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Abstract

Cognitive radio (CR) is an intelligent radio system and is able to share the spectrum with licensed users (LU). By
adopting adaptive beam forming techniques, CR can reuse the spectrum with LU via directing main beams
towards CR users while displaying nulls towards LU. In this article, we present a new distributed beam forming
(DB) technique, and study the performance of its application to decentralized CR networks. The presented DB
method only controls the phase of the transmitted signal of each CR node in the CR network, and therefore, it is
called phase-only DB (PODB) method. It can be implemented at each node independently with only prior
knowledge of its own location, and directions of distant CR (DCR) users and LU. The average beam pattern and
the average gains for an arbitrary number of CR nodes of PODB method are discussed, showing that CR nodes can
constructively transmit signals to DCR users with less interferences to LU via employing the PODB method to form
and direct main beams towards directions of DCR users while nulls towards directions of LU. PODB proves to be a
green DB method by prolonging the lifetime of the CR network due to effective battery power consumptions at
CR nodes. The cumulative distributed function of the beam pattern for a large number of CR nodes is derived and
analysed to demonstrate that the PODB method increases the possibility that the transmitted power of the whole
CR network at the directions of LU is lower than a certain threshold, which guarantees that CR network causes less
disturbing effect to LU.

Keywords: distributed beam forming, collaborative beam forming, cognitive radio networks, phase-only distributed
beam forming, null-steering distributed beam forming, green cognitive radio networks

1. Introduction
Cognitive radio (CR) is a new concept radio presented
in [1,2], which is a promising approach to solve the
intensive usage of the precious natural source-spectrum
[3]. As described in [3], CR is capable of sensing the
communication environment and adapting to it by
adjusting its parameters. By applying a beam forming
technique, CR can direct its main beams towards CR
users while putting nulls to licensed users (LU) in
uplink in order to share the same spectrum with LU
without disturbing them [4,5].
Distributed beam forming (DB), which is also referred

to as collaborative beam forming, is originally employed
as an energy-efficient scheme to solve the long distance
transmission by wireless sensors networks (WSN), in

order to reduce the amount of required energy and con-
sequently to extend the utilization time of the sensors.
The basic idea of DB is that a set of nodes in wireless
networks act as a virtual antenna array and then form a
beam towards a certain direction to collaboratively
transmit a signal. DB is proposed in [6] and it shows
that by employing K collaborative nodes, the collabora-
tive beam forming can result in up to K-fold gain in the
received power at a distance access point. A cross-layer
approach to DB for wireless adhoc networks is discussed
in [7] with more complicated models and two time
phases of communication steps. The improved beam
pattern and connectivity properties are shown in [8],
and a reasonable beam forming performance affected by
a node synchronization error is discussed in [9]. DB has
also been introduced in relay communication systems
[10-14]. In [10-13], several DB techniques for relay net-
works with flat fading channels have been developed,
while in [14] frequency selective fading has been
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considered. DB requires accurate synchronization; in
other words, the nodes must start transmitting at the
same time, synchronize their carrier frequencies, and
control their carrier phases so that their signals can be
combined constructively at the destination. Several syn-
chronization techniques for CB can be found in [15,16],
and a review is given in [17].
As discussed in [4,5], the CR base station (BS) needs

to be equipped with array antenna (AA) so that it can
form and direct main beams to its own users while
steering nulls towards the directions of LU via adaptive
beam forming techniques. In this study, instead of
requesting CR BS to be deployed together with antenna
arrays, we consider decentralized CR networks, which is
formed by distributed CR users in a certain area. Those
CR users are therefore regarded as CR nodes. Mean-
while DB is suggested to be employed by the CR net-
work to form beams towards distant CR (DCR) users so
that the CR network is able to forward the signals to
DCR users cooperatively. Thus, the whole network
decreases the energy consumption effectively, and also
increases the communication range.
However, the CR network distinguishes itself from

WSN in that it is designed to achieve two goals under
one restricted condition, i.e., the received power at DCR
users should be maximized, while that at LU be mini-
mized. The restriction limits that CR nodes are only
aware of its own location, as well as the directions of
DCR users and LU. The constraint supports DB for a CR
network functional even without cluster nodes. If cluster
nodes are selected, each CR node is able to have the
information of locations of all CR nodes during the pro-
cess of information exchanging and sharing. Then, the
DB problem can be described as designing adaptive beam
formers with an irregular AA structure. In this article, we
consider no CR cluster nodes, which is the basic and sim-
plest network application. For DB, the aim of a CR net-
work can directly be translated into generating main
beams towards DCR users while displaying nulls towards
LU. In addition, the weights calculation can be performed
by each node, and for each node it should be indepen-
dent from the prior knowledge of other nodes due to the
restriction introduced above. This article also suggests
generating a certain angular range of nulls instead of
point nulls towards LU. The reason is due to the study of
the probability density function (pdf) of the angle of arri-
val (AOA) of the scattered wave at the mobile station in
wireless communications [18-20], which will be explained
later in this article.
Recently, DB for a CR network has also been dis-

cussed in [21-23]. In [21], the effect of noise in phase
synchronization on the resultant beam pattern has been
analysed. A DB scheme based on zero-forcing beam
forming has been presented in [22], where the idea that

a CR network can be regarded as a relay network to for-
ward the signal to the destination CR node is adopted. It
is worth noticing that in [23], the authors have also
addressed the above problem of directing main beam to
a required direction while putting nulls to unwanted
directions. This fits well the idea of introducing DB to
CR network. A novel null-steering DB method has been
presented in [23] in a way that each node can calculate
its own weight by itself without prior knowledge of
others.
Despite that the DB weights derived in [23] achieve

our goal of CR network successfully, further improve-
ments of DB in application to green CR networks are
appreciated. In this article, we present a phase-only DB
(PODB) method by only controlling the phase of the
transmitted signal of each node. With the proposed
PODB method, the lifetime of the whole CR network is
prolonged, which will be proved in this article.
The PODB method is able to direct main beams

towards DCR users while nulls are formed towards
directions of LU. It can be implemented independently
by each node based on very limited knowledge, includ-
ing directions of DCR users and LU, and its own loca-
tion. The weight of the PODB method can be regarded
as nothing more than a phase perturbation of each
node, which has the same amplitude as that of others.
By adding certain virtual directions, the proposed PODB
method can also generate broadened nulls in a defined
range around directions of LU. The average beam pat-
tern is also derived to show what the beam pattern with
an arbitrary number of collaborative nodes will converge
to. The average gains at both directions of LU and DCR
users are calculated approximately. What is more, the
cumulative distributed function (CDF) of the beam pat-
tern is derived; it demonstrates the possibility that the
transmitted power of the whole CR network at every
direction can be lower than a certain threshold. The life-
time of a wireless network with both null-steering DB
which has been presented in [23] and the PODB method
is discussed and compared, in order to show the “green”
aspect of the latter method.
The rest of the article is organized as follows. First in

Section 2, the model of the CR network will be pre-
sented, as well as several necessary assumptions. Then
the PODB method is proposed with and without broa-
dened nulls. The average beam pattern of the PODB
method, and its gains at certain directions are discussed
in Section 3, as well as the derived CDF of the beam
pattern generated by the PODB method. Several simula-
tion results are shown in Section 4. The greenness of
the PODB method is illustrated in Section 5 by compar-
ing the lifetime of the wireless networks adopting null-
steering DB and the PODB method. Finally, Section 6
concludes the article.
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Notations: ||a||∞, ||a||2 denote the infinitive norm and
Euclidean norm of vector a. (·)T, (·)* and (·)H denote the
transpose, the conjugate, and the Hermitian transpose,
respectively. (A)m, n represents the element of the mth
row and nth column of matrix A, and (a)k represents
the kth element of vector a. E[·] stands for the statistical
expectation, and P1→ denotes converge with probability
one. Jn(·) is the nth-order Bessel function of the first
kind, and I0(·) is the zeroth-order-modified Bessel func-
tion. Re[·] and Im[·] represent the real and imaginary
parts of a variable, respectively.

2. Problem formulations and the proposed PODB
method
2.1. Geometrical structure of CR networks
The geometrical structure of the CR network and also
distant receiver terminals including LU and DCR users
are illustrated in Figure 1. As shown in Figure 1, K CR
nodes are uniformly distributed on a disc centred at O
with radius R. Let us denote their polar coordinates of
the kth CR node as (rk, Ψk). L DCR users are considered
as access points, which locate in the same plane at
(ADCR

i , φDCR
i ), i = 1, 2, ..., L . Meanwhile, M LU are also

coexisting with DCR users. Their locations are (Ai, ji), i
= 1,2,...,M. The CR nodes in the CR network are
requested to form a virtual antenna array and collabora-
tively transmit a common message S(t).

2.2. Necessary assumptions
Without generality, we also adopt the following
assumptions:

(1) The number of CR nodes are larger than that of
DCR users together with LU, i.e. K >L+M. This is basi-
cally required to solve the later matrix equations. In
addition, many adaptive beam forming techniques also
request that the number of AAs is larger than that of
constrained directions where main beams and nulls are
dedicatedly directed towards.
(2) All DCR users and LU are located in the far-field

of CR network, such that

ADCR
i � R, i = 1, 2, ..., L

Ai � R, i = 1, 2, ..., M

(3) The bandwidth of S(t) is narrow, so that it guaran-
tees that S(t) is almost constant during 2R/c second
where c is the speed of light. It has been discussed in
[24] that OFDM scheme is a proper and recommended
candidate for CR due to its flexible adaptation of the
spectrum. Since OFDM signal can be regarded as a
combination of narrow-band modulated signals, the pro-
posed method in this article can also be implemented in
a wide band CR OFDM system.
The spatial effect of signal scattering and reflection at

LU are taken into account. As a result, the angular
spread at LU is suggested to be eliminated by displaying
spread nulls around each direction of LU rather than
point nulls. However, other channel effects, such as
multipath fading and shadowing, are ignored in this
article.
For simplicity, the proposed PODB is explained and

presented when L = 1. In case L > 1, we show in [25]
how to generate more than one main beam towards

 
Figure 1 CR network with DCR users and LU.
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DCR users. We simplify (ADCR
1 , φDCR

1 ) by (A0, j0) when
there is only one DCR user.

2.3. System model of CR network
Let xk(t) denote the transmitted signal from kth node,

xk(t) = S(t)ej2π ftwk (1)

where wk is the weight adopted by the kth node. The
received signal at an arbitrary point (A, j) in the far-
field due to the kth node transmission is [23],

rk(t) = βkxk

(
t − dk

c

)
= βkS

(
t − dk

c

)
ej2π fte

−j
2π

λ
dk

wk
(2)

where dk is the distance between the kth node and the

access point (A, j), and
βk = (dk)

−γ

2 is the signal path

loss with g donating the path loss exponent. In [23], bk
and dk are approximated by

dk =
√

A2 + r2
k − 2Ark cos(φ − �k) ≈ A − rk cos(φ − �k) (3)

βk = (dk)

−γ

2 ≈ (A − rk cos(φ − �k))

−γ

2 ≈ β

(
1 +

γ rk cos(φ − �k)
2A

)
(4)

where
β = A

−γ

2
. The two approximations above are

due to assumption 2. It also ensures
γ rk cos(φ − �k)

2A
� 1 , and then bk ≈ b.

Substituting Equations (3) and (4) into Equation (2) it
follows that [23],

rk(t) ≈ βe
−j

2π

λ
A
S
(

t − A
c

)
ej2π fte

j
2π

λ
rk cos(φ−�k)

wk
(5)

If we adopt the initial phase of each node as

ϕk = −2π

λ
rk cos(φ0 − �k)[6], the received signal at (A,

j) is

rk(t) ≈ βe
−j

2π

λ
A
S
(

t − A
c

)
ej2π fte

j
2π

λ
rk[cos(φ−�k)−cos(φ0−�k)]

wk
(6)

We define

F(φ) �
K∑

k=1
e

j
2π

λ
rk[cos(φ−�k)−cos(φ0−�k)]

wk =
K∑

k=1
e
−j

4π

λ
rk sin(

φ − φ0

2
) sin(

φ + φ0 − 2�k

2
)
wk (7)

The power received at (A, j) is denoted by p(j). If S(t)
has normalized power, p(j) is shown as

p(φ) =

∣∣∣∣∣
K∑

k=1

rk(t)

∣∣∣∣∣
2

= β2
∣∣F(φ)

∣∣2 (8)

The goal of our proposed PODB method is to find w,
where w = (w1, w2, ..., wK)

T, which satisfies⎧⎪⎨
⎪⎩

max
w

∣∣F(φ0)
∣∣∣∣F(φm)

∣∣ = 0, m = 1, 2, ..., M
subject to |wk| = 1, k = 1, 2, ..., K

(9)

Based on Equation (7), it is easy to verify that
dF(φ)

dφ
= 0 . Therefore, max

w

∣∣F(φ0)
∣∣ is always satisfying.

The constraint in (9) shows that each wk is no more
than a phase adjustment. In other words, we only con-
trol the phase modification of each node.
A different optimization problem is discussed in [23],

which has been proposed based on null-steering beam-
formers. It has the constraint of the total power of w, i.
e. wHw ≤ PT, instead of |wi| = 1, i = 1,2,...,K.

2.4. The proposed PODB method
We propose the solution of Equation (9) in this section.
First we assume W = 0, where W is the width of the
spread nulls towards each LU, which requires only a
point null at each LU direction, and then we give
further results of how to generate spread nulls by modi-
fying the angles.
Equation (9) also appeared in the application of adap-

tive array techniques to solve the problems of array pat-
tern nulling, which was studied in [26]. The proposed
solution in [26] linearized the nonlinear problem by
considering small position perturbation of each antenna
element, and then derived analytic results. It was also
proved in [26] that good nulling performance could be
achieved, even though the solutions were based on
approximations. Unfortunately, the results shown in [26]
could be only adopted by uniformly linear arrays (ULA).
In the case of CR network, the structure and the moti-

vation of the beam forming problem are very different
from that in [26]. As mentioned before, our goal is to
find a set of weights (w1, w2, ..., wK), which can be
implemented by each node under the constraint that
only the information of (rk, Ψk), the directions of DCR
(j0) and LU (ji, i = 1,2,..., M) are available.
We assume that wk has the form of

wk = ejμk (10)

Then, we perform a Taylor expansion in Equation (7)
and retain the first two terms. We obtain
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F(φ) =
K∑

k=1

e
−j

4π

λ
rk sin

(
φ + φ0 − �k

2

)
sin

(
φ − φ0

2

)
+jμk

≈
K∑

k=1

e
−j

4π

λ
rk sin

(
φ + φ0 − �k

2

)
sin

(
φ − φ0

2

)
+ j

K∑
k=1

μke
−j

4π

λ
rk sin

(
φ + φ0 − �k

2

)
sin

(
φ − φ0

2

)

≈ F0(φ) + FC(φ)

(11)

FC(j) represents the second item of (11) and is a can-
cellation pattern which can be used to achieve M nulls.
Let we define the following variables

µ�(μ1, μ2 · · · , μK)T

u• �

⎛
⎜⎝e

−j
4π

λ
r1 sin

(
φ• + φ0 − �1

2

)
sin(

φ• − φ0

2
)
· · · e

−j
4π

λ
rK sin

(
φ• + φ0 − �K

2

)
sin(

φ• − φ0

2
)

⎞
⎟⎠

T

= x•+jy•

where μ Î ℜK × 1, x• = Re[u•], and y• = Im[u•].

α•,0 � 4π
R
λ

sin
φ• − φ0

2

αm,n � 4π
R
λ

sin
φm − φn

2

α•,m � 4π
R
λ

sin
φ• − φm

2

e = (1, 1, ..., 1)T

where e is a K × 1 vector with one as its entities.
Thus, Equation (11) can be simplified as

F(φ•) = eHu• + jµHu• (12)

According to Equation (9), when W = 0, in order to
steer nulls at direction of jm, = 1,2,..., M, we require

F(φm) = 0, m = 1, 2, ..., M (13)

Due to assumption 1, Equation (13) has a solution and
can be solved as the following. Using the results in [6],

lim
k→∞

1
K

eHum = E

⎡
⎣e

−j4π
R

λ
sin

φm − φ0

2
rk

R
sin

φm + φ0 − 2�k

2

⎤
⎦ =

2J1(αm,0)
αm,0

(14)

Equation (13) can be further written as⎧⎨
⎩

µHxm = 0

K
2J1(αm,0)

αm,0
= µHym

, m = 1, 2, ..., M (15)

If we define

X � (x1, x2, ..., xM)

Y � (y1, y2, ..., yM)


 � ( X Y )

� = 
H


c � (c1, c2, ..., cM)

where cm =
2J1(αm,0)

αm,0
.

The solution of Equation (15) is

µH = K( 0 c )�−1
H (16)

where (0) is a vector with length M and 0 as its
entries.
To make the calculation of μ be able to be implemen-

ted by each node in a distribution fashion, we need to
calculate Γ differently, which has a good approximation
of original counterparts, and the entries of it depends
only on the information that each node is entitled to
have (rk,Ψk), j0, jm, m = 1,2,...,M.
Theorem 1: Give a matrix U, which is defined as
U ≜ (u1, u2, ..., uM) = X+jY, we have the following

results:

lim
k→∞

1
K

(UHU)m,n
P1→ E

[
uH

mun

K

]
= E

[(
u∗

m

)
k(un)k

]
=

⎧⎨
⎩

1, m = n = 1, 2, ..., M
2J1(αm,n)

αm,n
, m �= n; m, n = 1, 2, ..., M (17)

lim
k→∞

1
K

(UHU∗)m,n
P1→ E

[
uH

mu∗
n

K

]
= E

[(
u∗

m

)
k

(
u∗

n

)
k

]
=

⎧⎪⎪⎨
⎪⎪⎩

J1(2αm,0)
αm,0

, m = n = 1, 2, ..., M

2J1(α̃m,n)
α̃m,n

, m �= n; m, n = 1, 2, ..., M
(18)

where α̃m,n = 4π
R
λ

√
1 + cos2 φm − φn

2
− cos(φ0 − φn) − cos(φ0 − φm) .

Proof: See Appendix 1
Theorem 2: The entries of Γ have the following

results:

lim
k→∞

1
K

�
P1→ E

[
�

K

]
=
(

(�1)M×M 0
0 (�2)M×M

)
(19)

(�1)m,n =

⎧⎪⎪⎨
⎪⎪⎩

J1(2αm,0)
2αm,0

+
1
2

, m = n = 1, 2, ..., M

J1(α̃m,n)
α̃m,n

+
J1(αm,n)

αm,n
, m �= n; m, n = 1, 2, ..., M

(20)

(�2)m,n =

⎧⎪⎪⎨
⎪⎪⎩

1
2

− J1(2αm,0)
2αm,0

, m = n = 1, 2, ..., M

J1(αm,n)
αm,n

− J1(α̃m,n)
α̃m,n

, m �= n; m, n = 1, 2, ..., M
(21)

Proof: See Appendix 2
Based on Theorem 2, we can replace Γ by E[Γ], and

then calculate (E[Γ])-1 by
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(E [�])−1 =
1
K

(
�−1

1 0
0 �−1

2

)
(22)

If we define

c�−1
2 � (q1, q2, ..., qM)

Then by combining (16) and (22), we have

µH = c�−1
2 YH (23)

The weight of the kth CR node is represented by

wk = ejμk = ej(µ)k = e

(
M∑

m=1
jqm(ym)k

)
(24)

So far we have derived the weight of the PODB
method, which shows that the computation of wk for
each node only depends on c, Γ2, and (ym)k. The first
two can be regarded as constant vectors and a constant
matrix, as shown in their definitions and Theorem 2.
While in order to calculate (ym)k, each node only
requires the prior knowledge of its own location (rk, Ψk),
and directions of all LU jm, m = 1,2,...,M. It is worth
noticing that the information of the direction of DCR
user j0 is also needed for deciding the initial phase of
each node �k in Equation (6).

2.5. PODB method with spread nulls
The principle of the necessity of generating spread nulls
has been explained in [25]. In wireless communication
systems, the received signal and power spectra at the
mobile station at wireless communication depend on
the pdf of the AOA of the scattered wave. Clarke con-
sidered a uniform AOA pdf over [-π, π) [18]. However,
it has been argued and experimentally demonstrated
that the scattering encountered in many environments
results into a non-uniform pdf of AOA [19]. Reference
[20] suggests the two-parameter Von Mises pdf as a
flexible and generalized model for the pdf of AOA,
which includes non-isotropic scattering cases, and also
the isotropic one as a special case. The pdf is given as
[20]

p�(θ) =
exp(l cos(θ − θp))

2π I0(l)
, θ ∈ [−π , π) (25)

where θp accounts for the main direction of the AOA
scatter components. Parameter l ≥ 0 controls the width
of the AOA of scatter components. Figure 2 shows the
pΘ(θ) with different l for θp = 0. Based on Von Mises
model, point nulls which can be generated by CR net-
works are not sufficient enough for energy depression at
directions of LU, because the power around the nulling
direction may also leak into LU due to spatial scattering.
As a result, instead of generating point nulls, CR

network is required to display spread nulls around each
direction of the LU.
Null broadening (NB) technique was originally devel-

oped as a robust array beam forming technique. It was
also regarded as a beam pattern synthesis method. Mail-
loux [27] presented a NB method by simple modifica-
tion of the covariance matrix of the received signal.
While in [28], a similar NB algorithm was also pre-
sented by applying a transform to the same covariance
matrix. Both methods were capable of providing notch
at locations of interferences signals. In [29], two NB
algorithms as covariance matrix taper methods are
defined, and considered as effective robust adaptive
beam forming techniques, imparting robustness into
adaptive pattern by judicious choice of null placement
and width. As for wireless communication, NB was
employed in a cellular communication system, particu-
larly an example was given in space division multiple
access system for downlink beam forming [30].
The above proposed NB methods are all based on

ULA. They all require the prior knowledge of the dis-
tance between every two AA elements. In our case, this
requested information can be translated into the dis-
tance between every two CR nodes in CR networks.
Consequently, this does not align with our constraint
that each node is only aware of its own location.
However, one simple way of generating spread nulls is

to add N virtual LU sources ji, i = 1,2,..., N around each
direction of existing LU with the angle range of W/2, e.
g. |ji-jm| ≤ W/2, m = 1,2,...,M. The number of those
virtual directions N can be chosen with a compromising
between computation load and the depth of spread
nulls. If N is large enough, all the angles around direc-
tions of the LU are continuously all regarded as nulling
points, thus the spread nulls in the beam pattern are
maintaining the same depth with that of the nulling
point jm. However, with large N, the size of matrix Γ2

in Theorem 2 increases to (MN) × (MN), and conse-
quently each node must have larger computation
burden.

3. Properties of the beam pattern generated by
the PODB method
In this section, we discuss the properties of the beam
pattern that generated by the presented PODB method.
The analysed properties include the average beam pat-
tern for an arbitrary number of CR nodes K, the average
gains at the directions of DCR user j0, and at those of
all the LU jm, m = 1,2,...,M. Meanwhile the CDF of the
beam pattern with larger K is also derived.

3.1. Average beam pattern
The result of average beam pattern is given by Theorem
3.
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Theorem 3: Using the presented PODB method, the
average beam pattern, which is defined as

P̃(φ•) � E[P(φ•)] = E

[∣∣∣∣ 1
K

F(φ•)

∣∣∣∣
2
]

when j• ≠ j0, can be approximated by

P̃(φ•) ≈ P̃a(φ•) =
1
K

+
K − 1

K

[(
2J1(α•,0)

α•,0

)2

+
J1(α•,0)

α•,0

M∑
m=1

qmς•,m

]
(26)

where

ς•,m =

⎧⎪⎪⎨
⎪⎪⎩

J1(2αm,0)
αm,0

− 1, φ• = φm, m = 1, 2, ..., M

2J1(α̃•,m)
α̃•,m

− 2J1(α•,m)
α•,m

, φ• �= φm, m = 1, 2, ..., M

and the approximation error ε = E
[∣∣∣P̃(φ•) − P̃a(φ•)

∣∣∣]
is bounded by ε ≤ K − 1

K
c�−1

2 cH .

Proof: See Appendix 3

3.2. Average gain at direction of DCR
The average gain at j0 is approximated by 1, i.e.

P̃(φ0) ≈ 1 (27)

Proof: See Appendix 4

3.3. Average gains at directions of LU
The average gain at jm, m = 1,2,...,M is

P̃(φm) ≈ 1
K

, m = 1, 2, ..., M (28)

Proof: See Appendix 5
For CR network, it is very important to limit the

transmission power at directions of LU. From Equation
(27) and (28), we can see that towards LU directions,
the average transmission power are K - 1 times lower
than that towards the direction of DCR user.
When there is no LU available, i.e. M = 0. Equation

(23) gives the result of μk = 0. Consequently,

P̃(φ•) |M=0 =
1

K2
E

⎡
⎢⎣
∣∣∣∣∣∣

K∑
k=1

e
j4π

R
λ

sin
φ• − φ0

2
rk sin

φ• + φ0 − �k

2

∣∣∣∣∣∣
2⎤⎥⎦ =

1
K

+
K − 1

K

(
2J1(α•,0)

α•,0

)2

(29)

This is consistent with the average beam pattern of
the DB method presented in [6], which has no specific
nulling points.

3.4. CDF of the beam pattern generated by PODB method
The CDF of the beam pattern generated by PODB
method with large number of K is given by Theorem 4.

 
 

Figure 2 Von Mises pdf for the AOA of scatter components at mobile station.
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Theorem 4: When K is large enough, the CDF of the
beam pattern at different j• can be approximated by

Prob{P(φ•)|P(φ•) ≤ P0} ≈ F
(
|ρ| +

√
P0

)
− sgn

(|ρ| − √
P0
)

+ 1

2
F
(
|ρ| −

√
P0

)
(30)

where F(γ0) = Prob(γ |γ ≤ γ0) = 1 − exp
[−γ 2

0 K/(1 + c�−1
2 cH − ρ2)

]
for g ≥ 0 is the CDF of the Rayleigh distribution, sgn(x)

= |x|/x and ρ =
2J1(α•,0)

α•,0
+

M∑
m=1

qm

2
ς•,m .

Proof: See Appendix 6.
We can write when j• = jm, m = 1,2,..., M

Prob{P(φm)|P(φm) ≤ P0} ≈ F(
√

P0) = 1 − exp
[−P0K/(1 + c�−1

2 cH)
]

(31)

Proof: See Appendix 7.
From the above equation, we can conclude that when

j• = jm, m = 1,2,..., M, the probability of the total trans-
mitted power of CR network lower than P0 can be
expressed by a constant, which is decided by P0, K and

c�−1
2 cH . Based on Equation (21) and the definition of c,

c�−1
2 cH can be only determined by j0, jm, m = 1,2,...,M

and R/l. Usually P0 is defined by LU due to its spec-
trum interference tolerance threshold. Consequently, if
we want to increase the probability of the case that CR
network transmitting less power than P0 towards direc-
tions of the LU, we need to increase K. In other words,
more CR nodes need to be added to the same CR

network (maintaining the same network structure R/l)
to collaboratively perform PODB.

4. Simulations and results
The average beam pattern of DB methods are shown in
Figure 3. They are DB method without considering nul-
ling directions, which has been presented in [6], the pro-
posed PODB method, and null-steering DB method in
[23]. In the simulation, we choose R/l = 2, K = 100 and
j0 = 0°. Meanwhile, two LU are considered, which
locate at the directions of j1 = 30°, j2 = -15°. Figure 3
shows that PODB and null-steering DB methods suc-
cessfully depress transmission power towards the direc-
tions of LU. Their performances are similar to each
other. The DB method without nulling has a symmetri-
cal average beam pattern without particular nulling
points. As mentioned in Equations (27) and (28), the
average gain at j0 = 0° approximates to 1, while those
at j1 = 30°, j2 = -15° are close to 10 log(1/K) = -20 dB.
Figure 4 shows the average beam pattern with only

one LU, which has the direction of j = 30°. The other
simulation conditions remain the same with Figure 3. In
Figure 4, we also consider the average beam pattern of
PODB method with broadened nulls, which assumes
two virtual LU directions around j = 30°, which are
located at j1 = 20°, j2 = 40°. It can be seen from Figure
4 that PODB method with NB generates spread nulls

 
Figure 3 Average Beampatterns of three DB methods.
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around j = 30° with the width of W = 20° and depth
about -20 dB.
Figure 5 shows the CDF of the beam pattern at dif-

ferent angle j, which has been discussed in Theorem
4. As required in Theorem 4, the number of nodes in
CR network needs to be large, so that the sum of ran-
dom variables can be regarded as Gaussian distribution
random variables. Therefore, we consider two cases
with K = 100, and K = 500. Meanwhile, only one LU is
considered, i.e. j = 5°. The DCR user is at the direc-
tion of j0 = 0°. P0 in Theorem 4 is chosen as P0 =
0.01. It can be seen from Figure 5 that, in the angle
range of 5° ≤ j ≤ 7°, considering the probability that
the transmitted power of CR network lower than P0,
PODB method has much higher chance than the DB
method without nulling. Meanwhile, as discussed in
Section 3.4, Prob{P(jm)|P(jm) ≤ P0} is a constant
which depends on j1, j0 and K. When more nodes
participate in CR network to perform DB (K is increas-
ing), Prob{P(jm)|P(jm) ≤ P0} is also increasing, which
is also demonstrated in Figure 5.

5. Greenness of the PODB method
The battery consumptions of the network adopting the
proposed PODB method and null-steering DB method
presented in [23] are illustrated in Figures 6 and 7. Fig-
ure 6 shows that to perform PODB, each node of CR

network consumes the same amount of battery power at
the same time. The power consumption of the whole
network is “balanced”, because of the constraint in
Equation (9), i.e. |wk| = 1. While null-steering DB
method utilizes the battery power of each node
“unevenly”, as shown in Figure 7. When the battery of
one node is dying, the others nodes are still power
supplied.
For null-steering method, we introduce a new concept

of “DB cycle”. It describes the process from the moment
that all nodes in the network start participating DB till
the moment that one node in the network first runs out
of its battery. Then, the rest of the nodes of the network
will start computing the new weights of DB method
with one less number of the nodes, and thus another
round of DB cycle begins.
The number of CR nodes K in a DB cycle is requested

to satisfy k ≥ K0, 1 ≤ K0 ≤ K, where K0 is the least num-
ber of CR nodes required by CR network to perform
DB, due to the restriction of the transmission power
towards directions of LU

P̃(φm) =
1
k

≤ 1
K0

, m = 1, 2, ..., M (32)

We denote the normalized the weights of the ith DB

cycle of null-steering DB method as w(i)
NS

and it satisfies

 
Figure 4 Average Beampatterns of PODB methods.
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that
(
w(i)

NS

)H
w(i)

NS = 1 . Assume t(i)
NS

is the length of the

time period of the ith DB cycle of the null-steering DB
method

t(i)
NS =

p(i)

max
k

{∣∣∣(w(i)
NS

)
k

∣∣∣2} =
p(i)(∥∥∥w(i)
NS

∥∥∥
∞

)2 (33)

where p(i) is the battery power consumption of the CR
node, which finishes its battery first in the ith DB cycle.
Then, the total lifetime of CR network by adopting null-
steering method can be written as

tNS =
K−K0+1∑

i=1

p(i)(∥∥∥w(i)
NS

∥∥∥
∞

)2 (34)

The total energy consumption is

ENS =
K−K0+1∑

i=1

p(i)(∥∥∥w(i)
NS

∥∥∥
∞

)2

(∥∥∥w(i)
NS

∥∥∥
2

)2
=

K−K0+1∑
i=1

p(i)(∥∥∥w(i)
NS

∥∥∥
∞

)2 (35)

The total amount of energy of the whole network is
fixed, due to the fact that all nodes will consume all of
their batteries power in the end. Let us denote the total
energy of the CR network as E.

E =
K∑

i=1

p(i)(∥∥∥w(i)
NS

∥∥∥
∞

)2

(∥∥∥w(i)
NS

∥∥∥
2

)2
=

K∑
i=1

p(i)(∥∥∥w(i)
NS

∥∥∥
∞

)2 (36)

It is easy to verify that

ENS ≤ E (37)

Only when K0 = 1,

ENS = E (38)

However, the concept of DB cycle is not necessary for
PODB, because all the nodes will be finishing their bat-
teries at the same time. We define the normalized
weights of the PODB method as wpo, and it satisfies

wH
POwPO = 1 . Then, the lasting time of the network

with the PODB method using the same amount of
energy E is

tPO =
E
K

1

max
k

{∣∣(wPO)k

∣∣2} =
E

K(‖wPO‖∞)2 =
E
K

K = E (39)

Using the results of Equations (34), (35), (37) and (39),
we can write that

tNS ≤ tPO (40)

 
Figure 5 Probability of with different K.
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Thus, it has been proved that the life time of the net-
work adopting PODB method is longer than that adopt-
ing null-steering method. Only when K0 = 1, the
network has the same lifetime by employing both two
DB methods.

6. Conclusions
A new DB method, which is called PODB method, has
been proposed in this article in the application of a green
CR network. It is implemented in a way that CR nodes
transmit signals constructively towards directions of DCR
users and destructively to the LU. Considering the average
beam pattern of the PODB method, it achieves the highest
gain at the direction of DCR users and the lowest to the
LU. The PODB method can be computed at each node in a
so called distributed way, i.e., each node is only aware of its
own location, and the directions of LU and DCR users. The
PODB is different from the null-steering-based DB method
meaning that the weights of the former can be regarded as
a phase perturbation of each node. Consequently, it utilizes
energy of the whole network evenly and effectively, a char-
acteristic which renders itself to green concept.
In a CR network, it is extremely important to calculate

the probability of the case that the power transmitted by
the CR network towards directions of LU is lower than a
certain threshold. Therefore, the CDF of the beam pattern
of the PODB method has been derived in this article
assuming a large number of CR nodes. Comparing with
the DB method without particular nulling directions, the
PODB method achieves much higher chances of transmit-
ting less power towards directions of LU. To increase the
chances that the disturbances to LU, which are caused by
the CR network are less than the interference power
threshold that the LU can tolerate, the presented CDF

suggests that more CR nodes should participate in the CR
network to perform DB.

Appendix 1
Proof of Theorem 1
It has been discussed in [23] that

1
K

uH
mun =

1
K

K∑
k=1

e−jαm,nzk
P1→ E[e−jαm,nzk] =

⎧⎨
⎩

1, m = n
2J1(αm,n)

αm,n
, m �= n (41)

where zk �
rk

R
sin

φm + φn − 2�k

2
, and the pdf of zk

has been presented in [6],

fz(zk) =
2
π

√
1 − z2

k , |zk| ≤ 1 (42)

1
K

uH
mu∗

n =
1
K

K∑
k=1

e
−j

2π

λ
rk[cos(φn−�k)+cos(φm−�k)−2 cos(φ0−�k)]

(43)

The above exponential item can be further simplified
by the following

cos(φn − �k) + cos(φm − �k) − 2 cos(φ0 − �k)

= 2 cos
φn + φm − 2�k

2
cos

φn − φm

2
− 2 cos

(
φn + φm − 2�k

2
+ φ0 − φn + φm

2

)

= 2a1 cos
φn + φm − 2�k

2
+ 2a2 sin

φn + φm − 2�k

2

(44)

where

a1 = cos
φn − φm

2
− cos

(
φ0 − φn + φm

2

)

a2 = sin
(

φ0 − φn + φm

2

)

Figure 6 Power consumption of CR network with PODB method.
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We define

a �
√

a2
1 + a2

2 =

√
1 + cos2 φm − φn

2
− cos(φ0 − φn) − cos(φ0 − φm)

θ � tan−1 a1

a2

Equation (43) can be written as

1
K

uH
mu∗

n =
1
K

K∑
k=1

e
−j

4πR
λ

a

[ rk

R
sin(θ+

φn + φm − 2�k

2
)

]
=

1
K

K∑
k=1

e
−j

4πR
λ

az̃k P1→ E

⎡
⎣e

−j
4πR
λ

az̃k

⎤
⎦ (45)

where

z̃k =
rk

R
sin

(
θ +

φn + φm − 2�k

2

)
=

rk

R
sin

(
θ +

φn + φm

2
− �k

)
(46)

z̃k has the same distribution with zk, because the pdf
of zk in (42) has nothing to do with jm, jn. Therefore,
using the same method, (45) can be further written as

1
K

uH
mu∗

n
P1→ E

⎡
⎣e

−j
4πR
λ

az̃k

⎤
⎦ =

2J1(α̃m,n)
α̃m,n

(47)

where

α̃m,n = 4π
R
λ

a = 4π
R
λ

√
1 + cos2 φm − φn

2
− cos(φ0 − φn) − cos(φ0 − φm) (48)

Especially, when m = n,

E

⎡
⎣e

−j
4πR

λ
az̃k |m=n

⎤
⎦ = E[e−j2αm,0zk ] =

J1(2αm,0)
αm,0

(49)

Equations (41), (47) and (49) show the results of The-
orem 1.

Appendix 2
Proof of Theorem 2
Based on the definition of Γ,

� =
(

XHX XHY
YHX YHY

)
(50)

and

�1 =
1
K

E[XHX] (51)

�2 =
1
K

E[YHY] (52)

Using the results in Theorem 1,

(�1)m,n = E
[

xH
mxn

K

]
= E

[
(uH

m + uT
m)(un + u∗

n)
4K

]

=

⎧⎪⎪⎨
⎪⎪⎩

J1(2αm,0)
2αm,0

+
1
2

, m = n = 1, 2, ..., M

J1(α̃m,n)
α̃m,n

+
J1(αm,n)

αm,n
, m �= n; m, n = 1, 2, ..., M

(53)

1
K

E[(XHY)m,n] = E
[

xH
myn

K

]
=

1
K

E
[

(uH
m + uT

m)(un − u∗
n)

j4K

]
= 0 (54)

1
K

E[(YHX)m,n] = E

[(
xH

myn

K

)H
]

= 0 (55)

Figure 7 Power consumption of CR network with null-steering DB method.
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(�2)m,n = E
[

yH
myn

K

]
= E

[
(uH

m + uT
m)(un + u∗

n)
4K

]

=

⎧⎪⎪⎨
⎪⎪⎩

1
2

− J1(2αm,0)
2αm,0

, m = n = 1, 2, ..., M

J1(αm,n)
αm,n

− J1(α̃m,n)
α̃m,n

, m �= n; m, n = 1, 2, ..., M

(56)

Equations (53), (54), (55) and (56) demonstrate the
results of Theorem 2.

Appendix 3
Proof of Theorem 3
Based on Equations (7) and (10)

P̃(φ•) =
1

K2
E

[∣∣∣∣ K∑
k=1

e−jα•,0zk+jμk

∣∣∣∣
2
]

=
1

K2

(
K + E

[
K∑

k=1

K∑
l=1,l�=k

e−jα•,0(zk−zl)+j(μk−μl)

])
(57)

As mentioned before, μk is a small perturbation of the
phase of each node. We here adopt the approximation
of ex by ex ≈ 1+x , and it holds the following result [31],

E
[∣∣ejx − (1 + jx)

∣∣] ≤ E

[∣∣jx∣∣2
2

]
=

E
[|x|2]
2

(58)

Then we have

ej(μk−μl) ≈ 1 + j(μk − μl) (59)

Equation (57) can be approximated by

P̃(φ•) ≈ P̃a(φ•) =
1

K2

(
K +

K∑
k=1

K∑
l=1,l�=k

E
[
e−jα•,0zk ejα•,0zl (1 + jμk − jμl)

])
(60)

We define a new random variable

ξk � e−jα•,0zkμk (61)

Based on the pdf of zk, we have the following results
[6]

E[(u•)k] = E
[
e−jα•,0zk

]
= E

[
(u∗

•)k

]
=

⎧⎨
⎩

1, φ• = φ0
2J1(α•,0)

α•,0
, φ• = φ0

(62)

Using the result in Theorem 1, it is easy to calculate
the expectations of the following variables,

E[(u•)k(u∗
m)k] =

⎧⎨
⎩

1, φ• = φm, m = 1, 2, ..., M
2J1(α•,m)

α•,m
, φ• = φm, m = 1, 2, ..., M

(63)

E[(u•)k(um)k] =

⎧⎪⎪⎨
⎪⎪⎩

J1(2αm,0)
αm,0

, φ• = φm, m = 1, 2, ..., M

2J1(α̃•,m)
α̃•,m

, φ• = φm, m = 1, 2, ..., M
(64)

Consequently from Equations (63), (64) and (23), the
expectation of ξk can be calculated by

E[ξk] = E
[
e−jα•,0zkμk

]
=

M∑
m=1

qmE
[

(u•)k(um)k − (u•)k(u∗
m)k

2j

]
=

M∑
m=1

qm

2j
ς•,m (65)

where

ς•,m =

⎧⎪⎪⎨
⎪⎪⎩

J1(2αm,0)
αm,0

− 1, φ• = φm, m = 1, 2, ..., M

2J1(α̃•,m)
α̃•,m

− 2J1(α•,m)
α•,m

, φ• �= φm, m = 1, 2, ..., M
(66)

From Equation (65), it is easy to verify that

E
[
ξ∗

k

]
= −E [ξk] (67)

Meanwhile, ejα•,0zk and ejα•,0zl , l �= k are identical inde-

pendently distributed variables. ξk and ejα•,0zl , l �= k are
independently distributed random variables. Thus, with
the result in Equations (62) and (65), considering the
general case that j• ≠ j0, we can deduce the second
item in Equation (60) further by

K∑
k=1

K∑
l=1,l�=k

E
[
e−jα•,0zkejα•,0zl (1 + jμk − jμl)

]

= (K2 − K)

[(
2J1(α•,0)

α•,0

)2

+ jE[ξk]
2J1(α•,0)

α•,0
− jE[ξ∗

l ]
2J1(α•,0)

α•,0

]

= (K2 − K)

[(
2J1(α•,0)

α•,0

)2

+
2J1(α•,0)

α•,0

M∑
m=1

qmς•,m

]
(68)

Substituting Equation (68) into Equation (60), we have
final results

P̃(φ•) ≈ P̃a(φ•) =
1
K

+
K − 1

K

[(
2J1(α•,0)

α•,0

)2

+
J1(α•,0)

α•,0

M∑
m=1

qmς•,m

]
(69)

The error of the approximation in (61) can be
bounded using the result of (58) by

E
[∣∣ej(μk−μl) − 1 − jμk + jμl

∣∣] ≤ 1
2

E
[|μk − μl|2

]
= E

[
μ2

k

]− (E [μk])2 (70)

E[(y•)k] = E
[

(u•)k − (u•)∗
k

2j

]
= 0 (71)

Based on Equation (23) and the results of Equation
(62), we can deduce that

E[μk] = c�−1
2 E[(y1)k, (y2)k, ..., (yM)k]H = 0 (72)

In Theorem 2, it holds that

E[(y∗
m)k(yn)k] = (�2)m,n (73)

Therefore,

E{[(y1)k, (y2)k, ..., (yM)k]H[(y1)k, (y2)k, ..., (yM)k]} = �2 (74)
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E[μ2
k ] = E

[(
c�−1

2 [(y1)k, (y2)k, ..., (yM)k]H
)2
]

= c�−1
2 cH(75)

By substituting Equations (75), (72) into (70), we can
write

E
[
ej(μk−μl) − 1 − jμk + jμl

] ≤ c�−1
2 cH (76)

The approximation error in the second item of Equa-
tion (60) can be written

E
[∣∣∣e−jα•,0(zk−zl)(ej(μk−μl) − 1 − jμk + jμl)

∣∣∣] = E
[∣∣∣ej(μk−μl) − 1 − jμk + jμl

∣∣∣] ≤ c�−1
2 cH (77)

Then the estimation error ε between P̃a(φ•) and

P̃(φ•) can be written based on the result of Equation

(77)

ε = E
[∣∣∣P̃(φ•) − P̃a(φ•)

∣∣∣] =
K − 1

K
E
[∣∣∣e−jα•,0(zk−zl)(ej(μk−μl) − 1 − jμk + jμl)

∣∣∣] ≤ K − 1
K

c�−1
2 cH (78)

Appendix 4
Proof of Equation (27)
When j = j0 , the average beam pattern at j0 can be

written as:

P̃(φ0) = E
[

1
K

∣∣F(φ0)
∣∣2] =

1
K2

E

⎡
⎢⎣
∣∣∣∣∣∣

K∑
k=1

e
−j

4π

λ
rk sin(

φ0 + φ0 − �k

2
) sin(

φ0 − φ0

2
)+jμk

∣∣∣∣∣∣
2⎤⎥⎦

=
1
K

+
1

K2

K∑
k=1

K∑
l=1,l�=k

E
[
ej(μk−μl)

] (79)

Using the same approximation method in Equation
(59)

P̃(φ0) ≈ 1
K

+
1

K2

K∑
k=1

K∑
l=1,l�=k

E
[
1 + jμk − jμl

]
(80)

Based on the result in Equation (72), we can further
write

E[1 + jμk − jμl] = 1 (81)

Substituting Equation (81) into (80), we have the
result of Equation (27)

P̃(φ0) ≈ 1
K

+
1

K2
(K2 − K) = 1 (82)

Appendix 5
Proof of Equation (28)
Theorem 3 and the definition of Γ2 in Theorem 2

illustrate that, when j• = jm, m = 1,2,...,M,

ς•,n|φ•=φm = 2(�2)m,n, m, n = 1, 2, ..., M (83)

Therefore,

(
ςm,1, ςm,2, ..., ςm,M

)T = −2(�2)
Tvm = −2�2vm, m = 1, 2, ..., M (84)

where vm denotes a M × 1 vector with ones as the
entities of the mth row.
Meanwhile based on the definition of (q1, q2, ..., qM)

we can write when j• = jm, m = 1,2,...,M,

M∑
n=1

qn

2
ς•,n |φ•=φm

= −c�−1
2 �2vm = −cm = −2J1(αm,0)

αm,0
(85)

By substituting (85) into the average beam pattern in
Theorem 3,

P̃(φm) ≈ 1
K

+
K − 1

K

[(
2J1(αm,0)

αm,0

)2

− 2J1(αm,0)
αm,0

2J1(αm,0)
αm,0

]
=

1
K

(86)

Which shows the result of Equation (28).

Appendix 6
Proof of Theorem 4

P(φ•) =
1

K2

∣∣∣∣ K∑
k=1

e−jα•,0zk+jμk

∣∣∣∣
2

(87)

We define a new random variable

χ �
K∑

k=1

1
K

e−jα•,0zk+jμk ≈
K∑

k=1

(1 + jμk)e−jα•,0zk

K
=

K∑
K=1

e−jα•,0zk + jξk

K
(88)

Definition of ξk is shown in Appendix 3 Equation (61).

e−jα•,0zk + jξk and e−jα•,0zl + jξl, l �= k are identical inde-

pendently distributed variables. Thus, if K is large
enough, according to the Central Limit Theorem, c has
a Gaussian distribution, i.e. c ~ N(r, s2), where

ρ = E[χ] = E[e−jα•,0zk + jξk] (89)

σ 2 = D[χ] =
1
K

D[e−jα•,0zk + jξk] (90)

Using the result discussed in Equations (62) and (65)
in Appendix 3

ρ = E[e−jα•,0zk + jξk] =
2J(α•,0)

α•,0
+

M∑
m=1

qm

2
ς•,m (91)

From Equation (75) in Appendix 3,

σ 2 = D[e−jα•,0zk + ξk] = E
[∣∣e−jα•,0zk(1 + jμk)

∣∣2]− E
[
e−jα•,0zk + jξk

]2
= 1 + c�−1

2 cH − ρ2 (92)

Thus, by adopting the results shown in (91) and (92),

χ ∼ N(ρ,
1 + c�−1

2 cH − ρ2

K
) (93)
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From Equation (93), if we define a new random vari-
able g by g ≜ |c-r|, the distribution of g is Rayleigh dis-

tribution, i.e. γ ∼ Rayleigh(σ 2
0 ) , where σ 2

0 =
σ 2

2
. We

then are able to calculate the probability Prob{P(j•)|P
(j•) ≤ P0}. We next discuss the outcome for the differ-
ent cases.

If |ρ| >
√

P0, γ ∈ [|ρ| − √
P0, |ρ| +

√
P0
]
,

then

Prob
{
P(φ•)|P(φ•) ≤ P0

}
= F

(
|ρ| +

√
P0

)
− F

(
|ρ| +

√
P0

)
(94)

If |ρ| <
√

P0, γ ∈ [
0, |ρ| +

√
P0
]
,

then

Prob
{
P(φ•)|P(φ•) ≤ P0

}
= F

(
|ρ| +

√
P0

)
(95)

where

F(γ0) = Prob(γ |γ ≤ γ0) = 1−exp
(

− γ 2
0

2σ 2
0

)
= 1−exp[−γ 2

0 K/(1+c�−1
2 cH −ρ2)] (96)

By combining (94) and (95), it is easy to verify Theo-
rem 4.

Prob
{
P(φ•)|P(φ•) ≤ P0

}
= F

(
|ρ| +

√
P0

)
− sgn (|ρ| +

√
P0) + 1

2
F
(
|ρ| +

√
P0

)
.

.

Appendix 7
Proof of Equation (31)
Using the result of Equation (59) in appendix E, we

can write

ρ |φ•=φm
=

2J(αm,0)
αm,0

+
M∑

n=1

qn

2
ςm,n = 0 (97)

As a result,

Prob{P(φm)|P(φm) ≤ P0} = F(
√

P0) = 1 − exp
[−P0K/(1 + c�−1

2 cH)
]

(98)
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