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ABSTRACT

Accurate simulation of multiphase flow is essential for predicting pressure buildup and CO2 plume migration in geological carbon storage.
The two-point flux approximation (TPFA) method is widely used in reservoir simulation due to its simplicity, but it is only consistent on
K-orthogonal grids. Realistic subsurface models, however, often involve non-K-orthogonal grids caused by geological features such as faults
and fractures, where TPFA may introduce significant errors. This study systematically quantifies the numerical error associated with using
TPFA on non-K-orthogonal grids in the context of CO2 storage in saline aquifers. Based on the formalism of the TPFA method, a numerical
index is proposed in this work for the first time to quantify the degree of grid non-K-orthogonality. A series of numerical experiments are
presented to compare the TPFA and multi-point flux approximation (MPFA) methods, with high-resolution reference solutions used as
benchmarks. Results show that grid non-K-orthogonality can impact the accuracy of both TPFA and MPFA solutions with larger degree of
grid non-K-orthogonality leading to larger solution errors in general. The magnitude of solution errors of the MPFA method is significantly
smaller than that of TPFA in terms of both pressure solution and CO2 saturation as it is much more robust against grid non-K-orthogonality
effect. In particular, the TPFA method can produce substantial deviations in CO2 saturation distributions when grid non-K-orthogonality is
present, indicating the necessity of more advanced discretization methods such as MPFA for modeling the CO2 plume migration behavior
more accurately. These findings highlight the importance of selecting appropriate discretization methods for geologically complex reservoirs
and the proposed grid non-K-orthogonality index can help evaluate the solution accuracy in a general simulation study. Our results offer
practical guidance on the tradeoffs between computational efficiency and physical accuracy in carbon storage modeling.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0282130

I. INTRODUCTION

Hydrocarbon resources such as oil and natural gas are expected
to remain integral to the global energy mix for the foreseeable future,
even as the world advances toward a fully sustainable energy system.
In this transitional period, carbon capture and storage (CCS) has
emerged as a critical strategy for mitigating CO2 emissions associated
with the combustion of fossil fuels. Among the various CCS
approaches, geological storage of carbon dioxide in deep saline aquifers
has garnered considerable attention due to the widespread availability
and significant storage capacity of these formations. Accurate numeri-
cal simulation plays a critical role in designing, operating, and regulat-
ing such storage projects and in advancing our understanding of

multiphase flow in porous media.1 It enables the evaluation of storage
capacity, pressure buildup, and plume migration under a wide range of
geological and operational conditions. For example, a numerical simu-
lation model of CO2 storage in deep saline aquifers has been used to
analyze the influence of reservoir physical properties on plume migra-
tion and storage capacity, showing that permeability and depth
strongly affect CO2 distribution, while porosity and temperature have
minor effects.2 Long-term simulation of field-scale storage projects,
such as Sleipner, has been used to track CO2 plume evolution and
assess the reliability of monitoring techniques over decades.3 In frac-
tured or geologically complex formations, numerical models incorpo-
rating fracture networks have been applied to simulate multiphase
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flow and evaluate injection efficiency.4 Simulations are also commonly
used to compare different injection scenarios and quantify the
dynamic behavior of CO2 under various structural configurations,
such as in the Choszczno-Suliszewo structure in Poland.5 Other studies
focus on predicting storage efficiency and maximum migration dis-
tance as functions of permeability and boundary conditions.6 Recently,
hybrid approaches combining numerical simulation with machine
learning have emerged to improve the reliability and scalability of
long-term CO2 storage predictions.

7 In addition, with growing interest
in accelerating CO2 storage optimization and uncertainty quantifica-
tion, numerical simulation is increasingly being used to generate large-
scale training datasets for surrogate models and machine learning
frameworks that approximate full-physics behavior at significantly
lower computational cost.8–10 Collectively, these efforts demonstrate
the breadth of simulation-based research in CO2 storage and under-
score its importance in both scientific analysis and engineering design.

Many of the numerical simulation approaches used in CO2 stor-
age studies rely on the two-point flux approximation (TPFA) method
to discretize the governing flow equations. TPFA is widely adopted
due to its simplicity, computational efficiency, and compatibility with
standard reservoir simulation software.11 However, its accuracy
depends on a restrictive assumption: the simulation grid must be
K-orthogonal, meaning that the grid lines must align with the principal
directions of the permeability tensor. In real-world applications, this
condition is often violated due to the need to conform grids to complex
geological features such as dipping layers, faults, and fractures. When
applied to non-K-orthogonal grids, TPFA can produce significant
numerical errors in both pressure and flux calculations, potentially
leading to inaccurate predictions of CO2 plume migration, pressure
buildup, and trapping efficiency. These limitations are particularly crit-
ical in storage sites where geological complexity plays a dominant role
in flow behavior. In Ref. 12 the authors investigated the effect of grid
shape and resolution on the simulation results of geological storage of
CO2 and found that high-resolution Voronoi tessellation can reduce
the grid-orientation effect significantly, but the study stops short of
quantifying the numerical errors. Despite its effectiveness in reducing
grid-orientation effect, the Voronoi grid cannot guarantee grid-K-
orthogonality in general simulation settings, especially for anisotropic
permeability tensors, and the accuracy of TPFA solutions will be com-
promised. To quantify the errors, various measures were proposed in
the literature to evaluate the grid quality.13,14 When the grid is
K-orthogonal, for any face in the grid, the angle between the co-
normal vector (defined as the product of the cell permeability tensor
and the face normal) and the vector connecting the cell centroid to the
face centroid is 0. A larger angle means a higher degree of grid non-K-
orthogonality. Therefore, the grid quality measures often involve some
form of the angle or the sine of the angle. Since using the angle (or sine
of the angle) alone does not give a direct indication of the magnitude
of the relative errors when the flux through the face is approximated,
the predictive power of the grid quality measures may be limited.

On the other hand, the geological models are often built with the
aim of characterizing the geometry of the geological features as accu-
rately as possible and highly flexible grids such as the corner-point grid
format15 is mostly adopted in the geoscience community. As a result,
the simulation engineer often does not have the freedom to choose the
best grid format from the numerical simulation perspective but have
to work with non-K-orthogonal and sometimes highly deviated grids.

Therefore, more accurate but computationally intensive methods have
been proposed as alternatives to TPFA method for handling general
grid geometries and full-tensor permeabilities such as the multi-point
flux approximation (MPFA),16–18 the mimetic finite difference
method,19,20 the nonlinear finite volume method.21,22 Despite these
advances, TPFA remains dominant in CO2 storage simulations
because of its robustness and computational efficiency, and there is a
lack of systematic investigation into the quantitative errors it introdu-
ces in non-ideal grid settings, especially in the context of CO2 storage
in saline aquifers.

In this work, we aim to systematically quantify the numerical
errors introduced by the TPFA method when applied to non-K-
orthogonal grids in the context of CO2 storage simulation. To this end,
we conduct a series of controlled numerical experiments comparing
the TPFA and MPFA discretization schemes against high-fidelity ref-
erence solutions. The comparison focuses on key performance indica-
tors including pressure distribution and CO2 plume migration
patterns. By isolating the impact of grid non-orthogonality and reser-
voir heterogeneity, our study provides practical insights into when
TPFA may be insufficient and whether the added computational cost
of MPFA is justified. Moreover, considering the inadequacy of the
existing grid-K-orthogonality measures, we propose a new numerical
index for evaluating the degree of grid-K-orthogonality. The new index
is based on the derivation of the TPFA formulation and it quantifies
the relative magnitude of the flux approximation errors of the TPFA
method. Numerical experiments demonstrate that our new grid-K-
orthogonality measure has reasonably good predictive capability. The
results are intended to guide modelers and engineers in choosing
appropriate numerical methods for reliable prediction of CO2 behavior
in geologically complex storage formations. The rest of the paper is
organized as follows: the mathematical model governing CO2-water
two phase flow will be briefly reviewed in the next section, followed by
a description of the numerical discretization methods and the pro-
posed numerical index for quantifying grid non-K-orthogonality in
Sec. III. Numerical experiments setup and simulation results are
detailed in Sec. IV and finally Sec. V concludes this paper.

II. MATHEMATICAL MODEL

We consider the problem of simulating immiscible two phase
(supercritical CO2 and resident water) flow in a slightly compressible
porous media. The CO2 phase is non-wetting and the water phase is
wetting. The two phases are denoted by g and w, respectively. The
mass conservation equation is written for each phase a ¼ g; w as11

@

@t
/qaSað Þ þ r � qavað Þ ¼ qaqa: (1)

Here, / is porosity, qa is mass density of phase a, Sa is phase satura-
tion, va is phase velocity and qa is phase volumetric source/sink
terms. The phase velocity is related to the phase pressure pa by Darcy’s
law

va ¼ � kra
la

K rpa � carDð Þ ¼ �kaK rpa � carDð Þ; (2)

where K is the absolute permeability tensor, and kra, la, ca, and ka are
phase relative permeability, phase viscosity, phase specific weight and
phase mobility, respectively. The phase specific weight is simply the
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product of phase density and gravity constant and D is depth. The sys-
tem is complemented by the following constraints

Sw þ Sg ¼ 1 ;
pg � pw ¼ pc Swð Þ; (3)

where pc Swð Þ denotes the capillary pressure between the two phases.
The mathematical model is closed with appropriate initial and bound-
ary conditions.

III. NUMERICAL METHODS
A. Numerical discretization

The mathematical model was solved fully implicitly, using a finite
volume method for spatial discretization (TPFA or MPFA) and the
backward Euler method for time integration. The discrete form of the
mass conservation equation for an arbitrary cellXi reads as follows

11

Vi

Dt
/qaSað Þnþ1

i � /qaSað Þni
h i

þ
X
j2N i

Fnþ1
a;ij � Qnþ1

a;i ¼ 0; (4)

where Vi is the bulk volume of cell Xi,and Dt is the time step size. The
superscripts n and nþ 1 denote the current time step and the next
time step, respectively.N i is the set of neighboring cells sharing a com-
mon face with cellXi. Fa;ij is the numerical mass flux flowing from cell
Xi to neighboring cell Xj and Qa;i is the integrated source term. The
numerical mass flux is given by

Fnþ1
a;ij �

ð
Cij

qnþ1
a vnþ1

a � ndS; (5)

where Cij denotes the face shared by cell Xi and Xj and n is the unit
normal pointing outward of cell Xi. Inserting Darcy’s equation (2) into
the above equation leads to

Fnþ1
a;ij �

ð
Cij

� qnþ1
a knþ1

a K rpnþ1
a � cnþ1

a rD
� � � ndS

¼ qakað Þnþ1
ij

ð
Cij

� K rpnþ1
a � cnþ1

a rD
� � � ndS: (6)

Where the product of phase density and mobility on the interface is
approximated by the single-point upstream weighting. The difference
between TPFA and MPFA method lies in the approximation of the
surface integration

Ð
Cij

� K rpnþ1
a � cnþ1

a rD
� � � ndS. The TPFA

method23 approximates this integral by using the pressure unknowns
associated with the two cells Xi and Xj that share the interface Cij. As
for MPFA method, there are different variants such as the MPFA-O
method,16 MPFA-Z method,24 MPFA-L method25 and more advanced
versions.18,26,27 In this work, we implemented the classical MPFA-O
method and the implementation details follows the formulation pre-
sented in Ref. 28. For completeness, a brief introduction to the TPFA
and MPFA-O formulation for approximating the surface integralÐ
Cij

� Krp � ndS is given here. Consider an internal face shared by
two cells Xi and Xj shown in Fig. 1. The centroids of the two cells are
denoted by xi and xj, respectively, and xf is the face centroid. The vec-
tor di;j is defined as di;j ¼ xf � xi. The unit normal vector to the face
is denoted by ni;j and it points out of cell Xi. Assuming a linearly vary-
ing pressure inside each cell, the TPFA method approximates the flux
flowing out of cell Xi through the face as

Fi;j ¼ Ai;jKi
pi � pf

di;j
�� ��2 di;j � ni;j ¼ Ti;j pi � pfð Þ; (7)

where Ai;j is the face area and Ki is the constant permeability tensor of
cell Xi. pi and pf are pressures at points xi and xf , respectively. Finally,
Ti;j is the so-called one-sided transmissibility as it is computed by
using information of cell Xi only. The flux flowing out of cell Xj

through the face can be calculated analogously as

Fj;i ¼ Tj;i pj � pfð Þ: (8)

The pressure pf is then solved by imposing the flux continuity condi-
tion Fi;j þ Fj;i ¼ 0 on the face and the final flux proximation is given
by

Fi;j ¼ �Fj;i ¼ T�1
i;j þ T�1

j;i

� ��1
pi � pjð Þ ¼ Tij pi � pjð Þ; (9)

where Tij is the transmissibility associated with the face connecting the
cell Xi andXj.

To determine the transmissibility coefficients using the MPFA-O
formulation, consider four cells that share a common vertex O shown
in Fig. 2. The cells are numbered locally as 1–4. First, an interaction
region is formed around the vertex by connecting the centroids of the
cells with the centroids (A, B, C, D) of the faces connected to the vertex
O. The interaction region is composed of four sub-regions belonging
to the four cells. The four half faces OA, OB, OC, and OD are called
sub-interfaces. The MPFA-O method seeks to determine fluxes
through these sub-interfaces first and subsequently the flux through a
whole interface can be obtained by assembling fluxes through the
respective two sub-interfaces constituting the whole interface.
Introducing pressure at the four faces centroids as auxiliary unknowns
and assuming a linearly varying pressure over each sub-region, the
pressure gradient over a sub-region can be calculated using pressure at

FIG. 1. Schematic of TPFA formulation.

FIG. 2. Schematic of MPFA-O formulation.
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one cell centroid and two face centroids. Darcy’s law is then applied to
compute the fluxes through the two corresponding sub-interfaces. For
example, pressure in sub-region 1-A-O-D is approximated using pres-
sure values at cell centroid x1 and face centroids xA, xD. Then fluxes
through sub-interfaces OA and OD can be computed. Similarly, the
calculation can be performed in the other three sub-regions. Finally,
flux continuity condition is imposed on all the sub-interfaces to elimi-
nate the auxiliary unknowns and the final flux approximation involves
pressure values at the cell centroids only. For notation brevity, we will
henceforth refer to the MPFA-O method as MPFA.

We choose the water pressure pw and water saturation Sw as our
primary unknowns and the CO2 phase pressure and saturation are cal-
culated by using the constraint equation (3). The system of nonlinear
discrete equations at each time step are then linearized by using the

Newton–Raphson nonlinear solver to advance the solutions to the
next time step. In the following numerical experiments, we set the tol-
erance of the nonlinear solver to 1� 10�5 and the allowed maximum
number of nonlinear iterations to 25 for a given time step size. The
time step size is adjusted dynamically during iterations: if the nonlinear
solver fails to converge within 25 iterations, the time step size is cut in
half.

B. Quantification of grid non-K-orthogonality

As mentioned before, the TPFA method is only consistent for
K-orthogonal grid. When the grid is non-K-orthogonal, the TPFA
method incurs anO 1ð Þ error, i.e., the error does not decrease with grid
refinement. However, if a grid is close to being K-orthogonal, the error
of using TPFA method may be acceptable in practice and the use of
TPFA can still be justified considering its robustness and efficiency.
Therefore, it is highly desirable to have a quantitative measure of the
degree of non-K-orthogonality of a grid for a given permeability field.
In this section, we propose such a measure in the form of a numerical
index based on the derivation of the TPFA formulation.

Consider an arbitrary cell Xi shown in Fig. 3. Take the flux
approximation for the rightmost face as an example. For ease of
notation, we have dropped the subscripts of some of the variables
in the figure. The centroids of the cell and the face are denoted by
xc and xf , respectively. The vector d is defined as d ¼ xf�xc

kxf�xck and
d? is the unit vector perpendicular to d. The unit normal vector to
the face is denoted by n and it points out of the cell. K is the con-
stant permeability tensor of the cell. The product of K and n is
often termed as the co-normal vector in the literature.22 The angle
between the co-normal vector and the vector d is h. Assuming a
linearly varying pressure inside the cell, the pressure gradient can
be calculated as

rp ¼ p1dþ p2d?; (10)

where p1 can be determined from pressure at the point xc and xf ; and
p2 is some unknown constant. The flux flowing out of the cell through
the face can be approximated as

F ¼ �AKrp � n ¼ �Arp � Knð Þ; (11)

where A is the face area and the property of K being a symmetric ten-
sor is utilized. Inserting Eq. (10) into (11) leads to

F ¼ �A p1dþ p2d?ð Þ � Kn ¼ �p1Ad � Kn� p2Ad? � Kn: (12)

The magnitude of the two terms on the right-hand side of Eq. (12) can
be calculated as

FIG. 4. Example inclined grid.

TABLE I. Phase and rock properties.

CO2 phase density at reference condition 505.7 kg/m3

Water phase density at reference condition 1000 kg/m3

CO2 phase compressibility 9.02� 10�8 Pa�1

Water phase compressibility 2.90� 10�10 Pa�1

Rock compressibility 4.35� 10�10 Pa�1

CO2 phase viscosity 3.76� 10�5 Pa s
Water phase viscosity 8.00� 10�4 Pa s

FIG. 3. Calculation of the degree of grid non-K-orthogonality for a cell-face pair.
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�p1Ad � Knj j ¼ p1j j � A � Knk k � cos hð Þ�� ��
�p2Ad?Knj j ¼ p2j j � A � Knk k � cos

p
2
� h

� 	����
����

¼ p2j j � A � Knk k � sin hð Þ�� ��: (13)

The TPFA method drops the second term and keeps only the first
term, thus introducing inconsistency. The error resulting from drop-
ping the second term may be large or small depending on the relative
magnitude of the two terms. Since the two coefficients p1 and p2 are
not known a priori, we only consider the quantities dependent on the
grid geometry and permeability field and define the degree of grid
non-K-orthogonality for this pair of cell-face as

gf ¼
A � Knk k � sin hð Þ�� ��

A � Knk k � cos hð Þ�� ��þ A � Knk k � sin hð Þ�� ��
¼ sin hð Þ�� ��

cos hð Þ�� ��þ sin hð Þ�� �� : (14)

The value of gf lies in the interval [0, 1]. When the grid is
K-orthogonal, the co-normal vector Kn is parallel to the vector d and
gf becomes zero. A high value of gf indicates a large degree of grid
non-K-orthogonality. Finally, the degree of grid non-K-orthogonality
g for the whole grid is calculated by taking the mean of the gf values
for all the cell-face pairs in the grid

g ¼ 1
nf

Xnf

f¼1
gf ; (15)

where nf is the total number of cell-face pairs in the grid. Note that
this numerical index g is only dependent on the grid geometry and the
permeability tensor field and it can be calculated easily even for very
complex grids seen in industry-standard simulations. We remark here
that in addition to the grid geometry and permeability tensors, the
numerical solution errors using TPFA method are also dependent on
the actual flow scenarios. For example, if the flow is purely horizontal
in Fig. 3, the coefficient p2 in Eq. (10) is 0 and the TPFA flux approxi-
mation becomes consistent despite the grid non-K-orthogonality,

FIG. 5. Relative permeability curve (left) and capillary pressure curve (right).

FIG. 6. Water pressure pw in MPa (first row) and CO2 saturation Sg(second row) at time t¼ 30.4 days (time step 3). From left to right: reference solution, TPFA solution and
MPFA solution.
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which is the so-called “false positive” for flow along the strata in Ref.
14. However, since the actual flow scenarios are not known a priori
and they can also change as the flow driven mechanism changes, wo
do not consider the “false positive” case as a deficiency of any static
grid quality measures.

IV. RESULTS AND DISCUSSION

Numerical experiments were performed to evaluate the migra-
tion behavior of the CO2 plume under different conditions. All
examples are implemented within the framework of the open-
source MATLAB Reservoir Simulation Toolbox (MRST).11 We
consider a 2D sector model that is 500m in length and 100m in
depth with unit thickness. The domain was initially filled with brine
at hydrostatic conditions with a reference pressure of 15MPa at the

top. The top and bottom of the domain are closed while the lateral
boundaries are open to flow with pressure on the lateral boundaries
equal to the initial hydrostatic pressure throughout the simulation.
Supercritical CO2 was injected at the bottom center at a rate of
0.05 pv/year. We modeled two years of CO2 injection and two years
of post-injection period. The two years of injection period was dis-
cretized into 26 times steps and the time step size was ramped up
geometrically from approximately 7.6 to 30.4 days using the
rampupTimesteps function in MRST. The two years of post-
injection period was discretized eight time steps equally with the
time step size of about 91.3 days. A non-orthogonal inclined grid of
dimension 101� 50 (101 cells in the horizontal direction and 50
cells in the vertical direction) was used to mimic the effect of faults
on the meshing of the computational domain. The inclined grid is

FIG. 7. Water pressure pw in MPa (first row) and CO2 saturation Sg(second row) at time t¼ 304.37 days (time step 12). From left to right: reference solution, TPFA solution
and MPFA solution.

FIG. 8. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 395.7 days (time step 15). From left to right: reference solution, TPFA solution
and MPFA solution.
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generated by changing the coordinates x, y of the nodes of a
Cartesian grid on the domain 0; 2½ � � 0; 1½ � using the following
equation

~x ¼ 2 x þ b 1� x � 1ð Þ2
� �

1� yð Þ
� �

; (16)

where ~x is the changed coordinate of the grid. The changed coordi-
nates are then scaled to the actual reservoir size. Figure 4 shows an
example grid of dimension 31� 20 for clearer visualization. The
degree of inclination of the grid was controlled by a factor b. As the
value of b increases, the grid becomes progressively more inclined
toward the east. The CO2 properties were taken from the CO2 lab of
MRST. The reference pressure and temperature were set as 15MPa
and 70 �C, respectively. Table I lists other properties of the supercritical
CO2 phase and the resident brine phase. The Brooks–Corey type of

relative permeability model was used to model water-supercritical CO2

two phase flow where the irreducible water saturation, residual CO2

saturation and Corey exponent are set as 0.27, 0.2, and 2, respectively.
The Corey type of capillary model was used to model capillary pressure
with pore-size distribution index set as 2. The left of Fig. 5 shows the
relative permeability curves and an example capillary curve with entry
pressure pe ¼ 0:1MPa is shown on the right. We considered the cases
of homogeneous permeability, layered permeability and heterogeneous
permeability field. For comparison purposes, a reference solution was
obtained by using the TPFA method to solve the numerical model on
a fine Cartesian grid of dimension 321� 50 for which the TPFA
method is consistent. Because the cells of the reference fine grid do not
align with the cells of the coarse inclined grid, when comparing the
TPFA and MPFA solutions on the inclined grid with the reference
solution, for each cell of the inclined grid, we find in the reference grid

FIG. 9. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 547.9 days (time step 20). From left to right: reference solution, TPFA solution and
MPFA solution.

FIG. 10. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 730.5 days (time step 26). From left to right: reference solution, TPFA solution
and MPFA solution.
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the cell whose centroid is closest to the cell and take its pressure and
saturation values as reference solutions. To quantify the pressure solu-
tion errors at time step t, the mean relative error metric is used and
defined as follows:

etp ¼
1
nc

Xnc

i¼1

jptw;i � p̂tw;ij
ptw;i

; (17)

where nc is the number of grid blocks; ptw;i and ptw;i are the reference
pressure solution and TPFA/MPFA pressure solution at grid block i at
time step t, respectively. The overall pressure solution error is calcu-
lated by averaging the pressure solution errors over all time steps

ep ¼ 1
nt

Xnt

t¼1
etp: (18)

To quantify the CO2 gas saturation solution errors, the plume satura-
tion error introduced in Ref. 29 is used and defined as

ets ¼
1Xnc

i¼1
Iti

Xnc

i¼1
Iti S

t
g;i � Ŝ

t
g;i

��� ���
Iti ¼ 1 if Stg;i > 0:01

� �
[ Ŝ

t
g;i > 0:01

� �
; (19)

where Stg;i and Ŝ
t
g;i denote reference gas saturation solution and TPFA/

MPFA gas saturation solution at grid block i at time step t, respectively.
Iti ¼ 1 indicates that either the reference gas saturation solution or the
TPFA/MPFA solution is greater than a small threshold value (0.01
here) and Iti ¼ 0 otherwise. As noted in Ref. 10, this plume saturation
error metric focuses on the accuracy within the CO2 plume and there-
fore provides a more strict metric to evaluate the CO2 gas saturation

FIG. 11. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 821.8 days (time step 27). From left to right: reference solution, TPFA solution
and MPFA solution.

FIG. 12. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at end of simulation (time step 34). From left to right: reference solution, TPFA solution and
MPFA solution.
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FIG. 13. Pressure error metric at each time step for TPFA (left) and MPFA (right) for case 1.

FIG. 14. CO2 saturation error metric at each time step for TPFA (left) and MPFA (right) for case 1.

FIG. 15. Number of nonlinear Newton–Raphson iteration at each time step for case 1.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 083421 (2025); doi: 10.1063/5.0282130 37, 083421-9

Published under an exclusive license by AIP Publishing

 04 Septem
ber 2025 09:47:42

pubs.aip.org/aip/phf


solution. Similarly, the overall gas saturation solution error is calculated
by averaging the gas saturation solution errors over all time steps

es ¼ 1
nt

Xnt

t¼1
ets: (20)

A. Case 1: Homogeneous permeability

In this first case, we consider a homogeneous permeability of
100md and a constant porosity of 0.25 and run the numerical
experiments for grids with different degrees of inclination by vary-
ing the b values. Figures 6–10 show five snapshots of water pres-
sure and gas saturation of the reference solution, TPFA solution
and MPFA solution during the injection period while two

snapshots of the corresponding solutions during post-injection
period are given in Figs. 11 and 12. The TPFA and MPFA solutions
are for the grid with b ¼ 0:4. Compared to the reference solution,
both TPFA and MPFA methods suffer from the grid non-
orthogonality effect even though the MPFA method is supposed to
consistent for general non-orthogonal grid, but the MPFA solution
is indeed much closer to the reference solution than the TPFA
method in general. A closer inspection of the pressure solutions
reveals that the effect of grid inclination on the TPFA method is
more pronounced during the injection period than the post injec-
tion period: the pressure profiles of the TPFA method during the
injection period are obviously non-symmetric compared to the ref-
erence solution and the MPFA solution, but the difference becomes
indistinguishable during the post-injection period. When it comes
to the CO2 saturation solution, the differences among the TPFA
solution, MPFA solution and the reference solution are more sig-
nificant. The CO2 saturation profile of the TPFA method is consis-
tently non-symmetric for all time steps while the MPFA solution
gradually becomes more symmetric over time and is closer and
closer to the reference solution. Figure 7 shows that the reference
solution suggests that the CO2 plume rises to the top of the domain
at about 304.37 days. Figures 8 and 9 show that the corresponding

TABLE II. Pressure and CO2 saturation error metrics averaged over all time step and the total number of nonlinear iterations for TPFA and MPFA methods under different b
values.

b g

ep es niter

TPFA MPFA TPFA MPFA TPFA MPFA

0.0 0.0 0.0802� 10�3 0.0802� 10�3 0.0337 0.0337 614 614
0.1 0.1392 0.2775� 10�3 0.0794� 10�3 0.0878 0.0350 621 651
0.2 0.2396 0.5322� 10�3 0.0937� 10�3 0.1464 0.0442 633 693
0.3 0.3162 0.7836� 10�3 0.1187� 10�3 0.1846 0.0579 626 706
0.4 0.3767 1.000� 10�3 0.1442� 10�3 0.2191 0.0716 635 728

FIG. 16. Layered permeability configuration for case 2.

FIG. 17. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 60.87 days (time step 4). From left to right: reference solution, TPFA solution
and MPFA solution.
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time suggested by the TPFA and MPFA solution is around 547.9
and 395.7 days, respectively, demonstrating again that the MFPA
solution is in closer agreement with the reference solution. It must
be noted, however, that the exact timing of CO2 plume reaching to
the top cannot be determined exactly because of the discrete nature
of time step of the numerical simulations. Therefore, the actual dif-
ference of timing for TPFA and MPFA method compared to the
reference solution may be smaller as the CO2 plume has already
reached to the top by time step 15 (for MFPA method) and time
step 20 (for TPFA method).

Figures 13 and 14 show the evolution of error metrics for various
b values using the TPFA method and the MFPA method for the pres-
sure solutions and CO2 saturation solutions, respectively. It can be
seen that as b value increases, meaning increasing degree of grid incli-
nation, pressure and saturation errors also increase for both TPFA and
MFPA method. A b value of 0 means that the grid is orthogonal and

the corresponding errors are caused by the difference of grid resolution
for the reference solution and the TPFA/MFPA solutions and the cor-
responding errors serve as baselines. The TPFA and MFPA solutions
are identical for b value of 0 as the classical MPFA-O method degener-
ates to the TPFA method on K-orthogonal grids. The results further
confirm that the errors are in general larger during the injection period
and becomes smaller for the post-injection period. Moreover, the rela-
tive error of pressure solutions is quite small even for the TPFA solu-
tion, but its saturation errors are quite significant. Overall, the MFPA
solutions are much more satisfactory, suggesting that a more advanced
numerical discretization scheme is necessary if accurate track of the
CO2 plume is required on non-orthogonal grids. Figure 15 displays the
number of nonlinear Newton–Raphson iterations at each time step
with various b values for the TPFA and MPFA method. The results
show that increasing the degree of grid inclination tends to increase
the number of nonlinear iterations required for both methods, but the

FIG. 18. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 152.18 days (time step 7). From left to right: reference solution, TPFA solution
and MPFA solution.

FIG. 19. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 365.24 days (time step 14). From left to right: reference solution, TPFA solution
and MPFA solution.
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overall effect is minimal. The number of nonlinear iterations for
MPFA method is generally greater than that of TPFA method and the
difference increases as b increases. Combined with that fact that the
linearized system of MPFA is denser than that of TPFA, it is computa-
tionally more expensive to solve. Finally, Table II lists the pressure and
CO2 saturation error metrics averaged over all time steps and the total
number of nonlinear iterations required for TPFA andMPFAmethods
under different b values. From the error values listed in the table, we
can see that for TPFAmethod, the overall pressure and CO2 saturation
errors for b ¼ 0:4 increased about ten times and seven times, respec-
tively, compared to the baseline errors (b ¼ 0), while for MPFA
method, both pressure and CO2 saturation errors increased about two
times, demonstrating that the MPFA method is much more robust
against grid non-orthogonality than TPFA method. Also shown in the
table are the degree of grid non-K-orthogonality values of g computed

by using equation (15) proposed in Sec. III B. As expected, the solution
error increases as the degree of the grid non-K-orthogonality increases
for both TPFA and MPFA method.

B. Case 2: Layered permeability

In this second case we consider a layered permeability configura-
tion shown in Fig. 16. The aquifer domain consists of five layers and
the permeability values are 200, 100, 30, 100, and 200md from the top
layer to the bottom layer. The capillary entry pressure is set as 0.1MPa
for the layer with permeability of 100md and the entry pressure for
other layers is scaled by the reciprocal of the square root of its perme-
ability. The low-permeability layer in the layer will impact the vertical
migration the CO2 plume. Figures 17–21 show several snapshots of
pressure and CO2 saturation profiles of the TPFA solution and MPFA
solution for the grid with b¼ 0.4 along with the reference solution on

FIG. 20. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 730.49 days (time step 26). From left to right: reference solution, TPFA solution
and MPFA solution.

FIG. 21. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at end of simulation (time step 34). From left to right: reference solution, TPFA solution and
MPFA solution.
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the Cartesian grid. Compared to the previous case, the layered perme-
ability configuration has a significant impact on the migration of the
CO2 plume. The TPFA method, as expected, suffers from the grid
non-orthogonality with both pressure and saturation solutions non-
symmetrical. The MFPA method, on the other hand, tries to keep the
solution symmetry and is affected to a much lesser degree by the non-

orthogonal grid than the TPFA method. Figures 22 and 23 show the
pressure and CO2 saturation error metric for the TPFA and MPFA
method on grids of varying degrees of inclination. Similar to the previ-
ous case, a higher degree of grid inclination leads to larger solution
errors for both the TPFA and MPFA method, but the effect of grid
non-orthogonality on TPFA method is much larger than MPFA

FIG. 22. Pressure error metric at each time step for TPFA (left) and MPFA (right) for case 2.

FIG. 23. CO2 saturation error metric at each time step for TPFA (left) and MPFA (right) for case 2.

TABLE III. Pressure and CO2 saturation error metrics averaged over all time step and the total number of nonlinear iterations for TPFA and MPFA methods under different b
values.

b g

ep es niter

TPFA MPFA TPFA MPFA TPFA MPFA

0.0 0.0 0.0218� 10�3 0.0218� 10�3 0.0188 0.0188 626 626
0.1 0.1392 0.1228� 10�3 0.0224� 10�3 0.0443 0.0194 648 650
0.2 0.2396 0.2376� 10�3 0.0287� 10�3 0.0766 0.0236 477 691
0.3 0.3162 0.3489� 10�3 0.0369� 10�3 0.1046 0.0291 462 661
0.4 0.3767 0.4546� 10�3 0.0453� 10�3 0.1286 0.0346 487 608
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FIG. 24. Number of nonlinear Newton–Raphson iteration at each time step for case 2.

FIG. 25. Normalized pressure (left) and gas saturation (right) solution error metric as functions of the degree of grid non-K-orthogonality.

FIG. 26. Log permeability in SI unit (first row) and porosity (second row) of the first layer of the SPE10 dataset. The left column is the original data on the Cartesian grid and
the second column is the result of direct mapping of the data to an inclined grid.
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method. By comparing Figs. 13 and 22, and Figs. 14 and 23, we can see
that the magnitude of the solution errors of the TPFA and MPFA
methods for this case study is smaller than the case 1 of homogeneous
permeability, but this observation is misleading because the baseline
errors (b ¼ 0) are smaller for this case. Table III lists the pressure and
CO2 saturation error metrics averaged over all time step under differ-
ent b values and we can see that pressure errors of TPFA for b ¼ 0:4

increased approximately 20 times compared to baseline errors and the
increase in CO2 saturation errors is similar to the previous case, at
about seven times, showing that the layer permeability configuration
exacerbated the non-orthogonality issue suffered by TPFA method.
The increase in MPFA solution errors remain about two times. Finally,
Fig. 24 lists the number of nonlinear Newton–Raphson iterations at
each time step for each grid using the TPFA and MPFA method and

FIG. 27. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 334.81 days (time step 13) using TPFA (left column) and MPFA method (right
column).

FIG. 28. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 730.49 days (time step 26) using TPFA (left column) and MPFA method (right
column).
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the total number nonlinear iterations are also listed in Table III. The
MPFA method requires more nonlinear iterations at some time steps
for certain grids, but there is no clear correlation between the degree of
grid inclination and the number of nonlinear iterations for both meth-
ods, meaning a more inclined grid does not necessarily increase the
number of nonlinear iterations as one may expect. Note that the degree
of grid non-K-orthogonality g values shown in Table III are the same
as the previous case. However, the magnitude of the solution errors in
this case is different from the previous case, which is unsurprising since
the baseline errors (b ¼ 0, grid is K-orthogonal) are also different for
the two cases. To compare the magnitude of the solution error metrics
of the two cases, we normalize the solution error ep and es by their
respective baseline errors and plot the normalized solution errors vs
the degree of grid non-K-orthogonality g in Fig. 25. We observe that
with the exception of the pressure solutions for TPFA, the normalized
solution errors are in general quite close for the two cases for any given
degree of grid non-K-orthogonality g, demonstrating the potential use-
fulness of the proposed grid non-K-orthogonality index for evaluating
solution accuracy in a general simulation study.

C. Case 3: Heterogeneous permeability

In this final case we consider a highly heterogeneous permeability
field by taking the permeability and porosity values from the first layer
of the SPE10 dataset. The original dataset populates a regular
Cartesian grid. We take the permeability and porosity values and map
them directly to our inclined grid. Figure 26 shows the original log per-
meability and porosity maps and the corresponding maps on the
inclined grid with b ¼ 0:4. This direct mapping of data from
Cartesian grid to incline grid will change the overall distribution of the
permeability and porosity values on the computational domain.
Therefore, a reference solution using TPFA method on the Cartesian
grid is not applicable and we only compare the pressure and saturation

solution differences between the TPFA andMPFAmethod. To prevent
numerical difficulties, a permeability threshold value of 1� 10�6md
and a porosity threshold value of 1� 10�3 are set. Permeability and
porosity values smaller than the threshold values are set to the corre-
sponding threshold values. The classical Leverett J function is used to
model the heterogenous capillary pressure. The functional form of the
dimensionless J function is given as

J Sweð Þ ¼ J0S�1=k
we

Swe ¼ Sw � Swr
1� Swr

:

8><
>: (21)

The capillary function is computed as

Pc Swð Þ ¼ J Sweð Þr cos hffiffiffiffiffiffiffiffi
k=/

p ; (22)

where J0; k; r; h are scaling constant, pore size distribution index,
interfacial tension and contact angle, respectively. Their values are
taken as 0.5, 2, 30mN/m and 0� for this case study.

Figures 27 and 28 show two snapshots of water pressure, CO2 gas
saturation solutions using TPFA method and MPFA method for time
step 13 and time step 26 (when the injection period ends), respectively,
on the grid with b ¼ 0:4, and Figs. 29 and 30 show two snapshots of
corresponding solutions during the post injection period. A visual
comparison shows that the pressure solutions of the TPFA method
and the MPFA method are quite close to each other while the CO2

plume solutions of the two methods share similar global transport pat-
tern but differ locally. This is confirmed by a quantitative comparison
between the TPFA and MPFA solutions shown in Fig. 31 where the
mean relative difference of pressure solution and mean absolute CO2

saturation solution at each time step for different grids are calculated
and Table IV where the solution differences averaged over all time

FIG. 29. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at time t¼ 1095.7 days (time step 30) using TPFA (left column) and MPFA method (right
column).
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steps are listed. The mean relative difference of pressure solution and
mean absolute CO2 saturation solution are calculated using Eqs. (17)–
(20) with the reference solution in the equations replaced by MPFA
solution. Even for the grid with the largest degree of inclination, the
mean relative differences of pressure solutions are small and the mean
absolute differences of saturation solutions remain smaller than 0.08.
The degree of grid non-K-orthogonality g for the grids with different b
values are shown in Table IV and we found that the largest degree of
grid non-K-orthogonality for this case is less than 0.2, thus explaining
the small difference between TPFA and MPFA solutions. The results
further confirm the usefulness of the proposed grid non-K-orthogonal-
ity index. Finally, the number of nonlinear Newton–Raphson itera-
tions for the two methods are shown in Fig. 32 and the total number

FIG. 30. Water pressure pw in MPa (first row) and CO2 saturation Sg (second row) at end of simulation (time step 34) using TPFA (left column) and MPFA method (right
column).

FIG. 31. Mean relative pressure solution difference (left) and mean absolute saturation solution difference (right) between TPFA and MPFA at each time step for grid with vary-
ing b values.

TABLE IV. Pressure and CO2 saturation solution differences between TPFA and
MPFA averaged over all time step and the total number of nonlinear iterations for
TPFA and MPFA methods under different b values.

b g ep es

niter

TPFA MPFA

0.0 0.0 0 0 942 942
0.1 0.0570 0.0007 0.0156 1031 942
0.2 0.1067 0.0014 0.0312 975 964
0.3 0.1507 0.0020 0.0459 1014 1044
0.4 0.1898 0.0026 0.0608 1064 1038

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 083421 (2025); doi: 10.1063/5.0282130 37, 083421-17

Published under an exclusive license by AIP Publishing

 04 Septem
ber 2025 09:47:42

pubs.aip.org/aip/phf


of nonlinear iterations are listed in Table IV. Because of the heteroge-
neity, the nonlinear solver requires a much greater number of itera-
tions to converge compared to the previous two cases. Interestingly,
the total number of nonlinear iterations for the MPFA method is
smaller than TPFA for several grids in this case.

V. CONCLUSION

A numerical index is proposed in this work to quantify the
degree of grid non-K-orthogonality and a series of numerical
experiments of increasing complexity were conducted to systemat-
ically assess the effect of grid non-K-orthogonality on the solution
accuracy of TPFA and MPFA methods in the context of CO2 stor-
age in saline aquifers and the following conclusions can be made:
(1) Both the TPFA and MPFA method suffer from the grid non-K-
orthogonality with increasing degree of grid non-K-orthogonality
leading to larger errors for both the pressure and CO2 saturation
solutions despite the fact that MPFA method is consistent for gen-
eral non-K-orthogonal grids. (2) The magnitude of solution errors
of MPFA is significantly lower than that of TPFA for cases. (3) For
the cases considered here, the errors of pressure solutions are gen-
erally quite small even for TPFA method, but substantial errors
can be incurred using TPFA method when it comes to CO2 satura-
tion solution, suggesting advanced discretization method such
as MFPA is needed if CO2 plume is to be tracked accurately.
(4) Layered permeability configurations can exacerbate the nega-
tive effect of grid non-K-orthogonality on TPFA solutions while
MFPA method remains robust. (5) Grid non-K-orthogonality does
not seem to have an obvious impact on the convergence of
Newton–Raphson solver in terms of nonlinear iteration for both
TPFA and MPFA method. Depending on the cases, the total num-
ber of nonlinear iterations may increase or decrease as the degree
of grid non-K-orthogonality increases.
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