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Abstract

Computational Fluid Dynamics (CFD) has become important in designing aerospace and trans-
port products. It allows for predicting the key flow properties. The CFD techniques were devel-
oped in the late 20th century. Mimetic schemes are relatively new in the realm of CFD, although
they have been applied to a wide range of Partial Differential equations (PDE) problems. Some
attempts have been made to draw comparisons between Finite Volume Methods and Finite Ele-
ment Methods along with other conventional CFD techniques but not much attention has been
paid towards the comparison of the Mimetic Spectral Element Method (MSEM) with these most
conventional techniques. Further analysis is required in order to make judgments regarding the
effectiveness, stability and accuracy of MSEM against conventional methods.

The purpose of this report is to present the findings and outcomes of 2D incompressible
Navier-Stokes flow simulation techniques. Then, the comparison between the MSEM and con-
ventional CFDwill be made. Themass, energy, enstrophy and vorticity conserving (MEEVC) was
chosen as a MSEM solver. MEEVC employs mixed finite element discretization which allows for
the preservation of mass, energy, enstrophy and vorticity. The phyem package for Python cre-
ated by Yi Zhang et al. is used to carry out MEEVC. Because a non-linear system needs to
be solved, a Newton linearization is implemented. ANSYS Fluent represents the conventional
CFD due to its built-in 2D solver. A coupled solver is selected as it solves for both pressure and
velocity simultaneously compared to usually used segregated methods.

Four test cases were conducted using both software, and the results were compared with the
literature for validation. They were selected in order to capture different flow conditions, including
internal and external, steady and unsteady flows. The study validates both methods against the
literature and analytical solutions. Then, a cross-case study is performed in order to answer the
research questions.
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1
Introduction

The use of Computational Fluid Dynamics (CFD) has become necessary in the design and eval-
uation of products manufactured in the aerospace and transport sectors, [1]. The CFD helps in
the early design phases of product development, [2]. The key aspects of CFD are to study the
properties of the fluids, to numerically approximate how the fluids will move with time and forces
applied and how the movement would affect the surroundings. The computing techniques and
physical models are becoming more and more advanced, [3]. They rely on the Navier–Stokes
equations (continuity, momentum and energy equations). The development of computational
fluid dynamics has been based quite significantly on the numerical formulations brought forth in
the 1970s and 1980s, [4, 5, 6]. The conventional software packages for design include ANSYS
CFX, ANSYS Fluent, Dassault Systemes XFlow and OpenFOAM. Finite Volume, Finite Element,
Finite Difference, Lattice Boltzmann and Spectral Element are the most commonly used spatial
discretization methods in computational fluid dynamics.

The Spectral Element Method was introduced in 1980s by Patera, [7]. It combined the finite
element method with the accuracy of spectral techniques. A high-order Lagrangian interpolant
is used for representation of velocity at each element through the Chebyshev grid. The discrete
versions of differential operators gradient, divergence and curl were proposed by Hyman and
Shashkov, [8]. Later, the support-operator method was used to construct second-order afore-
mentioned operators [9] as natural discrete operators from [8] were not sufficient.

In ”Principles of Mimetic Discretizations of Differential Operators”, Pavel Bochev introduces
a method for discretizing differential operators, [10] These mimetic operators are reduction and
reconstruction. The framework is compatible with finite element/volume/difference methods. Di-
rect and conforming methods are equivalent to regular reconstruction operators. This allows for
the possibility of performing error analysis on direct mimetic methods, [10].

In the context of numerical methods and discretizations, ”mimetic” refers to the approach of
imitating or reproducing specific mathematical properties. Mimetic discretization methods pre-
serve the symmetries inherent in the underlying physical system [11]. These methods adhere
to the same conservation laws as their continuous counterparts. Differential geometry and alge-
braic topology are core aspects of the mimetic discretizations, [11].

Recently, the mimetic spectral element method in CFD analysis has gained much attention.
Tonti found the geometric aspects within physical theories comprising differential geometry and
algebraic topology [12]. He explains the connection between physical variables in partial differ-
ential equations (PDEs) and geometric elements in a discrete scheme to construct a structure-
preserving method. Another area of application was computational and geophysical fluid dynam-
ics, [13]. Such approximations are supported by high-degree polynomials which approximate the

1
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solution within each element in the MSEM. It should provide a better representation of the deriva-
tive and gradient operators compared to traditional numerical methods like Finite VolumeMethod
and Finite Element Method. Also, the MSEM, unlike other CFD methods as described in [14] is
less dependent on mesh so it may be implemented in arbitrarily shaped domains. One of the
main advancements incorporated into the MSEMs are the discrete analogues of continuous dif-
ferential operators that, in most cases, act similarly to gradient, divergence and curl operators,
[15]. The correspondence of k-forms and k-cochains is built via mimetic operators like reduc-
tion, reconstruction and projection. Then the mass, energy, enstrophy and vorticity conserving
(MEEVC) was proposed in [16] by Artur Palha and Marc Gerritsma. It is a mimetic spectral
element combined with mixed finite element discretization designed for solving the 2D incom-
pressible Navier-Stokes equations. It was modified in [17] by Yi Zhang to incorporate no-slip
boundary conditions while satisfying the initial vorticity conservation law.

The MSEM offers versatile solutions for physical problems expressed in terms of partial dif-
ferential equations (PDEs). The examples include: Stokes flow [18], diffusion [19, 20], advection
[21, 22], 3D linear elasticity problems [23], geophysical flow [13, 24], electromagnetism [25, 26],
Navier-Stokes [16, 17], shallow water flows [27, 28] and viscoelastic flows [29].

Comparison studies are essential in assessing the performance and accuracy of new com-
putational methods and tools in fluid dynamics. To illustrate, the work of Liu [30] presents a
comparison of a number of CFD codes aimed at the simulation of gas-solid fluidized bed hydro-
dynamics, thus shedding some light on how well these tools represent complex flow patterns.
In a different study conducted by Herzog [31], a comprehensive comparison of the Large Eddy
Simulation (LES) model and the Reynolds Averaged Navier Stokes (RANS) model for RCCI com-
bustion was conducted. Stringer performed a comparative analysis of the commercial package
CFX and the open-source package OpenFOAM in the simulation of flow over a circular cylinder,
[32]. Jeong compared the two methods commonly employed in commercial CFD: Finite Volume
Method (FVM) and Finite Element Method (FEM), [33]. Jet impingement tests were performed
by López in OpenFOAM and ANSYS Fluent, [34]. These studies stress the need to assess and
compare the differences in the functions and behaviour of the distinct methodologies. However,
one interesting aspect has yet to be covered. No direct comparison was made between mimetic
schemes and conventional CFD. Such comparisons are necessary to check whether mimetic
schemes offer superior accuracy and stability in the simulation of Navier-Stokes equations.

The purpose of this report is to present the results of the two methods for flow simulation.
The thesis aims to comprehensively explore and analyze the Mimetic Spectral Element Method
and compare it to conventionally used CFD software. The study will be conducted for the incom-
pressible 2D Navier-Stokes. A set of benchmark test cases are chosen to cover a range of flow
scenarios. The data obtained from both MSEM and conventional CFD will be validated against
available experimental, numerical data from the literature as well as with analytical solutions if
those exist.

Four test cases were selected: Taylor Green vortex, lid-driven cavity flow, backward-facing
step and flow around a cylinder. The Taylor-Green vortex is often treated as a standard case
which involves the study of the time-evolving dissolution of vortex structures in a non-viscous
or viscous fluid. The lid-driven cavity flow is often performed to check the precision of the CFD
solvers applied to the shearing motion of the fluid located in a closed domain. The backward-
facing step flow involves an abrupt increase in the width of the channel and gives rise to separa-
tion, reattachment and recirculation regions. The backward-facing step flow finds lots of everyday
applications such as airflow over high angles of airfoils, airflow separation behind vehicles and
airflow in the entry, condenser and combustion chamber of engines, [35, 36, 37]. Finally, the
flow around a cylinder is one of the elementary problems in the field of external aerodynamics
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where accurate prediction of the boundary layer development, wake and vortex shedding in the
wake of a bluff body is the main challenge making it ideal for simulating obstructed flows and
testing turbulence models in unsteady situations, [38].

1.1. Research Formulation
In the thesis, the investigation includes the research objective as well as supportive research
questions. They are as follows:

A Comparative Study of Mimetic Spectral Element Method and Conventional CFD
Techniques for incompressible 2D Navier-Stokes.

Research Objective

How does the accuracy of the Mimetic Spectral Element Method (MSEM) compare to
conventional Computational Fluid Dynamics (CFD) techniques?

Research Question 1

How do both methods compare to literature/experimental data?

Research Question 2

How do the Mimetic Spectral Element Method and conventional CFD methods perform
across different flow types (e.g. internal, external, steady, unsteady)?

Research Question 3

1.2. Structure of the Report
The structure of the report is as follows. Firstly, in Chapter 2 the general theory of the MSEM
is presented as well as the python package used for simulations - phyem. For comparison, the
conventional CFD methods are described in Chapter 3. The numerical results are presented in
Chapter 4. The main focus of the chapter is to compare MSEM and ANSYS FLUENT results for
several test cases. The report is concluded in Chapter 5.



2
Mimetic Spectral Element Method

TheMimetic Spectral Element Method (MSEM)method imitates essential characteristics of math-
ematical and physical systems, such as conservation laws, duality and self-adjointness of differ-
ential operators. As the scope of this research is the 2-dimensional simulation, the approach
for 2D will be presented in this chapter. It simplyfies the representation and discretization of the
domain.

In this chapter, the flow of the phyem simulation package is presented, [39]. It was created by
Andrea Brugnoli, RamyRashad, Stefano Stramigioli, Yi Zhang. Themass, energy, enstrophy and
vorticity conserving (MEEVC) was initially proposed in [16] and modified in [17]. It is a mimetic
spectral element solver designed to solve the 2D incompressible Navier-Stokes equations. The
phyem package will be used for MEEVC simulations of the flow to compare with commercially
available options.

Currently, there are two ways to simulate something. The first option is to use commercial
software that works like a black box. This means we only need to understand the general con-
cepts of pre-processing and post-processing. The second option is to use open-access libraries
to set up the simulation. With this approach, we need to work out the math on paper (the abstract
stage) and then use the library’s functionalities accordingly. The phyem aims to deliver the third
option which allows the user to work out the abstract part of the problem within the code itself,
[39].

The PhyEM package enables LEGO-like multi-physics simulation by representing equations,
weak formulations and discretization at a program level. It utilizes a differential forms-based
mathematical representation. Its simplified flow is seen in Figure 2.1, [39].
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Figure 2.1: Simulation flow with the use of phyem package, [39].

2.1. Basis functions
Basis functions are a set of functions that form a basis for a vector space or function space. A
basis is a set of linearly independent functions.

Nodal functions, also known as nodal basis functions or nodal shape functions, are used
for representing and interpolating values within an element or mesh. Let’s consider an interval
[�1; 1] 2 R and the nodes are then equal to:

�1 < �0 < �1 < ::: < �n� 1 < �n < 1 (2.1)

where nodes follow the Legendre-Gauss-Lobatto (LGL) grid, [40]. The LGL grid includes the
endpoints of the interval. The Lagrange polynomial is the smallest degree polynomial that passes
through a particular set of points. It is defined as:

hi (�j) = �i
j =

(
1 if i = j

0 if i 6= j
(2.2)

with �i
j being the Kronecker delta function. It then follows:

hi (�j) =

NY

j=0
j6= i

� � �j

�i � �j
(2.3)

The Lagrange polynomial basis for n = 5 nodes using the Gauss-Lobatto grid is presented in
Figure 2.2. The function values for all nodes are preserved as only information from the particular
node is used. Value from node 1 at � = �1, from node 3 at � = 0 etc. However, in between nodal
points, the values are interpolated with information from all nodes. When trying to interpolate
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�D �V�H�W �R�I �H�T�X�L�G�L�V�W�D�Q�W �G�D�W�D �S�R�L�Q�W�V�� �X�V�L�Q�J �K�L�J�K���G�H�J�U�H�H �S�R�O�\�Q�R�P�L�D�O�V �F�D�Q �U�H�V�X�O�W �L�Q �L�Q�D�F�F�X�U�D�F�L�H�V �D�Q�G
�O�D�U�J�H �R�V�F�L�O�O�D�W�L�R�Q�V �L�Q �W�K�H �L�Q�W�H�U�S�R�O�D�W�H�G �I�X�Q�F�W�L�R�Q�� �S�D�U�W�L�F�X�O�D�U�O�\ �Q�H�D�U �W�K�H �H�G�J�H�V �R�I �W�K�H �G�D�W�D �L�Q�W�H�U�Y�D�O��

�)�L�J�X�U�H ���������1�R�G�D�O �/�D�J�U�D�Q�J�H �S�R�O�\�Q�R�P�L�D�O �E�D�V�L�V �I�R�Un = 5 ��

�(�G�J�H �E�D�V�L�V �I�X�Q�F�W�L�R�Q�V �D�U�H �X�V�H�G �W�R �G�L�V�F�U�H�W�L�]�H �I�X�Q�F�W�L�R�Q�V �D�O�R�Q�J �W�K�H �H�G�J�H�V �R�U �E�R�X�Q�G�D�U�L�H�V �R�I �H�O�H��
�P�H�Q�W�V �L�Q �D �P�H�V�K�� �/�H�W�¶�V �V�W�D�U�W �Z�L�W�K �D �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �E�D�V�L�V �I�X�Q�F�W�L�R�Q�V�� �7�K�H�U�H �H�[�L�V�Wn �����F�R�F�K�D�L�Q�V�� �L�Q
�F�R�Q�W�U�D�V�W �W�R �W�K�Hn + 1 �����F�R�F�K�D�L�Q�V �D�Vn �H�G�J�H�V �D�U�H �O�R�F�D�W�H�G �E�H�W�Z�H�H�Q �W�K�Hn + 1 �Q�R�G�H�V��

ei (� ) = �
i � 1X

k=0

dhk (� )
d�

�G� = �
i � 1X

k=0

�Ghk (� ) ����������

�Z�K�H�U�Hhk (� ) �D�U�H �W�K�H �Q�R�G�D�O �I�X�Q�F�W�L�R�Q�V �D�Q�Gdhk (� ) �L�V �D�Q �H�[�W�H�U�L�R�U �G�H�U�L�Y�D�W�L�Y�H �R�Ihk (� )�� �7�K�H �E�D�V�L�V
�I�X�Q�F�W�L�R�Q�V�� �G�H�Q�R�W�H�G �D�Vei (� )�� �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �D�V �S�R�O�\�Q�R�P�L�D�O �L�Q�G�L�F�D�W�R�U �I�X�Q�F�W�L�R�Q�V �Z�K�L�F�K �V�D�W�L�V�I�\��
�>���� �@

Z � j

� j � 1

ei (� ) = � i
j =

(
1 �L�Ii = j

0 �L�Ii 6= j
����������

�Z�L�W�K� i
j �E�H�L�Q�J �W�K�H �.�U�R�Q�H�F�N�H�U �G�H�O�W�D �I�X�Q�F�W�L�R�Q��

�,�Q�)�L�J�X�U�H �������H�G�J�H �I�X�Q�F�W�L�R�Q�V �I�R�Un = 5 �D�U�H �V�K�R�Z�Q�� �2�Q �W�K�H �F�R�Q�W�U�D�U�\ �W�R �W�K�H �Q�R�G�D�O �I�X�Q�F�W�L�R�Q�V
�L�Q�)�L�J�X�U�H �������� �W�K�H �L�Q�I�R�U�P�D�W�L�R�Q �L�V �Q�R�W �F�R�Q�V�H�U�Y�H�G �R�Q �W�K�H �Q�R�G�H�V�� �5�D�W�K�H�U �W�K�H �L�Q�W�H�J�U�D�O �R�Iei (� ) �L�V
�S�U�H�V�H�U�Y�H�G��
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�)�L�J�X�U�H ���������(�G�J�H �I�X�Q�F�W�L�R�Q�V �E�D�V�L�V �I�R�Un = 5 ��

�)�R�U �H�G�J�H �I�X�Q�F�W�L�R�Q�V�� �W�K�H �.�U�R�Q�H�F�N�H�U �G�H�O�W�D �L�V �Q�R�W �D�V �F�O�H�D�U�O�\ �V�H�H�Q �D�V �I�R�U �Q�R�G�D�O �I�X�Q�F�W�L�R�Q�V �D�V �L�W �K�D�V
�W�R �V�D�W�L�V�I�\ �W�K�H �L�Q�W�H�J�U�D�O �S�U�R�S�H�U�W�\ ���(�T�X�D�W�L�R�Q ���������� �)�R�U �H�[�D�P�S�O�H �R�I �H�G�J�H �I�X�Q�F�W�L�R�Qe1�� �W�K�H �L�Q�W�H�J�U�D�O �R�Y�H�U
�W�K�H �U�D�Q�J�H(� 0; � 1) �H�T�X�D�O�V �W�R1 �Z�K�L�F�K �L�V �L�Q�G�L�F�D�W�H�G �Z�L�W�K �V�K�D�G�H�G �D�U�H�D �L�Q �W�K�H�)�L�J�X�U�H �������� �7�K�H �L�Q�W�H�J�U�D�O
�L�V �H�T�X�D�O �W�R0 �I�R�U �R�W�K�H�U �V�H�J�P�H�Q�W�V��

���������0�L�P�H�W�L�F �R�S�H�U�D�W�R�U�V
�,�Q �R�U�G�H�U �W�R �H�V�W�D�E�O�L�V�K �D �F�R�Q�Q�H�F�W�L�R�Q �E�H�W�Z�H�H�Q �G�L�I�I�H�U�H�Q�W�L�D�O �I�R�U�P�V �D�Q�G �F�R�F�K�D�L�Q�V�� �W�K�U�H�H �R�S�H�U�D�W�R�U�V �Z�L�O�O
�E�H �L�Q�W�U�R�G�X�F�H�G�� �,�Q �W�K�H �I�U�D�P�H�Z�R�U�N �R�I �P�L�P�H�W�L�F �P�H�W�K�R�G�V�� �W�Z�R �N�H�\ �R�S�H�U�D�W�R�U�V �D�U�H �L�Q�W�U�R�G�X�F�H�G�� �W�K�H
�U�H�G�X�F�W�L�R�Q �R�S�H�U�D�W�R�UR �D�Q�G �W�K�H �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �R�S�H�U�D�W�R�UI �� �7�K�H�\ �J�L�Y�H �W�K�H �S�U�R�M�H�F�W�L�R�Q �R�S�H�U�D�W�R�U �D�V
� = I � R �� �,�W �F�D�Q �E�H �V�H�H�Q �L�Q�)�L�J�X�U�H �������� �>���� �@��

�)�L�J�X�U�H ���������,�O�O�X�V�W�U�D�W�L�R�Q �R�I �P�L�P�H�W�L�F �R�S�H�U�D�W�R�U�V�� �>���� �@��

�������������5�H�G�X�F�W�L�R�Q �2�S�H�U�D�W�R�U
�7�K�H �U�H�G�X�F�W�L�R�Q �R�S�H�U�D�W�R�U�� �G�H�Q�R�W�H�G �E�\R : � k (
) ! Ck (D )�� �P�D�S�V �G�L�I�I�H�U�H�Q�W�L�D�O �I�R�U�P�V �L�Q�W�R �F�R�F�K�D�L�Q�V��
�,�W �L�V �D�O�V�R �N�Q�R�Z�Q �D�V �W�K�H �'�H �5�K�D�P �P�D�S�� �7�K�H �R�S�H�U�D�W�R�U �L�V �G�H�I�L�Q�H�G �E�\�� �>���� �@

hRa(k) ; � (k) i =
Z

� ( k )
a(k) ; 8� (k) 2 Ck (D ); ����������

�Z�K�H�U�H� (k) �L�V �Dk���F�K�D�L�Q �L�Q �W�K�H �F�R�P�S�O�H�[Ck (D ) �D�Q�Ga(k) �L�V �Dk���I�R�U�P �L�Q� k (
) �� �,�W �G�R�Z�Q�V�L�]�H�V �W�K�H
�F�R�Q�W�L�Q�X�R�X�V �G�L�I�I�H�U�H�Q�W�L�D�O �I�R�U�P �W�R �L�W�V �G�L�V�F�U�H�W�H �F�R�X�Q�W�H�U�S�D�U�W�� �:�K�H�Q �W�D�N�L�Q�J �W�K�H �H�[�W�H�U�L�R�U �G�H�U�L�Y�D�W�L�Y�H �D�W �W�K�H
�F�R�Q�W�L�Q�X�R�X�V �O�H�Y�H�O �D�Q�G �W�K�H�Q �U�H�G�X�F�L�Q�J �L�W �W�K�U�R�X�J�K �G�L�V�F�U�H�W�L�]�D�W�L�R�Q�� �L�W �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R �I�L�U�V�W �G�L�V�F�U�H�W�L�]�L�Q�J
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�D�Q�G �W�K�H�Q �D�S�S�O�\�L�Q�J �W�K�H �F�R�E�R�X�Q�G�D�U�\ �R�S�H�U�D�W�R�U�� �7�K�L�V �S�U�L�Q�F�L�S�O�H �K�R�O�G�V �W�U�X�H �I�R�U �D�O�O �G�L�I�I�H�U�H�Q�W�L�D�O �I�R�U�P�V��
�>���� �@��

�������������5�H�F�R�Q�V�W�U�X�F�W�L�R�Q �2�S�H�U�D�W�R�U
�7�K�H �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �R�S�H�U�D�W�R�U�� �G�H�Q�R�W�H�G �E�\I : Ck (D ) ! � k

h(
; Ck ) �P�D�S�V �F�R�F�K�D�L�Q�V �E�D�F�N �L�Q�W�R �G�L�I�I�H�U��
�H�Q�W�L�D�O �I�R�U�P�V�� �,�W �L�V �W�K�H �L�Q�Y�H�U�V�H �R�I �W�K�H �U�H�G�X�F�W�L�R�Q �R�S�H�U�D�W�R�UR�� �7�K�H �U�H�F�R�Q�V�W�U�X�F�W�H�G �G�L�I�I�H�U�H�Q�W�L�D�O �I�R�U�P�V
�E�H�O�R�Q�J �W�R �W�K�H �G�L�V�F�U�H�W�H �V�S�D�F�H� k

h(
; Ck )�� �Z�K�L�F�K �L�V �D �V�X�E�V�H�W �R�I �W�K�H �F�R�Q�W�L�Q�X�R�X�V �V�S�D�F�H� k (
) �� �>���� �@��

I �L�V �W�K�H �U�L�J�K�W �L�Q�Y�H�U�V�H �R�IR �� �P�H�D�Q�L�Q�J �W�K�D�WRI = �,�G �R�QCk (D )�� I �D�O�V�R �F�R�P�P�X�W�H�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W�L��
�D�W�L�R�Q�� �H�Q�V�X�U�L�Q�J �W�K�D�W �W�K�H �H�[�W�H�U�L�R�U �G�H�U�L�Y�D�W�L�Y�H �R�I �W�K�H �U�H�F�R�Q�V�W�U�X�F�W�H�G �I�R�U�P �I�R�O�O�R�Z�V��

dI = I � �R�QCk (D ): ����������

�������������3�U�R�M�H�F�W�L�R�Q �2�S�H�U�D�W�R�U
�7�K�H �S�U�R�M�H�F�W�L�R�Q �R�S�H�U�D�W�R�U� h �L�V �G�H�I�L�Q�H�G �D�V �W�K�H �F�R�P�S�R�V�L�W�L�R�Q �R�I �W�K�H �U�H�G�X�F�W�L�R�Q �D�Q�G �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q
�R�S�H�U�D�W�R�U�V��� h = IR �� �,�W �S�U�R�Y�L�G�H�V �D �Z�D�\ �W�R �P�D�S �D �F�R�Q�W�L�Q�X�R�X�Vk���I�R�U�P �W�R �L�W�V �G�L�V�F�U�H�W�H �D�S�S�U�R�[�L�P�D�W�L�R�Q��
�>���� �@

a(k)
h = � ha(k) = IR a(k) ; a(k)

h 2 � k
h(
; Ck ): ����������

���������6�S�D�F�H �	 �)�R�U�P
�,�Q �R�U�G�H�U �W�R �E�H�J�L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �W�K�H �H�P�E�H�G�G�L�Q�J �V�S�D�F�H �G�L�P�H�Q�V�L�R�Q �K�D�V �W�R �E�H �V�H�W�� �,�W �F�D�Q �E�H �H�L�W�K�H�U
�R�Q�H���� �W�Z�R�� �R�U �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O�� �)�R�U �W�K�H �V�D�N�H �R�I �W�K�L�V �W�K�H�V�L�V�� �W�K�H ���' �D�Q�D�O�\�V�L�V �Z�L�O�O �E�H �S�H�U�I�R�U�P�H�G��
�7�K�H�Q�� �E�R�W�K �P�D�Q�L�I�R�O�G �D�Q�G �P�H�V�K �D�U�H �V�H�W�� �$�W �W�K�H �P�R�P�H�Q�W�� �L�W �L�V �L�P�S�R�V�V�L�E�O�H �W�R �Y�L�V�X�D�O�L�]�H �W�K�H �P�D�Q�L�I�R�O�G
�R�U �P�H�V�K �D�V �H�Y�H�U�\�W�K�L�Q�J �L�V �V�W�L�O�O �D�W �W�K�H �D�E�V�W�U�D�F�W �O�H�Y�H�O�� �>���� �@�� �7�K�H �V�L�]�H�� �V�K�D�S�H �D�Q�G �D�P�R�X�Q�W �R�I �W�K�H �F�H�O�O�V
�D�U�H �F�D�U�U�L�H�G �L�Q �O�D�W�H�U �S�D�U�W�V �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q ���V�H�H�6�H�F�W�L�R�Q ����������

�$�I�W�H�U �S�U�H�V�H�W�W�L�Q�J �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �E�R�W�K �V�S�D�F�H �D�Q�G �I�R�U�P �F�D�Q �E�H �G�H�I�L�Q�H�G�� �6�S�D�F�H �F�D�Q �E�H �E�R�W�K
�R�X�W�H�U�� �R�U �L�Q�Q�H�U���R�U�L�H�Q�W�H�G �D�V �H�V�W�D�E�O�L�V�K�H�G �L�Q �>���� �@�� �$ �I�R�U�P �L�V �V�L�P�S�O�\ �D�Q �H�O�H�P�H�Q�W �R�I �D �V�S�D�F�H�� �7�K�X�V�� �L�W
�L�V �U�D�W�L�R�Q�D�O �W�R �G�H�I�L�Q�H �D �I�R�U�P �W�K�U�R�X�J�K �D �V�S�D�F�H�� �>���� �@�� �,�Q ���' �1�D�Y�L�H�U���6�W�R�N�H�V �V�L�P�X�O�D�W�L�R�Q �I�R�U�P�V �D�U�H �D�V
�I�R�O�O�R�Z�V��

�‡�9�H�O�R�F�L�W�\~uh 2 Uh � H (div ; 
)

�‡�9�R�U�W�L�F�L�W�\! h 2 W h � H (curl ; 
)

�‡�3�U�H�V�V�X�U�HPh 2 Qh � L 2(
)

�:�L�W�K �I�R�U�P�V �F�U�H�D�W�H�G�� �R�Q�H �F�D�Q �L�P�S�O�H�P�H�Q�W �G�L�I�I�H�U�H�Q�W �R�S�H�U�D�W�R�U�V �W�R �E�X�L�O�G �P�R�U�H �F�R�P�S�O�H�[ �Q�R�Q���U�R�R�W
�I�R�U�P�V�� �7�K�H�V�H �R�S�H�U�D�W�R�U�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q�7�D�E�O�H �������� �>���� �@��a �D�Q�Gb �U�H�S�U�H�V�H�Q�W �I�R�U�P�V �Z�K�H�U�H �W�K�H
�R�S�H�U�D�W�R�U �L�V �E�H�L�Q�J �L�P�S�O�H�P�H�Q�W�H�G��
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@t �D���W�L�P�H�B�G�H�U�L�Y�D�W�L�Y�H����

�:�H�G�J�H �S�U�R�G�X�F�W^ �S�K�\�H�P���Z�H�G�J�H���D�� �E��

�,�Q�Q�H�U �S�U�R�G�X�F�Wh�; �i �S�K�\�H�P���L�Q�Q�H�U���D�� �E��
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�$�Q �L�Q�F�L�G�H�Q�F�H �P�D�W�U�L�[ �L�V �X�V�H�G �W�R �G�H�V�F�U�L�E�H �W�K�H �D�F�W�L�R�Q �R�I �W�K�H �H�[�W�H�U�L�R�U �G�H�U�L�Y�D�W�L�Y�Hd�� �7�R�J�H�W�K�H�U �Z�L�W�K �W�K�H
�E�D�V�L�V �I�X�Q�F�W�L�R�Q�V�� �Q�H�H�G �W�R �E�H �G�H�I�L�Q�H�G �L�Q �D �Z�D�\ �W�K�D�W�� �Z�K�H�Q �F�R�P�E�L�Q�H�G�� �F�U�H�D�W�H�V �D �G�L�V�F�U�H�W�H �Y�H�U�V�L�R�Q �R�I
�W�K�H �'�H �5�K�D�P �F�R�P�S�O�H�[ �D�V �V�H�H�Q �L�Q�)�L�J�X�U�H �������� �>���� �@��

�)�L�J�X�U�H ���������*�H�Q�H�U�D�O�L�]�H�G �'�H �5�K�D�P �F�R�P�S�O�H�[�� �>���� �@��

�,�Q �G�L�I�I�H�U�H�Q�W�L�D�O �J�H�R�P�H�W�U�\�� �W�K�H �H�[�W�H�U�L�R�U �G�H�U�L�Y�D�W�L�Y�H �R�S�H�U�D�W�R�Ud�� �H�Q�F�R�P�S�D�V�V�H�V �W�K�H �Y�H�F�W�R�U �R�S�H�U�D�W�L�R�Q�V
�R�I �J�U�D�G�L�H�Q�Wr �� �G�L�Y�H�U�J�H�Q�F�Hr� �D�Q�G �F�X�U�Or� �� �$ �J�H�Q�H�U�D�O �I�R�U�P �R�I �'�H �5�K�D�P �F�R�P�S�O�H�[ �R�Q �D �P�D�Q�L�I�R�O�G

 �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V��

0 d�! � 0(
) d�! � 1(
) d�! � 2(
) d�! ::: d�! � k (
) d�! 0 ����������

�Z�K�H�U�H� k (
) �U�H�S�U�H�V�H�Q�W�V �W�K�H �V�S�D�F�H �R�Ik���I�R�U�P�V �R�Q �W�K�H �P�D�Q�L�I�R�O�G
 �� d �L�V �W�K�H �H�[�W�H�U�L�R�U �G�H�U�L�Y�D�W�L�Y�H
�P�D�S�S�L�Q�Jk���I�R�U�P�V �W�R ���N���������I�R�U�P�V��

�,�QR1 �L�W �U�H�G�X�F�H�V �W�R��

0 �! H 1(
) r�! L 2(
) �! 0: ������������

�$�Q�G �I�R�UR2 �L�W �H�T�X�D�O�V �W�R�� �>���� �@
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0 �! H 1(
) r�! H (�U�R�W; 
) r��! L 2(
) �! 0; ������������

0 �! H (�F�X�U�O; 
) r��! H (�G�L�Y; 
) r��! L 2(
) �! 0: ������������

�7�K�H �G�L�V�F�U�H�W�H �'�H �5�K�D�P �F�R�P�S�O�H�[ �I�R�UR2 �F�D�Q �E�H �V�H�H�Q �L�Q�(�T�X�D�W�L�R�Q ���������� �:�L�W�K �W�K�H �+�R�G�J�H �P�D�W�U�L�F�H�V
�Q�H�F�H�V�V�D�U�\ �W�R �F�R�Q�Y�H�U�W �I�U�R�P �S�U�L�P�D�O �W�R �G�X�D�O �P�H�V�K��C(
) ��D (
) ��S(
) ��G(
) �D�Q�GR(
) �D�U�H �X�V�H�G �W�R
�H�[�S�U�H�V�V �I�L�Q�L�W�H �G�L�P�H�Q�V�L�R�Q�D�O �F�R�Q�I�R�U�P�L�Q�J �I�X�Q�F�W�L�R�Q �V�S�D�F�H�V �W�K�D�W �D�U�H �V�X�E�V�H�W�V �R�I �6�R�E�R�O�H�Y �V�S�D�F�H�V�� �>���� �@��

C(
) � H (�F�X�U�O; 
) ; D (
) � H (�G�L�Y; 
) ; S(
) � L 2(
) ;

G(
) � H 1(
) ; R(
) � H (�U�R�W; 
) ;
������������

R ,! C(
) r���! D (
) r��! S(
) ! 0;

R ,! G(
) r�! R(
) r���! S(
) ! 0:
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���������0�L�[�H�G �Z�H�D�N �I�R�U�P�X�O�D�W�L�R�Q
�:�K�H�Q �W�K�H �V�S�D�F�H �D�Q�G �I�R�U�P �D�U�H �F�U�H�D�W�H�G�� �W�K�H �S�D�U�W�L�D�O �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �F�D�Q �E�H �F�R�Q�V�W�U�X�F�W�H�G�� �,�W �L�V
�G�R�Q�H �Z�L�W�K �W�K�H �F�R�P�P�D�Q�G �S�K�\�H�P���S�G�H�� �>���� �@��
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@~u
@t

+ ~u � r ~u � r � (� r ~u) + r p = ~f ; �����������D��

r � ~u = 0 ; �����������E��

�Z�K�H�U�H@t �L�V �W�L�P�H �G�H�U�L�Y�D�W�L�Y�H��~u �L�V �Y�H�O�R�F�L�W�\��� �L�V �I�O�X�L�G �G�\�Q�D�P�L�F ���D�E�V�R�O�X�W�H�� �Y�L�V�F�R�V�L�W�\��p �L�V �D �V�W�D�W�L�F
�S�U�H�V�V�X�U�H �D�Q�G~f = 0 �L�V �D �E�R�G�\ �I�R�U�F�H �S�H�U �X�Q�L�W �P�D�V�V �D�V �Q�R �H�[�W�H�U�Q�D�O �I�R�U�F�H�V �D�U�H �D�S�S�O�L�H�G �W�R �W�K�H
�V�\�V�W�H�P��

�7�K�H�(�T�X�D�W�L�R�Q ���������F�D�Q �E�H �U�H�Z�U�L�W�W�H�Q �L�Q �9�H�O�R�F�L�W�\���9�R�U�W�L�F�L�W�\���3�U�H�V�V�X�U�H ���9�9�3�� �I�R�U�P�X�O�D�W�L�R�Q

@t~u + ! � ~u + � r � ! + r P = 0 ; �����������D��

! � r � ~u = 0 ; �����������E��

r � ~u = 0 : �����������F��

�7�K�H �V�W�D�W�L�F �S�U�H�V�V�X�U�Hp �L�V �V�X�E�V�W�L�W�X�W�H�G �Z�L�W�K �W�R�W�D�O �S�U�H�V�V�X�U�HP = p + 1
2~u2 �I�R�U �L�Q�F�R�P�S�U�H�V�V�L�E�O�H �I�O�R�Z��

�7�K�H! = r � ~u �U�H�S�U�H�V�H�Q�W�V �W�K�H �Y�R�U�W�L�F�L�W�\��

�7�K�H �X�Q�N�Q�R�Z�Q�V �K�D�Y�H �W�R �E�H �V�H�W �I�R�U �W�K�H �H�T�X�D�W�L�R�Q�V�� �7�K�H�V�H �D�U�H �Y�H�O�R�F�L�W�\u�� �Y�R�U�W�L�F�L�W�\! �D�Q�G �W�R��
�W�D�O �S�U�H�V�V�X�U�HP = p + 1

2~u � ~u �Z�L�W�K �V�W�D�W�L�F �S�U�H�V�V�X�U�Hp�� �7�K�H�Q �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�U�H �V�H�W �Z�L�W�K
�S�K�\�H�P���S�G�H���E�F���G�H�I�L�Q�H�B�E�F�� �2�Q�O�\ �W�Z�R �W�\�S�H�V�� �H�V�V�H�Q�W�L�D�O �D�Q�G �Q�D�W�X�U�D�O�� �R�I �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�U�H �L�P��
�S�O�H�P�H�Q�W�H�G�� �>���� �@��

�7�Z�R �S�D�L�U�V �R�I �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�U�H �S�U�H�V�F�U�L�E�H�G �>���� �@

~u � n = û? �R�Q� ?

P = P̂ �R�Q� P̂ ;
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! = !̂ �R�Q� !̂ ;

~u � n = ûk �R�Q� k;
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�Z�L�W�K �X�Q�L�W �R�X�W�Z�D�U�G �Q�R�U�P �Y�H�F�W�R�Un �D�Q�G �S�D�L�U�V �R�I �E�R�X�Q�G�D�U�L�H�V� !̂ [ � k = � ? [ � P̂ = @
 �� �7�K�H �E�R�X�Q�G�D�U�L�H�V
�D�U�H �G�L�V�M�R�L�Q�W �L�Q �H�D�F�K �S�D�L�U �L���H��� !̂ \ � k = � ? \ � P̂ = ; ��

�7�K�H �W�U�D�F�H �R�S�H�U�D�W�R�UT �U�H�V�W�U�L�F�W�V �D �I�X�Q�F�W�L�R�Q �W�R �D �E�R�X�Q�G�D�U�\ �V�H�F�W�L�R�Q� � @
 �� �,�W �D�F�W�V �R�Q! 2
H (�F�X�U�O; 
) ��' 2 H 1(
) ��~u 2 H (�G�L�Y; 
) �D�Q�G� 2 H (�U�R�W; 
) �� �,�W �L�V �G�H�I�L�Q�H�G �D�V �I�R�O�O�R�Z�V�� �>���� �@

T ! = ! j � ; T ' = ' j � ; ������������

T ~u = ~u � nj � ; T � = � � nj � : ������������

�Z�L�W�K �W�U�D�F�H �V�S�D�F�H�V��
T H (�F�X�U�O; 
 ; �) := fT ! j ! 2 H (�F�X�U�O; 
) g; ������������

T H (�G�L�Y; 
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) g; ������������

H 1/2 (
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) g; ������������
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) g: ������������
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) � S(
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+ � hr � ! h ; ~vh i 
| {z }
0� 2

� h Ph ; r � ~vh i 
| {z }
0� 3

+ hP̂ jT ~vh i � P̂| {z }
0� 4

= 0 8~vh 2 D0(
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= 0 8 ~w 2 C0(
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= 0 8~qh 2 S(
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h ; ! 0
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) �� �1�R
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� h uh ; r � ~wh i 
| {z }
1� 1
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�L�P�S�R�U�W�D�Q�W �V�W�H�S �L�Q �Q�R�U�P�D�O�L�]�L�Q�J �W�K�H �P�H�V�K �Z�K�H�Q �F�R�P�S�D�U�L�Q�J �Z�L�W�K �F�R�Q�Y�H�Q�W�L�R�Q�D�O �&�)�' �E�H�F�D�X�V�H �L�W �F�D�Q
�W�H�O�O �W�K�H �V�L�]�H �R�I �W�K�H �P�D�W�U�L�[ �V�\�V�W�H�P �R�Q�H �L�V �V�R�O�Y�L�Q�J �I�R�U ���D�W �H�D�F�K �W�L�P�H�V�W�H�S���� �7�K�H �'�R�) �L�V �F�D�O�F�X�O�D�W�H�G �L�Q
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�Q�X�P�H�U�L�F�D�O �Y�D�O�X�H�V �R�I �W�K�H �Y�D�U�L�D�E�O�H�V�� �>���� �@�� �,�Q �&�)�' �V�L�P�X�O�D�W�L�R�Q�V�� �Y�D�U�L�R�X�V �W�\�S�H�V �R�I �J�U�L�G�V �D�U�H �X�V�H�G�� �7�K�H
�I�R�O�O�R�Z�L�Q�J �D�U�H �V�R�P�H �R�I �W�K�H �S�U�L�P�D�U�\ �J�U�L�G �W�\�S�H�V��

�‡�6�W�U�X�F�W�X�U�H�G �*�U�L�G�V�� �F�H�O�O�V �D�U�H �W�R�S�R�O�R�J�L�F�D�O�O�\ �V�L�P�L�O�D�U �D�Q�G �D�O�O �F�H�O�O�V �K�D�Y�H �W�K�H �V�D�P�H �Q�X�P�E�H�U �D�Q�G
�W�\�S�H �R�I �F�R�Q�Q�H�F�W�L�R�Q

�‡�8�Q�V�W�U�X�F�W�X�U�H�G �J�U�L�G�V�� �D�U�E�L�W�U�D�U�\ �W�R�S�R�O�R�J�\ �R�I �W�K�H �Q�H�L�J�K�E�R�X�U�L�Q�J �F�H�O�O�V�� �Q�R �U�X�O�H �I�R�U �F�R�Q�Q�H�F�W�L�Y�L�W�\��

�‡�+�\�E�U�L�G �J�U�L�G�V�� �D �F�R�P�E�L�Q�D�W�L�R�Q �R�I �W�K�H �W�Z�R�� �8�V�X�D�O�O�\ �X�V�H�G �R�Q �W�K�H �L�Q�W�H�U�I�D�F�H �R�I �W�K�H �J�H�R�P�H�W�U�L�H�V��

�%�R�W�K �V�W�U�X�F�W�X�U�H�G �D�Q�G �X�Q�V�W�U�X�F�W�X�U�H�G �J�U�L�G�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H �������� �7�K�H �H�[�D�P�S�O�H �V�K�R�Z�V �D
�P�H�V�K �D�U�R�X�Q�G �D �V�L�P�S�O�H �I�O�D�W �S�O�D�W�H �L�Q �D �&�D�U�W�H�V�L�D�Q �F�R�R�U�G�L�Q�D�W�H �V�\�V�W�H�P�� �$�V �I�R�U �W�K�H �0�(�(�9�& �V�W�U�X�F�W�X�U�H�G
�J�U�L�G �L�V �X�V�H�G�� �W�K�H �$�1�6�<�6 �)�O�X�H�Q�W �P�H�V�K �Z�L�O�O �E�H �V�W�U�X�F�W�X�U�H�G �D�V �Z�H�O�O��



�������� �0�H�V�K ����

���D���6�W�U�X�F�W�X�U�H�G �J�U�L�G�� ���E���8�Q�V�W�U�X�F�W�X�U�H�G �J�U�L�G��

�)�L�J�X�U�H ���������&�R�P�S�X�W�D�W�L�R�Q�D�O �J�U�L�G �I�R�U ���' �I�O�D�W �S�O�D�W�H��

�$�1�6�<�6 �)�/�8�(�1�7 �X�V�H�V �D �F�R�O�O�R�F�D�W�H�G �V�F�K�H�P�H �V�R �E�R�W�K �S�U�H�V�V�X�U�H �D�Q�G �Y�H�O�R�F�L�W�\ �D�U�H �V�W�R�U�H�G �D�W �F�H�O�O
�F�H�Q�W�H�U�V�� �>���� �@�� �$ �F�R�O�O�R�F�D�W�H�G �J�U�L�G �U�H�T�X�L�U�H�V �O�H�V�V �F�R�P�S�X�W�H�U �P�H�P�R�U�\ �W�R �V�W�R�U�H �Y�D�U�L�D�E�O�H�V �D�V �W�K�H�\ �D�U�H
�D�F�F�H�V�V�L�E�O�H �D�W �W�K�H �V�D�P�H �O�R�F�D�W�L�R�Q�� �>���� �@�� �+�R�Z�H�Y�H�U�� �W�K�H�\ �F�D�Q �F�D�X�V�H �S�U�H�V�V�X�U�H �I�L�H�O�G �R�V�F�L�O�O�D�W�L�R�Q�V�� �7�K�H�\
�D�U�H �D�G�G�U�H�V�V�H�G �Z�L�W�K �5�K�L�H �D�Q�G �&�K�R�Z �P�R�P�H�Q�W�X�P �L�Q�W�H�U�S�R�O�D�W�L�R�Q �P�H�W�K�R�G �S�U�R�S�R�V�H�G �L�Q �>���� �@�� �,�W �U�H�V�R�O�Y�H�V
�S�U�H�V�V�X�U�H �F�K�H�F�N�H�U�E�R�D�U�G �S�U�R�E�O�H�P�� �>���� �@�� �7�K�H �F�R�O�O�R�F�D�W�H�G �J�U�L�G �F�D�Q �E�H �V�H�H�Q �L�Q�)�L�J�X�U�H ������

�)�L�J�X�U�H ���������&�R�O�O�R�F�D�W�H�G �J�U�L�G��

�,�Q �D �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �V�H�W�X�S�� �W�K�H�U�H �D�U�H3 �X�Q�N�Q�R�Z�Q�V �S�U�H�V�V�X�U�Hp �D�Q�G �Y�H�O�R�F�L�W�\u �Z�L�W�K �W�Z�R �F�R�P�S�R��
�Q�H�Q�W�V ��x �D�Q�Gy �G�L�U�H�F�W�L�R�Q���� �7�K�H�\ �D�U�H �V�W�R�U�H�G �D�W �F�H�O�O �F�H�Q�W�U�H�V �W�K�H �G�H�J�U�H�H�V �R�I �I�U�H�H�G�R�P �I�R�U �$�1�6�<�6 �D�U�H
�D�V �I�R�O�O�R�Z�V��

�'�R�) = 3 � K xy : ������������



�������� �&�R�Q�Y�H�U�J�H�Q�F�H �F�U�L�W�H�U�L�D ����

�Z�L�W�KK xy �E�H�L�Q�J �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�G �F�H�O�O�V��

���������&�R�Q�Y�H�U�J�H�Q�F�H �F�U�L�W�H�U�L�D
�7�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �D �V�X�E�M�H�F�W�L�Y�H �P�D�W�W�H�U�� �+�R�Z�H�Y�H�U�� �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �X�V�H�U �J�X�L�G�H
�W�K�H �W�D�U�J�H�W �R�I �W�K�H �5�0�6 �U�H�V�L�G�X�D�O�V �L�V �E�H�O�R�Z10� 6�� �$�F�F�H�S�W�D�E�O�H �Y�D�O�X�H�V �F�D�Q �V�W�L�O�O �L�Q�F�O�X�G�H �W�K�R�V�H �E�H�W�Z�H�H�Q
10� 5 �D�Q�G10� 6�� �H�Y�H�Q �L�I �W�K�H�\ �D�U�H �Q�R�W �D�O�Z�D�\�V �D�W�W�D�L�Q�D�E�O�H�� �,�W �L�V �V�X�P�P�D�U�L�]�H�G �L�Q�7�D�E�O�H �������� �>���� �@��

�7�D�E�O�H ���������5�0�6 �5�H�V�L�G�X�D�O �/�H�Y�H�O�V

�5�0�6 �Y�D�O�X�H �0�H�D�Q�L�Q�J

> 10� 4 �0�D�\ �E�H �V�X�I�I�L�F�L�H�Q�W �W�R �R�E�W�D�L�Q �D �T�X�D�O�L�W�D�W�L�Y�H �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �W�K�H
�I�O�R�Z �I�L�H�O�G��

< 10� 4 �5�H�O�D�W�L�Y�H�O�\ �O�R�R�V�H �F�R�Q�Y�H�U�J�H�Q�F�H�� �E�X�W �P�D�\ �E�H �V�X�I�I�L�F�L�H�Q�W �I�R�U
�P�D�Q�\ �H�Q�J�L�Q�H�H�U�L�Q�J �D�S�S�O�L�F�D�W�L�R�Q�V��

< 10� 5 �*�R�R�G �F�R�Q�Y�H�U�J�H�Q�F�H �D�Q�G �X�V�X�D�O�O�\ �V�X�I�I�L�F�L�H�Q�W �I�R�U �P�R�V�W �H�Q�J�L�Q�H�H�U��
�L�Q�J �D�S�S�O�L�F�D�W�L�R�Q�V��

< 10� 6

�9�H�U�\ �W�L�J�K�W �F�R�Q�Y�H�U�J�H�Q�F�H �D�Q�G �R�F�F�D�V�L�R�Q�D�O�O�\ �U�H�T�X�L�U�H�G �I�R�U �J�H�R��
�P�H�W�U�L�F�D�O�O�\ �V�H�Q�V�L�W�L�Y�H �S�U�R�E�O�H�P�V�� �,�W �L�V �R�I�W�H�Q �Q�R�W �S�R�V�V�L�E�O�H �W�R
�D�F�K�L�H�Y�H �W�K�L�V �O�H�Y�H�O �R�I �F�R�Q�Y�H�U�J�H�Q�F�H�� �S�D�U�W�L�F�X�O�D�U�O�\ �Z�K�H�Q �X�V�L�Q�J
�D �V�L�Q�J�O�H �S�U�H�F�L�V�L�R�Q �V�R�O�Y�H�U��



��
�1�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V

�7�K�L�V �F�K�D�S�W�H�U �G�H�D�O�V �Z�L�W�K �W�K�H �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V �F�D�U�U�L�H�G �R�X�W �I�R�U �F�R�P�S�D�U�L�V�R�Q�� �7�K�H �Q�X�P�H�U�L�F�D�O
�P�H�W�K�R�G�V �X�V�H�G �L�Q �W�K�L�V �V�W�X�G�\ �L�Q�F�O�X�G�H �W�K�H �0�6�(�0 �X�V�L�Q�J �P�D�V�V�� �H�Q�H�U�J�\�� �H�Q�V�W�U�R�S�K�\ �D�Q�G �Y�R�U�W�L�F�L�W�\ �F�R�Q��
�V�H�U�Y�L�Q�J ���0�(�(�9�&�� �V�R�O�Y�H�U �D�Q�G �W�U�D�G�L�W�L�R�Q�D�O �&�R�P�S�X�W�D�W�L�R�Q�D�O �)�O�X�L�G �'�\�Q�D�P�L�F�V ���&�)�'�� �W�H�F�K�Q�L�T�X�H�V �U�H�S�U�H��
�V�H�Q�W�H�G �E�\ �$�1�6�<�6 �)�O�X�H�Q�W �V�R�I�W�Z�D�U�H�� �7�K�H �D�L�P �L�V �W�R �V�K�R�Z �W�K�H �F�D�S�D�E�L�O�L�W�L�H�V �D�Q�G �O�L�P�L�W�D�W�L�R�Q�V �R�I �W�K�H�V�H
�P�H�W�K�R�G�V�� �)�R�X�U �W�H�V�W �F�D�V�H�V �D�U�H �S�U�H�V�H�Q�W�H�G�� �7�D�\�O�R�U���*�U�H�Q�Q �9�R�U�W�H�[ �L�Q�6�H�F�W�L�R�Q �������� �O�L�G �F�D�Y�L�W�\ �I�O�R�Z �L�Q
�6�H�F�W�L�R�Q �������� �E�D�F�N�Z�D�U�G���I�D�F�L�Q�J �V�W�H�S �L�Q�6�H�F�W�L�R�Q �������D�Q�G �I�O�R�Z �D�U�R�X�Q�G �D �F�L�U�F�X�O�D�U �F�\�O�L�Q�G�H�U �L�Q�6�H�F�W�L�R�Q ��������
�7�K�H �F�K�D�S�W�H�U �H�Q�G�V �Z�L�W�K �D �F�U�R�V�V���F�D�V�H �F�R�P�S�D�U�L�V�R�Q �V�W�X�G�\ �L�Q�6�H�F�W�L�R�Q ��������

���������7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[
�7�K�H �7�D�\�O�R�U���*�U�H�H�Q �Y�R�U�W�H�[ �L�V �D �F�O�D�V�V�L�F�D�O�� �Z�H�O�O���V�W�X�G�L�H�G �S�U�R�E�O�H�P �L�Q �I�O�X�L�G �G�\�Q�D�P�L�F�V �W�K�D�W �V�H�U�Y�H�V �D�V �D
�X�V�H�I�X�O �W�H�V�W �F�D�V�H �I�R�U �Q�X�P�H�U�L�F�D�O �P�H�W�K�R�G�V �L�Q �F�R�P�S�X�W�D�W�L�R�Q�D�O �I�O�X�L�G �G�\�Q�D�P�L�F�V�� �,�W �L�Q�Y�R�O�Y�H�V �V�L�P�X�O�D�W�L�Q�J �D�Q
�L�G�H�D�O�L�]�H�G �I�O�R�Z �V�W�U�X�F�W�X�U�H �F�R�P�S�R�V�H�G �R�I �Y�R�U�W�H�[ �S�D�L�U�V�� �I�L�U�V�W �L�Q�W�U�R�G�X�F�H�G �E�\ �*���,�� �7�D�\�O�R�U �D�Q�G �$���(�� �*�U�H�H�Q
�L�Q ���������� �>���� �@�� �7�K�H �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ �I�L�H�O�G �I�R�U �W�K�H �7�D�\�O�R�U���*�U�H�H�Q �Y�R�U�W�H�[ �L�V �W�\�S�L�F�D�O�O�\ �S�U�H�V�F�U�L�E�H�G �L�Q �D �Z�D�\
�W�K�D�W �J�H�Q�H�U�D�W�H�V �V�\�P�P�H�W�U�L�F�� �D�O�W�H�U�Q�D�W�L�Q�J �U�H�J�L�R�Q�V �R�I �S�R�V�L�W�L�Y�H �D�Q�G �Q�H�J�D�W�L�Y�H �Y�R�U�W�L�F�L�W�\ �Z�K�L�F�K �H�Y�R�O�Y�H �Z�L�W�K
�W�L�P�H�� �7�K�H �P�D�L�Q �S�X�U�S�R�V�H �R�I �W�K�L�V �W�H�V�W �F�D�V�H �L�V �W�R �F�R�P�S�D�U�H �W�K�H �D�F�F�X�U�D�F�\ �R�I �E�R�W�K �V�L�P�X�O�D�W�L�R�Q �P�H�W�K�R�G�V��

�7�K�H �G�R�P�D�L�Q �L�V
 2 [0; L ]2 �Z�L�W�KL = 2 � �D�Q�G �L�V �L�O�O�X�V�W�U�D�W�H�G �L�Q�)�L�J�X�U�H �������� �7�K�H �P�H�V�K �L�V �H�Y�H�Q�O�\
�G�L�V�W�U�L�E�X�W�H�G �R�Q �W�K�H �G�R�P�D�L�Q �Z�L�W�KK �H�O�H�P�H�Q�W �L�Q �H�D�F�K �D�[�L�V �V�RK 2 �H�O�H�P�H�Q�W�V �L�Q �W�R�W�D�O�� �7�K�H �F�R�R�U�G�L�Q�D�W�H
�V�\�V�W�H�P �R�U�L�J�L�Q �L�V �O�R�F�D�W�H�G �L�Q �W�K�H �O�H�I�W �E�R�W�W�R�P �F�R�U�Q�H�U �R�I �W�K�H �G�R�P�D�L�Q
 �� �7�K�H �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q��
�G�L�W�L�R�Q�V �D�O�O�R�Z �W�K�H �7�D�\�O�R�U���*�U�H�H�Q �Y�R�U�W�H�[ �W�R �G�H�Y�H�O�R�S �V�\�P�P�H�W�U�L�F�D�O�O�\ �D�F�U�R�V�V �W�K�H �G�R�P�D�L�Q �Z�L�W�K�R�X�W �W�K�H
�L�Q�I�O�X�H�Q�F�H �R�I �E�R�X�Q�G�D�U�\ �Z�D�O�O�V�� �$ �V�T�X�D�U�H �J�U�L�G �Z�D�V �V�H�O�H�F�W�H�G �E�H�F�D�X�V�H �W�K�H �7�D�\�O�R�U���*�U�H�H�Q �Y�R�U�W�H�[ �S�U�R�E��
�O�H�P �G�R�H�V �Q�R�W �L�Q�Y�R�O�Y�H �S�D�U�W�L�F�X�O�D�U�O�\ �F�R�P�S�O�H�[ �U�H�J�L�R�Q�V �W�K�D�W �Z�R�X�O�G �U�H�T�X�L�U�H �P�H�V�K �U�H�I�L�Q�H�P�H�Q�W�� �7�K�H �I�O�R�Z
�I�H�D�W�X�U�H�V �D�U�H �G�L�V�W�U�L�E�X�W�H�G �X�Q�L�I�R�U�P�O�\ �D�F�U�R�V�V �W�K�H �G�R�P�D�L�Q�� �P�D�N�L�Q�J �L�W �D�S�S�U�R�S�U�L�D�W�H �W�R �X�V�H �D �X�Q�L�I�R�U�P�O�\
�V�S�D�F�H�G �J�U�L�G�� �D�V �W�K�H �H�Q�W�L�U�H �G�R�P�D�L�Q �L�V �R�I �H�T�X�D�O �L�Q�W�H�U�H�V�W��

�7�K�H �7�D�\�O�R�U�±�*�U�H�H�Q �Y�R�U�W�H�[ �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q �E�H�F�R�P�H�V �D�V �I�R�O�O�R�Z�V��

ux (x; y; t ) = �V�L�Q(x) �F�R�V(y)e� 2�t ���������D��

uy(x; y; t ) = � �F�R�V(x) �V�L�Q(y)e� 2�t ���������E��

! (x; y; t ) = r � u = 2 � �V�L�Q(x) �V�L�Q(y)e� 2�t ���������F��

p(x; y; t ) =
1
4

(�F�R�V(2x) + �F�R�V(2y)) e� 4�t ���������G��

�Z�K�H�U�Hx �D�Q�Gy �D�U�H �F�R�R�U�G�L�Q�D�W�H�V �L�Q ���' �G�R�P�D�L�Q��t �L�V �D �W�L�P�H �D�Q�G �N�L�Q�H�P�D�W�L�F �Y�L�V�F�R�V�L�W�\� = 6 :25 � 10� 4

�V�R �W�K�H �V�L�P�X�O�D�W�H�G �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �H�T�X�D�O�VRe = L 0u0
� = 1600�� u0 = 1 �L�V �D �P�D�J�Q�L�W�X�G�H �R�I �W�K�H

�R�V�F�L�O�O�D�W�L�Q�J �Y�R�U�W�L�F�H�V �D�Q�GL 0 = L
2� = 1 ��

����



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

�)�L�J�X�U�H ���������'�R�P�D�L�Q
 �D�Q�G �P�H�V�K �I�R�U �D �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ �Z�L�W�KK = 30��

�7�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �D�U�H �S�U�H�V�F�U�L�E�H�G �R�Q �E�R�W�K �Y�H�O�R�F�L�W�\ �D�Q�G �Y�R�U�W�L�F�L�W�\�� �7�K�H �I�O�R�Z �L�V �W�K�X�V �L�Q�L�W�L�D�O�O�\
�F�R�P�S�R�V�H�G �R�I �I�R�X�U �Y�R�U�W�L�F�H�V�� �R�Q�H �L�Q �H�D�F�K �T�X�D�U�W�H�U �R�I �W�K�H �G�R�P�D�L�Q�� �)�R�Ut = 0 �� �(�T�X�D�W�L�R�Q �������D�� �(�T�X�D��
�W�L�R�Q �������E���(�T�X�D�W�L�R�Q �������F�D�Q�G�(�T�X�D�W�L�R�Q �������G�D�U�H �V�L�P�S�O�L�I�L�H�G �W�R

ux (x; y; 0) = �V�L�Q(x) �F�R�V(y) ���������D��

uy(x; y; 0) = � �F�R�V(x) �V�L�Q(y) ���������E��

! (x; y; 0) = 2 � �V�L�Q(x) �V�L�Q(y) ���������F��

P(x; y; 0) =
1
4

(�F�R�V(2x) + �F�R�V(2y)) +
1
2

u � u ���������G��

�Z�L�W�KP �E�H�L�Q�J �W�K�H �W�R�W�D�O �S�U�H�V�V�X�U�H��

�,�Q�)�L�J�X�U�H ������L 2���H�U�U�R�U �I�R�U �Y�H�O�R�F�L�W�\�� �Y�R�U�W�L�F�L�W�\ �D�Q�G �S�U�H�V�V�X�U�H �I�L�H�O�G �D�U�H �S�U�H�V�H�Q�W�H�G�� �7�K�H �H�U�U�R�U�V �D�U�H
�F�D�O�F�X�O�D�W�H�G �D�I�W�H�Ut = 1 �Z�L�W�K� t = 1

100�� �7�K�H �Q�X�P�E�H�U �R�I �P�H�V�K �H�O�H�P�H�Q�W�V �L�VK 2 f 10; 20; 30; 50g �Z�L�W�K
�S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�H�VN 2 f 1; 2; 3g �I�R�U �0�(�(�9�&�� �$�V �W�K�H �Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V �L�V �L�Q�F�U�H�D�V�H�G �V�R1

K �L�V
�O�R�Z�H�U�H�G�� �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �Z�L�W�K �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q �L�V �P�R�U�H �Y�L�V�L�E�O�H�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H
�U�D�W�H �L�V �K�L�J�K�H�U �I�R�U �K�L�J�K�H�U���G�H�J�U�H�H �S�R�O�\�Q�R�P�L�D�O�V�� �7�K�L�V �U�D�W�H �L�V �L�Q�G�L�F�D�W�H�G �Z�L�W�K �D �J�U�H�\ �W�U�L�D�Q�J�O�H �Q�H�[�W �W�R
�W�K�H �F�X�U�Y�H�� �,�W �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\ �H�T�X�D�O �W�R �W�K�H �S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�HN �V�R �W�K�H �H�U�U�R�U �G�H�F�U�H�D�V�H�V �Z�L�W�K �W�K�H
�S�R�Z�H�U �R�IN �I�R�U �I�L�Q�H�U �J�L�U�G�� �)�R�U �$�1�6�<�6�� �W�K�H �Q�X�P�E�H�U �R�I �P�H�V�K �H�O�H�P�H�Q�W�V �L�VK 2 f 24; 47; 70; 116g��
�7�K�H �Q�X�P�E�H�U�V �Z�H�U�H �F�K�R�V�H�Q �W�R �P�D�W�F�K �W�K�H �'�H�J�U�H�H�V �R�I �)�U�H�H�G�R�P ���'�R�)�� �I�R�U �0�(�(�9�& �Z�L�W�KN = 2 �� �7�K�H
�U�D�W�H �R�I �F�R�Q�Y�H�U�J�H�Q�F�H �Y�D�U�L�H�V �D�Q�G �L�V �Q�R�W �D�V �X�Q�L�I�R�U�P �D�F�U�R�V�V �X�Q�N�Q�R�Z�Q�V �D�V �L�Q �W�K�H �0�(�(�9�& �V�F�K�H�P�H�� �,�W
�H�T�X�D�O�V �D�U�R�X�Q�G2:6 �I�R�U �Y�H�O�R�F�L�W�\u �V�R �L�W �F�R�Q�Y�H�U�J�H�V �I�D�V�W�H�U �W�K�D�Q �0�(�(�9�& �Z�L�W�KN = 2 ��1:6 �I�R�U �Y�R�U�W�L�F�L�W�\
! �D�Q�G2 �I�R�U �S�U�H�V�V�X�U�HP�� �7�K�H �O�R�Z�H�V�W �F�R�Q�Y�H�U�J�H�Q�F�H �I�R�U �Y�R�U�W�L�F�L�W�\ �F�D�Q �E�H �H�[�S�O�D�L�Q�H�G �Z�L�W�K �W�K�H �V�R�O�Y�H�U
�D�S�S�U�R�D�F�K�� �,�W �G�R�H�V �Q�R�W �V�R�O�Y�H �I�R�U �W�K�H! �G�L�U�H�F�W�O�\ �E�X�W �L�V �O�D�W�H�U �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �Y�H�O�R�F�L�W�\ �I�L�H�O�G �J�U�D��
�G�L�H�Q�W�V�� �6�R �W�K�H �H�U�U�R�U �G�R�H�V �Q�R�W �R�Q�O�\ �F�R�P�H �I�U�R�P �Y�H�O�R�F�L�W�\ �I�L�H�O�G �F�D�O�F�X�O�D�W�L�R�Q �E�X�W �D�O�V�R �I�U�R�P �J�U�D�G�L�H�Q�W
�D�S�S�U�R�[�L�P�D�W�L�R�Q��



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

���D���9�H�O�R�F�L�W�\u ���E���9�R�U�W�L�F�L�W�\!

���F���3�U�H�V�V�X�U�HP

�)�L�J�X�U�H ��������L 2���H�U�U�R�U �I�R�U �Y�H�O�R�F�L�W�\�� �Y�R�U�W�L�F�L�W�\ �D�Q�G �S�U�H�V�V�X�U�H��

�7�K�H �Y�H�O�R�F�L�W�\ �V�R�O�X�W�L�R�Q �R�I �W�K�H �7�D�\�O�R�U���*�U�H�H�Q �Y�R�U�W�H�[ �V�L�P�X�O�D�W�L�R�Q�� �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �0�(�(�9�& �Z�L�W�K
K = 30 �D�Q�G �$�1�6�<�6 �Z�L�W�KK = 105�� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H �������� �7�K�H �S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�H �I�R�U
�0�(�(�9�& �L�V �V�H�W �W�RN = 3 �� �7�K�H �$�1�6�<�6 �J�U�L�G �U�H�V�R�O�X�W�L�R�Q �Z�D�V �V�H�O�H�F�W�H�G �W�R �P�D�W�F�K �W�K�H �'�R�)= 33000
�R�I �W�K�H �0�(�(�9�& �V�F�K�H�P�H�� �7�K�H �V�Q�D�S�V�K�R�W�V �I�R�U �E�R�W�K �P�H�W�K�R�G�V �D�U�H �W�D�N�H�Q �D�Wt = 10 �Z�L�W�K �W�L�P�H�V�W�H�S
� t = 1

100 �E�H�L�Q�J �X�V�H�G�� �7�K�H �Y�H�O�R�F�L�W�L�H�Vux �D�Q�Guy �I�L�H�O�G�V �G�L�V�S�O�D�\ �D�O�W�H�U�Q�D�W�L�Q�J �U�H�J�L�R�Q�V �R�I �S�R�V�L�W�L�Y�H �D�Q�G
�Q�H�J�D�W�L�Y�H �Y�D�O�X�H�V�� �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �S�H�U�L�R�G�L�F �D�Q�G �V�\�P�P�H�W�U�L�F �Q�D�W�X�U�H �R�I �W�K�H �7�D�\�O�R�U���*�U�H�H�Q �Y�R�U�W�H�[
���V�H�H�(�T�X�D�W�L�R�Q �������D���(�T�X�D�W�L�R�Q �������E���� �7�K�H�U�H �D�U�H �Q�R �Y�L�V�X�D�O �G�L�V�F�U�H�S�D�Q�F�L�H�V �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �P�H�W�K�R�G�V��



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

���D���0�(�(�9�& �Y�H�O�R�F�L�W�\ux ���E���$�1�6�<�6 �Y�H�O�R�F�L�W�\ux

���F���0�(�(�9�& �Y�H�O�R�F�L�W�\uy ���G���$�1�6�<�6 �Y�H�O�R�F�L�W�\uy

�)�L�J�X�U�H ���������9�H�O�R�F�L�W�\ �F�R�Q�W�R�X�U �S�O�R�W�V �I�R�U �0�(�(�9�& �Z�L�W�KN = 3 �D�Q�GK = 30 �D�Q�G �$�1�6�<�6 �Z�L�W�K
K = 105 �D�Wt = 10��

�7�K�H �P�D�J�Q�L�W�X�G�H �R�I �Y�R�U�W�L�F�L�W�\! �F�R�Q�W�R�X�U �S�O�R�W �I�R�U �0�(�(�9�& �D�Q�G �$�1�6�<�6 �F�D�Q �E�H �V�H�H�Q �L�Q�)�L�J�X�U�H ��������
�7�K�H! �K�L�J�K�O�L�J�K�W�V �I�R�X�U �G�L�V�W�L�Q�F�W �Y�R�U�W�L�F�D�O �V�W�U�X�F�W�X�U�H�V �Z�L�W�K�L�Q �W�K�H �G�R�P�D�L�Q�� �7�K�H�U�H �L�V �D �G�L�V�F�U�H�S�D�Q�F�\ �L�Q
�W�K�H �P�D�J�Q�L�W�X�G�H �R�I �Y�R�U�W�L�F�L�W�\ �L�Q �W�K�H �P�L�G�G�O�H �R�I �W�K�H �D�I�R�U�H�P�H�Q�W�L�R�Q�H�G �Y�H�U�W�L�F�D�O �V�W�U�X�F�W�X�U�H�V�� �,�W �Z�L�O�O �E�H �O�D�W�H�U
�G�L�V�F�X�V�V�H�G �Z�K�H�Q �V�H�F�W�L�R�Q �S�O�R�W�V �D�U�H �S�U�H�V�H�Q�W�H�G�� �7�K�H �V�W�D�W�L�F �S�U�H�V�V�X�U�H �I�L�H�O�Gp ���V�H�H�)�L�J�X�U�H ���������� �Z�K�H�U�H
�W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �K�L�J�K �D�Q�G �O�R�Z���S�U�H�V�V�X�U�H �U�H�J�L�R�Q�V �F�R�U�U�H�V�S�R�Q�G�V �G�L�U�H�F�W�O�\ �W�R �W�K�H �Y�R�U�W�H�[ �V�W�U�X�F�W�X�U�H�V
�R�E�V�H�U�Y�H�G �L�Q �W�K�H �Y�H�O�R�F�L�W�\ �D�Q�G �Y�R�U�W�L�F�L�W�\ �I�L�H�O�G�V�� �6�L�P�L�O�D�U�O�\ �W�R �Y�H�O�R�F�L�W�\�� �Q�R �G�L�U�H�F�W �G�L�I�I�H�U�H�Q�F�H�V �D�U�H �Y�L�V�L�E�O�H
�E�H�W�Z�H�H�Q �W�K�H �W�Z�R �P�H�W�K�R�G�V��



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

���D���0�(�(�9�& ���E���$�1�6�<�6

�)�L�J�X�U�H ���������9�R�U�W�L�F�L�W�\! �F�R�Q�W�R�X�U �S�O�R�W�V �I�R�U �0�(�(�9�& �Z�L�W�KN = 3 �D�Q�GK = 30 �D�Q�G �$�1�6�<�6 �Z�L�W�K
K = 105 �D�Wt = 10��

���D���0�(�(�9�& ���E���$�1�6�<�6

�)�L�J�X�U�H ���������6�W�D�W�L�F �S�U�H�V�V�X�U�Hp �F�R�Q�W�R�X�U �S�O�R�W�V �I�R�U �0�(�(�9�& �Z�L�W�KN = 3 �D�Q�GK = 30 �D�Q�G �$�1�6�<�6
�Z�L�W�KK = 105 �D�Wt = 10��

�7�K�H�)�L�J�X�U�H �������S�U�H�V�H�Q�W�V �D �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q�V �R�I �0�(�(�9�& �D�Q�G �$�1��
�6�<�6 �I�R�U �W�K�H �K�R�U�L�]�R�Q�W�D�O �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�Wux �D�O�R�Q�J �W�K�H �F�H�Q�W�H�U�O�L�Q�H �R�I �W�K�H �G�R�P�D�L�Q �D�Wt = 10 �Z�L�W�K
�W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�� �6�L�P�L�O�D�U�O�\�� �W�K�H �Y�H�U�W�L�F�D�O �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W �L�V �V�K�R�Z�Q �L�Q�)�L�J��
�X�U�H �������� �)�R�U �Y�H�O�R�F�L�W�\ux �W�K�H �O�R�F�D�W�L�R�Q �L�Vy = � �D�Q�G �I�R�U �Y�H�O�R�F�L�W�\uy �L�W �L�Vx = � �� �7�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q
�L�V �G�H�S�L�F�W�H�G �D�V �D �V�R�O�L�G �J�U�H�\ �O�L�Q�H�� �7�K�H �G�H�J�U�H�H �R�I �W�K�H �S�R�O�\�Q�R�P�L�D�O �L�V �L�Q �U�D�Q�J�HN 2 f 1; 2; 3g �I�R�U �0�(�(�9�&
�Z�L�W�KK = 30�� �7�K�H �P�H�V�K �I�R�U �$�1�6�<�6 �L�Q�F�O�X�G�H�VK 2 f 35; 70; 105g �L�Q �R�U�G�H�U �W�R �P�D�W�F�K �0�(�(�9�& �'�R�)
�I�R�U �W�K�H �U�H�V�S�H�F�W�L�Y�H �S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�HN �� �7�K�H �V�D�P�H �'�R�) �D�U�H �L�Q�G�L�F�D�W�H�G �Z�L�W�K �R�Q�H �F�R�O�R�U �R�Q �W�K�H �S�O�R�W�V��
�7�K�H �I�L�J�X�U�H �G�H�P�R�Q�V�W�U�D�W�H�V �W�K�D�W �D�V �W�K�H �G�H�J�U�H�H �L�V �L�Q�F�U�H�D�V�H�G�� �W�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q �F�R�Q�Y�H�U�J�H�V �W�R��
�Z�D�U�G�V �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�� �,�W �L�V �V�H�H�Q �P�R�U�H �F�O�H�D�U�O�\ �L�Q�)�L�J�X�U�H �������E�D�Q�G�)�L�J�X�U�H �������E�D�V �W�K�H �V�H�F�W�L�R�Q
�R�I �W�K�H �S�O�R�W�V �D�U�H �H�Q�O�D�U�J�H�G�� �0�(�(�9�& �S�H�U�I�R�U�P�V �E�H�W�W�H�U �I�R�U �W�K�H �V�D�P�H �'�R�) �F�R�P�S�D�U�H�G �W�R �$�1�6�<�6�� �H�[�F�H�S�W
�I�R�UN = 2 �Z�K�H�U�H �W�K�H �Y�D�O�X�H�V �D�U�H �F�O�R�V�H��



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

���D���9�H�O�R�F�L�W�\ux ���E���=�R�R�P �R�Q �W�K�H �V�H�F�W�L�R�Q

�)�L�J�X�U�H ���������9�H�O�R�F�L�W�\ux �S�U�R�I�L�O�H�V �D�Wy = � �D�Wt = 10��

���D���9�H�O�R�F�L�W�\uy ���E���=�R�R�P �R�Q �W�K�H �V�H�F�W�L�R�Q

�)�L�J�X�U�H ���������9�H�O�R�F�L�W�\uy �S�U�R�I�L�O�H�V �D�Wx = � �D�Wt = 10��

�7�K�H�)�L�J�X�U�H �������V�K�R�Z�V �D �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q�V �R�I �0�(�(�9�& �D�Q�G �$�1�6�<�6
�I�R�U �W�K�H �Y�R�U�W�L�F�L�W�\! �D�O�R�Q�Jy = �

2 �D�Wt = 10 �Z�L�W�K �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�� �6�L�P�L�O�D�U�O�\ �W�R �Y�H��
�O�R�F�L�W�\�� �D�V �W�K�H �P�H�V�K �U�H�V�R�O�X�W�L�R�Q���S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�H �L�V �L�Q�F�U�H�D�V�H�G�� �W�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q �F�R�Q�Y�H�U�J�H�V
�W�R�Z�D�U�G�V �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�� �+�R�Z�H�Y�H�U�� �Z�K�H�Q �]�R�R�P�L�Q�J �L�Q �R�Q �W�K�H �S�H�D�N �D�Wx/ L = 0 :25�� �W�K�H�U�H
�D�U�H �V�R�P�H �G�L�V�F�U�H�S�D�Q�F�L�H�V �L�Q �$�1�6�<�6 �G�D�W�D�� �7�K�H �Y�R�U�W�L�F�L�W�\ �L�V �Q�R�W �D�Q �X�Q�N�Q�R�Z�Q �V�R �L�W �L�V �Q�R�W �V�R�O�Y�H�G �I�R�U �L�Q
�$�1�6�<�6�� �7�K�L�V �P�L�J�K�W �H�[�S�O�D�L�Q �L�W�� �7�K�H �H�U�U�R�U �L�V �I�U�R�P �F�D�O�F�X�O�D�W�L�Q�J �Y�H�O�R�F�L�W�\ �J�U�D�G�L�H�Q�W�V �D�V �Z�H �F�D�Q �U�H�F�D�O�O �L�Q
���'

! = r � u =
duy

dx
�

dux

dy
: ����������

�7�K�H�Q�� �O�R�R�N�L�Q�J �D�W �W�K�H �Y�H�O�R�F�L�W�\ �J�U�D�G�L�H�Q�W �G�L�V�W�U�L�E�X�W�L�R�Q �L�Q �W�K�H �U�H�J�L�R�Q �R�I �L�Q�W�H�U�H�V�W��x = �
2 �D�Q�Gy = �

2 ��

�7�K�Hduy
dx �D�Q�Gduy

dx �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H �������� �(�Y�H�Q �W�K�R�X�J�K �W�K�H �P�R�V�W �D�F�F�X�U�D�W�H �G�L�V�F�U�H�W�L�]�D�W�L�R�Q �I�R�U
�J�U�D�G�L�H�Q�W�V �L�V �X�V�H�G �� �O�H�D�V�W���V�T�X�D�U�H�V �P�H�W�K�R�G�� �$�1�6�<�6 �I�D�L�O�V �W�R �F�D�S�W�X�U�H �D�F�F�X�U�D�W�H�O�\ �J�U�D�G�L�H�Q�W�V �L�Q �W�K�H
�P�L�G�G�O�H �R�I �I�R�X�U �Y�R�U�W�L�F�H�V��



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

���D���9�R�U�W�L�F�L�W�\! ���E���=�R�R�P �R�Q �W�K�H �V�H�F�W�L�R�Q

�)�L�J�X�U�H ���������9�R�U�W�L�F�L�W�\! �S�U�R�I�L�O�H�V �D�Wy = �
2 �D�Wt = 10��

���D��du x
dy ���E��du y

dx

�)�L�J�X�U�H ���������9�H�O�R�F�L�W�\ �J�U�D�G�L�H�Q�W�V �D�Wx = �
2 ��y = �

2 �D�Wt = 10��

�/�D�V�W�O�\�� �L�Q�)�L�J�X�U�H ���������D �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q�V �R�I �0�(�(�9�& �D�Q�G �$�1�6�<�6
�I�R�U �W�K�H �V�W�D�W�L�F �S�U�H�V�V�X�U�Hp �D�O�R�Q�J �W�K�H �F�H�Q�W�H�U�O�L�Q�H �R�I �W�K�H �G�R�P�D�L�Q �D�Wt = 10 �Z�L�W�K �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J
�D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q �L�V �V�K�R�Z�Q�� �6�L�P�L�O�D�U�O�\ �W�R �Y�H�O�R�F�L�W�\�� �W�K�H �V�R�O�X�W�L�R�Q �F�R�Q�Y�H�U�J�H�V �Z�L�W�K �L�Q�F�U�H�D�V�H�G �U�H�V�R��
�O�X�W�L�R�Q���S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�H�� �$�V �D�O�U�H�D�G�\ �P�H�Q�W�L�R�Q�H�G�� �0�(�(�9�& �V�K�R�Z�V �E�H�W�W�H�U �D�F�F�X�U�D�F�\ �I�R�U �W�K�H �V�D�P�H
�D�P�R�X�Q�W �R�I �'�R�) �I�R�U �W�K�H �S�U�H�V�V�X�U�H �D�V �Z�H�O�O��



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

���D���6�W�D�W�L�F �S�U�H�V�V�X�U�Hp ���E���=�R�R�P �R�Q �W�K�H �V�H�F�W�L�R�Q

�)�L�J�X�U�H �����������6�W�D�W�L�F �S�U�H�V�V�X�U�Hp �S�U�R�I�L�O�H�V �D�Wy = � �D�Wt = 10��

�$�Q�R�W�K�H�U �Z�D�\ �R�I �F�R�P�S�D�U�L�Q�J �E�R�W�K �U�H�V�X�O�W�V �Z�D�V �W�R �F�D�O�F�X�O�D�W�H �W�K�H �P�D�[�L�P�X�P �I�O�R�Z �S�U�R�S�H�U�W�L�H�V ��u�� ! ��
p�� �D�W �D �V�S�H�F�L�I�L�F �W�L�P�H�V�W�H�S �D�Q�G �F�R�P�S�D�U�H �L�W �Z�L�W�K �D�Q �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q �D�Wt = 10�� �7�D�E�O�H �������S�U�H�V�H�Q�W�V
�W�K�H �P�D�[�L�P�X�P �Y�H�O�R�F�L�W�\ �Y�D�O�X�H�V"ux �� "uy �� �Y�R�U�W�L�F�L�W�\" ! �D�Q�G �V�W�D�W�L�F �S�U�H�V�V�X�U�H"p �I�R�U �E�R�W�K �$�1�6�<�6 �D�Q�G
�0�(�(�9�& �Q�X�P�H�U�L�F�D�O �P�H�W�K�R�G�V �F�R�P�S�D�U�H�G �Z�L�W�K �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�� �7�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q �\�L�H�O�G�V
�D �U�H�I�H�U�H�Q�F�H �P�D�[�L�P�X�P �Y�H�O�R�F�L�W�\ �R�I0:9875778�� �Y�R�U�W�L�F�L�W�\ �R�I1:951555�D�Q�G �V�W�D�W�L�F �S�U�H�V�V�X�U�H �R�I0:493789��
�7�K�H �0�(�(�9�& �P�H�W�K�R�G �H�[�K�L�E�L�W�V �V�\�V�W�H�P�D�W�L�F�D�O�O�\ �L�Q�F�U�H�D�V�H�G �D�F�F�X�U�D�F�\ �Z�L�W�K �L�Q�F�U�H�D�V�L�Q�J �Y�D�O�X�H�V �R�IN ��
�/�L�N�H�Z�L�V�H�� �W�K�H �$�1�6�<�6 �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �D�O�V�R �V�H�H�Q �J�H�W�W�L�Q�J �P�R�U�H �D�F�F�X�U�D�W�H �D�V �W�K�H �P�H�V�K�H�V �D�U�H �U�H�I�L�Q�H�G��
�%�R�W�K �P�H�W�K�R�G�V �D�U�H �F�R�P�S�D�U�H�G �Z�L�W�K �H�D�F�K �R�W�K�H�U �I�R�U �W�K�H �V�D�P�H �D�P�R�X�Q�W �R�I �'�R�)�� �$�V �D�O�U�H�D�G�\ �G�H�G�X�F�H�G
�I�U�R�P �W�K�H �V�H�F�W�L�R�Q �S�O�R�W�V �0�(�(�9�& �S�H�U�I�R�U�P�V �E�H�W�W�H�U �I�R�U �D �J�L�Y�H�Q �'�R�)�� �:�K�D�W �L�V �S�U�H�V�H�Q�W�H�G �L�Q �W�K�L�V �V�H�F�W�L�R�Q
�L�V �W�K�D�W �W�K�H �W�Z�R �D�S�S�U�R�D�F�K�H�V �D�U�H �L�Q�G�H�H�G �F�R�Q�Y�H�U�J�L�Q�J �W�R �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�� �,�W �W�X�U�Q�V �R�X�W �W�K�D�W �W�K�H
�P�R�V�W �D�F�F�X�U�D�W�H �U�H�V�X�O�W �E�\ �I�D�U �L�V �S�U�R�G�X�F�H�G �E�\ �W�K�H �0�(�(�9�& �Z�L�W�KN = 3 ��

�7�D�E�O�H ���������0�D�[�L�P�X�P �I�O�R�Z �S�U�R�S�H�U�W�L�H�V �H�U�U�R�U �I�R�U �$�1�6�<�6 �D�Q�G �0�(�(�9�& �D�Wt = 10��

�'�R�) "ux �>���@"uy �>���@ " ! �>���@"p �>���@

�0�(�(�9�&��N = 1 3700 1:3379 1:3352 0:8462 0:0142

�$�1�6�<�6��K = 35 3700 1:4750 1:4927 13:3876 0:1629

�0�(�(�9�&��N = 2 14700 0:3641 0:3641 0:0002 0:0076

�$�1�6�<�6��K = 70 14700 0:2453 0:2364 6:4262 0:0010

�0�(�(�9�&��N = 3 33000 0:0007 0:0002 0:0009 0:0002

�$�1�6�<�6��K = 105 33000 0:0637 0:0748 5:1036 0:0309

�,�Q �R�U�G�H�U �W�R �V�H�H �L�I �F�R�Q�V�H�U�Y�L�Q�J �S�U�R�S�H�U�W�L�H�V �R�I �0�(�(�9�& �S�O�D�\ �D �U�R�O�H �D�V �W�K�H �V�L�P�X�O�D�W�L�R�Q �S�U�R�J�U�H�V�V�H�V��
�I�R�U �'�R�)= 33000 �V�L�P�X�O�D�W�L�R�Q �Z�D�V �F�D�U�U�L�H�G �I�R�U �D �E�L�W �O�R�Q�J�H�U �W�Rt = 20�� �7�D�E�O�H �������V�K�R�Z�V �W�K�H �I�L�Q�G�L�Q�J�V �R�I
�W�K�L�V �D�S�S�U�R�D�F�K�� �$�V �F�D�Q �E�H �V�H�H�Q�� �W�K�H �D�E�V�R�O�X�W�H �H�U�U�R�U�V" �I�R�U �0�(�(�9�& �K�D�Y�H �Q�R�W �F�K�D�Q�J�H�G �V�L�J�Q�L�I�L�F�D�Q�W�O�\
�F�R�P�S�D�U�H�G �W�R �W�K�H �V�W�D�W�H �D�Wt = 10�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �$�1�6�<�6 �H�U�U�R�U�V �K�D�Y�H �L�Q�F�U�H�D�V�H�G �V�O�L�J�K�W�O�\��
�,�W �F�R�Q�I�L�U�P�V �W�K�H �K�\�S�R�W�K�H�V�L�V �W�K�D�W �0�(�(�9�& �D�F�F�X�U�D�F�\ �E�H�F�R�P�H�V �P�R�U�H �S�U�R�P�L�Q�H�Q�W �D�V �V�L�P�X�O�D�W�L�R�Q �W�L�P�H
�S�U�R�J�U�H�V�V�H�V �G�X�H �W�R �L�W�V �F�R�Q�V�H�U�Y�L�Q�J �S�U�R�S�H�U�W�L�H�V��



�������� �7�H�V�W �F�D�V�H ���� �7�D�\�O�R�U���*�U�H�H�Q �9�R�U�W�H�[ ����

�7�D�E�O�H ���������0�D�[�L�P�X�P �I�O�R�Z �S�U�R�S�H�U�W�L�H�V �H�U�U�R�U �I�R�U �$�1�6�<�6 �D�Q�G �0�(�(�9�& �D�Wt = 20��

�'�R�) "ux �>���@"uy �>���@" ! �>���@"p �>���@

�0�(�(�9�&��N = 3 33000 0:0007 0:0002 0:0009 0:0003

�$�1�6�<�6��K = 105 33000 0:0853 0:0816 5:3314 0:0310



�������� �7�H�V�W �F�D�V�H ���� �/�L�G �F�D�Y�L�W�\ �I�O�R�Z ����

���������7�H�V�W �F�D�V�H ���� �/�L�G �F�D�Y�L�W�\ �I�O�R�Z
�7�K�H �Q�H�[�W �W�H�V�W �F�D�V�H �F�K�R�V�H�Q �I�R�U �F�R�P�S�D�U�L�V�R�Q �L�V �O�L�G���G�U�L�Y�H�Q �F�D�Y�L�W�\ �I�O�R�Z�� �,�W �L�Q�Y�R�O�Y�H�V �W�K�H �P�R�W�L�R�Q �R�I �D �I�O�X�L�G
�Z�L�W�K�L�Q �D �V�T�X�D�U�H �R�U �U�H�F�W�D�Q�J�X�O�D�U �F�D�Y�L�W�\ �G�U�L�Y�H�Q �E�\ �W�K�H �P�R�Y�H�P�H�Q�W �R�I �W�K�H �W�R�S �E�R�X�Q�G�D�U�\�� �'�H�V�S�L�W�H �L�W�V
�V�H�H�P�L�Q�J�O�\ �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G �V�H�W�X�S�� �W�K�H �I�O�R�Z �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �Z�L�W�K�L�Q �W�K�H �F�D�Y�L�W�\ �D�U�H �K�L�J�K�O�\ �V�H�Q�V�L�W�L�Y�H �W�R
�W�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�� �7�K�H�U�H�I�R�U�H �I�O�R�Z �D�WRe = 400 �D�Q�GRe = 1000 �Z�H�U�H �V�H�O�H�F�W�H�G�� �7�K�H �5�H�\�Q�R�O�G�V
�Q�X�P�E�H�U �L�V �G�H�I�L�Q�H�G �D�V

Re =
u1 � L

�
����������

�Z�K�H�U�Hu1 = 1 �L�V �D �W�D�Q�J�H�Q�W�L�D�O �Y�H�O�R�F�L�W�\ �R�Q �W�K�H �W�R�S �E�R�X�Q�G�D�U�\��L = 1 �L�V �W�K�H �O�H�Q�J�W�K �R�I �W�K�H �G�R�P�D�L�Q
 �D�Q�G
� �L�V �N�L�Q�H�P�D�W�L�F �Y�L�V�F�R�V�L�W�\ �F�D�O�F�X�O�D�W�H�G �E�D�V�H�G �R�Q �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�� �$�W �O�R�Z �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V��
�W�K�H �I�O�R�Z �L�V �F�K�D�U�D�F�W�H�U�L�]�H�G �E�\ �D �V�W�H�D�G�\�� �V�\�P�P�H�W�U�L�F �S�U�L�P�D�U�\ �Y�R�U�W�H�[�� �Z�K�L�O�H �D�W �K�L�J�K�H�U �5�H�\�Q�R�O�G�V �Q�X�P��
�E�H�U�V�� �V�H�F�R�Q�G�D�U�\ �D�Q�G �H�Y�H�Q �W�H�U�W�L�D�U�\ �Y�R�U�W�L�F�H�V �P�D�\ �H�P�H�U�J�H�� �7�R �H�Q�V�X�U�H �W�K�D�W �D �V�W�H�D�G�\���V�W�D�W�H �V�R�O�X�W�L�R�Q
�Z�D�V �D�F�K�L�H�Y�H�G �I�R�U �W�K�H �0�(�(�9�& �V�L�P�X�O�D�W�L�R�Q�� �W�K�H �S�U�R�S�H�U �V�W�R�S�S�L�Q�J �F�U�L�W�H�U�L�R�Q �Q�H�H�G�H�G �W�R �E�H �L�Q�W�U�R�G�X�F�H�G��

�7�K�H �Y�H�O�R�F�L�W�\ �U�H�V�L�G�X�D�O
kuk

h � uk � 1
h kL 2 (
)

� t � 1 � 10� 6 �L�V �X�V�H�G�� �7�K�H �H�[�S�U�H�V�V�L�R�Q �Z�D�V �G�L�Y�L�G�H�G �E�\ �W�L�P�H�V�W�H�S
�W�R �P�D�N�H �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �F�U�L�W�H�U�L�R�Q �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �L�W�� �2�W�K�H�U�Z�L�V�H�� �L�W �F�R�X�O�G �K�D�Y�H �E�H�H�Q �P�H�W �E�\ �G�H��
�F�U�H�D�V�L�Q�J �W�L�P�H�V�W�H�S�� �7�K�H �W�L�P�H�V�W�H�S �R�I� t = 1

100 �Z�D�V �V�H�W�� �)�R�U �$�1�6�<�6 �V�L�P�X�O�D�W�L�R�Q �W�L�J�K�W �F�R�Q�Y�H�U�J�H�Q�F�H
�Z�D�V �V�H�O�H�F�W�H�G �V�R �5�0�6 �5�H�V�L�G�X�D�O �/�H�Y�H�O�V �R�I10� 6��

�)�L�J�X�U�H �����������'�R�P�D�L�Q
 �D�Q�G �P�H�V�K �I�R�U �D �O�L�G �F�D�Y�L�W�\ �I�O�R�Z �Z�L�W�KK = 40��

�7�K�H �I�O�R�Z �G�R�P�D�L�Q �I�R�U �D �O�L�G���G�U�L�Y�H�Q �F�D�Y�L�W�\ �S�U�R�E�O�H�P �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �7�K�H �G�R�P�D�L�Q �L�V �D
�V�T�X�D�U�H �F�D�Y�L�W�\ �G�L�V�F�U�H�W�L�]�H�G �Z�L�W�K �D �V�W�U�X�F�W�X�U�H�G �J�U�L�G��
 2 [0; 1]2�� �7�K�H �W�R�S �E�R�X�Q�G�D�U�\�� �R�U �O�L�G�� �L�V �V�X�E�M�H�F�W �W�R
�D �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �Z�K�H�U�H �W�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �W�D�Q�J�H�Q�W�L�D�O �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W �L�V �V�H�W �W�R �� ���L�Q �D
�S�R�V�L�W�L�Y�H �[ �G�L�U�H�F�W�L�R�Q���� �7�K�H �Q�R�U�P�D�O �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W �L�V �]�H�U�R�� �H�Q�V�X�U�L�Q�J �Q�R �I�O�R�Z �D�F�U�R�V�V �W�K�H �E�R�X�Q�G��
�D�U�\�� �7�K�H �V�L�G�H �D�Q�G �E�R�W�W�R�P �E�R�X�Q�G�D�U�L�H�V �D�U�H �V�W�D�W�L�R�Q�D�U�\�� �Z�L�W�K �Q�R���V�O�L�S �F�R�Q�G�L�W�L�R�Q�V �D�S�S�O�L�H�G�� �P�H�D�Q�L�Q�J
�E�R�W�K �W�K�H �Q�R�U�P�D�O �D�Q�G �W�D�Q�J�H�Q�W�L�D�O �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�V �D�U�H �]�H�U�R�� �7�K�H �F�R�R�U�G�L�Q�D�W�H �V�\�V�W�H�P �L�V �O�R�F�D�W�H�G
�L�Q �W�K�H �E�R�W�W�R�P �O�H�I�W �F�R�U�Q�H�U �R�I �W�K�H �G�R�P�D�L�Q
 �V�L�P�L�O�D�U �W�R �7�*�9 �W�H�V�W �F�D�V�H�� �7�K�H �P�H�V�K �X�V�H�G �I�R�U �W�K�L�V �F�D�V�H



�������� �7�H�V�W �F�D�V�H ���� �/�L�G �F�D�Y�L�W�\ �I�O�R�Z ����

�L�V �V�T�X�D�U�H �P�H�V�K �Z�L�W�K �U�H�I�L�Q�H�P�H�Q�W �W�R�Z�D�U�G�V �W�K�H �G�R�P�D�L�Q �H�G�J�H�V ��K = 40���� �,�W �L�V �X�V�H�G �I�R�U �0�(�(�9�&
�V�L�P�X�O�D�W�L�R�Q �E�X�W �$�1�6�<�6 �P�H�V�K �L�V �U�H�I�L�Q�H�G �W�R �H�Q�V�X�U�H �W�K�H �V�D�P�H �Q�X�P�E�H�U �R�I �'�R�) �D�U�H �F�R�P�S�D�U�H�G��

�$ �V�F�K�H�P�D�W�L�F �G�L�D�J�U�D�P �I�R�U �O�L�G �F�D�Y�L�W�\ �Y�R�U�W�H�[ �I�R�U�P�D�W�L�R�Q �F�D�Q �E�H �V�H�H�Q �L�Q�)�L�J�X�U�H ���������� �>���� �@�� �7�K�H
�S�U�L�P�D�U�\ �Y�R�U�W�H�[ �L�V �D �O�D�U�J�H �U�H�F�L�U�F�X�O�D�W�L�R�Q �U�H�J�L�R�Q �W�K�D�W �G�R�P�L�Q�D�W�H�V �W�K�H �I�O�R�Z �S�D�W�W�H�U�Q �O�R�F�D�W�H�G �Q�H�D�U �W�K�H
�F�H�Q�W�H�U �R�I �W�K�H �G�R�P�D�L�Q
 �� �7�K�H �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V �D�S�S�H�D�U �L�Q �W�K�H �E�R�W�W�R�P �F�R�U�Q�H�U�V �R�I �W�K�H �F�D�Y�L�W�\��
�Z�K�H�U�H �W�K�H �I�O�R�Z �U�H���F�L�U�F�X�O�D�W�H�V �G�X�H �W�R �W�K�H �Q�R���V�O�L�S �F�R�Q�G�L�W�L�R�Q�V �D�W �W�K�H �Z�D�O�O�V�� �7�K�H�V�H �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V
�D�U�H �O�D�E�H�O�O�H�G �X�V�L�Q�J �W�Z�R �O�H�W�W�H�U�V �D�Q�G �D �Q�X�P�E�H�U�� �7�K�H �I�L�U�V�W �O�H�W�W�H�U �G�H�Q�R�W�H�V �W�K�H �S�R�V�L�W�L�R�Q �D�V �H�L�W�K�H�U �E�R�W�W�R�P
���%�� �R�U �W�R�S ���7���� �Z�K�L�O�H �W�K�H �V�H�F�R�Q�G �O�H�W�W�H�U �V�S�H�F�L�I�L�H�V �U�L�J�K�W ���5�� �R�U �O�H�I�W ���/���� �7�K�H �Q�X�P�E�H�U �W�K�H�Q �L�Q�G�L�F�D�W�H�V
�Z�K�H�W�K�H�U �W�K�H �Y�R�U�W�H�[ �L�V �V�H�F�R�Q�G�D�U�\ ������ �R�U �W�H�U�W�L�D�U�\ �������� �)�R�U �H�[�D�P�S�O�H�� �%�5�� �V�W�D�Q�G�V �I�R�U �W�K�H �6�H�F�R�Q�G�D�U�\
�%�R�W�W�R�P �5�L�J�K�W �Y�R�U�W�H�[��

�)�L�J�X�U�H �����������6�F�K�H�P�D�W�L�F �G�L�D�J�U�D�P �I�R�U �O�L�G �F�D�Y�L�W�\ �Y�R�U�W�H�[ �I�R�U�P�D�W�L�R�Q�� �>���� �@��

�7�K�H �V�H�W �R�I �V�H�F�W�L�R�Q �S�O�R�W�V �F�R�P�S�D�U�L�Q�J �W�K�H �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�Vux �D�Q�Guy �D�Q�G �W�K�H �Y�R�U�W�L�F�L�W�\ �P�D�J��
�Q�L�W�X�G�H! �I�R�U �5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe = 400 �F�D�Q �E�H �V�H�H�Q �L�Q�)�L�J�X�U�H ���������� �7�K�H �S�O�R�W�V �D�U�H �V�K�R�Z�Q �I�R�U
�G�L�I�I�H�U�H�Q�W �S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�H�V �I�R�U �0�(�(�9�& �D�Q�G �P�H�V�K �U�H�V�R�O�X�W�L�R�Q�V �I�R�U �$�1�6�<�6 �V�L�P�X�O�D�W�L�R�Q�� �D�O�R�Q�J�V�L�G�H
�U�H�I�H�U�H�Q�F�H �O�L�W�H�U�D�W�X�U�H �Y�D�O�X�H�V�� �>���� �@�� �7�K�H �V�D�P�H �'�R�) �D�U�H �L�Q�G�L�F�D�W�H�G �Z�L�W�K �W�K�H �V�D�P�H �F�R�O�R�U �L���H�� �J�U�H�H�Q
�I�R�UDoF = 6600�� �E�O�X�H �I�R�UDoF = 25900 �D�Q�G �P�D�U�R�R�Q �I�R�UDoF = 58000�� �$�1�6�<�6 �U�H�V�X�O�W�V �D�U�H
�V�K�R�Z�Q �Z�L�W�K �D �G�R�W�W�H�G �O�L�Q�H �D�Q�G �0�(�(�9�& �Z�L�W�K �D �V�R�O�L�G �O�L�Q�H���)�L�J�X�U�H ���������D�V�K�R�Z�V �W�K�H �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H
�K�R�U�L�]�R�Q�W�D�O �Y�H�O�R�F�L�W�\ux �D�O�R�Q�J �W�K�H �Y�H�U�W�L�F�D�O �F�H�Q�W�H�U�O�L�Q�Hx = 0 :5�� �F�R�P�S�D�U�L�Q�J �W�K�H �U�H�V�X�O�W�V �I�U�R�P �0�(�(�9�&
�D�Q�G �$�1�6�<�6�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �%�R�W�K �P�H�W�K�R�G�V �G�H�P�R�Q�V�W�U�D�W�H �P�H�V�K �F�R�Q�Y�H�U�J�H�Q�F�H �W�R �W�K�H �U�H�I�H�U�H�Q�F�H �Y�D�O��
�X�H�V���)�L�J�X�U�H ���������F�G�H�S�L�F�W �W�K�H �Y�H�U�W�L�F�D�O �Y�H�O�R�F�L�W�\uy �D�O�R�Q�J �W�K�H �K�R�U�L�]�R�Q�W�D�O �F�H�Q�W�H�U�O�L�Q�Hy = 0 :5�� �%�R�W�K
�P�H�W�K�R�G�V �F�R�Q�Y�H�U�J�H �Z�L�W�K �L�Q�F�U�H�D�V�L�Q�J �'�R�)�� �D�O�W�K�R�X�J�K �0�(�(�9�& �V�H�H�P�V �W�R �E�H �S�H�U�I�R�U�P�L�Q�J �E�H�W�W�H�U �I�R�U �W�K�H
�V�D�P�H �Q�X�P�E�H�U �R�I �'�R�)�� �)�L�Q�D�O�O�\���)�L�J�X�U�H ���������H�G�L�V�S�O�D�\�V �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �Y�R�U�W�L�F�L�W�\! �D�O�R�Q�J �W�K�H �W�R�S
�E�R�X�Q�G�D�U�\ �R�I �W�K�H �F�D�Y�L�W�\y = 1 �� �7�K�H �O�R�J�D�U�L�W�K�P�L�F �V�F�D�O�H �L�V �X�V�H�G �W�R �F�D�S�W�X�U�H �W�K�H �Y�R�U�W�L�F�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q��
�K�L�J�K�O�L�J�K�W�L�Q�J �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �R�I �W�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q�V �W�R�Z�D�U�G�V �W�K�H �O�L�W�H�U�D�W�X�U�H �Y�D�O�X�H�V �D�V �W�K�H �P�H�V�K
�L�V �U�H�I�L�Q�H�G �R�U �W�K�H �S�R�O�\�Q�R�P�L�D�O �G�H�J�U�H�H �L�V �L�Q�F�U�H�D�V�H�G�� �$�O�O �W�K�H �V�H�F�W�L�R�Q �S�O�R�W�V �D�U�H �H�Q�O�D�U�J�H�G �W�R �P�D�J�Q�L�I�\ �W�K�H
�G�L�I�I�H�U�H�Q�F�H�V �E�H�W�Z�H�H�Q �W�K�H �P�H�W�K�R�G�V�� �7�K�H �O�L�W�W�O�H �V�S�L�N�H�V �F�D�Q �E�H �V�H�H�Q �Q�H�D�U �W�K�H �V�L�Q�J�X�O�D�U�L�W�L�H�V ��x = 0 �D�Q�G
x = 1 �� �I�R�U �$�1�6�<�6�� �,�W�V �L�P�S�D�F�W �L�V �G�H�F�U�H�D�V�H�G �D�V �W�K�H �Q�X�P�E�H�U �R�I �P�H�V�K �F�H�O�O�V �L�Q�F�U�H�D�V�H�V�� �7�K�H �Y�R�U�W�L�F�L�W�\
�L�V �F�D�O�F�X�O�D�W�H�G �I�U�R�P �W�K�H �Y�H�O�R�F�L�W�\ �I�L�H�O�G �D�Q�G �L�W�V �J�U�D�G�L�H�Q�W�V�� �$ �O�H�D�V�W���V�T�X�D�U�H�V �*�U�D�G�L�H�Q�W �6�F�K�H�P�H �L�V �X�V�H�G
�Z�K�L�F�K �D�V�V�X�P�H�V �D �V�P�R�R�W�K �J�U�D�G�L�H�Q�W �D�F�U�R�V�V �Q�H�L�J�K�E�R�X�U�L�Q�J �F�H�O�O�V�� �7�K�L�V �L�V �Q�R�W �W�K�H �F�D�V�H �D�W �V�L�Q�J�X�O�D�U
�S�R�L�Q�W�V �L�Q �O�L�G���G�U�L�Y�H�Q �F�D�Y�L�W�\ �I�O�R�Z �Z�K�L�F�K �P�D�\ �U�H�V�X�O�W �L�Q �L�Q�D�F�F�X�U�D�W�H �J�U�D�G�L�H�Q�W �H�V�W�L�P�D�W�L�R�Q��
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���D��ux �D�Wx = 0 :5�� ���E���(�Q�O�D�U�J�H�G �Y�L�H�Z �R�Iux �D�Wx = 0 :5��

���F��uy �D�Wy = 0 :5�� ���G���(�Q�O�D�U�J�H�G �Y�L�H�Z �R�Iuy �D�Wy = 0 :5��

���H��! �P�D�J�Q�L�W�X�G�H �D�Wy = 1 �� ���I���(�Q�O�D�U�J�H�G �Y�L�H�Z �R�I! �P�D�J�Q�L�W�X�G�H �D�Wy = 1 ��

�)�L�J�X�U�H �����������6�H�F�W�L�R�Q �S�O�R�W�V �I�R�Uux ��uy �D�Q�G! �D�WRe = 400�� �>���� �@��
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���D��ux �D�Wx = 0 :5�� ���E���(�Q�O�D�U�J�H�G �Y�L�H�Z �R�Iux �D�Wx = 0 :5��

���F��uy �D�Wy = 0 :5�� ���G���(�Q�O�D�U�J�H�G �Y�L�H�Z �R�Iuy �D�Wy = 0 :5��

���H��! �P�D�J�Q�L�W�X�G�H �D�Wy = 1 �� ���I���(�Q�O�D�U�J�H�G �Y�L�H�Z �R�I! �P�D�J�Q�L�W�X�G�H �D�Wy = 1 ��

�)�L�J�X�U�H �����������6�H�F�W�L�R�Q �S�O�R�W�V �I�R�Uux ��uy �D�Q�G! �D�WRe = 1000�� �>���� �@��

�7�K�H�)�L�J�X�U�H ���������S�U�H�V�H�Q�W�V �D �V�H�W �R�I �V�H�F�W�L�R�Q �S�O�R�W�V �F�R�P�S�D�U�L�Q�J �W�K�H �K�R�U�L�]�R�Q�W�D�O �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W
ux �� �Y�H�U�W�L�F�D�O �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�Wuy �D�Q�G �Y�R�U�W�L�F�L�W�\! �I�R�U �5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe = 1000�� �7�K�H �V�D�P�H
�Q�X�P�E�H�U �R�I �'�R�) �L�V �X�V�H�G �D�V �I�R�U �W�K�H �F�D�V�H �R�IRe = 400�� �+�R�Z�H�Y�H�U�� �G�D�W�D �I�U�R�P �%�R�W�H�O�O�D �>���� �@ �L�V �X�V�H�G
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�D�V �U�H�I�H�U�H�Q�F�H �Y�D�O�X�H�V �D�V �L�W �S�U�R�Y�L�G�H�V �D�O�V�R �V�H�F�W�L�R�Q �Y�D�O�X�H�V �I�R�U �V�W�D�W�L�F �S�U�H�V�V�X�U�Hp�� �7�K�H �S�O�R�W�V �L�Q�G�L�F�D�W�H
�W�K�D�W �E�R�W�K �Q�X�P�H�U�L�F�D�O �P�H�W�K�R�G�V �F�O�R�V�H�O�\ �P�D�W�F�K �W�K�H �O�L�W�H�U�D�W�X�U�H �Y�D�O�X�H�V�� �)�R�U �$�1�6�<�6 �V�L�P�X�O�D�W�L�R�Q�� �W�K�H �O�L�W�W�O�H
�V�S�L�N�H �F�D�Q �E�H �V�H�H�Q �Q�H�D�Ux = 1 �D�W �Y�R�U�W�L�F�L�W�\ �S�O�R�W�)�L�J�X�U�H ���������H�� �7�K�H�\ �D�U�H �P�R�U�H �S�U�R�P�L�Q�H�Q�W �W�K�D�Q �L�Q �W�K�H
�F�D�V�H �R�IRe = 400�� �6�L�P�L�O�D�U�O�\ �W�R �W�K�H �S�U�H�Y�L�R�X�V �F�D�V�H�� �Y�D�O�X�H�V �F�R�Q�Y�H�U�J�H �W�R �O�L�W�H�U�D�W�X�U�H �Y�D�O�X�H�V �D�V �'�R�) �L�V
�L�Q�F�U�H�D�V�H�G��

�$�G�G�L�W�L�R�Q�D�O�O�\�� �I�R�URe = 1000 �F�D�V�H �S�U�H�V�V�X�U�H �G�D�W�D �Z�D�V �D�Y�D�L�O�D�E�O�H�� �7�K�H �V�H�F�W�L�R�Q �S�O�R�W �R�I �V�W�D�W�L�F
�S�U�H�V�V�X�U�Hp �D�Wx = 0 :5 �L�V �L�O�O�X�V�W�U�D�W�H�G �L�Q�)�L�J�X�U�H ���������� �$�V �V�R�O�X�W�L�R�Q�V �K�D�G �G�L�I�I�H�U�H�Q�W �U�H�I�H�U�H�Q�F�H �Y�D�O�X�H�V��
�V�W�D�W�L�F �S�U�H�V�V�X�U�H �D�W �F�H�Q�W�U�H �R�I �G�R�P�D�L�Qx = 0 :5��y = 0 :5�� �Z�D�V �V�H�W �D�W0�� �%�R�W�K �P�H�W�K�R�G�V �F�R�Q�Y�H�U�J�H �D�V
�W�K�H �'�R�) �L�V �L�Q�F�U�H�D�V�H�G �D�Q�G �W�K�H �H�U�U�R�U�V �W�R �U�H�I�H�U�H�Q�F�H �D�U�H �Y�H�U�\ �F�O�R�V�H �E�H�W�Z�H�H�Q �W�K�H �W�Z�R��

���D��p �D�Wx = 0 :5�� ���E���(�Q�O�D�U�J�H�G �Y�L�H�Z �R�Ip �D�Wx = 0 :5��

�)�L�J�X�U�H �����������6�H�F�W�L�R�Q �S�O�R�W�V �I�R�U �V�W�D�W�L�F �S�U�H�V�V�X�U�Hp �D�WRe = 1000�� �>���� �@��

�7�K�H �5�R�R�W �0�H�D�Q �6�T�X�D�U�H�G �(�U�U�R�U ���5�0�6�(�� �S�U�R�Y�L�G�H�V �D �P�H�D�V�X�U�H �R�I �W�K�H �G�L�I�I�H�U�H�Q�F�H�V �E�H�W�Z�H�H�Q �Y�D�O�X�H�V
�S�U�H�G�L�F�W�H�G �E�\ �D �P�R�G�H�O �D�Q�G �W�K�H �D�F�W�X�D�O �R�E�V�H�U�Y�H�G �Y�D�O�X�H�V�� �,�W �L�V �G�H�I�L�Q�H�G �D�V

�5�0�6�( =

vu
u
t 1

n

nX

i =1

(yi � ŷi )2 ����������

�Z�K�H�U�Hn �L�V �D �Q�X�P�E�H�U �R�I �G�D�W�D �S�R�L�Q�W�V��yi �U�H�S�U�H�V�H�Q�W�V �W�K�H �D�F�W�X�D�O �Y�D�O�X�H �D�Q�Gŷi �U�H�S�U�H�V�H�Q�W�V �W�K�H
�U�H�I�H�U�H�Q�F�H �Y�D�O�X�H��

�7�D�E�O�H �������S�U�H�V�H�Q�W�V �W�K�H �5�R�R�W �0�H�D�Q �6�T�X�D�U�H�G �(�U�U�R�U ���5�0�6�(�� �I�R�U �E�R�W�K �W�K�H �0�(�(�9�& �D�Q�G �$�1�6�<�6
�V�L�P�X�O�D�W�L�R�Q�V�� �F�R�P�S�D�U�H�G �D�J�D�L�Q�V�W �U�H�I�H�U�H�Q�F�H �Y�D�O�X�H�V �I�U�R�P �>���� �@ �I�R�URe = 400 �D�Q�G �>���� �@ �I�R�URe = 1000
�S�U�H�V�H�Q�W�H�G �L�Q �W�K�H �V�H�F�W�L�R�Q �S�O�R�W�V �E�H�I�R�U�H�� �7�K�H �5�0�6�( �Y�D�O�X�H�V �I�R�U �Y�R�U�W�L�F�L�W�\ ��! �� �D�U�H �Q�R�W�D�E�O�\ �K�L�J�K�H�U �G�X�H
�W�R �W�K�H �J�H�Q�H�U�D�O�O�\ �O�D�U�J�H�U �P�D�J�Q�L�W�X�G�H �R�I �Y�R�U�W�L�F�L�W�\ �Y�D�O�X�H�V �Z�K�L�F�K �U�H�V�X�O�W�V �L�Q �D �F�R�U�U�H�V�S�R�Q�G�L�Q�J�O�\ �J�U�H�D�W�H�U
�D�E�V�R�O�X�W�H �H�U�U�R�U�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �5�0�6�( �I�R�U �Y�R�U�W�L�F�L�W�\ �H�[�F�H�H�G�V �W�K�D�W �R�I �W�K�H �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�V
ux �D�Q�Guy �� �7�K�H �H�U�U�R�U �I�R�U �V�W�D�W�L�F �S�U�H�V�V�X�U�H �5�0�6�(p �Z�D�V �G�R�Q�H �R�Q�O�\ �I�R�URe = 1000 �D�V �W�K�H �G�D�W�D
�Z�D�V �X�Q�D�Y�D�L�O�D�E�O�H �I�R�URe = 400�� �,�Q �W�K�H �F�D�V�H �R�I �W�K�H �0�(�(�9�& �V�F�K�H�P�H�� �I�X�U�W�K�H�U �L�Q�F�U�H�D�V�L�Q�JN �W�R ��
�\�L�H�O�G�H�G �R�Q�O�\ �P�D�U�J�L�Q�D�O �L�P�S�U�R�Y�H�P�H�Q�W�V �L�Q �5�0�6�(�� �$�1�6�<�6 �V�K�R�Z�V �O�R�Z�H�U �5�0�6�( �Y�D�O�X�H�V �I�R�U �O�R�Z�H�U �'�R�)��
�+�R�Z�H�Y�H�U�� �D�WN = 2 �W�K�H �0�(�(�9�& �D�Q�G �$�1�6�<�6 �J�L�Y�H �V�L�P�L�O�D�U �H�U�U�R�U�V �I�R�U �Y�H�O�R�F�L�W�\�� �7�K�H �Y�R�U�W�L�F�L�W�\ �H�U�U�R�U
�5�0�6�(! �L�V �F�R�Q�V�L�V�W�H�Q�W�O�\ �O�R�Z�H�U �I�R�U �0�(�(�9�& �E�\ �D�Q �R�U�G�H�U �R�I �P�D�J�Q�L�W�X�G�H �D�W �K�L�J�K�H�U �'�R�)�� �2�Q �W�K�H �R�W�K�H�U
�K�D�Q�G�� �$�1�6�<�6 �S�U�R�G�X�F�H�V �V�P�D�O�O�H�U �H�U�U�R�U�V �L�Q �V�W�D�W�L�F �S�U�H�V�V�X�U�H�V �I�R�U �D �J�L�Y�H�Q �'�R�)�� �$ �F�R�X�S�O�H�G �V�R�O�Y�H�U
�H�Q�V�X�U�H�V �W�K�D�W �E�R�W�K �Y�H�O�R�F�L�W�\ �D�Q�G �S�U�H�V�V�X�U�H �D�U�H �U�H�V�R�O�Y�H�G �D�V �R�Q�H �V�\�V�W�H�P �Z�K�L�F�K �S�U�R�Y�H�G �W�R �E�H �V�X�S�H�U�L�R�U
�W�R �W�K�H �V�H�J�U�H�J�D�W�H�G �V�R�O�X�W�L�R�Q �V�F�K�H�P�H�V�� �>���� �@��
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�7�D�E�O�H ���������5�0�6�( �I�R�U �0�(�(�9�& �D�Q�G �$�1�6�<�6 �D�J�D�L�Q�V�W �U�H�I�H�U�H�Q�F�H �Y�D�O�X�H�V�� �>���� ������ �@

�'�R�) �5�0�6�(ux �5�0�6�(uy �5�0�6�(! �5�0�6�(p

Re = 400

�0�(�(�9�&��N = 1 6600 0:03214 0:01301 1:0571 �±

�$�1�6�<�6��K = 46 6600 0:00743 0:00473 1:29247 �±

�0�(�(�9�&��N = 2 25900 0:00608 0:00455 0:06942 �±

�$�1�6�<�6��K = 93 25900 0:00657 0:00414 0:64373 �±

�0�(�(�9�&��N = 3 58000 0:00641 0:00438 0:04072 �±

�$�1�6�<�6��K = 139 58000 0:00646 0:00424 0:42300 �±

Re = 1000

�0�(�(�9�&��N = 1 6600 0:03183 0:03313 1:56999 0:00567

�$�1�6�<�6��K = 46 6600 0:00528 0:00863 2:59503 0:00052

�0�(�(�9�&��N = 2 25900 0:00509 0:00206 0:11548 0:00114

�$�1�6�<�6��K = 93 25900 0:00133 0:00203 1:33846 0:00011

�0�(�(�9�&��N = 3 58000 0:00089 0:00045 0:03636 0:00024

�$�1�6�<�6��K = 139 58000 0:00092 0:00085 0:86331 0:00005

�7�K�H�)�L�J�X�U�H ���������D�Q�G�)�L�J�X�U�H ���������F�R�P�S�D�U�H �W�K�H �Y�R�U�W�L�F�L�W�\ �I�L�H�O�G! �I�R�U �D �O�L�G���G�U�L�Y�H�Q �F�D�Y�L�W�\ �I�O�R�Z �D�W
�5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe = 400 �D�Q�GRe = 1000 �U�H�V�S�H�F�W�L�Y�H�O�\�� �%�R�W�K �S�O�R�W�V �G�L�V�S�O�D�\ �W�K�H �Y�R�U�W�L�F�L�W�\ �G�L�V�W�U�L��
�E�X�W�L�R�Q �Z�L�W�K�L�Q �W�K�H �F�D�Y�L�W�\�� �Z�L�W�K �Y�D�O�X�H�V �U�D�Q�J�L�Q�J �I�U�R�P �D�S�S�U�R�[�L�P�D�W�H�O�\ �í3 �W�R3 �Z�L�W�K21 �L�Q�F�U�H�P�H�Q�W�V�� �7�K�H
�U�H�V�X�O�W�V �D�U�H �Y�L�V�X�D�O�O�\ �V�L�P�L�O�D�U �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �P�H�W�K�R�G�V�� �+�R�Z�H�Y�H�U�� �L�W �L�V �Z�R�U�W�K �Q�R�W�L�Q�J �W�K�D�W �E�R�W�K �Y�R�U��
�W�L�F�L�W�\ �S�O�R�W�V �I�R�U �$�1�6�<�6 �K�D�Y�H �D �I�O�D�W�W�H�Q�L�Q�J �Q�H�D�U �W�K�H �W�R�S �U�L�J�K�W �F�R�U�Q�H�U ������������ �,�W �L�V �D�O�V�R �Y�L�V�L�E�O�H �R�Q �W�K�H
�V�H�F�W�L�R�Q �S�O�R�W�V �I�R�U �Y�R�U�W�L�F�L�W�\! �D�Wy = 1 �Z�K�H�U�H �0�(�(�9�& �D�S�S�U�R�D�F�K�H�V1 �D�W ���������� �D�Q�G ���������� �Z�K�H�U�H�D�V
�$�1�6�<�6 �I�O�D�W�W�H�Q�V �D�W �D �F�H�U�W�D�L�Q �S�R�L�Q�W��

�7�K�H�7�D�E�O�H �������S�U�H�V�H�Q�W�V �W�K�H �P�D�L�Q �S�U�R�S�H�U�W�L�H�V �R�I �S�U�L�P�D�U�\ �D�Q�G �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V �I�R�U �D �O�L�G���G�U�L�Y�H�Q
�F�D�Y�L�W�\ �I�O�R�Z �D�W �D �5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe = 400�� �,�W �F�R�P�S�D�U�H�V �W�K�H �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�U�H�H �V�R�X�U�F�H�V��
�*�K�L�D�¶�V �)�L�Q�L�W�H �'�L�I�I�H�U�H�Q�F�H �P�H�W�K�R�G �Z�L�W�K2572 �J�L�U�G �>���� �@�� �$�E�G�H�O�P�L�J�L�G�¶�V �)�L�Q�L�W�H �9�R�O�X�P�H �P�H�W�K�R�G �Z�L�W�K13012

�V�W�D�J�J�H�U�H�G �J�L�U�G �>���� �@ �D�Q�G �9�D�Q�N�D�¶�V �)�L�Q�L�W�H �'�L�I�I�H�U�H�Q�F�H �P�H�W�K�R�G �Z�L�W�K3212 �J�L�U�G �>���� �@�� �7�K�H �S�U�R�S�H�U�W�L�H�V �O�L�V�W�H�G
�L�Q�F�O�X�G�H �W�K�H �V�W�U�H�D�P �I�X�Q�F�W�L�R�Q	 �� �Y�R�U�W�L�F�L�W�\! �D�Q�G �W�K�H �F�R�R�U�G�L�Q�D�W�H�V ���[���\�� �R�I �W�K�H �Y�R�U�W�H�[ �F�H�Q�W�H�U �I�R�U �W�K�H
�S�U�L�P�D�U�\ �Y�R�U�W�H�[�� �D�V �Z�H�O�O �D�V �I�R�U �W�K�H �V�H�F�R�Q�G�D�U�\���W�H�U�W�L�D�U�\ �Y�R�U�W�L�F�H�V �O�D�E�H�O�O�H�G �%�5���� �%�5�� �D�Q�G �%�/���� �7�K�H
�V�W�U�H�D�P �I�X�Q�F�W�L�R�Q	 �Z�D�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �D �J�L�Y�H�Q �Y�H�O�R�F�L�W�\ �I�L�H�O�Gu �E�\ �5�X�Q�J�H���.�X�W�W�D �L�Q�W�H�J�U�D�W�L�R�Q ���V�H�H
�$�S�S�H�Q�G�L�[ �$���� �7�K�H �3�U�L�P�D�U�\ �9�R�U�W�H�[ �S�U�R�S�H�U�W�L�H�V �D�U�H �L�Q �J�R�R�G �D�J�U�H�H�P�H�Q�W �Z�L�W�K �W�K�H �U�H�I�H�U�H�Q�F�H�V�� �Z�L�W�K
�V�O�L�J�K�W �Y�D�U�L�D�W�L�R�Q�V �L�Q �W�K�H �Y�D�O�X�H�V �R�I	 �D�Q�G! �D�Q�G �D �F�O�R�V�H �D�J�U�H�H�P�H�Q�W �L�Q �W�K�H �Y�R�U�W�H�[ �F�H�Q�W�H�U �F�R�R�U�G�L��
�Q�D�W�H�V�� �)�R�U �%�5�� �D�Q�G �%�/���� �W�K�H �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V �O�R�F�D�W�H�G �D�W �W�K�H �E�R�W�W�R�P �U�L�J�K�W �D�Q�G �E�R�W�W�R�P �O�H�I�W�� �W�K�H
�V�W�U�H�D�P �I�X�Q�F�W�L�R�Q	 �V�K�R�Z�V �P�L�Q�R�U �G�L�I�I�H�U�H�Q�F�H�V �D�F�U�R�V�V �W�K�H �V�R�X�U�F�H�V�� �Z�L�W�K �Y�R�U�W�L�F�L�W�\! �D�Q�G �F�R�R�U�G�L�Q�D�W�H�V
(x; y) �D�O�V�R �V�K�R�Z�L�Q�J �Y�D�U�L�D�W�L�R�Q�V �E�X�W �P�D�L�Q�W�D�L�Q�L�Q�J �V�L�P�L�O�D�U �W�U�H�Q�G�V�� �7�K�H �%�5�� �Y�R�U�W�H�[�� �D �W�H�U�W�L�D�U�\ �Y�R�U�W�H�[��
�H�[�K�L�E�L�W�V �J�U�H�D�W�H�U �Y�D�U�L�D�E�L�O�L�W�\ �L�Q �U�H�V�X�O�W�V �D�V �L�W �L�V �P�X�F�K �V�P�D�O�O�H�U�� �7�K�H �Y�D�O�X�H�V �D�U�H �Q�H�D�U �]�H�U�R �D�Q�G �V�R�P�H
�U�H�I�H�U�H�Q�F�H�V �G�R�Q�¶�W �H�Y�H�Q �H�[�D�P�L�Q�H �W�K�L�V �D�U�H�D �R�I �W�K�H �O�L�G �F�D�Y�L�W�\�� �6�L�P�L�O�D�U�O�\�� �W�K�H �P�D�L�Q �S�U�R�S�H�U�W�L�H�V �R�I �S�U�L�P�D�U�\
�D�Q�G �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V �I�R�U �D �O�L�G���G�U�L�Y�H�Q �F�D�Y�L�W�\ �I�O�R�Z �D�W �D �5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe = 1000 �D�U�H �V�K�R�Z�Q
�L�Q�7�D�E�O�H �������� �7�K�H �U�H�I�H�U�H�Q�F�H �G�D�W�D �F�R�Q�V�L�V�W�V �R�I �$�E�G�H�O�P�L�J�L�G�¶�V �)�L�Q�L�W�H �9�R�O�X�P�H �P�H�W�K�R�G �Z�L�W�K13012 �V�W�D�J��
�J�H�U�H�G �J�L�U�G �>���� �@�� �%�R�W�H�O�O�D�¶�V �&�K�H�E�\�V�K�H�Y �F�R�O�O�R�F�D�W�L�R�Q �P�H�W�K�R�G �Z�L�W�K �D �S�R�O�\�Q�R�P�L�D�O �R�I �G�H�J�U�H�HN = 160
�>���� �@ �D�Q�G �(�U�W�X�U�N�¶�V �)�L�Q�L�W�H �'�L�I�I�H�U�H�Q�F�H �P�H�W�K�R�G �Z�L�W�K6012 �J�U�L�G �>���� �@��



�������� �7�H�V�W �F�D�V�H ���� �/�L�G �F�D�Y�L�W�\ �I�O�R�Z ����

���D���0�(�(�9�& ���E���$�1�6�<�6

�)�L�J�X�U�H �����������0�(�(�9�& �D�Q�G �$�1�6�<�6 �Y�R�U�W�L�F�L�W�\! �I�L�H�O�G �I�R�URe = 400��

�7�D�E�O�H ���������3�U�L�P�D�U�\ �D�Q�G �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V �P�D�L�Q �S�U�R�S�H�U�W�L�H�V �D�WRe = 400 �I�R�U �'�R�)= 58000�� �>���� ��
���� ������ �@��

�5�H�I�H�U�H�Q�F�H�0�(�(�9�& �$�1�6�<�6 �$�E�G�H�O�P�L�J�L�G �>���� �@ �*�K�L�D �>���� �@ �9�D�Q�N�D �>���� �@

�3�U�L�P�D�U�\ �Y�R�U�W�H�[

	 0:11404682 0:11398245 0:113964 0:113909 0:1136

! 2:29522 2:294428 2:295985 2:281 �±

(x; y) (0:5543; 0:6052) (0:5543; 0:6052) (0:5541; 0:6057) (0:5547; 0:6055) (0:5563; 0:6)

�%�5��

	 0:00064483 0:00064674 0:000645 0:00064235 0:000645

! 0:440505 0:451267 0:44839 0:433519 ��

(x; y) (0:8854; 0:1221) (0:8865; 0:1236) (0:8852; 0:1215) (0:8906; 0:1250) (0:8875; 0:1188)

�%�5��

	 1:7499� 10� 8 1:4814� 10� 8 1:94847� 10� 8 1:86595� 10� 8 �±

! 0:0034314 0:00277 0:003591 0:00438726 �±

(x; y) (0:9929; 0:0072) (0:9932; 0:0065) (0:9917; 0:0067) (0:9922; 0:0078) �±

�%�/��

	 1:4342� 10� 5 1:4246� 10� 5 1:443588� 10� 5 1:41951� 10� 5 1:46� 10� 5

! 0:0576284 0:0581056 0:05471926 0:0569697 �±

(x; y) (0:0512; 0:0473) (0:0509; 0:0471) (0:0516; 0:0466) (0:0508; 0:0469) (0:05; 0:05)



�������� �7�H�V�W �F�D�V�H ���� �/�L�G �F�D�Y�L�W�\ �I�O�R�Z ����

���D���0�(�(�9�& ���E���$�1�6�<�6

�)�L�J�X�U�H �����������0�(�(�9�& �D�Q�G �$�1�6�<�6 �Y�R�U�W�L�F�L�W�\! �I�L�H�O�G �I�R�URe = 1000��

�7�D�E�O�H ���������3�U�L�P�D�U�\ �D�Q�G �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V �P�D�L�Q �S�U�R�S�H�U�W�L�H�V �D�WRe = 1000 �I�R�U �'�R�)= 58000�� �>���� ��
���� ������ �@��

�5�H�I�H�U�H�Q�F�H�0�(�(�9�& �$�1�6�<�6 �$�E�G�H�O�P�L�J�L�G �>���� �@ �%�R�W�H�O�O�D �>���� �@ �(�U�W�X�U�N �>���� �@

�3�U�L�P�D�U�\ �Y�R�U�W�H�[

	 0:11896562 0:11892122 0:118866 0:1189366 0:118781

! 2:0662 2:0678 2:066581 2:067753 2:06553

(x; y) (0:5308; 0:5652) (0:5306; 0:5658) (0:5308; 0:5657) (0:5308; 0:5625) (0:53; 0:565)

�%�5��

	 0:00173185 0:00173127 0:001732 0:00175102 0:0017281

! 1:1084 1:1055 1:113969 1:15465 1:115505

(x; y) (0:8641; 0:1118) (0:8641; 0:1121) (0:8636; 0:1115) (0:8594; 0:1094) (0:8633; 0:1117)

�%�5��

	 5:12721� 10� 8 4:37631� 10� 8 5:46775� 10� 8 5:03944� 10� 8 5:4962� 10� 8

! 0:0082027 0:0073583 0:006969814 �±�� 0:0077076

(x; y) (0:9924; 0:0076) (0:9928; 0:0074) (0:9917; 0:0067) (0:9917; 0:0067) (0:9923; 0:0077)

�%�/��

	 0:00023359 0:000231149 0:000233412 0:000233453 0:00023261

! 0:3489871 0:350122 0:3409262 0:3522861 0:353473

(x; y) (0:0831; 0:0778) (0:0831; 0:0779) (0:0832; 0:0782) (0:0833; 0:0781) (0:0833; 0:0783)

�7�K�H �W�D�E�O�H�V �S�U�H�V�H�Q�W �D �V�L�J�Q�L�I�L�F�D�Q�W �D�P�R�X�Q�W �R�I �G�D�W�D�� �7�R �V�X�P�P�D�U�L�]�H �W�K�H �I�L�Q�G�L�Q�J�V�� �L�W �L�V �F�U�X�F�L�D�O �W�R
�F�D�O�F�X�O�D�W�H �D�E�V�R�O�X�W�H �H�U�U�R�U �Z���U���W�� �O�L�W�H�U�D�W�X�U�H�� �)�R�U �W�K�H �F�D�V�H �R�IRe = 400�� �W�K�H �H�U�U�R�U �I�R�U �W�K�H �S�U�L�P�D�U�\ �Y�R�U�W�H�[
�L�V �V�L�P�L�O�D�U �I�R�U �E�R�W�K �P�H�W�K�R�G�V�� �D�U�R�X�Q�G0:15���� �$�1�6�<�6 �D�F�F�X�U�D�W�H�O�\ �S�U�H�G�L�F�W�V �W�K�H �Y�R�U�W�L�F�H�V�¶ �O�R�F�D�W�L�R�Q
���V�O�L�J�K�W�O�\ �E�H�W�W�H�U �W�K�D�Q �0�(�(�9�&�� �E�X�W �W�K�H �Y�D�O�X�H�V �I�R�U �V�W�U�H�D�P �I�X�Q�F�W�L�R�Q	 �D�Q�G �Y�R�U�W�L�F�L�W�\! �D�U�H �R�I�I �E�\ �D



�������� �7�H�V�W �F�D�V�H ���� �/�L�G �F�D�Y�L�W�\ �I�O�R�Z ����

�E�L�J�J�H�U �P�D�U�J�L�Q �I�R�U �%�5���� �%�5�� �D�Q�G �%�/���� �7�K�H�U�H�I�R�U�H �L�W �L�V �V�D�I�H �W�R �V�D�\ �W�K�D�W �0�(�(�9�& �G�H�P�R�Q�V�W�U�D�W�H�V �D
�K�L�J�K�H�U �O�H�Y�H�O �R�I �D�F�F�X�U�D�F�\ �L�Q �F�D�S�W�X�U�L�Q�J �W�K�H �V�H�F�R�Q�G�D�U�\ �D�Q�G �W�H�U�W�L�D�U�\ �Y�R�U�W�L�F�H�V �F�R�P�S�D�U�H�G �W�R �$�1�6�<�6
�I�R�U �W�K�H �V�D�P�H �Q�X�P�E�H�U �R�I �'�R�)�� �,�Q �W�K�H �F�D�V�H �R�IRe = 1000�� �0�(�(�9�& �L�V �V�O�L�J�K�W�O�\ �P�R�U�H �D�F�F�X�U�D�W�H �L�Q
�W�K�H �V�H�F�R�Q�G�D�U�\ �D�Q�G �W�H�U�W�L�D�U�\ �Y�R�U�W�L�F�H�V �U�H�J�L�R�Q�V�� �+�R�Z�H�Y�H�U�� �W�K�H �G�L�I�I�H�U�H�Q�F�H �L�V �Q�R�W �D�V �V�L�J�Q�L�I�L�F�D�Q�W �D�V �I�R�U
Re = 400�� �2�Y�H�U�D�O�O�� �W�K�H �D�Y�H�U�D�J�H �$�1�6�<�6 �H�U�U�R�U �I�R�U �W�K�H �O�R�F�D�W�L�R�Q �R�I �Y�R�U�W�H�[ �F�R�R�U�G�L�Q�D�W�H�V �L�V �O�R�Z�H�U
" (x;y )ANSY S

= 0 :15�� �W�K�D�Q �I�R�U �0�(�(�9�&" (x;y )MEEV C
= 0 :4���� �7�K�H �D�Y�H�U�D�J�H �V�W�U�H�D�P �I�X�Q�F�W�L�R�Q �H�U�U�R�U

�I�R�U �0�(�(�9�& �H�T�X�D�O�V" 	 ANSY S = 0 :2�� �D�Q�G �I�R�U �$�1�6�<�6" 	 ANSY S = 0 :46���� �)�L�Q�D�O�O�\�� �W�K�H �O�D�U�J�H�V�W
�G�L�I�I�H�U�H�Q�F�H�V �D�U�H �V�H�H�Q �L�Q �Y�R�U�W�L�F�L�W�\ �S�U�H�G�L�F�W�L�R�Q�V ��" ! ANSY S = 0 :84�� �D�Q�G" ! ANSY S = 1 :47����



�������� �7�H�V�W �F�D�V�H ���� �%�D�F�N�Z�D�U�G���I�D�F�L�Q�J �V�W�H�S ����

���������7�H�V�W �F�D�V�H ���� �%�D�F�N�Z�D�U�G���I�D�F�L�Q�J �V�W�H�S
�7�K�H �Q�H�[�W �W�H�V�W �F�D�V�H �F�K�R�V�H�Q �I�R�U �F�R�P�S�D�U�L�V�R�Q �L�V �D �E�D�F�N�Z�D�U�G���I�D�F�L�Q�J �V�W�H�S�� �,�W �L�Q�Y�R�O�Y�H�V �I�O�X�L�G �I�O�R�Z �L�Q �D
�F�K�D�Q�Q�H�O �W�K�D�W �V�X�G�G�H�Q�O�\ �H�[�S�D�Q�G�V �L�Q �D �F�U�R�V�V���V�H�F�W�L�R�Q�D�O �D�U�H�D ���V�W�H�S���� �$�V �W�K�H �I�O�X�L�G �S�D�V�V�H�V �R�Y�H�U �W�K�H
�V�W�H�S�� �L�W �W�\�S�L�F�D�O�O�\ �H�[�S�H�U�L�H�Q�F�H�V �I�O�R�Z �V�H�S�D�U�D�W�L�R�Q�� �O�H�D�G�L�Q�J �W�R �W�K�H �I�R�U�P�D�W�L�R�Q �R�I �D �U�H�F�L�U�F�X�O�D�W�L�R�Q �]�R�Q�H
�G�R�Z�Q�V�W�U�H�D�P �R�I �W�K�H �V�W�H�S�� �7�K�H�Q �L�W �U�H�D�W�W�D�F�K�H�V �I�X�U�W�K�H�U �G�R�Z�Q�V�W�U�H�D�P��

�7�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �I�R�U �W�K�H �E�D�F�N�Z�D�U�G���I�D�F�L�Q�J �V�W�H�S �L�V �G�H�I�L�Q�H�G �D�V

Re =
H � �uinlet

�
����������

�Z�L�W�KH = 2 �E�H�L�Q�J �W�K�H �K�H�L�J�K�W �R�I �W�K�H �Z�K�R�O�H �G�R�P�D�L�Q ���Q�R�W �M�X�V�W �D �V�W�H�S�����uinlet = 1 �L�V �D�Q �D�Y�H�U�D�J�H
�Y�H�O�R�F�L�W�\ �D�W �W�K�H �L�Q�O�H�W �D�Q�G� �L�V �W�K�H �G�\�Q�D�P�L�F �Y�L�V�F�R�V�L�W�\ �R�I �W�K�H �I�O�X�L�G�� �1�R �I�O�X�L�G �G�H�Q�V�L�W�\� �L�V �S�U�H�V�H�Q�W �L�Q �W�K�H
�H�T�X�D�W�L�R�Q�� �7�K�D�W�¶�V �E�H�F�D�X�V�H �W�K�H �0�(�(�9�& �X�V�H�V �D �G�L�P�H�Q�V�L�R�Q�O�H�V�V �I�R�U�P �R�I �W�K�H �1�6�� �8�Q�I�R�U�W�X�Q�D�W�H�O�\�� �L�W �L�V
�Q�R�W �S�R�V�V�L�E�O�H �W�R �P�D�N�H �D �G�L�P�H�Q�V�L�R�Q�O�H�V�V �V�L�P�X�O�D�W�L�R�Q �L�Q �$�1�6�<�6 �V�R �W�K�H �I�O�X�L�G �G�H�Q�V�L�W�\ �L�V �V�H�W �W�R� ansys = 1
kg/ m3��

�7�K�H �G�R�P�D�L�Q �I�R�U �W�K�H �E�D�F�N�Z�D�U�G���I�D�F�L�Q�J �V�W�H�S �V�L�P�X�O�D�W�L�R�Q �F�D�Q �E�H �V�H�H�Q �L�Q�)�L�J�X�U�H ���������� �7�K�H �K�H�L�J�K�W
�R�I �W�K�H �G�R�P�D�L�Q �L�VH = 2 �D�Q�G �W�K�H �V�W�H�S �K�H�L�J�K�W �L�V �V�H�W �W�R �K�D�O�I �R�I �W�K�D�W �V�Rh = 1 �� �,�W �P�D�N�H�V �D�Q �H�[�S�D�Q�V�L�R�Q
�U�D�W�L�R �R�I �� �Z�K�L�F�K �L�V �F�R�P�S�D�U�D�E�O�H �Z�L�W�K �W�K�H �O�L�W�H�U�D�W�X�U�H �V�W�X�G�\ �R�I �(�U�W�X�U�N�� �>���� �@�� �7�K�H �O�H�Q�J�W�K �R�I �W�K�H �L�Q�O�H�W
�F�K�D�Q�Q�H�O �L�V �H�T�X�D�O �W�RL inlet = 10 �D�Q�G �W�K�H �Z�K�R�O�H �G�R�P�D�L�Q �K�D�V �D �V�S�D�Q �R�IL outlet = 70�� �%�R�X�Q�G�D�U�\ �F�R�Q��
�G�L�W�L�R�Q�V �D�U�H �L�Q�G�L�F�D�W�H�G �D�V �I�R�O�O�R�Z�V�� �$�W �W�K�H �L�Q�O�H�W�� �W�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �Q�R�U�P�D�O �F�R�P�S�R�Q�H�Q�W �R�I �Y�H�O�R�F�L�W�\
�L�V �V�S�H�F�L�I�L�H�G �D�Vuinlet �Z�L�W�K �]�H�U�R �W�D�Q�J�H�Q�W�L�D�O �Y�H�O�R�F�L�W�\�� �W�K�H �W�R�S �D�Q�G �E�R�W�W�R�P �Z�D�O�O�V �R�I �W�K�H �F�K�D�Q�Q�H�O�� �W�K�H
�Q�R���V�O�L�S �F�R�Q�G�L�W�L�R�Q �L�V �D�S�S�O�L�H�G�� �$�W �W�K�H �R�X�W�O�H�W�� �W�K�H �V�W�D�W�L�F �S�U�H�V�V�X�U�H �L�V �V�H�W �W�R �]�H�U�R�� �7�K�H �L�Q�O�H�W �Y�H�O�R�F�L�W�\ �Z�D�V
�G�H�I�L�Q�H�G �D�V �S�D�U�D�E�R�O�L�F �Z�L�W�K �D�Q �D�Y�H�U�D�J�H �Y�D�O�X�H �R�I�uinlet = 1 �� �7�K�H �Y�L�V�F�R�V�L�W�\ �Z�D�V �F�D�O�F�X�O�D�W�H�G �E�D�V�H�G �R�Q
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