<]
TUDelft

Delft University of Technology

Inducing contractions of the mother of all continued fractions

Dajani, Karma; Kraaikamp, Cor; Sanderson, Slade

DOI
10.1016/j.jnt.2025.05.015

Publication date
2026

Document Version
Final published version

Published in
Journal of Number Theory

Citation (APA)
Dajani, K., Kraaikamp, C., & Sanderson, S. (2026). Inducing contractions of the mother of all continued
fractions. Journal of Number Theory, 278, 816-874. https://doi.org/10.1016/j.jnt.2025.05.015

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1016/j.jnt.2025.05.015
https://doi.org/10.1016/j.jnt.2025.05.015

Journal of Number Theory 278 (2026) 816-874

journal homepage: www.elsevier.com/locate/jnt

Contents lists available at ScienceDirect =

Journal of Number Theory

 JOURNALOF

General Section

Inducing contractions of the mother of all continued

fractions

Karma Dajani®, Cor Kraaikamp ", Slade Sanderson

)]

Check for
Updates

a,*

2 Department of Mathematics, Utrecht University, P.O. Box 80010, 3508 TA

Utrecht, the Netherlands

Y Delft University of Technology, EWI (DIAM), Mekelweg 4, 2628 CD Delft, the

Netherlands

ARTICLE INFO

ABSTRACT

Article history:

Received 16 April 2025
Accepted 7 May 2025
Available online 19 June 2025
Communicated by S.J. Miller

MSC:
primary 11A55
secondary 37A05, 37TA44

Keywords:

Continued fractions
Ergodic theory

Natural extension
Induced transformation
Contraction

We introduce a new, large class of continued fraction al-
gorithms producing what are called contracted Farey ez-
pansions. These algorithms are defined by coupling two ac-
celeration techniques—induced transformations and contrac-
tion—in the setting of Shunji Ito’s ([19]) natural extension
of the Farey tent map, which generates ‘slow’ continued frac-
tion expansions. In addition to defining new algorithms, we
also realise several existing continued fraction algorithms in
our unifying setting. In particular, we find regular contin-
ued fractions, the second-named author’s S-expansions, and
Nakada’s parameterised family of a-continued fractions for all
0 < a < 1 as examples of contracted Farey expansions. More-
over, we give a new description of a planar natural extension
for each of the a-continued fraction transformations as an ex-
plicit induced transformation of Ito’s natural extension.
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1. Introduction

In 1855, Seidel ([40]) introduced a seemingly overlooked,’ arithmetic procedure, called
contraction, which—under mild assumptions—allows one to produce from a given gen-
eralised continued fraction (GCF) a new GCF whose convergents are any prescribed
subsequence of the original GCF-convergents. Nearly ninety years later, in 1943, Kakutani
introduced in [21] induced transformations, which accelerate a given dynamical system by
only observing the dynamics within a subregion of the domain. In 1989, Shunji Ito ([19])
gave an explicit natural extension of what has been called® ‘the mother of all continued
fractions’™—the Farey tent map—which generates ‘slow’ continued fraction expansions
(Farey expansions) whose convergents (Farey convergents) consist of all regular contin-
ued fraction (RCF) convergents and so-called mediant convergents (see §2.3 below). In
this article, we obtain a broad, unifying theory for various continued fraction expansions
by ‘inducing contractions of the mother of all continued fractions.

More formally, we use induced transformations of Ito’s natural extension to govern
contractions of Farey expansions. This coupling of inducing and contracting defines a
large class of continued fraction algorithms—producing what we call contracted Farey
expansions—which are parameterised by measurable subregions of the domain of Ito’s
natural extension. Within this collection of algorithms we find several well-studied exam-
ples. In particular, contracted Farey expansions contain the theory of the second-named
author’s S-expansions, which themselves contain the theory of RCFs, Minkowski’s di-
agonal continued fractions, Bosma’s optimal continued fractions and more ([23]). The
collection of S-expansions also partially contains Nakada’s parameterised family of a-
continued fractions: this latter family is defined for 0 < o < 1, but only those for which
a > 1/2 are realised as S-expansions. Our theory of contracted Farey expansions contains
Nakada’s a-continued fractions for all 0 < e < 1—thus providing a unifying framework
within which to view these two partially overlapping families—and gives a new descrip-
tion of the natural extension of each of the a-continued fraction transformations as an
induced transformation of Ito’s natural extension (cf. [24]).

In [13], the authors use a one-to-one correspondence between certain forward orbits
determined by irrationals « € (0,1) under Ito’s natural extension map and the sequence
of all Farey convergents (RCF-convergents and mediants) of . With this correspondence,
certain subregions of the domain of Ito’s natural extension ‘announce’ certain types
of Farey convergents. By considering induced transformations on these subregions, the
authors obtain unified and simple proofs of results from, e.g., [3,6,19,20], old and classical
results of Legendre and Koksma, and various new results such as generalisations of Lévy’s

L Contraction is used in the analytic theory of continued fractions, but usually only for subsequences
of odd or even integers ([27]). See also [5], where the more general contraction procedure is used on the
continued fraction expansion of the golden mean, (/54 1)/2.

2 This is true ‘up to isomorphism. The maternal moniker was originally applied to the Lehner map, which
is isomorphic to the Farey tent map ([12]); see also §4.2 below.
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constant and of the Doeblin—Lenstra conjecture to subsequences of RCF-convergents and
mediants.

The subsequences from [13] of Farey convergents announced by a subregion of the
domain of Ito’s natural extension are also of central importance in the current article:
via contraction, these subsequences form the convergents of our new contracted Farey
expansions. That is, we fix a subregion R of the domain € of Ito’s natural extension and
consider the subsequence of the forward orbit of a point (z,y) €  which enters R under
the natural extension map. Via the aforementioned one-to-one correspondence between
orbits and Farey convergents, we obtain a subsequence of Farey convergents of x and use
contraction to produce a new GCF-expansion of x whose convergents are precisely this
subsequence. The digits of these new GCF-expansions may be described in terms of the
dynamics of the induced transformation of Ito’s natural extension on the subregion R,
and hence we obtain a large collection of continued fraction algorithms parameterised
by these subregions.

While the present article is informed by [13], these two works may be read indepen-
dently. We remark, however, that the ideas of both articles may also be combined: in
[39], the third-named author exploits results of [13] and the present article to generate
new, superoptimal continued fraction algorithms producing GCF-expansions which have
arbitrarily good approximation properties and converge arbitrarily fast.

This article is organised as follows. In §2 we set definitions and notation for generalised,
semi-regular and regular continued fractions that are used throughout, and in §3 we
recall several continued fraction algorithms: the Gauss map and its natural extension,
Nakada’s a-continued fractions and the second-named author’s S-expansions. We recall
the Farey tent map, Farey expansions and Farey convergents in §4. In §5 we describe
Ito’s natural extension of the Farey tent map, and, moreover, define and set notation
for induced transformations of it (§5.2). In §6.1 we describe contraction in the abstract
setting of generalised continued fractions and in §6.2 use induced transformations of
Ito’s natural extension to govern contractions of Farey expansions. Furthermore, in §6.3
we define a dynamical system which acts essentially as a two-sided shift on contracted
Farey expansions. Section 7 realises each of the examples from §3 within our theory of
contracted Farey expansions.

Acknowledgments. We thank the anonymous referee who reviewed this article. This work
is part of project number 613.009.135 of the research programme Mathematics Clusters
which is financed by the Dutch Research Council (NWO).

2. Generalised, semi-regular and regular continued fractions

2.1. Generalised continued fractions

A generalised continued fraction (GCF) is a formal (infinite or finite) expression of the
form
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[Bo/aw; a1 /Bi,az/B2,...] = ; (1)

Bt ——
/32+"~

where (a_1,6-1) := (1,0) and for n > 0, oy, B, € C with «,, # 0.
Remark 2.1. Notice that for ag, 5p,z € C with ag nonzero,

1 1
(o)) B %))
Bo+x

(60 + .’I}),
0+

with the convention that ¢/0 = co and ¢/oo = 0 for ¢ € C \ {0}. Thus—although at this
point it is a strictly formal expression—a GCF should be thought of as 1/aq ‘multiplied’
with the expression

(€51
Bo +
a

fr+———
Bo+ -

(hence the choice of notation [By/ag; @1/B1, . . .| rather than [ag/Bo; a1 /1, - - .]). Besides
allowing for this inversion of «g, our inclusion of a_; and S_1 in (1) also prevents us
from needing to treat the index 0 as a special case in the matrix notation introduced
below.

The digits a., and 3, are called partial numerators and partial denominators, respec-
tively. When a GCF has only finitely many partial numerators and partial denominators,
the expression on the right-hand side of (1) may be evaluated to give a number in
C:=CuU {o0}. Define for each integer n > —2 (with the obvious restriction in the finite
case) the n' tail of [By/cw;a1/B1, /P, .. .] to be the GCF

[0/17 an-‘rl/ﬁn-&-ly an+2/ﬁn+27 an+3/ﬁn+3a v

For each integer n > —1, set

Bn = Bn([ﬂO/ao;al/ﬂlv e ]) :

Il
7N

0 ap
L Bn)’
and for integers —1 < m < n, let

B[m,n] = B[m,n]([ﬁO/ao; al/ﬁlv .. ]) = BmBm+1 e Bn



820 K. Dajani et al. / Journal of Number Theory 278 (2026) 816-87

Notice that det By, ,) = (=)™ ™,y ...y # 0. For a matrix 4 = (ZZ) €

GLyC, denote by A - z := ijr'g, z € @, the action of A as a Mdobius transformation.

(We remark that for any r € C\{0}, (rd) -z = A - z; this fact will be used repeatedly

throughout.) Writing the entries of By, ) as (1;[’"’"]] g[[m’"]] ), we have
P[m,n] B 0 [0 7%%
Q[m,n] — Clmn] T (0% 1
B + s
am+2
5m+1 +
Ly Qn
Bn

= [0/1;am/BM7aW7.+l/ﬁm+1, .. ~,Oén/ﬂn] S @

(Notice that if each aj,; € Z, then Py, /Qpnpn € Q U {oo}, but in general,
ged(Pym n]s @pm,n) # 1.) When m = —1, we use the suppressed notation

R, P, Ri1n) P1n
= ’ ’ =Bji_1.,
<Sn Qn) (S[l,n] Q[fl,n] (=1
and call P,/Q,, the n'® convergent of® [By/cag; a1 /P1, 2/ B2, ...]. If a GCF is finite and

evaluates to z € C, or if it is infinite and z = lim, o P,/Q, € C exists, we call
[Bo/cwo; 1 /b1, /B2, ...] a GCF-expansion of x, write x = [Bo/ao;1/B1,2/Ba,...]
and—when the expansion [fy/ag; @1/B1,a2/B2, . ..] is understood—refer to the conver-
gents P, /@, as convergents of x.

Notice for any integers —1 < m < n that

Rimm+1] Plmn1] Rinn) P\ (0 anta
; , —B B _ ; ,
( mot+1]  Qm,ni) [m,n] Zn+1 Stm,n] mn) ) \ 1 Bnt1

_ P[m,n] ﬂnJrlP[m,n] + anJrlR[m,n]
Q[m,n] /Bn—i-lQ[m,n] + an+15[m,n] '

In particular, Ry, 41] = Pim,n) and Sp 1] = Qpm,n]- Setting (P m—1], Qim,m—1]) :=
(0,1) for all m > —1, this gives

B[m,n] = (P[m,n_ll P[m7n] ) , —1<m<n,

[m,n—1] [m,n]

and we obtain the following recurrence relations for all —1 < m < n:

P[m,n-‘rl] = Bn—i—lp[m,n] + an+1P[m,n—1]a P[m,m—l] =0, P[m,m] = Qm, (2)
Q[m,n+1] = ﬂnJrlQ[m,n] + anJrlQ[m,n—l]v C2[m,m—1] =1, Q[m,m] = Bm.

3 Note that [0/1;0—1/B-1,0/Bo, - -, n/Bn] = [Bo/ao;a1/B1, ..., an/Bnl.
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Let (P_2,Q_2) := (0,1). When m = —1, the observations above give, for n > —1,

n Pn
B = (Qn . Qn)

and the recurrence relations

Poy1 = Bnt1Pn + ant1Pra, P_,=0, Py =1, (3)
Qnt1 = Brn+1Qn + np1@Qn—1, Q2=1 Q_1=0

Remark 2.2. The quantities P,, @Q,, are defined in terms of the partial numerators and
partial denominators av,, 3, of a GCF. Conversely, since det(B[_1,,)) # 0, the digits a,, B,
are also determined by the quantities P,, @,. In particular, the recurrence relations (3)

imply
an+1 — B—l n+1 > _1
</8n+1> —1n] (Qn+1> = ’

Remark 2.3. It shall sometimes be useful to allow for infinite partial denominators (3,, =
oo for some n > 1in a GCF [By/ap; a1/P1, a2/Ba, .. .]. In this case, letting ng > 0 denote
smallest index for which 8,41 = 0o, the GCF [By/ap; a1 /b1, a2/ B2, . ..] is interpreted to
be the finite GCF [Bo/ao; @1/B1, @2/B2, .- ., Qny/Bng)-

Letting T}, := [0/1;ns1/Bnt1s @ns2/But2,---], n > 0, denote the n*® tail of the

GCF-expansion © = [By/ao; a1 /51, a2/ P2, .. .], one obtains
a1 0 a_1 0 «ap 0 ap

— — Ty, = By Tn.

: (50 R) (5
B-1+
i
Bo +
T

Notice also that for any z € @,

. (0 1 0 1\/0 1 B 1
B[l,n]'Z—<an Bn)”'(ao ﬁo) (1 0>'z_ o, -0

or
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B[Til,n] TR= [0/17 1/5717 an/ﬁnflv sy al/ﬁ()v OZ()/Z], (6)

where, in the case that z = oo, the right-hand side is interpreted as [0/1; 1/, an/Bn—1,
ceey Ozl/ﬁo] .

2.2. Semi-reqular continued fractions

A semi-regular continued fraction (SRCF) is a GCF as in (1) with integral partial
numerators and partial denominators a,, 8, € Z satisfying

(i) ap =1 and a, = £1 for n > 1,
(ii) Bp >0 for n > 1, and
(iii) apy1 + Bn > 1forn > 1.

If there are infinitely many digits, we further require
(iv) @nt1 + Bn > 2 infinitely often.

By Tietze’s Convergence Theorem (see, say, [37]) the above conditions guarantee
that & = lim, 0 Pr/Qn € R always exists, and thus we call [8y/ao; a1 /51, a2/B2, .. .]
a SRCF-expansion of . Notice that the convergents P, /@, of any SRCF-expansion of
x € R are reduced since

|Pn71Qn - Pnanl‘ - ‘ dEt(B[—l,n]” = |Oé,1040 e an| =1
2.3. Regular continued fractions

A regular continued fraction (RCF) is a SRCF with partial numerators «,, = 1 for
n > 1. (Note that with this assumption on partial numerators, conditions (iii) and (iv)
of SRCFs are trivially satisfied for any choice of integral partial denominators satisfying
condition (ii).) A RCF will also be denoted by

[ag; a1,a9,...] :=lao/1;1/a1,1/as,...], an €Z with a, >0, n#0.

For a RCF, we use the special notation p, := P, and ¢, := Q,, n > —2, so the recurrence
relations (3) become

Pntl = Qnt1Pn +Pn—1, Pp—2=0, p_1 =1, (7)
Gn+1 = Qpy1Gn + qn_1, g=2=1,qg1=0.

Since a RCF is a SRCF, the limit x = lim,, o, prn/¢n € R exists for any infinite choice of
an, n > 0 (this can also be proven directly; see, e.g., [17]), and the odd- and even-indexed
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RCF-convergents (pog—1/q2k—1)k>0 and (par/qak ) k>0 form strictly decreasing and strictly
increasing sequences, respectively (see, e.g., Theorem 4 of [22]). Conversely, every real
number x has a RCF-expansion. Moreover, if x is irrational, its RCF-expansion is unique
and has infinitely many partial denominators a,; if x is rational, it has exactly two
RCF-expansions,

[ap; a1,...,a,] and [ag;ai,...,an —1,1],
where a,, > 2 if n > 1 ([17]).

2.3.1. Mediant convergents
The fractions

)‘pn + Pn—-1

for N\eN, 1< A<apyr, n>—1, 8
AQn"i'Qn—l o 1 ()

are called the mediants (or mediant convergents) of x = [ag;a,as,...]. Notice that if
A = 0, the expression in (8) gives p,_1/¢n—1, while if A = a,11, the expression gives
Pn+1/Gn+1 by the recurrence relations (7). Since the mediant (a4 b)/(c+ d) of two frac-
tions a/c and b/d with positive denominators lies between them in value, monotonicity
of the odd-/even-indexed RCF-convergents gives the following relations for all n > 0 (see
§1.4 of [22]):

< Dan+1  A2n4+1P2n + P2n—1 < (a2n+1 — 1)pan + pan—1 <

‘r ...
don+1 a2n+142n + q2n—1 (a2n+1 - ]-)q2n + qo2n—1 (9)

< P2n + Pon—1 < Pon—1
Q2n + Q2n—1 Q2n—1

and

P2n < D2n+1 + D2n i< (a2n+2 — 1)p2n+1 + Don < 2n4+2D2n+1 + D2n _ Pongo

— <x.
G2n  Q2nt1t @n (a2n42 — 1)@ont+1 +@2n  G2nt2@2n+1 + G2n Qons2
(10)

3. Some continued fraction algorithms

In this section we introduce some important continued fraction (CF) algorithms which
shall be revisited throughout the paper. In particular, the reader will find in §3.1 the
Gauss map, which generates RCF-expansions; in §3.2 Nakada’s parameterised family of
a-CFs, which generate SRCFs including RCFs, Hurwitz’s singular CFs, nearest integer CFs,
and Rényi’s backward cFs; and in §3.3 the second-named author’s S-expansions, which
generate SRCFs including Minkowski’s diagonal CFs, Bosma’s optimal CFs and (a strict
subcollection of) Nakada’s a-CFs.
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0 S 1/31/2 1 -1 a—-10 o 0 1/2 1

Fig. 1. Graphs of the Gauss map G (left), Nakada’s a-CF maps G, (centre), and the Farey tent map F
(right).

3.1. The Gauss map

3.1.1. The Gauss map

The partial denominators a, of RCF-expansions are generated by the Gauss map
G : [0,1] — [0,1] defined by* G(0) = 0 and G(z) = 1/z — [1/z], = > 0; see Fig. 1.
Indeed, for z € R, set ag = ag(z) := |z] and zp := & — ag € [0,1). Define a(0) := oo,
a(z) := |1/x] for z # 0, and a,, = a,(z) = a(G" !(z0)) for n > 0. Notice that for
any integer k > 1, a, = k if and only if G"~!(z¢) € (1/(k + 1), 1/k]. One finds that for
G™(xo) # 0,

" 1
G (J}Q) = m — Qp-
Rearranging gives
1
anl —
(xO) a, + Gn($0)7

which holds for both G"~!(zg) # 0 and G" !(z9) = 0, and which—with repeated
applications—in turn gives

T =ag+ = lap; a1, -+, an-1,an + G™(x0)].

ar +

1

S S
an + G™(x0)

Symbolically, the Gauss map acts as a left-shift on RCF-expansions. That is, if x =
[0; a1,a2,...] € (0,1), then G(z) = [0; az, as, . ..].

4 While G may be defined as a self-map of [0, 1), we choose to include the endpoint 1 for later notational
purposes.
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The dynamical system ([0, 1], B, v, G) is exact (and hence strongly mixing, weakly
mixing and ergodic; see [17]), where B is the Borel o-algebra® on [0,1] and v is the
Gauss measure, which is the absolutely continuous, G-invariant probability measure with
density 1/((log2)(1 + x)).

3.1.2. The natural extension of the Gauss map

In the late 1970s and early 1980s, Nakada, Ito and Tanaka ([32,33]) introduced an
explicit, planar natural extension (2, B, Vg, G) of the system ([0, 1], B, vg, G). Here Q :=
[0,1]%; the map G : Q — Q is defined by G(0,y) = (0,y) and for z = (z,y) € Q with
x # 0,

6(:) 1= (60) i+ ) (11)

and the G-invariant probability measure g has density 1/((log2)(1 + zy)?). Since
([0,1], B, vg, G) is strongly mixing, so is the natural extension (2, B, vg, ).
Symbolically, the map G acts as a two-sided-shift on RCF-expansions. That is, if

(:an) = ([0;(1130423' "]7 [O;blaan' ]) € Q
with z € (0,1), then
G(z,y) = ([0;a2,a3,...],[0;a1,b1,b2,...]). (12)

The map G may also be understood geometrically: setting
1 1 1 1
= — - 1 d H:=10,1 —_— = 1
Vo (prpog] <00 me= 00 (] (13)

for each integer k > 1, one finds that G(V;) = Hy, up to null sets; see Fig. 2. We call V
and Hj, the k*" vertical and horizontal regions, respectively.

3.2. Nakada’s a-continued fractions

In 1981, Nakada ([32]) introduced a one-parameter family of continued fraction algo-
rithms, called a-CF maps, each of which generates—in a similar fashion as the Gauss
map—SRCF-expansions. For each « € [0,1], Nakada’s a-CF map G, : [a — 1,a] —
[ — 1, ] is defined by G,(0) := 0 and for = # 0,

Ga<x>:—iLi+1aJ;

[ Ll

5 Throughout, B represents the Borel o-algebra on the appropriate domain.
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- V3 Vo Vi

Fig. 2. Up to null sets, the map G sends the vertical region V; to the horizontal region Hy,.

see Fig. 1. Notice that Gy = G is the Gauss map. In fact, Nakada’s a-CFs contain several
other well-studied continued fraction algorithms: when o = (v/5 — 1)/2, G, generates
Hurwitz’s singular cFs ([16]); a = 1/2 generates the nearest integer CFs introduced by
Minnigerode in [30] and studied by Hurwitz in [16]; and o = 0 generates Rényi’s backward
cFs ([38]). The latter map Gy has an infinite, o-finite, absolutely continuous invariant
measure pg with density 1/(x + 1), while for a € (0, 1], there is a unique, absolutely
continuous invariant probability measure p, ([28]). Moreover, for each a € [0,1], the
dynamical system ([a — 1, al, B, po, Go) is exact and, hence, ergodic ([28]).

Since Nakada’s introduction of the a-CFs, much work has been done to determine
explicitly the invariant measures p, and to understand the metric entropy h(G,) =
hp, (Go) as a function o — h(G,) of a € (0,1]. Nakada restricted his initial study in
[32] to @ > 1/2 and derived p, by constructing an explicit, planar natural extension
of (o — 1,a], B, pa, Go). However, it was observed at the time that difficulties arose in
extending these methods to av < 1/2. The second-named author in 1991 ([23]) reobtained
Nakada’s natural extensions for o > 1/2 in a simple fashion as special instances within
his theory of S-expansions; see §3.3 below. In 1999, Moussa et al. ([31]) determined
explicit, absolutely continuous invariant probability measures for a subset of a slightly
different family of maps called folded a-CFs, which are factors of the a-CF maps. From
their results one could obtain p,, for V2-1<a<1 /2 and—using Rohlin’s formula—the
entropy h(G,) as a function of a € [v/2 — 1, 1] (see [28]):

2
—_—T 2—-1<a<y,
h(Ga) = {“‘)iéﬂ) Vi-lgasgg (14)
6log(14+a)’ g<acsl,

where g := (/5 — 1)/2. Following this, the entropy function was conjectured to be
monotone increasing and continuous on the remaining subinterval (0,v/2 — 1) ([4]).

It was thus quite surprising when, in 2008, Luzzi and Marmi ([28]) gave numerical
evidence suggesting that h(G,) possessed a seemingly complicated, non-monotone, self-
similar structure on (0, v/2—1). In the same year, Nakada and Natsui ([34]) confirmed this
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non-monotonicity by giving countably many non-empty intervals on which the function
is increasing, decreasing and constant, respectively. These intervals are determined by a
phenomenon called matching, where the G,-orbits of @ and a — 1 coincide after some
finite number of steps. Further numerical data on these so-called matching intervals
was given in [7], and the authors also exhibited points in the complement of the union
of matching intervals at which the entropy function fails to be locally monotone. The
matching intervals were completely classified in [8], and their union was shown to have
full measure. (These intervals have surprising connections to unimodal maps, the real
slice of the boundary of the Mandelbrot set, and the parameter space of a family of maps
producing signed binary expansions ([1,9,10]).)

In 2012, Kraaikamp, Schmidt and Steiner ([24]) proved that the entropy function is
indeed continuous on (0,1] (this fact had also been proven in a 2009 preprint of Tiozzo
for o > 0.056... and was later improved to Hoélder continuity on (0,1] ([41,42])). In
[24], the authors construct a planar natural extension of ([a — 1, ], B, pa,Go) for each
a > 0. The domain of this natural extension is first defined theoretically as an orbit
closure of a certain planar map; a further detailed analysis of the G-orbits of o and
a — 1 allow for a more explicit description of this domain (see §7 of [24]). Moreover,
the authors prove (Theorem 2 of [24]) a conjecture of Luzzi and Marmi ([28]) that the
product of the entropy h(G,) and the measure of the natural extension domain (using
density 1/(1 + zy)?) is constant—in fact, equal to 72/6—as a function of «, and they
extend the constant branch of h(G,) in (14) to the maximal interval [¢2, g]. However,
even equipped with such machinery, a number of open questions are left at the end of
[24]. In particular, the authors ask for explicit values of the entropy h(G,) for a < g2,
and they restate a conjecture of [7] on the explicit form of the density of p,.

3.8. S-expansions

In 1991, the second-named author introduced in [23] a large class of new continued
fraction algorithms by coupling two tools: singularisation and induced transformations of
the natural extension (2, B, g, G) of the Gauss map. Singularisation is an old, arithmetic
procedure—tracing back as early as Lagrange’s addendum ([25]) to Euler’s Vollstindige
Anleitung zur Algebra—whereby one can sometimes manipulate a SRCF-expansion to
produce a new, ‘accelerated’ SRCF-expansion of the same number.

Indeed, suppose that z has a SRCF-expansion [By/ao;a1/B1, /B2, ...] with con-
vergents (P,,/Qn)n>—1. Suppose, moreover, that 3,11 = apte = 1 for some n > 0.
Singularisation at position n replaces this SRCF-expansion with the SRCF-expansion

T = [50/040; al/ﬂla ey Oénfl/ﬁnfla O‘n/(ﬂn +04n+1)a _an+1/(ﬁn+2 + 1)7 an+3/5n+3a e ]

One can show that the convergents (P),/Q},)n>—1 of this new expansion satisfy
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P; .
ij( _ Qijja J < n,
/ P; .
Qj Qinlla Jzn,

i.e., singularisation at position n removes the n'® convergent P, /Q,; see [23]. By iterating
this procedure (possibly infinitely many times), one obtains a new SRCF-expansion of
whose convergents are a subsequence (P, /Qn, )k>—1 of the original convergents.

Beginning from a RCF-expansion [ag; a1, az,...| = [ag/1;1/a1,1/as,...] with conver-
gents p,/qn, acceleration via singularisation admits two major restrictions:

(i) the convergents p,, /gy, which are removed correspond to partial denominators a, 1 =
1, and
(ii) consecutive convergents p,/qn, Pn+1/Gn+1 cannot be removed.

Restriction (ii) comes from the fact that in order to remove both p,, /¢, and p,+1/¢n+1,
one would need to either first singularise the original expansion at position n, then
singularise the new expansion again at position n, or first singularise at position n + 1
and then at position n. However, in either case, the partial denominator corresponding
to the second singularisation is strictly greater than 1, contrary to the singularisation
requirements. Nevertheless, one may singularise to remove non-consecutive convergents
Pn/qn With a1 = 1 independent of order and, thus, simultaneously; see [23].

In [23], the natural extension (£2,B,7vq,G) of the Gauss map is used to govern the
singularisation process, beginning from RCF-expansions. In particular, one fixes a mea-
surable singularisation area® S C € satisfying vg(9S) = 0,

(a) SC Vi, and
(b) SNG(S) =2,

and considers the G-orbit of the point (z,0) in Q with © = [0;a1,aq,...] irrational.
That v5(9S) = 0 is a technical condition, called vg-continuity, guaranteeing that for
Lebesgue—a.e. x, the G-orbit of (z,0) behaves like a ‘Dg-generic’ point; see Remark 4.6.1
of [23]. Condition (a) guarantees that if G"(z,0) € S, then a,+1 = 1, and condition
(b) guarantees that two consecutive points in the G orbit of (x,0) do not belong to S;
cf. restrictions (i) and (ii) above. By simultaneously singularising the RCF-expansion of
x at all positions n for which G"(x,0) € S, one obtains a SRCF-expansion of z, called an
S-expansion, whose convergents are a subsequence of the RCF-convergents of x. Put a
different way, S-expansions are SRCFs whose convergents are precisely the subsequence

6 Technically, condition (a) should be replaced by S C V; and (b) by SN G(S) C {(g,9)} with g =
(V5 — 1)/2; see Definition 4.4 and Remark 4.6.ii of [23]. Moreover, in [23], G is defined on [0,1) x [0, 1]
rather than Q = [0,1]?. What follows in §7.2 below can be done with these minor adjustments, but for
simplicity we shall omit these details.
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of RCF-convergents p,/q, for which G"(x,0) € Q\ S for n > 0, i.e., S-expansions are
governed by the induced transformation of (Q, B, ig,G) on 2\ S.

In addition to defining new CF-algorithms, the author shows in [23] that many previ-
ously studied CcF-algorithms are realised by certain singularisation areas S. Since these
arise from induced transformations of a common dynamical system, ergodic properties
of the underlying algorithms are easily comparable with one another. The collection of
S-expansions includes Minkowski’s diagonal CFs ([29]), Bosma’s optimal CFs ([2]) and
(the natural extensions of) Nakada’s a-CFs. However, the a-CFs realised as S-expansions
are—somewhat curiously—only those for which av > 1/2 (cf. [15]). This is explained (for
a € [v/2 —1,1/2)) by Nakada and Natsui in the introduction of [34], where it is noted
that convergents of a-CFs are not necessarily RCF-convergents and, hence, not neces-
sarily S-expansion convergents. In §7.3 below, we exhibit the natural extension of each
([ — 1, 0], B, pa; Ga), @ € (0,1], as an induced transformation of the natural extension
of another, slower continued fraction map—the Farey tent map.

4. The Farey tent map and Farey expansions

In this section we introduce another Cr-map—the Farey tent map—whose natural
extension (see §5 below) shall be of central importance to us. The Farey tent map
generates SRCF-expansions whose convergents consist of all ROF-convergents and mediant
convergents; see (8) above and Proposition 4.1 below. Much of this background can be
found also in [13], but we include it here for completeness.

4.1. The Farey tent map
Define ¢ : [0,1] — {0,1} by

0, z<1/2
1, z>1/2,

and for ¢ € {0, 1}, set

l—¢ ¢
e (770).

The Farey tent map F : [0,1] — [0, 1] is defined by

x/(1—2x), x<1/2

1-2z)/x, z>1/2 (15)

F(x) ::Ag(i)ur:{

see Fig. 1 above. The dynamical system ([0, 1], B, i1, F') is ergodic, where ( is the infinite,
o-finite, absolutely continuous F-invariant measure with density 1/z ([14,19,36]). One
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finds from the definition of F' that if x € [0, 1] has RCF-expansion” x = [0;ay, az, as, . . .],
then
0;a1 — 1,a9,as,...|, a1 >1,
Fz) = [0; ay 2,03, -] 1 (16)
[0;(12,&370,4,...], ai =1.

From this, it follows that the Gauss map G is the jump transformation of F associated
to the interval (1/2,1], meaning that for = as above with = # 0,

min{j > 0| F/(z) € (1/2,1]} =a; — 1, and G(z)= F*(z);
see, e.g., §11.4 of [11].
4.2. Farey expansions and Farey convergents

4.2.1. The Farey tent map and RCF-convergents and mediants

In [19], Ito studied the ergodic properties of the dynamical system ([0, 1], B, u, F') and
showed via matrix relations that I’ generates all convergents and mediant convergents
of the RCF-expansion of any irrational = € (0,1). We reproduce this fact here, fixing
notation® along the way.

Recall from (15) that F'(x) = A_,, - @, or x = A.(y) - F'(x). Setting

-1
e(x)
Ty = F"(x) and Ent1 = Ent1(T) = €(Tn), n =0, (17)

we find for each n > 0 that z,, = A, - F(z,) = A
this beginning from x = x(, we have

- Tp+1. Repeatedly applying

En+41

x= (A Ay - AL) - T
Let Ajg,q) := I2 be the identity matrix and for n > 0,
A[O,n] = A[O,n] (l‘) = AalAsz e AE,”. (18)
With this notation,
n —1
Tn, = F"(x) = A[Om] -z, n>0.

We wish to determine the entries of A ;). For x = [0;a1,as,...] irrational and n > 0,
let j, = jn(x) and A\, = \,(x) be the unique integers’ satisfying

7 1If the expansion of z is finite, we set the remaining digits equal to oo, e.g., x = [0; a1, ..., an,00,00,...].
This also holds for  equal to 0 = [0; 00, 00,...] and 1 = [0;1, 00, 00, .. .], interpreting co — 1 = co.

8 Notation is largely recycled from [19] but with matrix entries permuted.

9 These should be thought of in light of Euclid’s division lemma: for integers n,a > 0, there exist unique
integers j and A such that n = ja + A with 0 < A < a. Instead of summing a fixed integer a with itself j
times, we sum the first j RCF-digits a1, az2,...,a; of x.
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n=ay+ay+---+aj + A, Jn>0, 0< A, <aj,41- (19)
From (16), we have
£1896g - = 0171102271109 1 ...
SO
€169 &y = 011 7110%2 71 . 0%n 110N, (20)
Denote the entries of Ay ), n > 0, by
(un t"> _ (un(m) tn(x)) 4
Sn Th sn(z) 7ro(x) [0,n]

and observe that for any k € Z,

k
ke (1 0\ [0 1\ _ (1
an=(1 ) (0 1)-(i

From (20) and (21), it follows for n > 0 that

= O
N~
R
]
—
S~~~
Il
7N
= O
—_

k+1>‘ (21)

U tr
(5 )ttt

_ A81—1A1 . ..Agjn_lAlASn
{0 1\ (o 1N\(1 o
=1« 1 a;, )\ 1
_ (Pin-1 P, L0

Qi1 Qjn A 1

AnDj, + Dj,—1 DPj
— n n n 22
(A”an + an_l q]n ’ ( )

where p;/q; is the j*® RCF-convergent of z (see also Lemma 1.1 of [19]). Equality of
the first and final expressions also holds for n = j, = A\, = 0 since, in this case, both
matrices are the identity I5. As a sequence, the quotients of the left-hand columns of the
matrices in (22) are

(U_n> _ (/\npjn +Pjn—1> _ (E potp-1 (a1 —1)po+ps (23)
$n/)pso \ i, T @Ga-1/,50 \@-1 @ +q-1 (a1 —1)go+g-1’
P P1+tDpo (a2 —1)p1 + po
w0 ‘atqo T (ee-Dat+qe
Pi—1 Pj +Ppj-1 (aj+1 = Dpj +pj—1 )
G-1 ¢+ a1 (a1 — Vg + g7
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i.e., the map F' generates all RCF-convergents and mediants. Notice that the denominators
(Sn)n>0 do not form an increasing sequence. Supposedly to ‘remedy’ this, in [19] Ito
instead considers the sequence ((un + tn)/(Sn + 7n))n>0 with increasing denominators.
However, in light of Proposition 4.1 below, we find it more natural to study (un/sn)n>0-

4.2.2. Lehner and Farey expansions
Originally, there was no continued fraction expansion associated to the Farey tent map
F. Such expansions do exist and can be obtained from a map introduced by Lehner in
1994; see [26]. The Lehner map (also referred to as ‘the mother of all continued fractions’
in [12]) is the map L : [1,2] — [1,2] defined by
L(#) {1/(2 —z), x<3/2,
1/(x—=1), =>3/2.

For z € [1,2] and each n > 0, set

(27 _1)7 Ln(x) < 3/27

(b ens1) = (bn(2), eny1(2)) = {<1,1), L*(x) > 3/2.

The digits (by, en+1) generate the so-called Lehner expansion of z € [1,2],

.’L‘:[bo/l;@l/bl,eg/b27...], (24)

which is a SRCF-expansion (see [12,26]).

Lehner studied expansions of the form (24) generated by L but no dynamical prop-
erties of this map. In [12] it is observed that the dynamical systems ([0,1], 58, u, F)
and ([1,2],B,p,L) are isomorphic via the translation  +— xz + 1, where p is the
absolutely continuous, L-invariant measure with density 1/(x — 1). Through this iso-
morphism, the Farey tent map F can be used to generate a Farey exrpansion for
each z € [0,1] (see also [18]). Indeed, for z € [0,1], let e,41 = epy1(x), n > 0,
be as in (17), and let [by/1;e1/b1,ea/ba,...] be the Lehner expansion of z 4+ 1. Then
x=[bp—1/1;e1/b1,e2/ba,...], and we have

o enst) = {(2, ~1), L*(z+1)< 3/2} _ {(2, ~1), F"(z) < 1/2}
(1,1), Li(z+1)>3/2 1,1), F™(z)>1/2

B {(2,1>, Enp1 =0

= :2—En 1725n 1—1.
(la 1)7 Ent+l = 1} ( i " )

Hence F' generates SRCF-expansions, called Farey erpansions:

w=[(1-e1)/1; (21 — 1)/(2 — 2), (262 — 1)/(2 — &3), ... ]. (25)
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The convergents

P,/Qn=1[1—-¢€1)/1;(2e1 = 1)/(2 —¢€2),(2e2 — 1)/(2 —€3),...,(2e, — 1) /(2 — €p41)]

of the Farey expansion of x are called the Farey convergents of x. In [13] (Proposition
3.1), it is observed that the sequence (P,,/Qn)n>—1 of Farey convergents is precisely the
sequence (Un/Sn)n>0 from (23) of RCF-convergents and mediants generated by F:

() =(&)

where P, /Q, is the n'" Farey convergent of x.

Proposition 4.1. For each n > 0,

5. Ito’s natural extension of the Farey tent map

We now come to one of the central tools of this article: the natural extension of the
Farey tent map, originally introduced by Ito in 1989 ([19]). In §5.1, we recall the definition
of Ito’s natural extension and discuss a one-to-one correspondence between orbits under
the natural extension map and Farey convergents. Via this correspondence, we find that
certain subregions of the domain of Ito’s natural extension give rise to certain types of
Farey convergents. In §5.2, we discuss induced transformations of Ito’s natural extension
and their connection with subsequences of Farey convergents. Moreover, we revisit a
theorem of Brown and Yin from [6] stating that the natural extension of the Gauss
map is isomorphic to a certain induced transformation of Ito’s natural extension, and
we recall from [13] that the entropy of our induced systems may be computed in terms
of the measures of their domains (Theorem 5.6 below). As in §4, much of the material
of this section can be found in [13], but we include it here for completeness and for some
minor notational and definitional changes.

5.1. The natural extension of the Farey tent map
In [19], Ito determined a planar natural extension (€2, B, i, ) of the dynamical system

([0,1], B, u, F') associated to the Farey tent map. The map F : Q — Q is defined for each
z=(z,y) € Q by

_zr Y < 1/2

. _1 . T—z° 1+y ) > )
Fle) = (Aa(w) % At | y) ) (== L) as)2 (26)

z 0 1+y ) )

where again Q = [0,1]?, and /i is the infinite, o-finite, absolutely continuous F-invariant
measure with density 1/(x +y — xy)?. Since ([0,1], B, u, F) is ergodic, so is its natural
extension (Q, B, i1, F).
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Notice that F is simply the Farey tent map F' in the first coordinate. Setting €,41 =
ent1(z) = e(zy) as in (17), we find that

Zn = (xnvyn) = fn( ) = (A[() n) T A[n 0] ) n >0, (27)
where Ajg ) is defined as in (18), and
A[n,O] = A[n,O] (x) =A, A, A, n>1

The entries of A, g) may be computed explicitly in terms of those of Ajy ) (recall (22)).
Indeed, if z = [0; a4, a9, ...], we have for n > 0 that

A[mO] = Aen T A51[2
= Ay AL AG T ALAS T AL AT

(1) () () ()
Foi (@)~ d) ()
W) (e ) (G )

95, — Pjn Pj,,
(An +1)gj, + gj—1 — (A + 1)pj,, +0j—1) A+ 1)pj, +pj—1

—_

= O

Il
N
= O

_ _tn tn
T\ sp At rn— (up+tn) up+ty )’

and the first and final expressions are also equal to Is for n = 0. Notice, furthermore,
that AE‘S ] and Ap, ) are conjugate under Aj:

tn Tn
AIA[On = <un +t, Sn +Tn> = A[n,O]Al. (28)

5.1.1. F-orbits and Farey convergents

Interpreting the map F symbolically and geometrically leads to a natural correspon-
dence between F-orbits and Farey convergents. Fix z = (z,y) € Q with (finite'" or
infinite) RCF-expansions

(x,y):([0;(1‘17&27"']7[0;b17b27"'])' (29)

One verifies using (16) and (26) that

10 As in (16), if the expansion of x or y is finite, we set the remaining digits equal to co. If z = 1/2, we
take the shorter of its two RCF-expansions, namely z = [0; 2].
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Hap

=3l sl

Vi V2 Vi - V3 V2 Vi V3 V2 Vi

Fig. 3. From left to right: The sets V3 N Hy, F(V3 N Hy), ]-'2(V3 N H;) and ]-'3(V3 N H1), respectively.

0;a1 —1,a0,...],[0;1+0b1,ba,...]), a1 >1,

Flz) = (10; a1 2. [ 1,b2,- - ]), @ (30)
([0;a27a37...},[0;1,b1,b2,...]), CL1:1.

Recalling the vertical and horizontal regions from (13), the image of the rectangle V, N Hj
for a > 1 is thus the rectangle F(V, N Hy) = V,_1 N Hyy1 immediately below and to
the right of the original rectangle, and the image of the right-half Vi of Q is the top
half F(V;) = Hj, up to a Lebesgue-null set. In particular, the iterates FN 0< A <a,
‘slide’ the rectangle V, N H; ‘down-and-right’ through a rectangles, and the next image
F(V, N Hy) is mapped back as a subset of H; (see Fig. 3).

Now let z = (z,y) be as in (29) with z irrational, and fix some n > 0. Recall from
(19) that n may be written uniquely as

n=ai+az+---+aj, + A,

where 0 < A\, < a;, +1. Repeatedly applying (30), one finds

Zn = F(2)
. ([0;a1—)\n,ag,...],[O;)\n+b1,b2,...,...]), n <ap,
([05a5,41 = Ansaj,42, - L (05 An + 1,05, ... a2,a10 = 1+ by ba, o)), n>an.
(31)
In particular, if z € Hy so that by = 1, then z, belongs to (the closure of) V,, ., —x, N

Hy 1 for all m > 0.

Remark 5.1. The closure is needed in the previous statement if and only if z = (z,1)
with a1 =1 and a1 < n < a1 4+ as. Indeed, in this case

2n = (TnyYn) = ([0;a2 — Ap,as, ... ], [0; A\ + 1,1]).

Hence y,, = 1/(\, + 2) which implies z,, ¢ Hy, 41 lies on the lower boundary of Hy, 11.
In all other cases for which 2z € Hy, one has in fact 2, € V,; ,,—x, NHy, 41 for alln > 0.
In particular, this annoyance for z = (x,1) and a; = 1 is ‘corrected’ for n > a; + as, and
the closures are no longer needed. We shall frequently overlook this subtlety and make
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no mention of the special case a; = 1, and thus some claims should be understood up to
this minor technicality. See also Remark 5.4 below.

Recall from Proposition 4.1 and (23) that the (n — 1)5* Farey convergent of z is

Sn )\ann + 45,1

Identifying the n*" point z, € Va,, 41-an M Hx, 41 of the F-orbit of 2 € H; with the
(n — 1)% Farey convergent u,,/s,, we find that certain subregions R C ) correspond to
certain types of RCF-convergents or mediants. For instance, if R = Hi, then z, € R if
and only if A\, =0 in (32), i.e., u, /s, is a RCF-convergent. More generally, if R = Hy1,
then z, € R if and only if A\, = A, i.e., u,/s, is a RCF-convergent (A = 0) or a ‘A
mediant’ convergent (A > 0).

Moreover, setting R = V,, we have z, € R if and only if a = a;,4+1 — Ay, Oor A, =
aj,+1—a. Hence z, € R if and only if u,,/s, is a RCF-convergent (a;,+1 = a) or ‘(a—1)"-
from-final’ mediant convergent (a;, +1 > a). Lastly, setting R = V,_x N Hx41, we have
zn € R if and only if A\, = X and a;,+1 = q, i.e., up/s, is a RCF-convergent (A = 0) or
‘Ath mediant’” convergent (A > 0) with partial denominator a;, +1 = a.

These observations naturally lead us to consider the dynamics of Ito’s natural ex-
tension (2, B, i, F) restricted to certain subregions of the domain in order to ‘pick out’
desired subsequences of Farey convergents.

5.2. Inducing Ito’s natural extension

A ji-measurable set R C Q is called inducible'! if either 0 < ji(R) < oo or R = Q. In
the former case (i.e., i(R) < o0), we call R proper. For R inducible, define the hitting
time to R, denoted N : @ — N U {oo}, by

Ng(z):=inf{n > 1| F*(z) € R}. (33)

Since (2, B, 1, F) is conservative and ergodic ([6]), p—a.e. z € Q enters R infinitely
often under iterates of F (see Remark 2.2.1 of [11]). Unless otherwise stated, we assume
throughout that the null set of points from any S C 2 whose F-orbits enter R at most
finitely many times are removed from S, and—abusing notation—denote this new set
again by S. Define Fr : 2 — R by

Fr(z) = FN=)(z),

The induced map of F on R is the map Fg restricted to R, and the induced measure fig
is defined by

11 We remark that the definition of inducible given here is broader than that in [13], where it is also
required that ©(OR) = 0. This latter condition (called fi-continuity) is not needed for our present purposes.
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LY, R#£Q,

(B forall SeB, SCR.
(S), R=Q,

Ergodicity of the induced system (R, B, ir, Fr) follows from that of (€2, B, i1, F). Notice
that jig is a probability measure if and only if R is proper.

Writing 2z = (z,y) and setting Ar(z) = Ajo,np(2))(2), AR (2) == (Ag(2))"! and
AL(2) == (Ar(2))T, Equations (27) and (28) give

Fr(2) = (A7'(2) -, ALAR(2) AT - y) - (34)

We denote the entries of Ar(z) by

ur(z) tr(z)\ ._ _
(sR(z) ru(z) ) = Ap(2) = Aey - Acyy (- (35)
For n > 0, set 2/t = (2B, yl) .= F7(2) and define NE(z) by NE(z2) := 0 and
®(2) =) Na(z"), n>L1 (36)

When the point z is understood, we use the suppressed notation N := N(z2), n > 0.
We remark that when R = Q, N* = n for all n > 0. In general, the sequence (N),>1
gives the indices N > 1 for which the forward orbit (F¥(z))n>0 of 2 enters the region
R, s0 Fj(z) = }"Nf(z), n > 0.

Let Af(z2) := I be the identity matrix, and for n > 1 set

A(2) = Ar(aa) = Ac oo Acyp (37)
Notice that for m > 1 and n > 0,
Moreover, set
Al (2) = AR (AR 1 (2) - Af(2), 0<m <, (39)
and denote the entries of A% 0,n)(2) by
un(z)  ty(2)
i " = Al =A - Ae p- 4
(S0 7)) = Aae) = A ey (40)

When the point z is understood, we use the suppressed notation

ul R
A[O n] sR R = A[O,n] (Z), n 2 O (41)

n
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From (40) and (18), we have A[ngn] = Ajo,nr) and thus, by (22),

(z; tﬁ) _ (’stf th?) _ (ANf?pw T Piyg-1 ij#) L n>0.  (42)

Ty SNE  TNE AN,%}%'M}; + Gyr-1 Diyr
The following lemma will be useful in §6.3 below.

IS

Lemma 5.2. For any z = (z,y) € Q, ur(2),sr(z) € Z satisfy sr(z) >0 and 0 < upg(z) <

sr(z).

Proof. It is clear from (35) that ugr(z),sg(z) € Z. Moreover, Ag(z) = Afg)l], so setting

N = N, (42) gives

ur(2)\ _ (un) _ [ ANPjy +Pjy-1

SR('Z) SN )\quN + qjin—1 )
Since N > 0, (19) implies either jy > 0or Ay > 0.If jy = 0, then ur(z) = Anpo+p—1 =
p—1 = 1 and sr(z) = Ango + g-1 = Any > 0, so the claim holds. If jy > 0, then

sr(2) = qjy—1 = qo = 1, and ur(2)/sgr(z) lies between pjy—1/qjx—1 and pjy11/¢jn+1,
which are fractions between 0 and 1. Thus 0 < ugr(z) < sgr(z). O

Notice from (42) that (ull/sf),>o is a subsequence of the Farey convergents
(Un/Sn)n>0- In particular, the correspondence z,, <+ /s, between the F-orbit of z € H;

and the Farey convergents of x gives a correspondence zZ <+ uf /s® between the subse-
R

quence (z,)

(ulf /s )n>0 = (unr/snr)n>0 of Farey convergents. Hence a subregion R naturally de-

)Jn>0 = (2N 7 )n>0 of points in the F-orbit of z entering I and the subsequence

termines a subsequence of Farey convergents. We illustrate with the examples discussed
at the end of §5.1:

Example 5.3. The region R = H,,; corresponds to RCF-convergents (A = 0) or A}

mediants (A > 0):
).z
STIL% n>0 )\nq]n + qj,—1 " n>0

The vertical regions R = V, give—in addition to the RCF-convergents p;_1/qj—1 for
which aj41 = a—final mediants, next-to-final mediants, and so on for a = 1,2,...,

{ Uy } _ { AnPjn +Pju=1 |y _ }

- = n — ajn+1 —a .

Sn n>0 Anan + q]n_l n>0

The regions R = V,_» N Hy.; pick out RCF-convergents (A = 0) or A"-mediants (A > 1)
corresponding to partial denominators a in the RCF-expansion of x:

respectively:
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R
U AnDj, + Pj,—
{—2} = {;J—“ An =X a1 = a} -
Sn n>0 ndjn dj,—1 n>0

Remark 5.4. For the reasons explained in Remark 5.1, some of the statements in Exam-
ple 5.3 are false for z = (x, 1), where x = [0; a1, as,...] with a; = a(z) = 1. For some of
the examples in §7, it will be advantageous to ‘fix’ this. In such cases, we may ‘adjust’
the map Fr so that the corresponding statements on the subsets of Farey convergents
are true for all z = (z,1). For instance, when R = Hy and z = (z,1) with > 1/2, the
sequence (uf/s®), > skips the RCF-convergent po/qo of 2. To ‘catch’ this convergent, we
instead consider the map Fp, : Hy — Hy where for z = (x,y) € Hy, Fu, (2) := F4@)(2)
if v # 0 and Fg, (2) := 2 if # = 0. The maps Fp, and Fg, agree on H;\(AU B), where
A= (1/2,1] x {1} and B = {0} x (1/2,1]. The dynamical systems (Hy, B, jiz7 , F u,) and
(H1,B, iy, , Fr, ) are isomorphic under the identity map and thus—from an ergodic-
theoretic point of view—indistinguishable. Moreover, the map F, ‘fixes’ the subtlety
in Remark 5.1 since, for z € A, Fy,(2) = (1 — z)/x,1/2) € H;. Thus we do include
the convergent po/qo in (uf/sE),>0. Throughout, we shall often consider such altered
systems without mention, denoting them again by (R, B, fir, FR).

Consider again R = Hj, which gives as a subsequence (uf/s®),~o of Farey con-
vergents the RCF-convergents of x. Now R consists of all points z = (x,y) as in (29)
with by = 1, so—after the alteration of Remark 5.4—we find from (31) that for  # 0,
Ng(2) = a1 = a(z) and

]:R(Z) = .7:0'1([0;@1,0,2,. . .], [07 17b2,b3, .. ]) = ([O;ag,ag,. . .], [07 17a1,b2,b3, . D (43)

Notice the similarity between this induced map and the map G from (12); they both
act essentially as a two-sided shift on RCF-expansions. In fact, Brown and Yin proved in
1996 that a copy of the Gauss natural extension is found sitting (inverted, scaled and
‘suspended’ from y = 1) within (Q, B, 1, F) as the induced system (R, B, ig, Fr) with
R = H; (Theorem 1 of [6]):

Theorem 5.5 (Brown-Yin, 1996 [6]). The induced system (R, B, fir, Fr) with R = H; is
isomorphic to the Gauss natural extension (2, B, Vg, G).

Using Theorem 5.5, one can exploit knowledge about the Gauss natural extension
(Q,B,0¢,G) to infer properties of other induced systems (R, B, ig, Fr). This is used,
for instance, in the proof'? of Theorem 4.6 of [13], which states that the measure-theoretic
entropy h(Fr) = hu,(Fr) of the induced system (R, B, fig, Fr) is inversely proportional
to the fi-measure of R:

12 The aforementioned ji-continuity condition assumed on inducible regions R in [13] is not needed in the
proof.
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Theorem 5.6. For any proper, inducible subregion R C €,

2

61(R)

h(Fr) =

Remark 5.7. We remark here the striking resemblance between Theorem 5.6, Remark
5.10 of [23] on the entropy of S-expansions and Theorem 2 of [24] (conjectured in Remark
2 of [28]) on the entropy of a-CFs. From the results of §7.2 and §7.3 below, Theorem 5.6
may be viewed as simultaneously extending these results from [23,24].

6. Inducing contractions of the mother of all continued fractions

We have seen in §5.2 that inducible subregions R C 2 naturally determine subse-
quences (uf/sF), >0 = (unr/snr)n>0 of the convergents of Farey expansions. In this
section, we construct new GCF-expansions whose convergents are precisely the sub-
sequences (uf/sE),>o (Corollary 6.12). These GCFs arise from a general procedure
described in §6.1 called contraction, which—under very mild assumptions—allows one to
produce from a given GCF a new GCF whose convergents are any desired subsequence of
the original convergents. In §6.2, we use induced transformations of Ito’s natural exten-
sion of the Farey tent map (‘the mother of all continued fractions’) to govern contractions
of Farey expansions. In §6.3 we introduce a dynamical system—isomorphic to the in-
duced system (R, B, jig, Fr)—which acts essentially as a two-sided shift on contracted
Farey expansions.

6.1. Contraction

Recall the singularisation procedure discussed in §3.3: beginning with a SRCF-
expansion, one may (simultaneously) singularise at possibly countably many positions
to produce a new SRCF-expansion whose convergents are a subsequence of the original
convergents. However, singularisation at position n is subject to the condition that the
partial numerator a,,42 and partial denominator 3,41 are both equal to 1. Moreover,
beginning from a RCF-expansion, this constraint on partial denominators implies that
consecutive convergents cannot be removed via singularisation.

In this subsection, we recall an old acceleration technique of Seidel from 1855 ([40];
see also [37]), called contraction, which overcomes these obstacles. Although our main
interest is in producing GCF-expansions whose convergents are subsequences of Farey
convergents, we present contraction in the general, abstract setting of GCFs discussed
in §2.1, as we feel this technique has been largely overlooked'® and can be fruitfully
applied to other continued fraction algorithms. For the same reason, we include a proof
of Seidel’s theorem (Theorem 6.6) below.

13 As mentioned in the introduction (§1), contraction is used in the analytic theory of continued fractions,
but usually only for subsequences of odd or even integers ([27]). See also [5].
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Definition 6.1. A GCF [fo/ao; a1/f1, /P2, ...] is called contractable if Qi1 # 0
for all 0 < m < n. The contracted continued fraction (CCF) of a contractable GCF
[Bo/cw; a1/B1,aa/Pa, .. .] with respect to a strictly increasing sequence of non-negative
integers (ng)r>o is the GCF [By/af; oy /81, b/ B5, . . . ], where

(azg_,’_l) — (_ det(B[nk_1+2,nk+1})Q[nk_2+2,nk_1]Q[nk+2,nk+1]> k > _1
k+1 [NE—14+2,nK41] ’ - ’

with ng = k for & < 0.

Remark 6.2. The requirement that a contractable GCF satisfies Qpy41,,) 7 0 for all
0 < m < n guarantees that the partial numerators o, 41 are nonzero for all k > —1, i.e.,
that a CCF is in fact a GCF as defined in §2.1. Indeed, we have det(B,,_,+2n,+1]) # 0
for all k > —1 as noted in §2.1, and both Qn,_,12m,_,) # 0, k > 1, and Qpu, 42,0, 1] 7
0, k > —1, by assumption. Moreover, for k = —1 and k = 0, Qp,, _,42,n,_,] = 1 # 0; see
(2).

This requirement also guarantees that the scalars c; in Theorem 6.6 below are non-
Zero.

Remark 6.3. Notice that the partial numerators o, of a CCF in general do not satisfy
|al| =1, even if this is true of the original GCF. Hence contraction does not necessarily
send SRCFs to SRCFSs.

Example 6.4. We compute the CCF with respect to (ng)k>0 = (2k)k>0 of [Bo/c0; 01/,
ag/Ba,...] =11/1;1/2,2/3,3/4,...], ie,, g = 1 and o, = B,,—1 = n for all n > 0. We
first note that the recurrence relations (2) and the fact that all of the partial numerators
and partial denominators are positive imply that this GCF is in fact contractable. From
Definition 6.1,

ap ) _ _det(B[O,O])Q[—l,—Q]Q[l,o]) _(ag-1-1Y _ (1
Bo Q0,0 Bo 1)
of\ _ (—det(Bpua)Qp,-11Qpe2 \ _ (a1-1:-8\ _ (1-1-3\_ (3
1) Q2] T\ BBitas) "\ 3-242) T \8)>

ay\ _ (—det(Bps)Q,0Quq | _ —asag - 1- Py

5 Q2,4 Ba(B3B2 + az) + asf
([ —2.315 \_ (30
= (5(4.3+3)+4~3) = ( 87 )

and for k > 1,

(02@+1> _ <—det(B[2k,2k+1})Q[2k2,2k2]Q[2k+2,2k+2]>

k+1 Q[zk,2k+2]
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_ —002kQ2k41 - Pak—2 - P2kt2
Bak+2(Bak+1Pok + q2p41) + Qog22k

B < —((2k)(2k + 1)) - (2k — 1) - (2k + 3) )
T\NCEE3)((2k+2)2k+1) + 2k + 1))+ (2k +2)(2k + 1)

=2k —=1)(2k)(2k + 1)(2k + 3)
- <(2k+ 1)((2k +3)2 + (2k+2))> :

The first few terms of the CCF are thus
[1/1;3/8,—30/87,—420/275,—1890/623, —5544/1179, —12870/1991, —25740/3107, .. .].

Before proving that the convergents of a CCF are a subsequence of the original GCF-
convergents, we need the following:

Lemma 6.5. For any GCF,

Qanfl - Pan,1
det B[fl,m]

Qim+1,n] = for all integers —1 < m < n.

Proof. If m = n, then both the left- and right-hand sides of the expression equal 1. For
m < n, Qmy1,n) is the bottom-right entry of

. 1 0 —P,\ (P.1 P
— 1 _ m m n—1 n
B[m+1’n] N B[_l’m]B[il’n] ~ det B[—l,m] <_Qm—1 Pm—l) (Qn—l Qn) ’

QnPrm—1—PnQm—1

det B[_17m] U

which is evidently

Let [8)/af; oy /B, oy /B, ... ] be the CCF of a contractable GCF [By/ao; a1/ 51, az/ P,
..] with respect to (ng)r>0. For —1 <m < n, let

PP
(@t Q) = By = B (/s i /.85 ),

and when m = —1, set P := P, , and Q;, == Q[_, .

Theorem 6.6 (Seidel, 1855 [}0]). With notation as above,

k-1
P, P,
(Qi) = Ck <Q7:;> ; k> -2, where ¢ = H Q[nj,1+2,nj]a

=0

with n, = k, k < 0, and the product defining cp set equal to 1 for k < 1. In
particular, the CCF with respect to (ng)rk>0 of a contractable GCF-expansion © =
[Bo/ao; a1 /Br,az/B2,...] € C with convergents (Py/Qk)k>—1 is a GCF-expansion of
with convergents (P, /Qn, )k>—1-
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Proof. The proof of the first statement is by induction on k. The statement trivially
holds for k£ < 0. Now let K+ 1 > 0 and suppose the statement is true for k and k£ — 1. By
the recurrence relations (3) and Definition 6.1—letting U represent either P or Q—we
compute

! ! / ! !
Upt1 =B 1 Uk + 21 Up 4
:Q[nk—1+27”k+l]ckUnk - det(B[7Lk—l+2;nk+1])Q[nk—2+27"k—1]Q[nk+2;nk+1]ck_1Unk—l

=Ck (Q[nk—1+2¢nk+1]Unk - det(B[nk—1+27nk+1])Q[nk+27nk+1]Unk—l) :
By Lemma 6.5,

Q _ anJrank—l B Pnk+1 an71
e det Bi—1,n,_1+1)

Q _ an+1Pn1« B Pnk+1Q’ﬂk
[ne+2,mK41] det B[—lmk-‘rl]

and

)

so the above computation gives

Ck ((Q’I’Lk+1P’ﬂk—1 B Pnk+1an—1)Unk - (anJrank B PnkJrlan)Unk—l)
det B[—l,nk,1+1]

Ullc-i-l =
For both U = P and U = @, the numerator of the previous expression simplifies to
Ck(QlePnk—l - Pﬂank—l)Unk+1'

Using Lemma 6.5 once more, we have

anpnk—l B Pnank—l
det B[_17nk71+1]

/
Uk+1 = Ck Unk+1 = CkQ[nk—l+2’nk:]Unk+l = Ck+1Unk+1'

This proves the first statement. The second statement follows from the first, since for
a contractable GCF, Q,, 12, # 0 for all j > 0 implies ¢ # 0 for all £ > —1, and

. Py . n
T = limy_, o Q_’; = limg_, Qn]: .0

Example 6.7. Continuing with Example 6.4, for [Gy/ao; a1/61,a2/Ba,...] = [1/1;1/2,
2/3,3/4,...] one computes

P, . 1 3 11 53 309 2119 16687
Qn >0 o 1/°\2)°\8 )2\38)°\222)°\1522 )\ 11986 )’
148329 1468457 16019531
106542 / * \ 1054766 ) ° \ 11506538 | **"* | °

For the cCF
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[B)/ay; oy /8L, oy ) By, ... ] = [1/1;3/8,—30/87, —420/275, —1890/623, —5544/1179
— 12870,/1991, —25740/3107, .. .]

of [1/1;1/2,2/3,3/4,...] with respect to (2k)x>0, we find

P ({1 (11 . (309 16687 1468457
(@)= () (5) () -0 (1855) 227 (i)

190899411
3:5-7-9 (137119578)"")'

As fractions, P} /Q) = Par/Qax for k > 0.
6.2. Contracted Farey expansions

Throughout this subsection, R C 2 is an inducible subregion and z = (z,y) € Q with
x irrational. Using notation from §2.1 and §4.2, let [By/ao; 1 /51, /B, . . .| denote the
Farey expansion of z, i.e., ap = 1, fy = 1 — &1, and for n > 0, o, = 26, — 1 and
Bn = 2 — en41; see (25). Below, we shall perform contraction on Farey expansions, but
first we must show that Farey expansions are in fact contractable.

Proposition 6.8. The Farey expansion of an irrational x € (0,1) is contractable.

Proof. We must show that Q[,41,, # 0 for any 0 < m < n. By Lemma 6.5, this is
equivalent to Q,Pn_1 # Pp,Qm_1 for all 0 < m < n. By Proposition 4.1, the Farey
convergents (P;/Q;)j>—1 = (uj/s;);>0 are all RCF-convergents and mediants, which are
distinet by (9) and (10). O

Recall the definition of NF = N(2) from (36).

Definition 6.9. The contracted Farey expansion of x with respect to R and z = (z,y),
denoted

85 /a's 017 /BT o' B3, -] = 185 (2) [ (2); o' (2)/ By (2), 05 (2) / B3 (2), - . ]

is the CCF of the Farey expansion of = with respect to (nx)x>0, where ny := N,i_l -1, k>

0. If z = (z,1), we call this the contracted Farey expansion of x with respect to R.

Remark 6.10. Using (31), one can show that for any z = (z,y) and 2’ = (2/,y’) in Q with
x=a, |F*(z) — F*(2')| — 0. Using this and the fact that (2, B, i, F) is conservative
and ergodic ([6]), one finds that for any inducible R C © with p(int(R)) > 0, the forward
F-orbit of (x,1) enters R infinitely often for Lebesgue-a.e. x € (0,1); see Remark 4.3 of
[13]. Hence, for such R, the contracted Farey expansion of z with respect to R exists for
Lebesgue-a.e. z € (0,1).



K. Dajani et al. / Journal of Number Theory 278 (2026) 816-87 845

In order to study contracted Farey expansions using the dynamics of Fr, we wish to
understand these expansions and their convergents in terms of entries from the matrices
Ag(z) and A[Ifn n]( z) from (35) and (39) rather than By, ). To this end, we begin with a
lemma. Let 22 = F2(z) and recall that sg(z) and s%(z) denote the bottom-left entries
of the matrices Ag(z) and AZ 0 n]( z), respectively; see (35) and (40).

Lemma 6.11. For any z € Q and 0 < j < k, one has Qiyryq nr_1) = skR_j(sz). In

particular, if k = j + 1, then Q[NR+1 NE, 1] = sR(zf).
Proof. First, notice that for any n > 0,
det Ay, = det (A, - H (1—2¢;) =det(B_1By---B,) =det Bj_y ., (44)

and equality of the left- and right-hand sides also holds for n = 0 since both sides equal
1. Then by Lemma 6.5, Proposition 4.1, and Equations (41) and (42),

0 QN,?APN]RA - pN,quN]RA SNEUNE —UNESNE
[NE41,NE—1] = =
E det B[—LNJR] det A[O,NjR]

R, R R.R
sku] —’U/kS]

R )
det A [0,5]
where A[o = Afg ]]( z). For the first statement, it suffices to show that the right-hand

side of the previous line equals the bottom-left entry of A[o e J]( R, From (38), (39)
and (41), we have

A{Sk J]( ) AR(ZR)Ag( )"'Ag—j(ZJR)

J

AT () AR (2) - AR (2)

-1 1 TR —tR UR tR
A AR S J k k
(m) 04~ det AT (T ) ().

J

and the first statement follows. The second statement follows immediately from the first
and the fact that A[RS (% ) = Af(2f) = AR(zf); see (38) and (39). O

Now let [B8/all;al/BE off/BE, .. ] be the contracted Farey expansion of z with
respect to R and z, and for —1 < m < n, let

PR 1 pR R R R. R/pR R R
Q[fn%%n_l] [17%”,”] = B[m,n] = B[mm]([ﬁo /O‘o ; /ﬁl ) (g /B2 SRR ]) (45)

[m.n]

and
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Pl:=PF QY =Qf (46)
Then Theorem 6.6, Proposition 4.1 and Lemma 6.11 imply:

Corollary 6.12. With notation as above,

R R k-1
(gI;R) =l (u}“{rl) , k> -1, where ¢ = H sr(21"),

5
k+1 iy

with ckR =1 for k < 1. In particular, the contracted Farey expansion of x with respect to
R and z = (z,y) has convergents (uf/sf);>o.

Corollary 6.12 describes the convergents of a contracted Farey expansion in terms of
the entries of A[%,n] (see (41)). Proposition 6.14 below gives an alternative description
of the partial numerators and partial denominators aff, B in terms of entries of the
matrices Ag(z) (see (35)). For this, we introduce three integer-valued maps on : let
dr,aRr,Br : Q = Z be defined for z € Q by

dn(z) = {SR(}El(z)), if Fr'(2) is defined,
1, otherwise,
apr(z) := —det(Ag(2))dr(2)sr(Fr(z)) (47)
and
Br(z) := sr(2)ur(Fr(z)) + rr(2)sr(Fr(2)). (48)

Remark 6.13. Notice that Lemma 5.2 implies dr(z) is a positive integer for any z. We
claim that dgr(z) = 1 whenever z = (x,1). By definition of F (Equation (26)), F~1(z) €
(1/2,1] x {0}, and F~"(2) € [0,1/2] x {0} for n > 1. If F5'(2) is not defined (e.g.,
if R does not intersect the line [0,1] x {0}), then dg(z) = 1 by definition. Otherwise,
Fr'(z) = F~"(2) for some n > 1, and

_ _ 0 1
Ar(FFM(2) = A3~ Ay = (1 n)
implies dg(z) = sp(Fr'(z)) = 1. In either case, dr(2) =1 for z = (z,1) as claimed.
One motivation for defining dr(z) as above lies in the second statement of the following
proposition: when dr(z) = 1, the notation simplifies and we need not consider the index

1 partial numerator oz{% as a separate case.

Proposition 6.14. The digits of the contracted Farey expansion of x with respect to R and
z = (z,y) are given by
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(58) = (5 )

When dr(z) =1 (e.g., when z = (x,1) by Remark 6.13), this becomes

()= (k) o (i) = (aeh) - w20

Proof. From Definitions 6.1 and 6.9, we have

(%R+1> _ ( det(Binp1,np, QNG +1,Np -1 QN +1,NF, 1]
5I§+1 Q[N,§+1,N,f+2—1]

where NF :=k for k < 0. For k = —1,

(%R> _ (—det( 0,0)Q[-1,-21 QNnp41,NE— 1]) (Q[N[?H NE- 1]>

B [0,NF—1] [0,NF—1]

Lemma 6.11 gives Qqyri1,nr_1) = sr(2), and Lemma 6.5 and Proposition 4.1 give

QNRf1Pf2 - PN371Q72
= 1 1 = P = R = R .
Q[O,NlR—l] det B_1 1, Ni—1 = U ur(2y’)

Thus the claim holds for off, B{t. Next, notice from Equation (44) that for any 0 < m <
n?

detB[_Ln] _ detA[O)n]
det B[—l,m] ~ det A[07m]

det B[m+1,n] = = det(A . Agn),

min "
so by (37), we have for k > 0 that

det(B[NEH,N,f‘H}) = det(A Ao g )= det(Ag(2)).

€ R :
N +1 k1

This, Equation (49) and Lemma 6.11 give for k£ > 0

(ag+1> :< dEt(B[NR""l Nk+1])Q[ N LN 1]Q N+ Nk+2_1]>

Bi1 QlNRH N2l
—det(A%(Zé;))S r(21) k=0
—det(Ag(z;, E{SR%Z 1)5R(Zk+1)> , k>0.

85 (%)
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When k = 0, this gives aff = ar(2{!)/dr (). When k > 0, sp(2f ) = sp(Fr'(z})) =
dr(zk), s0 oty = ag(z). Moreover, for k > 0, s§(z{) is the bottom-left entry of

Al g () = AT (=) AT () = Ar(0) AR (24

~ (ur(zE) tr(E) (ur(zl,) tr(zh)) .
= <sR<z§?> m(z’f?)) <sR<z??L> m(z’fil)) ’

see (40), (39), (38) and (35). Thus sf(2f) = sr(zf)ur(zf,,) + rr(zf)sr(zf,) =
Br(zE). This proves the first statement. The latter statement follows immediately from
the first. O

We refer the reader to §7 below for examples using Proposition 6.14.
6.3. A two-sided shift for contracted Farey expansions

In this subsection, we associate to the induced system (R, B, ig, Fr) an isomorphic
dynamical system (Qg,B,Ug,Tr) acting essentially as a two-sided shift for contracted
Farey expansions. This new system will serve several purposes in §7 below: we will see
that (Qg,, B, vy, 7a,) = (2,B,0¢,G) is the natural extension of the Gauss map; for
certain subregions R C Hy, (Qr, B, Vg, Tr) will coincide with a two-sided shift system
associated to S-expansions in [23]; and in §7.3, we describe the natural extension of
each of Nakada’s a-CFs, 0 < a < 1, as an induced system (R, B, jig, Fr) by using the
isomorphic system (g, B, Vg, TR).

To ease exposition, we impose some restrictions on our inducible subregion R C €
throughout this subsection. First, we assume that R is bounded away from the origin
and that for any z = (z,y) € R, y > 0. Furthermore, we assume that sg(z) = 1 for all
z € R, and hence—by Lemma 5.2—that ur(z) € {0,1}. The regions R considered in §7
below shall satisfy these assumptions.

Remark 6.15. A two-sided shift space may be constructed without the restriction sg(z) =
1, but in general the domain g consists of several planar ‘sheets,” and the invariant
measure Vg is a sum of measures which—restricted to each of these sheets—has density
of the form in Theorem 6.16 below. However, this more general system is not needed for
our purposes.

Define pr : R — R?, where for z = (x,y) € R,

o) = XY@ = (5 D) o (1) unn)v) 60

B (:C, I_Ty) , ur(z) =0,
(z—11-y), ur(z)=1
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0 1 -1 0 1

Fig. 4. Left: The domain = [0, 1]?. Right: The first quadrant shows part of the image of Q\([0,1] x {0})
under the map (z,y) — (z, (1 — y)/y); the second quadrant shows the image of Q under the map (z,y) —
(x —1,1—vy).

The map ¢g is injective, except possibly on the null-set of points {(x,y) € R | = €
{0,1}}; see Fig. 4. Setting Qg := pgr(R), its inverse (off of the image of the aforemen-
tioned null-set) ¢ : Qr \ ({0} x [0,00)) — R is given by

1
st = { (). X
(X+1,1-Y), X<0.

If z = 3" (X,Y), this may also be written

(3 ) (L, D))

ur(2)Y =1 >
(up(z) —1)Y =1/

= <X+uR(z),
Define 75 : Qr — Qg by

(X,Y), X =0,
TR(X,Y) = 1
proFropgr, X #0.

We obtain a dynamical system (Qg, B, Vg, Tr), where Ug := fig o <p§1 denotes the push-
forward measure of i under wg. By construction, (R, B, igr,Fr) and (Qg,B,Vr,Tr)
are isomorphic. Recall the definitions of agr and fr from (47) and (48).
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Theorem 6.16. The map T : Qr — Qg is given by Tr(0,Y) = (0,Y) and for X # 0,

_ (or(?) P v
TrR(X,Y) = < X Br(2), Br(2) +aR(Z)Y> ’

where z = ' (X,Y), and the measure v has density

1
A(R)(1+XY)?

Remark 6.17. We remark here the resemblance between the measures and maps from
(Qg, B,vR, 7r) and the natural extension (2, B, Vg, G) of the Gauss map from §3.1. We
shall return to this point in §7.1 below.

Proof of Theorem 6.16. We begin with the statement about the map 7r. By definition,
r(0,Y) = (0,Y), so let (X,Y) € Qr with X # 0. Set (X',Y’) := 7p(X,Y), z =
(z,y) = ¢z (X,Y) and 2 = (2,y) := Fg(z), and note that (X’,Y’) = ppr(2’). Set
u = ug(z) and v = upr(z’). Using Equations (50), (34), (51), and symmetry of Aj,
respectively,

w=((s )4 (2 9))

One easily computes

-7 -7
-1 1 1 (1 = u -1 _ 1 u
(1—u’ u’> A —<0 1 ) and Ay (u—l —1) —_(0 1)7
so (X',Y") = (M- X,M~T.Y), where (recall u = ur(z), v’ = ugr(z') and sgr(z) =
sp(2')=1)
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u=(o )ae (o 1)

e (0 1) (i i) 6 1)
__ 1 r(2) +sr(2)u’ (rr(2)u —tr(2)) — v (ur(z) — sr(2)u)
det Ar(2) ( —SR( ) ur(z) — sr(2)u )
1 r(2) +sr(2)u’ rr(2)u —tr(2)
det Ag(z) < —SR( ) 0 )
-1 ( (rr(2)sr(?) + sr(z)ur(z')) —det(AR(Z)))
det Ag(z) 1 0
-1 —Br(2) ar(2)
det Ar(2) ( 1 0 )

Thus

TR(X,Y)= (X", Y)=(M-X,M~T.Y)

() 5 (o o))

proving the claim about 7.
Next we prove the statement about the density of Ug. Let S be a measurable subset
of Qr. Using a change of variables,

vr(S) =fir o R (S) = / diip = T // (z,y)dzdy
e (S) ' (S)

// (X, V)| det J|dXdY,

where

1

p(z,y) == m

is the density of ji and J is the Jacobian of ¢! at (X,Y) € S. Let u = ug(z) € {0,1},
where z = ¢! (X, Y). By Equation (51), the Jacobian of ¢! at (X,Y) is

1 0 1 0
J= 0 ulw=DY-D-(u-D@y-1) | = | -1 .
(w—Dy 1) (wDy—1)2

Moreover,
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Pler (V) = <<X Tt (uﬁylf;l—l - (X + u)(ul—tylf;l—ly

((X+u)((u— DY —1) 4 (uY —1) — (X +u)(uY — 1))2
(u=1)Y —1)

()

so that

B -1y —1)\? 1 _ 1
P(%’Rl(XaY)ﬂdetJ—( 1+ XY ) (w-Dy -12 (QtxvE ©

For given (X,Y) = (X (2),Y(2)) € Qg, set
(XE V) = (XR(2), V(=) = TA(X.Y), n>0. (52)
Then, for Xt #£ 0,
2 =Fp(z) =Fpoor (X,Y) =@l oth(X,Y) = o (X, V), n>0.  (53)

The next result states that the map 7r acts essentially as a two-sided shift operator on
contracted Farey expansions.

Proposition 6.18. Let [88/all; ol /BE off/BE,...] denote the contracted Farey expan-
sion of x € (0,1)\Q with respect to R and z = (x,y) € R. Then for n >0,

(XR YR) ([0/1; an+1/ﬂn+1’ar}§+2/ﬂf+27'"]v
[0/171/ﬂ /571 1avafb/ﬂ§7a§/(l/y_l)])

Proof. For each n > 0, set

(T, Vi) = ([0/1; O‘n+1/5n+17 §+2/55’+27~~]7
0/1; 18 e /By, ad' /Bt ) (1)y = D).

Using (4) and (5), one finds that for each n > 0,

0 af  \ " < 0 1 )
Tn 3 Vn = wtl : Tn7 : Vn
(Tos1, Vig1) ((1 5n+1> ot Bl

i 1
- = - /Bn 9 > N 54
< T, i 5n+1 +a§+lvﬂ 54

We will show by induction that (X, Y,F) = (T,,,V,,) for all n > 0. By (50), Proposi-
tion 6.14 and the fact that sg(z) =1 for all z,
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- 1)+ (4 )= (6 D )

Setting n = 0 in (4) and multiplying both sides by B[__ 1170] reveals that X = T.

Similarly,
R_ -1 1 _ -1 1
Yo _(1UR(Z) UR(Z)>'y_<Oé§ g osf)Y

(5 D Y- DEH D

Since (_11 é) -y =1/y — 1, Equation (6) gives Y{* = ;. Now suppose that (X, V%) =

n» n

(T, V,) for some n > 0. By Theorem 6.16, Proposition 6.14, our inductive hypothesis
and (54),

R or . (ar(zE) R L
(X1 Vo) = < xp Prln) ey aR(zgf)YnR)

_ <OKTI§+1 _ QR 1 >
T, b R +all V,
=(Tn+1,Vns1). O

For the remainder of this subsection, we restrict our attention to the full-measure
subset of points z € R for which 22 = (2%, yf) := Fi(z) € R is defined and zff # 0
for all n € Z (in particular, x ¢ Q). We remark that as Fg is totally invariant on
this subset, the induced system (R, B, g, Fr) and its restriction to this full-measure
subset are isomorphic. The same is true of the system (Qr, B, Vg, 7r) and its restriction
to the image under ¢p of our full-measure, totally Fr-invariant subset of R. Abusing
notation, we denote these restricted, isomorphic systems again by (R, B, g, Fr) and
(QR, B, 17}37 TR).

Now, let

A0/ a1 /Bry /B2,y an/Bn) X A(0/1;1/ B0, 0/ B-1,0-1/B-2, - -, @ (m—1)/B-m)
C Qg

be the (possibly empty) set of points (X (2),Y (z)) € Qg satistying
aR(zf‘) =ajy1 and ﬁR(zf‘) = Brt1
forall -m < j<n-1and —m —1 < k < n — 1. The following result is needed

in §7.3 below when we realise the natural extensions of the a-CFs as induced systems
(R, B, ir, FR).
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Proposition 6.19. The Borel o-algebra B restricted to Qg is generated by the sets

A(O/17 0[1//81; OQ/BQa v aan//BN) X A(O/:l? 1//80a 050/6—1’ 04—1/6—2’ s 7a7(m71)/6—m)~

Proof. We first remark that each of these sets belongs to B since each may be written as
an intersection of preimages of integers under compositions of the measurable functions
aR, BR, ]—%1 and @1}1. Next, notice that there are only countably many such sets, so it
suffices to show that any open set U € Qg can be written as some union of these. It thus
suffices to show that for any (X,Y) = (X(2),Y(z)) € U, there exists some set

D, = A(0/1;00/B1, 02/ P2y ...y on/Br)

(55)
X A(O/la 1/&07 aO/ﬁ—la a—l/ﬂ—Za ey a—(n—Q)/ﬂ—(n—l))

such that (X,Y) € D,, C U. By definition, (X,Y) belongs to each D,,, n > 1, for which

aji1=agr(z]’) and  Bri = Br(zf) (56)

forall -(n—1) <j <n—1and —n < k < n — 1. Thus, to prove that there is some n
for which D,, C U, it suffices to show that the Euclidean diameters of the sets D,, tend
to 0 uniformly in n. For this, it suffices to show that

|X —cn| — 0 and Y —d,| —0
uniformly in n, where—recycling notation—(X,Y") is an arbitrary point in D,, and
(cn,dn) = ([0/1;01/B1, 02/ B2, . .., n/Brl,
[0/1;1/B0, 0/B-1,-1/B-2, ., a&_(n—2)/B-(n-1)])-

Fix D, as in (55) and assume (X,Y) = (X(z),Y(2)) € D, so that (56) holds.
Proposition 6.14 and the fact that sg(z) = 1 (and hence dr(z) = 1) imply that the
digits of the contracted Farey expansion of x with respect to R and z = (z,y) are given

by
R R R
ag )y _ (1 d O‘j+1) - (OZR(Z‘ )) i >0
()= (i) o0 G2 =G 20
The previous line and (50) give X = z — BE. Letting P, QF be as in (46), the previous
line and (56) give
B — /ol ot 0, ol /B2 = B/ on/Br, . n 5]
QF ~ W0/ /P Fn/Pnl = 10/ S 1/P15---5CQn/Pn,

R
so also ¢, = g’ﬁ — B. By Corollary 6.12 and (42),




K. Dajani et al. / Journal of Number Theory 278 (2026) 816-87 855

PR _ ufty _ ANDjy +Pjn1
QE sty ANGy T ajn—1’

where N = N/ (). By (9) and (10),

PR
r—

QR

1

| X —cn| = <

)

BGin—1

‘.’IJ . )\ijN +pj1\7*1
ANGjn + Q-1

< ’m _ Pjn-1
QjN—l

where the final inequality follows classical arguments in the theory of RCFs. Since R is
bounded away from the origin, there is some integer M > 0 such that for any integer
a > 1, the number of rectangles V,_x N Hx41, 0 < A < a, intersecting R is no greater
than M. By (19) and the fact that zfﬂ € Vo, v1-an N Hay 41, this implies that jy =
JNE ', (z) BIOWS uniformly in n. Since the denominators ¢; of RCF-convergents are strictly
increasing, we have that |X — ¢;,| — 0 uniformly in n.

It remains to show that |Y — d,| — 0 uniformly in n. Let n > 1, and consider
B = (2f,,yR,) = F5"(2). By Proposition 6.14, the digits of the contracted Farey
expansion of ¥, with respect to R and 2%, are given by

(5hE)) = (anmy ) e (GhG)) = () w0

Since (XE(2F ), YE(2E))) = (X,Y) € D, (see (52)), we have by (56)

:cJ

aji1 =ar(z, ) = a0 (GR) and Bep = Br(ZE, k) = Briaa (25)

forall —=(n—1) <j<n-1and —n < k < n—1. In particular, applying Proposition 6.18
to zf, | we find

Y =Y, (2E,) = [0/1,1/87 (28, e (25,) /B a (25,
it (21,) /5 (2,), o' (21,) / (L)%, — 1)),

while

[0/1;1/Bo, 0/B-1,-1/B-2, .. ;a_(n_2)/B—(n-1)]
0/1;1/87(z8,), a (z8,) /81 (25,), o gt (25,) /BT (2]

Set

Bl () =B (B0 (2R, ag (25, et (5, /BT (E,), - el (2R, 1B (E)D)
(0 1 0 off(z%) 0 a{%(zR ) (0 al(zR )
B (1 0) (1 ﬁg( al )) (1 Bl(2E n)> (1 ﬁff(ﬁ))’

and denote the entries by
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PR _(ZF PE(ZE
Bl ,(25,) = ( ’}{11((2@") ! ﬁ"))-

Then Equation (6) gives

L_l) PAE) (1 —yR) + Qi (R )yE,
n )

y PR(E )1 —yR) + QE(E,)yE,
while
R R
_ (RpR R \\T _ n—1(Z—n)
dn = (B[Ly ,)(22,))" -0 = ORGR )

Notice by Proposition 6.14, Equation (47) and the fact that sg(z) =1 for all z, that

Moreover, recall that yZ, € [0,1]. We thus compute

! Pf(z}fn)(l Ifn) +QR( 7n)y5n Qf(24,)

Pi(2f,) Q1 (2811 — y%, |

n—1

B -
| P Zlfn)(l anHQR( BVENQR(E,)
1

STBRGE,) + (QF(R,) — PRGE, )y QR(F,)

By Corollary 6.12,
min {Pf(zj—%n) }QR = min {un+1( I—%n)’ 7112-1-1 —n }Sn-l-l( B )7
so it suffices to show that
min {uf(2), sg(z)} sB(2) = oo
uniformly in n. Write uZ(z) = Anpjy + Pjx—1 = Pjy—1 and s5(z) = AnGjy + Gix-1 =
¢jy—1 where N = NE(z). As before, since R is bounded away from the origin, jy =
JNE(z) grows uniformly in n. Since z ¢ Q, there is some n large enough (independent of

z) for which uff(z) > pj,_1 > 1. Since the RCF-convergent denominators ¢; are strictly
increasing for j > 0,

min {u }S ) > min{pjy 1,qx-1} Gixy—1 — X

uniformly in n. O
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Notice from Propositions 6.14 and 6.18 that

X(2) = [0/1;ar(25)/Br(z), ar(z1) /Br(2(), .. .].

From the proof of Proposition 6.19, it is evident that the convergents
dn = 10/1;1/Bo,0/B-1,0-1/B-2,. .., a_(n_2)/B—(n-1)]
of the GcF
[0/151/Bo, a0/ B-1,—1/B-2, . ..]
with
aji1 = agr(z]’) and Bip = Br(z]), j<0,

also converge to Y (z). We thus obtain GCF-expansions of both X (z) and Y (z) on which
TR acts as a two-sided shift:

Corollary 6.20. For z € R for which 2 is defined for alln € Z,

(X(2),Y(2) = ((0/1;ar(25)/Br(20), ar(21)/ Br(21); - -],
[0/1; 1//6R(Z§1)a aR(Zfl)/ﬁR(Z§2)y . ]),

and for anyn € Z, 73 (X(2),Y (2)) equals

(10/1; ar(2)/Br(2), ar(zf) /Br(z80), - -1,
[0/1§ 1/51%(2571)» O‘R(fol)/ﬁR(Zr}iz)a e ])

7. Examples of contracted Farey expansions

In this section we consider several examples of explicit, inducible regions R and the
contracted Farey expansions they produce. We shall find in §7.1 RCFs, in §7.2 the second-
named author’s S-expansions, and in §7.3 Nakada’s a-CFs for a € (0,1]. Throughout
this section, any reference to the induced system (Hi, B, fig,, Fr,) is to the ‘altered’
system from Remark 5.4.

7.1. Regular continued fractions, revisited

Set R = H;, and recall from Theorem 5.5 above that the induced system
(R, B, ir, Fr) is isomorphic to the Gauss natural extension (2, B,vg,G). We re-obtain
this fact here through the use of contracted Farey expansions and the two-sided shift of
§6.3.
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Proof of Theorem 5.5. Let z = (z,y) € R with « # 0 be as in (29). Using (30), we find
that Nr(z) = a1 = a(z), and by (35),

(6] ) == (0 2)= (0 )

(57)
In particular, sg(z) = 1 for all z, so we are in the setting of §6.3. We know that
(R, B, ig, Fr) is isomorphic to (Qg,B,vgr,Tr); we shall show that this latter system
is precisely (Q, B, g, G). Since ug(z) = 0 for all z, the map ¢ : R — R? from (50) is

vr(z) = (x, 1_Ty> for all z = (z,y) € R, x # 0, (58)

and thus Qr = pr(R) = Q, up to a null set. Since p(R) = log2, Theorem 6.16 gives
that vr = Ug. Moreover, from Equations (47), (48), and (57) we find

ar(2)) _( 1
(53 = (at) >9)
But if (X,Y) = ¢gr(z), Equation (58) gives X = z, so by Theorem 6.16 and Equation
(11),

TR(X,Y) = (% —a(X), ¥> =G(X,Y).

Thus (QR,B7DR7TR) = (Q,B,ﬁg,g). Od

Let z = (x,y) € R as in (29) (so by = 1) with z ¢ Q, and notice that repeated use of
(43) gives

z,? = (x,iy,}j‘) = ]—'E(xw) = ([0; ag+1, Qkt2y---],[05 1, ak, . .. a1, b2, b3, ... ]).

Thus, by Proposition 6.14 and Equation (59), the digits of the contracted Farey expansion
of z with respect to R = H; and z = (z,y) € R are

R R
ag\ _ (sr(z)) (1 apin\ 1 _ 1
<5(1)?'> o (uR(2)> o <0> and <ﬁ,§+1 “\a(@l) )~ \agq )
That is, the contracted Farey expansion of x with respect to R = H; and z = (z,¥)
recovers the ROF-expansion [0/1;1/a1,1/as,...] = [0;a1,a2,...] of .
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7.2. S-expansions, revisited

We also find S-expansions (and thus Minkowski’s diagonal CFs, Bosma’s optimal
crs, and Nakada’s a-CFs for o > 1/2; see [23] and §3.3 above) as special instances
of contracted Farey expansions. Indeed, let S C €2 be a singularisation area, i.e., S is
Vg-measurable set with v (9S5) = 0 satisfying both

(a) S CVqand
(b) SNG(S) =2,

and let [85 /a5 o /87, a5 /5, ...] be the S-expansion of z = [0; a1, az,...] € (0,1)\ Q
obtained by simultaneously singularising at all positions n for which G™(z,0) € S (see
Definitions 4.4, 4.5 of [23] and §3.3 above). For n > —1 let

Bs PEAPE.B S, S. S,aS S /aS
[—1,n] = S Q;S; = [—1,n]([ﬁo/0¢0»a1/517042/52’-'-])'

n—1

From remarks preceding Theorem 4.13 and Theorem 5.3.i of [23], it follows that P%, =
Q%, =0, P =Q°% =1, and for k >0,

(a)- ()
Q) \4g)’
where p;/g; is the j® RCF-convergent of = and (j7)r>o is the subsequence of powers
j > 0 for which G’(z,0) € A := Q\S.

We wish to determine a proper, inducible subregion R C §2 for which the contracted
Farey expansion [B{t/alt; aft /85, ol /BL .. ] of x with respect to R coincides with the

S-expansion of z. By Remark 2.2, it suffices to find R such that PF = P and QFf = Q7
for all k£ > 0, with

Bliuc = (P]gl Pk};)
— Qr_1 Q%

as in (45) and (46).

It seems natural to set R := wl}i(A) C H;, where g, : Hi —  is the iso-
morphism map between (Hy, B, fiy,, Fr,) and (Q, B,vq,G) from (58) above satisfying
o, o Fm, (2) = Gopp, (2) for all z € Hy. However, in the classical setting of RCFs and,
in particular, S-expansions, one uses the one-to-one correspondence between points in
the G-orbit of (z,0) and RCF-convergents p,, /¢, , which come from the right-hand column

Pn—1 Pn

of the matrix ( ) On the other hand, for contracted Farey expansions we use the

dn—1 dn
one-to-one correspondence between points in the Fr-orbit of (z,1) and contracted Farey
convergents ulf/sf* coming from the left-hand column of the matrix A[RB n = Afo,NE]

from (41). When R = @I}} (Q) = H;, the matrix A{gjn] is of the form (5::1 z: ), so the
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- V3 Vo V1 s V3 Vo Vi

Fig. 5. Bottom-left: A singularisation area S and its complement A in Q. Bottom-right: The images of S
and A under G. Top-right: The region R = w_l(A) and its complement in H;.

one-to-one correspondence in this setting is between Fp (v,1) = @Ei o G"(x,0) and
Prn—1/Gn—1. This indexing discrepancy is fixed by instead considering the isomorphism
map v := G oy, between (Hy,B, jig,,Fu,) and (2, B,05,G):

FH
H1 *1> H1

o | y Jem

09 .0

Set

R=¢71(A) = Hi\y~'(9);

see Fig. 5. Notice that for any z € Hy, either ¢, (2) € A or G o vp, (2) € A; otherwise,
both ¢m, (2) and G o v, (2) belong to S, contrary to condition (ii) of a singularisation
area. Thus, either Loy, (2) € Ror ¢yt oGoyy, (2) € R. But v oy, = Fg, and
vt oGopy, =Ff,, so for any z € Hy, either Fy, (z) € R or Fi; (z) € R. The entries
of the matrices Ag(z) depend on whether Fy, (2) € R:
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Lemma 7.1. For any z = (x,y) € Hy with x = [0;a1, as, . ..],

1 > if Fu, (2) € R,

ai

(uR(j)) tR(Z))) = Ar(z) = a;j_ 1) ¢ Fanle) & B,

sr(

= = O

Proof. First suppose that Fp, (z) € R. Now Fp, (z) = F*(z), and for all 1 < j < ay,
FI(z) ¢ Hy implies F/(2) ¢ R C Hy. Thus Ng(z) = ay, and by (35) we have

al— ]-
An(z) = A° 1A1:<0 )

1 ay

If Fp,(2) = F*(z) ¢ R, then F3 (2) = F**%(z) € R. Since F/(z) ¢ Hy for 1 < j <
ay + ag with j # ap, we have Ng(z) = a1 + az and—Dby (35)—

_ iai—1 as—1 (0 1 0 1Y\ (1 as
Ar(z) = Ag " A1Ag* Ay = <1 a1> (1 a2> - <a1 a2a1—|—1>'

But Fu,(z) ¢ R is equivalent to ¢, (2) ¢ A, or ¢g,(2) € S. Since g, acts as the
identity on the first coordinate and S C V; by condition (a) of a singularisation area,
this implies a; = 1. O

By Lemma 7.1, sg(z) = 1 for all z € Hy and, in particular, for all z = (z,1). By
Corollary 6.12, Equation (42), and the fact that R C Hy (so AN, = 0),

R R T
(P’?%> N (uﬁ’*l) o e P
Qy Skt1 Binp, —1

k

Writing N2, =ay +--- + aj ., (see (19)), we see that the indices ing.,» k=0, are
k41
precisely the powers j > 0 for which

Fotetes(p 1) = Fl (x,1) € R.
Equivalently, these are the powers j > 0 for which
o, 0 G opm (x,1) € R=471(A) = ¢, 0 G(A),

or G7~1(z,0) € A. Thus Inp, —1= g, and

- ()-()- () o
QF Binp,, —1 958 Qi) -

By Remark 2.2, this proves:
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Proposition 7.2. The contracted Farey expansion of x with respect to R = 1~*(A) coin-
cides with the S-expansion of x.

In §5 of [23], a two-dimensional ergodic system'* (I's, B, p, ) is constructed corre-
sponding to the two-sided shift operator for S-expansions. We briefly recall this sys-
tem here and show that it coincides with (Qg, B, Vg, 7r) as defined in §6.3. (Note by
Lemma 7.1 that sg(z) =1 for all z € R, so we are in the setting of §6.3.) Set

A7 :=G(S) and AT = A\A™.
Define M : A — R? for z = (x,y) by

(2,9), z € AT,
(ﬂ_zal_y)a ZEA_,

and let I's := M(A). The map 7 : I's — T's is defined by 7 := M o Ga o M1,
where Ga : A — A is the map G induced on A, i.e., Ga(z) = G(z) if G(z) € A and
Ga(z) = G?(z) otherwise. The measure p is the probability measure on (I's,B) with
density 1/((log2)vg(A)(1 + XY)?) (see Theorem 5.9 of [23]). Setting

M(z) =

X = [0/1;0811/Bi1s a2/ Biyas - -1 k=0,
Yy :=0 and
Yks = [O/l;l/ﬁf,af/ﬁf_l,...,ag/,b’f], k=1,
where z = [85 /a§;af /B, a5 /65, .. .] is the S-expansion of z, it is observed following

Definition 5.8 of [23] that
(X7, Y9) =78 (X5, Y5, k=0
Note that by Propositions 6.18 and 7.2, 7" and 73 agree for all n > 0 when evaluated

at (X§,Y5%) = (X§,0). We claim that in fact (Qgr,B,vg,7r) = (I's, B, p,7). By (50)
and Lemma 7.1,

_ (x, 1_77/) , Fu,(2) € R,
onlz) = (@—1,1—y), Fu(2)¢R. (60)

Lemma 7.3. For any z € A, M(2) = pro ™t oG (2).

14 We replace the original notation Qg from [23] by I's to avoid confusion with Qg defined §6.3. However,
we shall see in Proposition 7.4 below that, in fact, 's = Qg.
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Proof. Suppose first that z = (z,y) € AT. Now, since 2 ¢ A~ = G(S5), we have G71(2) €
0\ S = A. Hence G1'(z) = G~!(2). Then

1
—1 —1 _ —1 _
o050 - g9 - o (m ).

Notice that
Fu (x L) — ¢ opn (a: L) — ) v A) = B,
! 1+y ! 1+y

so by (60), ¢gr (z,1/(1 +y)) = z. Thus, for z € A", prop Lo G ' (2) = 2 = M(2).

Next, suppose that z € A~. Then z € G(S), s0 G71(2) € S = 2\ A and g;l(z) =
G~2(z). Moreover, since G7'(z) € S C Vi, we have G~'(z) = (1/(z + 1),1/y — 1). With
these observations, we find

1 1 1
_ —1 —1 — —1
prot oGl (z) = prowy 0G N (2) = vro vy, (x—H,g—l):wR(x—H,y)-

We claim that Fg, (1/(z + 1),y) ¢ R. This is equivalent to ¢~ o o, (1/(x + 1),y) ¢
7 A), or o, (1/(x+1),y) € S. But o, (1/(z+1),y) = (1/(2+1),1/y—1) = G7(2) €
S by assumption, so the claim holds. Thus, from (60), we have pr(1/(x + 1),y) =
(—z/(z+1),1—y) and prop t oG ' (2) = (~x/(z+1),1—y) = M(z) forz € A~. O

Proposition 7.4. With R = ¢~(A),

(QR; 87 DRvTR) = (F57 Ba |2 T)'

Proof. By Lemma 7.3,

Qr =¢r(R) =prot (A) =proy oG (A) = M(A) =Ts.
Moreover,
7/10-7:H1(Z)7 ‘FHl(Z) € Ra
Yo F (2), Fu (2) &R,

— {(le (Z), YH; (Z) €A,
gO(le(z)’ SDHl(Z) ¢A,
_{gow(z), Go(z) € A,
GZoih(2), Gow(2) ¢ A,
=G o P(2),

wo]:R(Z) :{



864 K. Dajani et al. / Journal of Number Theory 278 (2026) 816-87

SO
TR=¢roFrowr =proth L oGaoopr =MoGaoM =1

Lastly, vg = p since these are both probability measures on 2z = I's with densities of
the form C(1 4+ XY)~2, where C is a normalising constant. O

7.8. Nakada’s a-continued fractions, revisited

Recall Nakada’s parameterised family of a-CF maps from §3.2, which are defined for
all 0 < a < 1. Moreover, recall from the end of §3.3 that the natural extensions of
the a-CFs are realised as S-expansion systems, but only for o > 1/2. Since, by §7.2,
S-expansions are realised as contracted Farey expansions, so are Nakada’s a-Crs for
a > 1/2. In this subsection we extend this fact to a > 0, giving a new description of a
planar natural extension of ([a — 1, a], B, pa, Go) as an explicit induced transformation
(R, B, ir, Fr) of Tto’s natural extension of the Farey tent map (Theorem 7.11 below;
cf. [24]).

Remark 7.5. One finds that Go([ao — 1,a]) = [a — 1,a), so (o — 1,a],B, pa,Ga)
is isomorphic to the restriction of this system to [ — 1,«), which we denote by
([ = 1,), B, pas Go). The endpoint « was included in the domain in §3.2 so that
we could speak of matching, which depends on the G,-orbits of  and o — 1. How-
ever, it shall be more convenient in this subsection to consider the isomorphic system

([a - 17a)76>pa7Ga)'

The domain R will be constructed in two steps: first, we define a subset A C H; via
an integer-valued map k on Hi; second, R is defined by ‘pushing’ part of A down into
0\ H; with the map F. Fix a € (0,1] and define k : H; — N U {oo} by

k(z) = 1inf{j > 0| F5’(2) € [0,a) x [1/2,1]},  z € Hy,
and let
A:={z€ Hy | k(2) is odd};

see Fig. 6. Recall the definition of hitting times N from (33). The restriction of Ny to
R—also denoted Np—is called the return time to R. We wish to determine the return
times N4 under F. For this, we use the following:

Lemma 7.6. For any z = (x,y) € Hy,

1, T < a,
k(z)+1, z>a.

k(Fr, (7)) = {
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Proof. First, notice that ]-';Ill (Fu,(2)) = z belongs to [0, a) x [1/2, 1] if and only if x < .
Thus, if © < «, then k(Fg, (2)) = 1. If £ > «, then k(%) is the infimum of powers j > 0
for which

Fr* ™ (Fu (2) = Fi (2) € [0,0) x [1/2,1].
Hence k(Fm, (2)) = k(z)+1. O

Lemma 7.7. The return times Ng : A — N under F are

ai r <«
NA(Z)Z ’ ’
ap+az, T2=a,

where z = (x,y) € A with © = [0;a1,as,...].

Proof. First, suppose that 2 < a, and notice that for all 0 < j < a1, F/(2) € Hj1 # Hp
implies F7(z) ¢ A C H;. On the other hand, by Lemma 7.6, k(Fx, (2)) = 1 is odd, so
Fu, (z) € A. Since Fy, (2) = F*(z), we have Na(z) = a3.

Next, suppose that 2 > a. As above, F7(z) ¢ H; for all 0 < j < aj +as with j # a1, so
Fi(z) ¢ A for such j. Moreover, z € A implies that k(z) is odd, and thus by Lemma 7.6,
k(Fm, (2)) = k(z)+1is even. Hence F(z) = Fp, () ¢ A. Write 2/ = (2/,y') := Fp, (2).
Again by Lemma 7.6,

1, ' < a,

k(Fm, () = {k(zl) +1. 2 >a

But k(z') = k(Fm, (2)) is even, so in either case k(Fm, (2')) is odd. Hence F1192(z) =
Fi (2) = Fu, () € A, and Na(2) = a1 +az. O

We now define the subregion R C 2 in terms of the set A C H;. For each integer
a>1,let

Ag = ANV, N ([0, 1] x [1/2,1])

be the set of points z = (z,y) € A for which = [0;a1,as,...] with a; = a and = > «.
Next, define
a—1
R:=AuU(]J | 74 (61)
a>1 =1

as the region A C H; together with each A, ‘pushed down’ into Q\ H; under F a maximal
number of times; see Fig. 6. Notice that if « > 1/2, then A, = @ for a > 1 and hence
R = A.
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Vi W Vi EEOI R Vi

-1 0 1

Fig. 6. Approximations of the regions A (top-left), R (top-right), and Qg (bottom) for o = 1/4.

Remark 7.8. In Fig. 6, the region A consists of rectangles extending from z =0 to z = 1,
and the region R consists of A together with rectangles extending from = = F(1/4) = 1/3
tox =1and x = F?(1/4) = 1/2 to = 1. These ‘full’ rectangles are due to the fact
that @ = 1/4 is of the form a = 1/n for some integer n > 1; see also [28], where the
natural extensions of the a-CF maps are constructed for such «. For general @ > 0, one
can show that A consists of rectangles extending from various = zg € [0,1) to z = 1.

Lemma 7.7 and the definition of R give the following:

Corollary 7.9. The return times Ng : R — N under F are given by N = Na if a > 1/2
and

ai, r < a,
NR(Z): 17 a§$§1/27
az+1, 1/2 <z,

if  <1/2, where z = (x,y) € A with © = [0;a1,az,...].
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From this and Equation (35), we find that if & > 1/2, then

0 1
An(z) = up(z) tr(z)\ A4, w<a|  J\1 a1>’ TS
R a SR(’Z) T.R(Z) a A1A82_1A1, T >« - 1 as ) > o
1 a2+1 ’ - ’
(62)
while if a < 1/2,
AT AY, r<a
AR(Z)<UR(Z) tR(Z)) Ao, a<z<1/2
sr(z) rr(2) A A=A 12 <2
0 ’
0 1
1 a1 )’ r < a, (63)
1 0
= 1 1), a<z<1/2
1 a9
1 a2—|—1>’ 1/2 < z.

Notice, in particular, that sg(z) = 1 for all z, and R satisfies the assumptions of §6.3.
Moreover,

0, z<a,
up(z) = {1 >0 (64)

so the map ¢r : R — R? from (50) is given by

(x, 1_Ty) , z < a,
er(2) =

(x—1,1-vy), z>a. (%5)

The region Qr = ¢r(R) is shown in Fig. 6.
Before proving that (R, B, ir, Fr) is the natural extension of ([a — 1, @), B, pa, Ga),
we determine the values of ar(z) and Sr(z) defined in (47) and (48).

Lemma 7.10. Let z = (z,y) € R with x # 0,1. Then

1, T < «, Li1-al, z < a,
ag(z) = and Br(z) = bl J

-1, z>a, {erl—on, T > a.
Proof. Let z = (x,y) € R with = [0;a41,aq,...], and set 2’ = (2/,y') = Fr(z). From

(47), the fact that sg(z) =1 for all z, and (62) and (63), we have
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ar(z) = — det(Ar(2)) = {1’ reo

-1, x> q,

as claimed.

Next, from (48) and the fact that sg(z) = 1 for all z, we have Br(z) = rr(z) +ur(z’).

If o > 1/2, then from (62) and (64), we find that

ay, < aand 2’ < a,

Ba(2) a1 +ur(?), Tz <a a1 +1, z<aand2z2' > aq,
r(2) = =

az +1+ugr(z), z>o az+1, z>aand 2’ < q,

as+2, z>aandzx > a.

Now suppose o < 1/2. Notice that if « <2 <1/2, then by (34) and (63),

_ 1 0 T
x’:ARl(z)w:(_l 1)~:c:1_x>x2a
implies ug(z’) = 1. Hence, again from (63) and (64),

ai, z<aand 2’ < a,

a1 +ug(z'), T < a1 +1, z<aand2’ > a,

Br(z) =< 1+ur(?), a<z<1/2 ) =2, a<z<1/2,

az + 1+ up(2'), 1/2 < az+1, 1/2<zand 2’ < q,

as+2, 1/2<zand 2’ > a.

(66)

(68)

The remainder of the proof consists of cases. Throughout, we repeatedly use the two

inequalities « < 1+ 2’ and 2’ < 1 + «, which follow from « € (0,1] and 2’ € [0, 1].

(i) Suppose that z < a. We must show Sr(z) = |1 + 1 — a]. By (34), (62) and (63),

— 1
= AR (2) = (ﬁll 01) Sr == —a,

T
$0
1 !/
—+l-a=2"+a+1—-oa.
x
(a) If 2/ < a, then
<z +a+l-—a<a +1,

and by (66) and (68), Br(z) =a1 = [L +1—a].
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(b) If 2’ > «, then
am+1<2’+a+1—a<a +2,

so by (66) and (68), Br(z) =a1 +1= |2 +1—al.
(ii) Now suppose that z > a. We must show Sr(z) = {ﬁ +1- aJ.
(a) If  <1/2, then from the computation in (67), 1+ 2’ = 1/(1 — x). Hence

1
——+l—a=2+2"—q,
1-=z

and (using z’ > x)
2<24+zx—a<2+2 —a<3.

By (68), Br(z) =2 = {ﬁ +1-— aJ.
(b) Now suppose that = > 1/2. By (34), (62) and (63),

_ 1 —a T
AN = (2T 2) -
v A= (M ) e

and

1
+1l-—a=

+2—a=a+2+2 —a.
1—=x 1—=x

(1) If ' < a, then
as+1<as+2+2 —a<as+2,

and by (66) and (68), Sr(z) =az+1 = {ﬁ +1- aJ.
(2) Lastly, if 2’ > «, then

as+2<ay+2+72 —a<as+3,
so by (66) and (68), Br(z) = a2+ 2 = {ﬁ +1- aJ. |
We are now in a position to prove:

Theorem 7.11. The induced system (R,B,[ir,Fr) is the natural extension of ([a —
L), B, pa,Ga)-

Proof. When o = 1, then R = [0,1) x [1/2,1), and (R, B, iir, Fr) is isomorphic to
(Hy1,B, firgy, Fr, ). The result follows from Theorem 5.5 and the fact that for o = 1,
([ = 1, ), B, pa, Gq) is (isomorphic to) ([0,1], B,vg, G).
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Now suppose a € (0,1). Since (R, B, fig, Fr) and the system (Qg,B,vg,7r) from
§6.3 are isomorphic, it suffices to show that the latter system is the natural extension of
([ — 1,0), B, pa, Go). Throughout, we shall consider the restrictions of (R, B, ir, Fr)
and (Qgr, B, Vg, Tr) to the full-measure subsets on which F}, and 7 are defined for all n €
Z, and such that for any (z,y) € R and any (X,Y) € Qg, both x and X are irrational;
see the discussion preceding Proposition 6.19. Since G, ([a—1,a)\Q) C [a—1,a)\Q, we
shall in fact show that (Qg, B, Vg, Tr) is the natural extension of ([a — 1, ), B, po, Go)
restricted to [a — 1, a)\Q, which we denote ([ — 1,)\Q, B, pa, Ga)

To distinguish the Borel o-algebras restricted to Qg and [ — 1, @)\Q, we shall denote
these by C and D, respectively. Notice that ([a—1,@)\Q, D, pa, G ) is non-invertible and
(Qr,C,UR, Tr) is invertible. We will show (i) that ([a —1,)\Q, D, pu, G4 ) is a factor of
(Qg,C,vR,R) with factor map 7x : Qg — [@ — 1,a)\Q being the projection onto the
first coordinate, and (ii) that the factor map 7x satisfies

\/ mhomy!(D) =c,
n=0

where \/)2,Th o TF)_(-l(D) is the smallest o-algebra containing each o-algebra 77 o
7r)_(1 (D), n >0.

(i) We must show that mx : Qp — [ — 1,@)\Q is measurable, surjective, and satisfies
nxoTr = Gaomyx and EROﬂ';(l = pao. Certainly 7y is measurable, since for any Borel
set A €D, 75" (A) = (A x[0,1]) N Qg € C is a Borel set in Qg. For surjectivity,
suppose a has RCF-expansion a = [0;a1,a9,...], and let z = (z,y) € H; with
x=[0;a1,az,...] ¢ Qand y =[0;1,b,b,b,...] for some b > ;. Then

Fih(z) = ([0:b,a1,a2,...1,[0;1,b,b,...]) € [0,a) x [1/2,1],

so k(z) = 1is odd and z € A. Similarly, k(Fp"(z)) = 1 for all n > 0, so F"(z) € A
for all n > 0. This—together with Corollary 7.9—implies that F}(z) € R is defined
for all n € Z. Since = € [0,1]\Q was arbitrary, (65) gives 7x(Qr) = 7x(¢r(R)) =
[ —1,0)\Q, i.e., mx is surjective.

Next, we show mx oTp = G, 0o mx. Let (X,Y) = (X(2),Y(2)) € Qr, where z =
(z,y) € R, and notice from (65) that

X = z, z < a,
r—1, x> a.

Moreover, x < « if and only if X > 0, and x > « if and only if X < 0. These
observations, together with Theorem 6.16 and Lemma 7.10, give

ag(z)

’/TXOTR(X7Y): X

— Br(2)
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_ %—L%-ﬁ-l—aJ, T < a,
—%—Lﬁ—i—l—aJ, T >,
_ +—|x+1-qal, X >0,
1 |li1-a], X<o,

1 { 1 1 J
= — | = — o
X[ LIX]
=G4 omx(X,Y)
as desired. Lastly, notice that for any Borel set A € D, Tr-invariance of vy gives
vpomy (G (A) = vr oy (my' (A) = vromx' (A),

SO IjROTl')_(l is an absolutely continuous, G, -invariant probability measure. Uniqueness
of p, implies 173077;{1 = po- Thus (Ja—1, @), D, pa, G4 ) is a factor of (Qg,C, Vg, TR).
We now show that

\/ homy (D) =C.
n=0

The forward inclusion follows from measurability of mx and 75 1 so it suffices to

show the backward inclusion. For this, it suffices to show that every element of a

generating set of the Borel o-algebra C on Qg can be written as T}’% ) w;(l(D) for

some D € D and k > 0. By Proposition 6.19, C is generated by the sets
C=A0/1;a1/B1,02/B2, - s an/Bn)
x A(0/1;1/Bo, a0/B-1,0-1/B2,. .., a_(m-1)/B-m)

containing all points (X (z),Y (2)) € Qg for which

ar(z]') = ajp1 and  Br(zf) = Bri

forall -m<j<n—land —-m—-1<k<n-1
Let D € D be the set of irrationals X € [a — 1, «) for which

; 1
sgn(GL(X)) = aj_p and [— . aJ — B
! GE(X)]
foralll < j<n+4+mand 0 <k <n+m Let X € [a—1,0)\Q, (X,Y) =
(X(2),Y(2)) € nx'({X}), and 2! = FE(z) for all k € Z. Using the fact that
G, omx = mx o T, Equations (52), (53) and Lemma 7.10 give
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1
sgn(G* (X)) = ar(zf) and LG’“(XH +1- aJ = Br(zf), k>0,
so my' (D) is the set of points (X(2),Y(2)) € Qg such that

ar(zf) = aj_m and  Br(zf) = Brom

forall1 < j<n+mand0 <k <n-+m. By Corollary 6.20, this is the set of points
of the form

X = X(2) =[0/1;ar(2)/Br(z), ar(z1) /Br(z), .. ]
=[0/1; r(2§")/B-m, ¥ (m-1)/B—(m=1)s - - + O/ Bn,
aR(Zf+m+1)/BR(z§+m+l)7 o]

and

Y =Y(z) = [0/1; 1/6R(Z§1)a OCR(ZZ)/BR(ZI—%Q): ol

Since (X7ﬁ+1, Ynirl) = TgH'l(X, Y) is of the form

Xr§+1 =[0/1;a1/B1, .. -aOén/ﬂnvaR(Zf+m+1)/5R(25+m+1)a -]

and

}/75-',-1 = [O/la 1//80a O‘O/ﬂ—la ey a—(m—l)/ﬂ—ﬂ%O‘R(Z(I){)/BR(Zl—%l)a .. ']a

we have Tp o' (D) = C. O

Remark 7.12. Recall from the end of §3.2 that there are several open questions about
Nakada’s a-CFs, including explicit descriptions of the values of the entropy h(G,) for
a < g%, g=(V5—1)/2, and of the densities of the invariant measures p, ([24]). It is
also open to explicitly compute the so-called Legendre constant for a < g2 ([15,35]).
Each of these questions may be answered with an understanding of the domain of
the natural extension of ([ — 1, &), B, pa, Ga); see, e.g., Theorem 5.6 for the entropy. To
date, however, the description of this domain has proven to be unmanageable for these
tasks. Our new description of the natural extension (R, B, fir, Fr) could bring many of
these questions within reach. Indeed, by (61), in order to understand R it suffices to
understand the set A C H;. We hope to return to these questions in subsequent work
and suspect that matching (see §3.2 above) will play a crucial role in their resolution.

Data availability

No data was used for the research described in the article.
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