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ABSTRACT

The propagator matrix “propagates” a full wave field from one depth level to an-

other, accounting for all propagation angles and evanescent waves. The Marchenko

focusing function forms the nucleus of data-driven Marchenko redatuming and

imaging schemes, accounting for internal multiples. These seemingly different con-

cepts appear to be closely related to each other. With this insight, the strong

aspects of the propagator matrix (such as the handling of evanescent waves) can

be transferred to the focusing function. Vice-versa, the propagator matrix inherits

from the focusing function that it can be retrieved from the reflection response,

which reduces its sensitivity to the subsurface model.

INTRODUCTION

The propagator matrix (Gilbert and Backus, 1966; Kennett, 1972; Woodhouse, 1974) “prop-

agates” a wave field from one depth level to another. It acts on the full wave field and hence it

implicitly accounts for downgoing and upgoing, propagating and evanescent waves. Unlike one-

way propagation operators used in seismic migration, the propagator matrix does not depend

on the square-root operator. This facilitates its numerical implementation, particularly for

waves with large propagation angles. Kosloff and Baysal (1983) proposed to use the propagator

matrix concept in seismic migration and called this “migration with the full acoustic wave equa-

tion.” They used filters to eliminate evanescent and downward propagating waves, hence, they

only exploited the advantageous numerical aspects. Wapenaar and Berkhout (1986) exploited

the fact that the propagator matrix (which they called the “two-way wavefield extrapolation

operator”) simultaneously handles downgoing and upgoing waves and proposed a migration

scheme that accounts for internal multiples. In this method the propagator matrix is defined
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on basis of a detailed subsurface model. Because this method appeared to be very sensitive to

the used model, it has not been developed beyond horizontally-layered medium applications.

The Marchenko method has been introduced as a data-driven way to deal with internal

multiples in seismic redatuming and imaging (Wapenaar et al., 2014; Broggini et al., 2014).

It uses focusing functions that are retrieved from the reflection response at the surface and a

macro velocity model that only needs to explain the direct arrival of the focusing functions.

The Marchenko method is in principle suited to handle internal multiples in large-scale 3D

imaging problems (Pereira et al., 2019; Staring and Wapenaar, 2020; Ravasi and Vasconcelos,

2021).

Becker et al. (2016), Wapenaar et al. (2017) and Elison (2020) indicate how full wavefield

propagation methods (Kosloff and Baysal, 1983; Wapenaar, 1993) can be used to model the

Marchenko focusing function when a detailed subsurface model is available. Here we present

a more general discussion on the relation between the propagator matrix and the focusing

function and briefly indicate new research directions.

Underlying assumptions of the Marchenko method are that the wave field inside the medium

can be decomposed into downgoing and upgoing waves and that evanescent waves can be

ignored. Only recently several approaches have been proposed that aim to circumvent these

assumptions (Diekmann and Vasconcelos, 2021; Kiraz et al., 2021; Wapenaar et al., 2021). In

the current paper we show that the Marchenko focusing function can be explicitly expressed

in terms of the propagator matrix and vice versa. On the one hand this allows to extend the

validity of the focusing function to full (non-decomposed) wave fields, including evanescent

waves. On the other hand it opens the way to use the propagator matrix in imaging problems,

without the usual sensitivity to the subsurface model, because the multiples in the propagator

matrix are now retrieved from the reflection response.
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In this paper we limit ourselves to establishing the relation between the propagator matrix

and the Marchenko focusing function. A detailed discussion of its potential applications is

beyond the scope of this paper.

THE PROPAGATOR MATRIX

Our starting point is the following matrix-vector wave equation in the space-frequency (x, ω)

domain

∂3q = Aq + d, (1)

with wavefield vector q(x, ω), operator matrix A(x, ω) and source vector d(x, ω) defined as

q =

 p

v3

 , A =

 0 iωρ

iωκ− 1
iω
∂α

1
ρ
∂α 0

 , d =

f̂3
q

 (2)

(Corones, 1975; Kosloff and Baysal, 1983; Fishman and McCoy, 1984; Wapenaar and Berkhout,

1986). Here p(x, ω) and v3(x, ω) are the pressure and vertical particle velocity of the acoustic

wave field, κ(x) and ρ(x) the compressibility and mass density of the lossless inhomogeneous

medium, and q(x, ω) and f̂3(x, ω) the volume injection rate and external vertical force densities

(the hat is used to distinguish the external force from a focusing function). Furthermore, i is

the imaginary unit and the summation convention holds for repeated subscripts, with Greek

subscripts taking the values 1 and 2 only. The propagator matrix W(x,xR, ω) is defined as the

solution of the source-free wave equation

∂3W = AW, (3)
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with boundary condition

W(x,xR, ω)|x3=x3,R = Iδ(xH − xH,R), (4)

with horizontal coordinate vectors xH = (x1, x2) and xH,R = (x1,R, x2,R), and I denoting a 2×2

identity matrix. Let ∂DR denote a horizontal boundary at x3 = x3,R. The propagator matrix

“propagates” the field q(x, ω) from ∂DR to any depth level x3 as follows

q(x, ω) =

∫
∂DR

W(x,xR, ω)q(xR, ω)dxR (5)

(Gilbert and Backus, 1966; Kennett, 1972; Woodhouse, 1974), assuming the source vector

d(x, ω) is zero between ∂DR and depth level x3. We partition W as follows

W(x,xR, ω) =

W p,p W p,v

W v,p W v,v

 (x,xR, ω), (6)

with the first and second superscript referring to the field quantities at x and xR, respectively.

From equations 3 and 4 and the structure of A in equation 2 it follows that W p,p and W v,v are

real-valued, whereas W p,v and W v,p are imaginary-valued. The propagator matrix can be built

up recursively, according to

W(x,xR, ω) =

∫
∂DA

W(x,xA, ω)W(xA,xR, ω)dxA, (7)

where ∂DA is a horizontal boundary at x3,A. The arrangement of x3,R, x3,A and x3 is arbitrary.

As an illustration, we consider the propagator matrix for a laterally invariant medium. For

this situation it is convenient to consider the propagator matrix in the horizontal slowness
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domain, i.e., W̃(s1, x3, x3,R, ω), with s1 denoting the horizontal slowness. In a homogeneous

layer, the elements of W̃ are given by

W̃ p,p(s1, x3, x3,R, ω) = cos(ωs3∆x3), (8)

W̃ p,v(s1, x3, x3,R, ω) =
iρ

s3
sin(ωs3∆x3), (9)

W̃ v,p = (s23/ρ
2)W̃ p,v and W̃ v,v = W̃ p,p, with ∆x3 = x3−x3,R, and vertical slowness s3 defined as

s3 =
√

1/c2 − s21, with propagation velocity c = 1/
√
κρ. These expressions hold for propagating

and evanescent waves. For propagating waves (s21 ≤ 1/c2), their temporal inverse Fourier

transforms read

W p,p(s1, x3, x3,R, τ) =
1

2
{δ(τ − s3∆x3) + δ(τ + s3∆x3), (10)

W p,v(s1, x3, x3,R, τ) =
ρ

2s3
{δ(τ − s3∆x3)− δ(τ + s3∆x3), (11)

etc., where τ is the intercept time. Note that W p,p and W v,v are symmetric, whereas W p,v and

W v,p are anti-symmetric. For the horizontally layered medium of Figure 1a, Figure 1b shows

the symmetric element W p,p(s1, x3, x3,R, τ) as a function of x3 and τ , convolved with a Ricker

wavelet with a central frequency of 50 Hz, for a single horizontal slowness s1 = 1/3000 s/m.

The trace at x3 = x3,R = 0 m shows the boundary condition W p,p(s1, x3,R, x3,R, τ) = δ(τ). The

traces between x3,R and x3,1 show the two delta functions in the right-hand side of equation

10 (convolved with the Ricker wavelet). The traces in the deeper layers are the result of the

recursive application of equation 7 in the slowness intercept-time domain. In a similar way,

Figure 1c shows the anti-symmetric element W p,v(s1, x3, x3,R, τ). The trace at x3 = x3,R = 0 m

shows the boundary condition W p,v(s1, x3,R, x3,R, τ) = 0.
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THE MARCHENKO FOCUSING FUNCTION

From here onward we let ∂DR at depth x3,R denote a transparent acquisition boundary.

The medium above this boundary is homogeneous; below this boundary the medium is inho-

mogeneous and source-free. Before we return to the 3D situation, we discuss the Marchenko

focusing function F (s1, x3, x3,R, τ) for a horizontally layered medium in the slowness intercept-

time domain. This focusing function is a solution of the wave equation, with focusing condition

F (s1, x3,R, x3,R, τ) = δ(τ). Hence, F focuses at the acquisition boundary, similar as the focus-

ing function f2 of Wapenaar et al. (2014). Further we demand that F is purely upgoing at

and above ∂DR. This focusing function is illustrated in Figure 1d for the horizontally layered

medium of Figure 1a. At the bottom we see four upgoing waves (indicated by the blue arrows),

which are tuned such that at x3 = x3,R = 0 a single upgoing wave focuses at τ = 0. Note that

F in Figure 1d resembles a number of events of the propagator element W p,p in Figure 1b. As

a matter of fact, F can be expressed as a combination of the symmetric and anti-symmetric

functions W p,p and W p,v of Figures 1b and 1c, according to

F (s1, x3, x3,R, τ) = W p,p(s1, x3, x3,R, τ)− s3,0
ρ0
W p,v(s1, x3, x3,R, τ), (12)

where ρ0 and s3,0 are the mass density and vertical slowness, respectively, of the homogeneous

upper half-space. Conversely, using the fact that W p,p is symmetric and W p,v is anti-symmetric,

we can construct these elements from the focusing function F , according to

W p,p(s1, x3, x3,R, τ) =
1

2
{F (s1, x3, x3,R, τ) + F (s1, x3, x3,R,−τ)}, (13)

W p,v(s1, x3, x3,R, τ) = − ρ0
2s3,0
{F (s1, x3, x3,R, τ)− F (s1, x3, x3,R,−τ)}. (14)
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We now return to the 3D situation and derive relations similar to equations 12 − 14. In the

homogeneous upper half-space (including the boundary ∂DR) we define pressure-normalized

downgoing and upgoing waves p+ and p−, respectively. In the space-frequency domain, we

relate these fields to p and v3 via q = Lp, with q defined in equation 2 and

L =

 1 1

1
ωρ0
H1 − 1

ωρ0
H1

 , p =

p+
p−

 . (15)

Here H1 is the square-root of the Helmholtz operator ω2/c20 + ∂α∂α in the homogeneous upper

half-space (Corones, 1975; Fishman and McCoy, 1984; Wapenaar and Berkhout, 1986). Substi-

tution of q = Lp into equation 5 gives, for x in the inhomogeneous and source-free half-space

below ∂DR,

q(x, ω) =

∫
∂DR

Y(x,xR, ω)p(xR, ω)dxR, (16)

for x3 ≥ x3,R, with Y(x,xR, ω) = W(x,xR, ω)L(xR, ω), or

Y(x,xR, ω) =

W p,p W p,v

W v,p W v,v


 1 1

H←−1
1
ωρ0
−H←−1

1
ωρ0

 . (17)

Here H←−1(xR, ω) acts on the quantity left of it (this follows from the fact that H1 is a symmetric

operator). From equations 16 and 17, with q and p defined in equations 2 and 15, we obtain

for the first element of vector q

p(x, ω) =

∫
∂DR

F ∗(x,xR, ω)p+(xR, ω)dxR +

∫
∂DR

F (x,xR, ω)p−(xR, ω)dxR, (18)
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for x3 ≥ x3,R (superscript ∗ denotes complex conjugation), with focusing function F (x,xR, ω)

defined as

F (x,xR, ω) = W p,p(x,xR, ω)− 1

ωρ0
H1(xR, ω)W p,v(x,xR, ω). (19)

Here we used the fact that W p,p and W p,v are real- and imaginary-valued, respectively. More-

over, we assumed that H1(xR, ω) is real-valued, which implies that we ignored evanescent waves

at ∂DR. Equation 18 was derived previously via another route (Wapenaar et al., 2021); the

explicit expression for F in equation 19 is new. Note the analogy with the definition of the

focusing function in the slowness intercept-time domain in equation 12. From equations 4, 6

and 19 we find F (x,xR, ω)|x3=x3,R = δ(xH − xH,R), which confirms that F is indeed a focusing

function. The focusing function is visualised in Figure 2a. Conversely, using that W p,p and

W p,v are real- and imaginary-valued, respectively, we find

W p,p(x,xR, ω) = <{F (x,xR, ω)}, (20)

W p,v(x,xR, ω) = −iωρ0H−1
1 (xR, ω)={F (x,xR, ω)}, (21)

where < and = stand for the real and imaginary part, respectively. From equations 3 and 6,

with A defined in equation 2, we obtain for the other two elements of the propagator matrix

W v,p(x,xR, ω) =
1

iωρ(x)
∂3W

p,p(x,xR, ω), (22)

W v,v(x,xR, ω) =
1

iωρ(x)
∂3W

p,v(x,xR, ω). (23)
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GREEN’S MATRIX REPRESENTATIONS

We define the Green’s matrix G(x,xS, ω) as the solution of wave equation 1 with a unit

source at xS, hence

∂3G = AG + Iδ(x− xS). (24)

Moreover, we demand that G obeys Sommerfeld’s radiation condition at infinity. We partition

G as follows

G(x,xS, ω) =

Gp,f Gp,q

Gv,f Gv,q

 (x,xS, ω), (25)

with the first and second superscript referring to the field quantity at x and the source quantity

at xS, respectively. We choose xS at a vanishing distance above ∂DR. For this situation, we

write for the downgoing and upgoing components of Gp,f at ∂DR (i.e., just below the source)

2Gp,f+(x,xS, ω)|x3=x3,R = δ(xH − xH,S), (26)

2Gp,f−(xR,xS, ω) = R(xR,xS, ω), (27)

with xH,S = (x1,S, x2,S), and R(xR,xS, ω) denoting the reflection response of the inhomogeneous

medium below ∂DR, see Figure 2b. Substitution of Gp,f and Gp,f± for p and p± in equation 18

gives

2Gp,f (x,xS, ω) =

∫
∂DR

F (x,xR, ω)R(xR,xS, ω)dxR + F ∗(x,xS, ω), (28)
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for x3 ≥ x3,R. This representation (when transformed to the time domain) has a comparable

form as equation 13 in Wapenaar et al. (2014). Hence, it forms the basis for a Marchenko

scheme to derive the focusing function F from the reflection response R and an estimate of the

direct arrival of F . However, unlike in the aforementioned reference we did not assume that,

inside the medium, F can be decomposed into downgoing and upgoing constituents and that the

evanescent field can be ignored. Here we only made such assumptions in the homogeneous upper

half-space (including ∂DR). Hence, the representation of equation 28 accounts for example for

refracted waves in high-velocity layers and it remains valid in caustics. How to exploit the more

general validity of this representation for the retrieval of the focusing function in complex cases

is subject of current research. In particular, it needs to be investigated how to deal with the

temporal overlap of the Green’s function and the focusing function for refracted and evanescent

waves.

The propagator matrix W can be constructed from the focusing function F via equations

6 and 20 − 23. Assuming F is obtained with the traditional Marchenko method, W inherits

its relative insensitivity to inaccuracies in the subsurface model: its direct arrivals come from a

macro model and its scattering coda from the reflection response R at the surface. Subsequently,

W can be used in equation 5 for “migration based on the two-way wave equation” (Wapenaar

and Berkhout, 1986). Replacing q by G in equation 5 we obtain

G(x,xS, ω) =

∫
∂DR

W(x,xR, ω)G(xR,xS, ω)dxR, (29)

for x3 ≥ x3,R > x3,S. Hence, W can also be used for retrieving the complete Green’s matrix

between the surface and any subsurface location. Finally, we show that it can be used for

retrieval of the homogeneous Green’s matrix between two subsurface locations. We define

this matrix as Gh(x,xA, ω) = G(x,xA, ω) − JG∗(x,xA, ω)J, with J = diag(1,−1). Using
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JA∗J = A, it follows that Gh obeys equation 24 without the source term, analogous to the

scalar homogeneous Green’s function (Oristaglio, 1989). Replacing q by Gh in equation 5 we

obtain

Gh(x,xA, ω) =

∫
∂DR

W(x,xR, ω)Gh(xR,xA, ω)dxR, (30)

where the arrangement of x3,R, x3,A and x3 is arbitrary (since Gh obeys a source-free wave

equation). This generalises the scalar single-sided homogeneous Green’s function representation

(Wapenaar et al., 2017).

CONCLUSIONS

We have shown that the focusing function used in Marchenko imaging is intimately related

to the propagator matrix. By deriving the focusing function directly from the propagator

matrix, we circumvented up-down decomposition and did not ignore evanescent waves inside

the medium. This may ultimately lead to more general Marchenko schemes, with the ability to

accurately image steep flanks and to account for evanescent and refracted waves. Conversely,

by constructing the propagator matrix from the focusing function obtained with the traditional

data-driven Marchenko method, the propagator matrix may be used in migration and Green’s

matrix retrieval schemes, circumventing the sensitivity of the model-driven propagator matrix

to the subsurface model. Last, but not least, the matrix-vector formalism used in this paper

facilitates a generalisation of the discussed relations to other wave phenomena.
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Captions

Figure 1. (a) Horizontally layered medium. (b) Symmetric propagator element

W p,p(s1, x3, x3,R, τ) (fixed s1 and x3,R), convolved with a wavelet. (c) Anti-symmetric

propagator element W p,v(s1, x3, x3,R, τ). (d) Focusing function F (s1, x3, x3,R, τ).

Figure 2. Visualisation of (a) the focusing function F (x,xR, ω) and (b) the Green’s function

Gp,f (x,xS, ω) and the reflection response R(xR,xS, ω).
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FIGURES
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(a)
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x3,4 = 1200m
<latexit sha1_base64="v4/r0ZS1bB2YXY4kxFQeyDUx/0o=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopSkLdiNUHDjsoJ9QBPCZDpph85MwsxELKHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv994TJowq7Tjf1tr6xubWdmGnuLu3f3BoHx13VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HNzO/+0CkorG415OE+BwNBY0oRtpIgX36GGS1cn167VYdxytnnuSQTwO75FScOeAqcXNSAjlagf3lDWKcciI0Zkipvusk2s+Q1BQzMi16qSIJwmM0JH1DBeJE+dn8/Cm8MMoARrE0JTScq78nMsSVmvDQdHKkR2rZm4n/ef1URw0/oyJJNRF4sShKGdQxnGUBB1QSrNnEEIQlNbdCPEISYW0SK5oQ3OWXV0mnWnFrlepdvdRs5HEUwBk4B5fABVegCW5BC7QBBhl4Bq/gzXqyXqx362PRumblMyfgD6zPH+V8lCE=</latexit>

c4 = 2200m/s
<latexit sha1_base64="bXp+vG60Lp0ce7AZhWfahob2uFk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJLNiNUHDjsoJ9QBPCZDpph85MwsxEqKH4K25cKOLW/3Dn3zh9LLT1wIXDOfdy7z1RyqjSjvNtFVZW19Y3ipulre2d3T17/6Clkkxi0sQJS2QnQoowKkhTU81IJ5UE8YiRdjS8mfjtByIVTcS9HqUk4KgvaEwx0kYK7SMcVq89z3H8c5j7kkN+ocahXXYqzhRwmbhzUgZzNEL7y+8lOONEaMyQUl3XSXWQI6kpZmRc8jNFUoSHqE+6hgrEiQry6fVjeGqUHowTaUpoOFV/T+SIKzXikenkSA/UojcR//O6mY5rQU5Fmmki8GxRnDGoEziJAvaoJFizkSEIS2puhXiAJMLaBFYyIbiLLy+TlldxLyveXbVcr83jKIJjcALOgAuuQB3cggZoAgwewTN4BW/Wk/VivVsfs9aCNZ85BH9gff4As6GTbg==</latexit>

x3,1 = 300m
<latexit sha1_base64="kK+AOJNE7Gkgf2H5JMSqXfCkF0o=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUrSCnYjFNy4rGAf0IQwmU7aoTOTMDMRayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtrayurW9sFraK2zu7e/v2wWFbxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0PfU790QqGos7PU6Iz9FA0IhipI0U2McPQVYru5OrmuN45cyTHPJJYJecijMDXCZuTkogRzOwv7x+jFNOhMYMKdVznUT7GZKaYkYmRS9VJEF4hAakZ6hAnCg/m10/gWdG6cMolqaEhjP190SGuFJjHppOjvRQLXpT8T+vl+qo7mdUJKkmAs8XRSmDOobTKGCfSoI1GxuCsKTmVoiHSCKsTWBFE4K7+PIyaVcrbq1Svb0oNep5HAVwAk7BOXDBJWiAG9AELYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fbf2T5A==</latexit>

x3,2 = 600m
<latexit sha1_base64="NWROKIHcyfY912MHsZ9hIyMsUSE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrQboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1Si27urAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3Q8k+g=</latexit>

x3,3 = 900m
<latexit sha1_base64="lOGdSPQ6ZKmpDfmoB4rDpTKP75I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrAuhIIblxXsA5oQJtNJO3QmCTMTsYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jx4xKZVnfRmFldW19o7hZ2tre2d0z9w86MkoEJm0csUj0fCQJoyFpK6oY6cWCIO4z0vXH11O/e0+EpFF4pyYxcTkahjSgGCkteebRg5fWK/Xs6tKynErqCA555pllq2rNAJeJnZMyyNHyzC9nEOGEk1BhhqTs21as3BQJRTEjWclJJIkRHqMh6WsaIk6km86uz+CpVgYwiISuUMGZ+nsiRVzKCfd1J0dqJBe9qfif109U0HBTGsaJIiGeLwoSBlUEp1HAARUEKzbRBGFB9a0Qj5BAWOnASjoEe/HlZdKpVe16tXZ7Xm428jiK4BicgDNggwvQBDegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH3p7k+w=</latexit>

c2 = 2000m/s
<latexit sha1_base64="gUhY3YlI2hOCzE8UpfXAfvCaJB8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJFOxGKLhxWcE+oAlhMp20Q2cmYWYi1FD8FTcuFHHrf7jzb5y2WWj1wIXDOfdy7z1RyqjSjvNllZaWV1bXyuuVjc2t7R17d6+tkkxi0sIJS2Q3QoowKkhLU81IN5UE8YiRTjS6nvqdeyIVTcSdHqck4GggaEwx0kYK7QMcelee4zj+Kcx9ySE/U5PQrjo1Zwb4l7gFqYICzdD+9PsJzjgRGjOkVM91Uh3kSGqKGZlU/EyRFOERGpCeoQJxooJ8dv0EHhulD+NEmhIaztSfEzniSo15ZDo50kO16E3F/7xepuN6kFORZpoIPF8UZwzqBE6jgH0qCdZsbAjCkppbIR4iibA2gVVMCO7iy39J26u55zXv9qLaqBdxlMEhOAInwAWXoAFuQBO0AAYP4Am8gFfr0Xq23qz3eWvJKmb2wS9YH9+tU5Nq</latexit>

c3 = 2600m/s
<latexit sha1_base64="jZ3P6OndmLwBuwrwxpsnbxTBq8M=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJK9qNUHDjsoJ9QBPCZDpph85MwsxEqKH4K25cKOLW/3Dn3zhts9DqgQuHc+7l3nvChFGlHefLKiwtr6yuFddLG5tb2zv27l5bxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0PfU790QqGos7PU6Iz9FA0IhipI0U2Ac4qF1VLxzHO4WZJznkZ2oS2GWn4swA/xI3J2WQoxnYn14/xiknQmOGlOq5TqL9DElNMSOTkpcqkiA8QgPSM1QgTpSfza6fwGOj9GEUS1NCw5n6cyJDXKkxD00nR3qoFr2p+J/XS3VU9zMqklQTgeeLopRBHcNpFLBPJcGajQ1BWFJzK8RDJBHWJrCSCcFdfPkvaVcrbq1SvT0vN+p5HEVwCI7ACXDBJWiAG9AELYDBA3gCL+DVerSerTfrfd5asPKZffAL1sc3uFSTcQ==</latexit>

x3,R = 0m
<latexit sha1_base64="cTxaJu9hkvYOWd2xlx7FtDiki9E=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1KSVrAXoeDFYxVbC00Im+22Xbq7CbsbaQn5K148KOLVP+LNf+O2zUFbHww83pthZl4YM6q043xbhY3Nre2d4m5pb//g8Mg+LndVlEhMOjhikeyFSBFGBeloqhnpxZIgHjLyGE5u5v7jE5GKRuJBz2LiczQSdEgx0kYK7PI0SBvV++za8aqpJznkWWBXnJqzAFwnbk4qIEc7sL+8QYQTToTGDCnVd51Y+ymSmmJGspKXKBIjPEEj0jdUIE6Uny5uz+C5UQZwGElTQsOF+nsiRVypGQ9NJ0d6rFa9ufif10/0sOmnVMSJJgIvFw0TBnUE50HAAZUEazYzBGFJza0Qj5FEWJu4SiYEd/XlddKt19xGrX53WWk18ziK4BScgQvggivQAregDToAgyl4Bq/gzcqsF+vd+li2Fqx85gT8gfX5A7fdk44=</latexit>
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(b)

boundary condition
<latexit sha1_base64="FjDCV+L0lid+eAbPgiwUNAh63F0=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkdWGXBTcuK9gHNKFMJpN26DzCzEQIoW78FTcuFHHrX7jzb5y0WWjrgQuHc+7lck6YUKK0635blbX1jc2t6nZtZ3dv/8A+POopkUqEu0hQIQchVJgSjruaaIoHicSQhRT3w+lN4fcfsFRE8HudJThgcMxJTBDURhrZJ75keShSHkGZ+ZdI8IgUzmxk192GO4ezSryS1EGJzsj+8iOBUoa5RhQqNfTcRAc5lJogimc1P1U4gWgKx3hoKIcMqyCfJ5g550aJnFhIM1w7c/X3RQ6ZUhkLzSaDeqKWvUL8zxumOm4FOeFJqjFHi0dxSh0tnKIOJyISI00zQyCSJjpy0ARKiLQprWZK8JYjr5Jes+FdNZp3zXq7VdZRBafgDFwAD1yDNrgFHdAFCDyCZ/AK3qwn68V6tz4WqxWrvDkGf2B9/gBsT5d5</latexit>

⌧ (s)
<latexit sha1_base64="8HsrKzOrkA3ZzdApvu7beLkHN44=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJFXThouDGZQX7gCaUyXTSDp2ZhHkINfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw7ZKjMSkhROWyG6EFGFUkJammpFuKgniESOdaHw78zuPRCqaiAc9SUnI0VDQmGKkrdR3y4FGJjivZoHkUE3P+m7Fq3lzwFXi56QCcjT77lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fzwKTy1ygDGibQlNJyrvycyxJWa8Mh2cqRHatmbif95PaPj6zCjIjWaCLxYFBsGdQJnKcABlQRrNrEEYUntrRCPkERY26xKNgR/+eVV0q7X/Ita/f6y0rjJ4yiCY3ACqsAHV6AB7kATtAAGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHz/+ShA==</latexit>

�(⌧)
<latexit sha1_base64="qt0pugzM646eaEja5NGdwEJIX1M=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkpSBXssePFYwdZCE8pms2mXbjZhd1YooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCzPBNbjut1Pa2Nza3invVvb2Dw6PqscnPZ0aRVmXpiJV/ZBoJrhkXeAgWD9TjCShYI/h5HbuPz4xpXkqH2CasSAhI8ljTglYyfcjJoDUfSDmclituQ13AbxOvILUUIHOsPrlRyk1CZNABdF64LkZBDlRwKlgs4pvNMsInZARG1gqScJ0kC9unuELq0Q4TpUtCXih/p7ISaL1NAltZ0JgrFe9ufifNzAQt4Kcy8wAk3S5KDYCQ4rnAeCIK0ZBTC0hVHF7K6ZjoggFG1PFhuCtvrxOes2Gd9Vo3l/X2q0ijjI6Q+eojjx0g9roDnVQF1GUoWf0it4c47w4787HsrXkFDOn6A+czx97UZFJ</latexit>

x3,4 = 1200m
<latexit sha1_base64="v4/r0ZS1bB2YXY4kxFQeyDUx/0o=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopSkLdiNUHDjsoJ9QBPCZDpph85MwsxELKHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv994TJowq7Tjf1tr6xubWdmGnuLu3f3BoHx13VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HNzO/+0CkorG415OE+BwNBY0oRtpIgX36GGS1cn167VYdxytnnuSQTwO75FScOeAqcXNSAjlagf3lDWKcciI0Zkipvusk2s+Q1BQzMi16qSIJwmM0JH1DBeJE+dn8/Cm8MMoARrE0JTScq78nMsSVmvDQdHKkR2rZm4n/ef1URw0/oyJJNRF4sShKGdQxnGUBB1QSrNnEEIQlNbdCPEISYW0SK5oQ3OWXV0mnWnFrlepdvdRs5HEUwBk4B5fABVegCW5BC7QBBhl4Bq/gzXqyXqx362PRumblMyfgD6zPH+V8lCE=</latexit>

x3,1 = 300m
<latexit sha1_base64="kK+AOJNE7Gkgf2H5JMSqXfCkF0o=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUrSCnYjFNy4rGAf0IQwmU7aoTOTMDMRayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtrayurW9sFraK2zu7e/v2wWFbxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0PfU790QqGos7PU6Iz9FA0IhipI0U2McPQVYru5OrmuN45cyTHPJJYJecijMDXCZuTkogRzOwv7x+jFNOhMYMKdVznUT7GZKaYkYmRS9VJEF4hAakZ6hAnCg/m10/gWdG6cMolqaEhjP190SGuFJjHppOjvRQLXpT8T+vl+qo7mdUJKkmAs8XRSmDOobTKGCfSoI1GxuCsKTmVoiHSCKsTWBFE4K7+PIyaVcrbq1Svb0oNep5HAVwAk7BOXDBJWiAG9AELYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fbf2T5A==</latexit>

x3,2 = 600m
<latexit sha1_base64="NWROKIHcyfY912MHsZ9hIyMsUSE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrQboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1Si27urAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3Q8k+g=</latexit>

x3,3 = 900m
<latexit sha1_base64="lOGdSPQ6ZKmpDfmoB4rDpTKP75I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrAuhIIblxXsA5oQJtNJO3QmCTMTsYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jx4xKZVnfRmFldW19o7hZ2tre2d0z9w86MkoEJm0csUj0fCQJoyFpK6oY6cWCIO4z0vXH11O/e0+EpFF4pyYxcTkahjSgGCkteebRg5fWK/Xs6tKynErqCA555pllq2rNAJeJnZMyyNHyzC9nEOGEk1BhhqTs21as3BQJRTEjWclJJIkRHqMh6WsaIk6km86uz+CpVgYwiISuUMGZ+nsiRVzKCfd1J0dqJBe9qfif109U0HBTGsaJIiGeLwoSBlUEp1HAARUEKzbRBGFB9a0Qj5BAWOnASjoEe/HlZdKpVe16tXZ7Xm428jiK4BicgDNggwvQBDegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH3p7k+w=</latexit>

x3,R = 0m
<latexit sha1_base64="cTxaJu9hkvYOWd2xlx7FtDiki9E=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1KSVrAXoeDFYxVbC00Im+22Xbq7CbsbaQn5K148KOLVP+LNf+O2zUFbHww83pthZl4YM6q043xbhY3Nre2d4m5pb//g8Mg+LndVlEhMOjhikeyFSBFGBeloqhnpxZIgHjLyGE5u5v7jE5GKRuJBz2LiczQSdEgx0kYK7PI0SBvV++za8aqpJznkWWBXnJqzAFwnbk4qIEc7sL+8QYQTToTGDCnVd51Y+ymSmmJGspKXKBIjPEEj0jdUIE6Uny5uz+C5UQZwGElTQsOF+nsiRVypGQ9NJ0d6rFa9ufif10/0sOmnVMSJJgIvFw0TBnUE50HAAZUEazYzBGFJza0Qj5FEWJu4SiYEd/XlddKt19xGrX53WWk18ziK4BScgQvggivQAregDToAgyl4Bq/gzcqsF+vd+li2Fqx85gT8gfX5A7fdk44=</latexit>
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(c)

boundary condition
<latexit sha1_base64="FjDCV+L0lid+eAbPgiwUNAh63F0=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkdWGXBTcuK9gHNKFMJpN26DzCzEQIoW78FTcuFHHrX7jzb5y0WWjrgQuHc+7lck6YUKK0635blbX1jc2t6nZtZ3dv/8A+POopkUqEu0hQIQchVJgSjruaaIoHicSQhRT3w+lN4fcfsFRE8HudJThgcMxJTBDURhrZJ75keShSHkGZ+ZdI8IgUzmxk192GO4ezSryS1EGJzsj+8iOBUoa5RhQqNfTcRAc5lJogimc1P1U4gWgKx3hoKIcMqyCfJ5g550aJnFhIM1w7c/X3RQ6ZUhkLzSaDeqKWvUL8zxumOm4FOeFJqjFHi0dxSh0tnKIOJyISI00zQyCSJjpy0ARKiLQprWZK8JYjr5Jes+FdNZp3zXq7VdZRBafgDFwAD1yDNrgFHdAFCDyCZ/AK3qwn68V6tz4WqxWrvDkGf2B9/gBsT5d5</latexit>

x3,4 = 1200m
<latexit sha1_base64="v4/r0ZS1bB2YXY4kxFQeyDUx/0o=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopSkLdiNUHDjsoJ9QBPCZDpph85MwsxELKHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv994TJowq7Tjf1tr6xubWdmGnuLu3f3BoHx13VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HNzO/+0CkorG415OE+BwNBY0oRtpIgX36GGS1cn167VYdxytnnuSQTwO75FScOeAqcXNSAjlagf3lDWKcciI0Zkipvusk2s+Q1BQzMi16qSIJwmM0JH1DBeJE+dn8/Cm8MMoARrE0JTScq78nMsSVmvDQdHKkR2rZm4n/ef1URw0/oyJJNRF4sShKGdQxnGUBB1QSrNnEEIQlNbdCPEISYW0SK5oQ3OWXV0mnWnFrlepdvdRs5HEUwBk4B5fABVegCW5BC7QBBhl4Bq/gzXqyXqx362PRumblMyfgD6zPH+V8lCE=</latexit>

x3,1 = 300m
<latexit sha1_base64="kK+AOJNE7Gkgf2H5JMSqXfCkF0o=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUrSCnYjFNy4rGAf0IQwmU7aoTOTMDMRayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtrayurW9sFraK2zu7e/v2wWFbxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0PfU790QqGos7PU6Iz9FA0IhipI0U2McPQVYru5OrmuN45cyTHPJJYJecijMDXCZuTkogRzOwv7x+jFNOhMYMKdVznUT7GZKaYkYmRS9VJEF4hAakZ6hAnCg/m10/gWdG6cMolqaEhjP190SGuFJjHppOjvRQLXpT8T+vl+qo7mdUJKkmAs8XRSmDOobTKGCfSoI1GxuCsKTmVoiHSCKsTWBFE4K7+PIyaVcrbq1Svb0oNep5HAVwAk7BOXDBJWiAG9AELYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fbf2T5A==</latexit>

x3,2 = 600m
<latexit sha1_base64="NWROKIHcyfY912MHsZ9hIyMsUSE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrQboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1Si27urAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3Q8k+g=</latexit>

x3,3 = 900m
<latexit sha1_base64="lOGdSPQ6ZKmpDfmoB4rDpTKP75I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrAuhIIblxXsA5oQJtNJO3QmCTMTsYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jx4xKZVnfRmFldW19o7hZ2tre2d0z9w86MkoEJm0csUj0fCQJoyFpK6oY6cWCIO4z0vXH11O/e0+EpFF4pyYxcTkahjSgGCkteebRg5fWK/Xs6tKynErqCA555pllq2rNAJeJnZMyyNHyzC9nEOGEk1BhhqTs21as3BQJRTEjWclJJIkRHqMh6WsaIk6km86uz+CpVgYwiISuUMGZ+nsiRVzKCfd1J0dqJBe9qfif109U0HBTGsaJIiGeLwoSBlUEp1HAARUEKzbRBGFB9a0Qj5BAWOnASjoEe/HlZdKpVe16tXZ7Xm428jiK4BicgDNggwvQBDegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH3p7k+w=</latexit>

x3,R = 0m
<latexit sha1_base64="cTxaJu9hkvYOWd2xlx7FtDiki9E=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1KSVrAXoeDFYxVbC00Im+22Xbq7CbsbaQn5K148KOLVP+LNf+O2zUFbHww83pthZl4YM6q043xbhY3Nre2d4m5pb//g8Mg+LndVlEhMOjhikeyFSBFGBeloqhnpxZIgHjLyGE5u5v7jE5GKRuJBz2LiczQSdEgx0kYK7PI0SBvV++za8aqpJznkWWBXnJqzAFwnbk4qIEc7sL+8QYQTToTGDCnVd51Y+ymSmmJGspKXKBIjPEEj0jdUIE6Uny5uz+C5UQZwGElTQsOF+nsiRVypGQ9NJ0d6rFa9ufif10/0sOmnVMSJJgIvFw0TBnUE50HAAZUEazYzBGFJza0Qj5FEWJu4SiYEd/XlddKt19xGrX53WWk18ziK4BScgQvggivQAregDToAgyl4Bq/gzcqsF+vd+li2Fqx85gT8gfX5A7fdk44=</latexit>

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

-0.4                   -0.2                    0.0                    0.2                   0.4                     ⌧ (s)
<latexit sha1_base64="8HsrKzOrkA3ZzdApvu7beLkHN44=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJFXThouDGZQX7gCaUyXTSDp2ZhHkINfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw7ZKjMSkhROWyG6EFGFUkJammpFuKgniESOdaHw78zuPRCqaiAc9SUnI0VDQmGKkrdR3y4FGJjivZoHkUE3P+m7Fq3lzwFXi56QCcjT77lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fzwKTy1ygDGibQlNJyrvycyxJWa8Mh2cqRHatmbif95PaPj6zCjIjWaCLxYFBsGdQJnKcABlQRrNrEEYUntrRCPkERY26xKNgR/+eVV0q7X/Ita/f6y0rjJ4yiCY3ACqsAHV6AB7kATtAAGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHz/+ShA==</latexit>
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x3,4 = 1200m
<latexit sha1_base64="v4/r0ZS1bB2YXY4kxFQeyDUx/0o=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopSkLdiNUHDjsoJ9QBPCZDpph85MwsxELKHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv994TJowq7Tjf1tr6xubWdmGnuLu3f3BoHx13VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HNzO/+0CkorG415OE+BwNBY0oRtpIgX36GGS1cn167VYdxytnnuSQTwO75FScOeAqcXNSAjlagf3lDWKcciI0Zkipvusk2s+Q1BQzMi16qSIJwmM0JH1DBeJE+dn8/Cm8MMoARrE0JTScq78nMsSVmvDQdHKkR2rZm4n/ef1URw0/oyJJNRF4sShKGdQxnGUBB1QSrNnEEIQlNbdCPEISYW0SK5oQ3OWXV0mnWnFrlepdvdRs5HEUwBk4B5fABVegCW5BC7QBBhl4Bq/gzXqyXqx362PRumblMyfgD6zPH+V8lCE=</latexit>

x3,1 = 300m
<latexit sha1_base64="kK+AOJNE7Gkgf2H5JMSqXfCkF0o=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUrSCnYjFNy4rGAf0IQwmU7aoTOTMDMRayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtrayurW9sFraK2zu7e/v2wWFbxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0PfU790QqGos7PU6Iz9FA0IhipI0U2McPQVYru5OrmuN45cyTHPJJYJecijMDXCZuTkogRzOwv7x+jFNOhMYMKdVznUT7GZKaYkYmRS9VJEF4hAakZ6hAnCg/m10/gWdG6cMolqaEhjP190SGuFJjHppOjvRQLXpT8T+vl+qo7mdUJKkmAs8XRSmDOobTKGCfSoI1GxuCsKTmVoiHSCKsTWBFE4K7+PIyaVcrbq1Svb0oNep5HAVwAk7BOXDBJWiAG9AELYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fbf2T5A==</latexit>

x3,2 = 600m
<latexit sha1_base64="NWROKIHcyfY912MHsZ9hIyMsUSE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrQboeDGZQX7gCaEyXTSDp1JwsxErCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3UVhZXVvfKG6WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCaEjaiipGerEgiPuMdP3x9dTv3hMhaRTeqUlMXI6GIQ0oRkpLnnn04KX1Si27urAsp5I6gkOeeWbZqlozwGVi56QMcrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnISSWKEx2hI+pqGiBPpprPrM3iqlQEMIqErVHCm/p5IEZdywn3dyZEayUVvKv7n9RMVNNyUhnGiSIjni4KEQRXBaRRwQAXBik00QVhQfSvEIyQQVjqwkg7BXnx5mXRqVbterd2el5uNPI4iOAYn4AzY4BI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzB3Q8k+g=</latexit>

x3,3 = 900m
<latexit sha1_base64="lOGdSPQ6ZKmpDfmoB4rDpTKP75I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSVrAuhIIblxXsA5oQJtNJO3QmCTMTsYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jx4xKZVnfRmFldW19o7hZ2tre2d0z9w86MkoEJm0csUj0fCQJoyFpK6oY6cWCIO4z0vXH11O/e0+EpFF4pyYxcTkahjSgGCkteebRg5fWK/Xs6tKynErqCA555pllq2rNAJeJnZMyyNHyzC9nEOGEk1BhhqTs21as3BQJRTEjWclJJIkRHqMh6WsaIk6km86uz+CpVgYwiISuUMGZ+nsiRVzKCfd1J0dqJBe9qfif109U0HBTGsaJIiGeLwoSBlUEp1HAARUEKzbRBGFB9a0Qj5BAWOnASjoEe/HlZdKpVe16tXZ7Xm428jiK4BicgDNggwvQBDegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH3p7k+w=</latexit>

focus �(⌧)
<latexit sha1_base64="M88kn6AzIX07cHUilY7TpLfRcuc=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQQUpSBbssuHFZwT6gCWUynbRDZ5IwcyOUUNz4K25cKOLWr3Dn3zhts9DWAxcO59w7c+8JEsE1OM63tbK6tr6xWdgqbu/s7u3bB4ctHaeKsiaNRaw6AdFM8Ig1gYNgnUQxIgPB2sHoZuq3H5jSPI7uYZwwX5JBxENOCRipZx97SmZhTFM98S6w12cCSNkDkp737JJTcWbAy8TNSQnlaPTsL69vHpIsAiqI1l3XScDPiAJOBZsUvVSzhNARGbCuoRGRTPvZ7IQJPjNKH4exMhUBnqm/JzIitR7LwHRKAkO96E3F/7xuCmHNz3iUpMAiOv8oTAWGGE/zwH2uGAUxNoRQxc2umA6JIhRMakUTgrt48jJpVSvuZaV6d1Wq1/I4CugEnaIyctE1qqNb1EBNRNEjekav6M16sl6sd+tj3rpi5TNH6A+szx+/Fpb3</latexit>

x3,R = 0m
<latexit sha1_base64="cTxaJu9hkvYOWd2xlx7FtDiki9E=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1KSVrAXoeDFYxVbC00Im+22Xbq7CbsbaQn5K148KOLVP+LNf+O2zUFbHww83pthZl4YM6q043xbhY3Nre2d4m5pb//g8Mg+LndVlEhMOjhikeyFSBFGBeloqhnpxZIgHjLyGE5u5v7jE5GKRuJBz2LiczQSdEgx0kYK7PI0SBvV++za8aqpJznkWWBXnJqzAFwnbk4qIEc7sL+8QYQTToTGDCnVd51Y+ymSmmJGspKXKBIjPEEj0jdUIE6Uny5uz+C5UQZwGElTQsOF+nsiRVypGQ9NJ0d6rFa9ufif10/0sOmnVMSJJgIvFw0TBnUE50HAAZUEazYzBGFJza0Qj5FEWJu4SiYEd/XlddKt19xGrX53WWk18ziK4BScgQvggivQAregDToAgyl4Bq/gzcqsF+vd+li2Fqx85gT8gfX5A7fdk44=</latexit>

(d)

-0.4                   -0.2                    0.0                    0.2                   0.4                     ⌧ (s)
<latexit sha1_base64="8HsrKzOrkA3ZzdApvu7beLkHN44=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJFXThouDGZQX7gCaUyXTSDp2ZhHkINfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLa+sblV3C7t7O7tl92Dw7ZKjMSkhROWyG6EFGFUkJammpFuKgniESOdaHw78zuPRCqaiAc9SUnI0VDQmGKkrdR3y4FGJjivZoHkUE3P+m7Fq3lzwFXi56QCcjT77lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fzwKTy1ygDGibQlNJyrvycyxJWa8Mh2cqRHatmbif95PaPj6zCjIjWaCLxYFBsGdQJnKcABlQRrNrEEYUntrRCPkERY26xKNgR/+eVV0q7X/Ita/f6y0rjJ4yiCY3ACqsAHV6AB7kATtAAGBjyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHz/+ShA==</latexit>

FIG. 1 (a) Horizontally layered medium. (b) Symmetric propagator elementW p,p(s1, x3, x3,R, τ) (fixed

s1 and x3,R), convolved with a wavelet. (c) Anti-symmetric propagator element W p,v(s1, x3, x3,R, τ).

(d) Focusing function F (s1, x3, x3,R, τ).
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F (x,xR,!)
<latexit sha1_base64="2eb8J2hznEy4/PPkfLey6q4huvM=">AAACBXicbZDLSgMxFIYzXmu9jbrURbAIFUqZqYJdFgRxWcVeoDOUTJppQ5PJkGTEMnTjxldx40IRt76DO9/GtJ2Ftv4Q+PjPOZycP4gZVdpxvq2l5ZXVtfXcRn5za3tn197bbyqRSEwaWDAh2wFShNGINDTVjLRjSRAPGGkFw8tJvXVPpKIiutOjmPgc9SMaUoy0sbr20VUx9YIQPoxLMIPubckTnPTRadcuOGVnKrgIbgYFkKnetb+8nsAJJ5HGDCnVcZ1Y+ymSmmJGxnkvUSRGeIj6pGMwQpwoP51eMYYnxunBUEjzIg2n7u+JFHGlRjwwnRzpgZqvTcz/ap1Eh1U/pVGcaBLh2aIwYVALOIkE9qgkWLORAYQlNX+FeIAkwtoElzchuPMnL0KzUnbPypWb80KtmsWRA4fgGBSBCy5ADVyDOmgADB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2R9/gCIVpdK</latexit>

@DR
<latexit sha1_base64="2PdR4Fkl6XRnYSa5+dhH4GmK2uc=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrspMFeyyoAuXVewDOsOQSTNtaOZBkhHqUPwVNy4Ucet/uPNvzLSz0NYDgcM59yYnx084k8qyvo3Syura+kZ5s7K1vbO7Z+4fdGScCkLbJOax6PlYUs4i2lZMcdpLBMWhz2nXH1/lfveBCsni6F5NEuqGeBixgBGstOSZR06ChWKYOyFWI9/PrqfenWdWrZo1A1omdkGqUKDlmV/OICZpSCNFOJayb1uJcrP8ZsLptOKkkiaYjPGQ9jWNcEilm83ST9GpVgYoiIU+kUIz9fdGhkMpJ6GvJ/OMctHLxf+8fqqChpuxKEkVjcj8oSDlSMUorwINmKBE8YkmmAimsyIywgITpQur6BLsxS8vk069Zp/X6rcX1WajqKMMx3ACZ2DDJTThBlrQBgKP8Ayv8GY8GS/Gu/ExHy0Zxc4h/IHx+QPTQpVt</latexit>

xR
<latexit sha1_base64="lJicLHL/2KIVVtx6fzMZq1+VbKo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvHisYj+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp35nUeqNIvkvZnG1Bd4JFnICDZWekj7QYieZoO7QbniVt050CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+cHz9CZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RIT1v2UyTgxVJLFojDhyEQo+x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua7eXlUY9j6MIJ3AK5+DBFTTgBprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD4lSkDM=</latexit>

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>x

<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

(a) �(xH � xH,R)
<latexit sha1_base64="RvpkwjDp5R1o5+0ieZT8KcsVswY=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoqCWpgl0W3HRZxT6gCWEymbRDJw9mJmIJ+Qg3/oobF4q4deHOv3HaBtHWAxfOnHMvc+9xY0aFNIwvrbC0vLK6VlwvbWxube/ou3sdESUckzaOWMR7LhKE0ZC0JZWM9GJOUOAy0nVHVxO/e0e4oFF4K8cxsQM0CKlPMZJKcvQTyyNMokpquT68z5zU4gFsZmc/71w4vcmOHb1sVI0p4CIxc1IGOVqO/ml5EU4CEkrMkBB904ilnSIuKWYkK1mJIDHCIzQgfUVDFBBhp9OjMnikFA/6EVcVSjhVf0+kKBBiHLiqM0ByKOa9ifif10+kX7dTGsaJJCGefeQnDMoIThKCHuUESzZWBGFO1a4QDxFHWKocSyoEc/7kRdKpVc3zau36otyo53EUwQE4BBVggkvQAE3QAm2AwQN4Ai/gVXvUnrU37X3WWtDymX3wB9rHN+B9ngk=</latexit>

C
V

C
VR(xR,xS ,!)

<latexit sha1_base64="YEv6gxmQr2Nv2wP5KUyhLicYCyI=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiECqUkVbDLghuXtdoLNCFMppN26EwSZiZiCV258VXcuFDErc/gzrdx2kbQ1h8GPv5zDmfO78eMSmVZX8bS8srq2npuI7+5tb2za+7tt2SUCEyaOGKR6PhIEkZD0lRUMdKJBUHcZ6TtDy8n9fYdEZJG4a0axcTlqB/SgGKktOWZR41i6vgBvB97jdIP3ZSciJM+OvXMglW2poKLYGdQAJnqnvnp9CKccBIqzJCUXduKlZsioShmZJx3EklihIeoT7oaQ8SJdNPpGWN4op0eDCKhX6jg1P09kSIu5Yj7upMjNZDztYn5X62bqKDqpjSME0VCPFsUJAyqCE4ygT0qCFZspAFhQfVfIR4ggbDSyeV1CPb8yYvQqpTts3Ll+rxQq2Zx5MAhOAZFYIMLUANXoA6aAIMH8ARewKvxaDwbb8b7rHXJyGYOwB8ZH9+sFZfy</latexit>

xS
<latexit sha1_base64="iGe21gmbD6EMbggxzB3hoFRW/Uo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvHisaD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp35nUeqNIvkvZnG1Bd4JFnICDZWekj7QYieZoO7QbniVt050CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+cHz9CZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RIT1v2UyTgxVJLFojDhyEQo+x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua7eXlUY9j6MIJ3AK5+DBFTTgBprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD4rWkDQ=</latexit>

Gp,f (x,xS ,!)
<latexit sha1_base64="LNl38saUuZf5ABCKpWPMyaHiccA=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoUEpSBbssuNBlRfuAJpbJdNIOnUzCzEQsIWs3/oobF4q49Qvc+TdO2yy09cDlHs65l5l7vIhRqSzr28gtLa+sruXXCxubW9s75u5eS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre6GLit++JkDTkt2ocETdAA059ipHSUs88vLxLorKflhLH8+FDWs5676bshAEZoJOeWbQq1hRwkdgZKYIMjZ755fRDHAeEK8yQlF3bipSbIKEoZiQtOLEkEcIjNCBdTTkKiHST6SkpPNZKH/qh0MUVnKq/NxIUSDkOPD0ZIDWU895E/M/rxsqvuQnlUawIx7OH/JhBFcJJLrBPBcGKjTVBWFD9V4iHSCCsdHoFHYI9f/IiaVUr9mmlen1WrNeyOPLgAByBErDBOaiDK9AATYDBI3gGr+DNeDJejHfjYzaaM7KdffAHxucP4cmZtg==</latexit>

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

x
<latexit sha1_base64="b6r9wvYr2YM76cLtGzJD4r2Z8JY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3SzSbsbsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJYPZpqgH9GR5CFn1Fipk/WDkDzNBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndVrd1fVxr1PI4inME5XIIHN9CAO2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AEtVo9u</latexit>

xR
<latexit sha1_base64="lJicLHL/2KIVVtx6fzMZq1+VbKo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvHisYj+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp35nUeqNIvkvZnG1Bd4JFnICDZWekj7QYieZoO7QbniVt050CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+cHz9CZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RIT1v2UyTgxVJLFojDhyEQo+x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua7eXlUY9j6MIJ3AK5+DBFTTgBprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD4lSkDM=</latexit>

xR
<latexit sha1_base64="lJicLHL/2KIVVtx6fzMZq1+VbKo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvHisYj+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp35nUeqNIvkvZnG1Bd4JFnICDZWekj7QYieZoO7QbniVt050CrxclKBHM1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+cHz9CZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RIT1v2UyTgxVJLFojDhyEQo+x4NmaLE8KklmChmb0VkjBUmxmZUsiF4yy+vknat6l1Ua7eXlUY9j6MIJ3AK5+DBFTTgBprQAgICnuEV3hzlvDjvzseiteDkM8fwB87nD4lSkDM=</latexit>

�(xH � xH,S)
<latexit sha1_base64="tbpxMj+rhp3T0ZDGvRvlYrg6Z5A=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoqCWpgl0W3HRZ0T6gCWEymbRDJw9mJmIJ+Qg3/oobF4q4deHOv3HaBtHWAxfOnHMvc+9xY0aFNIwvrbC0vLK6VlwvbWxube/ou3sdESUckzaOWMR7LhKE0ZC0JZWM9GJOUOAy0nVHVxO/e0e4oFF4K8cxsQM0CKlPMZJKcvQTyyNMokpquT68z5zU4gFsZmc/71w4vcmOHb1sVI0p4CIxc1IGOVqO/ml5EU4CEkrMkBB904ilnSIuKWYkK1mJIDHCIzQgfUVDFBBhp9OjMnikFA/6EVcVSjhVf0+kKBBiHLiqM0ByKOa9ifif10+kX7dTGsaJJCGefeQnDMoIThKCHuUESzZWBGFO1a4QDxFHWKocSyoEc/7kRdKpVc3zau36otyo53EUwQE4BBVggkvQAE3QAm2AwQN4Ai/gVXvUnrU37X3WWtDymX3wB9rHN+IDngo=</latexit>

@DR
<latexit sha1_base64="2PdR4Fkl6XRnYSa5+dhH4GmK2uc=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrspMFeyyoAuXVewDOsOQSTNtaOZBkhHqUPwVNy4Ucet/uPNvzLSz0NYDgcM59yYnx084k8qyvo3Syura+kZ5s7K1vbO7Z+4fdGScCkLbJOax6PlYUs4i2lZMcdpLBMWhz2nXH1/lfveBCsni6F5NEuqGeBixgBGstOSZR06ChWKYOyFWI9/PrqfenWdWrZo1A1omdkGqUKDlmV/OICZpSCNFOJayb1uJcrP8ZsLptOKkkiaYjPGQ9jWNcEilm83ST9GpVgYoiIU+kUIz9fdGhkMpJ6GvJ/OMctHLxf+8fqqChpuxKEkVjcj8oSDlSMUorwINmKBE8YkmmAimsyIywgITpQur6BLsxS8vk069Zp/X6rcX1WajqKMMx3ACZ2DDJTThBlrQBgKP8Ayv8GY8GS/Gu/ExHy0Zxc4h/IHx+QPTQpVt</latexit>

(b)

FIG. 2 Visualisation of (a) the focusing function F (x,xR, ω) and (b) the Green’s function

Gp,f (x,xS , ω) and the reflection response R(xR,xS , ω).
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