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Effective mass, spin fluctuations, and zero sound in liquid3He
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We have measured and calculated the density and spin-density dynamic structure factorsSc(Q,v) and
SI(Q,v) of normal liquid 3He as a function of wave vectorQ and temperatureT. The static spin susceptibility
x(T) and specific heatCV(T) are also calculated. These properties all depend upon the effective mass
m* (k,v) of the Fermi quasiparticles making up the liquid. We use a model in whichm* peaks near the Fermi
surface tom* 52.8, the Landau theory effective mass, and decreases toward the bare massm* 51 for quasi-
particles away from the Fermi energyeF . The theory for all the properties may be viewed as Landau theory
with an effective massm* (ek)5m* (k) that decreases as the quasiparticle energyek moves away fromeF .
The peaking ofm* at eF is widely predicted in Fermi systems and the aim is to test how important this
physical feature is in the dynamics of liquid3He. We find thatSc(Q,v) andSI(Q,v) versusQ andT as well
asx(T) are well reproduced by the model for the samem* (k). The CV(T) can be reproduced, but a much
lower value ofm* (k) at energiesek away fromeF is required,m* .0.5, as found in previous calculations of
CV(T). We conclude that the peaking ofm* at eF is an important physical feature to include in calculations
of S(Q,v) and that the quasiparticle model itself is inadequate forCV at higher temperatures.
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I. INTRODUCTION

A universal property of Fermi liquids is the enhanceme
of the quasiparticle effective massm* at or near the Ferm
surface. This enhancement is found in nuclear matter, fi
nuclei, liquid 3He, liquid spin-polarized deuterium, an
other exotic Fermi liquids. It was first noted by Brownet al.1

and has been extensively documented and discussed in
clei and liquid 3He by Mahauxet al.2 The aim of the presen
paper is to explore how well a simple model containing t
enhancement ofm* can describe the spin fluctuations a
zero sound observed in the dynamic structure factorS(Q,v)
of liquid 3He. We also evaluate the dependence on temp
ture T of the specific heatCV(T) and the static spin suscep
tibility x(T) with the same model. New neutron-scatteri
measurements ofS(Q,v) are presented for two differen
temperatures.

Fermi liquids may be described as a collection of Fer
quasiparticles moving in a self-consistent field arising fro
the other fermions. Much of the interaction between the b
Fermi particles can be incorporated into this self-consis
field. The field is represented by assigning an effective m
m* to the particles and calling them quasiparticles. The
PRB 610163-1829/2000/61~2!/1421~12!/$15.00
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maining interaction between the quasiparticles is relativ
small. This quasiparticle picture is the basis of the sh
model of nuclei2–4 and of Landau’s Fermi liquid theory.5,6

The resulting effective mass depends on the particle w
vector k and energyv ~we use energy units forv in this
paper!, m* 5m* (k,v).2,5 Physically, since the respons
functions of the fluid depend on wave vector and energy,
self-consistent field seen by the quasiparticle in the fluid a
its resulting effective massm* (k,v) depends on the quas
particle momentum k and energy v. Microscopic
calculations2,7–13 find that m* (k,v) peaks neark5kF or
equivalently nearv5eF (kF andeF are the Fermi wave vec
tor and energy, respectively!. The quasiparticle effective
mass is largest for quasiparticles on the Fermi surface. Ak
~or v) moves away fromkF ~or eF), m* becomes smaller
until it reduces to the bare massm for k@kF or v@eF .
When the energy variablev in m* is restricted to the single
particle energye(k) @v5e(k) only#, m* (k,v) becomes a
function of k only, m* „k,e(k)…[m* (k).

The origin of the effective mass enhancement is the in
action between particles via the cooperative excitations
the fluid, the density, and spin-density fluctuations. Tra
1421 ©2000 The American Physical Society
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1422 PRB 61H. R. GLYDE et al.
tionally, spin fluctuations have been regarded14–18 as the
chief origin of m* . In liquid 3He and liquid deuterium, mi-
croscopic calculations11–13 of m* (k,v) suggest that spin
density and density fluctuations contribute approximat
equally to enhancingm* . For example, in fully spin-
polarized Fermi systems, where the fixed spin polarizat
prevents spin fluctuations, the enhancement ofm* is smaller
but significant.12,13 As the quasiparticle energy increas
aboveeF and becomes high, much higher than the coope
tive excitation energy, the excitations cannot respond to
quasiparticle motion2,15,16andm* (k,v) reduces tom.

At low temperatures,kBT!eF , quasiparticles are ther
mally excited from states just beloweF to states just above
eF , all within kBT of the Fermi surface. Thus in therma
properties at lowT, the effective mass of the participatin
quasiparticles will bem* (eF). In liquid 3He, for example,
the Landau effective massm* appearing in Landau theory6

obtained fromCV at T→0 is m* 5m* (eF)52.8m3.19,20 As
T is increased quasiparticles away fromeF having a smaller
effective mass are excited. Thus the aggregate effective m
of the quasiparticles involved will be smaller asT increases.
For example, the observed specific heat19 has an abrupt re
duction in slope atT.0.25 K as if the aggregate effectiv
mass decreases quite rapidly at this temperature as quas
ticles further fromeF are excited with increasing temper
ture. A complete description ofCV(T) in Fermi liquids is
very complicated,16,21–24 but at higher temperatures,kBT
;eF/3, the peaking ofm* (k) at kF is certainly a contribut-
ing factor in the apparent drop in the effective mass
CV(T). We explore this point in Sec. V whereCV is evalu-
ated as a test of the present model.

Similarly, in neutron scattering experiments25–30quasipar-
ticles are excited from statesk (k,kF) to statesk1Q (uk
1Qu.kF), whereQ is the wave vector transfer from th
neutron to the fluid. At lowQ, only states immediately below
kF and immediately abovekF will be sampled and the qua
siparticles involved will have a massm* (kF). As Q in-
creases, quasiparticles further away fromkF are excited and
we expect the effective mass of the excited quasiparti
will be smaller. Thus, we expect the aggregate effective m
to decrease asQ increases. Also, as the temperature is
creased quasiparticles further from the Fermi surface
participate inS(Q,v). At a givenQ, there will be a tempera
ture dependence22 of S(Q,v) arising from the enhancemen
of m* (e) at eF .

The paper is organized as follows. Section II introduc
the enhanced mass model, wherem* (k) peaks to m*
52.8m3 at kF . This peaking ofm* at kF has not generally
been included in models ofS(Q,v).25 In a Brief Report31 we
found that this model described theQ dependence of the
spin-dependent componentSI(Q,v) and the density compo
nent Sc(Q,v) of S(Q,v) well at low temperature. In con
trast, neither the ‘‘Landau’’ model,32–34 with m* fixed at
m* 52.8m3 for Q<1.6 Å 21, nor the paramagnon model,35

with m* 5m3, reproducesSI(Q,v) at all v.28 In addition, if
m* 5m3, there would be no zero-sound mode inSc(Q,v) at
Q*0.5 Å21 whereas a mode is observed up toQ
51.3 Å 21. In the present paper we explore how well t
enhanced mass model can describe more precise data o
wave vector and temperature dependence ofS(Q,v) as well
y
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as the specific heat and the static susceptibility of liquid3He.
Section III presents new neutron inelastic scattering m
surements ofS(Q,v) in normal liquid 3He at saturated va
por pressure for two temperatures,T50.1 K andT51.4 K,
which is well below and close to the Fermi temperatureTF ,
respectively. Due to a new sample geometry, these meas
ments extend previous measurements to lower wave vec
and energies. In Sec. IV, we compareS(Q,v) calculated
from the enhanced mass model with the data at two differ
temperatures. Calculations ofCV(T) andx(T) are compared
with the measured quantities in Sec. V. The meaning of
results is discussed in Sec. VI.

II. S„Q,v… AND MODEL m* „k…

A. Dynamic susceptibility

The inelastic neutron scattering cross-section for3He as a
function of the momentum\Q and energyv transferred to
the liquid is proportional to the dynamic structure fact
S(Q,v),25,36,37 which is a weighted sum of the densit
Sc(Q,v) and spin-densitySI(Q,v) correlations,

S~Q,v!5Sc~Q,v!1
s i

sc
SI~Q,v!, ~1!

wheresc (s i) is the ~in!coherent cross section. To evalua
Sc,I(Q,v) it is convenient to introduce a corresponding d
namic susceptibilityxc,I(Q,v). For example, atT50 K the
spin dependentx I(Q,t) is

x I~Q,t !52
1

V
^Ttrz~Q,t !rz~Q,0!&, ~2!

whereTt is a time ordering operator,V is the volume, and
rz(Q,t)5r↑(Q,t)2r↓(Q,t) is the spin density. A similar
expression is obtained forxc(Q,t) with rz(Q,t) replaced by
the densityr(Q,t)5r↑(Q,t)1r↓(Q,t).

Writing r↑(Q,t)5(kak1Q↑
† (t)ak↑(t) as a sum of single-

particle (ak1Q
† ) and hole (ak) excitation states,xc,I(Q,v)

can be expressed as25

xc,I~Q,v!5E d3k1

~2p!3

dv1

2p

3E d3k2

~2p!3

dv2

2p
xc,I~k1v1 ,k2v2 ;Qv!

[E d1̄d2̄xc,I~ 1̄2̄,Q!, ~3!

where 1[k1 ,v1 are the wave vector and energy of singl
particle states involved, 1¯means there is an integration ov
1, and Q5Q,v. An exact equation forx(12,Q) can be
readily derived in terms of free propagation of particle-ho
pairs x0(1,Q) and the full interaction between pair
I (12,Q),25
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xc,I~12,Q!5x0~1,Q!~2p!4d~122!

1x0~1,Q!E d3̄I s,a~13̄,Q!xc,I~ 3̄2,Q!,

~4!

where I s and I a are the spin-symmetric and spin
antisymmetric interactions, respectively.

To evaluatexc,I(Q,v) we assume thatI (12,Q) is inde-
pendent of the particle-hole indices 1 and 2,I (12,Q)
.I (Q)5I (Q,v). The full equation, Eqs.~3! and ~4!, then
reduces to the random-phase approximation~RPA!

xc,I~Q,v!5
x0~Q,v!

12I s,a~Q,v!x0~Q,v!
, ~5!

where x0(Q,v)5*d1̄x0(1̄,Q) represents independen
particle-hole propagation. We also assume that the sin
particle energye(k,v) can be approximated by its on-she
energye(k,v).e(k,ek)[ek so thatx0(Q,v) reduces to the
Lindhard function

x0~Q,v!5
2

V (
k

nk2nk1Q

v1 ih2~ek1Q2ek!
, ~6!

wherenk is the Fermi function,n(ek). The xc,I(Q,v) are
related toSc,I(Q,v) by

Sc,I~Q,v!52
1

np
@nB~v!11#xc,I9 ~Q,v!, ~7!

where we have replacedQ by Q since normal liquid3He is
isotropic. In Eq. ~7!, n5N/V is the number density an
nB(v)5@exp(v/kBT)21#21 is the Bose function. Our mode
consists of a model forek and I s,a(Q,v).

B. Model m* „k…

We introduce a simple two-parameter model describ
the peaking of the total effective massm* (k) at the Fermi
surface as calculated microscopically. The modelm* (k)
takes its maximum valuem* 52.8m3, the observed Landau
effective mass, atk5kF , and drops to a lower valuem0 ~first
parameter! away fromkF at a rate determined byf ~second
parameter!. In units of the bare3He massm3, the model is

m* ~k!5m01
~m* 2m0!

2 F11cosH ~k2kF!p

f kF
J G ~8!

for (12 f )kF,k,(11 f )kF andm* (k)5m0 elsewhere. The
model is displayed in Fig. 1. Essentially,m* (k) equalsm0
except for a small regionuk2kFu, f kF aroundkF .

Given m* (k), the single-particle energy is defined as

dek

dk
5

\

m3

k

m* ~k!
~9a!

or

ek5
\

m3
E

0

k

dk8
k8

m* ~k8!
1u0 . ~9b!
e-

g

With definition~9!, m* (k) is the total effective mass, i.e., th
product of thev mass and thek mass,2,38

m* ~k!5mv* mk* . ~10!

Generally, calculations find thatmk* is largely independent o
k.2,12,13,24The change inm* as we move off the Fermi sur
face arises from the energy dependence ofmv* .2,12,13 The
separation is not important here because we use on-shel
ergies only,e(k,v)5e(k,ek). Also, since energy difference
only enterx0(Q,v), the value ofu0 is unimportant.

The values of the parameters form* (k) were determined
from earlier neutron-scattering measurements by Fa˚k and
Glyde31 as f 50.35 andm051.7. Examples ofe(k) calcu-
lated from Eq.~9b! and of the noninteracting dynamic su
ceptibility x0(Q,v) calculated from Eq.~6! using the model
m* (k) are given in Ref. 31.

C. Interaction

In the limit Q→0 andT→0 particle-hole excitations im-
mediately at the Fermi surface only are excited, as in th
modynamic properties atT→0. In this case bothk1 ,v1 and
k2 ,v2 are atkF ,eF , the approximationI (12,Q)5I (Q) is
exact, andI (Q) reduces to the Landau theory interaction25,39

S dn

de D I s,a~Q,v!5F0
s,a~Q!1

F1
s,a~Q!

11F1
s,a~Q!/3

S v

vFQD 2

,

~11!

where (dn/de)5m* kF /p2\ is the density of states per un
volume for both spins at the Fermi surface. This interact
is exact only atT→0 andQ→0 and lowv. In this limit
F0,1

s,a(Q) reduce to the Landau parametersF0,1
s,a . F0,1

s,a are ob-
tained empirically from observed thermodynamic propert
at T→0 K.6

There are several first-principles calculations of t
particle-hole interactionI (Q) at finite Q and v.12,40,41 In
general, I is very complicated because it depends
k1v1 , k2v2 as well asQ and v. However, theQ depen-
dence of the Landau parameters can be evaluated. Es
tially, F0

s(Q) is found to be independent ofQ up to Q
.0.5 Å 21, to increase somewhat withQ up to Q
.1 Å 21, and then drop rapidly to zero atQ;1.7 Å 21 and
oscillate at highQ. This Q dependence results from the in
teraction via the hard core whereas the large positive valu

FIG. 1. The model effective massm* (k) for parametersf
50.35 andm051.7 ~solid line! and f 50.5 andm051 ~dashed
line!. The Fermi wave vectorkF is shown by the arrow.
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1424 PRB 61H. R. GLYDE et al.
F0
s59.3 atQ→0 arises from interactions via the collectiv

excitations.F0
s(Q) has also been determined empirically32

by fitting to the observed zero-sound mode, providing a go
test for microscopic calculations.F0

a is found to change little
with Q.12 Little is known microscopically about theQ depen-
dence ofF1

s,a(Q).
We chooseF0,1

s,a(Q50)5F0,1
s,a , the Landau parameters,20

so that I s,a(Q,v) reduces to the Landau interaction atQ
→0. In this way with m* (kF)5m* 52.8m35(11F1

s/3),
the model reduces exactly to Landau theory atQ→0 and
will therefore reproduce low-temperature thermodynam
properties. For theQ dependence ofF0

s(Q) we use the solid
line shown in Fig. 2, as calculated by Clementset al.12 with
F0

s(Q50) constrained toF0
s59.3. F1

s(Q) is chosen so tha
the f-sum rule is fulfilled usingm* (k) in Eq. ~8!. Following
microscopic calculations,12 F0

a(Q) is taken independent o
Q. F1

a(Q) is also taken independent ofQ and we useF0
a5

20.695 andF1
a520.55 at saturated vapor pressure.20

III. MEASUREMENTS OF S„Q,v…

A. Experimental procedure

Neutron inelastic scattering measurements were
formed on the IN6 time-of-flight spectrometer installed on
cold neutron guide at the high-flux reactor of the Insti
Laue-Langevin. The main advantages with this spectrom
is the high neutron flux, the good energy resolution, the la
solid angle, and the low background. An incident energy
3.1 meV was chosen as a compromise between energy
lution, flux, and kinematical range. It also offers the adva
tage that Bragg scattering from aluminum is impossible, t
reducing the background. The energy resolution for ela
incoherent scattering was 77meV and energy transfers be
tween21 and 2.5 meV were recorded.

All previous cold neutron-scattering measurements on
uid 3He have been performed in reflection geometry, due
the enormous absorption cross section of the3He nucleus.
However, this geometry is not suitable for small scatter
angles~small wave-vector transfers!, and we have therefore
chosen to work in transmission geometry. This has the a
tional advantage that a smaller cell with a smaller amoun
liquid 3He can be used, and the disadvantages of a lo

FIG. 2. TheQ dependence ofF0
s(Q) used in the model~solid

line! is based on the microscopic calculations in Ref. 11~dotted
line!, constrained to reproduce the Landau parameterF0

s59.3 in the
limit Q→0.
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scattering probability, a restricted angular range~in the
present case where the cell window was oriented perpend
lar to the neutron beam, the scattering angle was in the ra
15,f,60°), and difficulties in making such a sample ce
For the incident energy chosen, the optimal cell thicknes
only 31 mm with a tolerance and flatness better than 2mm.
The windows of the cell should be as thin as possible
decrease the amount of incoherent elastic scattering, an
the same time thick enough that the elastic deformation
the cell does not exceed 2mm. Different materials were
tested, and the final choice, a relatively pure cold-work
aluminum alloy (;0.6% Mg and;0.5% Si), was chosen
as a compromise between purity~small incoherent scatter
ing!, mechanical stiffness, and ease of machining. The
~see Fig. 3! was made from two pieces, which were press
together and glued with Stycast 2850 FT from the outside
ensure the right thickness of the sample space. Before glu
the sample cavity and the 0.5-mm-thick windows were m
chined by electroerosion. The effective sample area w
5 cm2. The thickness (30.661.0 mm) and homogeneity
were measured by neutron transmission, with the cell fil
with liquid 3He at low temperatures. The cell was scann
through a 2-mm-diam beam with steps of 1 mm in the t
directions, using 4 Å neutrons at the Braunschweig reac
We also examined the elastic (;7 mm/bar) and plastic
~none! deformation of the cell windows as a function of fil
ing pressure, since the elastic constants of aluminum are
well known at low temperatures.

Two filling capillaries were connected to the cell, as w
as a calibrated carbon thermometer. An elaborate system
cadmium shields including a beam dump was attached to
cell in order to reduce the background. The cell was moun
in a dilution refrigerator with a base temperature of 5 mK.
small magnetic field of at least 80 mT from Co-Sm perm
nent magnets attached to the cell quenched the aluminu
the nonsuperconducting state, thereby improving the ther
conductivity. The temperature of the sample cell and
mixing chamber of the dilution refrigerator was lower tha
18 mK with the neutron beam closed. With the beam op
the temperature of the sample cell raised to 30 mK and
mixing chamber to 25 mK. The beam heating is domina
by g radiation, which is of the order of 8mW. Less than 1%

FIG. 3. Sample cell for transmission measurements. The b
comes in from the rear and scatters out towards the reader.
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of this heat reaches the sample; the rest is effectively ev
ated by the cell to the mixing chamber. Neutron absorpt
by the 3He nuclei produces 30 nW of heat. While the tem
perature gradient within the3He sample is negligible, the
Kapitza resistance between the liquid3He and the normal-
state aluminum is such that the temperature of the3He
sample raised to a temperature of about 100 mK. This
similar to the temperature measured in our previo
experiment.27,28 While we can only make an estimate of th
lowest temperature in the present experiment, it is clear fr
the detailed-balance condition of the neutron scattering c
section that the temperature cannot be higher than 0.3 K

Measurements were performed at saturated vapor pres
~SVP! at two temperatures 0.1 and 1.4 K, the latter be
close to the Fermi temperature ofTF'1.77 K. The scatter-
ing from the empty can at low temperatures was measu
before and after the helium measurements. In order to h
sufficiently good statistics for a line-shape analysis, the
ration of each of these measurements was of the order o
days. The scattering from a vanadium sample, in a geom
identical to that of the3He sample and mounted below th
3He sample cell, was measured on a regular basis by rai
the cryostat in the beam, in order to detect any changes o
detector efficiencies as a function of time.

A consistency check was made on all data collected,
lowing the lines of Ref. 42, and discussed in the Append
This allows to identify detectors that areinconsistentlynoisy,
and runs that have particular problems. Data were then ad
into 45 angular detector groups and normalized to the m
tor count rate and the incoherent scattering from vanadi
The scattering from the empty cell outside the elastic p
was smoothed by a running average and subtracted from
sample runs. The treatment of the elastic peak was some
more complicated, since the peak is weaker in the full c
due to absorption by the3He nuclei. We used the following
procedure: The elastic peak in the sample runs was fitted
a Gaussian, with only the height as a free parameter.
peak position and the peak width were obtained from sim
fits to the empty can. Although there is no strictly elas
scattering from liquid3He at low temperatures, spin fluctua
tions contribute at small energies, and the fit was there
performed only on the left-hand side of the peak~including
the first point on the right-hand side!. This Gaussian was
then subtracted from the data. Conversion from time of fli
to energy transfer and absorption corrections were made
lowing standard procedures. We note in passing that tra
mission geometry has an advantage compared with reflec
geometry in that the absorption correction is not extrem
sensitive to the exact orientation of the cell with respect
the beam direction. The data at constant scattering a
were rebinned to constantQ,43 using DQ50.1 Å 21 and
Dv>0.02 meV. A coherent scattering cross section ofsc
54.42 b was used to obtain the dynamical structure fac
S(Q,v) in absolute units@cf. Eq. ~1!#.

B. Experimental results

Figure 4 shows the present data atQ50.5 Å 21 ~upper
frame! compared with previous data~lower frame!. The
present data are in excellent agreement with previ
results,28 and give considerably more information on the li
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shape of the low-energy spin-fluctuation peak. This is
cause the elastic scattering from the present sample cell
factor of 20 less than that from previous cells due to the t
windows. Lower Q values can also be observed using
transmission cell.

Figure 5 shows the dynamic structure factorS(Q,v) as a
function of energyv for Q values 0.3<Q<0.8 Å 21 at T
50.1 and 1.4 K. The peak at high energies is the zero-so
mode, which depends only weakly on temperature, even
to temperatures close to the Fermi temperature. The pea
low energies is the spin-fluctuation scattering, which in co
trast broadens substantially with increasing temperature.

In order to analyze the data and extract observed value
the zero-sound-mode energyvQ , width GQ , and weightZQ ,
a model for the totalS(Q,v) was convoluted with the instru
mental resolution function and fitted to the data. This mo
consists of two contributions@cf. Eq. ~1!#: spin fluctuations
in SI(Q,v), whose line shape is calculated using the e
hanced mass model~see Sec. II!, and zero sound in
Sc(Q,v), described by a damped harmonic oscillator~DHO!
function

Sc~Q,v!5
1

p
@nB~v!11#

4vvQZQGQ

~v22VQ
2 !214v2GQ

2
. ~12!

Here VQ5(vQ
2 1GQ

2 )1/2 is interpreted as the energy of th
zero-sound mode, 2GQ is the width@full width at half maxi-
mum ~FWHM!#, andZQ is the weight. The solid lines in Fig
5 show the fits of the enhanced mass model forSI(Q,v) and
of the DHO function forSc(Q,v) which contains only four
parameters that are fitted to the data: three for the zero-so
mode, VQ , GQ , and ZQ , for which observed values ar
sought, and one for the spin fluctuations, the overall sc
factor s i /sc in Eq. ~1!. The latter quantity is not precisel
known, but the values obtained from the fits are within t
values quoted in the literature, i.e., between 0.25 and 0.3

FIG. 4. Comparison ofS(Q,v) for ~a! the present experimen
using a transmission cell with thin windows and~b! an earlier ex-
periment~Refs. 27 and 28! where a high-pressure cell in reflectio
geometry with thick windows was used. The hatched area co
sponds to the ‘‘blind’’ region around the elastic peak. The reduct
of the elastic scattering allows a better determination of the lo
energy spin-fluctuation scattering in case~a!.
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1426 PRB 61H. R. GLYDE et al.
The experimental results for the zero-sound mode ene
width, and weight inS(Q,v) obtained from these fits, give
in Table I, are in excellent agreement with earlier experim
tal results at low temperatures.28 The integrated intensity o
the zero-sound mode is nearly equal to the static struc
factor Sc(Q), which confirms earlier observations that mu
tiparticle excitations in the coherent scattering cross sec
are negligible forQ,0.8 Å 21. In the temperature rang

FIG. 5. Total dynamic structure factorS(Q,v) of liquid 3He at
SVP for different wave vectors at two temperatures. Dots with e
bars are experimental data from this work. The solid line is a fi
the sum of the spin-fluctuation scattering~low-energy peak!, mod-
eled by an effective massm* (k) that is peaked atkF , and a
damped harmonic oscillator at higher energies describing the z
sound mode. The dotted line on the right-hand~high-temperature!
side shows the low-temperature fit.
y,

-

re

n

0.1<T<1.4 K, the energyVQ and weightZQ of the mode
are essentially independent of temperature. The widthGQ ,
which is approximately proportional toQ2 at both low and
high temperatures, increases significantly with temperat
as shown in Fig. 6.

IV. ENHANCED MASS MODEL OF S„Q,v…

The goal of this section is to test how well the enhanc
mass model ofS(Q,v) presented in Sec. II agrees with e
periment.

A. Low temperatures

To evaluate the coherentSc(Q,v) and zero-sound prop
erties at low temperatures, we note that the zero-sound m
occurs at the energyv at which the denominator ofxc(Q,v)
in Eq. ~5! vanishes, i.e., atI s(Q,v)Rex0(Q,v)51. The in-
put in the calculation is the Landau interaction~11! and
x0(Q,v) in Eq. ~6!, obtained using quasiparticle energi
ek , Eq. ~9!, and from the enhanced mass modelm* (k), Eq.
~8!, using f 50.35 andm051.7 as in Ref. 31. The resulting
zero-sound mode energyv5VQ is shown in Fig. 7. The
agreement with experiment atT50.1 K up toQ50.8 Å 21

is excellent. Good agreement at higherQ values is not ex-
pected because multipair contributions, which are not
cluded in the present model, become important forQ
.0.8 Å 21. The weight ZQ of the zero-sound mode in
Sc(Q,v) is given from Eq.~5! by

ZQ52
1

n

Rex0~Q,VQ!

]

]v
@ I s~Q,v!Rex0~Q,v!#v5VQ

. ~13!

This expression has been evaluated numerically and the
sulting ZQ is also in good agreement with the observedZQ ,
as shown in Fig. 7.

Since the spin-symmetric interactionI s(Q,v) is positive
and large, the zero-sound mode lies at high energies, ab
the single particle-hole band. Thus, in the present model,
zero-sound mode cannot decay to single particle-hole pa
and the calculated widthGQ is negligible. To evaluate
Sc(Q,v) we have used the calculatedVQ andZQ in a DHO
function and takenGQ from experiment. The resulting

FIG. 6. Measured width 2GQ ~FWHM! of the zero-sound mode
as a function of wave vectorQ at temperatures ofT50.1 K ~solid
symbols! and T51.4 K ~open symbols!. The lines are fits toGQ

5CQ2.

r
o

o-
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TABLE I. Experimental results for the energyVQ , width ~FWHM! 2GQ , and weightZQ of the zero-
sound mode. Values in parentheses are statistical errors~one standard deviation!.

VQ(meV) 2GQ(meV) ZQ

Q(Å 21) T50.1 K T51.4 K T50.1 K T51.4 K T50.1 K T51.4 K

0.3 0.52 ~2! 0.48 ~3! 0.22 ~7! 0.18 ~8! 0.22 ~5! 0.15 ~5!

0.4 0.60 ~1! 0.60 ~2! 0.23 ~3! 0.38 ~7! 0.20 ~2! 0.24 ~3!

0.5 0.74 ~2! 0.78 ~3! 0.36 ~6! 0.44 ~8! 0.24 ~3! 0.27 ~3!

0.6 0.92 ~3! 0.97 ~5! 0.47 ~8! 0.70 ~14! 0.30 ~4! 0.38 ~5!

0.7 1.10 ~5! 1.09 ~7! 0.67 ~13! 0.81 ~21! 0.36 ~5! 0.37 ~6!

0.8 1.18 ~7! 1.37 ~11! 0.81 ~20! 1.04 ~32! 0.43 ~6! 0.51 ~9!
o
rs

-
i-

bo
s
te

-
th
al
te
t
th

lt

ty,

-
gnon

s il-
e
e at
ent.
sti-
e
of

od
ure
ri-

s
ters.
Sc(Q,v) makes up the high-energy~zero-sound! part of the
total S(Q,v)5Sc(Q,v)1(s i /sc)SI(Q,v) @cf. Eq. ~1!#
which is shown forT50.1 K by the solid line on the left-
hand side of Fig. 8. The energy range and weight
Sc(Q,v) agree well with experiment for all wave vecto
0.3<Q<0.8 Å 21.

The spin-dependent dynamic structure factorSI(Q,v) is
evaluated using Eqs.~5!–~7! and~11! with the enhanced ef
fective massm* (k) from Eq. ~8!, using the same parametr
zation as for the zero-sound mode above.SI(Q,v) makes up
the low energy~spin-fluctuation! part of S(Q,v), where we
have useds i /sc50.33. The totalS(Q,v) at T50.1 K
~solid line on the left-hand side of Fig. 8! is in excellent
agreement with the present experimental data.

B. High temperatures

We have evaluated the temperature dependence of
the density and spin-density response within the ma
enhanced model. In the calculation, the temperature en
only through the Fermi distribution functionnk in Eq. ~6!
and the Bose factor in Eq.~7!. There are no adjustable pa
rameters at high temperatures. It is worth mentioning that
calculations of the high-temperature behavior were actu
carried out before the present experiment. The calcula
SI(Q,v) is in excellent agreement with measurements aT
51.4 K, as shown on the right-hand side of Fig. 8. Both
v dependence and the overall intensity ofSI(Q,v) come out
well in the calculation. This is a quite remarkable resu

FIG. 7. Measured energyVQ ~triangles! and weight ZQ

~squares! of the zero-sound mode as a function of wave vectorQ at
temperatures ofT50.1 K ~solid symbols! and T51.4 K ~open
symbols!. Calculated quantities using the enhanced mass m
m* (k) described in the text are given by solid lines atT50.1 K
and dashed lines atT51.4 K.
f

th
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since the temperature dependence ofSI(Q,v) is caused by a
nontrivial interplay between the population~Bose! factor and
the T dependence of the noninteracting susceptibili
x0(Q,v).30

The good agreement of them* (k) model with the tem-
perature dependence ofSI(Q,v) is in stark contrast to mod
els using a constant effective mass, such as the parama
model (m* 51) or the Landau model (m* 52.8). These lat-
ter models, which both fail to describe thev dependence of
the observedSI(Q,v) at low temperatures,28 are in serious
disagreement with the data at high temperatures. This i
lustrated in Fig. 9, whereSI(Q,v) calculated using the thre
models in which all model parameters are held the sam
low and high temperatures are compared with experim
The paramagnon and Landau models completely overe
mate the intensity ofSI(Q,v) at high temperatures, and th
overall shape is not well described. A slight overestimate
the intensity at high temperatures in them* (k) model can be
seen.

el
FIG. 8. Comparison of the calculated total dynamic struct

factor S(Q,v) ~lines! using the enhanced mass model with expe
mental data~dots! of liquid 3He at SVP for different wave vector
at two temperatures. The model contains no adjustable parame
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The predicted temperature dependence of the energy
weight of the zero-sound mode is in good overall agreem
with experiment~Fig. 7!. However, the model predicts a
increase in the energy of the zero-sound mode betweeT
50.1 and 1.4 K, which is not observed. This discrepan
may be related to the lack of damping in the enhanced m
model. Increased damping is observed atT51.4 K and in-
teractions leading to damping also tend to decrease the m
energy. As expected, the amount of Landau damping~decay
of the zero-sound mode into particle-hole excitations! in the
model cannot describe the observed broadening of the z
sound mode even at low temperatures. The contribution
multiparticle excitations to the damping34,44,45is believed to
be of great importance, as suggested by the pressure de
dence ofGQ .28 Also, we expect the Landau parameters
‘‘soften’’ somewhat with increasing temperature as the ze
sound mode and paramagnon resonances broaden. Th
fect is not included here. The softening of the interaction w
reduce the zero-sound-mode energy.

V. SPECIFIC HEAT AND MAGNETIC SUSCEPTIBILITY

A. Specific heat

In this section we test how well our model ofm* (k) can
reproduce the observed temperature dependence of the
cific heat,CV(T). As noted, the temperature dependence
CV is very complicated containing many competing con
butions. The contribution toCV arising from the peaking o
m* (k) has been considered previously by Brownet al.16 and
Fantoniet al.24 using a model ofm* (k) proposed for nuclei
by Brown and Rho.46

At very low temperatures, the excitations of a Fermi li
uid are well described as excitations of independent qu
particles. As shown initially by Landau,CV is given by the
simple Fermi gas result with the bare mass replaced by
effective massm* of quasiparticles on the Fermi surface,5,6

CV5
p2

3 S dn

de D kB
2T5

m* kF

3\
kB

2T5
p2

2
NkB

T

TF*
. ~14!

In liquid 3He, deviations from Eq.~14! are evident atT
.10 mK. These deviations are well described by contrib
tions toCV proportional toT3 ln T and which have been in
vestigated in depth.14,16–18,21–23Contributions toCV(T) aris-
ing from cooperative excitations have thisT dependence
e.g., theCV of electrons in metals arising from coupling o
electrons to phonons, theCV of electrons in weakly ferro-
magnetic materials arising from spin fluctuations, and theCV
of liquid 3He arising from spin fluctuations and possib
phonons. TheT3 ln T temperature dependence holds in3He
up to T.50–100 mK. At higher temperaturesCV(T) is
more complicated.

In our case, a second complication arises. The sin
particle energies used inS(Q,v) are ‘‘dynamical’’ quasipar-
ticle energies, since inS(Q,v) they are the real part of pole
of the single-particle propagators. The energies appearin
CV are ‘‘statistical’’ quasiparticle energies, defined as d
rivatives of the free energy. The two energies are not
same.2,21–23Since we have initiated our modelek to describe
S(Q,v), this ‘‘defines’’ our modelek as ‘‘dynamical’’ qua-
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siparticle energies. Carneiro and Pethick22 have evaluated the
difference between the twoek exactly but their results hold
up to approximately 100 mK only. We wish to go up toT
.1.5 K. In our calculations we have simply ignored th
difference.

Third, the enhancement ofm* at kF itself almost certainly
decreases with increasingT. The enhancement ofm* arises
in part from the existence of a well-defined or sharp sp
fluctuation resonance. AtT51.4 K, this resonance, as ob
served inSI(Q,v), is significantly broadened from its lowT
shape ~see Fig. 5!. Thus the enhancement ofm* at T
51.4 K is expected to be significantly reduced below itsT
50 K value. This expected reduction ofm* with T is also
not included here, as is apparently the case with all previ
calculations.

Essentially, we evaluate the entropy for independent q
siparticles from

S52
kB

V (
k

@nk ln nk1~12nk!ln~12nk!#, ~15!

where

nk5@e(ek2m)/kBT11#21 ~16!

is the Fermi function andek is our model single-quasiparticl
energy~8! and ~9!. The chemical potentialm(T) at eachT
was determined so thatN5(knk remains constant. The
CV(T) was obtained fromS(T) by numerical differentiation,

FIG. 9. SI(Q,v) in liquid 3He at Q50.5 Å 21 calculated for
different models atT50.1 K ~left-hand side! andT51.4 K ~right-
hand side!. The mass-enhanced model~top! uses ak-dependent ef-
fective massm* (k) with f 50.35 andm051.7, the Landau mode
~middle! a constant effeective massm* 52.8, and the paramagno
model ~bottom! usesm* 51.



e

-

e

p
-

d
d

a

a

i
nc
rg

r-

ve

of

w
by

the

ra-
nd

is

v-

nt
am-
t of

-
ser
bil-
to
n

PRB 61 1429EFFECTIVE MASS, SPIN FLUCTUATIONS, AND ZERO . . .
CV~T!5TS dS~T!

dT D
V

. ~17!

Fantoni et al.12 made exactly this calculation using th
Brown-Rho model46 of m* (k).

Figure 10 compares the observed19 CV(T) with that cal-
culated from Eqs.~15!–~17! using different quasiparticle dis
persionsek . The observedCV(T) shows a marked ‘‘ben-
dover’’ at T'0.2 K that is not reproduced at all using th
free Fermi gas energyek5\k2/2m* with m* 52.8. As
noted, m* 52.8 is obtained by fitting Eq.~14! to the ob-
servedCV at T→0 ~Landau theory!.5,6,20 Calculations using
the enhanced-mass model are shown for the following
rameter values:f 50.35 andm051.7, the values which re
produceS(Q,v) well; f 50.5 andm051, which give a mar-
ginally better description ofx(T) ~see below!; and f 50.26
and m050.53, which give the best fit to the observe
CV(T). All the calculatedCV(T) agree with the observe
data atT→0, since the model reduces to Landau theory
T→0. The pronounced ‘‘bendover’’ in the data atT
.0.2 K can be reproduced by the model. However, the v
ues off andm0, especiallym0, are quite different from those
needed to reproduceS(Q,v). The ‘‘bendover’’ inCV(T) is
in fact produced by a small value ofm0. This means a large
drop inm* (k) and a large increase in the excitation energy
needed in this model as we move a relatively small dista
away fromeF . For example, quasiparticles having an ene
e*(\/2m3)(kF/3)2;0.5 K away fromeF will have a mass
m* 5m0. Thus atT;0.5 K the effective mass of quasipa
ticles excited ism0.0.5, down rapidly fromm* 52.8 atT
→0. This agrees with the findings of Fantoniet al., who,
usingm0 of 0.76 in them* (k) of Brown and Rho, found a
CV(T) that agreed well but lay somewhat above the obser
CV(T) for T*0.25 K. Other factors not included here,14,16,21

especially the drop inm* itself with increasingT, could

FIG. 10. Measured specific heatCV(T) ~Ref. 19! ~dots! as a
function of temperature compared withCV(T) calculated using a
free Fermi gas modelm* 52.8 ~dotted line! and with the mass-
enhanced modelm* (k), Eq. ~8!, with f 50.35 andm051.7 ~solid
line!, with f 50.5 andm051 ~dashed line!, and with best-fit values
f 50.26 andm050.53 ~dash-dotted line!.
a-
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contribute significantly to the observed change in slope
CV with increasingT. Such a low value ofm0 would then not
be needed.

B. Magnetic susceptibility

The static magnetic susceptibility of a Fermi liquid at lo
temperatures is independent of temperature and given
Landau theory as5,6

x5S dn

de D b2

11F0
a

5
m* kF

p2\

b2

11F0
a

, ~18!

whereb is the magnetic moment of the3He nucleus. Com-
pared to a Fermi gas, the susceptibility is enhanced by
factor (m* /m3)/(11F0

a). In liquid 3He at low temperatures
and SVP, this enhancement factor is 9.18. At high tempe
tures,x(T) is inversely proportional to the temperature, a
it is therefore useful to plot the quantityxT vs temperature
rather thanx(T) itself. The observed47 xT/C (C is the Curie
constant! shown in Fig. 11 has the expected behavior: it
linear in T at low temperatures and constant at highT. The
region 0.2&T&1.5 K is characterized by a crossover beha
ior.

In the standard Landau Fermi-liquid picture of3He, the
effective massm* 52.8 is determined from the enhanceme
of the linear term in the specific heat and the Landau par
eter F0

a is obtained subsequently from the enhancemen
the static susceptibility, usingm* 52.8. In the paramagnon
model,m* is set to 1, andF0

a determined from the enhance
ment of the static susceptibility thus acquires a value clo
to 21; i.e., the system is closer to a ferromagnetic insta
ity. At finite temperatures, the principal correction term
the constantx is a 2T2 term, which in the paramagno

FIG. 11. Measured static magnetic susceptibilityx(T) ~Ref. 47!
~dots! multiplied by the temperature compared withx(T)T calcu-
lated using a free Fermi gas modelm* 52.8 ~dotted line! and with
the mass-enhanced modelm* (k), Eq. ~8!, with f 50.35 andm0

51.7 ~solid line!, with f 50.5 andm051 ~dashed line!, and with
f 50.26 andm050.53 ~dash-dotted line!, the values that give a
good description of the specific heat.
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model is reinforced by low-energy spin fluctuatio
~paramagnons!.48 For temperatures above 0.2 K, even stro
ger deviations are observed.

The static susceptibility can be calculated from the d
namical susceptibilityx9(Q,v) as

2x~T!5 lim
Q→0

x8~Q,v50,T!5 lim
Q→0

2

p E
0

`

dv
x9~Q,v!

v
,

~19!

where the prime (8), which denotes the real part, will b
dropped in what follows, sincex9(Q,v)→0 asv→0. Tak-
ing the static limit (v→0) of the RPA expression~5! and
inserting into Eq.~19!, we find forQ→0

2x21~T!5x0
21~0,0!2I a~0,0!5x0

21~0,0!2F0
aS dn

de D 21

.

~20!

In the limit Q→0, only quasiparticles close to the Ferm
surface will be involved, and we can expandnk close tokF
so that

x0~0,0!5
2

V (
k

dn

de
5

1

p2E dk k2S dnk

dek
D

k

. ~21!

We have calculated the static susceptibility by numerica
integrating this equation for all temperatures, usingnk from
Eq. ~16!, with ek from Eqs.~8! and ~9!.

Figure 11 compares the observed47 xT with that calcu-
lated from Eqs.~19!–~21!, using different quasiparticle ene
gies. The x calculated using the free Fermi gasek
5\k2/2m* with m* 52.8 clearly overestimates the observ
x. Calculations using the enhanced-mass model with the
rameters valuesf 50.35 andm051.7, the values which re
produceS(Q,v) well, are in excellent agreement with th
temperature dependence ofxT up to temperatures of the or
der of 0.6 K. Better agreement can be obtained by sligh
different parametersf 50.5 andm051. This parameter se
gives also a good description ofSI(Q,v), but Sc(Q,v)
comes out less well.31 A nearly perfect fit can be obtained b
using slightly different parameter values. It is remarka
that the simple concept of an effective massm* (k) that is
peaked atkF can give such a good agreement with the o
servedx(T) over a large temperature interval. However, t
parameter valuesf 50.26 andm050.53 obtained from fits to
the specific heat are in serious disagreement with the m
sured susceptibility. It appears as if the specific heat is m
sensitive to the difference between statistical and dynam
quasiparticle energies than the static susceptibility.

VI. DISCUSSION

In this paper, we have evaluated the density and s
dependent dynamic structure factorsSc(Q,v) andSI(Q,v),
the static magnetic susceptibilityx(T), and the specific hea
CV(T) of normal liquid 3He. All these properties depend o
the effective massm* of the quasiparticles. We have intro
duced a simple model~Sec. II! in which m* (k,ek)5m* (k)
peaks to a valuem* 52.8 at the Fermi energy,ek5eF , and
reduces to a lower massm0 away fromeF . The model has
two parametersf and m0. The parameterf determines the
-

-

y

a-

y

e

-

a-
re
al

n-

energy range over whichm* drops from 2.8 tom0. The
model may be viewed as Landau theory modified to all
m* to decrease as we move off the Fermi surface. Here,
will discuss how different properties of liquid3He depend
uponm* , and in particular how the temperature depende
of the calculatedSI(Q,v) andSc(Q,v) compares with new
neutron-scattering measurements~Secs. III–IV! of the total
dynamic structure factorS(Q,v).

Broadly, theQ, v, and T dependence ofSI(Q,v) and
Sc(Q,v) for Q&1 Å 21 and theT dependence ofx(T) can
be well described by the model with similar and consist
values of the parametersf and m0. In our preliminary
study,31 we selected the valuesm051.7 andf 50.35 to best
reproduce theQ and v dependence ofSc(Q,v) and
SI(Q,v) observed in earlier neutron-scattering measu
ments atT50.1 K.27,28 The present study focuses on th
temperature dependence. It shows that the same model
identical parameter values predicts the temperature de
dence of both Sc(Q,v) and SI(Q,v) well, especially
SI(Q,v). It is difficult to believe that this is an acciden
since constant-mass models such as the Landau modelm*
52.8) and the paramagnon model (m* 51) predict line
shapes that are well outside observed uncertainty aT
51.4 K. Also, there are large, competing effects in the te
perature dependence that cancel well in the present mod
produce the correct total temperature dependence. The p
ing of m* near eF appears therefore to be an importa
physical feature to include in calculations of these quantit
It is unlikely that simply adding two parameters to a const
m* model such as the Landau or paramagnon theory wo
bring such a marked improvement in agreement with exp
ment unless the model incorporated an important phys
effect. We will now discuss the sensitivity of these results
the parametersf and m0, followed by a discussion of the
specific heat, which can also be well described by the mo
but with a much lower value ofm0.

SI(Q,v) andx(T) are dominated by the low-energy (v
;0.1 meV) paramagnon resonance. The quasiparticles
volved have therefore energies close to the Fermi ene
and the effective mass involved ism* (k) nearkF . Any com-
bination of f and m0 that gives a drop inm* (k) aroundkF
approximately as shown in Fig. 1 will give similarSI(Q,v)
andx. The value ofm0 alone, which setsm* far away from
kF , is not critically important, as these quasiparticles co
tribute little to SI(Q,v) andx.

Sc(Q,v) is dominated by the high-energy (v
;0.7 meV) zero-sound mode~ZSM! and the quasiparticles
involved are characterized by the effective massm* (k) far
away fromkF . Thus the ZSM energy depends onm0 and we
find that the energy is better form051.7 than for 1.0, i.e., for
a larger effective mass. Also, anm0.1 is needed to have th
ZSM lie well above the particle-hole band; otherwise t
zero-sound mode would be destroyed by Landau damp
for Q*0.6 Å 21.

The remaining discrepancies between the model and
observed temperature dependence can probably be attrib
to a small weakening or reduction in the Landau parame
with increasingT which is not included in the model. Sinc
both the paramagnon resonance and the zero-sound m
broaden with increasing temperature and the Landau par
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eters are largely determined by interactions induced via th
excitations, we do expect the Landau parameters to
smaller in magnitude atT51.4 K than atT50.1 K. For ex-
ample, there is a softening of the paramagnon resonance
tweenT50.1 and 1.4 K; i.e., atT51.4 K the resonance is
broader and the peak height~for Q>0.5 Å 21) is lower. This
softening is largely but not fully captured in the model.
could be more fully reproduced ifm* and/orF0

a decreased in
magnitude with increasing temperature. The model also
dicts a zero-sound-mode energy atT51.4 K that lies some-
what above the observed value. This energy would be
duced to the observed value ifF0

s was smaller atT
51.4 K.

The specific heat we have evaluated is simply that of
dependent, noninteracting quasiparticles having ener
e(k) given by Eq.~9! and infinite lifetime. At lowT only
quasiparticles neareF , with massm* 52.8, are excited, and
CV is proportional tom* T @cf. Eq. ~14!#. From Fig. 10 we
see that thisCV with a constantm* remains very roughly
proportional toT up to T.0.5 K @the smooth change in
slope above this temperature is due to theT dependence o
the chemical potentialm(T)#. To reproduce the observe
change in slope ofCV at T.0.25 K, within the present pic
ture, we must essentially reducem* from m* 52.8 to some
much lower valuem0 at T.0.25 K. We can reproduce th
observed value of the slope at higher temperatures if
choosem050.54. A smaller value off is also needed so tha
the change in slope occurs atT.0.25 K. These are the es
sential features ofCV(T) found here, by Fantoniet al.,24 and
by Brown et al.16 The value ofm050.53 needed to repro
duce the observedCV(T) is not consistent with them0
;1.7 needed inSc(Q,v). We will now discuss several limi-
tations to the present calculation ofCV(T).

First, the ‘‘dynamical’’ energiese(k) appearing in
S(Q,v) are not the same as the ‘‘statistical’’ energies to
used in thermodynamic properties21–23such asCV(T). Thus
an e(k) which describesS(Q,v) well need not necessaril
describeCV(T) well. However, it is interesting thatx(T)
does not show a pronounced change in slope atT50.25 K as
doesCV(T). This suggests that the large and abrupt cha
in slope ofCV(T) is specific toCV(T) and not a feature of a
‘‘statistical’’ e(k) that would translate generally into all the
modynamic properties. Second, we have assumed thate(k)
is independent of temperature. However, as noted, the
served spin-fluctuation resonance inSI(Q,v) definitely
broadens with increasingT. This is expected to reducem* at
kF . This reduction inm* would definitely reduce the slop
of CV(T) asT increases. This feature has not been includ
in any calculations ofCV(T) to date. Third, the representa
tion of liquid 3He as a gas of independent quasiparticl
valid atT50 K, may simply be unrealistic atT.0.3 K. The
quasiparticles that are 0.3 K away fromeF may be broadened
se
e

be-

e-

e-

-
es

e

e

e

b-

d

,

and poorly defined, and the abrupt change in slope ofCV
may reflect a break down of the quasiparticle picture. T
breakdown may have a great impact onCV but a much
smaller impact onS(Q,v) and x(T). In S(Q,v), asQ in-
creases, the transition is from a quasiparticle picture at lowQ
to a particle picture at highQ. At intermediateQ an ‘‘effec-
tive’’ particle picture may be a reasonable basis. These
portant issues remain to be explored.

Finally, a more consistent theory in whichm* and the
Landau parameters, or equivalent interactions, are calcul
microscopically or in a microscopic formalism using the o
served spin densitySI(Q,v) and densitySc(Q,v) would be
an interesting next step. The resultingm* and interactions
could be used to calculateSI(Q,v) and Sc(Q,v) and iter-
ated until consistent. In this way we could determine whet
anm* that peaks nearkF emerges naturally and how well th
temperature dependence of all properties is predicted.
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APPENDIX

Assuming Poisson statistics, the error forN equivalent
data sets~‘‘runs’’ ! is

sset
2 5

1

Ne f f21 (
n51

N
Mn

M S I n

Mn
2

I

M D 2

, ~A1!

whereM5(nMn andI 5(nI n are the total number of moni
tor and detector counts, respectively, and

Ne f f5

S (
n

MnD 2

(
n

Mn
2

. ~A2!

Equation~A1! is identical to that employed in Ref. 42 ifNe f f
is replaced byN. Ne f f should be used if the monitor coun
Mn are not equal. If the same data are collected in a sin
run, the statistical error would bessum

2 5I /M2. One expects
that the ratioR5sset/ssum;1 if the different data sets ar
compatible. PlottingR as a function of detector and tim
channel allows a rapid evaluation of any inconsistencies
the data sets, which could arise from, e.g., variations in ti
of the detector efficiencies or the background.
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48M. T. Béal-Monod, S. K. Ma, and D. R. Fredkin, Phys. Rev. Le

20, 929 ~1968!.


