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Abstract

The field of aerial manipulation has many applications, for example autonomous maintenance
in difficult to reach or hazardous locations. However, achieving precise control of a floating-
base multi-body system presents considerable challenges, particularly given the requirement
for robust performance under strong external disturbances in uncontrolled environments.
To address these challenges, this work investigates the Incremental Nonlinear Dynamic
Inversion (INDI) method as a promising control framework.
While INDI has been commonly applied to multi-rotor platforms and other single-body
aerial vehicles, its use in aerial manipulation remains largely unexplored. Moreover, existing
applications have focused on reference tracking in free flight, leaving the application of INDI
in Aerial Physical Interaction (APhI) tasks unaddressed. To fill this research gap, we propose
a novel Nonlinear Model Predictive Control (NMPC) formulation, building upon state-of-the-
art works in multi-rotor control and aerial manipulation, and combine it with INDI as an
inner-loop controller similar to [55]. Two control schemes are developed and evaluated: one
in which INDI is applied solely to attitude control, and one in which INDI is used in both
position and attitude control. The aerial manipulator platform used and studied in this work
is a Differential Shoulder Aerial Manipulator (DSAM) which consists of an underactuated
quadrotor base equipped with a two-degrees-of-freedom (DoF) robotic arm.
The proposed controllers are validated through both simulation and real-world experiments,
including free-flight maneuvers and APhI sliding tasks. Real world results demonstrate that
the baseline controller without an INDI inner loop is unable to successfully perform the sliding
tasks, whereas both INDI-augmented schemes are able to both track end-effector position
and attitude and a desired reference contact force simultaneously. This is shown for several
trajectories on both a whiteboard using a marker and on a blackboard using a crayon. Also
simultaneous end-effector pose and force tracking in different directions in the world frame
are shown. Finally it has been experimentally validated that extending the controller with a
INDI position control layer reduces the end-effector position tracking error compared to one
without the INDI position control layer. In a real world experiment in which a figure-eight
trajectory is tracked while simultaneously tracking a desired contact force with external wind
disturbance, it has even shown a reduction of 45% in maximum end-effector position tracking
error.
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Chapter 1

Introduction

The Unmanned Aerial Vehicle (UAV ) is becoming increasingly important in our society. One
of the reasons is their agility and ability to reach locations that are di�cult to reach for
humans. They are already being used in many sensing applications such as exploration [50]
and inspection tasks [3]. Aerial manipulators are UAV s designed to not only see, but also
interact with the environment. They can be used for many applications such as maintenance
[23, 6], valve turning [31], assembly [18], or load transportation [5].

An aerial manipulator consists of an aerial platform and an attached tool for contact with
the environment. As tasks require contact with the environment, these are also referred to as
Aerial Physical Interaction ( APhI ) tasks. Load transportation was one of the �rst APhI tasks
accomplished. Most early works used helicopters as platforms due to their superior payload
capacity and operation time compared to multirotor aerial vehicles [4, 5]. These tasks do not
require active manipulation. The tasks are performed using passive tools, such as ropes.

Early occurrences of active manipulation include quadrotor platforms capable of applying
forces while maintaining stability [35] and grasping objects while hovering [56]. More recent
accomplishments include sliding on surfaces while maintaining normal force [41, 33, 66],
autonomous aerial perching and unperching [32], and opening drawers or doors [33, 15]. To
achieve these complex aerial manipulation tasks, also more complex aerial platforms such
as fully-actuated (Fully-Actuated ( FA)) or omnidirectional systems are increasingly used
[6, 42, 15].

To accomplish aerial manipulation tasks, accurate and robust control methods are necessary
due to the many uncertainties and disturbances inherent in aerial operations. Furthermore
aerial manipulation systems are highly nonlinear, which requires nonlinear control methods.

A widely used nonlinear control approach is Nonlinear Dynamic Inversion (NDI ), which cancels
system nonlinearity through feedback, reducing the control problem to a linear one that can
be addressed with conventional linear techniques. However,NDI requires an accurate system
model to e�ectively cancel nonlinearity. This requirement is di�cult to satisfy in real systems
due to modeling uncertainties, computational errors, and necessary simpli�cations from reality.
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2 Introduction

To address these limitations, more robust nonlinear control methods have been developed,
including Sliding Mode Control (SMC), backstepping and Lyapunov-based methods [29].
Incremental Nonlinear Dynamic Inversion (INDI ) is a more recently developed robust nonlinear
control method which is increasingly being used in �ight control [52, 61]. INDI is sometimes
referred to as a sensor-based controller because it directly uses measurements in its control law
to compensate for parts of the model, reducing its dependence on a model. TheINDI method
has been successfully implemented in di�erent aerospace applications, including fault-tolerant
�ight control in aircraft [37, 38] and control of multirotor platforms [54, 1, 55].

Although INDI has been implemented widely in quadrotor control it has not yet been used
commonly in aerial manipulator control. To the author's knowledge, only in the work of
Park et al. [47] INDI is used to control an aerial manipulator in free �ight with swift arm
motions and in [17] it is used as an inner loop attitude controller for a RL-based outer loop
controller for a Di�erential Shoulder Aerial Manipulator ( DSAM). Current state-of-the-art
controllers for aerial manipulation include Nonlinear Model Predictive Control ( NMPC), which
has been applied to sliding and pick-and-place tasks [39, 59, 24]. Also NDI -based approaches
remain common [12, 44]. NMPC o�ers advantages such as its predictive nature and ability to
incorporate constraints. In [55] it is shown that NMPC is even able to remain stable while
trying to follow dynamically infeasible trajectories. The downsides to NMPC is the large
required onboard computational power. Recent advances in computational power however
have made NMPC more practical.

Recent work has shown that adding an inner control loop toNMPC improves tracking
performance in quadrotor agile �ight control [ 55]. This hierarchical structure combining an
outer loop NMPC controller with an inner loop is a promising method to make existing
NMPC-formulations more robust and reactive. Another outer loop controller explored in [55]
is Di�erential Flatness Based Control ( DFBC). This method has also shown its e�ectiveness
in quadrotor agile �ight [ 20, 57], however this method can only be applied on di�erentially
�at systems. In [ 64] it is shown how an aerial manipulator system can be di�erentially �at.
For general aerial manipulator con�gurations this has not been proven and thereforeDFBC
can not easily be applied to an arbitrary aerial manipulator system.

1-1 Research Goals

Based on the introduction, we notice a lack of application of INDI in control of aerial
manipulators, even though it performs well in quadrotor control. This includes many di�erent
works in which the superior disturbance rejection properties ofINDI are shown compared to
PID control [ 54, 53, 55]. Therefore the main goal of this thesis is to study the use ofINDI
for aerial manipulator control. For this we build upon results for quadrotor control where
NMPC with INDI inner loop has shown great performance in tracking agile trajectories [55].
In this work the system consistently remains stable with this control structure, even while
tracking infeasible trajectories. Furthermore NMPC has already shown its e�ectiveness in
aerial manipulators in many di�erent works as mentioned before and therefore will also be
used in this work.

There are a number of modi�cations necessary in order to apply the control method based on
[55] to an aerial manipulator. The original quadrotor control problem only requires position
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1-2 Related Work 3

tracking in free �ight, but an aerial manipulator also needs to interact with the environment,
for example by applying forces. We will design a control approach that tracks end-e�ector
positions and simultaneously a desired force contact force at the end-e�ector if required. Also
another important di�erence between quadrotor and aerial manipulator control is that the
system is now a multibody system consisting of the base and the manipulator. This leads
to di�erent dynamics for model-based control and also introduces more design choices, such
as decoupled or coupled control as commonly referred to in aerial manipulation literature
[9]. This will also be explored in this thesis. Finally, we will investigate the robustness of
the controller to external disturbances. Speci�cally we are interested in robustness to friction
forces on the end-e�ector when sliding. In [55] INDI is applied only for the attitude dynamics
of the quadrotor to reject disturbance moments. In this thesis we will also study the e�ect of
using a cascaded INDI structure based on [53] to additionally reject disturbance forces.

We validate this approach on the aerial sliding task, where the manipulator must maintain
contact with a surface while rejecting unmodeled disturbances, speci�cally friction forces at
the end-e�ector. The proposed controller is validated in both simulation and real experiments
using aDSAM [17], a quadrotor-based aerial manipulator with a two-degrees-of-freedom (DoF)
arm, and compared against an adapted baselineNMPC controller adapted from the work of
Sun et al. [55] consisting of a contact-unawareNMPC and INDI inner loop and the work of
Tzoumanikas et al. [59] for the contact model. To our knowledge, this is the �rst study of INDI
control for aerial manipulation in contact-based tasks. Lastly we also want to highlight that
the aerial manipulator considered in this work consists of an underactuated base (quadrotor)
and a simple non compliant 2-DoF arm, showing that no complex omnidirectional base or delta
arm is necessary to achieve simultaneous end-e�ector position, attitude and force tracking.

1-2 Related Work

As we are validating our newly designed controller on the aerial sliding task, we want to
compare it to current state-of-the-art achievements in aerial sliding. However note that it is
di�cult to directly compare di�erent controllers from the obtained results in literature, as the
hardware of the aerial manipulators may vary in many ways which in�uences the obtained
results.

A common approach for control of aerial manipulators with underactuated base is to use
NMPC [33, 59, 39]. Advantages of usingNMPC control is the ability to �nd solutions given
input and state constraints. Furthermore it has also already been extensively studied for
quadrotor control [2, 55]. As this work will be mostly focused on showing the �rst application
of the INDI control framework in APhI tasks, these advantages were su�cient for choosing
the NMPC as outer loop control. On the other hand, impedance control is also often applied
for APhI control for aerial manipulators [66, 48, 25]. It should be noted that these works all
utilize an omnidirectional base. In [35] impedance control is applied on an underactuated
base, however it is only tested in simulation and in a very limited task of remaining stable
while applying a force on a vertical wall. In [13] it is also applied on an underactuated base to
perform sliding tasks, however it should be noted that this control scheme consists of three
layers. The impedance �lter applied on the end-e�ector is used to calculate inputs to the
inverse kinematics of the 6-DoF arm used in this aerial manipulator. The motion controller of
the base is separate from this inverse kinematics controller. In our work our two-DoF arm does
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4 Introduction

not have redundant joints to independently obtain compliant behavior. Compliance should
instead should arise from the base motion. From this brief review and some initial testing,
Cartesian impedance control seems to be less suited for aerial manipulator control consisting
of an underactuated base and a simple two-DoF arm and this strengthens the motivation to
use NMPC as outer loop controller for the DSAM.

The task of aerial writing, which is also commonly referred to as push and slide tasks, are
commonly found in aerial manipulation literature. In [ 7] an omnidirectional platform with a
rigid end-e�ector is used for active force and end-e�ector position tracking using axis-selective
impedance control in combination with direct force control. In this work they show the ability
to approximately track force references of up to 5 N and position references with centimeter
level accuracy for the aerial sliding task. They also achieved force tracking on curved surfaces.
In Tzoumanikas et al. [59] an NMPC controller is developed for a quadrotor base with a
delta arm and compliant end-e�ector. In this work they performed the aerial writing tasks
with millimeter level end-e�ector reference tracking precision on a whiteboard in the purely
horizontal direction. The contact force tracked for the writing experiments was around 0:2 N.
This is a relatively low contact force, which also means relatively low friction forces. Guo et
al. [25] used a hybrid motion-force controller for aerial calligraphy. In this work they used
an omnidirectional base and also a compliant end-e�ector. By applying di�erent contact
forces, di�erent line-widths can be achieved with this custom built end-e�ector. The sliding
task was performed on a vertical wall and with a prior measured friction coe�cient. This
lead to end-e�ector position tracking RMSE of around 2:5 cm for their experiments. In
Zhang et al. [66] an impedance controller with learned adaptive sti�ness is used for sliding on
heterogeneous surfaces. Their contribution is mainly using a reinforcement learning policy
for adaptive sti�ness in the impedance controller. Their system uses an omnidirectional base
with a rigid end-e�ector. This means that they do not have to account for underactuation,
which characterizes quadrotor-based aerial manipulators such as the one in this work.

A key design choice in aerial manipulator control is how to model the interaction between
the manipulator and the aerial base. In some works mentioned before a rigid end-e�ector is
used for aerial manipulation and the system can be modeled as a single rigid body. If the
end-e�ector is not rigidly attached to the base, multibody dynamics need to be considered. In
many works, the arm and base are treated as decoupled systems, where the coupling between
them is ignored [35]. This simpli�cation allows modular use of control methods developed for
the base or the manipulator. However, ignoring coupling requires very restricting assumptions
on the morphology of the aerial manipulator and tasks that can be performed.

When the manipulator's weight is non-negligible or moves rapidly, the dynamic interaction
forces between the platform and base cannot be ignored. Most literature assumes quasi-static
coupling, where these forces are treated as slowly varying or constant [9]. However, for tasks
requiring rapid or forceful arm motions, such as sliding with unmodeled friction forces, a more
complete model of the coupled system is necessary. Bonyan Khamseh et al. [9] provides a
review of coupled versus decoupled control approaches for aerial manipulators. The challenge
is that a complete coupled model is di�cult to obtain accurately and may not transfer well
to physical systems due to many unmodeled real-world e�ects. Therefore, di�erent levels of
modeling the coupling represent trade-o�s between model �delity and practical robustness.
Also many applications use a decoupled control approach where an estimate of the dynamic
interaction forces are used to improve end-e�ector reference tracking and disturbance rejection
[8, 12]. For the INDI control method, the decoupled approach has also been explored in the
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1-3 Outline 5

work of Park et al. [47], where they developed an adaptiveINDI controller for the base to
handle swift arm motions. In their work a decoupled approach is proposed andINDI is used
to reject the unmodeled interaction between the arm and base.

1-3 Outline

This work is structured as follows: In Chapter 2 the aerial manipulator considered in this
work is introduced. Preliminaries on multi-body modeling will be presented and applied to the
aerial manipulator system. In Chapter 3 the relevant nonlinear control methods are introduced
for the controller design. In Chapter 4 the proposed controllers in this work are introduced.
The controllers consist of a novel contact-awareNMPC formulation and a INDI -based inner
loop. In Chapter 5 results are presented from simulation and real world experiments, including
the aerial sliding task in di�erent world directions and di�erent surfaces. Finally in Chapter
6, some conclusions are drawn on applyingINDI in aerial manipulation and future research
directions are discussed.

Master of Science Thesis D. Liu
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Chapter 2

Preliminaries: Modeling of the DSAM

In this chapter a kinematic and dynamic model of the Di�erential Shoulder Aerial Manipulator
(DSAM) system will be derived. The DSAM is developed at the Mobile Robotics Lab (MRL )
at the TU Delft. The aerial manipulator consists of a quadrotor platform and a 2-degrees-of-
freedom (DoF) manipulator. This manipulator is a single link connected to the aerial base
using a di�erential shoulder joint that can be modeled as two consecutive rotations, �rst around
the pitch-axis and then around the rotated roll-axis. On this link a gripper can be attached or a
pen as is done in this work. The system has 8DoF, and has 6 inputs. First we will choose a set
of generalized coordinates and velocities to describe our system and derive the corresponding
kinematics. After that we will derive the dynamics using the Projected-Newton Euler Method
[51], which is a systematic way of deriving constraint-consistent multibody dynamics. We will
model the aerial manipulator as a �oating base system, with the quadrotor and the arm as
separate rigid body. In the dynamic model we will use the force and moments generated by
the propellers as input. In multi-rotor control it is then also necessary to map the forces and
moments to propeller speeds. This is called control allocation and will also be derived for the
DSAM. Lastly as an aerial manipulator is designed to interact with the environment, also
contact modeling will be introduced. This modeling is then used for simulation, but also to
design part of the controller.

2-1 Kinematic Model

In this section, we derive the kinematic model of theDSAM. We de�ne the following reference
frames: the inertial frame � I , the quadrotor base (body) frame � B , the manipulator root
frame � R (rigidly attached to the quadrotor), and the end-e�ector frame � E . A schematic
overview of these reference frames is depicted in Figure 2-1.

2-1-1 Notation and Coordinates

We adopt the following notation: a general vector is denoted asA pbc, where � A is the reference
frame in which the vector is expressed,b is the origin, and c is the target point. A rotation
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8 Preliminaries: Modeling of the DSAM

Figure 2-1: Schematic representation of the DSAM and relevant reference frames.

matrix RAB 2 SO(3) transforms a vector from frame � B to frame � A , such that A p = RAB B p.
Vectors without a prescript are assumed to be expressed in the inertial frame �I .

The quadrotor platform acts as a �oating base with 6 DoF. While Euler angles are often
used to parametrize attitude, they su�er from gimbal lock singularities [45]. To avoid this, we
use unit quaternions to parametrize the attitude of the base. Consequently, the generalized
coordinates are de�ned by the base positionpb = pIB 2 R3, the base orientation quaternion
qb = [ qw ; qx ; qy ; qz]T 2 H (where kqbk = 1), and the joint angles � = [ � 1; � 2]T 2 R2 of the
manipulator. The generalized coordinate vector is:

q = [p T
b ; qT

b ; � T ]T 2 R9 (2-1)

For the generalized velocitiesv, we select the inertial linear velocity of the basevb, the angular
velocity of the base expressed in the body frameB ! b, and the joint velocities _� . This yields
the generalized velocity vector:

v = [v T
b ; B ! T

b ; _� T ]T 2 R8 (2-2)

2-1-2 Di�erential Kinematics

The generalized velocitiesv are related to the time derivative of the generalized coordinates
_q via a transformation matrix E(q) which is usually the identity matrix. However as we
are taking the quaternion parametrization of the orientation of the base in our generalized
coordinates and the angular rates as generalized velocity, this mapping is not trivial anymore.
The linear velocity vb corresponds directly to _pb. The relationship between the body angular
velocity and the quaternion derivative is given by _qb = 1

2 �( qb) B ! b, where �( qb) is the standard
quaternion propagation matrix [51]. The mapping between joint velocities and angles are
trivial so the relation between time derivative of the generalized coordinates and generalized
velocities are given as follows:

_q = E(q)v = blkdiag
�

I 3�3 ;
1
2

�(q b); I 2�2

�
v (2-3)
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2-1 Kinematic Model 9

2-1-3 Multibody Kinematics

To derive the equations of motion using the Projected Newton-Euler Method (PNEM), the
absolute poses and velocities of speci�c points of interest are required. We model theDSAM
as two rigid bodies connected by a 2-DoF joint at the manipulator base. The points of
interest are the Center of Gravity (CoG) of the two bodies, namely the quadrotor base and
the manipulator, and the end-e�ector (where contact forces are applied).

We utilize Homogeneous Transformation matricesT 2 SE(3) to describe the kinematics. A
transformation from frame B to A is de�ned as:

TAB =

 
RAB A pAB

0T 1

!

(2-4)

where A pAB is the position vector pointing from A to B expressed in frame � A . The kinematic
chain of the DSAM end-e�ector consists of the �oating base transformation TIB (pb; qb), the
�xed transformation TBR to the manipulator root, the joint-dependent transformation for
the arm TRA and �nally the �xed transform to the end-e�ector TAE . The global pose of the
end-e�ector is obtained by the chain:

TIE (q) = T IB (qb)TBR TMA (� 1; � 2)TAE (2-5)

From this matrix, the position pe and rotation matrix RIE corresponding to the orientation
of the end-e�ector can be directly extracted. As we choose quaternions as parametrization
of the orientation we can convert the rotation matrix RIE to quaternions and combine the
absolute position and orientation in geometric coordinate vector xe = k(q).

Similarly, the positions of the arm CoG is found by evaluating the transformation chain up
to the arm. The inertial velocities of the CoG of the arm and base are essential for dynamic
model derivation. These are related to the generalized velocityv via geometric Jacobians. For
a point of interest i the velocity is:

 
v i

! i

!

= J i (q)v (2-6)

where J i (q) 2 R6�8 is the geometric Jacobian matrix associated with pointi . These Jacobian
map the �oating base velocities and joint rates to the inertial velocities of each of point of
interest. It also common to split up the geometric Jacobian in a translational Jacobian and
rotational Jacobian:

v i = J P;i (q)v (2-7)

and
! i = J R;i (q)v (2-8)

The translational Jacobian of a point i can be derived by taking the time derivative of the
absolute position vector pi , which is the inertial velocity v i and then taking the partial
derivative to the chosen generalized coordinates:

JP;i (q) =
@_pi

@v
(2-9)
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10 Preliminaries: Modeling of the DSAM

The rotational Jacobian of a point i is based on the reference frame of pointi . Unlike velocities,
angular rates relative to each other can be summed if expressed in the same reference frame
and thus the inertial angular rate can easily be obtained by adding up successive angular
rates. Again by taking the partial derivative to the generalized coordinates we can obtain the
rotational Jacobian:

JR;i (q) =
@!i
@v

(2-10)

For the next section we will leave out the explicit notation that the Jacobian are dependent
on the generalized coordinatesq. An analytical derivation of the Jacobian of the DSAM are
given in the appendix.

2-2 Dynamic Model

In this section, the derivation of the dynamic model for the DSAM is presented using the
PNEM . This method combines the Newton-Euler equations of the individual rigid bodies with
the kinematic constraints derived in Section 2-1 to obtain the Equations of Motion (EoM) in
the generalized coordinate space.

The system dynamics of the DSAM can be written in the standard canonical form:

M(q) _v + C(q; v)v + g(q) = � + � ext (2-11)

where M (q) 2 R8�8 is the generalized mass matrix,C(q; v) 2 R8�8 is the Coriolis and
centrifugal matrix, g(q) 2 R8 is the vector of gravitational forces, � is the vector of actuation
torques/forces, and � ext represents external wrenches. How the actuation torques and forces
and external wrenches are related to the propeller speeds and interaction with the environment
will be explored in the next sections.

We consider the system as a combination of two rigid bodiesi 2 fB; Ag , representing the
quadrotor base and the arm link. For each bodyi , we have the massmi and the inertia tensor
I i expressed in the body's local frame.

The dynamics of the coupled system can be obtained using thePNEM [51] by projecting the
unconstrained Newton-Euler equations of each link onto the generalized coordinates using the
geometric Jacobian derived in Appendix A. Using thePNEM we can derive the dynamics
in mixed frames to simplify the equations. The geoetric translational Jacobian of all bodies
should be de�ned in the same reference frame and the geometric rotational Jacobian of all
bodies should also all be de�ned in the same reference frame. With this method each of the
matrices of the canonicalEoM can be obtained in a systematic way, which is next introduced.

The generalized mass matrix is calculated by summing the masses and inertia of all bodies,
mapped to the generalized coordinates using their respective Jacobian in their respective
reference frame. For theDSAM system we will choose the world frame �I to express the
inertial translational velocity and the base frame � B to express the inertial angular rates. We
obtain the following mass matrix:

M(q) =
X

i2fB;Ag

�
I J T

P;i � m i � I J P;i + B J T
R;i � B I i � B J R;i

�
(2-12)
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2-3 Aerodynamic Forces 11

In Appendix A an analytical expression is derived for the generalized mass matrix of the
DSAM.

The Coriolis and centrifugal terms arise from the changing e�ective inertia and the rotation of
the reference frames. In the projected method, this is derived from the time derivative of the
body and arm Jacobian and the gyroscopic moments:

C(q; v) =
X

i2fB;Ag

�
I J T

P;i � m i � I
_J P;i � v + B J T

R;i

�
B I i � B

_J R;i � v + B 
 i � B I i � B 
 i

��
(2-13)

where B 
 i is the inertial angular velocity of body i expressed in base frame �B .

The generalized gravity vector is derived by projecting the gravitational acceleration vector
gI = [0; 0; �g] T acting on each mass into the generalized coordinate space:

g(q) = �
X

i2fB;Ag
I J T

P;i � m � g I (2-14)

In this framework forces due to actuators are incorporated in the same way as other external
forces. The sources of external forces and moments that are relevant in the dynamical
description in this section are the body torquesB � b, the total thrust B T and the actuator
torques of the two joints � � 1 and � � 2 . Each of these forces and moments can be projected to
the generalized coordinate space by using the translational and rotational Jacobian of the
point or body on which they act. In the DSAM system there are actuators that move the arm
relative to the base. So the moments due to the actuation are applied to both the base and
the arm.

The generalized force vector for the DSAM is de�ned as follows:

� =

0

B
@

RIB B T
� b

� �

1

C
A (2-15)

Note that the �rst three entries of the generalized force vector is the thrust. Due to the
underactuated nature of the quadrotor, this thrust force can not be freely controlled and this
needs to be considered in controller design for such systems. Also the actual inputs of the
DSAM are motor speeds of the propellers and desired joint positions, not the generalized forces.
These can however be related to each other via control allocation, which will be introduced in
Section 2-4.

2-3 Aerodynamic Forces

In the previous section we have derived the dynamics of a �oating base multi-body system
given external forces and torques. In this section we will dive deeper into what forces and
torques are relevant for theDSAM. Furthermore also the relation between propeller speeds
and the generalized forces are explored.
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12 Preliminaries: Modeling of the DSAM

To properly model our aerial manipulator it is essential to understand the aerodynamics of a
multi-rotor. In this work, the aerodynamics are based on [40]. The most important force in
multi-rotor dynamics is the thrust force generated by the propellers. A simple model for the
generated thrust force is given as:

Ti = b i ! 2
p;i (2-16)

in which bi is the thrust coe�cient and ! p;i is the angular velocity of propeller i . This
thrust force is only applied in the rotation direction of the propeller. For standard non tilted
multi-rotors, this direction is B ez for all rotors, while for tiltable multi-rotors the direction
of the thrust of each propeller can be controlled. Each propeller also generates a drag force,
which can be modeled as:

Qi = d i ! 2
p;i (2-17)

in which di is the drag coe�cient and ! p;i is the angular velocity of propeller i . This drag
force is applied in the direction which resists the rotation of the propeller, which results in a
torque on the multi-rotor body opposing the rotation speed of the propeller. In a standard
quadrotor con�guration, two propellers rotate in opposite directions compared to the other
two, so no moment is generated in total if all four propellers rotate at the same velocity which
should occur during hover. Furthermore this will lead to a decoupled heading control from
the rest of the quadrotor dynamics.

Commonly only these main aerodynamic forces are considered for control, especially when
aerial platforms operate near hover with low velocities. The relations between propeller speeds
and forces are approximations which can be identi�ed using static tests. Better models of
the dynamics include many other e�ects such as blade �apping, induced drag [40] and rotor
interaction forces [34]. Also it might be possible that dynamics and parameters change during
operation. For example the aerodynamics of the platform changes when �ying closer to a
surface [49] or damage to the propeller blades could also in�uence the blade aerodynamic
properties. Lastly, especially for relatively high-speed motions, drag force is also typically
considered. These e�ects can signi�cantly in�uence the mapping from propeller speeds to
the generalized forces of the dynamic system. It is practically impossible to model all the
dynamics of an aerial manipulator accurately for a real �ight and this suggests the use of
robust control methods for multi-rotors and thus also for aerial manipulators. Furthermore
common disturbances in uncontrolled environments such as wind gusts have a signi�cant
impact on the dynamics of a multi-rotor. Therefore disturbance rejection is also an important
property for control in aerial manipulation.

2-4 Control Allocation

In the previous sections theEoM of the aerial manipulation system is described with generalized
forces, which are based on joint torques, body torques and forces. Also the main contributions
in the relation between propeller speeds and these generalized forces were summarized. For
control of any multi-rotor system, the body forces and torques need to be mapped to rotor
speeds. The relation between the propeller speeds and the body forces and torques of a
multi-rotor is known as control allocation. In our work the DSAM has recon�gurable rotors,
where each rotor can be tilted around the body x-axis. Also the front rotors are di�erent from
the back rotors, so the ordering of the rotors is of importance. De�ne the the �rst rotor to be
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2-4 Control Allocation 13

the front left rotor that rotates Counterclockwise ( CCW), the second rotor to be the back
right rotor which also rotates CCW, the third rotor to be the back left rotor that rotates
Clockwise (CW) and �nally the fourth rotor to be the front right rotor that also rotates CW.
De�ne ni to be 1 for the CCW propellers and � 1 for the CW propellers to account for the
rotation direction. Next de�ne angle � i as the rotation angle of propelleri around the body
x-axis. Then the thrust vector of propeller i denoted in the body frame B is calculated as:

B T i = R BP i Pi
T i =

2

6
4

1 0 0
0 cos �i sin � i

0 � sin � i cos �i

3

7
5 bi w2

p;i e3 (2-18)

and the drag moment of propeller i is calculated as:

B Q i = n i RBP i Pi
Q i = n i

2

6
4

1 0 0
0 cos �i sin � i

0 � sin � i cos �i

3

7
5 di w2

p;i e3 (2-19)

Control allocation considering only propeller thrust and drag then takes the form of:
 

B �

B F

!

= G 1! p � ! p (2-20)

with � the Hadamard product and

G1 =

"
n1RBP 1 d1e3 n2RBP 2 d2e3 n3RBP 3 d3e3 n4RBP 4 d4e3

RBP 1 b1e3 RBP 2 b2e3 RBP 3 b3e3 RBP 4 b4e3

#

2 R6�4 ; ! p =

0

B
B
B
@

! p;1

! p;2

! p;3

! p;4

1

C
C
C
A

(2-21)
in which di is the drag coe�cient and bi is the thrust coe�cient of propeller i . Note that only
four inputs are possible, so to invert matrix G1, either a pseudo-inverse needs to be used, some
quadratic optimization on the propeller speeds or we restrict the force and torques we try to
allocate to only consider the force in the bodyz-direction. We will take the last approach in
this work and de�ne the actual the reduced control allocation matrix

~G1 =

"
n1RBP 1 d1e3 n2RBP 2 d2e3 n3RBP 3 d3e3 n4RBP 4 d4e3

eT
3 RBP 1 b1e3 eT

3 RBP 2 b2e3 eT
3 RBP 3 b3e3 eT

3 RBP 4 b4e3

#

2 R4�4 (2-22)

such that

! p � ! p = ~G
�1
1

 
B �

jj B F jj

!

(2-23)

For now we have only considered the rotor thrust and drag for the control allocation. In
literature it has also been studied to include other e�ects, such as the rotor dynamics and
gyroscopic forces of the propellers. In [54] these e�ects are added and summarized in additional
matrices G2 corresponding to the propeller dynamics andG3 corresponding to the gyroscopic
terms. It has been found that neglecting the gyroscopic termsG3 has little in�uence to
the control performance of the multi-rotor in [ 54] using Incremental Nonlinear Dynamic
Inversion (INDI ), so this will also be neglected in this work. However neglecting theG2 matrix

Master of Science Thesis D. Liu



14 Preliminaries: Modeling of the DSAM

related to the spin-up torque seemed to greatly in�uence theINDI control performance. For
that reason this term will also be included in this work. However in this work the matrix was
derived for a standard multi-rotor with non tilted rotors. For this work we will have to derive
the G2 matrix with tilted rotors.

The inertial torques of each rotor can be summarized as

I p;i _!p;i Pi
ez = n i � p;i Pi

ez (2-24)

where I p;i is the rotor inertia tensor in the rotor frame and Pi
ez is aligned with the thrust

direction of the propellor. Again we want to know the torques applied in the body frameB so
we write the following relation for the inertial torque of propeller i:

B � in = I p;i RBP i _!p;i e3 (2-25)

which leads to the following G2 matrix:

G2 =

"
n1I p;1RBP 1 e3 n2I p;2RBP 2 e3 n3I p;3RBP 3 e3 n4I p;4RBP 4 e3

03�1 03�1 03�1 03�1

#

2 R6�4 (2-26)

Now the full nonlinear mapping from propeller speeds and its derivative to body forces and
torques is given as  

B �

B F

!

= G 1! � ! + G 2 _! (2-27)

We also de�ne the reduced G2 matrix as:

~G2 =

"
I p;1RBP 1 e3 I p;2RBP 2 e3 I p;3RBP 3 e3 I p;4RBP 4 e3

0 0 0 0

#

2 R4�4 (2-28)

such that we can approximate the mapping as:
 

B �
jj B F jj

!

= ~G1! � ! + ~G2 _! (2-29)

2-5 Contact Modeling

Aerial manipulators are speci�cally designed to interact with their environment, which intro-
duces unique challenges in both simulation and control. Unlike traditional aerial vehicles, these
systems must maintain stability while exerting or receiving forces through physical contact
at the end-e�ector during Aerial Physical Interaction ( APhI ) tasks. In this section we will
discuss how contact is incorporated in both control models and simulation.

There are two primary approaches to modeling contact: hard contact models and soft contact
models. In the soft contact model, interactions are represented through continuous contact
forces. The most common and easiest soft contact model is by modeling the environment
as a mass-spring-damper system. This is done in impedance control and admittance control
and is commonly applied in robotics [51]. For aerial manipulation the soft contact model is
also often applied, including in impedance controllers [48, 44, 66] and in Nonlinear Model
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2-5 Contact Modeling 15

Predictive Control ( NMPC) where the contact model is explicitly included in the dynamics [59].
The main challenge with soft contact models in simulation is that the combined di�erential
equations of the multibody system and contact dynamics of the simulation can become highly
sti� [ 21]. This sti�ness leads to either poor numerical accuracy or long computational times
when solving the di�erential equations.

The hard contact model treats contact as a kinematic constraint rather than a force-displacement
relationship. Instead of computing contact forces based on penetration depth at the contact
point, forces are calculated based on a kinematic constraint related to the contact with a
contact Jacobian. This can be easily included in optimization based control methods by
including this kinematic contact constraint [ 46]. This approach can o�er computational
advantages especially in simulation but requires careful handling of contact transitions and
impulses as it introduces non continuity in the dynamics.

Contact modeling is crucial not only in the control algorithms but also for achieving realistic
simulation behavior. Accurately modeling physical contact phenomena such as friction, impact
and compliance present signi�cant challenges, and simpli�cations are commonly done in
practice. Simpli�cations however introduce discrepancies between simulated and real-world
behavior and a balance has to be found between computational e�ciency and realistic contact
behavior. Many physics engines and simulation environments support contact modeling
for robotic systems. In this work we consider Gazebo [30] for implementation of the �nal
�ight stack and MATLAB SimScape [ 58] for controller prototyping. Gazebo provides a
comprehensive robotics simulation stack with ROS integration, but lacks contact realism.
Controller implementation and modeling in SimScape is easier, but there is larger gap from
the controller implementation in this software and the actual �ight stack.

As we utilize MATLAB SimScape for controller prototyping for APhI tasks, the following part
will describe SimScape's approach to contact modeling. For contact between two 3D rigid
bodies, it will be assumed to occur at a single contact point with an associated reference frame
� C . According to Newton's third law, equal and opposite forces are applied to both bodies,
which consists of a normal contact force and a friction force.

Let d denote the penetration depth of the two bodies at the contact point. The normal contact
force is applied along thez-direction of the contact frame and opposes the penetration direction.
The friction force acts within the contact xy-plane and opposes the relative tangential velocity
between the bodies.

The normal force in SimScape is modeled as:

C F n = s(d; w)
�
kP d + k D _d

�
C ez (2-30)

where w is the transition width parameter, s(d; w) is a smoothing function for the contact
force, kP and kD are the contact sti�ness and damping coe�cients, respectively, and _d is
the rate of change of penetration depth. SimScape employs a soft contact model, where the
smoothing function s(d; w) is introduced to prevent discontinuities in the system dynamics.
This function satis�es: s(0) = 0, s(w) = 1, and increases monotonically and continuously on
the interval [0; w]. The transition width parameter is also introduced to prevent numerical
issues. To simulate a rigid surface, high contact sti�ness gains and a small transition width
must be chosen. A balance must therefore be found between solver performance and realistic
rigid body contact.
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16 Preliminaries: Modeling of the DSAM

Next, the friction force is calculated according to the smooth stick-slip method. In this model,
the friction force acts opposite to the relative tangential velocity at the contact point, with a
magnitude that depends on the e�ective friction coe�cient � e� . This coe�cient transitions
smoothly between the static coe�cient � s and the dynamic coe�cient � d as a function of the
tangential slip velocity:

� e� (v) = � d + (� s � � d) s(vcrit ; v) (2-31)

where v = j C vk j is the magnitude of the relative tangential velocity at the contact point,
vcrit is the critical velocity threshold, and s(vcrit ; v) is a smoothing function that satis�es
s(vcrit ; 0) = 1 and s(vcrit ; v) ! 0 for v � v crit . The resulting friction force vector in the contact
plane is then given by:

C F f = �� e�

�
j C vk j

�
jC F n j C vk

max
�
j C vk j; �

� (2-32)

where C vk is the relative tangential velocity vector at the contact point in the contact plane,
jC F n j is the normal force magnitude, and� is a small regularization constant to avoid division
by zero. This formulation ensures a smooth transition between the sticking regime, where
� e� � � s, and the sliding regime, where� e� � � d, avoiding discontinuities that could destabilize
the numerical integration.

2-6 Summary

In this Chapter the kinematic and dynamic modeling of the DSAM is presented. The di�erent
relevant aerodynamic forces for the platform are introduced and the control allocation is
derived. Lastly a brief introduction is given into contact modeling. Speci�cally the SimScape
Multibody [ 58] contact modeling is explored in detail, as this simulator is used for prototyping
the controller design proposed in this work. Using the models and relations derived in this
Chapter it is possible to design model-based controllers for the platform to performAPhI
tasks. In the next Chapter the nonlinear control methods considered in this thesis are formally
introduced.
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Chapter 3

Preliminaries: Nonlinear Control

In this Chapter the nonlinear control methods that are applied in the proposed controller
designs of this thesis are introduced. First a theoretical introduction to Nonlinear Dynamic
Inversion (NDI ) and Incremental Nonlinear Dynamic Inversion (INDI ) is given and the
advantages and disadvantages of these methods. As we are interested in robust disturbance
rejection properties, disturbance estimation used in nonlinear control is introduced and this
will allow for another view on the relation between NDI and INDI . Finally Nonlinear Model
Predictive Control (NMPC) is also introduced.

3-1 Nonlinear Dynamic Inversion

Consider a class of Single-Input Single-Output (SISO) nonlinear systems of the form:

_x = f(x) + g(x)u (3-1)

y = h(x) (3-2)

where x 2 R n and the mappingsf , g and h are su�ciently smooth in a domain D � R n . If
there exists a di�eomorphism T : D ! R n and the change of variablesz = T(x ) transforms
system (3-1)-(3-2) into the form:

z = Az + B�(x)(u � �(x)) (3-3)

then under certain conditions [29] the system is feedback linearizable andNDI can be applied
by choosingu = � (x ) �1 � + � (x ). This method is referred to as full-state linearization and
transforms a nonlinear system to a linear one:

z = Az + B� (3-4)

in which � the virtual control input can be chosen as� = �Kz with K such that A � BK is
Hurwitz. Applying this di�eomorphism however does not mean that the output description
y = h(T(z)) is a linear equation. If the output equation is nonlinear, reference tracking is
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18 Preliminaries: Nonlinear Control

still di�cult to achieve. Under certain conditions the input-output relation can be linearized
with feedback which is called input-ouput linearization. For this we look at the derivatives of
the output and introduce the relative degree. We start by introducing some notation. The
derivative of the output can be written as

_y =
@h(x)

@x
[f (x) + g(x)u] = L f h(x) + L gh(x)u (3-5)

where L f h(x ) and L gh(x ) are the Lie derivatives of h with respect to vector �eld f of g
respectively. The following other notations will be used:

L gL f h(x) =
@(Lf h)

@x
g(x) (3-6)

L 2
f h(x) = L f L f h(x) =

@(Lf h)
@x

f(x) (3-7)

L k
f h(x) = L f L k�1

f h(x) =
@(Lk�1

f h)

@x
f(x) (3-8)

L 0
f h(x) = h(x) (3-9)

If L gh(x ) = 0, then _y is independent of the control input u. By continuing with the next
derivative,

y(2) =
@(Lf h)

@x
[f (x) + g(x)u] = L 2

f h(x) + L gL f h(x)u (3-10)

if L gL f h(x) = 0, then the second derivative of the output is also independent of the control.
By repeating this process if at some point:

L gL i�1
f h(x) = 0; i = 1; 2; : : : ; � � 1 (3-11)

and
L gL ��1

f h(x) 6= 0 (3-12)

then we know that u does not appear in the expressions ofy; _y; : : : ; y(��1) , but does appear in
y(�) with a nonzero coe�cient:

y(�) = L �
f h(x) + L gL ��1

f h(x)u (3-13)

The integer � is called the relative degree and the input u can chosen as

u =
� � L �

f h(x)

L gL ��1
f h(x)

(3-14)

such that the resulting system becomes:

y(�) = � (3-15)

which is a chain of � integrators, with � the virtual control input. Note that we have a direct
relation between the output and the virtual input, therefore this form is called input-output
linearization.
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3-1 Nonlinear Dynamic Inversion 19

We can extend this idea to Multiple-Input Multiple-Output ( MIMO ) systems. The system is
now of the form:

_x = f(x) + g(x)u

y = h(x) (3-16)

in which x 2 R n , u 2 R m and y 2 R p. The function f is a smooth mappingRn ! R n ,
g a smooth mapping Rn ! R m � R n and h a smooth mapping Rn ! R p. If p < m , so
there are more inputs than outputs, then the problem is overdetermined. Ifp > m , so more
outputs than inputs, then the problem is underdetermined and possibly not all outputs can
be controlled. We will assumep = m for the rest of the derivation of the input-output
linearization. By denoting the elements ofh as hi , i = 1 ; 2; : : : ; m and the columns vectors of
g as gj , j = 1 ; 2; : : : ; m, we can de�ne an extension to the relative degree� to MIMO systems.
The vector relative degree� = [ � 1 � 2 ; : : : ; � p]T contains the relative degree of each output
channel i 2 f 1; 2; : : : ; pg, where the relative degree� i of an output channel i is de�ned as the
smallest integer such that 8x 2 Rn , at least one input channel j 2 f1; 2; : : : ; mg satis�es:

L gj L ��1
f hi (x) 6= 0 (3-17)

If furthermore the vector relative degree satis�es:

� = jj�jj 1 =
mX

i=1

� i � n (3-18)

then the output dynamics of the system can be represented as:

2

6
6
6
6
6
4

y(� 1 )
1

y(� 2 )
2
...

y(� m )
m

3

7
7
7
7
7
5

=

2

6
6
6
6
4

L � 1
f h1(x)

L � 2
f h2(x)

...
L � m

f hm (x)

3

7
7
7
7
5

+

2

6
6
6
6
6
4

L g1 L � 1 �1
f h1(x) L g2 L � 1 �1

f h1(x) � � � L gm L � 1 �1
f h1(x)

L g1 L � 2 �1
f h2(x) L g2 L � 2 �1

f h2(x) � � � L gm L � 2 �1
f h2(x)

...
...

. . .
...

L g1 L � m �1
f hm (x) L g2 L � m �1

f hm (x) � � � L gm L � m �1
f hm (x)

3

7
7
7
7
7
5

u

(3-19)
which can be compactly written as

y (�) = �(x) + B(x)u (3-20)

If � = n then the system is full-state feedback linearizable and there are no internal dynamics.
Otherwise there aren � � internal dynamics and stability of the total system can be shown
using a nonlinear state transformation. If there are internal dynamics then there exist smooth
functions

�(x) =

2

6
6
6
6
4

� 1(x)
� 2(x)

...
� n�� (x)

3

7
7
7
7
5

(3-21)

such that

@�k
@x

gj (x) = 0; 8k 2 f1; 2; : : : ; n � �g; 8j 2 f1; 2; : : : ; mg; 8x 2 D 0: (3-22)
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20 Preliminaries: Nonlinear Control

Then using the di�eomorphism

z = T (x) = [T 1(x); T 2(x)] T = [�; �] T (3-23)

with

� = �(x) (3-24)

� = [� T
1 ; � T

2 ; : : : ; � T
m ]T (3-25)

� i = [h i (x); L f hi (x); : : : ; L � i �1
f hi (x)] T ; i = 1; 2; : : : ; m (3-26)

the nonlinear system can be transformed into

_� = f 0(�; �) =
@�
@x

f(x)
�
�
�
�
x=T �1 (z)

_� = A c� + B c[�(x) + B(x)u]

y = C c�

(3-27)

where A c = diagfA 0
i g, B c = diagfB 0

i g, Cc = diagfC 0
i g, i = 1 ; 2; : : : ; m, and (A0

i ; B 0
i ; C0

i ) is a
canonical form representation of a chain of� i integrators. The NDI control is then chosen as

u = B �1 (x)(� � �(x)) (3-28)

so that the resulting closed-loop system is:

_� = f 0(�; �) =
@�
@x

f(x)
�
�
�
�
x=T �1 (z)

_� = A c� + B c�

y = C c�

(3-29)

This system hasn � � internal dynamics and m decoupled channels. The relation between
each input channelvi and each output channelyi is a chain of � i integrators. The NDI control
input stabilizes the system when the internal dynamics are Input-to-State Stable (ISS) and
the virtual control input � is chosen such that the linearized system is stable.

Applications of NDI or feedback linearization are commonly found in aerospace applications as
the dynamics are nonlinear. It has been applied in aircraft [19] and in multirotors [ 16]. Note
that by assumption of the dimensions,NDI can not directly be applied on an underactuated
system where the number of inputs is smaller than the degrees-of-freedom (DoF). A speci�c
controller needs to be designed to deal with this underactuation. For example in quadrotors
the input has to be transformed to total thrust and moments in order to apply feedback
linearization or a hierarchal control architecture can be applied. In (aerial) manipulation tasks
NDI is often used without explicit mention, for example in impedance control [26, 28, 66, 35].
In [65] NDI is included to be able to apply H1 -controller synthesis.

The NDI is a useful tool that transforms a nonlinear system into a decoupled linear system
using feedback. Linear control can again be applied on the feedback linearized system such
as PID-control [41] or linear robust control [65]. The main drawback is that the method is
dependent on an accurate model description�(x) and B(x) to cancel the nonlinearities in the
system. In reality it is impossible to obtain an perfectly accurate model due to many factors
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3-2 Incremental Nonlinear Dynamic Inversion 21

such as model simpli�cations and external disturbances. The main drawbacks ofNDI led to
research to improve the robustness of this approach. For example combining linear robust
control techniques such asH 1 synthesis with NDI [65]. Another example is INDI , which uses
measurements to reduce model dependency, which will be elaborately explained in the section
3-2.

3-2 Incremental Nonlinear Dynamic Inversion

Consider again the following class of nonlinear systems:

_x = f(x) + G(x)u

y = h(x) (3-30)

in which x 2 R n , u 2 R m and y 2 R p. The function f is a smooth mappingRn ! R n , g a
smooth mapping Rn ! R m � R n and h a smooth mapping Rn ! R p. Using input-output
linearization as described in section 3-1 the model can be rewritten in the form:

y (�) = �(x) + B(x)u (3-31)

And if the vector relative degree of the system has the property� � n then it can be rewritten
in canonical form as in section 3-1:

_� = f 0(�; �)
_� = A c� + B c[�(x) + B(x)u]

y = C c�

(3-32)

Suppose now the state, output derivatives and input can be measured at timet0, which is
� t from the current time t. The output can be estimated then using a Taylor approximation
around t0. The measurements att0 of the state, output derivatives and input are x 0 , y (�)

0 , u 0

respectively. Then using a �rst order Taylor-expansion we estimate:

y (�) � y (�)
0 +

@(�(x) + B(x)u)
@x

�
�
�x=x 0
u=u 0

(x � x 0) + B(x 0)(u � u 0) (3-33)

If we assumex � x 0 � 0 for su�ciently high sampling time � t due to continuity of the state
(this also known as the time-scale separation assumption [54]), then we can rewrite the relation.
De�ning �u = u � u 0 , the INDI control law is then chosen as:

u = u 0 + �u = u 0 + B �1 (� � y (�)
0 ) (3-34)

The input increments with �u relative to u 0, which is why it is referred to as an incremental
control method. Furthermore the matrix B �1 is often referred to as the control e�ectiveness
matrix. Recall the NDI control law was de�ned as:

u = B �1 (� � �(x))

When comparing the two expressions we notice that the INDI is not dependent on� anymore,
but instead on the output measurementy �

0 and measured inputu 0 . INDI is less dependent
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on the complete model, but requires additional output and input measurements. This is why
INDI is also referred to as a sensor-based approach.

INDI is inherently a discrete control method so a sampling time � t should be chosen for
the control method. The stability of the control method also depends on this sampling time.
Intuitively the stability of INDI can be linked to the so called time-scale separation [54, 52],
though this assumption is not mathematically rigorous. In [62] a rigorous proof using Lyapunov
methods has been given. Furthermore in [27] stability conditions on model errors and time
delays are given.

INDI has appeared mostly in aerospace application. In [54] an adaptive INDI method has been
applied on control of a multi-rotor and in [ 47] on an aerial manipulator. Robustness of INDI is
veri�ed in many simulations and experiments [37, 36]. In [61] a comparison is made between
NDI and INDI for reference tracking for a rigid aircraft with di�erent modeling errors and it is
shown that INDI outperforms NDI greatly in robustness. The main drawback ofINDI is the
use of acceleration measurements which can be done using direct measurements [11] or indirect
derivation methods [54, 37]. For indirect derivation methods the state derivative has to be
calculated, which ampli�es high frequency noise. For this reason �lters have to be applied,
however this in�uences the time delay between control and measurements and therefore also
stability and performance of the closed-loop system. In [36] a nondelay di�erentiator design is
proposed for the state derivative calculation to combat this time delay.

3-3 Disturbance Estimation

Consider a nonlinear system written in input-output form

y (�) = �(x) + B(x)u; (3-35)

wherey 2 R m is the output vector, � denotes the vector of relative degrees. Systems expressed
in dynamic canonical form, as introduced in Chapter 2, are examples of this structure, where
typically � = 1.

Assume now that there is an additive disturbanced 2 R m , which a�ects each output channel:

y (�) = �(x) + B(x)u + d: (3-36)

Suppose that the output derivatives y (�) , the state x , and the control input u are known at a
given time instant t 0. Then, an estimate of the disturbance at time t0 can be obtained as

d̂0 = y (�)
0 � �̂(x 0) � B̂(x 0)u 0; (3-37)

where �̂ and B̂ denote the model estimates evaluated at t0.

3-3-1 Disturbance Observer

Rather than directly computing the disturbance from instantaneous measurements, it is
common to construct a disturbance observer as in [14]. A common assumption is that the
disturbance varies slowly compared to the system dynamics:

_d � 0: (3-38)
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De�ne the disturbance estimation error as

ed = d � d̂: (3-39)

We will use �rst-order error dynamics,

_ed + Le d = 0; (3-40)

with L 2 R m�m Hurwitz. This yields the observer dynamics

_̂d = �L d̂ + L
�
y (�) � �(x) � B(x)u

�
: (3-41)

Under the assumption of bounded model errors and su�ciently slow disturbance variation,
the estimation error ed converges to zero.

3-3-2 Disturbance Observer Based Control

Disturbance estimates can be incorporated into the control law to improve robustness against
external disturbances and model uncertainties. Note that since the disturbance estimate is
model-based, unmodeled dynamics and parametric uncertainties are lumped into the estimated
disturbance.

Consider applyingNDI to system (3-36), which includes additive disturbances. If a disturbance
estimate d̂ is available, the control law can be chosen as

u = B̂
�1

(x)
�
� � �̂(x) � d̂

�
; (3-42)

which results in linear output dynamics with virtual control input � if the model is completely
correct.

Now consider using the direct disturbance estimate(3-37) evaluated at time t0. Substituting
d̂0 into the NDI control law gives

u = B̂
�1

(x 0)
�
� � y (�)

0 + B̂(x 0)u 0

�
; (3-43)

which can be rewritten as the incremental control law

�u = B̂
�1

(x 0)
�
� � y (�)

0

�
: (3-44)

This expression is exactly the INDI control law.

Now consider the disturbance observer dynamics in (3-41). This can be written as

_̂d = L
�
y (�) � �(x) � B(x)u � d̂

�
; (3-45)

which reveals that the observer acts as a �rst-order �lter of the instantaneous disturbance
estimate. We can take the direct disturbance estimate as in (3-37).

For su�ciently large observer gain L , the observer dynamics become fast compared to the
plant dynamics. Introducing L = " �1 I with 0 < " � 1, the observer equation can be written
as

" _̂d = d̂0 � d̂: (3-46)
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In the limit " ! 0, the fast dynamics result in the disturbance estimate

d̂ = d̂0; (3-47)

which shows that a disturbance observer approaches the direct disturbance estimate obtained
from instantaneous measurements in the high-gain limit.

This result further clari�es the relationship between NDI with disturbance observer andINDI .
While NDI explicitly relies on model-based cancellation and dynamic disturbance estimation,
INDI implicitly assumes a high-bandwidth disturbance estimation by directly using incremental
measurements. Consequently,INDI can be interpreted as the high-gain limit of NDI with a
disturbance observer.

3-4 Nonlinear Model Predictive Control

Rather than solving a nonlinear control problem analytically, an optimal solution can be
obtained numerically through the use of optimization algorithms. This is achieved by including
the nonlinear system dynamics into a nonlinear Optimal Control Problem (OCP) as equality
constraints. NMPC is an advanced control strategy that solves thisOCP iteratively in a
receding horizon fashion.

Consider a continuous-time nonlinear system described by:

_x(t) = f c(x(t); u(t)) (3-48)

where x (t) 2 Rnx is the state vector and u(t) 2 Rnu is the control input vector. To formulate
the OCP, the system is discretized with a sampling timeTs, leading to the following discrete-
time model:

x k+1 = f d(x k ; u k ) (3-49)

where xk and uk denote the state and input at discrete time step k, respectively.

At any current time step t, given the measured or estimated current statex (t), a �nite-horizon
OCP over a prediction horizon N is formulated as follows:

min
X;U

N�1X

i=0

`(x i ; u i ) + V f (x N )

s.t. x 0 = x(t)

x i+1 = f d(x i ; u i ); i = 0; : : : ; N � 1

g(x i ; u i ) � 0; i = 0; : : : ; N � 1

h(x i ; u i ) = 0; i = 0; : : : ; N � 1

x N 2 X f

(3-50)

Here, U = fu 0; : : : ; u N�1 g is the sequence of control inputs, andX = fx 0; : : : ; x N g is the
corresponding sequence of predicted states. The objective function consists of a stage cost
`(�) and a terminal cost Vf (�). The optimization is subject to the initial condition constraint
x 0 = x (t), the nonlinear system dynamicsf d(�), generic inequality constraints g(�), equality
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constraints h(�), and optionally a terminal set constraint Xf , which is usually included for
stability properties.

Solving (3-50) yields an optimal input sequenceU � = fu �
0; u �

1; : : : ; u �
N�1 g. The receding

horizon principle then is to only apply the �rst element of this optimal sequence to the system:

u(t) = u �
0 (3-51)

At the next control instant, the horizon is shifted with the NMPC control time step, the state
is measured again, and the optimization problem is solved again.

The NMPC can be used as described above as direct feedback controller.NMPC can also be
used in a cascaded architecture as a high-level trajectory planner. In this paradigm, rather
than exclusively using the �rst control input, the predicted optimal state trajectory X � can
be passed to a high-frequency inner-loop controller as a reference. Furthermore, the optimal
control sequenceU � can be injected as a feedforward term to enhance the trajectory tracking
performance of the inner loop.

NMPC has seen widespread use in aerial robotics. For example, Lunni et al. [39] implemented
NMPC on an onboard computer to enable a physical aerial manipulator to track a 3D reference
with its end-e�ector. Similarly, Tzoumanikas et al. [ 59] utilized NMPC to control an aerial
manipulator for complex aerial writing tasks. Sun et al. [55] successfully appliedNMPC for agile
drone �ight, analyzing its performance both as a standalone controller and within a cascaded
control architecture. Furthermore, Marti-Saumell et al. [ 42] demonstrated the e�ectiveness of
NMPC in executing aggressive maneuvers across various simulated environments.

A primary advantage of NMPC is its systemic ability to explicitly handle state and input
constraints within complex systems. Furthermore, the predictive nature of the receding
horizon allows the system to incorporate future dynamics and constraints into current control
decisions. This is particularly bene�cial for systems that need to navigate highly dynamic or
constrained environments. Moreover, the increasing computational capabilities of lightweight
embedded computers and more e�cient optimization algorithms have made real-time onboard
NMPC feasible for autonomous robots. However, the approach has notable drawbacks: solving
non-convex, nonlinear optimization problems in real-time is computationally demanding, and
the performance is highly dependent on the accuracy of the dynamic model and the rigorous
tuning of the cost function.

Finally, guaranteeing the recursive feasibility and asymptotic stability of the OCP for non
nominal cases remains a challenging theoretical problem. For linear systems, robust linear
Model Predictive Control ( MPC) paradigms, such as tube-basedMPC, have been well-
established to guarantee stability and recursive feasibility under uncertainties [43]. While
robust NMPC frameworks exist, proving recursive feasibility and designing robust invariant
sets for highly nonlinear dynamics requires signi�cantly more e�ort and is part of ongoing
research.

3-5 Summary

In this Chapter, the nonlinear control methods NDI , INDI and NMPC are formally introduced.
With these nonlinear control tools and the modeling approaches in Chapter 2, we can introduce
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the controller designs proposed in this work for the Di�erential Shoulder Aerial Manipulator
(DSAM) for performing Aerial Physical Interaction ( APhI ) tasks. This will be done in the
following Chapter.
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Chapter 4

Controller Design

In this chapter we will introduce all the parts of the novel controller designs proposed in this
work. The goal of the proposed controllers in this work is to achieve simultaneous force and
end-e�ector pose tracking in Aerial Physical Interaction (APhI ) tasks. Incremental Nonlinear
Dynamic Inversion (INDI ) will be considered to enable robust tracking performance and
furthermore we consider Nonlinear Model Predictive Control (NMPC) as outer loop similar to
[55]. The following control schemes will be proposed and compared:

1. A novel baselineNMPC formulation adapted from [55] and where the dynamics are
modi�ed based on the Di�erential Shoulder Aerial Manipulator ( DSAM) dynamic model
derived in Chapter 2 and states related to the manipulator are added to the cost. The
formulation will be contact-aware. External force feedback (FF) is used in the cost of the
NMPC and the desired reference force is included in theNMPC dynamics (NMPC-FF).

2. The NMPC-FF controller augmented with a INDI inner loop attitude controller, similar
to the work of [55] (NMPC-FF-INDI)

3. The NMPC-FF controller augmented with a cascaded INDI inner loop controller (NMPC-
FF-CINDI), where the cascaded controller is based on [53].

The proposed controller formulations are valid for general (underactuated) multibody aerial
manipulator systems and can also be applied to other aerial manipulator con�gurations by
changing the multibody dynamics.

We will assume all generalized coordinates and velocities to be available from a Extended
Kalman Filter ( EKF ) algorithm combining VICON motion capture measurements and Inertial
Measurement Unit (IMU ) measurements. Also the acceleration of the base is available from
the IMU of the DSAM. In the next sections we will explore each of the proposed controllers
in more detail.
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Figure 4-1: A schematic of the NMPC-FF control loop.

4-1 Baseline NMPC formulation

A schematic of the high levelNMPC-FF control loop is given in Figure 4-1. In this section
we will de�ne the Optimal Control Problem ( OCP) of the baselineNMPC controller. Our
baseline controller will have some similarities to the control design in [59], however there are
some signi�cant hardware di�erences such as a di�erent manipulator and aerial platform.
For this reason it is not possible to exactly copy the controller and the baseline might not
perform as well as for the original application, however it provides us with an initial design.
One signi�cant hardware di�erence between our aerial manipulator and the one in [59] is the
Delta arm and in our case the two-degrees-of-freedom (DoF) arm. Also in [59] they attached
a spring to the pen to add compliance. A linear spring contact model is used in theNMPC.
This model is an accurate description of their aerial manipulator because of the compliance in
the hardware. We will not have this compliance in our manipulator. In this section we will
reconsider the contact modeling to try to improve performance in contact-based tasks.

For the proposedNMPC controller a model containing the Equations of Motion (EoM) of
the aerial manipulator system in free �ight is used and extended with a model of the contact
dynamics. We will assume knowledge on wall position and the normal vector of the surface.
This information can be estimated using sensors such as cameras, or be obtained from prior
knowledge of the environment.

4-1-1 Contact modeling

At every time instant in which the aerial manipulator interacts with the environment, we
assume this interaction will be on a single point C located at the contact positionpc of a
surface with normal vector en . The values p̂c and ên are the estimated contact position and
normal vector at that timestep, which depend on the reference trajectory and can change each
time step. For example with vision information it is possible to obtain a parametrization of a
surface and derive these values as done in [6].

The estimation of parameters of the contact surface is not the focus of this work. For simplicity
we assume surfaces to have simple geometries. Speci�cally we assume in the contact-based
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tasks that the surface location is prior knowledge and we assume that the surface has a
constant normal vector over its entire surface. Considering these simpli�cations, only the
projected distance on the normal direction of the wall is relevant. As the surface is a �at
surface,p̂c can be chosen to be any arbitrary point on this surface.

In [59] a linear spring model is used to predict the contact forceF c. This force acts in the
normal direction of the surface at point C and is dependent on the penetration depth of the
end-e�ector dpen. The penetration depth is calculated as follows:

dpen = ( p̂c � p e)Tên (4-1)

The contact force is then calculated as:

F c = k p;contact dpenên (4-2)

where kp;contact is the chosen sti�ness of the contact model. This contact model is used to
predict contact and anticipate it in a given trajectory. It is used in the both the dynamics and
the cost of their proposedNMPC formulation. For our aerial manipulator design this model
is not an accurate description of reality as mentioned before and it shows oscillatory behavior
especially at the moment of contact. In the results section a brief comparison will be made
with this way of contact modeling and our proposed controller in simulation for the DSAM.

In our proposed controller the contact force enters theNMPC formulation in two di�erent
ways. In the dynamics the desired force is directly used. In the cost a combination between
an estimated contact force and the linear spring model is used. The external contact force
can for example be directly measured using a force/torque sensor at the end-e�ector, or be
directly estimated from the dynamics. We will choose the latter due to hardware constraints.

We want to estimate the external wrench w ext acting on the aerial manipulator. This
estimate is obtained by comparing the �ltered acceleration measurements with the model-
based accelerations computed from the �ltered control inputs. The external wrench consists
of the external force Fext and the external moment M ext :

w ext =

"
F ext

M ext

#

(4-3)

By assuming quasi-static motion of the arm, the contributions of the arm dynamics to the
total force can be neglected. The external force estimate in the inertial frame is then given by:

F̂ ext = R IB (m total a f � F b;f ) (4-4)

where mtotal is the total mass of the aerial manipulator, a f is the �ltered body acceleration
measurement, andF b;f is the estimated force acting on the base computed from the �ltered
motor speedsu f . The rotation matrix R IB transforms the force from the body frame to the
inertial frame.

Similarly, under the quasi-static arm assumption, the contribution of the arm angular dynamics
to the total body moment can be neglected. The external moment estimate in the body frame
is then:

M̂ ext = I total B _! b;f + B ! b;f � (I total B ! b;f ) � � b;f (4-5)
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where I total is the total inertia matrix of the aerial manipulator in the current con�guration,

B _! b;f is the �ltered angular acceleration measurement,� b;f is the estimated torque acting on
the body computed from the �ltered motor speeds, ! b;f is the �ltered angular velocity and

B ! b;f � (I total B ! b;f ) is the gyroscopic term. In this work this estimated external torque was
not used as the sliding tasks applies no external moments on the end-e�ector.

For the NMPC formulation we will assume the estimated external force to be the contact
force when contact is expected. We takeF̂ c as the estimated external forceF ext . The contact
force used in the cost will be based on the sum of the estimated external force and the linear
spring model:

F c;cost;k = max
�
0; ic;kF̂

T
c ên + k p;contact dpen

�
ên (4-6)

where pe;k is the predicted end-e�ector position at timestep k and i c;k is a contact indicator
variable at time-step k. De�ne our reference penetration depth at time step k as:

dr
pen;k = ( p̂c � p r

e;k)Tên (4-7)

Then we de�ne the contact variable as follows:

i c;k =

8
>>>>>><

>>>>>>:

0 if dr
pen;k � �

wt

2
1
2

 

1 � cos

 

�
dr

pen;k + wt
2

wt

!!

if
�
�
�dr

pen;k

�
�
� <

wt

2

1 if dr
pen;k �

wt

2

(4-8)

where wt is a contact transition width which is chosen to be 1 cm. This modeling approach is
chosen to avoid discontinuities at the exact contact position.

The reason we multiply the external force with a contact indicator variable is because the
external force can be due to di�erent reasons, for example disturbances and modeling errors.
By introducing the contact indicator we only assume the measured external force is a contact
force when contact is expected in the reference trajectory. We also take the dot product
between the external force and the normal direction of the surface, because we want to track
the normal contact force for our application. There might be friction forces due to contact
and in this way they will be ignored in the cost. The contact indicator is dependent on the
reference penetration depth. This design choice was taken to avoid switching behavior in
contact-based tasks.

Also note the use of the maximum operator. We assume that the contact force applied can
only be positive. The intuition behind this is that a contact force will never 'pull' the aerial
manipulator towards the surface, only push it away due to contact. The spring model is added
so the planner is able to relate force with base motion. By planning a trajectory into a contact
surface, the system will apply more force and the estimated contact force should increase.
By moving away from the wall, the force decreases and the estimated contact force should
also decrease. The intuition behind this combination between estimated contact force and
spring model was to create a force tracking ability of the controller. The addition of this cost
term will also allow us to combine the NMPC controller with the cascadedINDI controller
for physical interaction in any direction, which will be further explored in the experimental
results.
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The contact force in the dynamics will be de�ned di�erently:

F c;dyn;k = i c;kF r
c;k (4-9)

where F r
c;k is the reference force which can be directly used from the reference trajectory.

The reason for introducing the contact force di�erently in the dynamics and cost will also be
explored in more detail in the results section, where we will compare the proposed controller
to modi�ed controllers using the same contact force modeling for the cost and dynamics.
However one important reason of not using the external force estimate in the dynamics is that
this estimate is based on accelerometer data, which is found to be very noisy in the physical
DSAM system.

4-1-2 NMPC-FF formulation

Now that we have a model for the contact force, we want to include it in theNMPC formulation
to make it contact-aware. The contact force is applied on the end-e�ector when it is interacting
with the environment. This external force on the end-e�ector can be related to the dynamics
in generalized coordinates using the end-e�ector JacobianJE . This Jacobian can be obtained
as described in Section 2-1. The contact force is introduced in the dynamics as follows:

M(q) _v + C(v; q) + G(q) = � + J T
E F c;dyn (4-10)

The state and input variables of the system are the generalized variables and velocities of
an aerial manipulator system described in Chapter 2. The state vector at each time step is
de�ned as

x = [p T
b vT

b qT
b B ! T

b � T _� T ]T (4-11)

where pT
b is position of the base in the world frame,v is the velocity of the base in the world

frame, qb the quaternion parametrization of the base orientation relative to the world frame,

B ! b the body angular velocity in the body frame and � the manipulator joint angles. The
input vector is given as:

u = [! T
p � T

r ]T (4-12)

where ! p is the vector of the rotor speeds and �r are the desired joint angles. These desired
joint angles will be used as reference in the low level controller of the manipulator. Note
that in the dynamics we derived in Chapter 2, we did not have joint reference positions� r
as input, but instead the arm torques. The reason for this modi�cation is due to hardware
constraints where the arm is controlled using position control. The dynamics of the arm in
the whole-body dynamics and thus the NMPC is modi�ed to an approximation:

•� = k p;arm (� r � �) � k d;arm _� (4-13)

The actual position control of the arm is not a PD controller in the DSAM, so this part will
introduce some model mismatch into the whole-body dynamics.

Furthermore the propeller speeds! p also need a mapping to body torques and forces for the
multibody dynamics. For the NMPC formulation the inertial forces of the rotors are neglected
and the direct mapping:  

B �

B F

!

= G 1! p � ! p (4-14)
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is used.

The NMPC will �nd the optimal control sequence U � = [ u �
0; u �

1; : : : ; u �
N ] and state trajectory

X � = [ x �
0; x �

1; : : : ; x �
N ] by minimizing the sum of stage costsL k (x k ; u k ) for k 2 [0; 1; : : : ; N ] and

the terminal cost � N (x N )), where the solution satis�es the imposed dynamics and constraints.
The mathematical formulation of the OCP proposed in this work has the following form:

U � = arg min
U

N�1X

k=0

L(x k ; u k ; x k;r ) + �(x N ; x N;r ) (4-15)

s.t. x k+1 = f d(x k ; u k ; F c;dyn;k ); (4-16)

x 0 = x(t); (4-17)

u 2 [u min ; u max ] (4-18)

in which N is the discrete horizon length andf d is the discretized dynamics. The input bounds
u min = [0 ; 0; 0; 0; � 7

12�; �� ]T and u max = [2000; 2000; 2000; 2000; 7
12�; � ]T were chosen for the

NMPC corresponding to the minimum and maximum rotor speeds and joint angles.

The stage costsL consist of the error between the reference and predicted state and the
magnitude of the predicted control input. The terminal cost is only based on the error in
predicted and reference state. The following errors are de�ned:

ep;B = p B � p B;r ; (4-19)

ev = v � v r ; (4-20)

eq;B = [q �1
IB 
 q IB;r ]1:3; (4-21)

e! = B ! b � R BB r B r
! b;r (4-22)

e� = � � � r (4-23)

e _� = _� � _� r (4-24)

ep;E = p E � p E;r (4-25)

en;E = I eE
x � I eE r

x (4-26)

eu = u � u r ; (4-27)

ef = jjF c;costjj2 � jjF r
cjj2 (4-28)

where I eE
x is the unit x-vector of the end-e�ector frame � E expressed in the world frame �I

and I eE r
x is the unit x-vector of the reference end-e�ector frame �E r expressed in the world

frame � I . Each of the errors has a corresponding weighting matrixQp;B , Qv , Qq;B , Q! , Q� ,
Q _� , Qp;E , Qn;E , Qu and Qf which are parameters that have to be chosen. The stage cost is
then de�ned as

L(x k ; u k ; x k;r ) =
X

j

eT
j Qj ej (4-29)

with e j 2 fe p;B ; ev ; eq;B ; e! ; e� ; e _� ; ep;E ; en;E ; eu ; ef g and the terminal cost

�(x N ; x N;r ) =
X

j

eT
j Qj ej (4-30)

with e j 2 fe p;B ; ev ; eq;B ; e! ; e� ; e _� ; ep;E ; en;E ; ef g.

This optimization problem is solved each time step in a receding horizon fashion. The optimal
input sequence obtained each timestep will be the desired rotor speed commands and the
desired joint angles of the arm.
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Figure 4-2: A schematic of the NMPC-FF-INDI control block

4-2 NMPC-FF-INDI formulation

In this section a controller will be proposed which consists of the previously introducedNMPC
controller extended with an inner loop INDI motion controller similar to [ 55]. This work uses
an INDI attitude controller designed for a quadrotor system and it needs to be adapted to our
aerial manipulator system. We will refer to this controller as NMPC-FF-INDI.

4-2-1 High-level Overview

The control scheme of this controller will be the same as in Figure 4-1, but the NMPC-FF
control block is replaced with the extended schematic given in Figure 4-2. One notable
di�erence between the NMPC-FF controller is that besides the optimal control sequence of
the NMPC, also the optimal state sequence is used. In this way theNMPC is also used
as a trajectory planner consistent with the multibody dynamics of the aerial manipulator.
This optimal state sequence generates the virtual control inputs for the inner loopINDI
attitude controller. The INDI controller should then follow this generated reference and reject
unmodeled disturbances. The total thrust is obtained from theNMPC optimal input sequence.
The combination of the thrust and torques is then used inINDI control allocation to obtain
the desired rotor speed commands.

4-2-2 Relating Multibody Dynamics and INDI

First we relate our DSAM dynamic equations to the general nonlinear system used introduced
in Section 3-2. More generally the following description holds for any dynamic equation that
is written in canonical form. Recall our class of nonlinear systems:

_x = f(x) + G(x)u

y = h(x) (4-31)
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The canonical dynamic equations are given as:

M(q) _v + C(q; v)v + g(q) = �

and the relation between generalized velocities v and generalized coordinates q is given as:

_q = E(q)v (4-32)

By choosing states x =

"
q
v

#

, output y = v and input u = � we see that

f (x) =

"
E(q)v

M(q) �1 (�C(x)v � G(q))

#

; G(x) =

"
0nq �n u

M(q) �1

#

(4-33)

and furthermore that the canonical dynamic equations are already written in output dynamics
where the vector relative degree is one for each output channel. Recall the output dynamics

y (�) = �(x) + B(x)u (4-34)

where now � (x ) = M (q) �1 (�C (x )v � G (q)) and B(x ) = M (q) �1 . Note that our input u
in the canonical equations are the generalized forces. In the derived system this includes all
translational directions, while our actual quadrotor base can only apply thrust in the body
z direction. In Sections 3-1 and 3-2 the assumption for input-output linearization was that
m = p which does not hold for our underactuated aerial platform.

As applying feedback linearization directly will not be possible, an assumption will be made on
the dynamics of the DSAM for applying a INDI inner loop. A common assumption is that the
attitude and arm control is much faster than the positional control for an aerial manipulator.
By separating the translational dynamics and angular and arm dynamics it is possible to
design aINDI attitude controller similar to [ 55] or even to create a cascaded control structure,
similar to quadrotor control in [ 53]. However one important di�erence between quadrotor
control and aerial manipulator control is that the angular dynamics is completely decoupled
from the translational dynamics of the quadrotor and the presence of an actuated arm. To
take into account these di�erences, we will need to redesign theINDI controllers to make them
work for the aerial manipulator system. For this purpose we will partition the whole-body
dynamics as follows:

2

6
4

T
� b

� �

3

7
5 =

2

6
4

M 11 M 12 M 13

M T
12 M 22 M 23

M T
13 M T

23 M 33

3

7
5

2

6
4

_vb

B _! b

•�

3

7
5 +

2

6
4

C 1

C 2

C 3

3

7
5 (4-35)

More detail on the submatrices of the generalized mass matrixM can be found in the Appendix
A, but they are all only dependent on generalized coordinatesq. The C i matrices are the
sum of the Coriolis and gravity forces for the relevant generalized velocities and are dependent
on the generalized coordinatesq and velocities v. For the following sections we will continue
with this partitioned dynamics to design our attitude INDI controller and the cascadedINDI
controller.
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4-2-3 INDI Attitude Control

For the attitude control we want to control our aerial manipulator state such that a desired
body angular acceleration and joint accelerations are achieved. These can be obtained from
numerical di�erentiation of the optimal state sequence of the NMPC. These terms will be
the virtual control input in our nonlinear attitude controller. The virtual input for the INDI
whole-body attitude control are both the body angular and arm accelerations:

� inner =

"
B _! b;cmd

•� cmd

#

(4-36)

The desired arm accelerations are derived from a PD law:

•� cmd = k p;arm (� r � �) + k d;arm ( _� r � _�) (4-37)

To achieve this desired attitude and arm accelerations we applyINDI on the dynamics
corresponding to these states from the partitioned EoM (4-35):

"
� b

� �

#

=

"
M 22 M 23

M T
23 M 33

# "
B _! b

•�

#

+

"
C 2

C 3

#

+

"
M T

12
M T

13

#

_vb (4-38)

The input-output dynamics can be described then as:

_y = �(x; _v b) + B(x)u (4-39)

with y =

"
! b

_�

#

, u =

"
� b

� �

#

and

�(x; _v b) =

"
M 22 M 32

M T
23 M 33

#�1  

�

"
C 2

C 3

#

�

"
M T

12
M T

13

#

_vb

!

; B(x) =

"
M 22 M 32

M T
23 M 33

#�1

(4-40)

Whole-body Attitude INDI

Our INDI whole-body control law is then de�ned as:
"

� b

� �

#

=

"
� b;f

� �;f

#

+

"
M 22 M 23

M T
23 M 33

#  "
B _! b;cmd

•� cmd

#

�

"
B _! b;f

•� f

#!

+

"
M T

12
M T

13

#

( _vb � _v b;f ) (4-41)

where we use the �ltered measurements_y f , x f , u f and _vb;f and �ltered in put � b;f to replace
part of the nonlinear dynamic model. Also as _vb is not directly available, we choose_vb = _vb;cmd,
which can also be obtained via numerical di�erentiation of the optimal NMPC state sequence.
We do not have direct access to the body torques, but instead the �ltered body torque is
extracted from: "

� b;f

Tf

#

= ~G1! p;f � ! p;f (4-42)

where the �ltered propeller speeds ! p;f are available.

In Section 3-2INDI was performed using a Taylor expansion around a previous measurement at
time t0. In practice we perform this Taylor expansion around a previous �ltered measurement
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corresponding to time t f , where the �lter applied is a second-order discrete low pass �lter with
cut-o� frequency f att . It is important that the �lter applied to all measurements correspond
to the same amount of delay.

(4-41) calculates the desired joint torques also based on the �ltered joint torques. In the actual
implementation in this thesis we do not use joint torque control, but position control due to the
hardware of the DSAM. For that reason we neglect the joint torques in the implementation of
this control law.

If we look at (4-41) we notice the term:

� lin =

"
M T

12
M T

13

#

( _vb � _v b;f ) (4-43)

which is the e�ect of the change in linear acceleration on the angular base and arm dynamics.
This term does not arise in normal quadrotor control. Given that the input torques and forces
are not necessarily continuous (and later in the cascaded INDI control the linear acceleration
is even used similarly in the INDI framework) this term can not simply be ignored.

By choosing a su�ciently high sampling time, the derivatives in the state and higher order
derivatives in the Taylor expansion of _y at t f vanish. In mathematical terms:

jj
@�(x; _vb)

@x
(x � x f ) + O(�x 2)jj � 0 (4-44)

As mentioned in Section 3-2, the intuition behind this assumption is that the states are continu-
ous while the input is not, so it theoretically possible to choose a high enough �ltering frequency
f such that lim f !1 (x � x f ) � 0 while the matrix @�(x; _v b)

@x evaluated at t f remains bounded.
We will see that it is however not possible to choose a very high �ltering frequency in practice
because of noisy accelerometer data. The cut-o� frequency of the acceleration measurements
is a trade-o� between reducing noise and INDI disturbance rejection performance.

A keen eye might notice that (4-41) can also be obtained by applyingINDI on the whole-body
dynamics, assuming that also the linear acceleration can be controlled:
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A (4-45)

This calculation leads to the same desired torques and additionally a desired thrust. Calculating
the thrust in this way however may include non zero terms in the underactuated directions
of the quadrotor base, which is infeasible for the actual system. This equivalence however
supports the choice of _vb = _vb;cmd in (4-41). From this control law we obtain the modi�ed
desired body torques �b which are used in control allocation as described later.

Decoupled Attitude INDI

This INDI attitude controller uses the whole-body dynamics of the aerial manipulator. In
literature it is also common to ignore many coupling terms, such as the dynamic arm forces
and the linear acceleration coupling terms [9]. These terms require a precise model of each
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component of the aerial manipulator which may not be easily obtained in practice. In
decoupled control we assume that the manipulator and aerial base are two separate systems
with independent controllers. More commonly, partially coupled control is applied with some
information or estimates from the manipulator con�guration, which can be included in the
�oating base dynamics. The use ofINDI could help to reject coupling disturbances in the
decoupled or partially coupled control framework. For this reason also a partially coupled
INDI controller is proposed which does use the state-dependent total inertia of the aerial
manipulator, but does not include dynamic interaction forces between the linear dynamics
and the arm dynamics.

We start again with our dynamics but now only the body angular dynamics are evaluated:

� b = M 22 B _! b + M T
12 _vb + M 23•� + C 2 (4-46)

We look closer at the submatrices, and speci�callyM 22 which is derived explicitly in Appendix
A:

M 22 = B I b + B I a � m a[B pba]� [B pba]� (4-47)

This matrix is the total inertia of the DSAM expressed in the base frameB and is the same
as adding the inertia of the two bodies and applying the parallel axis theorem for the o�set in
arm Center of Gravity ( CoG). This equation exactly describes the Euler's rotation equation
for the base where� arm = M T

12 _vb + M 23•� + C 2 contain all disturbance moments due to the
presence of the manipulator. Now in the decoupled approach we will assume� arm = 0. Note
that M 22 still uses information on the joint angles, but we will still refer to this approach as
the decoupled attitude controller.

The INDI decoupled attitude control law for the body torques is then de�ned as:

� b = � b;f + M 22(B _! b;cmd � B _! b;f ) (4-48)

In the results section, a brief comparison between the decoupled and whole-body attitudeINDI
controller is done simulation. Unless explicitly stated, a whole-body attitude INDI controller
is used in the NMPC-FF-INDI control scheme.

4-3 NMPC-FF-CINDI formulation

The NMPC-FF-CINDI controller will build upon the previously proposed NMPC-FF similar
to the NMPC-FF-INDI control scheme. Instead of only using anINDI attitude controller, the
NMPC-FF controller is extended with an inner loop cascadedINDI controller. This INDI
motion controller will be based on [53]. Again, this cascadedINDI controller was designed
for a quadrotor system and we need to adjust it to make it work with our aerial manipulator
system.

4-3-1 High-level Overview

In this control scheme the sameNMPC-FF as in Section 4-1 is used to generate an optimal
state sequence which is then used in our inner loop cascadedINDI controller. The cascaded
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Figure 4-3: A schematic of the NMPC-FF-CINDI control block.

inner loop consists of aINDI position controller and a INDI attitude controller. The INDI
attitude controller is the same as in Subsection 4-2-3, but the computation of the virtual
control input in this INDI controller will be di�erent. The position controller requires a
reference acceleration and outputs a desired thrust. This reference acceleration is obtained
using numerical di�erentiation of the predicted velocity and the current velocity in the optimal
state sequence. The positionINDI controller is added to add robustness in control of the
translational states.

By combining the desired thrust vector from the position INDI controller and the optimal
state sequence it is possible to calculate the desired body acceleration, which is the virtual
input to the INDI attitude controller. A geometric PD attitude control law is used to obtain
the desired angular acceleration. A schematic of theNMPC-FF-CINDI control block is given
in Figure 4-3. In the next sections the cascaded INDI control is explained in more detail.

4-3-2 INDI Position Control

To apply INDI for position control of the aerial manipulator we look at dynamics related to
the linear position in (4-35). This results in:

T = M 11 _vb + M 12 B _! b + M 13•� + C 1: (4-49)

Whole-body Position INDI

Similar to the attitude INDI control described in 4-2-3, we apply a Taylor expansion around
t f;outer and invert the dynamics. This leads to the following INDI formulation:

T cmd = T f;outer + M 11 � ( _vb;mpc � _vb;f;outer )

+ M 12(B _! b;mpc � B _! b;f;outer ) + M 13( •� mpc � •� f;outer )
(4-50)

The commanded accelerations_vb;mpc, B _! b;mpc and •� mpc are obtained by di�erentiating the
�rst time step of the optimal state velocities. The �ltered measurements B _! b;f;outer , •� f;outer
and _vb;f;outer and �ltered input T f;outer are used, which correspond to timet f;outer . Again
T f;outer is extracted from the simpli�ed reduced control allocation equation:

"
� b;f;outer

Tf;outer

#

= ~G1! p;f;outer � ! p;f;outer (4-51)
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The same second order discrete time low pass �lter is applied on all measurements with cut-o�
frequency fouter .

For this control layer we assume that the aerial manipulator follows the reference theNMPC
generates for the body angular acceleration and the arm accelerations. Again this can also be
seen as applyingINDI to the whole-body dynamics equations(4-35) and ignoring the torques
generated from this control law. This assumption actually does not hold for our implemented
cascaded control scheme, as we modify our tracked angular acceleration and joint acceleration
based on the desired thrust direction from this control layer. In the results section we will do
some experimental tests to study the consequences of this 'whole-body' control with invalid
assumption.

Another approach would be to use the decoupledINDI position control law. To derive this
decoupled control law, we can start from a simple force balance at theCoG of the quadrotor
(note that this does not coincide with the CoG of the aerial manipulator):

X

i

F i = ma (4-52)

This can be described by the following forces:

M 11 _vb = T + F arm + F g (4-53)

where T is the thrust force, F arm are all the forces on the base due to the presence of the
arm and F g is the gravity force. If we compare this equation with (4-49), the arm force is
then described by the termsM 12 B _! b + M 13•� + C 1. The magnitude of these terms depend
on the speci�c task requirements, the mass of the arm and the distance of theCoG of the
arm to the CoG of the base. In literature it is common to assume quasi-static forces from the

arm, in other words
dF arm

dt
� 0. This assumption limits the applicability of such control laws.

However with this assumption, we can construct a decoupled control formulation for position
control of the aerial manipulator. This would be given as follows:

T cmd = T f;outer + M 11 � ( _vb;mpc � _vb;f;outer ) (4-54)

The terms M 12 B _! b + M 13•� + C 1 will be lumped together and be approximated by acceler-
ation measurement _vb;f;outer . The change over time of this force is assumed to be zero. In
mathematical terms, the additional INDI assumption for the decoupled control would be:

jjM 12(B _! � B _! b;f;outer ) + M 13( •� � •� f;outer )jj � 0 (4-55)

for t � t f;outer ! 0, next to the standard assumption.

jj
@�(x; _! b; •�)

@x
(x � x f;outer ) + O(�x 2)jj � 0 (4-56)

4-3-3 Geometric Attitude Control

To use the calculated desired thrust from the INDI position control in the angular acceleration
command control law we will use a similar approach as described in [55]. The thrust vector
T cmd will be used to construct the desired orientation together with the yaw axis from the
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optimal state sequence. TheNMPC predicted orientation quaternion of the base at the second
time step will be denoted asqr

b. From this we can obtain the rotation matrix corresponding
to this quaternion:

RIB r = R(q r
b) (4-57)

where R(�) converts a quaternion to a rotation matrix. We obtain the predicted yaw axis in
inertial frame from the �rst column of R IB R :

x̂ r
c = R IB r e1 (4-58)

By using the cross product between the normalized thrust vector and the yaw axis we can
calculate the last axis:

ŷ r
b =

T cmd

jjT cmd jj
� x̂ r

c (4-59)

and to make it a valid orientation we re-project the yaw axis:

x̂ r
b = ŷ r

b � ẑ r
b (4-60)

whereẑ r
b =

T cmd

jjT cmd jj
. Now the quaternion parametrization of this desired orientation will be

referred to as qd.

Now the DSAM is recon�gurable in which the propellors can be tilted. When the rotors are
not tilted, meaning they produce thrust only in the body z-direction, there is signi�cantly
more roll and pitch authority than heading. Heading can be independently controlled from
the tilt and tilt-prioritized control was introduced in [ 10] for quadrotor control. In [ 55] the
equations for the reduced attitude error are summarized:

[qe;w; qe;x ; qe;y; qe;z]T = q d 
 q �1 (25)

~qe;red =
1

q
q2

e;w + q 2
e;z

2

6
4

qe;wqe;x � q e;yqe;z

qe;wqe;y + qe;xqe;z

0

3

7
5 (26)

~qe;yaw =
1

q
q2

e;w + q 2
e;z

[0 0 qe;z]T : (27)

The angular acceleration command used in then be a weighted sum of this reduced attitude
error vector and the error in angular velocity ! r

b � ! b, where ! r
b is the predicted angular rate

at the second time step in theNMPC optimal solution. Finally also a feedforward angular
acceleration term B _! b;mpc also obtained from the optimal state sequence of theNMPC is
included, leading to the following angular acceleration command:

B _! b;cmd = k q;red~qe;red + k q;yawsgn(qe;w)~qe;yaw + K rate (! r
b � ! b) + B _! b;mpc (4-61)

where kq;red and kq;yaw are the gains for the reduced-attitude tilt and yaw control and K rate is
the diagonal weight matrix for the rate control. This angular acceleration command is then
used in INDI attitude control as described in Section 4-2-3 instead of the angular acceleration
reference from the MPC. In [55] it was found that the feedforward term B _! b;mpc did not
in�uence the physical system. In our work it is included in the simulation as it was able
to obtain better performance with this term, however in the physical experiments this feed
forward term was also removed.
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One key di�erence between the control schemes augmented with only an attitudeINDI
controller and the cascadedINDI controller is the e�ect of the tilt-prioritized PD attitude
control layer on the desired orientation. In NMPC-FF-INDI , the INDI attitude controller
directly tracks the optimal angular acceleration from the NMPC state trajectory. However, in
NMPC-FF-CINDI , the tilt-prioritized control layer modi�es the desired angular acceleration
command before it is passed to theINDI controller. As a result, the actual body orientation
may deviate from the orientation predicted by the NMPC.

This discrepancy must be accounted for in the arm control. Since the joint angle references
computed by the NMPC are based on the assumption that theNMPC-predicted orientation is
being tracked, a correction term is required to compensate for the modi�ed attitude command.
As only the direction of the end-e�ector in the NMPC is of importance and also for the tasks
in this work, only the �rst joint is considered. For future work where the exact end-e�ector
orientation should be tracked, including roll around the arm x-axis, this part would also need
to be modi�ed. The NMPC-commanded joint angles � 1;r;MPC are adjusted as follows:

� 1;r = � 1;r;MPC � e T
2

B _! b;cmd � B _! b;mpc

kp;arm
(4-62)

where B _! b;cmd is the angular acceleration command generated by the tilt-prioritized cascaded
controller, B _! b;mpc is the angular acceleration from theNMPC trajectory, and kp;arm is the
proportional gain of the arm controller. This correction takes into account the attitude
deviation introduced by the tilt-prioritized layer in the joint motion, ensuring that the arm
motion remains consistent with the actual body orientation rather than the NMPC-predicted
one.

4-4 Control Allocation Implementation

The current outputs of our control schemes are the desired body torques, joint torques and
body forces. Our actual control input are the propellor speeds and these can be obtained
using control allocation. Consider the reduced control allocation equation derived in Section
2-4 where the propeller gyroscopic terms are neglected:

 
B �

jj B F jj

!

= ~G1! p � ! p + ~G2 _! p (4-63)

where ! p is the vector of propeller speeds. This relation between body torques and thrust
and the propellor speeds is nonlinear. This nonlinear system is solved directly using Newton's
method, while approximating the motor inertial torques as a �rst order linear system similar
to [55].

Note that the control allocation only solves for the body z-thrust and the three body torques,
resulting in four equations for four unknown motor speeds. Due to the tilted rotor con�guration
of the DSAM, each rotor also generates a force component in the bodyy-direction. Including
this additional force component would result in an overdetermined system of �ve desired
outputs with only four control inputs, which in general has no exact solution. Therefore, the
body y-force is omitted from the allocation. This simpli�cation is taken as the body z-thrust
is the primary contributor to the total lift and is thus more important to track accurately.
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The unmodeled bodyy-force contributions are small relative to the body z-thrust due to the
small tilt angles. The resulting neglected force will be handled as disturbance in the outer
loop controllers.

De�ne the vector of desired body torques and thrust in the body z direction as:

� =

"
� b;des

Tdes

#

(4-64)

The goal of the control allocation is to �nd the motor speeds ! p that satisfy:

� = ~G1! p � ! p + ~G2 _! p (4-65)

The motor dynamics are approximated as a �rst-order system, such that the angular accelera-
tion of the propellors can be expressed as:

_! p � K �1
m (! p � ! p;f;allo ) (4-66)

where K �1
m = diag(k�1

m;1 ; k�1
m;2 ; k�1

m;3 ; k�1
m;4 ) is the diagonal matrix of inverse motor time con-

stants and ! p;f;allo are the �ltered motor speeds. For ! p;f;allo we again apply a second-order
low pass �lter on the propeller speeds with a cut-o� frequency f allo . The time constants of
each of the motors can be experimentally identi�ed by applying a step reference rotor speed
to each of the propellers and measuring the rise time in the step response.

Substituting this into the allocation equation the nonlinear mapping to be solved becomes:

F (! p) = �� + ~G1 ct ! �2
p + K �1

m
~G2(! p � ! p;f;allo ) = 0 (4-67)

This nonlinear equation is solved iteratively using Newton's method. The Jacobian ofF with
respect to ! p is:

J(! p) = 2 ~G1 ct diag(! p) + K �1
m

~G2 (4-68)

The Newton update step is then:

! (k+1)
p = ! (k)

p � J �1 (! (k)
p )F (! (k)

p ) (4-69)

The iteration is initialized with the motor speeds ! p obtained when neglectingG2 and
directly inverting the control allocation matrix G1 in (4-65). The algorithm terminates when
convergence is reached:

k! (k+1)
p � ! (k)

p k < � (4-70)

where � = 10 �3 is the chosen convergence tolerance. A maximum ofn = 10 iterations is
allowed. If the algorithm does not converge, instead the propellor speeds are taken by directly
inverting the reduced control allocation ~G1 matrix.

4-5 Summary

In this section the NMPC-FF, NMPC-FF-INDI and NMPC-FF-CINDI controllers were for-
mally introduced. Finally also a control allocation algorithm for the INDI -based schemes
was introduced. The proposed controllers will be compared in simulation and real world
experiments to study the e�ectiveness ofINDI in presence of disturbances and uncertainties
for the DSAM. This will be explored in the next Chapter.
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Chapter 5

Experimental Results

In this chapter we will describe the implementation details and experiments that were done
in this thesis related to the research goal of investigating the bene�t of using Incremental
Nonlinear Dynamic Inversion (INDI ) in aerial manipulator control for simultaneous force
and end-e�ector pose tracking. Three main controller will be compared: The baseline
Nonlinear Model Predictive Control ( NMPC)-FF, NMPC-FF-INDI and NMPC-FF-CINDI .
The controllers are described in Chapter 4.

Experiments will be done in free �ight and in Aerial Physical Interaction ( APhI ) tasks in
both simulation and in real world experiments. In simulation the e�ect of disturbances and
model mismatch will be studied on the three controllers. Also di�erent friction parameters on
the contact surface will be tested to study robustness of the controllers in the aerial sliding
task. A brief comparison with the NMPC formulation of [59] will be done. Ablation of certain
contact terms in the our proposedNMPC formulation will be studied in APhI tasks. Finally
whole-body and decoupled inner loop control will be brie�y compared in simulation.

In the real world experiments the controller designs are validated and compared to each other
with similar free �ight experiments and aerial writing tasks. The aerial writing tasks will
be done using a marker attached to the end-e�ector on a whiteboard and a crayon attached
to the end-e�ector on a blackboard. Also external wind will be added to show the robust
tracking performance of the proposed controllers. The di�erent surfaces are chosen to show
sliding is possible on surfaces with di�erent friction properties.

5-1 Simulation Results

5-1-1 Implementation Details

The physical parameters of the Di�erential Shoulder Aerial Manipulator ( DSAM) are given
in Table 5-1 and are used as nominal model. The simulations will be done in the Matlab
SimScape environment [58]. The model is built using the SimScape Multibody package.
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Table 5-1: Nominal parameters of the DSAM used in simulation.

Parameter Value Unit
Quadrotor Center of Gravity (CoG) to root ( B r br ) [0:045; 0; �0:01] T m
Root to arm CoG (A r ra ) [0:075; 0; 0]T m
Root to end-e�ector ( A r re ) [0:19; 0; 0]T m
Quadrotor Mass (mB ) 0.775 kg
Quadrotor Moment of Inertia (I b) diag(0:00254; 0:00220; 0:00515) kg�m2

Arm Moment of Inertia (I a) diag(0:001; 0:001; 0:001) kg�m2

Arm Mass (mA ) 0.2 kg
Rotor tilt angles (�) [�15; 15; 15; �15] T degrees

The controllers require solving a nonlinear Optimal Control Problem (OCP) each timestep.
For solving the OCP each iteration we use the Acados package [60]. The NMPC control
frequency isf outer = 100 Hz. The control and prediction horizon is N = 20 time steps with
one time step chosen as �tNMPC = 0 :05 s. The control frequency of the inner loops can run
faster than the NMPC. A control frequency of f inner = 500 Hz is chosen for the inner loop.

We assume that position, orientation, joint angles, velocities and linear acceleration can be
directly measured in the simulation with added Gaussian noise. This would simulate the
information we can obtain from a Inertial Measurement Unit ( IMU ) and motion capture
system, which will be used in the real world experiments. For bothINDI control and the
external wrench estimate we need acceleration data. The angular acceleration data is obtained
by numerically di�erentiating the angular rate signal from a simulated gyroscope. Even though
we numerically di�erentiate the angular rate signal which would amplify high frequency noise,
in reality the linear acceleration data is more noisy than the angular acceleration data in small
aerial multi-rotors. To account for the di�erent noise levels, two separate cut-o� frequencies
will be chosen for the acceleration �lters. A second order low-pass �lter is chosen with a cut-o�
frequency of f outer = 30 rad/s for the linear accelerations. Similarly a second order low-pass
�lter is chosen with a cut-o� frequency of f att = 60 rad/s for the angular accelerations and
the same cut-o� frequency is chosen for propeller speeds �lter fallo in the control allocation.

The tuning of the INDI parameters are given in Table 5-2. The tuning of theNMPC weights
and parameters are given in Table 5-4. Finally the cut-o� frequencies for each of the control
layers is given in Table 5-3.

In the experiments described in this Chapter, the reference trajectory will be generated using
an algebraic reference trajectory of the end-e�ector positionpr

e, end-e�ector direction n r
e and

joint angles � r . In case of singularities of the joint angle at �r1 = � 1
2 � a desired base yaw  r

is also necessary for the trajectory generation. The o�ine trajectory generation is based on
the work in [63].

Lastly the DSAM consists of two joints, but in this work we are only interested in the direction
n e, which is direction the end-e�ector is pointing. This makes the second joint � 2 irrelevant
for the evaluation of the results in this thesis. Also because the inertia of the arm around this
joint angle is very small compared to base, control of this joint angle will have little e�ect on
the results. The reference� r

2(t) = 0 is chosen for the second joint for all the experiments, but
results related to this joint will not be discussed in the rest of the results.
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5-1 Simulation Results 45

Table 5-2: PD attitude and angular rate control parameters in simulation

Parameter Value Description
kq;red 200 Attitude gain
K rate diag([0; 0; 0]) Rate gains (roll, pitch, yaw)
kq;yaw 150 Yaw gain

Table 5-3: Filter values for each of the control layers

Filter Value Unit
f att 60 rad s�1

f outer 30 rad s�1

f allo 60 rad s�1

Table 5-4: NMPC weights and parameters in simulation

Parameter Value
End-E�ector Position and Attitude Weights
Qp;E diag([100; 100; 100])
Qq;E diag([200; 200; 200])
Base Position and Velocity Weights
Qp;B diag([10; 10; 10])
Qv diag([1; 1; 1])
Attitude and Body Rate Weights
Qq;B diag([5; 5; 5])
Q! diag([1; 1; 1])
Joint Position and Velocity Weights
Q� diag([1 � 10�3 ; 10])
Q _� diag([0:1; 0:1])
Contact Force and Control Input Weights
Qf 3:0
Qu diag([0:6; 0:6; 0:6; 0:6])
Joint Acceleration Weights
Q•� diag([1:0; 1:0])
Parameters
kp;arm 100
kd;arm 20
kp;contact 1
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5-1-2 Free Flight Experiments

We compare the proposed control schemes augmented with anINDI inner loop with the
baselineNMPC-FF controller for an experiment with external disturbances on base. This
could for example due to wind gusts. The end-e�ector should track an eight-like trajectory in
free �ight. Also some model mismatch is introduced to simulate the uncertainties of reality.
We choose to change the actualDSAM arm mass to 0:25 kg, the actual arm inertia to 1:1
times the original arm inertia and the rotor thrust coe�cients to 1 :1 times the original values.

The end-e�ector translational trajectory is parametrized as follows:

ex (t) = sin(2�f r )

ey(t) = cos(2�f r ) sin(2�f r )

ez(t) = 0

(5-1)

where f r is the loop frequency with chosenf r = 0 :2 Hz. The trajectory duration is 20 seconds,
with a smooth start and ending, leading to tracking of two full loops with velocities up to 1:7
ms�1 and accelerations up to 3:3 ms�2 . The end-e�ector orientation trajectory is parametrized
as:

nx (t) = 0

ny(t) = 1

nz(t) = 0

(5-2)

A visual representation of the reference in 3D can be seen in Figure 5-1 and in Figure 5-3
the base velocities during the experiment are plotted. In Figure 5-2 the end-e�ector position
tracking errors are plotted. In Figure 5-4 the absolute end-e�ector position error jjejj and
attitude error � err are shown. Here� err is magnitude of the angular error in the angle-axis
representation. Throughout the experiment, several disturbances are applied. The disturbance
forces are applied directly on the base. The disturbance force over time is plotted in Figure 5-5.
In Figure 5-6 the commanded rotor speeds are plotted over time.

The cascadedINDI inner loop signi�cantly increases disturbance rejection of theNMPC
controller without deteriorating tracking performance in this experiment. The attitude INDI
inner loop does not seem to improve the performance of the baselineNMPC-FF controller in
this experiment. This is because of the disturbance forces are directly applied on the base, so
no large disturbance torques are generated. In the rotor speeds plot, the inputs from the two
INDI control schemes are slightly more noisy than the baselineNMPC, however it does not
seem problematic.

To study purely disturbance rejection more closely, we will also compare the controllers for a
disturbance rejection test with a static hover reference. In Figure 5-8 the position trajectory is
plotted. The corresponding disturbance force over time is plotted in Figure 5-10. In Figure 5-8
we also notice that the direction in which the disturbance is applied has in�uence especially
for the attitude tracking of the end-e�ector. This can also be seen in the absolute position
and attitude error plots in Figure 5-9. In Figure 5-1 a 3D representation of the end-e�ector
position during the hover experiment is shown.

The disturbance in the world y-direction at t = 7 s, which is the body x-direction of the aerial
manipulator, has a signi�cant impact on the attitude tracking error � err of the DSAM for the
NMPC-FF-CINDI control scheme compared to the other two controllers.
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Figure 5-1: 3D representation of the end-e�ector trajectory during the eight-like free �ight
experiment with disturbances.
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Figure 5-2: The end-e�ector position tracking errors during the eight-like free �ight experiment
with disturbances.
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Figure 5-3: The base velocities during the eight-like free �ight experiment with disturbances.
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