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ON THE THEORY OF 3-PHASE SQUIRREL-CAGE INDUCTION MOTORS INCLUDING
SPACE HARMONICS AND MUTUAL SLOTTING

G. C. Paap
Power Systems Laboratory
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P.0.Box 5031, 2600 CD Delft, The Netherlands

ABSTRACT - In this paper general equations for the
asynchronous squirrel-cage motor which contain the in-
fluence of space harmonics and the mutual slotting are
derived by using among others the power-invariant sym-
metrical component transformation and a time-dependent
transformation with which, under certain circumstances,
the rotor-position angle can be removed from the coef-
ficient matrix. The developed models implemented in a
machine-independent computer program form powerful
tools, with which the influence of space harmonics in
relation to the geometric data of specific motors can
be analyzed for steady-state and transient perfor-
mances. Simulations and measurements are presented in a
companion paper.

Keywords - asynchronous machines, general theory, space
harmonics, mutual slotting, transients.

1. INTRODUCTION

In general the most difficult problems
theory and modeling of induction motors are saturation
of the magnetic circuit and all "parasitic effects"
caused by higher harmonics in the magnetic field in the
air gap. Both phenomena become even more complicated if
the influence of the slotting of stator and rotor sur-
faces are considered.

Gradually, mathematical models of induction
machines have been worked out which take more details
of the real geometrical construction into account and
enable increasingly closer insight into their in-
fluence. At first models were developed which included
space harmonics but which ignored those combinations of
harmonics which could cause the multiple armature reac-
tion [1,2,3]. These models include only the
asynchronous torques and do not include the synchronous
and pulsating torques. In [5] the general equations for
the squirrel-cage induction motor are derived by means
of harmonic analysis. Although these equations describe
the dynamic behavior, for numerical calculations, a
relatively large computation time is required because
of the problem of the rotor position angle. In [6] this
model is extended by the addition of the influence of
stator slotting. In [7] and [8] dynamic induction motor
models have been developed where the squirrel cage and
the 3-phase stator winding are represented by equiv-
alent polyphase windings. In the model presented in [7]
it is possible to simplify the set of equations when no
more than two harmonics per phase group are taken into
account, but it is not general for all squirrel-cage
motors. In [9] a transformation has been developed
which simplifies the general set of equations and under
certain circumstances transforms the set of equations
in such a way that the ever-present influence of the
rotor position angle, when considering the multiple ar-
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mature reaction, can be removed from the parameters and
only appears in the source voltage. This enables a par-
ticular solution of the differential equations. In [9],
however, a smooth air gap which could have a sig-
nificant influence on the results was assumed. Further,
the zero-sequence component was not included in the
equations.

In this paper the model presented in [9] 1is ex-
tended by the addition of the mutual slotting and the
zero-sequence component. The influence of saturation
due to the main field can, as a linear magnetic circuit
is presupposed, be taken into account by making an in-
crease in the air gap. The influence of the saturation
due to the slot-leakage fluxes can be dealt with by ad-
ditional widening of the slot openings.

2 .MATHEMATICAL MODEL

After applying the group transformation to the
rotor equations and the symmetrical component transfor-

mation to both the stator and the rotor equations, the
following set of matrix equations arises [6,10]:
U’ =R I' +d/at( L' I' +L'_ I')
s s s ss s sr r
(¢Y)
0 =R’ I' + d/dt( L’ I’ + L! I')
r r rs s rr r
aL! aLr’ 3AL!
1, _,*T "rs , ,¥T _ st , J*T rr _,
Te= 20 L Tag Iste e ety e 0 )
where 6 is the rotor-position angle. A list of symbols

is provided in section 6.
The elements of the voltage and current matrices are:
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3 TR ,subscript K=N/2z
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where N is the number of rotor slots and z the highest
common factor of N and the number of pole pairs p.

The influence of the rotor slotting on the self-
inductance of the stator is only taken into account by
the Carter factor [10] and therefore no ALss-matrix ap-

pears 1in expression (2). In the rotor self-inductance

and the mutual inductance the slotting is taken into
account completely.
The transformed stator parameters are:

' - - ’ . ' - 3 T T T
Rs RS dlag[Rs,Rs,Rs] ; LSs dlag[Lso,Ls,Ls ]
where the zero-sequence inductance L contains the

sO

harmonics »=3,9,15,.... and the positive sequence in-
ductance is contains the harmonics v=1,-5,7,-11,...

For the rotor the transformed parameters are:

Rr-diag[RrO’er’ "RrK"'erl’
' =di i T I I '
er dlag[LrO’Lrl""LrK""Lrl] +Aer
. = jnNg -jnN§ _*T .
where Aer E ALrn(e Q + e Q) ; n=1,2,3,...
After these transformations the complex mutual induc-

tance matrix becomes as given in equation (3) where

g=0,%1,%2,.. v =1,-5,7,-11,13,.. p'=¥p , p=3,9,15,...
In each element of (3) only those harmonics appear that
fulfill all the constraints that are given in this
matrix. In [6,10] a comprehensive determination of the
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separate parameters 1is provided. Appendix I gives a
short overview of the resultant parameters.
[ = m,, 5 m,, 3 L ]
u' u’ . o'
p'=gN/z  p'=gN/z + 1 p'= gN/z + (N/z-1)
Im Im Zm
L=l v ” v Y v Y (3
v=gN/z v=gN/z + 1 v=[gN/z + (N/z-1)]
* * *
Im Im Zm
v v v
v v L. v
| v=-g/z v=-(gN/z + 1) v=-[gN/z + (N/z-1)] |

The_structure of the L' -matrix
-} Sum—

The behavior of the squirrel-cage induction motor
is strongly determined by the magnetic coupling between
stator and rotor [9]. The presence of a harmonic in an
element of the mutual inductance matrix is directly
connected to the number of rotor bars N and by z. On
the grounds of the present symmetry it is possible to
write the L;r-matrix as follows:

* *

Mo MMk Mk Mix-noo M1
Loem | M0 Mo1--Myegery Mog Make1yoor Map )
M* M* M* M* M* M*
20 M3 Myke1y Mk Mok-1)or Mo
where
A ) ~ jei .
M1i= 2Mlicosci (i=0 or K) ; Mli- Mlie (i=1,....K-1)
A Jeg ~ o 3By
My = M, e (1=0,...K) ; My=Mge © (i=1,....K-1)
A in n . jvph
and in general Mkie = E m, = E m e ,k=1,2,3 (5)

Time-dependent transformations

The rotor and stator variables are transformed with
complex, power-invariant, time-dependent transforma-
tions, as presented in [9]. These transformations
change the L;r-matrix in such a way that the mutual

connections between the positive and negative sequence
components of the stator currents disappear. The trans-

formation matrices for the rotor voltage and current
are:
. 0] 1 0]
a . b1 cy - d1
a, b2 ¢y d2 .
A=|. . . .. L1.. . . |iB=f. . . ..1..
oF * 4 *
a . . c .
o vt S I P 2
7 "1 ] U9 1)

* - *
which satisfy the condition: AT.B =Uor A s B T,where
U is the unity matrix, and where

N Jjlv;-a;) A -iCv.-B2)
2 i7i 2 i7i
a;= DiMZi/Ei e bi= DiM3i/Ei e
~ JCrgmap) A “iCr-8p)
ej= My /Dy e dj= -Mg;/D; e
S Ay s, Rt e
Dy=/ (M5 + M3}) Egm/(My5 - Myy) AF (M), Mgy)

for i = 1,2,..,K-1.
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If M,.-M,.=0 then a,=c,~1, b,=d.=0.
i i i

i i
The relations between the old and the new variables are
given by

‘o AU" ' = BT
Up = AL ; I =B.I (6)

Because of the structure of the transformation matrix B
the transformed currents can be written as follows:

*

I = LT e

r (i 'irZ’irI]

The equations are further developed by transforming the
stator variables, using the following relations between
the old and new quantities:

rO’i;I’iQZ""’irK’

U, =C U2 and I} =C I! where C =diag[ 1, J7, e7] (7)

The new stator variables are defined as:
" T " : : . T
Us [ usO’usf’usb] and Is- [ lsO’lsf’lsb]
* . K3
where U= U and 1= lsf'

The introduced angles vy, and T will later

...... , Y
K-1

be determined in relation to specific motor data.

The transformation of equations (1) and (2) using rela-

tions (6) and (7) yields:

-1 dc d
U" = RUI" e 2 w T [ .
s RsIs +C dt(LssIs + Lerr) + dt( LssIs + Lerr)
(8)
- RnIw -1dA .. . A 4. ;u o7n -
0~ Rz +4 dt(LrsIs LI gl Lisle * Loty )
aL" dA -1
o WT 18 ST -1 T e e¥T . 8T o,
TemRellp " 39 Ig +Ip A7 galyle +Ip 'Ly ag CIg
3A dAL"
PR ED SR Sy M o S
+Ir A a0 AerIr + 2 Ir a0 Ir] 2
where
L =c i carr , R =R =R" , 1" =c"1r B = 1r *T
ss ss ss’ s s s sr sr rs

and L" = AL' B and R"_ = A R’ B.
Y rr Y Y
In the

derivation of the electromagnetic torque equa-

*T

tion the fact that AL" = AL" was used.
rr rr

The mutual inductance matrix becomes:

* *
M0 Mor-Mok-1) Mk Mox-1) Mou
Lsr= M20 M1 "‘M(K-l) MZK 0 . (10)
M0 ...0 W o
20 e 2K (K-1) """ "1
A A Jlag-m
where M. .= 2M. .cose, and M,.= M, .e for i=0 or K
1i 1i i 2i 2
~ J0gm
M.= M.e for i=1,....K-1
i i
~ 2 oA N ~
Mi= E /Di (if MZiE Mai‘ 0 then Mi=0).
Lonon JOgragred) aa JOrgBimeg)
"o1™ b, M1 - MyiMyse !
for i=1,....K-1
A ~ ~ jsi
if MziﬁM3i=0, MOiﬁMlie
In the second and third row, the mutual inductance

matrix now contains inductances which consist of a real
~ ~

part M and a complex exponential function. M depends,
in general, on the rotor position angle # . The angles
vy and vy in the complex functions are still to be
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determined. The free angles 7y also appear in the =zero
sequence components in the first row.
The new rotor matrices become:
B 1 & ]
LrOM' 2 Rr:O_.' 8
L o Kl <R k1R
" T noopn R
er LrK . +Aer'Rr N er(' .
0 KL L 0 KR &
lLrl Lrl ] 1'rl rl ]
(1)
where
-2 M. .M j(a,+B8.-27.) a ~
2133 RS S £ . -
ki- DZ e , if H21 M3i-0. ki 0 (12)

i
Matrix AL" can be written as: AL" (i,k) =% AL__A (i,k)
rr rr S Comin

where
jx S L |
)qik+(ckc i® +dkdie
-jx * % ik
kdie +dkcie

K

L
An(i,k)- (ckcie +dkdie )qki+
i . % ~jx
+eydje Hdeie DAy, g
K - nNsﬂ.

For AL" it holds that:
rr

+(e )93 N/z-k

* r
Aer(i,k)— Aer(k,i) and Aer(i,k) - Aer(N/z-k,N/z—l)

1d4
dt
and (9) can be written as:

The factors A~ and A_l g*: in equations (8)

0 . . . .0 o . . . . 0]
R . . fl - . . h1
- . f2. - - By . h2.
-1d4 . 4184 _
A dc 0 .\ 28 . . 0.
£ X he e
2 2, o2 2,
LO fl . el_ L0 hl' . 51_
where
da, 38,
i’2 i~2
- - T M ab 3E
LTS TRt Rl T IR W S s
E1=J 139 2 D, 38 E, 80 * '
Ei i i
P N .
emjk . de 20 tde 34 14 i
133 2 D, at " E, dt |
Ei i
13)
h —[-j(Egi i T PR W 'O i T
i ae a8 2 2721 a6 3i a3
E
i i
D G R Wi R TR
i dt dt EZ 2721 de 3i dt
i i

81- ai+ﬂi-2'1i.

A~

If My = My = 0 then e fi- 8= hi- 0.

-1
The matrices 0-1M and o C are:

dt a4
-1
-1dc . 4 [
¢"1S€ -5 Patagl 0,1,-1] and ¥ om-j & asag( 0,1,-1)
As follows from equations (10) and (11), mutual con-

nections between positive and negative sequence stator
currents are replaced by additional mutual connections
between positive and negative sequence rotor currents.

From the general
that in general:

equations in matrix form it appears

§ Y "

, , AL" and R" depend on 4.
sr’ Trr rr rr

~ " J(a,+8,-27.)
are functions of MZi'MSi'e i 71 i”.
4 Ydasde depends on MZi.Mn.ej (ag+By-27;) dy, /dt,

da;/dt and dg, /dt.

L" and R"
rr rr

A']'BA/M depends on MZi'MSi'ej (ag+;-274)
aai/ar and aﬂi/aﬁ.

contains exponential functions with ng, a,,

. 81,/09,

AL;r 'y
By By v4and 7.

Chldc/dt and 0-160/60 depend on dy/dt and 3v/3§ respec-
tively.

In order to see the advantages of these transformations
the structures of the mutual inductance matrix and the
rotor self-inductance matrix have to be examined in or-
der to develop simpler equations. In [9] it is shown
that 3-phase induction motors can be divided into two
types, each with a specific kind of multiple armature
reaction. Both types can be recognized by the structure
of their mutual-inductance matrix. This also holds when
the mutual slotting is taken into account. In Table 1.
representatives of these two types are given.

3.IHE FIRST TYPE OF ARMATURE REACTION

The first type of armature reaction occurs in 3-
phase induction motors where N/z = k.3 and this can be
seen in the structure of the L;r—matrix.

An example of this type 1is given in Table l.a from
which the following properties can be derived:

either =M,.=0 and M

35 0.

Mzi-O or M i_-0 or M

3 21 207M2K”
From this it follows that A = B and that A itself be-
comes unitary. The transformation is then only an angle
transformation and does not influence the amplitudes.
The elements in the matrices containing M21M3i disap-

pear. Further, it is easy to see in equations (12)
(13) that for this type ki

all exponential terms in the general equations (8) and
(9) disappear, except in the mutual inductances Mi in

expression (10). The exponential functions in the
second and third row of the mutual inductance matrix
can now be removed by introducing the following con-
straint:

and
- fi- hi-O. This means that

Ty~




column number

0 1 42 ;3 (4 5 6 7 ;8 y9 ;10,11 12,13 14
* *
"5 "3 Mg g "3
H
s
™ ™9 7 M5 M3
™31 "1 m_23 m_s m17
)
* * * *
"7 Mg ".23 LS ™29
. * A - ¥
™3 M5 ny Mg my
*
™31

N=30,z=2,Nz=15

0 y 1, 2 3, 4y 5, 64 7, 8, 9,10 11 12,13
Ms 3 33 21 Mg M3g M7
* * * * * *
"1 m g M1 "33 "3 ™5
™ 31 ™9 ™ 37 M2 ™3
"1 -23 M35 "5 m 17 ".29
* * * * * *
M_29 "7 Mg ™_35 m.23 "1 ™
* * * *
™3 ™25 37 "y ™9 M3

0 y 1, 2, 3, 4, 5, 64 7, 8 9,10
M33 (M5 M3 (M5 [M27 ™39 (Ms1 Mg M2t
* * * * * * * * *

"33 |M21 M9 Ms1 |39 M7 {™s | 45
m1af™ ™3 |"2s |37 ™9 M7 ™9 |31 |Ma3
M55 m41]" 20[™.17|" 5 M_47[".35|M. 23
* * * * * * * * *

mop1™23{™a ™ 19|™ Mag [ 37125 ™3 |™

* »* * * * b *

M55 [Ma3 |™-35[".47 M5 |™17]"-29|"-41

c) Second type: N =22, z =2, Nz =11

Table 1. Distribution of harmonics in the L;r-matrix,

N=30, z=2 N=28, z=2 N=22, 722
0123456789 1011121314 0123456789 10111213 012345678910
X X X X X X X X X X X

X X X X X 1 X x x X x x X 1 X X X X X XXX XXX

X X X X X 2 X X X__|x X X X 2 X X X X X X[X X X X X

Ler Ler e
X E3 X X x X X X X X X X}O XXXXXX)\XXXX‘
X X X X X 1 X X X X 1 X X XX XX i
X X X X X 2 X X X )(12)( X X X X X{

WN.ODPNOMAWN=O

delta L

a) b) <

Table 2. The structure of L' , L" and AL" for both
sr’ Tsr Y

types of armature reaction. The italic symbols

mean complex conjugate values.

From Table 2.a, which gives a general impression of the
structure of the L;r"L;r' and AL;r-matrices for the

first type
that for this

of armature reaction, it can be concluded
type the sequence components of the
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stator are linked neither by the L;r- nor by the ALZ -

matrix. This means that the zero-sequence component
does not have any influence on the electro-mechanical
behavior of the motor and therefore yields the conclu-
sion:

Motors with the first type of armature reaction do
not display any difference in electro-mechanical
behavior for a star-connected or delta-connected
stator winding.

rotor

As the positive-sequence and negative-sequence

currents are not linked, the final equations only con-
tain the forward-sequence component of the stator
variables and the positive-sequence components of the
rotor variables. This leads to the following voltage
equations:
u R i o+ ¥+ 4 ¥
sf s'sf Jdr. sf’ dt sf
4,
0 = rk rk+ eker+ at rk Jk=1,2,....K-1
the flux-current relations:
K-1 4
st- Li +12 Milrl
K-1
Ve~ Mklsf+ Lot rict 2 Al (6 D1y

and the electromagnetic torque equation:

K-1 aMl ~
Tesz Re 2[1“ ( +BiMi)1Sf] +
K-1 K-1 1 aaL"_ (i,k) %
+3 3 —#—— + gALY (100110
i=1 k-l
where
Mi= M2i’ e;= j(w - dni/dt) » By= -] aai/ao when M31= 0
M= My, e;= j(w - dB,/dt), g, = -3 8f;/36 when M,.= 0

For this type it holds that no equation for a 0-column

or a middle-column K, as far as it exists, can be

present. As the maximum number of voltage equations can

be counted:

For the stator: 1

For the rotor : K-1, where K =N/2z when N/z is even
K =N/2z+1/2 when N/z is odd.

A further reduction in the
achieved when the mutual
columns which are not filled with inductances. These
potential equations yield trivial solutions and can
therefore be omitted. If the motor is connected to a
symmetrical power source then the transformed voltage
becomes

number of equations is
inductance matrix contains

Jt + ¢ -

for the star connection: u__= L
e s n : st~ /2 Ux

and
for the delta commection: u .= %JG UNej(Wt +té-m
whexe ¢'= ¢ -n/6 and UN

Upon taking the remaining free angle

is the terminal voltage (rms).

v = wt + ¢' (or wt + ¢) ,
dy
- and u e becomes a DC voltage.

This possibility to transform u e into a DC voltage

here enables the formulation of the conclusions [9]:
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* The starting characteristics of this type of motor
do not depend on the moment of switching, but only

on the rotor position angle at s=1 as Mi and

AL;r(i,k) still remain functions of 4.

* This type has only one synchronous torque which ap-
pears at s-1. When the rotor moves, only pulsating
torqyes exist.

4 .THE SECOND TYPE OF ARMATURE REACTION
Three-phase squirrel-cage motors for which N/z is
not a multiple of.three display the multiple-armature
reaction of the second type. This type possesses the
following characteristic geometrical properties (see
figures 1.b and ¢, 2.b and ¢):

In the mutual inductance matrix both M_. and M,. can

21 3i
have values not equal to zero. Further, M20 and M2K
never occur together. From Table 2.b and ¢, which gives
a general impression of the structures of the L’ - L;r

and AL;r-matrlces for the second type of armature reac-

tion, it can be concluded that for this type the
sequence components of the stator and the rotor are
linked by the L;r- and by the AL;r-matrix respectively.

Therefore, for the second type, the equations in their
most general form have to be used when all harmonics
have to be taken into account. These equations (8) and
(9) can be written as:

: d
Uso = Relgo * ae(¥s0)

: d dy
Ugr = Relge + aeWsp) + Jac ¥
a . -
0 = erirm + dt(r,brm) , m=0or K
R in 'll* L] n
0 R (i1t g drDt epnt By S0, 1,2, K1
with the flux-current relations:
K-1
¢sO = LsOiSO * M1 i +iEl[H011;1 * M01i;1]
K-1
wsf = Ls tsf * M2m1rm +121 Mi 1ri
*
¢;m Mlmiso M2misf + M2misf + (er+ Amm)irm +
K-1
+12 [A 11;1 + Am 11;1]

* - ok
Yo T MOklso M e+ DU *

k-1 .
+ o g1l

MR GRS
im1

and the electromagnetic torque equation:

) + Akl]lil'.‘ll'l-.'

k-1 oM . oMy 1
T, (t)=Re 2.i§1[( ok 4 g Mg+ bl NPELI IR N ERS
k-1 oM
_i a4y "
*2[ S5+ (8;-I5M] 17 gy 1"1’+irm e ggMZm l Teg
K-1[ 8a an_ K-1 3a . x
+ 3 i Kinyir + 5 (ifi ik, yink,
a8 rk ao rk . rk 88 "rk’7 ri
k=1 i=l
k-1 K-l .
+2iZ (g L% +hi - i)1 [(giAik+hiAk_i)1rk+

*
+(giA + h, 18 k)irkl ] 1;1

In these equations the following
used:

short notations are

B 4=ALY (k1) Ak_i-AL;r(k,N/z-i)

However for normally constructed machines,
characteristic set of harmonics can be
represents the most
havior of the machine.

usually a
selected which
significant influence on the be-

When in every column in the mutual inductance matrix
this set of harmonics fulfills the following con-
straint:

7= = la;, +B1l/2 (= ag or a; ) (14)

the exponential functions in the second and third row

of the L;r-matrix, as well as in the factors ki' hi and
fi disappear. fulfilled

if every element of the Lér—matrix contains at the most

Constraint (14) can only be

only one inductance.
The inductances in the first row remain functions of 4,
however, 1in consequence of the constraint (14) the ex-

ponential functions in MOi in expression (10) become
each other’s complex conjugate:
1 A A JeE a -je

MOi- Di Mli(HZie —M3ie ) where e-7i-ai+ei--7i+ﬂi+€i
Normally this results in one single angle for all
columns (+3y for combinations of the lower zero-
sequence harmonics and #*g.3y for the higher, where
g=0,1,2,...).

After having analyzed the behavior of the squirrel-cage

motor with the second type of armature reaction, from
the general model some simplified models can be
derived. In this paper only the equations for a first-

order approximation for the star connection with
ungrounded neutral will be given which provides a sys-
tem of differential equations with constant
coefficients. The f-dependent elements in the first row
of  the L;r-matrix disappear from the equations.

(iso-O). The selected set of harmonics has to fulfill

constraint (14). The AL;r—matrix contains, in

principle, inductances which depend on #, however, in
this case, most elements become constant and, in anal-
ogy with the elements in the first row of the L;r-

matrix, the few remaining #-dependent elements in the
AL;r-matrix acquire the same angle dependence: tg.67.

The contribution of these #-dependent terms is most of-
ten a second-order effect and will be ignored in this
model. This results in the following system of dif-
ferential equations with constant coefficients.

.o ,4 .4y
usf-Rslsf+dt(W *3ac Yer

0 -er m dt(w ) , m= 0 or K

0 -Rrk(i;k+ kki;k) +e W + fkwrk+ Et k' k=1,2,..

and the flux-current relations:

,K-1

_ ~ K-1 .
st- Lsis£+n2mirm+i§1 Mii;i
A * K-1
W;m- Mzm(isf+isf) +(L + A )i +i§1[Amii" + A i“

rm Tmm’rm ri m-i"ri

K-1
I e e i)

R TR k) Hyalem

The complete L-matrix is real and constant. In calcula-
tions it has to be inverted only once, which saves much
computer application time.




The torque equation becomes:

K-1 A a2 K-1n
Te2-Re) 2 legtpythylnsMitse JopMonten® 2 Mitralter®
K-1 K-1
+i§1[(giAim+hiAm-i)1rm+k§1((51Aik+hiAk-i)1§k+

3 "* 3"
+(gy 8y b i g

where the factors e., g., f. and h, become:
it °1r i i

JOR e W S
a0 o 3 M s Mag
®i” By ac ¢ g5~ 3 [ 3 ) I

i
B S M 2 i
i~ P ac 17 3G T s 2

Ey

Note that when not more then one harmonic inductance is
present in every element of the mutual inductance
matrix L;r' see expression (4), the factors 8 and hi

are constant too.

As this system has constant coefficients a particular
solution is possible when the slip s is constant {10].
Upon assuming a symmetric voltage system between the
terminals of the star-connected stator winding the
transformed stator voltage can be written as:
1 j(ot+e’ -v)

use™ j2 Uy ©

For a constant value of the slip s, vy can be
as: v = 9'pf = v'(1-s)wt and after introducing
s, = 1-9'(1-s), the transformed voltage becomes:

written

(s wt+d")
u -

1
of gsf e , Where st= ) UN and

UN is the rms-value of the terminal voltage.

From here it is clear that, because of the presence of
groups of harmonics that result in different <«'s, the
synchronous torques which change into pulsating torques
with a frequency of 2suwt outside their synchronous

speeds always cause synchronous torques to appear
simultaneously with pulsating torques. This contrasts
with the first type where only one synchronous torque
exists at stand-still.

For the delta connection similar models can be derived.
In these models the L;r- matrix remains # dependent be-

cause of the elements in row 1.

One difficulty in this development of a system with a
maximum of constant elements is constituted by the
practical fact that for column 1 it may be necessary to
consider more inductances in element 3 in the interests
of obtaining more accurate results [9].

The complete set of equations, which describes the
transient state includes the mechanical equation of mo-
tion:

where Tme is the load torque, J the inertia of the com-

plete rotor mass and dme the damping coefficient.
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5.CONCLUSIONS

In this paper general equations for squirrel-cage
induction motors have been derived based on the real
geometry of the motor. The squirrel cage has been
described by its meshes; no equivalent windings have
been used. By means of complex time-dependent transfor-
mations free angles are introduced which are very
helpfully simplifying the set of equations when the

specific geometrical properties of the both types, in
which the asynchronous machines fundamentally can be
divided, are taken into account. The equations derived

are general in the sense that all space harmonics are
taken into account, due to the MMF as well as to the
double slotting. This provides a better calculation of
the synchronous, pulsating and asynchronous torques.
The final equations enable the formulation of some
specific properties of both types in connection to
their electromechanical behavior. Further they are
valid for star and delta connection and for any ar-
bitrary source voltage.

6 . ABBREVIATIONS AND SYMBOLS

i(t), u(t) instantaneous values (complex or real)
* *

i (t), u () conjugate complex values

I,U,L matrices

IT,UT,etc transposed matrices

s rms values (complex or real)
magnitudes (real)

, etc inductances after group- and
symmetrical-component transformation.

,etc quantities after group- and symmetrical-

'
sr
component transformation.
quantities after the

in, 17,131 ete time-dependent

transformation.
Symbols ( in SI-units )

coefficient of mechanical damping

-
- EQ.
—
[

[

current

complex number j=(0,1)

inertia of rotor mass

integer number K=N/2z or N/2z+1/2
inductance

mutual inductance

R Gl
~

mutual inductance
number of rotor slots
number of stator slots

mZ 2z =R RF

number of pole pairs
resistance

slip

electromagnetic torque

Hwn ™o
~

=]
®

load torque

«h
(=]

voltage

unit matrix

greatest common divisor of N and p
angle in composed inductance of one ele-
ment in the mutual inductance matrix.
angle introduced by transformation
rotor position angle

integer numbers

phase angle of stator phase voltage
phase angle of stator terminal voltage
flux linkage

angular frequency of the source voltage
short notation for Aer(k,i)

RN e
™
o

%

> £ &9 9 X o2

AL rotor inductance matrix due to stator

slotting
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Subscripts

isf forward component of stator current
isb backward component of stator current
ir rotor mesh current
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APPENDIX 1

The resultant parameters which appear in the

after group and

are:

the zero sequence inductance:
sw’pl &

_ 6w, D1l &, -
Lso™ #o 2 z $e T L
np & v

equations
symmetrical component transformation

with »=3,9,15,....
u2 sy 'sOo

the positive sequence inductance :
3wZol ¢ _
—, 3 —sE ¢ + L

2 sy so
np & v v

L = Bo

< with »=1,-5,7,-11,13,.

where & the effective air gap, vy the number of turns

per stator phase in series, D diameter of stator bore

and 1 the effective iron length. is and isa are the

Oc

zero-sequence and positive-sequence leakage induc-
tances.

For the rotor the transformed parameters are:

R .- 2R+R.(2.sin 22 1 _ g1 (N/z-1)
rk Ry b . N ! P ’

f BT .T T -Taf - )

Lo = % W Trood Lpk™ Iyt Lygor K- 1,200 (8/2-D)

= ;. krp (2 B

Lo 2LR0+ Lrba< 2.sin N ) k=0,1,..... ,(N/z-1)

where RR the resistance of a rotor-ring segment and Rrb

the resistance of a bar. LRaand L, 2re the leakage

inductances of a ring segment and a bar respectively.
B is the rate between the conductance of the unipolar
flux path with cross-section AO and the effective air

gap A and one rotor tooth with cross-section At'

= 1 Asn

AT - aD1
m 2 A
s0

csrn EAskn LN' where LN = Ho Ns
For the n-th harmonic of the stator-conductance wave it

holds for the elements in the matrix Q[q(i,k)]
n.NS/N = 1,2,3,....

q(i,k) =0 if i =k

q(i,k) » O if n.Ns + (i-k)p = gN ; g=0,1,2,..
q(i,k) = B/(N+8) if i =lork=1

q(i,k) =1 if i »k and k = 1

The elements in the resultant mutual inductance in ex-
pression (5) are:

~ noa, n-1 n A A
M. = /[ 2 +2% I m cos{ (v, -v, )pd)]
i o1 ® 171 g1 LK 1k

n n .
n = arctan[ sin(v, pb)/ 2 cos(v, pé)]
g K RETAZ) TS

and the original inductances in expression (3):

. ~ w_ 1
VY eJ”P” P, J(3N)'EN ;? v esvfrugskygsu
where v = v,pu
Esu is the winding factor of the stator.
(su is the stator slot factor.
gsku is the skew factor
Erv is the rotor slot factor
fsrn is the factor of mutual slotting
EAskn is the skew factor in Aer
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PERFORMANCE ANALYSIS OF PERMANENT MAGNET SYNCHRONOUS MOTORS
PART:II OPERATION FROM VARIABLE SOURCE AND TRANSIENT CHARACTERISTICS
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Faculty of Endineerind, Faculty of Eng.,and Tech.,
Menoufia University, Suez Canal University,
Shebin El-Kom, EGYPT. Port Said, EGYPT.
Abstract +he action of synchronizing torque. This
) torque is attributable to both the magnet and
A comprehensive analysis of transient +the difference between the axes reactances.
performance of a permanent magnet (PM) Also, the hunting oscillations, following a
synchronous motor, operating from a variable 1oad change, &are demped by the action of
source is described. Internal damping is damping torque. This torque component is
modeled and optimum values of design significantly affected by the motor desidgn
parameters which improve transient performance parameters. The effects of all design
are obtained. The effects of varying the parameters on dynamic performance are
supply voltade and frequency on the optimum extensively examined using the damping and
values of +thesc parameters are demonstrated. synchronizing torque technique [91. The
Simulated nonlinear response to a load chande effective parameters which increase motor
and starting .performance -are discussed. The damping are identified and their optimum
results illustrate that significant wvglues, that improve dynamic performance, are

improvement in transient performance can be
achieved, over a wide rande of voltages and
frequencies, when some parameters are properly
chosen.

Keywords: permanent-magnet synchronous motors

INTRODUCTION

Modeling of permenent magnet and steady
state performance of PM motors have been a
subject of growing interest since the early
80’s [1-3]. The effects of varying supply

frequency on motor parameters and steady state
performance heave also been studied [43.
Moreover, the characteristics of this motor,
when operated from an inverter with phase
controller, has been considered [5]. Sta?ting
performance was firstly discussed by Honsinger
[6]. He investigated the effects of the ro@or
cage parameters on the run-up characterist1gs
and valuable conclusions were reached. This
study has been followed up by Rahman et al
who examined the effect of saturation on
starting performance [7]. Miller (8] developed
a pull-in criterion and studied the run-up
characteristics of line start PM motors.

Synchronization of PM motors results from

90 SM 371-5 EC A paper recommended and approved

by the IEEE Electric Machinery Committee of the IEEE
Power Engineering Society for presentation at the IEEE
/PES 1990 Summer Meeting, Minneapolis, Minnesota,

July 15-19, 1990. Manuscript submitted August 28,
1989; made available for printing May 28, 1990.

obtained.

The object of this paper is to examine the
effects of supply voltage and-frequency on the
optimum values of the effective design
parameters and also on the starting
performance. The results dive rhysical
interpretation to transient performance when
the motor operates from a variable source.
They also show that with a proper choice of
some parameters, the transient performance can
be significantly improved over a wide range of
operating voltages and frequencies.

MODELING OF TORQUE COMPONENTS

Algorithm

Modeling and accurate prediction of
damping and synchronizing torques provide a
quantitative assessment and physical
realization of motor performance. Damping
torque is defined as the torque component
in-phdse with the rotor speed, while the
synchronizing torque isg that in-phase
component with rotor angle. This indicates
that, following a small 1load change, the

deviation in motor torque can be written as
[9]
AT (1) =K  Aw(t)+ K- AB(E) )

Where K, and Ky are damping
torque coefficients,
coefficients must be positive for the stable
motor. Using minimization procedures to
minimize squared errors, the following
algorithm is obtained:

and synchronizing
respectively. These

N N N
LAT (1) B8(t) =K ) [AB()IP+ K, ) Aw(t)  AB(L)  (2)
iAT,,(ty Aw(t) =K, t[Aw(t)]’+ Ks i Aw(t): A8CE)  (3)
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The above equations give the values of the

torque coefficients K, and K ; which can be
solved numerically. This solution can be
obtained either on-line, in experimental
applications or off-line with digital
simulation , over a period of time t= N.T,
where T is the integration step and N is the

number of iterations. The advantage of using
this technique 1is that it gives the torque
components directly from the motor nonlinear
response without approximations.

Optimum Parameters

The PM motor used in this investigation,
and also in Part I (9], is a 4 h.p., 2 pole,
l-phase, 230 Volt. The per-unit wvalues of
motor parameters’ are given in the Appendix.
The damping and synchronizing torque algorithm
has been applied to assess the effects of all
design parameters on the dynamic performance
of PM motors[9]. To examine the effect of a
specific parameter, a 50% load disturbance was
applied for 20 ms. The corresponding
deviations in rotor angle , rotor speed and
electrical torque were obtained over a period
of 3 seconds. This is required to solve the
decomposition algorithm, Eqns.2-3, and compute
the time invariant torque coefficients, X, and
Ks. It has been concluded that a proper choice
of the cage resistances, R, and R, increases
damping and improves dynamic performance. Each
of these parameters has an optimum value at
which maximum damping occurs. These values are
designated as R, Opt and R,Opt. The question
now is to what extent the supply voltage and
frequency affects both R,Opt and RyoOpt and how
these parameters affect starting performance.
This is described subsequently.

OPERATION FROM VARIABLE SOURCE
Sensitivity Of Optimum Parameters

At each operating voltage and frequency, a
50% load disturbance was applied for 20 ms and
the corresponding deviations in rotor angle ,
rotor speed and electrical torque were
obtained. While varying either R, or R, the
torque decomposition algorithm has been
applied to define their optimum values at this
voltage and frequency. This has been repeated
to define both R Opt and R,0Opt versus supply
voltage at different frequencies as shown in
Figs. 1-2. These results illustrate that both
Ro,Opt and R,Opt vary within a limited region
over the whole operating range of voltages and
frequencies. Moreover, a study was made
concerning the internal damping, over a wide
range of voltages and frequencies, using:

(i) and R, values,
voltage and

one set of optimum R,
determined at +the nominal
frequency, and

(ii) the optimum values of R, and R, corre-
sponding to each operating voltage and

frequency.
Figs.3 & 4. show the results of this study.
This demonstrates clearly +that the optimum

Reand R, may be chosen at the nominal voltage
and frequency with only a slight reduction in
the.lnternal motor damping. Therefore, these
opt}mum values of parameters are used in com—
puting the results presented subsequently.
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Damping Characteristics

The objects of this section are to:

1. examine the effects of operating voltage
and frequency on damping and
synchronizing torques.

2. study the effects of using the optimum
parameters on torque coefficients in
comparison with the nominal parameters.

The results of this investigation are concluded

in Fig.5. Concerning the first object, the
results illustrate that motor damping
increases with either increasing the supply
voltade or decreasing the frequency.

Deterioration in dynamic
voltage may be attributed to lack of damping
torque. Moreover, there is an optimum value of
supply voltage at which maximum synchronous
torque occurs. This optimum voltade is related
directly to supply frequency. Failure in
synchronization at low-frequencies and high
voltages may be due to lack of synchronizing
torque. Therefore, at each synchronous speed,
the optimum operating voltage 1is that value
which provides maximum synchronizing torque.

performance at low

A comparison
synchronizing torque
using either the

between damping and
coefficients obtained
nominal or the optimum
parameters, over a wide range of voltage and
frequencies, is demonstrated in Fig.5. It is

clear that the use of the optimum parameters

increases motor damping at all voltages and
frequencies. As an example, the damping
torque is increased by about 100%¥ at V=0.50
p.u. and f= 30 Hz which represents a signifi-
cant improvement in motor dynamics. However,

the obtained synchronizing torques, computed
using both nominal and optimum parameters,

are similar. Therefore, the solid lines in
Fig. 5 represent the synchronizing torques

for both cases.

The synchronizing torque is significantly
affected by field strength over the whole
range of operating voltages and frequencies.
To demonstrate +this, the optimum parameters
are considered and the torque components are
obtained versus I, as shown in Fig.6. These
results illustrate that increasing the magnet
strength increases the synchronizing torgue
without significant variations in damping
coefficient.

Time Response
To further elucidate the above important

remarks, the motor is subjected to a pulse
load increase, and the time response is shown

in Fig.7. This represents a comparison between
motor responses at different voltages and
frequencies, using either the nominal or the

The results illustrate
a reduction in

optimum parameters.
well-damped oscillations and ]
the rotor first swing, at all operating
voltages and frequencies, when the optimum
parameters are used. Comparing Figs.7.a and
7.b shows that at a given supply frequency,
the increase in supply voltage increases motor
damping and reduces rotor first swing which
indicates an increase in stability reserve.
These results confirm those previously
predicted from Fig.5.

Fig.8 shows a comparison between motor
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response at a constant frequency and variable
voltage. These remarks confirm those extracted
from Fig. 5, indicating that either increasing
supply voltage or reducing frequency, improves
damping and increase motor stability reserve.
This is indicated by the reduction in the
first rotor swing in both cases.
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Figure 8 Response at constant . frequency

An important test has been carried out to
obtain the motor response at low and high
voltage levels using three different values of
supply frequency. These results are shown in
Fig.8, which illustrates:

1. At low frequency (curve 1, in Fig.9.a -
8.b ), the performance is improved at low
voltage due +to high damping +torque and
deteriorates at high voltage due to lack
of the synchronizing torque.

2. There is an optimum operating voltage
corresponding to each synchronous speed.
This voltade can be chosen to yields the
maximum synchronizing torque.

STARTING CHARACTERISTICS
Effects Of Optimum Parameters

During starting, the cage resistance must
be larde enough to compensate for the negative
magnet torque. The object of this section is
to demonstrate the effects of the optimum
parameters on starting performance. It has
been demonstrated[9], that demping is more
sensitive to changes in R, rather than in R,.
Fig.10 shows the effects of varying R, with
different values of R, and loads. Examining
these results indicates that using R, at  its
optimum value is necessary to

1. achieve maximum

improvements
performance;

in dynamic
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2. reduce any adverse effects on motor
dynamics due to an increase in R, more
than its optimum value.

The above remarks are of significant
importance to the starting performance. The
value of R, can be increased beyond its
optimum value to substitute for the negative
magnet torque. This will improve the starting
rerformance without any adverse effects
following changes in load torque. A
comprehensive investigation has been
undertaken to determine the optimum value of
R, which improves both starting performance
and response following small load changes. The
effects of these optimum parameters on
starting are shown in Fig.11. The results
illustrate poor starting, under different
loads, when either R, or R, deviated from its
optimum value.

Starting From Variable Source

Fig.12 shows the effects of supply voltage
and frequency on the starting performance. As
explained in Fig.5, the loss of synchronism at
low-frequency, high-voltage (Fig,12.a) is due
to lack of synchronous torque. Also there is
an optimum value of supply voltage which
yvields good starting performance at each
synchronous speed. This optimum value may be
determined as that value which increases the

synchronizing torque coefficient
CONCLUSION

This paper defines the parameters which
affect the transient performance of the PM
motors over a wide rangde of operating voltages
and frequencies. The results demonstrate that
a proper choice of these effective parameters
at the nominal voltage and frequency improve
the motor performance over a wide rangde of
supply voltages and frequencies. Increasing
supply voltage and reducing frequency increase
both motor damping and stability reserve.
However, performance may deteriorate at low
frequency with the increase of supply voltage
due to lack of synchronous torque. The
starting performance is significantly improved
with the use of the optimum parameters. There
is an optimum value of supply voltage
corresponding to each synchronous speed at
which maximum synchronizing torque occurs. The
choice of operating voltage at this value has
no adverse effects on the damping torque.
Moreover, increasing the supply voltage above
this optimum value causes a failure of the
motor to reach synchronous speed due to lack
of synchronizing torque. These results are of
practical importance, giving some valuable
insight in the PM motors dynamics when
operated from a variable voltage and frequency
source.
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1.IST OF SYMBOLS

¥a Supply frequency H=z.

Ko Damping torque coefficient,p.u/rad/sec.

Ks Synchronizing torque coeff..p.u/rad.

f- Fer unit frequency (f/f,)

4 Supply voltage p.u.

R Resistance p.u.

T Torque p.u.

Ig Equivalent field current

X Reactance

6 Load angle ,rad.

w Angular velocity rad. /sec.

SUBSCRIPTS

D Direct axis damper circuit.

Q Quadrature axis damper circult.
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APPENDIX

Motor Parameters in Per-Unit value[7]:

R, =0.0173 R, =0.054
R, =0.108 i; =1.817
X, =0.543 Xo =1.086
Xoss =0.478 Xoq =1.021
Xy, =0.608 Xo =1.151

H =0.2510sec.
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