

D.2 State of the Field

Several tools are available in the Python ecosystem for learning curve generation. A
flexible interface for constructing learning curves is provided in scikit-learn [7].
It allows cross-validation strategies to be combined with a learner. However, its ex-
tensibility and suitability for constructing high-fidelity learning curves remain lim-
ited. LCDB 1.0-1.1 [2, 3] primarily serve as wrappers around existing learning curve
databases. While learning curve generation is possible, it requires additional modifi-

cation of the provided scripts and is not a central design focus.

In the C++ domain, we are not aware of any tool explicitly designed for learning
curve generation. LCPP addresses this gap. It is modular by design, can be extended
to support a wide range of learning curve research workflows, and can be deployed
in high-performance computing environments with minimal overhead. In addition,
similar to m1pack [5], it can be valuable for embedded and low-resource environments,

for model-selection and hyper-parameter tuning purposes.

D.3 Software Design

LCPP is designed for easy deployment on high-performance computing (HPC) envi-
ronments. With little effort it can efficiently run large-scale experiments in parallel,
ensuring reproducibility and scalability. Moreover, it supports easy and light-weight
check-pointing, allowing high-fidelity (both in terms of the training set size resolution
and also the times the training set is resampled) learning curves to be created in mul-
tiple sessions. This structure also enables the missing experiments to be investigated

easily.

It is also designed with future-proofing in mind. Adoption of the mlpack [5] con-
ventions LCPP has access to wide range of learning algorithm access. As mlpack [5]
continues to expand the number of supported models will also increases. In addition,
LCPP is not restricted by this, any model that is using the same conventions as mlpack
[5] and relies on armadillo [8] and ensmallen [9] can also be used without an effort.
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D.4 Research Impact Statement

LCPP is used in Chapeter 2 and 3 to generate large-scale learning curve databases by
considering many degrees of freedom involved in this process. By enabling tracking
of the generalization performance across machine learning models, LCPP facilitates
a systematic learning curve creation with a fast development and deployment cycle.
We hope that it serves as a foundation for future learning curve research.
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dingen weer zie, het laten voelen dat rust geen stilstand is maar be-
wust leven, en het tonen dat succes soms zo eenvoudig kan zijn als
zijn wie je bent en weten waar je van houdt.
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Siikran her giin bana ve etrafina yansittigin giizellikler ve zorluk-

lar karsisinda giiclii ve pozitif kalmay1 6grettigin icin.
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