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1. INTRODUCTION

In probability theory, LP spaces for p > 0 together with the topology of conver-
gence in probability have been widely applied. However, in that case we restrict
ourselves to only a part of all the measurable functions and to an underlying prob-
ability space. One of the main aims of this thesis is to generalize this concept to
the set of all measurable functions with the usual a.e. equivalence classes (which
we call L?) and (possibly) non-finite measure spaces. The other main aim is to
establish an ordered structure on this L° space. We will start our discussion by
first defining L° and establishing that L° is an ordered vector space. After this we
will define the generalisation of the topology of convergence in probability, which is
called the topology of convergence in measure and we will explore properties of this
topology relating to the convergence in measure, continuity of maps, metrizability
(i.e. under what circumstances can this topology be generated by a single metric?),
completeness (i.e. convergence of Cauchy sequences) and local convexity (when can
the topology be generated by a set of semi-norms?). After this we will generalise
the notion of essential suprema from sets of random variables to sets of measurable
functions. It turns out that for most properties considered in this text, such as
metrizability, completeness and the existence of an essential supremum, requiring
the underlying measure space to be o-finite (i.e. the underlying space can be cov-
ered by countably many measurable sets of finite measure) suffices. Discussions on
weaker conditions in these instances are also included in this text.

The last section of this thesis contains an overview of a widely used application of
our L° space: namely Stochastic Differential Equations (SDEs). The main focus of
this section is obtaining a maximal solution to such equation under local Lipschitz
conditions.

The following Appendix contains an overview of commonly used definitions and
results from the theory on general topological spaces, Gronwall’s inequality for
measurable functions (used in the section on SDEs) and different characterisations
of the Radon-Nikodym theorem relating to the corresponding derivative possibly
taking non-finite values (used in the section on the essential supremum).

For the properties of the topology of convergence in measure on LY a commonly
returning source of the results will be "Measure Theory Volume 2”7, written by
David Fremlin. This thesis will, in part, display his vision as described in the
book in a comprehensive and orderly way together with other results from different
sources. Furthermore, not mentioned details, generalizations and further results
will be displayed as well.



2. THE STRUCTURE ON L0

We start our discussion with the definition of the space of measurable functions
up to a.e. equivalence and establish that it is a linear space.

2.1. Definition of L°. Assume (5,3, 1) is a measurable space. Unless otherwise
specified, we associate R with the Borel sigma algebra.

Definition 2.1. .Z°(S,%,u) = {f : S = R: fis measurable } .

In order to be able to define the LY space, we first need to define the a.e. (almost
everywhere) equal equivalence classes.

Definition 2.2. Let f € £°(S,%, ). Then g € f <= g =qe. .
Next, we will to provide that this indeed defines an equivalence class on .£°(S, 3, 11).

Theorem 2.3. For f €L°(S,%, u), f as defined above is an equivalence class.

Proof. (1) p({f # f}) = (@) =0, and so f =q.. f.
(2) f=aeg = p{f#9}) =0 = pu{g# f}) =0 <= g=a. [.
(3) Suppose f =4 g and g =4 h. Since: {g = f # h} C {g # h} and {g #
f#h} C{g# f} we have:
0<u({f#hY)=n{g=rf#htu{g#f#h})
< n({g # h}) +n{g # f}) =0.

It follows that u({f # h} = 0.
O

Now we can finally define L°(S, 3, 1), which is the space of such equivalence
classes.

Definition 2.4. L°(S, %, u) = {f :fe XO(S,Z,M)}.

2.2. Linear structure on L°. Now that we have defined the L° space, we can
consider properties of this space. We know that .#%(S, %, 1) has linear structure (is
a vector space). On this space, the addition of two measurable functions is defined
pointwise. We can define addition on the L°(S, X, i) space in such a way that a lot
of properties from #°(S, %, u) are inherited, in specific the linear structure.

Definition 2.5. For ﬂg € L°(S, 3, u),c € R, we can define addition and scalar
multiplication on L°(S, 3, 1) as follows:

fog=(f+9)
cf = (cf).
Remark 2.6.
(1) This definition is well defined:

e The sum of two measurable functions is measurable, so f®&g € L°(S, %, i)

e Different representation will not change the resulting equivalence class:
Let fi, f2,91,92 € £°(S, %, p) such that fi =g f2 and g1 =a.c. 2.
Then since {f1 + g1 # fo + g2} C {fi # fo} U{g1 # g2} :

0<u({fi+o # fotg2}) < p{fi # fo}) + ({91 +92}) =0+0=0.
Hence: (f1 +g1) = (f2 + 92)-



e In the same fashion as above, we can conclude that ¢f € LO(S, %, 1)

and if fl —a.e. f27 then Cfl =a.e. C.f2
(2) For convenience, we will write f + g instead of f & g.

Using this definition for addition and scalar multiplication, it follows (almost
directly) from the fact that #°(S, X, 1) has a linear structure, that L°(S, X, 1) has
a linear structure.

Corollary 2.7. L°(S,3, 1) is a vector space over R, where addition and scalar
multiplication are defined as in definition 2.5.

Proof. Let f g,he L°(S,%, u) and a,b € R.

(1) f+9"B° (f +9) € LS, ).

(2) ¢ de”"( 1) € L(S, 5, ).

(8) f+(g+h) “B7 g+ 0) BT (f+g+h) = ((F+9)+h) “ET (f+9)+
b (4 g) +

@ f+"E (f+e) =g+ H"E" g+ .

(5) Consider 0(z) =0 Vz € S. Since 0 is measurable: 0 € £ and so
FHO0"27(fr0)=]

f
L0, 50 f+ (=) BT (f+ (=) = 0.

F+9) "B (alf+9) = (af +ag) “B° af + ag.

(10) (a+0)f “B° ((a+b)f) = (af +bf) “B° (af) + (bf) “B af +bf.

) def2 5 ( def:245

O

2.3. Multiplicative structure on L°. We know that for f,g € Z°, since the
(pointwise) multiplication of two measurable functions is again measurable, we
have that f-g € Z°. Let fi,f2,91,92 € £°. Then in case fi =q. fo2 and
g1 =a.e. g2 We have f1 - g1 =4 fo- go (the proof is similar to the one in remark
2.6).

Hence the following definition is well-defined on L°(S, ¥, p):

fog= (f . g), and for convenience, we will again use the notation: f-a.

2.4. Order structure on L°. A straightforward property of R is that it has an
ordered structure: indeed, if we take two elements from R, we can always say that
one is smaller /greater than the other or equal by subtracting the two numbers. It
is not as easily seen as on R, but on L°(S, %, ) we can also compare two elements
and say how these two elements relate to each other with respect to their ’size’.
This notion is defined below.

Definition 2.8. ForngLO(SEu) f<g <= f<peg.

Remark 2.9. As it holds that for fi, f2,91,92 € Z°(S,X, ), in case fi =q.e.
foand g1 =4 g2, then: f1 <, g1 = f2 <ase. g2 (Proof similar to the one
seen in remark 2.6): this definition is well defined.

It can be shown that this notion of ordering in L°(S, X, 1) behaves like an order-
ing is expected to behave when having the example of R in mind. The next lemma
will help us prove an intuitive property we expect from an ordering.



Lemma 2.10. For f,g,h € L°(S,5,1) f <ae. 9 <ae. h = f <ae. h.

Proof. Lets € {f > h}, then s must be in one of the following sets:

(1) se{g<handg< f}or

(2) se{h<gandg< f}or

(3) se{h<gand f <g}
Note that {g < handg< f} C{g< f},{h<gandg< f} C{g < f} and {h <
g and f < g} C {h < g}. It follows that:

0 < pu({f>h})

<p({g<hand g < ffu{h<gandg< ffU{h<gand f <g})
p({g <hand g < f} +p({h < gand g < f}) 4+ pu({h < g and f < g})
u(

<
<pg<fH)+u{g<f})+u{h<g})=0+0+0=0.

Theorem 2.11. Let u,v,w € L°(S, %, ). Thenu <v <w = u < w.

Proof. From theorem 2.10 and definition 2.8 it follows that if: v = f, v=g,w= h,
then: u <v<w <= f<pe. §<pe.h = [f<pe h = u<w. ([l

Remark 2.12. Let u,v,w € L°(S,%, u)

e Using similar proving techniques as in theorem 2.10 one can prove that:
u<u
u<v<u = u="v
u<v —= utwlv+tw
0 <u = 0 < cu, c non-negative scalar
Because of the last two properties above, we can call L°(S, X, 1) (per defi-
nition) a partially ordered linear space.

Having established that L° is an partially ordered linear space and that it, until
now, verifies our intuitive feeling of how an ordering behaves, one might also hope to
find that we can define a minimum/maximum of two elements in our ordered space.
It turns out that since we can do this on .Z%(S, %, 1), we also have this property
on LY(S, X, ). Such ordered spaces where we can define minima and maxima are
called Riesz spaces.

Definition 2.13. A set X is called a Riesz space if it is a partially ordered linear
space, where Vx,y € X : dz,w € X so that Va € X:

z<a < rz<aandy<a
a<w <= a<wand a < w.
We denote : z = sup{x,y} and w = inf{x, y}.

Before we can prove that L°(S, X, 1) is a Riesz space, we will prove a well-known
equivalent characterisation of a maximum of two elements in an a.e. context.

Lemma 2.14. For fi, fo,g9 € Z°(5,%,1):
fl Sa.e. g and f2 Sa.e. g <~ max(flva) Sa.e. g.

Proof. —
First note, that if f1, fo are measurable, max(f1, f2) is measurable as well and so
we can consider s € {max(f1, f2) > g} € £. Then:



(1) s€{fi>gand fo > g} or
(2) se{fi>gand f, <g} or
(3) se{fi <gand fo > g}
Hence:
0 < p({max(f1, f2) > g})
<p({fi>gand fo > gt U{fi >gand fo <g}U{fi <gand fo > g})
<2u({f1 > g}) + u({f2>g}) =0.

<—
Given is that pu{max(f1, f2) > g}=0. We know {f1 > g} C {max(f1, f2) > g}, so
w({f1 > g}) = 0. Analogous argument for fs. O

Given lemma 2.14, we can now swiftly prove that L° indeed is a Riesz space.

Theorem 2.15. L°(S, %, 1) is a Riesz space.

Proof. Let u = f,v =g e LS, %, ). 1claim that sup{u,v} = max(f, g).

Indeed: Let w = h € L°(S, ¥, 1), then:

max(f,g) < w <= max(f,g) <ae h <= [ <qe handg <ge h <= u <
w and v < w. )

Analogously, it can be proven that inf{u,v} = min(f, g). O

Now that we have established that L is a Riesz space, we can now define iden-
tities which follow (almost) directly from .#° which involve absolute values. The
absolute value is formally defined below.

Definition 2.16. For u € LY(S, %, u): |u| = sup{u, —u}.

Remark 2.17. Note that this definition is analogous to the definition for f € Z° :
|f(2)] = max(f(x), —f(x)).

Below we will prove that if u = f , then |u] is just the equivalence class containing

[f1-

Theorem 2.18. Let u= f,v =g € L°(S,%, ), c € R. Then the following identi-
ties hold:

(1) |(P) = (If]) (We can take the dot out of the absolute value)
(2) |eu|=lcl|ul

(3) sup{u,v} = %(u +o+|u—2v|)

(4) inf{u,v} = F(u+v — |u—v])

(5) |u+v| <|ul+ |v].

Proof. We can prove that first identity as follows:
()2 sup{f, =} < g “E5° f<gand —f < §EZ" f <, gand —f <,
theorem 2.14 def 2.8 y .
— max(f, —f) Sae g = (f) <9 . 1
By using that: [cf| = c|f|,max(f,9) = 3(f + g+ [f —g[),min(f,g) = 5(f +9—
If —gl),|f +9g] < |fl+lg| for f,g € £L°(S,%, 1), c € R, the proofs of the other

identities are analogous to that of the first identity. O

We know that for f € £°: f+(z) ef max(f(x),0), f~(x) def max(—f(x),0) so

that f = fT — f~ and |f| = f* + f~. From the previous theorems one might
expect that if we, for v € L° define u+ analogous to it’s counterpart in .#9, that
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these identities also hold in L°. This is indeed the case and is stated in the next
definition and theorem. The proof of the theorem is similar to that of theorem 2.18.
Definition 2.19. For u € L(S, X, u):
ut = sup{u, 0} and u~ = sup(—u,0).
Theorem 2.20. For u e L°(S,%, u):
(1) u=u" —u~
(2) |ul =ut +u".



3. TOPOLOGY OF CONVERGENCE IN MEASURE

In the previous section we established that L°(S, ¥, i) has a linear structure and
is ordered. The natural next questions that arise are questions regarding defining
(non-trivial) topologies on this space. In this section we will define the topology
of convergence in measure on L°(S, ¥, u). This topology will generalise the well
known notion of convergence in probability to more general measure spaces.

We will define a topology on .#°, which we can then extend to L°. The topol-
ogy is defined via a set of functions on .#° whose output is on the non-negative
real numbers line.

Definition 3.1. Let F € ¥ such that p(F) < oo, then 7 : £°(S, %, 1) — Rxg -

7(f) = [gmin(|f], 1r)dp.
We set: P = {1F : u(F) < oo} as the set of all such functions for (S,%, u).

Remark 3.2. This definition is well defined:

e Since |f| and 1F are two measurable functions, min(|f|, 1) is measurable
as well.

e Since min(|f|,1r) < 1p on S:
Jgmin(|f[,1p)dp < [¢1pdp = p(F) < oc.

For a given function as defined in definition 3.1, it turns out that the triangle
inequality holds.

Theorem 3.3. For f,g € £°(S,%, n):
r(f+9) <Tr(f) +7r(9).

Proof. Note that:

0 < min(|f +gl, 17) < min(|f] + |gl, 1r) < min(|f], 1r) + min(g], 1r).

This last inequality can be verified by checking every possible case individually.
Since the integral is an increasing function and is linear, we obtain the identity by
taking the integral on the left side and right side of the above inequalities. O

From the definition of 7 (definition 3.1), one might wonder whether we can
define a metric on £ using this function. After all, when we set:

or(f,9) =7r(f —9)

we then have the following properties:
(1) ¢r(f;h) =71p(f—9g+9g—h) <  Te(f—9)+7r(g—h)=¢r(f 9)+
¢F (ga h)
(2) ¢r(f.g)=71r(f—9) >0
But now consider the case that S =R, ¥ = Z(R), u = A\ (Lebesgue measure), F' =
(0,1] and take f(x) = 0 and g(x) = 1103(x). Thensince f(z) =a.c. 9(x): |f—g] =a.c.
0. And so: ¢p(f,g) =0 while f # g in £°.
Another problem that arises is that min(|f|,1r) sets f to 0 outside of F, so
any difference between two functions outside of F' will not be considered. This
can be seen, for example, in case we again have: S = R ¥ = BR), u =
A (Lebesgue measure), ' = [0, 1) but now set f(z) = 1j; ) and g(z) = 0. Then f #
g, but since

thm 3.3
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min(|f — g|,1r)(z) = 0 : ¢p(f,g) = 0 for this case. This shows that ¢p (in its
current form) is not a metric in every case. But since it does have the three listed
properties above, we can call ¢ (per definition) a pseudometric on .#°.

Using all of the above, we can now define the topology of convergence in measure
on Z°(S, %, ).

Definition 3.4. The topology of convergence on £° is defined as follows:
G C Z° is called open <—
VieG 3JFpe¥ (u(Fy)<oo) and 3oy >0:¢r(f,9) <dy = geG.

Remark 3.5. This definition is reminiscent of the definition of a set being open in
R. Here, §; serves the same purpose as € and ¢r,(f,9) < dy = g € G the same
purpose as a open ball with radius € around a point z in an open subset of R having
to be fully contained in that open set.

Theorem 3.6. The topology of convergence of measure on Z° is a topology on

L0

Proof. (1) That @ and .Z° are open in .Z° follow directly from the definition.
(2) Let G; € £ beopenViel. Let f e |JG,, then per definition f € G;
i€l
for some j € I, so 3Ff, 65 > 0 such that ¢p,(f,9) <dy » g€ G; € U G
iel
n
(3) Let G; € £ be open for i € {1,..,n}. Let f € (| Gy, then f € G; for all
i=1
i =1,..,n and correspondingly (by the definition of openness) we have F}
and 5} fori=1,..,n.

Note that u(J Fj) < Y- u(F}) < oo.
i=1 ;

-
Il

1
Choose Fy = |J F} and 85 = min(J%, ..., 7).
=1

d
=
Since min(|f — g|, 1F;) < min(|]f—g|,1 0 Fi) and the integral is increasing:
i=1 f

opi(f,9) <odn (f,g). Hence for any i = 1,..,n:
! U F;

=1
¢F;(f, 9) < or;(fr9) <65 < 5} gives g € G; (by assumed openness of G;)
fori=1,.,n.
In conclusion: (] G; is open.

i=1

O

Now that we have established this topology on .#°, we can now extend this to
LY. Note that for f,g € £% if f =,.. g, then min(|f|,1r) =4 min(|g|,1r),
hence 77 (f) = 7r(g) (see definition 3.1). It follows that the following definitions
are well defined:

Definition 3.7. Let F € ¥ such that u(F) < oo, then: Tp : L9(S, %, 1) = R>q -
7e(f) = e (f) and drp(f,9) = or(f,9).

Because of these definitions, we can now easily extend the topology of conver-
gence in measure structure on .Z° to LY without losing any properties that were
proven before. The proofs of the theorems below are analogous to the Z° cases.
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Theorem 3.8. ¢ is a pseudometric on L°

Definition 3.9. The topology of convergence on L° is defined as follows:
G C L is called open <= -
VueG TR, €Y (u(Fy,) <o) and 3o, >0: ¢py(v,u) <, = veEQG.

Theorem 3.10. The topology of convergence in measure on L° is a topology on
L.
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4. CONVERGENCE IN MEASURE

In the previous section, we have defined a topology on .Z°(S, %, 1) called the
topology of convergence in measure. In this section, we will work out the notion of
sequential convergence with respect to this topology.

Definition 4.1. Let f,, f € £°(S,X, u) for n=1,2,... . Then f, — f in measure
<= VF € % such that u(F) < oo : ¢p(fn,f) =0 (n— o0).

Proposition 4.2. Definition 4.1 is equivalent to the definition of convergence in
general topological spaces (see Appendiz A.8).

Proof. —

Assume definition 4.1 and let G C .£°(S, X, 1) be an open neighbourhood of f €
ZL%(S, %, ). Then by definition 3.4, for f € G 3Ff € X (u(Fy) < o0) and 365 >
0 such that: v € Z%(S, %, 1) and ¢p, (v, f) < 6y = v € G. By our assumption
it holds that ¢r, (fn, f) — 0. It holds that AN : Vn > N ¢p,(fn, f) < 0y which
implies that f, € G for n > N.

“—

Suppose that for any open neighbourhood G of f € £°(S, 3, u) 3IN :Vn > N :
fn € G. Let € >0 and F € ¥ (with finite measure). Define:

U(f;(bF;ﬁ):{gego(Sthu):¢F(fag) <€}'

Then U(f;¢p;e€) is open and so for by our assumption, for n > N : ¢p(fn, f) <
€. As € > Oand F' € ¥ (with finite measure) were arbitrary, the proof is now
complete. ([l

Remark 4.3. Convergence as defined in definition 4.1, does not have unique limits
in general. Take, for example, ([0,1), %(]0,1)), A) with f,(x) = L, f(x) = 0,g9(z) =

1{0y- Then f, — f in measure as well as f, — g in measure, W};Lile f#g.

It turns out that this type of convergence is weaker than convergence a.e. and
this is given in the following theorem and example.

Theorem 4.4. If (fy)n>1 C L0 then fn, —ae f = fn — f in measure .

Proof. Note that fn, =4 f < M({nh—{go fn # f}) =0 < M({nh_{rgolfn - f| #

0}) = 0. And so since {|f, — f| > 0} 2 {min(|f, — f|,1r) > 0} we have that
w({|fn — f] > 0}) > p({min(|f, — f|,1r) > 0}) > 0 and as this inequality holds
for all n, we have hence that min(|f, — f|,1r) —=a.c. 0. Since min(|f, — f|,1F) is
dominated by 1z, by the DCT (Dominated Convergence Theorem), we obtain:

Tim pp(fa, f) = [ 0dp = 0.
|

The following counterexample to the converse of theorem 4.4 is a worked out
version of the one found at [1, p. 174 245Cc].

Ezample 4.5. Let p be the Lebesgue measure on [0,1] and define:
fa(x) = 21 g-mp 9-m(k11)) (2)
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where n +1 = 2"+ k (n,m, k integers) and 0 < k < 2™. Note that 2" > 1.
This results into that for F' € ¥ with u(F) < oo:

If v € 277k, 27 (k + 1)], then min(2"™ 1[g-mp0-mkt1)), 17)(2) < 1
If X ¢ [27mk7 27m(k + 1)}7 then min(2m1[277nk’2—7n(k+1)]7 1F)(I) = 0
Hence we obtain:

0<¢r(fn,0)= min(2" 1g—mp 2-m k1)), Lr)dp

0,1]

< / Lp-mg2-m(k+1)) A1t
[0,1]
— (2 k 2 (k4 1)) = 27

Since m goes to infinity when n goes to infinity, we see that ¢ (f,,0) — 0. But
also lim sup f, = oo, hence no a.e. convergence.

n—oo

In order to extend these results to L°, we first need to make sure that a.e.
convergence does not depend on the represented element in the equivalence class.

Theorem 4.6. Let (fn)n>1,(gn)n>1 C L0 If fro =ae. Gn Y >1,f =4 g and
frn ~ae. [ then gn —ae. g

Proof.
p({ lim g, # g}) = p({ lim_gn 7 f}) (9 =ae. f)
= p({ lim f, # f}) =0 (9n =a.c. fn)
O

Now we give a definition of a.e. convergence in L° which is well defined (we call
this order*-convergent).

Definition 4.7. Let f,f, € Z°, then (fu)n>1 is order*-convergent to f <=
lim fn —a.e. f
n—oo

Now that we have extended the concept of almost everywhere convergence in

L0(8, %, 1) to LO(S, X, 1), we can now extend most of the previous results in this
section to L(S, %, i), where the proofs are analogous to the .#° case.

Definition 4.8. Let f,, f € LO(S,%, u) for n=1,2,... . Then fn = f in measure
<= VF € X such that u(F) < 00 : ¢p(fn, ) =0 (n— o).

Proposition 4.9. Definition 4.8 is equivalent to the definition of convergence in
general topological spaces (see Appendiz A.8).

Theorem 4.10. If (fn)n>1 C L°, then f, is order*-convergent to f implies that

fn — f in measure but the converse of generally false.

Remark 4.11. One of the only results that does not extend to L is the one stated in
remark 4.3. But still, in general, L°(S, X, 1) does not have unique limits. Consider

the case: L°(S,{S, @}, ), where 1u(S) = oo. Then any sequence (fn)nzl converges
in measure to any f € L°(S,{S, @}, u).
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The most obvious solution to not obtaining unique limits is requiring that the
topology of convergence in measure is Hausdorff. Define 7 as the set containing all
open sets with respect to the topology of convergence in measure on L°(S, X, u). It
turns out that that requiring .7 to be Hausdorff is equivalent to requiring (.5, X, i)
to be semi-finite which is formally defined below.

Definition 4.12. A measure space (S,3, u) is defined to be semi-finite if VA € &
with p(A) = oo 3B € ¥ with B C A and u(B) € (0, 00).

Ezample 4.13. The measure space as described at remark 4.11 (namely (S, {5, @}, u),
where 14(S) = 00) is not semi-finite.

The proof below of theorem 4.14, is the proof found at [1, p. 175 245Ea] with
some details worked out.

Theorem 4.14. (S,X%, u) is semi-finite <= 7 is Hausdorff.

Proof. =

Suppose (S, %, p) is semi-finite and that u = f ,v = ¢ are distinct members of L°.
Then it holds that u({z : f(z) # g(z)}) > 0 (ifnot: f =4c. g = f=9). As
(S,%, p) is semi-finite: IF € ¥ : pu(F) < oo with F C {z : f(z) # g(z)}. We know
that ¢r(u,v) > 0, where ¢p(u,v) =0 <= f =4 g on F which is not possible
in this case, so ¢p(u,v) > 0. As u,v were arbitrary, .7 is Hausdorff by [1, p. 506
2A3L).

—

Suppose that .7 is Hausdorff and that E € ¥ with u(E) > 0. Then u = 1g # 0
and so there are open neighbourhoods G, of u and Gy of 0 such that G, NGy = @.
Since G, is open: 3F, € ¥ (finite measure), and d, > 0 such that: ¢p, (u,v) <
by = v € Gy As0 ¢ Gy : ¢p,(u,0) >3, > 0. Since u = 1 we hence see
that: wW(ENF,) = ¢p, (u,0) > 0. And so: as F, N E has finite measure and E was
arbitrary, our proof is now complete. ([l
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5. CONTINUITY ON L9

Now that we have established a topology on L° (topology of convergence in mea-
sure), a natural question that arises is: When are maps from L° (or product space
of L%) to L? continuous? We know for the usual topology on R? for instance that
the maps (z,y) — = +y and (x,y) — xy are continuous, but are these maps also
continuous when we have L° as our (co-)domain and the topology of convergence in
measure? To answer these questions, we first need to get familiar with the concept
of a topology being linear.

That the map (x,y) — x + y is continuous on a topological space might seem
natural, but this is actually a special property and is entailed in the following
definition.

Definition 5.1. A linear topological space is a linear space U over R (or C) together
with a topology 7 , where the maps:
UxU-U given by (u,v) = u+v
RxU - U given by (o, u) — au
are both continuous. U x U and R x U are given with their product topologies.

Remark 5.2. Since the composition of continuous functions is continuous, the map
(u,v) = u — av is also continuous

Thus far we have only worked with L° and the topology of convergence is mea-
sure, which is defined via a set of pseudo-metrics P = {¢p : F' € X, u(F) < oo}
and these pseudo-metrics were on their part defined via the functionals, 77, from
definition 3.1. This topology is actually a special case of a class of topologies on a
linear space U over R defined via a family of functionals 7 : U — [0, oo] and where
¢(u,v) = 7(u — v) defines a pseudo-metric. Given a family of functionals T" and
family of corresponding pseudo-metrics P, one can define openness analogous to
definition 3.9, namely:

On a general space S together with the topology generated the set of pseudo-metrics
P={¢;:ieI} (Iissome index set):
G C S is called open
—
YueS F¢p; € Pand 36, >0:v € S and ¢;(u,v) < d, = v eEQG.
This class of topologies has special properties which makes (dis)proving it is a linear
topology easier.
The proof of the following theorem can be found at [1, p. 514 2A5B].

Theorem 5.3. Let U be a linear space over R, and T a family of functionals
7:U = [0,00] and suppose all 7 have the following properties:
(1) 7(u+v) < 7(u)+7(v)
(2) 7(au) < 7(u),where |a| <1
(3) lin%) T(au) =0
a—

For 7 € T, we define ¢, : U x U - [0,00] by ¢ (u,v) = 7(u —v). Then each ¢,
is a pseudometric on U and the topology defined by P={¢, : 7 € T} gives a linear
topological space

With the theorem above, we can now more easily prove that L° indeed is a linear
topology.
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The proof below of theorem 5.4 is a worked out version of the one found at [1, p.
174 245Da].

Theorem 5.4. Let (X, X, i) be a measure space. Then the topology of convergence
in measure is a linear topology on L°(u).

Proof. By theorem 5.3, we only have to check that 7r as defined in theorem 3.7
satisfies the 3 conditions.

(1) By the definition of 7F and theorem 3.3, it immediately follows that: 7r(f+

9) <7r(f) +7r(9)-
(2) Let u= f € LY and ¢ € R : |c| < 1. Then since:
lefl < |fl = min(lef],1r) <qe min(|f],1r), we get that (since the
integral is increasing) 7r(cf) < 7r(f) and so by definition 3.7: Tp(cu) <
7r(u) ,
(3) Given u = f € LY and € > 0. Since lim 27"f =,.. 0 (pointwise). We
n—oo
have that lim min(|27"f|,1r) =4... 0 and so by the DCT:
n—oo
lim 77(27"u) = [0du =0
n—oo
hence per definition of a converging sequence in R”: for any € > 0 there
exists a n such that 7r(27"u) < e. Now take ¢ € R such that |¢| < 27",
Then since the integral is increasing:

Feleu) "B Fp(|cju) < Fp(27") < e

As € was arbitrary we have now proven per definition that lir% Tr(cu) = 0.
c—r

O

In order to prove that more maps are continuous (such as the absolute value
function) it will be more convenient for us to once again prove some results re-
lated to topologies based on pseudometrics, as introduced below remark 5.2, which
will make our lives easier. The theorems we will prove are reminiscent of different
characterisations a function f : R — R of being continuous (we can say that the
inverse image of an open set is open or we could equivalently use the epsilon/delta
definition). First we will, as done in the cases of f : R — R, introduce the notion
of an ”"open ball” in the setting of topologies based on pseudo-metrics.

Definition 5.5. Let X be a topology defined on P, a non-empty set of pseudomet-
rics. Then for ¢g, .., € P, x € X and € > 0:

U(; 00, -, ni€) = {y € X 1 max¢;(y, ) < e}
As done in the case of R, one can define openness of a set via ”open balls”:

Definition 5.6. Under the same conditions as definition 5.5: G C X is open
— VreG 3go,...,0n € P and d>0:U(z;¢0,...,00n;0) CG

One might readily notice that this definition is not exactly on par with the
characterisation of a set being open in L° given earlier. It can be shown that these
definitions are equivalent and below it will be shown that they are equivalent in the
case of L°

Proposition 5.7. The definition used in definition 3.9 is equivalent with definition
5.6 in the LO case.
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Proof. —

Assume definition 3.9 and let G C L° be open. Then Vf € G o, and 65 > 0 :
U(f; ¢r;;05) € G and this satisfies definition 5.6.

“—

Now assume G C L9 is open in the sense of definition 5.6. Then:

Vf eqG E|¢FO, ...,(ﬁpn € Pand 6 >0: U(f;(me 7¢Fn36) C G.
n
Take Fy = |J Fi. Then since ¢p, > ¢p, Vi > 0:
i=0

U(fi9rs:6) CU(f3 08y, 0F,:0) C G.
O

Now that we have established the notion of being open via ”open balls”, it should
not come as a surprise that these ”open balls” themselves are open.
The proof below of theorem 5.8 can also be found at [1, p. 505 2A3G].

Theorem 5.8. Under the same conditions as definition 5.5, U(x; ¢o, .., on;€) s
open
Proof. Take y € U(x; ¢o, .., dn;€). Set v = I&&f@(y,x) and § = € — v.
In case z € U(y; ¢o, .., ¢n; ), then
di(z,x) < di(z,y) + di(y,x) <d+v=eVi=1,..,n

as ¢; < max ¢; pointwise. Since i was arbitrary:
i<n

U(y7 ¢07 ) ¢n7 6) - U(Z‘, ¢07 ) (bn? 6)'
([

With the theorems above, we can now prove a characterisation of continuity in
this context which is reminiscent of the €, definition in R.
The proof is a worked out version of [1, p. 505 2A3H].

Theorem 5.9. Let X,Y be sets, where P and © denote the (non-empty) sets of
pseudometrics on X and Y respectively and 2 ,% the corresponding topologies.
Then: ¢ : X =Y is continuous <= Vo € X,0 € ©,¢ > 0 there exist ¢g, ..., oy, €
P,§ > 0 such that if y € X and max oi(y,x) <6, then 0(¢(x), d(y)) < €

Proof. —

Suppose ¢ is continuous and take z € X, 0 € O, e > 0. By theorem 5.8, U(¢(x);0,¢€) €
% . So per definition of continuity G = ¢~ (U(¢(z);0,¢) € 2°. Now, let € G, so
(since G is open) J¢y, ..., ¢p € P,§ > 0: U(x; ¢o, .., Pn;0) € G. So whenever y € X
and max di(y,x) <6 :0(p(x),d(y)) < € holds.

p—

Take H € % and consider G = ¢~ Y(H). If x € G, then ¢(x) € H and so, since
H is open, 30y, ..,0, € © and € > 0 such that U(¢(z);6o,..,0n;¢) C H. By our
assumption, it holds that for each i <n 3,0, .., pim, € P and 6; > 0 such that:

y € X and max Gij(y,x) < 6; = 0;(¢(z),P(y)) <e.
j<m,
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Set § = Hgnaia then U($;¢00, --7¢0m0; --7¢nmn;5) caG.
Indeed for i < n and Yy € U(X; 0005 --» Pomg s -» Prumn 3 0)

max ¢i(z,y) < max  ¢i(2,y) <8 <8 = 0i((2),6(y)) <e.

As i was arbitrary, this gives that ¢(y) € U(¢(x);0o,..,0n;¢) € H, which gives:
y € G. Hence as U(Z; ¢00, -, Pome s --» Prm,.;9) € G, G is open by definition 5.6. O

Remark 5.10. Under the same circumstances as theorem 5.9, when we now have
amap ¥ : X¥ - Y (where X* denotes the k times product topology of X, where
X is as defined in the theorem) it can be proven that the statements following are
equivalent [1, p. 510 2A3T]:

¥ : X*¥ - Y continuous
<
V(z1,.y ) € X¥. 0 € 0,6 >0: 3doj, .., pnj € P F0>0:
I&&gqﬁij(yj,xj) <6 Vj=1,.,k = 00W(z1,..,21), (Y1, ., yr)) < €.

Now we can finally prove that more maps are continuous

Theorem 5.11. The following maps are all continuous under the topology of con-
vergence in measure of L° and the usual product topology on (L°)?:

(1) (u,v) — sup{u,v}

(2) (u,v) — inf{u,v}

(3) wr |ul

(4) wrs u™

(5) w—u"

Proof. We start by proving that u — |u| is continuous.

For any u,v € LY it holds that ||u| — |v|| < |u — v|. Indeed: using theorem 2.18:
lul = |(u—v)+v| <|u—2v|+|v] = Ju|l—|v|] <|u—ov|. By symmetry it also
holds that |v| — |u| < |u — v|, hence proven that ||u] — |v|| < |u —v|. And so (since
the integral is increasing) ¢r(|ul, |v]) < ¢r(u,v) (where F has finite measure).
By continuity of the map u — u (theorem 5.3), theorem 5.9 states that for any
¢r € Pu € L% e > 0 we can find ¢p,,..,or, € P and § > 0 such that:

rln<a;<q_bpi(u, v) <8 = ¢r(u,v) < e Since ¢(|ul,|v]) < ¢r(u,v) holds for any

u,_v € LY, we have that: m<axgz_bpi(u,v) <8 = or(ul,|v|) < or(u,v) <e.

Hence proven by theorem 5.9, that u +— |u| is continuous.

Since sup and inf can be written in the form of theorem 2.18 and as addition
and subtraction are continuous (theorem 5.4) as well as compositions of continuous
functions being continuous: so are sup, inf,™,~. [l

For maps from R¥ to R such as (zi,..,2;) ~ z; and (z1,..,2%) = 21 x}z it

is well established that they are continuous. One might ask themselves whether
similar maps from (LO)]c — LY are continuous as well. It turns out that continuity
of maps R¥ — R implies continuity of analogous maps (Lo)k — LY,
In order to make this result precise and then prove it, we first want to link mea-
surable functions f : X — R to measurable functions h : R — R. This can be
done by means of composing f with h. It turns out that this composition is again
a measurable function.
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Lemma 5.12. Let (X, X, u) be a measure space. Let h: R — R be measurable and
f: X — R also be measurable. Then h o f is measurable as well.

Proof. Let H € #(R). Then since: (ho f)"'(H) = f~Y(h=(H)), we have that
since h is measurable h=1(H) € %(R) and so by using this fact and that f is also
measurable, we get that f~1(h=1(H)) € X. O

Remark 5.13.

e Using this result, it can be proven that if A : R¥ — R is measurable and
fi + X — R is measurable Vi = 1,..,k, then ho (f1,...,fr) : R = R is
measurable as well [2].

e As done in previous sections, as ho f is in the space of measurable functions,
we can translate it to L. We define the translation by h:
h:Rk = R, then h : (L°)" — LO:

h(frs - fi)) = (ho (f1, fk))
This definition is well defined: Suppose fi =q.c. fi, ..., fx =a.e. f5- Then:

0 < /’L({ho (fla-~7fk) 7é ho (f{?’flle})
<p{h# AU U{fe # fid) 0.

It turns out that if A is continuous, then A is continuous as well.
The proof below is a generalisation of the proof seen at [1, p. 174 245Dc¢].

Theorem 5.14. For any continuous function h : R¥ — R, h (as defined in remark
5.13) is continuous.

Proof. Take u; = f; € L(fori = 1,.,k),F € ¥ (u(F) < 00) and € > 0. Then
by remark 5.10, it suffices to prove that 36 > 0 : ¢p(u;,v;) <0 Vi=1,..k =
ér(h(vi,..,vx), h(u,..,ux)) < €. We will do a proof by contradiction.

Suppose 30 > 0: ¢p(us,v;) <6 Vi=1,..,k = op(h(vy,..,vx), h(u1, .., up)) < €
does not hold. Then for some ¢ > 0 we can find Vn € N a v, = ¢i, such that
Sr(Vin,u;) <47 Vi=1,..,k but ¢p(h(vin, .., Ven), h(u1, .., uz)) > €. Set

Ein={z € F :|gin(x) — fi(x)]| > 27"} where i € {1, .., k}.
Then we see that:

&Mwmwﬁiémmwm—ﬂMMu

Z/mm@m—ﬁwﬂ&ﬂﬂ
F

> 27"/ 1g,, du (Igin — fil >27" on E;y, and 1 > 277)
F
and so the following holds:
1(Eip) < 2"0p (vin,u;) < 2" - 47" =27" (F (Vin,wi) <47™)
It also holds that since E;,, is measurable, so is E; = (| |J FEin and that:
n>lm>n

u(Eq) = Tim g L>J Eim)



19

(oo}
(oo}
< 1 —m_ . . .
< nh—)IIolo Z 2 0 (tail of a convergent series, hence 0 )
k
So E; has 0 measure. And this implies that E = |J E; also has 0 measure.
i=1

But nh_)rrgogm(x) = fi(z) Vxe F\E,i=1,..,k since
F\E={zeF:Vi=1,.,k In>1 :Ym>n |gm(z)— fi(z)| <27 ™}
and since we assumed h is a continuous function from R* to R
1 A(g10(2), i () = h(Fi (&), fule) Vo € F\ .

QEF(B(UMH "7vkn)7h(u17 yUE)) =
fF\E min(la |h(gln; "7gkn)_h(f1, oy fk)|)d,u+fE min(17 |h(gln, "agkn)_h(fh oy fk)|)d:u’
and that:

Sy (L. [5G, -gkn) — hFr. o i) )t < [ 1t = p(E) = 0

and also:

0 S min(l, |h(gln7 7gkn) - h(flv LX) fk)|> S |h(gln7 7gkn) - h(flv LX) fk)|
so that by the squeeze theorem: 1i_>m min(1, |h(g1n,s - Gkn) — B(f1, . fr)]) = 0.
n—oo
Hence by the DCT (min(1, |h(g1n, --s gkn) — R(f1, .., fr)| < 1):

n—o0
so overall: lim ¢p(h(vin, .., Vkn), h(u1, .., uz)) = 0 and we have hence reached our
n—oo

contradiction. O

Remark 5.15. With theorem 5.14, we know have that continuity of maps h : RF —
R one to one translates to continuity in analogous cases for maps (L°)* — L0.
Examples of now established continuous maps are (L°)* — L° are:

1) (w,v)—»wu-v

(2) (u,v) —»u

(3) (u,v) = cos(u).
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6. L° METRIC SPACE

In previous sections we have defined pseudometrics on L°, which on their part
defined the topology of convergence in measure. We have also seen that these pseu-
dometrics are not metrics in general, but we have thus far not explored whether
we can use the defined pseudo-metrics to define a metric on L°. It turns out that,
under a certain assumption on our measure space (X, Y, 1), we can indeed do this
where the defined metric itself generates the same topology as the topology of con-
vergence in measure.

Definition 6.1. We call a topology (X, T) metrizable, if we can define a metric
on X whose standard topology on this metric space generates T.

Remark 6.2. Consider a metric space (M,d). We know that since d is a metric, it
is also a pseudometric. Now consider the topology on M generated by the set of
pseudo-metrics P = {d} (as defined in text below 5.2). Then one can easily observe
that the topology generated by P is equivalent to the metric space topology (see
Appendix A.4) on (M, d).

As we want to prove that under some assumption, we can define a metric which
generates the same topology in measure, by remark 6.2 we have to hence prove
that two topologies generated by pseudo-metrics are equivalent. Remark 6.3 will
provide a method to show two such topologies are equivalent.

Remark 6.3. Suppose we have a set X and two non-empty families P, © of pseudo-
metrics on X, generating the topologies P,G on X and suppose we want to check
whether the two topologies are equivalent. We can do this by firstly considering
the identity map ¢ : (X,P) — (X,G) and check whether this map is continuous.
As both topologies are generated by pseudo-metrics, this is equivalent as saying
that: V0 € ©,2 €¢ X d¢g,..,¢, € Pand § > 0:y € X and rln<a1i<¢i(y,x) < =

O(y,z) < e. When we now reverse the roles of P and G, we obtain a method to
determine when P = G.

Definition 6.4. A measure space (X, X, u) is called o-finite <= X can be covered
by countably many non-decreasing sets of measurable sets E,, of finite measure.

oo

Ezample 6.5. Consider (R, Z(R), ). Then this space is o-finite as R = |J [—n,n]
n=1
and Vn € N : A\([-n,n]) = 2n < cc.
The following proof is an adjusted version of the one found at [1, p. 175 245ED].

Theorem 6.6. (X,X, 1) is a o-finite measure space <= the topology of conver-
gence in measure on LO(X, X, 1) is metrizable.

Proof. —
Let X = |J E,, where pu(E,) < co ¥n > 0. Then we claim that
n=0

7 95, (u0)
o(u,v) = H’g”niu(bﬁ) defines a metric.
n=0 "

First we will prove that ¢(u,v) is a pseudo-metric.
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(1) (Triangle inequality). Let u = fiv = gw = h € LY. We have proven
earlier that: ég, (f,h) < ¢g, (f,9) + é5,(g,h) (See theorem 3.8).

Hence Vn > 0:
$En (u,v) < &En(u,w)+q§En(w,v)
1+2nl"(En) - 1+2n/1'(En)
We have also seen earlier that: ¢z, (u,v) < u(FE,) < oo and so it holds
that:
bp, (1,0) 1(En) 1

127 u(E,) = 1+27u(B,) = 27
and this proves that ¢(u,v) < co as
_ co 7 00
O(uv) = 3 FiE < X g <o
n=0 n=0
Combining everything gives

H(u,v) = > Soples z*f’E"(“’”WE"(“) B, w) + d(w,v)

T+2np E ) = 1+27u(Eyn)

(2) (Non-negativity) o(f,4) >0, since ¢, (f,g) >0 Vn.

(3) (Symmetry) ¢(f,4) = ¢(g, f). since ¢p, (f.9) = dr,(9,f) Vn.
Now consider ¢(u,v) = 0 for u = f,v = §. Then since @(u,v) is a sum over
non-negative numbers, all summands must be equal to 0. And so we get that
Jmin(|f — g|,1g,)dp = 0 Vn. Since min(|f — g|, 1, ) is non-negative, we hence
obtain that min(|f — g|,1g,) =q.e. 0, so p({min(|f —g|,1g,) # 0}) =0 Vn. Note
that:

min(|f —gl,1z,)(s) #0 <= 1p,(s) # 0 and [f —g[(s) # 0 <=
g, (s)[f —gl(s) #0

Hence we obtain that

= p({min(|f — gl,18,) # 0}) = p({|f — gl1g, # 0})

which means per definition that f =,. g on E,.

Now, since X = |J E, it can be seen that
n>0

goﬂf —9llg, # 0} ={|f — gl # O}.
Indeed, if s € {|f — g| # 0}, then since s € X 3In € N : s € E,, hence
s €{|f —g|1g, # 0}. The other way around holds trivially.
Since (E,)p>0 is non-decreasing, we have that ({|f — g|1g, # 0})n>0 is non-
decreasing, hence obtain: u(|f —g| # 0) = lim w(|f —g|lg, # 0) = 0. And

so we have that f =,.. g, so per definition: u = v

We will now prove that this metric generates the topology of convergence in mea-
sure, using remark 6.2 and 6.3. Let F' € X, u(F) < oo and € > 0. Then since
U E. = X, we have that (| F'\ E,, = &, so it holds that hm wF\ E,) =0,

n>1 n>1

meaning that In : p(F\E,) < 2e.ﬁUsmg this, we can now establish that if u,v € LY
and ¢(u,v) < STTaEy) then dr(u,v) <e.

Indeed, let u = f, v = g, then since VYm > 0 it holds that:

B m (14,0) S _0m,(wy) 7
T2 i) = = TR u(En) ¢(u, ).



22

Hence it holds that for n : ~ B
P8, (u,v) < (1 + an(En))d)(u,v) < % and also QSF\En (u,v) < ,U'(F \ En) < %
So overall we obtain:

Gr(u,v) = / min(|f - gl, 1r)du

< /min(\f =gl 1g,)du + /min(lf — gl 1p\g,)dp <€
In the other direction, first write:

- N ey (u) by (uw) ¢, (u,0)
P(u,v) = 3 Hgnip,(E) 3 1+§"M(E 5+ Z 1+I;"u(E)

)

As we have earlier established that ¢(u,v) is a convergent series, we can choose

m: Z ligz(ugi) < £. Then when we have: ¢g, (u,v) < w7 we see that as:

_ m(Eo) - w(Eo) 1
Z 1+2n w(Eyn) < = 1+27u(Ey) Z on <2

n=0

And so the followmg also holds:
Z ¢En u U Z (Z)En u U + io: d;En (U” U)

1+2nu 1+27p(Ey) = 1+ 2"u(Ey,)

< - —

- Z 1+ 2" + 2

<7 - =
_2+2 €

These show that {¢} defines the same topology as {¢r : u(F) < 0o}.

“—

Suppose the topology of convergence in measure is metrizable by a metric ¢. Then
since the set {u € L% : ¢(u,0) < 27"} is open by the topology on the metric space,
we know by the topology of convergence in measure that:

VYn € N 3 measurable set F), of finite measure and a d,, > 0 (see definition 3.9):

éFn (U70) < 677, - QE(U,O) < 27™,

Set E = X\ U F,. If E does not have zero measure, then u = iz # 0, hence
neN

since ¢ is a metric In € N: ¢(u,0) > 27" (else ¢(u,0) = 0, contradiction as u # 0).
Now:

N

w(ENF,) = ¢r,(u,0) > J, while EN F, = @, hence a contradiction.

So u(E) =0and X = |J F,, UFE is a countable union of sets of finite measure
m>1
and is non decreasing: hence X is o-finite. O
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7. COMPLETENESS OF LY

In the previous sections we have defined convergence on L°(S, ¥, 1) with respect
to the topology of convergence in measure. In the case of sequences in R, we know
that every Cauchy sequence converges with respect to the standard topology. In
this section we define and will consider restrictions on our measure space (S, %, i)
such that every Cauchy sequence in LY(S, X, 1) converges. Before we do this, we will
make a slight detour and build up general theory surrounding defining completeness
using filters. This generalises the notion of a sequence being Cauchy with respect
to a metric or norm to non-metrizable and not normable spaces.

Definition 7.1. Let U be a set. Then F C P(U) is called a filter on U if:
(1) A1,..., A, € F, then (| A; € F

=1
(2) IfAe F and ACBCU, then Be F
(8) ¢ F and U € F.

Ezample 7.2. Let U be a non-empty set and let (u,,)n>1 be a sequence in U. Define
F={FCU:{n:u, ¢ F} is finite }. Then F is a filter on U. Indeed:

(1) Let A,B € F. Then since {n : u, ¢ A} and {n : u, ¢ B} are finite sets,
sois {n:u, ¢ AN B} as {u, ¢ AN B} = {u, ¢ A or u, ¢ B}, finite set.
Hence: ANB € F

(2) Let A € F and suppose A C B C U. Then since u,, ¢ B = u, ¢ A:
{n:u, ¢ B} C{n:u, ¢ A}, finite. Hence: B € F.

(3) Since {n:u, ¢ g} =N: & ¢ F. It also holds that U € .

Definition 7.3. Let U be a linear space (vector space) over R (or C) and T a
linear space topology on U (see def 5.1). A filter F (as defined in definition 7.1) is
called Cauchy if for every open set in G in U containing 0 IF € F: F-F={u— v :
u,v € F} CG.

Definition 7.4. Let F be a Cauchy filter on U. Then F is said to converge to
x € U (Notation: F — x) if every open set containing x belongs to F.

Under the same circumstances as definition 7.4, if we now assume that (U, T) is

Hausdorff any converging Cauchy filter / — = € U has a unique limit.
Indeed: Suppose F — z1 € U and F — x4 € U, where x1 # x5, then F contains
all open sets containing x; as well as all open sets containing x,. Then, since U
is Hausdorft, there is an open neighbourhood U,, of z; and U,, of z2 such that:
Uz, NUy, = @. Since Uy, ,U,, € F we have that Uy, NU,, = @ € F(definition
7.1), contradiction.
In general, Cauchy filters do not have unique limits. For instance, consider: U = R
and T = {@,R}. It is an easy check that this is a linear topology. It holds that
F = {R} is a filter on U as:

(1) Re F

(2) o ¢ F.
F is even Cauchy as R is the only open set containing 0, hence: R — R C R. But
F — z for any x € R.

Definition 7.5. Under the same conditions as definition 7.3, U is said to be com-
plete if every Cauchy filter on U is convergent (convergent as in definition 7.4).
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In case we are in the situation as defined under remark 5.2, it turns out that F
being Cauchy is equivalent with being able to find an F' € F such that the difference
between all elements in F' is less or equal to e.

The proof below is an adjusted version of the one found at [1, p. 516 2A3G].

Lemma 7.6. Let U be linear space over R (or C) and let T be a family of functionals
from U to R (or C) (see text below remark 5.2) defining a linear space topology.
Then a filter F is Cauchy <= V1 € T ande >0 IFF € F:7(u—v)<e Vu,v €
F

Proof. =

Suppose F is Cauchy, 7 € T and € > 0. Then by theorem 5.8, U(0, ¢,;€) is open,
hence by definition 7.3 3F e F: F— F CG,sot7(u—v) <e Vu,v € F.

p—

Let G be an open set containing 0, then by definition 5.6 37g,...,7,, € T and
e > 0 such that U(0, ¢, ..., ¢, ;€) C G. For each i < n, IF; € F such that
Ti(u —v) < € Yu,v € F;. Now, per definition of a filter, F = (| F; € F and

i<n

Vu,v € F:7m((u—v) —0) = ¢r,(u—v,0) <e Vi<n. Andso F —F CG. O

Now that we have established the definition of being complete with the help of
filters, one might wonder if this is equivalent to our usual notion of every Cauchy
sequence converging in a normed space or metric space. It is indeed equivalent and
we will prove this for the case that U is a normed space. The proof of the case that
U is a metric space is analogous.

This proof is a worked out version of the one found at [1, p. 516 2A5G].

Proposition 7.7. Let (U, ||.||) be a normed space over R (or C) and let T be the
linear topology defined on U from the set of functionals T = {||.||}.

Then U is complete in the sense of 7.5 <= every Cauchy sequence (wrt ||.||) in
U converges

Proof. —
Let (un)n>1 be a Cauchy sequence in U. Define F={F C U : {n: u,, ¢ F'} is finite }.
Then F is a filter on U by example 7.2. Let ¢ > 0 and take m € N such that
|luj — ug|| < e whenever j, k > m (this m exists per definition of w,, being Cauchy),
then F = {u; : j > m} € F (since {n : u, ¢ F} = {1,..,m — 1} is a finite set)
and [[u —v|| < € Vu,v € F. Now, let G C U be open such that 0 € G. Then
Je > 0 such that U(0;||.]|;¢) € G (by def 5.6). Hence we have (per definition of
F): F—F CU(,|.|l,e) € G, where F' € F, hence proven that F is Cauchy
and since U is assumed to be complete in the sense of definition 7.5, it has a limit
u. Now for any € > 0, the set {v € L% : |lv —ul| < €} = U(u;|.||;¢€) is an open
set containing u (by theorem 5.8), hence it belongs to F (by definition 7.4) and
so{n : up, ¢ U(us].ll;€)} = {n : ||un —ul| > €} is finite. But this means that
Im : |Ju, — ul] < € whenever n > m. As e was arbitrary: nl;ngo Up = U.
p—
Let F be a Cauchy filter on U. Then for each n > 1, we can choose a F,, € F
such that ||lu —v|| < 27" Vu,v € F, (since U(0,||.]|,27™) is open in U). For each
n > 1, F/ = (] F; belongs again to F hence can’t be empty by definition 7.1.
i<n
Choose u, € F),. If m € N and k,j > m, then uj,u, € F,, (as F]’ C F/ so
uj € F),, hence u; € F; Vi < m). But this means [ju; — ug| < 2™, so u, is a
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Cauchy sequence and has hence a limit (by assumption), say u.
Now take ¢ > 0 and m € N: 27™%! < ¢ As w, converges to u, 3k > m :
|lur —ul| < 27™. Since we have earlier established that uy € F,, we see that (as
YVu,v € Fp t [Jlu —v|| < 27" and ||jv — ul| < ||v — ugl| + |Juk — u|| < 2-27™):
Fn C{oeL’: |lv—u <27 ™}

C{wel’:|v—ul <27™}

Cwel’:|v—u| <e}
and this implies that (per def of filter) {v € L : v —u| < €} € F. Since €
arbitrary, F — u as we know by def 5.6 that for an open set containing u, say A,

Je > 0 such that {v : |[v —u|| < €} C A, meaning that per definition of a filter
A € F. As F was arbitrary, U is complete. O

Now that we have established general theory about complete linear topologies,
we can finally prove that under a certain assumption on (X, Y, i), L% is complete
under the topology of convergence in measure. This assumption roughly states that
every set in ¥ with co measure can be approximated by a set with finite measure
and that every subset of ¥ can be approximated by a single set H € ¥ which acts
as the ’least upper bound’ of this subset of ¥. This notion is made precise below.

Definition 7.8. A measure space (X,3, ) is called localizable if:
(1) It is semi-finite (see definition 4.12)
(2) V€ C¥ 3H € X such that:
e VE €& :E\ H is negligible (meaning: u(E\ H) =0))
o IfGeX andVE € &€, E\ G negligible, then H \ G also negligible.
We call this H the essential supremum of £.

It turns out that being localizable is weaker than being o-finite. This we will
prove via the notion of strictly localizable.

Definition 7.9. Let (X, X, u) be a measure space. Then u is called strictly local-
izable if there exists a partition (X;)icr of X into measurable sets of finite measure
such that:

Y={E:EFECX,ENnX; ey Viel}
n(E) = > w(ENX;).
icl
Remark 7.10. The index set I in definition 7.9 may be uncountable.

The proofs of both proposition 7.11 and proposition 7.12 show and elaborate on
the proofs found at [1, p. 13 211L].

Proposition 7.11. A o-finite measurable space is strictly localizable.

o0

Proof. Let (X,X, ) be a o-finite measure space (X = |J E,) and let F,, be a
n=1

disjoint sequence of measurable sets of finite measure covering X defined as follows:

since X = U En, define Fl = El,FQ = E2 \ El,Fg = E3 \ E1 UE2 etc.
n=1

If E€X, then ENFE, € Xforallnand u(E) = > pw(ENF,). Incase E C X and
n=1

ENnF,e¥ VYn,then E= |J ENF, €X. ([
neN
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Proposition 7.12. A strictly localizable measure space is localizable.

Proof. Let (X, %, u) be a strictly localizable measure space and let (X;);er be the
corresponding decomposition of X.

Let £ be family of measurable subsets of X. Let F be the family of measurable
subsets F' C X such that u(FNE)=0VE € £.

Note that @ € F and if (F,,),>1 is a sequence in F, then |J F, € F.
neN
For each i € I, set v, = sup{u(F NX;): F € F} and choose a sequence (Fi,)nen

in F: lim p(Fip NX;) =i
n— o0
Set
F; = U F;, e F
neN
i€l
H=X\F.

We see that FNX,; = F;NX; € ¥ Vi € I, and by the definition strictly localizable:
F € ¥ which gives H € X.
For any F € £ it holds:

WE\H)=pENF)
=> WENFNX,)
el
=Y wENFNX;)=0
el
Thus F e F. If G € ¥ and u(E\G) =0VE € &, then X\G, F' = FU(X\G) e F

and so it holds that v; > p(F' N X;) Vi € I.
And so we obtain:

H(FﬂXi)ZM(UFmﬂXi) (FmXi:FiﬂXi:UmeXi)
neN neN
> pu(Fin N XG)

which gives: p(F N X;) > sup{p(Fin N X;)} = 7.
And so, as also F' N X; D F'N X, we obtain:
vi > p(F' N X)) > p(FNX;) >y

So, M(FﬂXi) = ,LL(FIQXZ') Viel.
Because u(X;) < oo it follows that u((F'\ F) N X;) =0 Vi € I. Summing over ¢
yields: u(F'\ F)=0 = pu(H\ G) =0. O

In the following example, we will show that being localizable is weaker than
being o-finite.

Ezample 7.13. [1, p. 14 211N] Take X =R and ¥ = #(R) together with counting

measure
Al |A| < o0

oo |A| = 0.
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Then p is not o-finite, because if it were R would be a countable union of
countable sets, hence countable which is not true.
w is strictly localizable: Set X, = {z} Vo € X. Then (X,),ex is a partition of
X and for any F C X, u(ENX,) =1if z € X else 0. And so we have that
w(E) =Y p(ENX,), which implies that p is localizable by proposition 7.12.

zeX

Under the assumption that (X, X, u) is localizable, it turns out that that if we
define a function f on a measurable set of X, under certain conditions of f, we can
approximate f by a function defined on the whole of X (in an almost everywhere
sense). This approximation is entailed in the next theorem.
The proof below represents the proof found at [1, p. 28 213N] together with some
details worked out.

Theorem 7.14. Let (X, %, u) be a localizable measure space. Suppose ® is a family
of measurable real valued functions defined on measurable subsets of X such that :
frg€® = f =4e g ondom(f)Ndom(g). Then 3 h: X — R such for every
fe®: h=4. f ondom(f).

Proof. For g € Q and f € ®, set
Epq ={z € dom(f) : f(z) =2 ¢} € %.

For each ¢ € Q, let E, be an essential supremum of {Ey, : f € ®} (see definition
7.8).
Define:

h*(z) =sup{g: ¢ € Q,z € E;} € [—00, ]

for z € X and set sup @ = —o0.
If f,g € ® and ¢ € Q, then:

Epg \ (X \ (dom(g) \ Egq)) = Erq Ndom(g) \ Eyq
C{x:z € dom(f)Ndom(g), f(x) # g(x)}
is negligible (by the definition of ®) and so as f was arbitrary:

Eg\ (X \ (dom(g) \ Egq)) = Eq N dom(g) \ Egq

is negligible as well (by definition of essential supremum).
As Egq \ E, is negligible as well (definition essential supremum), we have that:

Ey A(EqgNdom(g))
is negligible as well and so

Hy = |J EgqA(EqgNdom(g))
q€Q
is also negligible. But if x € dom(g) \ Hy, then Vg € Q : x € E; <= x € Ey4(this
immediately follows from the definition of dom(g)\ Hy when written out). It follows
that for such x : h*(z) = g(x) and so h* =,... g on dom(g) and this holds Vg € ®.
The function h* is not necessarily real valued but is measurable as it holds that:

{z:h*(z) >a} = LEJQ{EQ iq>a}
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Indeed: Let € {z : h*(z) > a}, then h*(z) > a, so sup{g € Q : z € E;} > a, so

x € I, for some ¢ > a.

Let x € |J {E;: ¢ > a}. Then xz € E; for some ¢ > a. Which means sup{q € Q :
q€Q

x € Ey} > a.
Hence, we can modify h* by setting

(@) Wz)eR
he) = {o h*(2) € {00, 00}

Then we have obtained a measurable real valued function h : X — R, where for
any function g € ® : h(x) =,... g(x) Vz € dom(g). O

The proof of completeness under when we assume localizability will make use of
the following lemma below.

Lemma 7.15. Suppose (fn)n>1 is a sequence in L°(S, X, u) for which it holds that
for F e X

({5 € F: | fuss () — fule)] > 277} <277,
Then (fn)n>1 converges a.e. on F.

Proof. Define the following set:
Hy, ={z € F: |fpt1(z) — fulz)| 227"}
Then pu(H,) < 27" (as established earlier). Now define B,, = |J H,,. As H,, is

m>n
measurable, so is B,,. We also see that B,, is non-increasing, hence we have that:

p(() U Ha) = lim u( ) Hin)

n=1m>n m>n
< lim > p(H)
m=n
< nl;n;o mz_:n 27 =0 (tail convergent series).
We have hence proven that (| |J Hy, has 0 measure.
Ifzx e F\ Q Lg H,,, then%zeinéignition Jk:xeF\ L>Jka, so that | fr+1(z) —
n>1m>n m

fm(z)] < 27™ V¥m > Ek, hence we see that (f,(z)),>1 is a Cauchy sequence in

R, hence is convergent (we define this limit as f(x)). Since (| |J Hnm had zero
n=1lm>n
measure, we can hence say:
lim f,(x) =4 f(x)on F.

n— oo

O

Now we can finally prove that under the condition of (X, 3, 1) being localizable,
LY is complete under the topology of convergence in measure.
The proof below is an adapted version of the one found at [1, p. 175 245E].
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Theorem 7.16. Let (X, %, 1) be a localizable measure space. Then L°(X, ¥, u) is
complete under the topology of convergence in measure.

Proof. Suppose (X, ¥, ) is localizable and let F be a Cauchy filter on L°. Per
definition of completeness (definition 7.5), we have to prove the Cauchy filter
converges (see definition 7.4). Let F be a set of finite measure. Then since
{x € LY : ¢r(x,0) < 47"} is open in L? (see theorem 5.8) and contains 0, per defini-
tion of a Cauchy filter 3A,,(F) € F such that A, (F) — A, (F) C {¢p(z,0) < 47"},
hence meaning that ¢p(u,v) < 47" Vu,v € A,(F). Per definition of F be-

ing a filter (definition 7.1): [ Ax(F) € F and is non-empty, so we can choose
k<n

ul’ € N Ak(F). Then as
k<n

ul' e N Ap(F) C A, (F) and uf € A,(F)
k<n+1

we can say:
q_SF(uSH,uff) <4 <27,

As ul’ € L0, we can write up, = fF, where fF : X — R measurable.
Consider the following set: {z € F: [fF, (z) — fF(z)] > 27"}

It holds that 27" e R fF, () fF (2) 227} < min(| 5, — fF], 1p).
Indeed:

(1) Case 1: s€ {x € F: |fF, (x) — fF'(x)] > 27"}. Then the left-hand side of
the proven inequality gives 27". In case | fL,; — f'|(s) > 1, the right-hand
side is 1 and 27" < 1 holds. In case |ff,; — fF|(s) < 1, we have that the
inequality that we are proving gives: |ff,; — fF|(s) > 27" and this holds.

(2) Case 2: se{z e F:|ff () — fF(z)] <27™}. As then the left-hand side
is 0, the inequality is automatically satisfied.

And so, since the integral is an increasing function, we can take the integral on
both sides of the inequality above and preserve the inequality. Doing so gives:

2 ul{x € F 1[5, (2) — FF (@) > 277)) < dr(ulyy uf) < 47
Hence obtaining

p{z € F o |fia(2) = f7 (@) 227} < 2%p(up q,uy) < 27470 =277

Hence by lemma 7.15, we obtain that

lim fF(z) =4 fF(x)on F.

n—oo
Claim: If E, G are two sets of finite measure such that £ C G, then ¢g(uf, uf) <
247,

Proof claim: A4, (FE), A,(G) € F implies that also A, (E) N A, (G) € F and is non-
empty, hence they must have some point w in common.

This gives:
op(uy,uy) < dp(uy,w) + dp(w, uy)
< dp(uy,w) + da(w,uy)) (ECG)
<2.477
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Consequently (in the same fashion as before)
p{z € B [fi () = f7(@)] 2 27"}) < 2"p(ug, uy) < 27"
and also

lim f¢—fF=,. 0mmE = fF=,, f¢onE.

n— oo

Consequently, since we took E C G as arbitrary sets of finite measure, it follows
that for E C F, since E U F has finite measure and E C EUF: fF =,. fFYF on
E and ff' =, . fFYF on F, implying that f¥ =, . f" on ENF.

Because p is localizable, it follows by theorem 7.14, that 3f measurable function on
X such that f =g fP on E for any measurable set F with finite measure. Now
consider u = f € L° (f as defined above). Then for any set E of finite measure:

G (u,uE) = / min(L, | — £7])dp
E

:/ min(1, \fE - ff\dp -0 (f =qe. ¥ on F and f,;E —ae ¥ on E).
E

Now:

inf sup ¢p(v,u) < inf sup @p(v,u)
AEF A ) neNy,ca, (E) (

< inf sup (¢E(U,Uf)+$E(uauf))
"ENUGA (E)

<inf sup 2-47"+4 ¢p(u,ul) =0.
"GNUEA (E)
As F was arbitrary, it follows that F — u.

Indeed, since inf sup ¢p(v,u) = 0, we know sup ¢z (v, u) gets arbitrarily close to
AEF peA veEA
0, as an identity dependent on A € F. Now, let G be an open set containing v.

Then by definition 5.6, 36 > 0 and ¢z : U(U;QSE,(S) C G. As sup ¢op(v,u) gets
veEA

arbitrarily close to 0, we can choose a A € F and §’ < d such that:

AC{veLl: ¢pp(v,u) <8} C{velL’: ¢p(v,u) <&} C G. Hence since A € F,
per definition of a filter (definition 7.1): G € F. Since F was arbitrary: L° is
complete. O

Remark 7.17. In case we assume that L% is o-finite (which is stronger than being
localizable by theorem 7.11), we have that that the topology of convergence in
measure is metrizable by theorem 6.6 (namely by the metric ¢ as defined in theorem
6.6). For a Cauchy sequence (fn)n>1, it holds that:

0= hIn ¢(fnafn+1): hm Z %}M

Since it holds for all n that:

¢Em(fnafn+1) H(Em) 1
T2y (B) = T2 () = 27

By the DCT (with respect to the counting measure):
VT I By (Fnrfnv1) _
Jim A(frs fry1) = Z Jim Sy = 0

— 00

Hence it holds that lim ¢g, (fn, an) = 0Vm > 1. And so, for each m, we can
n—oo
find a subsequence of f for which the following holds:
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¢r,, (fors fam,) <27F

Using the same method as in the proof of theorem 7.16:
p{z € B : | fam, (@) = far(2)] 2 27F}) < 27F

Nk41
and so by, by lemma 7.15, (f£m),>1 converges a.e. on Ey, (to f¥m). Then it holds
that fFm =, . fF» on E, N E,,, hence using that o-finite implies localizability:
there exists a h : X — R such that h =,.. f¥ on E, ¥n > 1. And so we obtain:

. T fna
Jim, s ) JLH;OZ TESTom)

= ¢E fnmmfn)_'_d)E ( Emrh)
< 1 m k m Nk
D v LTIy

Choosing ny sufficiently large, we obtain that the sum above will tend to 0 as
(fn)nZl iS CauChy and h =g.c. fEm on Em
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8. LOCAL CONVEXITY OF L°

The intuition behind a topological vector space being locally convex is that if we
have an open set containing 0 in our space, then we can always find a convex set
fully contained in the open set which also contains 0. As this is a strong property to
have, we will in this section consider whether local convexity applies in general to
L° and the topology of convergence in measure. In order to define local convexity,
we will first introduce semi-norms. With these semi-norms we will define local
convexity in a manner that is equivalent to the intuition above.

Definition 8.1. A semi-norm on a vector space X is a map p : X — R such that
Ve,y € X,s € R:

(1) p(x) =0

(2) p(sz) = |s|p(x)

(3) plz+y) < p(x)+py)

Ezample 8.2. Consider C'(R) (the space of all continuous functions from R to R)
and define p,, : C(R) = R

pa(f) = max [f(z)].

z€[—n,n]
This definition is well-defined as f being continuous implies |f| being continuous,
which means |f(z)| achieves its maximum on the compact interval [—n,n].
Dr is a semi-norm:

(1) pa(f) 20
(2) Let s € R. Then p,(sf) = max ]\sf(m)| = |sf(a)| for some a € [—n,n].

Hence we have that:
[s[[f (@)] < |sl|f(a)] Vo € [=n,n].

This means that in case s # 0, we have that

[f(@)] < |f(a)] Vo € [=n,n].
But as a € [—n,n| this means:

[f (@)l = pu(f)

And so:

pu(sf) = Isl[f(a)l = Is|pn(f)-

In case s = 0, the equality above also holds.

pu(f+9) = L ax ]\f(x) + g(x)]
< max ([f(z)]+ |g(z)])

z€[—n,n]
< pa(f) +pul9).

Definition 8.3. A locally convex topological vector space is a vector space X along
a family P of semi-norms on X, which define a topology on X. The topology on X
under P is generated by sets of the form p~1(U), where p € P and U C R open.

Remark 8.4. There is an equivalent formulation of a topological vector space X
being locally convex which states that every neighbourhood around the 0 element
contains a convex set from a fixed basis. This basis, which only consists of convex
sets, is also a set of neighbourhoods of 0.
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Proving local convexity by using the definition can sometimes be tedious. It
turns out that in case a specific set of functions from our topological X to R is
known, we have a relatively easy to check requirement for local convexity to hold.
This specific set is called the dual of X and is defined below.

Definition 8.5. Let (X,T) be a topological space. Then the dual of X is defined
as:

X*={¢: X = R: ¢ is linear and continuous }

Example 8.6. Consider R equipped with the standard topology. Then

R* = {¢(x) = az|la € R}. Indeed, let ¢ be a linear function on R and set a = ¢(1).
Then we see: ¢p(x) = ¢(x-1) = 2¢(1) = az. Since all functions of these form are
continuous we have hence proven our assertion.

Ezample 8.7. [4, p. 5,6 Prop. 7.13, Thm. 7.14] Let 1 < p < oo and choose p’ such
that:
1,1 _
» + = 1.
For a measure space (X, A, ), if f € v (S), then
F(g) = [ fgdp.

defines a functional from L”(S) to R. Assuming the standard norms on L” and L,
the fact that F'(g) only takes values in R follows directly from Holder’s inequality:

J1fgldp <1 f1l, llgll, < oo.
As we have now shown that |fg| is integrable, fg is also integrable and so:
[F(g)l = |[ fadul < [ |fgldp < oo.

One can also easily see that F' is linear. It also holds that F' is Lipschitz as the
feLP(9) is fixed:

F(g) — F(h)| = | / f(g — h)dul
< /If(g — h)|dp

<|Ifll, llg = ll, (Holder’s inequality)

which implies F' is continuous. Thus we have now established that:

(LP(S, A, )" 2{[ fgdu = g € LP(S)}.
In this case (1 < p < 00) the left inclusion also holds.

A property of a locally convex topological space X is that any linear and con-
tinuous function whose domain is a vector subspace of X can be extended to a
function in X*.

Theorem 8.8. [5](Hahn-Banach theorem) Let X be a locally convex topological vec-
tor space over R, M a vector subspace of X and f : M — R linear and continuous.
Then f has a linear and continuous extension to all of X.

Using Hahn-Banach, we can finally prove a requirement of X being locally convex
with respect to the dual.
The proof below is inspired by the approach seen at [7] (at this source, the theorem
is proved for the case X being a normed vector space.)



34

Corollary 8.9. If X is a locally convex topological vector space, where X # {0}
and is not just generated the trivial semi-norm (the trivial semi-norm is the map
from X that maps every element to 0) then X* # {0}.

Proof. As the topology on X is generated by non-trivial semi-norms, we have that
Jr € X and p € P such that p(z) # 0. Then it holds that p(ﬁ) = 1. Define
y = % and the functional ¢ : span{y} — R by ¢(ay) = «. Then it holds that ¢
is linear:

(1) olay+ By) = o((a+ B)y) = a+ B = ¢(ay) + ¢(By)

(2) dlclay)) = ¢((ca)y) = c(a) = co(ay)
It also holds that ¢ is bounded by the semi-norm:

[p(ay)| = |af <2|al-1=2|al-p(y) = 2p(ay).

which implies that ¢ is continuous [6]. Hence, by theorem 8.8, ¢ has a continuous
linear extension to all of X, (say ¢). Then ¢ € X* and ¢ # 0, hence X* # {0}. O

Remark 8.10. In case X is a locally convex topological vector space generated by
just the trivial semi-norm (say p), then X* = {0}.
Indeed: Note that VA € #(R)

X ,0€eA4
_1A: B
pA) {@ 0¢ A.

Hence, X has the trivial topology. Now let ¢ € X*. Then ¢ is continuous and so
Vy € R ¢~ 1({y}) is either X or @. This means that ¢ has the form:
¢(z) = C, where C € R is a constant.
But then by the linearity of ¢ :
C=¢(-z) =—¢(x) =-C
which implies that C' = 0. Hence proven that X* = {0}.
Now that we have established this result, we can finally prove that L°(X,¥, i)

with the topology of convergence in measure is not locally convex (in general). The
corollary below is a worked out version of the one seen at [8].

Corollary 8.11. L°([0,1], B([0,1]), \) together with the topology of convergence in
measure is not locally conver

Proof. Consider L°([0,1]) = {f f:]0,1] — R measurable }. Then we have earlier
defined the pseudometric: ¢p(f,§) = [, min(|f — g],1)dA and that

fn — f in measure < OF(fn, f) — 0, where F' € B([0,1]).

Assume L°([0, 1]) is locally convex. Then by corollary 8.9: 3¢ € (L°)* : ¢(f) # 0
for some f € L°. Let

92k+m = 1[2%7%1»1] for k € N and m S {0,...,2k — 1}.

ok+1_1
Then note that: f= > gp,f. Hence:
ny =2k
2k+l_1
0<16(N)=16( D  gncf)l

nk:2k
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2kl 1

= [( Z &(gn,, f))] (linearity).
ny=2k
ok+1_q

Z |¢(gnkf)‘ Vk € N.

n=2k

IND

Then it holds that
VkeN 3ng € {28,251 — 1} 1 |(gn, )] = 5rld(f)]-
Indeed, suppose 3k : Vng 280 (gn, )| < |¢(f)]- Then

ok+1l_1

2Xo(gn Nl <IN < X 16(gn f)] < 2% max|é(gn, f)]

TL)CZQk

Since the left-hand side is supposed to hold Vny:
2% max|@(gn )| < 2" max|¢(gn, f)|-

Hence we have reached a contradiction.
Let hy = 2%g,, f, then since

p(lhi| > 0) = p(28gn, | > 0) < pilgn, > 0) = u([5t, "57]) = 3%

it can be proven that hy — 0 in measure. To see this, first note that

min(|hg ;1) < Lgjp, >0
This holds as:
(1) Case 1: x € {]hg| > 0}. Then min(|hg|(z),1) <
(2) Case 2: x € {|hr| = 0}. Then min(|hg|(x),1) =
And so we get:

0 < ¢p(hy,0) = [pmin(|hg|, 1)dA <[4 1, 50dA < 55, F € B([0,1])

L= 1qn >0y ()
0= 1qjn,|>0y (7).

so it converges in measure.
Now consider the sequence (ng)r>1 such that [¢(gn, f)| > 75 |0(f)| (as established
before). We see that:

S(gnf) = 2 10()] = 1250 (gn )] = [6(F)] " |G(hi)| > |6(f))-

Since hy — 0 in measure and ¢ continuous, we hence see that 0 > |o(f)| > 0,
contradiction.

Remark 8.12.

(1) The result of corollary 8.11 can be extended to a more general setting. It
turns out that for L°(S, 3, ) with a finite non-atomic (see [9, p. 395 Def
10.51] for definition non-atomic. For example N together with the counting
measure is atomic and R with Lebesgue measure is non-atomic) the dual of
LO(S, %, u) is trivial [9, p. 481 Thm 13.41] and so is not locally convex by
corollary 8.9 for the topology of convergence in measure. This result also
holds for LP spaces together with the topology of convergence in measure
(where 0 < p < 00)([9, p- 482 Thm. 13.43]). Showing, for instance, that
L?([0,1], B([0,1]), A) is not locally convex as well.
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(2)

For 0 < p < 1, LP(S,%, 1) together with the topology induced by the
metric:

d(f,9) = [|f — glPdp
is locally convex if and only if the range of u consists of only finitely many
values [17, p. 5 Thm 3.2].
For L°(N) together with the product topology, it holds that the product
topology is generated by the family of semi-norms:

pn(x) = |z(n)].
Hence by definition 8.3, L°(N) is locally convex in this instance. What
can also be observed is that convergence in measure is equivalent with
convergence with the product topology.
Indeed, suppose that (iy,)n>1,4 € L°(N) and E € P(N). Note that the
equivalence class of any element in L°(N) only consists of that one element
under the counting measure. Then as

J
by the Monotone Convergence Theorem we obtain:
Pu(in, &) = > min(|lz,.(j) — z(4)],1)

jEE
Hence ¢p(in,2) - 0 <= Vj € E: 2,(j) — x(j). And so we obtain
convergence under the product topology and convergence of topology in
measure are equivalent. By theorem 6.6, the topology of convergence in
measure on L°(N) is metrizable (as N together with the counting measure
is o-finite) and L°(N) under the product topology is metrizable as well
metrizable as N is countable ([9, p. 206 Lemma 5.74]). This implies that
both topologies are equivalent ([13]). Hence we can conclude that L°(N)
under the topology of convergence in measure is locally convex.
LP(N) for 0 < p < 1 under the topology of convergence in measure is not
locally convex by the second remark (as the counting measure does not take
finitely many values in this case).

k
" min([z (7) — (7). D) T i, — al.1)
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9. ESSENTIAL SUPREMUM

In applications of measure theory to financial markets, it is common to let the
probability distribution of the market depend on time. This means that each second
corresponds to a potentially different random variable and so it is valuable to us to
consider these different distributions in a set. With sets in R one is able to define
a supremum and one might want to be able to have this concept defined for a set
of random variables to be able to predict behavior of the random variables over
time. Hence, in this section we will define a supremum over a set of measurable
functions. The supremum over a set of non-negative measurable functions is called
an essential supremum and is defined below.

Definition 9.1. Let (2, F,Q) be a measure space and let X be a non-empty set of
non-negative measurable functions defined on (2, F,Q). The essential supremum
of X, denoted by esssup X is a measurable function X* satisfying:

(1) VX €X: X <qo X*
(2) If Y is a measurable satisfying X <q,. Y VX € X, then X* <,. Y

Remark 9.2. This definition of an essential supremum differs from the one used for
localizability (see definition 7.8).

Corollary 9.3. Under the same conditions as definition 9.1, if the essential supre-
mum exists then it is unique (in an a.e. sense).

Proof. Suppose X7 and X35 are both the essential supremum of X. Then since
X <ge. X7 and X <, X5 VX € X we have by part two of the definition that:
X7 <ge X5 and X5 <, X7, hence obtaining that X7 =, X3 O

In order to prove existence of X*, we will first define a measure which is ab-
solutely continuous with respect to Q. Then it turns out that X™* is actually the
Radon-Nikodym derivative of () with that said measure.

Definition 9.4. Given X as defined in definition 9.1 and given A € F, then we
call m = (K; Ay, .., Ak; X1, .., XK) an X—partition of A if:

(1) K €N
(2) AinA; =@ VYi#j, where A; € F and 6 A=A
(3) X1, X5 € X =
For A € (0, 0], we define:
pr(A) = [, k§1 min(Xy, \)14,dQ and p*(A) = sup{u)(A) : 7 X-partition of A}.

Theorem 9.5.
(1) p* is a non-negative function on F.
(2) 1 is finitely additive

Proof.

(1) Per definition, A > 0, X} > 0 (as X’ consists of non-negative measurable
functions) and 14, > 0, hence pu}(A) > 0 for any partition 7, and so
A (A) > 0.
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(2) Let ABeF: ANB=0.
Then I will first show that:
{u2(AUB) : 7 partition} = {u), (A)+u2_ (B) : ma,7p partitions of A, B}.
First I will show that set on the right is contained in set on the left.
Since AN B = @, the following is a partition of AU B:

(kA + kBa A17 .y AkAa BkA+17 ceey BkA+k37X17 "'7XkA7 XkA+17 ceey XkA+kB)
where

wa = (ka, A1,.., Ak, X1,..,X;,) partition of A
TR = (k'B7BkA+17~ ,BkA+kB,XkA+1, "7XkA+kB) partition of B.

we have: u)(AUB) = f Z min(Xg, A1, dQ = p, (A) + 2, (B).

Next, I will show that the left set is contained in the right set.
Let m = (K; Ay, ..., Ax; X1, .., Xk ) be a partition of AU B.
Then

ma=(K;A1\B,..,Ax \ B; X1, ..., Xk)
and
T = (k;Al \A, ....7AK \ A;Xl, ...,XK)
are X' — partitions of A and B respectively and since
1Ai\A + 1Ai\B =14, Vi=1,.,K

we obtain that u) (AU B) = ), (A) + py, (B).
Hence we obtain our desired result:

p (AU B) = sup{up (AU B) : m}
= sup{p, (A) + 113, (B) : wa, w5}
= sup{uy,(A) : ma} +supfup, (B) s wp}  (13,, 15, > 0)
= pMA) + 1 (B).

O

K
Remark 9.6. Per definition, we have that u2°(A) = [ >~ X;14,dQ for some par-
k=1
tition m of A. Note that it also holds that /\hm min(Xy, A) = Xj. Since this limit
— 00

is increasing in A and min(Xy, \) is measurable, we obtain that by the Monotone
Convergence Theorem:

K
ur(A) Algr;o/kz_:lmm(Xk’)\)lA’“dQ

K
= sup /Zmin(Xk, A)14,dQ ( integral increasing )
A€(0,00)

= sup p)(A).
A€ (0,00)
Hence the following holds:

p>e(A) =sup sup pr(A)= sup suppur(A)= sup p*(A).
T Xe€(0,00) AE(0,00) ™ A€(0,00)
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The proof of the following lemma for the case that A = oo is partly inspired from
the proof seen at [10, p. 324 Lemma A.2].

Lemma 9.7. Suppose (0, F,u) is a o—finite space. Then X € (0,00], u* is o-

additive.

Proof. Case 1: X < o0.

Assume (Q, F, Q) is a finite space. Since pu*(@) = 0 and p* is finitely additive,
it suffices to show that for any sequence (Ay),>1 with A4, | @ that prMA,) — 0
(n — o0) (see [16]). Note that for any partition 7 of A,, it holds that:

K
P (Ay) = / > min(Xg, M), ,dQ
k=1

< AQ(;ln).

Since @ is measure, we have that lim Q(A,) = 0, so we obtain that:
n— oo

. )\ — . )\ . < . —

Jim p?(An) = lim sup{pz(4,) i 7} <A lim Q(An) = 0.

Hence by the lemma, p* is o-additive. As p is o—additive for finite spaces, it is

also o—additive for o-finite spaces by theorem 9.8.

Case 2: X\ = oo. -

Let (A;);>1 be an increasing sequence of sets in F with A = (J A;. By remark
j=1

9.6 it holds:

lim p>®(4;) = sup  sup p(4;)
jroo 7€(0,00) AE(0,50)

= sup swp pM(Ay)
A€(0,00) j€(0,00)

— A = 5 (A)
A€(0,00)

Now let (B;);>1 be a sequence of disjoint sets in F with |J B; = B. Define
i=1

J 00
Bj = 191 B;, then (Bj);>1 is increasing and jL:Jl B} = B, hence by the result above
J
lim p*(Bj) = pN(B) <= lim p(|J Bi) = u(B)

j—o0 j—o0 )
=1

j

thm9.5 .

<= lim Y p(Bi) = i (B).
=1

]

Before I prove the theorem on the existence of the essential supremum of a set
of non-negative measurable functions on a o-finite space, I will first state and prove
a lemma that shows that it suffices to show the existence for functions on finite
spaces.
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oo
Lemma 9.8. Suppose (S, X, Q) is a o-finite space, where S = |J S, and Q(Sy,) <

n=1

oo ¥n > 1. Then forv:3 — [0,00) : v(A) = % it holds that (S, %, v)
n=1 "

is a finite measure space.
Furthermore, for measurable functions X,Y : (S,%) — R it holds that:

X=weYon(S%u << X=4.Y on(S%v).
Proof. T will first show that (S, X, ) is a measure space:

_ S _QSne)
(1) Z/(@) = = m = 0

(2) Let A= |J A, where A,NA; =@ Vi#jand A; € £ Vi > 1. Then first
m>1
it should be noted that:

Q(S,NA)
;1+2"Q Zl+2"Q

=1
n=1
Hence we can conclude the following:

s Q Lgl(snﬁAm))
U Am Z 1+2°Q(Sy)

NN QSN AR)) , :
7;”1221 T+ 20(5,) (Q is o-finite)
NN QUSenAR)) -
_mz:“; 1+ 2°0(5,) (Sum is finite)
= > v(An)

It also holds that for a set A € X:
Q(A) =0 < v(A)=0.

Indeed, in case Q(A) = 0 it follows trivially that Q(S, N A) = 0 for any n, hence
proving v(A) = 0.

In case v(A) = 0, we have that all summands must be equal to 0 This means
that for any n > 1: Q(S, N A) = 0. Hence: 0 < Q(4) = Q( U (S, NA)) <

n=1

ZQ(S nA4)=0

In cabe X =4 Y on (S, %, 1), we have that p({w € S : X(w) # Y (w)}) =0, hence
by our previous proof X =, . Y on (S,%,v) and by symmetry, this also holds the
other way around. ([l

Remark 9.9. From the last part of lemma 9.8, it follows that if for a set of non-
negative measurable functions X has an essential supremum on the finite space
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(8,3, v), then this essential supremum is equal (a.e.) to the essential supremum of
X on the o-finite space (S, %, Q).

Now we can finally prove existence of the essential supremum. The proof below
is a generalisation of the proof seen at [10, p. 324 Lemma A.3] (the proof at this
source only proves existence for the case that (2, F, Q) is a probability space).

Theorem 9.10. Suppose (Q, F,Q) is o-finite. Let X be a non empty family of
non-negative measurable functions. Then X*=esssup X exists.

Furthermore, if X is closed under pairwise mazimization (meaning: X, Y € X —
max(X,Y) € X), then there exists non-decreasing sequence (Zp)n>1, of measurable

functions in X such that X* =, .. lim Z,.
Z—> 00

Proof. First note that u° is absolutely continuous with respect to ). Indeed: let
A € F such that Q(A) = 0. Then we see that:

0 3(4) = [ 3 min(Xe, )1a,4Q £ A 14dQ = AQ(A) = 0.

Since 7 was taken arbitrary here: p*(A) = 0 and this gives

p>(A)= sup prA)=0.
A€ (0,00)

Hence by Radon-Nikodym, % exists (and can possibly take the value oo, see

Appendix C), and we define X* = %. Now, X™* has the following properties:

(1) X* >4 0

(2) VAe F:pu=(A) = [14X*dQ
Let X € X and A € F and consider the partition m = (1; 4; X).
‘We have that for this m:

J14XdQ = pg5 (A) < sup p(A) = p>(A) = [14X7dQ.
Since A was arbitrary, we see that for A = {X > X*}:

f1X>X*XdQ§ f1X>X*X*dQ —— f(X—X*)1X>X*dQ§0

Since the measurable function inside the integral is greater or equal to 0, we see
that that integral is greater or equal to 0, hence: (X — X*)lxsx+ =4, 0, so
X <4 X*. So condition 1 of definition 9.1 is satisfied.

Let Y be as in condition 2 of definition 9.1. Note that for any partition 7 of A:

s

K
J14X*dQ = p>°(A) = sup([ kz 14, X3dQ) < [14YdQ
=1

hence [14X*dQ < [14YdQ VA€ F.So we obtain X* <, . Y (using the same
argument as before).

Now assume X is closed under pairwise maximization and let v be the measure
on (2, F) as defined in lemma 9.8. By the above argument, X’ has an essential
supremum, X, with respect to the finite measure space (2, F,v). Given n € N, we
know that p™(2) < oo (with respect to measure v). Per definition of a supremum,

we can define a partition (™ = (E("), A(ln), vy AS(L,,)L) , X{"), ey X]i???)) of ) satisfying:
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Q) < i (Q) + 5

Then Y, = max(X{n) LX) )) is also in & (by our assumption) and we see that

k(™)
since min(X,g"), n) < X,g") < max(x™, .. XIE?TE)) Y,,, we acquire:
7r<ﬂ> meln )1Ak(n)d1/<fZY1A (n)dl/—fY dv

hence obtaining:
u(Q) < fYndZ/—i— %.

Likewise Z, = max(Y1,...,Y,) is in X and p" < [ Zydv + +. Then letting
n — 00 gives:

[ Xilody = p=(Q) < lim [ Zydv VS [(lim Z,)dv.

Also as

lim Z, <ge X (ZneX Vn = Z, <q. X, Vn)

n—oo

We see that X} =, .. lim Z,. Hence, by lemma 9.8 we have that X, =,. lim Z,
n—oo

n—oo
with respect to @) as well. Since, by remark 9.9, X is also the essential supremum

of X with respect to @, this finishes the proof. O

Under the restriction that (Q .7-' Q) is o-finite, we found that X™* exists and is
the Radon- . In this case it can possibly take the value co.
For the case of an interval (a,b) in R, we know that sup(a,b) = b. So requiring
that the interval is bounded above, suffices to ensure that the supremum is finite
in this case. We can impose a similar requirement on X" for it to have an essential
supremum that only takes finite values.

Theorem 9.11. Let (Q, F,Q) be o-finite and let X be a set of non-negative mea-
surable functions for which it holds that it is almost everywhere bounded by a mea-
surable function f who is almost everywhere bounded by a constant M i.e.:

X Sa.e. fga,e, M<ooVXeX

Then essential supremum of X only takes values in R.

Proof By Radon-Nikodym, it suffices to show that p>° is o-finite (as then X* =
L+ will take finite values, see Appendix C). We know X = |J B, where Q(B )

n>1
oo Vn. For an arbitrary X' —partition m of B, it holds that:

K
(B =3 [ min(\ X)Ly, dQ

<MQ(Bp) <

Hence p1* is o-finite (as established upper-bound does not depend on ) YA € (0, o0).
And so as

p>(By) = sup .UA(BH)
A€(0,00)

1 is o-finite as well (as established upper-bound also does not depend on \). O
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Ezample 9.12. Let (2, F, Q) be a o-finite space and let X be a set of non-negative
measurable functions, closed under pairwise maximization. Define the following
set:

U={: Xex}
Then as HLX <ge 1 VX € X, we have that by theorem 9.11 that ¥ has an
essential supremum which takes values in R. Suppose that esssup ¥ =, . 1. Then
by theorem 9.10, we have that 3 non-decreasing sequence such that

Xn _
e =ge 1.Vn > 1.

N Xn
€ V¥ and nh_)néo S o
For this sequence to exist it must hold that X,, —,. 0o (n — 00), which implies
that X has no finite essential supremum.

Theorem 9.11 states that if X is bounded above by a function f which itself
bounded above by a constant (a.e.), then the essential supremum of X only takes
values in R. It turns out that the requirement that f should be bounded above by
a constant (a.e.) is not needed in order for the theorem to still hold. For this I
will first extend the definition of the supremum of two elements in a Riesz space
(as seen at definition 2.13) to the supremum of |I| elements (where I is some index
set) as follows:
sup(u, : 7 € I) is the element in a Riesz space X for which holds:

Va€ X: sup(ur:7€l)<a < u,<aVrel
Note that this element does not necessarily exist in X.

Remark 9.13. Note that if we take X = LC as our Riesz space, the above definition
generalises the concept of an essential supremum to L°. Indeed, for a set X = {t; :
7 € I} (where u, is a non-negative measurable function), sup(é, : 7 € I) must
have the following two properties:

(1) Vi, € X: a, <sup(i, : 7€) Vr el

(2) If y € LY such that 1, < ¢ V7 € I, then sup(u,) < ¢
By observing that in case of existence sup(ii; : 7 € I) = sup(u, : 7 € I), we see
that the above is equivalent with

(1) ur <ge. sup(ur :7€I)Vrel.

(2) fur <ge. y V7 €1, then sup(u, : 7 € 1) <ge. y.

Hence obtaining that (in case of existence): sup(i, : 7 € I) = esssup{u, : 7 € I}.

Using this extension, we can now prove the assertion. The proof below is an
adjusted and worked out version to the one found at [11, p. 126 Ex. 23.3iv]
(adjusted to fit the terminology of this thesis).

Theorem 9.14. Let (Q, F,Q) be a o-finite measure space.
Then any subset of X of L°(Q, F,Q), where the equivalence classes contain non-

negative functions and which is bounded above by a function v € L°(Q, F,Q) has a
supremum (as defined above) which is in L°(Q, F, Q).

Proof. Denote X by X = {4, : 7 € I}, where I is some index set and u, non-
negative. Assume X is bounded above by v € L%, F,Q) (i.e. u, <gqe v
V7). For n € N define: 4,, = inf(i,,n) (in sense of definition 2.13), then
Uy, = €sssup {uTn :7 € I} exists in LY for every fixed n by theorem 9.11. Now
consider g = sup(i, : n > 1). Then since 4, < v Vn: sup(d, : n > 1) <
0 < 00, 80 sup(u, : n > 1) <4 o0o. Define sup’(u, : n > 1) = sup(u, :
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n > 1)1 gup(unin>1)#oc}- LThen sup’(u, : n > 1) is measurable, real valued and
sup’(up : n > 1) =46 sup(u, : n > 1) meaning that we can view g as an element
of LY. Writing out the extended definition of the supremum of |I| elements and
essential supremum gives that
Go =sup(try, : 7 € I,n € N) =sup(t, : 7 € I).
The first equality can be seen as follows: Let ¢ € LY. Then:
o <a &L 4, <a Wn>1

def . )
PN esssup{ur,:7 €I} <a Vn>1

< esssup{ur; T €I} <4 a Yn>1
= Urp Zge.a Yn2>1,Vrel
= Urp<a Yn>1Vrel
Hence we obtain that @y = sup(d,, : 7 € I,n € N).
Similarly, for the second equality:
sup(tirp:7€l,n>1)<a < U, <a V7,n
= Urpy Zge. 0 VT,N
< Uy <ge a VT
<~ ur <a V7.
Hence obtaining sup(d, : 7 € I) = sup(é,, : 7 € I,n > 1) and so sup(d, : 7 €

I) = 4, where %y can be viewed as an element of L. O

Remark 9.15. The theorem even holds in case @ is semi-finite (in sense of definition
4.12) ([11, p. 127 Ex. 23.3iv ]).
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10. APPLICATION: STOCHASTIC DIFFERENTIAL EQUATIONS

Up until now, we have only considered theoretical aspects of Y and L°. One of
the many applications of this theory are Stochastic Differential Equations (SDEs).
We know that Ordinary Differential Equations (ODEs) are of the form:

d
ds
where x : R — R. In most physical applications however, ODEs will not suffice to
model phenomena accurately. This can for example be seen in case we interpret
(10.1) as a particle which has position z; at time ¢ and speed b(¢, ;). The ODE does
not take phenomena into account such as measurement errors. As measurement
errors are probabilistic, the position of a random particle at time ¢ can be more
realistically described as a random variable rather than a fixed number. As such,
we want to model differential equations as to obtain random variables for each t
and on this we will give a broad introduction in this chapter. Such equations are
of the form:

(102) dXt = b(t,Xt) + O'(t,Xt)dBt

(10.1) xs = b(s,zs),x0 = x(0)

where X; denotes a random variable at time ¢ and o (¢, X;)dB; a random component.
The exact definition will be given in the next section.

10.1. The definition of a SDE. We will start this section by formally defining
equation 10.2. For this equation, we expected the solution to give a random variable
X, for each time ¢. The collection (X;);>o of solutions for each time ¢ is called a
stochastic process and is defined below.

Definition 10.1. Let (3, o/, P) be a probability space. A d-dimensional stochastic
process indexed by I C [0,00) is a family of random variables X; : ¥ — Rt € T
We write X = (X¢)¢er. I is called the index set and R? the state space.

As pointed out earlier, (10.2) has a random component o(t, X;)dB;. In order to
solve SDEs, we will have to make an assumption on the distribution of the random
component. As one might expect, the random component is linked to the normal
distribution via a Brownian Motion, which is defined below.

Definition 10.2. A d-dimensional Brownian Motion (Bi):>o is a d-dimensional
stochastic process on a probability space (X, 9/, P) indexed by [0, 00) which has the
following properties:

(1) Bo(w) =0 a.s.

(2) B, — By, _,,..., Bi, — By, are independent Y0 =ty < .. <t, < oco.

(3) Bt_BsNBt+h_Bs+h VOngt,hZ—s

(4) Bt — By ~ N4(0,t — s)

(5) t — Bi(w) is a continuous function Yw € Q.
Notation: A d-dimensional Brownian Motion will be denoted by BM?.

Remark 10.3. For a d-dimensional Brownian Motion B, = (B},.., Bf) it holds
that all components B}, .., B¢ are independent and are one dimensional Brownian
Motions. The converse holds as well [3, p. 17 Theorem 2.16].

For our SDEs, we will also make assumptions on the o-algebras corresponding to
the domain of X; and B;. The definitions below will be used for these assumptions.
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Definition 10.4. A filtration on a probability space (Q, F, P) is a nested family
of o-algebras Fs C Fy C F,s <t satisfying:
(1) Fs= Z,s>0
t>s

(2) All A € F with P(A) =0 are contained in Fy.

Remark 10.5. One interpretation of a filtration is that it is the o-algebra that keeps
all the information from the past preserved (as F; C F; for s < t).

Definition 10.6. Let (Bi)i>o be a BM® on (Q,.Z,P). A filtration (F)i>0 is
called admissible if:

(1) FP Cc #, Vt>0, where FP = o(Bs:s<t)

(2) B — By 1L F, Y0<s <t

Before we can define a solution of (10.2), we first have to define what o (¢, X;)dB;
means. For this we have to build up some stochastic integration theory, where we
define the stochastic integral as a limit over integrals of simple processes.

Definition 10.7. A real valued stochastic process (f(t,®))icio,r) (in sense of defi-
nition 10.1) of the form

F(00) = 32 051 (0
. <s

n < T and ¢; € L>=(Fy,), is called a simple

wheren > 1 and 0 = sp < 57 <.
process.

We denote Er for the family of all simple processes on [0,T] and L% as the closure
of Er in L*(P ® \) (with respect to the L*-norm,).

Definition 10.8. Let I C [0,00] and (Fi)ter be a filtration. Then a martingale
(Xt, Fi)eer is a real valued process X; : Q@ — R? satisfying:

(1) E(]X¢]) < oo
(2) X; is F; measurable Vt € 1.
(3) B(X:|F.) = X, Vs, t €1 s <t.

Example 10.9. The BM? as defined at definition 10.2 is a martingale with respect
to any admissible filtration as defined at 10.6 ([3, p. 49 Ex. 5.2]).

Using the two definitions above, we can define the stochastic integral for simple
processes.

Definition 10.10. Let M be a continuous L? martingale and f € Er. Then we
define the stochastic integral as follows:

ff )M = E f(sj—1)(M(s5) — M(s5-1))
where 0 = sg < 81 _...Ssn:T.

Similar to the definition the integral over a positive measurable function, the
stochastic integral is defined as a limit of integrals of simple processes.

Definition 10.11. Let (B;);>0 be a BM' and let f € L2. Then the stochastic
integral is defined as:
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where (fn)n>1 C Er such that ILm fo=Ffin L2 (A7 ® P).

Remark 10.12. ([3, p. 216 Ex. 14.15]) Not all intuition from (Riemann) integrals
in R carries over to stochastic integrals. For instance, in case that (B;);>o is a BM!
and T > 0, then:

T
OthdBt = %(B% -T).

Using all the tools defined above, we can finally formulate what it means to be
solution of (10.2).

Definition 10.13. Let (By,.%;) be a BM® with admissible filtration F;, where for
each t: By : (Q, F, P) — (R, B(R?)).
Let b:[0,00) x R® = R™ and o : [0,00) x R" — R"*¢ be measurable functions.
A solution of
dXt = b(t, Xt)dt + 0'(71'7 Xt)dBt
with initial condition Xo = £ is a d-dimensional stochastic process (Xi)i>o where
for each t it holds that the restricted map:
X :[0,t] x Q — R? where (s,w) — X, (w) is %([O,t]) ® F; measurable Yt > 0.
It furthermore holds that X;(w) = (th( )y s X(w)) € R has that:

§]+fb sX)ds—l—ZfojksX)dBk Vi=1,..,d.
k=10

We usually use the followmg short-hand notation for the condition above:
¢ t
=&+ [b(s,Xs)ds + [ o(s, X,)dBs.
0 0
Remark 10.14. The measurability condition on the restricted map on X; is called
progressive measurability.

In the remainder of this text, I will use the following notation for b and o as
defined in definition 10.13:

b = ib?
|0'|2 Zzaﬂc

j=1k=1

It can also be shown, using Cauchy-Schwarz, that for a matrix-vector multiplication
oz (z € R?) we have the following relation:

n
ol = 33 (w0,

7j=1 i=1

n d
3:1 1:1 i=1

d n d

=323 S e = ol
=1 j=11:=1
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Now that we have formally defined SDEs, one might be interested in techniques on
how to solve them. As the techniques are beyond the scope of this thesis, we will
not treat them here. But to give one an intuition on what these solutions might
look like, two SDEs and their solutions will be compared to their corresponding
(non-random) ODE and their solutions.

Ezample 10.15. [3, p. 275 Ex. 18.3] Consider the following one dimensional SDE
(where we assume [(t) and 6(t) are integrable):

dX; = B(t) Xedt + 6(t) X+ dBs.
The solution to this SDE is:

t
Xy = Xoexp([ B(s) — 1(8(s))?ds) + [ 5(s)dBs.
0
The non-random ODE corresponding to this SDE is:
a'(t) = B(t)x(t)

t

z(t) = zoexp([ B(s)ds).

0

which has as the solution

Ezample 10.16. (Langevin equation) The following SDE:
dX: = —aX,dt + bdW; (a,b € R)
has the corresponding solution:

¢
X, = exp(—at)Xo + b [ exp(—a(t — s))dWj
0

The corresponding ODE:
2/ (t) = —ax(t)
has as the solution:
z(t) = xog exp(—at).
What one might readily notice in the examples above, is that the solutions to
the corresponding ODE is always contained in solution to the SDE. Hence, one

can interpret the solutions to SDEs as the solutions to the ODE ”plus a random
component”.
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10.2. Existence and uniqueness SDE. Main questions surrounding differential
equation are always related to the existence and uniqueness of solutions. For the
case of SDEs, for the case that o = 0 we have an ODE about which we have a lot of
information regarding existence and uniqueness available to us in case we assume
Lipschitz conditions on the coefficients.

Therefore, it seems natural to extend these Lipschitz conditions to general cases of
SDEs. When we require the coefficients of our SDEs to be Lipschitz we will mean
the following;:

n n d
(10.3) D Ibs(tw) = bty + Y D logu(ts) — oglt,y)* < Lo — yf?
j=1 j=1k=1
Ve,y e R" t € [0,T],L = Ly VT > 0.
When we assume a linear growth on the coefficients, it is meant that:

n n d

(10.4) Slbs ) + 3 S ot 2) P < M1+ [a)?

Jj=1 j=1k=1
for x € R",t € [0,T] and M = My VT > 0.
Before we can state and prove the theorems regarding existence and uniqueness, we
will first establish a bound the expected difference between two processes satisfying
(10.2). For the proof of the bound on the processes (and other proofs in this section)
we will need to establish a few inequalities from number theory, which are given in
the remark below.

Remark 10.17. Consider f : R — R, f(z) = |z|*, k > 1. Then as f is convex, the
following holds:

1 1 1 1
Za+ b < Zlalf + <) =
27%a +b* <27 Yalk + 27 p)F =

la + b|F < 281 a|® + 2k 1|p|k

We can extend this idea to the sum of three elements as follows. Define b’ = g, d =

5, then:
1 1 1 1 2
_ Zb |k < Z k “ b/ 1k
|3a+ 3 +3c\ < 3\a| + 3\ +
1 2
< g‘a|k + §(2k71|b/|k + 2k71|6/|k)
Hence obtaining the following inequality:
la+b+clk <38 Lalk + 3 1p|k + 3Ktk
This argument can be extended to sums of an arbitrary amount of numbers (count-
able) using induction. In particular, we see that the following two inequalities hold
(k=2):
(1) |a+b+c|® < 3la]® + 3]b|? + 3|c|?
(2) |a+ b|* < 2]al® + 2|b|2.

For the proof of the bound, we will also need an inequality from Stochastic
Integral Theory. The more general statement and its proof can be found at [3, p.
213 Thm. 14.13d].
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Corollary 10.18. Assuming the Lipschitz condition 10.3, it holds that for o as
defined at definition 10.13:

¢ T
E(sup| [ o(s, Xs) — 0(s,Ys)dBs|*) < 4 [E(|o(s, Xs) — a(s, Ys)[*)ds.
¢t<T 0

The proof of the corollary below is a worked out version of the one found at [3,
p. 280 Thm. 18.9].

Corollary 10.19. (Stability) Let (By, Fi)i>0 be a BM® and assume that the coef-
ficients b: [0,00) x R® — R"™ and o : [0,00) x R™ — R"*4 of (10.2) satisfy (10.3).
If (X¢)i>0 and (Yi)i>0 are any two solutions of (10.2) with Fo measurable initial
condition

Xo=¢¢€ L2(P) and Yy =v € L2(P)
then:

E(sup(|X; ~ Yi?)) < 3exp BLA(T + 4)T) E(|¢ — v*).

Proof. Tt holds that
¢ ¢
X =Y =(—v)+ [(b(s,Xs) —b(s,Ys)ds + [o(s,Xs) — o(s,Ys)dBs
0 0

by the second to last given equation of remark 10.17:

E(sup|X; — }Q|2)
t<T

= E(f1<1¥|(§ —v)+ /b(s, X,) — b(s,Ys)ds + /U(S,XS) — (s, Ys)dBs|?)
- 0 0

t

< E(sup(3(¢ — v)? + 3(/ b(s, Xs) — b(s, Ya)ds)? + 3(/ o (s, Xs) — o, Y2)dBs)?)

t<T
0 0
T T
:3]E((§—u)2)+3E((/b(s,Xs) —b(s,Ys)ds)?) + 3E(( /0 (s,Y,)dB,)?)
0 0
As it holds that:
T T
C.S.
(/|b(s,xs)—b(s,3g)-1|ds)2 £ /|b(s,Xs)—b(s,Ys)|2ds/12ds
0 0 0
T
_ T/|b(s,Xs) — b(s, Y2)[2ds.
0

we obtain:

]E(?1<1¥| b(s, Xs) — b(s, Ys)ds|?)

sup/|bsX b(s,Ys)|ds)?)
t<T
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T
:E«/@@gn>—M&n)qu@%
v
< E(/|b(s,Xs) — b(s, Ys)|?ds)T (Cauchy-Schwarz)
’ T
< LQT(/ E(|X, — Yi|?)ds (Lipschitz)
0

For o it holds:
t

+<T
0
T
gg/mw@xg—d&nWms (Cor. 10.18)
0
T
<4z [ B(X, - v[)ds
0

Hence we obtain that:

E(sup|X; — Y3|?) < 3E(|€ — v|?) + 3L3(T + 4) | E(|X, — Y,|*)ds
t<T

< 3E(J€ —v[*) +3L*(T 4+ 4) | E(sup| X, — Y,|*)ds.
r<s

Tt —5 TT—x

Now Grénwall’s inequality (see Appendix B) with u(T) = E(sup|X; — Y;|?), a(s) =
t<T

3E(|¢ —v|?),b(s) = 3LA(T + 4) yields:
E(sup|X; — Y;|?) < 3exp(3L*(T + 4)T) E(|¢ — v|?).
t<T
O
Using the established bound on two solutions, we can now prove uniqueness.

The proof below is the one found at [3, p. 281 Cor. 18.10] with an extra detail
added.

Theorem 10.20. (Uniqueness) Let (By, F;) be a BM? and assume b : [0,00) x
R®” — R” and o : [0,00) x R® — R"*4 as defined at definition 10.13 satisfies
the Lipschitz condition 10.3. Then for any two solutions (X)i>0,(Yi)i>o0 with Fo
measurable condition Xo = Yy = £ € L2(P) it holds that:

PVMt>0: X, =Y;) =1
Proof. The bound at corollary 10.19 shows that:
E(sup|X; — Y3|?) <0 Vn > 0.
t<n
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Hence we have that:
PVtelO,n]: X;=Y;)=1Vn>1.
Define A,, = {Vt € [0,n] : X; = Y;}. Then as (A,),>1 is non-increasing:

P(¥t>0:X; =Y;)=P([) An)
n=1

= lim P(4,)=1.

n— oo

O

The proof of the following theorem, which shows existence of an unique solution
to our SDE under the Lipschitz and linear growth condition is based on the proof
seen at [3, p. 282 Thm. 18.11].

Theorem 10.21. (Ewistence) Let (B, F;) be a BM® and assume coefficients b :
[0,00) Xx R — R™ and o : [0,00) x R™ — R"™ as defined at definition 10.13 satisfy
Lipschitz condition (10.3) and linear growth condition (10.4). Then for every Fy

measurable initial condition Xo = & € L?(P) there exists a unique solution (Xt)t>0
of equation (10.2) that satisfies:

E(sup| X,|*) < kr E((1 + [£])?) VT > 0.
t<T

Proof. Just as for ODEs, we will use a Picard iteration scheme. Define

¢ Holt) =¢ ¢
Xp1(t)=¢ +{0(8,Xn(8))st + Ofb(s,Xn(s))ds.

(1) By the last inequality given at remark 10.17, we see that:

X () — € = | / o(5, X (5))dB, + / b(s, X (s))ds?
0 0

t t
< 2|/0(5,Xn(5)|2 +2|/b(s,Xn(s)ds\2.
0 0

Fully analogous to the computations in the proof of corollary 10.19, where
we now set X, = X, (s), omit the Y terms and use the linear growth
condition (10.4) instead of Lipschitz, we obtain:

T
E(fgg(anH(t) —£&))?) <2M*(T + 4) /]E((l +[Xn(s)])?)ds

<2M*A(T +4) | E(sup(1 + | X,(s)])?)ds

s<T

= 2M2(T +4) [ 1dsE(sup(1 + | Xn(s)])?)

s<T

Ot — 3 " — °
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= 2M*(T + 4)TE(SE¥(1 +1Xn(s))?).

(2) Similar to (1), we have:

X (1) — X0 (1)) <2| / (5, Xn(5)) — b5, Xo_1(s))ds[*+
0

2|/0(5,Xn(5)) — (s, Xo_1(s)dBs?
0

Analogous to the computations of the proof of corollary 10.19 using X = X,
and Y = X,,_1 we see that:

T
(105)  Elsupl X (6) — Xa(0)) < 2227 +4) [ BX,(6) — Xoma (9))ds.
- 0

Define:
&n(T) = E(sup| X, 11(t) — X, (t)|?) and er = 2L*(T + 4).
t<T

Then we can establish using induction that ¥n > 0:
n(T) < - Eroo(T)
Base case: For n = 0, result follows immediately.
k—1
Induction step: Suppose ¢p_1(s) < cﬁ_lﬁqﬁo(s) (s € [0,T]) holds.
Then:

O1(T) < 2L*(T +4) [ E(IXx(s) = Xp—1(s)[*)ds (10.5)

w<s

0

< OLA(T +4) / E(sup(|Xs(s) — Xi1(s)|?)ds
0
0

T
k—1
<ecr / cfflh%(s)ds (Induction assumption)
) !
T
< k/ s dsgo(T) (¢, "1 increase in s)
C S & INCr m
= L7 (k _ 1)! 0 0 S
0
Tk
= ch==o(T)

As the final estimate from the first part of the proof (1), for n = 0, is
equivalent to:

90(t) = B(sup| X1 (t) - ¢%) < 2M*(T + HTE((1 + [£))
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we obtain:

oo

1 T?’L 1
> (E(sup| X = X)) < Y (ch—rd0(1))?

<
n=0 s<T n=0
< S (AT + TE(( + )

oo

= E((1+ €/} Y (e 2M(T + 4)T)

n=0
=E((1+[¢)*)2C(L, M, T)

where Cr = C(L,M,T) = Y (B Lr2M*(T + 4)T)2 and this sum con-
n=0
verges for any 7" > 0.
(3) Let n > m. By the triangle-inequality for the sup-norm it holds that:

sup| Xy, (s) — Xm(s)| =sup| >° X;—X;1[< > sup|X; — X;4].

s<T s<T j=m+1 j=m+1s<T

Now applying the L?(P)-norm to the last inequality above gives:

E(sup|X, — Xm|?)? = E(( bup| Z X; )23
s<T s<T j=mt1
< Z (suplX; — X;4)%)?
Jj=m+1
o0
< Y E((suplX; — X;-1)))%.
j=m+1 5=

Therefore, as the right-hand side is the tail of a convergent series, (X,,)n>0
is a Cauchy sequence in L? and we denote its limit by X. The above
inequality shows that there exists a sequence m(k) such that:

lim [X(s) — Xy (x) (8)| =a.e. 0.
k—o0

Since X, (x) is continuous and adapted, so is X. Moreover if we set m =0
and use that X, ) —.a.e X we have that:

(bup\X % Z bup|Xn+1 Xn|2)%
< Cr(E((1+€)?))=.

by the inequalities obtained during this proof. This inequality gives us the
desired inequality from the theorem with kr = (Cr+1)2. Indeed, first note
that (using reverse triangle inequality for the sup-norm):

sup| X (s) — &| > |sup|X(s)] — [¢]]-
s<T s<T

Taking the L? norm on both sides of the inequality yields:
E((SEI;IXSI —1&)?) < CEE((1 +1€))%)
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Now using the reverse triangle inequality for the L? gives us:
(E((sup|X.| — [)*)% = |(E(suplX.[*)* — (B(IE[*))*|
s<T t<T
1 1
> (E(SEI;IXSIQ))Q — (E(¢*))=.

Hence we obtain:

<E<§gg|xs|2>>% < (CRE((1+[€)))F + (E(IE)®

< ((Cr + DE((L+ [€)))2.
O

10.3. Localization. In the previous section we have shown that under a global
Lipschitz (with respect to x,y € R™) and linear growth condition, we have exis-
tence and uniqueness of solutions. In this section, we will establish that we can
weaken conditions and still obtain uniqueness and existence. We will also show
that we can establish uniqueness of solutions until a certain stopping time which
will be formally defined below.

Definition 10.22. Let (F;)i>0 be a filtration. A random time T : Q — [0,00] is
called a stopping time if

Stopping times are useful if we want to know when a process (X;):
e Leaves or enters a set for the first time.
e Hit its maximum.
e Returns to 0.

Ezample 10.23. ([3, p. 53 Section 5.2]) Examples of stopping times with respect to
process a (X;) are entry and hitting times into a set A € B(R%):

e Entry time: 74 = inf{t > 0: X; € A}

e Hitting time: 74 = inf{t > 0: X; € A}

The first lemma shows that under certain conditions we obtain that the coordinates
of X; are equal a.s. until a certain stopping time.

Lemma 10.24. [3, p. 286 Lemma 18.15] Let (B, F)i>0 be a BM?. Consider the
SDEs

dX] = bj(t, X])dt + o(t, X])dB;, j = 1,2
with initial condition: X} = X8 = ¢ € L*(P). Assume & is Fo measurable and that
the coefficients b : [0,00) x R® — R™ and o; : [0,00) x R" — R"™ satisfy (10.3)
Vz,y € R™ with global Lipschitz constant L. If for some T > 0,R > 0:

biljo,71x B(0,R) = b2l[0,7)x B(0,R) and

01|[0,T]><B(0,R) = 02][0,T|x B(0,R)
(where B(0, R) is a ball with around 0 with radius R) we have for stopping times
7; =inf{t > 0: |X] —&| > R} AT that it holds that:

P(ry =72) =1 and P(sup|X! — X2|=0) = 1.

s<T1
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Proof. Observe that:

tATL tAT1
Xinr = Xing, = / bi(s, X1) = ba(s, X?)ds + /(01(57)(;) — 09(s, X2)dB,
0 0
tAT tATL
= / bg(s,Xsl)—bg(s,Xf)ds—&— / og(s,Xsl)—ag(s,Xf)st
0 0

where it was used that by our assumption (same holds for o):
bl(s’)(;) _'b2(8’)(3) =:b1(8,)(;) _'b2(3’)(;) +_b2(57)(;) _'b2(85}(§)
= ba(s, X)) — ba(s, X2).

Analogous to the steps seen in the proof of corollary 10.19 where we in this case
use Xy = th/\n,Yt = XtQM1 together with remark 10.17 to obtain:

T
Blsup|XY,,, — X2, 1) < 203(T +4) [ Blouplx),, - X2, s
s<T 5 r<s
Gronwall’s inequality with a(s) = 0,b(s) = 2L*(T + 4) yields:
E(sup|X},,, — X2\, ") =0 Vs < T.
r<s
From this it follows that:
Xol/\n =a.s. X02/\'rl

in particular 71 <, 72. Reversing the roll of X; and X5 finishes the proof. (Il

The following theorem shows that we can actually weaken the Lipschitz condition
(10.3) by substituting the restriction Vz,y € R to Vz,y € K where K is a compact
subset of R™. The proof of this theorem can be found at [3, p. 287 Thm 18.17].

Theorem 10.25. Let (B, Fi)i>0 be a BM? and assume that the coefficients b :
[0,00) x R™ and o : [0,00) x R® — R"*4 of (10.2) satisfy linear growth (10.4)
Vz,y € R™ and the Lipschitz condition 10.3 Vx,y € K for every compact set K C
R™ with local Lipschitz constants Ly k. For every Fo measurable initial condition
Xo =& € L*(p) there exists an unique solution (X;)i>o which satisfies:

E(sup|X,|?) < kr E((1+ [¢))) VT > 0.
s<T

Thus far we have only talked about existence and uniqueness of solutions for
all t > 0. It turns out that if we assume a local Lipschitz condition [12, p. 245
(34.5.2)] (instead of a Lipschitz condition as defined at (10.3)) we can still obtain
uniqueness and existence of solutions but until a certain maximal stopping time.
The following theorem makes the claim about existence of solutions until a maximal
stopping time more precise:

Theorem 10.26. [12, p. 246 Thm. 34.7] For a SDE as defined at definition 10.13
together with the local Lipschitz condition [12, p. 245 (34.5.2)], there exists a P
a.s. uniquely defined stopping time T and an unique P a.s. process X on [0,7] (i.e.
Xinr(w) solves the SDE NVt > 0) for which hold:

(1) X is a solution of our SDE on [0, 7].
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(2) For all stopping times 7' for which there exists a process X' which is a
solution on [0, 7] we have that [0,7'] C [0,7] and X = X’ on [0,7'].

The proof of this theorem makes use of the following two lemma’s.

Lemma 10.27. [12, p. 247 Lemma 34.8] Let X,Y be two solutions of (10.2) on
the stochastic interval [0,7']. Then X =, Y on [0,7].

Remark 10.28. The proof of this lemma 10.27 can be constructed in a similar way
as the proof of lemma 10.24.

Lemma 10.29. [12, p. 248 Lemma 34.8] Let X be a solution of (10.2) on [0, 7]
and X' a solution on [0,7']. Then there exists a solution on [0, max(r,7")].

Proof. Because of lemma 10.27, we have that X and X' coincide on [0, min(7, 7")].
Therefore it holds that the process Y defined on [0, max(7,7’)] by

Y (w) = X(w) welo,7]
X'(w) welo,7]

is a solution of (10.2). O

Now consider the following set of stopping times:
¥ = {7 : 3 process X such that (X, 7) is a solution of (10.2) }.
As 7 is a random variable on a probability space, is non-negative and ¥ is non-
empty: we have that esssup ¥ exists by theorem 9.10. As W is also closed under
pairwise maximization by lemma 10.29 (and the fact that the maximum of two stop-
ping times is again a stopping time ([3, p. 341 A.12b])) there exists a non-decreasing
sequence 7, such that 7, =, 7 (n — 00) and to each such 7, corresponds a so-
lution X,,. It is clear that 7 corresponds to the maximum stopping time solution
and that X, converges a.s. to the X as described in theorem 10.26.



58

APPENDIX A. TOPOLOGICAL SPACES

As the basics of general topology are not taught in any of the non-elective bach-
elor of science courses at the TU Delft, I will briefly state some concepts from
topology that I frequently used in the thesis.

Definition A.1. (Topology) A topological space is a set M with a collection T of
subsets U C M. We call a subset U C M open if it is in T. The open sets are
required to satisfy the following rules:

(1) o, M € T.

(2) Unions of open sets are open (possibly uncountable).

(8) Finite intersections of open sets are open.

Definition A.2. Let M be a topological space. An open neighbourhood of x € M
is an open set U C M that contains x.

Definition A.3. (Continuity) Let M, N be topological spaces. Then the map ¢ :
M — N s called continuous if $~1(U) is open in M for any open set U of N.

Definition A.4. (Topology on metric spaces) For a metric space (M, d) we define
the topology Tq by declaring that U C M is open if Vx € U Je > 0:

B(z)={ye M :d(z,y) <e} CU.

Definition A.5. (Subspace topology) Let M be a topological space. Let ¥ C M.
Then the subspace topology of ¥ is the collection of sets U N'Y, where U C M 1is
open in M.

Definition A.6. (Product topology) If M, N are topological spaces we define a
subset of M x N to be open if it is the union of sets of the form U x V where U is
open in M and V open in N.

Remark A.7. Needless to say that the topology on metric spaces, subspace topology
and product topology are indeed topologies by definition A.1.

Definition A.8. (Convergence) A sequence (zy,)n>1 of points in a topological space
M converges to x € M if for every open neighbourhood U of x there exists a N > 0
such that: ©,, € U Vn > N.

Definition A.9. (Hausdorff spaces) A topological space M is called Hausdorff if
for any two distinct points x,y € M there exists an open neighbourhood U, of x
and Uy of y such that: U, NU, = @.



59

APPENDIX B. GRONWALL’S INEQUALITY

In the section on Stochastic Differential Equations, a frequently used result is
Gronwall’s inequality for measurable functions. As this form of Gronwall’s inequal-
ity has not been stated in any of the non-elective courses, I will state it here for the
sake of completeness. The proof can be found at [3, p. 360 Thm. A.43].

Theorem B.1. Let u,a,b: [0,00) = [0,00) be measurable functions satisfying:
u(t) <a(t) + ftb(s)u(s)ds vt > 0.
Then the following holds: ’
u(t) < a(t) + fta(s)b(s) exp( ! b(r)dr)ds Wt >0
0
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APPENDIX C. RADON-NIKODYM

The Radon-Nikodym theorem relating to the existence of the Radon-Nikodym
derivative has a few different formulations which lead in the end to the derivative
taking only finite or also infinite values. In my thesis I used two different formula-
tions of Radon-Nikodym which I will state here.

Theorem C.1. [14] Let (X, A, 1) be a o-finite measure space (and p is a positive
measure). Let v be another measure on (X, A) where v is absolutely continuous
with u. Then there exists a measurable function f: (X, A) — [0,00] such that:

VAe A: p(A) = [1afdv.

Remark C.2. In case we assume v is o-finite as well, the measurable function f will
only take finite values. ([15]).
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