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Laymen Summary

To diagnose diseases using low-field MRI devices, automatic image recognition tech-
niques are required to detect anomalies in a given image. A critical component of this
process is image segmentation, which involves dividing the image into coherent regions
with similar features to detect the anomalies. Low quality images make segmentation
difficult by the existence of noise in the images. The Chan-Vese model is a segmenta-
tion technique to segment images into two regions. This report aims to segment the low
quality images obtained by the low-field MRI devices with use of the Chan-Vese model.
This model is found to be particularly well-suited for handling the challenges posed by
low-quality images which the low-field MRI devices produce. Future research should
investigate if it is possible to further segment the region with the objects, such that each
object has a separate region.



Summary

An important component of image processing is image segmentation, which involves
dividing the image into coherent regions with similar features. This makes it possible to
apply automatic image recognition techniques. This is very useful in diagnosing diseases
in medical image analyses, for example when analysing MRI images. Low-cost mobile
MRI scanners tend to have lower resolution and higher levels of noise compared to the
standard scanners. This noise and distortion makes image segmentation in the images
obtained by those low-cost scanners very challenging.

In this thesis, the use of the Chan-Vese model to segment the low-field MRI images is
explored. The Chan-Vese algorithm does not rely on edge detection, but rather segments
images based on the intensity variations between regions. This makes it that the model
has less trouble with image recognition in lower image quality images than other contour
models. The model divides the image in to two regions. A region with the background
of the image and a region containing the objects of the image. The research question that
this thesis is trying to answer is: can the Chan-Vese model be used effectively to segment
the low quality images provided by the low-cost mobile MRI scanners?

The process of finding the optimal segmentation using the Chan-Vese model can be
formulated as solving a nonlinear diffusion partial differential equation (PDE). This PDE
captures the evolution of a level set function, which implicitly represents the segmentation
boundary. The goal of the model is to find the optimal segmentation boundary. This will
be done with the use of the computer language Fortran. For the time integration, a semi-
implicit scheme will be implemented using Additive Operator Splitting (AOS). AOS is a
numerical technique that simplifies the computation of PDEs. It involves breaking down
the original PDE into a series of simpler sub-problems that can be solved sequentially.
Each sub-problem corresponds to a part of the discretization matrix. To solve the AOS
discretization, the Thomas Algorithm will be used. The Thomas Algorithm is a solver for
tridiagonal systems that uses LU decomposition.

From the results, it is found that the Chan-Vese segmentation technique can be ef-
fective in finding the right segmentation boundary to segment the low-field MRI images.
This model proves to be reliable, as the segmentations derived from the provided MRI
scans accurately differentiate the scanned objects from the background and any surround-
ing noise. During testing, it was observed that the model is very sensitive to changes in
the parameters. Even slight adjustments to these parameters can have a large impact on
the outcome of the segmentation. Future research should investigate if it is possible to
further segment the region with the objects, such that each object has a separate region.
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CHAPTER
ONE

Introduction

Since the first use of X-ray imaging the importance of medical imaging has grown signifi-
cantly [1]]. After X-ray imaging, other imaging methods arose, such as Positron Emission
Tomography, Computer Tomography and Magnetic Resonance Imaging. Magnetic Res-
onance Imaging (MRI) is a non-invasive imaging technology that often used for disease
detection, diagnosis and treatment monitoring. It produces detailed images of almost
everything in the human body, including the organs, muscles and blood vessels.

The MRI devices are not accessible in 66% of the world [2]. In most developing
countries, the utilization of MRI is limited partly due to the high cost of the systems and a
lack of infrastructure. To help combat this issue, the TU Delft, Leiden University Medical
Center, Penn State and Mbarara University of Science and Technology have developed a
low-cost, portable, low-field MRI devices [3, 4, 5, 6]. MRI devices contain magnets.
The magnetic field the magnets produces causes the protons in the body to align. These
low-field MRI devices uses magnets that have a magnetic strength of less than 1.5 Tesla
[6], whereas high-end MRI scanners uses magnets that have a magnetic strength of more
than 1.5 Tesla. By replacing the costly magnets with weaker alternatives, the price of
the scanners reduces significantly. While this results in significant cost savings, it also
brings the challenge of lower image quality, which can affect diagnostic accuracy. The
ongoing challenge is to develop low-field scanners that strike an optimal balance between
affordability and diagnostic utility, ensuring that the images produced are good enough to
be used effectively in medical diagnosis.

Hydrocephalus is prevalent in infants is between one and thirty-two per ten thousand
births [7]. It is a condition in which too much cerebrospinal fluid accumulates in the
cavities of the brain. Many of the patients with this condition remain untreated. A com-
plication of hydrocephalus can be brain damage. Without proper treatment the condition
can have fatal consequences. In children, hydrocephalus has a mortality rate of O to 3
% depending on the duration of the follow-up [8]. Hydrocephalus can be treated if it is
properly diagnosed and MRI is widely used to diagnose this condition.

Low-field MRI devices have a lower image quality, as the images obtained from those
scanners contain noise and distortions. The noise and distortion makes image segmen-
tation in the images obtained by those low-cost scanners very challenging. Most image
segmentation methods typically identify the boundary of a region based on the intensity
difference between neighbouring pixels. This approach relies on clear and distinct edges
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to segment the regions of interest. However, this method may struggle when the bound-
aries of the object to be segmented are not well-defined due to noise.

The Chan-Vese model is a method for image segmentation in scenarios where the
boundary of the objects whose boundaries are not necessarily defined by gradient [9].
This can be the case because the image is smoothed or the edges are not well-defined due
to noise. The method is based on level set techniques and active contours without edges.
It was introduced by Tony Chan and Luminita Vese in 2001. The Chan-Vese method is an
image segmentation method that segments into the image into two regions based on the
intensity variations between regions.

This thesis aims to evaluate the model’s ability to provide accurate and reliable seg-
mentations, thereby assessing its suitability to segment the MRI images obtained from a
low-field MRI scanner. The research question that will be answered is: can the Chan-Vese
model be used effectively to segment the low quality images provided by the low-cost mo-
bile MRI scanners?

The Chan-Vese model must successfully separate the scanned objects from the back-
ground and also distinguishing the objects from the noise typically found in images pro-
duced by low-field MRI scanners.

In Chapter 2, the primary focus will be on the theory behind the Chan-Vese model.
This chapter will include the theoretical background, the derivation of the method and
the optimization process. In chapter 3, numerical implementation of the algorithm will
be described. Chapter 4 will present the results obtained from applying the segmentation
method to various images.



CHAPTER
TWO

Theory

In this chapter, the theory behind the Chan-Vese model will be explored [9]]. The first part
of this chapter contains the derivation of the Chan-Vese functional. In the second part the
optimization of finding the best segmentation is discussed. The Chan-Vese algorithm is a
segmentation technique used in image processing that divides an image into two regions:
one inside a contour and one outside it. The goal of the two region segmentation is to
partition the image into two regions with distinct average intensities. The algorithm seeks
to find a contour that minimizes a functional, leading to an optimal separation of the image
into these two regions. For the use of the Chan-Vese method only greyscale images will
be considered, as the MRI scans that will be tested are all in greyscale.

2.1 Simplified Mumford-Shah model

Let uo denote a greyscale image. The goal is to find a curve C(s) : [0,1] — R? that fit
closely the boundaries of the objects in the image. Using this curve, the image can be
segmented in two pieces. One which will contain the objects in the image, that part is
found inside the curve. The other part will contain the background and is found outside
the curve. Starting with an arbitrary curve, a narrow band around the curve will be evolved
subject to constraints. The goal is to move the curve towards the boundaries of the objects
to obtain the optimal curve to segment the image into objects and background.

The optimal curve will be founded by minimization of a functional, based on the
Mumford-Shah functional [[10]:

arg mlcn F(u,C) = uLength(C) + )\/
U, Q

(uo(x) — u(x))*dx —l—/ | Vu(z) |* dz. (2.1)

Q\C

In this functional, the domain of the image is defined as 2, the curve that will be
evolved is defined as C' and u is a piecewise-smooth function. The functional consist of
three main terms, each serving a distinct purpose. The first term acts as a length penalty,
ensuring the smoothness of the curve C'. This term minimizes the total length of the curve,
favouring smoother curves over highly irregular ones.
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The second term encourages the function u to closely approximate the original image
up. This fidelity term measures the discrepancy between the function u and the original
image uo. It ensures that the segmented regions closely match the actual image content.

The third term ensures that the function u itself remains smooth. This term prevents
abrupt changes or discontinuities within the function and promotes gradual transitions
within the segmented regions.

The Chan-Vese model is a particular case of this functional. In the Chan-Vese model,
u is considered a piecewise constant function that can attain only two values (2.2)), typi-
cally representing the object and the background in the image.

(2.2)

u(z) =

c1, ifzisinside C),
co, if x is outside C.

The curve C' is a variable curve that defines the boundary between these two regions.
The terms ¢; and ¢, represent the average values of uq inside and outside the curve C,
respectively. Additionally, the Chan-Vese model includes a term that penalizes the en-
closed area of the curve C'. This area term regulates the size of the segmented regions.
The functional of Chan-Vese method then becomes the functional:

arg min F'(cy, ¢y, C) = pLlength(C) 4 vArea(inside(C))

C1 70270

+ )\1/ | ug(,y) — c1) |* dedy + )\2/ | uo(z,y) — co) |* dedy. (2.3)
inside(C) outisde(C')

The terms in functional impose the following restrictions when evolving the curve.
The first term keeps the curve smooth by penalizing the length of the curve. The second
term penalizes the enclosed area of the curve, controlling the size of the curve. Lastly, the
third and fourth terms penalize the difference between the function w and the greyscale
image wug. The pixel values in the regions must not deviate much from the mean value
c1 and ¢, of their respective regions. By finding the curve that minimizes this functional,
the best curve for segmenting the image v into two distinct regions is determined. This
optimal curve effectively separates the object from the background, achieving a precise
image segmentation.

2.2 Level Set Formulation

For this minimization problem, it is necessary to minimize over all possible curves C'.
This can be achieved using the level set formulation introduced by Osher and Sethian in
1988 [11]. The advantage of the level set formulation is that it allows for the minimization
involving curves without the need to parameterize them explicitly. Instead of working
directly with the curves, the level set method represents the curves C' as the zero level set
of an Lipschitz function ¢ : 2 — R. Furthermore, the sign of ¢ allows us to distinguish
between the inside and outside of the curve C'. Specifically, the regions where ¢ is positive
correspond to the inside of C, and the regions where ¢ is negative correspond to the
outside.
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C={o(z,y) = 0] (x,y) € U}
inside(C) = {¢(z,y) > 0| (z,y) € Q}, (2.4)
outside(C) = {¢(z,y) < 0| (z,y) € Q}.
It is important to note that the level set representation for a given curve C'is not unique.
If the zero level set of ¢ represents a given curve C, then every other Lipschitz function

¢ where every point has the same sign as in ¢ i.e sign(¢(x, y)) = sign(¢(x,y)) for every
(x,y) € Q will also represent the same curve C. The sign function is defined as:

1, ifx <0,
sign(z) =40, ifz=0, (2.5)
1,  ifz>0

To minimize the functional (2.3), the variable C' will be replaced by the level set
function ¢. The terms of the functional will be integrated over the whole domain.
To define the functional in terms of ¢, the Heaviside function H and the Dirac delta
measure dy are going to be needed. These functions are defined respectively by and

(2.7).

1, ifz>0
H(z) = {0, if2<0 2.6)
d
o) = - H(2) @.7)

Since the Dirac delta measure as defined in does not exist at z = 0, slightly
regularized versions of the Heaviside function will be considered in the implementation.
This regularization makes the function differentiable around z = 0. Because of this the d;
function is defined at z = 0. For the implementation, the regularizations in (2.8) and (2.9)
will be considered. The regularizations take on slightly different values around z = 0 as
can be seen in the graph from the paper ”Active Contours Without Edges” [9]. To define
the inside and outside of the curve, the Heaviside function H is used. The outside of the
curve can be found where the Heaviside function is zero.

-
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Figure 2.1: The two different regularizations of the Heaviside function.
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1, ifz>¢
H(z) =10, ifz < —¢ (2.8)
142+ Lsin ()], if |z|<e
1 2
Hy(z) = 3 (1 + ;arctan (g)) 2.9)

Using the Heaviside function and the fact that ¢ is Lipschitz continuous, the length
of the curve can be expressed as the integral of | V¢ | along the curve [12]. The area
enclosed by C' can be determined by integrating H(¢) in the domain 2. Therefore, with
use of the Heaviside function, the terms of the Chan-Vese functional can be rewritten
as:

Length(C) = / 50(0(x,)) | Vé(z,y) | drdy,

Area(C) = [ H(o(w,))dwdy,

‘! (2.10)

/ | uo(w,y) — 1 [ de dy = / | uo(,y) — c1 [P H(¢(x,y))dz dy,
¢>0 Q

/ | uo(z,y) — ¢z [* dvdy = / | uo(z,y) — ez |* (1 = H(o(x,y))) dz dy.
$<0 Q

The terms ¢; and ¢, can be defined as functions of ¢ using the level set formulation.
As long as the curve C' has a non-empty interior and exterior in €2, the value of ¢; and ¢,

can be expressed respectively as (2.11)) and (2.12).

_ Jo (@ y) H(g(x,y))dw dy
Jo H(¢(2,y))dx dy

er(6) = Jao@:y) (1 = H(é(w,y))) dw dy
2 (- H(é(z.y)) dady

All the terms in (2.10)) can be combined into one integral, as they are all integrated over
the same area. This will result in the level set formulation for the Chan-Vese functional

2.3).

c1(o)

(2.11)

(2.12)

arg muin, F(er,c2,0) = [ (00,0 | Vol |-+0H(6(a,0)

C1,C2,

+ M u(z,y) —er P H(¢(z,y)) + Ao | uo(a,y) — 2 | (1 — H(p(x,y))) da dy
(2.13)

2.3 Minimization

Now that the level set formulation of the functional is defined, the next step is to find the
function ¢ that minimizes the functional. Minimizing the functional (2.13)), will be done

9
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using the Euler—Lagrange equation [13|]. For the minimization, the c; and ¢, are fixed.
The terms inside the integral of (2.13)) form the Lagrangian functional G(¢):

G(¢) = pdo(¢ | Vo | +vH(d) + M | uo —c1 [P H(@) + Ao [ ug — 2 |* (1 — H(9)).
(2.14)
Suppose that the functional finds its minimal value for the function u(x,y). Let
f(z,y) be a smooth function that equals zero on the boundary of the domain (2, and let &
be a variable. The solution u will be perturbed by adding ¢ f to that solution. Define the
function ®(¢) as () = F(u + ¢f). The total derivative of the function ¢ with respect
to € will be calculated at the point € = 0.

d

This process involves differentlatlng the Lagrangian function G(¢) in two parts. First
for the length penalty term inside G(¢) and then for the other terms inside G(¢). It will
be assumed that % = 0 on the boundary of the image.

d
/Q£ [,uég(u) | Vu+ef |] Ezod:vdy =
d d
[ g lwduturen)] 196 en) 1|+ [ttt e | Vucref )| dody =
2
| (@t en) + (fwteh
/Q u8y(u)f | Vu | +udou) - G 1 v<f’| )| ==y dy =
, Vu-V
[ st 19| o) T ey
(2.16)
The product rule of divergence states:
V- (9192) = 1V - g2+ g2 - Vgi. 2.17)
Let go = |§Z‘ and g; = pdo(u) f. This gives that:
Vu Vu Vu
V- (sl s ) = )9 - (o) + o+ Vb))
— 1o(u) fV - ( )+ T 0t o))
B Vu |Vu|2 Vu-Vf
= pbo(u) [V - <m) |V | + pdo(u) —=—— V|
B Vu ' Vu-Vf
= pdo(u) fV - (W) + pdo(w) fIVu| 4+ pdo(u) —=—— Va
(2.18)

10
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Therefore it holds that:

Vu-Vf

e v (uéo(U)f v ) — o) ( v ) — () [Vl (2.19)

#o(u) IV V|

Substituting this result back into the integral gives the following:

/Q so(u) | Vurter |

According to the Divergence Theorem, we have:

Vu Vu
/QV- <,u50(u)fm> dx dy = /89 <,u50(u)fm) -ndS. (2.21)

f was chosen to be an arbitrary smooth function that equals zero on the boundary
of the domain. Since f(z,y) vanishes on the boundary, the integrand in the boundary
integral is zero wherever it is evaluated. This leaves us with:

Vu Vu

- /Q v (uéo(u)fm) — pbow) V- (W) du dy.
(2.20)

d

/§2£[u50<u) | Vu+ef y] vu

= /Q—,udo(u)fv : (W) dx dy. (2.22)

For the other terms, the following derivation is found:
/ d
q de

Combining the two parts again gives the condition (2.24)) on u. Since the functional
attains a minimum value at u, any perturbation of u increases u. This makes it so that the
function ® reaches an extreme value at € = (. This means that the derivative in that point
should be equal to zero.

/i
Qdf

Since this condition holds for all smooth functions [ that vanish on the boundary of
(2, it follows from Dubois-Reymond’s lemma [13] that the derivative of G with respect
to € should be zero. This implies that if a solution u exists and the boundary condition
that g—g = 0 1s satisfied, then this solution must fulfil the differential equation (2.25)). The
existence of the solution has been proved in [10].

- [VH (utef)+M | uo(, y)—cr |2 H(utef)+As | uo(z,y)—c2 |2 (1 — H(u+¢f))] =

/ So(u)f (v + M Juo(z,y) —c1 P =Xo | uo(z,y) — 2 7). (2.23)
Q

G(utef)dx dy = /Q(Sg(u)f (—uV- (%) + v+ A | up(z,y) —a |2)

—do(w)f (Ao [uo(2,y) — 2 [?) dedy =0 (2.24)

e=0

{55(U) <MV . <|§—Z|> — v = A (up — 1) + Agug — 02)2> =0 (2.25)

do(wW)f Qu __
[Vu| % =0

11
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To find this solution, the differential equation needs to be solved. One effective
method for solving this type of equation is gradient descent. Due to the use of gradient
descend, a local minima will be found for the functional. To implement gradient descent
an artificial time ¢ > 0 will be introduced into the function ¢. Rather than solving the
differential equation (2.25)) directly, the stationary solution of the following differential
equation will be found:

99 _
ot

Vol(t,z,y)

o:((t,7,y)) (“V' (m

) —U—)\l(UO—Cl)2+)\2(UO—CQ)2 :O
(2.26)

The process begins by defining the initial curve at t = 0 as ¢o(z,y). This gives
the initial condition ¢y(0,z,y) = ¢o(x,y). The problem changes to solving the partial

differential equation (2.27)) with the specified initial and boundary conditions.

%—‘f = 0-(¢) (uV- (%) —v =X (ug — c1)® + Xo(uo — 02)2> =0 in(0,00) x €,

#(0,z,y) = ¢o(z,y) in Y,

de 09 __
W%_o on Jf).

(2.27)

12



CHAPTER
THREE

Implementation

Solving Chan-Vese minimization problem will be done numerically with the use of
Fortran. Fortran is a powerful tool for scientific and numerical computing and is known
for its high performance in numerical computations. The language has been optimized
for mathematical operations and array handling. In this chapter, the numerical implemen-
tation of the Chan-Vese segmentation will be discussed.

3.1 Spatial discretization

To numerically solve the Chan-Vese minimization problem (2.27), the partial differential
equation needs to be first discretized using the finite difference method (FDM). FDM
approximates solutions to differential equations by discretizing the problem’s domain into
a finite grid of points containing the image values. Derivatives are approximated using
differences between function values at these discrete points.

0=() (;N - (%) — v = Ai(ug — 1) + Aa(ug — 02)2> =0in Q,

2152 = 0 on 9.

First, a grid will be defined. It is assumed that the greyscale image wu is on a rectan-
gular, equidistant cell-centred grid {2 = 0, ..., M x 0, ..., N, where M denotes the amount
of pixels in the horizontal direction and N denotes the number of pixels in vertical direc-
tion of the image. The pixels are defined to be horizontally and vertically 1 unit apart,
hy = hy, = 1. As they are both chosen to be 1, the term A will be used to refer to h,
and h,. The grid points are concentrated at the centre of the pixels. The grid points are
denoted as follows:

1 1
¢ij=¢(— zhy,j—=hy) i€{l,..,N}, je{l,..,M} (3.2)

5 5
li

9
Vol

To find the spatial discretization of equation , the the term V - (ﬁ) need to be

Vel

will be approximated using central

discretized. The derivatives B <W> and 5 <

13
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a,m 2,1 (3,1 y
® ®

(1.2) 22) (3.2

® ® ®

(1,3) 2,3) (3,3)

® Gridpoint

Figure 3.1: Control volumes of a 3 x 3 grid.

differences with a step size of % around ¢; ;.
v. (E) _ 9 (ﬁ (L)) L9 (2 (i))
Vol)  0x \0x \|V¢| dy \ 9y \ |Vl

Oz [Vl h
B (Vd)l Jt3 9 v"bi,j—%
o V¢)) Vo, i3] 9y \ V9, ;1 )
+ O(h
( (\WI h (")

(3.5)

Central differences will again be used to discretize 2 (Vqﬁ) and 2 , (Vo) with a step
size of h By applying this discretization to the equatlon in (3.1), the equatlon in ( is

found. Note that this equation has an error of order (’)(h2)

5 |v§i;:;|> = R O
a% %) _ %%+O(h2),
% |v¢¢|> " T O

(3.6)

(3.7

(3.8)

(3.9)

14
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:U/ ¢Z]+1 ¢”5 (¢l]) H Mé (gb”) a M(k(@g) b Mé (¢i7j)

N W Ve, R W Vo1l
6<¢i,j) (—U — Al(UO — Cl) + AQ(UO — 02)2)+O<h2) = 0 Z S {]_, ceey }, ] - {]_, ceey }
(3.10)
Discretizing the Neumann boundary condition around the boundaries: ¢, 5, 11 ON +10

¢1 ; and ¢, 1 using central differences with a step size of h leads to the equations in

. With the introduction of the virtuals points ¢; rr1, ¢N+1 j» @0 and @¢; o, with
ie{l,...N}, je{l,..,M},itis found that on the boundary certain terms of the
equation are equal to zero. This is either because J.(¢; ;) = 0 on that part of the
boundary or by the identities detailed in (3.12).

0c(big) O — bog o) =0

|v¢%,j| h
5£(¢7,,]) ¢N+1,j - ¢N,] + O<h2) — O7
|V¢N+%,j| h G.11)
0=(¢iz) din — dio 2y _ '
Vol b + O(h*) =0,
0:(0ij) PiN+1 — Dim 2
O(h?) = 0.
R
¢1,5 = do,j, if 6 (¢1,5) # 0
PN, = ON+1,55 %f& (ony) 7 (3.12)
Gin = Pip, if o, (Cb )

Qi = Qi1 i 0c(P1,0r) # 0
On the boundary on the south, the equation reduces to:

¢i+1M_¢iM ¢iM_¢iM71 QﬁiM_(biflM

R e ) i ;55 i A s Sy i —
Vol ) T g T e TG el Gun)

20:(dina) (—v — Maluo — c1)® 4+ Xa(uo — e2)?) + O(R®) i e{l,..,N}

(3.13)

On the boundary on the east, the equation reduces to:

ONj+1 — ON,j ON,j — ON,j—1 ON,j — ON-1;
I o] o) G R0 + g EE
Vol (Os) Vo, 1l (Ona) + 1 g, T 0eoma) =
25€(¢N,j) (—U — )\1(1,60 — 01)2 + )\Q(UO — 62)2) + O(hg) RS {1, e }
(3.14)
On the boundary on the north, the equation reduces to:
Gin — 92520 Git1,0 — @i Gip — @10
— ps T 0:(di0) — o 0:(di0) + po - 0(dip) =
Vargl 00 g, 0t e B0 =

h6-(¢io) (—U — Ai(ug — e1)” + Xa(uo — 2)?) + O(h*) i€ {1,..,N}

15
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On the boundary on the west, the equation reduces to:
Po,j+1 — Po,; ¢1 — ¢, Po,j — Po,j-1
6. (0g) — pE—L0 (b0 ) + 200 ) =
[V o,js1] ! !V¢> Jl ’ Ve 1] ’ (3.16)
s<¢0,j) (—U — )\1(U0 — Cl) + )\Q(U/O — 02)2) + O(hg) j & {1, cevy M}
The magnitude of the gradient vector will be discretized using central differences.
As these magnitudes are not known in the points (i & 1, ), and (i, j & 1), the value of
those coefficients will be determined by taking the average of neighbouring grid points.

The magnitude of the gradient is regularized by including a small parameter p in the
denominator to prevent division by zero. In the implementation, p is taken as 10~°

1 1
|¢i7j| \/<¢i+l,j;¢il,j>2 + <¢i,j+1;¢i,jl>2 +p

1
|¢i+%,j|

(3.17)

1
’9252]‘ |¢z+13|

( )
(!dD]\ | i ul)
=3 ()

’9252]‘ ¢zg+1|

|¢i,j—l| (Ww\ \¢z‘,j—1|)

The terms c; and c2 can be numerically approximated as found in (3.19)):

(3.18)

-
7
[
<
l\:>|>—t l\DI»— [\:)|>—t [\Dli—

Zfil Zjvzl uo,i i H (¢i )
Zﬁ\; Zjvzl H(¢07i,j)

S Yy o (1= H(ij))
Sl (1= H (o)

With this discretization, the partial differential equation found in (3.1)) can be rewritten
using the non-linear operator A(w) and f(w).

01(925) =

Y

(3.19)
CQ(Cb) =

A(w)w = f(w)
¢(0,2,y) = do(x,y) (3.20)
152 = 0 on 9.

To write the equation in this form, the two-dimensional grid of the pixels in the image
has to be converted in such a way that it becomes a vector. For this implementation the
pixels will be ordered in a horizontal organization. The numbering of the pixels will start
in the top left corner. A grid point ¢; ; will be found in the one-dimensional vector w at
the place w;_(j—1). Let wy, be the value of the grid point %, then wy.; is the pixel right
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of wy, and wy, y is the pixel below wy. The operator A (w) is a NM x NM and has the
structure:

e (wy o p -
A (w) = 2elon) \Tl| + ﬁ , ifi mod (N) #1
A (w) = 55 (g + ) ifi mod (V) #0
b (w;) 1 1 e
Alw) = Ajiu(w) = ‘QT ol T ol ) ifi < M(N—-1)
e (wy o p -
Aijiom(w) = “2,52 ) ﬁ + m , ifi >N
Ai,i<w) = _Ai,i+1 - Ai,i—l - Ai,i—HVI - Ai,i—M7
| Aij(w) =0, in all other entries.
(3.21)

where ¢ € {1,...,NM}. The operator f(w) is of length N M where each entry is
defined as:

fi(w) = dc(w;) (‘U — Mi(uo — e1)? + Ag(ug — 02)2) - (3.22)

3.2 Time integration

To perform time integration for the partial differential equation (PDE) given by equation
(2.27), various methods can be considered, ranging from explicit methods like Explicit
Euler to implicit methods such as Implicit Euler. Explicit methods might initially seem
ideal due to their lower computational effort compared to implicit methods. However, for
this specific equation, the stability of explicit methods poses a significant concern. For
instance, with the Forward Euler method, a stable timestep is not always guaranteed. The
Forward Euler method achieves stability for real eigenvalues if the inequality (3.23) holds
for all eigenvalues \;..

—2<)MAt <0 (3.23)

By applying the Gershgorin circle theorem, it can be determined that the eigenvalues
A of the operator A, as defined in equation (3.21)), are bounded within the bounds specified

(3.29).
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(1 + 2982 (g + wa )l < “5eﬁfi’j)(|wi%,j| g, ) =N =

A+ ”aeéfz’j)(‘wjj_” + \v¢ll_%’j|)| < “&f(gi’j)(\v%i_l\ + \del_%,j\)’ ifi=N,j=M

A 5 g )| < M e+ ) =09 =0

|\ + “éei(g)ij)(\v@il i 7 ¢21J7%|>’ < Maf(bfiyj)(IV@i%,jl 1 ¢11J,%|)’ iti=0.j=M

A+ “552?”)(‘%; i \w o ‘wmﬂ)! < “&ﬁfi”)(w(ﬁ; 7t lwil 1T ¢;+%|)> ife=0
A+ ”ée,ifz'j)(‘v 1+ i w 7t IV%+1|)| < ”552(5”)(|v 1+ T |v¢ Ot |V¢”+1|)’ ifj =M
I+ Még}(ﬁu‘)(w%i%’j' i lv% A 4 IV¢”+ )< N(Ss}(ﬁi,j)<|v 11+1]‘ + W =y + |V¢”+%|)’ ifi =N
|\ 4 2 ¢”)(\V¢>i1+%,jl + W% it IV%%J")’ < g (= 1%7j| T |v¢i7j,%| + |V¢i%,j|)v ifj=0
A+ 2 ¢”)(\v¢l Ot |v¢ N o g |V¢”+1I)‘ =

Msi(zfz'])“wil y + \W o + \V¢> v + \V¢U+ |)7 otherwise

(3.24)
Given that |V ¢| is non-negative, the Gershgorin circle theorem leads to the following
bounds for the eigenvalues A:

mm[ 2010(9i,5) L 1 1 } <xr<o0.
©J h? ‘v¢i+%vj| |V¢ ]—7| |V¢l—*j| ’V¢i7j+%’
(3.25)
The upper bound for X is non-positive and the time steps At are positive. This leads
to that the inequality AA¢ < 0 is always satisfied. For the lower bound the following
inequality must hold:

200 (@5 ; 1 1 1 1
bJ h ’v¢i+%,j’ ’v¢’i,j7*| ‘V(ﬁsz ]‘ ‘v¢i,j+%‘
(3.26)
This means that for the time step dt to be stable, the following must hold:
ACHY 1 1 L)
mm[ : + + At<1. (3.27)
b h? |V¢i+%vj| IV, g—f| Vo, 1j |v¢z‘,j+%|

This indicates that the maximum stable timestep is dependent on the magnitude of the
gradients of ¢. The points of ¢ that have the gradients smallest gradients dictate the stable
time step that can be chosen. The magnitude of the gradient (3.17) is regularized by p
and p is taken as 107%. The fact that the value of the magnitude is at least p implies the
existence of a stable time step. In the worst case scenario where there is a point on the
curve with |V¢; ;| = p, At can only have values of the magnitude ﬁ. This means that
the stable time step might be small, resulting in a scenario where convergence requires a
substantial number of iterations.
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Chapter 3. Implementation 3.3. Additive Operator splitting

3.3 Additive Operator splitting

As explicit methods are not ideal for this problem, the choice was made to use the semi-
implict Additive Operator Splitting (AOS) method [[14]. AOS is a numerical technique
used to solve partial differential equations by decomposing the discretization matrix in
parts. The AOS scheme has several advantages. The semi-implicit formulation is stable
for all time steps and as such it allows for bigger time steps. Furthermore, the algorithm
can be executed in parallel along the x and y directions. It was found in the spatial
discretization that for each point ¢, the derivative with respect to the artificial time ¢ is
taken as:

doij _ Pijr1 — ¢z]5 M(S Ny ¢i,j_¢z‘,j—15 N (b” i 1]5 N

dt lu ‘V¢Z ]+1| (¢’L ]) ‘V¢Z+ j‘ (gbl,]) lu ‘V¢l7]7%| 8(¢17]) |V—¢ (¢l,j)

+h% Oc(i5) (_U — Mi(uo — c1)® + Aa(uo — 02)2) +O0* ie{l,..,N}, je{1,.., M}
(3.28)

To simplify the differential equation, two terms will be introduced: a4, ; and as, ,

1 1 1 1 1 1
(Ili]. = — + ) and agij = = ( + ) . (329)
2 <|¢m| |Pit15] T 2\l Pial

Let f again be equal to —v — A; (ug — ¢1)? + A2 (ug — c2)?. With the use of the terms
ay,; and ay, ., the time step discretization for the point inside the boundary reduces to
(3.30), where the superscript of ¢ denotes the time step.

177]’

¢k+1
3.30
—amm - <i>§j-1) - hﬂw oty G0

—U — )\1(U0 - 01)2 + )\2(”0 - 62)2 + O(h3>

With the timestep discretization, the partial differential equation (2.27]) can be written
as:

Aj(wk)wkJrl + f(wk)7

=1
S
||

<
I
—

, (3.31)
=[I- dtz T (wk 4 dif (wh))

For this, three non-linear operators A (w) (3.32), As(w and f(w) are used.
f(w) is defined as in (3.22).

O (w; [P
As,, (w) =250 (L o) ifd mod (N) # 1
_ poe(wi) (1 1 e
Al(w) — A'li,i—l(w) —  2h? Jw;| + lwi—1] ) ? ifi  mod (N) 7& 0 (3.32)
A'li,i (w> _Ali,H—l - A'li,i—l
| Ay, (w) =0, in all other entries
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W)= (i<

i,it1 ( 2h2 Twq] [wi ]
_ poe(wi) (1 1 i
A(w) = & A2 (W) =55 (g + i) iie N (3.33)
AQm‘ (w) = _Azi,i+1 - AQi,ifl
| Az, (w) =0, in all other entries

Calculating the inverse in (3.31)) would lead to a large computation effort. In order
to address this problem, a modification of this semi-implicit scheme is considered, the
additive operator splitting (AOS) scheme. The semi-implicit scheme and the AOS scheme
have the same first-order Taylor expansions in d¢ and both schemes are consistent to the
original equation [14]. This will result in the scheme:

W =

DN | —

2
ST - 2dtA(wh)] T (wh + dif (b)) (3.34)
j=1
The operators:

By, = [I = 2dtA,,(w")], (3.35)

describe the one-dimensional diffusion processes along the z and y axes. It will be
shown that they can be inverted in an efficient and stable way by the Thomas algorithm
[14]. First it has to be shown that they are invertible. To do this it will be shown that the
operators are strictly diagonally dominant. The operators are strictly diagonally dominant
if:

| B, 1> Y | By, | Vi€ {L,..,NM}. (3.36)
JF#i
The value of B,,, ; is:

B, =14 2dt (A oy + Ay y) (3.37)

The terms in B,,, , are all non-negative, thus B,,, ; has always a value of at least one.
The value of | By, ; | is:

| By |= 2dt A, (w"). (3.38)

Only for j € {i—1,i+1} does A,,, , have a non-zero value. From this it can be found
that the values on the diagonal are 1 more than the sum of the values of the other entry in
the row. For that reason, the inequality in holds. This means that the operators are
strictly diagonally dominant.

Now that it is shown that the tridiagonal systems are invertible, the Thomas algorithm
[15] can be used to invert the matrices. The benefits of the Thomas algorithm are that it
is stable for every strictly diagonally dominant system matrix and that the algorithm is
very efficient. In the algorithm only three diagonals of B; are used for computation. The
algorithm only requires 5M N — 4 multiplications/divisions and 3// N — 3 subtraction for
each matrix B;. Thus, the algorithm is solved in linear time [14].
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Chapter 3. Implementation 3.3. Additive Operator splitting

To solve the linear system for w**1, the Thomas algorithm takes of three steps.
First the LU decomposition of 5; has to be found. The matrix will be decomposed into
the product of a lower triangular L matrix and an upper triangular matrix U. After that
the system Ly = w* + dtf is solved for y and at last Uw**! = y is solved for w**!. This
will be done for both the x and y direction and by taking the average of the two found
results for w**! the w for the next time step is found.

B;(w")w* ™t = wk + dif (w") (3.39)
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CHAPTER
FOUR

Results

4.1 Chosen parameters

The Chan-Vese segmentation method will be tested on a variety of images. MRI images
of a papaya and a bell pepper were obtained by Ksenia Slepova in 2023 at the MRI
laboratory of MUST (Mbarara University of Science and Technology) using the low-cost
MRI scanner. Additionally, MRI images of a corn and a melon were created by Andy
Ellison for the collection of Magnetic Resonance Imaging of Foods, and the MRI image
of a brain was sourced from the article ”Brain imaging with portable low-field MRI” [[16].
These images are provided in Appendix [A]

In these experiments, we will examine the impact of the choice of the regularization
of the Heaviside function, the effect of the image quality on the segmentation and the in-
fluence of the parameters on the segmentation. The effect of the image quality is assessed
by applying the model to images that contain noise and to images that have been filtered.
Unless specified otherwise, the parameters used in the experiments can be found in table

@.1).

Table 4.1: The standard parameters used in the experiments

Standard parameters
Parameter Value
M 0.5
v 0
A 1
Ao 1
dt 0.01
Initial contour sin (%) sin (%)

The AOS method has to stop when the stationary solution is found. To do that, the
method is terminated when the L? difference between w**! and w* is below a certain
tolerance level. For this implementation the tolerance level is chosen to be 107¢. The
images in the experiments below contain a red contour. This contour indicates where the
segmentation boundary gained from the model.
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Chapter 4. Results 4.2. Heaviside function

4.2 Heaviside function

For the terms ¢; and ¢, found in (2.11) and (2.12) a Heaviside function is used in the
computation of the value of those terms. Both regularizations of the Heaviside functions
defined earlier (2.8)) and will be considered for the computation of the terms c¢; and
co. For convenience, they are stated again in and (4.2). In H; an € level of 10~ is
taken, while for H, the value of ¢ is chosen to be 1. The ¢ in H; was chosen to be sig-
nificantly smaller to see if a much sharper regularization of the Heaviside function leads
to different results. These regularizations indeed lead to different results when applied to
the same images.

1, ifz > ¢
Hy(z) =<0, ifz < —¢ 4.1)
1+ 2+ Lsin ()], if|z|<e
1 2
Hy(z) = 5 (1 + Zarctan (g)) 4.2)

An MRI image of a corn can be seen in figures and (.1b). The H, regular-
ization segments the corn kernels and the light areas of the corncob from the background
with some artefacts on the peel. The H, regularization also contains the peel in addition
to the corn kernels and the corncob inside the curve. The darker part of the corncob is
now included in the contour in contrast to the /7; regularization. Depending on if the peel
of the corn is of importance, one of H; or H> is preferred from the other in this case.

50 100

(a) The curve found with the H; regular-(b) The curve found with the H regular-
ization in 142 iterations. ization in 180 iterations.

Figure 4.1: MRI scan of a corn.

An MRI image of a melon can be seen in the figures (4.2a) and (4.2b). The H,;
regularization segments the seeds from the melon from the pulp of the melon and the
background with some artefacts on the left side of the melon. The H, regularization tries
to segment the pulp and seeds together from the background. It fails to do so at the upper
and lower part of the melon. On the ends of the melon, the pulp start to become darker,
hence the segmentation takes those parts as background in the segmentation. Once again,
the H, and H, regularizations serve different purposes based on what is wanted to be
segmented.

23



Chapter 4. Results 4.2. Heaviside function

0 50 100 150 200 250

(a) The curve found with the H; regular-(b) The curve found with the Hs regular-
ization in 144 iterations. ization in 181 iterations.

Figure 4.2: MRI scan of a melon.

On the MRI images of a brain in and (4.3D)) it can be seen that the H, regular-
ization perform better at segmenting the inner darker areas from the lighter areas of the
brain. Both regularization methods fail to accurately segment the darker parts of the brain
from the lighter parts. The difference in intensity between the brain and the background is
large. Because of that the whole brain is considered as the object that the model is trying
to segment. With just a slight increase in brightness of the background, the segmentation
starts to differentiate more between the lighter and darker area of the nut as seen in (4.4a)

and (4.4D).

(a) The curve found with the H; regular-(b) The curve found with the Hy regular-
ization in 141 iterations. ization in 179 iterations.

Figure 4.3: MRI scan of a brain.

The H; regularization is significantly more impacted by the contrast difference be-
tween the background and the bright objects within the image. This sensitivity results in
the [, regularization attempting to segment the bright white areas from the rest of the
image. The model creates a contour around these high-contrast regions. The H; regular-
ization is more lenient to allow light gray areas inside the contour.

Based on the expected contrast between the background and the brightest objects, one
regularization can be preferred above the other. If the goal is to segment regions with high
contrast, the /7, regularization might be preferred due to its sensitivity to sharp differences
in intensity. H, can be used for less pronounced contrast differences.

Furthermore, both regularizations can be effectively utilized to segment different el-
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(a) The curve found with the H; regular-(b) The curve found with the Hs regular-
ization for the brain with brighter back-ization for the brain with brighter back-
ground. ground.

Figure 4.4: MRI scan of a brain with a brighter background.

ements within the same set of images. They can also potentially be used in tandem to
segment the gray areas of the image.

4.3 Noise and Smoothing

The Chan-Vese model, unlike gradient-based contour models, can still produce good re-
sults even when dealing with blurry or noisy images [9]. This robustness stems from
the approach to image segmentation, which does not rely on image gradients, but in-
stead utilizes region-based information, making it less sensitive to the sharpness of object
boundaries.

Smoothing is often used to remove noise while preserving the structure of the objects.
In the case of smoothed images, the boundaries of objects are not sharply defined. When
an image is smoothened, the gradient information becomes less distinct. This often leads
to poor segmentation.

Images taken with the low-field scanner of a papaya and a bell pepper were used to
test the effectiveness of the model. The images obtained from the scan contain noise.
Smoothened version of the images were also tested. The images were filtered with the
use of the Nordstrom model [17]. The images were tested on both regularizations of the
Heaviside functions.

In the noisy images of the papaya (4.5b) and of the bell pepper (4.6D)), the H, regular-
ization did not perform well. The presence of noise points in the images led to their inclu-
sion within the contours, which was not intended. This resulted into a bad segmentation,
where the model mistakenly identified noise artefacts as part of the object boundaries. In
the bell pepper image it even failed to capture the upper and bottom part of the boundary
of the pepper. The H, regularization demonstrated a better ability to exclude noise points
when forming a contour around the objects, as seen in the image of the papaya (#.5a)) and
the image of the bell pepper (4.6a). This regularization effectively ignored the noise in
the image of the bell pepper. In the image of the papaya a line of noise was included in
the middle of the image. This line of noise probably was included as the noise points
in that line are significantly brighter than the other noise points on the image. The H;
regularization resulted in more accurate contours that closely fit to the true boundaries of
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the objects, as barely any noise points were included inside the contour.

0 50 100

(a) The curve found with the H; regular-(b) The curve found with the H» regular-
ization in 139 iterations. ization in 181 iterations.

Figure 4.5: MRI scan of a papaya.

20 40 60 80 20 40 60 80 100 120

(a) The curve found with the H; regular-(b) The curve found with the Hs regular-
ization in 139 iterations. ization in 180 iterations.

Figure 4.6: MRI scan of a bell pepper.

Using the segmentation boundaries found for the noisy images of the bell pepper and
the papaya, the objects can now be separated from the background. The images will be
divided in two parts, one containing the background and one containing the objects. The
pixels that are not included in the given image will be set to have a value of 1. This will
make the pixels white. This will result in the segmentations found in and (4.8).

The model was also evaluated on images containing artificially added Gaussian white
noise. Specifically, the model was tested on images of corn and melon, with Gaussian
white noise imposed onto the original images. Despite the presence of this noise, the
segmentations produced by the Chan-Vese model remained largely consistent with those
obtained from noise-free images. The biggest difference can be found in the segmentation
of the MRI image of the melon with the H, regularization (4.10b). In contrast to the
segmentation of the noise-free image (4.2b)), the curve found for the noisy image is less
smooth at the top and bottom of the melon.

This consistency can be attributed to the nature of Gaussian white noise. It affects
the entire image uniformly, thus the mean intensity values change uniformly across all
regions. Due to this the relative differences in the intensity are preserved. The Chan-Vese
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Figure 4.7: Segmentation of image of the bell pepper with the H; regularization. From left to
right: the original image,the segmented background and the bell pepper.

Figure 4.8: Segmentation of image of the papaya with the H; regularization. From left to right:
the original image, the segmented background and the papaya.

model effectively handles the added noise, maintaining its ability to accurately segment
the images into distinct regions.

For the filtered (smoothed) versions of the images, the H; regularization again outper-
formed the H, regularization. In the inner boundary H; performs much better at following
the star shaped boundary than 5. The H, regularization also contained some noise points
on the right side. The H» regularization fails to find the contour around the bell pepper in
(4.12b).

For both regularizations it can be seen that in the filtered image of the bell pepper
found in (4.12a)) and (@.12D), the model fails to segment the blank space inside the bell
peppers into the region of the background. In the noisy image of the bell pepper (4.6a)
the H; regularization succeeds in doing so.
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(a) Hy, Gaussian white noise with a stan-(b) H, Gaussian white noise with a stan-
dard deviation of 0.1. dard deviation of 0.1.

Figure 4.9: Filtered MRI scan of the corn with added white noise.

(a) H7, Gaussian white noise with a stan-(b) H>, Gaussian white noise with a stan-
dard deviation of 0.1. dard deviation of 0.1.

Figure 4.10: Filtered MRI scan of the melon with added white noise.

.

0 20 40 60 80 100 120

(a) The curve found with the H; regular-(b) The curve found with the H» regular-
ization in 139 iterations. ization in 180 iterations.

Figure 4.11: Filtered MRI scan of a papaya.

4.4 Choice of the area penalty
In the previous section, it was observed that the H, regularization tended to include noise

points within the curve, and specifically for the MRI scan of the bell pepper, the H,
regularization failed to accurately enclose the bell pepper within the curve. To address
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(a) The curve found with the H; regular-(b) The curve found with the Hy regular-
ization in 138 iterations. ization in 180 iterations.

Figure 4.12: Filtered MRI scan of the bell pepper.

these issues, an area penalty can be introduced. By applying a positive area penalty,
the model incentivizes the curve to minimize its area. This discourages the curve from
expanding unnecessarily to include noise points.

This effect is evident in the images referenced in figures (4.13a)) and (4.14a). In these
examples, the majority of noise points are effectively excluded from the curve. Notably,
in the bell pepper image (4.14a), the curve even excludes empty spaces within the bell
pepper, which was not achieved with the [, regularization alone. In the filtered image
of the papaya (4.13D)), the curve now excludes the noise points to the right of the papaya,
demonstrating an improvement over the curve obtained without the area penalty (4.11b).

The biggest improvement is seen in the filtered image of the bell pepper. Previously,
the H, regularization failed to wrap the curve around the bell pepper’s boundary (4.12b).
However, with the addition of the area penalty, the segmentation not only outlines the
bell pepper’s boundary more precisely but also excludes the empty space within the bell
pepper. This result surpasses the segmentation achieved with H; regularization without
the length penalty.

0 20 40 60 80 100 120

(a) MRI scan of papaya with v = 14-10~!3(b) Filtered MRI scan of a papaya with v =
1410713,

Figure 4.13: Segmentation with a non-zero area penalty on the MRI scan of the papaya.
The area penalty can also be employed to replicate the results obtained from H; regu-

larization on MRI scans of the melon and corn. The H, regularization originally included
the peel of the corn and the pulp of the melon within their respective curves. By applying
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20 40 60 80 0 20 40 60 80 100 120

(a) MRI scan of a bell pepper with v =(b) Filtered MRI scan of a bell pepper with
50- 10712, v="54-10"13,

Figure 4.14: Segmentation with a non-zero area penalty on the MRI scan of the bell pepper.

an area penalty, these parts can be excluded because the penalty discourages the curve
from expanding to include them, thus keeping the area smaller.

The results of applying the area penalty are illustrated in figures (4.15al) and (4.13b).
By attempting to replicate the effects of the length penalty, we managed to achieve results
comparable to those obtained with the H; regularization. This approach even succeeded
in excluding some unnecessary points from within the contour, enhancing the precision
of the segmentation. However, there are some limitations. In the segmentation of the corn
image, only a few points of the corncob are included within the contour, which indicates
that the curve does not fully contain the corncob in the object region. Similarly, in the
segmentation of the melon image, certain spots of the seeds are not included within the
curve.

0 50 100 150 200 250

(a) MRI scan of acorn, v =4 -107!2.  (b) MRI scan of a melon, v =4 - 10712,

Figure 4.15: Imitating the results of the H; regularization using the Hy regularization on the
model containing a non-zero area penalty.

In the MRI image of the brain (4.3b)), the segmentation without an area penalty failed
to accurately segment the lighter parts of the brain from the darker parts. With the intro-
duction of an area penalty this segmentation can be achieved as seen in (4.16)).

The inclusion of an area penalty can significantly improve segmentation results. By
incorporating an area penalty, the model is discouraged from expanding the contour to
include noise points, leading to better segmentations.

30



Chapter 4. Results 4.5. Choice of A

Figure 4.16: MRI image of the brain with H regularization and v = 5-10~'2. From left to right:
the original image, the segmented background, the lighter part of the brain.

4.5 Choice of )\

The choice of the A parameter plays a big part in the segmentation process, allowing for
fine-tuning of how much the pixels inside and outside the curve can deviate from the
mean of their respective areas. This parameter gives control over the uniformity of the
pixel values within and outside the segmented region. By adjusting A, one can dictate the
model’s range of pixel values inside the contour. For example, increasing the value of \;
slightly directs the model to favour curves around regions with more uniform intensity.
This means that the model becomes more inclined to create segments around objects that
have consistent intensity patterns. Consider the example of the MRI scan of the corn
(4.17). By increasing A\, the model segments the image such that only the peel and the
small parts of the boundary of the corncob are included within the curve. This is because
these parts of the corn have relatively uniform intensity. On the other hand, the corn
kernels, which are less uniform in intensity, are excluded from the segmented area.

A similar effect can be observed in the image of the melon (#.18). In this case, the
seeds are not included in the segmentation. The seeds are excluded as they do not exhibit
uniform intensity patterns. The segmentation model, prefers to outline regions that are
more homogenous in terms of intensity.
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Figure 4.17: H, regularization with \; = 1 + 53 - 10712, From left to right: the original image,
the segmented background and the peel of the corn.

Figure 4.18: H, regularization with A = 1 4+ 53 - 10~'2. From left to right: the original image,
the segmented background and the found pulp of the melon.
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Discussion

5.1 Disadvantages of gradient descent

One of the major drawbacks of the chosen method for optimizing the curve in Chan-Vese
segmentation is its reliance on gradient descent, which frequently converges to a local
minimum rather than the global minimum. This issue becomes particularly problematic
if the equation has multiple local minima. In such scenarios, the outcome produced by
gradient descent heavily dependent on the initial contour selected for the model. There-
fore, making an appropriate initial guess is essential to increase the likelihood of finding
a more optimal solution. Without a good initial guess, the model may settle into a subop-
timal local minimum, potentially leading to less effective results.

5.2 Parameter Sensitivity

The model relies on multiple parameters that must be adjusted for each unique application.
Incorrect parameter settings can significantly degrade the quality of segmentation results.
During testing, it was observed that even slight adjustments to these parameters can have
a large impact on the outcome of the segmentation. For instance, the difference between
the parameters \; and A\, plays a critical role. If this difference is too large the model
may fail to find a curve around the zero level of the ¢ function. If the area penalty is
set excessively high, the model also fails to find a curve around the zero level of the ¢
function. This zero level contour is crucial as it defines the boundary between the regions
inside and outside the segmented objects. In the experiments tiny differences between \;
and )\, were usable. By a difference of more than 1071° it was not able to find a curve.
The same holds for v as an area penalty of more that 107! was unusable.

5.3 Choice of length penalty
The length penalty in the Chan-Vese segmentation model ensures the smoothness of the

curve that splits the segmented regions. This penalty term regularizes the boundary, pre-
venting it from becoming overly complex by favouring shorter and smoother curves.
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When investigating the impact of varying the length penalty parameter ¢, it was ob-
served that changes in ¢ did not affect the smoothness of the boundary. Regardless of the
value of ¢, the resulting boundary maintained a consistent level of smoothness. The effect
of adjusting the parameter ¢ was found on the convergence rate of the model. Specifically,
larger values of ¢ led to the stationary solution being reached in fewer iterations. Further
research should be done on the effect of the length penalty.

5.4 Two regions segmentation

The Chan-Vese model is specifically designed for segmenting objects within an image
into two distinct regions. This means that it cannot distinguish between different objects
within the same segmented region. As a result, differentiating between various objects
within that region is not possible using the standard Chan-Vese model.

To effectively segment images containing multiple objects, the traditional single-level
set method must be modified to incorporate a multiphase level set method. The multiphase
level set method, as introduced by L.A. Vese and T.F. Chan in 2002 [18]], involves the
introduction of additional curves. These extra curves enable the segmentation process to
separate the image into more than two regions, allowing for the differentiation of multiple
objects within the image. By employing these additional curves, the multiphase level set
method extends the capabilities of the original model, making it suitable for more complex
segmentation tasks where distinguishing between several distinct objects is necessary. For
future applications, it is recommended to implement the multiphase level set method.

5.5 Reinitialization

The level set function can be reinitialized after every couple iterations by replacing ¢
with the signed distance function to its zero-level curve. When working with level sets
and Dirac delta functions, a standard procedure is to reinitialize to ¢ [9]]. This change does
not modify the boundary itself, but this prevents the level set function to become too flat.
It comes with the downside that it can prevent the curve from growing [9]. Reinitialization
can be done with the evolution equation as proposed in [[19]:

¢T = Slgn(é(t»(l_ | ¢ |)@/)(0,m,y) = ¢(tvm7y)' (51)

¢(t, x,y) is our solution at the time ¢. The new ¢ will become the ¢ that is obtained at
the stationary solution of the partial differential equation. The results found in the exper-
iments deemed to be sufficient to produce good segmentations and for that reason it was
chosen to not include reinitialization. Reinitialization would lead to more computations
and would risk preventing the curve from growing. For future applications, reinitialization
could be used in the model.
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Conclusion

The purpose of this report was twofold. The first was to implement the Chan-Vese model
in Fortran. The second was to to determine whether the Chan-Vese model can successfully
separate the objects from the background in the low quality images produced by low-field
MRI scanners.

With appropriate parameter settings, the segmentation process successfully minimizes
the inclusion of unnecessary noise points within the region of the object. The ability of
the model to find precise boundaries in smoothed images shows its capability to handle
variations in image quality.

The choice of regularization for the Heaviside function influences the results of the
Chan-Vese segmentation technique. Different regularizations of the Heaviside function
lead to the inclusion of different parts of the image as objects. This means that the bound-
aries of the segmented regions vary depending on the regularization method used. For
instance, a sharper regularization of the Heaviside function can result in more defined
and distinct boundaries. This approach is beneficial when there is a need to clearly sepa-
rate objects with sharp edges from the background or when there is a significant contrast
between the objects and their surroundings. A smoother regularization of the Heaviside
function might lead to more gradual transitions between the foreground and background.
By choosing the right regularization method, we can make the segmentation process fit
the specific details of the image and the goals of the analysis better.

Adjusting the area penalty (v parameter) allows for fine-tuning the segmentation pro-
cess by controlling the size of the curve. This parameter plays a crucial role in determining
how large or small the segmented region will be. When the initial segmentation includes
more parts of the objects than needed, modifying the area penalty becomes particularly
useful. By increasing the area penalty, the algorithm is discouraged from creating larger
curves, thus preventing the inclusion of unnecessary sections within the contour. This
helps in achieving a more precise segmentation by focusing only on the relevant parts of
the objects.

The A parameters are crucial when segmenting objects with uniform colours. By in-
creasing the )\ values for the inside or outside of the contour, the segmentation process
can be adjusted to better encapsulate uniform objects. If an object has a uniform colour,
increasing the \; parameter helps the contour to more accurately follow the boundaries
of the uniformly coloured object. Similarly, increasing the \; parameter can help in sit-
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uations where the background is uniform. This adjustment makes the algorithm more
attuned to the uniformity of the pixel values outside the contour, helping to exclude areas
that do not belong to the object. This fine-tuning ensures that the segmented area reflects
the uniform characteristics of the objects being analysed.

The remaining task is to answer the research question: Can the Chan-Vese model be
effectively used to segment the low-quality images produced by the low-cost mobile MRI
scanner?. The Chan-Vese segmentation technique can be effective in finding the right
segmentation boundary to segment the low-field MRI images. This method proves to be
reliable, as the segmentations derived from the provided MRI scans accurately differenti-
ate the scanned objects from the background and any surrounding noise. This distinction
is crucial in medical diagnostics, where precise identification of anatomical structures is
necessary.

Summarizing, the Chan-Vese model segments the low quality images well, with ap-
propriate choice of parameters. The model is limited in dividing the images into two
regions. Future research should investigate if it is possible to further segment the region
with the objects, such that each object has a separate region.
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Original MRI images

Figure .1: MRI image of a corn by Figure .2: MRI image of a melon by
Andy Ellison Andy Ellison
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Figure .4: MRI image of a bell pepper
Figure .3: MRI image of a brain by Ksenia Slepova

Figure .5: MRI image of a papaya by
Ksenia Slepova
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