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Abstract

Lugs are a specific type of joint with a semi-circular geometry around the pinhole utilized in the
aerospace field. Its distinct geometry and ability to carry loads in its plane make it a very common
choice for design engineers. Although this type of joint is widely used, there are no analytical equa-
tions that can predict the stresses around the hole. This research topic presents a semi-analytical
approach to predict the in-plane stresses and failure modes of a composite lug under tensile pin
loading. The methodology developed is based on stress functions for anisotropic beams imple-
mented in stress equations for solid bodies in a polar coordinate system. The results of this ap-
proach are validated with the use of numerical simulation models, whose trustworthiness is veri-
fied by tensile tests. The outcome of this thesis is in-plane stress distribution graphs for every layer
of the laminate around the hole and the in-plane failure mode of the lug. The results show a good
accordance between the stresses predicted from the semi-analytical approach and the numerical
simulations. Moreover, two lug designs with different geometric characteristics were tested in order
to observe the influence of the geometry on the failure load. It was concluded that the geometry
affects the maximum failure load but not the stress distribution, which is concurrent with the lit-
erature. Overall, the methodology presented in this research topic provided promising results. The
findings of this thesis can have a great impact and aid engineers in estimating the stresses in a
composite lug from the preliminary phase of a project.
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CHAPTER 1

Introduction

An aircraft is an intricate structure comprised of numerous components and subsystems. Every
part of the assembly is designed with meticulous precision in order to guarantee optimal perfor-
mance, structural integrity, and safety of the passengers. While every aircraft component is care-
fully designed, equal attention is placed on the methods and techniques applied for connecting
these parts. As an aircraft operates under demanding operational and environmental conditions,
the reliability and trustworthiness of the joining methods play a crucial role in ensuring the air-
craft’s durability and overall performance.

The connection of different components of an aircraft is achieved with the use of joints. Joints are a
very crucial part of the aircraft and they play a significant role in connecting structural components
while withstanding primary and secondary loads. There are four types of joints, namely: mechani-
cally fastened, adhesively bonded, welded, and a combination of these categories. While adhesively
bonded and welded joints are recognized for their ability to effectively distribute applied loads, they
are not versatile because the joined parts cannot get separated after bonding (exceptions apply e.g.,
in thermoplastic welded joints which can be re-welded after applying the appropriate heating treat-
ment). However, mechanically fastened joints (Figure 1.1) are widely adopted due to the freedom
and flexibility they offer in assembling parts [1].

(a) Geometry of a generic joint. (b) Geometry of a lug.

Figure 1.1: Typical geometries of mechanically fastened joints.

One of the most commonly used joint in the aerospace field is lugs. A lug (Figure 1.1b) is a mechan-
ically fastened joint with a distinct geometry that can withstand significant loads within its plane.

1



1.1. Purpose of the thesis INTRODUCTION

The ability of this joint to bear high loads is the reason why it can be found on the primary and
secondary structures of the aircraft. In the last few years, the aerospace field, driven by the need
to develop lighter and more sustainable aircrafts, shifted its focus to utilizing composite materials
in many components. The characteristic advantages over metals, including their resistance to cor-
rosion and high strength-to-weight ratios, provided designers with more options with greater flex-
ibility for the optimization of the aircraft structure [2]. Consequently, composite materials started
substituting metal alloys in the manufacturing of joints (including lugs) in the aerospace industry.
The distinct semi-circular geometry of the lug, along with the non-linearity of the material, made
the analytical prediction of the stresses in a composite lug extremely challenging.

1.1 Purpose of the thesis

The main research objective of this thesis project is to develop analytical equations that can predict
the stresses in a lug made of composite materials under tensile loads. The results of this method
will be validated with the Finite Element Method (FEM). Moreover, an attempt will be made to pre-
dict the failure mode of the lug. The outcome will be verified with experimental data obtained from
tensile tests that will be conducted. The results of this master thesis project will aid engineers in
having a rough estimate of the optimal design and lay-up of a composite lug even from the prelim-
inary designing phase.

1.2 Structure of the report

This report is structured in eight main chapters including the introduction. Chapter 2 will elaborate
on the literature review conducted to gather information on the research about composite joints.
The method for obtaining the analytical expressions for calculating the stresses in the lug will be
presented in Chapter 3, while Chapter 4 will include all the information about the numerical simu-
lations. Additionally, Chapter 5 will explain the experimental set-up and Chapter 6 will discuss the
in-plane failure modes of the lug. Finally, the report will conclude with future recommendations
and conclusions.

2



CHAPTER 2

Literature Review

This chapter aims to describe the relevant research articles, academic papers, and other credible
sources that contribute to understanding the research topic of this thesis. The main research ar-
eas that have received primary emphasis in this project are the strength calculation in metal joints,
failure modes in mechanically fastened composite joints, and stress prediction around holes in
composite plates. In addition, a detailed overview of the current methods for analytical stress pre-
diction around holes in composite joints is going to be described, along with methods that predict
the stresses with the use of numerical models.

2.1 Strength calculation in metal joints

The prediction of stresses in a body was always considered a challenge in the engineering field.
Timoshenko and Goodier [3] described accurately the theory of elasticity, which proved to be very
useful in understanding and tackling various engineering tasks. In the book "Theory of Elasticity",
the authors provide information and explanations on how to calculate the stresses and strains in
solid bodies and in various coordinate systems. This book is considered the foundation of stress
prediction and was later used by many authors to calculate the stresses in metal or composite
joints.

One of the first that tried to predict the failure of metal joints and especially lugs was Cozzone et al.
[4]. In the paper “Analysis of Lugs And Shear Pins Made of Aluminum Or Steel Alloys”, the authors
described that the main failure modes of lug under tension are: net tension, shear out, and bear-
ing failure. They concluded that lugs should be designed conservatively due to the fact that their
importance is very high compared to their total weight. For this reason, an extra safety factor of 1.2
should be applied to the calculations. Moreover, they conducted numerous tensile tests to acquire
stress concentration factors for many aluminum and steel alloys.

Regarding the mechanically fastened joints, Maddux [5] pointed out that the lug is the most com-
monly used joint with a pin connection. He concurred with the notion put forth by the preceding
authors regarding the over-design of lugs, and with his research he tried to predict more accurately
the failure strength of lugs. In his work, he described in detail how to perform a static strength anal-
ysis of a lug under tensile, shear, and oblique loads. Finally, he concluded with fatigue analysis on
aluminum lugs under tension.

Based on the research conducted by the previously mentioned authors, Bruhn et al. [6] tried to
specify the failure modes of the lugs with more accurate safety factors. In the book “Analysis and
Design of Flight Vehicle Structures” in Chapter D1, the authors tried to point out the immense sig-

3



2.1. Strength calculation in metal joints LITERATURE REVIEW

nificance of the joints in an aircraft structure. In an ideal scenario an aircraft would be made as
a single structure, but the need for maintenance, and joining different geometries and materials
made this idea impossible to achieve. Hence, the designing of a joint has crucial importance in the
structural integrity and weight of the whole structure.

For determining the failure load, Bruhn et al. [6] utilized the equations already used by Cozzone et
al. [4] and Maddux [5], but this time the authors applied more optimized safety factors, different
for every mode of failure. In particular, for net tension failure, the failure load 𝑃𝑢 is given by the
following equation.

𝑃𝑢(𝑡𝑒𝑛𝑠𝑖𝑜𝑛) = 𝐹𝑡𝑢 · 𝐴𝑡

𝐹𝑡𝑢 : ultimate tensile material strength
𝐴𝑡 : net tension area

(2.1.1)

In this case, a safety factor of 20% should be applied in order to account for the fact that in equation
2.1.1, the stress in the net tension area (Figure 2.1) is assumed uniform.

Figure 2.1: Areas of the failure modes in a lug.

Moreover, for shear-out failure, the failure load is given by the next equation.

𝑃𝑢(𝑠ℎ𝑒𝑎𝑟−𝑜𝑢𝑡 ) = 𝐹𝑠𝑢 · 𝐴𝑠

𝐹𝑠𝑢 : ultimate shear material strength
𝐴𝑠 : shear out area

(2.1.2)

Since the shear-out area (Figure 2.1) is larger than the area utilized in this equation, no safety factor
is needed. Finally, the bearing failure load is specified by the following equation.

𝑃𝑢(𝑏𝑒𝑎𝑟𝑖𝑛𝑔) = 𝐹𝑏𝑟 · 𝐴𝑏

𝐹𝑏𝑟 : allowable bearing stress
𝐴𝑏 : bearing area

(2.1.3)

In this case, it is recommended to use a safety factor of 50%. In addition, the authors multiplied the
derived failure loads with the stress concentration factors for net tension and shear-out acquired
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by Cozzone et al. [4] to account for the hole in the geometry of the lug. Lastly, for the case of bearing
they used the stress concentration factors of shear-out and calculated a shear-out/bearing failure
load.

2.2 Failure modes in mechanically fastened composite joints

In recent years, the superior characteristics of composite materials such as corrosion resistance,
and high stiffness-to-weight ratio, have contributed to the widespread substitution of metal com-
ponents in aircrafts. Hence, the selection of composite materials for the designing and manufactur-
ing of joints was inevitable. However, as pointed out by Waszczak and Cruse [7], composite joints
started substituting metal joints at a low pace, due to the fact that composite joints have many types
of failure that do not exist in metals and are difficult to predict. This statement is also substanti-
ated by Camanho and Matthews [8] in the article "A Progressive Damage Model for Mechanically
Fastened Joints in Composite Laminates", which described that the vast combination of matrices
and fiber, lay-up stacking and orientations, complicates the stress and failure mode prediction in
composite joints.

The failure modes of composite joints were described thoroughly by Chang [9], who identified
three main failure modes, namely: shear-out, net tension, and bearing. The first two failure modes
are associated with in-plane failure mechanisms such as fiber-breaking, shearing between matrix
and fiber, and matrix cracking. In addition, the bearing failure mode is associated with three-
dimensional failure mechanisms such as fiber buckling and matrix-fiber crushing.

Camanho and Matthews [10] managed to establish a relation between the modes of failure and
the geometry of a composite joint. Specifically, they identified that bearing failure occurs in joints
where the ratio between the hole diameter and the width of the joint (𝐷/𝑤) is small. The result of
this mode of failure is the elongation of the hole. Furthermore, the shear-out failure mode is cate-
gorized as a special category of bearing failure and occurs in joints where the edge of the joint is at
a large distance from the hole. In addition, net tension failure happens when the ratio between the
hole diameter and the width of the joint is large. It is important to mention, that the authors iden-
tified two more failure modes, namely pull-through and cleavage as can be observed in Figure 2.2.
They concluded that, regardless of the geometry of a joint, the lay-up orientation and the material
properties have a significant role in the strength of the joint and the type of failure.

Figure 2.2: Failure modes in composite joints.

Another failure mode that plays a significant role in the strength of composite joints, is delami-
nations. This failure mode initiates between dissimilar adjacent layers due to differences in the
elastic material properties [11]. Pipes and Pagano [12] developed a solution to describe the elastic
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behavior of a symmetric-angle ply laminate. They concluded that interlaminar shear (𝜏𝑥𝑧 , 𝜏𝑦𝑧) and
normal (𝜎𝑧) stresses are the main cause for delaminations. These stresses are developed near the
edges (free-edge effect) of the laminate and eventually decay at a fast pace as the distance from the
free-edge increases.

The free edge effect was also described by Noor and Burton [13] who specified that delaminations
can be also found in areas with high-stress concentrations such as geometrical discontinuities (e.g.,
cut-outs, corners, holes) or near laminate edges between layers with different engineering proper-
ties. The laminate’s strength in the out-of-plane direction relies on its matrix properties. Given the
relatively lower strength of the laminate in this direction, interlaminar stresses aid in the initiation
of delaminations, resulting in premature failure of the laminate.

It is evident, that delaminations may lead to hazardous consequences in the case of joints. Except
for out-of-plane loading of a joint, delaminations can occur during in-plane loading conditions.
Lucking et al. [14] studied the effect of geometry on interlaminar stresses in a cross-ply [0/90] lam-
inate under tension. The research concluded that, as the ratio between the hole radius over the
thickness of the laminate (𝑅/𝑡) increases, the interlaminar shear stresses at the edge of the hole
increase between the different layers. Moreover, the authors noticed that while the term 𝑅/𝑡 in-
creases, the normal shear stress on the middle plane near the hole also increases and shifts its
position towards the edge where other stresses have also a high value.

Since delaminations is a significant mode that can cause premature failure of a structure, it is of
utmost importance to predict when it is going to start. For this reason, Brewer and Lagace [15]
developed an onset of delamination criterion appropriate for interlaminar stresses developed at
the free edges of a laminate. There are also criteria to predict the out-of-plane failure load of a
laminate such as the one proposed by Chang and Springer [16]:(

𝜎𝑟

𝑍𝑟

)2

+
(
𝜏𝑟 𝜃

𝑍𝑟 𝜃

)2

= 𝑑2

𝑑2 < 1 : no failure, 𝑑2 ≥ 1 : failure
𝑍𝑟 : out-of-plane strength in r direction
𝑍𝑟 𝜃 : transverse shear strength in plane 𝑟𝜃

(2.2.1)

In conclusion, every mode of failure (either in-plane or out-of-plane) should be accounted for when
designing a composite joint. In an optimal joint, the failure loads of every failure mode should be
in close proximity. Delaminations should also be carefully studied not only to predict their onset
but also their effect on the laminate’s strength after the first ply failure. This is very crucial because
delaminations can be initiated as a result of another failure mode preceding them (e.g., net tension
or shear-out failure can create free edges where interlaminar stresses can be developed) and affect
the strength of the joint.

2.3 Stress around holes in composite plates

As pointed out by Whitney and Nuismer [17],[18] after acquiring a lot of experimental data on com-
posite laminates with holes, the prediction of stresses in composite plates is not a simple process.
Unlike metals where the maximum stress around a hole is predicted by utilizing a stress concentra-
tion factor, in composite laminates the stress distribution is a function of the material properties,
the orientations and stacking sequence of the layers, and the size of the hole. Moreover, a pin in-
side a hole in a composite laminate introduces a bearing stress distribution, which raises the level
of difficulty in analytically predicting the stresses around the hole.
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The first authors that tried to analytically predict the stresses in an orthotropic plate were Lekhnit-
skii et al. [19]. In the book "Anisotropic Plates", the authors established the basic equations of the
theory of elasticity in anisotropic bodies. Moreover, the book provides detailed steps for the calcu-
lation of strains and stresses in infinite orthotropic plates with circular or elliptic openings. Specifi-
cally, the authors implemented the method of complex variables and stress functions to predict the
analytical expression of the stresses. Firstly, a stress function (Φ) is assumed based on the loading
of the given problem. Later this stress function is implemented in the compatibility equation of
anisotropic plates and the integration constants are obtained. Based on the integration constants
the analytical equation of stresses can be derived. The main assumptions of the methods described
in the book are continuous and homogeneous material, small deformations, and plane stress. Al-
though Lekhnitskii et al. [19] provided a comprehensive and thorough analysis of the problem of an
infinite orthotropic plate with a hole, they did not provide information for a finite-width composite
joint.

Based on the theory of elasticity in anisotropic plates of Lekhnitskii et al. [19], De Jong [20] tried
to establish a more accurate approach to calculate the stresses around a hole in pin-loaded or-
thotropic plates. The author assumed a sine series for the normal load applied by the pin inside the
hole and determined the coefficients of the stress function series from the boundary conditions on
the edge of the hole. Moreover, he continued his approach by assuming a rigid pin and a friction-
less contact between the pin and the hole. In order to test his assumption of a sine distribution for
the normal load, he compared it with two series distributions and observed that the difference be-
tween them is insignificant. Although the sine distribution has a small influence on the tangential
stress distribution, De Jong concluded that the stress distribution is highly related to the material
properties.

In his later work, De Jong [21] presented an approach where he could analytically predict the stresses
in arbitrary-loading directions with friction assumed in the interface. He divided, the contact re-
gion into three areas, namely: slip, non-slip, and no-contact area, in order to apply a smoother
mathematical approach and implement Coulomb’s frictional law. Finally, the outcome of his re-
search indicated that the application of friction on the interface significantly affects the stress dis-
tribution around the hole.

Following a different approach from De Jong [20], Zhang, and Ueng [22] developed a new analytical
method to predict the stresses around a hole in a pin-loaded semi-infinite plate. Adhering to the
formalism of Lekhnitskii et al. [19] and using his stress functions, the authors applied displacement
expressions that satisfy the boundary conditions at the edge of the hole. In this way, the normal and
shear stresses along the edge are calculated, without assuming the distribution of the pin load. The
basic assumption of this method is that the pin is rigid and the friction between the hole and the
pin is evident. Although friction is involved in the formulation, it can be ignored by setting the co-
efficient of friction to zero.

The stresses obtained with the method of De Jong [20] approach the results obtained with the
method of Zhang, and Ueng [22]. Nevertheless, the latter method is less complex and simple to
implement. The equations for the normal and shear stresses without friction, in a polar coordinate
system, for a semi-infinite plate loaded with a pin, are the following.

𝜎𝑟 =
(𝑐 + 1)
𝑐𝑔𝑟

𝑢𝑜 · 𝑛(1 − 𝑘) cos 5𝜃 + 𝑢𝑜

𝑐𝑔𝑟

[
(𝑐 + 1) (3𝑣1 − 3𝑘 − 𝑘𝑛) + 𝑐 − 1

2
𝑛(1 − 𝑘)

]
cos 3𝜃

−
[
𝑃

𝜋𝑟
+ (𝑐 − 1)𝑢𝑜

2𝑐𝑔𝑟
(2𝑘 − 2𝜈1 + 𝑛𝑘 + 𝑛) +

(𝑐 + 1)𝑢𝑜
𝑐𝑔𝑟

(𝑘 − 𝑣1 + 𝑛)
]

cos 𝜃

(2.3.1)

7



2.4. Stress around holes in composite joints LITERATURE REVIEW

𝜏𝑟 𝜃 = − (𝑐 + 1)𝑢𝑜
𝑐𝑔𝑟

𝑛(1 − 𝑘) sin 5𝜃 − 𝑢𝑜

𝑐𝑔𝑟

[
(𝑐 + 1) (𝑘 − 𝑣1 + 𝑛𝑘 + 2𝑛) + 𝑐 − 1

2
𝑛(1 − 𝑘)

]
sin 𝜃

+
[
𝑃

𝜋𝑟
− (𝑐 − 1)𝑢𝑜

2𝑐𝑔𝑟
(2𝑘 − 2𝑣1 + 𝑛𝑘 + 𝑛) −

(𝑐 + 1)𝑢𝑜
𝑐𝑔𝑟

(𝑘 − 𝑣1 + 𝑛)
]

sin 𝜃

(2.3.2)

Where 𝑃 is a point load in the edge of the pin, 𝑟 is the radius of the hole and,

𝑐 = −10 (𝑘 − 𝑣1 + 𝑛𝑘 + 2𝑛) − 11(1 − 𝑘)
10 (𝑘 − 𝑣1 + 𝑛𝑘 + 2𝑛) − 𝑛(1 − 𝑘)

𝑢𝑜 =
𝑔𝑃

4𝜋
10 (𝑘 − 𝑣1 + 𝑛𝑘 + 2𝑛) − 11𝑛(1 − 𝑘)

5𝑛2𝑘 (1 − 𝑘) + [5 (𝑘 − 𝑣1 + 𝑛𝑘 + 2𝑛) − 3𝑛(1 − 𝑘)] (𝑘 − 𝑣1 + 𝑛𝑘)

(2.3.3)

𝑘 =

√︂
𝐸1

𝐸2

𝑛 =

√︂
2(𝑘 − 𝑣1) +

𝐸1

𝐺

𝑔 =
(1 − 𝑣1𝑣2)

𝐸2
+ 𝑘

𝐺

(2.3.4)

𝐸1, 𝐸2, 𝐺, 𝑣1, 𝑣2 are the in-plane engineering constants of the laminate in the global coordinate sys-
tem. The normal stress in the tangential direction is algebraically more complex and its equation is
given in a form of a summation.

𝜎𝜃 = 𝜎𝜃1 + 𝜎𝜃2 + 𝜎𝜃3 + 𝜎𝜃4 + 𝜎𝜃5 (2.3.5)

The expression of each term is described thoroughly in the paper of Zhang, and Ueng [22]. Fi-
nally, the authors reached the same conclusion as De Jong, that the stress distribution around the
hole is strongly affected by the material properties, stacking sequence, and the presence of friction
between the pin and the hole.

2.4 Stress around holes in composite joints

As pointed out by Waszczak and Cruse [23], the catastrophic consequences of a joint failure, led
engineers to implement severe penalty factors for mechanically fastened composite joints, making
it very difficult to achieve lower weight in the design of a joint made of composite materials. For
this reason, the authors presented an optimization algorithm that could estimate the strength of
a joint from a preliminary design phase. Their algorithm was based on the theory of elasticity of
anisotropic infinite plates, corrected by factors in order to account for the finite width of the joint.
The principle of superposition was applied to the case of an infinite plate with a hole under tension
and an infinite plate with a loaded hole. The stresses are calculated on a ply-by-ply base with the
Classical Laminate Theory (CLT) and the maximum stress criterion was applied to detect failure.

The assumptions made by Waszczak and Cruse, are consistent with the assumptions made by au-
thors that preceded them. In particular, the interaction is considered frictionless, the pin is rigid, it
is a plane stress problem, and the distribution of load inside the hole is represented by a cosine se-
ries. The anisotropic correction factors are obtained by applying the boundary-integral equations
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proposed by Cruse [24]. The optimization algorithm was implemented in a quasi-isotropic lam-
inate [0/±45/90] in order to produce the optimal laminate for the specific geometry and applied
load. The algorithm immediately removed all the 90 plies due to the fact that matrix failures in this
type of ply outweigh the advantages it provides. Eventually, the authors concluded that in a com-
posite joint, a laminate with 0/±45 is more efficient than any laminate with 0/±𝜃/90 layer sequence.
Finally, the algorithm predicted a failure load 20% higher than the experiments.

In the following years, Garbo and Ogonowski [25] developed a program to evaluate the structural
integrity of composite joints. Their model called the "Bolted Joint Stress Field Model" (BJSFM), was
based on the principle of elastic superposition, the elastic theory of anisotropic plates, CLT, and ply
failure criteria. The principle of superposition was used to obtain the stresses for the cases of bear-
ing and by-pass load, and the rest of the theories to detect the failure. Similarly to the method of
Waszczak and Cruse [23], Garbo and Ogonowski superimposed the cases of unloaded and loaded
holes in an infinite plate, and utilized geometry correction factors to account for the finite width
geometry of the joint. In this method, however, they followed the theory of Whitney and Nuismer
[17] and applied the failure criteria at a characteristic distance from the hole to account for the
non-linearity of the material.

In this method, Garbo and Ogonowski assumed a cosine load distribution inside the half of the
hole, and a frictionless contact. For the selection of the appropriate failure criteria, they conducted
a trade study which can be observed in Figure 2.3. For the BJSFM model the Tsai-Hill [26] failure
criterion, ignoring matrix failure, was used due to the fact is more conservative compared to Tsai-
Wu [27], Hoffman [28], Maximum Stress/Strain [29] criterion. The authors concluded that finite
width effects influence the stress distribution around the hole. In addition, the material orienta-
tion, laminate stiffness, and load orientation play a significant role in the stress concentration on
the circumference of the hole.

Figure 2.3: Trade study on the failure criteria [25].

For predicting the stresses in pin-loaded composite joints, Echavarria et al.[30] developed a new
analytical method. Specifically, the authors derived a closed-form solution that was based on the
methodology of De Jong [20]. Instead of using an arbitrary number of coefficients, Echavarria et
al. [30] utilized only the first coefficient to obtain the integration constants of the stress functions.
In this approach, the authors assumed a sine distributed load in the inside of the hole, a contact
without friction, and a rigid pin. The main conclusion of their research is that the highest tensile
stress would result in net tension failure only in joints with very low ratios of width over diameter

9



2.5. FE predictions in composite joints LITERATURE REVIEW

(𝑤/𝐷) and materials with low tensile strength. Additionally, shear stresses in the boundary of the
hole are the main cause of shear-out failure. These findings are in accordance with the findings of
Camanho and Matthews [10] who also connected net tension failure with high ratios of 𝐷/𝑤.

It can be observed that some authors approximated the load inside the hole with a cosine series
([23], [25]) while Echavarria et al.[30] and De Jong [20] with a sine series. To further clarify, all of the
preceding authors approached the load distribution inside the hole with a trigonometric function.
The selection of sine or cosine depends on the global coordinate system of the problem (Figure 2.4),
however, there is no difference between the two trigonometric functions regarding the slope or the
magnitude of the load distribution.

(a) Cosine distribution. (b) Sine distribution.

Figure 2.4: Comparison of cosine and sine load distribution.

2.5 FE predictions in composite joints

Except for the analytical methods to predict the stresses in mechanically fastened composite joints,
some authors approached the problem with numerical simulations. Various authors focused on
describing the pin-loaded composite joint problem with two-dimensional finite element models
while others tried with three-dimensional models. Regarding the 2-D models, it was obvious that
with this approach, effects such as interlaminar stresses and delaminations, could not be predicted
[10].

Regarding the authors that approached the problem with a 2-D model, Crews et al.[31] tried to
describe the effect of the geometrical effects on the stress distribution. With an assumption of fric-
tionless contact and rigid pin, the authors concluded that the stacking sequence and the anisotropic
properties of the material have a significant effect on the magnitude and the location of the maxi-
mum hoop stress. Moreover, they associated the radial stress (𝜎𝑟 ) with the bearing failure, the hoop
stress (𝜎𝜃 ) with the net tension failure, and the shear stress (𝜏𝑟 𝜃 ) with the shear-out failure mode.
Finally, the geometric characteristic of the ratio of the width over the diameter (𝑤/𝐷) significantly
affects the hoop stress and therefore the net tension failure mode.

In addition, York et al. [32] attempted to analyze the net tension failure in composite joints. In
their research, a relationship between the geometric characteristics of the composite joint and the
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stresses was established. The authors concluded the ratio of edge distance over the diameter (𝑒/𝐷)
of the hole does not affect the stress profile in the net tension failure. However, the ratio of width
over diameter (𝑤/𝐷) influences significantly the magnitude of stresses in the failure plane.

In the same time period, Chang et al. [33] predicted the failure load of pin-loaded composite joints
with a numerical model. Their research is based on a 2-D numerical model with plane stress ele-
ments, where the joint is restrained in one edge and a cosine distributed load is applied inside of
the hole. Chang et al. [33] reached the same conclusion as preceding authors, that as the ratio 𝑤/𝐷
decreases (𝑤/𝐷 −→ 1) the strength of the joint in tension also decreases. Moreover, they found out
that for ratios below 3 (𝑤/𝐷 < 3), the assumed cosine distribution of the load does not approach
well the problem of the pin-loaded hole.

For the geometric characteristic of the edge distance (𝑒), they discovered that for specific laminates
([0/±45/90]𝑠,[0/90]2𝑠) the failure load increases as the edge distance increases. Nevertheless, they
concluded that for joints with 𝑒/𝐷 > 4, increasing the edge distance would not significantly affect
the failure load. In addition, the authors managed to associate the mode of failure with the failure
angle. In particular, as it is illustrated in Figure 2.5 when the failure is detected within 0 and 15
degrees from the center of the hole, the mode of failure can be assumed to be bearing. Following
the same pattern, if the failure occurs between 30 and 60 degrees around the hole, the mode of
failure would be shear out, and finally, if the failure is found between 75 and 90 degrees, the mode
of failure would be net tension. In the degrees between the aforementioned ranges, a combination
of failure modes can be assumed.

Figure 2.5: Location of failure along the circumference of the hole.

Ramamurthy [34] created a 2-D numerical model to investigate the interference between the hole
and the pin. In the numerical model, a frictionless contact and a rigid pin were assumed. The
author concluded that the maximum bearing stress is non-linearly associated with the magnitude
of the applied force. Moreover, for high compressive loads in the laminate boundaries, the hoop
stresses are low and the radial stresses are high.

Furthermore, it is substantiated by experimental data, the through-the-thickness effects play a sig-
nificant role in the strength of the joint. In order to account for these effects, the simulation of the
problem with three-dimensional finite element models is considered imperative. Matthews et al.
[35], utilizing a 3-D model, investigated the stress distribution around a pin-loaded hole, with a fric-
tionless interface and a rigid pin. In the conclusions, it is pointed out that the out-off-plane tensile
stress (𝜎𝑧) is 7% of the bearing stress, and delaminations occur in the regions where𝜎𝑧 is maximum.

As pointed out by Iarve [36], although three-dimensional models are beneficial in predicting the
out-of-plane effects in composite laminates, they are computationally expensive. Moreover, when
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modeling every layer with solid elements, challenges regarding the aspect ratio of the element can
arise.

The most recent investigation of the stress distribution in pin-loaded composite joints is conducted
by Koord et al. [37]. In their research, the authors conducted a trade study and evaluated which of
the analytical methods is more accurate in predicting the stresses around the hole. The accuracy of
the methods was evaluated with Digital Image Correlation (DIC) analysis, experimental data, and
a 3-D finite element model. They concluded that analytical methods such as the approach of De
Jong [20] can sufficiently approximate the stresses in composite joints where the ratio of the width
over diameter (𝑤/𝐷) is higher than 3.

2.6 Composite Lug

In an aircraft structure, all the different components are assembled with the use of joints. There
are many types of joints, and the most commonly used are lugs, shear clips, and bath-tub fittings.
Each joint is designed for a specific load case and can be found in different locations on the aircraft
[38]. Although every joint serves a unique purpose, the most commonly used joint for transferring
load between two parts is the lug. As pointed out by Shridhar et al. [39] and Kathiresan et al.
[40], lugs are used in connections between secondary and primary structures and are the most
commonly used joints in the connection between the wings and the fuselage (Figure 2.6). Their
design is very crucial, and any failure of such fitting could lead to devastating consequences for the
aircraft structure [41].

(a) Lugs in an aircraft [42].
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(b) Characteristic dimensions of a lug.

Figure 2.6: Lug design.

Lugs are very effective in carrying loads in their plane. Although they are commonly used, the an-
alytical prediction of the stresses around the hole is challenging, especially in composites where
the stacking sequence, the material orientation, and the geometric characteristics of the lug influ-
ence the stress field. Kassapoglou and Townsend [43] developed an analytical solution to predict
the strength of a pin-loaded lug under tension. In particular, the authors utilized the principle of
superposition for the case of an infinite plate with a hole, and the case of a pin-loaded hole. In
order to account for the finite width effects, geometric correction factors were used. Specifically,
the expression provided by Tan [44] was utilized:
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𝐾𝑇

𝐾∞
𝑇

=
2 + (1 − 𝐷/𝑤)3

3(1 − 𝐷/𝑤) (2.6.1)

By assuming that the net tension failure of the lug is equated with the First Ply Failure of the lami-
nate, the authors derived the strength of a finite-width composite lug in net tension:

𝐹 =
6𝐹𝑡𝑢 (𝑤 − 𝐷)𝑡

𝐾∞
TOH + 8

𝜋2

𝑤

𝐷

(𝑤
𝐷

)3(
2

(𝑤
𝐷

)3
+

(𝑤
𝐷

− 1
)3

) (2.6.2)

Where 𝐷 is the diameter of the hole, 𝑤 the width of the lug, 𝐹tu the first ply failure strength of the
laminate under tension, 𝑡 the thickness of the laminate, and 𝐾∞

TOH the open hole stress concentra-
tion factor for an infinite plate. The latter term can be calculated by the following expression:

𝐾∞
TOH = 1 +

√√
2
𝐴22

(
√
𝐴11𝐴22 − 𝐴12 +

𝐴11𝐴22 − 𝐴2
12

2𝐴66

)
(2.6.3)

With 𝐴𝑖 𝑗 being the membrane stiffness of the laminate.

The authors concluded that for small values of the 𝐷/𝑤 ratio, bearing failure is more probable to
happen, whereas for large values of 𝐷/𝑤 the bearing stress is small. Although the derived solution
is within 10% of experimental data, this method could be further improved. Specifically, the au-
thors pointed out that the approach on the internally loaded hole in an infinite plate is based on
isotropic materials, and the overall method might not work for cases with high geometric and ma-
terial nonlinearities.

Later Kassapoglou et al. [45] focused on predicting the strength of composite joints under tension
in the other two in-plane failure modes. In particular, in the book "Design and Analysis of Com-
posite Structures" in Chapter 11, the strength of the lug in shear-out failure mode is given by the
expression:

𝐹 = 𝜏ult𝐷𝑡

√︂(𝑤
𝐷

)2
− 1 (2.6.4)

With the ultimate shear stress (𝜏ult) being the failure strength of the first ply of the laminate under
pure shear.

Furthermore, the bearing strength of the lug under tension is obtained by the equation:

𝐹 =
𝐹bru𝐷𝑡

𝜆
·

3
( 𝑒
𝐷

)2
(
𝑒

𝐷
− 1

2

)
2

( 𝑒
𝐷

)3
+

(
𝑒

𝐷
− 1

2

)3 (2.6.5)

In equation 2.6.5, 𝑒 corresponds to the edge distance (see Figure 2.4), 𝜆 is a factor accounting for the
geometry of the specimen utilized to calculate the bearing strength, and 𝐹bru is the first ply failure
strength of the lug laminate in bearing.

The failure strength of a composite lug under tension is a function of material properties, stacking
sequence, fiber orientation, and geometric characteristics of the lug. However, in order to achieve
the optimal design, the failure loads of each failure mode should be close to each other. This trans-
lates to an optimally designed lug, which is not over-designed for any of the failure modes.
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2.7. Research questions LITERATURE REVIEW

As it was mentioned, lugs are very effective in withstanding loads in their plane. However, it is
very common that a composite joint can experience loads in the out-of-plane direction. The out-
of-plane loading of a joint can lead to catastrophic consequences (delaminations) and failure be-
fore the design failure load is reached. This happens due to the fact that joint strength in the out-
of-plane direction depends on the engineering properties of the matrix. In order to account for
this and prevent a premature failure from happening there are some measures that can be imple-
mented. As it is proposed by Kassapoglou et al. [45], a measure is to introduce alternative load
paths. Moreover, there are manufacturing methods such as stitching and pinning which act as a re-
inforcement in the out-of-plane direction. In the designing of the laminate, this can be accounted
for by reducing the in-plane engineering strengths (e.g., 2.5-5% of stitching can lead to a 10-20%
in-plane compression strength reduction).

Kassapoglou et al. [45] performed a very good job in predicting the strength of a composite lug.
Specifically, they compared the analytical results with test data of a composite lug under tension,
and the largest deviation was 17.3%. Although the results of the analytical method correlate with
test data, there is still room for improvement. Specifically, in the calculation of the net tension and
shear-out failure mode, the stress is considered uniform throughout the area (shear-out, net ten-
sion failure area depicted in Figure 2.1). An equation that could predict the exact stress distribution
in the failure area would lead to more accurate results. In conclusion, the authors did not provide
a method to analytically calculate the stresses around the hole. It is evident from the literature that
there is no previous attempt to derive an equation to predict the stresses in a composite lug.

2.7 Research questions

Finally, taking into account the research conducted by the preceding authors, the primary aim of
the thesis is to derive analytical equations that can estimate the in-plane stress field around the
hole of a pin-loaded composite lug under tension. Hence, the following research question is raised:

How to analytically predict the in-plane stress distribution around a hole in a pin-loaded com-
posite lug under tension?

To address the research question effectively, it is of utmost importance to formulate additional
questions that will aid in guiding the research process and provide a better understanding of the
topic. Specifically, two sub-questions are: How accurate the analytical model will be? and How
the accuracy of the model can be validated? . Once the analytical model is developed, a numerical
simulation will be created which will be utilized for validating the results of the analytical solution.
In the process of creating the numerical model, more questions need to be answered. Specifically,
given the fact that the aim is to predict the in-plane stresses, Which element type and material
model will be selected? and What will be the boundary conditions that are going to be applied to
the lug? . The answers to these questions will play a significant role in the accuracy of the numerical
model.

Diving deeper into the topic, it could be argued that the numerical simulations have also to be
validated. The trustworthiness of the numerical model will be validated with tensile tests. In this
field, more questions can be raised regarding the manufacturing of the test specimens and the
overall testing process. In particular, How are the test specimens going to be manufactured? , What
sensors/equipment are going to be used? and What type of data are going to be gathered? . After an
answer to all of these questions is given, the results of the tests will validate (or not) the numerical
simulation and the overall approach followed in this thesis project.
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CHAPTER 3

Methodology

In this chapter the methodology to analytically predict the stresses in a composite lug will be pre-
sented. Additionally, the failure modes and criteria will be described and eventually, an overview
of the design methodology for the optimal design of a composite lug will be given based on the
analytical calculations.

3.1 Problem definition and assumptions

As mentioned in the previous chapter, lugs are a significant type of joint commonly used for con-
necting parts, due to their ability to transfer high loads in their plane. In order to assemble different
components, a bolt or a pin is utilized.

In this research, a composite lug under tensile loads will be studied. The aim is to obtain the stresses
around the hole and predict the location and type of failure (net tension, shear-out, bearing). In or-
der to approach the problem analytically, some assumptions have to be made. In particular, this
research will not study the effects of friction on the stress distribution, and hence a frictionless con-
tact is assumed.

In addition, as pointed out by Hart-Smith [46], the stress distribution around the hole is influenced
by the clamp-up force, the presence of a bushing, and whether the load is applied through a pin or
a bolt. The influence of these characteristics will not be studied and a rigid pin is assumed. Fur-
thermore, the pin-hole interface is assumed to be a tight fit and the effect of clearance between the
pin and the hole is neglected.

Another important assumption for this approach is the loading conditions inside the hole. As it is
substantiated by several academic papers and credible sources ([23], [25], [30], [33]), the load ap-
plied by the pin inside the hole can be described as a load that follows a cosinusoidal distribution.
In addition, to further fortify this assumption, Bickley [47] tried to mathematically predict the load
distribution inside a pin-loaded hole in an elastic plate. In his research, he concluded that the load
inside the hole can be fairly well approached by a cosine distribution.

Finally, the modeling of the composite lug is approached as a plane stress problem. Hence, the
thickness of every ply is considered small compared to the other dimensions. The strains 𝜖𝑥𝑧, 𝜖𝑦𝑧,
𝜖𝑧 are considered negligible and the loads are applied in the plane of the laminate. Interlaminar
stresses will also be neglected and the delamination failure mode will not be taken into account. As
can be observed from Figure 3.1, the principal axis of the laminate is aligned with the global coor-
dinate system, and the 0𝑜 direction of the plies is aligned with the loading direction.
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3.2. Analytical model and stress prediction METHODOLOGY

Figure 3.1: Characteristic geometry of a lug.

3.2 Analytical model and stress prediction

The methodology developed in this thesis is based on the principle of elasticity for isotropic ma-
terials developed by Timoshenko and Goodier [3] and for composite materials by Lekhnitskii et al.
[19]. The analytical model developed utilizes the stress functions derived for composite materials
and implements them in the equations of stresses for isotropic materials in a polar coordinate sys-
tem.

The basis of the analytical model is the characteristic geometry of the lug. Unlike any other joint
found in the literature, the semi-circular geometry of the top part of the lug resembles a curved
beam. In addition, in a lug under tension, the stresses are crucial around the hole and particularly
in the top part. Therefore, it would be safe to assume that failure would be more likely to occur
around the hole rather than the rest of the joint.

The similarity in the geometry and the importance of the top part of the geometry of the lug led
the focus of this research to develop an analytical model for calculating the stresses in a composite
curved beam. The difference of this method regarding other methods developed for calculating the
stresses in composite beams lies in the way the layers are laminated and the boundary conditions.
In the research conducted by Cantero [48], the layers are stacked on top of each other parallel to
the curvature. Whereas, in the method developed in this thesis, the layers are positioned perpen-
dicularly to the curvature as can be observed in Figure 3.2.
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3.2. Analytical model and stress prediction METHODOLOGY

(a) Cantero [48] curved composite geometry. (b) Thesis approach curved composite geometry.

Figure 3.2: Differences between two approaches regarding the layer lamination direction.

3.2.1 Lekhnitskii approach

In the book "Anisotropic Plates" in Chapter 3, Lekhnitskii et al. [19], developed an approach to cal-
culate the stresses in a composite curved beam. To analytically predict the stresses in an anisotropic
body, the authors proposed some steps. First, the boundary conditions of the problem have to be
established, and based on the type of loading, a stress function Φ has to be assumed. Later, this
stress function has to be substituted in the compatibility equation for orthotopic plates with cylin-
drical anisotropy,

1
𝐸𝜃

· 𝜕
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𝜕𝑟4
+

(
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𝐺𝑟 𝜃

− 2𝑣𝑟 𝜃
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1
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]
(3.2.1)

Where, 𝐸𝑟 and 𝐸𝜃 are the engineering constants of the laminate in the 𝑟, 𝜃 principal direction of the
laminate. 𝐺𝑟 𝜃 is the shear modulus and 𝑣𝑟 , 𝑣 𝜃 the Poisson’s ratios. Φ is the assumed stress function
and the term 𝜕�̄�

𝜕𝑟
is a potential which for the case of a curved beam is set to zero.

In addition, after the stress function is substituted in the compatibility equation, both parts of the
equation 3.2.1 are integrated, and an equation for the integration constants is obtained. These con-
stants are utilized for obtaining the equations that predict the stresses in the specific geometry.
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3.2. Analytical model and stress prediction METHODOLOGY

The geometry of the problem described by Lekhnitskii et al. [19] is depicted in Figure 3.3. Specifi-
cally, the curved composite beam is simply supported at the edges and a uniform external load (𝑞)
is applied on the outer edge.

Figure 3.3: Boundary conditions of the curved composite beam [19].

The boundary conditions of this problem can be distinguished into two categories: boundary con-
ditions that are global and boundary conditions that are satisfied in specific parts of the geometry.
The global boundary conditions are the following,

𝑟 = 𝑎 → 𝜎𝑟 = 0, 𝜏𝑟 𝜃 = 0

𝑟 = 𝑏 → 𝜎𝑟 = −𝑞
ℎ
, 𝜏𝑟 𝜃 = 0

(3.2.2)

Where ℎ is the thickness of the laminate. The boundary conditions at the edges (𝜃 = ±𝜙) are,∫ 𝑏

𝑎
𝜎𝜃𝑑𝑟 = −𝑅𝜃

ℎ
= −𝑞𝑏

ℎ
· sin 𝜑 sin(𝜑 − 𝜓)

cos𝜓∫ 𝑏

𝑎
𝜎𝜃𝑟𝑑𝑟 = 0∫ 𝑏

𝑎
𝜏𝑟 𝜃𝑑𝑟 = ±𝑅𝑟

ℎ
= ±𝑞𝑏

ℎ
· sin 𝜑 cos(𝜑 − 𝜓)

cos𝜓

(3.2.3)

With 𝑅𝑟 , 𝑅𝜃 the reaction forces at the edges, and 𝜙, 𝜃, 𝜓 the angles depicted in figure 3.3.

According to the authors, the problem of a curved composite beam under a uniform load along one
edge can be described by a stress function in the form,

Φ = 𝑓0(𝑟) + 𝑓1(𝑟) cos 𝜃 (3.2.4)

Substituting the stress function equation (3.2.4) in the compatibility equation for orthotopic plates
with cylindrical anisotropy (3.2.1), the terms of the stress function are obtained with respect to the
integration constants. In particular,

𝑓0(𝑟) = 𝐴 + 𝐵𝑟2 + 𝐶𝑟1+𝑘 + 𝐷𝑟1−𝑘

𝑓1(𝑟) = 𝐸𝑟1+𝛽 + 𝐹𝑟1−𝛽 + 𝐺𝑟 + 𝐻𝑟 ln 𝑟
(3.2.5)
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3.2. Analytical model and stress prediction METHODOLOGY

With 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹, 𝐺, 𝐻 being the integration constants and,

𝑘 =

√︂
𝐸𝜃

𝐸𝑟

𝛽 =

√︂
1 + 𝐸𝜃

𝐸𝑟

(1 − 2𝑣𝑟 𝜃 ) +
𝐸𝜃

𝐺𝑟 𝜃

(3.2.6)

This approach acts as a starting point for deriving the equations for predicting the stresses in a com-
posite lug. However, further modifications to this method have to be made regarding the boundary
conditions and the load distribution. It is worth noting that the approach of Lekhnitskii et al. [19] is
not thoroughly documented and some steps are missing regarding the derivation of the final stress
equations. For this reason, further research is required.

3.2.2 Timoshenko approach

In the book "Theory of Elasticity" Timoshenko and Goodier [3] presented various methods to de-
rive equations for calculating the stresses in various engineering problems. In particular, in Chap-
ter 4 of the book, the authors provide a method to derive the stresses in polar coordinates in two-
dimensional problems.

When the authors reported this approach, there was not sufficient knowledge of composite mate-
rials. However, it can be assumed that the method they developed is valid for every type of material
(anisotropic or isotropic). Moreover, the use of a polar coordinate system (𝑟, 𝜃) is considered bene-
ficial in cases where the geometry of the problem is circular (e.g., rings, disks, curved beams). The
stresses in the polar coordinate system are distinguished in stresses in the radial direction (𝜎𝑟 ), the
tangential (𝜎𝜃 ), and shear stresses (𝜏𝑟 𝜃 ).

The stresses are given by the following equations,

𝜎𝑟 =
1
𝑟

𝜕Φ

𝜕𝑟
+ 1
𝑟2

𝜕2Φ

𝜕𝜃2
(3.2.7)

𝜎𝜃 =
𝜕2Φ

𝜕𝑟2
(3.2.8)

𝜏r𝜃 =
1
𝑟2

𝜕Φ

𝜕𝜃
− 1
𝑟

𝜕2Φ

𝜕𝑟𝜕𝜃
= − 𝜕

𝜕𝑟

(
1
𝑟

𝜕Φ

𝜕𝜃

)
(3.2.9)

With Φ being the stress function with respect to 𝑟 and 𝜃. After deriving the stress equations, they
have to be validated by utilizing the equilibrium equation in the radial and tangential directions.
Specifically,

𝜕𝜎𝑟

𝜕𝑟
+ 1
𝑟

𝜕𝜏𝑟 𝜃

𝜕𝜃
+ 𝜎𝑟 − 𝜎𝜃

𝑟
= 0 (3.2.10)

1
𝑟

𝜕𝜎𝜃

𝜕𝜃
+ 𝜕𝜏𝑟 𝜃

𝜕𝑟
+ 2𝜏𝑟 𝜃

𝑟
= 0 (3.2.11)

In addition, there is a second stage of validation of the stress equations. This stage entails the
substitution of the stress equations in a compatibility equation for strains,

𝜕2𝜀𝜃

𝜕𝑟2
+

(
2
𝑟

)
𝜕𝜀𝜃

𝜕𝑟
−

(
1
𝑟

)
𝜕𝜀𝑟

𝜕𝑟
+

(
1
𝑟2

)
𝜕2𝜀𝑟

𝜕𝜃2
−

(
1
𝑟2

)
𝜕𝛾𝑟 𝜃

𝜕𝜃
−

(
1
𝑟

)
𝜕2𝛾𝑟 𝜃

𝜕𝑟𝜕𝜃
= 0 (3.2.12)
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3.2.3 Timoshenko/Lekhnitskii approach

The method developed in this thesis will be referred to as Timoshenko/Lekhnitskii approach be-
cause it incorporates elements from both methods. Contrary to the approach of Lekhnitskii et al.
[19], the load is distributed in the inner edge and the distribution is not uniform. Moreover, the
edges are pinned in order to account for the fact that the geometry of the lug continues in that
region. A graphical representation of the problem that will be studied is depicted in Figure 3.4.

h

0o1

2

Figure 3.4: Geometry of the thesis approach.

Combining equations 3.2.4 and 3.2.5 the stress function for the current problem is,

Φ = 𝐴 + 𝐵𝑟2 + 𝐶𝑟1+𝑘 + 𝐷𝑟1−𝑘 + (𝐸𝑟1+𝛽 + 𝐹𝑟1−𝛽 + 𝐺𝑟 + 𝐻𝑟 ln 𝑟) cos 𝜃 (3.2.13)

Substituting the stress function (3.2.13) in the equation for the stresses (3.2.7, 3.2.8, 3.2.9), the ex-
pressions for the stresses in the radial and tangential direction can be obtained. In particular the
radial stress 𝜎𝑟 is,

𝜎𝑟 =
1
𝑟2

(−𝐷 (−1 + 𝑘)𝑟1−𝑘 − 𝐹𝑟1−𝛽 cos(𝜃)𝛽 + 𝐶 (1 + 𝑘)𝑟1+𝑘

+𝐸𝑟1+𝛽 cos(𝜃)𝛽 + 2𝐵𝑟2 + 𝐻 cos(𝜃)𝑟)
(3.2.14)

The stress 𝜎𝜃 in the tangential direction is,

𝜎𝜃 =
1
𝑟2

(cos(𝜃)𝐹𝛽(−1 + 𝛽)𝑟1−𝛽 + 𝑘𝐷 (−1 + 𝑘)𝑟1−𝑘 + cos(𝜃)𝐸𝛽(1 + 𝛽)𝑟1+𝛽

+𝐶𝑘 (1 + 𝑘)𝑟1+𝑘 + 2𝐵𝑟2 + 𝐻 cos(𝜃)𝑟)
(3.2.15)

Finally the shear stress 𝜏𝑟 𝜃 is,

𝜏𝑟 𝜃 =
1
𝑟2

sin(𝜃)
(
𝐸𝑟1+𝛽𝛽 − 𝐹𝑟1−𝛽𝛽 + 𝐻𝑟

)
(3.2.16)

Consequently, the expressions of stresses (3.2.14, 3.2.15, 3.2.16) are validated by substituting the
results in the equilibrium equations 3.2.10, 3.2.11. The second step of validation is to substitute the
equations for stresses in a compatibility equation of strains (3.2.12). In a polar coordinate system
and in an orthotropic body, the stresses and strains are related with the following equations [19],
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𝜖𝑟 =
1
𝐸𝑟

𝜎𝑟 −
𝑣 𝜃𝑟

𝐸𝜃

𝜎𝜃

𝜖𝜃 = −𝑣𝑟 𝜃
𝐸𝑟

𝜎𝑟 +
1
𝐸𝜃

𝜎𝜃

𝛾𝑟 𝜃 =
1
𝐺𝑟 𝜃

𝜏𝑟 𝜃

(3.2.17)

By getting the strains in the polar coordinate system and substituting them into the compatibility
equation (3.2.12), the second step of validation is completed. Since the equilibrium and compati-
bility equations are satisfied, the following step is to specify the integration constants.

Boundary conditions

The integration constants are specified by implementing the boundary conditions. The global
boundary conditions of the specific problem are,

𝑟 = 𝑎 →


𝜎𝑟 = −𝑞

ℎ

𝜏𝑟 𝜃 = 0

(3.2.18)

𝑟 = 𝑏 →

𝜎𝑟 = 0

𝜏𝑟 𝜃 = 0
(3.2.19)

It is important to mention that 𝑞 is defined as a load per unit length. In order to have equilibrium in
the units, the second part of the radial stress in equation 3.2.18 has to be divided by the thickness of
the laminate. The negative sign is implemented due to the fact the geometry of the hole has to be in
compression. Since there is no friction on either the internal or external edge the shear stress is set
equal to zero. Finally, there is no load applied to the external edge and hence the radial stress is zero.

In order to specify the boundary conditions at the edges, it is crucial to create a free-body diagram
which is illustrated in Figure 3.5.

0o1

2

Figure 3.5: Free body diagram.

Taking this into account, the boundary conditions of the specific problem at the corners (𝜃 = ±𝜋
2

),

21



3.2. Analytical model and stress prediction METHODOLOGY

∫ 𝑏

𝑎
𝜎𝜃𝑑𝑟 =

𝑃

2ℎ
(3.2.20)

∫ 𝑏

𝑎
𝜎𝜃𝑟𝑑𝑟 = 0 (3.2.21)

∫ 𝑏

𝑎
𝜏𝑟 𝜃𝑑𝑟 = 0 (3.2.22)

The right term of equation 3.2.20 is divided with the thickness of the laminate in order to have equi-
librium between the two parts. 𝑃 is the maximum point force applied at the center of the inner edge
of the hole. Equation 3.2.21 refers to the equilibrium of the moment at the corner which is zero with
respect to the center of the hole. Finally, equation 3.2.22 refers to the equilibrium of forces in the 𝑦

direction, which is also zero at 𝜃 = ±𝜋
2

.

As pointed out in the literature, the load applied by the pin can be approached with a cosine distri-
bution. The magnitude of 𝑞 can be determined by analyzing the problem in more detail and specif-
ically by selecting a small part of the geometry. In particular, as it can be noticed in Figure 3.6, the
force in the radial direction is,

𝑑𝐹𝑟 = 𝜎𝑟 · ℎ · 𝑎𝑑𝜃 (3.2.23)

The radial stress,

𝜎𝑟 =
𝑞

ℎ
· cos 𝜃 (3.2.24)

And the force in the 𝑥 direction,

𝑑𝐹𝑥 = 𝑑𝐹𝑟 · cos 𝜃 (3.2.25)

Figure 3.6: Discretization of the geometry to define the magnitude of the applied load.

Substituting equation 3.2.24 in 3.2.23 and the result in 3.2.25,

𝑑𝐹𝑥 = 𝑞 · cos2 𝜃 · 𝑎𝑑𝜃 (3.2.26)

In addition, from the boundary conditions, it can be calculated that,
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∫ 𝜋
2

0 𝑑𝐹𝑥𝑑𝜃 =
𝑃

2
(3.2.27)

Finally by integrating equation 3.2.26, and implementing the equation 3.2.27, the value of the 𝑞 can
be determined, ∫ 𝜋

2
0 𝑑𝐹𝑥𝑑𝜃 =

∫ 𝜋
2

0 𝑞 · 𝑐𝑜𝑠2𝜃 · 𝑎𝑑𝜃∫ 𝜋
2

0 𝑑𝐹𝑥𝑑𝜃 =
𝑃

2

 → 𝑞 =
2𝑃
𝜋𝑎

(3.2.28)

This result is consistent with the literature ([22], [30]) that proposed that the value of the radial
stress (𝜎𝑟 ) is equal to the bearing stress times a trigonometric function:

𝜎𝑟 =
𝑞

ℎ
· cos 𝜃 =

2𝑃
𝜋𝑎ℎ︸︷︷︸

𝑏𝑒𝑎𝑟𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠

· cos 𝜃
(3.2.29)

Having specified the boundary conditions, the next step is to specify the integration constants.
By substituting the stress equations in terms of integration constants (3.2.14, 3.2.15, 3.2.16) in the
boundary conditions (3.2.18-3.2.22) the following equations are obtained.

For the boundary condition 𝜎𝑟 , 𝑟=𝑎 = −𝑞
ℎ

,

1
𝑎2

(−𝐷 (−1 + 𝑘)𝑎1−𝑘 − 𝐹𝑎1−𝛽 cos(𝜃)𝛽 + 𝐶𝑎1+𝑘 (1 + 𝑘)

+𝐸𝑎1+𝛽 cos(𝜃)𝛽 + 2𝐵𝑎2 + 𝐻 cos(𝜃)𝑎) = −𝑞
ℎ

(3.2.30)

For 𝜎𝑟 , 𝑟=𝑏 = 0,

1
𝑏2

(−𝐷 (−1 + 𝑘)𝑏1−𝑘 − 𝐹𝑏1−𝛽 cos(𝜃)𝛽 + 𝐶𝑏1+𝑘 (1 + 𝑘)
+𝐸𝑏1+𝛽 cos(𝜃)𝛽 + 2𝐵𝑏2 + 𝐻 cos(𝜃)𝑏) = 0

(3.2.31)

For 𝜏𝑟 𝜃, 𝑟=𝑎 = 0,

1
𝑎2

(sin(𝜃)
(
𝐸𝑎1+𝛽𝛽 − 𝐹𝑎1−𝛽𝛽 + 𝐻𝑎

)
) = 0 (3.2.32)

For 𝜏𝑟 𝜃, 𝑟=𝑏 = 0,

1
𝑏2

(sin(𝜃)
(
𝐸𝑏1+𝛽𝛽 − 𝐹𝑏1−𝛽𝛽 + 𝐻𝑏

)
) = 0 (3.2.33)

For
∫ 𝑏

𝑎
𝜎𝜃 |𝜃=± 𝜋

2
𝑑𝑟 =

𝑃

2ℎ
,

− 1
𝑎𝑏

(2𝐵𝑎2𝑏 − 2𝐵𝑎𝑏2 + 𝐶𝑎1+𝑘𝑏𝑘 − 𝐶𝑏1+𝑘𝑎𝑘 − 𝐷𝑎1−𝑘𝑏𝑘

+𝐷𝑏1−𝑘𝑎𝑘 + 𝐶𝑎1+𝑘𝑏 − 𝐶𝑏1+𝑘𝑎 + 𝐷𝑎1−𝑘𝑏𝑏 − 𝐷𝑏1−𝑘𝑎) = 𝑃

2ℎ

(3.2.34)

For
∫ 𝑏

𝑎
𝜎𝜃 |𝜃=± 𝜋

2
𝑟𝑑𝑟 = 0,

−𝐵𝑎2 − 𝐶𝑎1+𝑘𝑘 + 𝐷𝑎1−𝑘𝑘 + 𝐵𝑏2 + 𝐶𝑏1+𝑘𝑘 − 𝐷𝑏1−𝑘𝑘 = 0 (3.2.35)

For
∫ 𝑏

𝑎
𝜏𝑟 𝜃 |𝜃=± 𝜋

2
𝑑𝑟 = 0,

− 1
𝑎𝑏

(−𝐻 ln(𝑏)𝑎𝑏 + 𝐻 ln(𝑎)𝑎𝑏 + 𝐸𝑎1+𝛽𝑏 − 𝐸𝑏1+𝛽𝑎 + 𝐹𝑎1−𝛽𝑏 − 𝐹𝑏1−𝛽𝑎) = 0 (3.2.36)
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3.2. Analytical model and stress prediction METHODOLOGY

From these equations, it can be observed that the integration constants 𝐴 and 𝐺 are eliminated.
Moreover, equation 3.2.33 did not aid in solving the system and hence it was discarded. Therefore,
a system of 6 unknowns and 6 equations is created. The solution of the 6x6 system will provide
the integration constants and eventually, the equations that predict the stress distribution for the
specific problem. The values of the integration constants can be found in Appendix A. One last
parameter that has to be defined before progressing to the failure analysis, is the engineering con-
stants of the laminate.

3.2.4 Engineering Constants

In order to better understand the stress distribution in the specific geometry and more specifically
in the laminate, a small introduction will be made about the Classical Laminate Theory (CLT). A
more detailed overview of the CLT can be found in the book "Engineering Mechanics of Composite
Materials" in Chapter 4 [49] and in Appendix B of this report.

In general, a laminate has two principal directions, the direction of the fibers (which is denoted by
1) and the direction perpendicular to the fibers (denoted by 2 and refers to the matrix). However,
the principal directions do not always coincide with the global coordinate system of the laminate.
The transformation between the lamina and laminate can be achieved with a transformation ma-
trix (𝑇). The same transformation can be applied to transform the layer’s material properties in the
global system.

When a laminate is subjected to a load (force, moment, or combination), stresses and strains are
developed. The strains are connected with the loads with the 𝐴𝐵𝐷 matrix, which is a table that
contains information about the stiffness of the laminate. The strains are calculated at a laminate
level and are connected with the stresses. At a later stage, the stresses at a laminate level (global
system) are transformed into stresses at the layer level (principal system). Comparing the principal
stresses with the material strength it can be concluded whether the ply will fail.

In the design of laminates made of composite materials, it is very common to use engineering con-
stants to describe the laminate’s stiffness. These constants can be obtained from simple tensile tests
but also analytically from the 𝐴𝐵𝐷 matrix. For a balanced and symmetric laminate in stretching,
the flexural engineering constants are given by the following equations [45],

𝐸𝑥 =
1
ℎ𝑎11

, 𝐸𝑦 =
1
ℎ𝑎22

𝐺𝑥𝑦 =
1
ℎ𝑎66

, 𝑣𝑥𝑦 = −𝑎12

𝑎11

𝑣𝑦𝑥 = −𝑎12

𝑎22

(3.2.37)

With 𝑎𝑖, 𝑗 being the entries of the inverse 𝐴 matrix of the laminate.

As can be observed from the equations of the boundary conditions (3.2.30-3.2.36), there are some
variables (𝑘 , 𝛽) that are a function of the engineering constants of the laminate in the radial (𝐸𝑟 ) and
tangential direction (𝐸𝜃 ). In order to determine the engineering constants in the 𝑟 and 𝜃 direction,
a transformation has to be applied. Specifically [19],
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1
𝐸𝑟

=
cos4(𝜃)
𝐸𝑥

+
(

1
𝐺𝑥𝑦

−
2𝑣𝑥𝑦
𝐸𝑥

)
cos2(𝜃) sin2(𝜃) + sin4(𝜃)

𝐸𝑦

⇒

𝐸𝑟 =
1

cos4(𝜃)
𝐸𝑥

+
(

1
𝐺𝑥𝑦

−
2𝑣𝑥𝑦
𝐸𝑥

)
cos2(𝜃) sin2(𝜃) + sin4(𝜃)

𝐸𝑦

(3.2.38)

1
𝐸𝜃

=
sin4(𝜃)
𝐸𝑥

+
(

1
𝐺𝑥𝑦

−
2𝑣𝑥𝑦
𝐸𝑥

)
cos2(𝜃) sin2(𝜃) + cos4(𝜃)

𝐸𝑦

⇒

𝐸𝜃 =
1

sin4(𝜃)
𝐸𝑥

+
(

1
𝐺𝑥𝑦

−
2𝑣𝑥𝑦
𝐸𝑥

)
cos2(𝜃) sin2(𝜃) + cos4(𝜃)

𝐸𝑦

(3.2.39)

1
𝐺𝑟 𝜃

= 4
(

1
𝐸𝑥

+ 1
𝐸𝑦

+
2𝑣𝑥𝑦
𝐸𝑥

)
cos2(𝜃) sin2(𝜃) +

(
cos2(𝜃) − sin2(𝜃)

)2

𝐺𝑥𝑦

⇒

𝐺𝑟 𝜃 =
1

4
(

1
𝐸𝑥

+ 1
𝐸𝑦

+
2𝑣𝑥𝑦
𝐸𝑥

)
cos2(𝜃) sin2(𝜃) +

(
cos2(𝜃) − sin2(𝜃)

)2

𝐺𝑥𝑦

(3.2.40)

𝑣𝑟 𝜃 = −𝐸𝑟

(
1
𝐸𝑥

+ 1
𝐸𝑦

− 1
𝐺𝑥𝑦

)
cos2(𝜃) sin2(𝜃) +

𝐸𝑟

(
cos4(𝜃) + sin4(𝜃)

)
𝑣𝑥𝑦

𝐸𝑥

(3.2.41)

It can be noticed that the engineering constants in the 𝑟, 𝜃 coordinate system are dependent on the
angle 𝜃. This is consistent with the idea that the stiffness of the laminate should not be the same
around the hole.

Additionally, in order to obtain the variables 𝑘 and 𝛽 (3.2.6), the ratio of 𝐸𝑟/𝐸𝜃 is needed. Since 𝑘 and
𝛽 are constants, the ratio of the engineering constants in every angle is obtained and then averaged
to acquire a unique value. Moreover, the average of every engineering constant is calculated by
integrating the equations around the hole (−𝜋/2 < 𝜃 < 𝜋/2). In particular,(

1
𝐸𝑟

)
𝑎𝑣𝑔

=
1
𝜋

∫ 𝜋
2

− 𝜋
2

1
𝐸𝑟

𝑑𝜃 =
−2𝐸𝑦𝐺𝑥𝑦𝑣𝑥𝑦 + 𝐸𝑥𝐸𝑦 + 3𝐺𝑥𝑦𝐸𝑥 + 3𝐸𝑦𝐺𝑥𝑦

8𝐸𝑥𝐺𝑥𝑦𝐸𝑦

⇒

𝐸𝑟 ,𝑎𝑣𝑔 =
8𝐸𝑥𝐺𝑥𝑦𝐸𝑦

−2𝐸𝑦𝐺𝑥𝑦𝑣𝑥𝑦 + 𝐸𝑥𝐸𝑦 + 3𝐺𝑥𝑦𝐸𝑥 + 3𝐸𝑦𝐺𝑥𝑦

(3.2.42)

(
1
𝐸𝜃

)
𝑎𝑣𝑔

=
1
𝜋

∫ 𝜋
2

− 𝜋
2

1
𝐸𝜃

𝑑𝜃 =
−2𝐸𝑦𝐺𝑥𝑦𝑣𝑥𝑦 + 𝐸𝑥𝐸𝑦 + 3𝐺𝑥𝑦𝐸𝑥 + 3𝐸𝑦𝐺𝑥𝑦

8𝐸𝑥𝐺𝑥𝑦𝐸𝑦

⇒

𝐸𝜃,𝑎𝑣𝑔 =
8𝐸𝑥𝐺𝑥𝑦𝐸𝑦

−2𝐸𝑦𝐺𝑥𝑦𝑣𝑥𝑦 + 𝐸𝑥𝐸𝑦 + 3𝐺𝑥𝑦𝐸𝑥 + 3𝐸𝑦𝐺𝑥𝑦

(3.2.43)
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(
1
𝐺𝑟 𝜃

)
𝑎𝑣𝑔

=
1
𝜋

∫ 𝜋
2

− 𝜋
2

1
𝐺𝑟 𝜃

𝑑𝜃 =
2𝐸𝑦𝐺𝑥𝑦𝑣𝑥𝑦 + 𝐸𝑥𝐸𝑦 + 𝐺𝑥𝑦𝐸𝑥 + 𝐸𝑦𝐺𝑥𝑦

2𝐸𝑥𝐺𝑥𝑦𝐸𝑦

𝐺𝑟 𝜃,𝑎𝑣𝑔 =
2𝐸𝑥𝐺𝑥𝑦𝐸𝑦

2𝐸𝑦𝐺𝑥𝑦𝑣𝑥𝑦 + 𝐸𝑥𝐸𝑦 + 𝐺𝑥𝑦𝐸𝑥 + 𝐸𝑦𝐺𝑥𝑦

(3.2.44)

𝑣𝑟 𝜃,𝑎𝑣𝑔 =
1
𝜋

∫ 𝜋
2

− 𝜋
2
𝑣𝑟 𝜃𝑑𝜃 =

(
6𝐸𝑦𝐺𝑥𝑦𝑣𝑥𝑦 + 𝐸𝑥𝐸𝑦 − 𝐺𝑥𝑦𝐸𝑥 − 𝐸𝑦𝐺𝑥𝑦

)
𝐸𝑟 ,𝑎𝑣𝑔

8𝐸𝑥𝐺𝑥𝑦𝐸𝑦

(3.2.45)

In conclusion, the engineering constants of the laminate have been obtained. Therefore, by sub-
stituting the values of 𝑘 and 𝛽 (3.2.6) in the boundary conditions (3.2.30-3.2.36), the integration
constants can be calculated.

3.3 Failure mode analysis

After specifying the integration constants, the stresses calculated from equations 3.2.14-3.2.16 are
expressed in a radial and tangential direction. In order to obtain the stress distribution inside the
laminate, the stresses have to be transformed in the global coordinate system. Specifically, the
stresses in the global coordinate system are given by the following equations [19],

𝜎𝑥 = 𝜎𝑟 cos2(𝜃) + 𝜎𝜃 sin2(𝜃) − 2𝜏𝑟 𝜃 sin(𝜃) cos(𝜃)

𝜎𝑦 = 𝜎𝑟 sin2(𝜃) + 𝜎𝜃 cos2(𝜃) + 2𝜏𝑟 𝜃 sin(𝜃) cos(𝜃)

𝜏𝑥𝑦 = (𝜎𝑟 − 𝜎𝜃 ) sin(𝜃) cos(𝜃) + 𝜏𝑟 𝜃
(
cos2 𝜃 − sin2 𝜃

) (3.3.1)

By defining the radius and the angle, the stress equations can predict the stress in the specific loca-
tion. Repeating the same process for a range of radii and angles, the stress distribution of the entire
geometry can be predicted. The next step of the process is to calculate the stresses in every layer.

The stresses in the global coordinate system are multiplied by the thickness of the laminate. This
process is used in order to obtain the internal loads applied to the laminate (𝑁𝑥 , 𝑁𝑦, 𝑁𝑥𝑦). Therefore,
by having specified the internal loads and the 𝐴𝐵𝐷 matrix, the strains in every layer (in the layers
coordinate system) at the specific location of the laminate can be estimated. Repeating this process
for every location on the geometry, the stress distribution in a lamina level (𝜎1, 𝜎2, 𝜏12) can be
predicted. A schematic of this approach is depicted in Figure 3.7.

Figure 3.7: Approach of calculating the stresses per layer.
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The stresses of every layer are compared with the strength of the material by implementing spe-
cific failure criteria. After checking the stresses of every layer throughout the entire geometry, the
exact location of failure can be determined. Based on the location of failure (failure angle), and by
applying the observations of Chang et al. [33], the failure mode of the lug (net tension, shear-out,
bearing) can also be specified.

3.3.1 Failure criteria

According to Reifsnider et al.[50] there are more than 30 criteria/theories that can predict the fail-
ure in a composite laminate. These criteria can be distinguished into three categories, namely the
limit criteria, the interaction criteria, and the criteria with independent failure modes.

The limit criteria compare the stresses in a lamina level with the material strength separately and
can predict the failure load and the mode of failure (e.g., fiber failure, matrix cracking). However,
the interaction between stress components is not taken into account. Some of the failure criteria
included in this category are the Maximum Strain and Maximum Stress.

The interaction failure criteria can predict the failure load but not the failure mode. According to
Reifsnider et al. [50], these criteria are curve-fitting techniques without a solid theoretical basis.
These criteria use polynomial equations of the stress components, and failure is assumed when
the equation is satisfied [51]. This category includes criteria such as the Tsai-Hill, Tsai-Wu, and
Yamada-Sun.

The criteria with independent failure modes can predict the mode and load of failure. The failure
of matrix or fiber is well distinguished in this category. Based on the study of Reifsnider et al. [50],
these criteria are more conservative than the limit criteria which according to the authors are used
to introduce simplicity to a study. Criteria included in this category are Hashin, Hashin-Rotem, and
Puck.

The criteria mentioned in this section, are a small sample of the wide range of criteria used in the
design of a composite structure. The criteria that are going to be utilized in this research are from
the category of the criteria with the independent failure modes. This choice is substantiated by the
fact that the criteria in this category are conservative, and can predict the mode and load of failure.

In order to ensure that the thesis topic remains within manageable time bounds, it became essen-
tial to select a limited yet representative sample of failure criteria of this category. Consequently,
two failure criteria, namely Puck and Hashin, were selected. The choice of specific criteria is further
fortified by the comparative analysis of Zarouchas [52] who presented that Puck and Hashin have
good predictive accuracy and require few empirical parameters and are easy to implement.

Hashin

As mentioned previously, Hashin is one of the criteria in the category with independent failure
modes. Specifically, with Hashin the fiber and matrix failure in tension or compression can be de-
tected. The equations of this failure criterion are [53],

Fiber failure in tension (𝜎1 > 0): (
𝜎1

𝑋t

)2

+
(
𝜏12

𝑆12

)2

= 1 (3.3.2)

Fiber failure in compression (𝜎1 < 0):
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𝜎1

−𝑋c
= 1 (3.3.3)

Matrix failure in tension (𝜎2 > 0): (
𝜎2

𝑌t

)2

+
(
𝜏12

𝑆12

)2

= 1 (3.3.4)

Matrix failure in compression (𝜎2 < 0): (
𝜎2

𝑌c

)2

+
(
𝜏12

𝑆12

)2

= 1 (3.3.5)

With 𝑋𝑡 , 𝑋𝑐, the strength of the material in the longitudinal direction in tension and compression.
𝑆12 is the shear strength of the material, and 𝑌𝑡 , 𝑌𝑐 is the strength of the material in the transverse
direction in tension and compression.

Puck

Puck belongs in the same category of failure criteria. Except for the fiber failure, the Puck failure
criterion can distinguish three types of matrix failure or else Inter Fiber Failure (IFF). The IFF is
considered a brittle failure leading to a fracture plane parallel to the fibers at a specific failure angle
𝜃 𝑓 𝑝 [54]. The three IFF failure modes (Mode A, B, C) are depicted in Figure 3.8.

Figure 3.8: Inter Fiber Failure modes [52].

The different types of failure are given by the following equations,

Fiber failure in tension (𝜎1 > 0) [45]:

𝐸1

𝑋𝑡

[
𝜀1 +

𝜈12

𝐸1
𝑚𝜎𝜎2

]
= 1 (3.3.6)

Fiber failure in compression (𝜎1 < 0) [45]:

𝐸1

−𝑋𝑐

[
𝜀1 +

𝜈12

𝐸1
𝑚𝜎𝜎2

]
= 1 (3.3.7)

IFF Mode A (𝜎2 > 0) [52]:
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√︄(
𝜎12

𝑆12

)2

+
(
1 − 𝑝 (+)12

𝑌𝑇

𝑆12

)2 (
𝜎2

𝑌𝑇

)2

+ 𝑝 (+)12

𝜎2

𝑆12
= 1 (3.3.8)

IFF Mode B (𝜎2 < 0) and (0 ≤
���� 𝜎2

𝜎12

���� ≤ 𝜎A
23��𝜎c
12

�� ) [52]:

1
𝑆12

(√︂
𝜎2

12 +
(
𝑝
(−)
12 𝜎2

)2
+ 𝑝 (−)12 𝜎2

)
= 1 (3.3.9)

IFF Mode C (𝜎2 < 0) and (0 ≤
����𝜎12

𝜎2

���� ≤ ��𝜎c
12

��
𝜎A

23

) [52]:
©­­«

𝜎12

2
(
1 + 𝑝 (−)23

)
𝑆12

ª®®¬
2

+
(
𝜎2

𝑌𝐶

)2


𝑌𝐶

(−𝜎2)
= 1 (3.3.10)

The parameters 𝜎A
23, 𝜎C

12 and 𝑝
(−)
23 mentioned in the previous equations are defined as,

𝜎A
23 =

𝑆12

2𝑝 (−)12

(√︂
1 + 2𝑝 (−)12

𝑌𝐶

𝑆12
− 1

)
𝜎c

12 = 𝑆12

√︃
1 + 2𝑝 (−)23

𝑝
(−)
23 = 𝑝

(−)
12

𝜎A
23

𝑆12

(3.3.11)

Moreover, as it was mentioned by Zarouchas [52], Puck requires some empirical parameters. In
particular, for UD carbon fiber material, p(+)

12 = 0.3, p(−)
12 = 0.2 and 𝑚𝜎 = 1.1.

3.4 Design and optimization

3.4.1 Deisgn Guidelines

Before optimizing the laminate of the structure some basic design guidelines have to be followed.
As specified by Kassapoglou et al. [45] in Chapter 12 of the book "Design and Analysis of Composite
Structures", the basic guidelines when designing a composite laminate are the following,

• Laminates should be symmetric in order to reduce the bending/membrane coupling (the en-
tire 𝐵 matrix is zero).

• Laminates should also be balanced (for every +𝜃 there should be a −𝜃 in the laminate) in order
to eliminate shear/stretching coupling (𝐴16 = 𝐴26 = 0).

• The 10% rule must always be followed. To elaborate, every laminate has to have at least 10% of
the fibers aligned with the four principal directions, namely 0𝑜, −45𝑜, +45𝑜, 90𝑜. This gives the
ability to the laminate to cope with secondary loads for which the laminate is not designed
for, and prevent premature failure.

• The consecutive UD layers with the same orientation should be no more than 4. This rule is
applied due to the fact that micro-cracks starting from one end of the stack travel to the other
end without getting arrested.
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• The stack of the same orientation layers should be interrupted by layers with orientation no
more than 45𝑜. If the orientation of the layer is more than 45𝑜, the mismatch between the
stiffness of the adjacent layers can initiate delaminations. Additionally, this interruption helps
arrest matrix cracks.

• The 0𝑜 plies should be positioned as far as possible from the middle plane in order to increase
the bending stiffness of the laminate (entry 𝐷11 is increased).

These rules act as guidelines for designing an optimal laminate. To progress one step further and
achieve the optimal laminate with respect to its failure load, the use of an optimization algorithm
is imperative.

3.4.2 Optimization

Although an optimization algorithm is not in the scope of this thesis, it will be described in order
to act as a guideline for future research topics. In particular, the optimization of a composite lug is
distinguished into two categories. The first category implies the optimization of the lug with regard
to its failure load. The higher the load, the stronger the lug for a specific failure mode. The second
type of optimization refers to achieving a failure load which is almost the same for every mode of
failure of the lug (net tension, shear-out, bearing). In this way, the laminate is not over-designed
for a particular failure mode.

Regardless of the aim of optimization, there are some steps that need to be followed. For the op-
timization algorithm, the only parameter that can be altered is the orientation of the layers and
their sequence. The geometry of the lug, for instance, the ratios 𝑤/𝐷, 𝑒/𝐷, and the thickness (total
number of layers) should remain stable.

Optimization should be applied on a simple laminate with all 0𝑜 degrees layers and a specific load.
The stresses for this laminate are calculated, and the exact location and the mode of failure are es-
tablished. As a next step, some of the 0𝑜 degree plies are substituted by ±45𝑜 plies. The process is
repeated and the failure load is again calculated. If the failure load is higher, the algorithm contin-
ues adding ±45𝑜. The process stops when the ±45𝑜 layers are 25% of the total laminate. It should
be noted that an all 0𝑜 layers laminate is expected to have a relatively low failure load due to the
stress concentration around the hole. However, if the algorithm fails to find a layer sequence with a
failure load higher than the ’all 0𝑜’ laminate, it continues with the laminate with the second-highest
failure load.

After this process, a laminate with 0𝑜 and ±45𝑜 layers is obtained. However, it is important to imple-
ment the designing guidelines and specifically, the 10% rule. For this reason, some of the 0𝑜 plies
are substituted with 90𝑜 plies. The algorithm stops when the 90𝑜 has reached a 15% of the total
laminate. The final laminate should have a ratio of 25% of ±45𝑜, 15% of 90𝑜,and 60% of 0𝑜 layers.

At this point, it is worth justifying the layer percentage selection. Specifically, the high ratio of 0𝑜

layers has to do with the fact that the lug is loaded in tension, and therefore more fibers are needed
in the loading direction. The division of the percentages is considered appropriate given the fact
that ±45𝑜 layers (25%) are more essential since they aid in better distributing the stresses around
the hole. Finally, the percentage of 90𝑜 layers is the lowest (15%) since these layers are placed in
order to have fibers in all the principal directions of the laminate. A schematic of the optimization
algorithm is depicted in Figure 3.9.
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Figure 3.9: Optimization algorithm schematic.

3.4.3 Lug design

Having specified the design guidelines and the optimization technique, a laminate has to be de-
signed in order to test the theory developed in this thesis topic. This laminate was utilized for
developing the FEM model, but also for manufacturing the specimens for the tensile test. For the
analytical solution, plenty of laminates were tested and compared with finite method results in or-
der to ensure the accuracy of the method.

First of all, a thick laminate has to be developed in order to represent the actual lug geometry (lugs
in the aerospace field have a thickness of 3 − 5𝑚𝑚 [45]). For this reason, the appropriate choice
would be a laminate with over 5 𝑚𝑚 thickness. Given the fact that the average ply thickness of a
UD ply is 0.13 − 0.18 𝑚𝑚, a 28-layer laminate was designed. By following all the design guidelines
mentioned, the final laminate is,

𝑙𝑎𝑚𝑖𝑛𝑎𝑡𝑒 𝑓 𝑖𝑛𝑎𝑙 = [04/45/0/−45/02/45/0/−45/902]𝑠
It is worth mentioning that although this is the final laminate, there are many laminates with vari-
ous combinations of layer orientation that adhere to the design guidelines.

Regarding the geometry of the lug, it is crucial to implement the observation of some authors from
the literature. In particular, as pointed out by Chang et al. [33] the ratio of 𝑤/𝐷 should not be very
low (𝑤/𝐷 −→ 1) due to the fact that the strength in tension decreases. Therefore, a ratio of 𝑤/𝐷 = 2
was selected. This selection is also substantiated by the research of Kassapoglou and Townsend
[43] who also selected the same ratio.

Moreover, the length of the lug should not be very short, so that the stresses from the clamping do
not influence the stresses around the hole. Hence a length of 𝐿 = 190𝑚𝑚 was chosen. In the tensile
tests conducted by Kassapoglou and Townsend [43], the same length was selected.

Concerning the edge distance ratio 𝑒/𝐷, as pointed out by Chang et al. [33], the lower the ratio, the
less the failure load. In order to have the hole concentric with the circular geometry of the lug, and
given the fact that a 𝑤/𝐷 = 2 was selected, a ratio 𝑒/𝐷 = 1 was chosen. Furthermore, a second lug
geometry was created with the same 𝑤/𝐷 ratio but with a lower edge distance ratio (𝑒/𝐷 = 0.8). It is
worth mentioning that the ratio of 𝑒/𝐷 = 1 was selected by some authors [43], [55] for conducting
tensile tests for composite mechanically fastened joints.
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3.5 Semi-analytical Approach

As a first step in validating the analytical approach, the stress equations in the polar coordinate sys-
tem were checked. According to research([33], [22], [45]), the radial stress 𝜎𝑟 (3.2.15) at the top half
of the circumference of the hole should be equal to the bearing stress (𝜎𝑏𝑒𝑎𝑟𝑖𝑛𝑔 = (2𝑃)/(𝜋𝑎ℎ) ·𝑐𝑜𝑠(𝜃))
(3.2.29). The graph of the two equations (3.2.15, 3.2.29) around the hole is depicted in Figure 3.10.

Figure 3.10: Bearing stress comparison with 𝜎𝑟 from analytical model.

It can be observed from the graph that the results are in accordance and hence the 𝜎𝑟 stress equa-
tion (3.2.14) is validated. Another point of validation is the shear stress 𝜏𝑟 𝜃 at the inner circumfer-
ence of the hole. Since it is assumed that there is no friction between the pin and the part, the value
of this term should be zero. Substituting the values and calculating the 𝜏𝑟 𝜃 around the hole from
equation 3.2.16, the results are close to zero (2𝑒−12). Therefore, it is validated that the equation is
correct.

Although equations 3.2.14, 3.2.16 are validated, it was noticed that the equation describing the 𝜎𝜃

(3.2.15), produced results one magnitude higher than the radial stress 𝜎𝑟 . This is controversial with
the results of Zhang and Ueng [22], who compared the normalized stress distribution for different
laminates, and resulted in a 𝜎𝜃 in the same magnitude with 𝜎𝑟 .

Even though a scrutinizing check of the method was performed, an error could not be spotted.
By carefully, evaluating all the equations, it was noticed that the integration constant 𝐷 influences
significantly the distribution of the tangential stress𝜎𝜃 compared to the other constants. Therefore,
since an error in the process could not be found, it was deemed appropriate to multiply the term
containing the integration constant 𝐷 with a factor (f ). The new equation for the tangential stress
𝜎𝜃 is given by,

𝜎𝜃 =
1
𝑟2

(cos(𝜃)𝐹𝛽(−1 + 𝛽)𝑟1−𝛽 + f · 𝑘𝐷 (−1 + 𝑘)𝑟1−𝑘 + cos(𝜃)𝐸𝛽(1 + 𝛽)𝑟1+𝛽

+𝐶𝑘 (1 + 𝑘)𝑟1+𝑘 + 2𝐵𝑟2 + 𝐻 cos(𝜃)𝑟)
(3.5.1)

In order to determine the factor f , a group of 10 laminates was created with stiffness in the load-
ing direction ranging from 9𝐺𝑃𝑎 to 131𝐺𝑃𝑎. The stiffness of the laminate in the loading direction
(𝐸𝑥) is a very important design parameter, and hence it was chosen as the main variable for esti-
mating the factor. Since the geometry of the lug influences the stress distribution around the hole
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([31], [32], [33]), the factor was determined for two types of geometries, specifically for 𝑤/𝐷 = 2
and 𝑤/𝐷 = 4. More geometries with various geometric characteristic ratios (e.g., 𝑒/𝐷) could have
been evaluated, however, it would raise the number of cases to be assessed, and hence the overall
duration of this thesis project.

The factor f was determined by comparing the stresses in a ply level (𝜎1, 𝜎2, 𝜏12) from the semi-
analytical approach with the stresses from a numerical model in Abaqus. Many iterations for every
laminate were performed and every time the factor was adjusted until the results of the compari-
son reached a satisfactory level (the results of this comparison are presented in section 4.5.2).

The 10 laminates for the two geometries (20 cases to be evaluated in total), were created by im-
plementing some of the design guidelines presented in 3.4.1. Specifically, adjacent layers do not
have a change in the orientation greater than 45𝑜, no more than four consecutive plies of the same
orientation (exceptions apply), and laminates are symmetric and balanced. Since the thickness
of a composite lug is between 3 − 5𝑚𝑚 (with an approximate layer thickness of 0.18𝑚𝑚), 28-layer
laminates were created. The laminates that were tested are presented in Table 3.1.

Table 3.1: Laminates for estimating the multiplication factor f .

N Laminate 𝐸𝑥 [GPa]
1 [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]𝑠 131.62
2 [0, 0, 0, 45, 0, 0, 0,−45, 0, 0, 0, 45, 0,−45]𝑠 99.80
3 [45, 0, 45, 0, 0,−45, 0,−45, 0, 45, 0, 0, 0,−45]𝑠 83.4
4 [45, 45, 45, 0,−45,−45,−45, 0, 45, 45, 0, 0,−45,−45]𝑠 50.29
5 [0, 0, 0, 0, 45, 0,−45, 0, 0, 45, 0,−45, 90, 90]𝑠 85.48
6 [90, 90, 45, 0,−45, 0, 0, 0, 45, 90, 90,−45, 0, 0]𝑠 69.01
7 [0, 0, 0, 90, 0, 0, 0, 90, 0, 0, 0, 90, 0, 90]𝑠 97.09
8 [0, 0, 90, 0, 0, 90, 0, 0, 90, 90, 0, 90, 0, 90]𝑠 79.54
9 [90, 90, 90, 0, 90, 0, 90, 0, 90, 0, 90, 0, 90, 90]𝑠 53.192

10 [90, 90, 90, 90, 90, 90, 90, 90, 90, 90, 90, 90, 90, 90]𝑠 9.23

As it can be observed, the laminates are categorized into groups that have: only a combination of
0𝑜/45𝑜 (2, 3, 4), those with 0𝑜/45𝑜/90𝑜 (5, 6), those with 0𝑜/90𝑜 (7, 8, 9), an all 0𝑜 (1) and an all 90𝑜

(10) laminate. The laminates were discretized in these categories in order to include various com-
binations of laminates with fibers in the four principal directions (0𝑜,±45𝑜, 90𝑜) and hence make
the approach of determining the factor more universal.

The result of this approach is a graph (different for every lug geometry) with the x-axis being the
stiffness of the laminate in the loading direction (𝐸𝑥) and the y-axis the multiplication factor f . By
obtaining the curve, the multiplication coefficient for laminates that are not included in the table
3.1 can be determined.

The curve is estimated as a polynomial regression of the points of every laminate. In order to deter-
mine the optimal degree of the polynomial function a statistical analysis was performed. In partic-
ular, as pointed out by Pakdemirli [56], the optimal degree in a polynomial regression is obtained
when the standard regression error (𝑆𝑦/𝑥) is minimized. Particularly, the 𝑆𝑦/𝑥 is defined by,

𝑆𝑦/𝑥 =

√︂
𝑅𝑆𝑆

𝑁 − (𝑛 + 1)
(3.5.2)

With 𝑁 being the total number of points (in this case, 𝑁 is equal to the number of laminates 𝑁 = 10),
𝑛 the polynomial degree, and 𝑅𝑆𝑆 the Residual Sum of Squares which is defined by,
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𝑅𝑆𝑆 =
∑𝑁

𝑖=1 (𝑦𝑖 − 𝑓 (𝑥𝑖))2

𝑦𝑖 : 𝑖𝑡ℎ value of the variable to be predicted
𝑓 (𝑥𝑖) : 𝑖𝑡ℎ predicted value of 𝑦𝑖

(3.5.3)

The standard regression error (𝑆𝑦/𝑥) with respect to the degree of the polynomial equation for the
two different geometries is presented in Figure 3.11.

(a) 𝑆𝑦/𝑥 versus the polynomial degree for 𝑤/𝐷 = 2. (b) 𝑆𝑦/𝑥 versus the polynomial degree for 𝑤/𝐷 = 4.

Figure 3.11: Standard regression error as a function of the polynomial degree for the two different
geometries.

As it can be observed from the graphs, the standard regression error is minimized for a second
degree in both geometries. Therefore, the data are better fitted with a second-degree polynomial
equation. For every geometry, the fitted curves with the data are presented in Figure 3.12.

(a) Fitted factor curve for 𝑤/𝐷 = 2. (b) Fitted factor curve for 𝑤/𝐷 = 4.

Figure 3.12: Fitted second-degree polynomial curves for the two geometries.

For the geometry 𝑤/𝐷 = 2, the equation that predicts the factor based on the laminate’s 𝐸𝑥 is,

𝑦 = −0.00001 · 𝑥2 + 0.00203 · 𝑥 − 0.00260 (3.5.4)

For the geometry 𝑤/𝐷 = 4, the equation is,

𝑦 = −0.00001 · 𝑥2 + 0.00158 · 𝑥 + 0.03129 (3.5.5)

These polynomial curves act as a guideline for determining the factor for laminates with similar
geometries in the same range of 𝐸𝑥 . The curves are depicted in a common graph in Figure 3.13.
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Figure 3.13: Polynomial fitting curves for geometries 𝑤/𝐷 = 2, 𝑤/𝐷 = 4.

Finally, comparing the principal stresses of the semi-analytical approach around the hole pre-
sented good proximity with the results of the numerical simulation. It is worth noting that the
results were concurrent with the conclusion of the research of York et al. [32]. Specifically, the 𝑤/𝐷
did not influence the stress distribution, however, it affected the magnitude of the stresses. The
results of the comparison are presented in 4.5.2.
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CHAPTER 4

Numerical Simulations

Chapter 4 entails information about the process followed for developing the numerical models. In
this chapter, the boundary conditions, the geometry, and the materials utilized for modeling the
lug will be described. Furthermore, a new numerical model will be developed in order to reduce
the solving time. Finally, the results of the numerical model will be used to validate the results of
the semi-analytical approach presented in the previous chapter.

4.1 Simulation set-up and parameters

For simulating a composite lug under tension, the Finite Element Method (FEM) was utilized. All
the simulations were performed in the Abaqus software, which is a numerical simulation tool for
modeling structures with various geometries and materials including composites. The creation of
a numerical model entails specific steps. Particularly, the first step is the creation of the geometry
of the component under investigation and its discretization in elements, and the next step is the
assignment of the material. Lastly, loads and restraints are applied to the model in order to simulate
the actual loading conditions of the component.

4.1.1 Geometry

There are two types of geometries that can be created in the simulation software. There are the 3-D
and the 2-D geometries. The semi-analytical approach developed in this research project focuses
mainly on describing the in-plane phenomena on the lug (e.g., stresses and strains) and hence, a
2-D geometry was selected. A 3-D geometry would have been ideal for studying the out-of-plane
stresses and strains.

As was discussed in the Literature Review (Figure 2.6), the important geometric characteristics of
a lug are the ratio of width over its hole diameter (𝑤/𝐷) and the ratio of the edge distance over the
hole diameter (𝑒/𝐷). These characteristics have a crucial influence on the failure mode of the lug.
Moreover, the length of the lug is selected based on lug geometries used in previous research.

The geometry that was modeled is based on the research of Kassapoglou and Townsted [43] (see
3.4.3). Specifically, a ratio of 𝑤/𝐷 = 2 and 𝑒/𝐷 = 1 was selected, and a length of 𝐿 = 190𝑚𝑚.
Additionally, a second geometry was tested with different geometric characteristics but with ap-
proximately similar ratios (𝑤/𝐷 = 2 and 𝑒/𝐷 = 0.8) and length (𝐿 = 190𝑚𝑚). The second geometry
was selected as a means to observe how the differences in the geometry influence the stress distri-
bution, failure load, and failure mode of the composite lug. The designs are depicted in Figure 4.1.
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(a) Design 1: 𝑤/𝐷 = 2, 𝑒/𝐷 = 1. (b) Design 2: 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8.

Figure 4.1: Geometric characteristics of the two designs that were studied.

4.1.2 Element type

Modeling of a composite component in a numerical simulation software can be performed with
the use of either shell or solid elements. For the composite lug that is studied in this research topic,
shell elements were utilized. The selection of this type of element is substantiated by the fact that
the main focus of this research is studying the in-plane stresses and strains.

In particular, the lug geometry was modeled with fully integrated, conventional shell elements (El-
ement type: S4). As described in the Abaqus manual [57], full integration elements are useful for
models with local stress concentrations that are not subjected to bending loads. Since the lug is
subjected only to tensile loads, and stress concentration is expected around the hole, this type of
element was considered ideal.

Another important characteristic of the mesh of the model is the number of elements. In order to
acquire the optimal element length a trade study was conducted. The converge criterion was the
maximum in-plane principal stress. This choice is supported by the fact that maximum stress is
the main reason for failure, and hence knowing its exact value is very crucial.

In the beginning, a large element length is selected and then it is decreased at a standard pace
(dividing the element length in half in every iteration) in order to be able to compare the results. A
mesh is considered converged when its values are within 5% of the values of the most refined mesh.
The convergence study is depicted in Figure 4.2.
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Figure 4.2: Convergence study for the element length.

It can be observed that the optimal element length is 1.87𝑚𝑚, which results in a lug with a total
number of elements equal to 2555. Selecting the finest mesh would not aid significantly in the
accuracy of the model however, it would increase the processing time.

4.1.3 Material model

The material that was utilized in the simulations was the HexPly AS4 8552 Uni-directional carbon
fiber prepreg tape, manufactured by Hexcel. The same material was later used for the manufac-
turing of the lug specimens for the tensile tests. The material properties are presented in Table 4.1
[58].

Table 4.1: Material properties.

Hexply AS4 8552
Property Value Unit

𝐸1 131.62 GPa
𝐸2 9.23 GPa
𝐺12 4.813 GPa
𝑣12 0.302 -
𝑡 0.187 mm
𝑋𝑡 2063.04 MPa
𝑋𝑐 1484.37 MPa
𝑌𝑡 63.91 MPa
𝑌𝑐 268.55 MPa
𝑆12 91.56 MPa

For modeling the material in Abaqus, a conventional shell approach was used. Another important
step in laminate creation is establishing the correct fiber orientation. Specifically, a coordinate
system is created, with the x direction aligned with the load. In addition, every layer orientation is
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given with respect to the created coordinate system. An example of how the principal axis (1: fiber,
2: matrix) are oriented for a 45𝑜 layer is depicted in Figure 4.3.

Figure 4.3: Layer orientation in the FEM model.

4.2 Lug model

The primary aim of the FEM simulation is to obtain the stress field around the hole of the lug, in
the plane of loading. Therefore, a static analysis was performed. The output of this analysis are the
stresses in the principal direction of every layer, which were used for validating the semi-analytical
approach of this research topic. Moreover, a first-ply failure criterion (4.3) was applied in order to
determine the mode of failure of the composite lug.

4.2.1 Boundary conditions

In order to compare the stress results of the two methods, it is of crucial importance to have the
same boundary conditions. Since the load in the semi-analytical approach is applied as cosine dis-
tribution, the same approach was used in the FEM model.

Particularly, a shell edge load was applied at the circumference of the upper part of the hole. The
value of the shell edge load was defined as a constant (𝐶) multiplied by a trigonometric function
(𝑞𝑠ℎ𝑒𝑙𝑙−𝑒𝑑𝑔𝑒−𝑙𝑜𝑎𝑑 = 𝐶 ·𝑐𝑜𝑠(𝜃)). As specified in the semi-analytical approach in Chapter 3, the constant
was set equal to the magnitude of the load per unit length 𝑞 (3.2.28) and therefore 𝐶 = 2𝑃/𝜋𝑎, with
𝑃 being a load (𝑁) and 𝑎 (𝑚𝑚) the radius of the hole. Furthermore, the lug geometry is restrained in
all degrees of freedom at the bottom edge. A schematic of the boundary conditions can be observed
in Figure 4.4.
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Figure 4.4: Boundary conditions of the FEM model.

4.2.2 Lug stress distribution

The last step of the processing is running the model to the solver and acquiring the results. Particu-
larly, the output of the analysis is the stresses and strains in each ply of the laminate. The stresses in
each layer are projected in the principal direction of the layer, specifically direction 1 which corre-
sponds to the fiber direction, and direction 2 which corresponds to the direction perpendicular to
the fibers (matrix). An example of how the principal stresses are distributed in the first layer (0𝑜) of
Design 1 (𝑤/𝐷 = 2, 𝑒/𝐷 = 1) for laminate [04/45/0/−45/02/45/0/−45/902]𝑠 is depicted in Figure 4.5.

Figure 4.5: Principal stresses on the 0𝑜 layer in the FEM model.

It is worth noting that the distribution of the principal stresses is affected by the fiber orientation.
After acquiring the stress distribution for each ply, the following step is to apply a first-ply-failure
criterion in order to detect which ply is failing first, and how the failure progresses in each layer.

4.3 First Ply Failure

As was described in section 3.3.1, there are many failure criteria in the composite material field,
however, Abaqus offers only 5 in-plane failure criteria. It is worth mentioning that these criteria are
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used only as a means of detecting failure, and no degradation of the material properties is applied
after failure is detected [57].

These five criteria are distinguished in stress-based and strain-based failure theories. In the first
category, failure criteria such as the Maximum Stress, Tsai-Hill, Tsai-Wu, and Azzi-Tsai are included.
For the strain-based failure theories, only the Maximum Strain criterion is included. In a trade study
presented in the manual of the numerical simulation software, it was concluded that the Tsai-Hill
is the most conservative of the ones provided [57]. Moreover, it is one of the simplest to implement
since it requires only the strength of the material.

By inserting the strength of the material in tension (𝑋𝑡 ,𝑌𝑇 ) compression (𝑋𝑐,𝑌𝑐) and shear (𝑆12), the
failure value 𝑅 is calculated. This variable has positive values, and it is lower than one (𝑅 < 1) when
for the given loading case, failure does not occur. If the value of R is greater than one (𝑅 ≥ 1) then
failure is implied.

Applying the Tsai-Hill failure criterion, on the lug with the [04/45/0/−45/02/45/0/−45/902]𝑠 lami-
nate, it can be observed that for a given load, failure occurs firstly in the 90𝑜 layers in the middle of
the laminate as can be observed from Figure 4.6.

Figure 4.6: First Ply Failure on the 90𝑜 layer in the FEM model.

It can be noticed that for the 90𝑜 layer, failure occurs at the edge of the hole (𝑅 > 1) and specifically
on the left and right side. Moreover, it is observed that the failure follows an upward path. Hence,
it can be assumed that in a case of a higher load, failure would occur along the path depicted with
green color in the previous image. According to Chang et al. [33], this resembles a shear-out type
of failure. The failure mode prediction will be described thoroughly in Chapter 6.
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4.4 Half circle spring model

In some applications, in an aircraft, lugs can have a larger width and length than the one mod-
eled in this research topic. Analysing a larger lug would increase the total number of elements and
hence the overall processing time. In addition, the semi-analytical stress results could have devi-
ated from the results of the lug, due to the difference in the geometry. For all these reasons, it was
deemed appropriate to create a model that would have the same geometry as the one modeled in
the semi-analytical approach, give nearly the same results as the full lug model and at the same
time be more efficient (in terms of element number and processing time) in analyzing large lugs.

The new model is called ’Half Circle Spring model’ and is a combination of a semi-circular geometry
with springs attached at the edges. The springs are attached at the bottom side of the geometry, and
their stiffness value is calculated so that it matches the stiffness of the elements to which they are
attached. The springs were added in order to approach the response of the lug geometry in a tensile
load applied in the hole. The geometry of the model is depicted in Figure 4.7.

Figure 4.7: Half Circle Spring model.

The same modeling approach with the lug was followed in this model. Specifically, plane stress
conventional elements (S4) were used, with an element length of 1.87𝑚𝑚. It is worth noting that
the total number of elements is 240, which translates to 90% element reduction compared to the
full lug model.

4.4.1 Spring constant calculation

In order to define the springs two points are needed. The first point is positioned at a distance
of one element length exactly opposite from the edge. The second point is the element node on
the edge of the geometry. To perfectly define the spring, the next step is to calculate its stiffness
𝐾 [𝐹𝑜𝑟𝑐𝑒/𝐿𝑒𝑛𝑔𝑡ℎ]. The value is given by the equation,

𝐾 =
𝐸 · 𝐴
𝑙

(4.4.1)

Where 𝐸 is the stiffness of the laminate in the direction of the spring (for the bottom edge 𝐸𝑥), 𝐴 is
the cross-sectional area of the element (𝐴𝑒𝑙 = 𝑥 · ℎ) and 𝑙 is the length of the element in the direc-
tion of the springs. In addition, in order to simulate the resistance of the pin inside a hole, a spring
was placed inside the hole, perpendicular to the applied load. The position of the springs and an
approximation of their stiffness is observed in Figure 4.8.
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Figure 4.8: Spring stiffness calculation.

During the simulation of the lug, it was noticed that the outer side is stiffer than the side of the hole
(the displacement of the nodes perpendicularly to the force on each side where measured, and the
inside node has a larger displacement). In order to account for this in the Half Circle model, it
was decided that the stiffness of the spring would vary across the edge. Specifically, the stiffness of
the spring in the hole would be calculated with the expression 4.4.1, and the spring at the outside
would have a stiffness which would be a factor/multiplier times the stiffness of the inner spring
(𝐾𝑜𝑢𝑡 = 𝑓 𝑎𝑐𝑡𝑜𝑟 · 𝐾𝑖𝑛).

In order to determine this factor a convergence study was conducted. The criterion of comparison
was the maximum principal in-plane stress (at the elements on the edge), which is the most crucial
for predicting failure. The results were compared with the maximum in-plane stress of the lug
model. The factor would start from a very high value and would decrease exponentially. When
the results between the two models would have a difference lower than 20% (percentage assumed
as a fair comparison between the models), the optimal factor was specified. The results of the
convergence study are presented in Figure 4.9.

Figure 4.9: Convergence study for obtaining the spring stiffness multiplier.
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The outcome of this study is a factor equal to two ( 𝑓 𝑎𝑐𝑡𝑜𝑟 = 2). The values of the stiffness for the
springs between these two points are calculated by using a linear equation between the extreme
values.

4.4.2 Boundary conditions

Boundary conditions are applied on one of the nodes of the springs, and the geometry of the model.
Specifically, one node of the springs (Figure 4.10) is fixed in all degrees of freedom, so that it does
not move in any direction. On the geometry, one node on each side is pinned, in order to match
the conditions applied in the analytical model. Finally, a constraint is placed on a node at the top
side of the geometry, in order to restrain the movement of the model in the 3-D space. Regarding
the loading condition, a cosine distributed shell edge load is applied with the same magnitude as in
the case of the lug and the analytical model. A summary of the boundary conditions on the model
is depicted in Figure 4.10.

Figure 4.10: Boundary conditions of the half circle spring model.

As in the lug model, a simple static analysis is run. In order to validate this approach, the principal
stresses are going to be compared in three regions in various layers of the laminate. Finally, the
stress distribution of the principal stresses between the two numerical approaches is going to be
compared.

4.5 Results

4.5.1 Numerical models comparison

In order to validate the half circle spring numerical model, a comparison with the lug approach was
made. Specifically, this comparison entails the stress distribution (principal stresses contour plots)
between the two models, and their principal stresses in three key regions. These regions include
the elements where the springs are attached (Region 1), the elements on a line at the top part of
the circle (Region 2), and the elements around the circle (Region 3). Reporting all the stress com-
ponents of all the layers in every region would make this research report difficult to follow. Hence,
the stress components and distribution are going to be presented in arbitrary layers (for validating
the model all cases were processed and compared).
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In particular, for Region 1, the stress distribution of the principal stress in the fiber direction (𝜎1) in
the 0𝑜 layer is presented in Figure 4.11.

Figure 4.11: 𝜎1 in the 0𝑜 layer across Region 1.

It can be observed from the graph, that the stresses from the two models are in accordance. The
highest difference is at the edge of the hole, where the maximum stress concentration is observed.
However, the difference between the principal stresses of the two models is approximately 20%.
The same principal stress (𝜎1) comparison in the is 0𝑜 layer for Region 2, is presented in Figure 4.12.

Figure 4.12: 𝜎1 in the 0𝑜 layer across Region 2.

In this comparison, the highest difference between the two models is around 7%. Therefore, the
stresses in Region 2 are in good accordance. Furthermore, the stress distribution around the hole
(Region 3) is very important. In order to present more data that would increase the validity of this
model, all the principal stress components were evaluated for Region 3. However, the comparison
is made for the 45𝑜 layer of the laminate. The results are depicted in Figure 4.13.
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(a) 𝜎1 in the 45𝑜 layer across Region 3. (b) 𝜎2 in the 45𝑜 layer across Region 3.

(c) 𝜏12 in the 45𝑜 layer across Region 3.

Figure 4.13: Principal stress components in the 45𝑜 layer across Region 3.

From the results, it can be concluded that the principal stress components for the 45𝑜 layer are in
good proximity. The maximum difference is observed for the stress component 𝜏12, at an angle of
84𝑜 (19%). It is worth mentioning that the results of the half circle spring model are plotted from
−84𝑜 to 84𝑜 (instead of −90𝑜 to 90𝑜). This choice is derived from the fact that the presence of two
springs attached to one element node at ±90𝑜, increases the stiffness of that element. This leads
to an increase in the stress calculated in the particular element (see figure 4.11), hence making this
approach more conservative.

Having already compared the stresses in every region for the 0𝑜 and 45𝑜, the last step was to com-
pare the stress distribution in the 90𝑜 layer. In this case, the comparison is made with the use of
contour plots in order to better represent the stress distribution. The stress distribution on the 90𝑜

layer of the lug is depicted in Figure 4.14.

Figure 4.14: Principal stresses on the 90𝑜 layer in the lug model.
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The principal stress distribution (𝜎1, 𝜎2, 𝜏12) on the 90𝑜 layer of the half circle spring model is de-
picted in Figure 4.15.

Figure 4.15: Principal stresses on the 90𝑜 layer in the half circle spring model.

The stress distribution between the two models is concurrent. The discrepancy in the 𝜎1 stress
of the half circle spring model is attributed to the fact that the specific element in the corner has
two springs attached to a single node (increasing the stiffness of the element). If this value is to
be considered very conservative and ignored, the maximum difference between the two models is
approximately at 22% (regarding the stress component 𝜎1).

In conclusion, the half circle spring model gives a satisfactory approximation of the stress distribu-
tion compared with the full lug model. This approach can be utilized for obtaining quick estimates
for the margin of safety of a lug, and when the design is finalized a detailed FE model of the entire
lug geometry can be made.

Moreover, observing the stress distribution in figures 4.14 and 4.15, it could be concluded that the
half circle spring model approach substantiates the initial assumption of this thesis that the most
critical part of the lug is around the hole and hence it can be approached by a curved beam ap-
proximation. Finally, this approach concluded that a 90% reduction in the total element number,
results in a maximum of 22% difference in the stress results. For large lugs, this approach could be
proven valuable and reduce the processing time of the analysis.

4.5.2 Semi-analytical method evaluation

In order to determine the validity of the semi-analytical approach, the principal stresses (𝜎1, 𝜎2, 𝜏12)
in every layer at the circumference of the hole were compared with the results from the numerical
simulation (full lug model, half circle spring model).

A crucial parameter in the semi-analytical approach is the multiplication factor which is presented
in section 4.3. Particularly, for every laminate the factor f was determined by trying to approach
(at the highest possible degree) the results of the semi-analytical method to the results obtained
through the numerical simulations. Although this methodology was tested for a variety of lami-
nates (see Table 3.1) and two geometries (𝑤/𝐷 = 2, 𝑤/𝐷 = 4), for reporting reasons, only the results
of the [04/45/0/−45/02/45/0/−45/902]𝑠 are presented for the geometry 𝑤/𝐷 = 2.

A comparison of the principal stress distribution between the two numerical models (lug, half-
circle spring) and the semi-analytical method, for the 0𝑜, 45𝑜, 90𝑜 layers, is depicted in Figure 4.16,
Figure 4.17 and Figure 4.18 respectively. The lug numerical model is represented by the green curve,
the half-circle spring model with the red, and the semi-analytical approach with the black.
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(a) 𝜎1 in the 0𝑜 layer on lug with 𝑤/𝐷 = 2. (b) 𝜎2 in the 0𝑜 layer on lug with 𝑤/𝐷 = 2.

(c) 𝜏12 in the 0𝑜 layer on lug with 𝑤/𝐷 = 2.

Figure 4.16: Principal stress components in the 0𝑜 layer on lug with 𝑤/𝐷 = 2.

(a) 𝜎1 in the 45𝑜 layer on lug with 𝑤/𝐷 = 2. (b) 𝜎2 in the 45𝑜 layer on lug with 𝑤/𝐷 = 2.

(c) 𝜏12 in the 45𝑜 layer on lug with 𝑤/𝐷 = 2.

Figure 4.17: Principal stress components in the 45𝑜 layer on lug with 𝑤/𝐷 = 2.
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(a) 𝜎1 in the 90𝑜 layer on lug with 𝑤/𝐷 = 2. (b) 𝜎2 in the 90𝑜 layer on lug with 𝑤/𝐷 = 2.

(c) 𝜏12 in the 90𝑜 layer on lug with 𝑤/𝐷 = 2.

Figure 4.18: Principal stress components in the 90𝑜 layer on lug with 𝑤/𝐷 = 2.

The results of the comparison for every layer are encouraging. In particular, the difference between
the semi-analytical and the full lug numerical model varies between 1% to 19% for the largest por-
tion around the hole. However, there are some cases (e.g., 𝜎2 in the 0𝑜) where the stresses have a
difference of 44%. Given the fact that this difference refers to areas where the stresses are not crit-
ical (in the magnitude of 0 − 20𝑀𝑃𝑎), the approach is considered promising. One last step of the
validation of the semi-analytical approach is to verify that the polynomial curves that estimate the
multiplication factor work for laminates different from the ones presented in Table 3.1.

In order to test the accuracy of the polynomial curves (3.5.4, 3.5.5) for the prediction of multiplica-
tion factor from the semi-analytical approach, two new laminates were created and evaluated for
both geometries. One laminate with relatively low 𝐸𝑥 and one with high. The two new laminates
are presented in Table 4.2.

Table 4.2: Laminates for accessing the multiplication factor’s f equations.

N Laminate Ex [GPa]
1 [0, 45, 90, 90, 90, 90,−45, 90, 90, 90, 45, 0,−45, 90]𝑠 34.73
2 [0, 0, 0, 45, 0,−45, 0, 0, 0, 0, 45, 90,−45, 0]𝑠 93.17

Substituting the 𝐸𝑥 of the laminates in the polynomial equations 3.5.4 and 3.5.5 the multiplication
factors are obtained (𝑤/𝐷 = 2 −→ 𝑓1 = 0.06/ 𝑓2 = 0.12, 𝑤/𝐷 = 4 −→ 𝑓1 = 0.08/ 𝑓2 = 0.11). Substituting
the relevant factor in 3.5.1 and following the methodology of the semi-analytical approach, the
principal stresses on the layers of the laminate can be determined. The principal stress distribution
of the first layer for laminate 1 with 𝐸𝑥 = 34.73𝐺𝑃𝑎 is illustrated for geometry𝑤/𝐷 = 2 in Figure 4.19.
The same distribution for the second laminate 𝐸𝑥 = 93.17𝐺𝑃𝑎 for the geometry 𝑤/𝐷 = 4 is depicted
in Figure 4.20.
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(a) 𝜎1 in the 0𝑜 layer on lug with 𝑤/𝐷 = 2. (b) 𝜎2 in the 0𝑜 layer on lug with 𝑤/𝐷 = 2.

(c) 𝜏12 in the 0𝑜 layer on lug with 𝑤/𝐷 = 2.

Figure 4.19: Stress components in the 0𝑜 layer on lug with 𝑤/𝐷 = 2 for laminate 𝐸𝑥 = 34.73𝐺𝑃𝑎.

(a) 𝜎1 in the 0𝑜 layer on lug with 𝑤/𝐷 = 4. (b) 𝜎2 in the 0𝑜 layer on lug with 𝑤/𝐷 = 4.

(c) 𝜏12 in the 0𝑜 layer on lug with 𝑤/𝐷 = 4.

Figure 4.20: Stress components in the 0𝑜 layer on lug with 𝑤/𝐷 = 4 for laminate 𝐸𝑥 = 93.17𝐺𝑃𝑎.
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The results of the two methods are in accordance. Although there are cases with a difference of 46%
(e.g., 𝜏12 in the 0𝑜 layer on lug with 𝑤/𝐷 = 4), it pertains to areas that the stresses are not critical
(e.g, difference magnitude of 20 − 30𝑀𝑃𝑎) and hence the results are considered promising. Finally,
it could be concluded that the semi-analytical approach, gives a satisfactory approximation of the
stresses developed in a laminate which could be used in a preliminary design phase of a composite
lug.
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CHAPTER 5

Experimental Validation

In order to validate the results of the numerical simulations, tensile tests were conducted. This
chapter will describe a detailed overview of the experimental process. Particularly, information
about the manufacturing process, micro-structural analysis, and testing set-up will be presented.

5.1 Manufacturing

With the purpose of acquiring the failure mode and load of a composite lug under tension, tensile
experiments were conducted. Two different geometries of specimens were tested with the same ge-
ometric characteristics as the numerical simulation models described in Chapter 4. To recapitulate,
the first geometry of the lug is similar to the geometry proposed in the paper of Kassapoglou and
Townsted [43], and the geometric characteristics (Figure 3.1) are: 𝑤 = 50𝑚𝑚, 𝐷 = 25, 𝐿 = 190𝑚𝑚,
𝑒 = 25𝑚𝑚 (𝑤/𝐷 = 2, 𝑒/𝐷 = 1). The second type of specimen has the same ratio 𝑤/𝐷 as the first
design; however, a different 𝑒/𝐷 ratio was selected. In particular, the geometric characteristics of
the second design are: 𝑤 = 40𝑚𝑚, 𝐷 = 20, 𝐿 = 190𝑚𝑚, 𝑒 = 16𝑚𝑚 (𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8). It is worth
mentioning that the second geometry was designed in order to test how the differences in the geo-
metric characteristics could affect the failure load and mode of a lug.

For the manufacturing of the composite specimens, curing with an autoclave was selected. A com-
posite lug is comprised of many layers, and hence laminating processes such as hand lay-up or in-
fusion would raise the difficulty of the manufacturing process. Furthermore, Resin Transfer Mold-
ing (RTM) techniques were not taken into account due to the high production cost of the molds
[59].

All the specimens were manufactured with a prepreg carbon fiber UD tape, specifically the HexPly
8552/AS4 [58] manufactured by Hexcel. One of the main reasons for the specific selection was the
availability of the material, which was provided by the composite laboratory of the Aerospace fac-
ulty of TU Delft. It is of utmost importance to mention that the material provided expired in 2015.
For this reason, it was imperative to conduct a micro-structural analysis in a later stage, to assess
the compaction of the layers and the fiber volume fraction of the laminate.

Manufacturing each specimen separately would require a lot of time and would increase the pro-
duction difficulty. Therefore, it was deemed appropriate to manufacture a large orthogonal plate
(450𝑚𝑚𝑥250𝑚𝑚) that could fit all the specimens and at a later stage the specimens would be cut
out with waterjet or a CNC mill.

The cutting of the prepreg material was performed by hand with a sharp cutting blade. The width
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of the prepreg tape is 150𝑚𝑚 and hence, the orthogonal plate would be made from strips of UD
tape, carefully positioned next to each other, and fixed with tape in order to create an orthogonal
layer. The material was cut carefully and the cuts between two adjacent layers would be at least
25.4𝑚𝑚 (1 inch) apart as can be observed in Figure 5.1.

Figure 5.1: Cutting pattern of the UD tapes.

If the cuts between the layers were aligned, the strength of the plate would be minimized due to the
fact that in the event of a crack propagating through the layers, the plate would break at the point
where the cuts of the material were aligned. An example of how a layer of +45 degrees orientation
is cut is depicted in Figure 5.2.

Figure 5.2: Cutting process of a 45-degree layer.

Another important step in the manufacturing process is the compaction of the layers. After all the
layers are assembled and trimmed, they are placed into a debulking table. The protective film of
the prepreg is removed, and the adjacent layers are placed together in pairs. The pair of layers are
placed on the table and 1 bar pressure is applied for 3 minutes (Step 1). After the compaction of
the pairs is completed, the protective film from one side is removed and the adjacent pairs of layers
are placed together. Pressure is then applied again for 6 minutes (Step 2). The same process is
repeated until all the layers are placed together (Step 3-4). This process ensures that all the layers
are well compacted and potential bubbles or voids between the layers are removed. The process is
described in Figure 5.3.
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Figure 5.3: Debulking process.

The next step of the process is the preparation of the mold. An aluminum flat plate was chosen as a
mold. The material of the mold was chosen due to its good thermal conductivity, ease of cleaning,
and for its availability in the composite lab of the faculty. In order to prevent any type of bending
of the mold due to the high temperature and the pressure applied in the autoclave, a thick plate
(𝑡 = 5𝑚𝑚) was selected.

The aluminum plate is cleaned thoroughly with acetone, and then a release agent is applied. A
tacky tape (sealant tape) is placed around the edge of the mold which is used later for attaching the
vacuum bag. First, a peel-ply is placed on the mold, and then the orthogonal carbon fiber plate is
positioned on top. Next, another layer of peel-ply is applied, and finally a layer of breather. The
peel-ply ensures that the breather is not going to get bonded with the part while curing, and the
breather is used for uniformly distributing the pressure applied in the vacuum bag, but also to ab-
sorb the excess resin of the prepreg [60]. Finally, the vacuum bag is placed on top, and a vacuum of
1 bar is applied. An overview of the laminating process is depicted in Figure 5.4.

Figure 5.4: Overview of the laminating process.
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When the mold is prepared, it is placed in the autoclave (Figure 5.6a). As specified by the manufac-
turer, the curing temperature of the material is 180 C and the applied pressure is 7 bar. The duration
of the entire curing cycle is 5.5 hours and can be observed in Figure 5.5.

Figure 5.5: Autoclave curing cycle.

When the material is cured, it is removed from the autoclave, and the excess consumables (e.g.,
peel-ply, breather) are thrown away. The final cured plate is depicted in Figure 5.6b.

(a) Mold prepared for the autoclave. (b) Cured composite plate.

Figure 5.6: Differences between two approaches regarding the layer lamination direction.

The final step of the manufacturing procedure is to cut out the specimens from the plate. For this
process, the waterjet cutting machine was utilized. This cutting process was selected due to the
high accuracy of the waterjet, and its ability to precisely cut parts with small thicknesses (𝑡 < 10𝑚𝑚).
The downside of this method is that the water hits the plate with pressure which can initiate de-
laminations near the point of impact.

As a final stage of the manufacturing process, it was deemed appropriate to paint the area around
the hole white. In this way, it would be easy to detect the appearance of cracks or delaminations at
the edges while testing. The final form of the test specimens can be seen in Figure 5.7.
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(a) Lug geometry 1: 𝑤/𝐷 = 2, 𝑒/𝐷 = 1. (b) Lug geometry 2: 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8.

Figure 5.7: Lug specimens.

Before initiating the testing phase, a microstructural analysis was conducted. This step aided in
calculating the fiber volume fraction and detecting the presence of voids in the laminate. More-
over, an attempt was made to predict the angle deviation of the fibers with regard to the laminate’s
direction.

5.2 Micro-Structural Analysis

Micro-structural analysis is the study of the laminate at a microscopic level. The interaction of the
constituents of the laminate (e.g., fibers, matrix) are studied in the scale of a fiber’s diameter (𝜇𝑚)
[61]. By observing a part of the laminate in this scale, the presence of voids, the compaction of the
layers, and the exact fiber orientation after manufacturing can be calculated.

5.2.1 Specimen Manufacturing

As a first step of this process, a piece of the laminate is cut with a diamond saw. The diamond blade
ensures that the edges of the sample that are placed in the microscope will not get damaged or
scratched. The samples are placed in a silicon mold and a fast-curing resin is poured. The sample
that was used for the analysis is presented in Figure 5.8.

(a) Samples placed in the silicon mold. (b) Final form of the sample before polishing.

Figure 5.8: Preparation of the samples for micro-structural analysis.

Next, the sample is sanded with various sanding papers starting from Grid 200 up to Grid 2000 and
then polished. For this process, a machine is used, which applies a standard force in order not
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to create scratches on the specimens (Figure 5.9a). The sanding and polishing process achieves a
smooth surface on the sample, which is later placed under the microscope (Figure 5.9b).

(a) Sample in the sanding/polishing machine. (b) Sample under the microscope.

Figure 5.9: Machines used for the micro-structural analysis.

In order to have variability in the results, 6 specimens were created. In 3 specimens (Type A) the
0-degree fibers point toward the lens of the microscope (upward), and in the rest (Type B) the 90-
degree fibers point upward. A 20x magnification lens was used, and images were collected from
different regions of the specimens. The final result of the magnification for a random sample is
illustrated in Figure 5.10.

(a) Sample Type A. (b) Sample Type B.

Figure 5.10: Images from the microscope for the two types of samples.
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5.2.2 Fiber Volume fraction estimation

Process description

The fiber volume fraction (𝑉 𝑓 ) of the laminate is obtained by implementing image processing tech-
niques. Since this is not the scope of the thesis a simple explanation will be given. In a grayscale
image (all colors in the image are shades of black and white e.g., Figure 5.10) the intensity of a pixel
ranges between 0 and 255 bins. The color black is represented by 0 bins and the color white by 255.
By creating a histogram of the pixel intensity of an image, a threshold value can be determined.
This value is utilized for converting the image into binary (image with only white and black pixels)
[62]. Particularly, all the pixels with values below the threshold are converted to black and the rest
to white. It can be assumed that the pixels with values below the threshold represent the matrix
and potential voids and the pixels above the threshold represent the fibers. The binarization of the
image with the threshold method is depicted in Figure 5.11.

(a) Grayscale image. (b) Binary image.

Figure 5.11: Microscope images for the two types of samples.

When the image from the microscope is transformed to binary, the white pixels represent the fibers.
Hence, the fiber volume can be calculated as the ratio of the white pixels divided by the total num-
ber of pixels in the image.

Tensile specimen laminate𝑉 𝑓 estimation

Analyzing the image of the [04/45/0/−45/02/45/0/−45/902]𝑠 laminate from the first three speci-
mens (Type A, Figure 5.10a) it can be observed that the 90 layers in the middle of the laminate
appear as white lines, and hence this would result in incorrect calculation of the fiber volume frac-
tion. For this reason, these types of specimens are divided into a top and a bottom region which
are processed as separate images. For each region the pixel intensity is analyzed with a histogram
and the threshold value for the specific image is specified. The histogram of the top region of the
first specimen is depicted in Figure 5.12.
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Figure 5.12: Histogram of the pixel density of an image.

After binarizing the images, each region is divided into smaller areas. In each of the areas, the fiber
volume fraction is calculated and then averaged to obtain the total𝑉 𝑓 of the region. A convergence
study was conducted and it was noticed that the optimal number of areas that a region should be
divided is 10. The result of the convergence study indicated that the change in the average fiber
volume fraction is lower than 2% for a number of areas greater than 10. The final value of𝑉 𝑓 of type
A specimens is the average of all the areas of the two regions. The process described is illustrated
in Figure 5.13.

Figure 5.13: Process of estimating the 𝑉 𝑓 of a laminate.

For type B specimens (Figure 5.10b), only one region is distinguished, specifically the region that
contains the 90-degree fibers in the middle of the laminate. This middle region is divided into 10
areas and an average 𝑉 𝑓 value is calculated for the specimen. For each of the specimens, one 𝑉 𝑓
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value is calculated and the overall fiber volume of the laminate is the average of all the values. The
results of this method are presented in Table 5.1.

Table 5.1: Calculation of the overall 𝑉 𝑓 of the laminate.

Specimens Regions Avg𝑉 𝑓

- Bottom Middle Top [-]
𝐴1 0.526 - 0.524 0.525
𝐴2 0.497 - 0.545 0.521
𝐴3 0.588 - 0.526 0.557
𝐵1 - 0.560 - 0.560
𝐵2 - 0.488 - 0.488
𝐵3 - 0.477 - 0.477

Overall𝑉 𝑓 0.525

As can be observed from table 5.1, the overall fiber volume fraction of the laminate is 0.525. The
achieved 𝑉 𝑓 is lower than the fiber volume fraction specified by the manufacturer (𝑉 𝑓 = 0.66) [58].
This difference is attributed to the presence of voids and most importantly to the fact that the ma-
terial was expired. However, the 𝑉 𝑓 is within the boundaries of a laminate manufactured with the
autoclave process (𝑉 𝑓 >0.5 [63]) and hence the results of the manufacturing process are considered
satisfactory.

5.2.3 Fiber orientation estimation

Observing the image of the microscope the constituents of the laminate can be detected. In par-
ticular, as depicted in Figure 5.14, the fibers are represented by circles or ellipses, and the matrix
by the grey area between the fibers. Moreover, some matrix-rich areas are also evident, along with
scratches, voids, or defects that were inflicted on the specimen during the sanding process.

Figure 5.14: Distinction of laminate features.
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In addition, from the image, a distinction between the material orientation can be made. The 0
orientation fibers have the shape of a circle, whereas the fibers that are cut at a 45 angle have the
shape of an ellipse. Based on the literature [49], the diameter of an AS4 fiber is 7𝜇𝑚 and hence the
area of the circle is 𝐴 = 38.4 𝜇𝑚2. By calculating the area of the circles in the microscopy image
and comparing it with the value from the literature, the deviation from the ideal 0-degree fiber can
be obtained. With this process, the manufacturing error of the laminating and cutting process is
evaluated.

In order to obtain the area of the circles and ellipses, image processing techniques are utilized.
In particular, every layer of the laminate is processed separately. After the image is binarized, a
circle/ellipse detection algorithm [64] is applied to the white pixels (Figure 5.15). In a later stage,
the area of the circles or ellipses is estimated in pixel units.

Figure 5.15: Process of detecting circles or ellipses and calculating their area.

The pixel-to-length ratio (𝑟𝑝𝑥𝑙−𝜇𝑚) is obtained by utilizing specific image processing software such
as ImageJ. A known distance is selected on the image in length units, and the program calculates
the analogy between pixels and length units. The area of the fibers is finally calculated as 𝐴𝜇𝑚=
𝐴𝑝𝑖𝑥𝑒𝑙𝑠 · 𝑟2

𝑝𝑥𝑙−𝜇𝑚.

For the case of 45𝑜 layers, the cross-section of the fiber is an ellipse. The area of this ellipse is cal-
culated by utilizing a CAD program, namely Solidworks. To elaborate, a 7𝜇𝑚 fiber is designed and
then cut at an angle of 45𝑜. The area of the ellipse is then compared with the area calculated from
the ellipse detection algorithm.

The average fiber cross-sectional areas estimated with the algorithm are compared with the areas
calculated from the CAD program. However, there are cases where the values of the areas of the
two methods do not match. For this reason, the fiber is cut in Solidworks at various angles until the
value of the area is within an acceptable range from the area calculated with the ellipse detection
algorithm. The cut angle with the same area is finally the actual orientation of the layer.

For instance, by applying the method presented in Figure 5.15, the average area of the 45𝑜 layer is
estimated to be equal to 𝐴45𝑜−𝑑𝑒𝑡𝑒𝑐𝑡 𝐴𝑙𝑔 = 55.91𝜇𝑚2. However, as it can be observed in Figure 5.16,
this area corresponds to a fiber orientation of approximately 46𝑜. Hence it can be assumed that the
actual orientation of the fibers of the specimen that was manufactured has 1𝑜 deviation from the
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orientation that was designed for.

Figure 5.16: Calculation of the area of the fiber depending on its orientation.

The 90𝑜 layers are depicted as circles in the Type B specimens and therefore the same technique
as the 0𝑜 layers is applied. By performing this method for every layer of the laminate for every
specimen, the actual orientation of the fibers of the laminate is obtained. The results are presented
in Table 5.2.

Table 5.2: Estimation of the fiber deviation.

Specimen orientation
Designed orientation 𝐴1 𝐴2 𝐴3 𝐵1 𝐵2 𝐵3 Avg. Deviation
[𝑜] [𝑜] [𝑜] [𝑜] [𝑜] [𝑜] [𝑜] [𝑜]
0 1 0 1 - - - 0.66
45 46 47 45 - - - 1
90 - - - 90 90 91 0.33

From the results, it can be observed that the 0𝑜 fibers are actually 0.66𝑜, the 45𝑜 are 46𝑜 and the
90𝑜 are 90.33𝑜. It is worth mentioning that this approach is an estimate of the actual orientation of
the fibers’ deviation. The results of the algorithm have a variance based on the selected threshold
value.

5.3 Testing set-up

For every geometry, a total of 4 specimens were manufactured. The number of specimens is an
attempt to gain a better insight about the variability of the results. Although a higher number of
specimens would provide more information, the processing of all the data would require a lot of
time. Since the tensile tests are a validation method and not the sole purpose of the thesis, the
number of specimens was considered satisfactory.

It is important to note that the primary objective was to acquire the failure load and mode of the lug,
and hence no strain gauges were attached to the specimens. Moreover, in order to get an accurate
measurement of the displacement in the middle of the specimen, an extensometer was attached.
Finally, a high-speed camera and a source of light were placed opposite to the specimen in order to
observe the phenomena that occur in the exact moment of failure.

The test-set up was a clevis and pin configuration on top, and a clamp on the bottom. Specifically,
the specimen was placed inside the clevis and a pin was used in order to ensure the connection
between the parts. While the bottom part of the specimen was fixed inside the clamp, an upward
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force was applied to the clevis, resulting in a tensile load on the specimen through the pin. The
actual configuration of the test set-up is presented in Figure 5.17.

(a) Schematic of the test set-up. (b) Tensile test set-up.

Figure 5.17: Configuration of the tensile test.

5.4 Data collection and analysis

In the tensile test, in the first stage, the applied force and the displacement of the machine can be
measured. From the moment the pin is engaged in the hole, a force-displacement curve can be
obtained. However, if there is enough clearance between the pin and the hole, a zero-force region
can be observed at the beginning of the curve [65].

When the pin is finally engaged, the linear part of the curve starts which represents the resistance
of the composite lug to the applied load (Figure 5.18). While the load increases, the laminate starts
getting damaged, which can be detected by a characteristic cracking noise and a small abrupt
change in the linear part of the curve. Although the noise represents the First Ply Failure of the
laminate, the load continues to increase.

A sudden drop of the curve represents the point where the load exceeded the capacity of the com-
posite. If the load continues to increase to higher load values after that drop, it means that the
ultimate strength of the laminate is not reached. Finally, when the laminate cannot withstand any
increase in the load, the curve plunges to low load levels, which corresponds to the Last Ply Failure.

The failure load of the laminate is considered the highest value of the load during the tensile tests.
After that point, it can be observed the laminate does not have the capacity to withstand any higher
loads. The tensile tests were terminated a few seconds after the failure of the lug.

The displacement presented in this graph represents the displacement of the machine’s head. There-
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Figure 5.18: Force displacement curves from machine data.

fore, due to the fact that there are many components involved, there is a high possibility of noise (or
else compliance) in the results due to the relative displacement between the various components.
In order to account for this an extensometer was attached during testing of every specimen. This
device measures the displacement on the specimen and hence is considered more accurate. The
force-displacement with data from the extensometer is depicted in Figure 5.19.

Figure 5.19: Force displacement curves from extensometer data.

The highest point of these curves represents the failure load of the specimen. When failure occurs
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on the specimen, the extensometer loses contact with the specimen and therefore every data ac-
quired after failure are not considered valid.

In the beginning, a zero-force region can also be observed. Moreover, in the same phase, it can be
noticed that some of the curves have some noise and then the linear part of the curve starts. This
phenomenon is due to the fact that although force is applied, the grip between the extensometer
and the specimen was not satisfactory. Hence the force is increased but the extensometer does not
read any displacement.

Another feature that can be observed in these curves is some abrupt changes in the slope of the
curve. These changes are interpreted as a sign of damage to the lug. This is substantiated by mea-
surements that were taken during testing. Particularly, when a cracking noise was heard during
testing the force was noted down. At a later phase, these noises were matched with the changes in
the slope of the curves.

The variance between the results of the different specimens is attributed to the manufacturing
method. During the water-jet cutting some delaminations were initiated in the area around the
circle. This phenomenon was more obvious in the specimens with a smaller diameter (𝑤/𝐷 = 2,
𝑒/𝐷 = 0.8). Finally, the failure load of every specimen is presented in Table 5.3.

Table 5.3: Failure load of every specimen.

Failure Load
Specimen 𝑤/𝐷 = 2, 𝑒/𝑑 = 1 𝑤/𝐷 = 2, 𝑒/𝑑 = 0.8

[𝑁] [𝑁]
1 27794.93 9633.64
2 28721.61 9734.00
3 21301.73 11757.64
4 29241.22 7799.00

As was expected the geometry of the lug has a significant effect on the failure load. The difference
between the geometric characteristics of Design 1 (𝑤 = 50𝑚𝑚, 𝐷 = 25, 𝐿 = 190𝑚𝑚, 𝑒 = 25𝑚𝑚,
𝑤/𝐷 = 2, 𝑒/𝐷 = 1) and Design 2 (𝑤 = 40𝑚𝑚, 𝐷 = 20, 𝐿 = 190𝑚𝑚, 𝑒 = 16𝑚𝑚, 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8)
resulted in a drop of the failure load of approximately 63%.

5.5 FEM Validation

One of the main reasons for conducting tensile experiments was the validation of the numerical
simulation models. For a more accurate comparison of the two methods, the boundary and loading
conditions of the experimental set-up are transferred into a FEM model. In this way, the modeling
approach of the numerical simulation models is validated.

The modeling approach of the numerical simulation is described in detail in Chapter 4. However,
the boundary conditions are altered in order to match the tensile experiments. In particular, the
loading of the lug is applied as a displacement in the middle of the hole instead of a cosinusoidal
shell edge load. In order to account for the presence of a pin, a coupling constraint is applied on
the top half part of the hole. Finally, the clamp on the bottom part of the lug is modeled with a
fixed condition that restrains all the degrees of freedom. The boundary conditions are depicted in
Figure 5.20.
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Figure 5.20: Boundary conditions of FEM model that resembles the tensile experiment.

In order to calculate the displacement of the specimen in the FEM model two sections cuts are
made at the same point where the extensometer is attached to the actual tensile experiment. The
displacement of all the elements in the loading direction of the top section is calculated and then
subtracted from the element displacement at the bottom section. Hence, the relative displacement
of the specimen is calculated by imitating the way that the displacement is measured with the use
of an extensometer. The results of comparing the force-displacement curves from the two methods
(numerical and tests) are presented in Figure 5.21.

(a) Force displacement 𝑤/𝐷 = 2, 𝑒/𝐷 = 1. (b) Force displacement 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8.

Figure 5.21: Force displacement curves comparison between extensometer and FEM approach.

The comparison of the slopes of these curves proves that the numerical simulation approaches
the tensile experiments and the results (regarding force-displacement) of the two methods are in
accordance. In order to further validate the numerical approach, the stress-strain curves of the two
methods were compared in two regions. One region is the middle of the specimen, and the second
region is next to the hole. Particularly, in the tensile experiments the gross stress can be estimated
by the equation [3],

𝜎𝑔𝑟𝑜𝑠𝑠 =
𝐹

𝑤 · ℎ
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where 𝑤 is the width of the lug and ℎ is the thickness of the laminate. The strain is calculated by [3],

𝜖 =
Δ𝐿

𝐿0

with Δ𝐿 being the displacement of the extensometer and 𝐿0 its initial length. The net section stress
is specified by [3],

𝜎𝑛𝑒𝑡 =
𝐹

(𝑤 − 𝐷) · ℎ
where D is the hole diameter. It is of utmost importance to mention that it is assumed that the
stress is distributed uniformly in these regions. Hence, by utilizing these curves the stress-strain
curves are obtained for the case of the tensile experiments.

For the case of the numerical simulations, the approach differs. Specifically, the FEM model calcu-
lates the stresses in the principal directions (1: fibers, 2: matrix), for every element in every layer.
In order to obtain the gross stress, a region in the middle of the specimen is defined (the middle is
selected so that the stress field is not influenced by the stress concentration around the hole). Addi-
tionally, the principal stresses (𝜎1, 𝜎2, 𝜏12) are calculated for a specific element and then translated
to the global system (x, y of the model) with the use of a transformation matrix (Equation B.1.3).
The value of the stress in the loading direction is calculated for that element through the thickness
of the laminate and then averaged. For every element in the middle of the specimen, a stress value
is calculated. Finally, the gross stress is the average of the stress values of all the elements in the
width direction. The methodology is depicted in Figure 5.22.

Figure 5.22: Methodology to predict the gross & net stress from a FEM model.

The exact same process is applied to calculate the strains of the model. Moreover, the process de-
scribed in the previous paragraph is applied to the calculation of the net stress. However, a region
is selected next to the hole and not in the middle of the specimen as in the case of gross stress. This
approach is valid for a specific time instance. In order to create a curve, this methodology is applied
for various time frames, until the first-ply-failure of the laminate.

The stress-strain curves of the numerical and experimental method for the gross stress are pre-
sented in Figure 5.23.
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(a) Gross stress-strain 𝑤/𝐷 = 2, 𝑒/𝐷 = 1. (b) Gross stress-strain 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8.

Figure 5.23: Gross stress-strain curves comparison between experimental and FEM approach.

As can be observed, the averaging of the stresses in the FEM model did not influence the distribu-
tion of the stresses, and hence it can be concluded that the results of the two methods regarding the
gross stress are in close proximity. Regarding the net section, the stress-strain curves are depicted
in Figure 5.24.

(a) Net stress-strain 𝑤/𝐷 = 2, 𝑒/𝐷 = 1. (b) Net stress-strain 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8.

Figure 5.24: Net stress-strain curves comparison between experimental and FEM approach.

From the curves, it can be noticed that the slopes of the two methods do not match very well. This
discrepancy is attributed to the fact that in the FEM model, the stress field around the hole follows
a very steep curve. Averaging the stress and assuming a uniform distribution results in a smaller
slope for the FEM curve. However, although the curve of the numerical method is less steep, it still
is within the boundaries of the curves of the tensile tests.

In order to quantify the difference between the methods regarding the gross stress, the slope of the
curves was estimated. Particularly, the slope of the stress-strain curve is the stiffness of the lami-
nate in the loading direction (𝐸𝑥). The results for the Design 1 (𝑤/𝐷 = 2, 𝑒/𝐷 = 1) and Design 2
(𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8) specimens are presented in Table 5.4 and Table 5.5 respectively.
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Table 5.4: Comparison of the stiffness of the laminate between the specimens and FEM (Design 1).

Design 1: 𝑤/𝐷 = 2, 𝑒/𝑑 = 1
Specimen 𝐸𝑥 Dif with FEM Perc Dif with FEM Avg 𝐸𝑥 Avg Dif with FEM Perc Avg Dif with FEM

Units [𝑁/𝑚𝑚2] [𝑁/𝑚𝑚2] [%] [𝑁/𝑚𝑚2] [𝑁/𝑚𝑚2] [%]
1 87500 -2300 2.70
2 91000 -5800 6.81 84100 1100 1.29
3 72250 12950 15.20
4 85650 -450 0.53

FEM 85200 - - - - -

Table 5.5: Comparison of the stiffness of the laminate between the specimens and FEM (Design 2).

Design 2: 𝑤/𝐷 = 2, 𝑒/𝑑 = 0.8
Specimen 𝐸𝑥 Dif with FEM Perc Dif with FEM Avg 𝐸𝑥 Avg Dif with FEM Perc Avg Dif with FEM

Units [𝑁/𝑚𝑚2] [𝑁/𝑚𝑚2] [%] [𝑁/𝑚𝑚2] [𝑁/𝑚𝑚2] [%]
1 80079 5121 6.0
2 90337 -5137 6.0 86770 1570 1.84
3 83058 2142 2.5
4 93605 -8405 9.9

FEM 85200 - - - - -

For Design 1 the average calculated 𝐸𝑥 from the tensile experiments is 84100𝑀𝑃𝑎, whereas the es-
timated 𝐸𝑥 from the numerical simulation is 85200𝑀𝑃𝑎. This leads to a difference of 1.29%. In the
case of Design 2, the calculated stiffness in the loading direction is 86770𝑀𝑃𝑎, and from the FEM
model is again 85200𝑀𝑃𝑎. The difference between the two methods is 1.84%. In conclusion, the
results of the stress-strain curves, and the stiffness in the loading direction, validate the numerical
approach. Therefore, the results of the in-plane FEM method are trustworthy and can be used as a
valid reference for comparing them with the results of the semi-analytical solution.

5.5.1 First Ply Failure

As it was described in section 4.3, for the numerical simulations the Tsai-Hill failure criterion was
selected. By gradually increasing the load in the FEM model, it was observed that the first ply
that fails is the 90𝑜 in the middle of the laminate. It is worth noting, that the failure of the 90𝑜

occurs in both geometries that were tested. Regarding the experimental method, while performing
the tensile tests, every time a cracking noise was heard, the load of the machine was noted down.
Furthermore, in the force-displacement curves (extensometer data), the first time that a sudden
change in the slope of the specimen was observed, the load was also noted down. If the load that
the noise was heard was in the area of the abrupt change of the slope of the curve, it was assumed
that the first cracking noise corresponds to the first ply failure of the laminate. Finally, the first ply
failure of every specimen and the FEM model is presented in Table 5.6.

Table 5.6: First Ply Failure load of every specimen.

First Ply Failure Load
Specimen 𝑤/𝐷 = 2, 𝑒/𝑑 = 1 𝑤/𝐷 = 2, 𝑒/𝑑 = 0.8

[𝑁] [𝑁]
1 19359 7727
2 12883 4458
3 13347 10401
4 15690 5535

Average 15319 7030
FEM 14320 12600
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Moreover, the change in the slope when the first ply failure occurs is noted in the force-displacement
graph with an asterisk. The results for the two geometries are depicted in Figure 5.25.

(a) First Ply Failure 𝑤/𝐷 = 2, 𝑒/𝐷 = 1. (b) First Ply Failure 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8.

Figure 5.25: Force displacement curves with First Ply Failure.

It can be observed that for the first geometry (𝑤/𝐷 = 2, 𝑒/𝐷 = 1), the results of the numerical
method regarding the FPF, are in close proximity with the results of the experiments. Particularly,
the difference between the results of the two methods varies from 7% to 26%. However, for the
second geometry (𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8), the difference regarding the FPF value of the two methods
varies from 21% to 127%. The high variation of the second geometry is attributed to the fact that
the lug specimens were damaged during the water-jet cutting process. Hence their first ply failure
load is low.

Except for the first ply failure, it is very common to seek which ply is going to fail afterward. Abaqus
offers progressive damage failure methods, however, there are plenty of variables requested in or-
der to obtain a valid result. Specifically, these damage evolution variables define how the properties
of the material are going to degrade. Some of these parameters are the longitudinal and transverse
fracture energy in tension and compression. Moreover, linear softening material behavior is as-
sumed.

Due to the fact that these parameters were not known for the specific material utilized in the simu-
lations, a manual approach was implemented in order to detect the next layer that was going to fail.
Particularly, after it was ensured that the 90𝑜 layers failed first, the analysis was run again. However,
in the new attempt a new material was assigned in the 90𝑜 layer which had a very low stiffness per-
pendicular to the fiber direction (𝐸2 ≈ 0) and a high strength in tension (𝑌𝑡 ≈ 𝑋𝑡 ). This is a rough
approach to manually degrade the properties of the 90𝑜, and at the same time ensure that the fail-
ure will happen in another layer (reason for increasing the strength of the 90𝑜). The results of this
approach pointed out that the 45𝑜 layers are the ones that fail next. Given the fact that the strength
of a 45𝑜 layer in the loading direction is less compared to the 0𝑜, this outcome is reasonable.

Finally, the failure of the 90𝑜 in the middle of the laminate, results in an inability of these layers
to carry any load. Therefore the capacity of the laminate to carry a higher load slowly decreases.
The failure of a layer implies matrix cracking or fiber breakage. These cracks can be the reason
for the initiation of delaminations [66]. Therefore, it can be assumed that the failure mode of the
laminate could be a combination of failure modes, and one of them would be delamination. This
assumption is consistent with the images obtained from the high-speed camera. Specifically, it
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was noticed that at the moment of the final failure, a delamination would occur in the middle of
the laminate. The moment of failure for the two types of geometries can be observed in Figure 5.26.
The load that these images were taken are 𝐹 = 28721𝑁 for geometry 1 (5.26a) and 𝐹 = 11757𝑁
(5.26b) for geometry 2.

(a) Moment of failure for 𝑤/𝐷 = 2, 𝑒/𝐷 = 1. (b) Moment of failure 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8.

Figure 5.26: Images from the high-speed camera at the moment of failure for the two geometries.

The approach described in this chapter verified that the methodology followed for the in-plane
modeling of a composite lug in a numerical simulation environment, provides results that can be
trusted. This conclusion is derived from the fact that the stress-strain data and the slope of the
curves between the experimental and numerical methods are in accordance. Although the results
are promising, the validation refers only to the in-plane phenomena that occur in the composite
lug. A more detailed FEM model should be developed in order to include the delamination failure
mode which seems to be a driving factor in the failure of the specimens.
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CHAPTER 6

Failure Mode Prediction

In this chapter, an attempt to predict the in-plane failure mode of the lug will be made. Specifi-
cally, with the semi-analytical approach, the failure of the ply will be predicted using the Puck and
Hashin failure criteria. The mode predicted with this approach will be compared with the mode
predicted from the numerical simulations. Finally, the outcome of these two approaches is going
to be compared with the mode of failure noticed in the tensile tests.

6.1 Semi-analytical mode prediction

As it was described in the previous chapters, the approach presented in this thesis can predict with
close proximity the stress field around the hole for the given load case. Various points were utilized
throughout the geometry and in-plane failure criteria were applied in each point. The discretiza-
tion of the geometry into points is observed in Figure 6.1.

Figure 6.1: Data points for calculating a failure index.

In every point Puck and Hashin failure criteria (justification for selection in section 3.3.1) were ap-
plied and a failure index 𝑅 was estimated (for every point). When the failure index is greater or
equal to 1 (𝑅 ≥ 1) failure can be assumed. This methodology assumes that if the failure indexes
follow a specific path the mode of failure of the lug could be determined. In particular, if the fail-
ure index is increasing perpendicular to the load on the edge of the hole, net-tension failure can
be assumed. If the failure follows a path tangent to the edge of the hole and parallel to the load, a
shear-out failure can be assumed. An illustration of the results of this approach in a contour plot
for the Puck criterion is observed in Figure 6.2. A similar distribution is obtained for the Hashin
criterion.
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Figure 6.2: Failure index contour plot utilizing the Puck criterion.

The results are obtained for the first layer of the laminate (0𝑜 layer). This choice is substantiated by
the fact that the outcome could be easily compared with the results of the tensile tests. As it can
be noticed in figure 6.2, the maximum failure index is highest at the edge of the hole. The failure
index fluctuates with values of 𝑅 ≥ 1, in a path (black dashed line) tangent to the circumference
of the hole. The outcome is concurrent with lines formed on the tensile specimens, and it will be
discussed in section 6.3. Based on the theory of Chang et al. [33], it could be assumed that the
in-plane failure of the lug is a shear-out failure.

6.2 FEM mode prediction

In the numerical simulation model, the Tsai-Hill failure criterion (justification for selection in sec-
tion 4.3) was utilized. The boundary conditions and information about the model are described
thoroughly in section 5.5. The results were obtained for an applied load of approximately 29𝑘𝑁 ,
which corresponds to the maximum failure load of the specimens in the tensile tests (the same
load was applied to the semi-analytical approach). The outcome of the numerical model for the 0𝑜

layer is illustrated in Figure 6.3.

Figure 6.3: Failure index contour plot in the numerical method.

73



6.3. Experimental failure mode FAILURE MODE PREDICTION

From the results, it can be observed that the failure index follows a path (black dashed line) tangen-
tial to the circumference of the hole, parallel to the applied load. It can be assumed that a shear-out
failure mode is predicted. The different values of the failure index compared to the semi-analytical
approach are attributed to the different failure criteria applied and assumptions made in the semi-
analytical approach.

6.3 Experimental failure mode

The failure mode of the lug in the tensile tests can be determined by observing the specimens after
failure. It was determined that the specimens failed due to a combination of failure modes. From
the high-speed videos, it was noticed that delamination would occur in the moment of failure. In
addition, by carefully inspecting the specimens after failure it was concluded that the second failure
mode was shear-out mode. These observations are presented in Figure 6.4.

Figure 6.4: Failure modes on a tensile specimen.

It can be concluded that the predicted failure mode of the three methods (semi-analytical, numeri-
cal, experimental) are in accordance. Although the results are promising it should be noted that the
results of the numerical and semi-analytical are a simple approximation. In particular, in the nu-
merical models, a post-ply failure analysis was not conducted. Additionally, for the semi-analytical
approach, a first-ply failure analysis was conducted without taking into account progressive dam-
age failure techniques.
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CHAPTER 7

Conclusion

The primary objective of this thesis was to develop a model that could predict analytically the
stresses and failure modes of a composite lug subjected to tensile pin loading. This approach re-
quired the creation of a semi-analytical methodology, which was later validated with the use of
numerical simulations. The scope of the thesis also entails tensile tests which were utilized for
evaluating the trustworthiness of the numerical simulation.

In the scope of this research project, an analytical approach was developed which was based on the
theory of Lekhnitskii [19] for anisotropic plates, and the theory of elasticity of Timoshenko [3]. This
methodology entailed, deriving the stress functions from Lekhnitskii and implementing them into
stress expressions for a generic solid body in a polar coordinate system. A key point for determining
the stress equation for the specific lug problem is the application of the boundary conditions. The
results of this approach were in accordance with the results presented in the literature regarding
radial and shear stress, however, a discrepancy was noticed regarding the tangential stress.

For this reason, a semi-analytical approach was developed which implemented a multiplication
factor in the stress equation of the tangential stress. The factor was determined by trying to fit the
results of the semi-analytical approach with the results of the numerical simulations. A total of 10
laminates with a wide range of stiffness (𝐸𝑥 ranging from 9𝐺𝑃𝑎 to 131𝐺𝑃𝑎) were tested for two dif-
ferent geometries and two design curves were created. These design curves were later evaluated
by deriving the stress distribution for two new laminates (that were not included in the group of
laminates for creating the curves) for every geometry and comparing them with FEM results.

The results of the semi-analytical approach were in accordance with the results of the numerical
simulations. In particular, in specific laminates (e.g., laminate 4, 5, 6) with Ex ranging from 50𝐺𝑃𝑎
to 89𝐺𝑃𝑎 the results between the two methods had a difference of approximately 2% − 30%. Al-
though this approach works effectively in these laminates, it was noticed that for laminates with
very high (𝐸𝑥 = 131𝐺𝑃𝑎) and very low (𝐸𝑥 = 9𝐺𝑃𝑎) stiffness, the approach was more conservative.
Specifically, a maximum difference of 46% was noticed between the results of the two methods
(however this difference was noticed in areas where the stresses were not critical).

In addition, it can be concluded that the semi-analytical approach works effectively for laminates
that include fibers in the four principal directions (0𝑜, ±45𝑜, 90𝑜). However, the method does not
produce results for quasi-isotropic laminates. This limitation is attributed to the fact that the term
𝑘 =

√︁
𝐸𝜃/𝐸𝑟 , is equal to one. This term is in the denominator of some of the integration constants

and when set equal to one it leads to terms that tend to infinity. Furthermore, the method also
works efficiently for laminates that are a combination of 0𝑜/±45𝑜. It was derived that for these
types of laminates, the average maximum deviation between the results was approximately 44%.
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For the laminates with a combination of 0𝑜/90𝑜, the method produces results with an average max-
imum deviation of 46%. The predicted results estimate stresses lower than the ones predicted from
the numerical simulation model. However, it was concluded by Wazcak and Cruse [7], that 0𝑜/90𝑜

laminates are not preferred in composite joints under tensile loads. Hence, although the semi-
analytical approach underestimates the stresses, this combination is not commonly used in the
industry.

For the numerical simulation approach, a 2-D FEM model was developed in the software Abaqus.
Plane stress conventional elements were selected in order to estimate the in-plane stress distri-
bution around the hole. The selection is in accordance with the plane-stress assumption of the
semi-analytical approach. Moreover, solid elements were not selected due to the fact that 3-D phe-
nomena like delaminations are not an objective of this research topic. The boundary conditions
are described by a cosine-distributed shell-edge load in the circumference of the hole and a fixed
constraint at the bottom edge of the geometry.

Two geometries were tested, specifically with 𝑤/𝐷 = 2, 𝑒/𝐷 = 1 and 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8. Observing
the stress distribution, it can be concluded that the results are in accordance with the research find-
ings of York et al. [32] and Chang et al. [33]. Specifically, the geometry with ratio 𝑒/𝐷 = 0.8 did not
influence the stress distribution around the hole, but only the magnitude of the stresses compared
with the 𝑒/𝐷 = 1 geometry. However, the change in the edge distance led to a decrease in the failure
load of the lug, compared to the geometry with 𝑒/𝐷 = 1.

In the aerospace industry, various types of geometries are utilized. Some of them are very large
and wide, which makes the modeling in numerical simulation software tedious. Specifically, due to
the large geometry more elements are needed to mesh the model and hence more processing time.
In order to optimize the process with regards to minimizing the processing time, a new numerical
model was developed. This model utilizes the top part of the lug (which is the most crucial to fail
in tensile pin loading) and spring elements. The results of this approach led to a 90% reduction of
the mesh size with a maximum difference of 22% in the stress results. In cases where time is the
driving design factor, this new approach can be used to get a first estimate of the stress distribution.

The results of the numerical simulations were utilized for validating the semi-analytical approach.
However, in order to assess the validity of these results, tensile tests were conducted. Four speci-
mens were manufactured with the autoclave consolidation process for every type of geometry (De-
sign 1: 𝑤/𝐷 = 2, 𝑒/𝐷 = 1, Design 2: 𝑤/𝐷 = 2, 𝑒/𝐷 = 0.8). The specimens were tested in tension in a
clevis-pin configuration with an extensometer and a high-speed camera. The force-displacement
curves obtained by processing the data of the extensometer had the same slope with the curve of
the FEM models. Regarding Design 2, the curves have a form of noise, which is attributed to poor
attachment between the extensometer and the specimen.

In addition, the stress-strain curves were obtained for two regions on the specimen (net-section,
gross-section). The results for the gross-section were in accordance for the two methods. However,
for the net-section, a difference in the slope of the curve can be observed in the case of numerical
simulation. This slight difference in the slope is attributed to the averaging of the stresses in the
net-section region where the stresses have a steep curve due to the stress concentration. Moreover,
the slope of the stress-strain curves for the gross-section region represents the stiffness of the lam-
inate in the loading direction (𝐸𝑥). The slopes for every specimen with the numerical simulation
were compared and the results concluded a difference of 1.29% for Design 1 and 1.84% for Design 2.

Finally, the first-ply failure load was obtained for every specimen (obtained by noting down the
load on the first cracking noise during the tensile tests and cross-checking it with an abrupt change
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in the force-displacement curve) and then compared with the first-ply-failure load obtained in the
numerical simulation. For Design 1 the difference between the estimated failure load between the
two methods was 6.7%, whereas for Design 2 was 56.7%. The difference for Design 2 is attributed to
the fact the specimens were damaged during the water-jet cutting and not on the modeling tech-
nique of the FEM models. Hence, the delaminations created during cutting resulted in a lower
failure load than expected. Overall, the results of the in-plane numerical simulation models are
validated and are considered trustworthy for comparing them with the semi-analytical approach.

Another objective of this thesis topic was to define the in-plane failure mode. As pointed out by the
numerical simulation, the 90𝑜 in the middle of the laminate fails first. By observing the path and
location of failure while increasing the load, and based on the findings of Chang et al. [33], it was
concluded that the failure mode is shear-out. This is concurrent with the failure mode observed on
the tensile specimens. It is worth noting that delamination was evident in the specimens, however,
since this phenomenon is not studied by this approach only assumptions can be made. Specifically,
it can be assumed that matrix cracks created in the 90𝑜 layer, initiated delaminations between the
90𝑜 and adjacent layers. The combination of the two phenomena (shear-out and delamination)
led to the final failure of the lug. Overall, the approach of the failure mode is satisfactory, however
progressive damage failure techniques should be applied in order to validate the trustworthiness
of this approach.

The outcome of this project is a semi-analytical approach that is validated with numerical sim-
ulations and experimental data. Given the results of this thesis, it can be concluded that all the
objectives were met to a satisfactory degree. The findings of this research topic will have a great im-
pact on the time efficiency in predicting the stress and failure modes from the initial design phase
of a project. Although this research project produced acceptable results, there is still room for im-
provement. Recommendations for enhancing this approach in the future are presented in the next
chapter.
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CHAPTER 8

Recommendations

In order to improve the findings of this research project some recommendations can be applied
to specific areas. In particular, the recommendations are going to be categorized into three main
groups namely, the analytical, the numerical, and the experimental part of this thesis.

Analytical

In the analytical approach, an assumption of a curved composite beam was followed. Based on this
approach the stress function Φ provided by Lekhnitskii was implemented in the stress equations.
This assumption led to a discrepancy in the tangential stresses, and hence it might not be very ac-
curate for the lug problem that is modeled. In order to solve this discrepancy a different approach
can be followed. In particular, this problem can be modeled as a plate with finite width and con-
formal mapping techniques can be applied for predicting the stress distribution around the hole.
The conformal mapping technique provides analytical equations for the stresses around openings
of various geometries. This approach was not followed due to the mathematical complexity of the
method, however, information for implementing this method can be found in the research con-
ducted by Ukadgaonker [67].

The problem modeled in this thesis project is a composite lug loaded under tension. It is very com-
mon in the aerospace field that the joints are not only loaded in the axial directions. Following
the same methodology, more loads could be implemented in arbitrary directions. However, much
consideration should be given to the boundary condition. A methodology on how to calculate the
strength of a joint in arbitrary directions is presented in the book of Kassapoglou et al. [45] in Chap-
ter 11.

Based on the last remark, joints are also subjected to out-of-plane loads. For in-plane studies such
as the one presented in this thesis, this can be accounted for by using a reduction factor to the
material’s strength. However, a more detailed approach is needed to calculate the strength of the
lug. This approach should focus on studying the out-of-plane loading and its effects on the lami-
nate strength. An analytical equation that can predict the interlaminar stresses could be developed,
which can be used as a key element for studying phenomena such as the delamination onset.

The current method is valid for balanced and symmetric laminates. This can be altered by using
universal equations for calculating the engineering constants of the laminate. Another improve-
ment of the current method would be to include an optimization algorithm that can predict the
optimal laminate for a specific applied load. The process of developing such an algorithm is de-
scribed thoroughly in section 3.4.2.
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Finally, although the cases used for validating the semi-analytical approach compare the stress in
the circumference of the hole, the method offers the ability to estimate the stresses throughout the
region of the upper part of the lug. A recommendation would be to calculate the exact stress distri-
bution on the failure planes, instead of an average stress proposed in the literature [43]. Moreover,
progressive damage failure techniques should be implemented in order to accurately predict the
failure mode.

Numerical

As presented in Chapter 4, the numerical simulations are in good accordance with the experimental
results. However, further improvements can be implemented in the approach of modeling. Specif-
ically, a 3-D model could be created, which could be meshed with a continuum shell or solid el-
ements. This would provide accuracy in the out-of-plane direction, and delaminations could be
studied. This approach is not so simple given the fact that a mesh in the out-of-plane direction
significantly affects the accuracy of the model.

In addition, the numerical simulations were used for determining the in-plane first-ply-failure. By
implementing data for the fracture energy of the material, and its behavior after failure, post-first-
ply-failure could be detected. With this application, the final failure of the laminate could be pre-
dicted and compared with the failure load of the experimental results.

From the micro-structural analysis of the manufactured specimens, it was noticed that there was
an inconsistency regarding the fiber-volume fraction of the laminate. Specifically, the volume frac-
tion calculated from the specimens was at 52% whereas the volume fraction provided by the mate-
rial manufacturer was specified at 66%. Although this inconsistency is attributed to the fact that the
material was outdated it could be used in the numerical simulations. In particular, the 𝐸1 in the nu-
merical model could be multiplied by the ratio of the volume fractions (𝐸1−𝑛𝑒𝑤 = 0.52/0.66 ·𝐸1−𝑜𝑙𝑑).
This modification has to be applied in the numerical simulations performed in this research topic,
and observe if results are improved with respect to the experimental data.

Experimental

Finally, there are some procedures that can be improved regarding the manufacturing of the spec-
imens and the test configuration. Specifically, as it was mentioned, the material used for manufac-
turing the specimens was outdated. It is advised for future experimental procedures to use a new
(not outdated) material.

Moreover, the volume fraction was estimated based on image processing techniques from data
obtained from a microscope. It would be a good approach to determine the volume fraction by
burning the specimens, and weighting the fibers. In this way, the image processing approach can
be validated, and the fiber volume fraction can be determined with higher accuracy.

Regarding the manufacturing process, it was noticed that opening the lug holes with water-jet cut-
ting resulted in delamination. This phenomenon occurs due to the high speed at which the water
impacts the laminate and causes out-of-plane interlaminar stresses to be developed at the point of
impact. For future applications, a diamond drill should be used and a trade study should be con-
ducted to find the optimal speed for drilling.

As a final remark, regarding the test set-up, a future recommendation would be to attach strain
gauges on the specimens or perform a Digital Image Correlation analysis. In the current study,
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only an extensometer was utilized due to the fact that the primary objective was to validate the
numerical model.
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APPENDIX A

Analytical derivations

A.1 Integration Constants

The integration constants are obtained after solving the system of 6 equations (3.2.30-3.2.36) with
6 unknowns (the integration constants 𝐵, 𝐶, 𝐷, 𝐸 , 𝐹, 𝐻). The denominator of the first three con-
stants (𝐵, 𝐶, 𝐷) has the same value and therefore was named 𝑑1. The same applies to the last three
integration constants (𝐸 , 𝐹, 𝐻) with a value of 𝑑2. Specifically, the first denominator is given by,

𝑑1 = 2(𝑎1+𝑘𝑏1−𝑘𝑎2𝑘2 − 𝑎1+𝑘𝑏1−𝑘𝑏2𝑘2 − 𝑎1−𝑘𝑏1+𝑘𝑎2𝑘2 + 𝑎1−𝑘𝑏1+𝑘𝑏2𝑘2

+4𝑎1+𝑘𝑎1−𝑘𝑏2𝑘 − 2𝑎1+𝑘𝑏1−𝑘𝑎2𝑘 − 2𝑎1+𝑘𝑏1−𝑘𝑏2𝑘 − 2𝑎1−𝑘𝑏1+𝑘𝑎2𝑘 − 2𝑎1−𝑘𝑏1+𝑘𝑏2𝑘

+4𝑏1+𝑘𝑏1−𝑘𝑎2𝑘 + 𝑎1+𝑘𝑏1−𝑘𝑎2 − 𝑎1+𝑘𝑏1−𝑘𝑏2 − 𝑎1−𝑘𝑏1+𝑘𝑎2 + 𝑎1−𝑘𝑏1+𝑘𝑏2)ℎ
(A.1.1)

The second denominator is,

𝑑2 = 2 cos(𝜃) ℎ(ln(𝑏) 𝑎1+𝛽𝑏1−𝛽𝑎𝑏𝛽 − ln(𝑏) 𝑎1−𝛽𝑏1+𝛽𝑎𝑏𝛽
− ln(𝑎) 𝑎1+𝛽𝑏1−𝛽𝑎𝑏𝛽 + ln(𝑎) 𝑎1−𝛽𝑏1+𝛽𝑎𝑏𝛽 − 2𝑎1+𝛽𝑎1−𝛽𝑏2

+2𝑎1+𝛽𝑏1−𝛽𝑎𝑏 + 2𝑎1−𝛽𝑏1+𝛽𝑎𝑏 − 2𝑏1+𝛽𝑏1−𝛽𝑎2)
(A.1.2)

The integration constants are given by the following equations,

𝐵 =

(−2𝑎1+𝑘𝑏1−𝑘𝑎2𝑘𝑞 + 2𝑎1+𝑘𝑏1−𝑘𝑎𝑏𝑘𝑞 + 2𝑎1−𝑘𝑏1+𝑘𝑎2𝑘𝑞 − 2𝑎1−𝑘𝑏1+𝑘𝑎𝑏𝑘𝑞 − 4𝑎1+𝑘𝑎1−𝑘𝑎𝑏𝑞

− 𝑎1+𝑘𝑏1−𝑘𝑃𝑏𝑘 + 2𝑎1+𝑘𝑏1−𝑘𝑎2𝑞 + 2𝑎1+𝑘𝑏1−𝑘𝑎𝑏𝑞 + 𝑎1−𝑘𝑏1+𝑘𝑃𝑏𝑘 + 2𝑎1−𝑘𝑏1+𝑘𝑎2𝑞

+ 2𝑎1−𝑘𝑏1+𝑘𝑎𝑏𝑞 − 4𝑏1+𝑘𝑏1−𝑘𝑎2𝑞 + 2𝑎1+𝑘𝑎1−𝑘𝑃𝑏 − 𝑎1+𝑘𝑏1−𝑘𝑃𝑏 − 𝑎1−𝑘𝑏1+𝑘𝑃𝑏)𝑘
𝑑1

(A.1.3)

𝐶 = −

−2𝑎1−𝑘𝑎3𝑏𝑘𝑞 + 4𝑎1−𝑘𝑎2𝑏2𝑘𝑞 − 2𝑎1−𝑘𝑎𝑏3𝑘𝑞 − 2𝑏1−𝑘𝑎4𝑘𝑞

+ 4𝑏1−𝑘𝑎3𝑏𝑘𝑞 − 2𝑏1−𝑘𝑎2𝑏2𝑘𝑞 + 𝑎1−𝑘𝑃𝑎2𝑏𝑘 + 𝑎1−𝑘𝑃𝑏3𝑘 − 2𝑎1−𝑘𝑎3𝑏𝑞

+ 2𝑎1−𝑘𝑎𝑏3𝑞 − 2𝑏1−𝑘𝑃𝑎2𝑏𝑘 + 2𝑏1−𝑘𝑎4𝑞 − 2𝑏1−𝑘𝑎2𝑏2𝑞 + 𝑎1−𝑘𝑃𝑎2𝑏 − 𝑎1−𝑘𝑃𝑏3

𝑑1

(A.1.4)

𝐷 = −

−2𝑞𝑎3𝑎1+𝑘𝑏𝑘 + 4𝑞𝑎2𝑎1+𝑘𝑏2𝑘 − 2𝑎1+𝑘𝑎𝑏3𝑘𝑞 − 2𝑞𝑎4𝑏1+𝑘𝑘 + 4𝑞𝑎3𝑏1+𝑘𝑏𝑘

− 2𝑏1+𝑘𝑎2𝑏2𝑘𝑞 + 𝑎1+𝑘𝑃𝑎2𝑏𝑘 + 𝑎1+𝑘𝑃𝑏3𝑘 + 2𝑞𝑎3𝑎1+𝑘𝑏 − 2𝑎1+𝑘𝑎𝑏3𝑞

− 2𝑏1+𝑘𝑃𝑎2𝑏𝑘 − 2𝑞𝑎4𝑏1+𝑘 + 2𝑏1+𝑘𝑎2𝑏2𝑞 − 𝑎1+𝑘𝑃𝑎2𝑏 + 𝑎1+𝑘𝑃𝑏3

𝑑1

(A.1.5)

𝐸 =
(−2𝑎𝑞 + 𝑃) 𝑏𝑎

(
𝑏 𝑎1−𝛽𝛽 ln(𝑏) − 𝑏 𝑎1−𝛽𝛽 ln(𝑎) − 𝑎1−𝛽𝑏 + 𝑏1−𝛽𝑎

)
𝑑2

(A.1.6)
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𝐹 =

𝑎𝑏(−2 ln(𝑏) 𝑎1+𝛽𝑎𝑏𝛽𝑞 + 2 ln(𝑎) 𝑎1+𝛽𝑎𝑏𝛽𝑞 + ln(𝑏) 𝑎1+𝛽𝑃𝑏𝛽
− ln(𝑎) 𝑎1+𝛽𝑃𝑏𝛽 − 2𝑎1+𝛽𝑎𝑏𝑞 + 2𝑏1+𝛽𝑎2𝑞 + 𝑎1+𝛽𝑃𝑏 − 𝑏1+𝛽𝑃𝑎)

𝑑2

(A.1.7)

𝐻 =

𝑏(−4𝑎1+𝛽𝑎1−𝛽𝑎𝑏𝑞 + 2𝑎1+𝛽𝑏1−𝛽𝑎2𝑞 + 2𝑎1−𝛽𝑏1+𝛽𝑎2𝑞

+ 2𝑎1+𝛽𝑎1−𝛽𝑃𝑏 − 𝑎1+𝛽𝑏1−𝛽𝑃𝑎 − 𝑎1−𝛽𝑏1+𝛽𝑃𝑎)
𝑑2

(A.1.8)
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APPENDIX B

Classical Laminate Theory

B.1 ABD Matrix

In the Classical Laminate Theory, an orthotropic UD layer (lamina) is assumed under a plane-stress
condition. The plane stresses in the principal material axis are connected with the strains with
reduced stiffness matrix𝑄,

𝑄𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 =


𝑄11 𝑄12 0
𝑄12 𝑄22 0

0 0 𝑄66

 (B.1.1)

With,

𝑄11 =
𝐸1

1 − v12v21

𝑄22 =
𝐸2

1 − v12v21

𝑄12 = 𝑄21 =
v21𝐸1

1 − v12v21
=

v12𝐸2

1 − v12v21

𝑄66 = 𝐺12

(B.1.2)

𝐸1 is Young’s Modulus in the fiber direction and 𝐸2 in the transverse direction. 𝐺12 is the Shear
Modulus and 𝑣12, 𝑣21 the Poisson’s ratio. The Poisson’s ratios are related with the expression 𝑣21 =

(𝐸2/𝐸1)𝑣12. In order to estimate the reduced stiffness matrix in the laminates (global) coordinate
system a transformation is needed. The transformation matrix 𝑇 is specified as,

[𝑇] =

𝑚2 𝑛2 2𝑚𝑛
𝑛2 𝑚2 −2𝑚𝑛
−𝑚𝑛 𝑚𝑛 𝑚2 − 𝑛2

 (B.1.3)

Where,

𝑚 = cos 𝜃

𝑛 = sin 𝜃

The reduced stiffness matrix in the global coordinate system is,

𝑄𝑔𝑙𝑜𝑏𝑎𝑙 =


𝑄𝑥𝑥 𝑄𝑥𝑦 𝑄𝑥𝑠

𝑄𝑦𝑥 𝑄𝑦𝑦 𝑄𝑦𝑠

𝑄𝑠𝑥 𝑄𝑠𝑦 𝑄𝑠𝑠

 =
[
𝑇−1] 

𝑄11 𝑄12 0
𝑄21 𝑄22 0

0 0 𝑄66

 [𝑇] (B.1.4)
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B.2. Stresses & Strains in the lamina level APPENDIX B

After specifying the global reduced stiffness matrix 𝑄, the 𝐴𝐵𝐷 matrix that contains information
for the stiffness of the laminate can be obtained. In particular,



Nx

Ny

Ns

Mx

My

Ms


=



Axx Axy Axs Bxx Bxy Bxs

Axy Ayy Ays Bxy Byy Bys

Axs Ays Ass Bxs Bys Bss

Bxx Bxy Bxs Dxx Dxy Dxs

Bxy Byy Bys Dxy Dyy Dys

Bxs Bys Bss Dxs Dys Dss





𝜀𝑥𝑜
𝜀𝑦𝑜
𝛾𝑠𝑜
𝜅𝑥
𝜅𝑦
𝜅𝑠


−→

{
𝑁

𝑀

}
=

[
𝐴 𝐵

𝐵 𝐷

] {
𝜀𝑜

𝜅

}
(B.1.5)

𝑁 and 𝑀 refer to the loads and moments applied to the laminate. As can be observed, the 𝐴𝐵𝐷

matrix is given in terms of three stiffness matrices, namely 𝐴, 𝐵, and 𝐷. Matrix 𝐴 contains informa-
tion about the extensional stiffness, 𝐵 about the coupling stiffness, and finally 𝐷 about the bending
or flexural stiffness of the laminate. Specifically, these three matrices can be determined by the
following expressions,

𝐴𝑖 𝑗 =

𝑛∑︁
𝑘=1

𝑄𝑘
𝑖 𝑗 (𝑧𝑘 − 𝑧𝑘−1)

𝐵𝑖 𝑗 =
1
2

𝑛∑︁
𝑘=1

𝑄𝑘
𝑖 𝑗

(
𝑧2
𝑘 − 𝑧

2
𝑘−1

)
𝐷𝑖 𝑗 =

1
3

𝑛∑︁
𝑘=1

𝑄𝑘
𝑖 𝑗

(
𝑧3
𝑘 − 𝑧

3
𝑘−1

) (B.1.6)

𝑧𝑘 , 𝑧𝑘−1 refer to the distance of the layer from the reference plane and 𝑖, 𝑗 = 𝑥, 𝑦, 𝑠.

B.2 Stresses & Strains in the lamina level

From equation B.1.5 the strains in the middle plain of the laminate (𝜀𝑥𝑜, 𝜀𝑦𝑜, 𝛾𝑥𝑦𝑜) can be estimated.
Specifically, the strains of the lamina in a global coordinate system (𝜀𝑥 , 𝜀𝑦 , 𝛾𝑥𝑦) are related to the
strains in the middle of the laminate and the curvatures (𝜅𝑥 , 𝜅𝑦 , 𝜅𝑥𝑦) with the following equation,

𝜀𝑥 = 𝜀𝑥𝑜 + 𝑧𝜅𝑥
𝜀𝑦 = 𝜀𝑦𝑜 + 𝑧𝜅𝑦
𝛾𝑥𝑦 = 𝛾𝑥𝑦𝑜 + 𝑧𝜅𝑥𝑦

(B.2.1)

In order to estimate the strains in the middle of the laminate, equation B.1.5 has to be solved with
respect to the strains. In particular,

𝜀𝑥𝑜
𝜀𝑦𝑜
𝛾𝑥𝑦𝑜
𝜅𝑥
𝜅𝑦
𝜅𝑥𝑦


=



𝛼11 𝛼12 𝛼16 𝛽11 𝛽12 𝛽16

𝛼12 𝛼22 𝛼26 𝛽21 𝛽22 𝛽26

𝛼16 𝛼26 𝛼66 𝛽61 𝛽62 𝛽66

𝛽11 𝛽21 𝛽61 𝛿11 𝛿12 𝛿16

𝛽12 𝛽22 𝛽62 𝛿12 𝛿22 𝛿26

𝛽16 𝛽26 𝛽66 𝛿16 𝛿26 𝛿66





𝑁𝑥

𝑁𝑦

𝑁𝑥𝑦

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦


(B.2.2)

The inverse of the 𝐴𝐵𝐷, is later used for calculating the engineering constants of the laminate. By
substituting the result of equation B.2.2 to B.2.1, the strains of the lamina in the global coordinate
system are estimated. In addition, the stresses of the lamina in the global laminate system can be
calculated with,
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
𝜎𝑥

𝜎𝑦

𝜏𝑠

 =


𝑄𝑥𝑥 𝑄𝑥𝑦 𝑄𝑥𝑠

𝑄𝑦𝑥 𝑄𝑦𝑦 𝑄𝑦𝑠

𝑄𝑠𝑥 𝑄𝑠𝑦 𝑄𝑠𝑠



𝜀𝑥
𝜀𝑦
𝛾𝑠

 (B.2.3)

Where𝑄 is the global reduced stiffness matrix (B.1.4). Finally, the stresses and strains in the princi-
pal system of the layer can be estimated by performing a simple transformation,

𝜎1

𝜎2

𝜏12

 = [𝑇]

𝜎𝑥

𝜎𝑦

𝜏𝑠

 (B.2.4)


𝜖1

𝜖2
1
2𝛾12

 = [𝑇]

𝜖𝑥
𝜖𝑦
1
2𝛾𝑠

 (B.2.5)
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