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1 Abstract

Vibrations or oscillations can be caused in overhead cable lines or bridge cables due to strong rain
and winds, making the structure unstable. These vibrations can be mathematically described as a
string like initial boundary value problem with non-classical boundary conditions. In this thesis, we
consider a monlinear attachment at the boundary which consists of a mass, nonlinear spring and
a damper attached to a semi infinite string. In particular, we consider a weak nonlinearity and
damping. In this study we used the D’Alembert solution and the multiple time scales perturbation
method to obtain bounded solutions of the initial boundary value problem. We assumed travelling
wave nitial conditions, and obtained special cases and conducted detuning around these special
cases to further study the reflected waves at the boundary and the stability of our solutions. Our
main objective is to study the reflection of the incident wave on the boundary and compute how
much energy is dissipated at the boundary due to the weak dissipative forces present at the boundary

Figure 1: Fred Hartman bridge, Houston, Texas
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2 Introduction

This paper explores the domain of non-linear energy sinks. More specifically, we study the vi-
brations on a string attached to a spring mass damper system. The spring in the system under
consideration exerts a non-linear force (cubic non-linearity) on the mass. We would like to study
how much energy is dissipated at the boundary due to the nonlinear attachment at x = 0 and how
this impacts the amplitude of the reflected waves in the string.

This research has many applications in the real world. One such example is that of overhead
cables. External forces such as wind cause the cables to oscillate, thus making them unstable, as
they cannot cope with those weather conditions. Usually in such cases, dampers(oil or mass) are
attached to the cables to make the system more stable. Due to the presence of a non-linearity and
a damper in our system, energy can be taken out of the system, thus making their amplitudes of
oscillation reduce.

Figure (1) shows an image I took of the Fred Hartman bridge, located in Houston, Texas. A lot
of research was conducted on this bridge by the universities in the US. Soon after its construction,
a lot of the users noticed high amplitude oscillations of the cables attached to the bridge. This
was caused due to rain and winds.

My research is guided keeping these applications in mind. The report is structured as follows:
In Section 3, we formulate the problem and make it dimensionless in order to reduce it to a
mathematical system which we can work with, Section 4 discusses an analytic approach used
to obtain a solution to our initial boundary value problem, Section 5 deals with obtaining the
solutions for the leading order equations, some special cases and the detuned cases and the energy
decay of the system, Section 6 discusses some results and avenues of future research and the last
section mentions all the literature and references used during the course of the research.

3 Formulation of the problem

Figure 2: Mass-spring-string-damper system
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In this paper we study the vibrations in a semi infinite string attached to a non-linear spring mass
damper system. To begin with, gravity and other external forces are ignored, thus obtaining a
1-D wave equation with initial and boundary conditions as given below,

8%u 0%u

(ﬁ):CQ(@);x>O,t>O (1)

with initial conditions,



and boundary condition,

2

m%(o,t) = T%(O,t) - a%(o,t) —au(0,t) — bu®(0,t);m > 0,t > 0. (3)

Here, u is the vertical displacement in meters, ¢ is the wave velocity, x is the horizontal
displacement, m is mass, t is the time in seconds, f is the initial vertical displacement at ¢ = 0,
g is the initial velocity of the wave, T is the tension in the string, « is the damping coefficient
and a and b are the coefficients of the linear and non-linear spring force. Next, we must make the
above variables dimensionless before solving the equations. This is done to facilitate scaling up
the problem to real conditions and to ease up the process of identifying when to apply familiar
mathematical techniques. Before we make the variables dimensionless, it is useful to identify the
dimensions of all the quantities present in our problem.

] = (24
] = [m]
2] = [m)
=1
7] = (24
14) = [
=[5
(M) = [k
o]  damping factor =[]
[0] : linear coef ficient in spring force = [g]
[b] : cubic coef ficient in spring force = [mk;; 2]

In order to do this, let us consider the following transformations,

z=2zxL

u=ul

t—NC
L

Substituting these transformations into the initial boundary value problem, we get the following
IBVP,

(4)

a(%,0) = f(),2 >0
{ggg(:z),:z>o (5)
%(O,t) = A%(O, ) B%(OJ) — Cu(0,t) — DE*(0,t),m > 0 (6)



where,
_TL

me?
al
cm
al?
me
bL

me2

B =

C:

Each of the parameters, A,B,C and D are dimensionless and this has been verified.

Next, we attempt to reduce the number of parameters in our problem in order to reduce the
number of numerical simulations we need to run. Fewer the parameters, the more easier it is to
control the numerical simulations. We can do so by assuming the following transformation and
trying to eliminate 1 or 2 parameters(ideally keep the parameters corresponding to the damping
and the non-linear spring force),

:%:)\156
t= Aot
ﬂ:/\gu

When we substitute these transformed variables into (4), we get that,

A1 = Ao
Upon substitution into (6) we get,
A A A
)\—;utt = A)\—Sux — BA—?’ut — CA3u — D)\gu?’
1 1 1

Dividing both sides by A3 and multiplying both sides with A%, we get,

gy = ANjug — BAiug — CAju — DA3NIu? (7)
If we set A\ = %, the coefficient of u, is reduced to 1. Substituting this into (7) we get,

B C D

_ 2,3
Utt = Uy — ZUt - EU - ﬁ/\gu
C B D
= Uy = |sz - Eu — Zut — E)\%’U,?)

If we take the damping and the cubic non-linearity to have the same coefficient, we get that
A3 = j:q/AﬁB. Depending on whether D takes positive/negative values the spring is either a
hardening/softening spring.

When D >0: A3 = \/% — the boundary condition will have the term —qu?.

When D <0: A3 = % — the boundary condition will have the term +qu?.

The damping and cubic term have a common coefficient % and the linear spring force has the

coefficient 5. For convinience, let, p = 5 and ¢ = .

The IBVP reduces to,



PDFE :uy — gy =052 > 052 >0

IC :u(z,0) = f(z);2 > 0;t=0

IC :uy(x,0) = g(z);2 > 0;t =0

BC : uy(0,t) = [uz(0,t) — pu(0,t)] — Glue(0,t) £ u(0,)];2 = 0;¢ > 0
where p > 0 and ¢ is very small(weak damping and non-linearity) and ¢ > 0.

For our analysis, we will consider only a hardening spring. So our IBVP under consideration
is,

PDE :uy — Uz = 0;2 > 0;t >0

IC :u(z,0) = f(z);x > 0;t=0

IC : us(x,0) = g(z);2 > 0;t =0

BC : uu(0,t) = [u(0,t) — pu(0,t)] — G[us(0,t) + u?(0,8)]);2 = 0;¢t > 0

4 Methods of analysis

The multiple time scales method is a global perturbation method. It is usually used in situations
where the mechanical system consists of weak dissipating forces. Since the dissipating forces are
weak, we may not be able to observe the effect they have on a short time scale, but become very
significant on a longer time scale.In our system, we have a weak damping and non-linearity, thus
making multiple time scales an appropriate fit. Any other perturbation method may result in
resonance which gives rise to secular terms. Secular terms are present in the ordered equations
which become unbounded as time passes, thus making the solution and system unstable. We can
identify them as functions of the solutions to the homogeneous system which are present in the
right hand side of the non-homogeneous system. Eliminating the secular terms will ensure that
the solution remains bounded. Physically, this means that, when oscillations are introduced into
our system through the string, the reflected waves would have a lower/or equal to amplitude than
the incoming wave as time passes.

In order to do this, we must show that the effect of the weak dissipating forces can be seen in the
energy of the system. If the energy of the system reduces, it means that our mechanical system
has gone from a highly excited state to a much more stable state, which is more desirable.

5 Analysis of the problem

After the original problem has been made dimensionless and the number of parameters have been
reduced, we get (8) given by,

PDE :upy — Uge = 0;2 > 05t >0
IC :u(z,0) = f(z);2 > 0;t =0
IC : uy(x,0) = g(z);2 > 0;t =0
BC : uy(0,t) = [ug(0,1) — pu(0,t)] — Gus(0,t) + u3(0,t)]);2 = 0;¢ > 0
This is the one dimensional wave equation. The D’Alembert solution is a well known solution
for the one dimensional wave equation with classical boundary conditions. In (1), the author con-
siders the D’Alembert solution to construct an explicit solution of the boundary value problem.

We can assume that the D’Alembert solution satisfies the PDE and the Initial conditions as we
do not have classical boundary conditions.



The D’Alembert solution is given by,

(1) For (x —t) >0,

(2) For (x—t) <0,

_fatt) | fe—t) Sy gls)ds | [ g(s)ds
ulet) = T T += 2 * 2

(10)

The formula for (z —t) < 0 is not defined for negative arguments, as the initial conditions are
only defined for positive values, as we can see from (8). So, for (10), u(x,t) can be expressed as,

u(z,t) = h(z+1t) +2(t — x) (11)

where, h(z +1t) = f(xﬂ) + 2" 9(8)ds 1 ) 1nown function and z(t —x) =

is an unknown function. We can substitute (11) into the boundary condition in (8).
The boundary condition is given by,

fla—t) | Jo_,9(s)ds

e (0,1) = [ug (0, 1) — pu(0, )] — qlue(0, 1) +u*(0,1)] (12)
Upon substitution, we get the following expressions that need to be put into the BC,

u(0,) = h"(t) + 2" (t)

uz( ’t) () ()
pu(0,t) = ph(t) + pz(t)
que(0,) = q['(t) + 2'(t)]

u?(0,t) = g(h(t) + 2(t))® = G[h(t)* + 2(t)* + 3h(t)2(t)? + 32(t)h(t)?]

When we substitute the above expressions in (12) and rearrange the terms by putting all the
known functions on the RHS and the unknown functions on the LHS, we get,

2 () + 2 (t) + pz(t) + 42/ (1) + Gz(t)® 4 3gh(t)2(t)* + 3Gz()h(t)? = —h"(t) + B/ (t) — ph(t) — Gh'(t) — Gh(t)?

(13)
5.1 Initial conditions
We assume the following initial conditions,
u(z,0) = f(x) = Asin(wz),z > 0 (14)
ut(x,0) = g(r) = Awcos(wz),z > 0

o+t 0 s)ds
We know that, h(z +t) = f(w;t) + =0 g(s)ds and z(t — ) = f(x 94 fm*tg( 1 , when x = 0,
this reduces to,



F=t) S0 9(s)ds
z(t) 5 T 5 (16)
When we substitute (14) in (15) , we get,
h(t) = AS#(W” + % /Ot cos(ws)ds = Asin(wt) (17)

As a result we also get that,
B (t) = Awcos(wt)

and
R (t) = — Aw?sin(wt)

From a physical standpoint, we know that the reflected wave is given by z(—t). We know that
at t = 0, no reflected wave exists. This implies that at ¢ = 0, there is no position or velocity
corresponding to the reflected wave. Hence, we get that,

z2(0)=0
2'(0)=0

We find that we reduce our problem from a PDE to an ODE, in terms of z(t). The initial
value problem is,

2'(t) + 2 (t) + pz(t) + G2/ (t) + Gz (1) + 3Gh(t)2(t)? + 3Gz(t)h(t)? = —h"(t) + h'(t) — ph(t) — gh'(t) — Gh(t)?
2(0)=0,2'(0) =0
(18)

where, h(t) = Asin(wt).

5.2 Method of Multiple scales

Our mechanical system has reduced to the analysis of equation (18). In (2), the author calculated
the reflection coefficients first and then calculated the natural frequency of the system. However,
we will consider the natural frequency of the system and obtain the reflected wave using the multi-
ple time scales method to avoid resonance. For this initial value problem, we will use the multiple
time scales method. We consider two separate time scales, one regular time scale of O(1) and one
slower time scale of O(3).

We begin by introducing a slow time scale, 7, such that,

T =gt (19)

This gives us an asymptotic expansion of z(t) as follows,



2(t) =%2(t, 1) = [20(t, T) + G21(t, T) + P 20(t, 7) + ...] (20)

Above, z(t) is expressed as a function of two time scales, t and 7. The derivatives with respect
to t are given by,

d ~
da _ + 42 =
{%g :Bt +82q L (21)
dt? ot2 Bta‘r or2
Next, we must substitute (21) into (18) in terms of the unknown function, z.
822 8220 6220 8221 8221 8221
"(t) = ° 124 7 i 24 7
20 [(’%2 T T o | T e T T o2 | T
0%z 0%z 0%z
" t) = o ~ ~2
= 0= T2, T e | T O
82’0 ﬁzo " 821 A821
/ e [E— [— —_— —_—
z(t)—[at i + 5 +qa + ...
8,20 N 320 321 R
/ t) = =2 -~ ety 2
— A= ar T | TOW)
Substituting these expressions in (18), we get,
0%z, 0%z 0%z 5
i1 .
az T2 e | T O
029 0zo 0z 2 R 9 620
+8t+ o +8t +0(G*) +plazo+Gz1 + O(§°) + 5 +0(¢%)
+q|2+0(¢%) |+ |3h*(H)20+0(%) | +q|3h()75+0(§%) | = —h"(t)+h'(t)—ph(t) —h' (t) — 4h(t)

2(0) =0 = 20(0,0) + Gz1(0,0) + ... = 0

Z0)=0 = <(8at +q5%)(zo(o,o) + G21(0,0) + > =0

Next, we collect the like powers of §. The leading order IVP is given below, followed by the
O(§) IVP.

(1) : 2z A 820 4 g = —h(t) + I/ (£) — Ph(t) = ho(t)
( =

0,0) (22)
%0(0,0) =0
0@G) : Tz + 20 4 pzy + 2220 4 D0y D20 4 28 4 32 (4)2 + 3h(t)22 = —R/(t) — h3(t) = ha(t)
21(0,0) =0

(8(;;(0,0) + 220, 0)) =0



5.3 Leading order equation
We will first solve the leading order equation in the initial value problem, (22).
822’0 820

S T pp P20 = —h() + () = ph(t) = ho(t) (24)

Equation (24) is a non-homogeneous ODE. It has a fundamental set of solutions and a partic-
ular solution, denoted as, zp = 20,c + 20,p-
The fundamental set 2z . are solutions to the homogeneous ODE, i.e., 8; =+ % +pzg = 0 and

. . . . . 2 A
the particular solution zp , is a solution to the non-homogeneous problem, i.e., % + % + pzp =

ho(t), where hq(t) = (Aw)cos(wt) + (Aw? — Ap)sin(wt).

5.3.1 Particular solution

We start by calculating the particular solution. The RHS of (24) is ho(t) = —h"(t) + b/ (t) — ph(t).
From (17), we can see that,

ho(t) = (Aw)cos(wt) + (Aw? — Ap)sin(wt)

If we assume the particular solution to be of the form zg , = kicos(wt) + kasin(wt) and substi-
tute it in the LHS of equation (24), then we get sine and cosine functions. In the RHS we already
have sine and cosine terms, so we have to determine the coefficients of these expressions.

We have that zg , = kicos(wt) + kasin(wt).

So, z(,, = —kiwsin(wt) + kawcos(wt) and z, = —kiw?cos(wt) — kow?sin(wt).

We get the following set of equations that need to solved simultaneously to determine k; and
ko.

~ B 2\ _
{(pk'1+k2w kiw?) = Aw (25)

(Pka — k1w — kow?) = Aw? — Ap
From (25), we have,

= kow + (p— W)k = Aw

N9
= ko = A—(p w)k1‘|
w
. 2 ﬁ_w2 2 A~
—kw+ (p—w?)|A—( " Vk1| = Aw® — Ap
P’k

— —kiw+ pA — + 2pkiw — Aw? — kiw® = Aw? — Ap

w

P2k (
— kw2 4 9pkw — kw® = 2(Aw? — Ap)
w

ky l— w? — (w* = 2pw? + %) | = 24w(w? - p)

10



kl(fwz - (w2 —;ﬁ)z) = 2Aw(w2 —p)

—2Aw(w? — ﬁ)]

:}k:
Sl P

Now that we have an expression for k1, the expression for ko can easily be found upon substi-

tution into ko = =

A— (W)k’ll . We get ko as,

ko =

P+ (7= p)

A@%ﬁﬁ—m%]
Therefore, we have found the particular solution of (22), given as ,

—2Aw(w? — p)
F+ B

A(w? — (w* = p)?)

- ] sin(wt) (26)

t =
ZO7P( ) w? + (w? — p)2

] cos(wt) +

5.3.2 Fundamental solution

Now that we have computed the particular solution of the leading order equation. We now have
to compute the fundamental sets of solution of the leading order equation, i.e., zg (¢, 7).

Our leading order equation can be written as,
zo + 20+ P20 =0
The characteristic form of the equation is,
P4r+p=0

%M. The nature of the roots

This is a regular quadratic equation,whose roots are, 1 2 =
depends on the value of /1 — 4p. We have three scenarios,
The solution of the ODE is of the form,

20(t, 7) = Ao(T)20,¢, (t) + Bo(T)20,¢, (t)

where,
Casel: (P < 1| :20,6(t)=e"";20,,(t) =e
Case2: | p= % D200, (8) = € 20,6, () = te™ (27)
Case3: (P> 1| 20, (t) =eMcos(ut) ; z0,c,(t) = eMsin(ut)

where, r; = =1+ 217413, Ty = == 217413, r=—-2,A=Zand p= 4’2371.

Since 2p(t,7) depends on both slow and fast timescales, i.e., 7 and t. We see that functions
20,¢; are dependent on ¢t and Ag(7) and By(7) are functions of 7, i.e., the slow time scale.

In the next three sections we proceed with the detailed stability analysis of each of the three
solutions of the leading order equation.

11



The three cases are as follows:

()z0(t,7) = Ao(r)ent + Bo(r)em! + | SHEeloi) | cos(wt) + | Amlhid | sin(wt),

—1+/1—4p rg = —1—/T1=4p
2 ) 2

where,ry =

2_ 4 2 2 2
(ii)20(t, 7) = Ao(r)e" + Bo(r)te™ + | 3B | cos(wt) + | A7 5= | sin(wt),

_ 1
where, r = —3

Alw?— (w2 —5)2 .
W]sm(wt),

—2Aw(w?—p
W} cos(wt) +

(iii)20(t, 7) = Ao(T)eMcos(ut) + Bo(T)e Msin(ut) +
VAp—1

— =1 —
where, A = == and p = =5

5.4 Case 1 of leading order equation

Now we consider Case 1 of the leading order equation, i.e., O(1) equation.
In order to find the constants involved, we need to solve for zo(¢, 7) using the initial conditions

20(0,0) = 0 and 922(0,0) = 0.

—2Aw(w? — p)
TR L

20(t, 7) = Ag(T)e"™t + By(1)e"" + ] cos(wt) +

For convenience, let’s write zo(t, ) as,
20(t, 7) = Ag(T)e"™" + Bo(7)e™" + kycos(wt) + kasin(wt)
Whent=0 = 7=0,
Zo(0,0) =Ao+Bog+k =0

26(0,0) = AoT’l —+ B()T'Q —+ kQ(JJ = 0
Simultaneously solving both the equations we get,

By = —k; — AO
— A()’I"l + (—kl — AQ)TQ + ]ng =0

= Ao(r1 —r2) —kirg + kaw =0

Ao(0) = | Bz
(29)

Bo(0) = | Baehan

12



We have now obtained the initial conditions for the case 1. Next, we must make sure that the
solution stays bounded. In order to check whether this, we must check the presence of secular
terms in the RHS of the O(§) equation.

(922’1 (92’1
— +— +9p 2
o + o + pz1 +

8220 820 820 3 2 2 / 3
ot + r + o + z5 + 3R (t)z0 + 3h(t)zg = —h'(t) — h>(t)

0(q) :

322’0 02 02 3 2 2 / 3
_ 28t87 Rl e 3h*(t)zo — 3h(t)z5 — h'(¢) — h*(¢)

o) 454 pm =

The homogeneous form of the O(§) equation is, 2z + z{ + pz; = 0. This ODE has the same
fundamental solutions as the O(1) equation. We need to make sure that the RHS of the O(§)
equation does not contain secular terms. In order to do this, we need to choose Ag(7) and By(7),
such that, the coefficients of the secular terms become zero. We start by substituting zo(¢,7) in
the RHS and finding the conditions for eliminating secular terms.

2
Oz | 0% O 23 + 3h%(t)z0 + 3h(t)23 + I (t) + h3(t)> (30)

5) - " 4pe = |9
0Q): 21+ 2 +p= (ataT or ot

We consider each of the terms on the RHS and state whether the term contains secular terms
or not. Please note that at this stage we are not considering special values of p for which we obtain
additional secular terms. We will expand on this in a later stage.

o 1/ (t) = Awcos(wt) - Not secular
o h3(t) = A3sin3(wt) - Not secular

o 3h2(t)20(t,7) = 3A%sin?(wt)[Ao(T)e™! + Bo(7)e™! + kyicos(wt) + kasin(wt)]

= %(1 — cos(2wt))[Ao(T)e™ + Bo(1)e™! + kicos(wt) + kasin(wt)] - Secular

e 3h(t)23(t,7) = 3Asin(wt)[Ao(T)e !+ Bo(7)e 2 +kycos(wt)+kasin(wt)][Ao(T)e™t + By (T)e"t +
kycos(wt) + kosin(wt)]

= 2(3Akysin?(wt))[Age™? + Boe™!] = 3Ako(1 — cos(2wt))[Ape™! + Boe™!] - Secular

o 23 = [Ao(T)e™t + Bo(7)e™t + kicos(wt) + kasin(wt)][Ao(T)e™t + Bo(7)e"! + kicos(wt) +
kosin(wt)][Ao(T)e™ ! + Bo(7)e"! + kycos(wt) + kosin(wt)]

B4R 4+ 3(MH) 4+ 3(HA) 4 3(HE) - Secular
o 20 = Z[A(r)em! + By(r)e™t + kycos(wt) + kasin(wt)]
(Agri)e™t + (Byra)e™! - Secular

o 20 = 9 A(r)e"t + Bo(7)e! + kicos(wt) + kasin(wt)]

(%)eht + (%)emt - Secular

. 22:52 = 2%[140(7)&” + Bo(7)e"t + kycos(wt) + kasin(wt)]

(2r1 20 )emt 4 (275982 )em2t - Secular

13



We need to find Ag(7) and By(7) by equating the coefficients of e™? and e™! to zero, as the
follows,

dAg c142r; _
dr + 2-+4r; AO =0
(31)
dBg c1+2rg _
dr + 2+4ro B =0

2 2
3(A+k22) +34 5

where ¢; =
The system in (31) has a unique equilibrium point at (Ag, By) = (0,0) if ¢; # —2r; and

C1 7£ —27’2.

When ¢; = —2r, we get infinitely many equilibrium points along the Ay axis, with the
phase lines pointing away from the equilibrium points. A series of source nodes.
When ¢; = —2ry, we get infinitely many equilibrium points along the By axis, with phase

lines pointing towards the critical points. A series of sink nodes.
When —2ry < ¢; < —2r1, we get a saddle at the unique equilibrium point (Ag, By) = (0,0).
When ¢; > —2r5, we get a stable sink node.

it - SIS
i . =y, X\\QE
it rm I P

| 2\ | =
UL LT ———f— = [/
M A e N\ 777

(a) c1 = —2m (b) c1 = =27 (¢) =2r2 < c1 < —2r1

/)
/
s
//

/
/
V.
W\
\
\

AN
N

B

7/

/1

(d) c1 > —2ro

Figure 3: Bifurcations of the system- Case 1 leading order

We solve (31) using (29), and get the functions,

L —Tr2

kiry — kow 77(3A2+6Aki+3k§+3k%+27‘1)
Ao(T) =| ——— ]e 1+
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kow — k17ry _ T(3A%46Aky+3k+3k3+2ro)
Bo(r)=| ——— |e Irg 2
r —T2

These are the functions which avoid secular terms in the O(§) equation, = z(¢,7) is
bounded, so our approximation of z(t) =%(t,7) = [20(t, T) + Gz1(¢t,T) + ¢®22(t,7) + ...] is,

2(t) = zo(t,7) + O(q)

Below we plot the initial incoming wave and the reflected wave, i.e., u(z,0) and zo(t,7)
respectively. We consider three sample p values such that p;, < i. We also consider the
effect of w on the amplitudes of the oscillations for § = 0.00001.

(a) Low omega, w =3 (b) High omega, w = 50

Figure 4: When ¢ = 0.00001

5.5 Case 2 of leading order equation

Now we consider Case 2 of the leading order equation, i.e., O(1). In Case 2, the solution of
the ODE takes the form,

Zo7c(t, T) = AO (T)Grt + BO (T)t@rt

In order to find the constants invloved above, we need to solve for zy(¢,7) using the initial
conditions z(0,0) = 0 and 2/(0,0) = — Aw.

24w =p) |
w2+(w2—]5)2] (i) +

A@w? — (@ _}3)2)] sin(wt)

zo(t,7) = Ao(r)e"™ + Bo(r)te™ + w? + (w? — p)?

For convenience, lets write zo(t,7) as,

20(t, 7) = Ag(T)e"™ + Bo(T)te"™ + kicos(wt) + kosin(wt) (32)
Whent=0 = 7=0,

20(0,0) =Ag+0+k =0
Z(/)(0,0) = Agr + By + kaw =0

15



From the first condition, we see that Ap(0,0) = —k;. Substituting this in the second
condition we get that,

Bo(o, O) = (k‘17‘ - k‘gw)

Bo(0,0) = (k;l'r — kaw) (33)

{AO(O»O) = —ki
We have now obtained the initial conditions for the case 2 constants. Next, we must consider
the O(§) equation.

0%z 0z . 022 0z 0z
0(q) : 3721 + aTl + P+ 2&83 + a—: + 370 423 4 32 (t)z0 + Bh(t)22 = —h/(t) — B3 (t)

2
020 020 _ 020 _ s gy sh(t):2 — (1) - h3(t)>

N LN / N
O(q)'zl+zl+pzl< “pior ~ or ot

We proceed in the same way as for Case 1 and try to eliminate the secular terms present in,

2
020 020 020 | 5 gp2(4)20 4 3h(t)22 + W (1) + h3(t)>

N ’ A Yz0
O@): 2+ = +pm = <28t87'+ or ot

Upon examining each of the terms on the RHS of the O(§) equation and collecting the
coefficients of e™ and te”* and equating them to zero, we get the expressions,

dAg _
dr
(34)
2450 — —By — (c1 — 3) Ao
2
where, ¢; = w.
The system in (34) does not have unique equilibrium points. When ¢; = 1/2, we get

infinitely many equilibrium points along the Aj axis with the phase lines directed towards the
equilibrium points, implying stability. When ¢; > 1/2; we get infinitely many equilibrium
points along an oblique axis with a decreasing slope and the phase lines imply stability.
When ¢; < 1/2, we again get infinitely many equilibrium points along an oblique axis with
an increasing slope with phase lines implying stability. The behaviour is shown below.

16



-—
-— -

Y

!

iy

- |
T
T

I
I
|
T
P
P

—_—

(b) e1 >1/2 (c)ea <1/2

Figure 5: Bifurcations of the system- Case 2 leading order

When we solve (34) using (33), we get,

—ky

Ao(7)

1 -7
BO(T)=§€ /2

ky <3A2(eT/2 —1) 4 6Ako(e7/? = 1) + (3k2 — 1)

e™/? —3k3 + 2r + 1) +3k3(e7/? — 1) — 2kw)

These are the functions which avoid secular terms in the O(§) equation, = z(¢,7) is
bounded, so our approximation of z(t) =%(t,7) = [20(t, T) + Gz1(¢t,T) + ¢%22(t,7) + ...] is,

2(t) = 20(t, 7) + O(q)

We have the plots of our initial wave Asin(wt) and our reflected wave zq(¢,7) for different
values of w and p = 1/4.
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(a) Low omega, w =3 (b) High omega, w = 50

Figure 6: When ¢ = 0.00001
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5.6 Case 3 of the leading order equation

Now we consider Case 3 of the leading order equation, i.e., O(1) . In Case 3, the solution of
the ODE takes the form,

20.c(t,7) = Ao(1)eMcos(ut) + Bo(r)e M sin(ut)

In order to find the constants involved, we need to solve for zy(t, 7) using the initial conditions
20(0,0) = 0 and 222(0,0) = 0.

—2Aw(w? — p) Aw? — (w? = p)?)

20(t,7) = Ao(1)eMcos(ut)+Bo(r)e N sin(put)+

P+ (W= p)

- 1 cos(wt)+

(W= p)

For convenience, lets write zo(t, 7) as,

20(t, 7) = Ag(T)eMcos(ut) + Bo(t)e M sin(ut) + kicos(wt) + kysin(wt) (35)

Whent=0 — 7 =0,
20(0,0) = Ag+ k1 =0 = Ap(0) = -k

26(0,0) = Ao\ + Bop + kow =0

From the first condition, Ay(0) = —k;. Putting this value in the second condition,

Ap(0) = =k
Bo(O) — (kl)\kgw> (36)

We have now obtained the initial conditions for the case 3 constants. Next, we must consider
the O(§) equation.

0%z Oz %z | 0z 0z 3 2 2 ! 3
: 6t2 + — 8t +p2’1 + 26t87- + E + W + 20 +3h (t)ZO +3h(t)zo =—h (t) —h (t)

O(q) : 2{ + 21 + p=1 = ( - 281587’ 5 " 2o — 3h2(t)zg — 3h(t)zg — ' (t) — h3(t)>

We proceed in the same way as for Clasel and try to eliminate the secular terms present in,

822’0 820 320 3 2 2 ’ 3
otor + E + E + 20 + 3h (t)Zo + 3]’L(t)2’0 +h (t) +h (t)

O(cj):zf+zi+ﬁ21:—<
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Upon examining each of the terms on the RHS of the O(§) equation and collecting the
coefficients of e cos(ut) and e sin(ut) and equating them to zero, we get the expressions,

_1
2400 = — Ay + By(“2)

2480 — _ B, — Ap(25E)

T I

3(A+ko)%+3k2
where 01:%20.

The system in (37) has a unique equilibrium at (Ao, Bg) = (0,0).When ¢; = 1/2, we get a
stable node at (0,0). If ¢; # 1/2, we get a spiral sink at the point (0,0). This is consistent
with the fact that the system has complex eigenvalues with negative real parts.

\\\\ / P
NS /77:;(: \,l!// /,
—,-—-*—/ ~ / T~ g
;"/‘L 71\ I~ /////‘f( L

(a) Low omega, ¢; = 1/2 (b) e1 #1/2

Figure 7: Bifurcations of the system - Case 3 leading order

We solve (37) using (36), we get complex roots and the solutions of the system of linear
ODEs are given below,

_1\?
Ao(1) = —k1e” "cos( (Cl 2) T)

2
T) = —(]ﬁ)\ — kaw) e Tcos a- % T
Bo(T) = p ( ( m > )

These are the functions which avoid secular terms in the O(§) equation, = z(¢,7) is
bounded, so our approximation of z(t) =%(t,7) = [20(t, 7) + G21(t,7) + ¢*22(¢,7) + ...] is,
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2(t) = 20(t, 7) + O(q)

We have the plots of our initial wave Asin(wt) and our reflected wave zq(¢,7) for different
values of w. We take three sample p values such that p; > 1/4.

— =13
p=1

(a) Low omega, w =3 (b) High omega, w = 50

Figure 8: When ¢ = 0.00001

5.7 Special p values

During the course of the research conducted in the previous section, we find that there is a
possibility of obtaining additional secular terms for specific values of p in each of the intervals
in Case 1 of the leading order equation and Case 3 of the leading order equation.

Let us first consider equation (30). We examine each of the terms present on the RHS of
the equation. The term 2§ has a few possibilities.

Consider,

28 = [Ao(1)e™! + Bo(7)e™" 4 kycos(wt) + kysin(wt))?

This can also be written as,
zo = | (Ao(T)e™" 4 Bo(7)e™")? + (kycos(wt) + kosin(wt))?

+3(Ao(7)e™ + By (1)e™")? (k1 cos(wt)+kasin(wt))+3(Ag(7)e ™ +Bo(1)e"2") (k1 cos(wt) +-kasin(wt))?

The second and third terms do not prodeuce any secular terms and the last term has already
been included in our leading order case. The first term can be expanded as follows,

(Ao(r)e™" + Bo(r)e™")? = AJe® ! + Bije" + 3A5Boe®m172)" + 34, Belm +2r2)t

This term can produce additional secular terms if 3r;y = r{ or 3r; = r9 or 3r9 = 79 Or
3rg =11 0r 2r1 + 79 =171 O 21y + 79 =179 O 1 + 279 = 71 OT T'] + 279 = T3.

Given that, ry = —livizdp W, ro = —levizdp 5174}5. ‘We substitute these r; and ry values to find
that at p =0 and at p = % we get additional secular terms. This implies that we need to
analyse these special cases separately to get a better understanding of our system.
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For Case 3 of the leading order equation, we again find that the z3 term on the RHS of
equation (30) has a possibility for additional secular terms.

Consider,

= (Ag(r)eMcos(ut) + Bo(r)eMsin(ut) + kicos(wt) + kosin(wt))?

In this expansion we consider the term 3(Ag(7)e*cos(ut) + Bo()eMsin(ut))(kicos(wt) +
kosin(wt))?. This can be expanded further as,

k3 + k% ki—k3 ‘
(Ag(T)eMcos(ut) + Bo(t)eMsin(ut)) 5 + 5 cos(2wt) + k1kasin(2wt)

We see that in addition to the secular terms that have already been obtained we also get
terms like,

k? — k32
%Aoe” <cos(,u + 2w)t + cos(p — 2w)t)

This can result in additional secular terms if cos(u + 2w)t = cos(u)t. This can happen only
if w=0 or w = t+u. However, w is the frequency and it should always be positive. Hence,
= tw.

Given that p = ‘/7 , we have that p = 1"'2“’2.

Therefore,

For Case 1 of the leading order equation :
p=0
. 3
P=16

For Case 2 of the leading order equation : There are no special cases, as p already take a
specific value.

For Case 3 of the leading order equation :

1 + 4w?

hS!

5.71 When p =0

First we consider the following case,

— When p =0

In the case 1 of (27), we have 1 and 79, given by, r; =

—1+v1=4p —1—/1—4p
5 .

2
When p =0, 71 =0 and 7o = —1. Putting this into the equation for zy(t, 7), we get,

, T2 =

20(t, 7) = Ao(T) + Bo()e™" + kycos(wt) + kosint(wt)

When ¢ = 0 and 7 = 0, we have, 2¢(0,0) = 0 and %(0, 0) = 0. This gives us the initial
conditions,
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{AO(O) = —ky — kow (38)

Bo(O) = kgw

For this case we need to find and eliminate the secular terms. We do so by considering
(23).

2
O(q) : 2/ + 2 +pz = <_2§t;j - % - % — 23— 3h%(t)z0 — 3h()22 — 1 (1) —h3(t)>

We calculate each of the terms present in the RHS and collect the coefficients of the
functions €% =1 and e~*.

¥ 202 — (20Baye~t 4 N.S.T

9z _ 9Ag 4 9Bg ,—t
* ar — or + 37’6 +NST

x 220 = Bye™t + N.S.T

: - 2 2 2 2
* 2= (A5 + P PR 1+ (BA3By + M 4 MRt + NS.T

* 3A%sin?(wt)zg = (WTAO) + (%)e’t +N.S.T

* 3Asin(wt)2d = (3AkaAg) + (3AkaBo)e™t + N.S.T

% h'(t) and h3(t) are Non secular terms.

t

The coefficients of €% and e~* need to be equated to zero. So we have,

A
o v v 42| =0
dr

B

Bo | pia—c—3a2)| =0

dr

2 2
where, C = (W) = C>0.
We can convert the above equations into a system of nonlinear ODEs as below,

{dg‘;" — _A(C+ A2 =F, )

o = —By(1-C—343) =G
When —Ag(C + A2) = 0 = Ay = 0. When Ay = 0, from % = 0, we have
By =0o0r C =1. When C # 1 and C > 0, the system has one equilibrium point
(Ao, Bo) = (0,0). We need to linearise (39). We have to calculate the Jacobian of the
system to linearise it.
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’

—Cc 0
Jio,0 =

0 C-1
When C # 1 and C > 0, the system reduces to,

ddo -C 0 ][4
AR | “
We observe that the eigenvalues of (40) are —C and C — 1.

When 0 < C < 1, both the eigenvalues are negative = A\; < 0, A2 < 0. This means
we obtain an attractor stable node at (Ag, By) = (0,0) for the linearised system.
When perturbed, the stability of this node does not change for the nonlinear system,
it is stable even for the nonlinear system.

When C' > 1, we observe that the eigenvalues ar eof opposite signs, i.e., Ay < 0, A2 > 0.
This would give us an unstable saddle at (Ao, By) = (0,0). This would also result in
a saddle for the nonlinear system.

When C' =1 = that we obtain a singular matrix J. Here we have A\; < 0, Ay = 0.
This situation leads to a scenario with infinitely many critical points along the
same direction as the second eigenvector V5 = (0,p). A\; <0 = that the phase
trajectories are going into the critical points and are parallel to the Ag axis. This would
result in inifinitely many sink nodes for the linear system and for the nonlinear system
it remains unchanged.
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-1 Q 1 2 -2 -1 Q 1 2 -4 -2 Qo 2 4
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—

a) When 0 < C < 1 (b) When C > 1 (¢) When C =1

Figure 9: Bifurcations of special case 1

We can obtain a closed form solution of the system in (39) using the initial conditions

in (38) as, where, a = C,Sf(l,:i]f,:;)j)?
aCe—2CT
A =
o(7) 1—aeCT
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3/2
<kQOJ(6_(2C+1)T)(€QCT _ a)>

BO(T) = (1 — CL)3/2

The reflected wave and the incoming wave are plotted using the solution for zo(t, 7).
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(a) Low omega, w = 3 (b) High omega, w = 50

Figure 10: Reflected waves- Special case 1 and ¢ = 0.00001

5.7.2 When p = %

Next we consider the following case,

— When p = 1373
In the case 1 solution of the O(1) equation, we have r; and rq, given by, r; = —avizdp 51_4’3,

_ —1—\/1—4A

T9 = .
When p = 16, = _Tl and ro = _73. Putting this into the equation for zo (¢, 7), we get,

20(t,7) = Ao(1)e ™ + By(1)e 3% 4+ kycos(wt) + kosint(wt)

When ¢t = 0 and 7 = 0, the initial conditions are given by,

AO(O) — 73k1+24k2w (41)
_ ki+4kow
By(0) = =572

For this case we need to find and eliminate the secular terms. We do so by considering
the O(§) equation.

R R 6 20 62’0 320 3 2 2 3
i /! _ -~ v _ _ _ B! _
0§ : Y + 21 +pz = < 2or o o 0 3h=(t)zo0 — 3h(t)zg — h'(t) — h>(t)

We calculate each of the terms present in the RHS and collect the coefficients of the
functions e~*/* and e3/4,

x 20720 = (L 9a)et/4(SE 9B0)e=3t/4 L N.ST

0z _ 8Ag ,—t/4 | OB ,—3t/4
* Fr = 5le + Fe +N.S.T
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% % — (—14Ao)e—t/4 + (_3430)6_3t/4 + N.ST

o = (BAHE 4 DKoot/ g (S0 | 300K | g4 4 N.S.T
* 3A%sin?(wt)zg = (314;7140)6_”4 + (?”LP)TBO)e_?’t/4 + N.S.T

3Asin(wt)z = (3AkaAg)e ! /* + (3AkoBy)e 34 + N.S.T

*

*

h'(t) and h3(t) are Non secular terms.

The coefficients of e~*/* and e3/* need to be equated to zero. We get the following
expressions,

dAo 1

—+ A =) =

04 4y(C - 5)| =0
dB, 3 N

where, C' = (w) = C>0.

We can convert the above equations into a system of nonlinear ODEs as below,

{dffo = —A(C (42)

G =By(C-3)+245=C
We have to equate F' = 0. When we do so we find that Ag =0 or C' = % When 4y =0,
we have from G = 0, B():OorC’:%. SowhenC;é%andC;&%andC>O,the
system has one equilibrium point (Ao, Bp) = (0,0). In order to analyse the stability of
this equilibrium point for various intervals of C', we need to linearise the system. We
start by calculating the Jacobian of the system as follows,

(545) (58;)

Ay 9B,
J:
(22) ($9)
(3-0) 0
Jio,0 =
0 (C—-3)

When C # % and C' # % C > 0, the system reduces to,

B[4 B 9

We observe that the eigenvalues of (43) are Ay = (3 — C) and Ay = (C — 3).

When 0 < C < %, we have that \;y > 0 and Ay < 0. This means that we obtain an
unstable saddle at (Ag, By) = (0,0) for the linearised system. This means that when
perturbed slightly, it remains a saddle point for the nonlinear system as well.

When % <C< %, we have that Ay < 0 and Ay < 0. This means we obtain an attractor
or sink at (Ao, By) = (0,0) for the linearised system. When perturbed, it will continue
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to be a stable node for the nonlinear system.

When C > %, we obtain A\; < 0 and Ay > 0. This = that we get an unstable
saddle point at (Ag, Bg) = (0,0) for the linearised system. This continues to be an
unstable saddle when perturbed for the nonlinear system.

When C = %, we obtain a singular matrix J. Here \; = 0 and A2 < 0. This means
that we obtain infinitely many equilibrium points along the direction of the
eigenvector V; of the form (Ap, By) = (p,0). Since Ay < 0, the phase trajectories
are directed towards the equlibrium points and are parallel to the By axis. We get
stable nodes for the linearised and the nonlinear system as well.

When C = %, we obtain a singular matrix J. Here \; < 0 and Ao = 0. This means
that we obtain infinitely many equilibrium points along the direction of the
eigenvector V3 of the form (Ao, Bg) = (0,p). Since A; < 0, the phase trajectories
are directed towards the equlibrium points and are parallel to the Ay axis. We get

stable nodes for the linearised and the nonlinear system as well.
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Figure 12: Bifurcations of special case 2

We solve the system in (42) using the initial conditions in (41), we get the following
solution,
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3k + 4k
_ 1+ 2W eT/Q—CT

Ao(T) = 5
C— T
Bo(7) = e 2k  72k20? (BT — 1) +4C -3
(4(4C - 3)) ?

+8k20.} (8/6%0.}2(6(3_40)7—1)-1-40—3) +108k2]€%w(e(3_4c)7_1)+27k£1’)(6(3—40)7'_1))

We can now plot the solution,i.e., the reflected waves and the incoming waves,

(a) Low omega, w =3 (b) High omega, w = 50
Figure 13: Reflected waves- Special case 2 and ¢ = 0.00001

5.7.3 When p = (1)

This case arises as a special p value for Case 3. We have that,

20(t, 7) = Ag(T)eMcos(ut) + Bo(t)e M sin(ut) + kicos(wt) + kysin(wt) (44)
where A = =1 and p = 7v4’2'H

Substituting the special p value into u, we get that y = tw.
e When y=w
We substitute p = w into the zo(¢, 7) to obtain,
z0(t,7) = Ao(T)e™2cos(wt) + Bo(t)e™ 2 sin(wt) + kicos(wt) + kysin(wt)

The initial codnitions are given by,

{AO(O) =k (45)

Bo(O) _ _ ki142ksw

2w

Using this zo(¢, 7), we compute the RHS of the O(e) equation as follows, where N.S.T stands
for non-secular terms,
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d —A -B
5;0 = (TO + Bop)e ?cos(wt) + (—Aop — 5 Ne~t2gin(wt) + N.S.T
0 dA dB
% = (TTO)e_t/Qcos(wt) + (TTO)e_t/Qsin(wt)
2 —dA dB —dAy  —dB
gt;)_ = ( e o+ 2ud—:)e’t/2cos(wt) + (—2p i 0+ 70)6715/282'%(0075) + N.S.T
AByk AAok AAok
3h = (> °1ﬁmmb—iglﬁfmmdeﬁ ;1%M&@+§%ﬁ%fwmmmHNﬂT
A%A A%A A%B A2B
3h%zy = (3 5 0o_3 1 O)e_t/Qcos(wt) + (3 3 04 3 1 et 2sin(wt) + N.S.T
3Ag(k? + k2 3A(k? — k2 3Byk1k
Zg:( of ;4— 3) 4 of 411 3) 021 2)64/2cos(wt)+
2 7.2 2 _ 7.2
(3B0(k; + kQ) . ?).B()(kil — k2) + 3A0k1k2)67t/23in(wt)

Collecting all the coefficients of e~*/?cos(wt) and e~*/?sin(wt), we get the following system,

2w%2A0(61—w)—‘rBo(SCQ—i-C?,—%):F, (46)
2weP = —Ay(co +3c3 — ) — Bo(ar +w) =G

Here, ¢; = %(Ak:l + k1ko), co = %(A + k2)? and c3 = %k%. The equilibrium point is
(Ao, Bo) = (0,0).

We need to compute the characteristic equation of (46). Doing so will help us compute the

eigenvalues of the system. Depending on the eigenvalues, we can determine the stability of
the phase trajectories as t tends to infinity.

The characteristic equation is computed by, |J — AI| = 0, where J is the Jacobian of the
system and A is the eigenvalues of the system.

IJ—AI|=0

(a—w=X)  (3ca+c3—3)
—0
(—c2—=3c3+3) (—c1—w—2A)

Upon calculating the determinant, we get the following quadratic characteristic equation. When
we solve the equation below for A\, we obtain the two eigenvalues of the system.

1
M 2w + <w2 +3(ca+c3)* —2(c2 +e3) + 4) =0 (47)
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The roots of this equation are:

1
/\1,2 = —w=x \/2((22 + 63) — 3(02 + 63)2 — Z
— )\1,2 = —W Zt Z\/@ (48)

Given the constraints of our physical system, i.e., w > 0 and A > 0,and the fact that the values
of k1, ko and ¢y, co, c3 are dependent on w and A. We find that @y always takes negative values,
which leads to complex conjugate eigenvalues, which would result in a spiral sink always as the
real part of our eigenvalues is negative.

Figure 14: System leads to spiral sinks

e When = —w

When we plug in p = —w into (44), we get the same system as the case where p = w. The
inferences concerning stability also remain the same.

If we solve the system (46) using the initial conditions in (45), we get the following solutions,
where a = ¢; —w and b = (3ca + ¢35 — 1/2)

Ao(T) — T (k:lcos( Qot) + V?SZTL(\/@Q)

Bo() = —e %7 <k14;jkzwcos( 0.t) — 2 J; “sm(\/@t))

We can now plot the incoming and reflected wave as follows,
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Figure 15: Reflected waves- Special case 3 and ¢ = 0.00001

5.8 Detuning
Next we move on to the process of detuning. Detuning is the process by which a small perturbation
is induced to the special p value to observe if that perturbation impacts its stability.

D = Deritical + &j

We will consider the following cases :

581 Casel: p=0+4q

Firstly, we consider the the special value p = 0. We perturb p = 0 by a small value §G§ where g is
a very small quantity and ¢ is an O(1) constant.

We want to analyse the effect of this perturbation on our solution. In order to do that, we
need to substitute p = 0 + 64 in the Boundary condition in (8).

We get,

gy = Uy — 0Gu — G(uy + u®) (49)
We know that u(z,t) = h(x +t) + z(t — x). Substituting this in (49), we get,

'+ 2" =0 — 2 —8Gh — 64z — Gh' — §2' — G(h® + 2° + 3h%z + 3h2?)

242 460Gz + G2 + G(23 + 3h%2 4 3h2?) = ' — B — 8Gh — gh' — Gh?
Upon using the expansion z = 2¢(t,7) + z1(¢,7) + ..., we get,

Pz, 02

N "
gz T Ml

O(1) :

20(t,7) = Ao(7) + Bo(7)e™" + kycoswt + kasinwt

_,2
where k; = 1_?_‘42 and ky = %

The initial conditions are given by,
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Ao(0) = —ky (50)
Bo(O) = kgw
2 992
0(q) : %+%: ( ;2):0 —%ZTO—(SZO—%Z:—zg—3h220—3hzg—5h’—h'—h3>

o 20 = _By(r)e”t + N.S.T
o 029 =049 +0Bye '+ N.S.T

Ozg __ dAp + dBg 67t

or dr dr
20%20 _ —2dBg ,—t
* otor —  dr €

o 23 =A%+ (342By)e ! + M(AO + Boe ') + N.S.T
o 3h2z9 = 3% (Ag + Bpe ' + N.S.T
] 3h28 = 3Ak‘2<A0 + Boe_t) + N.S.T

We want to eliminate the secular terms, so we collect the coefficients of 1 and e™! and equate
them to zero to obtain a system of ODEs.

dB, 2dB 3(k2 + K2 342
By — 6By — TTO + dTO — 3A2B, — %BO — =5 Bo—3AkyBo| =0
2 2 2
—5A0—%%—A§—MAO—%AO—3AI@AO —0
T

We obtain the following system of ODEs,

{’ZATO = Ao(—c1 — AF =), (51)

9Bo — By(cy +343+6 - 1)

2 2

where, ¢; = w >0

In order to analyse the stability of our O(1) solution, we need to analyse how the eigenvalues

of (51) behave around the equilibrium point (Ag, By) = (0,0). We also see that when Ag =0 =
By=0orc; =1-4.

—(Cl+5) 0
J =
0 (Cl+5)—1

(i) When ¢; = (1—6) = c¢1+d =1, A\; < 0and A2 = 0. This means we obtain infinitely many
equilibrium points along the By axis with each of the equilibrium points being an attractor(stable).
(ii) When ¢; > (1 —60) = c1+6 > 1, we get Ay < 0 and Ay > 0. This gives us a saddle for the
linearised system and a saddle for the nonlinear system as well.

(iii) When 0 < ¢1 +0 < 1, A1 < 0 and A2 < 0. This leads to a stable node for the linearised system
and it is asymptotically stable for the nonlinear system.
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Figure 16: Bifurcations of the system- Case 1 detuned system.

We solve the system in (51) using the initial conditions in (50), to get,

(Cl + 5)]9%672(614»5)7'

AO(T) - \/(Cl + 5) + k%(l — 6_2(014—6)7')

627'(c1 +4) 4 k‘%

By(r) = kgwe_f(261+25+1) <(Cl +9)

(e2r(c1+5) _ 1) 3/2
C1 + 6

We plot the reflected wave and the initial wave for a low and high omega and ¢ = 0.01 below,
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Figure 17: Reflected waves- Case 1 detuned system and ¢ = 0.00001

5.8.2 Case2: p= 1% + 44

Next, we consider the the special value p = %. We perturb p = % by a small value 6§ where § is

a very small quantity and ¢ is an O(1) constant.

We want to analyse the effect of this perturbation on our solution. In order to do that, we

need to substitute p = 1% + 4G in the Boundary condition in (8).

We get,
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3
sy = Ug = 75U = Gu — G(ug + u®) (52)

We know that u(z,t) = h(x +t) + z(t — x). Substituting this in (52), we get,

W'+ 2" =h — 2 — %h — 1%2 —0Gh — 64z — Gh' — G2' — g(h® + 23 4+ 3h?z + 3h2?)

2+ 2+ iz+5(jz+(jz’+é(z‘3 +3h%2 +3h2%) =h — B — 5 h — 8Gh — Gh' — gh?

16 16
Upon using the expansion z = zo(t,7) + 21 (¢, 7) + ..., we get,

3 3
O(l) : Z(/)/+Z(/)+ EZQ = h,—h/l — Eh

20(t, 7) = Ag(T)e ™V 4+ By(1)e 3 + kycoswt + kysinwt

2 S 2 A
where k; = 2(1%—31?)) and ky = (A—i— 512(&0-?0)

3 (E)2l s 96w —9—256w*

The initial conditions are given by,

Ao(O) — _3k1+24k2w (53)
BO(O) — k1+;1k2w
822’1 821 3 —28220 820 820
O0Q): o+ e+ —2 = — =2 — 0z — — — 25 — 3h%zy — 3hz3 — 60 — B/ — h?
@ F2 T T T \Taer oy 00T g 0 a3

° % = *TAOe_t/‘l — %6_3”4 + N.S.T

o 529 = 0Age t/* + §Bye 34 + N.S.T

. 28(228,270 _ 12d£0 e—t/4 _ 32ddBToe—3t/4

o 2} = M(AAO@%/4 + Bpe 34 + N.S.T

o 3h%2 = 4% (Age "/ + Bye 3/* + N.S.T

o 3h23 = 3Aky(Aget/* + Boe 3/*) + N.S.T

We want to eliminate the secular terms, so we collect the coefficients of e~/# and e~3t/* and

equate them to zero to obtain a system of ODEs.

Ao 1dAy  3(A+ky)? — 3k? 3A2 4, B
1 —0Ay — 3 5 Ay — 5 —3AksAg| =0
B 1dB A 23K A?B

3 0—5Bo—|-*d 0_3( +k2) 3k1BO_3 O—3Ak2B0 -0
4 2 dr 2 2

We obtain the following system of ODEs,
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S = Ao(—(c1 +0) = ),

(54)

St = Bo((e1 +0) — 3)
2 2
where, ¢; = w > 0.
We solve the system in (54) using the initial conditions in (53), to get,

_ 4]62(4) + 3]{)1 e
2

Ao(’r) _ —Z(4c1+40+1)

4k ki _-
By(1) = 2W2+ 1 e 2(3-de1—49)

This system has an equilibrium point when ¢; # _Tl, 1 # %, i.e., (Ao, Bo) = (0,0).

(i) When ¢; +6 = _71, A1 = 0 and Ay < 0. We get infinitely many equilibrium points along
the Ay axis with phase lines pointing towards a stable node at each of these equilibria.
(ii) When ¢; + 6 = %, A1 < 0 and Ay = 0. We get infinitely many equilibrium points along the By
axis with phase lines pointing towards a stable node at each of these equilibria.
(iii) When ’Tl <c+6< %, A1 < 0 and Ay < 0. This leads to a stable node for the linear system
of ODEs we have obtained.
(iv) When ¢; +6 > %, A1 < 0 and Ag > 0. This leads to a saddle at the equilibrium point.
(v) When ¢; + 60 < =+, A > 0 and Ay < 0. This leads to a saddle for the linear system of ODEs
at the equilibrium point.
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Next, we plot our initial and reflected wave,similar to the previous cases,
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A 2 ~
5.8.3 Case 3: p= (1) + 44

Next, we consider the the special value p = % +w?+ 6(}) . We perturb p = <}1 +w2> by a small

value 6¢ where § is a very small quantity and ¢ is an O(1) constant.
We want to analyse the effect of this perturbation on our solution. In order to do that, we

need to substitute p = (% +w? 4+ 6(}) in the Boundary condition in (8).
We get,
2

1
Uiy = Uy — U~ W u — 8Gu — (ug + u®) (55)

We know that u(z,t) = h(x +t) + z(t — ). Substituting this in (55), we get,

h
h”+z”:h’—z’—Z———wzh—wQZ—zjdh—(j&z—cjh’—(jz’—cj(h3+z3+3h2z+3hzz)

h
z”—l—z’—|—Z—|—w2z—|—<j(5z—|—z’+z3+3h22—|—3hz2):h’—h”—Z—th—é(5h+h’+h3)

Upon substitution of the expansion z = zo(t,7) + §z1(¢,7) + ..., we get,

8220 620 h

1) - N N
O(1) 8t2+8t+( +whzg=h"—h 1
1 —1+2

— T2+T+(Z+UJ2):0 — r1,2 = D) i

— 20(t,7) = Ag(1)e " ?coswt + Bo(1)e ™t 2sinwt + kycoswt + kysinwt

4Aw? —4AWP+2Aw 5Aw? 717*’4“’
Where ]Cl T and k‘Q = —11"!‘47'

The initial condltlons are given by,

{AO(O) - 2(k2:+k1w) (56)

Bol0) = — 5525

2 992
0(q) : g2 821+(1+w2)z1:< 6238:0—%—62:0—%—z8—3h2z0—3hz§—5h’—h’—h3>

36



° % = (—% + Bow)e~/2coswt + (_7 — Agw)e ¥ ?sinwt + N.S.T
e 629 = (8Ag)e Y ?coswt + (6By)e~/?sinwt + N.S.T

o 220 — (do)e~t/2¢o50t + (B0 )e~t/ 2 sinwt

20°z0 _ (_dA dBo ) ,—t/2 dB dAg\,—t/2 o
o L — (-0 420 )e /coswt—&—(—dT" 2wdie)e =t 2 sinwt

o 25 = <3(k%2+k§) z‘lo-f—?)(ki_kg)1‘1()-i-3k§k2 Ao) e t2coswt+ (3(@;’%) Bo-l-s(ki_kg) BO_Bkékz Bo> e~ 2 sinwt+

N.S.T
o 3h%z = (WTA“ - Wf‘%)e’t/Qcoswt + (WTBO - 3AffBO)e’t/2simut +N.ST
o 3Nz} = (3AkoAg — 3248240 )e =t/ 2coswt + (3Aks By — 32280 ) et/ 25inwt + N.S.T

We would like to eliminate the secular terms, so we collect the coefficients of e~*/2coswt and
e t/2sinwt and equate them to zero to obtain a system of ODEs.

A dBy 3(k? + k2 3(k? — k2 3k1k 3424, 3A%A4 3Aky A |
J—Bow 514.(]_20)70_ ( L + 2)A()— ( L 2)140— ! 214.(]— O+ 0—3A/€2A0+ 2770
2 dr 2 4 2 4 2
B dAg  3(k2 + K2 3(k2 — k2 3k k 3A2B, 3A’B 3Ako By |
Doy pyw—sByr2w o 3Kt R) p S —ky) g\ Shike g 347Bo S4By g g 34K B0
2 dr 2 4 2 2 4 2
We obtain the following system of ODEs,
Zw% = Ao(~w) + Bo(cr —ca +6 — %),
(57)
2&)% = Bo(—w) — Ao(Cl =+ C2 —+ (5 — %)
where, ¢; = 73(A+k2) 9 and o = 3k1k2
—(1/2) (cr—c2+6—1)/2w
J =
(—c1—c2—0+3)/ 2w —(1/2)
We calculate the characteristic equation using |J — M| = 0, and get,
Ay = Ly W@
’ 2 w

We take a look at the system in (57). (i) When c2 + 3 < c1+0 = ¢ —co+6— 4 >0
=c1+c+6— % > 0 we get imaginary eigenvalues with a negative real part. This leads to a
stable spiral for the linear system of ODEs.

(ii) When 02+% >+ = c1702+57% < 0 which = c1+02+5f% < 0or c1+02+§f% >0

orcy+cg+9— % = 0. In each of these cases we get the following behaviour.
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Figure 22: Bifurcations of Case 3 in Detuning

We can solve (57) using (56) to get,

2 _ /O
Ao(r) = (kZ: +?1w>6_7/?003( 507)
2 \/
BO(T) = ——k12: +k]2-w€7‘r/2005( L?O 7')

where, Qo = (c1 + ) — (c1 + 6)? + (¢4 — ). Now that we have the solutions, we plot the
incoming wave and the reflected wave for a low and high omega value.
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Figure 23: Reflected waves- Case 3 detuned system and ¢ = 0.01

5.9 Energy of the system

In order to check whether the energy of the system reduces due to our system and to what extent
it reduces, we must consider the energy of the system as a whole.

Etot (t) = Estring + Espring

The energy of the string is given by the kinetic energy of the string and the potential energy
of the string. The upper limit of the integral comes from the fact that

c=\T

, where c is the wave speed which is ¢ = 1 and the time period of a wave travelling with a frequency
wis T =2n/w. This = that the wavelength, i.e., A\=c*T, = X =27 /w.

Let us first consider the energy of the string.

2

We examine the rate at which the energy of the string changes,

dEgy _ i[/ooo %(u(x,t)z +u/(x7t)2)da:]

Butring (t) — / " it 1ol (1))

dt dt

% - / (ututt + uzumt> dx (58)
dt 0

/ (Uguge)dr = Uz (00, t)us(00, 1) — ug (0, t)u(0,8) — / UgpUrdT
0 0

We assume that the energy at x = oo is zero as our interest is only in the waves near the
boundary at z = 0. This implies that,

/ (ugtge)dr = —uy (0, t)us (0,1) —/ UppUrdr (59)
0 0

Substituting (59) in (58), we get,

dEstr
dt

From (8) we know that us — tz, = 0, this =

o0
= / Up(Upt — Uz )dx — U (0, 1)ue (0, 1)
0
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dEstr
dt
We can substitute the boundary condition in (8) in the place of u,(0,t), to get,

= — 1, (0, t)u (0, 1)

dEstr
dt

= ( — g (0, ) (0, 1) — pug (0, 1)u(0,t) — Guy (0, )u(0, t)) —qui(0,t)

dEstr _ dEs;m' A D2
o= (- ) e
dEtot

dt

This implies that the energy in our system is decaying for all of our cases. The energy at time
t can be calculated using the following expression.

= —Gui(0,t) <0

B0 - 50 =~ "2(0.0) (60)

where, E(0) is the energy present in our initial wave, which is found to be E(0) = A%wn, where
A is the amplitude of the incoming wave and w is the frequency of the initial wave.

The energy at t = 0 for a low value of omega, w = 3 and a high omega, w = 50 are given below,
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(a) E(0) for low omega, w =3 (b) E(0) for high omega, w = 50

Figure 24: When ¢ = 0, no damping

Now, we consider the energy decay for each of the leading order cases. For each of the intervals,
we consider sample p values and plot the energy decay due to one incoming wave,i.e., the energy
between ¢t =0 and t = %”

1e-7+235¢e-2
1000 — p=016666665656666666

p=0.125
— p=008333333333333333 ooomad —

0000230 { N
& amooes {
El

aos0%80 {

(a) E(t) for low omega, w = 3 (b) E(t) for high omega, w = 50

Figure 25: Case 1 leading order for p = 1/6,1/8,1/12 and ¢ = 0.00001
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Figure 27: Case 3 leading order for p = 1/3,1,2 and ¢ = 0.00001
Next, we consider the energy of the system in the special cases.
aosscn 1‘-..‘\
. o ) .
. - AN
= 4 \\

(a) E(t) for low omega, w = 3

(b) E(t) for high omega, w = 50

Figure 28: Case 1-special case for p = 0 and ¢ = 0.00001
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Figure 29: Case 2-special case for p = % and ¢ = 0.00001
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Figure 30: Case 3-special case for p = 1+;1w2 and ¢ = 0.00001

In the special cases above, we observe that the energies drop immediately for the cases where
p = 0,3/16, which is in line with the evolution of the amplitudes given in Figure (10) and Figure
(13). In special case 3 however, we see that the energy takes longer to start reducing. At higher
frequencies, the energy stays at the same amplitude as the incident wave for a longer period of
time, before it starts decaying. Overall the energy decreases over time, consistent with what was
proved in (60).

Finally, we consider the change in energy in the Detuned cases.

002355 — p=0+as

002350 T -

002340

aar |
002335 b

(a) E(t) for low omega, w = 3 (b) E(t) for high omega, w = 50

Figure 31: Case 1-detuned case for p = 0+ ¢é and ¢ = 0.00001
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Figure 32: Case 2-detuned case for p = % + ¢é and ¢ = 0.00001
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Figure 33: Case 3-detuned case for p = # + ¢ and ¢ = 0.00001

As we can see in Figures (31),(32) and (33), the energy decreases in the time interval 0 < ¢ < 2%,
This is supported by the corresponding reflected waves in Figures (17), (20) and (23). As we can
see, there is an initial increase in amplitudes in all three cases and then there is a decay in the
amplitude.

(60) was used to plot the decay of energy in the system. The trapezoidal approximation rule
was used to calculate the amount of energy taken out of the system by the damper. Trapezoids are
much more accurate representations of the area under the curve as opposed to using rectangles,
which makes this a good approximation.

6 Conclusions and future research

In the mechanical system, we considered a hardening spring and observed that due to the presence
of an initial velocity for the incident wave, for higher w values, we observe that the reflected waves
have an initial impact after which the wave stabilises. From Figures (25),(26),(27),(28),(29),(30),(31),(32)

and (33), we see that the energy of the system between t = 0 and ¢ = % is decaying for all the
cases that we have discussed.

Our main objective was to show how the incident wave gets reflected at the boundary and to
show that the presence of a nonlinear attachment at the boundary is responsible for an overall de-
cay in the energy of the system. The research conducted in this study provides sufficient evidence
to prove the same.

This topic can be extended by including new avenues for research such as, considering the
case where the nonlinear spring at the boundary is of the softening type, considering different
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initial conditions, applying variations of the multiple time scales method and also obtaining more
accurate approximations of the solutions, i.e., z(t) = zo(t,7) + ¢z1(¢,7) + O(G?).
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