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Abstract—Variable switching frequency PWM (VSFPWM)
modulation can be advantageously implemented in industrial ap-
plications, such as renewable energy, motor drives, and uninter-
rupted power supply (UPS) systems, to reduce the injected current
harmonic amplitudes, to suppress audible noise, and to improve
semiconductor power efficiency. In this article, the usage of periodic
VSFPWM methods in a voltage source converter (VSC) is pro-
posed, analyzed, and benchmarked in terms of harmonic spectrum
spreading, following the IEEE-519 current harmonic standard
for the connection to the distribution grid. Particular attention is
paid to the influence of VSFPWM on the ac filter design. First,
the analytical model of the voltage harmonic spectrum generated
by a three-phase three-wire two-level VSC implementing several
periodic VSFPWM methods is derived. Subsequently, a design
guideline for the commonly used LCL filter in the grid-tied VSC
application is proposed, which minimizes the size requirement of
the necessary components. The voltage spectrum models of the
proposed VSFPWM method and the optimal switching profiles
are verified by MATLAB/Simulink simulations and a 5-kW three-
phase two-level VSC hardware demonstrator. The study shows that
the ac filter power density for the studied VSFPWM methods can
be greatly increased when compared with the conventional and
widely employed constant switching frequency continuous PWM
strategies.

Index Terms—Filter design, optimal design, spectrum model,
variable switching frequency PWM (VSFPWM).

NOMENCLATURE

ic, ig Converter-/grid-side phase current.
Vac, vac AC source (grid) phase voltage.
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Vc, vc Converter output phase voltage.
Vdc DC bus voltage.
M Modulation depth.
Jn(x) Bessel function of the first kind.
Lc, Lg, LT Converter-/grid-side/total inductance.
LT LCL filter total inductance.
Cf LCL filter capacitance.
ωc, ωo, fc, fo Carrier and reference frequency.
θc, θo Phase of carrier and reference signal.
fc0 Centered switching (carrier) frequency.
fres LCL filter resonance frequency.
fm Frequency of periodic switching profile.
ωb, fb Switching frequency variation band.
ωcrit, fcrit Critical harmonic frequency.
Vcrit, Icrit, fcrit Critical harmonic voltage/current.

I. INTRODUCTION

DUE to the rapid development of renewable technology and
wider adoption of electric vehicles, the pursuit of compact

and efficient grid-tied power electronic converters is becoming
increasingly important for photovoltaic and wind power genera-
tion, and battery fast-charging stations. Pulsewidth-modulation
(PWM)-based voltage source converters (VSCs) are widely
employed as grid-tied converters because of their robustness
and simplicity [1]. Correspondingly, LCL filters are adopted to
mitigate the current harmonics generated by the PWM-based
VSCs. Typically, the LCL filter is one of the bulkiest and heaviest
parts in the high-power converter system. Hence, considerable
research efforts in physical design and circuit topology have
been devoted, aiming at reducing the filter size and weight. It
is recognizable that the design of a smaller inductor is possible
if the application requirements can be fullfilled with the need
of less magnetic energy storage, e.g., by reducing the need of
inductance value [2], [3]. Conventional approaches for reducing
the harmonic generated by the VSC, and therefore the required
filtering inductance, consist on increasing the switching fre-
quency, adopting interleaved or multilevel converter topologies,
and implementing specific modulations [4]–[9].

Variable switching frequency PWM (VSFPWM), for in-
stance, is an interesting strategy to be implemented in VSCs
because of its effectiveness in improving the switching loss, cur-
rent ripple, Electromagnetic interference (EMI), and, above all,
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Fig. 1. IEEE-519 harmonic current standard and typical grid current harmonic
spectrum with CSFPWM and VSFPWM.

its simple digital implementation [10]–[15]. More importantly,
the spread spectrum caused by VSFPWM can also benefit the
filter design for the VSC. However, there is lack of research
efforts about this concept at present. The filter used for grid-tied
converter must be well-designed to comply with the grid connec-
tion standard, in particularly the harmonic current standards such
as IEEE-519-2014 [4]. As presented in Fig. 1, the VSFPWM
method spreads out the converter output voltage spectrum, thus
giving a similarly wide harmonic spectrum with lower ampli-
tudes for the grid current compared with the normally adopted
constant switching frequency PWM (CSFPWM), when an ac fil-
ter is applied. The magnitude of the critical harmonic for the filter
design is significantly reduced by VSFPWM. In other words,
the filtering requirement can be alternatively lowered with the
VSFPWM while maintaining the same level of critical current
harmonic presented by the CSFPWM. Therefore, the compact
design of the LCL filter can be realized by the VSFPWM, leading
to lower loss and weight in the filter, which can consequently
improve the system efficiency and power density.

VSFPWM strategies can be categorized into two types: Ran-
dom (or chaotic) and periodic switching frequency profiles.
From the perspective of shaping the spectra of the PWM output
voltage for filter design, the periodic patterns are preferred, since
random profiles do not provide a tight control on the spectrum
band [16]–[18]. The critical harmonic for the filter design is
found to be closely correlated with the band of the spectrum
induced by the periodic VSFPWM. Hence, the LCL filter can be
designed in consideration of not only normal design criteria but
also the profile of the periodic VSFPWM. Such a design requires
the accurate voltage spectrum model of the three-phase PWM
converter. The work in [17], [18] first studied the band of the
spectrum induced by the periodic switching frequency profile
in a PWM converter but did not provide further description
of the spectrum contents. In [19], the spectrum model was
presented in complex domain for dc/dc PWM converters with the
consideration of the sinusoidal switching profile only. Recently,

Li et al. [16] derived the analytical spectrum model for three-
phase PWM converter based on the PWM output voltage ex-
pressions described by [20]. However, the derived model only
applies to sinusoidal switching profile and is not valid for generic
periodic switching profiles which include several harmonics
instead of a single sinusoid.

The research on the LCL filter design with VSFPWM is very
limited in the literature. Only the restraint of current ripple on
the filter inductance [21], [22] or the basic requirement associ-
ated with the LCL filter resonance are considered [4], [23]. By
contrast, this article investigates the influence of the VSFPWM
following periodic switching frequency profiles on the design
of the LCL filter of a three-phase, three-wire, two-level VSC
which complies to the grid harmonic IEEE-519-2014 standard,
illustrated in Fig. 1. The changing frequency profiles considered
here are based on conventional waveform shapes, i.e., triangle
and sinusoidal waveforms [17]–[19], due to their simple imple-
mentation in microcontrollers and straightforward identification
of the critical current harmonic for the ac filter design. Therefore,
the optimal periodic VSFPWM profile is identified in this article
and a guideline for the LCL filter design is proposed, which
maximizes the VSC power density.

The research contributions of this article are as follows.
1) The derivation of the PWM converter voltage spectrum

model for the generic periodic VSFPWM profiles.
2) A straightforward design guideline for the LCL filter of a

grid-tied VSC implementing a periodic VSFPWM profile
which substantially reduce the ac filter requirement while
maintaining the current total harmonic distortion (THD)
and power efficiency which are achieved by the equivalent
CSFPWM strategy.

3) The benchmaking and insights gained on the attained
LCL filter performance in harmonic attenuation for grid
compliance for several periodic profile VSFPWM and
standard CSFPWM strategies.

The rest of this article is organized as follows. Section II
presents the derivation of the time-domain model of the two-
level VSC output voltage. Section III describes the design
guidelines of the optimal periodic VSFPWM profile. Section IV
discusses the simulation and experimental results verifying the
developed analytical models and proposed LCL filter design.
Finally, Section V concludes this article.

II. CONVERTER VOLTAGE SPECTRUM MODEL

A. Spectrum Model for CSFPWM

To simplify the analysis and model derivations, the sinusoidal-
PWM (SPWM) is presented in this section. These mathematical
derivations built based on the SPWM can be extended to other
continuous PWM methods, e.g., THIPWM and SVPWM [20],
[24], [25], which are preferably implemented in practical sys-
tems because of their higher dc bus voltage utilization. As
depicted in Fig. 2, the converter output phase voltage Vc of the
three-phase, two-level converter is determined by the switching
states of the semiconductor devices, which are directed by the
intersections between the sinusoidal reference and triangular
carrier signals, as illustrated in Fig. 3. According to the double
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Fig. 2. Grid-tied VSC with LCL filter adopting VSFPWM.

Fig. 3. Triangular carrier-based CSFPWM (natural sampling).

Fourier analysis (DFA) [20], the output phase voltage Vc(x, y)
is the function of two independent variables as expressed by (1),
shown at the bottom of this page. In (1), m and n are multiples
of the carrier and reference signal frequencies while Amn and
Bmn are the resultant coefficients of the DFA. The first term
A00 shown in (1) represents the dc offset, which is zero for the
converter circuit shown in Fig. 2. The first summation term is
the base-band harmonic components and the second summation
term represents the carrier harmonic components. The last one
represents the side-band harmonic components. The two vari-
ables x and y represent the phases of the carrier and reference
signals under the constant carrier frequency modulation, respec-
tively, which are expressed as

{
x(t) = ωct+ θc

y(t) = ωot+ θo
(3)

where ωc and ωo are the angular frequencies for the carrier
and reference signals (switching and fundamental frequencies),
respectively, and θc and θo are the phases for the carrier and
reference signals. The VSC output voltage with CSFPWM under
the symmetrical regular sampling can be generally expressed as
(2), shown at the bottom of this page in time-domain, with the
complex-form coefficients derived by using the double-integral

Cmn = Amn + jBmn

=
1

2π2

π∫
−π

π∫
−π

Vc(x, y)e
j(mx+ny)dxdy. (4)

Therein Jn(x) is the Bessel function of the first kind, and M
is the modulation depth. M is defined as 2Vac/Vdc and Vac and
Vdc are the magnitude of the ac phase voltage and dc bus voltage,
respectively [20].

Vc(x, y) =
A00

2
+

∞∑
n=1

(A0n cosny +B0n sinny)︸ ︷︷ ︸
Fundemental component &amp; baseband harmonics

+

∞∑
m=1

(Am0 cosmx+Bm0 sinmx)

︸ ︷︷ ︸
Carrier harmonics

+

∞∑
m=1

∞∑
n=−∞
n �=0

[Amn cos(mx+ ny) +Bmnsin(mx+ ny)]

︸ ︷︷ ︸
Sideband harmonics

(1)

Vc(t) =
2Vdc

π

∞∑
n=1

Jn(n
ωo

ωc

π
2M)

(nωo

ωc
)

sin

[
n

(
1 +

ωo

ωc

)
π

2

]
cosn(ωot+ θo) +

2Vdc

π

∞∑
m=1

J0(m
π
2M)

m
sin
(
m
π

2

)
cos[m(ωct+ θc)]

+
2Vdc

π

∞∑
m=1

∞∑
n=−∞
n�=0

Jn[(m+ nωo

ωc
)πM2 ]

m+ nωo

ωc

sin[(m+ n
ωo

ωc
+ n)

π

2
] cos[m(ωct+ θc) + n(ωot+ θo)]

= �
( ∞∑

m=0

∞∑
n=−∞

Amn · ej(m(ωct+θc)+n(ωot+θo)))

)
= �

( ∞∑
m=0

∞∑
n=−∞

Amn · ej(mx+ny)

)
(2)
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B. Spectrum Model for Periodic VSFPWM

When periodic VSFPWM is applied, the phases of the two
signals are modified as{

x(t) =
∫ t

0 ωc(τ)dτ + θc

y(t) = ωot+ θo.
(5)

The spectrum model, hence, becomes more complicated and
very difficult to be directly derived with DFA because of the
nonlinearity caused by the periodic time-varying variable ωc(t)
appearing in the carrier angular frequency x(t). Tripple Fourier
analysis is also not applicable since variables x(t) and ωc(t) are
intercoupled and not linear. To derive the spectrum expression,
some assumptions are adopted in this work to approximate the
derived voltage expression.

1) The ratio between the centered switching frequency
and the fundamental frequency ωc0/ωo should be large
enough, where the centered angular frequency ωc0 is the
average of ωc(t) during its period.

2) The variation band of the switching frequency ωb (or
fb), which is half of the peak-to-peak variation of the
switching profile, should be relatively small compared to
the centered frequency ωc0.

These two assumptions guarantee that the influence of the
varying switching frequency on the coefficients presented in (2)
can be negligible and hence the forms of these coefficients
remain unchanged in the following mathematical derivations,
except that ωc is replaced by ωc0. A generic periodic switching
frequency fc(t) can be expanded into the following Fourier
series:

fc(t) =
a0
2

+

∞∑
k=1

ak cos(2πkfmt) + bk sin(2πkfmt)

= fc0 +

∞∑
k=1

Ck sin(2πkfmt+ θk) (6)

where fc0 is the centered switching frequency and fm is the
frequency of the periodic switching profile. Substituting (5)
and (6) into the phasor form presented in (4), and assuming that
the initial phases of the carrier and reference signals are zero
(θc, θo=0), then the expression of the output voltage becomes

Vc(t) = �
( ∞∑

m=0

∞∑
n=−∞

Amn · ej2π(m
∫ t
0 fc(τ)dτ+nfot)

)

= �
( ∞∑

m=0

∞∑
n=−∞

{Amn · ej(2π(mfc0+nfo)t+ϕm)

·
∞∏

k=1

e−j
mCk
kfm

cos(2πkfmt+θk)

︸ ︷︷ ︸
rear term due to VSFPWM

}
)

(7)

where

ϕm =

∞∑
k=1

mCk cos(θk)

kfm
. (8)

In (7), the rear term is caused by the variation of the switching
frequency. However, (7) is too complex and indirect to be used
for calculation and thus requires a further simplification. By
implementing Jacobi–Anger expansions [20], the expression for
the output voltage can be simplified as

Vc(t) = �
( ∞∑

m=0

∞∑
n=−∞

∞∑
l=−∞

Cmnl · ej2π(mfc0t+nfot+lfmt)

)
(9)

where

Cmnl = Amne
jϕm ·

⎧⎨
⎩ ∑

∑
rk ·k=l

(

∞∏
k=1

h(m, k, rk)

⎫⎬
⎭ (10)

Amn =
2VdcJn[(m+ n ωo

ωc0
)πM2 ]

π(m+ n ωo

ωc0
)

sin

[(
m+ n

ωo

ωc0
+ n

)
π

2

]
(11)

h(m, k, r) = Jr(
mCk

kfm
) · ej(r(θk−π/2)). (12)

Since the phase of the reference signal θo is equal to zero,
expression (9) describes analytically the output voltage of phase
A, i.e., Vc with the VSFPWM. The expressions for phases B
and C can be derived accordingly by replacing θo with −2π/3
and 2π/3, respectively. It is noteworthy that the spectrum of the
output voltage can be obtained based on (9) because of the triple
summation series form, and phasor representation. It can be
noted that the side-band harmonics are the resultant contributed
by the integer variables n and l, which represent the side-band
caused by CSFPWM and VSFPWM, respectively.

It is noted that the triple summation series form presented
in (9) is valid only when the aforementioned two assumptions
are satisfied. The assumptions guarantee that the difference of
the coefficient Amn during the switching frequency variation is
negligible and thus the coefficient can be calculated at the cen-
tered frequency fc0, as shown in (11), and remains unchanged
regardless of the switching frequency. The coefficient Cmnl

contains the magnitude and phase information of the spectrum.
However, for each possible side-band lfm caused by VSFPWM
there are infinite groups of rk and hence the calculation of (10)
becomes cumbersome. Specially, if fc(t) varies sinusoidally
with the frequency fm, the coefficient Cmnl is reduced to

Cmnl = AmnJl(
mC1

fm
) · ej(ϕm1+l(θ1−π/2)) (13)

which is simpler and more convenient to use. Although the de-
veloped analytical spectrum model is derived based on SPWM,
the same derivation approach is also applicable to other mod-
ulation methods, e.g, THIPWM and SVPWM. From (7), the
rear term due to VSFPWM implies that the influence of the
VSFPWM is decoupled from the normal CSFPWM operation.
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Therefore, (9)–(11) still hold for other modulations while (11)
should be replaced with the coefficientAmn derived based on the
CSFPWM operation according to the modulation adopted. The
expression of Amn for THIPWM and SVPWM can be found in
[20], which is rather complicated and will not be presented in
this article due to space limitations.

C. DM and CM Harmonic Spectrum

In a three-phase three-wire VSC system, as the one shown in
Fig. 2, due to the intrinsic high impedance for the generated zero
sequence voltage components, only the differential-mode (DM)
currents are considered to flow into the circuit for the spectrum
of interest defined by the IEEE-519-2014 guidelines. Therefore,
the circulating common-mode (CM) current components in both
the converter- and grid-side currents are neglected regardless of
the existence of CM components in the converter-generated out-
put voltage. Based on this, for the purpose of the LCL filter design
in a three-wire system, (10) should be used while only consider-
ing the DM components in the converter output voltage. This can
be realized by separating the CM components from the original
voltage spectrum. In other words, the use of (10) should neglect
the terms with n equals to zero and the triple multiples. Besides,
for practical use of (10) to calculate the voltage harmonic at a
specific harmonic order, some simplifications can be adopted
to reduce the calculation time with adequate accuracy. Fig. 4
describes the procedures for the practical calculation of the spec-
ified voltage harmonic. Usually the first ten terms in the Fourier
series expansion of the periodic waveform can give a satisfactory
approximation [16]. The same approximation also holds for
the Jacobi–Anger expansion because of the rapid roll-off of
the Bessel function magnitudes [20]. Hence, the maximum value
for both r and k shown in Fig. 4 is taken as 10.

To validate the correctness of the derived model without losing
generality, the voltage spectrum generated by the analytical
model is compared with the circuit simulation results under
SPWM, THIPWM, and SVPWM [20]. Fig. 5 shows the sim-
ulated voltage harmonic spectra compared with the analytically
constructed spectrum calculated by (10) under sinusoidal and
triangle variable frequency profiles in the three different modu-
lation cases. The profiles are implemented with fc0 =24.05 kHz
and fb =1 kHz. The remaining system parameters can be found
in Table I. Since only the first carrier band spectrum is typically
concerned with the design of the LCL filter, only the first
carrier band spectra are shown in Fig. 5. In each modulation
case, the CM and DM voltage spectra of either simulation or
analytical results are separated and compared, respectively. The
results illustrate that (10) can predict the harmonic spectra of the
VSC-generated voltage well, which match the simulated results
with relatively good accuracy. The results depicted hence verify
the correctness of the model as well as the proposed calculation
algorithm.

D. Applicability to Low Switching Frequency

The two assumptions mentioned in Section II-B require a
relatively larger centered switching frequency and narrowed
variation band of the variable switching frequency to guarantee a

Fig. 4. Calculation algorithm of the VSC generated voltage spectrum.

TABLE I
SYSTEM PARAMETERS FOR SIMULATION AND EXPERIMENT
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Fig. 5. Simulated and analytical converter output voltage spectrum under different modulations and frequency profiles.

reasonable approximation of the coefficient Amn for VSFPWM
as described in (11), where the following substitution is made:

n
ωo

ωc(t)
⇒ n

ωo

ωc0
. (14)

Still, it is necessary to quantify the applicable range of the
centered switching frequency for the derived analytical spectrum
model. In order to assess the accuracy of the model under
different centered switching frequency other than 24.05 kHz, the
voltage spectra given by the simulation and analytical results are
compared for different cases of fc0, namely fc0 = 2, 4, 8, 10,
12, and 16 kHz, respectively. The variation band fb is always
selected to be one-tenth the centered switching frequency to
exhibit a fair comparison between different cases. Fig. 6 presents
the root-mean-square error (RMSE) and the critical harmonic
error between the simulated and analytical spectra under various
modulation methods and periodic switching frequency profiles.
The RMSE εRMSE is calculated by

εRMSE =

√∑N
k=1(Vsimu(k)− Vanaly(k))2

N
(15)

where Vsimu and Vanaly represent the simulated and analytical
voltage spectra and N is the total number of harmonics to be
calculated in the spectra. Undoubtedly, the voltage error arises
with the lower centered switching frequency applied to the ana-
lytical spectrum model. Besides, the error is much greater under
one-fourth THIPWM and SVPWM methods compared with
SPWM. This is because the voltage harmonics spectra generated
by 1/4 THIPWM and SVPWM under CSFPWM with regular
sampling is more dependent on the term nωo/ωc0 compared
with the SPWM method [20]. Hence, the model becomes less
accurate for 1/4 THIPWM and SVPWM under low centered
switching frequency since (14) deviates from the assumptions.
Finally, the error in the CM voltage components of the spectra
is much smaller compared to the DM components. This is
because the most CM harmonics in the spectra originate from
the harmonic from CSFPWM, where the side-band n = 0. For
those harmonics, (14) is always valid since the term becomes
zero.

In summary, the derived analytical spectrum model becomes
less accurate under low centered switching frequency due to the
unavoidable symmetrical regular sampling process of the digital
implementation of PWM in practice. However, the error is still
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Fig. 6. Errors between the analytical and simulated results under lower centered switching frequency range.

acceptable if the centered switching frequency fc0 is selected to
be larger than 4 kHz since the error is less than 4 V, which is
relatively small (8%) compared to its critical harmonic magni-
tude. Usually a design margin of inductance will be considered
for the inductor to deal with the inductance variation under high
temperature and drop of permeability caused by current bias.
Therefore, the proposed model can still be applicable to low
centered switching frequency and the recommended range is
fc0 � 4 kHz.

III. DESIGN GUIDELINES FOR PERIODIC VSFPWM
AND LCL FILTER

Some criteria and guidelines have been developed to assist the
LCL filter design for the grid-connected VSC using the constant
switching frequency PWM [1], [26]–[28]. The filter parameters
are subsequently determined by the constraints defined by the
design guidelines. The traditional filter design criteria or guide-
lines can also be applied with VSFPWM although some changes
should be adopted due to the spread-spectrum characteristics.
In this section, an LCL filter design guideline for VSFPWM is
devised aiming to not only satisfy the grid harmonic standards,
but also to keep the good performance of current THD and power
efficiency close to which would be attained with the utilization
of CSFPWM.

A. Design Constraints for LCL Filter

Neglecting the internal resistance of the inductors and con-
sidering no passive damping in the filter, the transfer function
from the converter output phase voltage vc(s) to the grid-side
current ig(s) is expressed as follows:

ig(s)

vc(s)
=

1

LcLgCfs(s2 + ω2
res)

=
ω2
res

LTs(s2 + ω2
res)

(16)

where Lc and Lg are the converter- and grid-side inductance
of the LCL filter, respectively. ωres and LT are the resonance
frequency and the total inductance of the LCL filter, respectively,
and expressed as

ωres =

√
Lc + Lg

LcLgCf
(17)

LT = Lc + Lg. (18)

Therefore, the attenuation from the voltage to the grid-side
current can be represented by the magnitude of the transfer
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function (16), as follows:

Att(ω) =

∥∥∥∥ ig(jω)vc(jω)

∥∥∥∥ =
1

LT
· ω2

res

ω |ω2 − ω2
res|

. (19)

Equation (19) shows the attenuation capability of the LCL
filter on the voltage harmonics. In grid-tied applications as a
general guideline for harmonic compliance, the ac filters can
be designed to meet the harmonic distortion limits established
by the IEEE-519-2014, as depicted in Fig. 1. In medium- to
high-switching frequency operated converters, the critical spec-
tra content of the grid-side current should be attenuated to be less
than the harmonic limit, namely 0.3% and 0.075% of the funda-
mental current for odd- and even-order harmonics, respectively,
noted as IIEEE519 in this article. In constant frequency PWM op-
eration, the output voltage only has few prominent side-band har-
monics appearing in the vicinity of the first switching frequency
band (m=1). Specifically for SPWM operation, by defining mf

as ωc/ωo, the critical frequency is found to be the (mf − 2)th
order of the fundamental frequency since this voltage harmonic
results in the largest current harmonic magnitude after the atten-
uation of the filter.mf is usually selected to be odd integer so that
the critical frequency becomes odd-order harmonic. Thereby, the
stricter harmonic limit for the even harmonics can be avoided
and the design of the minimum required inductance value
is ensured.

The critical current harmonic should be attenuated to be below
IIEEE519. In other words, the total inductance LT should be
selected to ensure that the critical current harmonic is below the
limit set by the standard

Attreq =
IIEEE519

Vcrit
. (20)

By using (19) and (20), the minimum required total inductance
of the LCL filter for satisfying the standard can be derived as

LT−req =
ω2
resVcrit

ωcrit |ω2
crit − ω2

res| IIEEE519
. (21)

From (21), the minimum required total inductance is propor-
tional to the magnitude of the critical voltage harmonic Vcrit

and approximately inverse to the cubic of the critical frequency.
Additionally, the minimum total inductance is also associated
with the resonance frequency of the LCL filter. To avoid the
instability caused by the filter resonance and to realize a stable
grid-side current control, the resonance frequency of the LCL
filter should be designed with regard to the so-called critical
frequency [29], [30]. The resonance frequency should be larger
than one-sixth of the switching frequency to attain the inherent
stability without extra damping methods applied [31], [32].
In this work, the resonance-switching ratio rf = fres/fc0 is
selected to be 0.219, as listed in Table I and remains fixed during
the following designs developed in this article.

B. Optimized Design of fm, fb, and LT

When VSFPWM is adopted, the voltage and consequently the
current spectra content across the ac filter are spread differently
depending on the switching profiles adopted. Therefore, the
critical harmonic order (mf − 2)th derived for CSFPWM does

Fig. 7. Critical harmonic frequency and switching frequency variation band
for sinusoidal VSFPWM and conventional CSFPWM.

not apply to VSFPWM due to the varied spectrum. Moreover,
the critical frequency cannot be found straightforwardly from the
nonintuitive spectrum. However, it is noteworthy that the crit-
ical frequency is closely associated with the applied switching
profile. Fig. 7 depicts the critical frequency fcrit and switching
frequency variation band fb in the spectrum plot by using sinu-
soidal profile as an example. It is noted that fcrit is related to fb,
and hence, the choice of fb also influences the design of the total
inductanceLT of the LCL filter. Besides, Vcrit is not only associ-
ated with fb but also with the periodic frequency fm. Therefore,
the influence of the design variables fm and fb on LT should be
investigated before determining the total inductance value.

Before the derivation of the relation between the critical
frequency fcrit and fb, the periodic frequency fm should be first
determined. Fig. 8 presents the three-phase converter voltage
spectra under fm equal to different multiples of fo. Except the
case of fc0 = 3fo, the voltage spectra between three phases are
not identical in magnitude for rest cases. Theoretically, when
a single triangle carrier wave is used for the modulation of all
three phases, fm should be chosen as triple multiples of the
fundamental frequency fo to ensure that the harmonic spectra
of the VSC output voltages remain symmetrical between three
phases. That is

fm = 3kfo (22)

where k is a non-zero positive integer value. Similar to the
CSFPWM case, the side-band harmonics including the critical
harmonic are expected to be placed at an odd harmonic order.
If mf is defined as fc0/fo for the VSFPWM operation, then the
requirement can be expressed as{

nfo + lfm = (2N − 1)fo mf is even

nfo + lfm = 2Nfo mf is odd
(23)

where N is the arbitrary integer value. By using (22), (23) can
be simplified as{

n+ 3l · k = 2N − 1 mf is even

n+ 3l · k = 2˜N mf is odd.
(24)
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Fig. 8. Differential-mode spectra of the three phase voltages with SVPWM
method and triangle periodic switching profile at fm=fo, 2fo, 3fo.

By analyzing the voltage spectrum with CSFPWM, it has
been found that only even side-band harmonics appear in the
spectrum, which means that n is an even number. Therefore,
the first argument where mf is eliminated because there exists
no such integer k satisfying the first condition for any values
of n and l. The second condition holds if k is selected to be an
even number. Hence, the periodic frequency fm of the switching
frequency should satisfy

fm = 6kfo. (25)

The critical frequency fcrit is obtained by finding the most
dominant harmonic by applying a normalized attenuation of the
LCL filter to the spectrum of the output voltage. The expression
of the normalized attenuation is given by

Attnorm,LCL(ω) =
ω2
res

ω |ω2 − ω2
res|

. (26)

Hence, the normalized critical harmonic current Icrit,norm can
be found by

Icrit,norm = max(|Vc(ω)| ·Attnorm,LCL(ω)). (27)

The critical voltage harmonic is expressed as

Vc(ω) =
∑

Cmnl (28)

where ω satisfies

ω = 2π(mfc0 + nfo + lfm). (29)

In (29), the multiple of the carrier harmonic m is selected
to be 1 since the critical harmonic exists in the side bands of
the first carrier harmonic. The critical voltage harmonic then is

Fig. 9. Algorithm for optimal fb to achieve minimum total inductance LT .

calculated according to the algorithm described in Fig. 4. Finally,
the critical frequency fcrit hence can be found by retrieving
the corresponding frequency from Icrit,norm. As a result, the
distance Δf between the critical frequency fcrit and the centred
switching frequency fc0 is obtained. The required total induc-
tance LT−req can be subsequently derived by using (21).

In order to find the optimal fb and the consequent minimal
LT−req, the algorithm shown in Fig. 9 has been proposed. For
the certain modulation method and VSFPWM profile shape, the
algorithm requires the converter specifications such as the rated
grid voltage and current Vg and Ig, the modulation index M ,
and the fundamental frequency fo. Besides, fc0 and fm of the
VSFPWM, the current harmonic limit and the filter resonance
frequency are also input to the algorithm. The algorithm finds the
critical frequency and the associated required total inductance
LT−req for each fb from a wide range set of values. Finally, the
minimum LT−req can be found by traversing the whole range
and the related fb.

With the algorithm shown in Fig. 9, the relations between fb
and Δf are presented in Fig. 10. From Fig. 10, Δf shows a dif-
ferent staircase quasi-linear relation with fb under the SPWM,
1/4 THIPWM, and SVPWM methods. Besides, the minimum
required total inductance under various fb is also found by
using the algorithm and presented in Fig. 11. Regardless of
the modulation method, the required total inductance under the
periodic switching profiles always drops with the initial increase
of fb and then begins to increase from a certain value of fb.
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Fig. 10. Relation between fb and Δf under various VSFPWM methods and frequency profiles.

Fig. 11. Relation between the required total inductance LT and fb under various VSFPWM methods and frequency profiles.

TABLE II
DESIGNED OPTIMAL SWITCHING PROFILES

The optimal points giving the maximum inductance drop are
summarized in Table II. Compared with the CSFPWM, the
sinusoid and triangle VSFPWM profiles lead to a remarkable
reduction of the required total inductance. Specifically, the tri-
angle profile can result in a larger reduction compared with the
sinusoid profile, which is around 50%–60% depending on the

modulation method. Compared with SPWM, both SVPWM and
1/4 THIPWM methods require less total inductance LT−req, but
also they feature similar inductance drop tendency.

C. Selection of Lc, Lg , and Cf

As a constraint for the filter design, the maximum ac filter
capacitance Cf is limited by the maximum allowable reactive
power to be compensated by the VSC, which is consumed by
this component at the point-of-coupling (PCC). This is important
to limit the circulating reactive power, which could reduce
the converter power efficiency, particularly at partial or low-
load conditions. Hence, the filter capacitance should fulfil the
requirement

Cf < q · SN

3ωoV 2
ac

(30)

where SN is the rated power of the system and q is ratio of the
device fundamental reactive power and set to 5% in this article.

As aforementioned, rf , namely the ratio between the reso-
nance and switching frequency, is set to be larger than 1/6 to
achieve the stability of grid-side current control with the inherent
damping under the continuous PWM methods adopted in this
article [31], [32]. Hence, the extra active damping means can be
avoided, which simplifies the potential controller. The converter-
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and grid-side inductance will be determined subsequently after
the value of the total inductance LT is selected based on (21).
By combining (17) and (18), Lc and Lg are derived by

Lc,g =
LT

2
±
√

L2
T

4
− LT

ω2
resCf

(31)

where the total inductance satisfies

LT � 4

ω2
resCf

. (32)

Besides, the upper limit of the total inductance is constrained
by the maximum converter phase voltage and the rated grid-side
current by considering the voltage drop of LT [1].

LT �

√
V 2
dc

6 − V 2
ac

ωoIg
. (33)

Usually the larger value in (31) is selected for Lc for the
purpose of limiting the converter current ripple. The LCL filter
parameters designed for the SVPWM operation with triangle
VSFPWM profile are listed in Table I.

D. Influence on the Switching Loss and Control

The semiconductor switching loss can be modeled as [33]

Psw =
fcVdc

2πVref

∫ 2π

0

Eon,off,rrdωot (34)

where Vref is the normalized dc voltage provided in datasheet.
Eon,off,rr represents the switching energies and can be expressed
as second-order polynomial function of the current

Eon,off,rr = ai(t)2 + bi(t) + c (35)

i(t) = I sin(ωot+ ϕ). (36)

Combine (6), (25), and (34)–(36), the switching loss model
for the periodic VSFPWM becomes

Psw

= Psw0 +
Vdc

2πVref

∞∑
k=1

(∫ 2π

0

(
− aI2 cos(2ωot+ 2ϕ)

2

+ bI sin(ωot+ϕ)

)
+ c+

aI2

2

)
· Ck sin(6kωot+ θk)dωot)

= Psw0 (37)

where Psw0 is the switching loss under CSFPWM with the
centered switching frequency fc0 and is expressed as

Psw0 =
fc0Vdc

2πVref

∫ 2π

0

Eon,off,rrdωot. (38)

The second term in (37) becomes zero due to the orthognality
between the integrated functions regardless the current phase
angle ϕ. This implies this conclusion applies to all three phases
of the PWM converter. Besides, (37) means that the proposed
periodic PWM method does not cause extra semiconductor
switching loss compared to CSFPWM and hence will not bring
additional thermal stress on the semiconductor devices.

Fig. 12. Experimental setup. (a) VSC. (b) LCL filter.

Since the current harmonics are concerned in this article, the
current controller for the PWM converter should be designed
to be capable of rejecting the low-order harmonics below the
Nyquist frequency (fc/2) of the system. Therefore, minimum
applicable centered switching frequency can be identified by
setting the minimum possible Nyquist frequency to be greater
than the mostly concerned low-order harmonic frequencies. In
IEEE519 standard, for instance, the harmonics only count up to
35th order. Hence, we have

fc−min

2
=

fc − fb
2

> 35 · fo. (39)

Based on [17], [18], fb should satisfy

fb � fc0 − 2fm
3

(40)

to avoid the overlapping of the spectra of the first and second
carrier frequency regions. Substitute (25) into (29), and the
minimum centered switching frequency can be found by

fc0 > 99fo. (41)

Therefore, fc0 is greater than 5 kHz for our typical application.
Combining the range fc0 �4 kHz derived in Section II-D, fc0 is
greater than 5 kHz for the considerations of both the low-order
harmonics rejection capability for the potential current controller
and applicability of the derived analytical spectrum model.

IV. SIMULATION AND EXPERIMENTAL RESULTS

To validate the correctness of the spectrum models and the
optimal switching profiles, both simulation and experimental
tests are conducted and compared with various PWM methods
on the studied three-phase, three-wire, two-level VSC depicted
in Fig. 2. First, a MATLAB/Simulink-based simulation is car-
ried out. Thereafter, the adopted periodic switching profiles are
realized on a digital-controlled hardware platform with the DSP
TMS320F28379D from Texas Instruments. The key specifica-
tions of the considered VSC are listed in Table I.

In order to further validate the correctness and feasibility of
the proposed model, the switching profiles listed in Table II are
experimentally realized in a 5-kW prototype based on the power
electronic circuit shown in Fig. 2. This is shown in Fig. 12.
Therein, for the power semiconductors, three hard-paralleled
SMD packaged 900-V silicon carbide (SiC) MOSFETs are used
per necessary active switch. For the rated power, only natu-
ral convection PCB-mounted heat sinks are necessary for the
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thermal management of the devices junction temperatures. A
200-MHz dual core microcontroller unit (MCU) from Texas
Instruments assembled in a LaunchPad development kit is used.
A master PC is used to control the operating modes programmed
in the MCU through a USB communication link, which is
electrically isolated by a XDS100v2 debug probe. Addition-
ally, to achieve a high CM rejection ratio and also for human
safety reasons, the control and the power boards are intercon-
nected through optical fiber links. For the implementation of the
conventional d–q controller, all the necessary analog-to-digital
conversions of the inverter required measurements, namely the
ac converter- and grid-side terminal currents, and the ac grid
voltages and dc terminal voltages, are performed in the power
board using 10-MHz delta-sigma modulators. The measured
data is transmitted to the available sigma–delta filter channels
of the MCU through a 50 BMd fiber optic transmitter. The LCL
filter board depicted in Fig. 12(b) is built with two toroidal-core
inductors with 370 and 360 μH, respectively, which are mea-
sured with an impedance analyzer. A film capacitor of 5 μF is
used as the ac filter capacitor. The component value selection was
devised using the design guideline presented in Section III while
considering the VSFPWM strategy employing 1/4 THIPWM
and triangular frequency profile. As it will be shown in the
following, this strategy leads to the smallest requirement of LT

for the operational condition listed in Table I. In experiments, the
three-phase, two-level converter is operated in the inverter mode
operating at full power factor at PCC. All of the experimental
waveforms and data used in this article are recorded by the
oscilloscope YOKOGAYA DLM2054, and the current THD and
power conversion efficiency of the converter are tested by the
power analyzer YOKOGAYA WT500.

A. Validation of Periodic VSFPWM Spectrum Model

The correctness of the analytical VSFPWM spectrum model
has already been verified by comparing the simulated and an-
alytical converter output voltage spectra, which is shown in
Fig. 5. The nine different switching profiles listed in Table II are
examined by both simulation and experiment. The simulation
and experimental results with the measured waveform are shown
in Figs. 14 and 15, respectively. Due to the limitation of the
oscilloscope channels, only one-phase output current/voltage
waveforms are recorded in the experiment. By using the fast
Fourier-transform method on the converter-generated output
voltage (or vc), i.e., the purple waveform in Fig. 15, the gen-
erated output voltage’s spectra from the experimental results
are obtained and presented in Fig. 13, in comparison with the
spectra constructed by the proposed spectrum model described
in Section II.

It can be noted that the spectra from the experimental results
match the analytical ones well in all PWM methods and periodic
switching profiles. With the analysis on the spectra, the maxi-
mum discrepancy between the two spectra is 1.7 V, which is
0.5% of the fundamental voltage and hence can be regarded to
be negligible from the design point of view. From the spectra
shown in Fig. 13, it can be noted that the triangle profiles in
fact exhibit a more evenly spread spectrum compared to the

Fig. 13. Comparison between the analytical and experimental results of the
converter output voltage spectra of the first carrier band under various switching
profiles and PWM methods.

sinusoid profile. This finally results in a smaller critical volt-
age harmonic requirement to be filtered out. The difference of
the magnitude between the critical voltage in the spectra is
reflected by the difference of the required inductance shown
in Fig. 11. By analyzing the critical voltages of the six shown
spectra, it is found that the 1/4 THIPWM with the triangle profile
(fb) results in the smallest magnitude of the critical voltage,
which implies that the minimum value of the required inductance
is obtained for this operating case. Besides, the magnitude of
the critical voltages is found to be positively correlated to the
required inductance values shown in Table II. Thereafter, it can
be concluded that the analytical model of the periodic VSFPWM
spectrum is verified to be correct based on the analysis from the
simulation and experimental results.

B. Validation of the Optimal Switching Profile

Besides the validation of the VSFPWM spectrum model, the
design of the optimal switching profile is also validated by the
simulation and experimental tests. The parameters in Table I
are used for both the simulations and experiments. Fig. 14
shows the simulation results of the converter output voltage
vc, converter-side current ic, grid-side current ig, and the ac
voltage vac under the nine designed switching profiles listed
in Table II. The ac voltage vac has a peak value of 325 V
while the grid-side current has a peak value of 4.3 A. It can
be seen that the periodic switching profiles work well under
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Fig. 14. Simulation results of the three-phase, three-wire, two-level converter under various switching profiles and PWM methods. (a) SPWM—constant
switching frequency. (b) SPWM—sinusoid profile: fb=2400 Hz. (c) SPWM—triangle profile: fb=3900 Hz. (d) THIPWM—constant switching frequency. (e)
THIPWM—sinusoid profile: fb=1900 Hz. (f) THIPWM—triangle profile: fb=3700 Hz. (g) SVPWM—constant switching frequency. (h) SVPWM—sinusoid
profile: fb=2200 Hz. (i) THIPWM—triangle profile: fb=3700 Hz. Note that only one of the three phase waveforms is recorded.

Fig. 15. Experimental results of the three-phase, three-wire, two-level converter under various switching profiles and PWM methods. (a) SPWM—constant
switching frequency. (b) SPWM—sinusoid profile: fb=2400 Hz. (c) SPWM—triangle profile: fb=3900 Hz. (d) THIPWM—constant switching frequency. (e)
THIPWM—sinusoid profile: fb=1900 Hz. (f) THIPWM—triangle profile: fb=3700 Hz. (g) SVPWM—constant switching frequency. (h) SVPWM—sinusoid
profile: fb=2200 Hz. (i) THIPWM—triangle profile: fb=3700 Hz. Note that only one phase waveforms are recorded.
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Fig. 16. Grid-side current harmonic spectrum of the first carrier frequency side-bands, derived from the experimental and simulation results.

various PWM methods. The current ripples in the converter-side
inductors are significantly attenuated by the adopted LCL filter
and the grid-side current ig exhibits good sinusoidal waveform
with low THD. Fig. 15 presents the experimental results of the
three-phase, two-level inverter under the designed switching
profiles. The experimental converter output phase voltage vc,
the converter-side current ic, the grid-side current ig, and the ac
voltage vac match well with the simulation results in terms of
waveforms and values. From the results, it can be seen that the
switching harmonics in the currents are significantly attenuated
by the adopted LCL filter. However, in order to validate the
effectiveness of the implemented filter and switching profiles,
the grid-side current spectra are required for further analysis.
By extracting the data of the grid-side currents from both the
simulation and experiment results, their corresponding spectra
are obtained and subsequently depicted in Fig. 16 in comparison
to the limits defined by the current harmonic standard.

First, it can be clearly seen that the two current spectra
obtained from the simulation and experimental results match
each other with good accuracy under the various PWM methods
and switching profiles. The results of the normalized critical
current harmonic are summarized in Table III for the intuitive
comparison. By comparing the results for different switching
profiles with certain modulation method, it is found that the
critical current harmonic drops significantly with VSFPWM
profiles compared with CSFPWM. Specifically, triangle profile
results in the largest reduction (more than 50%) of the critical
current harmonic. Besides, a negligible increment of the THD
is observed in the grid-side current when the VSFPWM pro-
files are implemented compared with the relevant CSFPWM.

TABLE III
FILTERING INDUCTANCE REQUIRED BY THE IEEE519 STANDARD

Meanwhile, as shown in Table III, the system efficiency also
remains nearly unchanged with the implemented VSFPWM
profiles.

Additionally, it can be noted that the 1/4 THIPWM method
has the overall best current harmonic performance compared
with SPWM and SVPWM, when the same filter and switching
profile are used. More specifically, the 1/4 THIPWM with the
triangle profile (fb) shows the minimum critical current har-
monic compared with the rest switching profiles under the same
LCL filter. In other words, 1/4 THIPWM demands the minimum
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inductance for the LCL filter to achieve the same current har-
monic performance. Therefore, the 1/4 THIPWM with triangle
switching profile is regarded as the optimal design choice for
the implemented system. Besides, it can be seen that the exper-
imental critical current harmonic values are slightly larger than
the simulation ones for all the switching profiles. This implies
that the total inductance of the LCL filter used in experiment is
slightly smaller than 730μH. This small difference is acceptable
considering the possible variation of core permeability with the
current bias during the practical implementation of the LCL filter.
Therefore, it can be concluded that the VSFPWM following the
suggested LCL filter design guideline developed in Section III
does not substantially influence the THD and efficiency of the
system while remarkably lowering the critical harmonic of the
grid-side current.

V. CONCLUSION

This article has proposed a generic voltage spectrum model for
the periodic variable switching frequency modulations in a three-
phase, three-wire, two-level VSC. A practical algorithm has
also been proposed to make the spectrum calculation feasible.
Besides, this article also presents a novel algorithm to find the
optimal periodic profiles, which leads to the minimum required
inductance for the LCL filter while meeting the IEEE519 current
harmonic standard. Based on such an algorithm, an LCL filter
design guideline was devised. Herein, typical periodic variable
frequency waveform profiles, such as triangle and sinusoid were
studied and implemented. The correctness and feasibility of
the proposed periodic VSFPWM spectrum model and their im-
plementation were verified by both simulation and experimental
results. The results show that the current THD of the grid-side
connection and system efficiency will not be influenced by the
VSFPWM under the same ac filter while the critical harmonic
is reduced substantially. The optimal periodic switching profiles
can lead to a 50% reduction of the required filter inductance com-
pared to the CSFPWM under various PWM methods, implying
a significantly reduced filter size and increased power density.
Besides, for the specified converter system, the 1/4 THIPWM
with a specific triangle switching profile requires the minimal
inductance compared with the other studied profiles.
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