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Preface

This book is dedicated to Adrianus T. de Hoop in honor of his sixty-fifth
birthday. Every student who has studied under Professor de Hoop knows
the egg-shaped figure that plays such an important role in his theoretical
description of acoustic, electromagnetic and elastodynamic wave phenomena.
Among the students, including the present authors, this figure is affectionally
known as the ”de-Hoop’s egg”. On the one hand this figure represents the
domain for the application of a reciprocity theorem in the analysis of a
wavefield and on the other hand it symbolizes the power of a consistent
wavefield description. In the present book we concentrate on the acoustic
formulation and application of this theorem.

It will not come as a surprise that the seismic applications of the reci-
procity theorem, developed in this book, are based on lecture notes and
publications from Professor de Hoop. For the roots of the theorem we revert
to Green’s theorem for Laplace’s equation and Helmholtz’s extension to the
wave equation. In 1894, J. W. Strutt, who later became Lord Rayleigh,
introduced in his book The Theory of Sound this extension under the name
of Helmholtz’s theorem. Nowadays, it is known as Rayleigh’s reciprocity
theorem.

The egg-shaped domain.
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Progress in seismic data processing requires the knowledge of all the the-
oretical aspects of the acoustic wave theory. We choose the reciprocity theo-
rem as the central theme of this book because it constitutes the fundaments
of the seismic wave theory. In essence, two states are distinguished in this
theorem. These can be completely different, although they share the same
time-invariant domain of application and they are related via an interaction
quantity. The particular choice of the two states determines the acoustic
application. This makes it possible to formulate the seismic experiment in
terms of a geological system response to a known source function.

In linear system theory, it is well known that the response to a known
input function can be written as an integral representation where the im-
pulse response acts as a kernel and operates on the input function. Due to
the temporal invariance of the system, this integral representation is of the
convolution type. In seismics, the temporal behavior of the system is dealt
with in a similar fashion; however, the spatial interaction needs a different
approach. The reciprocity theorem handles this interaction by identifying
one state with the spatial impulse function, which is also known as the
Green’s function, while the other state is connected with the actual source
distribution. In general, the resulting integral representation is not a spatial
convolution. Moreover, the systematic use of the reciprocity theorem leads
to a hierarchical description of the seismic experiment in terms of increasing
complexity. Also from an educational point of view this approach provides
a hierarchy. The student learns to decompose the seismic problem into con-
sistent partial solutions, in contrast with disconnected ad-hoc solutions.

We hope that this book contributes to the understanding that the reci-
procity theorem is a powerful tool in the analysis of the seismic experiment.
We are very grateful that we are able to pass on the scientific philosophy of
Professor A.T. de Hoop.

We are indebted to Professor A.J. Berkhout for initiating the writing of
this book. We acknowledge the assistance of Jan Thorbecke, for the compu-
tations of the strip dataset; Roald G. van Borselen, for the computations of
the multiple elimination and the domain imaging; Radmilla Tatalovic and
Menno Dillen, for the computations of the boundary imaging; and Evert
Slob for proofreading the manuscript. We are also grateful to Shell Research
B.V., Rijswijk, The Netherlands, for their stimulating support with respect
to the multiple elimination.

December 24, 1992 Jacob T. Fokkema
Peter M. van den Berg
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Introduction

In mathematical physics, the description of a particular experiment in-
volves the postulation of a model by which the measurement obtains an oper-
ational status. In the conceptual view of the model roughly three elements
can be recognized: the measurement itself, the mathematical framework
which is known as the theory, and the relational parameters that consti-
tute the material existence of the medium. It is important to note that
these constitutive parameters only have significance in the realm of the pro-
posed model. Different theoretical models yield complementary views of
the medium constitution. It is obvious that the theory, formulated as a
mathematical deductive system, has the key role in this conceptual model.
Basically there are two ways to use this model: one way is going from the
material parameters to the simulated measurements, this process is known
as (forward) modeling. The other way is going from the measurement to the
material parameters and this process is usually denoted as inversion. The
two information streams of these processes are shown in Fig. 1 and clearly
illustrate the central role of the theory.

In this book we concentrate on the seismic problem, where the measure-
ment is a sampled version of the acoustic wavefield. The theory is based on
the acoustic wave equations and the constitutive parameters are the mass
density and the compressibility. The determination of these parameters and
their spatial distribution from seismic measurements is the objective of an
inversion process. Of course, the physical relation between these parame-
ters obtained by different models is important, especially where it concerns
the geological validation. For example, a geological discontinuity does not
necessarily coincide with discontinuities of mass density and compressibility.
This physical relation between the geological model and the seismic model
falls outside the scope of the present book.




2 INTRODUCTION

measurement

modeling

theory

inversion

Y

material
parameters

Figure 1. Conceptual view of the model.

The modular structure of the conceptual view, Fig. 1, suggests an ap-
proach that is similar to the linear system theory. However, due to the
spatial distribution of the material parameters, the higher dimensionality of
the acoustic problem requires a careful analysis to arrive at the system ap-
proach. We argue that the appropriate vehicle for obtaining this approach
is furnished by the acoustic reciprocity theorem, where the spatial-temporal
impulse response plays a central role. We show that an analysis along these
lines allows for a hierarchical description that controls in an optimal way
the complexity of the model. Moreover, the different analyses or processing
steps are only then treated in a consistent way.

In the seismic experiment, the measurement consists of the registration
of the temporal and the spatial distribution of the acoustic wavefield, conve-
niently represented in the so-called seismogram. In the direction of the time
coordinate, this process is physically constrained by the property of causal-
ity. By the latter we mean that changes in the time behavior of the sources
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that generate the wavefield may only manifest themselves in changes in the
time behavior of the wavefield after some elapse of time. Moreover, we con-
sider the physical parameters that characterize the medium shift-invariant
in time. But, in the spatial direction, the notion of causality does not exist
and the spatial shift-invariance only applies for simple configurations.

In Chapter 1 we discuss the mathematical tools we employ in the anal-
ysis of the acoustic wavefield. In particular, we concentrate on the use of
integral-transformation methods. In view of the aforementioned causality
and shift-invariance in the time direction, the most suitable temporal trans-
formation is the one-sided Laplace transformation. The commonly used
temporal Fourier transformation is treated as a special case of the Laplace
transformation. In cases where it is admissible, we also define an integral
transformation of the Fourier type in the spatial direction. To honor the
wavefield aspects, we modify the exponential behavior of the transformation
kernel in such a way that it is linearly dependent on the Laplace transform
parameter. This is a so-called Fourier transformation of the Radon type
and decomposes the wavefield in a superposition of generalized rays. We
conclude this chapter by briefly reviewing the essence of the numerical im-
plementation of the integral transformation, focussing on the conservation of
the symmetry properties of the continuous transform and on the restrictions
imposed by the discretization.

Many characterization problems in seismics are associated with the solu-
tion of an integral equation. The method of solution of an integral equation
is the subject of Chapter 2. In general, apart from some canonical examples,
an analytic solution does not exist. This implies that we have to be satisfied
with an approximate solution, obtained by numerical means. The degree of
resemblance to the exact solution is a measure that has to be defined. We
opt for the root-mean-square error in the equality sign of the pertaining inte-
gral equation that has to be satisfied by the exact solution. In a discretized
version of a realistic seismic problem, the minimization of the error leads to
a large system of linear algebraic equations which is intractable for a direct
numerical implementation. Therefore, we advocate the iterative solution by
means of recursive minimization. In the analysis of this method we offer
several operational schemes to control the successive decline of the error. In
addition, the ideas behind the recursive minimization are also applicable to
the non-linear problem of the inversion process, where the reconstruction of
the material parameters is updated iteratively.
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In Chapter 3 we present the partial differential equations that govern
the dynamical state of matter on a macroscopic scale and hence the acoustic
wave propagation in the medium. The first equation is Newton’s law of mo-
tion which interrelates locally the spatial gradient of the acoustic pressure
and the temporal change of the mass flow density. The second equation is
the deformation equation, which translates how the spatial gradient of the
particle velocity is locally related to the temporal change of the volume.
These equations determine the theoretical framework of the conceptual view
of the model. The constitutive relations define how the mass flow density
and the volume change are interrelated to the acoustic pressure and the
particle velocity. The relational parameters are the mass density and the
compressibility. The constitutive relations are established by a physical ex-
periment, which must include the concepts of the seismic wave model. In
those areas where these material parameters change abruptly, the partial
differential equations no longer hold and have to be supplemented by the
boundary conditions. These conditions relate the acoustic wavefield quan-
tities at either side of the discontinuity. Since we are dealing with a time-
invariant medium, it is convenient to consider the acoustic wave equations
in the Laplace-transform domain.

In Chapter 4 we derive expressions for the acoustic wavefield that is
causally related to the action of sources of bounded extent in an unbounded
homogeneous medium. The spatial invariance of the medium permits us
to carry out a spatial Fourier transformation on the Laplace-transformed
wavefield quantities. Then the acoustic wave equations reduce to a sys-
tem of two algebraic equations. In this process, the algebraic inverse of
the transformed wave equations is identified as a spectral representation of
the so-called Green’s function. In the space-time domain, this function rep-
resents the space-time impulse response of the medium and is related to
the action of a point source. We present two alternatives to arrive at the
space-time domain expressions of this Green’s function. Then, after the in-
troduction of the scalar and vector potential, the final representation of the
wavefield is given as a spatial convolution of the Green’s function and the
source strengths.

In Chapter 5 we introduce the concepts of acoustic states. The acoustic
states are defined in a time-invariant, bounded domain. They encompass
the set of circumstances which completely describes the wave motion in
the domain of consideration. We distinguish three constitutive members of
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the set: the material state, which relates to the parameter distribution, the
source state, which corresponds to the source distribution, and the field state,
which represents the induced wavefield quantities. The central theme of this
chapter is the reciprocity theorem. This theorem relates two non-identical
acoustic states that can occur in the domain of interest. It directly relates
the spatial divergence of the wavefield interaction quantity to the differences
between the material and the source distributions of the two states. In the
Laplace-transform domain, we present two forms of this theorem: the field
reciprocity theorem and the power reciprocity theorem. In the time domain
we obtain reciprocity theorems of the convolution type and of the correlation
type, respectively. In the subsequent chapters, we show that both forms of
the reciprocity theorem are important for a consistent wavefield analysis.
Many seismic processing methods can be viewed as the result of a proper
application of the reciprocity theorems.

The first application of the field reciprocity theorem with a direct physi-
cal appeal is discussed in Chapter 6. In particular, we consider these exper-
iments where the transducers (source and receiver) interchange their posi-
tion. We model the transducers as distributions of point transducers, surface
transducers and volume transducers. The resulting relations are important
for understanding the redundancy in the physical experiment. Moreover,
these relations may serve as a numerical check in computational acoustics.

The analysis of the acoustic radiation generated by known volume sources
in a known inhomogeneous medium, the so-called direct source problem, is
discussed in Chapter 7. The representations for the acoustic wavefield are
obtained by the application of the field reciprocity theorem. As mentioned
before, two acoustic states are distinguished. In this particular application,
one state is associated with the actual wavefield; the other state is taken
as a suitable Green’s state. This latter state is the point-source solution of
the acoustic wavefield in the actual medium. Mathematically, the integral
representation for the acoustic wavefield quantities is recognized as a spatial
convolution of the Green’s state and the source distribution. Now, the re-
semblance with the linear system theory is evident. In this system approach
we have a one-dimensional temporal convolution of the system response and
the input signal. In the seismic case, the Green’s state plays the role of the
(three-dimensional) configurational system response. In Fig. 2, we depict
the conceptual view of the direct source problem.




6 INTRODUCTION

actual Green’s state acoustic
source. —— inhomogeneous |—— wavefield

distribution medium quantities

Figure 2. Conceptual view of the direct source problem.

Further analysis shows that, by using the reciprocity theorem again,
we can replace the action of the sources by equivalent surface sources at
simply closed surfaces. This surface completely encloses the domain of active
sources. In the same fashion, we arrive at the acoustic wavefield in a bounded
subdomain, under the condition that we know the acoustic wavefield on the
confining surface of the subdomain.

The scattering of acoustic waves by a contrasting domain of finite ex-
tent, present in an inhomogeneous embedding, the background medium, is
the topic of Chapter 8. This subject is known as the direct scattering prob-
lem and is also denoted as forward modeling. We show that, by reordering
the governing acoustic wavefield equations and by employing their linearity,
the total wavefield splits into an incident wavefield and a scattered wavefield.
The incident wavefield is the wavefield that originates from the actual sources
and would be present in the background medium in absence of the contrast-
ing domain. The pertaining wavefield equations for the scattered wavefield
are formulated such that they describe the wave motion in the background
medium, originating from the volume sources located in the scattering do-
main. These contrast sources are originated by the total wavefield and their
strengths are determined by the contrast parameters and the total wave-
field quantities. This procedure reduces the pertaining scattering problem
to a direct source problem and the conceptual view is depicted in Fig. 3.
This approach allows us to decide upon the hierarchy of the solution of the
pertaining scattering problem. The background medium can be chosen in
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contrast Green’s state acoustic
source —— background |——— wavefield
distribution medium quantities

Figure 3. Conceptual view of the direct scattering problem.

such a way that the spatial support and the amplitudes of the contrast pa-
rameters of the scatterer are optimally chosen. This optimum is constrained
by the complexity of the Green’s states and the complexity of the scatterer.
For example, in the seismic problem of the earth, the horizontal layering
is predominant and it is advantageous to determine the Green’s state of a
horizontally layered background medium; the scatterer is then determined
by the contrast with respect to this chosen background medium.

Determination of the total acoustic wavefield and the related contrast
sources is not trivial. The total acoustic wavefield follows from a linear sys-
tem of domain-integral equations. The numerical treatment of these equa-
tions is based on the theory of Chapter 2. Further, we show that a formula-
tion in terms of contrasting surface sources is also possible. This formulation
leads to a linear system of boundary-integral equations.

As an example of scattering by a contrasting domain, we discuss in Chap-
ter 9 the problem of acoustic wave scattering by an infinitely thin disk. The
disk is impenetrable: either perfectly compliant or perfectly rigid and im-
movable. The background is either homogeneous or inhomogeneous. As
an example of an inhomogeneous embedding, we consider the homogeneous
halfspace. For these problems, we derive integral equations of the convolu-
tion type. The numerical solution is obtained iteratively and is based on
the theory of Chapter 2. In the computational procedure, we employ stan-
dard Fourier transformation techniques to calculate the operator expressions
involved in the various iterative schemes. We restrict ourselves to the two-
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dimensional problem of scattering by a strip. The numerical results are col-
lected in a dataset and will be used as synthetic input data to demonstrate
different seismic-processing operations in the subsequent chapters.

The decomposition of the acoustic wavefield in a downgoing and upgo-
ing part is important in certain seismic applications, such as redatuming.
In Chapter 10 we formalize this procedure with the aid of the reciprocity
theorems. We consider a homogeneous subdomain of infinite lateral extent,
bounded vertically by two interfaces. The wavefield decomposition is realized
in a horizontal plane of this region. With the aid of the field reciprocity the-
orem and the causal Green’s function we show that the downgoing wavefield
is associated with an integral contribution of time-retarded surface-source
distributions over the upper interface. Using the power reciprocity theorem
and the anti-causal Green’s function we obtain an integral expression for
the upgoing wavefield in terms of time-advanced surface-source distributions
over the upper interface. The fact that the downgoing and upgoing parts
are both related to the upper interface, makes the decomposition feasible in
surface seismics.

In the marine case, the reflections against the water surface generate
shadow features in the recorded signal that are known as receiver and source
ghosts. These events are removed by an operation which is denoted as
deghosting. In Chapter 11 we develop a deghosting procedure. The method
is based on the fact that the ghosts are the only downgoing wave constituents
in the recorded signal. The decomposition theory outlined in Chapter 10 al-
lows us to isolate the ghosts effectively, and as a next step, to remove them.
The performance is illustrated by deghosting the dataset generated in Chap-
ter 9.

The surface-related wave phenomena such as the water-surface multiples
in the marine case blur the recorded signal. The multiples only prove that
the water surface is a strong reflector. In further processing of the seismic
data, the presence of these multiples hinders the good performance of e.g.
imaging and inversion. For that reason they need to be removed. However,
this removal is conditional: it has to be effected without changing any rel-
evant subsurface information present in the data. The latter requirement
implies that the removal procedure must be independent of the subsurface
information. In Chapter 12 we show that the field reciprocity theorem pro-
vides the most suitable mathematical framework for formalizing the removal
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procedure. It allows us to formulate the requirement in a natural way. One
state is associated with the actual situation, while the other state is the de-
sired multiple-free situation. In the domain of application, both states share
the same unknown geology, but in the desired state the water surface is ab-
sent. After some consistent applications of the field reciprocity theorem, we
arrive at an integral equation of the second kind for the reflected wavefield
of the desired case. The kernel of this integral equation and the known term
are both related to the deghosted wavefield. The precise knowledge of the
acquisition parameters and the source wavelet is prerequisite. This shows
that the success of the multiple removal validates our knowledge of these
input data. In this sense, it is a necessary condition for seismic inversion.
Further, the causality in the time domain admits that the integral equation
can be solved by means of a Neumann expansion. We illustrate the perfor-
mance of the multiple removal with the deghosted dataset of Chapter 11 as
input.

The last chapters of this book are devoted to the subject of medium
reconstruction. When we observe the structure of the recorded data, we
note that the velocity distribution in the earth is solely responsible for the
fact that the depth-dependent layering is directly related to the arrival times
of the corresponding events in the seismograms. Due to causality, we know
that the wavefields reflected from the deeper layers arrive at later times.
This observation suggests that we first should try to determine the velocity
distribution, in other words to delineate the velocity discontinuities. This
process is known as imaging. Then, inversion as the final reconstruction
process determines the material parameters by including the knowledge from
the imaging process in the construction of the background medium.

In Chapter 13 we discuss the imaging procedure of a single boundary.
We start our analysis with the boundary-integral representation. We assume
that the wavefield reflected at the boundary is linearly related to the incident
wavefield, through a frequency-independent reflection factor. Performing a
sequence of spatial Fourier transforms with respect to the source and receiver
coordinates separately and using a high-frequency approximation, we obtain
a representation that is suitable to image the boundary as the envelop of
the arrivals of the reflected causal source-wavelet function. This procedure
clearly reveals how the acquisition parameters determine the quality of the
image. The image procedure is tested on the synthetic dataset constructed
in the previous chapters.
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acoustic acoustic
wavefield wavefield
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Figure 4. Conceptual views of the ideal seismic model (a)

and the actual seismic model (b).

In Chapter 14 we present an alternative imaging procedure based on
the domain-integral equation of the reflected field. Here, the first Born
approximation is used for arriving at an expression, in which the contrast
sources in the domain are linearly related to the incident wavefield, through
a frequency-independent contrast factor. Then, an analysis similar to that in
Chapter 13 leads again to an imaging procedure, where the velocity disconti-
nuities manifest themselves as a temporal convolution of the source wavelet
and the contrast function at the time depth. The relation with the boundary
imaging in piecewise homogeneous domains is established. We conclude this
chapter by showing the resulting image of a circular cylinder.
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In Chapter 15 of this book we discuss the problem of seismic inversion.
What we first need is a proper formulation of the problem or to be more
precise, an operational context, in which the mathematical relation between
the knowns and unknowns is precisely stated. Again the reciprocity rela-
tion serves this purpose. In Chapter 8 we argued that the forward modeling
is equivalent to the computation of the scattered wavefield due to contrast
sources. In their turn the contrast sources are related to the deviation of
the actual parameter distribution from the background medium. In the
case of forward modeling, the latter distribution is known and via the field
reciprocity theorem using the Green’s state of the background medium, the
acoustic wavefield is calculated. In the case of inversion, the same formula-
tion can be used. Then the knowledge of the acoustic wavefield in all space
leads via the field reciprocity theorem and the background Green’s state
to the contrast sources, and consequently to the constitutive parameters.
In both cases, the solution follows from a domain-integral equation with the
scattering object as supporting domain. This situation is depicted in Fig. 4a,
which we denote as the conceptual view of the ideal seismic model. A com-
parison with the model of Fig. 1 is relevant. However, in the actual situation,
the seismic experiment is used as a diagnostic tool, where the wavefield prob-
ing is essentially outside the scattering object. The conceptual view of the
actual model is depicted in Fig. 4b. In this case, the relevant integral equa-
tion lacks data support in the object. Therefore, we do not have an integral
equation, but an integral representation of the scattered acoustic wavefield
outside the object, which results in an ill-posed inverse problem. In Chapter
15 we propose handling the inversion problem by the usual minimization
of the error between the integral representation of the scattered field and
the data observed, but the domain-integral equation inside the scattering
object is used as a consistency constraint. This constraint is included in the
pertaining minimization problem. In fact, we propose a non-linear iterative
scheme that minimizes the error in both the data domain and the object
domain simultaneously. The concepts of the iterative schemes presented in
Chapter 2 are incorporated in this inversion scheme.




Chapter 1

Integral Transformations

The seismic quantities that describe the acoustic waves, depend on po-
sition and on time. Their time dependence in the domain where the seismic
source is acting is impressed by the excitation mechanism of the source. The
subsequent dependence on position and time is governed by propagation and
scattering laws. To register the position we employ a Cartesian reference
frame with an origin O and three base vectors {1;,12,13} that are mutually
perpendicularly oriented and are of unit length each. The property that
each base vector specifies geometrically a length and an orientation, makes
it a vectorial quantity, or a vector; notationally, vectors will be represented
by bold-face symbols. Let {z;,z,,z3} denote the three numbers that are
needed to specify the position of an observer, then the vectorial position of
the observer = is the linear combination

T =211 + 2oty + 2313 . (1.1)

The numbers {z,,z,, 23} are denoted as the orthogonal Cartesian coordi-
nates of the point of observation. The time coordinate is denoted by t. We
employ the International System of Units (Systéme International d’Unités),
abbreviated to SI, for expressing the physical quantities of the acoustic wave
motion.

In this chapter we discuss the integral transformations that serve as
mathematical tools for the analysis of the acoustic wavefield. Specifically,
we introduce the Laplace transformation with respect to the time coordinate
and the Fourier transformation with respect to the spatial coordinates.
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1.1. Cartesian vectors

The mathematical framework of the theory of acoustic waves is furnished
by vector calculus. For this reason, this section summarizes those properties

of Cartesian vectors (JEFFREYS, 1974, p. 3) that are needed in our further
analysis.

The summation convention

The summation convention is a shorthand notation to indicate the sum
of products of arithmetic arrays. The arrays under consideration have either
the same or different dimensions, but the bounds on their subscripts are all
the same. In the present acoustic wave theory the arithmetic arrays are the
arithmetic representation of acoustic wave motion quantities. The subscripts
{k,1,p, q} are then to be assigned the values 1, 2 and 3. The convention
prescribes that to these lowercase subscripts in a product of arrays the values
1, 2 and 3 are successively to be assigned, while after each assignment the
result is added to the previous one. Let, for example, a; and b;, with
k € {1,2,3}, denote one-dimensional arrays and let ¢z, with k € {1,2,3}
and [ € {1,2, 3}, be a two-dimensional array. Then

3
aib; stands for Z apby , (1.2)
k=1
3
QkCk i stands for z ARk i, (1.3)
k=1
3 3
arbick,; stands for z z apbicky - (1.4)
k=1 Il=1

Addition, subtraction and multiplication of vectors

Vectors can be subjected to the algebraic operations of addition, sub-
traction and multiplication. Let the components of o be given by ox and
those of T by 7, then the components of the sum (difference) of o and T is
given by

(a' + T)k = Ok + Tk - (1.5)
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The product of the constant ¥ and o is given by

(yo)e = v0k . (1.6)
The inner product of o and 7 is given by

o-T =0T - (1.7)

Differentiation of a vector

As regards the differentiation of a vector, two cases have to be distin-
guished: differentiation with respect to a parameter, and differentiation with

respect to the spatial (Cartesian) coordinates of the space in which the vector
is defined.

Let o be a vector function and assume that o is a differentiable function
of the parameter ¢ (in seismics often the time coordinate). Let o) denote the
components of o, then the derivative ;0 of o with respect to ¢ is a vector
whose components are given by 0,0%.

Let o be a vector function and assume that o is a differentiable function
of the spatial (Cartesian) coordinates z1,z;,z3. Let o; denote the compo-
nents of o, then for each k (k = 1,2, 3), the derivative 90 of o with respect
to the spatial coordinate z is a vector function. For each k, its components
are given by 0oy, where 0; denotes the partial derivative with respect to
zj. Derivatives of a higher order are defined in a similar manner.

In three-dimensional Euclidean space, the gradient of a scalar function ¢
of position is introduced as grad ¢ = 9, ¢, the divergence of a vector function
v of position as divv = 9, vg.

Gauss’ integral theorem for vectors

Let o denote a continuously differentiable vector function of position
defined in some bounded domain D of a three-dimensional Euclidean space.
Let, further, 31D denote the boundary of D (Fig. 1.1). Then, Gauss’ integral
theorem states that

8,0 dV = / dA, 1.
/:cel) (Y] zeamml/k (1.8)
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oD
Vk

Figure 1.1. Configuration for the application of Gauss’ integral theorem.

where dV = dz;dz,dz; is the elementary volume in three-dimensional Eu-
clidean space and dA is the elementary area of D and v is the unit vector
normal to D and oriented away from D.

1.2. Integral-transformation methods

In the analysis of physical problems, often integral-transformation meth-
ods are employed, see e.g., TRANTER (1966). Their application proves to
be most useful in problems associated with configurations whose properties
(though not the wavefields occurring in them) are shift invariant in time
and/or in one or more of the spatial coordinates. As far as the time coordi-
nate is concerned, we have, in addition, to take into account the property of
causality. By the latter we mean that changes in the time behavior of the
sources that generate the wavefield may only manifest themselves in changes
of the time behavior of the wavefield after some elapse of time. The causality
condition can mathematically most easily be accounted for by the use of the
one-sided Laplace transformation. For this reason, we shall employ the one-
sided Laplace transformation as the integral transformation with respect to
time. A similar argument does not apply to the variations of the wavefield
in space. Here, it is of importance that we shall be able to handle wavefields
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in unbounded domains. From this point of view, the Fourier transformation
is the most appropriate one, and hence we shall employ the (one-, two-,
or three-dimensional) Fourier transformation as the integral transformation
with respect to one or more of the spatial variables.

1.2.1. Laplace transformation of a causal time function

Let us assume that the seismic sources that generate the wave motion
are switched on at the instant t > 0 . In view of the causality condition
we are then interested in the behavior of the wavefield in the interval (see
Fig. 1.2)

T={teRjt>to}. (1.9)

Further, we shall denote by T’ the complement in R of the union of T and
the instant ¢5. Hence,

xt(t)

T I T

Figure 1.2. Time interval T and its characteristic function .
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T' = {te Rt < to}. (1.10)
Occasionally, we shall denote the instant ¢ by T, i.e.,

0T = {t € R;t =t} . (1.11)

The one-sided Laplace transform of some seismic space-time quantity u =

u(z,t), defined in t > t; and in some as yet unspecified domain in space, is
then given by

iz, s) = ~/t-€T exp(—st)u(z,t)dt. (1.12)

Equation (1.12) is considered as an integral equation with known function
i(z, s), unknown function u(z,t) and kernel exp(—st). Now, causality is
enforced by extending the range of u by the value zero when t < i, and
requiring that this integral equation to be solved for u(z,t), has a unique
solution, viz. the value zero when t < t; and the reproduction of the function
that we started with when ¢ > ty. It can be shown, see for example WIDDER
(1946, p. 243), that this requirement can be met by a proper choice of the
transform parameter s. Because of the practical reason that in seismics all
quantities have bounded values, we shall restrict ourselves to functions u
that are bounded. Then, the right-hand side of Eq. (1.12) is convergent, and
Eq. (1.12) considered as an integral equation has a unique solution, if s is
either real and positive (which choice has its advantages in the theory of a
number of wave propagation problems), or complex with Re(s) > 0. The
latter choice leads in the limiting case when s = jw, where j is the imaginary
unit and w is real and positive, to the well-known frequency-domain analysis
with complex time factor exp(jwt), w being the circular frequency of the

relevant frequency component. Introducing the characteristic function of
the set T,

1
x1(t) = {1,5,0} when t € {T,8T, T'}, (1.13)
we can also write

iz, s) = lenexp(—st)XT(t)u(z,t)dt. (1.14)

In elucidating the properties of the Laplace transformation it is often advan-
tageous to use Eq. (1.14) rather than Eq. (1.12).
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In a number of cases encountered in the theory of the propagation of
impulsive waves, the transformation from the s-domain back to the time
domain is carried out either by direct inspection or by inspection after hav-
ing applied some elementary rules of the Laplace transformation. For this
reason, some of these rules are discussed below.

Differentiation with respect to time

Let u = u(z,t) denote a function that is defined when ¢t € T and that is
equal to zero when t € T’. Then, the (one-sided) Laplace transform of the
derivative 8;u of u is found via partial integration as

/oo exp(—st)du(z, t)dt = —exp(—sto)%ilrtnu(:c, t) + su(z,s).  (1.15)
0

to

Further, the Laplace transform of the time derivative of xtu(e,t) is found
as

~/t'€ mexp(—st)at[XT(t)u(z’ t))dt

/tenexp(—st)[ath(t)]u(z, t)dt + /tenexp(—st)XT(t)atu(z, t)dt

= exp(—sto) hltn u(z,t) + / exp(—st)0su(z, t)dt
0 to

= su(z, s), (1.16)

where Eq. (1.15) has been used. The term exp(—st) limy |, u(=,t) accounts
for the presence of an impulse function (Dirac distribution) at ¢ = ¢;, whose
strength equals the jump in v when passing the instant t = ¢y in the direction
of increasing t. Upon incorporating the latter contribution in the definition
of the time derivative of u, the rule applies that the s-domain equivalent of
the operation of time differentiation is the multiplication by a factor of s.

Equation (1.16) exemplifies that the transformation rules find their sim-
plest expression when R is taken as the domain of u.
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Asymptotic behavior as |s| — oo

Performing a partial integration in the right-hand side of Eq. (1.12), the
asymptotic behavior of the Laplace transform as the transform parameter
goes to infinity is found to be

lim exp(sto)i(z,s) =0, Re(s)>0. (1.17)

[s|—o00
Furthermore, we have (cf. Eq. (1.15))

lim exp(sty)si(z,s) = Plrtnu(:c,t), Re(s) > 0. (1.18)
0

[s|—o0

This latter relation is known as the initial-value theorem.

Temporal convolution
Let v = u(=,t) and v = v(z,t) denote two functions that are defined on
R. Then, the temporal convolution C;{u,v}(=,t) of u and v is defined as
Ci{u,v}(=z,t) = / u(z,t —t')v(e,t')dt
t'eR
= / ]Ru(:n,t')v(a:,t —t)dt' = Ci{v,u}(=,t). (1.19)
t'e

Equation (1.19) shows that the convolution is a symmetrical functional of the
two constituent functions. Taking the Laplace transformation of Eq. (1.19),
we arrive at

Ci{u,v}(z, s) = i(z, s)i(z, s) . (1.20)

For Eq. (1.20) to be valid, there must exist a value of s for which the two
definition integrals for @ and ¥ converge simultaneously.

Temporal correlation

Let u = u(z,t) and v = v(z,t) denote two functions that are defined on
R. Then, the temporal correlation Ci{u,v}(=,t) of u and v is defined as

Cl{u,v}(=,t) = /t g Bt (e )

/ u(z, )o(e, ' — 8)dt = Cl{v,u}(z, ~t) . (L.21)
t'eR

i
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Equation (1.21) shows that the correlation is not a symmetrical functional
of the two constituent functions. Taking the Laplace transformation of
Eq. (1.21), we arrive at

C!{u, v}(=, s) = u(x, s)o(z, —s) . (1.22)

For Eq. (1.22) to be valid, there must exist a value of s for which the two def-
inition integrals for #(z, s) and o(z, —s) converge simultaneously. In wave-
field problems dealing with lossless media, this only occurs for the limiting
case of imaginary values of the transform parameter s.

Inverse Laplace transformation

The inverse Laplace transformation can be carried out explicitly by evalu-
ating the following inversion integral (also denoted as the Bromwich integral)
in the complex domain

1 80+j00
— exp(st)i(z, s)ds = x1(t)u(=,t), (1.23)
275 Jao—joo
where the path of integration is along the line s = so, Re(so) > 0, parallel
to the imaginary axis of the complex s-domain.

Temporal Fourier transformation

In this subsection we consider the consequences for the limiting value
when s — jw, where w is real. Then, the Laplace transform is equivalent
with the temporal Fourier transform

'&(z,jw):/ mexp(—jwt)xrp(t)u(z,t)dt. (1.24)

te

A sufficient condition for the convergence of the integral of Eq. (1.24) is
the absolute integrability of u(z,t) over the domain T (VAN DER Por and
BREMMER, 1950, p. 8). The function x1(t)u(z,t) is retrieved from @(z, jw)

as
1

o LeBeXP(th)ﬁ(”’jw)dw = x1(t)u(e,1). (1.25)

From Eq. (1.24) we observe that 4(z,—jw) = 4*(z,jw), where the star
denotes the complex conjugate. Hence, Eq. (1.25) may be written as

_’1—rRe [/Ooo exp(jwt)i(z, jw)dw| = x1(t)u(=,t) . (1.26)
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In this book we only consider seismic wave problems. We assume that
i(z,jw) = 0 for w = 0. From Eq. (1.26) we observe that only positive
values of w have to be considered. Therefore, we restrict our analysis in this
book to positive values of w.

Asymptotic behavior as w — oo

The asymptotic behavior of the temporal Fourier transform as the trans-
form parameter goes to infinity is found to be

lim 4z, jw)=0. (1.27)

w—00

The result is based on the Riemann-Lebesgue lemma (WHITTAKER and
WATSsON, 1927, p. 172).

The initial-value theorem becomes now
wlingo exp(jwto)jwi(z, jw) = ltlﬁrolu(z, t). (1.28)

Note that the initial-value theorem, previously given by Eq. (1.18), holds
not only for Re(s) > 0, but also for s = jw.

1.2.2. Spatial Fourier transformation of a localized function

Let us consider the scalar wavefield quantity u = u(z,t) that is defined
in some bounded domain D in space and let & = 4(z,s) denote its time
Laplace transform. The spatial Fourier transform of this localized function
1 over the domain D is then defined as

a(jsa,s) = /zemexp(jsaqzq)ﬂ(z,s)dv , (1.29)

where dV is the elementary volume in R3. We have put the factor s in
the exponential function, because this is very convenient for seismic wave
problems. Let, further, D denote the boundary surface of D and let I’
denote the complement of D U dD in R3. By introducing the characteristic
function xp(z) of the set D as (Fig. 1.3)

xp() = {1,%,0} when z € {D,dD,D'}. (1.30)
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Figure 1.3. Domain D and its characteristic function xp.
Equation (1.29) can also be written as
u(jsa, s) = ./:;: - exp(jsagz,)xp(z)i(z,s)dV . (1.31)
€

In Eqgs. (1.29) and (1.31), a is denoted as the angular-slowness vector; in
terms of its Cartesian components we have

a = aji; + azi; + aziz. (132)

Although o may be complex, we take sa to be real, i.e., s« € R?. In the
complex ay-domain (¢ = 1,2,3), we take a, always in the direction of the
complex conjugate s* of s (see Fig. 1.4). Then, a sufficient condition for the
convergence of the definition integral (TITCHMARSH, 1948) is the absolute
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integrability of i(z,s) over the domain I. Since then 4(z,s) necessarily
goes to zero as || — oo when D is unbounded, we denote this class of
functions also as localized (in space). The Fourier transform domain is also
denoted as the angular-slowness-vector domain or the spectral domain.

The transformation from the angular-slowness-vector domain back to the
spatial domain is carried out by employing the Fourier inversion integral

(211r)3 /sae]R“ exp(—jsayz,)i(jsa, s)dV = xp(z)u(z, s) . (1.33)

The integration path in the complex a-domain is chosen in such a way that
sa is real valued (see Fig. 1.4). The result of the left-hand side of Eq. (1.33)
for # € 0D holds on the assumption that D has a unique tangent plane,
while the integral has to interpreted as a Cauchy principal-value integral
around infinity (VAN DER PoL and BREMMER, 1950, p. 8). In a number of
cases the integrations with respect to say, sa; and/or saz can be evaluated
by employing theorems of the theory of functions of a complex variable.

Next, some elementary rules for the spatial Fourier transformation will
be discussed.

Differentiation with respect to the spatial coordinates

Let u = u(z,t) denote a function that is defined on D and that is equal
to zero on I'. Let, further, & = @(z, s) denote its Laplace transform. Then,
the spatial Fourier transform of the spatial derivative 0% is found as

Lebexp(jsaqz(,)akﬁ(z’s)dv
) / {Ok[exp(jsa,zy)i(z, s)] — [Oxexp(jsagzy)li(z,s)}dV
zecD

= exp(jsa,z, )z, s)vidA — jsagu(jsa,s),
./:;:eall) p(J q ¢)%( Wk jsari(j ) (1.34)

where Gauss’ integral theorem has been used to arrive at the integral over
OD; v). denotes the unit vector along the normal to 0D pointing away from D,
and the value of % on 9D is the limiting value approaching 0D via . Further,
the spatial Fourier transform of the spatial derivative of xp(z)i(=,s) is
found as
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Im(aq)
y
s = real
*~— Re(ay)
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Im(aq)
s = imaginary = jw
s
Re(ay,)
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s = complex
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]
Re(ay,)

Figure 1.4. Integration path in the spectral domain.
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/zemaexp(jsaqa:q)ak[X]D(;,,)a(z, 3)]dV

= /zenaexp(jsaqzq)[akxl)(z)]ﬂ(z, s)dv

+/ exp(jsagzy)xplz)0ri(z, s)dV
zecR®

= —Leamexp(jsaqzq)ukﬂ(z,s)dA

+/ exp(jsagz,)0ci(z, s)dV
zeD

—jsaii(jsa,s), (1.35)

where Eq. (1.34) has been used. In the derivation we have also used the
property that Jxxp(=) has a spatial unit impulse function (Dirac distribu-
tion) behavior in the opposite direction of the unit vector along the normal
to 0D pointing away from D.

Equation (1.35) exemplifies that the transformation rules find their sim-
plest expression when R3 is taken as the domain of .

Asymptotic behavior as |sa| — oo

The asymptotic behavior of the spatial Fourier transform as the trans-
form parameter goes to infinity is found to be
lim @(jsa,s)=0, |salecR>. (1.36)
|sQt|—o0
The result of Eq. (1.36) is based on the Riemann-Lebesgue lemma (WHIT-
TAKER and WATSON, 1927, p. 172).

Spatial convolution

Let @ = u(x, s) and ¥ = 9(z, s) denote two s-domain functions that are
defined on R3. Then, the spatial convolution Cg{i, ?}(=, s) of & and 9 is
defined as

Cp{u, o} (z,s) = /;: Wz — ', s)d(z’, s)dV

IG]R:’
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= [ g (e 2)ile — &, 5)aV = oo, i} (= ).
(1.37)

Equation (1.37) shows that the convolution is a symmetrical functional of the
two constituent functions. Taking the Fourier transformation of Eq. (1.37),
we arrive at

Ce{i,1}(jsa, s) = i(jsa, s)i(jsax, s). (1.38)

For Eq. (1.38) to be valid, there must exist a value of sa for which the
two definition integrals for @ and ¥ converge simultaneously. For absolutely
integrable functions this is the case (for real values of sa).

Spatial correlation

Let @ = (=, s) and ¥ = 9(«, s) denote two s-domain functions that are
defined on R®. Then, the spatial correlation Ch{%,?}(z,s) of @ and ¥ is
defined as

CL {4, 5}(z,s) = /z e HE 7 )i, )V
= / u(z’, s)o(z’ — =,s)dV = C{d,4}(~=,s).
z'cR’
(1.39)

Equation (1.39) shows that the correlation is not a symmetrical functional
of the two constituent functions. Taking the Fourier transformation of
Eq. (1.39), we arrive at

Cl{, v} (jsa, s) = u(jsa, s)o(—jsa,s). (1.40)

For Eq. (1.40) to be valid, there must exist a value of sa for which the
two definition integrals for ¢ and ¥ converge simultaneously. For absolutely
integrable functions this is the case (for real values of sa).

Special case of imaginary s

In the special case of s = jw the slowness vector must be taken imaginary.
We therefore introduce the real slowness vector

P = pit1 + P2tz + pata, (1.41)
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as
p=ja. (1.42)
Hence, the transform pair of Eqs. (1.31) and (1.33) is rewritten as

W(jwp, jw) = /z B exp(jwpezq)xp(®) iz, jw)dV, (1.43)

(%) /;)ell“ exp(—jwpyeq)i(jwp, jw)dV = xp(2)i(z, jw).  (1.44)

Equation (1.43) represents the temporal Fourier transform of the Radon
transform. To show this, we transform Eq. (1.43) back to the time domain.
Using Eq. (1.25) we arrive at

i(p,t) = /z e XD (4 Pozo)u(a, 4 pyzg)dV (1.45)

The latter represents the three-dimensional Radon transformation (DEANS,
1983; CHAPMAN, 1981). It is clear that the Radon transformation can con-
veniently be carried out via the temporal Fourier domain, using Eq. (1.43).

1.2.3. Spatial Fourier transformation with respect to the hor-
izontal coordinates

It is common in seismic problems to assign the z3-coordinate to the vertical

depth position. Then, z; and z, represent the horizontal positions. Very

often the spatial Fourier transform of a bounded function with respect to

these horizontal coordinates is used. This transform pair is defined as
w(jsay, jsaz, €3, 5)

'/( )€m2 ( 1 jsa222)u(z1, 22 :l:( 9 ) [
x1,T2 b 3 S dA

1
- —7sQ1T1—Jsaox9)u(jsay, S, T3, 8)dA
(2’"')2 -/(.san,saz)E]R?exp( jsnti—y 2 2) (] I 2 )

= 11(331,1:2, T3, 5) . (1'47)



SPATIAL FOURIER TRANSFORMATION IN HORIZONTAL DIRECTION 29

Special case of real s

In the special case of real s, the slowness vector a must be taken real
as well. This case occurs in the generalized-ray theory, e.g., the Cagniard-
de Hoop method (see Chapter 4). Then the inverse transform, defined by
Eq. (1.47), may be written as

2
s . . _/ . .
(—) / ,exp(—jsazy — jsaszy)u(jsay, jsas, 3, 5)dA
27r (ax,az)Em

= u(z1, 22,23, 5) . (1.48)

Special case of imaginary s

When s approaches the imaginary value, the introduction of s = jw and
p1 = jag, p2 = jas leads to the transform pair

ﬁ(jwpl)jwp%x(hjw) (1 49)

B /( ) :IRze}(p(J""’p‘m1 + jwpaza)u(zy, Tz, T3, jw)dA
z),r2)€

2

w
exp(—jwpiz) — jwpszs)@(jwpy, jwps, T3, jw)dA

(21) '/(Pl.Pz)GJRQ p(=jwpizr - jwps2)u(jwpr, jwps, 23, jw)

= (21, 22, 23, jw) - (1.50)

Equation (1.49) represents the temporal Fourier transform of the Radon
transform with respect to the horizontal coordinates. To show this, we
transform Eq. (1.49) back to the time domain. Using Eq. (1.25) we arrive
at

u(pi, p2, £3,1) Z/

, XT(t+P1214p222)u(21, 22, 23, t4P121 +p222)dA .
(z1 ,xz)Em

(1.51)
The latter represents the two-dimensional Radon transformation with re-
spect to the horizontal coordinates z,, z; (DEANS, 1983; McCOWAN AND
Brysk, 1982). It is advantageous to carry out this Radon transformation

via the temporal Fourier domain (FOKKEMA et al., 1992), using Eq. (1.49).
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1.3. Discrete Fourier-transformation methods

In seismic data processing we need the discrete counterparts of the per-
tinent Fourier transforms. In the numerical treatment that leads to the
discrete Fourier transform, we require that the symmetry properties of the
continuous Fourier transform are maintained. To that end we first identify
these properties.

Symmeltry properties of the continuous Fourier transform

The more-dimensional spatial Fourier transform, previously given by
Eq. (1.29), is considered as a repeated version of a one-dimensional Fourier
transformation. The temporal Fourier transform is already of the one-
dimensional type (cf. Eq. (1.24)). This allows us to focus the discussion
on the one-dimensional case. The Fourier transform of u = u(z) is generally
given by

U(a) = F{u}(a) = Lenexp(j2wam)u(z)dm, (1.52)

while the function u(z) is retrieved from U(a) by employing the Fourier
inversion integral with the result

FY{UMNz) = /a g e (-i2maz)U(a)da = u(z). (1.53)

The function u(z) is considered as the sum of an even part u°(z) and an odd
part u°(z),

u(z) = u(z) + u’(z) . (1.54)
The even part is given by
. 1 1
u’(z) = iu(:c) + iu(—:c) (1.55)
and the odd part is given by
) 1 1
u’(z) = Eu(z) - Eu(—z) , (1.56)
with the properties
u’(z) = u(—=z) (1.57)

and
u’(z) = —u’(—z). (1.58)
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Substituting this decomposition in even and odd parts in Eq. (1.52) we arrive

at
U(a) = U%(a)+ U°(a), (1.59)
where the even and odd parts follow from
1 1
U(a) = EU(Q) + EU(_Q) (1.60)
and ) 1
Ul(a) = §U(a) - -2—U(—a) . (1.61)

Consequently, the even parts in the z-domain and a-domain are related
through

U(a) = / nexp(ijam)ue(z)d:c (1.62)
z€
and
/ ]Rexp(—j27raz)Ue(a)da = u®(z), (1.63)
a€
while the odd parts are linked through
U°(a) = / ]Rexp(j27ra:c)u°(z)d:c (1.64)
T€
and
/ Rexp(—j27ra:c)U°(a)da = u’(z). (1.65)
o€

The relation between even and odd parts are consequences of the fact that
the Fourier transform and its inverse are symmetrical operators in the -
domain and the a-domain, respectively. We require that these symmetry
properties are conserved in the numerical discretization.

Real functions in the z-domain

In the case that u(z) is real, U%(a) is real and U°(a) is imaginary valued,
which allows us to rewrite Eqgs. (1.63) and (1.65) as

2Re [/L;Enexp(—jZ'rraz)XR+ (a)Ue(a)da] = u®(z) (1.66)

and

2Re [/{;emexp(—j27ram)xn+(a)U"(a)da] =u’(z). (1.67)
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In Egs. (1.66) and (1.67) we have used the definition (cf. Eq. (1.30)) of the
characteristic function xp+, related to the domain RT given by

Rt = {a € R; a > 0}. (1.68)

From Eqs. (1.54), (1.59), (1.66) and (1.67) it follows that, when u(z) is real,
Eq. (1.53) can be rewritten as (cf. Eq. (1.26))

2Re [/aemexp(—j%raz)xlm (a)U(a)da| = u(=). (1.69)

It is noted that in the numerical discretization a symmetrical domain around
a = 0 has to be chosen in order to compute Eq. (1.69) numerically. This
requires space allocation of zero values for negative values of a.

Step functions in the z-domain

The step function w(z) is defined on the domain D = {z € R;0 <
zp < z} and given by means of the characteristic function xp (see Fig. 1.5)
according to

w(z) = xp(=)u(z). (1.70)

The even part w® and odd part w° are given by

w'(z) = Zxp(e)u(z) + yxp(-2)u(-2) (L11)
and . )

w®(z) = 5xp(z)u(z) - Sxp(-2)u(-2). (1.72)
Since

w(z) = 2xm+(z)we(:c) = 2x g+ (2)w(), (1.73)

we deduce from Eqgs. (1.63) and (1.65) that w(z) either follows from the
even part or from the odd part of the Fourier-transform counterpart in the
a-domain. Hence

2x g+ (2) Lenexp(—j2raz)We(a)da = w(z), (1.74)

or

2x g+ () /aemexp(—ﬂ‘lra:c)W"(a)da = w(z), (1.75)
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xp(2)

Figure 1.5. The domain D and its characteristic function x.

in which W¢(a) and W°(a) are the even and odd part of W(a), respectively.
Note that for this class of functions, we can reconstruct the function w(z)
either from Eq. (1.74) or from Eq. (1.75).

Real step functions in the z-domain

When w(z) is real, the results from Eqs. (1.66) and (1.67) can be com-
bined with those from Eqgs. (1.74) and (1.75) yielding

-

4xg+(z)Re [Lemexp(—j2waz)xn+ (a)We(a)daJ = w(z), (1.76)

or

4xg+(z)Re [/C;ERexp(—j27raz)xn+(a)W"(a)da: = w(z). (1.77)

It is noted that in the numerical discretization a symmetrical domain around
a = 0 has to be chosen in order to compute either Eq. (1.76) or (1.77)
numerically. This requires space allocation of zero values for negative values
of a.
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Discretization

In seismic processing methods, integral transformations of the type of
Eqgs. (1.52) and (1.53) are carried out by means of numerical techniques. We
only know the pertinent function values u(z) in discrete points in a finite
interval

D={z €&z <z <z}, (1.78)

To study the consequences of the discretization, we depart from the contin-
uous Fourier transform given by Eq. (1.52) and consider a discretization in
a with sample interval Aa :

Up :/ mexp(j27rmAaz)u(z)dz, (1.79)
z€

where U, is defined as
Un = U(mAa). (1.80)

Next, we write the infinite integral on the right-hand side of Eq. (1.79) as
an infinite sum of integrals over finite intervals with length KI‘;,

(%) 2ntl
U, = Z /ma exp(j2rmAaz)u(z)de . (1.81)

2n—1
n=-—o0o 20«

Note that the center positions of the finite intervals are chosen such that
the point of symmetry z = 0 of the original transformation, Eq. (1.79), is
contained in the contribution for n = 0. This is necessary to guarantee that
the symmetry properties are maintained in the discretized version. Changing
the variable of integration, we rewrite Eq. (1.81) as

o] 1
2Aa . n
Un = Z /:_1_ exp(j2rmAaz)u(zc + Ka)dz. (1.82)
n=—o0 22Aa
We interchange the order of summation and integration, leading to
1

Un = /5?—‘] exp(j2rmAaz)uP(z)dz , (1.83)

28 a

where uP°" is a periodic function with period Aia, given by

uPT(z) = i u(z + &) . (1.84)

n=-—o0o
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In view of the symmetry requirements of the Fourier transform we define
a symmetric domain around ¢ = 0. To this end we extend the supporting
domain D to the extended domain

Dp = {z € R; |z| < XF}, (1.85)
where
X = max (20,1, 1282,1) - (1.86)
This is accomplished by extending the definition of the function u(z) as
P (z) = { u((,z,)’ i ;ll';f (1.87)
It is convenient to take L 5 159)
2Aa ’ )

Taking this value for Aa we observe that u*"(z) = uf(z) for |z| < 7A—.
Hence, we rewrite Eq. (1.83) as

1
280

exp(j2rmAaz)u®(z)dz . (1.89)

m

UE = /
T 28a

The integral on the right-hand side of Eq. (1.89) is computed by employing
the trapezoidal integration rule (RALsTON and RABINOWITZ, 1978, p. 120)
of a periodic function with N sample intervals of length Az. This procedure

leads to the discrete Fourier transform UZ of the extended discrete function

uf,
;N
UE = Az D exp(j2rmnAalz)u’ (1.90)
n:—%N%—l
with
uf = uP(nAz), (1.91)
and E
1 2X
Az = = — .
®= NAa N (1.92)
Using Eq. (1.92) in Eq. (1.90), we arrive at the final result
E E & mn, E
U, = DFy{u, }(m) = Az exp(j27—)u,; ,
(Em=ae 3 estiari)

m=—3N+1,---,iN. (1.93)
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In numerical computations, the values of UE are taken as approximate re-
sults of the Fourier transform of the localized function defined on D. The
inverse discrete Fourier transformation leads to

iN
2
DFy'{Uf}(n) = Aa ) exp(-j2x UL = uf
m=—§—N+1
n:—%N—{-l,-o-,%N. (1.94)
The original function is then recovered as
u(z) =uf, z=nAz, z€D. (1.95)

Note that our definitions of the discrete Fourier transforms are different from
the standard ones, as far as normalization and numbering are concerned
(OPPENHEIM et al., 1983, p. 297). However, we prefer the situation where
the normalization and numbering of the discrete transform is closely related
to the definition and symmetry properties of the continuous transform.

Discrete convolution

The continuous convolution of the functions u(z) and v(z) is given by
the expression (cf. Egs. (1.19) and (1.37))

Cr{u,v}(z) = /, ]Ru(z —z')u(z")dz’ . (1.96)

S

We assume that the supporting domains of u(z) and v(z) are given by

D, = {z € R; m,(r:t)n <z<z®} (1.97)
and
D,={ze® ") <z<az2l)}, (1.98)

respectively. By inspection it follows that the supporting domain of the
function Cy{u,v}(z) is given by

De = {z € B; zin), + 20}, <z <20 +200).} (1.99)

Outside this domain the convolution Cy{u, v}(z) = 0. In view of the symme-

try properties of the Fourier transform we introduce an extended, symmetric
domain common for the functions u(z), v(z) and C,{u,v}(z), i.e.,

D; = {z € R; |z| < XF}, (1.100)
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where

l Iz(u) +z (v) (v)

(s + 2lals 200 128 12801, 128201 -

(1.101)
This is accomplished by extending the definitions of the functions u(z) and
v(z) as

W | W)

min mn

XE —-max([z

uE(z) = { “(02,)’ : ; iz: (1.102)
and
vE(z) = { ”(z’) :;i:j (1.103)

Observing that uf(z — 2')v®(2’) vanishes outside the extended domain Dg,
Eq. (1.96) is replaced by

Co{uP,vE)(z) = / Wz - o')oP(2')de’. (1.104)
z'e ]DE
The integral on the right-hand side of Eq. (1.104) is computed by employing

the trapezoidal integration rule with N sample intervals of length Az. We
arrive at the discrete convolution

iN
2
Cn = Az Z ul oF (1.105)
i=—-1§N+l
where
Cp = Co{u?, v} (nAz), (1.106)
uf = uE(nAz), (1.107)
vE = vE(nAz), (1.108)
in which 5
2X
Az = —. .
e= (1.109)

Using the definitions of the discrete Fourier transforms we observe that
DFN{Cp}(m) = DFn{uE}(m) DFy{vE}(m). (1.110)
The final result is obtained as

C = DFy' { DFN{uE}(m) DFn{vE}(m)} (n), (1.111)
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forn = —%N +1,---, %N . In numerical computations, the values of C,, are
taken as approximate results of C,{u,v}(z),z = nAz and z € Dg.

Discrete correlation

The continuous correlation of the functions u(z) and v(z) is given by the
expression (cf. Egs. (1.21) and (1.39))

C' {u, v}(z) = / ECRSTCOLS (1.112)

We assume that the supporting domains of u(z) and v(z) are given by

D,={z € R :1:5,:‘3" <z <z} (1.113)
and
D,={zeR 2"l <z<zl)}, (1.114)

respectively. By inspection it follows that the supporting domain of the
function C.{u,v}(z) is given by

Do ={z e R ) — ), <z <) -3l }. (1.115)

Outside this domain the correlation C.{u,v}(z) = 0. In view of the symme-
try properties of the Fourier transform we introduce an extended, symmetric
domain common for the functions u(z), v(z) and CL{u,v}(z), i.e.,

Dp ={z € R |z| < X}, (1.116)
where
X = max(je), — 2.1, 125, — 20k 1200, 125l [kl 1265k -
(1.117)

This is accomplished by extending the definitions of the functions u(z) and
v(z) as

uB(z) = { "(0"")’ %€ Du, (1.118)

and

vE(z) = { ”(0”)’ =€ m"j (1.119)
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Observing that u?(z’)v¥(z’ — z) vanishes outside the extended domain D,
Eq. (1.112) is replaced by

CL{uE,vF}(z) = / WP (2')oB (2’ - z)dz’. (1.120)
I'G]DE

The integral on the right-hand side of Eq. (1.120) is computed by employing

the trapezoidal integration rule with N sample intervals of length Az. We

then arrive at the discrete correlation

iN
2
C,=0z Y ul v, (1.121)
i:—;‘z—N+1
where
C! = ¢ {uF vF}(nAc), (1.122)
uf = uE(nAz), (1.123)
vE = vE(nAz), (1.124)
in which 5
2X
Az = —. 1.12
o= (1125)

Using the definitions of the discrete Fourier transforms we observe that
DFy{C,}(m) = DFy{uE}(m) DFn{oE,}(m).  (1.126)
The final result is obtained as

Cy, = DFy' { DFy{ul}(m) DFN{vE, }(m)} (n), (1.127)

for n = — %N +1,---, %N . In numerical computations, the values of C}, are
taken as approximate results of C{u,v}(z), ¢ = nAz and z € Dg.







Chapter 2

Iterative Solution of Integral
Equations

Many problems in seismic wave motion are formulated through integral
equations. In the present chapter the iterative solution of an integral equa-
tion is discussed. To have a measure for the accuracy attained, we select
the global root-mean-square error in the equality sign of the integral equa-
tion that has to be satisfied by the exact solution. For a given sequence of
expansion functions used to represent the unknown wavefield quantities, the
minimization of the relevant error leads to a particular method of moments.
For configurations of realistic size and degree of complexity, this leads to the
numerical solution of a large system of linear algebraic equations which is
intractable for a direct numerical implementation. In this chapter we de-
velop some iterative techniques, where the intermediate step of the solution
of a large system of equations is superfluous. In all the iterative techniques
we take the integrated square error with respect to the original operator
equation as a measure of deviation of the approximate solution from the ex-
act one. Variational techniques are employed to arrive at a minimum error.
Several schemes are presented to control the successive decline of the error.
A symmetrization and preconditioning procedure of the integral equation is
also discussed. In the special case that the operator is of the convolution
type, Fourier transformations can be used advantageously to compute the
operator; further, we derive an approximate inverse operator that can be
used as an efficient preconditioner.
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2.1. The integral equation

In this section we consider the integral equations that arise from the
application of the acoustic reciprocity theorem, see Chapter 5, both in the
frequency domain and the time domain. All of these are of the general form

/ L(z,z')u(z')dz’ = f(z), whenz € D. (2.1)
r'eD

In this equation, u is the unknown wavefield quantity in the relevant spa-
tial or space-time domain, f is a known wavefield, and L is the kernel of
the integral equation. In general, z and z’ stand for the relevant coordi-
nate variables (for example, the Cartesian coordinates {z,, 22,3} in three-
dimensional space in the frequency-domain formulation, and {z;, z,,z3,t}
in the corresponding time-domain formulation); v and f are vector valued,
L yields the proper matrix relationship, and D is the (space or space-time)
domain for which Eq. (2.1) holds. D is a subspace of R”, where p is the
dimension of the space under consideration. We further assume that the
integral equation has a unique solution, i.e., u(z) = 0 for all z € D, if and
only if f(z) =0 for all z € D.

In almost all situations encountered in practice, the integral equation
of Eq. (2.1) can only be solved approximately with the aid of numerical
techniques. How good an approximate solution is, can be quantified only
after one has chosen a particular quantitative error. To discuss this aspect,
we introduce an operator formalism together with an inner product of two
functions defined on D (with the associated norm). To write Eq. (2.1) in an
operator form, the (bounded) linear operator L acting on a function u € D
is introduced by

Lu = L{u}(z) = /z p LE () s’ (2.2)

Note that the right-hand side of Eq. (2.2) is defined for all z € RP (see
Section 2.7). Equation (2.1) is equivalent to the operator equation

Lu=f, whenz € D. (2.3)

Further, the inner product of two integrable functions u and v defined on D
is taken as

(u, v) = /;emu(:c)v*(:c)d:c, (2.4)
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where the star denotes complex conjugate. The norm of a function u is, in
accordance with Eq. (2.4), defined as real positive quantity

1
el = (u,u)7 . (2.5)

The (Hermitean) adjoint operator L* of L is defined as that one for which
(Lu,v) = (u, L™v), (2.6)

for all functions u and v defined on D. If L* = L, the operator is selfadjoint.
It is noted that in most seismic problems the operator is, however, not
selfadjoint. Combining Eq. (2.2) with Eq. (2.6) it follows that

L= ()= [ LI(2)u(z)de, 2.7)
z'e

where L*(z', z) denotes the complex conjugate of the transpose of the matrix

kernel L(z',z). Note that in the functional dependencies of the matrix kernel

of Eq. (2.7) the coordinates z and z' have the reverse order of the ones in

Eq. (2.2).
For any function u*” differing from the exact solution u of Eq. (2.3) we
define the residual as
r = f— Lu®?, (2.8)

and the global root-mean-square error in the satisfaction of the equality sign
in Eq. (2.3) as

ERR = (r,r)? = ||r||, (2.9)

being the norm of . Note that ERR > 0 and that ERR = 0 if and only
if u*? = u. In seismic problems, f is related to the source wavefield in
the domain D; therefore, in numerical implementations, we normalize the
root-mean-square error according to

Yl
ERR = 70, (2.10)

with the properties ERR = 0 if u®” = v and ERR = 1 if u%" = 0. The
error defined in Eqs. (2.9) and (2.10) is used as a measure for the accuracy
attained in all the various iterative schemes to be dealt with.
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2.2. Direct minimization of the error

In this section we first discuss a direct (i.e., non-iterative) approxima-
tion to the solution of the operator equation (2.3). To construct an approx-
imate solution, the unknown function u is expanded in terms of a given,
appropriately chosen, sequence of linearly independent expansion functions
{#n; » = 1,---, N} that are defined on D and belong to the same vector
space as to which u belongs. Let, for some N > 1,

N
uy =Y alVg,, (2.11)
n=1
and
T™ = f - LuN . (2.12)

Then the problem is to determine, for given N, the sequence of expansion
coefficients {a,(qN); n=1,--+, N} such that (rn,ry) is minimized. The rele-
vant values of {a&N)} are denoted as the optimum values {a?"'}. Assuming
that the optimum exists, let

alM) = o 4 &, forn=1,---,N, (2.13)
where &, is arbitrary. Let, further,
N
r¥ = f—Luf = f- ) aP' Lo, (2.14)
n=1

then

N
(ray ) = (50752 2Re[zsa:n<r%‘,f:¢m>]
Nt N (2.15)
+( b0nLpn, > bam L) .

n=1 m=1

Now, the last term on the right-hand side of this equation is always positive
if {éay,---,0an} # {0,---,0}. Hence, if

(r L) =0 form=1,---,N, (2.16)
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we have constructed the situation that for {éay,---,0an} = {0,---,0} the
quantity (r%’t,r%’t) is the absolute minimum of (ry,rn). Substitution of

Eq. (2.14) in Eq. (2.16) yields the system of linear algebraic equations

N
> P (Lén, Lom) = (f, L) form=1,---,N, (2.17)
n=1
to be solved for {a%'}. From Eqs. (2.16) and (2.14) it also follows that
(P, Lu®y = 0. (2.18)

The resulting value of the error is

ERRy = (r', 797 = (r%, )7, (2.19)
where Eqgs. (2.14) and (2.18) has been used. If this value does not meet
the accuracy requirements set on the solution of the operator equation, it
can be reduced either by selecting a more appropriate sequence of expan-
sion functions (which is difficult to realize in practice) or by increasing N.
Note that Eq. (2.17) would also result from the application of the method of
moments (HARRINGTON, 1968) or Galerkin’s method (KANTOROVICH and
Kryrov, 1964, p. 151), provided that the sequence of testing functions is
chosen as {(L¢)*; m = 1,---, N} when the sequence of expansion functions
is {¢n; n =1,-.-, N}, which choice gives the best result in the integrated-
square-error sense. For problems of realistic size and complexity the value
N soon becomes so large that the storage requirements exceed the capac-
ity of even present-day large computer systems. The problem of excessive
computation time and computer storage requirements for a direct numerical
solution (e.g., by Gaussian elimination, e.g. see RALSTON and RABINOWITZ,
1978, p. 415) of the system of equations can be circumvented by using suit-
able iterative techniques. Another argument in favor of solving the pertinent
system of equations iteratively is the evident fact that we should not solve
the system of equations to a higher degree of accuracy than is needed.

2.3. Recursive minimization of the error

In this section we develop a recursive method for calculating the ap-
proximate solution to the operator equation (2.3). In a direct procedure
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for solving such an equation approximately a (finite) sequence of expansion
functions is somehow selected beforehand, and the sequence of expansion
coefficients is solved from a system of linear algebraic equations that follows
from - in our case - minimizing the norm of the error in the residual. In
an iterative procedure the elements of the sequence of expansion functions
are recursively generated from the operator equation to be solved, one in
each iteration step. To achieve this, the successive residuals in the iteration
process are at one’s disposal. The sequence of expansion coefficients grows
with the number of iterations. Since at the N*} step, N presumably linearly
independent expansion functions have been generated, N expansion coeffi-
cients are available to represent the N*! approximation to the solution of the
operator equation. Here, too, the minimization of the norm of the residual
at the N*! step will be employed to generate the system of linear algebraic
equations that the sequence of expansion coefficients must satisfy.

Let uy denote the N'!' approximation to the solution of the operator
equation

Lu=f, forzeD, (2.20)

and let {¢,; n = 1,---, N} be the recursively generated sequence of expan-
sion functions. Then, we take

'U()ZO,

un unv_y +uy forN=1,--+, (2.21)

Il

where u%" is the correction to uy_; to arrive at uy. The correction is now

expressed as
N

uf" =Y aM¢, for N=1,---, (2.22)
n=1
where {aslN); n=1,---, N} is the sequence of expansion coeflicients of u§j".
The residuals are found as
ro = f,
rn = f—Luy forN=1,.--. (2.23)

From Egs. (2.21) and (2.23) it follows that

ry = rn_1 — Lu§" . (2.24)
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Substituting Eq. (2.22) in Eq. (2.24), we arrive at

N
TN = PN — Z aﬁ‘N)Lqﬁn forN=1,---. (2.25)

n=1

Taking into account that at the N*! step ry_; is known, minimization of
the norm of ry leads to a system of linear algebraic equations in the N
expansion coefficients {a&N); n=1,---,N}. On account of Egs. (2.14) and
(2.16) this system of equations follows from

(rnyLpm) =0 form=1,---,N. (2.26)

Substitution of Egs. (2.24) and (2.22) in these equations leads to

N
Z a(nN)<L¢m L¢m> = <7'N—l, L¢’m> form = IPEEES N. (2’27)
n=1

Now, on account of Eq. (2.26) only the right-hand side of Eq. (2.27) for m =
(N)

N may differ from zero. For non-zero values of the coefficients {an ’'; n =
1,-.+, N}, this should be the case and hence

(rv-1,Lon) £ 0, (2.28)

which is denoted as the improvement condition. If Eq. (2.28) is satisfied, the
coefficients {ai,N); n=1,---, N} can be solved from Eq. (2.27).

First of all it is observed that the vanishing of the right-hand sides in
Eq. (2.27) for m = 1,---, N — 1 entails the property that all aS.N) for n =
S\I,V). In view of this, we introduce the
sequence of functions {yy; N =1,---} as

1,-..,N — 1 are proportional to «

cor

Yy = N for N=1,--, (2.29)
ay
or (cf. Eq. (2.22))
Y1 = #1,
N-1 (N)

vy = ¢N+232_‘N—)¢n for N=2,---. (2.30)
an

n=1
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Evidently, Eq. (2.30) expresses ¢y as a linear combination of {¢,; n =
1,---,N}. Since the reverse is also true, ¢ can be expressed as a linear
combination of {¢yp; n = 1,---,N}. In view of this, Eq. (2.30) can be
rewritten as

Y1 = ¢,

N-1
v = v+ Y BNy, for N=2,--.. (2.31)
n=1

Owing to the orthogonality properties of {L{x} to be discussed below, the
coefficients {ﬁgN); n=1,---,N — 1} can readily be determined. Since any

¥n is a linear combination of the expansion functions {¢,; n = 1,---, N},
Eq. (2.26) leads to

(rNy, LYp) =0 form=1,---,N. (2.32)

Using Eqs. (2.24) and (2.29) in Eq. (2.32), we arrive at the orthogonality
relation

(LYyn, L) =0 form=1,---,N - 1. (2.33)

Since Eq. (2.33) holds for any N = 2,-- -, the sequence of {1} satisfies the
orthogonality relationship

(Ltpp, Lpy) =0, m#n. (2.34)

Note that our procedure of Eqgs. (2.30) - (2.34) is equivalent with a Gram-
Schmidt orthogonalization procedure (see e.g., KANTOROVICH and KRYLOV,
1964, pp. 45-47) of the sequence L¢,, into an orthogonal sequence L.

Combining Eq. (2.34) with Eq. (2.31) we obtain
g = _ (Lén, L)
" (12412

Through substitution of Eq. (2.35) in Eq. (2.31), the sequence {9n; N =
1,- -} has been constructed.

forn=1,---,N-1. (2.35)

The value of u$" finally follows from (cf. Eq. (2.29))

u%)r — aSVN)¢N fOI‘ N = 1’. e (2.36)

which leads to
(Luf™, L) = o (L, Lpw) - (2.37)
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However (cf. Eq. (2.24)),
(Lu§™, Lyn) = (rn-1 — N, Ln) - (2.38)

Application of the orthogonality relations of Eq. (2.26), with m = N, leads
to the result

(LuR", Lyn) = (rn-1, LYn) = (rn-1, LonN) . (2.39)
Combining Eq. (2.39) with Eq. (2.37), we arrive at

Ny _ {rN-1, LéN)
aN = oo
ILenl
With this, the determination of u$?" has been completed and the iterative
scheme based on error minimization has been defined.

(2.40)

More specifically we consider the case that the function ¢y that is gen-
erated at the Nth step of iteration is linearly related to the residual ry_; at
the previous step. Then,

¢n =Try_q for N=1,---, (2.41)

where T is a unique (bounded) linear operator on D. Then the following
computational scheme is arrived at. In this scheme, the operator LTu de-
notes the repeated operation L{Tu}(z).

Computational scheme for an arbitrary operator T

The iterative scheme starts with the initial values
Ug = 0, To = f, ERRO = Hf” . (242)

Next, the scheme puts

d)l = Tr() ’

B = |[Ly*,
NORS {ro, LTro)

1 - B1 ]

U = ug+ agl)"pl )

o= To—agl)fﬂﬁl,
ERR, = |, (2.43)
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and computes successively for N = 2,...,

ﬂ'(lN) _ _(LTTNB?IyL'an) forn:l,-'-,N-—l,
N-1
vn = Tryoit+ ) BNy, ,
n=1
By = |Lyn|?,
o™ (rv-1, LTrNn_1)
N By ’
uy = un-1+ ag\l/v)d«w )
rn = f—Luny=rN_1— QEVN)L'QZ)N ’
ERRy = |lrn]. (2.44)

The important orthogonality relations implicitly used in the iterative scheme
are

(Lyn, Ltpy,) = 0 form #n,
(rn, L) 0 form=1,.---,N,
(rn, LT7ry) = 0 form=20,---,N—1. (2.45)

Il

In this scheme, for each N = 1, - . -, the values of ¢y, L1 and By are stored.
This means that at the N*® step of iteration, we need computer storage for
the updated values uy and ry, as well as some background storage for the
values of ¢,,, LY,, and B,,, for m = 1,---, N. The computation time
and computer storage required for each step of iteration increase with an
increasing number of iterations.

2.4. Selfadjoint operator LT

In this section we now investigate the consequences to the scheme of the
previous section in case the operator LT is selfadjoint. For such operators
the property

(u, LTv) = (LTu,v) (2.46)
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holds. Then, the last orthogonality relation of (2.45) can be written as

(Pp, LTrp) = (LT7p, ™) =0 form #n. (2.47)
The quantity

(rn, LTrN) = (LTrN,7N) = (*N, LTTN)" (2.48)

is real valued. Therefore the expansion coefficient (cf. Egs. (2.40) and

(2.41)),
Ny _ {rn-1, LTrN-1)

ay = (2.49)
N I Lyn|?
is also a real quantity. From this equation we directly observe that
1y LT7Tn_
|Ln||* = uﬁr_l) forn=1,---,N. (2.50)
Qn
Further, from Eqs. (2.24) and (2.29) we have
Ly = -2t forn=1,--,N. (2.51)
Qan

Using Egs. (2.50), (2.51) and (2.41) in Eq. (2.35), the expression for pM
becomes
_ <LTTN—117'n> - <LTTN—117'n—1>

BN = e TTr) forn=1,---,N-1. (2.52)
n-1, n—1

Taking into account the orthogonality relations of Eq. (2.47), we arrive at

0 forn=1,.--,N-2,

BN = (2.53)

<7'N—1, LTTN—l)

(rN_z,LTrN_z) forn=N-1.

Hence, only ﬂ,(VN_)] differs from zero and has to be determined.

Computational scheme for a selfadjoint operator LT

The iterative scheme starts with the initial values

Up = 0, To = _f, ERRO = ”f” . (254)
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Next, the scheme puts

A = (1‘0, LTTO) ,
Y1 = Tro,
By = ||[Ly|?,

A
uy = ‘uo+-B—1'¢1,

A
n = To~— *B%Ll/il )
ERR, = |[|~], (2.55)
and computes successively for N = 2,.-. ,
Anv = (rn-1,LTrNn 1),
A
Yyv = Try+ i AR
N-1
By = ||Lyn|?,
AN
uy = uny-1+ B—¢N,
N
A
rn = f-Luy=rN_g— EEIA/)N,
N
ERRy = |7n]. (2.56)

In this scheme, we need computer storage for the updated values uy, ¥n,
Apn and 7. The computation time and computer storage required for each
step of iteration remain the same for all iterations N = 2, . ... This scheme is

equivalent to one of the conjugate-gradient schemes in the literature (GoLUB
and O’LEARY, 1989).

The algorithm of the present conjugate-gradient scheme can be further
simplified as follows. If we introduce the function wy as

_ ¥

- 2.57
WN =g (2.57)

and use it in the recursion relation ¢y = Try_1 + A—jlvb_LTxﬁN_l of Eq. (2.56),
we find

1
wy =wny_i+ —Trny_1, N=2,---. (2.58)
AN
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Using the expression of By of Eq. (2.56), we can change the iteration scheme

as
Lwy
PN o= PN - —D . N=2---. (2.59)
| Lwn|f?

In summary, the following computational scheme is arrived at.
Simplified computational scheme for a selfadjoint operator LT
The iterative scheme starts with the initial values
uo =0, ro=f, ERRo = ||f|[. (2.60)
Next, the scheme puts

A] = (1'0, LT’I‘(J) )

w; = AilTro,
Ci = |Lw]?,
U = U0+—C,1—1'w1,
1
T = rg—C—lel,
ERR, = ], (2.61)

and computes successively for N = 2,... |

Ay = (rn-1,LTrn_),

1
wy = wn_1+-—Try_1,
AN
Cv = [Lwnl?,
uy = uUN-1+ EI—V—WN s
1
rn = f-Luy=rNy_y - 5—Lwy,
Cn

ERRy = |rn]l. (2.62)
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In this scheme, we need computer storage for the updated values upy, wy
and rn. The computation time and computer storage required for each step
of iteration remain the same for all iterations N = 2,... .

2.5. The Neumann expansion

In this section we discuss the application of the Neumann expansion to
the operator equation

Lu=f forzeD. (2.63)
To this end the operator is rewritten as
L=I-K, (2.64)

where I is the identity operator. Substitution of Eq. (2.64) in Eq. (2.63)
leads to

u=Ku+f forzeD. (2.65)

Operator equations of the type of Eq. (2.65) naturally arise from integral
equations of the second kind. The iterative scheme defined by

UOZO,

uy = f+Kuny_; for N=1,---, (2.66)
is known as the Neumann iterative solution. We define the repeated operator
KNu=K{KN 'u}(z) for N=1,---, (2.67)

and K°u = u(z). Then, the repeated application of Eq. (2.66) leads to

N=-1
uy =Y K"f forN=1,.--, (2.68)
n=0
and hence
rv=f—-Luy=f—uy+Kuv=K"f, (2.69)

which yields -
ERRn = |KVf)|. (2.70)
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Convergence of the Neumann expansion is therefore established if || KV f|| —
0 as N — oo. Introducing the norm of the operator K as

1K = sup LEA (2.71)

20 IfIl

we may write ||K f|| < ||K]| ||f]|, and using Eq. (2.67) we find
IEN A< NN IEY A (2.72)
Repeated application of this inequality leads to
IEN A< KV 1AL (2.73)

hence, by combining Eqs. (2.70) and (2.73), it follows that the convergence
of the Neumann expansion is guaranteed for any admissible f, provided that
the operator norm :

K|l <1. (2.74)

In practical applications we do not know the value of this norm and the rate
of convergence can only be tested numerically.

In order to relate the Neumann expansion to our general iterative scheme,
we note that the second relation of Eq. (2.66) is equivalent to

uy =un_1 +7ny-q for N=1,--., (2.75)
where
To = fa
rn = f—Luy forN=1,--.. (2.76)

Comparing Eq. (2.75) with Eq. (2.21), the Neumann expansion can be char-
acterized through
uy =rn-y for N=1,.--, (2.77)

i.e., the correction function u%" is taken to be the residual of the previous

step. It is noted that the Neumann iterative solution only converges for a
very restrictive class of integral equations (cf. Eq. (2.71)). However, varia-
tional techniques derived in this chapter remove this restriction (VAN DEN
BERG, 1991; KLEINMAN and VAN DEN BERG, 1991).
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2.6. Special choices of the operator T

In this section we now investigate the consequences of some particular
choices of the operator T.

Residuals as expansion functions (T = 1)

Firstly, the Neumann expansion suggests the residual of the previous
step to be taken as a particular choice for the expansion function ¢y in the
recursive minimization scheme of Section 2.3, i.e.,

on =rN_1 forn=1,--.. (2.78)

This is equivalent to putting the operator T introduced in Section 2.3 equal
to the identity operator, i.e.,

T=1I. (2.79)

The improvement condition of Eq. (2.28) is then replaced by

(T‘N~1,L7‘N—1) 35 0. (2-80)

Whether or not this condition is satisfied, depends on the particular form
of the operator L under consideration. The relevant iteration scheme now
follows by replacing the operator T by the identity operator I in Egs. (2.42)
- (2.44) for non-selfadjoint operators L, and in either Eqs. (2.54) - (2.56) or
Eqs. (2.60) - (2.62) for selfadjoint, not necessarily positive, operators L. The
scheme of Egs. (2.54) - (2.56) differs slightly from the standard conjugate-
gradient schemes for positive operators ({Lu,u) = (u,Lu) > 0 for all u # 0
on D) that are given in the literature (GoLUB and vAN LoaN, 1983, section
10.2), where the quantity (Lu,u) — (f,u) — (u, f) is minimized.

Preconditioning (T = P)

We first observe that, if T is chosen equal to the inverse L~! of L, then
¢1 = ¥ = L7 f and the recursive scheme of Section 2.3 will terminate in the
first iteration; we then have arrived at the exact solution. For this reasoning
we take T equal to a suitably chosen preconditioning operator P, where the
operator LP resembles the identity operator more than L itself does. Thus,
the method depends on the availability of an approximate inverse to the
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operator L. Accordingly, we take
éN = Pry_i (2.81)

or
T=P, (2.82)

The relevant iteration scheme now follows by replacing the operator T by
the preconditioning operator P in Eqs. (2.42) - (2.44) for non-selfadjoint
operators LP, and in either Egs. (2.54) - (2.56) or Egs. (2.60) - (2.62) for
selfadjoint operators LP.

Symmetrization (T = L*)

When the operator L is not selfadjoint, the previous scheme for T = I
leads to a recursive minimization scheme, in which the computer storage of
the expansion functions required for each step of iteration increases with an
increasing number of iterations. However, when we take

¢n = L'rn (2.83)
or
T=1L", (2.84)
the operator
LT =LL"=L"L (2.85)

is selfadjoint and we can now use the simple iteration scheme of either
Eqs. (2.54) - (2.56) or Egs. (2.60) - (2.62) for selfadjoint operators LT with
T replaced by L*. Since

(rN-1, Lon) = (L'rN_1,¢N) = (N, 0N) = (L'rN_1, L'ry_1) £ 0, (2.86)

the improvement condition (cf. Eq. (2.28)) is automatically satisfied and the
orthogonality relation of Eq. (2.47) simplifies to

(L*'rm-1,L"rn_1) = (¢m,¢n) =0 form # n. (2.87)

Hence, the expansion functions generated according to Eq. (2.83) form an
orthogonal sequence.
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The scheme of Eqgs. (2.54) - (2.56), with T replaced by L* and the ex-
pression for Ay replaced by

AN = ||L*‘I'N_1||2 for N = 1., (288)

is known as the conjugate-gradient scheme for a non-selfadjoint operator L
(vAN DEN BERG, 1984).

Preconditioning and symmetrization (T = PP*L*)

When the operator LP is not selfadjoint, the scheme for T = P leads
to a recursive minimization scheme, in which the computer storage of the
expansion functions required for each step of iteration increases with an
increasing number of iterations. However, when we take

¢n = PP"L7rn_y (2.89)
or
T=PPL", (2.90)
the operator
LT = LPP*L* = (LP)(LP)" (2.91)

is selfadjoint and we can now use the simple iteration scheme of either
Eqgs. (2.54) - (2.56) or Egs. (2.60) - (2.62) for selfadjoint operators LT with
T replaced by PP*L" and the expression for Ay replaced by

AN = ||P"L*rn_q|)* for N =1,---, (2.92)

is a conjugate-gradient scheme for a preconditioned non-selfadjoint operator
L. Note that the error criterion applies to the original operator equation.
This differs from standard preconditioned conjugate-gradient schemes, where
the error is minimized in the range of the preconditioned operator equation.

In the next section, we consider the case that the integral operator L
has a convolution kernel. Then, for the evaluation of the operator expres-
sions, an advantageous combination of the conjugate-gradient algorithm and
the Fourier transform can be employed. In addition, for this special case,
an efficient preconditioning operator can be devised to improve the rate of
convergence.
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2.7. Operators of convolution type

In this section we consider an operator equation obtained in an analysis
in the Laplace-transform domain. For some particular value of the Laplace-
transform parameter, we write this equation in the operator notation. In
the special case that in the operator equation

Li=f, zeD, (2.93)

the operator has a convolution kernel with respect to the spatial variables,
we take advantage of this structure. Although both Li and f assume values
on D, the operator has a natural extension to the complete space RP. D is
considered as a proper subspace of RP. It is assumed that the operator has
a convolution structure of the form

Li = Lxpi= / - §(z — 2')xp(z)a(z')dz', z € R?, (2.94)
r'e

in which we have assumed that §(z) is defined for all z € R”. Here, the
characteristic function (see Fig. 1.3)

xp = {1, %,0} when z € {D, 0D, D'} (2.95)

is introduced. In order to take advantage of the convolution structure of the
operator, we define the p-dimensional Fourier transform by the operator F
and the inverse by F~!, i.e.,

@ = F{a} = / B exp(jsa - z)i(z)dz, sa € RP, (2.96)
reRP

1
———)—p/ - exp(—jsa-z)i(jsa)da =14, =€ R, (2.97)
sa€

where a -z = EZ:] agzy. Then, the Fourier transform of the convolution of
Eq. (2.94) can be written as
F{Lxpi} = § F{xpi}, (2.98)
where
g=F{3}. (2.99)

In our iterative schemes, the different operator expressions can now be com-
puted with the help of the Fourier transformations.
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Computation of the operator
When the operator of Eq. (2.93) is of the convolution type, the operator .

expression Lxpi can be computed with the use of Eq. (2.98) as
Ixpi = P {5 Flxpi}} - (2.100)

It is noted that in the actual numerical computations this operator expression
can be computed by using the discrete versions of the forward and inverse
Fourier transformations.

Computation of the preconditioning operator

A preconditioning operator is now constructed as follows. Let us write
Eq. (2.98) as

F{xpi} =g 'F{Lxpi}- (2.101)
Using Eqgs. (2.93) and (2.94) we may write

F{xpi} = § 'F{xpLxpi}+ i 'F{xpLxpi}
i F{xpf}+ 7 F{xp Lxpi}, (2.102)

where xppr = 1 — xp- The inverse Fourier transformation of Eq. (2.102)
yields

a=F! {g—IF{X]Df}} + F—l{g-lF{Xm,LxDﬁ}}, zeD. (2.103)

This is an integral equation of the second kind and in operator notation it
may be written as

@ =Pxpf+Qxpi, =€ D. (2.104)

Now P is taken to be an approximate inverse of L and Qxpt is the error in
solving Eq. (2.93). The latter error in constructing the approximate inverse
is due to the non-zero values of Lu on I’. In the remainder the operator P
will be employed as a preconditioner and its extension to RP is given by

Pxpi = F {37 F{xpi}}, z € °. (2.105)

It is noted that in the numerical work the operator expression Pxpv can
also be computed by using the discrete versions of the forward and inverse
Fourier transformations.
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Computation of the adjoint operators

To complete the discussion we remark that the adjoint operators neces-
sary in our iterative scheme are given by

L= / §"(z' — 2)o(z')ds’, z €D, (2.106)
z'eD

or in terms of the Fourier transforms, which are the forms actually employed
in the computations,

Lxpd = F~{§" F{xpi}} (2.107)

and
P'xpic= F~{(@) ' Flxpi}} , (2.108)

where § is given in Eq. (2.99) and §* is the complex conjugate of the trans-
pose. Again, it is noted that in actual numerical computations we use the
discrete versions of the forward and inverse Fourier transformations.







Chapter 3

Basic Equations in Acoustics

In the present chapter we discuss the acoustic wave equations in their
most simple form. These equations form the basis of our treatment of seismic
wave problems. The fundamentals can be found in the classical treatises by
LorD RAYLEIGH (1894), LaMmB (1925), LovE (1944), RSCHEVKIN (1963),
MorsE and INGARD (1968), SKUDRZYK (1971), HANIsH (1981) and in the
series edited by MasoN (1964 - --.). The application of acoustic waves in
seismic processing has been discussed by BERKHOUT (1987). We present the
partial differential equations for the acoustic pressure, the particle velocity,
the mass flow density and the volume change. Next, we discuss the constitu-
tive relations that define how the mass flow density and the volume change
are related to the acoustic pressure and the particle velocity. The relational
parameters are the mass density and the compressibility. At discontinuities,
the partial differential equations are supplemented with boundary condi-
tions.

3.1. The acoustic wave equations

The acoustic wave equations are representative for the action of mechan-
ical forces and the influence of inertia during the acoustic wave motion as
well as of the deformation that take place during this wave motion. The
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acoustic wave motion is a dynamical state of matter that is superimposed
on a static equilibrium state. In this respect, we shall only retain the first-
order terms to describe the acoustic wave motion. Further, as can be done

in practically all terrestrial applications, the influence of gravity is neglected
(see BATH and BERKHOUT, 1984, p. 400).

The equation of motion

Applying Newton’s law of motion to a representative elementary domain
of a fluid, we arrive at the local equation of motion which we write as

Okp + &k = fi . (3.1)
In this equation,
p = acoustic pressure (Pa),
$; = mass-flow density rate (kg/m?s?),
fr = volume source density of volume force (N/m?).

The acoustic pressure is representative for the contact forces between adja-
cent elements of the fluid, the mass-flow density rate for the inertia properties
of a portion of the fluid, and the volume source density of volume force for
the action of volume forces. In our applications forces of this kind will be
employed to represent the action of acoustic sources of the ”dipole” type.

The deformation equation

By following an elementary portion of the fluid for a short while on its
course and observing the changes in dimensions and shape of this portion,
the following deformation equation is obtained:

Orve — O = g. (3.2)
In this equation,
v = particle velocity (m/s),
©' = induced part of the cubic dilatation rate (s~!),
g = volume source density of injection rate (s~').

The particle velocity is the spatially averaged drift velocity of the particles
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constituting the fluid, the cubic dilatation rate is representative for the rela-
tive changes in volume of a fluid portion per time unit. The induced part of
the latter is related to the action of the pressure via an equation of state; the
volume density of injection rate is the remaining part, which is representative
for the action of acoustic sources of the ”monopole” type.

The constitutive relations

The constitutive relations express the mass flow density rate &, and the
induced cubic dilatation rate ©' in terms of the particle velocity vy and the
acoustic pressure p. These relations are established by a physical experiment.
In view of the assumed passivity of the fluid, we require that for any type of
fluid we have {&;, ©'} — 0 as {v, p} — 0.

When the values of {$,, ©'} are linearly related to the values of {v, p},
we denote the fluid as linear. If this is not the case, the fluid is denoted
as non-linear. Since the constitutive relations apply to a particular piece of
matter, linearity in behavior is to be understood in the so-called Lagrangian
sense, i.e., time rates are observed by a co-moving observer.

When the operators that express the values of {ék, @‘} in terms of the
values of {vg, p} are time invariant, the fluid is denoted as time invariant.

When the constitutive relations express the values of {@k, G)'} at some
instant in terms of the values of {v, p} at the same instant only, the fluid
is denoted as instantaneously reacting. When, on the other hand, the values
of {$;, ©'} are expressed in terms of the values of {vj, p} at all previous
instants, the fluid is said to show relaxation; the property that only the past
is involved in relaxation phenomena, is known as the principle of causality.

When the values of {$;, @'} at some position are related to the values
of {vk, p} at the same position only, the fluid is denoted as locally reacting.

If at a point in space the constitutive operators are orientation invariant,
the fluid is denoted as isotropic at that point. If this property does not
apply, the fluid is denoted as anisotropic.

In a domain in space where the constitutive operators are shift invariant,
the fluid is denoted as homogeneous; in a domain in space where the shift
invariance does not apply, the fluid is denoted as inhomogeneous.

For a wide class of fluids, the mass flow density rate $; only depends on
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the particle velocity vx (and not on the acoustic pressure), and the induced
cubic dilatation rate ©' only depends on the acoustic pressure p (and not on
the particle velocity). Further, in this book, we shall only deal with fluids
that, in addition, are linear, time invariant, instantaneously reacting, locally
reacting and isotropic in its acoustic behavior, while inhomogeneous fluids
will be admitted. We then have

$,(z,t) = p(z) Dy (=, ), (3.3)
and -
0'(=,t) = —x(=)Dp(=, 1), (3.4)
where '
p = volume density of mass (kg/m?),
& = compressibility (Pa™!),

are the constitutive coefficients and

Dg = at + 'Ukak (3.5)

is the time derivative that an observer experiences when co-moving with the
fluid (with speed vi). In a domain where the constitutive coefficients intro-
duced here change with position, the fluid is inhomogeneous; in a domain
where they are constant, the fluid is homogeneous.

3.1.1. Low-velocity approximation

The system of equations that consists of the equation of motion, the
deformation equation and the constitutive relations discussed in the previous
section, is non-linear in the particle velocity due to the occurrence of the
latter in the operator D, of Eq. (3.5). Fortunately, in seismic practice,
the quantities associated with the acoustic wavefield are small-amplitude
variations on the equilibrium state of the earth. Then, results of a sufficient
accuracy are obtained by solving the linearized equations. Therefore, we
shall employ Eqs. (3.3) - (3.4) in their low-velocity approximation, i.e., we
replace D, as defined by Eq. (3.5) by

Dt = 6t . (3.6)
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The basic acoustic wave equations are then given by
Okp + pO vk = fi ' (3.7)

Orvp + kOip = q.. (3.8)

These equations are the theoretical fundaments of our seismic model.

3.1.2. Acoustic boundary conditions

In those domains in a fluid where the constitutive parameters change
continuously with position, the acoustic pressure and the particle velocity
are continuously differentiable functions of position and satisfy the differen-
tial equations (3.7) and (3.8). Now, in practice, it often occurs that fluids
with different material parameters are in contact along interfaces. Across
such an interface, the constitutive parameters show a jump discontinuity.
From the equation of motion and the deformation rate equation it then fol-
lows that at least some components of the particle velocity, and possibly
the pressure, show a jump discontinuity across the interface. Consequently,
the pressure and/or the particle velocity are no longer continuously differ-
entiable, and Eqs. (3.7) and (3.8) cease to hold. To interrelate the acoustic
wavefield quantities at either side of the interface, a certain set of bound-
ary conditions is needed. To arrive at these boundary conditions, we shall
assume that along the interface the two fluids remain in touch, but do not
mix. Then, the component of the particle velocity normal to the interface
should be continuous across the interface. Otherwise, the fluid at one side of
the interface would either move away from the fluid at the other side of the
interface or mix with it. The components of the particle velocity parallel to
the interface may be different at each side of the interface, since along the
interface the two fluids may slide with respect to each other. To arrive at
the conditions to be laid upon the acoustic pressure, we proceed as follows.

Let S denote the interface and assume that S has everywhere a unique
tangent plane. Let, further, v; denote the unit vector along the normal to S
such that upon traversing S in the direction of v, we pass from the domain
D; to the domain D,, D; and D; being located at either side of S (Fig. 3.1).
Suppose, now that some (or all) acoustic wave quantities jump across S. In
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D,
Vi ]D2

Figure 3.1. Interface between two media with different acoustic properties.

the direction parallel to S, all acoustic wave quantities still vary in a contin-
uously differentiable manner, and hence the partial derivatives parallel to S
give no problem in Egs. (3.1) and (3.2). The partial derivatives perpendic-
ular to S, on the contrary, meet functions that show a jump discontinuity
across S; these give rise to surface Dirac distributions (surface impulse func-
tions) located on S. Distributions of this kind would, however, physically be
representative of surface sources located on S. In the absence of such surface
sources, the absence of surface impulse functions in the partial derivatives
perpendicular to S should be enforced. The latter is done by requiring that
these normal derivatives only meet functions that are continuous across S.
This procedure leads to

p is continuous across S (3.9)

and

vk vk is continuous across S . (3.10)

Equations (3.9) and (3.10) are the boundary conditions at a sourcefree in-
terface between two different fluids. Equation (3.10) has already been con-
jectured on physical grounds, but is here shown to be consistent with the
deformation rate equation (Eq. (3.2)).
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impenetrable object

Figure 3.2. Limiting procedure approaching the boundary of
an impenetrable object.

Impenetrable object (void)

A subdomain D of the fluid is denoted as a wvoid if in it the acoustic
pressure is negligibly small, while the continuity of the acoustic pressure
across the boundary surface 0D of the void is maintained. Consequently,
the boundary condition upon approaching the boundary surface D of a
void via its exterior is given by (Fig. 3.2)

lilrg p(z + ev,t) =0 forany = € D, (3.11)

where v is the unit vector along the normal to 8D pointing away from D. We
are not free to prescribe the normal component of the particle velocity in this
case. In fact, the normal component of the particle velocity will, in general,
have a non-zero value at dD, while it is not defined in D. A subdomain of
the fluid can in practice be considered as a void if the acoustic pressure in it
is negligibly small compared to the pressure in other parts of the fluid. For
example, an air bubble in sea water can in most cases be regarded as a void.

Impenetrable object (perfectly rigid)

A material body, occupying a domain D in the fluid, is denoted as a
perfectly rigid object if it cannot be deformed and if its surface is impene-
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trable to the surrounding fluid. If in addition the object is held immovable
by external means, we have (Fig. 3.2)

lif(r; vivg(x + ev,t) = 0 for any = € 9D . (3.12)

If Eq. (3.12) holds, we are not free to prescribe the acoustic pressure on 4D.
In fact, the acoustic pressure will, in general, have a non-zero value at 9D,
while it is not defined in D.

3.2. The acoustic equations in the
Laplace-transform domain

In a large number of cases met in practice, we are interested in the behav-
ior of acoustic wavefields in linear and time-invariant configurations. Mathe-
matically, one can take advantage of this situation by carrying out a Laplace
transformation with respect to time and considering the equations governing
the acoustic wavefield in the corresponding Laplace-transform domain or s-
domain. In the s-domain relations, the time coordinate has been eliminated,
and a wavefield problem in space remains in which the transform parameter s
occurs. Causality of the wavefield is taken into account by taking Re(s) > 0,
and requiring that all causal wavefield quantities are analytic functions of
s in the right half 0 < Re(s) < oo of the complex s-plane. In a number
of wavefield problems, the transform parameter s is profitably chosen to be
real and positive. Further, by considering the limiting case s = jw, where
7 is the imaginary unit and w is real and positive, the complex steady-state
representation of sinusoidally in time oscillating wavefields of angular (or
circular) frequency w follows, the complex representation having the com-
plex time factor exp(jwt). For arbitrary complex values of s in the domain
of analyticity, all s-domain wavefield quantities are Laplace transforms of
real-valued functions of the time coordinate t. As a consequence, the s-
domain wavefield quantities are real valued for real and positive values of s.
On account of Schwarz’s principle of reflection, the relevant functions then
take complex conjugate values for conjugate points in the complex s-plane
(T1TCHMARSH, 1939, p. 155).
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The s-domain acoustic wave equations

We subject the acoustic wavefield equations (3.7) and (3.8) to a Laplace
transformation over the interval T= {t € R;t > ty}, (see Section 1.2.1).
For completeness, we allow a non-vanishing acoustic wavefield to be present
at t = ty, although in the majority of cases we are interested in the causal
wavefield generated by sources that are switched on at the instant t = ¢, in
which case the initial values of the acoustic wavefield are taken to be zero.
Since (cf. Eq. (1.15))

/oo exp(—st)d,vk(z, t)dt = —vg(z, tp) exp(—sto) + svk(=, s) (3.13)

to

and
/ exp(—st)0ip(z,t)dt = —p(=,to)exp(—sto) + sp(e, s), (3.14)
to
we arrive at
Okp + spir = frx + puk(=, to)exp(—sto), (3.15)
Oktr + skp = § + kp(=z, to)exp(—sty) . (3.16)

From Egs. (3.15) and (3.16) it follows that, in the s-domain, one can take
into account the influence of a non-vanishing initial acoustic wavefield by
properly incorporating it in the s-domain volume densities of external volume
force and external volume injection rate. In the remainder of our analysis,
it will be tacitly understood that non-zero initial acoustic wavefield values
have been accounted for in this manner. Our acoustic wave equations in the
s-domain have then the final form

Okp + spix = fi , (3.17)

Okt + sSkp= ¢ . (3.18)

After transforming back to the time domain, the reconstructed acoustic
wavefield values are zero in the interval ¢t € T/, where T/ = {t € R;t < {5},
and equal to the actual wavefield values when ¢t € T. In addition, many
of the Laplace inversion algorithms yield half the wavefield values at the
instant ¢ € 0T, where 8T = {t € R;t = #,}. Notationally, this can be
expressed by employing the characteristic function xT = x71(t) of the set
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T defined by Eq. (1.13). With this notation, we have for any space-time
function u = u(z,t)

Inverse Laplace transform of 4(=, s) = x1(t) u(=, ). (3.19)

The steady-state analysis

The behavior of acoustic waves of interest is often characterized by
the results of a steady-state analysis. In such an analysis, all acoustic wave
quantities are taken to depend sinusoidally on time with a common angular
frequency, w say. Each purely real quantity can then be associated with a
complex counterpart and a common time factor exp(jwt). In doing so, the
original quantities in the time domain are found from the complex counter-
parts as

{p(z) t)) ’Uk(il!, t)7 q(z, t)7 fk(z) t)}

= Re [{#(=, jw), 0s(2, jw), (=, jw), fi(z, jw)}exp(jwt)| .
(3.20)
Substitution of these complex representations in the basic equations in the
time domain yields, except for the common time factor exp(jwt), a set of
basic equations )
Okp + jwpik = fi, (3.21)
Ok + jwsp = . (3.22)

These equations are identical to the one of the Laplace-transform domain,
viz. Egs. (3.17) - (3.18) with s = jw. Hence, we interpret the steady-state
analysis as a limiting case of the time Laplace-transform analysis in which
s — jw via Re(s) > 0. In this way we have ensured that the causality
remains satisfied.

3.2.1. Boundary conditions in the Laplace-transform domain

The boundary conditions that have been discussed in Section 3.1 apply, in
the linearized low-velocity approximation, to time-invariant boundaries. As
a consequence of this, these boundary conditions can directly be transferred
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to the s-domain. At the interface S of two different fluids we therefore have
(cf. Egs. (3.9) and (3.10))

P is continuous across S (3.23)

and
vy Uy is continuous across S , (3.24)

while from Eq. (3.11) we have

lifg p(x + ev,s) = 0 for z € boundary of a void , (3.25)

and from Eq. (3.12) we have

ﬁjl})l viig(x + ev,s) =0 (3.26)

for € boundary of an immovable, perfectly rigid object.

This concludes the discussion of the general framework of the acoustic
wave equations and the acoustic boundary conditions. Before turning our
attention to the acoustic reciprocity theorems, we first discuss in the next
chapter the acoustic wavefield in an unbounded, homogeneous medium; in
particular, the acoustic wavefield from a point source (the Green’s function)
is derived.







Chapter 4

Radiation in an Unbounded,
Homogeneous Medium

In this chapter we calculate the acoustic wavefield that is causally related
to the action of sources of bounded extent in an unbounded homogeneous
medium. Mathematically, one can take advantage of this spatial invariance
of the configuration by carrying out a spatial Fourier transformation. The
latter is applied to the wavefield quantities that satisfy the s-domain equa-
tions discussed in Chapter 3. Then, an algebraic problem remains, in which
the spatial Fourier-transform parameter jsa and the Laplace-transform pa-
rameter s occur. The acoustic scalar and vector potentials are introduced.
Inversion to the spatial domain and to the time domain yields the desired
representations for the wavefield quantities. Specifically, the acoustic wave-
field of a point source is calculated.

4.1. Source representations in the spectral
domain

The s-domain particle velocity and acoustic pressure in a homogeneous
fluid with constant volume density of mass p and constant compressibility &
satisfy the s-domain acoustic wavefieid equations (cf. Egs. (3.17) and (3.18))
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]DSOUTCG

Figure 4.1. Source domain in an unbounded homogeneous embedding.

Op + spin = fr (4.1)
Optr +skp=4. (4.2)

We assume that fk and ¢ only differ from zero in some bounded subdomain
Dyource of R® (Fig. 4.1). To solve Egs. (4.1) and (4.2) we subject these
equations to a three-dimensional Fourier transformation (cf. Section 1.2.2)
over the entire three-dimensional configuration space R3. We further assume
that 9 and p show, for Re(s) > 0, an exponential decay as || — oo. Then,
the spatial derivative d; may be replaced by a multiplication with —jsay in
the spectral domain. With this, Egs. (4.1) and (4.2) transform into

— jsaup + spik = fi (4.3)

— jsaply + skp = ¢q, (4.4)

where

(5, %} (s, 5) = /z o U507} 5, 3} (2, 9)aV (4.5)
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{6, Fe(iso, s) = /,, o explisaE ) fil(e,dV,  (46)

source

and « is the angular-slowness vector.

To solve {p, ¥} from Eqs. (4.3) and (4.4) we multiply Eq. (4.4) by sp
and substitute Eq. (4.3) into Eq. (4.4). The result is

s%(aqaq + Kkp)p = spd + jsag fi . (4.7)

From Eq. (4.7) the expression for the acoustic pressure in the angular-
slowness-vector space is obtained as

p = G(spi + jsaxfi), (4.8)
in which )

= o) (4.9)

From Egs. (4.3) and (4.8) the expression for the particle velocity in the
angular-slowness-vector space follows as

I N P S
9= —fit+jsauGi+ —jsajsarGfy . (4.10)
sp sp

To elucidate the structure of the right-hand sides of Eqs. (4.8) and (4.10),
we introduce the angular-slowness-vector-domain acoustic scalar potential
¥ =G (4.11)
and the angular-slowness-vector-domain acoustic vector potential
Wi=Gfi. (4.12)
In terms of these, Eq. (4.8) can be rewritten as
p=sp¥ + jsa Wi (4.13)

and Eq. (4.10) as
R W T T .
U= —fi +jsa¥ + —jsajsarWy . (4.14)
sp sp

Equations (4.13) and (4.14) are the desired source representations in the
angular-slowness-vector domain or spectral domain.
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4.2. Source representations in the s-domain

The inverse spatial Fourier transformation of Eqs. (4.13) and (4.14) will
be carried out; this will result into the s-domain expressions for the acoustic
pressure and the particle velocity of the acoustic wavefield radiated by the
sources. Using the rule that —jsay corresponds to 0k, we obtain the s-
domain source representations

p=sp¥ — 8 Wi (4.15)

and

1 ; - 1 .
y=—f—-0¥+ —08,0:Ws. (4.16)
sp sp

The expressions for the s-domain acoustic scalar and vector potentials ¥ and
W, are obtained by carrying out the inverse spatial Fourier transformation
of Egs. (4.11) and (4.12), respectively. Since the product of two functions
in the angular-slowness-vector space corresponds to the convolution of these
functions in the spatial domain (cf. Section 1.2.2), we obtain

¥(z,s) = /;:'e]D G(z — ', s5)§(=',s)dV, = e R, (4.17)

and

Wi(=z,s) = -/:'r,'e]) G(z — 2',s)fu(z',5)dV, =€ B3, (4.18)

in which the Green’s function

. 1 .
- —3 j . 4.
G(z,s) TBE ./saell" exp(—jsa,z,)G(jsa, s)dV (4.19)

Note that in the right-hand sides of Eqs. (4.17) and (4.18) we have taken
care to distribute the arguments over the functions such that the integration
is carried out over the fixed source domain Dgoyrce-

Equations (4.15) - (4.16) constitute the solution to the s-domain acoustic
radiation problem in an unbounded homogeneous medium. Owing to the
simple way in which the Laplace-transform parameter s occurs, the inversion
back to the time domain can easily be carried out. Before going to the time
domain, we first consider the Green’s function and the far-field expressions.
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The s-domain expression of the Green’s function

In this subsection we discuss the spatial Fourier integral representation
of the Green’s function (cf. Eq. (4.19)), in which the spectral representation
of the Green’s function is given by (cf. Eq. (4.9))

~ 1
] = —, 4.20
G(jsa,s) P (4.20)
with s
§=12, (4.21)
c
where the acoustic wave speed ¢ is given by
c= (np)‘% . (4.22)

It is easily verified that G is the three-dimensional Fourier transform, over
the entire configuration space R*, of the function G = G(z, s) that satisfies
the three-dimensional modified Helmholtz equation

(8,0, — 4% G = =§(=), (4.23)

where §(z) is the three-dimensional Dirac distribution (impulse function)
operative at # = 0. The simplest way to evaluate the right-hand side of
Eq. (4.19), where G(jsa, s) is given by Eq. (4.20), is to introduce spherical
coordinates in the sa-domain with origin at say = 0 and the direction z as
polar axis. Let 8 = |sa| and 8§ the polar angle between sa and z. Then
the range of integration is 0 < ﬂ <00, 0< 0L 7 0< ¢ < 27, where
¢ is the azimuth angle in the plane perpendicular to . In the integral we
use sa,z, = Blz|cos(d), sla,a, = B? and dV= AZsin(F)dBdAd¢. In the
resulting integral we first carry out the integration with respect to ¢; this
merely amounts to a multiplication by a factor of 2r. Next we carry out the
integration with respect to #, which is elementary. After this we have

. 3 1 0o exp(jB’ﬂ) - exp(~jﬁ}wi) 317
6(e:9) = g / G Baj. (4.24)

This can be written as

(o L [ ex(iBlal) 5
G( H )— 47(2]'[3:‘ »/;oo 132+;/2 :Bd;B' (4'25)
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Figure 4.2. Contour integration in the complex é-plane.

The integral at the right-hand side of Eq. (4.25) is evaluated by continuing
the integrand analytically into the complex ﬁ-plane, supplementing the path
of integration by a semi-circle situated in the upper half-plane 0 < hn(,é) <
oo and of infinitely large radius, and applying the theorem of residues (Fig.
4.2). On account of Jordan’s lemma the contribution from the semi-circle
at infinity vanishes. Further, the only singularity of the integrand in the
upper half of the complex ﬁ-plane is the simple pole 8 = 7. Taking into
account the residue of this pole, we finally arrive at the Green’s function in
the s-domain (—4]2))

. exp(—%|z

G(z,s) = “arla]
This is the well-known expression for the spherical wave due to a point source
in a homogeneous medium.

(4.26)
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4.3. Far-field radiation characteristics in the
s-domain

In many applications one is often particularly interested in the behavior
of the radiated wavefield at large distances from the radiating structures. To
investigate this behavior, we consider the leading term in the expansion of
the right-hand sides of Eqs. (4.15) - (4.16) as |2| — oo; this term is denoted
as the far-field approximation of the relevant acoustic wavefield. The region
in which the far-field approximation sufficiently accurately represents the
wavefield values is denoted as the far-field region.

To arrive at the far-field representations we observe that (see Fig. 4.3)

DSOUTCE

Figure 4.3. Configuration for the far-field radiation-characteristics.
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o= = [(eg—a)(eq - )]
! n21z
= |z [1 - 2{:’;" + %] ) (4.27)
and hence
z - 2'| = |2| - &z, + Order(|z|™') as || — oo, (4.28)
where
€k = % . (4.29)

is the unit vector in the direction of observation. For the derivatives of
|& — '| we further have

6 -z = u ' 4.3
and hence
Oz — ='| = & + Order(|z|™!) as |2| — 0. (4.31)

Using these results, the Green’s function of Eq. (4.26) can, in the far-field
region, be approximated by

G(z - 2',s) = G(z, s)exp(§é,2,) + Order(|z|7?) as |z| —» 00, (4.32)
and its spatial derivatives by
WGz —2',s) = —'"yfké(z,s)exp('}ﬁqz;) + Order(|2|™?) as |&| — 00.
(4.33)

Using these results in the expressions of Eqs. (4.17) and (4.18) for the po-
tentials we obtain their far-field approximations

(¥, Wi} (=, s) = {¥°, WPHE, 5)G (=, s) + Order(|z| %) as |z| — oo,
(4.34)
in which

= WENE ) = [ ew(iga)ia eV (435)

Using them in the expressions of Egs. (4.15) and (4.16) for the acoustic
pressure and particle velocity, we obtain the far-field approximations

{B, 9}z, 8) = (8™, 5°H(§E, 8)G(2, ) + Order(|z| %) as |z| — o, (4.36)
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in which
P = sp¥™ + Y6 W°, (4.37)
. 42 .
o =769 + ;;Elkal?o , (4.38)

where we have used the fact that {g, fi} vanishes outside the source domain.
As Eq. (4.36) shows, the acoustic pressure and particle velocity have, in the
far-field region, the structure of a spherical wave that expands radially from
the origin of the coordinate system (which is also denoted as the phase center
of the far-field approximation), the latter being chosen in the neighborhood
of the radiating sources, with an amplitude that depends on the direction of
observation and that decreases inversely proportional to the distance from
the chosen origin. The amplitude radiation characteristics {$*, 9;°} depend
only on the direction of observation £, and on s.

Upon inspecting the dependence of ¥* and W,;x’ on £, a comparison of
Eq. (4.35) with Eq. (4.6) shows that

{&%, W°HE, 5) = {4, fi} (36, 5) - (4.39)

Consequently, in the far-field region only the spatial Fourier transforms of
the source distribution at the subset of angular-wave-vector values jsa = ¥€
are "seen”. Since sa is real, the observation is only true if s is imaginary
valued. In the latter case we introduce the real slowness vector p = ja (see
Eq. (1.42)). Then, Eq. (4.39) is rewritten as

(=, W) 0) = @ Fdumgw), p=C.  (440)

4.4. Source representations in the time domain

Owing to the simple structure of Eqs. (4.15) - (4.16) in which the Laplace-
transform parameter s occur, the inversion of the acoustic wavefield quanti-
ties back to the time domain can now easily be carried out. Evidently, the
time-domain equivalents of Egs. (4.15) -(4.16) contain the time-differentiated
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and the time-integrated forms of the acoustic scalar and vector potentials.
For the latter, we employ the notation

(L8, [[Wi(=z,t) = { /t "9(z, t)at, /t Wiz, ¢)dt'} . (4.41)

Using Eq. (1.23), we obtain the time-domain equivalents of Egs. (4.15) -
(4.16) as

poLY — 0, Wy = XT(t)p(z,t) ) (4.42)
1 1
;ftf[ - 0¥ + ;Blakfth = XT(t)'U[(:l:,t) . (4.43)

The time-domain equivalent of the Green’s function is easily obtained from
Eq. (4.26) as
5(t — 2l
G(ze,t) = ——5—. .
(=z,1) pppy (4.44)
Therefore, the time-domain equivalents of the scalar and vector potentials
of Eqgs. (4.17) and (4.18) are obtained as

o=t - =21
U(z,t :/ ’ c 4V 4.45
(z ) zlemsource 47r|z_z,| ’ ( )
and
fe(z' t - Jﬂl)
Wi(z, t) = c T4y . 4.4
M= [ Y (4.46)

Expressions (4.45) and (4.46) are known as retarded potentials: the time
argument in the integrands is delayed by the travel time ]a:_—ca:_j that the
acoustic wave needs to traverse the distance |2 —z'| from the source point
2’ to the observation point # with the speed c.

4.5. Far-field characteristics in the time domain

In this section we consider the far-field radiation characteristics that re-
sult from the time-domain source-type representations of Eqs. (4.42) - (4.43)
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as || — oo. Using Eq. (4.28) we obtain for the retarded time argument oc-
curring in Eq. (4.45) and (4.46) the expression

|z—2'| 2| | €2, -1
t— ——:t——-}-———g—--i-Order([z[ ) as|z| — o0. (4.47)
¢ c

With this the far-field representations for the vector potentials are obtained
as

C{ee, werhe - )

{2, Wil(z,t) = o Onder((e] ™) as el — o0, (448)
in which
00 o0 ! qu;
{¥°°, W }(é,t):/mlJ {g, fiH(',t+ =)av. (4.49)

We further obtain for the spatial derivatives

00 oo _ =l
0c{¥, Wi} (=,t) = ‘%{atm LS Order(|=|™*)

4 ||

as |z| — oo, (4.50)

where derivatives with respect to z; have been interchanged for a deriva-
tive with respect to time. Using Eqs. (4.48) - (4.50) in the expressions of
Eqs. (4.42) - (4.43), we arrive at

e, w2

-2 -
{p, v} (=,t) = pp + Order(|=|™%) as |z| - 00, (4.51)
in which ¢
P* = pOT + O W, (4.52)
v° = %&‘I/c’o + KE1ELOWLT . (4.53)

As Eq. (4.51) shows, the acoustic pressure and particle velocity have, in
the far-field region, the structure of a spherical wave that expands radially
from the origin of the coordinate system, the latter being chosen in the
neighborhood of the radiating sources, with an amplitude that depends on
the direction of observation and that decreases inversely proportional to the
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distance from the chosen origin. The amplitude radiation characteristics
{p*°,v°} depend only on the direction of observation £, and on the pulse
shapes of the source distributions. Note that in the right-hand sides of
Eqs. (4.52) and (4.53) via Eq. (4.50) only the time-differentiated pulse shapes
of the volume source densities occur.

Upon inspecting the dependence of ¥*° and W° on §, a comparison of
Eq. (4.49) with Eq. (1.45) shows that

(@, WM = (6 R0, (4.54)

where ¢ and fk denote the three-dimensional Radon transform of ¢ and fj,
respectively. Consequently, in the far-field region only the Radon transform

of source distributions at the subset of Radon-transform parameters p = %
are ”seen”.

4.6. The Cagniard-de Hoop method

An alternative method to arrive at the time-domain representation of
the Green’s function is the Cagniard-de Hoop method (DE Hoop, 1960).
To illustrate the essence of this technique in obtaining time-domain versions
from the corresponding spectral representations, we start with the expression
of the Green’s function given in Eq. (4.20):

- 1

G(jsa, s) = (4.55)

stagag +92°
As a first step, we perform an inverse Fourier transform with respect to real
parameter saz and denote the results as G(jsaj, jsaz, z3, s), according to
the definition of the Fourier transform of Eq. (1.46). The two-dimensional
Fourier transform of the Green’s function becomes

1 / . 1

— exp(—jsazz3)———=d(sa3

27 J(saz)eR p( )(sa3)2 + s52I'2 (s03),
(4.56)

a(jsal 3 jsa% T3, 5) =

where ]

1
T = (c_l +ad + a%) °, Re(T') > 0. (4.57)
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Im(sas)

1

——
// ~

complex (saz)-plane N

7 A

/ ® saz = jsI

Figure 4.4. Contour integration in the complex (sas)-plane.

When z;3 < 0, the integral at the right-hand side of Eq. (4.56) is evaluated
by continuing the integrand analytically into the complex (sasz)-plane, sup-
plementing the path of integration by a semi-circle situated in the upper
half-plane 0 < Im(sas) < oo and of infinitely large radius, and applying
the theorem of residues (see Fig. 4.4). On account of Jordan’s lemma the
contribution from the semi-circle at infinity vanishes. Further, the only sin-
gularity of the integrand in the upper half of the complex (saz)-plane is the
simple pole at saz = jsI'. Taking into account the residue of this pole, we

arrive at r
G(jsay,jsas, z3,8) = E(%, z3<0. (4.58)
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When z3 > 0, the integral at the right-hand side of Eq. (4.56) is evalu-
ated by continuing the integrand analytically into the complex (sas)-plane,
supplementing the path of integration by a semi-circle situated in the lower
half-plane —oo < Im(saz) < 0 and of infinitely large radius, and applying
the theorem of residues (see Fig. 4.4). On account of Jordan’s lemma the
contribution from the semi-circle at infinity vanishes. Further, the only sin-
gularity of the integrand in the upper half of the complex (sa3)-plane is the
simple pole at sag = —jsI['. Taking into account the residue of this pole, we
arrive at
exp(—slzs3)
2sT
With the aid of Fourier’s inversion theorem we obtain the following expres-
sion for G(z, s):

G(jsai,jsaz, z3,5) = z3>0. (4.59)

G(z,s) = exp(—jsaiz1 — jsazaz — sT|zs|)

(27[')2 (801,8&2)6m2 23F

dA . (4.60)

This is the well-known plane-wave representation of the Green’s function for
complex values of s, Re(s) > 0.

As a next step, we shall try to cast the integral on the right-hand side of
Eq. (4.60) in such a form that G(=,t) can be found by inspection. To that
end, we first restrict the Laplace-transform parameter to real values (s > 0).
The slowness vector (aj, ay) is taken real as well. Then, the general plane-
wave representation of Eq. (4.60) is written as

C;‘(a: 5) = s exp(—jsajz — jsapzy — sI‘]:c3|)dA. (4.61)
’ (e 02)€m2

(2m)? 2r

It will be advantageous to deform the integration surface such that the ex-
pression in the exponential function in the right-hand side of Eq. (4.61)
becomes real. Therefore, we introduce the polar coordinates in the (z;, z;)-
plane through

z, = rcos(d), zo =rsin(¢), r=(zi+ z%)%, (4.62)

where 0 < 7 < o0 and 0 < ¢ < 2w. Next we replace the variables of
integration a; and a, in Eq. (4.61) by p and ¢ through

a; = —jpcos(¢)— gsin(¢),
a; = —jpsin(¢)+ g cos(¢), (4.63)
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Im(p)
complex p-plane
p=r(7) branch cut
T =T(q)
N N UL, ety
‘\
= (L +¢%)?

Figure 4.5. Complex p-plane with Cagniard-de Hoop path p(7).

which entails a? + o = ¢? — p?, dayday = ~jdpdq and jayz, + jaszy = pr.
Hence, Eq. (4.61) is replaced by

o1 o [ [ T, e

where 1

1 3
r= (c_2 +¢% - p2) . (4.65)

The next step towards the solution of the transient problem is to perform
the integration in the complex p-plane along such a path that the right-hand
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side of Eq. (4.64) can be recognized as the Laplace transform of a certain
function of time. We therefore extend the integrand of Eq. (4.64) in the
complex p-plane. Since we want to keep the integrand single-valued, we
introduce a branch cut for the square-root expression I' along {(Z% + q2)% <
|Re(p)| < o0, Im(p) = 0} and keep Re(T') > 0 in the entire cut p-plane. On
virtue of Cauchy’s theorem and Jordan’s lemma, the integration path along
the imaginary p-axis is now deformed into a path along

pr + Dlzs| =7, (4.66)

where 7 is real and positive. If r < T < o0, Eq. (4.66) represents the branch
c

of a hyperbola. The parametric representation of this Cagniard-de Hoop
path
o glal (- [T}
||? ’

(4.67)

with

T(q) = |=| ( +4q )5 (4.68)
and 1
2| = (r* + 23)7, (4.69)

denotes the part of the hyperbola in the upper half of the p-plane, while
p = p* (the star denotes complex conjugation) represents the lower half (see
Fig. 4.5). Using Eq. (4.67) together with Eq. (4.66), the Jacobian of this
transformation is found as

dp _ 7+ jrleal{r? = [T(g)2} "2 _ it , 4.70
b7 ]2 {72 - [T(q)]?}2 1

After this deformation and the use of Schwarz’s principle of reflection, we
are able to rewrite Eq. (4.64) as

exp(—s7)
Gz, s) 41r2/ /’;(q) e T(q)]z};‘dT . (4.71)

Next we interchange the order of integration leading to

Q(7) 1
G(a: s) 7r2|’~'"/ exp(—s7)dr /Q(r) QW = qz}%dq, (4.72)
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where
To =T(0) = l—z—l (4.73)
and , [Z]ya1d
o < = (20

Introducing the new variable of integration ¢ = Q(7)sin(¢), we arrive at

" (4.74)

irx

exp(—-sv')d'r/2 dy, (4.75)

drt|z| JT, -37

o

G'(z,s) =

or
exp(—sTo)

drlz|
which corresponds to Eq. (4.26) with ¥|z| = sT;. The time-domain equiva-
lent of the Green’s function is (cf. Eq. (4.44))

Gz,t) = E=To)

G(z,s) = (4.76)

ppp (4.77)
This final result concludes the discussion of the Cagniard-de Hoop method,
(see also AkI and RICHARDS, 1980, section 6.5). We have shown the essential
steps in the latter technique. We remark that this method can be extended
to the case of an arbitrary planar layered medium (vAN DER HIIDEN, 1987).
In the latter case, the Cagniard-de Hoop path has to be constructed for every
generalized-ray constituent.

4.7. The acoustic wavefield of point sources

In this section we calculate the acoustic pressure and particle velocity of
the wavefield emitted by two point sources of different type, viz. the acoustic
monopole transducer and the acoustic dipole transducer.

The monopole transducer

An acoustic monopole transducer is a point source of volume injection,
i.e., a source of volume injection whose maximum diameter is negligibly small
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with respect to the distance from the point of observation to the position
of the source and negligibly small with respect to the spatial extent of the
emitted wave. We start our analysis in the s-domain. Let the monopole
source be located at 5, then the source densities are given by

(=, s) = §°(s)8(z — =°), (4.78)

fi(z,8)=0, (4.79)
where §° (s) is the s-domain time rate of volume injection. Then the scalar
potential ¥ and the vector potential W} become (see Egs. (4.17) and (4.18))

¥(z,9) = §°(s) G(z - 2°,5), (4.80)
Wi(z,8)=0. (4.81)

The acoustic pressure and the particle velocity of the wavefield emitted by
the monopole transducer is then given (see Eqs. (4.15) and (4.16)) as

B(z,8) = spg>(s) G(z — =5, 5) (4.82)
and
wi(z,s) = —¢°(s) 8iG(z — =5, 3s), (4.83)
where , s
Gz — 25 s) = exp(= |z —27]) (4.84)

ir|z— =3

From these s-domain quantities, the time-domain equivalents can directly
be obtained, viz.,

gS(t - ==

PO dr|z— 25| = x1(t)p(=, 1), (4.85)
qS(t |z )
— 31—C = XT(t)’U[(;[:,t) , (4.86)

4|z — 25|

in which ¢5(¢) is the time rate of volume injection.

The dipole transducer

An acoustic dipole transducer is a point source of volume force, i.e., a
source of volume force whose maximum diameter is negligibly small with
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respect to the distance from the point of observation to the position of the
source and negligibly small with respect to the spatial extent of the emitted
wave. We start our analysis in the s-domain. Let the dipole source be
located at 5, then the source densities are given by

§°(z,8) =0, (4.87)

fr(z,8) = f3(s)6(z — %), (4.88)

where fJ(s) is the s-domain time rate of volume force. Then the scalar

potential ¥ and the vector potential W, become (see Eqs. (4.17) and (4.18))
¥(z,8)=0, (4.89)

Wi(z,s) = f(s) G(z — 25,3s). (4.90)

The acoustic pressure and the particle velocity of the wavefield emitted by
the dipole transducer is then given (see Egs. (4.15) and (4.16)) as

p(z,s) = —f,f(s)aké(a: - 25, s) (4.91)
and

iu(z,s) = 5_1/; 5(8)6(z - 2°%) + $ f5(5)0:0iC(z — 25,5).  (4.92)

From these s-domain quantities, the time-domain equivalents can directly
be obtained, viz.,

78 - ==

47|z —=z5|

0 = xr(t)p(z,t), (4.93)

oS - 1222

4|z — 25|

;1; L) 8(z—25) + %a,ak = x1(t)u(z,t),  (4.94)

in which fZ(t) is the time rate of volume force.

The concept of a point source is of importance in our analysis of the
acoustic wavefield of the Green’s state, to be discussed in Chapter 7.







Chapter 5

Reciprocity Theorems

In this chapter we discuss the reciprocity theorems. These theorems con-
stitute the fundament of the seismic wave theory. In the reciprocity theorems
we consider a time-invariant, bounded, domain D in space in which two non-
identical acoustic states can occur. The two states will be distinguished by
the superscripts A and B, respectively. Neither the source distributions of
the acoustic wavefields in the two states, nor the fluids present in the two
states need to be the same. The boundary surface of D is denoted by 0D;
the normal vector v, on 9D is directed away from D. The complement of
DU D in R3 is denoted by D’ (see Fig. 5.1). We characterize the acoustic
properties of the fluids by the volume density of mass p = p(z) and the
compressibility £ = &(z).

oD

Vg

D/

Figure 5.1. Configuration for the application of the reciprocity theorem.
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5.1. The s-domain field reciprocity theorem

We start with the basic acoustic wavefield equations in the s-domain, as
discussed in Chapter 3, cf. Eqgs. (3.17) and (3.18). State A is characterized
by the acoustic wavefield {p“,9{}, the constitutive parameters {p?, x4}
and the source distributions {¢*#, f!}. Similarly, State B is characterized by
the acoustic wavefield {$?,92}, the constitutive parameters {pB, kB} and
the source distributions {¢?, fB} (cf. Table 5.1). The acoustic wavefield
equations pertaining to State A are then

0p” + sphip = fi, (5.1)
Odf + skipt = G4 . (5.2)

Similarly, the acoustic wavefield equations pertaining to State B are
op® + spPof = £, (5.3)

Oxopf + skBp? = §% . (5.4)

Table 5.1. States in the field reciprocity theorem

State A State B

Field state | {p4, 9{}(=,s) | {p?,92}(=,s)
Material state | {p4, k4}(=) {pB, kB}(=)

Source state | {¢4, f,f}(z,s) {¢B, f,?}(a:, s)

Domain D (see Fig. 5.1)
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If, in the domain I, surfaces of discontinuity in acoustic properties are
present, Eqgs. (5.1) - (5.4) are supplemented by boundary conditions of the
type discussed in Section 3.2, both in State A and in State B. In the field
reciprocity relation, the interaction quantity between the two states is

Be(p o — pPof) = P owp? + prowsf — oL 0kp® - PP oKD . (5.5)

Upon multiplying Eq. (5.1) by 92, Eq. (5.2) by 5%, Eq. (5.3) by 9¢ and
Eq. (5.4) by $*, and using the results in Eq. (5.5), we arrive at

A B - A A A B Ay~A-B
ox(p o — pPof) = s(p®—pt)oLoR — s(x —x")p'p
+ fiof + ¢ - feod - 4" . (5.6)

Equation (5.6) is the local form of Rayleigh’s reciprocity theorem.

Integration of Eq. (5.6) over the domain D with boundary D and the
use of Gauss’ integral theorem in the resulting left-hand side lead to

/z Eam(ﬁ%f - PP mdAa

= [ (soB-p")iaf - s(xP - xA)p5PIaV
zeD
b G i - fet - PV (5)
zecD

Equation (5.7) is Rayleigh’s reciprocity theorem in its global form for the
domain D (LorD RAYLEIGH, 1894; Dover 1945, vol. II, pp. 145-147; he de-
notes it as Helmholtz’s theorem). First of all, it is remarked that the first
and the second term on the right-hand side of Eq. (5.6), as well as the first
integral on the right-hand side of Eq. (5.7), vanish in case the fluids in the
two states are chosen such that p* = p? and k4 = kP. In particular, the
relevant relations hold for one and the same fluid. Under these conditions,
the interaction between the two states is only related to the source distri-
butions in the two states. If, in addition, these source distributions vanish
in some domain, the relevant interactions (local or global) are zero in that
domain.
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— T —.

— \Q]D:SA

homogeneous medium

/
/

Figure 5.2. Unbounded configuration for the application of the acoustic

reciprocity theorem.

The limiting case of an unbounded domain

In quite a number of cases it is desirable to apply the reciprocity theorem
of Eq. (5.7) to an unbounded domain. These cases will always be handled
as the limiting one that occurs if D is taken to be the domain interior to
a sphere Sp of radius A and center at the origin of the chosen coordinate
system, and the limit A — oo is considered (see Fig. 5.2). Obviously, then
we must evaluate the left-hand side of Eq. (5.7) on Sa. To this end, we
shall always assume that outside some sphere of bounded radius, and center
at the origin of the chosen coordinate system, the fluid is homogeneous
with position independent mass density and compressibility. Taking the
acoustic wavefield in both states to be causally related to the action of their
sources, the latter being non-vanishing in some bounded subdomain of space
only, we then can, for sufficiently large values of A, use on Sa the far-field
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approximation (cf. Section 4.3) of the radiated wavefields, both in State A
and State B. Using these relations and taking p4 = pP and k4 = k? in this
exterior domain, it follows that, as |€| — oo, the terms in the expansion of
poy of Order (A"2) in the integral over S cancel. The next term in the
expansion of piy, as || — oo is of Order (A~3). Therefore,

P98 — pPofl = Order (A7) as A - 0. (5.8)

Consequently (note that the area of Sa is 4w AZ?), we obtain the causality
condition

/ (9*9F — pPof)vkdA = Order (A™') as A — oo, (5.9)
TeSa

and the left-hand side of Eq. (5.7) vanishes in the limit A — oco. Further,
the integration domain I of the integrals in the right-hand side of Eq. (5.7)
becomes the domain R3.

5.2. The time-domain reciprocity theorem of
convolution type

In the time-domain reciprocity theorem of the convolution type, the two
states are now defined in the space-time domain. State A is characterized
by the acoustic wavefield {p4, v,f}, the constitutive parameters {p*, x4} and
the source distributions {g#, f!}. Similarly, State B is characterized by the
acoustic wavefield {p?,vP}, the constitutive parameters {p?, xP} and the
source distributions {¢®, f%} (cf. Table 5.2). By applying the standard
rules for inversion from the s-domain to the time domain, the local form of
the time-domain reciprocity is directly obtained from Rayleigh’s reciprocity
theorem of Eq. (5.6). Denoting Ci{-,-} = C{,-}(2,t) as the temporal
convolution (cf. Eq. (1.19)) we arrive at

al(Clp?, v} - Cufwi, "))

= (PP - p")0.Cu{w}, vf} - (57 —x)8,Ci{p*, pP)

+C{ ¢, v} + C{pt, dB} - Ci{wf, £B} - Ci{¢*,pP}.  (5.10)
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Table 5.2. States in the reciprocity theorem of convolution type

State A State B

Field state | {p%, 0} (2,1) | {27, 9B} (=,1)
Material state | {p?,x4}(=) | {pP,kB}(=)

Source state | {g*, f,‘f}(t,t) {4, fl?}("”t)

Domain D (see Fig. 5.1)

Integration of Eq. (5.10) over the domain D with boundary D and the
use of Gauss’ integral theorem in the resulting left-hand side lead to

[, o plCule" oE} = Culuip*Yeaa

= [ (P =rM0Cutot of} - (67 =) Cilp* pPHav

e
+ [ [CRt oY + Clp®, 07} - Cufol, 18} - Cufa* pPHaV
zecD
(5.11)

Equation (5.11) is the global form of the time-domain reciprocity theorem of
the convolution type for the domain ID. First of all, it is remarked that the
first and the second term on the right-hand side of Eq. (5.10), as well as the
first integral on the right-hand side of Eq. (5.11), vanish in case the fluids in
the two states are chosen such that p# = pP and k* = xB. In particular, the
relevant relations hold for one and the same fluid. Under these conditions,
the interaction between the two states is only related to the source distri-
butions in the two states. If, in addition, these source distributions vanish
in some domain, the relevant interactions (local or global) are zero in that
domain.
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5.3. The s-domain power reciprocity theorem

In the s-domain power reciprocity theorem we again consider two states
A and B in a bounded domain (Fig. 5.1.). State A is characterized by
the acoustic wavefield {$*, 9} = {p*,9{}(=, s), the constitutive parame-
ters {p*,k*} and the source distributions {§4, A,f = {q‘A,f,f}(z,s). The
acoustic wavefield equations pertaining to State A are then
Okp? + spof = f2, (5.12)
o + skipt = ¢4 (5.13)
Now, State B is characterized by the anti-causal acoustic wavefield {p?, 52}
= {p?, 92 }(=, —s), the constitutive parameters {p®B, kP} and the source dis-
tributions {¢?, f,f}} = {¢P, f,?}(z, —s) (cf. Table 5.3). State B is the anti-
causal counterpart of the causal wavefield {$®, 92}(z, s) by simply replacing
s by —s. The acoustic wavefield equations pertaining to the anti-causal State
B are
okp® — spPof = 12, (5.14)
orip — sxBpP = ¢B. (5.15)

Table 5.3. States in the power reciprocity theorem

State A State B

Field state | {5%,3}(=,5) | {75, 38} (=, —s)
Material state | {p*, k}(z) {pB, KB} ()

Source state {q"A,f,f}(z,S) {ﬁB,f/?}(‘”a -s)

Domain D (see Fig. 5.1)




102 RECIPROCITY THEOREMS

If, in the domain D, surfaces of discontinuity in acoustic properties are
present, Egs. (5.12) - (5.15) are supplemented by boundary conditions of
the type discussed in Section 3.2, both in State A and in State B. The
interaction quantity between the two states is

Oc(prog + pPof) = 0P 0kp* + p0k0p + 00 0kp® + 50k . (5.16)
Upon multiplying Eq. (5.12) by 92, Eq. (5.13) by 2, Eq. (5.14) by 4! and
Eq. (5.15) by p*, and using the results in Eq. (5.16), we arrive at

Ou(p'of +pP07) = s(p®-p?)ofop + s(k® —k)ppP

+ froP + Pt + fPof + 4% . (5.17)
Equation (5.17) is the local form of the power reciprocity theorem.

Integration of Eq. (5.17) over the domain D with boundary 6D and the
use of Gauss’ integral theorem in the resulting left-hand side lead to

/:nealD(ﬁAi)’? + P dA

= [ (60" = Vol of + (s -5V
Te

+ fmem(ffﬁf +§Bph + fBof + ¢4pB)dV.  (5.18)

Equation (5.18) is the power reciprocity theorem in its global form for the
domain D. First of all, it is remarked that the first and the second term on
the right-hand side of Eq. (5.17), as well as the first integral on the right-
hand side of Eq. (5.18), vanish in case the fluids in the two states are chosen
such that p4 = pP and k4 = kB. In particular, the relevant relations hold
for one and the same fluid. Under these conditions, the interaction between
the two states is only related to the source distributions in the two states. If,
in addition, these source distributions vanish in some domain, the relevant
interactions (local or global) are zero in that domain.

Power conservation in the frequency domain

As we have seen in Section 3.2, the steady-state analysis is arrived at by
letting s — jw. Noting that

(38 (=, jw), 0 (=, jw} = {p® (=, —jw), VP (=, —jw)}, (5.19)
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the local form of the power reciprocity theorem of Eq. (5.17) is then rewritten
as

de(p e +5% o) = jw(p®—p" ool + juw(k® —)p 0

o+ 7P+ B0+ 07 (5.20)

Taking {p4, 38} = {598} = {p,ox}(z, ), p* = p% = p(z) and &4 =
kB = k(z), we arrive at the local form of the power conservation theorem

in the frequency domain as
Ok(pif + P*ok) = fudf + §°p + fidw + 65" - (5.21)

Integration of Eq. (5.21) over the domain D with boundary 0D and the use
of Gauss’ integral theorem in the resulting left-hand side lead to

5ok o1 Yo dA
/:Bea])(p k P k) g
/2€D(ﬂ AI: I q*ﬁ AI: Ak q‘ﬁ*) M ( ¢ )

Equation (5.22) is the power conservation theorem in the frequency domain
in its global form for the domain D.

5.4. The time-domain reciprocity theorem of
correlation type

In the time-domain reciprocity theorem of the correlation type, the two
states are now defined in the space-time domain. State A is characterized
by the acoustic wavefield {p#, v{}, the constitutive parameters {p*, x4} and
the source distributions {¢*, f!}. Similarly, State B is characterized by the
acoustic wavefield {p?,vf}, the constitutive parameters {p?,xP} and the
source distributions {g?, f2} (cf. Table 5.4). By applying the standard
rules for inversion from the s-domain to the time domain, the local form of
the time-domain reciprocity is directly obtained from the power reciprocity
theorem of Eq. (5.17).
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Table 5.4. States in the reciprocity theorem of correlation type

State A State B

Field state | {p*,v{}(=,t) | {p®,v2}(=,1)
Material state | {p?, x4} (=) | {p?,xB}(=)

Source state | {¢*, f{'}(=,1) | {¢%, f}(=,1)

Domain D (see Fig. 5.1)

In order to arrive at valid correlation results, we first have to assume
that the Laplace-transform parameter is imaginary (s — jw). Denoting
Ci{-,-} = Ci{-, - }(=,t) as the temporal correlation (cf. Eq. (1.21)) we arrive
at

ak[Ci{p", v} + Ci{vi, PP}
= (PP - p"0.Ci{vf, vE} + (kB —x")8:Ci{p*, PP}
+CH A vBY + Ci{p?, dP) + Ci{E, £BY + Ci{d*, PP} .
(5.23)

Note that this result can directly be derived from the acoustic wavefield
equations in the time domain (DE Hoop, 1988).

Integration of Eq. (5.23) over the domain D with boundary D and the
use of Gauss’ integral theorem in the resulting left-hand side lead to

[, g it 08 + Citut, 2"}
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= [0 =r"BCHot of} + (2 - KM)BCi " PP YAV

+ [ [CHIA B} + Cilpt, P} + Cito, 1B} + Cila* pPY1av
e
(5.24)

Equation (5.24) is the global form of the time-domain reciprocity theorem
of the correlation type for the domain D. First of all, it is remarked that the
first and the second term on the right-hand side of Eq. (5.23), as well as the
first integral on the right-hand side of Eq. (5.24), vanish in case the fluids in
the two states are chosen such that p4 = p? and k4 = k8. In particular, the
relevant relations hold for one and the same fluid. Under these conditions,
the interaction between the two states is only related to the source distri-
butions in the two states. If, in addition, these source distributions vanish
in some domain, the relevant interactions (local or global) are zero in that
domain.

Power conservation in the time domain

Taking {pA’vI‘?} = {pBa'vl?} = {P, vk}(zat)y PA = pB = P(z), KA =
kP = k(z) and t = 0 in Eq. (5.23), we arrive at the local form of the power
conservation theorem in the time domain as

ou(pu)dt = [ at' . 5.25
[ g 2ueo)at = [ (feve+ ) (5.25)

Integration of Eq. (5.25) over the domain D with boundary dD and the use
of Gauss’ integral theorem in the resulting left-hand side lead to

vevpdAdt = / / v + qp)dVdt' . 5.26
/z op /uemp ” [ o e+ ap) (5.26)

Equation (5.26) is the power conservation theorem in the time domain in its
global form for the domain D.

A clear distinction between convolution-type and correlation-type reci-
procity relations is made by BoJaRrsk1 (1983), who has presented the the-
orem for homogeneous, isotropic and lossless media. The pertinent theo-
rems for inhomogeneous, anisotropic fluids with relaxation is discussed by
DE Hoopr (1988). The seismic applications of the various reciprocity theo-
rems are discussed in subsequent chapters.







Chapter 6

Field Reciprocity between
Transmitter and Receiver

A first set of corollaries of the global reciprocity theorem of Section 5.1
are the transducer reciprocity properties of transmitting and receiving trans-
ducers.

In particular, we consider these experiments where the transducers in-
terchange their position. We model the transducers as distributions of point
transducers, surface transducers and volume transducers.

6.1. Point-transducer description

The s-domain relations

First the class is considered where the action of the transducers may be
represented by equivalent point-source densities. The action of the sources
is represented by its known volume densities of external force and/or volume
injection. Let transducer A be located at # = =4 and transducer B be lo-
cated at z = =B (Fig. 6.1). We apply the reciprocity theorem of Section 5.1.
Let State A be identified with the state where transducer A is transmitting
and transducer B is receiving. The acoustic wavefield equations pertaining
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transducer A transducer B
o o
:I:A zB

Figure 6.1. The point transducers A and B.

Table 6.1. States in the reciprocity theorem

State A State B
transducer A transducer B
is transmitting is transmitting
Field state {374,914} (=, 5) {pT®, 1‘){’3}(2:, s)
Material state {p, k}(=) {p,c}(=)
Source state {q"TA,fZA}ﬁ(a:—:cA) {475, fTE}6(x—2B)

Domain R? (see Fig. 6.1)
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to State A (cf. Table 6.1) are then
p™e + svaA = f,cT“ﬁ(z—zA) ) (6.1)
Okt + skpTh = §Tab(z—2"). (6.2)

The wavefield in State B is identified with the state where transducer B is
transmitting and transducer A is receiving. The wavefield quantities in this
state satisfies (cf. Table 6.1)

ap"" + spiy® = f"8(z—="), (6.3)
8x% + skp’® = {T8§(2—2P). (6.4)

Now Eq. (5.7) is applied to the domain interior to the sphere Sy with radius
A and center at the origin of the chosen coordinate system; A is so large that
Sa completely surrounds the two point transducers. In view of the causality
condition we have

/ (pTAf;ZB - ﬁTsﬁz")ude = Order (A™') as A — o0. (6.5)
:EESA

Hence we have

/zema[f,?f*a(z—zf*)ﬁzﬂ +qTe8(a - 2P )5

Bﬁ(a: zB) — §Ta§(z—2*)pTB)ldV =0, (6.6)

with the result that the reciprocity between two point transducers is given
by

§Tnp" (2P, 5) = f7oi* (27, 8) = §apTE (A, s) - fro{(=",s) . (6.7)
We now consider three special cases:

e Transducer A is of the volume-injection type and transducer B is of
the volume-injection type, viz.,

fla=0, flr=0. (6.8)

Then, the reciprocity theorem between two monopole transducers be-
comes (see e.g., KINSLER et al., 1982, p. 168)

§'rp" (2P, s) = §T4pTe (24, 5) . (6.9)
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o Transducer A is of the volume-injection type and transducer B is of
the volume-force type, viz.,

fla =0, §""=0. (6.10)

Then, the reciprocity theorem between a monopole and a dipole trans-
ducer becomes

— fleo[2 (2B, s) = §T4pTE(a?,s) . (6.11)

e Transducer A is of the volume-force type and transducer B is of the
volume-force type, viz.,

¢ =0, ¢ =0. (6.12)

Then, the reciprocity theorem between two dipole transducer becomes

o (2P,s) = flrarm (24,5). (6.13)

The time-domain relations

The time-domain reciprocity relations can be derived by either inver-
sion of the s-domain results or directly by application of the time-domain
reciprocity of the convolution type. We then arrive at

Co{q"®, pTa}(2B,t) — C{ 17, v H =P, 1)

= C{q™,pTr}(zA,t) - C{ fI*, v P} (=4, t). (6.14)
We again consider three special cases:

o Transducer A is of the volume-injection type and transducer B is of
the volume-injection type, viz.,

fn=o, flm=o. (6.15)

Then, the reciprocity theorem between two monopole transducers be-
comes

C{q™,p} (2, t) = Ci{g™, PP} (=", 1) . (6.16)
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e Transducer A is of the volume-injection type and transducer B is of
the volume-force type, viz.,

a0, ¢"8=0. 6.17
k

Then, the reciprocity theorem between a monopole and a dipole trans-
ducer becomes

~ C{ £, v} (=P, t) = C{q™, p™5} (=%, 1). (6.18)

e Transducer A is of the volume-force type and transducer B is of the
volume-force type, viz.,

¢ =0, ¢"#=0. (6.19)

Then, the reciprocity theorem between two dipole transducers becomes

CfTE, vl (2P, t) = C{FI, vP} (2", t) . (6.20)

6.2. Volume-transducer description

Second the class is considered where the action of the transducers may be
represented by equivalent volume-source densities, distributed over the do-
mains occupied by the transducers. The action of the sources is represented
by its known volume densities of external force and/or volume injection. Let
transducer A occupy the bounded domain T4 and transducer B occupy the
domain Ty (Fig. 6.2). We apply the reciprocity theorem of Section 5.1. Let
State A be identified with the state where transducer A is transmitting and
transducer B is receiving. The acoustic wavefield equations pertaining to
State A (cf. Table 6.2) are then

8kpTt + spiia = fla (6.21)

Bt + skpla = gTa (6.22)

The wavefield in State B is identified with the state where transducer B is
transmitting and transducer A is receiving. The wavefield quantities in this
state satisfy (cf. Table 6.2)
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transducer A

transducer B

Figure 6.2. The volume transducers A and B.

Table 6.2. States in the reciprocity theorem

State A

transducer A
is transmitting

State B

transducer B
is transmitting

Field state

Material state

Source state

(™, 94 =, 5)
{p,k}(z)

{a™, fP*}(=, 5)

(5™, [7}(z, s)
{p, x}(=)

{d™, £{"}(=, )

Domain R? (see Fig. 6.2)
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Okp'® + spL® = fP (6.23)
Bkol® + sxp’® = ¢T8 . (6.24)

Now Eq. (5.7) is applied to the domain interior to the sphere Sp with radius
A and center at the origin of the chosen coordinate system; A is so large
that Sp completely surrounds the two transducers domains. In view of the
causality condition we have

/ (374577 — §T857 )y dA = Order (A1) as A »oo.  (6.25)
TeSa
Hence, the reciprocity between the two volume transducers is given by
Ty~ 2Ty AT, Y £T4 ~
[, @ - feaiav = [ @"s" - fPaieav,  (626)
xcTp Ty

where we have taken into account that the source states are only operative
in T4 and Tg, respectively.

In the special case that transducer T can be considered as a concen-
trated point source the left-hand side of Eq. (6.26) has to be replaced by the
left-hand side of Eq. (6.7).

The time-domain counterparts of the present reciprocity results are ob-
tained in a similar way as before.

6.3. Surface-transducer description

Finally, the case is considered where the action of the transducers may
be represented by equivalent surface-source densities, distributed over the
boundary surfaces T4 and 0Tp of the respective domains occupied by the
transducers (Fig. 6.3). We apply the reciprocity theorem of Section 5.1. Let
State A be identified with the state where transducer A is transmitting and
transducer B is receiving. The acoustic wavefield equations pertaining to

State A (cf. Table 6.3) are then
Op™ +spil* =0, (6.27)

Okdl* + sxpr =0, (6.28)
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transducer A transducer B
Vi Vi
0T T t 0Tp

Figure 6.3. The surface transducers A and B.

Table 6.3. States in the reciprocity theorem

State 4 State B

transducer A transducer B
is transmitting | is transmitting

Field state | {p’4, f),?}(:n, s) | {p"B, f)ZB}(a:, s)
Material state {p,r}(z) {p,}(=)

Source state {0,0} {0,0}

Domain R3\{T4 U 8Ty U Tg U dTg} (see Fig. 6.3)
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where z is located outside 8T4. The wavefield in State B is identified with
the state where transducer B is transmitting and transducer A is receiving.
The wavefield quantities in this state satisfies (cf. Table 6.3)

8PP + sp9 P =0, (6.29)

oL E +skpT® =0, (6.30)

where z is located outside 0Tp. Now Eq. (5.7) is applied to the domain
exterior to the transducer domains and interior to the sphere S, with radius
A and center at the origin of the chosen coordinate system; A is so large
that So completely surrounds the two transducers domains. In view of the
causality condition we have

/ (™91 % — p'EpT4)ydA = Order (A7!) as A - o0.  (6.31)
.’BESA
Hence, the reciprocity between the two surface transducers is given by

= f (™08 — pTB 54V pdA = — / (B4 — 19 )dA
zecdTp zedT,
(6.32)
in which »; is the outward normal to the pertaining transducer boundary
surface.

In the special case that transducer Tg can be considered as a volume
source, the left-hand side of Eq. (6.32) has to be replaced by the left-hand
side of Eq. (6.26).

The time-domain counterparts of the present reciprocity results are ob-
tained in a similar way as before.

The reciprocity properties derived in this chapter, are important for un-
derstanding the redundancy in the physical experiment. Moreover, these
relations may serve as a numerical check in computational acoustics.







Chapter 7

Radiation in an Unbounded,
Inhomogeneous Medium

The reciprocity theorem derived in Section 5.1 can serve to analyze the
acoustic radiation generated by a known volume-source distribution in a
known inhomogeneous medium; the problem of calculating the wavefield un-
der these circumstances is commonly denoted as the direct, acoustic volume-
source problem. The reciprocity theorem derived in Section 5.1 can also serve
to analyze the acoustic radiation generated by a known surface-source distri-
bution; the problem of calculating the wavefield under these circumstances
is commonly denoted as the direct, acoustic surface-source problem.

7.1. The volume-source problem

7.1.1. Volume-source representations in the s-domain

The s-domain pressure representation

The configuration consists of a medium of infinite extent with known
acoustic properties. In this medium a source is present that occupies the
bounded domain D,,yurce (Fig. 7.1). The action of the source is represented
by known volume densities of external volume force and/or volume injection
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{4, fk} Our aim is to arrive at a representation that expresses the acoustic
pressure p in all space in terms of the source distributions. We apply the
reciprocity theorem of Section 5.1. To this end, State A is taken to be the
actual wavefield that is generated by the sources and is causally related to
them. The acoustic wavefield equations pertaining to State A (cf. Table 7.1)
are then

Okp + spix = f , (7.1)
Okl + skp=§ . (7.2)

The wavefield in State B is chosen such that the application of Eq. (5.7)
leads to the value of the acoustic pressure at any point in space. Inspection
of the right-hand side of Eq. (5.7) reveals that this is accomplished if we take
for the source distributions in State B a point source of volume injection.
This wavefield satisfies (cf. Table 7.1)

receiver point

DSOUTCC

Figure 7.1. The source domain and the receiver location.
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Table 7.1. States in the reciprocity theorem

State A State B
(actual state) | (volume-injection Green’s state)

Field state {p, o} (=, 3) {59, 9]} (z|=R, s)
Material state {p,k}z) {p, K} (=)
Source state {qnv fk}(z, s) i {qB(3)6(2~zR)7 0}

Domain R? (see Fig. 7.1)

Okp? + spi] =0, (7.3)
Okt] + skp? = QB6(2:—-:BR) R (7.4)

where §(z — zR) denotes the three-dimensional spatial Dirac distribution
(impulse function) operative at the receiver point with position vector z*,
while ¢P is an arbitrary constant only depending on s. This source is placed
in the medium with the same material parameters p and « as the actual ones.
For the choice of Egs. (7.3) and (7.4), State B is denoted as the volume-
injection Green’s state. Now Eq. (5.7) is applied to the domain interior to
the sphere Sa with radius A and center at the origin of the chosen coordinate
system; A is so large that So completely surrounds D,oyrce. In view of the

causality condition of Eq. (5.9) we have
/ (po] — P9 )vkdA = Order (A™!) as A — o0. (7.5)
zeSa

Hence we have

Lens[fkﬁz + §B8(z—2M)p - gp?dV =0, (7.6)
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with the result that

i"3(=",5) = [

52|z, 5)§(=, s) — 31 (|2, 5) fiu(=, )]V . (7.7)
ZeD,ource

From Eq. (7.7) a representation for p(z®, s) is obtained when we take into
account that $7 and o] are linearly related to ¢2. Expressing this as

{89, 50} (22", 5) = §°(s){G%, T }(="=, ), (7.8)

we arrive at the desired representation of the acoustic pressure

#f,s) = [

Te Daaurce

[GI(xP |z, s)§(z, s) + ("2, s) fu(z, s)]dV, (7.9)

where z® € R3. The first term in the integrand of Eq. (7.9) represents a
monopole contribution with volume density §, while the second term in the
integrand of Eq. (7.9) represents a dipole contribution with volume density

Ji

The s-domain particle velocity representation

In order to arrive at a representation that expresses the acoustic particle
velocity ¥, in all space in terms of the source distributions, the wavefield in
State B is chosen such that the application of Eq. (5.7) leads to the value
of the acoustic particle velocity at any point in space. Inspection of the
right-hand side of Eq. (5.7) reveals that this is accomplished if we take for
the source distributions in State B a point source of volume force. This
wavefield satisfies (cf. Table 7.2)

8’ + spdf = fEo(z—=T), (7.10)

Bidf +sepl =0, (7.11)

where f,f is an arbitrary constant vector only depending on s. The source
is placed in the medium with the same material parameters p and & as the
actual ones. For the choice of Eqgs. (7.10) and (7.11), State B is denoted
as the volume-force Green’s state. Now Eq. (5.7) is applied to the domain
interior to the sphere Sp with radius A and center at the origin of the chosen
coordinate system; A is so large that Sp completely surrounds Dgource. In
view of the causality condition we have
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Table 7.2. States in the reciprocity theorem

State A State B
(actual state) | (volume-force Green’s state)

Field state {P, o} (=, s) {ﬁf,ﬁ,{}(zhk,s)
Material state {p,c}(=) {p,c}=)
Source state {4, fk}(z, s) {0, ff(s)S(m—mR)}

Domain R? (see Fig. 7.1)

/ (57 — p/o)vedA = Order (A1) as A — oo (7.12)
TeSa

Hence we have
/zema[fkﬁ{ ~ 106(z -2 ) — ip'1av =0, (7.13)
with the result that

fPu(=",5) = [ (-5 (2[2", $)i(=, 5) + 3] (=], 5) fu(z, $))dV .
z€D.ource (7.14)

From Eq. (7.14) a representation for #;(z?, 5) is obtained when we take into

account that p and 17,{ are linearly related to ]?,B . Expressing this as

{7, o{}(=zlz", s) = f(s{-G], 1] } (2|2, 5), (7.15)

and taking into account that f,f is arbitrary, we arrive at the desired repre-
sentation of the particle velocity

(== [ (GlaRie, iz, 9) + T (e e, o) fu(a, s)aV
.
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where £® € R3. The first term in the integrand of Eq. (7.16) represents a
monopole contribution with volume density ¢, while the second term repre-
sents a dipole contribution with volume density f.

Equations (7.9) and (7.16) show that the acoustic wavefield from known
sources in a known medium can be calculated in all space once the wavefields
radiated by appropriate point sources have been calculated. The right-hand
sides of the representations express the wavefield values as a superposition
of the wavefields radiated by the elementary volume sources out of which
the distributed sources can be envisaged to be composed. '

7.1.2. Green’s states

In Egs. (7.8) and (7.15), we have introduced the Green’s states in an
unbounded medium. In this section we shall derive some general properties
of the Green’s states in an (unbounded) inhomogeneous medium.

Comparing Eqgs. (7.3) and (7.8), it follows that

1
sp(z)
while from Egs. (7.10) and (7.15) it follows that

(2|2, s) =

0:G(zF |z, ), (7.17)

- 1 -
I/ (z"|z, s) = el [0:Gl (2|2, 5) + 8(2" —2)b14] , (7.18)

where §; 4 is Kronecker symbol, §;x = 1 when k =1 and §;x = 0 when k # L.

From Eq. (7.8) and the reciprocity relation of Eq. (6.9) we obtain the
following symmetry property (see also FRIEDLANDER, 1958, p. 143)

Gi(zR|z,s) = GI(=|z", s). (7.19)

From Egs. (7.8), (7.15) and the reciprocity relation of Eq. (6.11) we
obtain the following symmetry property

12"z, s) = -Gl (=|=R, ). (7.20)
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As a consequence of Egs. (7.17), (7.19) and (7.20), we have

1 0RG(2 |z, s), (7.21)

G{(2R|Z, 8) = ma

where H,R denotes the spatial derivative with respect to z{e. Further, using
Eqs. (7.18) and (7.21) we have

1 1
sp(zf) | sp(=)

From Eq. (7.15) and the reciprocity relation of Eq. (6.13) we obtain the
following symmetry property

f‘,f,k(a:Rh:, s) =

aﬁakGQ(zR|z,s)+6(zR—z)5,,k} . (7.22)

If ("2, s) = T (al", s). (7.23)

The s-domain Green’s states in an unbounded, homogeneous medium

The construction of the Green’s states is complicated in inhomogeneous
media, but is fairly straightforward in a homogeneous medium with constants
p and k (see Section 4.7). In the latter case they are given by

Gi(z"|z,s) = spG(afi-=z,s), (7.24)
[ (z”z,5) = -0fG(z"-=,s), (7.25)
é{(zR|z,;) = -3fG(z"-=2,s), (7.26)
P/ (2R|z,s) = ;%[a{fa,{fé(z'tz,s)+5(zR-z)5,,k], (7.27)

where 3 denotes the spatial derivative with respect to zf. In Egs. (7.24) -
(7.27), the scalar Green’s function G(z, s) is given by (cf. Chapter 4)

é(z,s) — exp(—‘ﬂ:cl)

. ~ 1 S
ppp with ¥ = s(kp)? = - (7.28)

' The time-domain properties of the Green’s states follow directly from an
inversion of the s-domain results of Egs. (7.17) - (7.28).
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Limiting values as # — 2R

To investigate the singular behavior of the Green’s states in inhomo-
geneous media, we consider the limiting values as # — z®. We assume
that the medium is locally homogeneous at z”. In the limiting case that
approaches ™, the solution of Egs. (7.3) and (7.4) is given by

) 1
p(z|zh, 5) = sp(a:R){(Bm as ¢ >z, (7.29)
and
1 _ R
2(z|z", 5) = —§P0 =B 20 as 2z 2R (7.30)

“arlz—=zR| 1 ir|z—zR|3

We directly observe that this solution satisfies Eq. (7.3) around = = zk,
In order to show that the limiting values of Eqs. (7.29) and (7.30) satisfy
Eq. (7.4) around = = =*, we rewrite the latter equation in its global form

/ (0k®] + skp?)dV = i?, (7.31)
zcDs

where Dy is a spherical domain around #”® with vanishing radius § = |z—=z"|.
Using Eq. (7.29), we observe that the contribution of the second term in the

integrand of Eq. (7.31) vanishes as § | 0. Using Gauss’ integral theorem we
rewrite Eq. (7.31) as

~q -B
o dA = as 6 | 0 7.32
«/.zea]Da k 1 Lo, ( )
where the normal vector v, directed away from Ds, is given by
R
Tp—x}
= — 7.33
and where dD; denotes the spherical surface around the point = = z&.
Using Eq. (7.30) we observe that
~B ~B
il = ——3 1 (7.34)

x|z —zR|? = 4r8?

and that the left-hand side of Eq. (7.32) is equal to ¢®. Thus, Eq. (7.31) is

satisfied. Hence, Eqs. (7.29) and (7.30) represent the limiting values of the

acoustic quantities {p?, 9]} as = approaches =R
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From Egs. (7.8), (7.29) and (7.30) the limiting values of the Green’s
states are obtained as

. 1

Gq(zR|z,s) = sp(zR)mﬁ_—zl as & — lR, (735)
[ (2 Y . R 7.36
I‘k(z Imas)—_km asz—wT, (7.36)

while using Eqs. (7.21) and (7.18),

R 1

G{(zR|z,s) = —~aﬁm as & — :BR, (737)
S (o R 1 RoR___ 1 R R
I‘,’k(m I:B,S) = s—p(—;’ﬁ)- al ak m + 6(23 —2)6['[5 as r - & .

(7.38)
It is evident that the limiting values of the Green’s states also hold for the

case of a homogeneous medium, but in this case they directly follow from
Eqgs. (7.24) - (7.28).

7.1.3. Cauchy’s domain integrals

When 2 € D,ource, the evaluation of the domain integrals of Eqgs. (7.9)
and (7.16) have to be interpreted as their Cauchy principal value, where the
contribution around the singular point # = = is excluded symmetrically
and calculated analytically (LEE at al., 1980). To this end we consider the
contribution of the integrations over a vanishing spherical domain Ds with
radius § and center some point 2’ € D,oyrce. We assume that 2® € Ds. Note
that 2% — 2’ when § | 0. Using the expressions for the limiting values of
the Green’s states of Eqs. (7.35) - (7.38), we may write

A 1
q/..R - dv = Ry~(. R
/seDgG (z"|=, s)g§(z, s)dV = sp(z")j(= ,S)Lema —47r|zR—z|dV’
: (7.39)
. . . 1
(2", s ,8)dV = — R OR/ —dV
[oop, T i 0V = ~futaP ol [ v,

(7.40)
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[ Gz, s)i(e,0)aV = ~(a",5)0" L 4y, (r.a)
zcD,

zeD, 4r|zf—z|
/ i (2F|2, 5) fi(2, 5)AV
zcD, 1

_ (R \ARAR 1 iR ]
= ey P eV + fta" )]
(7.42)

when 8 | 0. It is assumed that the domain D;s does not contain a disconti-
nuity of § and/or fi.

First we turn our attention to the integral at the right-hand side of
Eq. (7.39). The simplest way to evaluate this integral is to introduce spheri-
cal coordinates in the z-space with center at # = «’ and the direction "2’
as polar axis. Let r = | —z’| and 8 the polar angle between = — 2’ and
z —z’, then the range of integrationis 0 < r < §,0< <7, 0< ¢ < 2,
where ¢ is the azimuth angle in the plane perpendicular to & —=z’. Let
further 7 = |2®—2'|. Then in the integral we have

|eft—z| = [(7‘”‘)2 +r? - 21'R'rcos(l9)]'17 , (7.43)

and dV= r%sin(6)drdfdé. In the resulting integral we first carry out the
integration with respect to ¢. Since the integrand is independent of ¢, this
merely amounts to a multiplication by a function of 27r. Next we carry out
the integration with respect to 8, which is elementary. After this we have

1 1 é
- d - R _ e d
/a:e][)[,- py - \Y 2rR/o [(r™+ )= |r" = r|]rdr

1 1
— —62 _ (a2
1 2 1 R 12
= 82— Z|eR-2|2. 44
25 6|z z'| (7.44)
Choosing ® = 2’ and letting § | 0, we arrive at

1
——— —dV=0 as é.0. 7.45
_/;;e]Da 4|z —z| ! ( )

The integrals on the right-hand sides of Egs. (7.40) and (7.41) are calcu-
lated by taking the derivative of Eq. (7.44) with respect to z£, viz.,

1 1
R R_
dV = —- — . 7.46
Z /ze])é dx|zh - z!| 3(:':’C Zk) (7.46)
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Choosing z® = ', we arrive at

1
R —— dV=0. 7.47
V O -/zel),s dr|zh - 2| ( )

Sofar, the integrals of Egs. (7.39) - (7.41) vanish when § | 0.

Finally, the integral on the right-hand side of Eq. (7.42) is calculated by
taking the derivative of Eq. (7.46) with respect to =, viz.

1 1
Roft ——dV = =4y - 7.48
00 /:ce]l)‘6 4r|zR - z| 3 bk (7.48)

Observe that the latter integral does not vanish for vanishing 6. Hence, the
integral of Eq. (7.42) becomes

2 1
/“DJ B (2"l2,5) fe(2, 8)aV = £ - o )f,( R s, (7.49)

when 6 | 0.

In conclusion we state that Eqs. (7.9) and (7.16) have to be interpreted
as the Cauchy integral representations

ﬁ(zR,s):][zen [G(eR]z, 8)i(z, 5) + DU(=R|z, s) fu(z, )|V, (7.50)

and
'i}[(mR,s):][ G C ,8) + T («F|2, 5) fu(z, s)]AV
2 R
* 3sp(zR)f’( $) (7.51)

when z® ¢ R®. The integral sign ][ means the integration over the pertain-

ing domain with a symmetric exclusion of the singular point, if necessary. It
is noted that at any surface of discontinuity in § and/or fi the right-hand
sides of Egs. (7.50) and (7.51) yield half the sum of the limiting values of the
left-hand sides at either side of the relevant surface of discontinuity (con-
sistent with the definition of a discontinuity in a domain, see Eq. (1.30)),
provided that the integrals are interpreted as their Cauchy principal value.
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7.1.4. Volume-source representations in the time domain

By applying the standard rules for inversion from the s-domain to the

time domain, the time-domain representations are directly obtained from
Eqgs. (7.50) and (7.51) as

][ze]D [C{G%q} + Ct{I‘Za fitldV = xT(t)p(zR, t), (7.52)

f f ' 2
][zem,om (CAGY> g} + Gl fihAV + 3p(mR)ftf'(”R’ t) (7.53)

= xr(t)u(z",t),
where 2® € R®. The Green’s states G = GI(z®|z,1), T] = I'}(z"|=,1),
Glf = G{(zR]z, t) and I‘,{k = I‘,f‘k(lez, t) are the time-domain counterparts
of the s-domain Green’s states GY, f‘z, élf and I‘,fk Further, C;{-,-} =
Ci{:,-}(z,t) denotes the temporal convolution (see Eq. (1.19)).

The time-domain representations of Eqgs. (7.52) - (7.53) can also be de-
rived by remaining in the time domain. Performing a similar analysis using
the time-domain reciprocity theorem of convolution type of Section 5.2 we
obtain the same results.

For the special case of a homogeneous background medium, the pertain-
ing relations of Eqs. (7.52) and (7.53) reduce to

dug(z,t - B2y L fi(e,t - 2221
][ ) _4 c )| qv
zemaourcc

4|zl —z| kT 4r|aR 2|
= x1(t)p(zF, t) (7.54)
(cf. Eqgs. (4.85) and (4.93)), and
I [_ o d ) IR WYV 2 E‘;’”—')} v
zeD,ouree 4m|zR - z| P dr|zf - |

+ & (=R, 1) = xr(Bu(=R, ) (7.55)
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(cf. Egs. (4.86) and (4.94)), where z® € R3. The first term in the integrand
of Eq. (7.54) and (7.55) represents the monopole contribution distributed
over the source domain D,ource, While the second term represents the dipole
contribution distributed over the source domain D,ource-

7.2. The surface-source problem

7.2.1. Surface-source representations in the s-domain

The s-domain pressure representation

The configuration consists of a medium of infinite extent with known
acoustic properties. In this medium a source is present that occupies a
bounded domain Dypyuree With enclosing boundary 0D,0urce (Fig. 7.2). Our
aim is to arrive at a representation that expresses the acoustic pressure p in
the domain D/ ,, . outside 0Dypy,ce in terms of the source distributions on
the surface 0D ,urcc. We apply the reciprocity theorem of Section 5.1. To
this end, State A is taken to be the actual wavefield that is generated by the
sources and is causally related to them. The acoustic wavefield equations

pertaining to State A (cf. Table 7.3) are then

akﬁ + spﬁk = 0! £ S ]Dlsource ’ (756)
ak'bk + snﬁ =0, z€ ]D;o;rce . (757)

The wavefield in State B is chosen such that the application of Eq. (5.7)
leads to the value of the acoustic pressure at any point in the domain D/ ...
Inspection of the right-hand side of Eq. (5.7) reveals that this is accomplished
if we take for the source distributions in State B a point source of volume
injection. This wavefield satisfies (cf. Table 7.3)

Okp? + spi] = 0, (7.58)

Ot} + skp? = §76(z—2"), (7.59)
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DI

source

receiver point

aDSO‘uTCC Vk

Dsource

Figure 7.2. The source domain and the receiver location.

Table 7.3. States in the reciprocity theorem

State A State B
(actual state) | (volume-injection Green’s state)

Field state {P, %} (=, 5) , {57, 9]} (=z|zR, s)
Material state {p, c}(=) {p, c}(=)
Source state {0, 0} {§B(s)6(z—=z®), 0}

Domain D/ (see Fig. 7.2)

source
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where §(x — ) denotes the three-dimensional spatial Dirac distribution
(impulse function) operative at the receiver point with position vector zR,
while P is an arbitrary constant only depending on s. This source is placed
in the medium with the same material parameters p and « as the actual ones.
For the choice of Eqs. (7.58) and (7.59), State B is denoted as the volume-
injection Green’s state. Now Eq. (5.7) is applied to the domain exterior to
OD,ource and interior to the sphere So with radius A and center at the origin
of the chosen coordinate system; A is so large that Sp completely surrounds

D,ource- In view of the causality condition we have

/ (po] - ﬁ"ﬁk)uédA = Order (A7) as A — 0. (7.60)

R /
Hence, when 2™ € D/, ,,, .., we have

[p(el2", s)ox(=, s) - 0(z|", s)B(=, s)lwedA,

(7.61)
in which the normal vector vy is directed away from D,oyrce. From Eq. (7.61)

B~ R
r $§) =
q p( ’ ) ‘/;Eamaource

a representation for ﬁ(zR, s) is obtained when we take into account that p?
and 9] are linearly related to ¢®. Expressing this as

{ﬁq’ 'f]Z}(:Bl:DR, s)': qB(s){éq, ‘I“‘Z}(zRima 3) ’ (762)

we arrive at the desired representation of the acoustic pressure

-1 R A . o .

i) = [ G e () + Tl o, )iz, o)ldA
o when =z e D .. (7.63)
The first term in the integrand of Eq. (7.63) represents a monopole contri-
bution with surface density w49, while the second term represents a dipole
contribution with surface density pyy.

The s-domain particle velocity representation

In order to arrive at a representation that expresses the acoustic particle
velocity 7 in the domain I ,, . outside 0Dypyrce in terms of the source
distributions on the surface 0Dy ¢, the wavefield in State B is chosen such
that the application of Eq. (5.7) leads to the value of the acoustic particle

velocity at any point in the domain D/, .. Inspection of the right-hand
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side of Eq. (5.7) reveals that this is accomplished if we take for the source
distributions in State B a point source of volume force. This wavefield
satisfies (cf. Table 7.4)

orp! + spf),{ = ff&(m—zR) , (7.64)

Oxdf +skp! =0, (7.65)

where f,? is an arbitrary constant vector only depending on s. The source
is placed in the medium with the same material parameters p and x as the
actual ones. For the choice of Egs. (7.64) and (7.65), State B is denoted
as the volume-force Green’s state. Now Eq. (5.7) is applied to the domain
exterior to D,y ce and interior to the sphere Sy with radius A and center at
the origin of the chosen coordinate system; A is so large that So completely
surrounds D,,yrce. In view of the causality condition we have

/ (5] — p' ok )vkdA = Order (A™') as A — oo. (7.66)
TESy

Table 7.4. States in the reciprocity theorem

State A State B
(actual state) | (volume-force Green’s state)

Field state {p, o} (=, 5) {’, ﬂ,{}(zlmR, s)
Material state {p, £}(x) {p, c}(z)
Source state {0,0} {0, fB(s)8(z— =)}
Domain D), .. (see Fig. 7.2)
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R /
Hence, when 2™ € D/, ., we have

fBu(=", s) :/ 5D -5 (|2, s)ik(=, 8) + ﬁ,{(z|zR, s)p(=, s)|vkdA,
ze source
(7.67)
in which the normal vector v is directed away from D,oyyce- From Eq. (7.67)
a representation for #;(z?, s) is obtained when we take into account that p!
and 17,{ are linearly related to le . Expressing this as

{(#, 9} (2|2, s) = FE(s{-GI,T] ="z, 5), (7.68)

we arrive at the desired representation of the particle velocity

a(z® s)= / . G (2”2, s)on(=, 5) + T (2R |2, s)p(, 5)]wrdA
ze source -
when 2R e D) ... (7.69)
The first term in the integrand of Eq. (7.69) represents a monopole contri-
bution with surface density v;v;, while the second term represents a dipole
contribution with surface density pwy.

Equations (7.63) and (7.69) show that the acoustic wavefield outside a
closed surface can be calculated once both the acoustic pressure and the nor-
mal component of the particle velocity on this surface are known, and once
the wavefields radiated by appropriate point sources have been calculated.
The right-hand sides of the representations express the wavefield values as
a superposition of the wavefields radiated by elementary surface sources out
of which the distributed sources can be envisaged to be composed. The
surface sources are represented by the Green’s states. When the medium is
homogeneous outside the pertaining surface, they are given in Eqs. (7.24) -
(7.27). Note that the representation for 9x(z"?,s), when z® ¢ D’ ., can
directly be obtained from the wavefield equation (7.56) as

(xR, 5) = 8ftp(z", s) . (7.70)

-1
sp(=f)
This can also be seen by comparing Egs. (7.63) and (7.69), and using the
properties of the Green’s states as given by Eq. (7.21) and (7.22) for 2 # =.
Therefore we only consider Eq. (7.63) as the fundamental representation and
Eq. (7.69) as an auxiliary relation which can always be obtained by using
Egs. (7.63) and (7.70).
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7.2.2. Cauchy’s boundary integrals

In this section we investigate the integral representation for the acoustic
pressure when z”® approaches 8D,,y.cc from D, uree Via 2R = lim, (' +
ev'), where 2’ is a point on dD,,u,ce and 2/ is the normal in @’ directed
away from D,ource. We rewrite the integral in Eq. (7.63) as a contribution
from 0D,y \ODs and dDg, where the latter is a surface area of 9D, urce

symmetrically located around z’. We may write
/ (67(=" 2, 5)in(, 5) + PY(2" ], $)p(z, s)]adA
a’eamaource

-/;:eamsource\al)é [éq(lew’ s)i}k(z’ S) + f‘Z(leﬂh s)ﬁ(m, s)]deA
1

S Zl'f) 22’ SI/"/ P —————

A ) 1
Bz ’5)6.5 /;356]1)6 47r|a:’+£u’—:c|dA’ (7.71)
where we have assumed that the surface area dDs is small enough to approx-
imate the acoustic quantities by their values at #’ and in addition that ¢ is
small enough to approximate the Green’s states by Egs. (7.35) and (7.36).
Note that in the last term of the right-hand side of Eq. (7.71) the normal
derivative uka,f has been replaced by the derivative with respect to €. We
further assume that the surface 9D,y ce 15 a smooth surface with a continu-
ous normal. Then, the surface area dIDs can be considered as a locally plane
one, viz., a flat disk with vanishing radius § and with center at # = ', and

the integrals over this surface area can be calculated analytically (see also
HONL et al., 1961, pp. 234-235).

Let us consider the second integral on the right-hand side of Eq. (7.71).
This integral can be calculated by introducing polar coordinates r = |2'—z|,
0 < r < §, and the polar angle ¢, 0 < ¢ < 27. Noting that, v/ - (2'—2) = 0,
we obtain

1 /8 1 L1
[ S L S P
zc0D, 47r|z'+6u’—:c| 2 Jo (,,.2+e2)§ 2 2
(7.72)
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Letting ¢ | 0 and 6 | 0 we arrive at

/ 1 ga=-o, (7.73)
F

oD, 4n|z'+ev' —=z|
and the second term on the right-hand side of Eq. (7.71) vanishes.
Next, the normal derivative of Eq. (7.72) is obtained as

1
85/ S Sy 1—~—5—1 - (7.74)
zcOD, 4n|z’'+ev' — x| 2(62 +¢2)z 2
We take the limit that ¢ | 0 to arrive at
1 1
e ——dA = ——, 7.75
9 ./;;:Eal)é 4|z’ +ev' —z| 2 (7.75)

where 6 is vanishing small, but not equal to zero. This means that the third
term of Eq. (7.71) tends to the value 1p(=", s).

In conclusion we observe that the integral representation of Eq. (7.63)
has to be replaced by

L") =

(GY(z" |z, s)bx(z, s) + [ (2|2, s)b(=, s)|vedA
zeamaaurcﬁ

when z® € 0D, 0urce - (7.76)

The integral sign ][ means the integration over the pertaining boundary with

a symmetric exclusion of the singular point, if necessary.

7.2.3. Surface-source representations in the time domain

By applying the standard rules for inversion from the s-domain to the

time domain, the time-domain representations are directly obtained from
Eqs. (7.63) and (7.76) as

/zeal) (C{G?, vk} + C{T], mip}ldA = x1(t)p(=", t)

when 2R e D .., (7.77)
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][ 29D, CG% 7o} + Co{T, vip}ldA = gxr(t)p(2", 1)

when zR € 0D,0upcc . (7.78)

Again, the Green’s states G = G9(z”|z,t) and T'] = I'}(z®|z,t) are the
time-domain counterparts of the s-domain Green’s states G? and I']. Fur-

ther, Ci{-,-} = C¢{-,-}(=,t) denotes the temporal convolution defined by
Eq. (1.19). :

The time-domain representations of Eqgs. (7.77) - (7.78) can also be de-
rived in the time domain. "Performing a similar analysis using the time-
domain reciprocity theorem of convolution type of Section 5.2, we obtain
the same results.

For the special case of a homogeneous background medium the pertaining
relations of Egs. (7.77) and (7.78) reduce to

R R,
/’ Orve(z,t — @) _ rp(z,t — l“’_c—"’_i) JdA
20D, 0urce drjzh—z| kT 4x|zR -z (7.79)
= XT(t)p(zR’t) When zR E ]D;ource b]
and
R, R
/ dwn(z,t = B pp(e - =]
zeamaourcc 4‘"—1212—2‘ k 47"‘2}?‘—2‘ (7-80)

Ixr(t)p(zF,t) when = € ODyource -

Finally, we will discuss some useful reciprocity theorems that apply to
bounded domains.

7.2.4. Oseen’s extinction theorem

As has been shown, acoustic wavefield representations can be obtained
that express the acoustic pressure and the particle velocity, at all points
zf ¢ D, .., in terms of the equivalent surface-source distributions that
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generate the wavefield. In a number of cases, however, we are interested in
the consequences of taking the point of observation inside the source domain
(:cR € Dyource). Carrying out the previous application of the reciprocity of
Section 7.2.1, Eq. (7.63) has to be replaced by

/ [G9(zR|=2, s)ir(=, s) + Ti(2"|2, s)b(z, s)lwrdA = 0
ZEaDJourCC

when 3R € Dsource - (781)

This result for 2 € D,ource shows that the left-hand side of Eq. (7.81) van-
ishes inside the source domain. This property is known as Oseen’s extinc-
tion theorem (OSEEN, 1915). This theorem is used in computational acous-

tics, where the relevant numerical methods are known as null-field methods
(BATEs and WALL, 1977) and T-matrix methods (WATERMAN, 1969).

The time-domain counterpart of Oseen’s extinction theorem is obtained
in a similar way as before by either inversion of the s-domain results or
by direct application of the time-domain reciprocity theorem of convolution

type.

7.2.5. Representation theorem for a bounded subdomain

In some applications we need the results of the application of the reci-
procity theorem with respect to the wavefields in a bounded subdomain D
exterior to the source domain Dyoyrce (see Fig. 7.3). We apply the reciprocity
theorem of Section 5.1 to the domain D inside the closed contour 8D with
outward normal v;. To this end, State A is taken to be the actual wavefield
that is generated by the sources in D,yy,ce. The wavefield of State B is
generated by a point source of volume injection (cf. Table 7.5). Using the
Green’s states of Eq. (7.62) we arrive at

/ [é"(zR|z, s)oe(z,8) + f‘Z(a:RIa:, s)p(z, s)juedA = —ﬁ(zR, s)
zcdD
when =z ¢ D, (7.82)

| (6912, 5)iu(=, ) + T(=" |2, 5)i(=, 5)lwedA = 0
zec0D

when 2% € D', (7.83)
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DSOUTCE

Figure 7.3. The bounded subdomain D exterior to the source domain D,surce-

Table 7.5. States in the reciprocity

theorem

State 4

(actual state) | (volume-injection Green’s state)

State B

Field state | {p, ox}(<,s) {7, o H=|=*, 5)
Material state {p, &} (z) {p, x}(x)
Source state {0,0} {§B(s)6(z—=R), 0}

Domain D (see Fig. 7.3)
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and

1, .5plC (" 12, 2)0u(z,) + Ti(eRle, )iz, o)lvudA = ~1p(=",5)
when zf € 0D, (7.84)

where D' is the complement of DU 4D in R3.

The time-domain counterparts of the latter results are obtained in a
similar way as before by either inversion of the s-domain results or by direct
application of the time-domain reciprocity theorem of convolution type.

This concludes the discussion of the source-type integral representations.
In the next chapter, these representations are the point of departure to
formulate the scattering problem in terms of integral equations.







Chapter 8

Scattering by a Bounded
Contrasting Domain

In this chapter, the scattering of acoustic waves by a contrasting fluid
domain of bounded extent, present in an inhomogeneous, fluid embedding
of infinite extent, is investigated in more detail. The integral-equation for-
mulations of the scattering problem are presented. When we consider the
scattering object as a volume scatterer a domain-integral equation formu-
lation is the most versatile technique, while the boundary-integral equation
formulation is most convenient when we treat the scatterer as a surface scat-
terer.

8.1. The domain-integral equation formulation

We investigate the direct or forward scattering of acoustic waves by a con-
trasting fluid domain of bounded extent, present in a fluid embedding of
infinite extent. Let D, be the bounded domain occupied by the fluid scat-
terer and let p° = p°(z) be its volume density of mass and &* = k*(&) its
the
embedding, an inhomogeneous fluid is present; its volume density of mass
is denoted by p = p(z) and its compressibility by £ = (=) (Fig. 8.1). We
assume that the Green’s states (cf. Chapter 7) of the embedding (or back-
ground medium) can be determined. The total acoustic wavefield in the

compressibility. The domain exterior to D, is denoted by D’ ,. In D’

sct* sct)
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configuration {p, 9} is decomposed into the incident wavefield {p'"¢, 9;"}
and the scattered wavefield {p**,9{‘}. The incident wavefield is the wave-
field that would be present in the entire configuration if the domain D,
showed no contrast with the embedding. The total wavefield is generated by
sources that are located outside the scattering domain. Since these sources
remain present even if the scattering domain is thought to be absent, they
also serve as sources for the incident wavefield. The incident wavefield quan-
tities can be calculated with the representations obtained in Chapter 7. We
start our analysis in the s-domain. The results in the time domain are ob-
tained by applying the standard rules for inversion from the s-domain to the
time domain.

{pinc, ,U;;:nc} {psct, vzct}

Figure 8.1. The scattering domain.
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8.1.1. Domain-integral representations in the s-domain

In the s-domain, the scattered wavefield is also the difference between
the total wavefield and the incident wavefield. Hence,

{ﬁSCta ﬁzd} — {ﬁ _ ﬁinc, ﬁk _ ,ﬁlz;:nc} . (81)

Through a particular reasoning we now want to express that the scattered
wavefield originates from the contrast in acoustic properties that the scat-
tering object shows with respect to its embedding. First, we observe that,
since the total wavefield is sourcefree in D,,

akﬁ +5p°0p =0, z € Dy, (8'2)

Oty +s6°p=0, x€ Dy . (8.3)

Secondly, the incident wavefield has no sources in D,;, while for it the
constitutive parameters in D, have the same value as for the embedding.

Hence,
lﬂC

akp + spv;cnc =0, € Dy, (8'4)
O "‘C + 5k =0, z € Dy . (8.5)

Upon rewriting Eqgs. (8.2) and (8.3) as
Okp + spix = s(p—p°)ik, = € Dy, (8.6)

Oktk + skp = s(k—K°)p, z € Dy , (8.7)

subtracting Eq. (8.4) from Eq. (8.6) and Eq. (8.5) from Eq (8.7) and using
Eq. (8.1), we arrive at

~ sct

+ spiy

~sct

Orp =s(p—p°)ok, € Dy, (8.8)

sci

OkUp” + sKp™ = s(K—K°)p, @ € Dy . ‘ (8.9)

Thirdly, we observe that the scattered wavefield is sourcefree in the embed-
ding (where the total wavefield and the incident wavefield have the same
sources), and hence

Okp* + spiit =0, zeD,, (8.10)

Okt + skp*t =0, zeD,. (8.11)
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Equations (8.8) - (8.11) are now combined to

Oup*” + spti = fi, ze R, (8.12)
ak,al.:ct + SK,fJSd — qsct’ T € m3’ (813)
where
’.:ct = {s(p_ps)'&k)o}, zE {msct, D;ct}’ (8'14)
QSCt = {s(K,-K,s)ﬁ,O}, T c {]Dsct)m;ct} . (815)

If % and §*! were known, Eqs. (8.12) and (8.13) would constitute an acous-
tic radiation problem with known sources in an unbounded, inhomogeneous
fluid with the same constitutive parameters as the embedding. This problem

has been discussed in Chapter 7 (cf. Egs. (7.50) and (7.51)). Hence we may
write

ﬁsct(zR’ s) :][

(G s(k—&")p(z, s) + T s(p—p*)0k(=, 8)]dV, (8.16)
zeD..

and

o (=", 5) = ][ze][) (G s(r—r")B(=, 5) + T{, s(p—p")k(z, 5)]AV

+

2p(") - p°(=") . (2R, )
R CONEE

where R € R3; the Green’s states G¢ = C;"’(a:Rlz,s), I‘Z = fZ(zR|z,s),
Gl = G,f(zR|z,s) and f‘{k = f‘lf,k(lez,s) are discussed in Chapter 7 In
Eq. (8.17) and further analysis it is understood that p(zf) — p*(2®) = 0
when =% € D'

sct*

(8.17)

It is noted that at any surface of discontinuity in k* and/or p* the right-
hand sides of Eqs. (8.16) and (8.17) yield half the sum of the limiting v:jues
of the left-hand sides at either side of the relevant surface of discontinuity,
provided that the integrals are interpreted as their Cauchy principal value
(see Section 7.1.3) "‘

Equations (8.16) - (8.17) are the desired integral representations. Once
the total wavefield quantities p and 0y in D,y are known, these integral
representations enable us to calculate the acoustic wavefield quantities in all
space.
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8.1.2. Domain-integral equations in the s-domain

The domain-integral equations are obtained by confining in Egs. (8.16)
and (8.17) the position of observation to the interior of the scatterer, i.e.,
z? € D, Using Eq. (8.1) to express p*** and o] in terms of the known
values of p*° and ﬁ,’;"c and the as yet unknown values of p and 9 in D,
we arrive at a system of linear integral equations

p(x,s) - ][:c’e]D vt[éq(:c]z’, s)s(k—&%)p(2’, 5)

+T(2l2’, 5)s(p—p*)ik(=', 5)]dV

= I‘jinc(z,s)’ z € Dy (818)

53w~ £, . Gl ele) (e rIie’

+ 1 (=2, 5)s(p— p*)ik (=, 5))AV
= 9"(z,5), T € Dye - (8.19)

From this system of integral equations, the acoustic pressure p and the
particle velocity 9y in D, can, in principle, be determined. In practice,
the integral equations associated with the direct scattering problem have to
be solved with the aid of numerical methods. In special cases, analytical
approximations to the values of the wavefield in the interior of the scatterer
can be made. Specifically, the integrals contain a singular point ¢ = z'.
These integrals have to be interpreted as their Cauchy principal value and
around the singular point analytical computations have to be performed.
The iterative solution of integral equations has been discussed in Chapter 2.
Once the solution of the integral equations has been obtained, the scattered
wavefield in all space follows by evaluating the right-hand sides of Eqgs. (8.16)
and (8.17).

For the special case of a homogeneous background medium, the system
of integral equations of Egs. (8.18) and (8.19) reduces to
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Bz, s) - [sp(k—k*)G(z =, s)p(, )
z'cD,.

— s(p—p")0uG(z— ', s)ou(=', 5)| AV

= ﬁinc(z, s)) z € Dyet (820)
1 2p° .
[§+§p"f,i)] u(z,s) — ][:c'el),c[ [—s(n—n’)@lG(z—-z', s)p(z’, s)
+ g—p;—p)alaké(m—z',s)ﬁk(z',s) dv
= "(z,s), =€ Dy, (8.21)
where (
; _exp(=fl=) oo L_ s
G(=z,s) = pppy with § = s(kp)? = . (8.22)

When there is no contrast in the volume density of mass (p* = p) we
observe that we are left with one integral equation for the acoustic pressure
only, viz.,

p(z,s) + D s2[(e*) 2 -G (-2, s)p(2', s)dV = p'™(z, s),
T'c sct
z€D,,, (8.23)

where ¢ = (pn)_% is the wave speed of the embedding and ¢* = ¢*(2') =

(pn’)_% is the wave speed in a point =’ of the scatterer. In mathematical
physics, this integral equation has been discussed extensively, e.g., MORSE
and FESHBACH (1953, p. 1069).

The Born approzimation in the s-domain

For small values of k — k* and p — p°, the system of integral equations
can be solved iteratively by using the Neumann expansion of Section 2.5.
The first term of this expansion yields

Bz, s) = p"(z, ), (8.24)
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oz, 8) = 5"(z, ) . (8.25)

This is the so-called first Born approximation (see BORN and WoLF, 1965,
p. 452).

For the special case of a homogeneous background medium and no con-
trast in the volume density of mass, DE HooP (1991) has shown that the
Neumann iterative solution of integral equation (8.23) converges for all real
and positive values of s, provided that |(c®)~? — ¢7?| < ¢™2, independently
of the size of the scatterer. An alternative analysis valid for all imaginary
values of s (s — jw) shows that the Neumann expansion is convergent, if
the criterion |w?||(c®)™2 — ¢7?|AZ,, < 2 holds, where A, is the radius of
the smallest ball in which the scatterer is contained. Note that the size of
the object is now included in the convergence criterion.

8.1.3. Domain-integral representations in the time domain

By applying the standard rules for inversion from the s-domain to the

time domain, the time-domain representations are directly obtained from
Eqs. (8.16) and (8.17) as

£, p. [(=KICHG", 800} + (o= p")CulTE, B0 AV = xa(0)p* (2R, 1

(8.26)
and

fm, [(k=x)C{G, 0up} + (p=p")C{T 1 Bk YV

2 p(zh)—p*(2")

3 Eh

XT(t) vl(zRa t) = XT(t)vigCt(zR, t) )
(8.27)

where ™ € R3. The Green’s states G7 = G (zR|z,t), ] = I'l(zR|e,1),
Gl = G{(lez, t) and Fl{k = I‘{:k(zR|z, t) are the time-domain counterparts
of the s-domain Green’s states G", I‘Z, G{ and I‘,f,c Further, C¢{-,-} =
Ci{:, -}(=z,t) denotes the temporal convolution (see Eq. (1.19)).
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The time-domain representations of Eqgs. (8.26) and (8.27) can also be
derived by remaining in the time domain. Performing a similar analysis
using the time-domain reciprocity theorem of convolution type of Section
5.2 we obtain the same results.

For the special case of a homogeneous background, the pertaining rela-
tions of Egs. (8.26) and (8.27) reduce to

?p(z,t — [zt
][ [p(n—ns) G )
zeD,..

i)zl — 2|
Byur(z, t — Z22ly
8 RYt k ) c
_(P-P )616 47('|:BR—-:B| dv
= x1(t)p*t (=", t) (8.28)

and

2|

Oip(z,t — )
(e 3\AR tP\ T, c
][a:e]),c: [ (R =r1)0 4 |zR — 2|

R
+(;o—p’)f,zreanvk(“”’‘“lz—fH) dv
2 p—p*(zh
222 D () (e, 1) = xr (e e). (8.29)

8.1.4. Domain-integral equations in the time domain

In a similar way as in the previous section, the time-domain counterparts
of the integral equations (8.18) and (8.19) are obtained by applying the
standard rules for inversion from the s-domain to the time domain. We
arrive at

pet) - f  [(x=w")CAG", 0} + (= p")C{TE, Beos AV

— pinc(m,t), rc Dscta te T, (8.30)
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1 2p(
BE

z) s ,
3 p(z) ] v(z,t) - fz’eD,c.[(K—K )C{G{,8,p}

+(p=p*)C{T], oY)V
=v"(2,t), € Dyer, t€T, (8.31)

from which p and v, for observation points in D, and time instants in
T can, in principle, be determined. The Green’s states G = G%(z|z’,t),
I} = Ii(=z|=, 1), G{ = G{(zlz',t) and I‘,{k = I‘{’k(zlz',t) are the time-
domain counterparts of the s-domain Green’s states é", f‘Z, G{ and I‘,f e
Further, C¢{-,-} = C:{-,-}(«',t) denotes the temporal convolution defined
by Eq. (1.19).

For the special case of a homogeneous background medium, the pertain-
ing system of integral equations of Egs. (8.30) and (8.31) reduces to

atzp(zlyt - E_cﬂ)

p(z,1) - {p(n—ns)

z'eD,. 4r|z—2!|
atvk(z’vt - ==t )
- — 090 c d
(p=#")3% 4|z —2| v
= pi"c(z,t), F ]Dact) te T, (832)

and

220 e [_(n_ns)al (e, t - =21

33 » dr|z—2/|
—ps v z’ t |z’zll
P 4r|z—2'|
= vlinc(z’ t)a T e ]Dsct, t € T . (833)

When there is no contrast in the volume density of mass (p* = p) we
observe that we are left with one integral equation for the acoustic pressure
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only, viz.,

sy— _ azp z”t_lg_—z.ﬂ. .
e+ f, et - e ey = ey,

set 4r|z—2'|
2 €Dy, tET, (8.34)

where ¢ = (pn)‘% is the wave speed of the embedding and ¢* = (pn’)_% is
the wave speed in a point = of the scatterer.

The Born approzimation in the time-domain

For small values of & — k° and p — p*, the system of integral equations
can be solved iteratively by using the Neumann expansion of Section 2.5.
The first term of this expansion yields

p(z,t) = p™(2,1), (8.35)

v(z,t) = vi"(z,t). (8.36)
This is the so-called first Born approximation in the time domain.

For the special case of a homogeneous background medium and no con-
trast in the volume density of mass, DE HooP (1991) has shown that the
Neumann expansion of integral equation (8.34) converges for all t € T, pro-
vided that |(c*)~2 — ¢72| < ¢7?, independently of the size of the scatterer.
This follows directly from the s-domain results for real s.

8.2. The boundary-integral equation formulation

We investigate the direct or forward scattering of acoustic waves by a
contrasting fluid domain of bounded extent, present in a fluid embedding of
infinite extent. Let D, be the bounded domain occupied by the fluid scat-
terer and let p* = p*(x) be its volume density of mass and k% = k*(z) its
compressibility. The enclosing boundary of the scatterer is denoted as D c;
the normal vector v, on 0D, is directed away from D,,. The domain exte-
rior to 0D, is denoted by D’ _,. In D’ _,, the embedding, an inhomogeneous,

sct* sctr
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isotropic fluid is present; its volume density of mass is denoted by p = p(z)
and its compressibility by &£ = x(z) (Fig. 8.1). We assume that both the
Green’s states (cf. Chapter 7) of the embedding and the Green’s states of
the medium of the scatterer can be determined. We start our analysis in
the s-domain. The results in the time domain are obtained by applying the
standard rules for inversion from the s-domain.

8.2.1. Boundary-integral representations in the s-domain

The total acoustic wavefield in the embedding {p, x} is decomposed into
the incident wavefield {5, 9;"°} and the scattered wavefield {p**, 9{t}.
The incident wavefield is the wavefield that would be present in the entire
configuration if the domain D,, showed no contrast with the embedding.
The Green’s states of the embedding are denoted as GY, fz, é{ and f‘,f,k,
while the Green’s states of the of the object medium are denoted as éq’, f‘za,
G{ " and I’lf, ;c The total wavefield is generated by sources that are located
outside the scattering domain. Since these sources remain present even if
the scattering domain is thought to be absent, they also serve as sources for
the incident wavefield. The incident wavefield quantities can be calculated
with the representations obtained in Chapter 7.

Outside the scattering object, we define the scattered wavefield being the
difference between the total wavefield and the incident wavefield. Hence,

{ﬁsct, ,cht} — {I—j _ ﬁinc’,&k _ ,i)licnc . (837)

The scattered wavefield is sourcefree in D/, and its acoustic wavefield quan-
tities satisfy the equations

Op* + spiit =0, zeD,,, (8.38)

Orop + skp*™ =0, zeD,. (8.39)

If both p** and w9 on OD,. were known, Egs. (8.38) and (8.39) would
constitute an acoustic radiation problem as discussed in Section 7.2 (cf.
Eq. (7.63)). Hence, we may write

7 (2R, 5) = /

o eOD [G7 95z, s) + T p*(=, s)JupdA

when zf ¢ D’ (8.40)

sct
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in which the Green’s states G9 = G(zF|z,s) and ! = (2|2, s) are
discussed in Chapter 7.

In the special case that the medium in the domain exterior to the scat-
terer is homogeneous, we have

(;"’(zklz,s) = sp@(zR—z,s) , (8.41)

and
T (z"|2,s) = —0RG(z"~=2,s), (8.42)

where

AP

G(zR-=z,s) = e"p‘f?r'lf_z'”” withy = s(np)i = 2. (8.43)

In view of the boundary conditions that the total wavefield quantities
p and v, 9, are continuous through 0D,,, we prefer an integral representa-
tion with the total wave quantities in the integral of the right-hand side of
Eq. (8.40). To this end, we consider the relations with respect to the inci-
dent wavefield quantities. The incident wavefield is sourcefree in D, and
its acoustic wavefield quantities satisfy the equations

akﬁinc + spﬁ;;:nc = 0, z € Dyy, (8.44)
6ki’linc + snﬁinc =0, =€ Dy- (845)

Note that the incident wavefield is present in D,,; when we assume that the
scatterer shows no contrast with respect to its embedding. Therefore, the
material quantities p and & of the embedding occur in Eqs. (8.44) and (8.45).
We now use Eq. (7.83) by replacing {p, 9x} by {'"°, 9"}, {D, 6D, D'} by

{Dyet, ODyer, D, }, and considering the observation point zf in D! ,. We
directly obtain
0= / (G99 (x, ) + D9 5 (=, 5) wed A
zeamact
when =z ¢ D/, . (8.46)

Adding the results of Eqs. (8.40) and (8.46), we arrive at

5 (2R, ) = / (G ii(z, 8) + T (=, s)|vidA
zeamacl

when z® ¢ D’ (8.47)

sct



BOUNDARY-INTEGRAL REPRESENTATIONS IN THE s-DOMAIN 153

Equation (8.47) is the desired representation of the scattered wavefield out-
side the scatterer. Together with the incident wavefield it determines the
total wavefield outside the scatterer.

In order to obtain integral representations of the wavefield in the interior
of the contrasting domain, we start with the observation, that this interior
wavefield satisfy the equations

Oxp+8p°t =0, =€ Dy, (8.48)

Okt +sk°p=0, =€ Dy . (8.49)
We now employ Eq. (7.82) by replacing {p, s} by {p*,x°}, {D,0D, D'} by
{Dsct, ODyer, D, }, and considering the observation point z® in D,,. We
directly obtain

B(af,0) = [

£cOD (G (=, ) + f‘za p(=, s)]uedA

when zf € D, . (8.50)

The Green’s states in the latter equation are the acoustic wavefield quanti-
ties of a point source of volume injection, when the medium inside D, is
characterized by the material quantities p* and ° in stead of p and .

In the special case that the medium in the domain interior to the scatterer
is homogeneous, we have

G? (2|2, s) = sp’G* (e —=,s), (8.51)
and )
I (2|2, 5) = ~0F G (2"~ =,s), (8.52)
where
s R _ exp(_,?slzR_z') : ~8 __ s s\ s
G'(z"—=,s) = trlaF—a] with 4° = s(k°p®)z = = (8.53)

Equation (8.50) is the desired integral representation for the wavefield in
the interior of the contrasting domain. Once the total wavefield quantities p
and v on the boundary surface of the contrasting domain are known, the
integral representations of Eqs. (8.47) and (8.50) enable us to calculate the
acoustic wavefield quantities in the whole space, both in the interior and in
the exterior of the scatterer.
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8.2.2. Boundary-integral equations in the s-domain

The boundary-integral equations are obtained by letting in Eqs. (8.40)
and (8.46) the point of observation approach the boundary 0D, of the
scatterer. Then we may write

1 ~8C g ~8c NG ~sci
@)= (67 + T, v
sct
when =z € 0D, , (8.54)

1»inc g sinc Ng sinc
5@ = (6T, o) + P! o)A
sct
when @ € 0D, , (8.55)

where v, denotes the normal vector at a point z’ of the boundary surface
0D, pointing away from D,y,. Adding Eqs. (8.54) and (8.55), while using
Eq. (8.37), we arrive at

1 . .
“p(z, s) - ][ [G9(2l2", s)iu(2', 5) + T (|2, s)p(', 5) wLdA
2 zleamsct

= p"°(z,s), = € 0D,y - (8.56)

Similarly, when we let the point of observation in Eq. (8.50) approach the
boundary 0D,, then we may write

113(:1:, s)+ 7[ (G (2|2, s)ix(2, s) + T7 (x|, s)p(2’, s)]vpdA
2 z'c0D,.,

=0, =€ 0D,. (8.57)

It is noted that the integrals in the left-hand sides of Eqs. (8.56) and (8.57)
have to be interpreted as their principle values, i.e., the integrals are, when
necessary, calculated by a limiting procedure that excludes the singularity
at # = 2’ in a symmetrical manner. Equations (8.56) and (8.57) consti-
tute a system of two integral equations with two unknown quantities, viz.,
P(z, s) and v og(z, s) on 0D, From this system of integral equations the
quantities p and v, 9 on 0D, can, in principle, be determined. In practice,
the integral equations associated with the direct scattering problem have
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to be solved with the aid of numerical methods. In special cases, analyti-
cal approximations to the values of the acoustic wavefield quantities at the
boundary surface of the scatterer can be made. The iterative solution of
integral equations has been discussed in Chapter 2. Once the solution of the
integral equations has been obtained, the scattered-wavefield quantities and
the interior-wavefield quantities follow by evaluating the right-hand sides of
Eqgs. (8.47) and (8.50), respectively.

8.2.3. Boundary-integral representations in the time domain

By applying the standard rules for inversion from the s-domain to the
time domain, the time-domain representations are directly obtained from
Eqs. (8.47) and (8.50) as

/z op. (G v} + CUTL mp}ldA = xr (0™ (=", 1)

when zf ¢ D, (8.58)

/zeam [C{G, vkvk} + CATY , vip}ldA = —x7(t)p(2R,t)
when zf € D, (8.59)

in which the Green’s states G = G9(z®|z,t), T = T{(zR|e,t), GI' =
G9'(zR|z,t) and 7 = T'?'(zR|z,t) are the time-domain counterparts of
the s-domain Green’s states éq, f‘Z, G? and f‘za. Further, C¢{-,-} =
Ci{-,-}(=,t) denotes the temporal convolution defined by Eq. (1.19).

The time-domain representations of Eqgs. (8.58) - (8.59) can also be de-
rived by remaining in the time domain. Performing a similar analysis using
the time-domain reciprocity theorem of convolution type of Section 5.2 we
obtain the same results.

For the special case of homogeneous media the pertaining system of

Eqs. (8.58) and (8.59) reduces to

R
/ pat'vk(mat -z C—IB|) _ aRp(z1t - %_2__[) vdA
20D, dr|zh - 2| kT 4r|eR—2| k (8.60)

= x1(t)p**(z®,t) when =" ¢ D/

sct
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and
R R,
/ RLA L =) —aRP(”t_Ja:c—‘4l) vedA
2edD... dr|zh —z| ¥ 4x|zR 2| (8.61)

= —x1(t)p**(zR,t) when = € D,y,

where ¢’ is the wave speed in the medium of D,.

8.2.4. Boundary-integral equations in the time domain

In a similar way as in the previous section, the time-domain counterparts
of the integral equations (8.56) and (8.57) are obtained by applying the
standard rules for inversion from the s-domain to the time domain:

1
g~ f (GG, v} + C{TE vip}aA

= p"°(z,t), £ € OD4y, t€T, (8.62)

1 ) s
0+ ] (CAG” vu} + C{TY vip}lan

=0, £€0D,y, teT, (8.63)

in which the Green’s states G¢ = GI(z|z/,t), T = Ti(z|=',t), G =
G? (z|z',t) and I‘Zs = I‘;’: (z|2’, t) are the time-domain counterparts of the s-
domain Green’s states G9, f‘z, G and fzs. Further, C,{-,-} = C:{-, -}, t)
denotes the temporal convolution defined by Eq. (1.19).

For the special case of homogeneous media the pertaining system of
Eqs. (8.62) and (8.63) reduces to

Oyve(2',t — lz-z'| p(z',t - —lz;z I

1 ) )
= _ c -0 LdA
2p(:n,t) ][x’eale |:p ir|z— 2’| k Arc|z—2'| Yk

=p'"(z,t), ¢ € 0D,y, t€T, (8.64)
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and
1 ¢ aatvk(z’st - l_z"c‘_?_ll) p(z’it - ch-!i,l) IdA
— - 14
P fep|” ez ameal |
=0, 2€0D,y teT, (8.65)

where ¢® is the wave speed in the medium of D,.

8.2.5. The case of an impenetrable scatterer

We now investigate the case that the scatterer is impenetrable for acous-
tic wave motion and we consider the two cases dealt with in Section 3.1.2.

The special case of a pressure-free scatterer (void)

The presence of a void is accounted for by the explicit boundary condition

(cf. Eq (3.11))
].ilr(r]lﬁ(a: +ev,s) =0, z € 0Dy . (8.66)
€

After insertion of this boundary condition into the integral representation of
Eq. (8.47), we obtain

ﬁ“t(zR, s) — / G’q(zR':B, S)Vk'l}k(z, 3)dA
:!:E(?]Dau
when zF € Dy - (8.67)

With the aid of Eq. (8.67) the acoustic pressure can be calculated as soon
as vgii(z, s) at the boundary 0D, is known. The latter quantity can be
determined from the integral equation

][ G|, s)vgin(a', s)dA = —p™(z, 5),
I'Eamaa
T Ec 3D,cg N (8.68)

that directly follows from Eq. (8.56) upon inserting the boundary condition
of Eq. (8.66). This is an integral equation of the first kind.
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An integral equation of the second kind can be derived as follows. Using

-1

N R R R R
o (2", 5) = mal P (=", s) when =" € D, (8.69)
and 9 = 9 — ﬁf"c, we obtain from Eq. (8.67) the representation
. 1 R
- R — pinc( R _ aR Ga R - dA
(2", s) = 0" (2",8) = sl /z _op, GU(=" 1z S)in(z 5)

when z® ¢ D’ (8.70)

sct *

Now let the point of observation approach the boundary dD,.; and multiply
both sides of Eq. (8.70) through by »;. Performing the limiting procedure of
Section 7.2.2, we arrive at the integral equation of the second kind

1 A
§Vk'l7k(=ﬂ,5) + v di1G(z|z', s)v, ok (2, s)dA

sp(z) J Z'EB]D”;
— VkUAIiC (z, S) Py x E (9]D36t ’ (8.]1)

from which v;9; at the boundary 0D, can be determined.

The time-domain counterparts of the latter results are obtained in a
similar way as before by either inversion of the s-domain results or by direct
application of the time-domain reciprocity theorem of convolution type.

The special case of an immovable rigid scatterer

The presence of an immovable rigid scatterer is accounted for by the
explicit boundary condition (cf. Eq. (3.12))

liﬁ)wkﬁk(z +ev,s)=0, =€ 0D, (8.72)

After insertion of this boundary condition into the integral representation of
Eq. (8.47), we obtain

ﬁ“t(zR, s) = / f‘Z(zR|z, s)vp(z, s)dA
zeamsct

when zR” ¢ D/, . (8.73)

sct
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With the aid of Eq. (8.73), the acoustic pressure can be calculated as soon
as p(z,s) at the boundary 0D, is known. The latter can be determined
from the integral equation

1. X ~ ~inc
S99~ Tiel, b, 8)dA = 57(z, ),
2 2'66])“;

z € 0D, (8.74)

sct

that directly follows from Eq. (8.56) upon inserting the boundary condition
of Eq. (8.72). This is an integral equation of the second kind.

An integral equation of the first kind can be derived as follows. Using

-1
~sct( R — aR ~scte R h R o 8.75
o7t (2", 5) _.sp(:r,R) ;p*t (2", s) when 2" € D, , (8.75)
we obtain from Eq. (8.73) the representation

1 .
et :BR,S — _ aR 19 ERZB,SVICA:B’S dA
{ ( ) Sp(:BR) { zcdD,., k( I ) P( )
when zf ¢ D/ (8.76)

sct *

Now let the point of observation approach the boundary 8D, and multiply
both sides of Eq. (8.76) through by »;. Performing the limiting procedure of
Section 7.2.2, we arrive at the integral equation of the first kind

1 N
lim —— T9 ! Y
0B @ -/;:'e(?l)m k(ztevia’, s)ygp(z', s)dA

= v "(z,8), = € 0Dy, (8.77)
from which p(z, s) at the boundary 0D, can be determined. In this latter
equation, special care has to be taken in the limit that ¢ tends to zero.

The time-domain counterparts of the latter results are obtained in a
similar way as before by either inversion of the s-domain results or by direct
application of the time-domain reciprocity theorem of convolution type.







Chapter 9

Scattering by a Disk

As an example of the problem of scattering by a contrasting domain, we
consider the problem of an acoustic wave scattered by an infinitely thin disk.
The disk is either perfectly compliant or perfectly rigid and immovable. We
first consider the case that the disk is located in a homogeneous embedding.
Secondly, we consider the case that the disk is located in an inhomogeneous
embedding: a homogeneous halfspace. For both cases, we derive an integral
equation with an operator of convolution type, which allows us to employ
the standard Fourier-transformation techniques in the computations.

9.1. Scattering by a planar object of vanishing
thickness

Let a planar object of vanishing thickness occupy the domain
Dy = {z € r? (z1,22) € Aget, 3 = B}, (9.1)

where A, is a bounded domain in the (21, z;)-plane (see Fig. 9.1). The
physical properties of the object are characterized by boundary conditions
to be satisfied upon approaching either side of the object. The embedding
domain is denoted as D/ ,. Noting that in Chapter 8 the enclosing boundary
of the scatterer is denoted as dD,., we observe that in our case it consists
of the two sides of the planar object, viz.,
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{pinc’ ,v;'cnc} {psct, ,vl.:ct}

sct

P,k

Asct

- 23:’1

i3

Figure 9.1. Planar disk in an unbounded domain D/

sct*

0D, = {z € B, (z1,22) € Agaty 23 = Hﬁ]l(h te€)}. (9.2)

When the point of observation zF is located outside 8D,;, we may replace
the expression for the scattered wavefield of Eq. (8.47) by

5 (2R, ) :/(‘ - (G 84(z1, T2, 8) + T 0fs(21, 22, 5)]dA
T) X € act

when z® ¢ D’ (9.3)

sct *

The Green’s states G7 = G9(zR|z;, 24, h, s) and T} = T3(zF|z,, 22, h, 5) are
discussed in Chapter 7. Further, in Eq. (9.3) we have defined an equivalent
surface density of injected volume time rate

04 = lig)x[ﬁg(zl,zg, h+e,s) — v3(z1, 22, h—¢, 8)] (9.4)

l(zlaIQ)EA.!CC ’
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and the equivalent surface-force density

afs = léiﬁ)l[ﬁ(zh T2, h+575)"ﬁ(3’1’22ah"573)1 (9'5)

‘(1’1,1‘2)€Aact )
The introduction of these surface sources is consistent with Eq. (7.9) where
expressions in terms of volume sources are presented. As soon as we know
the values of 3¢ and 8f; we can calculate the acoustic quantities in the

receiver location z® € D/, using Eq. (9.3).

The case of a perfectly compliant lamina

If the scattering object of vanishing thickness is a perfectly compliant
lamina, the acoustic pressure vanishes on either side of it:

13{61 P(z1,z2,h L e,8) =0, (z1,22) € Ager; (9.6)

this implies that 8f3 = 0 in Eq. (9.3). Specifically, this representation reduces
to

ﬁSd(zR) 8) = / éq(lezlaz2aha 3)6@(2!1,22, S)dA
(1"1 31'2)€Aac£

when z® € D’ (9.7)

sct *

With the aid of Eq. (9.7), the acoustic pressure can be calculated as soon as
0¢(z1, 22, s) on Ay is known. The source function 8¢ can be obtained by
letting the point of observation #/ approach A,,;. Employing the boundary
condition

~inc

ﬁ“'(:cR,s) =—p (zR,s) when zf = leifg(zl, z3,hte), (z1,22) € Aget

(9.8)
we arrive at the integral equation of the first kind (cf. Eq. (8.68))
lim G(z1, 9, h+e|zh, zh, h, 5)8§(z, Th, s)dA
elo (zi,xé)G/\,cg (9 9)

= _ﬁinc(zlyz% ha 3), (31932) € Asct .

This integral equation for 04 has to be solved numerically. Aspects of iter-
ative solutions are discussed in Chapter 2.
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The case of an immovable rigid disk

If the scattering object of vanishing thickness is an immovable perfectly
rigid disk, the acoustic particle velocity vanishes on either side of it:

13{611‘;3(2:1, zo,h+e,8) =0, (21,22) € At (9.10)

this implies that 3¢ = 0 in Eq. (9.3). Specifically, this representation reduces
to

ﬁ’Ct(zR,s) = / f‘g(lezl,zg,h,s)afg(wl,zz,s)dA
(z1,72)€A et

when z® ¢ D’ (9.11)

sct *

With the aid of Eq. (9.11), the acoustic pressure can be calculated as soon
as Ofs(z1, 2, 8) at Ay is known. In order to derive an integral equation for
this source function we first determine (cf. Eq. (7.70))

-1

~ 8C R R -~ R R
93t (2", 5) = ;p—z—ch% p**(z",s) when " € D,,, (9.12)
to obtain the representation
. -1 R .
o5t (=, 5) o T(z|21, 2o, b, 5)0f3(21, 22, s)dA

B Sp(aR) 3 (zlsWZ)eAsct

when =z € D/, . (9.13)

Now let the point of observation approach the boundary dD,,. Employing
the boundary condition

ﬁ"‘;Ct(mR’ S) = _,ﬁ;nc(zR, S) when zR = leiﬂ)l(zla T2, h+ E)’ (zla 22) € Asct )

(9.14)
we arrive at the integral equation of the first kind (cf. Eq. (8.77))

— ! lima. £9(z1, 29, hte[2, by by 8)0fs(2}, 2y 5)dA
sp(zl,zz, h) €l0 (J:; ,I’Z)EI\;ct

~inc

=3 (-'171,212,’1.,8), ('31722) € Aset (915)

from which 8f3(21, z,,s) at the boundary 0D, can be determined. In this
latter equation, special care has to be taken in the limit that ¢ tends to zero.
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This integral equation has to be solved numerically. Aspects of iterative
solutions are discussed in Chapter 2.

9.2. Disk in a homogeneous embedding

In the special case that the disk is located in a homogeneous embedding
the Green’s states G7(z"|z, s) and T'}(z"|z, s) are given by (cf. Chapter 8)

Gl (zR|z,s) = spG(z" -z, ), (9.16)
and ) )
IY(z"|z,s) = —0FG(z" =, s), (9.17)
where
om o ep(=fleRoz) s
G(z"—a,s) = p with § = s(kp)z = . (9.18)

The integral equation (9.9) can now be written as

sp lim G(z1—2h, za—2h, €, 8)0§(x}, =), s)dA
€lo (-7-"1 1x;)€Asct
Ain 9.19
=-p C(zh T2, ha 5)1 (2’1,432) € A.~1ct ) ( )
for the case of a compliant lamina,
while the integral equation (9.15) is rewritten as
1, . s
p 151{})1 352/(# erns G(z1 —zh, 22— 24, €, 5)0f3(2], 25, s)dA
(9.20)

= _'D.'gnc(mh Z2, ha 5) ’ (zla 22) € Asct ’
for the case of a rigid disk.

In view of the discussion how to solve these integral equations, they are
written in our operator notation of Chapter 2 as

Li=f, (21,22)€ Ager (9.21)
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where
Li = splim G(z1 -2}, 2y — 2, ¢, s)i(z), 2}, s)dA ,
Elo (111:1‘12)6/\.!&
(9.22)
.f(zla Z3, 5) = _ﬁmc(zly T2, h’ 3) ’
'&(2113213) = 6@(21,12,8),
for the case of a compliant lamina,
and
1 .
Lﬁ:——nmajf G(zy -2z, z0—2h, €, s)u(z}, zh, s)dA
sp elo (@ 2)) €A ser ( 1 1>%2 2% ) ( 15%2> ) ’
(9.23)
f(21,22, 5) - _ﬁénc(mly Z2, ha s) 3
’ll(ib],:l‘.g,s) = B_f3(231,1?2,8),

for the case of a rigid disk.

Obviously, they are integral equations of the convolution type and can be
solved with the help of the iterative schemes of Chapter 2, where the operator
can be determined with the Fourier transformations, as it has been discussed
in Section 2.7.

Computation of the operator

Introducing the characteristic function

1
XAset = {1a §a0} when (2?1,:1)2) € {AschaASCtﬁqucl} ’ (9'24)

where the boundary dA,.; denotes the edge of the disk and A’_, denotes the

sct

complement of A, U8\, in the horizontal plane {(z;, z;) € R? z3 = h}.
With this characteristic function we may write the operator expressions as

La = sp ljfz)l F"l{a(jsal,]'saz, £, ) F{XA.,aﬁ}}

for the case of a compliant lamina, (9.25)

b(
[~
Il

1 — . .
:;; ];i}})l angl{G(jsal, J'sa2, E’ S) F{XAactu}}

for the case of a rigid disk. (9.26)
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where the two-dimensional Fourier transformation is denoted by the operator
F and its inverse by F~!, i.e. (cf. Egs. (1.46) and (1.47))

H:F{ﬁ}:/

R exp(jsaizy + jsaszy)u(zq, 2, 23, 5)dA,  (9.27)
z1,72)€

1

= Gy

/ , €Xp(—jsa121 — jsazza)u(jsay, jsaz, 23, s)dA.
(sa1,s09)eR

(9.28)
In Egs. (9.25) and (9.26), G(jsai, jsaz, £3,s) denotes the Fourier transform
of é(zl,mg,zg,s) with respect to the horizontal coordinates. The result

follows from the combination of Eqs. (4.58) and (4.59) as

= . exp(—sl'|z
G(jsay,jsas, z3,8) = %} , (9.29)
where
1 L
T= (c—z +af + ag) ", Re(I)>0. (9.30)
Hence, we finally arrive at
Li=F {gF{xp..0}} , (9.31)
where
_ . exp(—sTe) p . .
g = sp hﬂ')l — 9T "~ oT for the case of a compliant lamina, (9.32)
€ S
1 —sI r
g = ” lifg 63% = % for the case of a rigid disk . (9.33)

In the derivation to arrive at Eqs. (9.31) and (9.33) we have interchanged the
differentiations with respect to ¢ and the integrations of the inverse Fourier
transform. This is is admissible as long as

lim |(sa1, saz)| F{xA,.@} =0 as (sa;,sa;) € R?, (9.34)

[(saxy,sa2)|—00

where |(say, saz)| = [(sa;)? + (saz)z]%. This condition is satisfied if & = 8fs
vanishes at the edge 0A,. of the disk domain A,.. This is the so-called edge
condition of the wavefield problem of a rigid disk (JoNEs, 1952).
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Computation of the adjoint operator

We are now able to use the various iterative schemes discussed in Chap-
ter 2. In order to be able to use these schemes, we need the adjoint L* of
the operator L. This operator is now obtained as

L*o = F7Yg" F{x..0}} - (9.35)

Computation of the preconditioning operators

In Section 2.7 it is found that for the type of convolution operators at
hand, a preconditioning operator may be found as

Pi = F{(9) F{xa.9}} , (9.36)

while its adjoint is given by

Pra=F (@) Flxa.i}} . (9.37)

Computation of the scattered wavefield

Once the operator equation (9.21) is solved, which means that & = 8§
for the case of a compliant lamina and 4 = dfs for the case of a rigid disk are
known, we can determine the scattered acoustic pressure from the integral
representations (9.7) and (9.11) as

j)“t(zR,s) = sp ( e G’(z{i—z,,z?—zz,zg—h,s)aq”(:cl,zz,s)dA,
xy,r2 sct

for the case of a compliant lamina, (9.38)

and
ﬁ’C‘(zR, s) = —/ 6§G(m{{—zl,zf-xz,zf—h,s)afg(ml,zz,s)dA,
(1'15-"72)61\3&

for the case of a rigid disk, (9.39)
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when z® € D/ ,. Using the Fourier transformations defined in Eqgs. (9.27) -

sct*

(9.28) and the Fourier transform of the Green’s function given in Eq. (9.29),
we observe that the scattered acoustic pressure can be computed as

5 (e1,1,25,8) = F { £ exp(-sTlas~ b)) Plxn... 08}

for the case of a compliant lamina, (9.40)

and

1. ,
ﬁsct(zl, T, T3, S) = F"l { ~2— Slgn($3—h) exp(—sI‘}z;;— h|) F{XAulafg}}

for the case of a rigid disk. (9.41)

9.3. Analytic solution for a pressure-free plane

We now assume that the support of the disk Ay, becomes unbounded
in the z;- and z,-directions and we replace A, by R?. Assuming that the
background is homogeneous, we observe that the preconditioning operator
becomes the exact inverse of the operator L. The solution becomes

a=1""f=F"{@'F{f}}, (9.42)
while the preconditioning operator becomes
Pf=F"{(g) ' F{f}} =L7'f. (9.43)

In particular, we consider the case of a perfectly compliant lamina. When
Ayt becomes unbounded in the horizontal directions, we end up with a
pressure-free plane at 23 = h. For simplicity, we take h = 0. We consider
the source and receiver positions below this pressure-free plane z3 = 0 (see
Fig. 9.2). Following Eq. (9.42), the solution in the two-dimensional Fourier
domain is given by

—inc

. . 2T . .
0q(jsay, jsas,s) = ——p~p (7501, 780a2,0,5). (9.44)

Furthermore, the Fourier transform of the scattered wavefield of Eq. (9.40)
may be written as




170 SCATTERING BY A DISK

pressure-free plane

23320

25 X {pinc, ,U;'cnc} {psct’ ‘UZCt} v 2R

Figure 9.2. A point source in a homogeneous halfspace.

s . . P . .
P (jsaq, jsag, £3,8) = ﬁEXP(—SFzS)59(1301a1502,5)

I

—exp(—sTz3) P (s, j5a3,0,8).  (9.45)

The two-dimensjonal inverse Fourier transformation of Eq. (9.45) yields the
desired expression for the scattered pressure wavefield in the halfspace below
the pressure-free plane at 3 = 0.

Monopole source

As first example, we consider a monopole transducer at z° generating
the incident wavefield ™. From Eq. (4.82) it follows that the acoustic
pressure of this incident wavefield may be written as

P"(z,5) = sp> Gz -5, 5), (9.46)

where ¢° is the s-domain time rate of volume injection. The two-dimensional
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Fourier transform of this wavefield at z3 = 0 is given by

™ 2";_|q exp(jsarz; + jsazzs — sTz3). (9.47)

Substituting this result in Eq. (9.45) we obtain

jsa11j5a270a3)"

p*(jsan, jsag, z3,8) = %f,:-q“sexp[jsalzz:‘ls + jsagzs — sT(z3+z5)]. (9.48)
Inversion of Eq. (9.48) to the spatial domain can now be done by inspection.

The result is

P (=, s) = —5pi® Gz -3, 20— 25, z3+z5, s). (9.49)
We observe that the scattered wavefield seems to be generated by a monopole
source located at the virtual point imaged by the reflector at z3 = 0, the

so-called ghost reflection.

Dipole source

As second example, we consider a dipole transducer at z° generating the
incident wavefield 5. From Eq. (4.91) it follows that the acoustic pressure
of this incident wavefield may be written as

Pz, s) = P07 G(z—25,s), (9.50)

where f,f is the s-domain time rate of volume force and B,f denotes the spatial
derivative with respect to 7. The two-dimensional Fourier transform of this
wavefield at z3 = 0 is given by

inC(

1
» ka Ofexp(jsarzy + jsagzs — sTz3). (9.51)

Substituting this result in Eq. (9.45) we obtain

P (jsar, jsaz,0,8) =
scty - . -1 . ) .
P (jsay, jsag, 3,8) = ﬁf,‘fafexp[Jsalmf+Jsa2m‘25 —sT(zzte3 )] (9.52)
Inversion of Eq. (9.52) can now be done by inspection. The result is

Pz, 8) = —fL O G(z1 27, 22— 23, 23+ 23, 3) . (9.53)

We observe that the scattered wavefield seems to be generated by a dipole
source located at the virtual point imaged by the reflector at z3 = 0, the
so-called ghost reflection.
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9.4. Disk in a homogeneous halfspace

As the most simple inhomogeneous embedding, we now turn our atten-
tion to the halfspace as background (see Fig. 9.3). We assume that the disk
is located at z3 = h in a homogeneous halfspace 0 < z3 < oo, where at
z3 = 0 the total pressure wavefield vanishes:

lim p(z,s) = 0. (9.54)
z3]0

First we compute the incident wavefield in the scattering configuration. This
is the wavefield that would be present in the entire configuration if the do-
main A, showed no contrast with its embedding. This wavefield follows
directly from the results of Section 9.3. The superposition of the represen-
tations of Eqgs. (9.46) and (9.49) yields the total wavefield generated by a
monopole source in the halfspace in absence of the disk scatterer, while the
superposition of the representations of Egs. (9.50) and (9.53) yields the total
wavefield generated by a dipole source in the halfspace in absence of the disk
scatterer; we directly conclude that the acoustic pressure of the present in-

cident wavefield {p*">" ﬁ,inc’H} in our inhomogeneous embedding is arrived
as
p"oH (2, 5) = spg°GH(z|25,s) for a monopole source, (9.55)
and
proH (2, s) = 207G (2|25,s) for a dipole source, (9.56)
where
. s - 5!
s o exp(=Ale—2%]) _ exp(=Flz—=°") -
G (zfe”, ) = 47|z — 5| dr|z—25'| (9:57)
in which
l ad
2% = (27,23, -23) (9.58)

denotes the image point of % with respect to the reflecting surface at z3 = 0.
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pressure-free plane

zS X {pinc, v,inc} {psct, ’U,‘:Ct} v :BR

P K
Asct

i3

Figure 9.3. Planar disk in a homogeneous halfspace.

In order to be able to use the wavefield representation of Eq. (9.3), we
need the Green’s states of the inhomogeneous background, i.e., the Green’s
states of the homogeneous halfspace. The latter follow direct from the results
of the monopole source in Eq. (9.55), viz.,

G (zl|e, s) = spGH (2F|, s), (9.59)
and from Eq. (7.70) we directly obtain

IY(z"|2,s) = —0RGH (z"|a, s). (9.60)
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The integral equation (9.9) can now be written as
sp lim GH (21,29, h+e|z), zh, h, 8)0G(z}, ), s)dA
el0 J(z],2))€Nsct

~inc 9.61
=—-p ’H(zla L2, h,S), (:01,2:2) € Asct ] ( 6 )

for the case of a compliant lamina,

while the integral equation (9.15) is rewritten as

1 . .
- Hm@f/ G! (21,29, h+e|z), 2}, b, 5)0fs(z}, €}, s)dA
Sp €l0 (1./1 rQ)eAacl

(9.62)

= _ﬁ;nc,H(zl’ T2, ha 3) ’ (mla 2:2) € Aget ’

for the case of a rigid disk.

In view of the discussion how to solve these integral equations, they are
written in our operator notation of Chapter 2 as

Li= f) (31’22) € Aget ) (963)
where
Li = sp lim Gh(z1 -2}, 29—, €, )0z}, 2}, 8)dA
el0 (-Tll v-le)EA.scl
(9.64)
f(ml, Z2, s) = _ﬁinc’H(zla Z2, ha s) ’
'&(zly T2, 5) = aQ(zl, T2, s) 3
for the case of a compliant lamina,
and

.1 .
Li= —hm(?f/ Gtz -z, 20— 2, €, 8)i(z}, 25, 5)dA
( ;:I;)EAscl

sp €l0
(9.65)
f(ml, Lo, 5) = —ﬁ;}nc,H(zl 3 L2, hs 5) )
’&(Z],ZZ,S) = 6f3(1§1,$2, S) )

for the case of a rigid disk, (9.66)
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while, in both cases,

GM(z1,za,6,8) = G(z1,22,€,8) — G(z1,29,6+2h,s). (9.67)

Obviously, they are integral equations of the convolution type and can be
solved with the help of the iterative schemes of Chapter 2, where the operator
can be determined with the Fourier transforms as it has been discussed in
Section 2.7.

Computation of the operator

Introducing the characteristic function
1
XAser = {1y 510} when (z1,2;) € {Asct:aAsctaA;ct} ) (9.68)

where the boundary OA,. denotes the edge of the disk and A/, denotes the
complement of A, U OAyee in the horizontal plane {(z1,z2) € Ry; 23 = h}.
With this characteristic function we may write the operator expressions as

Li = sp hlI(!)l F_l{ah(jsalyjsa% €, s) F{XAactﬁ}}

for the case of a compliant lamina, (9.69)

. 1. “1f mh . N
Lu = ;;];lﬁ)lazF I{G (7sa, jsag, e, s) F{XAactu}}

for the case of a rigid disk, (9.70)

where the two-dimensional Fourier tr’?nsformation and its inverse are de-
fined in Eqs. (9.27) and (9.28), and G (jsai, jsas, €, s) denotes the Fourier

transform of G*(z;,z,¢,s) with respect to the horizontal coordinates and
it is given by (cf. Eq. (9.29))

—h, . : exp(—sTe| exp(—sTle+2h
G (jsai,jsaq,e,8) = 5ol ) - ( 5T ) ,

(9.71)
where T is defined in Eq. (9.30). Hence, we finally arrive at

Li= F 7" F{xa..i}} , (9.72)
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where
h . exp(—sTe) p
g = 3p1€1ﬁ]1 —o 2Fexp( 2sT'h)
= %[1 — exp(—2sTh)] for the case of a compliant lamina, (9.73)
1., exp(—sTe) T
—h 2 €Xp
= —lim ;] —————* — —exp(~—
g p im O — .7 2pexp( 2sTh)
r
= 5[1 — exp(—2sT'h)] for the case of a rigid disk . (9.74)

In the derivation to arrive at Eqs. (9.72) and (9.74) we have interchanged the
differentiations with respect to € and the integrations of the inverse Fourier
transform. This is is admissible as long as

lim |(sa1, saz)| F{xa,. @} =0 as (sa;,sa;) € R?, (9.75)

[(so) ,s09)|—00

where |(say, sas)| = [(sa1)2+(sa2)2]%. This condition is satisfied if @(z,, z3)
= Ofs(z1, 22,0, s) vanishes at the edge O\, of the disk domain A,.. This is
the so-called edge condition of the wavefield problem of a rigid disk.

Computation of the adjoint operator

We are now able to use the various iterative schemes discussed in Chap-
ter 2. In order to be able to use these schemes, we need the adjoint L* of
the operator L. This operator is now obtained as

Lo = F {3 F{xa,.9}} - (9.76)

Computation of the preconditioning operators

In Section 2.7 it is found that, for the type of convolution operators at
hand, a preconditioning operator may be found as

P = F{(d") " F{xr.9}} (9-77)

while its adjoint is given by

Pri = F (@) F{xa,.2}} - (9.78)



DISK IN A HOMOGENEOUS HALFSPACE 177

Computation of the scattered wavefield

Once the operator equation (9.63) is solved, which means that & = 9¢
for the case of a compliant lamina and @ = 8fs for the case of a rigid disk are
known, we can determine the scattered acoustic pressure from the integral
representations (9.7) and (9.11) as

-~ sct e

(2R s) = sp/ Gh(z{?—zl,zg—zg,m?——h,s)é‘q‘(ml,zg,s)dA,
(Ilny)eAact
for the case of a compliant lamina, (9.79)
ﬁSCt(zR,s):—A en Brféh(z{{—zhz?—zz,z?——h,s)ﬁfg(zl,zg,s)dA,
1,22 )ENsct

for the case of a rigid disk, (9.80)

when z® € D’_,. Using the Fourier transformations defined in Eqs. (9.27) -

sct*

(9.28) and the Fourier transform of the Green’s function given in Eq. (9.71),
we observe that the scattered acoustic pressure can be computed as

I’jsct(ml’z2’$3,3)
_ F—l{épf {exp[—sT|z3— h|] — exp[—sT'(z3+h)]} F{XA,czaﬁ}}

for the case of a compliant lamina, (9.81)

and

[386!(2}1, 2,3, s)

1. .
=F 1{§ {sign(z3— h)exp[—sT|z3—h|] — exp[—sT(z3+h)]} F{x,\u,afg}}
for the case of a rigid disk. (9.82)

After the discussion of the scattering by a disk in a homogeneous em-
bedding and in a homogeneous halfspace, respectively, we shall now consider
the consequences of a two-dimensional version of the pertaining scattering
problem.
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9.5. Two-dimensional scattering by a strip

In this section we consider the two-dimensional scattering problem, in
which the disk domain A, becomes a strip domain, presented by

At ={z € R} —a<z<a, —00<zg < o0, 3 = h}, (9-83)

where a is half the width of the strip. Further, in this problem, we assume
that the sources generate a two-dimensional acoustic wavefield independent
of the z,-direction. Hence, we only deal with the two-dimensional position
vector 21 = (21, 23).

The two-dimensional Green’s function

In order to discuss the changes we have to make for a two-dimensional
acoustic wavefield problem, we consider the two-dimensional wavefield gener-
ated by a monopole line source. The expression for this wavefield is obtained
by integrating the expression for the monopole point source of Eq. (9.46) with
respect to z,

p(z1,23,8) = spcjs/ Ré(ml——zf,zz,zg—zg)dzg , (9.84)

r2€

where (cf. Eq. (4.60))

- 1 exp(—jsaiz — jsazzs — sT|z3|)
G(z1,z9,23,8 :———-/ dA
( 15 42,43 ) (2,".)2 (s s02)€ R 2sT
(9.85)
and 1
1 2
r= (c—2 +af + ag) , Re(I')>0. (9.86)
Interchanging the order of integrations we arrive at
p(z1,23,8) = sp¢°G(z, —27,23—23), (9.87)

in which the two-dimensional Green’s function G is given by

- 1 exp(—7sajz, — sT|z
O I X CON I
f.{e2]



TWO-DIMENSIONAL SCATTERING BY A STRIP 179

and

1
1 2
T= (c—z + a%) , Re(Y)>0. (9.89)

As far as the spatial dependence is concerned, we now show that G only
depends on the two-dimensional distance from the origin,

(27| = (22 + :c;";)'i7 . (9.90)
Writing
z) = |z7|cos(|g]), z3 = |z7|sin(|¢|), -* <<, (9.91)

and replacing the real integration variable sa; in Eq. (9.88) by the complex
variable & through
.S .
say = —]Ecos(}d)l -j®), (9.92)

we arrive at

5 1
= Soy

The next step is to perform the integration in the complex (sa )-plane along
such a path that & becomes real. From Eq. (9.92) we observe that this
path is a hyperbola (see Fig. 9.4). We therefore extend the integrand of

exp —EIzT!cosh(@)] d$ . (9.93)
salem ¢

Eq. (9.93) in the complex (sa;)-plane. Since we want to keep the integrand
single-valued, we introduce branch cuts from the branch point sa; = js/c to
Re(sa;) — —oo and from the branch point sa; = —js/c to Re(say) — oo
and keep Re(Y) > 0 in the entire cut (sa;)-plane. On virtue of Cauchy’s
theorem and Jordan’s lemma, the integration path along the real (sa; )-axis
is now deformed into the hyperbola (® € R). After this deformation, we
have

G(ar,235) = o= / " exp [~§laz7~|cosh(<})] 43 . (9.94)

Introducing the modified Bessel function of the second kind and zero order,
(ABRAMOWITZ and STEGUN, 1968, p. 376)

Ko(z) = /Ooo exp[—zcosh(®)]d®, (9.95)

we may write Eq. (9.94) as
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Im(sa,)

complex (sa;)-plane

sa; = 32
1 J | /
Re(say)

sa; = —j2

® =0, sa; = —j2 cos(¢)

say = sap (@)

Figure 9.4. Complex (sa,)-plane with modified integration path sa;(®).

. 1 s
G(z1,23,8) = ﬂKo(zlﬂ’Tl) . (9.96)
Note that in the limiting case of s — jw, we arrive at
~ — y w
G(21,23,) = LHS (Zlerl), (9.97)

in which Héz) is the Hankel function of the second kind and zero order.
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Before continuing our analysis, we present the time-domain result of the
two-dimensional Green’s function. We introduce the new integration variable
T’

7 = Tocosh(®), To= lzz] , (9.98)
c

in Eq. (9.94). Then, we have

G(z1,23,5) 1/mip(ls-T—)dr. (9.99)

s (r2-TR)t

The expression of the two-dimensional Green’s function in the time domain
is directly found by inspection (assuming s is real), viz.,

xg+(t—To)

: 9.100)
o (t2—T2)2 (

g(l'l, 3, S) =

where x+(t) is the characteristic function related to the domain Rt = {t €
R,t > 0}. This result can also be derived directly from Eq. (9.88), using the
Cagniard-de Hoop method (DE Hoopr, 1960).

Comparing the three-dimensional Green’s function of Eq. (9.85) and the
two-dimensional Green’s function of Eq. (9.88), we conclude that we can
adapt our three-dimensional analysis of the previous chapters to a two-
dimensional one by simply replacing the two-dimensional Fourier transforms
with respect to the horizontal coordinates by the one-dimensional Fourier
transform with respect to z;.

We define the one-dimensional Fourier transformation with respect to the
horizontal coordinate z;, again denoted by the operator F' and its inverse
by F1, viz.,

= F{u} = / Emexp(jsal:cl)ﬂ(zl, z3,s)de; , (9.101)
x
1y 1 . ..
F'a} = E;r—/ Emexp(—]salzl)u(]sal,zg, s)d(sa) . (9.102)
sy

Subsequently, we discuss the modifications we have to make for both the
problem of a strip in a homogeneous embedding and the problem of a strip
in a homogeneous half-space. In order to be able to use the various iterative
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schemes discussed in Chapter 2 for the solution of the integral equation of the
scattering problem at hand, we observe that the operator expressions needed
in the various schemes, directly follow from Eqs. (9.31), (9.35)-(9.37), (9.72),
(9.76)-(9.78).

For the configurations of the strip in a homogeneous embedding and the

strip in a homogeneous halfspace, the various operator expressions are given
below.

Strip in a homogeneous embedding

The operator expressions are now given by

Li= F g F{xa,.a}} , (9.103)
L* U = F_l{g‘* F{XAsctf)}} ) (9']‘04)
Py = F{(@) F{xa,.0}} , (9.105)
Pri=F (@) Flxa.i}} - (9.106)
where )
g = _2_P:f_ for the case of a compliant strip, 7 (9.107)
_ T . . .
g = 5 for the case of a rigid strip . (9.108)

Once the operator equation

I’y

Li=f (9.109)

is solved, the two-dimensional wavefield scattered by the strip can be com-
puted from (cf. Egs. (9.40) - (9.41))

54 (o1,25,8) = B~ { L exp(-sTlas— ) F{xn.o i}

for the case of a compliant strip, (9.110)

1 R
f)’d(:z:], T3,8) = F! {5 sign(zz— h) exp(—sY|z3—hl) F{x/\mu}}

for the case of a rigid strip. (9.111)
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Strip in a homogeneous halfspace

The operator expressions are now given by

Li=F'{g" F{Xp,i}} » (9.112)
Lo = F {7 Flxa,.0}} » (9.113)
Pi = F{(3) " Flxn.ai}} , (9.114)
Pri=F (@) F{xa.}} - (9.115)

where

7 = 5%[1 — exp(—2sTh)] for the case of a compliant strip, (9.116)

7 = E—T—[l — exp(—2sTh)] for the case of a rigid strip . (9.117)
p

Once the operator equation

-

Li=f (9.118)

is solved, the two-dimensional wavefield scattered by the strip can be com-
puted from (cf. Egs. (9.81) - (9.82))

ﬁSCt(zls Z2,Z3, s)

= P { £ (expl-sles— ] - expl-sT (st b))} FOxna0a}] 1

for the case of a compliant strip,

’ ﬁSCt(zl y L2, T3, s)
a1, .
= = { {sign(es ~ h)expl-sTleo hl] - expl-sT(as + )} Floxn..dfs})
for the case of a rigid strip . (9.120)

All these various operator expressions are used in the numerical compu-
tations discussed in the remainder of this chapter.
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9.5.1. Numerical performance of the iterative schemes

We investigate the performance of the various iterative schemes in the
frequency domain by taking s — jw. In our numerical computations we take

s = jw(1-0.017), w= ke, (9.121)

where k is the angular wavenumber. Then, we may write for the vertical
slowness

sy )? 3
T = (;12— - ;2—(%-——0)6—1—]—)5) , Re('r) >0. (9122)

Here, say is the (real) Fourier-transform parameter of the Fourier transfor-
mation defined by Eqgs. (9.101) - (9.102).

For simplicity we take the incident acoustic wavefield to be a plane wave
with unit amplitude and zero phase at the strip (see Fig. 9.5), viz.,

{pinc’ ,v]icnc}

sct

P, K

Asct

- Zgzh

i3

Figure 9.5. Plane-wave scattering by a strip.
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. s
(21, 23,8) = exp[—z(z3~h)] , (9.123)

while we only consider the case of the strip to be perfectly compliant. In
this case f = —p'"°.

All operator expressions are computed by a 4096-points FFT routine. All
integrals occurring in the inner products of the different iterative schemes are
computed numerically with the aid of a simple summation of the function
values at the sample points. The number of sample points on the strip (of
width 2a) amounts to 17, 35, 81 and 181, when ka =0.2, 1, 5 and 25, respec-
tively. The latter numbers are determined experimentally and are chosen
such that numerical discretization errors are less than the error made in the
resulting approximation of our pertaining wavefield values at the strip. As
soon as the number of iterations grows larger, the danger of loss of significant
figures turns up. For this reason, all computations have been carried out in
double precision, while the residual in the operator equation has each time
been determined by substituting the obtained approximate solution in this
equation and not by using the recursive relation for the successive residu-
als that for a number of cases is available. In those cases where a loss of
significant figures was expected, a check has been carried out against the
corresponding computation in single precision. In the conjugate-gradient
scheme an additional check is provided by the orthogonality relations that
have to be satisfied. Once a discrepancy in these occurs, the orthogonality
relations are enforced by falling back on the recursive scheme defined by
Eqgs. (2.42) - (2.44).

Recursive solution with T =1

We first consider the iterative solution of the recursive scheme summa-
rized in Eqgs. (2.42) - (2.44), in which we take T = I. In Fig. 9.6 we present
the numerical results for the root-mean-square error ERR (cf. Eq. (2.10))
as a function of the number of iterations.

Preconditioned recursive solution with T = P

Subsequently, we consider the recursive scheme of Eqgs. (2.42) - (2.44), in
which we take T = P. In Fig. 9.7 we present the numerical results for the
root-mean-square error ERR as a function of the number of iterations.
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Figure 9.6. Results of the recursive scheme with T' = I.
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Figure 9.7. Results of the preconditioned recursive scheme with T' = P.
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Figure 9.8. Results of the conjugate-gradient scheme (T = L*).
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Number of Iterations —_—

Figure 9.9. Results of the preconditioned conjugate-gradient scheme
(T = PP*L*).
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Comparing the results with those of the non-preconditioned recursive scheme
shown in Fig. 9.6, we then notice that it is superior to the non-preconditioned
scheme, even when we take into account that the computation time of one
iteration is now nearly doubled. For all values of ka considered the pre-
conditioned scheme converges within a very few iterations (ETR < 0.0001).
Obviously, we have constructed a very efficient preconditioner for the present
strip problem.

Conjugate-gradient method: T = L*

We now consider the recursive scheme of Eqs. (2.42) - (2.44), in which
we take T = L*. Since LT = LL* is a selfadjoint operator we can use a
conjugate-gradient scheme (cf. Sections 2.4 and 2.6); in particular, we can
employ the scheme of Eqgs. (2.60) - (2.62). In Fig. 9.8 we present the numer-
ical results for the root-mean-square error ERR as a function of the number
of iterations. Comparing the results with those of the recursive scheme of
Fig. 9.6, we observe that the rate of convergence has been decreased in taking
T = L* in stead of T = I. The advantage of the conjugate-gradient scheme
is that the orthogonalization of the expansion functions is automatically en-
forced and storage of these expansion functions of all previous iterations is
superfluous. However, after a number of iterations in the conjugate-gradient
scheme, loss of significant figures leads to a non-satisfaction of the orthog-
onality conditions. Then, the convergence slows down for a few iterations.
If, however, we enforce the orthogonality by falling back on the recursive
scheme of Eqs. (2.42) - (2.44), the convergence is maintained. In Fig. 9.8
we observe this phenomenon. The dashed lines represent the results when
the orthogonalization is enforced by using the recursive scheme with full
orthogonalization.

Preconditioned conjugate-gradient method: T = PP*L*

Subsequently, we consider the recursive scheme of Eqgs. (2.42) - (2.44),
in which we take T = PP*L*. Since LT = LPP*L* is a selfadjoint op-
erator we can use a conjugate-gradient scheme (cf. Sections 2.4 and 2.6);
in particular, we employ the scheme of Egs. (2.60) - (2.62). In Fig. 9.9 we
present the numerical results for the root-mean-square error ERR as a func-
tion of the number of iterations. Comparing the results with those of the
non-preconditioned conjugate-gradient scheme of Fig. 9.8, we observe that
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the convergence has been considerably increased, although the results of the
preconditioned non-symmetrized recursive scheme of Fig. 9.7 exhibit a bet-
ter convergence. However, in the latter scheme the computer storage and
computer time required for each iteration increase with an increasing num-
ber of iterations. Therefore, we prefer the preconditioned conjugate-gradient
method for the construction of the synthetic data of the wavefield scattered
by a strip.

9.5.2. Synthetic data of scattering by a strip

To study the scattering properties of the strip we consider the situation
. where the incident wavefield originates from a monopole line source, while
the wavefield is measured by a line receiver. This implies that in our numer-
ical analysis we restrict ourselves to the two-dimensional scattering problem,
since both the excitation and the configuration are independent of z3.

In the case of a homogeneous medium, the incident wavefield generated

by a monopole line source at (z7,z5) is given by (cf. Egs. (9.87) and (9.88))

. S S
inc 2 _1)exp(jsayz{ — sT|z3—z
p (2113’3, s) =W (S)F 1{ p(] : IZST I 3 3[)} s (9124)

where the the inverse Fourier transformation F~! is defined by Eq. (9.102).
W is known as the Laplace transform of the source wavelet, which is related
to the s-domain time rate of volume injection §° through

W(s) - spd>(s) . | (9.125)

In the case of a homogeneous halfspace, the incident wavefield generated
by a monopole line source at (z7,z3) is given by

ﬁinc,H(zl’ T3, 5)

- ex 'salzf
= W(s)F~! {I)(;Tl {exp[—s‘l‘[:cg—zg” - exp[——sT(zg—{-:ng)]}} .

(9.126)
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The numerical procedure

In our numerical computations we take

s=4+jw. (9.127)

Then, we may write for the vertical slowness

1
1 (sa1 )2 2
T=\|5+->—- T)>0. 12
(c2 + @t Re(T) > (9.128)
Here, sa; is the (real) Fourier-transform parameter of the Fourier trans-
formation defined by Eqgs. (9.101) - (9.102). Note that we have taken a
real part that is independent of w. This means that the temporal forward
and inverse Fourier transformations can be employed. Apart from a factor

exp(4t), these transforms are standard Fourier transforms and are computed
with FFT routines.

The shape of the input source wavelet W(t) in the time domain with a
sample rate of 2 ms is shown in Fig. 9.10.

1.0

0.5

10 20

t (in ms) ———

-15%-

Figure 9.10. Input source wavelet W (t) in 106 Pa m.
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i3

210 m—*

Figure 9.11. The two-dimensional scattering configuration.

As a scattering configuration we consider the situation shown in Fig. 9.11.
The receiver level is 5 m below the reference level z3 = 0, and the source
level is 7.5 m below z3 = 0. The center of the strip is located at z; = 0
and z3 = 100 m, while the width of the strip amounts to 210 m. The
mass density of the fluid embedding is 1024 kg/m3, the compressibility is
4.6x10719 Pa~!, while the acoustic wave speed amounts to 1457 m/s.

To arrive at a numerical solution of our scattering problem we employ the
preconditioned conjugate-gradient method with T = PP*L*. In particular,
we employ the scheme of Eqgs. (2.60) - (2.62). All operator expressions are
computed by a 1024-points FFT routine with a spatial sample interval of
3.5 m. The 1024 sample points are chosen such that the outer-left position
is at z; = —1788.5 m, while the outer-right position is at z; = 1788.5 m.
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Figure 9.12. The total wavefield for a compliant strip in a homogeneous embedding
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(top) and in a homogeneous halfspace (bottom), respectively. The source position
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Figure 9.13. The total wavefield for a compliant strip in a homogeneous embedding
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(top) and in a homogeneous halfspace (bottom), respectively. The source position
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All integrals occurring in the inner products of the iterative scheme are
computed numerically with the aid of a simple summation of the function
values at the sample points. It is noted that the number of spatial sample
points at the strip is kept at 61, independent of the angular frequency.

The temporal Fourier transformation needed for the transform to the
frequency domain and the inverse transformation to the time domain is
computed by a 512-points FFT routine with a temporal sample interval of
2 ms. Hence, the interval 0 - 0.51 s is the time interval in which we model
and present the causal wave motion.

To simulate a two-dimensional seismic experiment we have computed the
synthetic seismograms for 255 different source positions, starting at 2§ =
~444.5 m and ending at z§¥ = 444.5 m with an increment of 3.5 m. We
have used 255 receiver positions per source, arranged in a symmetrical split-
spread fashion, starting at i = ¢} —444.5 m and ending at 21 = 27 +444.5
m, where 7 is the horizontal source position. The Fourier transforms with
respect to the horizontal source and receiver coordinates are computed by a
512-points FFT routine.

The compliant strip

The operator expressions of Eqgs. (9.103) - (9.106) are used for the strip
in the homogeneous embedding and the operator expressions of Egs. (9.112)
- (9.115) are used for the strip in the homogeneous halfspace.

After the surface sources on the compliant strip are determined, the scat-
tered wavefield in the configuration is computed using Eq. (9.110) in the case
of the homogeneous embedding, while Eq. (9.119) is used for the homoge-
neous halfspace. The incident wavefield from the monopole source follows
directly from Eqgs. (9.124) and (9.126) for the homogeneous embedding and
the homogeneous halfspace, respectively. Then, linear superposition of the
incident wavefield and the scattered wavefield yields the result for the total
wavefield.

Fig. 9.12 shows the total wavefield for the lateral source position at z{ =
0 m. Fig. 9.13 shows the total wavefield for the lateral source position at
z7 = —105 m. It is obvious that the main contribution to the wavefield

scattered by the compliant strip is caused by its center. The total pressure
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wavefield vanishes at the edges of the compliant strip; therefore, there are
no edge-diffraction curves visible.

The rigid strip

The operator expressions of Egs. (9.103) - (9.106) are used for the strip
in the homogeneous embedding and the operator expressions of Eqs. (9.112)
- (9.115) are used for the strip in the homogeneous halfspace.

After the surface sources on the rigid strip are determined, the scattered
wavefield in the configuration is computed using Eq. (9.111) in the case of
the homogeneous embedding, while Eq. (9.120) is used for the homogeneous
halfspace. The incident wavefield from the monopole source follows directly
from Eqs. (9.124) and (9.126) for the homogeneous embedding and the ho-
mogeneous halfspace, respectively. Then, linear superposition of the incident
wavefield and the scattered wavefield yields the result for the total wavefield.

Fig. 9.14 shows the total wavefield for the lateral source position at z5 =
0 m. Fig. 9.15 shows the total wavefield for the lateral source position at
£¥ = —105 m. Since the total pressure exhibits a singular behavior at
the edges of rigid strip, the edge-diffraction curves corresponding to edge

diffraction are clearly visible.

This concludes the analysis of the scattering by a disk. The numerical
results obtained in this chapter are collected in a dataset and will be used as

input for some seismic-processing tools developed in the remainder of this
book.




Chapter 10

Wavefield Decomposition

In this chapter we show that in a horizontal plane in a homogeneous sub-
domain the acoustic wavefield may be written as a superposition of down-
going and upgoing wave constituents. In the analysis the s-domain field
reciprocity of Section 5.1 and the s-domain power reciprocity of Section 5.3
play a fundamental role.

We consider two interfaces 01Dy and d1D;. We assume that the medium
in the domain D between these interfaces is homogeneous with constitutive
parameters p and k. We further assume that the interface 1y and dD; do

(1) (0)

. ) .
not overlap, i.e., 23 .., > %3 1,4,y Where 23, denotes the maximum value

of z3 on the interface 0y, while zgr)mn denotes the minimum value of z3 on
the interface ;. This means that there always exists a horizontal plane at

z§ such that zg?,)nax <zl < zgfr)mn (see Fig. 10.1).

10.1. Decomposition based on field reciprocity

We apply the reciprocity theorem of Section 5.1 to the domain D inside
the interfaces 9Dy and 9D, (see Fig. 10.1). The normal v to the interfaces
is directed towards the domain 1. State A is taken to be the actual wavefield
that is generated by sources confined to a bounded domain in D’. The
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Figure 10.1. A homogeneous subdomain D bounded by
the interfaces 84Dy and 4D;.

wavefield of State B is generated by a point source of volume injection (cf.
Table 10.1). Using the Green’s states of Eq. (7.62) we arrive at

B(z", )

[GY(zR|2, )b (=, 5) + Ti(="|2, s)p(=, s)]vde

/;:E(amouaml)

when 2z ¢ D. (10.1)

From this representation we observe that the wavefield at =® consists of _
contributions of surfaces sources located at Dy and 9D;.
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Table 10.1. States in the field reciprocity theorem

State A State B
(actual state) | (volume-injection Green’s state)

Field state {B, "} (=, s) {59, 9] }(=|z®, 5)
Material state {p, &} {p, &}
Source state {0, 0} {§B(s)6(z—=R), 0}

Domain D (see Fig. 10.1)

The Green’s states (for a homogeneous background) are given by

Gl (zR|z,5) = spG(zR =, s) (10.2)
and
T (=P, s) = ~0fG(="-=2,s), (10.3)
where ,
e APl h -2 10.4
(z,S)_W’ with ¢ = (kp)~2 . (10.4)

In the derivation of Eq. (10.1) we have taken into account that contributions
of the bounding surfaces at (z? + 22) — oo vanish, since the integrand of
Eq. (10.1) is of Order ((z? + z2)7!) as (2? + 22) - 0o0. The latter asymp-
totic behavior follows directly from the Green’s function representation of
Eq. (10.4) and the far-field approximations of Eq. (4.36).

It is most convenient to carry the decomposition of the wavefield in the
domain of the Fourier transform with respect to the horizontal coordinates.
We therefore use the Fourier representation of the Green’s function, given
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by Eq. (9.29),

= . exp(—sI'|z
G(jsai,jsaz, z3,8) = —% ) (10.5)
where
1 1
I= (c—2 +af + a%) *, Re(I)>0. (10.6)

Transforming Eq. (10.1) to the Fourier domain, using the representations
of Egs. (10.2), (10.3) and (10.5), noting that |z — 23| = 2f — 23 when
z € 0Dy and |zf — 23] = 23—z} when z € OD;, and interchanging the
order of integrations, we arrive at the decomposition into the downgoing
and upgoing wavefields

~down

}3(2:1,1}2,23;};,3) =p (2112212515) +ﬁup(31,22az:}}2’3)) (107)

where the spectral counterparts (see Eq. (9.27) for the definition of the spa-

tial Fourier transform with respect to the horizontal coordinates) are given
by

PPV (jsay, jsag, 2k, s) = Fdow"(jsal, jsay, s) exp(—sTzk) (10.8)

and
p*P(5saq, jsas, :z:g"‘, s) = ?p(jsal,jsag, s) exp(sI‘z?) . (10.9)

The amplitude PP of the downgoing wavefield of Eq. (10.8) consists of
contributions of surface sources at 9Dy, while the amplitude P of the
upgoing wavefield of Eq. (10.9) consists of contributions of surface sources
at 0D;. These amplitudes are expressed as

Fdown(jsahjsag,s)

1

= ; ' ' T
55T JzcdD, [0k(x, s) spexp(jsaizy + jsazzs + sTz3)

+ p(z, s) Orexp(jsarzy + jsazz, + sTzs)|vpdA ,
(10.10)
P (jsai, jsas, s)

1

L ) ; ; _sT
53T zeaml[vk(z,s) spexp(jsaizy + jsazzy — sT'z3)

+ p(z, s) Orexp(jsaizy + jsazzs — sTz3)updA .
(10.11)
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Condition for downgoing waves

The particle velocity associated with the downgoing wavefield follows
directly from Eqgs. (10.8) and (7.70). The vertical component of the particle
velocity and the acoustic pressure of the downgoing wavefield are related to
each other as

—down —down

PTLU (fsay, jsag, eX, s) — TP (jsay, jsag, z5,s) = 0. (10.12)

Condition for upgoing waves

The particle velocity associated with the upgoing wavefield follows di-
rectly from Eqgs. (10.9) and (7.70). The vertical component of the particle
velocity and the acoustic pressure of the upgoing wavefield are related to
each other as

P53 (Fsaq, jsas, :cg{, s) + I'p*P(5sa, jsay, m?, s)=0. (10.13)

Equations (10.7) - (10.13) show the decomposition in downgoing and
upgoing wavefields in a homogeneous subdomain of infinite extent in the
horizontal directions. The downgoing wavefield p%*"(z, s) is obtained from
the integral representation of Eq. (10.1) with surface contributions from
0D, only. This downgoing wavefield is used as a forward extrapolator in the
redatuming of seismic data (see Section 10.3.1).

When 0D, and D, are plane interfaces, Eqgs. (10.10) and (10.11) can be
recognized as spatial Fourier transforms. The results are given below.

Plane interface 0Dy

In the case that 3D, is a plane interface at z3 = zgo)’ the expression for

the amplitude P reduces to

—Pdown(jsa],jsag, s)

(0)
= M PU3 jsal,jsag,:c(o),s +I'p jsal,jsag,z(o),s .
3 3

ar
(10.14)
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Combining Egs. (10.8) and (10.14), the Fourier transform of the downgoing
wavefield becomes
ﬁdown(]-sal’ jsa% z§1 's)
(0)
exp[—sT zR_z . ] . .
= [ gI\B 3 ) [Pva(Jsal,Jé‘az, 2;(30), s) + I'p(jsas, jsas, 3;(;0), 3)] .
(10.15)

From Eq. (10.13) it is obvious that the upgoing waves do not contribute in
the right-hand side of Eq. (10.15).

Plane interface 0D,

In the case that 0D, is a planerinterface at z3 = zgl), the expression for
the amplitude P"? reduces to

Fup(jsal yJsag, s)

exp(—sF:cgl) (1)

- — ) [pﬁs(json,jsaz, z3),s) - I‘p‘(jsal,jsag,zgl),s)] .
(10.16)
Combining Egs. (10.9) and (10.16), the Fourier transform of the upgoing

wavefield becomes

ﬁup(jsal,jsa% 2):13, 3)

_ exp[sT(zf —2{")] [

= (1
—oT

. . 1 /- .
PUS(]SQI,]SQZ, mc(j )1 5) - I‘P(]Sal,ﬁaz, T3 )’ 5)] .

(10.17)
From Eq. (10.12) it is obvious that the downgoing waves do not contribute
in the right-hand side of Eq. (10.17).

10.2. Decomposition based on power reciprocity

We apply the reciprocity theorem of Section 5.3 to the domain D inside
the interfaces D, and D, (see Fig. 10.1). The normal vy to the interfaces
is directed towards the domain 1. State A is taken to be the actual wavefield
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that is generated by sources confined to a bounded domain in D’. State B
is the anti-causal wavefield generated by a point source of volume injection
(cf. Table 10.2). Using the Green’s states of Eq. (7.62), in which we replace
s by —s, we arrive at

(=", )

/ze((?])ouaml)[—éq(zR'z’ —38)ok(x, s) + f‘Z(zR]z, -s)p(=, s)|ludA

when 2® € D. (10.18)
From this representation we observe that the wavefield at =® consists of
contributions of surfaces sources at 9Dy and 0D;.

The anti-causal Green’s states (for a homogeneous background) are given
by

Gi(zR|z, —s) = —spG(a" -2, —s) (10.19)
and ) )
I(zf|e, —s) = —0FG(zF~2,-3), (10.20)
Table 10.2. States in the power reciprocity theorem
State A State B
(actual state) | (volume-injection Green’s state)
Field state {B, o} =, s) {9, 9]} (z|2", —s)
Material state {p, &} {p,r}
Source state {0,0} {§B(-s)6(z—=R),0}
Domain D (see Fig. 10.1)
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where the anti-causal Green’s function is given by

S
exp(2z))

 Am|z|

G(z,—s) = , with ¢= (np)_% . (10.21)

In the derivation of Eq. (10.18) we have taken into account that contribu-
tions of the bounding surfaces at (22 + z3) — oo vanish, since the integrand
of Eq. (10.18) is of Order ((z3 + 3)7!) as (224 22) — oo. The latter asymp-
totic behavior follows directly from the Green’s function representation of
Eq. (10.21) and the far-field approximations of Eq. (4.36). The arguments in
the exponential function of the Green’s function and the far-field expression
of the actual wavefield have opposite signs.

We may also apply the reciprocity theorem of Section 5.3 to the domain
D inside the interfaces 0D, and OD; (see Fig. 10.1), but now State B is
taken to be the anti-causal counterpart of the actual wavefield, while State

A is the causal wavefield generated by a point source of volume injection (cf.
Table 10.3). We then arrive at

Table 10.3. States in the power reciprocity theorem

State A State B

(volume-injection Green’s state) | (actual state)

- Field state {p%, o]} (|2, s) {, ok }(=, —5)
Material state {p, K} . {p, K}
Source state {§B(s)6(x—=R),0} {0,0}

Domain D (see Fig. 10.1)
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p(zR’ —s)

(—G(2"|z, s)ik(z, —5) + TL(2"|=, s)p(x, —5)|widA
(10.22)
when 2® € D. Comparing Egs. (10.18) and (10.22), it is obvious that the

causal actual wavefield can be obtained from Eq. (10.22) by simply replacing
—s by s.

/;?G(al)oual)l)

To carry out the decomposition of the actual wavefield, we write the
Green’s function as a plane-wave representation, which is obtained from
Eq. (4.60). This representation is used in Eqs. (10.2), (10.3) and the results
are substituted in the right-hand side of Eq. (10.22). Changing the order of
integrations, we then have

N 1 exp(_jsalzR _ jsang)
R ; ;
RN dA
p(z ) S) (2‘"')2 '/(‘301;8@2)6:'&2 25T
/;!e(a]) udD )[ﬁﬂk(z’ —s)spexp(jsaiz; + jsagzy — sT|zR—z|)
o 1
+P(z, —s)Okexp(jsarzy + jsazzs — sT|z—z|)|ndA,
(10.23)
where |
1 ) L\ 2
T = = +aj+az} , Re(l)>0. (10.24)

We now switch back to the causal wavefield by replacing —s by s. Noting
that |zf—23| = 2§23 when z € dD; and lefl—z3| = z3—2f when z € 0D,

we arrive at the decomposition into the upgoing and downgoing wavefields
Bz, 22,2, 5) = pUP(21, 22, 25, 5) + pV" (21, 24, 25, 5) - (10.25)

where the spectral counterparts (see Eq. (9.27) for the definition of the spa-
tial Fourier transform with respect to the horizontal coordinates) are given

by

PP(5say, jsay, zf, s) = T’ﬂp(]’sal,jsag, s) exp(sI‘:c‘!f) (10.26)
and
o . . —=down , . .
PP (jsan, jsas, 25, ) = P (jsan, jsas, s)exp(—sTzy).  (10.27)
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The amplitude P** of the upgoing wavefield of Eq. (10.26) consists of contri-
butions of surface sources at 9Dy, while the amplitude P of the down-

- going wavefield of Eq. (10.27) consists of contributions of surface sources at
OD;. These amplitudes are expressed as

P (jsay, jsas, s)

-1

= — Up(x, 8) spexp(jsajzy + jsagzy — sT'z
2sT ze&‘]Do[ k(x, s) spexp(jsaizy + jsazzy 3)

+ p(=x, s) Okexp(jsayzy + jsazzy — sTz3)lvedA

(10.28)
Pdow"(jsa1,jsa2, s)
_]. [A ( ) (. - I\ )
- __ (e, 8) spexp(jsayzy + jsagzy + sz
2T JoeoD, kT, PEXP ]Sz T JSQzZ2 3

+ p(=, s) Oxexp(jsaizy + jsazzs + sTz3)ypdA .
(10.29)

Condition for upgoing waves

The particle velocity associated with the upgoing wavefield follows di-
rectly from Eqgs. (10.26) and (7.70). The vertical component of the particle
velocity and the acoustic pressure of the upgoing wavefield are related to
each other as

p3 (jsan, jsaz, 25, ) + TP (jsan, jsaz, 2%, s) = 0. (10.30)

Condition for downgoing waves

The particle velocity associated with the downgoing wavefield follows
directly from Eqgs. (10.27) and (7.70). The vertical component of the particle
velocity and the acoustic pressure of the downgoing wavefield are related to
each other as

pi)g"w"(jsahjsag, a:g‘, s) — I‘ﬁd"“’"(jsal,jsag, :r:g{, s)=0. (10.31)

Equations (10.25) - (10.31) show the decomposition in upgoing and down-
going wavefields in a homogeneous subdomain of infinite extent in the hori-
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zontal directions. The upgoing wavefield p*P(=, s) is obtained from the inte-
gral representation of Eq. (10.18) with surface contributions from 3D, only.
This upgoing wavefield is used as an inverse extrapolator in the redatuming
of seismic data (see Section 10.3.2).

When 0D, and 9D, are plane interfaces, Eqs. (10.28) and (10.29) can be
recognized as spatial Fourier transforms. The results are given below.

Plane interface 3Dy
(0)

In the case that 0Dy is a plane interface at 3 = z3 ', the expression for
the amplitude P"” reduces to

P¥(jsaq, jsas, s)

ex —sl":c(o) . . . .
= 'p(__—2r3—)— [Pﬁ'}(]sal ’ ]$(12, z.'(;O), 5) - Pﬁ(Jsal’J‘sah zZ(SO)s 3)] .
‘ (10.32)
Combining Egs. (10.26) and (10.32), the Fourier transform of the upgoing

wavefield becomes

_ R . R
pup(]sal y]5Q2, T3, 5)

R_ (0
= eXP[sr(zs % )] Pﬁs jsahjsa?’ 2(0)’ $)— Fﬁ jsal’jsa21 2(0)’ $)| -
—9T 3 3

(10.33)
From Eq. (10.31) it is obvious that the downgoing waves do not contribute
in the right-hand side of Eq. (10.33).

Plane interface 0D,

In the case that 0D, is a plane interface at z3 = :vgl), the expression for
the amplitude PP reduces to

Fdo

wn(jsal 3 jsa?., 8)

ral)
= gg%r_zd [PBa(isan, jsaz, 28", 5) + Th(jsan, jsaa, 28, 5)]
(10.34)

Combining Egs. (10.27) and (10.34), the Fourier transform of the downgoing




210 WAVEFIELD DECOMPOSITION

wavefield becomes

—d . .
P (jsaq, jsag, z?, s)

(1)

pU3(jsay, jsag, zy

exp!|—sT :z:R—a:m . .

= p(-sT(z5 —25")] [ ,8) + Ip(jsar, jsas, zgl), s)] .
2r

(10.35)

From Eq. (10.30) it is obvious that the upgoing waves do not contribute in

the right-hand side of Eq. (10.35).

10.3. Redatuming of seismic data

In the procedure of redatuming of seismic data, we want to meet two
objectives, viz., we want to extrapolate wavefield quantities downwards (i.e.
in the positive z3-direction), the so-called forward extrapolation, and we
want to extrapolate wavefield quantities upwards (i.e. in the negative z3-
direction), the so-called inverse extrapolation.

10.3.1. Forward extrapolation

In the forward extrapolation of seismic data we want the wavefield to
be extrapolated downwards in the homogeneous domain D (see Fig. 10.1),
using the wavefield at Dy. From the results of Section 10.1 it follows that
the downgoing wavefield is obtained as

ﬁdown(zR’ S) — / [GQ(zR|m, 5)13k(z, 5) + fZ(zR|2y S)ﬁ(z, 3)]deA
zedD,

when z£ > zg’,)nax . (10.36)
Taking the limit that s — jw, we obtain its frequency-domain counterpart.
Then, the integral operator of Eq. (10.36) is known as the forward extrapo-
lator (WAPENAAR and BERKHOUT, 1989, chapter V).
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For completeness, we present the frequency-domain counterpart of the

Green’s states: ) )
G (=" |z, jw) = jpr(zR-—a:,jw) (10.37)

and ) )
I (zf|2, jw) = -0RG (2" -2, jw), (10.38)

where the causal Green’s function is given by

W
exp(—]zlzR—ml)

4r|zR — 2|

G(zR -2, jw) = (10.39)
With the introduction of p; = ja; and py = jay, the spatial Fourier repre-
sentation of the Green’s function (cf. Eq. (10.5)) is given by

exp(—jwI'|z3|)

10.40
2jwll’ ’ ( )

a_(jwpla jwp?.a 3, Jw) =

where

2

1
r=(5-s-#) (10.41)

with either I' is real and positive if p? + p3 < ¢™2 or I' is imaginary and
negative if p? + p3 > ¢~2. The choice of the square root follows directly
from the definition of I' in the complex s-domain (Re(s) > 0). The limiting
procedure of s — jw determines the signs of the real and imaginary part.
The plane-wave constituent of Eq. (10.40) is of either propagating (T is real)

or exponentially decaying (T is negative imaginary).

By applying the standard rules for inversion from the s-domain to the
time domain, the time-domain representation of the downgoing wavefield is
directly obtained from Eq. (10.36) as

R R
pdown(mR t):/ patvk(z’t_ Jic;z—l) _ aRP(z’t - ]zT_z—l) vndA
’ 2D, dr|zR—z| k 4|2k — 2| k
when z£ > zg?,)naz . (10.42)

Observe that in the time-domain result the downgoing wavefield is obtained
from the time-retarded contribution of the monopole and dipole sources
distributed over the interface d1D;.
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10.3.2. Inverse extrapolation

In the inverse extrapolation of seismic data we want the wavefield to be
extrapolated upwards in the homogeneous domain D (see Fig. 10.1), using
the wavefield at 0Dy. From the results of Section 10.2 it follows that the
upgoing wavefield is obtained as

ﬁup(a:R, s)
= /:neamo[_éq(lez’ ~s)ik(z, s) + T (eP|2, —5)p(z, s)JvkdA

when z£ > 29 (10.43)

3,max

Taking the limit that s — jw, we obtain its frequency-domain counterpart.
Then, the integral operator of Eq. (10.43) is known as the inverse extrapo-
lator (WAPENAAR and BERKHOUT, 1989, chapter VII). However the latter
authors have derived the result under the assumption that the contribution
of the non-propagating plane waves of the spectral decomposition of the
surface sources at ID; can be neglected. The present derivation is rigorous.

For completeness, we present the frequency-domain counterpart of the
Green’s states:

G (zl|z, —jw) = —jwpG(zl -z, —jw) (10.44)

and
(2|2, —jw) = —0FG(2" -2, —jw), (10.45)

where the anti-causal Green’s function is given by

exp(s = |=R - 2|)

G(zh -2, —juw) = (10.46)

dr|zh - z|

In order to apply an inverse transform of Eq. (10.43) from the s-domain
to the time domain, we obtain a correlation result. Therefore it is necessary
to take imaginary values of the Laplace transform parameter s. Then, by
applying the standard rules for inversion from the s-domain to the time
domain (s — jw), the time-domain representation of the upgoing wavefield
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is directly obtained from Eq. (10.43) as

R R
up(zR, 1) = / donlz, La#l) - (9Rp(z’t * E_&:ﬂ) v dA
P " JzedD, iw|zR—z| kT gr|zR g
when 22 > 2{) . (10.47)

Observe that in the time-domain result the upgoing wavefield is obtained
from the time-advanced contribution of the monopole and dipole sources
distributed over the interface 3IDy,. Comparing Egs. (10.42) and (10.47), we
see that the pertaining sign in the temporal dependence of the surface sources
determines the direction of extrapolation (see also SCHNEIDER, 1978).

With this result we conclude this chapter. The decomposition in up-
and downgoing waves is of extreme importance in the further analysis of
seismic-processing techniques. The deghosting procedure of Chapter 11 and
the removal of surface related wave phenomena of Chapter 12 are based on
the present decomposition results.




Chapter 11

Deghosting

In this chapter we discuss the procedure of deghosting. We assume that
in a homogeneous subdomain D below a plane at 3 = 0 and above an inter-
face 0Dy, the acoustic wavefield is measured by a number of receivers at a
horizontal level at z3 = z§ (see Fig. 11.1). We further assume that the total
acoustic pressure vanishes at £3 = 0. This is the situation as it occurs in
marine seismics. The acoustic wavefield is generated by a monopole source
of the volume injection type located at 5. The constitutive parameters in
D are the constants p and k. The first objective is to reconstruct the upgoing
wave constituent at the receiver level. This is the receiver-deghosting pro-
cedure. In fact, we want to determine the upgoing and downgoing wavefield
constituents of the wavefield. This problem is very similar to the wavefield-
decomposition problem of the previous chapter. The only complication is
the presence of a source in the homogeneous domain D. The total wavefield
in a point # € D, generated by the source at =, is denoted as {p, i }(z|=°)
and at the plane surface z3 = 0 we have the boundary condition

lim j(z|z°,s) = 0. (11.1)
1‘310

We first determine the incident wavefield in the halfspace 0 < z3 < oo.
This is the wavefield that would be present in this halfspace, if the domain
D, showed no contrast with the domain D. This wavefield is determined in
Section 9.4 (cf. Egs. (9.55)). In a point ® we may write




216 DEGHOSTING

pressure-free plane

1
3 \VATETERERRPI v —'23:31132

" T3, min

oD,

»,

Figure 11.1. A homogeneous subdomain D bounded by the plane z3 = 0
and the interface dD,.

pofl ()25, 5) = spg°GH (2|25, 5), (11.2)
where
~ |z~ = ~flz-=%"))
i1l o SB(=3lz=25))  exp(- s
(=7, ) dr|z— 25| dr|z—25"| (11.3)
in which
1 o ~
5 = (2,25, -25 (11.4)

denotes the image point of % with respect to the reflecting surface at z3 = 0.
Note that this wavefield ">/ vanishes at z3 = 0,

lim p'"H (2|25,5) = 0. (11.5)
1‘310
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We subsequently split the wavefield into an incident-wavefield constituent
and a scattered-wavefield constituent,

13(2:|a:s, s)= ﬁi"c’H(a:|zS, s)+ 13’“(::|:cs, s). (11.6)

In view of Egs. (11.1) and (11.5) the scattered wavefield p°" vanishes at
z3 = 0 as well,
lin(l)ﬁ“t(z]zs, s)=0. (11.7)

x3

11.1. Decomposition based on field reciprocity

We apply the reciprocity theorem of Section 5.1 to the domain D bounded
by z3 = 0 and the interface 6D, (see Fig. 11.1). The normal v} to the latter
interface is directed towards the domain D. State A is taken to be the
scattered wavefield. The wavefield of State B is generated by a point source
of volume injection located at z = z® (cf. Table 11.1). Using the Green’s
states of Eq. (7.62) we arrive at

Table 11.1. States in the field reciprocity theorem

State A State B
(scattered field) | (volume-injection Green’s state)
Field state | {p°, 93} (z|25, s) {59, 0] }(=|2", s)
Material state {p, &} {p,k}
Source state {0,0} {§8(s)8(=—=R), 0}
Domain D (see Fig. 11.1)
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ﬁSCt(zR|mS’ s) = ‘/(. )e]R2 th(zR‘zh T2, 0: s)i};d(zly Z2, Ole, s)dA
x,T2

b (G e, )i (el 5) + TP e, )5 (2], o)lredA
zcOD,

when zR € D, (11.8)

where we have used boundary equation (11.7). Further, in the derivation of
Eq. (11.8) we have taken into account that contributions of the bounding
surfaces at (z? 4+ z3) — oo vanish, since the integrand of Eq. (11.8) is of
Order ((z] +z3)™") as (2% 4+ z3) — oo (cf. Section 10.1). Following the
analysis of Section 10.1, Eq. (11.8) may be written as

ﬁ“t(mklzs, s) = ﬁd"“’”(mR|zS, s)+ ﬁ"”(lezS, s), (11.9)

where

pdown(lezS’ s) = / 9 Gq(lezla Z2, Oa s)'fj:‘;d(a:l, T2, Olzsa s)dA ’
(131,12)€]R

(11.10)
when 0 < :c?f < Z3,miny T3,min 15 the minimum value of z3 on 0D, see
Fig. 11.1. The expression for the downgoing wavefield may be written as

F{ﬁdown(zh L2, z3|25, S)} = S}EILJ_I‘:B—S)F{pﬁSCt(zI s L2, 0|zss 3)} .

(11.11)
Here, F denotes the two-dimensional Fourier transformation defined by
Eq. (9.27). Once the vertical particle velocity, 95 (zq,22,0|z%,s), at the
pressure-free plane is determined, the downgoing wavefield follows from
Eq. (11.11). The upgoing wavefield consists of contributions of D,. Since in
most seismic applications the geology is not known, we are not interested in
this expression for the upgoing wavefield.

11.2. Decomposition based on power reciprocity

We apply the reciprocity theorem of Section 5.3 to the domain D bounded
by z3 = 0 and the interface 3D, (see Fig. 11.1). The normal vy to the latter
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interface is directed towards the domain D. State A is taken to be the
scattered wavefield. The wavefield of State B is the anti-causal wavefield
generated by a point source of volume injection located at =z = 2k (cf.
Table 11.2). Using the Green’s states of Eq. (7.62), in which we replace s by
—s, we arrive at

pt(2R|25,s) = —/ \ éq(zR|z1, 2,0, —8)93% (21, 22, 0|25, s)dA
zy,72)€R
+ [-GUzR |z, —s)oi (2|25, 5) + T (=P|2, —5)p™ (2|2, 5)|wid A
zcOD,
when z® € D, (11.12)

where we have used boundary equation (11.7). Further, in the derivation of
Eq. (11.12) we have taken into account that contributions of the bounding
surfaces at (z? + z2) — oo vanish, since the integrand of Eq. (11.12) is of
Order ((z? +z2)7!) as (¢} + z3) — oo (cf. Section 10.2). Following the
analysis of Section 10.2, Eq. (11.12) may be written as

psct(lezS,s) — ﬁup(lezS’s) -I-ﬁdown(ZRlZS,s) , (11'13)

Table 11.2. States in the power reciprocity theorem

State A State B
(scattered field) | (volume-injection Green’s state)

Field state | {p*, 9 }(=|25, s) {59, 91} (=|=R, —s)
Material state {p,k} {p, &}
Source state {0,0} {§B(-s)s(z—=R),0}

Domain D (see Fig. 11.1)
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where

PP (=" |2, s)=-— /; - Gq(zR|zl, 4,0, —8)05%(z, 29, 0|25, s)dA,
I ,r2

(11.14)
when 0 < :1::};2 < Z3,mins T3,min is the minimum value of z3 on 0Dy, see
Fig. 11.1. The expression for the upgoing wavefield may be written as

u exp(sl'z3) . sc
F{p P(z1, 29, z3|2>, } = —p(—3F{ 93 (21, 24, 0]2° s)} (11.15)

Here, F denotes the two-dimensional Fourier transformation defined by
Eq. (9.27). Once the vertical particle velocity, 95%(z,,z3,0[2°,s), at the
pressure-free plane is determined, the upgoing wave constituent follows from
Eq. (11.15). The downgoing wavefield consists of contributions of D,. Since
in most seismic applications the geology is not known, we are not interested
in this expression for the downgoing wavefield.

11.3. The surface-related vertical particle
velocity

In the previous sections we have seen that the downgoing and upgoing
constituents of the scattered wavefield can be obtained from the surface-
related vertical particle velocity 95°(z,, 23, 0|2, s). In order to determine
this particle velocity, we combine Egs. (11.11) and (11.15), while using either
Eq. (11.9) or (11.13); this leads to

s)} _ smh(sI‘zg)

F{ﬁ“t(zl,zz,mg,lt F{P §Ct(31132’0|z ,s)} (11 16)

From this relation it directly follows that

1

— T
~sct S -1 ~gct S
= —_ F . 11.17
937 (21, 2, 0|27, 5) . F {si (sT23) {p (z|= ,s)}} ( )

Here, F~! denotes the inverse Fourier transformation defined by Eq. (9.28).

If the incident wavefield $"*¥ is known, p° follows from

5 (z|2°, 5) = p(z|2®, s) — 7 (2|2, 5) . (11.18)
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Note that p(zR|z5, s) is the measured total wavefield at the receiver posi-
tions distributed over the plane z3 = z£.

We note that Egs. (11.16) and (11.17) also follow directly from an appro-
priate application of the field reciprocity theorem. To show this, we apply
the reciprocity theorem of Section 5.1 to the homogeneous domain between
z3 = 0 and z3 = :c?. As State A we take the actual scattered wavefield
values {p4, 90} = {p°,9{'}(z|2z°) and as State B we take an auxiliary
source-free plane wave with vanishing pressure at the level z3 = zg, viz.,

PP (2, s) = exp(jsa;z; + jsazzy)sinh[sT (25 —23)]. (11.19)

Application of the reciprocity theorem of Section 5.1 to the domain {z €
R —00 < 2,29 <00, 0 < 23 < :vf'} with the states mentioned (see Table
11.3) results into

/( )eR? exp(jsenz + jsarzs)sinh(sTz5)33 (21, 22, 0/2", s)dA
T ,T2

T
1”)“°‘(:1:R|:::S,s);exp(j.‘qufl + jsayzf)dA =0,

(11.20)

+
(J:{i,:r:.f)em.2

Table 11.3. States in the field reciprocity theorem

State 4 State B
(scattered field) (auxiliary state)
Field state | {p*, 95} (z|=5, s) {1, ;lak}ﬁB(m, s)
sp
Material state {p, K} {p,k}
Source state {0,0} {0, 0}
Domain {z € R?; —00 < z1,2; < 00, 0 < z3 < z§} (see Fig. 11.1)
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where we have used that p*!(z,,z5,0|25,s) = 0 at the pressure-free plane
23 = 0 and pB(z®,s) = 0 at the receiver level. In the derivation of
Eq. (11.20) we have taken into account that the integral of the bounding sur-
face at (23 + z2) — oo vanishes. This follows immediately from the far-field
approximation of Eq. (4.36) and the Order((z? + m%)_%) of the cylindrical
integration of pP as (22 +22) — oo, that follows from the Riemann-Lebesgue
lemma (WHITTAKER and WATSON, 1927, p. 172.)

Using the definition of the Fourier transformation of Eq. (9.27), we may
write Eq. (11.20) as

sinh(sTzf - sc . roc
_——(T"'—B_)F{pv:} t($1a32’0|zb15)} + F{P3 t(zlaz%z?lzs,s)} =0.

(11.21)
From this equation either 93°(z;,z2,0|2°,s) can be expressed in terms of
p*t(zR|2%, s) (cf. Eq. (11.17)) or p**(2®|25, s) can be expressed in terms
of 93°(zy, z2,0(2°, 5) (cf. Eq. (11.16)).

11.4. Receiver deghosting

The upgoing wavefield at an arbitrary level z3 is obtained from the
scattered field at % by combining the operations as defined by Eqs. (11.15)
and (11.17) as

e _ exp(sl'z rsC
p p(zlazZ,z.’ﬁzsas) =F 1{ p( 3))F{p t(zlaz2’23R|zSas)}} )

2sinh(sTzf
(11.22)
~sct

where $°° (2|25, 5) follows from the measured acoustic pressure p(z?|z, s)
at the receiver locations as

5 (22, 5) = p(a"|2®, 5) — T (2725, 5) . (11.23)

The expression for the upgoing wavefield on the right-hand side of Eq. (11.22)
shows that, although the scattered wavefield satisfies the general reciprocity
relation of Eq. (6.9), viz. p**(z°|2R,s) = p*t (2|25, 5), this relation does
not hold for the upgoing wavefield. The incident wavefield pnet (a:R‘Ia:S )
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in the homogeneous halfspace follows from Eqgs. (11.2) and (11.3). Using the
plane-wave representation (cf. Eq. (4.60)) expressed as a spectral decompo-
sition with respect to the receiver coordinates, we write

ﬁi"C’H(.’B], 2, 2§|25, 8) —

S

exp(jsa;z+jsaqz
W(s)F'l{ p(J 2;;_'7 2){exp[—sI‘|z3 []-—exp[ sT 23+m3)]}}

(11.24)
The source wavelet W (s) is known as the Laplace transform of the source
wavelet, which is related to the s-domain time rate of volume injection §°
through

W(s) = spd°(s). (11.25)

In Eq. (11.22) we need the Fourier transformation with respect to the hori-
zontal coordinates, for a fixed source point #°. In fact, this so-called receiver
deghosting is carried out using common-source data (also called common-
shot data, see Fig. 11.2). In view of further seismic processing techniques
we rather want to consider the upgoing wavefield at the level z3 = 0. This
wavefield at z3 = 0 is follows directly from Eq. (11.22) as

Au 5 - 1 A SC
p p(zl: Z2, 0|zé’ s) =F 1{ 2Sinh(srz§)F{p t(“’]s L2, z?"zs’ s)}} )
(11.26)

VVVVVVVVVVVVVVVVVVVVV

X
source

Figure 11.2. Acquisition configuration to obtain common-source data.
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Note that the spatial Fourier transformations are carried out with re-
spect to the horizontal receiver coordinates of the scattered wavefield. This
finalizes the discussion on the receiver deghosting. The upgoing wavefield is
an intermediate wavefield and will be used as input for the source deghosting
discussed in the next section.

11.5. Source deghosting

In this case we employ the following plane-wave representation for the
incident wavefield in the homogeneous halfspace

ﬁi"C’H(lemhz?, m:}g) 8) =

. R, R
W(S)F——l{exp(]-salzl;']5a2132 ) {exp[~sI‘}z§'— 3§” ——exp[—sr(:c§+ zg)]}}

(11.27)
Obviously, in Eq. (11.24) we have an inverse spatial Fourier transform with
respect to the horizontal receiver coordinates, while in Eq. (11.27) we have
an inverse spatial Fourier transform with respect to the horizontal source
coordinates. In the case that z? = Z3 min We obtain

~inc,H( R R . S
Pmc (251 y Ty, zB.mm[zl; 2, 23’5)

. R, R
o -1 exp(]sala:l +J)saazy "srzB,min)
= W(s)F { 25T

2sinh(sI‘:c§)}

= F_1{2sinh(sI‘z§)F{ﬁmc(1:¥, :cf', Z3.min|T1, T2, 0)}} »  (11.28)

in which '™ is the incident wavefield in a homogeneous medium originating
from the source position at =5 = 0, and incident upon the geology below
L3 = I3 min, viz.,

(2|25, 5) = W(s)G (=R |25, ), (11.29)
in which
exp(—F|z"-=°)

A R|._S _
G(z"]=",5) = 4r|zR — 25|

(11.30)
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Atnc

The true incident wavefield $">¥ is related to the incident wavefield $*"° in
the spatial Fourier domain through a multiplicative factor 2sinh(sI'z3).

By inverting the operations of Eq. (11.28), we obtain the following rep-
resentation for the incident wavefield in the homogeneous medium expressed
in terms of the incident wavefield in the homogeneous halfspace

ﬁinc(z{i’ 1!52, z3.min|zl y L2, Oa s) =

1 .
-1 ~sinc,Hr R _ R . S
{WF{PW (‘”1azza":B,mml”hz%ms,s)} .
(11.31)

The wavefield scattered by the geology is linear dependent on the incident-
wavefield strength. Hence, using the linearity of the wavefield problem, we
deduce that, replacing the true incident wavefield of the halfspace by the
incident wavefield of the homogeneous medium, the upgoing wavefield has
to be replaced by the deghosted wavefield

ﬁdgh(zﬁi zgi Olzh T2, 0, 5) =

1 (11.32)
LR (S — ~upr R R s
F {ZSinh(sI‘zg)F{p (21,23, 0|1, 22, 23, s)}} .

This so-called source deghosting is carried out using common-receiver data
(see Fig. 11.3). Note that the spatial Fourier transformations are carried out
with respect to the horizontal source coordinates of the upgoing wavefield of
Eq. (11.24).

receiver

v

X X X X X X X X X X X XX X X X X X X X X

Figure 11.3. Acquisition configuration to obtain common-receiver data.




226 DEGHOSTING

By cascading the receiver and source deghosting, through combining
Egs. (11.26) and (11.32), we conclude that p9" satisfies the reciprocity re-
lation

~dgh

P9 (27, 25,01z, 280, 5) = 329" (2R, 2, 0|25, 25,0, 5) . (11.33)

11.6. Deghosting in the strip configuration

To study the deghosting procedure, we check its capabilities on the two-
dimensional dataset of the strip configuration embedded in the homogeneous
halfspace, as it was calculated in Section 9.5.2. This dataset consists of 255
source positions with 255 receiver coordinates per source, arranged in a split-
spread fashion. The two-dimensionality of the scattering problem is enforced
by assuming that both the excitation and the configuration are independent
of z,. As a consequence we can adapt the three-dimensional analysis of the
previous sections to the two-dimensional one by simply replacing the two-
dimensional Fourier transforms with respect to the horizontal coordinates
by the one-dimensional Fourier transform with respect to ;. In particular,
the incident wavefield in the homogeneous halfspace is given by

ﬁinc’H(‘cl ) z:}}lziS‘, :vf;;, 5) =

exp(jsaizd
W(s)F*l{—J—’%;%-ﬁ {exp[=sTlalt 23] - expl-sT(a5 +z3)1}}

(11.34)
where T = (¢72 + a%)% and the definition of the inverse Fourier transfor-
mation F~! follows from Eq. (9.102). More details on the two-dimensional
simplifications can be found in Chapter 9.

The actual deghosting is carried out in three stages. The first stage is
the removal of the incident wavefield to create the scattered wavefield
. - R|.S .S .inc,H(_R _R|.S .S
psct(m{{’ z?lm'ls’ zga s) = p(z]R’ T3 |z1 123, 3) 4 ne (zl y T3 ‘zl 1y L3, 3) .
(11.35)
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The second stage is the receiver deghosting to construct the truly upgoing
wavefield at z3 = 0 according to

1 ~sct RS .S
2sinh(st§)F{p (zla Z3 lwl s L3, s)}} 3
(11.36)

which is carried out in the common-source domain. The last stage is carried

ﬁup(zlaolzf’zgas) = F_l{

out in the common-receiver domain and constitutes the source deghosting
and finalizes our deghosting procedure:

(2R, 0]1,0,5) = F“{ )F{ﬁ“'“(zf‘,()lzl,zf,s)}} - (11.37)

1
2sinh(sT:c§

The numerical procedure

In our numerical computations we take (see Section 9.5.2)
s=4+ jw. (11.38)

Then, we may write for the vertical slowness

(1 (sa1)2 2
T = (6_2 + W) , Re(T) >0. (11.39)

Here, sa; is the (real) Fourier-transform parameter of the Fourier transfor-
mation defined by Eqgs. (9.101) - (9.102).

Fig. 11.4 shows the results for the compliant strip in the case that the
source position is above the center of the strip. The top figure represents the
scattered wavefield in the homogeneous halfspace at the level z? = 0; for
comparison we have delayed the arrival times of the scattered wavefield by
inserting an extra factor exp(—sT'zj) in the Fourier transform of the data
with respect to the source coordinates. The bottom figure shows the results
after receiver and source deghosting, computed from the input data set using
Eqs. (11.36) and (11.37). The resulting wavefield represents the deghosted
wavefield at the receiver level z§ = 0 and source level z5 = 0. Fig. 11.5
shows the results for the compliant strip with the source position above the
left edge of the strip. Finally, Figs. 11.6 and 11.7 show the pertaining results
for the rigid strip.
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(top) and its deghosted wavefield (bottom). The source position is above the center
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Chapter 12

Removal of Surface Related
Wave Phenomena

The presence of surface-related wave phenomena in geophysical data
as water-surface multiples in the marine case leads to problems in further
analysis of the data in inversion and migration. This multiple removal has
to be effected without changing any relevant subsurface information present
in the recorded data. Rayleigh’s reciprocity theorem furnishes the tool for
this removal. In this theorem the interaction of two non-identical states is
considered. One state is identified with the actual situation, while the other
is the desired one: the same geology but without the water surface. This
procedure does not require any information about the subsurface geology,
neither structural nor material.

12.1. Reciprocity between the actual and
desired state

In the marine case we have the situation as shown in Fig. 12.1. The
domain of interest is the halfspace D = {z € R3 —o0 < z,z, < o0,
0 < 23 < oo}. This halfspace consists of the homogeneous water layer D
and the earth geology D, with boundary dD,. The acoustic pressure at the
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0 pressure-free plane
T3 = 0
] receiver
13
\ R
source L4
X
zS
P K D
z .
vk 3,min

oD,

3

Figure 12.1. State A in the actual configuration.

water surface z3 = 0 is zero. The material constants in ID are p and &,
and the material constants in D, are p? and 9. A monopole source of the
volume injection type is used and is located at z°. The seismic response, the
acoustic pressure, is measured at 2 below the water surface. In order to
remove the effect of the water surface, we apply the reciprocity theorem of
Section 5.1 to the domain DU D,. State A is the actual state resulting from
the real seismic experiment (see Fig. 12.1). Let this wavefield be denoted
as {pAa{)ll:} = {p, ﬁk}(zlzsas) with sources {qA, flf} = {65(3)6(3_25)70}7
where (js(s) is the spectrum of the volume injection source. In State B, the
desired state, the water layer extends to z3 — —oo (see Fig. 12.2). In this
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Or" i] — I3 = 0
) source
T3
. W R
receiver z

X

2,S
P K D

T3, min

Vi

3

Figure 12.2. State B in the desired configuration.

case 3 = 0 is just an artificial boundary Further, in State B we choose a
point source with the spectrum ¢5(s) identical to the one of the real situation,
however the source is now located at the receiver location ™ € D. Let this
wavefield be denoted as {$Z, 98} = {p?, of}(=|=?, s) with sources {¢?, ka}
= {§°(s)6(z—="),0} (see Table 12.1).

With the above mentioned states, we apply the reciprocity theorem to
the domain D U D, enclosed by a semi-infinite sphere S5 of radius A and

center O of the chosen coordinate system (see Fig. 12.3). Taking the limit
A — oo we arrive at
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D

9__

P K , homogeneous medium l

Figure 12.3. Domain of application of the reciprocity theorem.

Table 12.1. States in the field reciprocity theorem

State A State B
(actual wavefield) | (desired wavefield)

Field state {p, o} (|25, 5) {p%, 18} (|2, 5)
Material state {p,x} in D {p,k}in D
{p9, K%} in D, {p?, %} in D,

Source state | {§°(s)6(z—=%),0} | {§°(s)6(z—="),0}

Domain D U D, (see Fig. 12.3)
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/ R ﬁd(zlaz%OlzRvs)ﬁC‘(zlaz%lesvs)dA
(1‘1112)6 (12-1)

= §5(s)p(="(®, s) - §°(s)p!(=|2R, 5) ,
where we have taken into account that the pressure wavefield of the actual
situation vanishes at z3 = 0, viz.,

lim p(z|z”,s) = 0. (12.2)

z3 |0
Further we have assumed that outside some semi-sphere of bounded radius
and center at the origin O of the chosen coordinate system, the fluid is homo-
geneous with material constants p and & (see Fig. 12.3). As a consequence
the contribution of the surface integration over S5 vanishes when A — oo
(according to the causality condition, cf. Eq. (5.9)).

12.2. Auxiliary reciprocity relations

In order to arrive at a reciprocity relation of the type of Eq. (12.1), in
which only the scattered-wavefield quantities of the actual state

{9} = {B, 0k} - {977} (12.3)
and the reflected-wavefield quantities of the desired state
", 91} = {8, 98} - {p™, 9} (12.4)
occur, we derive some auxiliary reciprocity relations. The incident wavefield
p"H of the actual state is given by
. A e S Al St
57 (225, 5) = 8pi5(s) exp(—flz—z°)) exp(—lz—=]) . (12.5)

ir|z—=z5| 4r|z—=z5|
where ¥ = s(np)% =s/cand 25 = (z7,z3, —25) denotes the image point of
z° with respect to the reflecting surface at z; = 0. Note that this wavefield
7" vanishes at z3 = 0. The incident wavefield 5™ of the desired state is

given by

~inc R _ ~S exp(—‘}'l:c—:ch)
p (zlz ’5) = spq (s) 471,12_2:[{' : (126)
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Reciprocity between the actual incident wavefield and the desired wavefield

We apply the reciprocity theorem of Section 5.1 to the domain D’ (z €
R?, —00 < 21,22 < 00, —00 < z3 < 0) with material constants p and & (see
Fig. 12.4). State A is the incident wavefield {p"i"C’H,ﬁ;"c’H}(z|zs,s) and
State B is the desired state {p?, 9}(z|=®, s) (see Table 12.2). In D', State
A has a source distribution {—§(s)§(z—=5"), 0}, while State B is sourcefree.
With the above mentioned states, we apply the reciprocity theorem to the
domain D’ enclosed by a semi-infinite sphere S of radius A and center O
of the chosen coordinate system. Taking the limit A — co we arrive at

_/ 2ﬁd(:cl,2:2,0|zR,s)f)énc'H(zl,wz,Olzs,s)dA
(z1.22)eR (12.7)

~ - 1
= §°(s)p (=% 12", 5),

where we have taken into account that p">¥ vanishes at z3 = 0 and that

the contribution of the surface integration over Sp vanishes when A — oo
(cf. Eq. (5.9)).

Addition of the relations of Egs. (12.1) and (12.7) yields

/ (21, 22, 012R, )95 (21, 22, 0] 2%, 5)dA
(= ,.rg)E]R.?

= §5(s)p ! (2"]2%, 5) — ()57 (25 |R, 5) — (25" |=R, )],
(12.8)
where we have used

P! (=52, ) - pU (= 2", 9)
= (212", 8) = (2|2, 8) 4+ 57 (25120, 6) - po(2 |2, o)
= ﬁr(zs‘zR, s) - ﬁ'(zsl\zR, s) + ﬁi"C'H(zS|zR, s), (12.9)
and Eqgs. (12.3) - (12.6).

Reciprocity between the actual wavefield and the desired wavefield

We apply the reciprocity theorem of Section 5.1 to the domain D U D,
(see Fig. 12.5). State A is the actual state {p, o }(z|2”,s) and State B is
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Figure 12.4. Domain of application of the reciprocity theorem.

Table 12.2. States in the field reciprocity theorem

State A State B
(actual incident wavefield) (desired wavefield)
Field state {pneH ﬁ,i"C’H}(a:Ia:S, s) {p*, 9} (=|zR, s)
Material state {p,k} {p, &}
Source state {—tjs(s)&(z~z51), 0} {0,0}
Domain D’ {z € R?, —00 < 21,2 < 00, —00 < z3 < 0} (see Fig. 12.4)
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rhomogeneous medilm

Figure 12.5. Domain of application of the reciprocity theorem.

Table 12.3. States in the field reciprocity theorem

State A State B
(actual wavefield) | (desired wavefield)

Field state {5, 0} (=25, ) {ﬁd,f),‘f}(z]zRI,s)
Material state {p,k} in D {p,k} in D
{p?, &%} in D, {p?, K%} in D,
Source state | {§°(s)6(z—=5),0} {0,0}

Domain D U D, (see Fig. 12.5)
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the desired wavefield with source distribution {§2, fB}={§%(s)é (z—le), 0}.
Note that the source point, 2R = (2R, 2R, —2F), is the image of the actual
receiver position (see Table 12.3). With the above mentioned states, we
apply the reciprocity theorem to the domain D U D,y enclosed by a semi-
infinite sphere S of radius A and center O of the chosen coordinate system.
Taking the limit A — oo we arrive at

/ R ﬁd(zlaz?aOlle7s)1}3(zla22aOlzs’s)dA
(z1.22)€ (12.10)

. . I
= = (s)p (=12, 5)

where we have taken into account that the pressure wavefield of the actual
situation vanishes at z3 = 0. Further we have assumed that outside some
semi-sphere of bounded radius and center at the origin O of the chosen
coordinate system, the fluid is homogeneous with material constants p and
k (see Fig. 12.5). As a consequence the contribution of the surface integration
over Sp vanishes when A — oo (cf. Eq. (5.9)).

Reciprocity between the actual incident wavefield and the desired wavefield

We apply the reciprocity theorem of Section 5.1 to the domain D' (z €
R3, —00 < 21,22 < 00, —00 < €3 < 0) with material constants p and & (see
Fig. 12.6). State A is the incident wavefield {ﬁi"C’H,ﬁZM’H}(z{zs,s) and
State B is the desired state {5, irz}(:c]le, s) (see Table 12.4). In I’, State
A has a source distribution {—§(s)§(z—=z5"),0}, while State B has a source
distribution {é(s)5(az—zR'), 0}. With the above mentioned states, we apply
the reciprocity theorem to the domain D’ enclosed by a semi-infinite sphere
Sa of radius A and center O of the chosen coordinate system. Taking the
limit A — oo we arrive at

~ I ~tnc
"/ 2pd(zl)z2:0|zR :s)v.'}n ‘H(zhzZaOl’:S’s)dA
(Zl,fz)em

~ ~inc 1 N - I 1
= B (s)p (27|25, ) + §5(s)p (=% 127, ) ,
(12.11)
where we have taken into account that p*"“¥ vanishes at z3 = 0 and that

the contribution of the surface integration over S5 vanishes when A — oo
(cf. Eq. (5.9)).
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Figure 12.6. Domain of application of the reciprocity theorem.

Table 12.4. States in the field reciprocity theorem

State A State B
(actual incident wavefield) (desired wavefield)
Field state (gt ooty (2]25, 5) {4, 38} (z]|=®', 5)
Material state {p, K} {p, &}
Source state {-45(s)6(z~=5"),0} {§5(s)6(z—=R"), 0}
Domain D' {z € R?, —0c0 < 1,22 < 00, —00 < 23 < 0} (see Fig. 12.6)
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Addition of the relations of Eqgs. (12.10) and (12.11) yields
/ 213"'(:::1,22,0|:1:RI,.«;)1'):’;‘“(:1:1,:1,'2,0|:1:S,.‘s)dA
(1 =2)eR (12.12)

~ ~ I N I I
= -5 (s)[p (25 |=™ ,5) - (= |27, )],
where we have used

n n 1 I

p(=°12",s) - p(=" 2", 5)
— ﬁr(z5|mR', s) _ ﬁr(zsllle, s) +ﬁinc(lezR’, S) _ ﬁinc(zsllle’s)
=5 (e5|2”',5) — 5 (25 |27, 5) + o (2R |25, 5) (12.13)

and Egs. (12.3) - (12.6).

In the reciprocity relations of Eqs. (12.8) and (12.12) still the total
wavefield quantities of the desired wavefield occur. We therefore subtract
Eq. (12.12) from Eq. (12.8), and since 5" (2, z5,0|=R, s) = 0, we use

ﬁd(zh Z2, OJER’ s) - ﬁd(zla 2, Olle) s)
(12.14)

= ﬁr(zlsz% OlzR, 3) - ﬁr(ml, z9, 0|zR', s)

to arrive at

. - I .
/(, ,)emz[Pr(“’is zh, 0|2k, s) — p" (2}, 2}, 0|z, s)]o3 (2}, ), 0|2°, s)dA
TTy

= §°(s)p™! (2”25, 5) - ¢°(5)[F" (2|2, ) - P (252", 5)]
+35(s)lp" (=% |2, 5) - p (= |27, 5)] . (12.15)

Equation (12.15) is the required relation where only the scattered-wavefield
quantities of the actual wavefield and the reflected-wavefield quantities of the
desired wavefield occur. In the left-hand side of Eq. (12.15) we observe that
the reflected wavefield depends only on the receiver positions (2}, z},0) and
the source positions z® and a:RI, while in its right-hand side the reflected
wavefield depends on the receiver positions ° and 25" and the source posi-
tions z® and z®'. In the next section we align the different vertical positions.
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12.3. Alignment of vertical positions

On account of the general reciprocity relation of Eq. (6.9) between a
transmitting and a receiving transducer of the volume injection type we
immediately deduce

§° (s)p? (=% |2, s) = Qs(s)ﬁd(zR[zS, s). (12.16)

Since the incident-wavefield constituent of the desired wavefield also fulfills
a similar reciprocity relation, we observe that the reflected wavefield satisfies
the reciprocity relation

()8 (2°2", 5) = §(s)F" (2], 5). (12.17)

Using the plane-wave-decomposition properties in a homogeneous section
(see Eq. (10.9)), we observe that

(21,29, 28|25, 5) = F7! {exp(sI‘:c?)F{ﬁ'(:nl, z4,0]25, s)}} (12.18)
and using the reciprocity relation of Eq. (12.17), we have

ﬁr(zslzl,zg,z?’,s) = F_l{exp(sI‘zgi)F{f)'(zl,zg,0|zs,s)}} . (12.19)

Here, F' denotes the two-dimensional Fourier transformation defined by
Eq. (9.27) and F~! denotes its inverse defined by Eq. (9.28). Similarly,
we have

(25|21, 29, 28, 5) = F! {exp(—sl‘z?)F{f)’(zl, z,,0|z5, s)}} , (12.20)
hence, subtraction of these two results leads to

f’f(zslz‘l, 2, z?, s) - ﬁr(zs‘zl,:ﬂg, —zgf, s)
(12.21)
= F~! {QSinh(sI‘zf)F{ﬁr(zl,zZ,mzs’s)}}

and thus

ﬁr(z;7 2,21 Olzlr T2, 33?, S) - ﬁr(z’h zIQ; 0|21,2§2, ——21:};{, 5)
(12.22)
= F~'{2sinh(sTzf) F{§' (21, 22, 0]}, 25, 0, )} } -
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Using these expressions in Eq. (12.15) and applying to both sides a Fourier
transformation with respect to z,z®, dividing the result by 2sinh(sI'z%)
and taking an inverse transformation, we obtain

/ 2 f’r(z{z’ z?, 0|2}, 25, 0, 5)93° (21, 23, 0|3’Sa s)dA
(#1,23)eR
. . 12.2
= $5(2)p" (o, o, 0[5, o) (1223)
. A o 1
~§5(s)[F" (21, 28, 012°, 5) — " (27, 25", 0]=", s)],
where p“P is given by Eq. (11.26). Similar to Eq. (12.21) we have
ﬁr(z]Ra 25‘, Olzla 2,y 1'?39, s) - ﬁr(z{%, mf, 0|317 T2, _mga s)
(12.24)

= F! {2sinh(sl’z‘39)F{ﬁ’(z{2, 28 0|zq, 2,0, s)}} .

Using this expression in the right-hand side of Eq. (12.23), applying to both
sides a Fourier transformation with respect to mf , zf , dividing the result by
2sinh(sT'z5) and taking an inverse transformation, we obtain

[, Bl el 02l 25,0,0)7 (2}, 24lef, o5, )dA
(x; ,z;)e]R

= ¢°(s)p™" (el 27, 027, 25,0, 5) — §°(s)p" (2, 2§, 0]z, 23,0, 8) ,
(12.25)
where 79" is given by Eq. (11.32) and

) - 1 ~ SC )
V(z, 23|21, 22,8) = F 1{WF{US t(z'l,z'Q,Olzl,:cg,zg,s)}} ,
(12.26)
where (cf. Eq. (11.15))
- sct S -1 —2I sy S
3% (21, 22,0|2°,8) = F TF{p P(z1,22,0|z ,s)} . (12.27)

Interchanging the order of application of the forward and inverse Fourier
transformations of Eq. (12.26) with the ones of Eq. (12.27) and using the
definition of $%9" of Eq. (11.32), we then obtain the alternative expression

- ~2T .
V(z1,za|zd,25,8) = F-l{—p—F{pdgh(zl,z2,0|z§,zg’,o,s)}} . (12.28)
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Equation (12.25) is a linear integral equation of the second kind for the
unknown p"(zf, 25, 0|27, 5,0, s) provided that the source spectrum §¢° is
known. For a discussion on the relevance of the source wavelet we refer to
Z10LKOWSKI (1991). VERSCHUUR et al. (1992) has suggested an adaptive
multiple-removal procedure, in which the multiple removal and the wavelet
estimation are carried out simultaneously using some minimum-energy crite-
rion. Further V (2, 28|25, 25, s) represents the kernel of the integral equa-
tion, while §°(s)p™"(zR, 2R, 0|27, 25,0, 5) represents the known term of the
integral equation. Note that the integral variables in the integral equation
(12.25) are the horizontal coordinates of the various source locations, while
the receiver position of the desired wavefield is fixed. Hence, the solution is
obtained in the common-receiver domain. The kernel and the known term
of the integral equation are both expressed in terms of p95.

Integral equation for the particle velocity

Equation (12.25) constitutes an integral equation of the second kind for
the acoustic pressure p". A simpler integral equation may be obtained by
considering the particle velocity (cf. Eq. (7.70))

5 N P
05 (z1, €9, 0|27, 25,0, 8) = }:nlr(l) 56311 (z, |25, 25,0,s). (12.29)
3

Using the Fourier transformation with respect to the horizontal receiver
coordinates and Eq. (12.18), the expression for the particle velocity 93 may
be written as

R T (.
95 (z1, 29, 0(z7,25,0,8) = F 1{_p_F{p (21,22,0|mf,z‘2§,0,s)}} . (12.30)

Application of the Fourier transformation with respect to z!t, z} to both
sides of Eq. (12.25), multiplying the result with —I'/p and taking an inverse
Fourier transformation, we arrive at

[ ol 2k 0lel, 2,0, )V (el ohlaf, o, o)A
(z].x5)eR

(12.31)
= %Qs(s)f/(z{{, zgilzllsa :c‘g, s) — 45(3)135(2!{{, '-'35" Olz*lg, zfzga 0,s),

in which we have used the expression for V, Eq. (12.28). This integral is
simpler than the one of Eq. (12.25) in the respect that the known term,



ACTUAL MULTIPLE-REMOVAL PROCEDURE 247

for a fixed receiver position, is a subset of the space to which the kernel
functions belong. Once we have solved the integral equation (12.31), the
acoustic pressure p” follows from

I}r(zhmz,OIz,S, 225,0, s) = F—l{%pF{f);(zl,zz,Olzf,zg,O,s)}} . (12.32)

12.4. Actual multiple-removal procedure

In the following analysis we concentrate on the integral equation for the
acoustic pressure that follows from Eq. (12.25) as

7 (=1, 28,02, 23,0, 5) = pY9 (2!, 2!, 0|27, 23, 0, 5)

~ R _R r rd t 1S .S
- pr(zl » L9 ,0|:l:1,:c2,0,s)V Cv(zlsz‘zl ’zz’s)dAa
(z! z5)eR?

) . (12.33)
in which V%" is the deconvolved counterpart of V, viz.,

Vi (2, 2h|zl 25, 8) = =V (2}, 2h|2S, 25, 8). (12.34)

1
§5(s)
The next step is to transform Eq. (12.33) back to the time-domain,

Pr(‘“{{’zg’olmigv wg’ovt) = XTy (t)Pdgh(zl D) ,0|"31 ,12,0 t)

/ ) (12.35)
- CC{p", Ve}ldA
(=},25)eR?
where
Ct{p ancv} / :B] ,232,0|231,22,0 t— tl)Vdcv(zlaz2lz11221t)dt
—tl
(12.36)

and x7, (t) is the characteristic function of the set T},

1
xr (t) = {1, 5 0} whent ¢ {Tv, 8T}, T}}, (12.37)
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with 0Ty = t; and T is the complement of 7} in R. The time interval
T; needs some explanation. We have assumed that the seismic experiment
starts to act at ¢t = 0. In view of causality we observe that p?" is a wavefield
that has travelled at least from the plane z3 = 0 to and from the plane
T3 = T3 min (see Fig. 12.2), hence

2 .
T, = {t ER, t>t = —zg‘c’ﬂ} : (12.38)

In view of the time-domain equivalent of Eq. (12.28) the same observation
holds for both V and V9. Therefore, the lower bound of integration of the
convolution in Eq. (12.36) is set at ' = t;. The upper bound of integra-
tion follows directly from the causality of p". In order to solve the integral

equation (12.35), we apply a Neumann expansion of the type (see Section
2.5)

P (zf, 2R 0|2, 25,0, an (2, 2R 0|27, 25,0,t), (12.39)

n=0

where the first term of this series is given by

ph(zf 2R, 0127, 25,0,t) = x7, (£)p?" (21, 2} R0l 25,0,t), (12.40)

and the n'" term follows from the (n— 1)th one as

n(z,z R ooz, 25,0,t / dA
P(l 2 ‘1 2 )= (! ) B2

t al
/t.’ . Pr-i (le, 35, 0]z}, 23,0, t_t’)vdw(zlla a:lzl:cf, zg’ t')dt'.

=t

(12.41)

As a next step we proof by induction that p], is zero for t < (n+1)t;. It
is certainly true for n = 0 according to Eq. (12.40). Let us assume that
pl,_, is zero for t < nt;, n > 0; then, pI,_ (z£, 2R, 0|z}, 2}, 0,t—t') vanishes
for t — t' < nt;. Since the integration variable ¢ > t;, we conclude that
ol (2R, 2%, 0|21, z},0,t—t') vanishes for t < (n+1)t;, and as a consequence
of Eq. (12.41), that p},(zf, 2£, 0|2/, 2}, 0,t) vanishes for ¢ < (n+1)t;. This
allows us to rewrite Eq. (12.39) as

p (31 ) "’2 ) 0[2:1 ) :1:2, E XT(,,H)("’ pn(zl 122 ) 0[2:1 ) 3210 t), (12.42)
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where

(12.43)

[

2(n +1)z3,min
T"+1={t€1‘,t>tn+1=(n+1)t1=,§._~_)~§:.__}.

For a finite time interval of observation, 0 < t < ty41, the summation of
Eq. (12.42) is confined to 0 < n < N — 1, and the Neumann expansion is
convergent. Therefore, we replace the infinite summation in Eq. (12.42) by
a finite one,

p(z?,z2,0|z1,z2, ’ an zlaz2a0lzl’32’0 t);
(12.44)

2(N + 1) T3 min
Cc

for0<t<tny =

The evaluation of the temporal convolution is a simple algebraic multiplica-
tion in the Laplace-transform domain. Therefore we transform Eqs. (12.44)
and (12.41) to this domain, resulting into

P (2R, 28,0123, 25,0,5) = Z (=R, 28,027, 23,0,5), (12.45)

n=0

where the first term of this series is given by

Po("h ,z2,0|m1,z2,0 s) = dgh(zﬁvz‘;{’o'zf)zzsaoas): (12.46)

and the n'" follows from the (n—1)"" one as

po(zf, 2,027, 25,0,5) =

1
_‘/(., ')E]R? pn l(zl 73"210]2177"2)0 S)QS( )V(zl,mzlzf,zf,s)dA,
x),x

(12.47)
where we have used Eq. (12.34). Note that we may not conclude that the
expression of Eq. (12.45), for some value of s, is convergent when N tends
to infinity. Only, the result of the time-domain expression in a finite time
interval (see Eq. (12.42)) is convergent when N tends to infinity. After the
completion of the summation in the right-hand side of Eq. (12.45), the result
can be transformed back to the time domain yielding the pressure wavefield

Y4 (zl ) v0|z1a$210 t)
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12.5. Multiple removal in the strip configuration

As a test case for the multiple-removal procedure, we choose the two-
dimensional dataset of the strip configuration embedded in the homogeneous
halfspace as it was calculated in Section 9.5.2 for the compliant and rigid
strip, respectively This dataset consists of 255 source positions with 255
receivers per source arranged in a split-spread fashion. Since we are dealing
with a two-dimensional wavefield problem, all the relevant operators and
wavefield representations are replaced by their two-dimensional equivalents.
In particular the desired reflected wavefield in the Laplace-transform domain
follows from the transformed Neumann expansion

N-1
B (21,0(27,0,8) = Y pn(=f, 027, 0,3), (12.48)

n=0

where the expansion terms follows from the recursion formula

po(ef, 0127, 0) = p" (2%, 0]27,0,s), (12.49)

ﬁ;(m{%aoizf’o,s) = .
= [ B (8, 0021,0,0) gV (al, 25125, 25, 6)dA,
xiG]R W(S)
n=1,---,N-1, (12.50)

and the source wavelet

W(s) = spg°(s). (12.51)

The deghosted wavefield in the expression for the first term of the Neumann
expansion, Eq. (12.49), follows from the relevant calculations in Section 11.6.
For each source position, the kernel spV follows from the deghosted wavefield
as (cf. Eq. (12.28))

spV (21|25, s) = F'l{—2s‘1‘ F{f)dgh(zl, 0|z3,0, s)}} , (12.52)

where T = (c7?2 +a%)% and the one-dimensional Fourier transformation F
and its inverse F~! are defined by Egs. (9.101) and (9.102), respectively.
Note that this kernel is calculated in the common-source domain (also called
common-shot domain).
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Inspection of the structure of the recursion formula of Eq. (12.50) learns
that, in order to keep the process operative, in each iteration we have to cal-
culate the wavefield quantities for all relevant source positions (for a chosen
receiver position). After we have carried out this procedure in the common-
receiver domain, the reflected part of the desired wavefield ﬁ’(z{{, 0|:ci9 ,0,38)
is obtained for one particular horizontal receiver position z{z at the level
:1:3R = 0 and all relevant horizontal source positions mf at the level :cg = 0.
The results in the common-source domain are obtained by using the reci-
procity relation of Eq. (12.17) and noting that the vertical levels and the

volume injection functions in the two cases are the same; hence
- S R N R S
P (27,027, 0,s) = p" (1", 0]z7,0, ). (12.53)

This implies that our computed results in the common-receiver domain are
equal to the ones in the common-source domain just by interchanging the role
of source and receiver (see Fig. 12.7). Finally the common-source domain
data are transferred back to the time domain.

R
1

XAXXAXNAXXXXXXYTX XXX X XX XXX

Common-Receiver Domain

s
1

VVVVVVVVVVXVVVVVVVVVV

Common-Source Domain

Figure 12.7. Acquisition configuration in the common-receiver domain

and in the common-source domain, respectively.
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source position is above the center of the strip (z5 = 0
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260 REMOVAL OF SURFACE RELATED WAVE PHENOMENA

The numerical procedure

In our numerical computations we take (see Section 9.5.2)

s=4+jw. (12.54)

Then, we may write for the vertical slowness

2" (4tjw)?

T— (l + _(i‘flﬁ) C . Re(r)> 0. (12.55)

Here, sa; is the (real) Fourier transform parameter of the Fourier transform
defined by Eqgs. (9.101) and (9.102). The integral in the recursion formula
of Eq. (12.50) is implemented numerically as a trapezoidal rule.

Fig. 12.8 shows the results for the compliant strip with source position
above the center of the strip. The top figure shows the first term of the
Neumann expression, the actual deghosted wavefield as it was calculated in
Section 11.6. The bottom figure shows the results after one iteration of the
Neumann expansion (with N = 2). Clearly, the first-order multiple has been
removed. Also observe the sign reversal of the second-order multiple due to
the negative sign in the right-hand side of Eq. (12.50). Finally, the top figure
of Fig. 12.9 shows the result of the Neumann expansion with N = 3. All
multiples have been removed; this is due to the fact that in the time window
of 0.5 s only two multiples were present. The bottom figure of Fig. 12.9 shows
the result of the calculation of Section 9.5.2 for the compliant strip in the
homogeneous embedding. This is the actual required result. Comparison of
the top and bottom figures of Fig. 12.9 illustrates the excellent performance
of the multiple-removal operation. Figs. 12.10 and 12.11 show the results
of the multiple removal for the compliant strip, but now the source position
is chosen above the left edge of the strip. Also in this case we observe good
convergence of the Neumann expansion and an excellent agreement with the
required result. In Figs. 12.12 - 12.15, similar results are presented for the
rigid strip.

In our numerical treatment of the multiple removal scheme we have cho-
sen the Neumann expansion to solve the integral equation (12.33) in the
frequency domain. We have opted for this solution because the convergence
of the Neumann expansion is guaranteed by causality arguments in the time
domain. In this way, the algorithm performance of the successive elimina-
tion of the multiples is monitored. However, an alternative procedure would
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have been to compute the desired reflected wavefield directly from the dis-
crete version of the integral equation (12.33) by means of matrix inversion
(vAN BORSELEN et al., 1991).

The deghosting procedure of Chapter 11 and the removal procedure of
surface-related wave phenomena of the present chapter encompass the nec-
essary preprocessing steps. The numerical results obtained in this chapter
are collected in a dataset and will be used as input for the imaging procedure
of the next chapter.




Chapter 13

Boundary Imaging

In this chapter we discuss a method to image a boundary discontinuity
of the earth parameters. In our analysis we distinguish between imaging
and inversion. We consider the imaging of a boundary discontinuity as a
part of inversion in the sense that it tries to delineate accurately the scat-
tering horizons, if they are constructively present in the seismogram. This
is possible because the velocity contrast is present in the arrival times and
in the amplitude. Imaging of a boundary discontinuity only concentrates on
the time delay. After this imaging process one hopes that the subsurface
geometry of the geology as far as it is sufficiently described by the velocity
structure, is known. Then, seismic inversion as a following-up process can
use the results as a priori information in the reconstruction procedure of the
constitutive parameters.

As starting point we take the boundary-integral representation. In the
latter representation we employ a locally-plane-reflector approximation both
for the acoustic pressure and the particle velocity. This high-frequency ap-
proximation does not change the imaging. In the wavefield, we separate the
horizontal phase contribution from the vertical one by employing a Radon
transformation with respect to the horizontal source and receiver coordinates
only. As next step we switch to the frequency domain (imaginary axis in
the complex Laplace-transform domain) and the vertical slowness is taken
as independent variable. In that case stationary-phase arguments show that
the results can be classified as a spatial Fourier transform in the frequency
domain. In the space-time domain we obtain a function with a laterally
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variant vertical travel time that represents a space-time image of the profile
of the interface as the envelope of the first arrivals.

13.1. The boundary-integral representation

We consider the wavefield to be reflected by a non-planar interface be-
tween a homogeneous medium I and an inhomogeneous geology D,. The
non-planar interface 0D, is considered as a perturbation of a plane surface
and is described as

T3 = h($1,2}2) s (13.1)

where h is an arbitrary positive (smooth) function of z; and z,, and is

denoted as the profile function to be imaged (see Fig. 13.1). The material

constants in D are p and k, and the material parameters in Dy are p9 =

p?(z) and ny = k9(x). The impulsive wave motion generated by a point

source at «5 {:t:1 ) :c:j,O} starts to act at ¢t = 0. The receiver is located at
= {=f, 2%, 0}.

In the s-domain, the source wavefield at the observation point = origi-
nating from a monopole source at &5 is then denoted as {p'"°, 9;"°}(z|z, s)
and is given by

pre(zleS,s) = spiS(s)G(z—25,3), (13.2)
(z|25,s) = —¢5(s)0hG(z—25,5), (13.3)
where the Green’s function
s
G el =) -3 13.4
("%5)*——4'7‘;';——: c=(pr)"2 . (13.4)

The wavefield reflected by the interface 8D, is given by {p", o} }(=|=5, s).
The reflected wavefield is considered to be the wavefield generated by sec-
ondary surface sources (monopole and dipole sources) at the interface 9D,
and it can be expressed in terms of these surface sources as (cf. Eq. (8.40))

p(xR|25,s) = / 9D, (G ir (|5, s) + T (|25, s)mdA,  (13.5)
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source receiver
0 1, X \V — z3=0
z5 zR
13
ps K D
i Z3,min T3 = h(:z:l, :Bg)
oD,

D,

Figure 13.1. The reflector configuration.

in which the Green’s states G9 and I‘z are given by
G (2|2, s) = spG(z -2, ) (13.6)

and
I (zF|z,s) = 0xG(z 2R, s). (13.7)

Further, v denotes the normal at 0D, (see Fig. 13.1).

For large values of |s| we can employ a locally-plane-reflector approxi-
mation. This approximation is based on the assumption that the interface
0D, is a smooth surface with a continuous normal v;. The approximation
assumes that the scale on which the wavefield varies in space is so small
that compared with this the radius of curvature of the interface is infinitely
large. Then, around a point, € dD,, the interface can be considered as a
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locally plane interface between two locally homogeneous media. We further
assume that the local wavefield takes on the values that would result from
the reflection and transmission of the incident wavefield at this plane inter-
face. Then, the reflected wavefield on 9D, can be expressed in terms of the
incident wavefield as

(|25, s) = np™(z|25,s), =€ oD, , (13.8)
in which the reflection factor 7 is given by (CERVENY, 1989)
_ pY(x)cd(z)cos(8) — pccos(b,)

= pI(z)cd(x)cos(8) + pccos(f,)’ (13.9)
with ¢9(z) = [p9(z)x?(z)]?, and where
_ (ki)
cos(8) = 229 (13.10)
and where 89 = §9(x) follows from Snell’s law as
sin(69)  sin(6) ’ (13.11)

co(z) ¢

We observe that 7 = n(z|z —z°) is a real, s-independent, proportionality
function of z and z — #°. Equivalently, we can also express the normal

component of the particle velocity of the reflected wavefield as
nip(zle®,s) = —( nif(=|25,s), =€ oD,. (13.12)

The function ¢ = {(x|z—=5) is a real, s-independent proportionality function
of # and z —«5. Its relation with respect to 7 will be discussed below.

Using these approximations and Eqgs. (13.2) - (13.3) in the integral rep-
resentation of Eq. (13.5) we obtain

(2|2, s) = W(s) oD [((z|z—zs)é(z—zR,s)aké(z—zs,s)

tn(z|z-2%)G(z -5, 5)0kG(z — =k, 5)|wdA,
(13.13)
where W(s) = 5p§°(s) is the source wavelet. On account of the reciprocity
relation

(=225, 5) = p"(2°|2R, 5), (13.14)
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we conclude from Eq. (13.13) that
((z]z—2R) = g(z|z-25), ((z|e—=2°) = n(z|z-2F). (13.15)

The partial derivative operating on the Green’s function G(z, s) is obtained
as

0kG(z,s) = —%G(:c, s) (1 + ———) Oklz|, (13.16)

c
s|z|
so that Eq. (13.13) simplifies to

ﬁr(zR’|zS,s):§W(s) D AG(z—2R 5)G(z—=% s)dA, (13.17)
zec0D,

where the function A = A(z,z—zR, z—z5, s) is given by

fi = —C(le—ts) (1 + ﬁ'ﬂ) Vka[clz"'zsl

|
(13.18)
—n(z|z—25) (1 + 5|z—f2R~|) v Oz —af| .
The function A becomes independent of s as |s| — oo, viz.,
A= —((z|z—25) i bi|z—2°| - n(z|z—25) O]z —F|. (13.19)

Using the reciprocity relation of Eq. (13.15), the function A may be written
in an alternative form

A= —((z]|z—25) |z —25| - ((z|z—aR) vidi|z -2 . (13.20)

We consider a seismic experiment as the collection of measurements of
the seismic signal at different receiver positions. This procedure is repeated
for different source positions. This means that the values of 5" (2|25, s)
are the (to the s-domain transformed) recorded signals for all z” and =°.
Our objective is to use Eq. (13.17) to delineate the interface dD,. To meet
our objective we apply a spatial Fourier transformation with respect to the
horizontal source coordinates followed by a spatial Fourier transformation
with respect to the horizontal receiver coordinates.
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13.2. Fourier transform with respect to source
coordinates

We first define a Fourier transform with respect to the horizontal source
coordinates, viz.

7 (2"]jsa’, s) = /( g RUsaTe! + jsafed)p ("2, ),
xw 2

(13.21)
where a® = {af, a3} is a two-dimensional vector, while sa and saj are
real transform parameters. In our further analysis, we take both s and a®
to be real. Application of the Fourier transform to Eq. (13.17) yields

: 8 = 4 s s
7 (e®]jsa’,s) = EW(S)/;:&(?]D BG(z—z" s)exp(jsasz, + jsaszy)dA ,

(13.22)
with

y Aexp[ (Jal(zl“"l)+1a2("’2—32)+|3’ z5|/c )]dA
B ~/(.r ,x2)€m2 47I'|Z—:BS| )

(13.23)
Our objective is to evaluate this expression of B for large values of s. The
most convenient way to perform the asymptotic evaluation is the steepest-
descent method. In order to find the steepest-descent path of this multiple
integral, we deform the integration surface such that the expression in the
argument of the exponential function in the right-hand side of Eq. (13.23)
becomes real. Therefore, we introduce the polar coordinates in the (af, a3 )-
plane through

o = k3cos(¢%), af = «Ssin(¢%), & [(oz1 )2+ (a3) ]% , o (13.24)

where 0 < k% < 00, 0 < ¢ < 27. Next we replace the variables of integra-
tions z7 and z5 in Eq. (13.23) by y° and z° through

2, —27 = —jyScos(¢®) - 27sin(¢°),
g — 25 = —jy°sin(¢®) + z5cos(4°), (13.25)
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which entails (:1:1 —z9)? 4 (22 — 25)? = (25)% - (¥°)%, dzefdzj = —jdySdz®
and jai(z;—2F) + jas (z2—25) = nsys Hence, Eq. (13.23) is replaced by

joo Aexp s kSyS +R5/c)]
dy® 13.2
47r]/ ./ RS v (13.26)

where .

RS = [22 4+ (25) - (v°)) . (13.27)
Now we use a procedure similar to the one in the Cagniard-de Hoop method.
We extend the integrand of Eq. (13.26) in the complex y5-plane. Since
we want to keep the integrand single valued, we introduce a branch cut
for the square-root expression RS along {[z3 + (izs)z]‘iT < |Re(y®)| < oo,
Im(y5) = 0} and keep Re(R®) > 0 in the entire cut y5-plane (see Fig. 13.2).
The imaginary y°-axis is now deformed into a steepest-descent contour

RS
&Sy° + — = 5, (13.28)

where 75 is real and positive. This contour is located in the right-half of the

y5-plane and is a branch of a hyperbola. The parametric representation

ST +j% {(Ts)z _ [Ts(zs)]z}li

yS = : : (13.29)
25 + (&5)2
with .
T5(z%) = [215 + (ﬁ)?]z [z§+ (z5)2]5 : (13.30)

denotes the part of the hyperbola in the upper half of the y-plane, while
S = yS (the star denotes complex conjugation) represents the lower half.
The Jacobian of this transformation from y¥ to 75 is found as

TS L
gys K i {(r57 - [T5(z5)12} 2 B RS

- =1J 1
ors clz + (KS)z {(TS)Z _ [TS(ZS)]Z}i
(13.31)

After this deformation, Eq. (13.26) is rewritten as

A(zs,y5)+A(zS S*) s
- exp 75) —dr”,  (13.32)
"l s {(5) - (55}
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Im(y®)
complex y5-plane
yS — yS(TS)
= TS(ZS) branch cut
NN K W222222/89%
NS5 1 sy21%
y> =z +(2))

Figure 13.2. Complex y°-plane with Cagniard-de Hoop path y°(5).

where y° is a function of 7° via Eq. (13.29). Next we interchange the order
of integrations leading to

— 00 Zs(‘rs) S .S S ,,Sx
B= 1 1‘/'Sexp(—.<>";""w)d'r5‘/ o A(z°,y°)+ A2,y l)dzs,
1 2 JT, ~Z5(r9%) S¢. S\i2_(,5y212
41[6_2“&5)2] ° {125(5)12- (%)%}
(13.33)
where

TS = T5(0) = {l + (n5)2] z3 (13.34)
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and

W=

Z5(r%) = (T—-zg . (13.35)

Introduction of the new variable of integration, 25 = Z5(7%)sin(¢%), leads
to

L

—= 1 o0 2™
B-— [ exp(-sr¥)ar® / A, 55 + Ay 1ayS.
2 —irx
AT [—g—{-(ns)?] ¢ :
(13.36)
This expression can be seen as a Laplace transform of the type
B(s) = /s exp(—s75)b(5)dr5 | (13.37)
TO
where
- 1 o
b(r¥) = —— : / TAGS, %) + A, Y. (13.38)
2V—-oT
47 [c—2+(n5)2] :
From the initial-value theorem of Eq. (1.18) we conclude that
lim exp(sTy ) sB(s) = lim_b(r5). (13.39)

TSLTOS

When 7° | TJ, from Egs. (13.30) and (13.34), we observe that z° | 0 and
hence

N

" 14(0,55) + A(0, y5*)]dyS

1
21[’

- 1
lim (%) = 1/
TslTos 1 Sv2 2J-
4T c—2+(KZ ) :I
1
ﬁAle:o,r%Tos ’

(13.40)

where we have used that the integrand is independent of 9° and where

IS = [clg + (af)2+(a§)2]% : (13.41)
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Taking s — oo, Egs. (13.39) and (13.40) yield

—  exp(—sTf)
b= T 205 “liso, #S=TS (13.42)
where
Tg =23 =T°h. (13.43)

In order to evaluate the expression for A, we first calculate the expression
for v 0k|z—25|. Using 2° = 0 and 75 = Ty we observe that

s S : S

jath jash
zl—zf:—r—‘s, zg—zfz—r—zs, z23=h, (13.44)
h

S S
|lz—z”| = R :E—I‘?’

(13.45)

and

—z9)0,h 2—25)0h —
Sl — (m1 2]) 1 + (mz :32) 2 lzs , (13-46)
|z —=5|[(81h)?+(0:h)* +1]2
where 0,h and 0,h are the spatial derivatives of h with respect to z; and
z,, respectively. We finally arrive at

viOg|lz—

jaSOh+ja50,h+T5
[(Bih)*+(B:h)24+1]2 (13,47

. S . S
~jayh —jash
= e((2| =g —FE— . b)

Izs=0, 1'5=T05

—{(z|lz—=")

woklz—="|  fors - 0.

13.3. Fourier transform with respect to receiver
coordinates

We subsequently define a Fourier transform with respect to the horizontal
receiver coordinates, viz.

ir(jsalesaS, s) :/ exp(jsalR':z:f{ + jsaé{mf)ﬁ’(zRUsaS, s)dA,

(r{‘,rf)emz
(13.48)
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where a®® = {aR, al} is a two-dimensional vector, while saf® and saf are
real transform parameters. We again take both s and a” to be real. Appli-
cation of the Fourier transform to Eq. (13.22) yields

7 (jsalt|jsad s) = W( / oD, Cexpljs(afi+af)z, +7s(af +a3 )z,)dA,
(13.49)

with
/ Fexp[—s(jal (:E1—:c1 )+]a2 (212—Z2)+ |z — zR|/c)] A
B («F ,1’2)Em2 47I'|‘.'B—:BR|

Qll

(13.50)

Our objective is to evaluate this expression of C for large values of s. The
most convenient way to perform the asymptotic evaluation is the steepest-
descent method. In order to find the steepest-descent path of this multiple
integral, we deform the integration surface such that the expression in the
argument of the exponential function in the right-hand side of Eq. (13.50)
becomes real. Therefore, we introduce the polar coordinates in the (a?, af)-
plane through

aft = kcos(¢"), alt = ksin(gR), xR = [(af)+ ()], (13.51)

where 0 < kf < 00, 0 < ¢® < 27. Next we replace the variables of
integrations z{* and 24 in Eq. (13.50) by y® and 2z through

T, — :cf{ = —ijcos(ch‘) - 28sin(¢%),

2y — 2 = —jyRsin(¢®) + zfcos(¢7), (13.52)

which entails (z1-zf)% + (z2 — 28)? = (27)? - (y7)?, d2fldel = —jdyRdzR
and jaf(z,—zR) + jaf(zs—28) = kfyR. Hence, Eq. (13.50) is replaced by

— joo Bexp ( RyR-{—RR/c)] R
C = 47”/ dzt / #R dy™, (13.53)

where .
R® = [z} + (2R)? - "7 . (13.54)

Now we use a procedure similar to the one in the Cagniard-de Hoop method.
We extend the integrand of Eq. (13.53) in the complex yf-plane. Since
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we want to keep the integrand single valued, we introduce a branch cut
for the square-root expression R® along {[z2 + (zR)?]7 < |Re(y®)| < oo,
Im(y®) = 0} and keep Re(RR) > 0 in the entire cut y*-plane (see Fig. 13.3).
The imaginary y®-axis is now deformed into a steepest-descent contour

RR
wftyft 4 — = 7R, (13.55)
c
where 7/ is real and positive. This contour is located in the right-half of the

yR-plane and is a branch of a hyperbola. The parametric representation

kR 1 RY2 _ [TR(ZR)2 3
o +Jc{1( )2 - [TR(zR))?} | 15:56)
atls

with l
1 2 3
TR(ZR) = [2—2— + (&R)z] [zg + (zR)2] 2, (13.57)
denotes the part of the hyperbola in the upper half of the y”-plane, while

y® = y®* (the star denotes complex conjugation) represents the lower half.
The Jacobian of this transformation from y® to 7% is found as

R 1
ayR kR4 jT {(‘rR)2 - [TR(ZR)]2} ? _ RR

= =3 T+
orR 215 + (RR)Z {(TR)2 _ [TR(ZR)]2}2

(13.58)
After this deformation Eq. (13.53) is rewritten as

— oo oa R(,R R R( R ,Rx
C = L/ dzR/ exp(—srR)B(z ,v7) + B(z0y l)dTR, (13.59)
ir J_ TR(:R) {(TR)2 _ [TR(ZR)]z}E

where y” is a function of 7 via Eq. (13.56). Next we interchange the order

of integrations leading to

[ exp(-sr " 24" B, y")+ B(=R,y™)
F -ZR(rR) {[ZR(TR)]2_(ZR)2}§

TO
(13.60)

dzR,
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Im(y®)

complex yF-plane

R _ mR(_R
= T7(27) branch cut

K ./////////////// Re(yR)
YR (L4 ()

c

NN,

Figure 13.3. Complex y®-plane with Cagniard-de Hoop path y®(7F).
where
1 7
TE = TR(0) = [25 + (,J‘)z] z3 (13.61)
and
1
2
Ry2
ZR(") = |4 S S H (13.62)
2+ ()7

Introduction of the new variable of integration, z/* = ZR(7®)sin(¢?), leads
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to
= 1 oo T -
C = [ exp(—srar® 7 (BP0 + B, v )y
1 R\2 7 JTR —-%r
4 'C—2+(K, )
(13.63)
This expression can be seen as a Laplace transform of the type
ﬁ(s) = /R exp(—sTR)e(+R)drR (13.64)
TO
where
- 1 T —
() = — [ BGR )+ B R (13.65)
2 d-ix
4 [g—l-(nR)z] 2
From the initial-value theorem of Eq. (1.18) we conclude that
Lim exp(sTd) sﬁ(s) = lim g(rf). (13.66)

TR‘.],TOR

When 77 | TR, from Egs. (13.57) and (13.61), we observe that 2z | 0 and
hence

T ! [ B0.4") + B0,y ey

TRlTOR 1 % Ir
ir [—2+(ICR)2] :

(13.67)

where we have used that the integrand is independent of % and where

1

2

1
AL ['g + (a{‘)2+(a§‘)2] : (13.68)
Taking s — oo, Egs. (13.66) and (13.67) yield

exp(—sTf)

E]_— = . )
2sTR |ZR=0, ,.Rzpon

(13.69)

with
T = TRz = TRA. (13.70)
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From Egs. (13.42) and (13.69) it follows that

exp[—s(T5 + T§)]
43FR3PS |ZS=0vTS=TOSizR:OgTR=TOR ’

C =

(13.71)

In order to evaluate the expression for A, we first calculate the expression
for v 0|z —|. Using 2% = 0 and 7 = T we observe that

jalth jalth
21—2{2:—2—1‘—1}—2—, zg—mgz—erR, z3=nh, (13.72)
h
le—2f| = RR = TR (13.73)

and

R' _ (Z] —2{2)61h + (22—’2}5{)82’1 —12}3 , (1374)
|&—2R|[(81h)2 +(02R)? +1]2

where 8;h and 0yh are the spatial derivatives of h with respect to z; and

z,, respectively. Hence,

vOelz—

—jafh —jash B jas8h+jasOh+T5

= c\z ) ’
2520, r5=T§; =0, TR=TF = rs )[(31’1)2—I~(<92h)2~l~1]1i
+cC(z|_ja§h “jagh )ja{zalhﬂa?%h”}%.
TR 7 TR 27 ((8,h)2 +(8,h)2+1]2
(13.75)

We now rewrite the expression for C of Eq. (13.71) as

E exp[—s(T'F + T5)h)

C= -, (13.76)
482TRTS[(O1h)2 +(02h)% +1]2
where
—jaSh —jash . .
E = ¢((=| ]I‘Sl , .71_‘52 ,h)[]alsalh+3a‘2932h+l’s]
—jaRh —jalh
tel(e] 2212 IR by [jaR8, ht jalto,h+ TR .

rk ’ Tk
(13.77)
Note that F is a function independent of s, while ¢ is a function of z; and

z,, only. Hence, E = E(z1,z9; ja®, ja’).
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Combining the results of the transform with respect to the receiver and
1
source coordinates and using dA = [(8,h)?+(8,h)%+1]2dz,dz, for the inte-
gration along d,, we arrive at

| W(s)
— R - S = —
P (isatlise”, s) = TOFRTS [y, e

Eexp[js(af{-i-af)zl + js(a?+af)m2 — s(I‘R-}-I‘S)h]dA ,

for s — 0. (13.78)

With this result we finish our analysis for real and positive s. The re-

maining asymptotic analysis is more convenient in the angular-frequency
domain.

13.4. Angular-frequency-domain analysis

Let us assume that the Laplace transforms of the causal functions f(=,t)
and g(z,t) satisfy the relation

f(z,s) = §g(z,s), reals, s— oo, (13.79)
then, in view of the initial-value theorem of the Laplace transform, we also
have

f(z,jw) = §(z, jw), realw, w— 0. (13.80)
Hence, Eq. (13.78) holds not only for real s — 0o, but also in the case that

s — jw and w — oo, provided that sa® and sa® are kept real valued.

We further introduce the horizontal offset coordinates z{ and z¢ as
¥ =zl —2f, ¥ =2l — 25, (13.81)

and in the spatial Fourier domain the coordinates p = {p;,p.} and ¢ =

{!11,112} as

p=ja®, g=j®+a%). (13.82)
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Substituting these new coordinates in Egs. (13.21) and (13.48) and taking
s = jw, we obtain

F(upljo(a-p)io)= [ |, explioga] + jugef)dA
(z¥,z5)eR
/ , exp(jwpiz? + jwpred )P (29 + 27,29 +25,0|12°, jw)dA .
(a7 .27 )eR

(13.83)
Equation (13.83) constitutes the temporal Fourier transform of the Radon
type with respect to the source coordinates and the offset coordinates. In
view of Egs. (13.21) and (13.48), we may replace Eq. (13.78) by

P (jwpljw(g—p),jw) =

W (jw) _ _ |
E iPq- ~2jweph)dA .
FurcD TS )y, et D0 TP p)exp(joqizi +jwgz; ~2jwph)

(13.84)
Here, we have introduced the vertical slowness ¢ = ¢(p, q) as
171 5101 L

¥=3 [?2 P - P%] +3 [c'z‘ ~(@-p1)* - (@2-p2)*| . (13.85)

Note that in the high-frequency representation of Eq. (13.84) the struc-
tural information of the interface is present as phase information in the expo-
nential function and as amplitude information in the functional dependence
of E (cf. Eq. (13.77)). In the act of imaging we are visualizing the struc-
tural information in the phase function. In order to come to an operational
format, we observe that the integral in the right-hand side of Eq. (13.84)
resembles a Fourier transform of the Radon type, provided that we select
those values of p and q for which the vertical slowness ¢ is constant. In the
subsequent sections we will develop an imaging procedure along these lines.
As starting point, we introduce the vertical slowness ¢ as a new independent
variable. For given (real) values of ¢;, ¢2 and ¢, we determine the real solu-
tions {p, p>} of Eq. (13.85). Since we require ¢ to be real, the square roots
in the latter equation have to be real too. Hence, the solutions {p;,p,} are
constrained by

2, .2 1
pitp: S 3, (13.86)
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1
(@-p) +(2-p)* < . (13.87)

Carrying out two successive squaring operations on Eq. (13.85), the solutions
{p1,p2} of Eq. (13.85) follow from

2 2 2
2(, N 2(, 22 a, N9, 2, 9
® (px 2) +o (Pz 2) +[2(p1 2)+ 2(?2 ]

2
1 ¢ ¢
+<p2((,02—c—2+7;—+z2 =0.

(13.88)
Since the first three terms on the left-hand side of Eq. (13.88) are non-
negative, the fourth term has to be non-positive. This limits the values of
{q1, g2} to the circular domain Q(¢),

Qp) = { OO O P 13.89
p)=149¢€ ,4+4_CZ-<P}- (13.89)

For values of g located inside this domain Q@ = Q((p) and for values of
¢ < ¢~} real solutions p = (pi,p2) of Eq. (13.88) exist and we define the
domain P = P(q, ) as the pertaining solution space. In this domain we
perform the imaging procedure.

13.5. Imaging

After introducing ¢ as new independent variable, we have observed that
the solutions p of Eq. (13.85), for given values of g and ¢, are located in the
domain P(gq, ¢). Of all these solutions, we take some average solution. For a
particular value of q and ¢, we take a weighted averaging of the quantity of
Eq. (13.84) over the domain P = P(q, ¢). Therefore, we multiply both sides
of Eq. (13.84) with the factor 2jwI'*T'S /p and integrate over the domain P.
This factor is for later convenience. The result is

?wght(q, (Pajw) = W(]“J) ( yeR? Ewoht eXp[jw(QIml + Qa2 — 2"0h)]dA ’
T1,22
(1390)
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for g € Q(p), where

: / IR (p)r5(g-p)F(jwp, jw(g—p), jw)dA
2jw JpeP(g.0)

?

77", p, jw) =
/ dA
PEP(q.»)

(13.91)
and

/ E(z1,z2; p,q—p)dA
pep(qa‘P)

2¢cp / dA
PeP(qv)

For a particularly chosen value of ¢, we observe from Eq. (13.92) that E»9ht
= E“9%(z,,z5;q, ) is a function of z;,z, and an algebraic function of gq.
It does not depend on w. When w tends to infinity the contribution of the
integral on the right-hand side of Eq. (13.90) comes from the stationary point
{z1,22} = {2}, 25} following from

q1 — 2¢O h(z1,22) =0, q2 — 2¢0h(z1,22) = 0. (13.93)

EY (21,2554, ) = (13.92)

These relations connect the ¢; and ¢, values to the profile gradient. The
stationary point is a function of g. We may replace the integration variable
{z1,z,} in the expression of E¥9* by the stationary point {z},z5}. This
does not change the result of the integral on the right-hand side of Eq. (13.90)
when w tends to infinity. Then, for some particular value of p, E¥9" js a
function of g only. But in that case we can reuse the expressions of g of
Eq. (13.93) and we may define a function E'™39¢ = E'™39¢(z, z,: p) as
image wght

E'™9%(zy 295 0) = Eiqlg=2<palh, e2otah (13.94)
We assume that the values of ¢; and ¢, used in Eq. (13.94) are contained
in the domain Q(y). In view of Eq. (13.93) this means that the maximum
profile gradient to be imaged is restricted. Then, Eq. (13.90) is replaced by
—wght,

P9 (q, p, jw)

E'™9%(21, 25; p) exp(jwqi1 + jwgazs — 2jwip h)dA,

(13.95)
for w — oo and for g € Q(¢). For points g outside Q(¢), the right-hand side
of Eq. (13.95) vanishes when w tends to infinity, because we have assumed

= W(jw) [

(z1,22)eR?
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that the values of q related to the stationary point of the integral are con-
tained in the domain Q(y). The right-hand side of Eq. (13.95) represents
a spatial Fourier transform with respect to the spatial coordinates z; and

z, with transform parameters jwg; and jwgs. The inverse spatial Fourier
transformation yields

~image

P (21,22, jw; p) = Eimage(zl, z2; ) W(jw) exp(—2jwph), w— oo,

(13.96)
with

P™IE (2, 29, jw; )

2
= (237;) /qe%a) exp(—jwq121 — jwgz2)p™ (g, ¢, jw)dA.
(13.97)
Equation (13.97) indicates how the recorded data have to be mapped. We
subsequently transform Eq. (13.96) back to the time domain. We observe
that Eq. (13.96) holds for w — oo, therefore we have

i P (21,22, i) = B0 (on, i) W(t—T),  (13.98)
h

where the laterally variant vertical travel time T}, = Ty(z1, z2; ¢) is given by
Th(z1,z2;9) = 29 h(z1, 22) . (13.99)

We observe that the space-time function of Eq. (13.98) starts to act at the
instant Tj = 2¢ h(z;, z2), so that we have a space-time image of the profile
of the interface as the envelope of the arrivals of the reflected causal wavelet
function. For a complete image of the profile of the interface it is necessary
that the domain Q = Q(y) contains all the stationary points given by ¢; =
2p01h, g3 = 2¢p02h. Hence, from Eqgs. (13.89) and (13.93) it follows

1

~1. (13.100)

sup  [(0;R)? + (820)%] < 202

(rl,xz)emz (p

In order to image large partial derivatives of the profile, we observe that we
have to take small values of ¢. This is achieved for large values of p and/or
q. In practical seismic measurements, the data for these values of p and ¢q

are not available and the imaging of large partial derivatives of the profile is
restricted.
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13.6. Analytic solution for a planar reflector

In this section we illustrate the imaging procedure by considering the
trivial case that A1y is a planar, perfectly reflecting, interface at z3 = h (see
Fig. 13.4). We consider either the case that this plane is perfectly compliant,
where the acoustic pressure vanishes,

lim p(z|z°,s) =0, (13.101)
z3Th

or the case that this plane is perfectly rigid, where the acoustic particle

velocity vanishes; this is equivalent with a vanishing normal derivative of
the acoustic pressure,

lim dsp(z|z>,s) = 0. (13.102)
r3

The problem of reflection of a wavefield by a plane interface can be solved
exactly. At the reflector the incident wavefield follows from Egs. (13.2),
(13.4) and (4.60) as

source receiver
0 1 X \V4 — z3=0
zS zR
13
D
oD,

I
>

T z
perfectly reflecting plane 3

Figure 13.4. The plane-reflector configuration.
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stnc 1 1
r (zlyz%h‘zS’s): W(S)W‘/( )eR?
SOy S

exp|—jsa(21-27) — jsas(22—23) — sTh] .,

2sT ’
(13.103)
where T' = (¢™2 4+ a? + a%)%. The reflected wavefield is then given by
7 (onza e, )= FW(s) o |
(27[') (sa1,3a2)6m2

exp[—jsai(z —zls) — jsag(zg—mg) — sI'(2h—z3)] dA
2sT ’
(13.104)

It is easy to observe that the total wavefield p = p'™° + p" satisfies the
boundary conditions of Egs. (13.101) and (13.102). The — sign holds for the
case of the compliant interface and the + sign holds for the rigid interface.

Taking s — jw and introducing the horizontal offset coordinates z¢ =
z, — zf s zg) = zy — z5, and in the spatial Fourier domain the coordinates
P1 = jou, p2 = jag, the reflected wavefield at z3 = 0 is written as

P (z{ +27,29 + 23,0/2%, jw)

-

q:W(ju.:) (1)2/ exp(—jwp12{ — jwp.z§ — 2ij‘h)dA
jw  \21) J(p, p2)eR? oT ’

(13.105)
where the vertical slowness I' is now given by

1
1 52
T = L_i -p? - pg] . (13.106)

Next, we transform the data to the (jwp, jwq)-domain using Eq. (13.83).
We arrive at

P (jup, jw(ga-p), jw) = ¢M (2—")2 6(q)M—). (13.107)

jw w 2T

In view of the behavior of the delta function that is only operative at ¢; =
g2 = 0, we may replace I' by

1
¢ = L—g - pi - p%] : (13.108)
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that follows from Eq. (13.85) by setting ¢; = ¢ = 0. Hence, Eq. (13.107)
immediately transfers into

P (jwp,jw(g—p),jw) = F ](iw) (—) é(q )M. (13.109)

We subsequently take ¢ as independent variable. We then observe that
the expression in the right-hand side of Eq. (13.109) is independent of p.
Performing the weighted averaging (see Eq. (13.91)), of all possible solutions
{p1,p2} of Eq. (13.108), results in the same expression but multiplied with
the factor 2jwT'®IS /. Since this factor is equal to 2jwep for ¢; = g» = 0,
we arrive at

s 21\ 2 .
P (g, p,w) = FW(jw) (;—) 8(q) exp(—2jweph). (13.110)
The resulting data p*9%(q, ¢,w) are stacked using Eq. (13.97). We obtain
P (21, 29, jw; ) = FW (jw) exp(—2jweph). (13.111)
As last step we apply an inverse temporal Fourier transform and arrive at
P™m9 (21, 29, t;0) = FW(t - Th) , (13.112)

where
Th = 2ph. (13.113)

Observe that the right-hand side of Eq. (13.112) is independent of z; and
z, and starts to act at the instant T}, so that we have a space-time image
of the planar reflector as the arrival of the reflected causal wavelet function.

13.7. Imaging of a disk

As second imaging example, we consider the problem of an infinitely
thin disk. The disk is either perfectly compliant or perfectly rigid (and
immovable). The disk occupies the domain

= {z € R? (z1,22) € Ay, z3 = h}. (13.114)
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source receiver
X g AV — z3=10
z 2R
Py K D

planar disk A,

—2:3=h

i3
Figure 13.5. The disk configuration.

where Ay is a bounded domain in the (z1,z;)-plane (see Fig. 13.5). The
integral representation for the reflected wavefield is given as (cf. Eqgs. (9.7)
and (9.16))

P (2R]25,5) = sp e G(zR -z, s)0§(z|25, s)dA , (13.115)
€Ay

in the case of a perfectly compliant lamina, and (cf. Egs. (9.11) and (9.17))
5 (2R25,s) = - / ORC(2R -z, 5)0f (|25, s)dA,  (13.116)
TeA,

in the case of an immovable rigid disk, where the equivalent surface density
of injected volume time rate is defined as

dj(z|25, s) = lim [3(z+eia)|e’, s) — Da(z —eiz)z”, s)]l ,  (13.117)
ElO 26/\9
and the equivalent surface-force density as

Bfg(zlzs,s):ljm[ﬁ(a:—{—siglzs,s)—ﬁ(z—eiglzs,s)]l . (13.118)
ElU GBGAg
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In Chapter 9 we have solved the problem of the reflection of a wavefield by
a disk with the integral-equation method. The integral equation has been
solved numerically for a strip. In Section 13.9 we shall use the numerically
obtained reflection data to image the strip. In order to interpret the results
of the imaging procedure, we consider an approximate solution for large val-
ues of |s|; the latter is furnished by the (modified) Kirchhoff approximation.
The Kirchhoff approximation applies to the scattering by impenetrable ob-
jects. On the illuminated part of the disk, the local wavefield is assumed
to take on the values that would result from the reflection of the incident
wavefield against a perfectly reflecting plane. On the dark part of the disk,
the wavefield is assumed to be negligibly small. As a consequence of this
approximation the equivalent surface densities are written as

dg(z|z5,s) = —205(z|2%, s) = 24°(s)B:G (2 - 25, 5), (13.119)
and the equivalent surface-force density as
8fs(z|z’,s) = —2p"(z|25,s) = ~2sp@5(s)é(z—zs, s), (13.120)

in which we have used the expression for the incident wavefield of Egs. (13.2)
and (13.3). Substituting these approximations into the integral representa-
tion for the reflected wavefield, we obtain

P (2F)2%,s) = Zsptjs(s)/ G(z—=zh, 5)0:G(z—=2%,5)dA, (13.121)
TeA,

in the case of a perfectly compliant lamina, and (cf. Eqgs. (9.11) and (9.17))

ﬁ'(zR[zS,s) = —2qu'5(s)/ é(z—zs,s)agé(z—zR,s)dA, (13.122)
TeA,

in the case of an immovable disk.

On account of the reciprocity relation of Eq. (13.14), the two expressions
can be combined to one expression of the form

P (zR|25,s) = :tW(s)/ [G(z—=zR,5)0:G(z -z, 5)
Behs (13.123)

+G(z—=25%,5)0:G(z -z s)]dA .

The upper sign holds for the case of a compliant lamina and the lower sign
holds for the case of a rigid disk. The high-frequency analysis of Sections
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13.2 and 13.3 can be circumvented. We can directly use the representations
of the Green’s function.

Using Eq. (4.60), the Green’s function follows as an inverse spatial Fourier
transform with respect to the source coordinates,

A 1
G(z—=z%,5)= —/
( ) (27!')2 (saf,sa,f)emz
exp[jsaf(zl -—mf) + jsag(mg—mg) - sI‘S:cg] dA
2sTS ’
(13.124)
with
1
1 2
P = |5+ @+ (] (13.125)

and as an inverse spatial Fourier transform with respect to the receiver co-
ordinates as

- 1
G(z—zR, s)= /
( ) (27(‘)2 (safl,m;‘)emz
exp[jsa{‘(zl —:1:{2) + jsag—‘(zQ—zR) - sI‘ng]dA
2sTR !
(13.126)
with
1
k= Ll—z + (f)? + (of)? :. (13.127)

Note that we have used z3 = z¥ = 0 and z3 > 0.

Using these representations and performing the Fourier transforms with
respect to the horizontal source coordinates (Eq. (13.21)) and to the hori-
zontal receiver coordinates (Eq. (13.48)), we directly obtain

W(s) TR4+TS

P W exp[—s(I‘R+I‘s)h]

P (jsaf|jsa®,s) =

/ explis(afi+af)z, + js(af+af)za]dA
(z1,22)€EAg

(13.128)



IMAGING OF A DISK 289

Subsequently, we take s — jw and introduce the horizontal offset coor-
dinates z¥ = zf — 27, 20 = 2% — 25, and in the spatial Fourier domain the
coordinates p, = jaf, p, = jaf, ¢ = j(aft+af), ¢2 = j(aff+aj). Then,
Eq. (13.128) transfers into

=ro. : W(iw) ¢ , -

P (jwpljw(g-p),jw) = F ;w )Wexp(—hwh) X, - (13.129)

where the vertical slowness ¢ is given by Eq. (13.85) and

X, (Jwq, jwez) = / - exp[jw(q121 + g222)]xn, (21, 22)dA (13.130)

T),22)€

denotes the spatial Fourier transform of the characteristic function
1
XAg(:Bl,mz) = {1, 5,0} when (z1,z3) € {Ag, OAg, Ay} . (13.131)

The boundary 0A, denotes the edge of the disk and A; denotes the comple-
ment of Ay U 0\, in the plane {(z;,2;) € R%, z3 = h}. We subsequently
take ¢ as independent variable. Performing the weighted average according
to Eqgs. (13.91) - (13.92) we arrive at

7“9, ¢, jw) = FXa, (Jwa1, jw )W (jw)exp(~2jwph), q € Q).
(13.132)
From Eq. (13.130) it follows that X1, tends to zero when ¢; # 0, g2 # 0 and
w tends to infinity (Riemann Lebesgue lemma, WHITTAKER and WATSON,
1927, p. 127), and consequently we write

0 = FXn, (jwar, jwgs)W(jw)exp(~2jwph), g€ R*\Q(p).  (13.133)

Hence, from Eqgs. (13.132) and (13.133) we observe that the inverse spatial
Fourier transformation can now be carried out, so that we obtain

B (21,29, jw; ) = TXa, (21, 22)W(jw) exp(—2jwp h), w — o0,
| (13.134)
where p*™%9¢ is given by Eq. (13.97). Finally we apply an inverse temporal

Fourier transform. Since Eq. (13.134) holds for w — oo, we arrive at

lim p

t\T), imagE(wl,z% t (P) = q:X/\g(ml’ 2:2) W(t - Th) ’ (13'135)
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where the laterally variant vertical travel time T}, is given by
T;, = 2¢h. (13.136)

We observe that the space-time function of Eq. (13.135) starts to act at
the instant T, = 2ph. This instant is an image of the depth location of
the disk. The horizontal extent of the disk is completely determined by its
characteristic function.

13.8. Two-dimensional case

In the two-dimensional case, the interface 9D, is considered to be inde-
pendent of z,, hence this interface is described as

z3 = h(z1). (13.137)

We further consider the two-dimensional wavefield to be generated by a
monopole line source at 5 = (27,25 = 0). In the s-domain the source
wavefield at the two-dimensional observation point 7 = (1, z3) is given by

~inc

pr(erlet,s) = spg°(s)G(zr—2F,9), (13.138)
(27|25, 8) ~§5(s)0kG(zr—27, 9), (13.139)

with 9" = 0 and where the two-dimensional Green’s function is given by
(cf. Eqgs. (9.84) and (9.87))

Q(mT,s) = / G(.’B],icz, z3)dz; . (13.140)
.’L‘QG]R

The boundary-integral representation
Carrying out these two-dimensional modifications in the analysis of Sec-
tion 13.1, Eq. (13.17) has to be modified into

P (2R|25, ) = %W(s) AG(zr—zH, 5)G(z7— 27, s)dl, (13.141)

231*66][)9
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where z& = (zf, zf = 0) is the two-dimensional line-receiver position. The
function A = A(z7, 27— X, 2r—=4) is given by (cf. Eq. (13.20)) by

A= —((er|zr—23) (1m0 + v303)|zT — 25|

—((zr|er—2F) (10 + v303)|er — 25| .
(13.142)
Substituting the expression of Eq. (13.140) for the two-dimensional Green’s
function in Eq. (13.141) and interchanging the order of integration, we obtain

re RS Are RS R3S
zr|eT,s) = %2, s)dzy de; 13.143
P (z7leT, 8) /x{‘e]R/xge]Rp( |27, s)dzy dz; ( )

where
P (=825, )

= —W(s)/ AG(z)—zR, =k, 23—z, 5)G(z1 -2, 25, 23— 25,5)dl.
c zredD,
(13.144)
We observe that Eq. (13.144) has the same appearance as Eq. (13.17).
Moreover, Eq. (13.143) can be regarded as the spatial Fourier transform of

5" (2|25, s) with respect to 5 and z&, with transform parameters jsa; = 0
p ) 2 2 Jsay

and jsal = 0.

Fourier transform with respect to :cfz and :cf

In order to take advantage of the results of Sections 13.2 and 13.3 we
only need to transform Eq. (13.143) with respect to the receiver coordinate
zf and the source coordinate z{. Let us define the Fourier transform with
respect to zf and z? as

P’ (jsafl|jsat, s)

R [y (4 s S S\sr¢ R|.S Ri1.S
. exp(jsay ey +jsaiz e, s)dzitdzy .
/zlﬂen/xlsem p(jsay ey + jsayzy )P (zr|er, s)dey de;

(13.145)
Then, the two-dimensional variant of the analysis of Sections 13.2 and 13.3
becomes (cf. Eq. (13.78))

W(s)

5 (jsal|jsall s) = — L
p (jsayljsay,s) 4scTRYS

/ R E exp[js(af+ai )z, — s(xR4+15)h)dz,,
I €
(13.146)
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with E = E(zy;jal, jaf) given by

— 'aSh . — ‘(IRh R
E = o((2r]| =25, ) [ja0 h+ 1) + C(@r| g, b) liafdih+ 1],
(13.147)
and X .
1 H 1 H
TR = [c_z + (af)2] s Ts = [::3 + (af)z] . (13148)

We remark that this result is obtained from Eq. (13.78) by taking aff = 0
and a5 = 0.

Angular-frequency-domain analysis
First, we introduce the horizontal offset coordinate z¢ as

2 = 2R — 23 (13.149)

and in the spatial Fourier domain the coordinates p, and ¢; as
n = jaf, Q= j(a{% + af). (13.150)

Substituting these new coordinates in Eq. (13.145) and taking s = jw, we
obtain

P (Jwpiljw(q—p1), jw)

= / / exp(jwpiz{ + jwqz?)p (zf +27,0|27, s)de{ dz?
:EPE]R xISE]R.

(13.151)
while (cf. Eqs. (13.84) and (13.85))

?(J'WPIUW(% —p1), jw)

W(jw) / . _
~ 4iweTRYS E(z:; —p1)exp(jwqiz, — 2jwph)dz
4jweTRYS /o eR (z15P1, @1 —p1) exp(jwgrzy — 2jwph)dz; ,

(13.152)

where the vertical two-dimensional slowness ¢ = ¢(p1, ¢1) is given by

1 1
1 1 2 2 1 1 2 2
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(/31

Figure 13.6. The solution p; as a function of g; for some values of ¢.

In Section 13.5 we have studied the consequences of taking ¢ as new
independent variable. In the present two-dimensional case, by taking p, =
g2 = 0, we deduce from Eq. (13.88) that two real solutions of p, exist, viz.,

1 S -G - e
+ c

pr= - 13.154
vEgnte | e ( )

Fig. 13.6 shows the loci in the (g;, p1)-plane for some values of p. For ¢ = 1/¢
the locus degrades to a point in the origin. The real solutions of Eq. (13.154)
only exist for values of ¢; in the linear segment Q(¢),

2

Ap) ={n e & % < El,;— 0’} (13.155)
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For values of ¢; located inside this segment and for values of ¢ < c¢7I,
real solutions for p, exist and we define the domain P = P(qy,¢) as the
pertaining solution space. In this domain we perform the two-dimensional
imaging procedure.

Imaging

Following a similar procedure as in Section 13.5 we introduce ¢ as new
independent variable. From Eq. (13.164) it is clear that the solution space

P(qi, ) only contains the two values p and p;. Therefore the weighted
average of Eq. (13.152) is given by

—wght

P (q1, 0, jw) = W(]w)/ ]RE'”gM expljw(q1z1 — 2¢h)|dz,, (13.156)
z, €

for ¢; € Q(y), where

— . Jjw N . . .
P @, 0 jw) = < [T T (0~ F (Gt liw(ai =T, jw)

YR E7) 0 (a1 -p7) B (Gwpr ljw(a -7 ), iw)]
(13.157)
and

1 _ -
Ewght(zl; q,p) = ;1;; [E(-’Bl;PT,m—PT) + E(z1;p1, 01— P} )] - (13.158)
Observing that the contribution of the integral on the right-hand side of
Eq. (13.156), when w tends to infinity, comes from the stationary point
following from

q1 — 2(,061’1.(21) =0 9 (13159)

Eq. (13.156) is replaced by

ﬁwyht(ql s P, ]w) y

| (13.160)
= W(jw)/ E™9¢(zy; o) exp(jwgi1zy — 2jwe h)dezy,

J.‘]E]R-
with

Bme(y;p) = B (13.161)
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for w — oo and for q; € Q(p). The next step is to apply the inverse spatial
Fourier transformation yielding

570 (a1, s @) = B (a5 ) W(jw) exp(~2jwp h), w — oo,
(13.162)
with
w
2

~irmage

p (z1,jw;p) = / exP(*f‘“lel)ﬁwgm(Qh%jw)d% . (13.163)
1 €9(¢)

Equation (13.163) indicates how the recorded data have to be mapped.
We subsequently transform Eq. (13.162) back to the time domain. Since
Eq. (13.162) holds for w — oo, we observe that

t]}glpi"’“ge(zl,t; p) = E™9 (21, o)W (t - Tp), (13.164)
h

where the laterally variant vertical travel time T), = Tj(z;; ) is given by
Th(z1;¢) = 2 h(zy) . (13.165)

We observe that the space-time function of Eq. (13.164) starts to act at the
instant T, = 2¢ h(z;), so that we have a space-time image of the profile of
the interface as the envelope of the arrivals of the reflected causal wavelet
function. For a complete image of the profile of the interface it is necessary
that the domain Q = Q(¢y) contains all the stationary points given by ¢; =
20, h. Hence, from Eq. (13.155) it follows

sup (0,h)% < !

-1. 13.166
z;€R CZ(PZZ ( )

Computational procedure

The computational procedure can be summarized as follows:

o Collect the reflected wavefield p"(z¢ +z7,0[z3,t) in the t-domain.

e Transform these data to the angular-frequency domain. We then arrive
at the data p"(z{ +z7, 0|27, jw) in the (jw)-domain.

o Transform these data to the (jwp;, jwg;)-domain using Eq. (13.151).
We arrive at p (jwpi, jw(q1—p1), jw)-
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o Perform the weighted average (see Eq. (13.157)) of the data for some
particular choice of ¢; and ¢. The resulting data p*9"(g,, p,w) are
stacked over the domain Q(y); using Eq. (13.163), we obtain the func-
tion §™99(z, jw; ).

e Apply an inverse temporal Fourier transformation. We finally obtain
a space-time function p'™?9°(z, t; ) that contains the profile function
of the interface in its time delay (see Eq. (13.164)).

Note that all operations can be performed with Fourier transformations.

A numerical example of an imaged boundary is presented by FOKKEMA
and VAN DEN BERG (1992).

13.9. Imaging of the strip configuration

In order to arrive at an efficient scheme for computing the Fourier trans-
forms of the Radon type (see Eq. (13.151)), we proceed as follows. We
compute this transforms for a fixed frequency. Then from inspection of the
argument of the exponential function in the transformation kernel it follows
that the the desired result is best obtained by using a standard FFT routine,
where the products of slowness and frequency (wpi, wg) act as transforma-
tion parameters. The final result for discrete slowness values is obtained
by a linear interpolation. Operating in this way necessarily makes the valid
slowness range frequency dependent (FOKKEMA et al., 1992). The integral
on the right-hand side of Eq. (13.163) is identified as an inverse Fourier
transform of the Radon type by introducing a characteristic function of the
set Q(p) and is computed in a similar way.

To illustrate the imaging procedure, we use the wavefield in the strip
configuration in the homogeneous halfspace as it has been computed with
the integral-equation method of Chapter 9. The resulting two-dimensional
dataset of 255 sources and 255 receiver per source arranged in a split-spread
configuration is first deghosted with the method of Section 11.6. Next, this
dataset is used as input for the multiple-removal procedure outlined in Sec-
tion 12.5. These steps have been carried out to mimic a realistic processing
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sequence. After these preprocessing steps, the imaging procedure discussed
in the previous section is applied.

As comparison, we employ the results of the Kirchhoff approximation
explained in Section 13.7 for the case of the disk. The imaging result of
the strip using the Kirchhoff approximation follows immediately from the
analysis of the disk as the two-dimensional equivalent (cf. Eq. (13.135))

}ig"n p™9 (21, t; ) = Fxag(z1) W(t — Th), (13.167)
h

where the laterally variant vertical travel time T} is given by
Th = 2¢ph (13.168)
and where x5, denotes the spatial characteristic function of the strip area
Ag={z € R’ —a<z <a, —0 < z3< 00, 23 =h}. (13.169)

The — sign holds for the case of the compliant strip and the + sign holds
for the case of the rigid strip.

In Fig. 13.7 (top) we show the image for the compliant strip based on
the Kirchhoff approximation. Here, we only have calculated the analytical
expression of the right-hand side of Eq. (13.167). We have chosen ¢ = 0.9/¢
with ¢ = 1457 m/s. In Fig. 13.7 (bottom) we present the image result for the
compliant strip based on the complete processing sequence. In comparing
these results we conclude that the imaging procedure performs very well at
the center, but slightly degrades towards the edge of the strip, as far as the
wavelet appearance is concerned. This means that not all energy diffracted
from the edges has been migrated. Similar results are shown in Fig. 13.8
for the rigid strip, both for the Kirchhoff approach (top) and the complete
processing sequence (bottom).

These results conclude our discussion of the boundary imaging.
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Figure 13.7. The imaged compliant strip based on the Kirchhoff approximation
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Chapter 14

Domain Imaging

In this chapter we discuss a method to image a domain discontinuity
of the earth parameters. As starting point, we take the domain-integral
representation. We employ the first Born approximation for the total wave-
field in the contrasting domain. In the wavefield, we separate the horizontal
phase contribution from the vertical one by employing a Radon transform
with respect to the horizontal source and receiver coordinates only. As next
step we switch to the frequency domain (imaginary axis in the complex
Laplace-transform domain) and the vertical slowness is taken as indepen-
dent variable. In the space-time domain we obtain an image of the contrast
function as a temporal convolution of the wavelet and the time depth of the
contrast function.

14.1. The domain-integral representation

We consider the wavefield to be reflected by a contrasting domain of
bounded extent, present in a homogeneous embedding of infinite extent. Let
D, be the bounded domain occupied by the scatterer. The domain exterior
to Dy is denoted by D. In D, the medium is homogeneous with material
constants p and & (Fig. 14.1). We assume that the contrasting domain has
no contrast in the volume density of mass. Then, in D, the constant p is the
volume density of mass and k9 = k9(z) is the compressibility. The impulsive
wave motion generated by a point source at z° = {z7, 25,0} starts to act
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at t = 0. The receiver is located at 2/ = {z£,z%, 0}.

In the s-domain, the source wavefield at the observation point = origi-
nating from a monopole source at z° is then denoted as {*"°, dinc}(z|25, s)
and is given by

P(z|25,s) = sp§°(s)G(z—25,s), (14.1)
(2|2, s) = —§5(s)0G(z—25,5), (14.2)
where the Green’s function
s
o S .
(=,8) = W—’ c=(pr)"2. (14.3)

The wavefield in D reflected by the contrasting domain D, is given by
{p", 91} (z|z°, s). The reflected wavefield can be considered as the wavefield
generated by secondary volume sources (monopole sources) in the domain I,
and it can be expressed in terms of these volume sources as (cf. Eq. (8.16))

7 (a®25,s) = /:;ce]D G s(k—k9)p(z|z5, 5)dV (14.4)
g9

where p denotes the total wavefield in the contrasting domain and where the
Green’s state GY is given by

Gi(zR|z,s) = spG(z—2zf,s). (14.5)

Using the first Born approximation for the total acoustic pressure in the
contrasting domain (cf. Eq. (8.24))

p(z|z®,s) = p'"(z|2, s), (14.6)
together with Egs. (14.1) and (14.3), the integral representation of Eq. (14.4)

becomes

SZ 2

7 (z"|z5, 5) = EEW(S)/MD X(2) Gz —2zR, 5)C(z-25,5)dV,  (14.7)

where W (s) = spg®(s) is the source wavelet and x is the contrast function

x(z)=1-S =1 (S)2, o = (pw?)t. (14.8)

K c9
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Figure 14.1. The contrasting-domain configuration.

Using Eq. (4.60), the Green’s function follows as an inverse spatial Fourier
transform with respect to the source coordinates,

1

G(z —=z%,s5)= —/
( ’ ) (27()2 (saf,sag)em?
expjsas(z;—23) + jsas (zy—2z5 ) — sT5z3) dA
2sT'S ’
(14.9)
with
1 L
1= |54 @+ ] (14.10)

and as an inverse spatial Fourier transform with respect to the receiver co-
ordinates as

A 1
Clz—2R, )= /
(:B T s) (27r)2 (san_ 8&;‘)6]&2

10

exp(jsaf(z;—zf) + jsal(z,—2f) — sTRz;)
2sTR

dA
(14.11)
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with

-

TR = + (af)? + (aR) (14.12)

Note that we have used z5 = z{ = 0 and z3 > 0 in D,.

We consider a seismic experiment as the collection of measurements of
the seismic signal at different receiver positions. This procedure is repeated
for different source positions. This means that the values of 5" (2F|25, s) are
the (to the s-domain transformed) recorded signals for all zf and 2°. Our
objective is to use Eq. (14.7) for the reconstruction of the contrast function
x(z). To meet our objective we apply a spatial Fourier transformation with
respect to the horizontal source coordinates followed by a spatial Fourier
transformation with respect to the horizontal receiver coordinates.

14.2. Fourier transform of source and receiver
coordinates

We first define a Fourier transform with respect to the horizontal source
coordinates, viz.

Flaflisa®,s)= [ exp(jsafef + jsafef)p (=" 2%, s)dA,

(=723 zf)eR’®
(14.13)
where o = {a}, a5} is a two-dimensional vector, while saf and saj are
real transform parameters. We subsequently define a Fourier transform with

respect to the horizontal receiver coordinates, viz.

7 (jsalt|jsa® s) :/ , exp(jsaliel + jsaleR)p" (2f|jsa® s)dA,
(a:fl,x,f)em

(14.14)

where a® = {af, al!} is a two-dimensional vector, while salt and saf are

real transform parameters.

Substituting the expressions for the Green’s functions of Eqs. (14.9) and
(14.11) in Eq. (14.7), the result of the Fourier transforms of Egs. (14.13) and
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(14.14) becomes

. Ry W(s)
=r R S —
P (jsa|jsa”,s) = 1c2TRTS /zel)g
x(z) exp[js(al+as)z, + js(al+ad)zy — s(TR4T5)z;3]dV .

(14.15)
With this result we finish our analysis for arbitrary values of s (Re(s) > 0).
We want to carry out the further analysis along the same lines as in Chapter
13. We therefore switch to the angular-frequency domain.

14.3. Angular-frequency-domain analysis

We introduce the horizontal offset coordinates :1:10 and zg as
¥ =2l 2y, 20 =2 -2}, (14.16)

and in the spatial Fourier domain the coordinates p = {p;,p:} and q =
{a01, 0} as

p=jaf, q= i(af + aS). (14.17)
Substituting these new coordinates in Eqs. (14.13) and (14.14) and taking
8 = jw, we obtain

exp(jwqay + jwge;)dA

§.25)eR?

7 (jwpliw(g—p), jw) = /(

exp(jwpl:c? + jwpgzg)ﬁ'(z?+zf, z;)-l—:czs, Olzs,jw)dA .
(=€ Io)em'l

(14.18)
Equation (14.18) constitutes the temporal Fourier transform of the Radon
type with respect to the source coordinates and the offset coordinates. In
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view of Eqgs. (14.13) and (14.14), we may replace Eq. (14.15) by

P (jwpljw(qa—p),jw)

W(jw . : ,
= :1—(:—2%‘—[{‘]?)? - x(z) exp(jwqiz1 + jwgozs — 2jwepzs)dV.
(14.19)
Here, we have introduced the vertical slowness ¢ = ¢(p, q) as
171 : 11 3
Y= 3 [C—Z - pf - pg] + b {25 (¢ —P1)2 - (92—172)2 . (14.20)

In Eq. (14.19) we have extended the integration over the contrasting domain
D, to R?. This is allowed because the contrast function x is zero outside
the contrasting domain.

14.4. Imaging

After introducing ¢ as new independent variable, we have observed that
the solutions p of Eq. (14.20), for given values of g and ¢, are located in the
domain P(q, ¢) (see Section 13.5). Of all these solutions, we take some aver-
age solution. For a particular value of g and ¢, we take a weighted averaging
of the quantity of Eq. (14.19) over the domain P = P(q, ). Therefore, we
multiply both sides of Eq. (14.19) with the factor 8¢c?I'RT'S and integrate
both sides of the result over the domain P. This leads to

P (q, o, jw) = 20W (jw) -/:l:em“ x(z)exp[jw(q1z1 + qaz2 — 2p23)]dV ,
q € Qy), (14.21)
where
[ TRe)S(a-p)Flip, jula-P), jw)dA
ﬁwght(q’ 903“)) — &PCZ PEP(Q.v)
/ dA
PeP(q:¥)

(14.22)
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We stress that Eq. (14.21) holds for g € Q(¢). Now, outside this domain we
assume that the right-hand side of Eq. (14.21) vanishes. After the Born ap-
proximation this is the second approximation we make. In order to maximize
the domain of validity of this approximation we take the domain Q(yp) as
large as possible. From Eq. (13.89) it follows that this is arrived at by taking
¢ as small as possible. For high frequencies we observe that the right-hand
side of Eq. (14.21) has its main contribution around the point ¢; = ¢ = 0.
This is an interior point of Q(¢) and the assumption that the right-hand
side of Eq. (14.21) vanishes outside Q(¢) is realistic. Hence

0= 2<,0W(jw)/ - x(z)expljw(qiz1 + q2z2 — 2p23)]dV,
re (14.23)

q € R\Q(p), w — 0.

The combination of Eqgs. (14.21) and (14.23) defines a spatial Fourier trans-
form with respect to the coordinates =, and z, with transform parameters
jwgq, and jwgq,. The inverse spatial Fourier transform yields

ﬁ""“ge(zl,mz,jw;so)=2¢/ p X@) W (i) exp(-2jwpas)dzs , (14.24)
3

with

pimage(zl 1y 22, Jw; ‘P)

w 2 . . .
= ( ) / exp(—jwqiz — jwgzs )5 (q, ¢, jw)dA .
qeQ(y)

27
(14.25)
Equation (14.25) indicates how the recorded data have to be mapped. We
subsequently transform Eq. (14.24) back to the time domain; this leads to
the result

2‘P/ R x(z1,22,23) W(t - 20z3) dzs = p™*9%(z1, 29, t; ). (14.26)
z3

Introducing the new integration variable ¢’ = 2¢pz3, we obtain

!/

t .
[ X@ e ) W= )8 = 5™ (e, 20 ti0). (14:27)

We observe that the temporal convolution of the wavelet and the contrast
function at the depth of t/2¢ is equal to p*™29¢,
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Constant contrast in D,

In the special case that the contrast in D, is constant, we can image the
boundary of 0D, as follows. First we multiply the data in the frequency
domain with the factor jw. This also happened in the procedure of the
boundary imaging of Chapter 13. Then, Eq. (14.24) is replaced by

2jw<p/ e]RX(t) W (jw) exp(-2jwpzs)dzs = 8p™ (21, 22, jw; @),
T3

(14.28)
with
aﬁtmuge(zl, Z2, jw; ()0) = jwﬁamage(zl’ T2, jw; ‘P) . (1429)
Next we apply an inverse temporal Fourier transform
20, / m><(='=)W(t — 2p23) deg = Op ™9 (21, 22,4 ) . (14.30)
r3€

Since the medium in the contrasting domain is homogeneous, we may express
the contrast function in the characteristic function of the domain as

x(z) = [1- (5| x,(2)- (14.31)

With this expression, we can calculate the integral at the left-hand side of
Eq. (14.30) as

20, / x(2) W(t — 2pz3) dzs
.’tsem

tl
= 6t/ x(z1,z2, —)W(t - t')dt’
t'eR 2p (14.32)

I

€42 t—t NS,
1= G a [ xm,ene SO W)

[1 - (:_9)2] sign(—va)W(t = 2pza)) o0

where v3 = v3(z) is the vertical component of the normal vector on 0D,.
The latter is directed away from D, (see Fig. 14.1). Hence, we finally obtain

O™ (a1, 0, t59) = |1 = (5] sign(-va)W(t - 2pma)y o . (14.39)

zedD
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This result is equivalent to the boundary imaging of Eq. (13.98). The mul-
tiplication of the data with jw leads to an extra factor in the averaging
procedure of Eq. (14.22). Apart from a constant factor, the domain aver-
aging procedure is then equivalent to the boundary weighting procedure of
Eq. (13.91).

14.5. Two-dimensional case

In the two-dimensional case, the configuration 0D, is considered to be
independent of z,. We further consider the two-dimensional wavefield to be
generated by a monopole line source at :1:‘79~ = (:1:‘1g , zg = 0). In the s-domain
the source wavefield at the two-dimensional observation point z7 = (z1, z3)
is given by

P(zr|es,s) = spiS(s)G(zr—23,s), (14.34)
i (erlet,s) = —§°(s)0b(zr—27,5), (14.35)

with 9" = 0 and where the two-dimensional Green’s function is given by
(cf. Egs. (9.84) and (9.87))

G(zT,s) :/ mé(ﬂil,:ﬂz,zg)d:ﬂz. (14.36)
T2€

The domain-integral representation

In the two-dimensional case, the representation for the reflected wavefield
becomes (cf. Eqs. (14.4) and (14.5))

. RIS 4 R
F(efles, )= s [ (k- x9)0(er—zk, o)plerle, s)dA, (14.37)
zrel,
where zF = (2,28 = 0) is the two-dimensional line-receiver position. We
now use the first Born approximation for the total acoustic pressure in the
two-dimensional contrasting domain D,,

~ Alnc

plzr|es, s) = p(zr|2T, 5) . (14.38)




310 DOMAIN IMAGING

Substituting the expression of Eq. (14.36) for the two-dimensional Green'’s
function in Eq. (14.37) and interchanging the order of integration, we obtain

“rr RIS Aare Ry S Ry S
zrleT,s8) = z"|z”, s)dzy dzs, 14.39
P(=ri2t, ) /zglen/zgemp( 7, s)dz dz ( )

where

2
g RS oy ST /
T ,8) = =W
P( I"’ 3) 2 (3) zreD

x(z1) Gz -2l 28 23— 28 5)G(z, - 27,25, 23— 25, 5)dA .
(14.40)
We observe that Eq. (14.40) has the same appearance as Eq. (14.7). More-
over, Eq. (14.39) can be regarded as the spatial Fourier transform of the
quantity p"(z®|5,s) with respect to z5 and zf, with transform parame-
ters jsag =0 and jsag"' =0.

Fourier transform with respect to & and 2:‘19

In order to take advantage of the results of Section 14.2 we only need

to transform Eq. (14.39) with respect to the receiver coordinate zf and the

source coordmate z7. Let us define the Fourier transform with respect to

zf and z7 as

P (jsaf|jsal,s)

= [en foen optisatat + jsalal)p(afof, s)dafass
€

(14.41)
Then, the two-dimensional variant of Eq. (14.15) becomes

P (jsati|jsaf,s)

W(s) s X s
- 462TRTS »/:‘BTE]Dg X(ZT) exp{JS(al +a1 )231 - S(T +T )z3]dA ’
(14.42)

with 1
r“:[i+(a{f)2r, 15 = [ +(a1)] . (14.43)
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Angular-frequency-domain analysis

First, we introduce the horizontal offset coordinate :c? as

20 =R _2f (14.44)
and in the spatial Fourier domain the coordinates p; and ¢; as
p1=jaf, @ =j(af+af). (14.45)

Substituting these new coordinates in Eq. (14.41) and taking s = jw, we
obtain

P (jupmljw(g—p1),jw)

. . o 6] S S 0,3..5
= / / exp(jwpiz{ + jwqizy) B (2 +27,0/=7F, s)dzPde?
xloe]R .’L‘ISE]R

(14.46)
while (cf. Egs. (14.19) and (14.20))
P (jwpiljw(q—p1), jw)
(14.47)

W (jw) . .
= 4c2TRYS /:crremz x(zT) exp(jwqiz; — 2jwpz;)dA,

where the vertical two-dimensional slowness function ¢ = ¢(p;, ¢1) is given
by
11 3 1[1 >
2 2
e = (q— . 14.48

4 2[c2 pl] +2[c2 (o p‘)] (14.48)
In Eq. (14.47) we have extended the integration over the contrasting domain
D, to R%. This is allowed because the contrast function is zero outside the
contrasting domain. In Section 13.5 we have studied the consequences of
taking ¢ as new independent variable. In the present two-dimensional case,

by taking p; = ¢; = 0, we deduce from Eq. (13.88) that two real solutions
of p; exist, viz.,

1 1.2
1 c_2_4‘91“P

14.49
19 + ¢ (14.49)
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The real solutions of Eq. (14.49) only exist for values of g; in the linear

segment Q(yp),
2

1
Q) ={m € B -qj <5 -¢ (14.50)

For values of q; located inside this segment and for values of ¢ < c¢7!,
real solutions for p; exist and we define the domain P = P(¢y, ) as the
pertaining solution space. In this domain we perform the two-dimensional
imaging procedure.

Imaging

Following a similar procedure as in Section 14.4 we introduce ¢ as new
independent variable. From Eq. (14.49) it is clear that the solution space

P(q1, ) only contains the two values p and p;. Therefore the weighted
average of Eq. (14.47) is given by

9 (g1, 0, jw) = Z‘PW(J"”)/:C R x(zr)expljw(qiz: — 2pz3)]dA,
T

(14.51)
for g1 € Q(p), where

P(q1, 9, jw) = dpc? [YR(B1 )15 (01 - pF) F (Gopt (i —p}), w)

FYR(p7 ) (01 -7) B (G liwla—p7 ), 5w))
(14.52)
Similar arguments as used in Section 14.4 lead to the following representation
for the imaged pressure wavefield

(e wie) = 2 [ x(er) W(io) exp(-2jwpm)dzs,  (1453)

with

w . . .
—/ exp(—jwq121)p"" (g1, 9, jw)dg; . (14.54)
27 q1 €Q(v)

~image

P (21, jwip) =

Equation (14.54) indicates how the recorded data have to be mapped. We
subsequently transform Eq. (14.53) back to the time domain; this leads to
the result

20 [ x(@n,z) Wit - 2pms) dea = p" (@1, tiy) . (1456)
r3€
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Introducing the new integration variable t’ = 2¢pz3, we obtain

/

t ; image
/ Rx(ml, %) W(t—t)dt = p™9(z1,t; ). (14.56)
t'e

We observe that the temporal convolution of the wavelet and the contrast
function at the depth of t/2¢p is equal to p*™?9°.

Computational procedure

The computational procedure can be summarized as follows:

o Collect the reflected wavefield p"(z? + 27, 0|2, t) in the ¢-domain.

e Transform these data to the angular-frequency domain. We then arrive
at the data p"(z¢ +2,0|25, jw) in the (jw)-domain.

e Transform these data to the (jwp;, jwg;)-domain using Eq. (14.46).
We arrive at §' (jwp1, jw(g1 —p1), jw)-

o Perform the weighted average (see Eq. (14.52)) of the data for some
particular choice of ¢; and ¢. The resulting data ﬁ"’ght(ql,p,w) are
stacked over the domain Q(¢); using Eq. (14.54), we obtain the func-

tion p*™a9¢(z,, jw; @).

e Apply an inverse temporal Fourier transform. We finally obtain a
space-time function p'™®9¢(z;, t; ) that is a convolution of the wavelet
and the time depth of the contrast function (see Eq. (14.56)).

Note that all operations can be performed with Fourier transformations.

Constant contrast in D,

In the special case that the contrast in D, is constant, we can image the
boundary of 0D, as follows. First we multiply the data in the frequency
domain with the factor jw. This also happened in the procedure of the
boundary imaging of Chapter 13. Then, Eq. (14.53) is replaced by

2jwe Rx(zT)W(jw)exp(—2jw(p23)dz3 = 8p'™(zy, jw; ), (14.57)

z3€
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with

Op™ (21, jw; @) = jwp ™ (21, jw; ). (14.58)

Evaluation the left-hand side of Eq. (14.57), see Eq. (14.32), leads to

: c
Op'™9(zq,t;p) = [1 - (—)2] sign(—v3)W(t — 2<p2:3)‘ . (14.59)
cd ZTEBDg
where v3 = v3(27) is the vertical component of the normal vector on oD,.
The latter is directed away from D (see Fig. 14.1). This result is equivalent
to the two-dimensional boundary imaging of Eq. (13.164). The multiplica-

tion of the data with jw leads to an extra factor in the averaging procedure
of Eq. (14.52).

14.6. Two-dimensional scattering by a circular
cylinder

In order to generate synthetic data for a domain scatterer, we con-
sider the scattering problem by a homogeneous, circular cylinder (Fig. 14.2).
The cylinder has a radius a. The medium in the interior of the cylinder is
characterized by the constants p and k9. The center of the cylinder is at
z; = 0, z3 = d. The incident wavefield is generated by a monopole line
source at z5 = (27,23 = 0). From Egs. (14.34) and (9.96) it follows that
this incident wavefield is given by

W(s)
27

Pr(erlad, o) = 5 2 Ko(Cler—=71) . (14.60)

In order to solve our scattering problem at hand, we introduce local polar
coordinates adapted to the geometry of the circular cylinder,

z; =7rcos(¢), zz=d+rsin(d), —-T<P< 7. (14.61)
Similarly for the source coordinates, we introduce

23 = r5cos(¢°), 5 =d+r7sin(¢°), —-w <@ <. (14.62)
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Figure 14.2. The circular-cylinder configuration.

Then, using the addition theorem for modified Bessel functions (WATsON,
1944, p. 361) we observe that the incident acoustic pressure is represented
as an infinite series, in which the spatial dependencies of z7 and z,? are
degenerated, viz.,

~inc

p

("’T|=L'§9*, s) = ﬁ

\

> La(Sr) Kn(5r®) cos[m(e—¢5)],

1'51'5,

D Km(gr)Im(zrs)cos[m(d)—d)s)],
T r > rs.

(14.63)

Here, I,,(-) is the modified Bessel function of the first kind and m'® or-
der, while K,,(-) is the modified Bessel function of the second kind and m*"
order. Note that, according to the first expression of Eq. (14.63), the in-
cident wavefield in 7 = 0 is bounded; according to the second expression
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of Eq. (14.63), the incident wavefield satisfies the causality condition when
7 — 00. For points on the surface of the cylinder with radius a, the first
expression of Eq. (14.63) applies. Taking into account the causality condi-
tion for the reflected wavefield, we write the reflected wavefield outside the
scattering cylinder as

W(s) & s

jjr(lez?'vs):— Z /ime(c

o r) Km(=7%) coslm(¢— ¢°)] . (14.64)

m=--00

The wavefield inside the cylinder has to be bounded at » = 0, hence, we
write this interior wavefield as

Flarlaf ) = T Y B 1 () Kl ) coslm(d- 6. (14.65)

2T cd

m=——oo

The unknown expansion factors A,, and B,, follow from the boundary con-
ditions at r = a, viz.,

lrifil[ﬁi"c(let¥,S)+13r(“=T|==§,5)] = lf%ﬁlﬁi(let%S),
(14.66)
lim w37 (a1l ) + Gh(erlef, o) = lim veii(erlef, o),
(14.67)

where vy is the normal vector in the radial direction of the cylinder. Using
Eq. (7.70), that expresses the particle velocity in terms of the pressure, the
resulting two boundary conditions can be solved for the reflected and interior
wavefield expansion factors. The results are

S S S 8 L] $
> 0Ln(50) In(a) — 20In(2a) In( > a)
L]

s S S S S ’
C—gBIm(—cga) Km(;a) — zaKm(za) Im(zga)

m =

(14.68)

where 01,,(-) and 8K ,,(-) denote the derivatives of the functions I,,, and K,
with respect to their arguments. Substituting these reflection factors in the
expression for the reflected wavefield of Eq. (14.64) and taking z1 = 2%, we
are able to compute the synthetic data pertaining to the present example of
a domain scatterer. The various expressions to compute the modified Bessel
functions can be found in ABRAMOWITZ and STEGUN, 1968, pp. 374-388).
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The numerical procedure

As a scattering configuration we consider the situation shown in Fig. 14.2.
The center of the circular cylinder is located at z; = 0 m and z3 = 150
m, while the radius of the cylinder is 50 m. The acoustic wave speed of
the fluid embedding amounts to 1457 m/s. We consider a cylinder of low
contrast (¢? = 1800 m/s) and high contrast (¢? = 2500 m/s). The sources
and receivers are located at z3 = 0. The shape of the input source wavelet
W (t) in the time domain with a sample rate of 2 ms is shown in Fig. 9.10.

The series in the representation of the reflected wavefield of Eq. (14.64) is
truncated and 61 terms are taken into account (—30 < m < 30), independent
of the frequency. In our numerical computations we take

s=4+jw. (14.69)

Note that we have taken a real part that is independent of w. This means
that the temporal forward and inverse Fourier transformations can be em-
ployed. Apart from a factor exp(4t), these transforms are standard Fourier
transforms and are computed with FFT routines. We employ a 512-points
FFT routine with a temporal sample interval of 2 ms. Hence, the interval 0
- 0.51 s is the time interval in which we model and present the causal wave
motion.

To simulate a two-dimensional seismic experiment we have computed the
synthetic seismograms for 255 different source positions, starting at z7 =
—444.5 m and ending at z7 = 444.5 m with an increment of 3.5 m. We
have used 255 receiver positions per source, arranged in a symmetrical split-
spread fashion, starting at zf® = 2§ —444.5 m and ending at zf = 25 + 444.5
m, where :1:‘19 is the horizontal source position.

Fig. 14.3 shows the reflected wavefield from a cylinder with low contrast
for the lateral source positions z§ = 0 m and ¥ = —105 m, respectively.
Fig. 14.4 shows the pertaining results for a cylinder with high contrast. We
observe that the upper curve in all these figures represent the reflection
from the upper part of the boundary of the cylinder, while the lower curve
represents the reflection from the lower part of the cylinder boundary, after
transmission through the interior medium with wave speed c,. The shape
and the position of the upper curve are almost independent of the contrast
of the cylinder, while the shape and the position of the lower curve clearly

depend on the interior wave speed.
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Figure 14.5. The ideally imaged circular cylinder.
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where
1
Xeyt(£1) = {1,—2-,0} when {|z1| < a, |z1] = a,|z1| > a}. (14.71)

The time-domain counterpart of Eq. (14.70) yields the ideal image of the
circular cylinder. This result for p™?% is shown in Fig. 14.5. Note that
p'™%9€ represents the superposition of two time retardations of the integrated
wavelet. When |z,| — a, we observe that p'™?%¢ tends to zero. Hence, a
vertical boundary cannot be imaged.

In the next figures we show the image of the circular cylinder. The re-
sults are based on the processing sequence discussed in Section 14.5. In the
imaging process, the choice of the vertical slowness parameter ¢ is impor-
tant. As we have shown in Section 14.4 the objective is to maximize the
domain Q(¢) by taking ¢ as small as possible. However, on the practical
side, the smallest value of ¢ that we can take, is constrained by the avail-
ability of the data in the domain Q. In Fig. 14.6, we show the results for
the cylinder of low contrast, where we have taken ¢ = 0.9/c and ¢ = 0.7/c,
respectively. Clearly, the results for ¢ = 0.7/c reveals more curvature of the
boundary of the contrasting domain than the results for ¢ = 0.9/c. The
artifacts in the images are caused by the discretization of Eq. (14.54). Sim-
ilar results are shown in Fig. 14.7 for the circular cylinder of high contrast.
Again the imaged curvature depends on the chosen values of ¢. Apart from
these phenomena, the imaged circular cylinder becomes egg-shaped. This
is caused by the failure of the Born approximation in reliably representing
the interior wavefield. The upper part of the boundary of the contrast-
ing domain is correctly positioned, while the lower part of the boundary
is deformed. Improvement could be obtained by considering an adaptive
version of an inhomogeneous background medium, but then the resulting
imaging analysis has to be modified completely. This modification will lead
to a domain-imaging procedure based on the generalized Radon transform
(BEYLKIN, 1985). The same applies for the boundary-imaging procedure
with an inhomogeneous background (BLEISTEIN, 1987). It is remarked that
it does not make sense to complicate the imaging procedure too much. We
suggest to switch to a full seismic-inversion process, where we can use the
results from the imaging step as a priori information. This is discussed in
the next chapter.
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Chapter 15

Seismic Inversion

In a seismic inversion problem, the aim is to reconstruct the distribu-
tion of constitutive parameters of a domain, whose interior is inaccessible
to direct measurements, by probing it from the outside. To this end, the
domain is considered as a contrasting domain in a known background con-
figuration. The probing is carried out by irradiating the object by known
acoustic sources, while the resulting wavefield is detected at a number of
receiver positions. In seismic imaging, the approximate location of the sub-
surface scatterers is determined. Then, seismic inversion as a following-up
process uses this result in its quest for the more precise information about
the spatial dependent constitutive parameters (CLAERBOUT, 1985, 1992).

Application of both the field reciprocity and the power reciprocity the-
orem leads to various mathematical formulations of the inversion problem
at hand (BLok and ZEYLMANS, 1987). A common feature is the interac-
tion between the actual state and a computational state. The analysis of
this chapter confines to the application of the field reciprocity theorem. As
point of departure, the domain-integral representation derived in Chapter 8
is employed.

As a consequence of the non-destructive nature of the measurements, the
data are confined outside the scattering object. This means that the resulting
integral equation lacks data support inside the scattering domain. This
makes the inverse problem essentially ill posed. Our inversion strategy is to
enforce the consistency of the domain-integral equation inside the scattering
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object. The problem of data uncertainty and data redundancy (TARANTOLA,
1987) is not addressed in this chapter.

15.1. The domain-integral representation

We consider the wavefield from a monopole source at z° to be reflected
by a contrasting domain of bounded extent, present in an inhomogeneous
embedding of infinite extent, the background medium, with material parame-
ters p(z) and k(z). Let D, be the bounded domain occupied by the scatterer.
The domain exterior to D, is denoted by D (Fig. 15.1). We assume that the
contrasting domain has no contrast in the volume density of mass. Then, in
D, p(x) is the volume density of mass and &9(z) is the compressibility. The
acoustic wave motion generated by a point source at 5 = {z5,z5, 0} starts
to act at ¢t = 0. The receiver is located at z? = {22 0}.

In the s-domain, the source wavefield at the observation point = origi-
nating from a monopole source at =5 is then denoted as {§'"°, 1i*}(z|z5, s).
The incident pressure wavefield is given by

p(zl25, 5) = §5(s)G(=|25, 5), (15.1)

where G is the Green’s state of the background medium (cf. Eq. (7.8)).
The wavefield in D reflected by the contrasting domain D, is given by
{p", 9. }(z|25, s). The reflected wavefield can be considered as the wavefield
generated by secondary volume sources (monopole sources) in the domain Dy
and it can be expressed in terms of these volume sources as (cf. Eq. (8.16))

ﬁr(lezS,s):/ L GU(2F, $)s(x—w)p(el=®, $)aV (15.2)
re

g

where p denotes the total wavefield in the contrasting the domain and where
G is the Green’s state of the background medium.

The inverse problem consists of determining the compressibility k—&9 in
D, from measurements of p” in D. If we assume that the total wavefield p
in D, is known, then, in principle, the compressibility x— &Y can be found
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Figure 15.1. The inaccessible domain Dy.

by matching the right-hand side of the integral representation of Eq. (15.2)
to the data measured at all receiver locations, for all source positions and
all s values. However this is an ill-posed problem, because in Eq. (15.2) the
equality sign applies at the receiver locations in D, while the unknown has
to be determined in ;. Moreover, the total wavefield p is also unknown in
D,. If we assume that the compressibility x — &9 is known, the latter total
wavefield in D, follows from the integral equation (cf. Eq. (8.18))

p(zle®,s) - fz,@gc‘ﬁ(zw, $)s(k—KI)p(e' |25, 5)AV (153)

= p"(zlz5,s), zED,.

Hence, we observe that the compressibility x — k9 can be determined from
Eq. (15.2) using Eq. (15.3) as a constraint. In fact, we have a non-linear
problem for the solution of x — &9, since the total wavefield in Eq. (15.2)
depends on & — &9 through Eq. (15.3). There are several methods to solve
this non-linear problem.
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The Born approximation is well known as a tool in attempts to solve
inverse problems (see e.g., CLAYTON and SToLT, 1981, COHEN et al., 1986).
Application of this method to the present problem boils down to the following
procedure. One tries to determine an unknown compressibility from mea-
surements of a reflected wavefield in some measurement domain exterior to
the scattering object. The essence of this approach involves making a guess
of the wavefield in the object. In the Born approximation, the wavefield is
guessed to be the incident wavefield. Then, the compressibility contrast is
determined by minimizing the discrepancy between the right-hand side of
Eq. (15.2) and the measured data at the receiver locations on the left-hand
side of Eq. (15.2).

In the iterative Born method (see e.g., DEVANEY, 1982, TuuHUIS 1987,
HaBAsHY and MITTRA, 1987), the compressibility is updated iteratively
as follows. With the compressibility found from the Born approximation,
the integral equation (15.3) is solved in order to update the wavefield in
D,. This wavefield is used again in the integral representation of Eq. (15.2)
to determine a new compressibility by minimizing the discrepancy between
the right-hand side of Eq. (15.2) and the measured data at the receiver
locations. This iterative process is continued until the defect in matching the
measured data is reduced to an acceptable level. Essentially, the updating
involves a linearization of the non-linear dependence of the wavefield on the
compressibility. In this method, the background medium and its Green’s
function remain the same in all iterations.

A variant is the distorted-wave Born method (see e.g., BEYLKIN and
ORISTAGLIO, 1985, ToBOCMAN, 1986, CHEW and WANG, 1990). In a partic-
ular iteration of this method an update of the compressibility is obtained. In
the next iteration, the background medium is determined using the updated
compressibility. Hence, the Green’s function is updated in each iteration. In
seismics this is known as the updating of the background model or macro
model.

The main disadvantage of all these methods is that finding the compress-
ibility from the integral representation of Eq. (15.2) remains an ill-posed
problem and regularizing techniques should be used. Since the application
of the latter techniques in the present inversion problem seems to be more art
than science, we shall propose a method where the integral equation (15.3)
itself serves as a regularizer. In this method we minimize the discrepancy in
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the satisfaction of both Eq. (15.2) and (15.3) simultaneously. This procedure
retains the non-linear relation between the unknown compressibility and the
unknown acoustic wavefield in the object.

15.2. Simultaneous minimization

Introduce the (compressibility) contrast x by
k(z) = k(z) — £9(z). (15.4)

Then, the integral representation of Eq. (15.2) can be written as

7 (aR|25, ) :/ G9(2R|z, s)sk(z)p(z|25, s)dV, (15.5)
e,
where #® € Dy and Dy is the domain where the receivers are located.

The domain where the sources are located is denoted as Dg. In our seismic
situation these two domains coincide, viz., the plane z3 = 0. The integral
equation (15.3) can be written as

p(z|z5, ) ~][ D Gi(z|2', s)sx(z")p(' |25, 5)dV = p™(z|25, s), (15.6)
x'cl),

where # € Dy and D, is the domain of the unknown compressibility contrast.
We assume that the (discrete) values of s (Re(s) > 0) are located in the
domain (s € Ct).
Next, we introduce the operator

M{xp}(zR|25,5) = /; _p GU(le ax(@)i(ele®,)av, (157

that maps xp from the domain {z|z%,s} € D, x Dg x C* to the domain
{zR|2%,s} € Dr x Ds x C*. We further define an inner product and norm
on the domain Dr X Ds X C* as

(@, d)p = ./:;:RGDR dA/m > a(z|2®, s)i*(="|2",s)dA  (15.8)

S
€Ds sec+
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and

=

2
illg = / dA/ a(eR, 25, s)2dA| . 15.9
ol [zRGDR ep, 2 006 <50) (15.9)

Subsequently, we introduce the operator

L{x,p}(=|2%, s) = p(z|25, s) — K{xp}(z|z>,s), (15.10)

where

K{xp}(z|z®,s) = ][z'e]D GI(z|2/, s)sx(z)p(z' |25, 5)dV (15.11)

that maps xp from the domain {z'|z°,s} € Dy x Ds x C* to the domain

{z|2%,5} € D, x Dg x C*. We also define an inner product and norm on
the domain Dy x Dg X C* as

U, V) = dV/ a(z|z®, s)o (|2, s)dA 15.12
(03l = [, W [ sep, 2 8ele% 0%l 00 (1512

and

1], = [/%D av S Ja(zlz, s)2dA| . (15.13)

S
z5eDs sect

The seismic inversion problem is that of finding x(z) and p(z|z5, s), for
z in Dy, from the two equations

M{xp}(e®|z5,s) = p"(=|2%,s), =R e Dg, 2°5€c Ds, s€C*, (15.14)

L{x,p}(z|z%,s) = $™(zlz%,s), z€D,, °€Ds, s€Ct. (15.15)

We observe that this is a non-linear problem for the compressibility contrast
x(z) and the wavefield p(z|z5, s).

One way to solve this non-linear problem is to linearize and consider
them either as the linear operator equation

[:{i)}{k} _ ( M{Kﬁ} ) _ ( ?r in D X Dg X ct )’ (15.16)

L{x,p} P in Dy x Dg x C*
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from which, for fixed values of the pressure wavefield, the compressibility
contrast may be determined, or as the linear operator equation

r 2 [ M{xp} \ [ P" mDrxDsxC*
{'C}{p} "\ L{k,p} |\ ™ inDyxDgxCt |’
from which, for fixed values of the contrast, the wavefield may be determined.

However, we postpone this linearization procedure and specifically we will
seek x(z) and p(x|z°, s) simultaneously to minimize the functional

p o I8 = M{caHE 5™ = Lix,p}g
15" 117 155

We choose to put the two terms in Eq. (15.18) on equal footing by normal-
izing them in the sense that they are both equal to one when p = 0.

(15.17)

(15.18)

15.3. Inversion algorithm

A first inspection of the minimization of Eq. (15.18) might suggest a
substantial numerical effort. However, an adequate iterative scheme may
overcome this problem. There is no need to compute the wavefield function
to a higher order degree of accuracy than the degree of accuracy of the ap-
proximated contrast. We therefore propose an iterative inversion algorithm
based upon the ideas of conjugate-gradient methods of Chapter 2. Let us
remind that in Chapter 2 we have sought a solution of a linear operator
equation for an unknown wavefield. In the present problem, we have to up-
date the wavefield and the contrast simultaneously. Specifically, we propose
the iterative construction of xy = kn(z) and py = ﬁN(z|zs, s) as follows

Ko = ximitial (15.19)

KN = Kn-1+BNoN, (15.20)

R = P - M{xnpn}, 2R eDg, 25€cDs, secCt, (15.21)
and

po = pmitial (15.22)

BN = PN-1+ Gndn, (15.23)

M = " - L{kn,pn}, z €D, =% € Ds, seCt, (15.24)
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where fy is a real constant and &y is a complex constant, which are chosen
at each step to minimize (cf. Eq. (15.18))

. 2 7 2
y = L2l oals (15.25)
IR 115" ll5
Here, the residual errors can recursively be written as
PN = N1 — BNM{@NPN -1} — aNM{KN_ 19N} — Bvan M{gnYN},
(15.26)

and

#% = My HBNEK{dnpPn_1}—anL{kn_1, YN} +BNan K {dnn}, (15.27)

where the real correction function ¢ and the complex correction function
1 are chosen appropriately.

The minimization of the quantity Fy of Eq. (15.25), using Egs. (15.26)
and (15.27), leads to a non-linear problem for the variables 8y and ay at
each step, which can be solved by an appropriate numerical algorithm, e.g.,
the Fletcher-Reeves-Polak-Ribiere conjugate-gradient method (PRESS et al.,
1986, p. 305).

The gradient directions

In order to guarantee improvement in the iterative scheme, we require
improvement in the independent directions varying either real By or complex
&y . This is easily accomplished by first taking ay is zero. Then, Eqs. (15.26)
and (15.27) simplify to

N = N1 — BNM{$nDN 1} (15.28)

and
N = Fy_1 + BNK{dNBN -1} - (15.29)

Taking into account that at the NP step #8_, and #%,_, are known, mini-
mization of F leads to the relation (cf. Egs. (2.15) - (2.16))

R | R M{gnpn DR (# K{onbr-1))] _ 0, (15.30)

18" lI% 18115
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where we have used that Ay is real. After substituting Eqs. (15.28) and
(15.29) in Eq. (15.30) we obtain

(FR_1, M{¢nPN-1D)R  (Fl—1 K{dNPN-1})g

16"l 5™
BN = Re - - . (15.31)
|M{onPn-1} I} n | K{onDN-1}>
|12 ~1nc||2
lp R ”P ”_q

Let us define the adjoint operator M* through
(Mu,d)g = (4, M™d)g, (15.32)

from which it follows that M* is an operator that maps a function from the
domain Dg X Dg X Ct to the domain D, x Dg X C*, viz.,

M = / G 2P|z, s)s* o(=R|2®, s)dA . (15.33)
:l:Re]DR

Let us further define the adjoint operator K* through
(K, 5), = (i, K73),, (15.34)

from which it follows that K* is an operator that maps a function from the
domain D, X Dg x C* to the domain Dy X Ds x Ct, viz.,

K = ][ G (2|2, s)s* (2|25, 5)dV . (15.35)
z'eD,

Now improvement (8y # 0) is obtained if we require that the real part of
the numerator of Eq. (15.31) does not vanish. Using the definition of the
adjoint operators (cf. Egs. (15.32) and (15.34)) we require that

(P MR dn), B (ﬁyv—lK*f?v—l"i’N)g #0 (15.36)
1115 15115

We further define the inner product and norm on D, as

Re

(4,8) = /z p, UV @)V (15.37)

and

i :/EE]D li(z)[2dV . (15.38)

g
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Then, we rewrite the improvement condition of Eq. (15.36) as

P MR __dA, éN
prem, 2o, oM #Rrdh )
15" ||%

(15.39)
([, o X K ,dh,0n)

<2 sect #0
[t '

This improvement condition will be satisfied if we take the (real) direction
¢n to be

~g
"N-1

on(z) =Ll 1y { N } , & €Dy, (15.40)

in which

,,‘;R
* .N_l
{pnv-1} ) #%_,

] B KBy
= Z Re ~r 112 - ~inc||2 dA
z9eDs ;s 18" 15715

(15.41)

This operator is the adjoint of the operator defined in Eq. (15.16). These op-
erators are the linear operators, assuming that the wavefields do not change.

As next step we take By is zero. Then, Eqs. (15.26) and (15.27) simplify
to

o=y — anM{xy 19N} (15.42)
and
iy =y — anvL{kn_1, YN} (15.43)

Taking into account that at the N step 1‘,}\2,_1 and #},_, are known, mini-
mization of Fy leads to the relation (cf. Egs. (2.15) - (2.16))

(fﬁ’M{,ﬁ\,;l,,;N})R . (f'?V,L{IL;glzlgdA’N})y —0. (15.44)
12" || 15"Ilg
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After substituting Eqs. (15.42) and (15.43) in Eq. (15.44) we obtain

(#R_ 1, M{kn-19n})R N (#%_1s L{EN -1, PN })q

. 15" 1% 152 (15.45)
aN = 12 V2 . .
|IM{xcn_1¥nHR | NL{xn_1,¥NH|;
IF"|% 1813

Now improvement (& # 0) is obtained if we require that the numerator of
Eq. (15.45) does not vanish. Using the definition of the adjoint operators
(cf. Egs. (15.32) and (15.34)) we require that

KN - M*AR_ , % 1:9_ — Kn_ K*,';g— 'J)N
(KN-1 “ﬁ:‘l}r'z 1 YN)g + (PN 1 “ﬁiln(:HZN 1YN)g £0. (15.46)
K 9

This improvement condition will be satisfied if we take the (complex) direc-
tion ¥y to be

AR

j S5 oy = r* TN-1 s +
Yn(z|z”,s) = (kn-1) { i } , £€ Dy, z° € Dg, s € CT, (15.47)

in which

. *~R ~ . *

E* - ~F ~inc
{xn-1} { G 57 11% 5712

This operator is the adjoint of the operator defined in Eq. (15.17). These op-
erators are the linear operators, assuming that the contrast does not change.

The conjugate-gradient directions

Assuming that the wavefields p do not change (&n = 0), the determina-
tion of the contrast by minimizing Fy is a linear problem. In this case, an
improved direction for N = 2,-.. is the conjugate- gradjent direction (see

Chapter 2, the case where LT is selfadjoint, L = E{p 1}, = ‘C{pN 1})
iR lionil?
= L% TN-1 _ 15.49
¢N {pN—l} { ,,.N_] } “¢ __1“2¢ 1- ( )

This direction is similar to the Fletcher-Reeves direction for non-linear prob-
lems. If we still assume that in all previous iterations, n = 1,---, N, the
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wavefields have not changed, the directions satisfy the orthogonality rela-
tion (cf. Eq. (2.87))

(@nsdm) =0, forn #m. (15.50)
Then, Eq. (15.49) is identical to
_ s (N, éN —PN-1)
¢N = L{ﬁN..]} { TN_: } + ||¢N_1||2 ¢N_1 . (15.51)

This is similar to the Polak-Ribiére direction for non-linear problems. For a
linear problem, the Polak-Ribiére choice is identical to the Fletcher-Reeves
choice; however, for non-linear problems, the two choices behave differently
and numerical evidence suggests that the Polak-Ribiére choice is preferable.
This may be argued as follows. Suppose the conjugate gradient algorithm is
making little progress, and ¢y = ¢n_;1. In these circumstances the Polak-
Ribieére direction becomes the gradient and the scheme seems to restart au-
tomatically.

Similarly, assuming that the contrast does not change (8y = 0), the
determination of the wavefield by minimizing Fy is a linear problem. Then,
an improved direction for N = 2,--., is the Fletcher-Reeves direction (see
Chapter 2, the case where LT is selfadjoint, L = E{’CN—I}’ T= CZKN—I})

2
N, [[$n]I2
+ Ly (15.52)
C) { P } lon -2
If we still assume that in all previous iterations, n = 1,---, N, the con-

trast has not changed, the directions satisfy the orthogonality relation (cf.
Eq. (2.87))

(W, m) =0, forn £ m. (15.53)
Then, Eq. (15.52) is identical to Polak-Ribiere direction
Llxno} { :N ! }+ (9, 9= ¢’;’ Vs (15.54)
B N-1 “'¢N——1Hg

For a linear problem, the Polak-Ribiére choice is identical to the Fletcher-
Reeves choice; however, for non-linear problems, the two choices behave
differently and numerical evidence suggests that the Polak-Ribiere choice is
preferable.
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We finally note that the linearization of the non-linear inversion prob-
lem is incorporated in the choice of the directions ¢n and ¥n. As soon
they are determined, the constants Sy and ay follow from the simpler
non-linear problem of minimizing Fiy of Eq. (15.25), using Eqs. (15.26) -
(15.27). It is now not difficult to find the the constants Ay and &y by a stan-
dard conjugate-gradient algorithm, e.g., the Fletcher-Reeves-Polak-Ribiére
scheme (PRrEss et al., 1986, p. 305).

The present algorithm has been shown to be very effective in the case
that one is dealing with one parameter s and that sources and receivers are
located around a finite object to be probed (KLEINMAN and VAN DEN BERG,
1992a, 1992b). The application of this inversion algorithm to the seismic
situation has to be investigated. With this challenging research problem we
conclude this chapter and this book.
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— A —

acoustic pressure, 64

acoustic wave equations, 63

adjoint operator, 43, 61

air bubble, 69

alignment of vertical positions,
244

angular-slowness vector, 23, 77

anisotropic fluid, 65, 105

anti-causal, 101

— B —

background medium, 141, 326
homogeneous, 145, 149
homogeneous medium, 147,

150

background model, 328

basic acoustic wave equations, 67
in the s-domain, 71

Born approximation, 146, 150,

302, 328
convergence criterion, 147,
150

Born method
distorted-wave, 328
iterative, 328

boundary conditions, 67
in the s-domain, 73

boundary discontinuity, 263

boundary imaging, 263, 309

boundary-integral equations
in the s-domain, 154

in the time domain, 156
Bromwich integral, 21

—C —

Cagniard-de Hoop method, 29,
86, 91, 269, 273

Cagniard-de Hoop path, 90

Cartesian coordinates, 13

Cartesian reference frame, 13

Cartesian vectors, 14

Cauchy principal value, 125, 127,
145

Cauchy’s boundary integral, 134

Cauchy’s domain integral, 125

causality, 16-18, 65, 72, 248

causality condition, 99, 113, 115,
119-120, 131-132, 237,
316

characteristic function, 18, 22

circular cylinder

imaging, 320

co-moving observer, 65-66

common-receiver data, 225

common-receiver domain, 246,
251

common-source data, 223

common-source domain, 250-251

complex conjugate, 43

complex representations, 72

time factor, 72

compliant lamina, 163

compliant strip, 196, 227

compressibility, 66
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conjugate-gradient directions, 335
conjugate-gradient scheme, 52,
56, 58

constitutive relations, 65
contrast, 142, 151
contrast function, 302
convolution

discrete, 36

spatial, 26

temporal, 20
convolution kernel, 59
correlation

discrete, 38

spatial, 27

temporal, 20
cubic dilatation rate, 64

— D —

data redundancy, 326
data uncertainty, 326
decomposition
downgoing and upgoing
wavefields, 202
field reciprocity, 199, 217
power reciprocity, 204, 218
upgoing and downgoing
wavefields, 207
deformation equation, 64
deghosted wavefield, 225
deghosting, 215
strip configuration, 226
dipole source, 93, 171
dipole transducer, 92
Dirac distribution, 19, 26, 68, 79,
119, 131
discrete Fourier transform, 30,
60-61
convolution, 36
correlation, 38
discretization, 34
even and odd parts, 30
extended domain, 35

INDEX

of real function, 31

of step function, 32
disk, 161

imaging, 285
domain discontinuity, 301
domain imaging, 301
domain-integral equations

in the s-domain, 145

in the time-domain, 147
downgoing wavefield, 220
downgoing waves, 203, 208

—E —

edge condition, 167, 176
edge diffraction, 197
edge-diffraction curves, 197
embedding, 142, 151
equation of motion, 64
error, 43, 45

expansion functions, 44
extinction theorem, 136

— F —

far-field representation
s-domain, 81
time domain, 85
field reciprocity theorem, 96
first-order multiple, 260
Fletcher-Reeves direction,
335-336
forward extrapolation, 210
forward extrapolator, 203
Fourier inversion integral, 24
Fourier transform, 58, 60-61; see
also
e discrete Fourier
transform
e spatial Fourier
transform
¢ temporal Fourier
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transform
receiver coordinates, 272, 304
source coordinates, 268, 304
symmetry properties, 30

— G —

Galerkin’s method, 45

Gauss’ integral theorem, 15, 97,
100, 102-105, 124

Gaussian elimination, 45

generalized ray, 29

ghost, 171

gradient directions, 332

Gram-Schmidt orthogonalization,
48

Green’s function
anti-causal, 206, 212
far field, 82
plane-wave representation, 88
s-domain, 78-80
spectral domain, 79
time domain, 84, 91
two-dimensional, 178

time domain, 181
two-dimensional Fourier
transform, 86

Green’s state, 122
homogeneous halfspace, 173
homogeneous medium, 123
singular behavior, 124
symmetry, 122-123
volume force, 120, 132
volume injection, 119, 131

— H —

Helmholtz equation, 79
homogeneous fluid, 65

347

— 1 —

ill-posed problem, 327
imaging, 263, 280, 306
circular cylinder, 320
strip configuration, 296
impenetrable object
perfectly rigid, 69
void, 69
impenetrable scatterer
immovable rigid, 158
void, 157
improvement condition, 47,
334-335
impulse function, 19, 26, 68, 79,
119, 131
incident wavefield, 142, 151
inhomogeneous fluid, 65
initial-value theorem, 20
inner product, 42
instantaneously reacting fluid, 65
integral equation, 18, 42, 145-146
kernel, 42
known wavefield, 42
of the second kind, 54, 60
unique solution, 42
integral equation of the first kind,
157, 159, 163-164
integral equation of the second
kind, 158-159
interface, 67
interior wavefield, 153
inverse extrapolation, 212
inverse extrapolator, 209
inverse Laplace transform, 21
inversion, 263, 325
inversion problem, 330
isotropic fluid, 65
iterative inversion, 331
iterative procedure, 46
iterative scheme
arbitrary operator, 49
numerical performance, 184
selfadjoint operator, 51, 53
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simplified scheme, 53

— K —

Kirchhoff approximation, 287
Kronecker symbol, 122

— L —

Laplace transformation, 16, 18
asymptotic behavior, 20
convolution, 20
correlation, 21
inverse transform, 21
time derivative, 19

linear fluid, 65

linearization, 337

local reacting fluid, 65

localized function, 22

locally-plane-reflector

approximation, 265
low-velocity approximation, 66

— M —

macro model, 328
marine case, 233
mass-flow density rate, 64
method of moments, 45
minimization
direct, 44
recursive, 45
monopole source, 92, 171
monopole transducer, 91
multiple removal, 233, 246
integral equation
for acoustic pressure, 246
for particle velocity, 246
Neumann expansion, 248
strip configuration, 250
multiples, 233

INDEX

— N —

Neumann expansion, 54, 248
Neumann iterative solution, 54
non-linear problem, 330, 332
norm, 43

of operator, 55
normal derivative, 134
null-field method, 137

— 0 —

operator, 42, 49
adjoint, 43
convolution type, 59
preconditioning, 56
selfadjoint, 43
operator equation, 42, 59
operator formalism, 42
orthogonalization, 48
Oseen’s extinction theorem, 136

— P —

particle velocity, 64

particle velocity representation,
120, 131

passive fluid, 65

phase center, 83

plane-wave representation, 88

point sources, 91

point transducers, 108

Polak-Ribiere direction, 336

power conservation, 103, 105

power reciprocity theorem, 101

preconditioning, 56, 58

preconditioning operator, 60

pressure representation, 117, 129

pressure-free plane, 169

profile gradient, 281
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— R —

radiation characteristics, 83, 86
Radon transform, 28, 86
in horizontal directions, 29
Rayleigh’s reciprocity theorem, 97
receiver deghosting, 222
reciprocity theorem, 95
convolution type, 99
correlation type, 103
redatuming, 203, 209-210
reflection factor, 266
regularizer, 328
relaxation, 65, 105
residual, 43, 56
retarded potentials, 84
Riemann-Lebesgue lemma, 22, 26
rigid disk, 164
rigid strip, 197, 227
root-mean-square error, 43

— S —

scalar potential

far field, 82

s-domain, 78

spectral domain, 77

time domain, 84
scattered wavefield, 142, 151
scattering object, 141, 151
scattering problem, 141
second-order multiple, 260
seismic imaging, 325
seismic inversion, 325
selfadjoint operator, 43, 50
simultaneous minimization, 329
slowness vector, 27, 83
source

dipole type, 64

monopole type, 65
source deghosting, 224
source representations, 117,

128-129, 135
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s-domain, 78
spectral domain, 77
source wavelet, 189-190, 246, 317
spatial Fourier transform, 22
asymptotic behavior, 26
convolution, 27
correlation, 27
in horizontal directions, 28
inverse transform, 24
spatial derivative, 24
spectral domain, 24
spherical wave, 80, 83, 85
steady-state analysis, 72
strip, 178, 226, 250
imaging, 296
summation convention, 14
surface scatterer, 141
surface transducers, 114
surface-source representation
in the s-domain, 129
in the time domain, 135
symmetrization, 57-58
synthetic data, 189
synthetic seismograms, 196, 317

— T —

T-matrix method, 137

temporal Fourier transform, 21
asymptotic behavior, 22

testing functions, 45

time rate of volume force, 93

time rate of volume injection, 92

transducer reciprocity, 107
dipole/dipole, 110-111
monopole/dipole, 110-111
monopole/monopole, 109-110
point transducers, 109
surface transducers, 115
volume transducers, 113

transpose, 43

travel time, 84
vertical, 282




350

two-dimensional scattering, 178

— U —

unbounded domain, 98
upgoing and downgoing
wavefields, 215
upgoing wavefield, 218
upgoing waves, 203, 208

—V —

vector potential
far field, 82
s-domain, 78
spectral domain, 77
time domain, 84
vertical slowness, 184, 190, 279,
284, 306
two-dimensional, 292
virtual point, 171
void, 69
volume density of mass, 66
volume scatterer, 141
volume source density of volume
force, 64
volume transducers, 112
volume-source representation
in the s-domain, 117
in the time domain, 128

— W —

water-surface multiples, 233
wave speed, 79

wavelet, 189

weighted averaging, 280, 306
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