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application to 3D printing flexible implants 
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A B S T R A C T   

Both 2D and 3D re-entrant designs are among the well-known prevalent auxetic structures exhibiting negative 
Poisson’s ratio. The present study introduces novel analytical relationships for 2D re-entrant hexagonal hon-
eycombs for both negative and positive ranges of the cell interior angle θ (θ < 0 showing a negative Poisson’s 
ratio). The derived analytical solutions are validated against finite element method (FEM) and experimental 
results. The results show that, compared to the analytical solutions available in the literature, the analytical 
relationships presented in this study provide the most accurate results for elastic modulus, Poisson’s ratio, and 
yield stress. The analytical/computational tools are then implemented for designing Kinesio taping (KT) struc-
tures applicable to treatment of Achilles tendon injuries. One of the main features of the Achilles tendon is a 
natural auxetic behavior. Poisson’s ratio distribution of an Achilles tendon is obtained using longitudinal and 
transverse strains and are then used to design and 3D print thermoplastic polyurethane (TPU) KT structures with 
non-uniform distribution of auxetic unit cells. The presented novel KT shows that it is capable of replicating the 
deformation and global and local Poisson’s ratio distributions, similar to those of the Achilles tendon. Due to the 
absence of similar formulations and procedures in the literature, the results are expected to be instrumental for 
designing and 3D printing of flexible implants with unusual auxeticity.   

1. Introduction 

In recent decades, metamaterials have emerged as novel artificial 
materials with unique properties rarely found in nature (Hedayati and 
Lakshmanan, 2020; Nicolaou and Motter, 2012; Yousefi et al., Bodaghi; 
Hedayati et al., 2021a; Roudbarian et al., 2022). Mechanical meta-
materials have exceptional mechanical behavior, such as negative 
Poisson’s ratio (NPR) (Yousefi et al., Bodaghi; Rafsanjani and Pasini, 
2016; Ghavidelnia et al., 2021; Cheng et al., 2022; Chen et al., 2020; 
Warner et al., 2017; Kolken et al., 2020), negative stiffness, and 
fluid-like behaviour. Unlike natural materials, the materials with 
negative Poisson’s ratio also known as auxetics shrink laterally when 
subjected to compressive loads. Negative Poisson’s ratio metamaterials 
have many applications in industry such as actuators, clothing, energy 
absorption, and devices with high indentation resistance (Kolken and 
Zadpoor, 2017; Ghavidelnia et al., 2020a; Hedayati et al., 2023). Since 
metamaterials can deform with various mechanisms in transverse di-
rection, they are good potential candidates to be used as building blocks 

of actuators (Hedayati et al., 2018; Sedal et al., 2018; Pan et al., 2020). 
Recently, many different auxetic designs such as re-entrant (Evans 

and Alderson, 2000; Wang et al., 2019), rotating semi-rigid (Wang and 
Hu, 2014; Slann et al., 2015), chiral (Alderson et al., 2010; Lorato et al., 
2010; Huang et al., 2016), horseshoe-shaped (Serjouei et al., 2022) and 
origami-based (Lv et al., 2014; Kamrava et al., 2017) auxetics have been 
developed in response to growing industrial demands. Among the 
developed auxetic designs, the 2D re-entrant auxetic design (Fig. 1c), is 
the most common auxetic structure. Several studies have investigated 
the stiffness (Whitty et al., 2002), large deformation behavior (Wan 
et al., 2004), and shear properties (Fu et al., 2016) of 2D re-entrant 
structures experimentally, numerically, and analytically. It is well 
known that analytical solutions provide reliable and inexpensive tools to 
investigate different properties of auxetic re-entrant structures (Ghavi-
delnia et al., 2020b). 

One of the main applications of 2D re-entrant unit cells is 
manufacturing hard (Kolken et al., 2018, 2021) and soft (Gupta et al., 
2022; Meeusen et al., 2022a) biomedical implants and endovascular 
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stents (Vellaparambil et al., 2023), (Wanniarachchi et al., 2022). The 
Achilles tendon is a collagenous connective tissue that connects the 
gastrocnemius muscle to the calcaneus. This structure is essential to 
everyday activities and athletic performance because it transfers force 
from the triceps surae (three-headed muscle in the posterior compart-
ment of the leg) muscles to the foot and stores and releases energy 

during repeated and dynamic actions. The Achilles tendon is the stron-
gest, thickest, and longest tendon in the human body. However, Achilles 
tendon injury is one of the most common tendon injuries in athletes and 
the public (Sprague et al., 2020; Schneebeli et al., 2020; Tarantino et al., 
2020). 

The Achilles tendon functions as a spring, storing strain energy 

Fig. 1. (a) DOFs of a unit cell, (b) hexagonal unit cells configuration, (c) re-entrant unit cells configuration.  

Fig. 2. The steps of analysing, designing and manufacturing of novel KT Achilles tendon.  
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during compression and releasing it during extension, facilitating for-
ward movement (Yin et al., 2021). Several studies have investigated the 
mechanical behavior of the Achilles tendon during different activities 
such as walking, running, and jumping (Sprague et al., 2020; Schneebeli 
et al., 2020; Kharazi et al., 2021; Notermans et al., 2019; Haen et al., 
2017). Investigations have revealed that the Achilles tendon has unex-
pected mechanical properties when the Achilles tendon is stretched, 
becoming thicker in cross-sectional area perpendicular to the applied 
load, thus showing auxetic behaviour (Gatt et al., 2015). 

Several methods such as partial replacement of the tissue (Bah et al., 
2020; Morais et al., 2020) are employed to treat Achilles tendon injury. 
One of the well-known treatments that help recover muscles after an 
injury and strengthen the weak muscle or tendons is using Kinesio 
Taping (KT) (Lee and Yoo, 2012; Huang et al., 2011; Meeusen et al., 
2022b). Kenzo Kase invented these tapes in the 1970s, and they were 
first used by Japan’s international volleyball team. KT are composed of 
cotton and polymer fibers (Meeusen et al., 2022b; Skirven et al., 2011). 
The auxetic structures, especially when designed with a graded pattern, 
can become very useful in designing soft implants that mimic the auxetic 
behavior of biological tissues. 

Several studies (Hedayati et al., 2016; Gibson and Ashby, 1999; 
Masters and Evans, 1996) have presented analytical solutions for the 
mechanical behaviour of hexagonal honeycomb structures where their 
interior cell angle is positive (see Fig. 1b). In all previous works, the 
analytical solutions for simple hexagonal unit cells have been used for 
both honeycomb (θ > 0) and 2D re-entrant structure (θ < 0). The pre-
sent study is dedicated to finding out whether or not the analytical so-
lution developed for the hexagonal honeycomb structure can be used for 
re-entrant structures as well. 

Several studies have used different strategies to design novel struc-
tures using non-uniform distribution of mechanical metamaterials. 
Hedayati et al. (2021a) introduced different patterns of graded distri-
bution of re-entrant unit cells for simple tubular configurations to reach 
desired shape changes when subjected to the external load. Zeng et al. 
(2023) employed different gradient mechanical metamaterials to 
generate different design property requirements of microstructures 
using Deep Learning algorithms. Xu et al. (2023) employed the 
non-uniform distribution of foam-filled re-entrant unit cells to investi-
gate the effect of some geometrical parameters, such as unit cell wall 
thickness on the mechanical properties of re-entrant structures. The 
noted research works have not employed re-entrant unit cells to design 

structures that can mimic the mechanical behavior of an existing tendon 
or structure, for instance Achilles tendon, by altering the cell interior 
angle only. 

The present study presents an analytical solution for honeycomb/re- 
entrant structures where the solution is valid for the interior angles 

ranging from negative to positive values. The finite element method 
(FEM) is used to validate the developed analytical solution. Moreover, in 
this research, the Achilles tendon’s auxetic behavior is examined using 
available literature, and Poisson’s ratio is determined for different re-
gions of the Achilles tendon. A novel auxetic KT with non-uniform dis-
tribution of re-entrant unit cells to match the mechanical properties 
(strain distributions and Poisson’s ratios) of Achilles tendon is also 
designed and fabricated using 3D printing manufacturing technology. 
The distribution of auxecity in the re-entrant unit cells in KT is selected 
based on the strain result images obtained from the deformation of an 
actual Achilles tendon. The process from design to manufacturing of the 
novel re-entrant KT is presented in Fig. 2. 

2. Materials and methods 

2.1. 2D re-entrant lattice structure 

2.1.1. Stiffness matrix 
In order to derive the analytical relationships for elastic properties, a 

methodology similar to the method presented in (Hedayati et al., 2016) 
is used. Compared to (Hedayati et al., 2016), there are some minor 
differences in derivation such as the way the cells are organized and 
center-to-center distance. More details related to the stiffness matrix 
derivation are provided in the Appendix accompanying the paper. 

The force-displacement relationship of the presented system (Fig. 1a) 
has the following form: 
⎧
⎪⎪⎨

⎪⎪⎩

Q1
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(1)  

where Qi stands for external force applied to a degree of freedom qi. In 
order to calculate the forces, displacements, and rotations, first, the 
stiffness matrix elements kij must be calculated. By considering the ge-
ometries presented in Fig. 1, it can be seen that 

s=
1
2
(W − H tan θ − h) and l=

H
2 cos θ

.

The force-displacement relationships using the stiffness matrix 
(derived in the Appendix) is   

The force-displacement formulas for Timoshenko beam theory (TBT) 
can be obtained by substituting the expression 12EsI

l3 in the Euler-Bernoulli 
theory (E-BT) equation by 1

12Es I
l3

+ l
2κAGs 

which yields 
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Two elements of the external force matrix Q2 and Q3 which are the 
external forces acting on vertices B and C in the X direction that are 
equal to zero. Furthermore, the force applied on vertex C in the Y di-
rection and the external force acting on vertex A are equal to σy bW and 
σx bH, respectively. Therefore, the external force vector can be written 
as: 
⎧
⎪⎪⎨

⎪⎪⎩

Q1
Q2
Q3
Q4

⎫
⎪⎪⎬

⎪⎪⎭

=

⎧
⎪⎪⎨

⎪⎪⎩

σx bH
0
0

σy bW

⎫
⎪⎪⎬

⎪⎪⎭

(4)  

2.1.2. Mechanical properties 
By inverting the stiffness matrix given in Eq. (3) and then multiplying 

by Eq. (4), the external force matrix, the mechanical properties can be 
determined. In this regard, first the qi are determined, after which the 
elastic modulus, Poisson’s ratio, and yield stress formulas as functions of 
material constants Es, σys , and νs can be found. In all the following 
derivations, the formulas s = 1

2 (W − H tan θ − h) and l = H
2 cos θ are 

considered.  

a) Elastic Modulus 

In order to calculate the elastic modulus, the stress (i.e. σx W/ 2q1 is 
stress in the X direction and σyH/2q4 is the stress in the Y direction) is 
divided into the strain in that direction. By using the E-BT stiffness 
matrix, the relative elastic modulus in the X direction is obtained as (σy 

= 0): 
(

E
Es

)

X
=

Wt3 cos θ
H
{

l(l2− t2)cos3θ + t2(l + W)cos θ − Ht2 sin θ
} (5)  

and in the Y direction, it is obtained as: 
(

E
Es

)

Y
=

Ht3

Wl
{(

l2 − t2
)
sin2 θ + t2

} (6) 

Moreover, by using the TBT stiffness matrix, the relative elastic 
modulus in the X direction is determined as: 
(

E
Es

)

X
=

5Wt3 cos θ
H
{

l
(
5l2 + 7t2 + 11t2νs

)
cos3 θ + 5t2(l + W)cos θ − 5Ht2 sin θ

}

(7)  

and the relative elastic modulus in the Y direction is obtained as: 

(
E
Es

)

Y
=

5Ht3

Wl
{(

5l2 + 7t2 + 11t2ν
)
sin2 θ + 5t2

} (6)    

b) Poisson’s ratio 

For νxy, we have νxy = −
εy
εx
=

q4
q1

W
H for σy = 0. Using the E-BT force- 

displacement relationship, Poisson’s ratio νxy is found as 

νxy =
Wl cos2 θ sin θ

(
l2 − t2

)

H
{

l
(
l2 − t2

)
cos3 θ + t2(l + W)cos θ − Ht2 sin θ

} (7)  

and for TBT, it becomes 

νxy =
Wl cos2 θ sin θ

(
5l2 + 11νt2 + 7t2

)

H
{

l
(
5l2 + 7t2 + 11t2ν

)
cos3 θ + 5t2(l + W)cos θ − 5Ht2 sin θ

} (8) 

For νyx, we have νyx = − εx
εy
=

q1
q4

H
W for σx = 0 which for E-BT gives: 

νyx =
H
(
l2 − t2

)
sin(2θ)

2W
{(

l2 − t2
)
sin2 θ + t2

} (9)  

and for TBT, it becomes 

νyx =
H
(
5l2 + 11νst2 + 7t2

)
sin(2θ)

W
(
11νst2 + 5l2 + 17t2 −

(
5l2 + 7t2 + 11νst2

)
cos(2θ)

) (10)    

c) Yield stress 

For the honeycomb unit cell subjected to X direction loading, Y di-
rection loading, as well as bi-axial loading, the end points of the inclines 
edge BC are the locations where the maximum stress occurs. If Point B is 
displaced for q2 in the Y direction, and Point C is displaced for q4 and q3 
in the X and Y directions respectively, by supposing that beam BC is 
clamped at one of its end points B or C, the increase in the axial length of 
beam BC is q4 sin θ+ (q2 − q3)cos θ. Furthermore, the lateral displace-
ment of the free end of beam BC is (q2 − q3)sin θ − q4 cos θ. Due to the 
noted displacements, axial load and bending moments are generated in 
the beam, which are equal to: 

P=
AEs

l
(q4 sin θ+(q2 − q3)cos θ) M =

6EsI
l2 ((q2 − q3)sin θ − q4 cos θ)

(11) 

These load and bending moments result in axial normal and flexural 
stresses of: 
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Fig. 3. 3D printed samples configuration for analytical solution validation for internal angles of (a) 30◦, (b) 15◦, (c) 0, (d) − 15◦, and (e) − 30◦.  
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σaxial =
Es

l
(q4 sin θ+(q2 − q3)cos θ) σflexure =

3Esa
l2 ((q2 − q3)sin θ − q4 cos θ)

(12) 

By adding the axial and flexural stress in the above equation, the 
maximum stress is σmax = |σaxial| +

⃒
⃒σflexure

⃒
⃒. Hence, the yield stress can be 

found by 

σpl =
σysσi

σmax
(13)  

where σys is the yield stress of the constituent material, and σi is the 
applied stress in direction i. The relative yield stress based on E-B beam 
theory in the X direction is found as 
(

σy

σys

)

X
=

2t2

H(3l|cos(θ)| + t|sin(θ)|)
(14)  

and for the TBT, it is obtained as 
(

σy

σys

)

X
=

10lt2

H
(
3
⃒
⃒
(
11νst2 + 5l2 + 12t2

)
cos(θ)

⃒
⃒+ 5lt|sin(θ)|

) (15) 

The relative yield stress in the Y direction and for E-B beam theory is 
calculated as: 
(

σy

σys

)

Y
=

2t2

W(t|cos(θ)| + 3l|sin(θ)|)
(16)  

and for the TBT, it is obtained as 
(

σy

σys

)

Y
=

10lt2

W
(
5lt|cos(θ)| + 3

⃒
⃒
(
11νst2 + 5l2 + 12t2

)
sin(θ)

⃒
⃒
) (17)  

2.1.3. Numerical modeling 
By employing Finite Element Method (FEM), the derived analytical 

solution are evaluated and validated. To this aim, a single 2D re-entrant 
unit cell with periodic boundary was considered. In order to determine 
the mechanical properties of the 2D re-entrant unit cell by FEM, two 
distinct loading conditions were applied to the unit cell horizontally and 
vertically. As for the structure discretization, two main considerations 
were taken into account to gain more accurate results. First, elements 
based on TBT were used for descritizing the walls. Second, each beam 
was divided into five elements. Compared to E-BT, the TBM considers 

the transverse shear deformation, which leads to a better deformation 
prediction, especially in thick walls. The material properties of Es = 200 
GPa and vs = 0.4 were considered for the elastic properties of the con-
stituent material, as the bulk material has a small influence on the 
normalized material properties of the lattice structure. To obtain the 
nuemrical results for various values of θ, an APDL script was developed 
to reduce the analysis cost time. 

It is worth mentioning that one of the unit cell nodes was kept totally 
constrained to prevent rigid body motion. Since the unit cells were 
assumed to be firmly connected at the structure’s vertices, their exterior 
sides were also rotationally restricted. The dimensions considered for 
the 2D re-entrant unit cell were W = 14 mm, H = 6.67 mm, b = 4 mm, 
and t = 0.8 mm. 

2.1.4. Experimental tests 
Five types of specimens were manufactured using a Cura Ender 3 3D 

printer and tested under compressive loading. The specimens had five 
different internal angles of − 30◦, − 15◦, 0◦, 15◦, and 30◦ (Fig. 3). All 
the specimens had the dimensions of W = 14 mm, H = 6.67 mm, b = 4 
mm, and t = 0.8 mm. A displacement rate of 2 mm/min was applied to 
all the specimens. The elastic modulus was obtained by measuring the 
gradient of the stress-strain curves in the first regime. 

2.2. Achilles tendon model 

2.2.1. Design 
Nagelli et al. (2022) studied 11 Achilles tendons, of which 5 were 

female and 6 were male. All Achilles tendons had no history of injury or 
any surgery. Achilles tendons were loaded until failure, and digital 
image correlation (DIC) was used to analyze the strain behavior of all 
tendons at each specific percent failure load. The transverse and longi-
tudinal strains right before failure are presented in Fig. 4. The Achilles 
tendon can be divided into three main regions: proximal, mid-substance, 
and distal (Fig. 4a). The failure usually occurs in Region 2, known as 
mid-substance. 

In this study, Poisson’s ratio at each point of the tendon was obtained 
using νxy = − εtransverse

εlongitudinal
. In order to evaluate the value of transverse and 

longitudinal strains, a MATLAB code was developed, which, based on 
the color bar presented in Fig. 4b, assigned a specific strain value to each 
pixel of the Achilles tendon (ranging from − 5 to 25). Afterward, based 
on the selected re-entrant unit cell dimensions (W = 0.03414 m, H =

Fig. 4. (a) Achilles tendon sections and dimensions. (b) Transverse strain (left) and longitudinal strain (right) contours right before final rupture (Nagelli 
et al., 2022). 
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0.0061 m, and t = 0.0008 m), the Achilles tendon was divided into 5 
rows longitudinally. The number of columns in each row depended on 
the width of the Achilles tendon at each region. For instance, 12 columns 
were considered for the proximal region’s top part, while three columns 
were considered for the narrower section in the mid-substance region. 
Finally, in each row, the average amount of strain was calculated. 

Fig. 5a–e demonstrates the procedure in more detail. First, MATLAB 
reads the image and color bar (Fig. 5a), after which it crops the strain 
contour image and the color bar image separately. Then, both the strain 
contour image and color bar image are transformed into grayscale im-
ages in MATLAB (Fig. 5b). In this stage, the maximum and minimum 
strain levels are determined by MATLAB code based on the color bar 
image. In the next step, MATLAB assigns each pixel a strain value based 
on the grayscale pixel value and transforms it into a colorful image to 
ensure that the code is viable (Fig. 5c). Afterward, based on the di-
mensions of each re-entrant unit cell and the geometrical form of the 
Achilles tendon, the plane is discretized into some regions of rectangular 
blocks (Fig. 5d). Finally, the average amount of transverse strain for 
each rectangle is calculated (Fig. 5e). The flow chart of the developed 
MATLAB code is presented in Fig. 5f. 

For calculating longitudinal strain (Fig. 6), the same procedure as the 
one described for the transverse strain was performed (Fig. 5). As 
illustrated in Fig. 6d, only sections were considered for constructing unit 
cells in the FE model that the Achilles tendon could almost cover the 
considered rectangle if they were to be put on top of each other (Fig. 7a). 

Fig. 7a shows the KT design made up of unit cells which were con-
structed based on the dimensions of the unit cells as well as the geometry 
of the considered Achilles tendon. After calculating both average 
transverse and longitudinal stains, the average Poisson’s ratio at each 
section was determined, and it is indicated in Fig. 7. 

Ensuing determining the Poisson’s ratio in the Achilles tendon, the 
Kinesio Taping was designed. In this regard, each unit cell was selected 
based on the corresponding rectangle’s Poisson’s ratio in Fig. 7b. Using 
the dependency of the re-entrant angle vs. Poisson’s ratio, the Poisson’s 
ratio values presented in Fig. 7b were transformed into a relevant re- 
entrant’s angle for the KT design (see Fig. 8a). The initial design based 
on the determined angles is presented in Fig. 8b. According to Fig. 7b, 
the Poisson’s ratio in the Achilles tendon ranges from − 0.5 to − 2. 

Therefore, the re-entrant design should generate Poisson’s ratio levels in 
the range of − 0.5 and − 2 by changing the unit cell internal angle. Ac-
cording to the open literature (Ling et al., 2020), the re-entrant designs 
with W

H ≥ 4 are capable of generating this range of Poisson’s ratio in 
large deformation regime. Moreover, as the length of the Achilles tendon 
is higher than the width, particularly in the midpart region, in order to 
use sufficient number of unit cells in this section, H must be selected to 
be as small as possible. The width of Achilles tendon is almost 0.0183 m 
in this section, so H is considered to be 0.0061 m leading to 3 unit cells in 
the width of this region. Therefore, as mentioned earlier, the dimensions 
of W = 0.03414 m, H = 0.0061 m, and t = 0.0008 m were selected for 
the re-entrant unit cell. 

As the materials used for printing KT was thermoplastic poly-
urethane (TPU), numerical modeling was used to relate the re-entrant 
angles and Poisson’s ratio in large deformations, the results of which 
can be found in Table 1. For each angle (θ), a lattice structure that had 5 
rows and 10 columns was loaded axially, and by calculating the trans-
verse and longitudinal strain, the Poisson’s ratio was determined. The 
Poisson’s ratio of Achilles tendon ranges from − 0.5 to − 2, meaning that 
the re-entrant design must be able to generate Poisson’s ratio close to the 
noted range. Therefore, the internal angle was varied from − 35◦ to − 60◦

in the design to generate Poisson’s ratio close to the Poisson’s ratio of 
Achilles. Both the right and left edges of the structures demonstrated in 
Table 1 were restricted in the Y direction. Moreover, the left edges of the 
structures were restricted in the X direction, and a horizontal stroke of 
10 mm was applied to the right edge of each structure. 

2.2.2. Experimental setup 
Due to its capability to manufacture highly complex shapes, additive 

manufacturing has gained popularity in tissue engineering recently 
(Warner et al., 2017; Wanniarachchi et al., 2022; Shirzad et al., 2021). 
The auxetic re-entrant Achilles tendon structure was printed using the 
fused deposition modeling (FDM) technique. An Ultimaker S3 3D printer 
(Netherlands) was implemented, and the TPU (Filaflex 60A, Recreus, 
Spain) was chosen as the material. The printing layer height was set to 
0.15 mm, and a working temperature of 215 ◦C was chosen for the 
nozzle, while the build platform and chamber temperatures were kept at 
25 ◦C. The print head speed was set to 20 mms− 1, and the thickness of 

Fig. 5. Different steps of transverse strain averaging in Achilles tendon: (a) Achilles tendon transverse strain, (b) grayscale contour of Achilles tendon transverse 
strain, (c) exported color image of MATLAB code analysis, (d) unit cell block positioning based on the form of Achilles tendon, (e) average value of transverse strain in 
each cell, and (f) MATLAB code flow chart. 
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cell walls was 0.8 mm. 
In the next step, to determine the mechanical properties of TPU 

material, according to ASTM D638 standard (Standard, 2010), dog-bone 
specimens (type IV) with a thickness of 3 mm were printed. Three 
dog-bone specimens were printed, and the tensile test was carried out by 
employing Tinius Olsen® H5kS (Tinius Olsen, Horsham, PA, USA) 
equipped with a 5 kN load cell. The 3D-printed re-entrant auxetic 
Achilles model is illustrated in Fig. 9a. The average stress-strain curve 
for the TPU dog-bone specimens is presented in Fig. 9b. 

2.2.3. Numerical modeling 
SOLIDWORKS (Dassault Systèmes, France) was used to design the 

geometry of the re-entrant KT structure. Afterward, the SOLIDWORKS 
Application file (.x_t) was exported to the ABAQUS software package 
(V.6.14, Dassault Systems, France). In order to model TPU based on the 
stress-strain curve, the Mooney-Rivlin hyperelastic model was consid-

ered. The Mooney–Rivlin constants were determined using Evaluate 
Materials option in ABAQUS (C10 = 0.195 MPa; C01 = 0.232 MPa; D1 =

0.558 MPa− 1). Subsequently, the dynamic implicit quasi-static solver 
was used for solving the FE model. The lower side of the structure was 
fixed entirely in both the X and Z directions (Fig. 10a). A displacement of 
6.9 mm (i.e. a global strain of 4%) was applied on the upper side of the 
structure, and it was fixed in the Z direction. According to Kharazi et al. 
(2021), the peak strain value during walking is around 4%; hence the 
strain applied to the re-entrant KT structure is close to strain levels the 
tendon experiences in real life. Linear tetrahedral elements of type 
C3D4H were utilized to discretize the structure (Fig. 10b). Mesh sensi-
tivity analysis was performed to ensure the accuracy of the results 
(Table 2), and an element size of 0.4 mm was found to be suitable 
considering both accuracy and computational time. 

Fig. 6. Different steps of longitudinal strain averaging in Achilles tendon: (a) Achilles tendon longitudinal strain, (b) grayscale contour of Achilles tendon longi-
tudinal strain, (c) exported color image of MATLAB code analysis, (d) unit cell block positioning based on the form of Achilles tendon, and (e) average value of 
longitudinal strain in each cell. 
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3. Results and discussions 

3.1. 2D re-entrant lattice structure 

First, the analytical results of the present research are compared to 
the findings of the prior studies (Hedayati et al., 2016; Gibson and 
Ashby, 1999; Masters and Evans, 1996), which entails taking s = h/ 2, 
since the previous studies have considered this ratio. The elastic 
modulus analytical values obtained in this research were found to be 
greater than the analytical values obtained from Masters and Evans’s 
analytical model (Masters and Evans, 1996), while they were lower than 
the values obtained based on relationships presented by Gibson and 
Ashby (Gibson and Ashby, 1999) and Hedayati et al. (Hedayati et al., 
2016) (see Fig. 11a and b). While the Ex curves had a domical shape, the 
Ey curves were bell-shaped. Overall, the results presented here are 
relatively close to those of Masters and Evans (1996) and Hedayati et al. 
(2016), while the reported results have significant differences with 

Gibson and Ashby’s results (Gibson and Ashby, 1999), see Fig. 11a and 
b. Gibson and Ashby’s analytical solution (Gibson and Ashby, 1999) 
reported infinite value for Ey at θ = 0 (Fig. 11b) which cannot be 
physically true. In Hedayati et al. study (Hedayati et al., 2016), it was 
shown that Gibson and Ashby’s (Gibson and Ashby, 1999) formulations 
are only applicable to very thin (metal sheet) honeycombs due to several 
simplifying assumptions they have made in their derivations. Therefore, 
for additive manufactured honeycombs that are thick due to 
manufacturing limitations, Gibson and Ashby’s (Gibson and Ashby, 
1999) analytical solution deviates from the experimental and numerical 
results. 

Except for Gibson and Ashby’s (Gibson and Ashby, 1999) formula-
tions, all Poisson’s ratio curves (Fig. 11c–d) exhibited excellent overlap 
with one another. When θ approached zero, Gibson and Ashby’s (Gibson 
and Ashby, 1999) formulations produced non-realistic extreme values 
for νyx. It is worth mentioning that all curves had symmetry with respect 
to the origin of the plot (i.e. θ = 0 and ν = 0). 

Next, the yield strength results are presented and compared to those 
available in previous studies. It is worth noting that other studies were 
not able to give accurate yield stress results for θ < 0 (curves are pre-
sented by dashed grey curves in Fig. 11e–f). It must be noted that, the 
results for negative ranges of θ are reported here for other studies 
although those studies have not necessarily claimed that their derived 
analytical solutions are also applicable for θ < 0. 

The yield strength results of the developed analytical model showed 
good agreement with numerical results for a wide range of internal angel 
(for both θ < 0 and θ > 0). The yield stress values were symmetrical 
with respect to the line θ = 0 (Fig. 11e–f). It is worth mentioning that the 
yield stress curves in the X direction were almost independent of θ, while 
in the Y direction, a peak point could be observed in the curve. 

Fig. 11 shows that the proposed analytical solution is the most ac-
curate among all the analytical solution available in the literature. It is 
worth mentioning that the reported results in Fig. 11 are plotted for sh =

1/2, since this ratio is considered in the previous studies (Hedayati 
et al., 2016; Gibson and Ashby, 1999; Masters and Evans, 1996). For 
most mechanical metamaterials, including gradient (Hedayati et al., 
2018) and random (Mirzaali et al., 2017) metamaterials, to have the 
same width W and height H for all the unit cells in the lattice structure, 
the ratio s/h must change. See for example the unit cells presented in 
Fig. 1b and c, which have the same width W and height H. Fig. 12 
presents the mechanical properties of the unit cell with variable s/h. 

By comparing the results of Fig. 11 (constant s/h) and Fig. 12 (var-
iable s/h), it can be seen that elastic modulus graphs for the case of 

Fig. 7. (a) Arrangement of re-entrant unit cells, and (b) average Poisson’s ratio distribution of Achilles tendon.  

Fig. 8. (a) Re-entrant’s angles distribution, (b) initial KT structure.  
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variable s/h are slightly lower than that of constant s/ h (with a 
maximum difference of 0.59% in the X direction and 0.38% in the Y 
direction). Poisson’s ratio values for lattice structures with variable s/ h 
are also slightly lower than the corresponding values for lattice struc-
tures with constant s/h (with a maximum difference of 0.077% for xy 
and 0.036% for yx). Nonetheless, the yield stress values were almost 
identical. 

3.2. Tendon 

This section presents the results obtained from the re-entrant KT 
structure. It is worth mentioning that our main aim was to mimic the 
deformation of the Achilles tendon as much as possible by distributing 
the angle of the unit cells nonuniformly throughout the lattice structure. 
To reach this goal, the local Poisson’s ratio of the designed KT and 
Achilles tendon must be very close. The Poisson’s ratio of each row of 
the KT design was calculated by measuring the longitudinal and lateral 
displacements of each row. The results were compared to the side-by- 
side Poisson’s ratio of the corresponding height of the Achilles tendon 
under experimental tests (Nagelli et al., 2022). 

The deformation as well as longitudinal and transverse displacement 
contours of the initially developed re-entrant KT structure is presented 
in Fig. 13. The variations of experimental (Achilles tendon) and nu-
merical Poisson’s ratio along the height of the Achilles tendon are 

compared in Fig. 14. It can be seen that there are considerable differ-
ences between the Poisson’s ratio of the initially designed re-entrant KT 
structure and the Achilles tendon, especially in the mid part of the 
tendon. This can be attributed to the stress path through the KT design, 
which passes mostly through the tendon’s middle axial region, leading 
to expected levels of Poisson’s ratio in the central axis of the KT design 
but much lower magnitudes of the Poisson’s ratio in the side parts of the 
tendon. In order to improve the result of the KT model, the cells through 
which most stress flow was observed were identified using FEM. Eight 
impactful cells were identified in the midst of the design and they were 
substituted with 8 other cells with higher Poisson’s ratio levels. 

Therefore, some modifications were made to improve the design. 
Eight cells in the midst of the KT model (Fig. 15a) were replaced by re- 
entrant unit cells with higher re-entrant angles, i.e., 60⸰, resulting in a 
higher negative Poisson’s ratio for some parts of the model. Fig. 15b 
presents the improved re-entrant KT design. Except for the 8 cells, all the 
other unit cells were kept the same as those in the initial design. The 
transverse and longitudinal displacement of the improved structure 
subjected to a global strain of 4% are presented in Fig. 15c–d. The 
experimental and numerical Poisson’s ratio values are compared in 
Fig. 15e. The difference between the experimental and numerical Pois-
son’s ratio of the improved design is less than 10% which shows the 
accuracy of the FE modelling. Moreover, the results show a huge 
improvement in the proximity of the Poisson’s ratio of the improved KT 

Table 1 
The relation between re-entrant angle and Poisson’s ratio.  

θ X displacement Y displacement ν 

θ = −

60◦

dmax = 10 mm→ ε =

5.84% 

dmax = 9.16 mm→ ε =

15.01% 

ν = −

2.57 

θ = −

55◦

dmax = 10 mm→ ε =

5.84% 

dmax = 7.45 mm→ ε =

12.21 

ν = −

2.09 

θ = −

50◦

dmax = 10 mm→ ε =

5.84% 

dmax = 5.78 mm→ ε = 9.47 

ν = −

1.67 

θ = −

45◦

dmax = 10 mm→ ε =

5.84% 

dmax = 5.02 mm→ ε = 8.23 

ν = −

1.41 

θ = −

40◦

dmax = 10 mm→ ε =

5.84% 

dmax = 4.07 mm→ ε =

6.67% 

ν = 1.14 

θ = −

35◦

dmax = 10 mm→ ε =

5.84%   

dmax = 3.29 mm→ ε =

5.39%   

ν = −

0.92  
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design and that of the actual Achilles tendon. The maximum difference 
between the Poisson’s ratio of the Achilles tendon and the re-entrant KT 
design was <25%. Moreover, the noted difference for the first three rows 
was insignificant. Therefore, the improved design can model the Achilles 
tendon deformation efficiently. 

The results for small strains, i.e., 0.2%, are also presented in Fig. 16. 
As can be seen, the absolute value of Poisson’s ratio for improved design 
is increased for a loading strain of 0.2% (Fig. 16c) compared to a loading 
strain of 4% (Fig. 15e). 

Fig. 17a and b compare the deformation of the FE model and the 
deformation of its manufactured counterpart. As can be seen in Fig. 17, 
the results of the numerical model and the manufactured specimen are 
very similar. 

4. Discussions 

4.1. Analytical solution 

In previous studies, analytical solutions have been derived for 
several different regimes, material types, and similar re-entrant shapes. 
In the work of Veisi and Farrokhabadi (2021), classical laminate theory 

(CLT) has been used to study the mechanical response of multi-layered 
composite lattice structures. In the work done by Hu et al. (2018), 
analytical solutions for large deformation in the 2D-reentrant structures 
is presented. They have neglected bending in the cell walls, and their 
analysis is based on an elastic, perfectly plastic material behaviour 
which leads to plastic hinges in the corners. In work performed by Baran 
and Öztürk (2020), analytical relationships are presented for a modified 
unit cell shape with added inclined cell walls leading to an increase in 
the rigidity of the structure. The work by Lu et al. (2016) is based on the 
Euler-Bernoulli beam theory and ignores the shear deformation and 
rotational bending effects. Other similar works, such as (Zeng et al., 
2023; Xu et al., 2023), also exist in the literature. Nonetheless, an 
analytical model which is capable of successfully predicting all the 
elastic mechanical properties (yield stress, elastic modulus, and Pois-
son’s ratio) of a simple hexagonal unit cell in both the positive and 
negative ranges of the unit cell interior angle was lacking from the 
literature before this study. The analytical relationships presented here 
successfully predicted the elastic mechanical properties in both the 
positive and negative ranges of the unit cell interior angle. 

Fig. 9. (a) The 3D printed re-entrant auxetic Achilles model, (b) stress-strain curve of TPU material.  
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4.2. Strain range 

The present section discusses the effect of loading strain on the re- 
entrant structure’s Poisson’s ratio. According to the open literature 
(Ling et al., 2020; Dong et al., 2019; Fozdar et al., 2011; Ohtaki et al., 
2004), in small strains (strains in the range of 0–1%), the Poisson’s ratio 
is highly affected by the extent of loading strain. In fact, by applying 
smaller external strains, the absolute value of Poisson’s ratio is 
increased. For instance, it has been reported that by reducing the loading 
strain from 1% to 0.5%, the absolute value of Poisson’s ratio is increased 
by ~13% (Ling et al., 2020). Nonetheless, in the large deformation 
regime, the effect of loading strain on Poisson’s ratio is insignificant. The 
results of our study showed similar behavior for the designed KT 
structure, and we could see a decrease of maximally 28.03% in the ab-
solute value of Poisson’s ratio for a loading strain of 4% as compared to 
that for the loading strain of 0.2%. 

Interestingly, the Poisson’s ratio of Achilles tendon also has strain- 
dependent behavior. In the lower loading strain, the Poisson’s ratio of 
Achilles tendon is lower (Nagelli et al., 2021, 2022) (in other words, the 
absolute value of Achilles tendon Poisson’s ratio is higher) than the 
Poisson’s ratio in higher loading strains. Therefore, the present design 
shows very similar behavior to that of the Achilles tendon and shows 
that the KT design can be implemented in both small (in resting regime) 
and large deformations (walking regime). 

It must be added that the stain contours of the designed lattice 
structure under a global applied strain of 4% showed that local strain 
levels do not exceed ∼ 1%. This is due to the bending of the cell walls, 
which eases local strain levels. Therefore, although the global strain 
during walking can reach up to 4%, the local strain does not exceed a 

small deformation regime. Hence, the analytical solutions that are 
derived for small strain regimes can successfully be used for large global 
strains. 

4.3. Application as KT 

As discussed previously, one of the main applications of the re- 
entrant Achilles tendon-like structure is to be employed as a KT struc-
ture. According to a study in 2017, KT increases the blood flow in the 
skin. Using KT structures can also improve lymphatic fluid circulation, 
which contains mostly water, and proteins, regulating swelling (Craig-
head et al., 2017). The most important feature of the proposed re-entrant 
KT structure is duplicating the Achilles tendon’s unexpected auxetic 
behavior. This feature of the re-entrant KT structure helps it to 
completely attach to the skin over the Achilles tendon. It is worth 
mentioning that in the present study, only the geometry of the KT design 
is considered and 3D printed. The manufactured KT design must also be 
capable of adequately attaching to the skin. In order to finalize KT 
product, by using the laser cutting process, a woven tape can be cut and 
attached to re-entrant auxetic KT structure, as discussed by Meeusen 
et al. (2022b). 

In addition to Achilles tendon, the KT tapes with non-uniform dis-
tribution of auxetic cells can be used in several other parts of the body, 
such as elbows, knees, arms, etc. For instance, patients suffering from 
elbow pain, known as dull pain resulting from joint weakness, can use 
re-entrant structures to reduce the tape/skin deformation in-
compatibility (Meeusen et al., 2022a). The auxetic KT structure can also 
be designed for knee and shoulder joints, two other body parts with a lot 
of non-uniform deformations, to reduce the chance of joint irritation 
(Lyman et al., 2017). 

4.4. Applications as patches, wearable devices, and on-skin sensors 

Another possible application of the proposed design procedure is to 
use auxetic sticky patches for damaged Achilles tendons to speed up the 
recovery of Achilles after the rupture. Chansoria et al. (2022) developed 
a new type of ultra-elastic (hyper-elastic) auxetic patch that is easy to 
apply. These patches can be applied to a wide range of organs and tis-
sues. Similarly, the structure presented here could be used as a patch for 

Fig. 10. (a) Loads and boundary conditions on Achilles structure and (b) a typical meshed Achilles structure.  

Table 2 
Mesh refinement results for the initial design.  

Element size 
(mm) 

Poisson’s ratio at the first 
row 

Poisson’s ratio at the second 
row 

1 − 0.72 − 1.24 
0.6 − 0.64 − 0.90 
0.4 − 0.59 − 0.84 
0.3 − 0.59 − 0.84  
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Fig. 11. Comparison between current results for (a) Ex, (b) Ey, (c) υxy, (d) υyx, (e) σx, and (f) σy and the results of previous studies for s = h/ 2. The extension of the 
curves attributing to the works of Hedayati et al. (Hedayati et al., 2016) and Gibson et al. (Gibson and Ashby, 1999) are presented by grey lines for θ < 0. 
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Fig. 12. Comparison of analytical and numerical results for (a) Ex, (b) Ey, (c) υxy, (d) υyx, (e) σx, and (f) σy for s =
W− Htan(θ)− h

2 .  
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treating Achilles tendon rupture. 
Moreover, the sticky patches can be applied to the patient’s skin, 

particularly near the parts of the body that are injured but are not 
necessarily open wounds, such as injured muscles or joints. The novel 
proposed design can facilitate the opening of microvalves due to a dy-
namic pressure variation due to skin density alteration (Wu et al., 2015). 

Wearable devices and exo-suits clothing are promising technology as 

these devices help human walking by reducing the required energy 
consumption (Ding et al., 2018). Another potential application of the 
proposed design strategy is its use in developing exo-suits and wearable 
devices with deformations similar to the skin they are attached to. The 
novel re-entrant structures can help tasks such as walking, running, 
movement of arms, etc., and help the end-user consume less energy. 

Another possible application of the presented design paradigm is 
auxetic on-skin sensors. The proposed design strategy in this study can 
be used to develop sensors for measuring the mechanical, chemical, or 
electrical signals or determining the pressure or strain applied to the skin 
or tendon (Kim et al., 2018). 

4.5. Achilles tendon implant 

Several researchers have examined the possibility of repairing 
Achilles tendons in animals (Sartori et al., 2021). For example, collagen 
molecules as biocompatible, biodegradable materials have been used to 
produce an aligned tridimensional scaffold. The tridimensional scaffold 
has been used as a replacement for ruptured Achilles tendons in rabbits, 
and the results have been desirable (Meimandi-Parizi et al., 2013). 
Vaughen (Vaughan, 1981) employed carbon fiber implants to repair the 
Achilles tendon in dogs. Despite some limitations, using carbon fiber 
implants was shown to be effective. In addition to animals, some 

Fig. 13. (a) Transverse and (b) longitudinal displacement of the initially designed re-entrant KT.  

Fig. 14. Variation of Poisson’s ratio of Achilles tendon and the corresponding 
KT model along the tendon height for a global strain of 4%. 
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Fig. 15. (a) Cells of the initial design which were chosen to be replaced in the improved design, (b) the improved design. (c) Transverse displacement and (d) 
longitudinal displacement contours of the improved design. (e) Poisson’s ratio vs. tendon height curves for a global strain of 4%. 
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research works have been dedicated to designing and manufacturing 
implants to aid humans with ruptured tendons. In almost all patients, 
repairing flexor tendon injuries is a challenging job. In this regard, active 
tendon implants have been used to help patients with flexor tendon 
injuries. Results have shown that active tendon implants, known as 
Brunelli implants, are efficient, although some improvements must be 
made (Poggetti et al., 2018). Kempfert et al. (2022) proposed 3D-printed 
polycaprolactone (PCL) 2D scaffolds to be used as implants for chronic 
tendon ruptures as common disorders. Moreover, an attempt has been 

made to repair the intrasubstance Patellar tendon of humans by intro-
ducing a novel bio-inductive implant. The technique has been shown to 
enhance the quality of the injury repair compared to previous methods, 
which usually have poor quality due to the remaining tendon fibers 
(Bragg et al., 2022). 

As discussed earlier, the re-entrant tendon design introduced in our 
work mimics the deformation of the Achilles tendon very well. The re-
sults of this study are expected to be instrumental in the 3D bioprinting 
of Achilles tendon implants. It is worth mentioning that the tensile 

Fig. 16. (a) Transverse displacement contour, (b) longitudinal displacement contours, and (c) Poisson’s ratio vs. tendon height curve for a global strain of 0.2%.  
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properties of materials used for manufacturing Achilles tendon implants 
are crucial (Wanniarachchi et al., 2022; Erol et al., 2007), so by 
considering the right micro-structural dimensional parameters, the 
introduced design methodology can be promising for manufacturing 3D 
bioprinting of Achilles tendon implants. 

4.6. Other materials for biomedical applications 

For the present structure, TPU material was used since it has hyper- 
elastic behavior and can recover its initial form under cyclic loading 
(Yousefi et al., 2023). Moreover, TPU can sustain high elongation ex-
tents before failure, which is essential for a KT application. Elastic 
modulus is another important mechanical property of elastomer mate-
rials for manufacturing re-entrant KT structures. Depending on the 
re-entrant KT structure’s application, other types of elastomers can be 
used for manufacturing. For example, polyester urethane (PEU), poly-
sulfide rubber, thermoplastic elastomers (TPE), Butyl rubber, and per-
fluoro elastomers (Visakh et al., 2013) are potential candidates in the 
application where the flexibility and ability to recover after large 
deformation are essential. Some of the noted elastomers, such as TPE, 
have the printability condition, while others, such as Perfluoro elasto-
mers, do not, to the best of our knowledge. Other manufacturing tech-
nologies, such as water jetting, laser cutting, molding, etc. can be 
implemented in such cases. Of course, in case the implant is to be used 
inside the body, biocompatibility aspects must also be taken into 
account. 

5. Conclusions 

The present study is divided into two primary sections. In the first 
section, available analytical solutions (previous studies) for θ > 0 hex-

agonal unit cells (honeycomb unit cells) were examined to evaluate if 
they are valid for θ < 0 (2D re-entrant unit cells) as well. Then, new 
analytical relationships were proposed for hexagonal unit cells for both 
negative and positive ranges of θ. FEM and experimental tests were 
employed to evaluate and validate the proposed analytical solution. 
Results showed that the analytical relationships derived in this study 
provide the most accurate results for elastic modulus, Poisson’s ratio, 
and yield stress compared to the previous studies. It is worth mentioning 
that the analytical solution proposed by some of the previous studies for 
yield stress is not valid for negative cell interior angle ranges (i.e., 
auxetics). One of the significant outcomes of the current analytical so-
lution is good overlapping with numerical and experimental results in 
both the negative and positive domains of θ. 

In the second section, as a practical application of the obtained re-
sults for the 2D re-entrant structure, a novel Kinesio taping (KT) with 
non-uniform distribution of re-entrant unit cells was designed for 
Achilles tendon recovery application after rupture. To this aim, the local 
Poisson’s ratio of the tendon was determined based on the local trans-
verse and longitudinal strains provided by DIC images of an Achilles 
tendon. The corresponding re-entrant angle, which gave the desired 
Poisson’s ratio value, was determined at each position using an inverse 
approach. The designed novel KT was 3D printed using flexible TPU 
material. The numerical and experimental results demonstrated that the 
novel KT is capable of exhibiting a deformation similar to that of the 
Achilles tendon in both longitudinal and transverse directions. This 
feature of the re-entrant KT structure helps it attach to the skin over the 
Achilles tendon efficiently. 
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Appendix. Calculating the stiffness matrix elements 

The displacements in each beam element can be decomposed into three types of deformations: (a) lateral displacement δ with no rotation, (b) 
rotation θ with no lateral displacement, and (c) pure axial extension. The forces and moments required to create each type of deformation are pre-
sented in Figure A18.

Fig. A18. Forces and moments required to create (a) lateral displacement δ with no rotation, (b) rotation θ with no lateral displacement, and (c) pure axial extension 
at the free end of an Euler-Bernoulli beam (Hedayati et al., 2021b), 
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Qi stands for external forces applied on degree of freedom qi. The force-displacement equation has the following form: 
⎧
⎪⎪⎨

⎪⎪⎩

Q1
Q2
Q3
Q4

⎫
⎪⎪⎬

⎪⎪⎭
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⎡

⎢
⎢
⎣
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⎤

⎥
⎥
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⎧
⎪⎪⎨

⎪⎪⎩
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q2
q3
q4

⎫
⎪⎪⎬

⎪⎪⎭

(A18)  

In order to calculate the forces, displacement, and rotation, the stiffness matrix elements kij must be calculated. By considering the geometries in Fig. 1, 
it can be seen that: 

s=
1
2
(W − H tan θ − h) and l=

H
2 cos θ  

Fig. A19. (a) DOFs of a unit cell, (b) hexagonal unit cells configuration, (c) re-entrant unit cells configuration    

a) q1 = 1. 
In this subsection, the first column of the stiffness matrix’s elements is determined by considering the displacement q1 = 1 and setting q2 = q3 =

q4 = 0. This deformation displaces the right and left vertices A and A′ for unity rightwards and leftwards, respectively. Due to this deformation, strut 
AB is axially stretched for unity, and it applies the force AEs

s (see Figure A20a) on Points A and B. 
To have such a deformation forces Q1

2 = AEs
s and Q2

2 = − AEs
s must be applied on vertices A and B, or in other words Q1 = k11 = 2AEs

s and Q2 = k21 = −

2AEs
s . The negative value of Q2 implies that an external load must be applied on vertex B in the opposite direction of DOF q2 in order to keep vertex B in 

place. Since beams BC and CC’ are not affected by this deformation mode, no external force is needed to be applied on Point C, hence Q3 = k31 =

Q4 = k41 = 0. 
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Fig. A20. Free-body diagrams of the struts (a) AB in deformation q1 = 1 (b) AB in deformation q2 = 1, and (c) BC in deformation q2 = 1 of a hexagonal honeycomb 
unit cell.   

b) q2 = 1. 
In this case, beams AB undergo pure compression, and in contrast to case q1 = 1, here we have Q1

2 = − AE
s (Figure A20b). Unlike the previous case, here, 

beam BC is deformed. Vertex A is fixed, and vertex B moves to the right side for unity. The displacement of vertex B can be decomposed into two 
displacements of cos θ perpendicular to the undeformed beam BC and sin θ along it. The axial displacements cause the force AE

l sin θ and the lateral 
displacement impose the force 12EI

l3 cos θ on beam BC. Equilibrium of forces in the X direction at Point B gives (Figure A20b, c) 

∑
fX,B = 0 → − 2

(
AEs

l
sin2 θ+

12EsI
l3 cos2 θ

)

−
AE
s
+

Q2

2
= 0 → Q3 = k22 = 4

(
AEs

l
sin2 θ+

12EsI
l3 cos2 θ

)

+
2AE

s
(A19) 

Beam CC’ is fixed and it does not impose any force on vertex C. Similarly, the equilibrium of forces in the Y direction at Point C gives (Figure A20c) 
∑

fY,C = 0 → −

(
AEs

l
cos θ sin θ −

12EsI
l3 cos θ sin θ

)

+
Q4

4
= 0 → Q4 = k42 = 4 cos θ sin θ

(
AEs

l
−

12EsI
l3

)

(A20)  

and equilibrium in the X direction at vertex C gives (Figure A20) 
∑

fX,C = 0 →
AEs

l
cos2 θ+

12EsI
l3 sin2 θ+

Q3

4
= 0 → Q3 = k32 = − 4

AEs

l
cos2 θ −

48EsI
l3 sin2 θ (A21) 
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c) q3 = 1. 

This deformation type displaces vertex C rightward for unity (Figure A21a). Beam AB does not deform; therefore, it does not impose any load on 
vertex B. Moreover, vertex A is not influenced by this deformation mode, thus Q1 = k13 = 0. Equilibrium of forces in the X direction at Point B gives 
(Figure A21a) 
∑

fX,B = 0 → 2
(

AEs

l
sin2 θ+

12EsI
l3 cos2 θ

)

+
Q2

2
= 0 → Q2 = k23 = − 4

(
AEs

l
sin2 θ+

12EsI
l3 cos2 θ

)

(A22) 

Beam CC’ with length h and cross-sectional area of A/2 is stretched for 2, and therefore it imposes the force AEs/h on Point C. Equilibrium of forces 
in the X direction at Point C gives (Figure A21a) 
∑

fX,C = 0 → −
AEs

l
sin2 θ −

12EsI
l3 cos2 θ −

AE
h

+
Q3

4
= 0 → Q3 = k33 =

4AEs

l
sin2 θ+

48EsI
l3 cos2 θ +

4AEs

h
(A23)  

Fig. A21. Free-body diagrams of the strut BC in deformations (a q3 = 1, and (b) q4 = 1  

Similarly, the equilibrium of forces at Point C in the Y direction gives (Figure A21a) 
∑

fY,C = 0 → cos θ sin θ
(

AEs

l
−

12EsI
l3

)

+
Q4

4
= 0 → Q4 = k43 = cos θ sin θ

(
48EsI

l3 −
4AEs

l

)

(A24)    

c) q4 = 1. 

This deformation type displaces vertex C upwards for unity (Figure A21b). Similar to the case q3 = 1, in this case we have Q1 = k14 = 0. 
Equilibrium of forces at Point B in the X direction gives (Figure A21b) 
∑

fX,B = 0 → −
2AEs

l
cos θ sin θ+

24EsI
l3 cos θ sin θ+

Q2

2
= 0 → Q2 = k24 =

(
4AEs

l
−

48EsI
l3

)

cos θ sin θ (A25) 

This time, beam CC’ simply displaces without any deformation, and therefore it does not impose any load on Point C. Equilibrium of forces at Point 
C in the Y direction gives (Figure A21b) 
∑

fY,C = 0 → −
AEs

l
cos2 θ −

12EsI
l3 sin2 θ+

Q4

4
= 0 → Q4 = k44 =

4AEs

l
cos2 θ +

48EsI
l3 sin2 θ (A26) 

Similarly, the equilibrium of forces at Point C in the X direction gives (Figure A21b) 
∑

fX,C = 0 → cos θ sin θ
(

−
AEs

l
+

12EsI
l3

)

+
Q3

4
= 0 → Q3 = k34 = cos θ sin θ

(
48EsI

l3 −
4AEs

l

)

(A27)  
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