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Abstract 
Alkali-Silica Reaction (ASR) poses a significant challenge to the durability and structural integrity 
of reinforced concrete structures worldwide. This thesis presents a comprehensive modelling 
framework that integrates numerical simulations and phenomenological models to predict the 
long-term behaviour of ASR-affected structures. The framework addresses the progressive 
degradation of material properties and the structural implications of ASR-induced expansion, 
using expansion characteristics derived from experimental data. 

Several numerical methods exist to simulate ASR effects at the structural scale. Among these, 
the Dual Mesh Method (DMM) stands out as novel pre-damage method to simulate ASR induced 
damage in reinforced concrete. Building upon this approach, this research develops the Modified 
Dual Mesh Method (MDMM), introducing key advancements such as an adapted tensile curve 
(ATC) to enhance its predictive capabilities. 

The MDMM was validated numerically against reinforced concrete beam behaviour, 
demonstrating its effectiveness in simulating ASR-induced stress generation, crack propagation, 
and material degradation under incremental expansion conditions. A comparative analysis with 
the Reduced Material Properties Method (RMPM) highlighted the MDMM's effective ability to 
account for internal expansion forces and anisotropic behaviour influenced by structural 
configurations. The results confirmed the framework's accuracy in replicating critical structural 
responses such as crack propagation patterns and load-deflection behaviour. 

Phenomenological models by Larive and Esposito were integrated into the framework, linking 
ASR-induced expansion with time and material property degradation. These models enabled 
long-term damage simulations and were applied to a hypothetical bridge pier cap. The simulation 
successfully captured key aspects of ASR-induced damage, including crack alignment with 
reinforcement, stress redistribution, and reinforcement yielding, providing insights into the 
service life thresholds of ASR-affected structures. 

While the framework demonstrates promising capabilities, it remains in an early development 
stage. Limitations were observed, particularly in accurately representing the gradual reduction of 
elastic modulus associated with ASR progression. Further validation with complete case studies 
and exploration of diverse structural configurations are recommended to enhance its 
applicability and reliability. 

This research offers a valuable tool for structural assessment, maintenance planning of ASR-
affected infrastructure, bridging the gap between experimental observations and predictive 
modelling of long-term structural performance. 
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1. Introduction 

1.1 Background 
Alkali-Silica Reaction (ASR) is a harmful chemical process that affects the long-term durability 
and structural integrity of concrete structures worldwide. First identified in structures in the 
1940s [1], ASR occurs when reactive silica in aggregates reacts with alkali hydroxides in the 
concrete pore solution, leading to the formation of an expansive alkali-silica gel. This gel absorbs 
moisture and expands, inducing internal stresses that cause microcracking, loss of mechanical 
properties, and, ultimately, structural degradation [2]. 

 
Figure 1 Schematic steps involved in AAR [3] 

The complexity of ASR arises from its multi-scale nature, involving chemical reactions at the 
micro-scale that manifest as macroscopic structural damage. Over the decades, extensive 
research has focused on understanding ASR mechanisms, developing rapid test methods, 
predicting long-term performance, and proposing mitigation strategies [4], [5]. Despite these 
efforts, predicting the structural behaviour of ASR-affected concrete remains a significant 
challenge due to the intricate interplay between chemical kinetics, material deterioration, and 
mechanical responses [2], [5], [6]. 

Various modelling approaches have been developed to simulate ASR effects, categorized broadly 
into micro-scale, meso-scale, and macro-scale models [7]. Micro-scale models dive into the 
chemical reactions and ion diffusion processes but are often too detailed for practical structural 
analysis. Meso-scale models consider the internal pressures and gel production at the material 
level, requiring extensive microstructural data. Macro-scale models, on the other hand, simulate 
ASR-induced expansion at the structural level by applying equivalent strains to concrete 
elements. These models are more practical for engineering applications but may oversimplify the 
underlying physicochemical processes and material degradation [7]. 

One of the key challenges in macro-scale modelling is accurately capturing the time-dependent 
expansion due to ASR and its impact on the mechanical properties of concrete and consequently 
assessing the resulting structural implications [5], [7], [8], [9]. A well-developed approach is 
needed to describe the chemical aspects of ASR, including reaction kinetics and expansion 
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prediction over time. By modelling the ASR expansion as a function of time and environmental 
conditions, this approach provides a means to incorporate the effects of ASR into structural 
analyses. 

Furthermore, ASR-induced expansion leads to the deterioration of mechanical properties such 
as the modulus of elasticity and tensile strength [10], [11], [12]. Several studies have indicated 
that these properties degrade as a function of the level of ASR expansion [10], [11]. Incorporating 
this deterioration into structural models is crucial for predicting the residual capacity and 
serviceability of affected structures. 

Given the need for practical engineering tools, there is a pressing demand for a modelling 
approach that is both simple and reliable, enabling engineers to predict the structural behaviour 
of ASR-affected concrete over time without the complexities associated with detailed 
microstructural models. Developing a finite element model at the macro scale, coupled with an 
expansion-time dependent relation and accounting for mechanical property degradation, can 
address this need by providing a balance between computational efficiency and predictive 
accuracy. 

1.2 Problem Statement 
Despite the availability of various models to simulate ASR effects in concrete structures, there 
remains a gap between detailed scientific understanding and practical engineering application 
[5], [8], [13], [14], [15]. The problem addressed in this thesis is the lack of a straightforward yet 
reliable macro-scale modelling approach that incorporates the time-dependent expansion due 
to ASR, the consequent degradation of mechanical properties, and the resulting structural 
implications. Specifically, there is a need for a finite element model that: 

1. Simulates ASR-Induced Damage Accurately: The model should capture the anisotropy 
of ASR-induced expansion, accurately reflect the development of crack patterns, and 
account for the effects on the total stiffness of the structure. 

2. Simulates ASR-Induced Expansion Over Time: The model should be capable of 
representing gradual expansion levels and correlating them with time, accurately 
reflecting the progression of ASR. 

3. Accounts for Mechanical Property Deterioration: The model should incorporate the 
reduction in modulus of elasticity and tensile strength as functions of the ASR expansion 
level, reflecting the material degradation observed in ASR-affected concrete. 

4. Provides Practical Utility for Engineers: The modelling approach should be simple to 
implement using commonly available finite element software, requiring input parameters 
that are accessible through standard testing and avoiding unnecessary computational 
complexity. 

By addressing these needs, the thesis aims to develop a macro-scale finite element model that 
enhances the predictive capability for ASR-affected concrete structures, bridging the gap 
between detailed scientific models and practical engineering tools. This model will enable 
engineers to assess the long-term structural performance, plan maintenance and rehabilitation 
efforts, and ensure the safety and serviceability of concrete infrastructure subjected to ASR. 

1.3 Research relevance 
The relevance of this research lies in its contribution to improving the modelling and prediction of 
Alkali-Silica Reaction (ASR) effects on reinforced concrete structures. The Dual Mesh Method 
(DMM) was initially developed as pre-damage method to simulate ASR induced damage in 
reinforced concrete. Building upon the DMM, this study introduces the Modified Dual Mesh 
Method (MDMM), enhancing its capabilities to capture anisotropic expansion and progressive 
material degradation. Combined with time-dependent material degradation models, the MDMM 
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provides a simple yet reliable framework for accurate structural assessments. This research 
equips engineers with valuable tools for more effective infrastructure management, while also 
informing strategies for the maintenance and rehabilitation of ASR-affected structures. 

1.4 Research Aim and objectives 
The aim of this research is to model and evaluate the structural behaviour of reinforced concrete 
structures affected by Alkali-Silica Reaction (ASR) over time, using expansion characteristics 
derived from experimental results.  

To achieve this, the study will first survey relevant literature and software tools to identify effective 
methods for incorporating ASR-induced degradation and damage into numerical models. It will 
then focus on developing and enhancing modelling approaches by identifying necessary inputs 
from micro- and meso-scale levels, including ASR expansion mechanisms and time-dependent 
material properties, and refining techniques to realistically simulate ASR-induced damage and 
deterioration. The research will also integrate experimental data and phenomenological models 
to link numerical models with time-dependent behaviour, enabling accurate long-term 
predictions while minimizing reliance on extensive physical testing. Finally, a comprehensive 
framework for structural assessment will be developed by combining the refined modelling 
techniques with experimental data, providing a robust tool for predicting the safety and 
performance of reinforced concrete structures affected by ASR. 

1.5 Research Scope and Constraints 
This research develops a framework for modelling ASR-affected reinforced concrete structures, 
integrating finite element modelling (FEM) through the Modified Dual Mesh Method (MDMM) and 
semi-empirical models to simulate ASR expansion and material degradation. The framework 
focuses on reinforced concrete elements, such as beams and columns, providing a tool for long-
term ASR damage assessment. Constraints include reliance on existing literature for parameter 
validation, limited real-time experimental data, and the assumption of uniform ASR expansion. 
The framework also does not account for other deterioration mechanisms, such as corrosion, 
and is limited to FEM software that supports dual mesh configurations. 

1.6 Thesis outline 
This thesis systematically explores the development of a comprehensive framework for 
modelling the impact of Alkali-Silica Reaction (ASR) on reinforced concrete structures. Chapter 
1: Introduction outlines the research problem, objectives, and the importance of studying ASR's 
effects on structural integrity. Chapter 2: Literature Review examines existing research on ASR 
mechanisms, material degradation, and structural modelling approaches, identifying gaps in 
current methodologies and providing the foundation for the proposed framework. Chapter 3: 
Methodology describes the step-by-step approach for developing and validating the Modified 
Dual Mesh Method (MDMM) and integrating it with material degradation models to capture time-
dependent ASR effects. Chapter 4: Structural Model Development focuses on refining and 
validating the MDMM, highlighting its capability to simulate ASR-induced anisotropic expansion 
and material degradation. Chapter 5: Structural Model Assessment benchmarks the MDMM 
against experimental and theoretical models to evaluate its accuracy and practicality. Chapter 
6: Material Models introduces time-dependent and expansion-dependent degradation models, 
such as Larive’s and Esposito’s models, and integrates these into the MDMM framework. Chapter 
7: Comprehensive Framework consolidates the structural and material models into a unified 
tool for assessing ASR-affected structures and demonstrates its application through case 
studies. Finally, Chapter 8: Conclusion and Recommendations summarizes the key findings, 
discusses the contributions to ASR modelling, and proposes directions for future research and 
practical applications.   
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2. Literature Review 
This literature review is divided into two key sections. The first part examines the mechanisms 
and impacts of Alkali-Silica Reaction (ASR) on reinforced concrete structures, including ASR-
induced expansion and material degradation. The second part reviews existing modelling 
approaches for simulating ASR effects, providing the foundation for the comprehensive 
framework developed in this research. 

2.1 Alkali Silica Reaction (ASR) 

2.1.1 Mechanisms and influencing factors 
Alkali-Silica Reaction (ASR) is a complex chemical phenomenon that significantly compromises 
the durability and structural integrity of concrete structures. At the microstructural level, ASR-
induced degradation originates from the formation of a hydrophilic alkali-silica gel. This gel forms 
through the interaction of reactive silica present in aggregates, alkali hydroxides (primarily 
sodium and potassium compounds) sourced from the cement clinker, and water within the 
concrete pore solution [2], [4], [5]. The reactive silica is predominantly derived from the 
aggregates, while the alkalis originate from both the cementitious matrix and external sources 
within the concrete [2], [4], [5].  
 

 
Figure 2 Series of ASR sequential reactions [5]   

 
Figure 3 Illustration of ASR mechanism [5]. 

 



5 

 

 

There are several theories proposed to understand the mechanism of the alkali silica reaction. 
The ASR process is complex and consists of several stages. A simplified description of ASR, as 
proposed by various researchers, can be summarized in a series of sequential reactions [4], as 
illustrated in Figure 2 and Figure 3: 

a) Dissolution of Silica: Reactive silica in aggregates dissolves in the highly alkaline pore 
solution, producing silicate ions. 

b) Formation of Sol: The silicate ions react with available calcium and alkalis, forming a 
colloidal solution (sol). 

c) Formation of Gel: The sol undergoes polymerization, forming an expansive alkali-silica 
gel. 

d) Swelling of the Gel: The gel absorbs water, swells, and exerts internal pressures, leading 
to cracking and expansion of the concrete. 

Essential Conditions for ASR 

For ASR to occur in hardened concrete, three critical conditions must be met [4], [16], Figure 4: 

1. Presence of Reactive Aggregates: 
o Reactive Silica Forms: Aggregates must contain forms of silica that are 

susceptible to attack by alkali hydroxides. The reactivity is influenced by the 
mineral composition and the degree of crystallinity of the silica. Poorly crystalline 
or amorphous silica phases, such as opal, chalcedony, and volcanic glass, exhibit 
high reactivity. 

o Particle Size Effect: The particle size of the aggregates plays a significant role, 
with smaller particles providing a larger surface area for the reaction, thereby 
enhancing the susceptibility to ASR. 

2. High Level of Alkalinity: 
o Source of Alkalis: The alkaline environment necessary for ASR is primarily 

maintained by alkali hydroxides (sodium and potassium) present in the cement 
paste. Additionally, external sources of alkalinity, such as de-icing salts and 
seawater, can contribute to the overall alkali content, further promoting ASR. 

o Alkalinity Measurement: The sodium equivalent (Na₂Oeq) is commonly used to 
quantify the alkalinity level in concrete, ensuring that the pH remains sufficiently 
high to sustain the dissolution of reactive silica. 

3. Sufficient Moisture: 
o Moisture Availability: Moisture is essential for the formation and swelling of the 

alkali-silica gel. A relative humidity of at least 85% is generally required for ASR to 
proceed effectively. 

o Impact on Expansion: The presence of adequate moisture allows the gel to 
absorb water, swell, and generate internal stresses that lead to cracking and 
expansion of the concrete. Environmental conditions, such as climate and 
exposure to water, significantly influence moisture availability and, consequently, 
the progression of ASR. 
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Figure 4 three critical conditions of ASR [4] 

Influence of Environmental Conditions 
Environmental factors play a pivotal role in the progression and severity of ASR [4], [16]: 

• Temperature: 
o Acceleration of Reactions: Elevated temperatures can accelerate the chemical 

processes involved in ASR by increasing the reaction rates and enhancing ion 
mobility within the pore solution. 

o Climate Impact: Structures located in warmer climates or subjected to 
significant thermal variations are more prone to rapid ASR progression. 

• Moisture Dynamics: 
o Leaching Effects: In environments with flowing water or high humidity, alkalis can 

leach out of the concrete, reducing the overall alkali content and lowering the pH 
of the pore solution. This leaching effect can decelerate ASR by diminishing the 
availability of alkalis necessary for the reaction. 

o Seasonal Variations: Fluctuations in moisture levels due to seasonal changes 
can cause intermittent swelling and drying cycles, exacerbating the cracking and 
expansion phenomena associated with ASR. 

2.1.2 Induced expansion  
The interplay between the mechanisms and influencing factors of Alkali-Silica Reaction (ASR) 
results in a dynamic and progressive degradation of concrete structures. A pivotal aspect of this 
degradation is ASR-induced expansion, which critically impacts the structural integrity of 
concrete. This expansion can be categorized into two primary types: free expansion and 
restrained expansion, each exhibiting distinct characteristics and implications for concrete 
structures. 
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Figure 5  (a) Development of expansion and (b) cracking linked to ASR [17] 

ASR causes concrete to expand through the formation of an expansive alkali-silica gel. This gel 
absorbs moisture and exerts swelling pressure within the concrete matrix, leading to local tensile 
stresses and potential micro-cracking. When ASR occurs at numerous points within the 
concrete, it culminates in overall expansion, which varies in both distribution and development 
over time [16]. The variability in expansion is influenced by several factors, including differences 
in cement and aggregate sources, variations in cement content and alkali levels, and 
environmental conditions such as moisture and temperature. 

Free Expansion 

Free expansion, also referred to as unrestrained expansion, occurs when concrete expands 
without any physical constraints. This type of expansion is significant for assessing the potential 
maximum deformation of ASR-affected concrete. The degree of free expansion is influenced 
mainly by the availability of water, the permeability of the concrete, and prevailing environmental 
conditions. 

Study by Smaoui et al. [18] has demonstrated that ASR-induced free expansion is often 
anisotropic, exhibiting higher expansion perpendicular to the casting plane. This anisotropy is 
attributed to the presence of water films under aggregate particles and the orientation of flat or 
elongated aggregate particles parallel to the casting plane. Larive et al. and Smaoui et al.  [18], 
[19] further explained that these particles trap more water, enhancing expansion in specific 
directions. However, conflicting findings by Wald et al. , Fan and Hanson , and Mohammed et al.  
[20], [21], [22] indicated that significant anisotropy in ASR expansion is not always observed. In 
some cases, such as one instance reported by Wald et al.  [20], higher expansion perpendicular 
to the casting plane was noted, but the authors suggested that the casting direction does not play 
a major role in the differences observed. This contradiction may stem from the inherent variability 
and heterogeneity of concrete, which can influence the manifestation of anisotropic expansion. 

Restrained Expansion 



8 

 

 

Restrained expansion occurs when the concrete's expansion is constrained by external factors, 
such as structural boundaries, reinforcement, or adjacent structural elements. This constraint 
leads to the development of internal stresses as the concrete attempts to expand against the 
imposed restrictions. The resultant stresses can exacerbate cracking, deformation, and overall 
structural misalignment. 

Stress Development and Mechanical Property Deterioration 

ASR expansion imposes tensile stresses on the reinforcement, which reduces deformation in the 
rebars. ISE [17] indicated that steel is likely to yield when the reinforcement percentage is less 
than about 1.6% for mild steel and 0.9% for high-yield steel, Figure 6(a). Studies by Smaoui et al. 
and Mohammed et al. [21], [23] confirmed the yielding of steel in ASR-affected concrete. 
However, significant expansion can lead to debonding between the concrete and reinforcement, 
as observed in experiments [20, 21, 26-29]. This debonding typically occurs when expansion is 
measured at the concrete surface rather than near the reinforcement. 

In reinforced concrete, ASR induces tensile stresses in the reinforcement and compressive 
stresses in the surrounding concrete, known as chemical prestress. This prestress can be 
beneficial, limiting expansion and potentially enhancing structural performance. ISE [17] 
suggested that this compressive stress is generally limited to about 4 MPa. Studies indicate that 
chemical prestress can positively affect structural behaviour, a topic discussed in more detail in 
subsequent sections. 

Influence of External Restraints 

External restraints, such as applied stress, similarly influence ASR expansion. Data collected by  
Smaoui et al. [23] show that uniaxial compressive stress significantly reduces ASR expansion in 
the direction of the applied stress, Figure 6 (a). Compressive stress not only restrains expansion 
but also aligns ASR cracking parallel to the direction of the stress. In contrast, tensile stress 
increases expansion, although limited data are available on this effect. 

Figure 7 from ISE [17] illustrates the crack patterns in ASR-affected beams with different 
reinforcement configurations. Beams with only bottom reinforcement exhibited map cracking in 
the unreinforced, unrestrained top region. Conversely, beams with equal top and bottom 
reinforcement showed cracks parallel to the reinforcement, indicating effective restraint. This 
difference underscores the importance of reinforcement in controlling ASR-induced expansion 
and crack propagation. 

 
Figure 6 (a) Effects of reinforcing steel on concrete’s expansion [17] and (b) effects of confinement on the concrete’s 
expansion [23] 
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2.1.3 Induced cracking  
Alkali-Silica Reaction (ASR) induces cracking in concrete structures, manifesting as both micro-
cracks within the concrete mass and macro-cracks on the surface. The development and pattern 
of these cracks are influenced by factors such as the distribution of reactive particles, internal 
expansion differentials, and the presence of restraints. 

Micro-Cracking and Macro-Cracking 

Micro-cracking occurs at the microstructural level due to differential expansion within the 
concrete. ASR expansion is not uniform throughout the concrete matrix; it tends to be greater 
near reactive aggregate particles or clusters. This localized expansion generates tensile stresses 
that exceed the tensile strength of the surrounding cement paste, leading to the formation of 
micro-cracks. These micro-cracks are randomly oriented in unrestrained concrete but can be 
influenced by internal restraints and edge conditions. 

Macro-cracks develop when micro-cracks coalesce or when tensile strains exceed the 
concrete's capacity at a larger scale. Surface cracks often manifest as irregular patterns of 
intersecting and branching cracks, commonly referred to as "map cracking" or "Isle of Man" 
cracking. This pattern indicates widespread internal distress due to ASR. 

Influence of Restraints on Crack Patterns 

While the "Restrained Expansion" section discussed how restraints like reinforcement affect 
ASR-induced expansion and stress development, it's important to note their influence on crack 
patterns, as illustrated in Figure 7: 

• Unrestrained Concrete: Exhibits random micro-cracking and irregular macro-crack 
patterns due to uniform expansion without constraints. 

• Restrained Concrete: Crack patterns are influenced by the direction and degree of 
restraint. Restraints can alter stress distribution, causing cracks to align parallel to the 
restraint or to develop in specific patterns reflecting the constraints imposed. 
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Figure 7 Influence of reinforcement on ASR cracking [17] 

2.1.4 Impact on Mechanical Properties 
Alkali-silica reaction (ASR) significantly impacts the mechanical properties of concrete by 
causing internal microcracking and expansion. Young's modulus and tensile strength are 
particularly sensitive to ASR-induced expansion, showing significant reductions as expansion 
progresses. Data from ISE  [17] summarizes the lower bounds of residual mechanical properties 
at various ASR expansion levels, Figure 8, demonstrating that Young's modulus and tensile 
strength degrade rapidly, while compressive strength declines at a slower rate. 
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Figure 8 the lower bounds of residual mechanical properties at various ASR expansion levels adapted from [17]; 
where:  fc is compressive strength, ft is tensile strength, E is Modulus of Elasticity 

Esposito et al.  [27] conducted an experimental study and an extensive literature review, finding 
that Young's modulus is one of the most reliable indicators of ASR-induced damage, potentially 
dropping to as low as 90% of its original value. Tensile strength, on the other hand, can decrease 
by about 64% when expansion exceeds 1%. However, some studies, such as Sanchez et al.  [28], 
reported even higher tensile strength reductions. These variations can often be attributed to 
differences in the aggregate types and cracking patterns. Table 1 shows The classification of ASR 
damage degrees and the corresponding material property losses are  

Table 1 Classification of the damage degree in concrete due to ASR (adapted and reproduced from [28] and cited in 
[29]) 

Classification of ASR 
damage degree (%) 

Reference 
expansion level (%) 

Assessment of ASR 
Stiffness: loss in 

elastic modulus % 
Compressive 

strength loss % 
Tensile 

strength loss % 

Negligible 0.00 - 0.03 - - - 

Marginal 0.04 ± 0.01 5 – 37 0 – 15 15 – 60 

Moderate 0.11 ± 0.01 20 – 50 0 – 20 40 – 65 

High 0.20 ± 0.01 35 – 60 13 – 25 45 – 80 

Very high 0.30 ± 0.01 40 – 67 20 – 35 50 – 80 

2.1.5 Impact on Structural Behaviour of reinforced concrete member 
Alkali-silica reaction (ASR) significantly affects the structural behaviour of reinforced concrete 
beams by altering loading capacity, failure mode, and crack patterns. While ASR leads to 
noticeable reductions in material properties such as compressive and tensile strengths, these 
reductions do not always correspond to significant decreases in ultimate load capacity. In some 
cases, ASR can even increase shear capacity and change failure modes from shear to bending. 

Loading Capacity 

Significant Reduction in Load Capacity: Research by den Uijl  [30] found that beams cut from 
severely ASR-affected areas of a slab viaduct exhibited a shear capacity of only 75% of the 
estimated value without ASR damage. This reduction was primarily attributed to the decreased 
tensile strength caused by ASR, which led to shear tension failures instead of the expected 
flexural shear failures. Similarly, Aryan et al. [31] documented notable reductions in shear 
strength and stiffness in ASR-affected beams. They noted that beams with minimal shear 
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reinforcement were particularly susceptible to increased cracking and deformation under shear 
loads.  
Increase in Load Capacity: Conversely, Ahmed et al.  [32] observed that ASR increased the shear 
capacity of reinforced concrete beams, regardless of the presence of shear links. They explained 
that the beneficial effects of cement hydration outweighed the detrimental effects of ASR-
induced cracking. Good anchorage further reduced expansion and enhanced shear strength, 
suggesting that proper reinforcement can mitigate some adverse effects of ASR. This finding 
indicates that, under certain conditions, ASR can lead to improved load capacity. Anca et al.  [33] 
similarly found that in lightly reinforced concrete elements, the internal prestressing effects from 
ASR expansion sometimes mitigated the reduction in shear capacity. 

Minor Reduction or No Change in Load Capacity: Other studies have found that ASR has little 
to no impact on load capacity. Fan et al. [34] conducted four-point bending tests on beams with 
various reinforcement ratios and reported that ASR-induced expansion and cracking did not 
reduce the flexural loading capacity of the beams. This suggests that while ASR severely impacts 
the mechanical properties of concrete cylinders, its effect on the structural behaviour of 
reinforced concrete beams is less pronounced. These discrepancies in findings can be attributed 
to differences in test conditions, reinforcement, and the extent of ASR damage. Similarly, Cao et 
al. [35] noted that the flexural capacity of reinforced concrete beams, despite ASR-induced 
microcracking and deterioration, remained largely unaffected due to the structural integrity 
provided by longitudinal reinforcement.  

Influence of ASR on Deflection 

ASR impacts the deflection behaviour of concrete beams. Abe et al. [36] investigated the 
influence of ASR on the flexural yield strength and ultimate shear strength of reinforced concrete 
beams. They observed a slight reduction in yield strength and a significant reduction in deflection 
at yield strength in ASR-affected beams. Additionally, there was a shift in failure modes from 
diagonal shear tension failure in unaffected beams to horizontal slip failure in ASR-affected 
beams, Figure 9. This change was linked to ASR-induced horizontal cracks altering the stress 
distribution within the beams. 
Ohno et al. [37] noted that while the ultimate flexural strength of ASR-damaged beams was 
similar to that of unaffected beams, the deflection at yield strength was reduced. These internal 
defects decreased the beam’s ability to deform under load. Similarly, Fan et al. [34] observed that 
ASR-affected beams had slightly lower deflection and curvature after yielding compared to 
nonreactive beams, despite similar flexural strengths. 
Inoue et al. [38], however, documented that ASR-affected beams exhibited higher flexural 
cracking strengths due to the internal chemical prestressing effects caused by ASR-induced 
expansion. This prestressing effect improved the deformability of some ASR-affected beams, 
particularly in cases with higher reinforcement ratios. Murazumi et al. [39] found that although 
ASR-affected beams initially exhibited lower stiffness compared to normal beams, as the load 
increased, the stiffness of the ASR-affected beams surpassed that of the unaffected beams. 
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Figure 9 The failure mode shifted from diagonal shear tension in beams not affected by ASR to horizontal slip failure in 
beams affected by ASR, as reported by Abe et al.  [36]. 

Failure Mode 

The failure mode of ASR-affected beams often can change from shear to bending Ahmed et al.  
[40] found that the provision of shear links in ASR-affected beams increased shear resistance 
sufficiently to change the failure mode from shear to bending. This shift is due to the compressive 
stresses induced by ASR expansion, which compensate for the loss in tensile strength and 
enhance shear resistance. Similarly, Kobayashi et al. [41] observed that beams with high shear 
reinforcement ratios failed in bending due to concrete crushing, while beams with less shear 
reinforcement failed in shear.  

Inoue et al.  [38] presented a special case where the failure mode of ASR-affected beams with a 
high reinforcement ratio changed from shear in unaffected beams to bending in affected beams. 
They found that the ASR-affected beams failed in flexure with sufficient ductility, while the 
unaffected beams failed in shear in a brittle manner, Figure 10. This study emphasizes the critical 
role of reinforcement in determining failure modes in ASR-affected structures. 

 
Figure 10 The unaffected beams exhibited shear failure, whereas the affected beams failed in bending, as reported by 
Inoue et al.  [38]. 

Role of Reinforcement 

The mitigating effect of reinforcement on ASR-induced damage is consistently highlighted across 
studies. Adequate reinforcement not only enhances structural capacity but also influences how 
ASR affects the beam's behaviour. 
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Li et al.  [24] found that larger reinforcement bars are more effective at reducing ASR expansion, 
providing greater restraint against internal gel pressures. The presence of stirrups and 
longitudinal reinforcement reduces concrete expansion stresses and delays the formation of 
ASR-induced cracks, leading to fewer overall cracks. This interaction significantly influences 
deflection characteristics and helps maintain load capacity despite material degradation. 

Li et al. [26] reported that higher longitudinal and stirrup reinforcement ratios reduce overall 
volumetric expansion due to ASR. Stirrups provide confinement that delays crack formation and 
expansion-induced stresses, contributing to shifts in failure modes from shear to bending. The 
study emphasizes that beams with sufficient reinforcement often maintain higher load capacities 
and exhibit improved structural performance. 

Aryan et al.  [31] highlighted that adequate shear reinforcement is crucial in mitigating ASR-
induced damage, especially in beams subjected to shear loads. Beams with minimal shear 
reinforcement were more vulnerable to significant reductions in load capacity, increased 
cracking, and deformation under shear loading. 

Anca et al.   [33] emphasized that reinforcement ratios significantly influence the structural 
performance of ASR-affected elements. Lightly reinforced beams may benefit from internal 
prestressing effects due to ASR expansion, while heavily reinforced beams maintain reasonable 
shear performance despite ASR-induced damage. 

Overall, reinforcement—both in terms of quantity and detailing—plays a critical role in mitigating 
the adverse effects of ASR. Adequate reinforcement restrains ASR expansion, delays crack 
formation, enhances shear resistance, and can alter failure modes, contributing to the 
maintenance of structural integrity and load-bearing capacity. 

Influence of Chemical Prestressing 

The influence of chemical prestressing due to ASR expansion on the structural behaviour of 
concrete beams has been documented in various studies. Inoue et al.  [38] reported that ASR-
induced expansion introduced significant internal compressive stresses, which improved the 
shear resistance of ASR-affected beams. This internal prestress also contributed to higher 
flexural cracking strengths, allowing ASR-affected beams to exhibit higher flexural strength 
compared to unaffected beams. Kobayashi et al. [41] similarly noted that the chemical 
prestressing effect prevented the formation of new cracks, thereby enhancing the overall shear 
resistance of the beams. 
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2.1.6 Summary 
The examination of Alkali-Silica Reaction (ASR) reveals that it is a multifaceted phenomenon with 
significant implications for concrete structures. The key takeaways from this exploration are: 

1. ASR-Induced Expansion: 

o Free vs. Restrained Expansion: ASR can cause both free expansions, where 
concrete expands without constraints, and restrained expansion, where internal 
or external restraints limit expansion and generate additional stresses. 

o Anisotropy of Expansion: Expansion due to ASR is often anisotropic. At the 
material level, this anisotropy arises from factors like aggregate orientation and 
moisture gradients. At the structural level, anisotropy results from confinement 
provided by reinforcement, prestressing, external compressive forces, and 
boundary conditions. 

2. Reduction of Mechanical Properties: 

o Elastic Modulus and Tensile Strength: ASR significantly reduces mechanical 
properties, with elastic modulus and tensile strength being the most affected. 
These reductions impact the stiffness and cracking resistance of concrete 
structures. 

o Variability in Degradation: The extent of mechanical property reduction varies 
depending on factors such as the type of reactive aggregates, degree of ASR 
progression, and presence of microcracks and its orientations. 

3. Impact on Structural Behaviour: 

o Load Capacity: ASR can lead to no reduction or only slight reductions in load 
capacity (in some cases increases). In some cases, internal chemical 
prestressing due to ASR-induced expansion can offset losses in material strength. 

o Deflection Behaviour: Deflection can be reduced in ASR-affected structures due 
to stiffness degradation and internal cracking, affecting serviceability. 

o Failure Modes: ASR may alter failure modes, such as shifting from shear to 
bending failures, influenced by changes in internal stress distributions and 
material properties. 

4. Influence of Confinement and Reinforcement: 

o Confinement Effects: Confinement, whether provided by reinforcement, 
prestressing, external loads, or boundary conditions, plays a crucial role in the 
structural response of ASR-affected concrete. It not only restrains expansion but 
also influences anisotropy and internal stress development. 

o Contradictory Findings: The literature presents differing and sometimes 
contradictory results regarding ASR's impact. These discrepancies are often 
attributed to variations in confinement conditions, reinforcement details, and the 
extent of ASR-induced damage. 

5. Implications for Modelling Approaches: 

o Accounting for Confinement and Anisotropy: Models aiming to predict the 
structural behaviour of ASR-affected concrete must incorporate the effects of 
confinement and the resulting anisotropy of expansion. This inclusion is essential 
for accurately simulating stress distributions and deformation patterns. 
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o Influence of Environmental Factors: Moisture and temperature significantly 
affect ASR progression and expansion behaviour. Models should be capable of 
accounting for these environmental influences. 

o Material Heterogeneity: The inherent heterogeneity of concrete, including 
variations in aggregate properties and microstructural characteristics, must be 
considered to capture the localized effects of ASR. 

Understanding the complex interplay between ASR-induced expansion, mechanical property 
degradation, and structural behaviour is critical for developing robust predictive models. Such 
models should accurately represent the influence of confinement, anisotropy of expansion, 
environmental conditions, and material heterogeneity. By doing so, engineers can better assess 
the structural integrity of ASR-affected concrete structures and design effective mitigation and 
rehabilitation strategies. This comprehensive understanding serves as a foundation for the 
modelling approaches discussed in subsequent chapters, where these key factors are integrated 
into analytical and numerical models to simulate the behaviour of ASR-damaged structures 
accurately. 
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2.2 Modelling of Alkali-Silica Reaction (ASR) 
Building on the understanding of ASR's physical and structural effects from the previous section, 
this part of the literature review focuses on modelling approaches for simulating ASR in concrete 
structures. ASR's complexity, from microscopic reactions to structural impacts, demands varied 
modelling strategies. Despite numerous models, a gap remains between detailed scientific 
understanding and practical application, particularly in accounting for time-dependent 
expansion and mechanical property deterioration. 

This section categorizes and reviews existing ASR models, highlights their limitations, and lays 
the groundwork for developing a simplified, reliable macro-scale model. The review is structured 
into four sections:  

• Classification of ASR Models: An overview of models based on scale and principles.  
• Structural Models: A review of FEM approaches, focusing on ASR's structural effects. 
• Material Models: Analysis of models predicting ASR expansion and its impact on 

mechanical properties. 

This review identifies key factors necessary for developing a practical, effective ASR modelling 
framework. 

2.2.1 Classification of ASR Models  
Over the past decades, various models have been developed to simulate ASR, each targeting 
different aspects of the phenomenon due to its multi-scale nature. Esposito et al. [7], as 
mentioned earlier, provides a comprehensive classification of existing ASR models into four main 
categories, which will form the framework for this discussion: 

(a) Macro-Models (based on concrete expansion) 
(b) Meso-Models (based on internal pressure) 
(c) Micro-Meso-Models (based on gel production) 
(d) Micro-Models (based on ion diffusion/reaction products) 

While other researchers might adopt different classification schemes, Esposito's approach is 
both intuitive and comprehensive, making it a suitable basis for this review. 

1. Macro-Scale Models 
Macro-scale models simulate ASR-induced expansion at the structural level. They apply strains 
to concrete elements to mimic the effects of expansive gel production over time. Initially, ASR 
expansion was modelled as an equivalent isotropic thermal strain, assuming uniform expansion 
in all directions [7]. However, recent studies have demonstrated that ASR expansion behaves 
anisotropically, influenced by factors such as aggregate orientation, confinement, and 
reinforcement. 
These models primarily focus on the macroscopic consequences of ASR on structural elements, 
such as load-bearing capacity, cracking, deformation, reinforcement yielding, and serviceability 
effects. They are practical for structural engineers analysing large-scale structures, as they 
abstract the complex chemical processes into mechanical strains applied within finite element 
frameworks. 

2. Meso-Scale Models 
Meso-scale models address ASR by simulating internal pressures at the material level. They treat 
concrete as a heterogeneous material composed of aggregates embedded within a cementitious 
matrix, possibly including an interfacial transition zone (ITZ). These models directly simulate 
expansion by representing the swelling pressure of the ASR gel within the microstructure [7]. They 
require detailed definitions of parameters such as aggregate shape, size, volume fraction, and 
distribution within a representative elementary volume (REV). 
Due to the necessity of detailed microstructural data and consideration of physicochemical 
processes, meso-scale models are more complex and exhibit greater variability than macro-



18 

 

 

scale models. They provide insights into how ASR affects material properties at an intermediate 
scale, which can influence larger-scale behaviour. 

3. Micro-Meso Scale Models 
Micro-meso scale models operate at the aggregate level, linking gel production processes to the 
mechanical behaviour of concrete. They capture the strain or pressure imposed on concrete due 
to gel expansion, integrating physicochemical aspects of ASR [7]. By associating the gel's mass 
or volume changes with mechanical effects at the aggregate level, these models offer a detailed 
understanding of how gel production translates into expansion and damage. 

4. Micro-Scale Models 
Micro-scale models provide the most detailed representation, focusing on the diffusion-reaction 
mechanisms governing ASR gel formation. They meticulously simulate chemical reactions, ion 
diffusion, alkali leaching, and silica consumption at the microscopic level [7]. While they offer 
valuable insights into the chemistry of ASR, their complexity makes them less suitable for direct 
application in structural analysis without integration into larger-scale frameworks. 

From a practical engineering perspective, these models can be summarized into two primary 
categories, [14]: 

• Structural Models (Macro-Scale Models): These models are directly applicable for 
structural analysis, addressing the impact of ASR on large-scale structures. They are 
suitable for predicting load-bearing capacity, deformation, and serviceability issues. 

• Material Models (Meso, Micro-Meso, and Micro-Scale Models): These models offer a 
deeper understanding of the chemical and physical aspects of ASR at the material level. 
They are most effective when integrated into larger-scale models to inform how ASR-
induced changes affect material behaviour. 

 
Despite the valuable insights offered by each category, a significant gap exists in developing 
models that can effectively capture the complex physicochemical nature of ASR while remaining 
applicable to large-scale structures. Many existing models do not fully account for critical factors 
such as anisotropic expansion, temperature and humidity variations, and the deterioration of 
mechanical properties over time. Multi-scale models have been proposed to integrate material-
level behaviour with structural performance. However, they tend to be overly complex, 
computationally intensive, and require extensive data collection, rendering them impractical for 
routine engineering applications. 
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2.2.2 Review of Structural Models 
Several finite element (FE) models have been developed in recent years to assess the condition 
of ASR-affected structures and forecast their future behaviour. These models vary in their input 
and output parameters, depending on their specific focus. Broadly, two types of models can be 
distinguished: those simulating environmental effects on ASR expansion, and those focused on 
structural behaviour. 

The first type of model uses environmental parameters, such as temperature and moisture, as 
input to predict strain and stress distributions resulting from ASR. In contrast, the second type of 
model treats ASR expansion as the input—often estimated or known—and generates output 
related to structural behaviour, such as load-deflection responses and crack patterns. In 
alignment with the objectives of this study, the focus will be on the second type of model, which 
simulates the impact of ASR on structural behaviour. 

Farage et al.  [42], developed a macroscopic model simulating the behaviour of concrete affected 
by alkali-aggregate reaction (AAR). Using a smeared crack model within a finite element 
framework, the model treats concrete as a heterogeneous material. It assumes uncoupling 
between stress and gel formation, simplifying the interaction between mechanical stresses and 
chemical reactions. While reducing complexity, this assumption limits the model's ability to 
capture the full scope of ASR processes. The model was validated against lab-scale tests on 
reactive concrete samples but did not extend to real-world structural behaviour or account for 
coupling between stresses and ASR. 

Juliani et al.  [43], applied a macro-scale model to assess the effects of AAR on concrete pile caps 
using a finite element model in ANSYS. The model included logarithmic expansion regression to 
describe concrete swelling over time and modelled ASR expansion as thermal expansion, 
assuming anisotropy and confinement influences beforehand. While practical for engineering 
applications, this approach limits the model's predictive capacity over long-term degradation, 
highlighting the need for continuous monitoring to fully understand ASR effects on structural 
integrity. 

Ferche et al.  [44], proposed a macro-modelling approach to analyse the nonlinear behaviour of 
ASR-affected reinforced concrete structures using a smeared rotating crack model. The model 
assumes concrete behaves as an orthotropic material under ASR conditions. While it provided 
reasonable load-deformation response simulations, it failed to accurately capture ASR-induced 
anisotropic properties and bond degradation. The model's limitations suggest the need for 
refinements to address non-uniform reductions in mechanical properties, particularly under 
real-world environmental stresses. 

Chen  [45], introduced a dual mesh method (DMM) to simulate ASR-affected reinforced concrete 
beams, focusing on realistic pre-damage conditions such as ASR-induced cracks. The model 
represents a significant advancement by simulating anisotropic expansion and incorporating 
chemical prestress caused by ASR. It successfully predicts transitions between failure modes, 
such as from shear to bending, and integrates pre-existing cracks, providing a more realistic 
simulation of ASR's impact. However, the study primarily focused on adjusting the dual mesh 
parameters to fit experimental results, with less attention given to the material properties of ASR-
affected concrete. Further investigation and refinement of the dual mesh method are needed to 
predict long-term structural behaviour accurately. A deeper understanding of the relationship 
between imposed expansion and material property degradation is essential, along with 
developing the approach for applications beyond experimental settings.  

Gorga et al.  [46], developed a finite element approach using ABAQUS to assess a concrete 
overpass damaged by ASR after 50 years in service. The model combined the mechanical 
behaviour of concrete with ASR-induced expansion effects, utilizing both the Concrete Damaged 
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Plasticity (CDP) model and an analytical ASR expansion model. A user subroutine (USDFLD) was 
implemented to capture the anisotropic expansion of ASR. While the model successfully 
replicated observed damage patterns and evaluated the residual strength, this was based on 
specific reduced material properties and expansion levels observed from field data after 50 years 
of service. Although this demonstrates the model's ability to simulate structural behaviour at a 
given point in time, it highlights the limitation in forecasting long-term behaviour. The study 
recommended further research into the combined effects of distress mechanisms such as 
freeze-thaw cycles and corrosion, as well as refining environmental exposure factors like 
temperature and relative humidity for more accurate long-term ASR damage predictions. 

Vo et al.  [47],developed a homogenized finite element model to assess the residual strength of 
ASR-affected reinforced concrete beams. This meso-scale model simplifies the complex 
interaction between ASR-induced expansion and reinforcement by homogenizing the concrete 
matrix and steel reinforcement. Although the model was validated with experimental data, the 
homogenization approach may oversimplify the interactions between concrete and 
reinforcement, particularly in more complex structures where detailed modelling of local effects 
is crucial. This simplification could limit the model's accuracy in capturing the nuanced 
behaviour of ASR-affected structures under varying conditions. 

Alrousan et al.  [48], studied ASR-damaged full-scale bridge deck slabs reinforced with Carbon 
Fiber Reinforced Polymer (CFRP) bars using nonlinear finite element analysis. The study 
demonstrated the advantages of CFRP reinforcement in improving load-carrying capacity, with 
the FE models effectively capturing the impact of ASR damage through staged reductions in 
concrete’s compressive and tensile strengths over time. However, the model treated ASR damage 
as a global reduction of material properties at different stages, rather than explicitly simulating 
ASR-induced expansion and anisotropic damage. While this approach provided useful insights 
into the progression of ASR and its influence on structural failure, it did not account for the 
localized effects of ASR expansion and cracking, which could be critical for long-term predictions 
of ASR behaviour. 

Kongshaug et al.  [49], focused on finite element (FE) modelling of reinforced concrete (RC) beam 
bridges affected by ASR, aiming to illustrate the load effects caused by ASR expansion on 
statically indeterminate beam structures. The study emphasized the importance of accurately 
modelling material constitutive behaviour, including non-linearities such as cracking, creep, and 
crushing, to assess the structural load effects of ASR. Building on this work, Kongshaug et al.  [50], 
extended the research by developing an inverse problem methodology to estimate ASR-induced 
stresses based on displacement measurements and crack observations. By integrating both 
material modelling and back-calculated stress estimations, these studies offer a comprehensive 
approach to understanding ASR-induced damage in RC structures. However, Kongshaug et al.  
[50] simplified the ASR expansion as thermal-like linear strain fields and assumed constant 
environmental conditions, limiting its predictive accuracy in more complex, real-world 
environments. This simplification calls for further investigation to enhance the approach for more 
accurate predictions in varied environmental conditions. 
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The review of previous models reveals that most simulate ASR either as imposed strain or as a 
global reduction in material properties. Recent models [50, 52-54], have improved accuracy in 
capturing ASR effects but often require complex implementations using commercial FEM 
software with specialized subroutines and multiple input parameters. This complexity makes 
them less practical for routine engineering applications. 

In contrast, the Dual Mesh Method (DMM) introduced by Chen  [45] offers a more practical 
solution. It simplifies the implementation process by requiring only a single input for ASR and 
avoids the need for subroutines. The method effectively simulates ASR-induced damage and 
physical restraints, irrespective of boundary conditions, besides accurately capturing the 
anisotropic nature of ASR expansion. Chen’s model has shown success in replicating 
experimental results related to failure mode, load-bearing capacity, and deflection. However, 
further investigation is required to enhance its predictive capability for long-term structural 
behaviour. 

Additionally, all studies highlight the importance of refining environmental factors, such as 
temperature and relative humidity, to improve the accuracy of long-term ASR damage 
predictions. 

In summary, while advanced models provide detailed simulations, their complexity limits 
practical use. Chen’s dual mesh approach stands out as a promising alternative, balancing ease 
of implementation with accurate ASR simulation. Further refinement could lead to a reliable tool 
for engineers to assess and predict long-term ASR-affected concrete structures. 

2.2.3 Review of Material Models 
2.2.3.1 Time-Dependent ASR-induced Free Expansion Model 
Several empirical and analytical models have been developed to estimate ASR kinetics and the 
resulting expansion in laboratory settings, which, when combined with numerical analyses, aim 
to predict the structural implications, such as deformation and stability, of structures and their 
components [11, 55-60]. Among these models, Larive's semi-empirical model is one of the most 
widely accepted and utilized by the ASR research community [2, 14, 61-65]. This model, which 
describes the stress-free expansion evolution, is based on an extensive experimental database 
of over 600 concrete specimens incorporating various reactive aggregates and exposed to 
different laboratory conditions [55]. 

Larive's induced expansion plot typically exhibits an S-shaped curve, which can be divided into 
four distinct phases, illustrated in Figure 11 (a). The first phase represents the formation of AAR-
secondary products (e.g., ASR-gel) and their accommodation within reactive aggregates and 
adjacent cement paste, resulting in minimal to no expansion. The second phase, characterized 
by an ascending curve, signifies the AAR-induced expansion due to moisture uptake by the 
reaction product. During this phase, expansion occurs with limited cracking, creating an initial 
convex shape. This phase concludes at the inflection point of the S-curve, beyond which 
significant deterioration, including cracking within aggregate particles and surrounding cement 
paste, begins. In the third phase, the curve transitions from convex to concave, as the reaction 
products find additional space (such as cracks and flaws) to occupy, thereby reducing the rate of 
AAR expansion. The fourth and final phase shows a levelling off of the reaction as the system 
exhausts the total available reactants (alkalis and/or silica) [60]. It's important to note that similar 
levelling-off trends in laboratory tests might occur not because of the complete consumption of 
reactants, but rather as a result of alkali leaching [62]. 
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(a)  

  

(b)  (c)  

Figure 11 (a) Physical deterioration associated with ASR at stages of the Larive model [29] adopted from [15] (b) ASR-
Induced Expansion Curves Considering Temperature (θ)  [15], (c) )  ASR-Induced Expansion Curves Considering 
Temperature and relative humidity (RH) [61] 

Numerous efforts have been made to enhance the Larive model for predicting Alkali-Silica 
Reaction (ASR) expansion in concrete by incorporating additional factors such as environmental 
conditions and material properties. Capra et al. [63] extended the model to account for 
temperature variations, while Saouma et al. [11] introduced the effects of relative humidity and 
stress states. Figure 11 (b) and (c) illustrate the influence of temperature variations and relative 
humidity on the expansion curve.  Comi et al.  [54] further refined the model by coupling it with 
concrete saturation levels. Grazia et al. [64] tailored the model to specific aggregate types and 
reactivity levels. Despite these advancements, the models often require case-by-case calibration 
and detailed environmental data, which can be difficult to obtain in practical applications. 
Therefore, for simplicity and due to the unavailability of the necessary data profiles in this 
research, the original Larive model will be employed without incorporating these additional 
factors. The explanation of Larive’s equation and its parameters, along with its application to 
develop a time-dependent expansion relationship, will be presented in Chapter 6. 

2.2.3.2 Expansion-Dependent Material Deterioration Model 

The relationship between ASR-induced expansion and the subsequent degradation of concrete's 
mechanical properties is a critical area of study for understanding and forecasting the structural 
impacts of ASR. The research conducted by Esposito et al. [65] provides significant insights into 
this relationship. Their study, not only clarify the relationship between ASR-induced expansion 
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and the subsequent decline (or, in some cases, enhancement) of material properties, but also 
proposes a revised degradation model based on statistical analysis of laboratory test results and 
available literature. This model refines the degradation law previously proposed by Saouma et al  
[11], making it more accurate in predicting the behaviour of concrete affected by ASR. 

In Esposito et al.'s model [65], tensile strength and elastic modulus are described using an 
inverse S-shaped curve as functions of ASR expansion, Figure 12. While for compressive 
strength, a piecewise linear curve was proposed. This model is essential for developing 
predictive tools for ASR-affected concrete structures, as it effectively captures the material 
property deterioration across expansion levels, providing critical input for finite element models. 
A detailed explanation of the model, its parameters and its application will be provided in 
Chapter 4. 

 
Figure 12 Best curve-fitting results of the relation between normalized properties and concrete expansion of statical 
analysis of laboratory test results and data available in the literature [27] 

2.2.4 Summary 
The complexity of Alkali-Silica Reaction (ASR), which spans microscopic chemical reactions to 
macroscopic structural damage, has led to a variety of models across different scales. ASR 
models are generally classified into four categories: macro-models, meso-models, micro-meso 
models, and micro-models. Each category focuses on different aspects of the ASR process, from 
the diffusion and chemical reactions at the micro-scale to the structural effects at the macro-
scale. 

From a practical engineering perspective, these models can be split into two main groups: 

1. Material Models (Meso, Micro-Meso, and Micro-Scale Models): 

o Focus: These models simulate the expansion process and ASR kinetics, 
addressing the chemical and physical changes within the concrete material. 

o Advantages: Provide detailed insights into ASR-induced expansion, internal 
pressures, and gel production, enhancing the understanding of material-level 
degradation. 

o Disadvantages: Highly complex and data-intensive, making them challenging to 
implement in routine engineering applications due to the extensive 
microstructural information required. 
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2. Structural Models (Macro-Scale Models): 

o Focus: These models simulate the mechanical fracturing and deterioration 
resulting from ASR-induced expansion at the structural level. 

o Advantages: Practical and computationally efficient for large-scale structural 
analysis, allowing engineers to predict load-bearing capacity, deformation, and 
serviceability issues. 

o Disadvantages: Often oversimplify the underlying physicochemical processes 
and fail to account for the time-dependent nature of ASR expansion and 
mechanical property deterioration, potentially leading to inaccurate predictions. 

Gap in Existing Models: Despite the advancements in both material and structural models, there 
remains a significant gap in developing models that effectively capture the complex, time-
dependent behaviour of ASR while remaining practical for engineering applications. Existing 
macro-scale models typically neglect the progressive deterioration of mechanical properties and 
the anisotropic nature of ASR expansion, limiting their predictive accuracy for long-term 
structural performance. 

Structural Models: 

• Finite Element Models (FEM): Various FEM approaches have been developed to assess 
ASR-affected structures, focusing on simulating load-deflection responses, crack 
patterns, and residual strength. Notable models, such as the Dual Mesh Method (DMM), 
offer improved simulation of anisotropic expansion and pre-damage conditions but 
require further refinement for long-term predictions. 

• Implementation Challenges: Advanced structural models often involve complex 
implementations with specialized software and numerous input parameters, reducing 
their practicality for routine use. 

Material Models: 

• Expansion-Time Relationships: Empirical models like Larive’s model effectively 
describe ASR-induced expansion over time but may require calibration for specific cases. 

• Material Property Degradation: Models by Esposito et al. establish a relationship 
between ASR expansion and the degradation of concrete’s mechanical properties, 
essential for integrating into structural models. 

• Simplification Needs: While detailed material models provide deep insights, their 
complexity necessitates simpler approaches for practical engineering applications, 
leveraging available experimental data and phenomenological models. 

2.3 Software selection 
A survey was conducted to select the most suitable software and modelling approaches from a 
practical and efficiency standpoint. DIANA FEA was selected for this research due to its intuitive 
interface and specialized functionalities that closely align with the research's requirements. The 
software's extensive library of pre-defined material models and robust capabilities in nonlinear 
analysis provide an efficient and reliable platform for conducting the finite element analyses 
essential to this study. In Appendix B, a detailed comparison between the three most well-known 
software platforms—DIANA FEA, ABAQUS, and ANSYS—is provided, illustrating the strengths 
and limitations of each and further supporting the selection of DIANA FEA for this research. 
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2.4 Conclusion 
The literature review underscores the complex, multi-scale nature of Alkali-Silica Reaction (ASR) 
and the existing limitations in current modelling approaches. Material models offer detailed 
insights but are impractical for routine engineering use, while structural models provide practical 
applications yet often overlook time-dependent expansion and property degradation. 
Additionally, the software selection highlights the need for an intuitive and efficient finite element 
tool to implement the desired macro-scale modelling effectively. 

Aligning with the thesis aim, this study adopts a novel dual mesh approach within a macro-scale 
finite element framework. The dual mesh method enhances traditional macro-scale models by 
accurately simulating anisotropic ASR expansion. Furthermore, this study will integrate 
expansion-dependent mechanical property degradation and couple the expansion with a time-
based free ASR expansion correlation, achieving this without the excessive complexity of detailed 
material models. This innovative methodology bridges the gap between detailed scientific 
understanding and practical engineering application, providing a solid foundation for accurately 
predicting the long-term behaviour of ASR-affected concrete structures. Consequently, it 
enables engineers to effectively assess, maintain, and rehabilitate impacted infrastructure with 
greater accuracy and confidence. 
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3. Methodology 
This chapter outlines the methodological framework adopted to develop a practical and reliable 
macro-scale finite element model for simulating the structural behaviour of reinforced concrete 
structures affected by Alkali-Silica Reaction (ASR) over time. The methodology comprises four 
interconnected phases: the literature and tool survey, structural model development, 
material models integration, and the final framework for coupling structural and material 
models. These phases work in parallel and interactively to bridge the gap between detailed 
scientific models and practical engineering tools, enabling engineers to effectively assess long-
term structural performance. 

The first phase involves an extensive review of existing literature and finite element software to 
understand the mechanisms of ASR and its impact on concrete and reinforced concrete 
structures. This phase also examines various modelling techniques across different scales—
micro, meso, and macro—to identify the most suitable approach for simulating ASR effects in 
reinforced concrete structures. The review helps in selecting finite element software that meets 
the research's requirements for accurately simulating ASR effects, considering factors such as 
user interface, material models, and computational efficiency. 

The second phase focuses on the systematic development of the structural model. A numerical 
modelling approach was adopted, starting with the investigation and enhancement of the Dual 
Mesh Method (DMM). This method was further advanced into the Modified Dual Mesh Method 
(MDMM), which incorporates several key features. The DMM utilizes two meshes: a primary mesh 
to represent the concrete material and captures structural behaviour, and a secondary mesh to 
simulate ASR-induced expansion effects. Initial strains equivalent to ASR-induced free expansion 
are incrementally applied to the secondary mesh and transferred to the primary mesh, simulating 
anisotropic expansion and internal stresses. The constitutive model integrates the relationship 
between expansion and material degradation to account for reduced mechanical properties due 
to ASR, while phased analysis minimizes unnecessary stiffness from the secondary mesh, 
ensuring the model reflects realistic loading conditions and ASR progression over time. 

The structural model was validated through simulations on concrete cube elements under 
various scenarios, testing its ability to capture ASR-induced anisotropic expansion, material 
degradation, and resulting stresses and strains. The progression of ASR over time is simulated by 
externally applying the expansion-time relationship, correlating incremental ASR-induced strains 
in the secondary mesh with specific time steps based on phenomenological models and 
experimental data. 

The model’s performance was further assessed using a benchmark structure commonly used for 
validating FEM models, providing a standardized reference in a realistic setting. Comparative 
analyses with alternative methods confirmed the MDMM’s consistency with theoretical 
expectations and its accuracy in simulating ASR effects on key structural responses, including 
load capacity, deflection behaviour, and failure modes, confirming the model's validity in real-
world applications. 

Parallel to the structural model development, the third phase involved the integration of material 
models to establish relationships between ASR-induced expansion, time, and material property 
degradation. Realistic data from case studies were essential to illustrate how these relationships 
can be established, as they provide practical examples of ASR progression and its effects on 
material properties. The Larive model was employed to describe the expansion-time relationship 
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of ASR in concrete. For simplicity and due to the unavailability of detailed environmental data, 
additional factors like temperature and relative humidity were not incorporated. While Esposito 
et al.'s model linked ASR-induced expansion to the degradation of material properties within the 
concrete constitutive model. Case study data and literature findings were utilized to refine these 
models, ensuring a realistic representation of the time-dependent behaviour of ASR-affected 
materials. 

In the final phase, the previously developed structural and material models were assembled to 
create a comprehensive modelling framework. This step consolidates all components, allowing 
for a unified approach to simulating the effects of ASR on reinforced concrete structures. This 
framework visually represents the interactive phases and key components of the research 
approach, providing a comprehensive overview of the process. 

 
Figure 13 Overview of the Methodology. 
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4. Structural Model Development 
This chapter focuses on developing a numerical modelling approach to simulate the long-term 
structural behaviour of reinforced concrete structures affected by Alkali-Silica Reaction (ASR). 
Building on the Dual Mesh Method (DMM) introduced by Chen [45] ,the method is adapted and 
refined to address specific challenges related to ASR-induced damage. 

The chapter begins with an explanation of the DMM concept and highlights the adaptations made 
in this research to align the method with the requirements for long-term structural analysis 
(Section 4.1). Numerical investigations are conducted to examine the mechanism of the DMM, 
including the effects of expansion anisotropy and material property degradation (Section 4.2). An 
Adapted Tensile Curve (ATC) is introduced to represent the degradation of tensile strength due to 
ASR expansion (Section 4.3). Additionally, phased analysis is utilised to allow accurate 
representation of structural conditions (Section 4.4). 

Together, these advancements form the foundation for a Modified Dual Mesh Method (MDMM), 
which integrates the DMM, ATC, and phased analysis to simulate ASR-affected structural 
behaviour with improved accuracy and predictive capability. 

4.1 Dual Mesh Method Concept  
The Dual Mesh Method (DMM), also known as the Double Mesh Method, offers a noval approach 
to finite element modelling by incorporating two overlapping meshes—a Primary Mesh (structural 
mesh) and a Secondary Mesh (shadow mesh)—within the same physical space and therefore 
undergo the same kinematics [49, 70-73]. These meshes share nodes but consist of distinct 
elements, allowing different material properties to be assigned to each. Figure 14 illustrates a 2D 
representation of this concept. 

The structural mesh represents the primary system and is assigned non-linear material 
properties to simulate the complex mechanical behaviour of concrete under stress. The shadow 
mesh, configured with linear-elastic properties, introduces strain loading to model ASR-induced 
expansion. Despite the increased number of elements, the shared nodes ensure that both 
meshes experience identical deformations, governed by the combined stiffness of the structural 
and shadow meshes. Chen [45] demonstrated the interaction and mechanics of the two meshes 
through analytical 1D and 2D solutions, providing foundational insights into the DMM's 
functionality. A summary of this work is reviewed in Appendix B, and for comprehensive details, 
the reader is referred to Chen’s original publication [45]. 

 
Figure 14 Simple 2D illustration DMM representing 4 shared nodes of dual elements  [45] 



29 

 

 

ASR-induced damage is modelled by applying strain to the shadow mesh. These strains are 
transferred to the structural mesh through shared nodes, simulating the effects of expansion 
forces. The shadow mesh introduces directional pre-strains, influenced by the constraints of the 
structural mesh, thereby mimicking the anisotropic nature of ASR-induced expansion. 

A key difference between this study and Chen's earlier work lies in the application and adaptation 
of the DMM. Chen [45] used the DMM as a pre-cracking technique, where shadow mesh 
parameters were calibrated to match experimental crack patterns. This approach suited 
experimental scenarios where ASR damage was introduced before structural loading. However, 
for real-world structures subjected to ASR while in service, the progression of damage occurs 
post-loading. To address this, the current study modifies and applies the DMM as a post-damage 
method, simulating ASR-induced damage incrementally. 

In addition to adapting the DMM, this research aims to address areas not fully illustrated in Chen's 
work. While Chen provided explanation of the fundamental mechanics of the DMM, the 
numerical aspects and illustrative implementation of the method were not extensively 
demonstrated. This study builds upon Chen's foundational work by offering detailed numerical 
investigations to illustrate how the DMM functions within finite element analyses. Furthermore, 
original work did not explicitly link ASR expansion levels to material property degradation—an 
aspect critical for predicting long-term structural behaviour. This study addresses this gap by 
integrating expansion-based degradation into the DMM framework, enabling its application for 
time-dependent structural assessments. 

Another distinction is the treatment of shadow mesh properties. In DMM approach, the shadow 
mesh's modulus of elasticity and Poisson’s ratio were adjusted for each case to match 
experiments. In this study, the shadow mesh modulus of elasticity is kept constant, and the 
Poisson’s ratio is set to zero to ensure uniform directional expansion on the structural mesh. This 
approach eliminates numerical artefacts in simulating anisotropy by basing anisotropy effects 
only on the structural configuration, ensuring more reliable and consistent results. 

The methodology introduced here applies strain loading incrementally, correlating each 
increment to a specific ASR expansion level. The structural mesh is calibrated to reflect the 
progressive degradation of concrete material properties over these increments. By transitioning 
the DMM from a pre-damage to a post-damage modelling tool, this study expands its applicability 
to real-world structures and provides a pathway for long-term predictions of ASR-affected 
reinforced concrete behaviour. 
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4.2 Numerical Exploratory Study: Implementation and 
Evaluation of the DMM 

This section focuses on the numerical implementation of the DMM, with the following 
objectives: 

1. To numerically illustrate the DMM concept. 

2. To understand the mechanism of stress generation under both linear and nonlinear 
analyses. 

3. To evaluate the model’s capability to capture anisotropy of expansion at structural scale 
due to ASR. 

4. To investigate the model’s capacity to simulate material degradation resulting from 
induced expansion. 

To achieve these objectives, a comparative numerical study is conducted using a 2D plain 
concrete cube model to ensure clarity and simplicity in analysis. The investigation begins by 
illustrating the DMM concept and exploring stress generation mechanisms. Two approaches are 
compared: (1) the Single Mesh Method (SMM), where expansion is applied directly to the concrete 
mesh, and (2) the DMM approach, where expansion is introduced via the shadow mesh. These 
approaches are analysed under both linear and nonlinear conditions to understand their 
differences. 

Next, the model's ability to capture anisotropic expansion due to ASR is evaluated. This is 
achieved by comparing the 2D plain concrete cube model with a modified version that includes 
a single steel rebar to introduce directional restraint. This analysis will highlight how structural 
configuration influences anisotropy in expansion. 

Finally, the degradation of tensile strength and modulus of elasticity (E-modulus) due to 
incremental ASR-induced expansion is investigated. The stress-strain state of the plain concrete 
model is examined to observe property reductions.  

In all simulations, an initial strain of 1% is applied incrementally to the shadow mesh, enabling a 
detailed evaluation of the DMM’s capacity to simulate ASR effects accurately. 

4.2.1 Model Description 
 

   
(a) (b) (c) 

Figure 15 The used finite element model 100x100 mm; (a) plain concrete model, (b) quadratic mesh of the model, and 
(c) restraint model with single steel rebar. 

The model represents a concrete cube with dimensions of 100 mm by 100 mm and a thickness 
of 100 mm, as shown in Figure 15. This simple geometry allows the focus to remain on the 
conceptual differences between SMM and DMM, avoiding the complexity of more intricate 
models (full structural scale). The cube is simply supported to allow for free deformation. Two 
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different loading scenarios are investigated in both linear and nonlinear analyses: strain directly 
applied to the concrete mesh (SMM) and strain applied to the shadow mesh (DMM). To simulate 
the cracking behaviour of concrete, a rotating smeared cracking model is employed, with the 
shadow mesh assumed to be elastic, possessing an elastic modulus equal to 2% of that of 
concrete, as it was proposed by Chen [45]. 

Table 2 summarises the material properties, and Figure 16 provides a simplified model 
description. The model input for tensile behaviour (Tensile Curve) is shown in Figure 17. Detailed 
information about the model setup and parameters can be found in Appendix C.  

Table 2 Material properties of concrete, Shadow mesh, and the steel rebar 

Material Parameter Input 

Concrete Young's modulus (Ec) 33950 MPa 

Poisson's ratio (v) 0.21 

Compressive strength (fcm) 45 MPa 

Tensile strength (ftm) 4.11 MPa 

Shadow mesh Young's modulus (EDM) 2% EC MPa 

Poisson's ratio (v) 0 

Steel rebar Young's modulus (E) 200000 MPa 

Yielding strength (fym) 450 MPa 

Ultimate strength (fum) 540 MPa 

Ultimate strain (εsu) 0.05 

 

 
Figure 16 Finite Element Model Description of the 2D cube 

 
1 It should be noted that, for the first two objectives, the concrete Poisson’s ratio is set to 0. This adjustment 
allows verification of the model against the analytical solution proposed by Chen [45]. 
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Figure 17 Model input for Tensile Curve  

4.2.2 Results & Discussion 
4.2.2.1 Linear Analysis of Expansion Behaviour 
Figure 18 presents the linear analysis results comparing the Single Mesh Method (SMM) and the 
Dual Mesh Method (DMM), including contour plots of displacement in the x-direction (Dtx) and y-
direction (Dty), and vector plots of principal total strains (E) and principal total stresses (S). 

When a 1% initial strain is applied in both cases, both methods exhibit displacement (elongation) 
in both directions. In the SMM, the total displacement, shown in Figure 18 (a) and  Figure 18(c), is 
equivalent to the 1% initial strain applied, as depicted in Figure 18(e). In contrast, the DMM results 
in displacement due to the interaction between the stiffness of the structural mesh (Kst) and the 
shadow mesh (Ksh), as described by the analytical solution proposed by Chen [45] in Equation (1): 

 Δ𝑠𝑡 =
𝐾𝑠ℎ

𝐾𝑠ℎ + 𝐾𝑠𝑡
Δ0 (1) 

 

where Δst represents the final displacement of the structural mesh, Δ0 is the initial applied 
displacement, Ksh is the stiffness of the shadow mesh, and Kst is the stiffness of the structural 
mesh [45]. The final displacement is determined by the relative magnitudes of Kst and Ksh [45].  

The results from the DMM simulation align with Equation (1), particularly when the Poisson’s ratio 
is set to zero, as shown in the comparison. This consistency validates the model's 
implementation in linear analysis. Specifically, the displacement distribution in the DMM, shown 
in Figure 18(b) and Figure 18(d), results from the interplay between the stiffness of the two 
meshes, while the SMM directly applies the initial strain to the concrete mesh. 

Notably, while both methods simulate displacement, only the DMM generates internal stresses, 
as shown in Figure 18(h). This occurs because the shadow mesh restrains the expansion of the 
structural mesh, effectively simulating the stress development caused by ASR-induced 
expansion. 
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Figure 18 Linear analysis results comparing Single Mesh Method (SMM) and Dual Mesh Method (DMM); where Dtx is 
displacement in the x-direction, Dty is displacement in the y-direction, E1 is principal total strains, and S1 is principal 
total stresses. 
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4.2.2.2 Nonlinear Analysis of Expansion Behaviour 
In nonlinear analysis, unlike the linear case where deformation results from the interaction 
between the structural mesh and the shadow mesh with both stiffnesses influencing 
deformation, induced cracks in the structural mesh reduce its stiffness, making the interaction 
between the meshes a dynamic process. Figure 19 presents the nonlinear analysis results 
comparing the Single Mesh Method (SMM) and the Dual Mesh Method (DMM), showing 
displacement in the x-direction (Dtx) and y-direction (Dty). Figure 20 compares the stress-strain 
input and output, displaying total principal strains and stresses on the structural mesh versus 
load factor of applied 1% initial strain, as well as cracking strain versus load factor. Figure 21 
illustrates the development of free expansion in the structural mesh with respect to the initial 
strain. The striped line represents a reference line where the increase in expansion equals the 
increase in initial strain, occurring when the structural mesh stiffness (Kst) is zero. 

The observed free expansion behaviour can be divided into three stages based on two distinct 
kinks (A: maximum tensile strength, and B: ultimate strain) in the curve shown in Figure 21: 

• Stage 1 (0 to Point A): A linear stage from the beginning until the onset of cracking, with 
almost no expansion occurring. 

• Stage 2 (Point A to Point B): From the onset of cracking to when the concrete reaches its 
ultimate strain capacity. Cracking reduces the structural mesh stiffness (Est), leading to 
observable expansion. As cracking progresses, Est continues to decrease. 

• Stage 3 (Point B to 1% strain): The structural mesh is completely cracked with no 
remaining stiffness, and only the shadow mesh stiffness contributes to the behaviour. 

These results demonstrate that the DMM has the capability to simulate the imposed damage due 
to ASR-induced expansion. It should be noted that no reaction forces at the supports are 
observed in both the SMM and DMM analyses. 
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Figure 19 Nonlinear Analysis Results Comparing Displacements in the x-direction (Dtx) and y-direction (Dty) for Single 
Mesh Method (SMM) and Dual Mesh Method (DMM). 
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 (a)  
Figure 20 Comparison of Stress-Strain Input and Output, Principal Strains, Principal Stresses, and Cracking Strain 
Versus Load Factor for Single Mesh Method (SMM) and Dual Mesh Method (DMM); (A: maximum tensile strength, and 
B: ultimate strain). 

 

 
Figure 21 development of Free Expansion on the Structural Mesh with Respect to Initial Strain in Nonlinear Analysis 
for Dual Mesh Method (DMM), Showing Three Distinct Expansion Stages; (A: maximum tensile strength, and B: 
ultimate strain). 

Finally, when initial strain is applied to the shadow mesh, it induces expansion on the structural 
mesh, which is considered as the free expansion. The initial strain applied to the shadow mesh 
and the resulting free expansion on the structural mesh differ from each other, as shown Figure 
21. This difference highlights the need for calibration steps to determine the corresponding free 
expansion for each applied initial strain step, before applying it to confinement conditions. 
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4.2.2.3 Investigation of Expansion Anisotropy 
In this section, a comparison was made between a 2D concrete cube model with expansion 
applied to the shadow mesh under three conditions: unrestrained, restrained with a single steel 
rebar in the x-direction. Figure 22 shows contour plots of displacement in the x-direction for all 
three cases at 1% initial strain. Figure 23 presents contour plots of displacement in the y-
direction for the same cases and stages. Figure 24 illustrates crack strain vectors with crack 
directions at the onset of cracking and at 1% initial strain for both. 

In the unrestrained case, cracks occur simultaneously throughout the structural mesh with a 
random pattern, and displacements are uniform in both x and y directions, indicating isotropic 
expansion due to ASR. 

In the restrained case, the displacement in the x-direction is reduced near the rebar area due to 
the restraint imposed by the steel reinforcement. Slight increases in displacement are observed 
at the corners of the cube in the x-direction, suggesting a redistribution of expansion stresses, 
while displacement in the y-direction is minimally affected. Crack patterns become less random 
in the restrained direction, with cracks around the rebar aligning parallel to the restrained 
direction, consistent with observations from the literature. This behaviour reflects how restraint 
affects crack development and orientation in ASR-induced expansion scenarios. 
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 (a)  (b)  
Figure 22 Contour plots of displacement in the x-direction for unrestrained, restrained, and restrained with Poisson's 
ratio = 0 cases at the onset of cracking and at 1% initial strain. 
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 (a)  (b)  
Figure 23 Contour plots of displacement in the y-direction for unrestrained, restrained, and restrained with Poisson's 
ratio = 0 cases at the onset of cracking and at 1% initial strain. 
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Figure 24  Crack strain orientation at the onset of cracking and at 1% initial strain for unrestrained, restrained, and 
restrained with Poisson's ratio = 0 cases. 

 

 

  

(a) (b) 

   
(c) (d) 

Figure 25 Comparison of Conceptual Crack Propagation Diagrams of ASR-affected prisms with one rebar from from 
Farooq et al. [70]  with Numerical Simulation Results for ASR-Affected Cube with Single Rebar; (a) deformed prism 
[70]; (b) crack pattern of the prism [70]; (c) model output of deformation in x-direction: (d) model output of crack 
orientation. 

Figure 25 compares the conceptual diagrams of crack propagation in prisms with one rebar from 
Farooq et al. [70] to the deformation and crack orientation observed in the numerical simulation 
of the ASR-affected cube with a single rebar. The numerical results exhibit similar deformation 
behaviour to the diagrams in Figure 25(a), with free expansion-like effects at the edges (top and 
bottom) due to reduced restraint from the rebar. The crack patterns in the cube also show 
alignment with Figure 25(b), where diagonal cracks are observed at the top and bottom regions 
and vertical cracks dominate the middle region. While the numerical model does not replicate 
physical reality, the resemblance suggests that the developed model captures key features of 
expansion anisotropy influenced by reinforcement, providing valuable insights into potential 
crack propagation trends under ASR effects. 
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4.2.2.4 Investigation of Material Property Degradation 
Figure 26 compares the model output for tensile strength (ft) and elastic modulus (E) reduction 
as functions of ASR-induced expansion using the linear tensile curve model, alongside the ISE 
lower bound [17] for reference. It should be noted that the model's output for E-modulus 
represents the secant elastic modulus, defined as the tangent of the line connecting the targeted 
point to the origin. 

For tensile strength, Figure 26(a) shows that the linear model predicts a proportional decrease in 
ft with increasing expansion, aligning closely with the ISE lower bound but ultimately reducing to 
zero.  

While this provides a useful baseline for understanding material degradation, it is important to 
view this from a different perspective. In the present approach, ASR expansion is applied 
incrementally to represent progressive changes over time. Observations from the literature [12, 
17, 27] indicate that tensile strength decreases with increasing expansion but eventually 
stabilises at a residual plateau. This finding implies that ASR-affected concrete retains some 
residual tensile strength over time, a behaviour that should be incorporated into the model to 
enhance its accuracy. 

For elastic modulus, Figure 26(b) shows a rapid decline in stiffness in the linear model, with a 
sharp drop below 0.2 even at minimal expansion levels, stabilising after 0.1% expansion. By 
contrast, the ISE lower bound suggests a more gradual and conservative reduction in stiffness. 
This difference highlights that the current tensile curve predicts rapid deterioration, particularly 
during the early stages of ASR-induced expansion. To address this, the tensile strength–
expansion relationship within the model requires adaptation to align with realistic behaviour 
observed in ASR-affected structures. 

  
(a)  (b)  

Figure 26 Comparison of Model Output and ISE Lower Bound for Tensile Strength and Elastic Modulus Reduction Due 
to Expansion Using Linear Tensile curve 

While these results demonstrate the model's capability to capture material degradation, the 
critical question remains whether these reductions faithfully represent observations from case 
studies or specific material degradation-expansion relationships. The next section will address 
this issue by refining the model to enhance its applicability to real-world ASR-affected structures. 
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4.3 Adapted Tensile Curve (ATC) 
In finite element analysis (FEA), constitutive models are used to simulate the stress-strain 
behaviour of materials, including concrete, under various loading conditions. For ASR-affected 
concrete, the choice of a constitutive model must reflect the specific objectives of the analysis. 
In this study, the goal is to predict the structural behaviour of concrete subjected to ASR over time 
by incorporating strain increments as inputs to represent varying expansion levels. A realistic 
representation of the progressive degradation of material properties, including tensile strength 
and elastic modulus, is critical for achieving this goal. 

To illustrate the concept, Figure 27 presents a schematic view of the tensile curve evolution under 
ASR-induced expansion. At t0, with no ASR effects, the tensile curve corresponds to an 
unaffected concrete with initial tensile strength (ft) and elastic modulus (E). Over time, as ASR-
induced expansion progresses to t1, represented by ε1, both ft and E begin to degrade. At t2, with a 
further expansion ε2, the reduction of these properties intensifies. If the focus is placed solely on 
the degradation of ft and E with respect to ASR expansion, a clear relationship emerges: tensile 
strength and elastic modulus decline progressively with increasing strain, stabilising at a residual 
value. Capturing this behaviour in the model requires a tensile curve adapted to represent this 
progressive degradation. 

 

 
Figure 27 Conceptual Illustration of Tensile Curve Evolution under ASR-Induced Expansion. 

This section focuses on adapting the constitutive model for ASR-affected concrete to capture the 
relationship between material degradation and expansion progression. Esposito et.al [27] 
provides a valuable framework for this adaptation, identifying that tensile strength and elastic 
modulus degradation due to ASR follows an inverse sigmoid function. In this behaviour, both 
properties decrease with increasing ASR-induced expansion but stabilise at a residual value, as 
shown in Figure 28. This finding is significant because it suggests that ASR-affected concrete 
retains some residual tensile strength, which must be accounted for to achieve accurate 
structural predictions. Esposito et. al [27] also emphasises the importance of elastic modulus as 
a key indicator of ASR damage, which can be used to recalibrate tensile strength models for 
improved alignment with observed material behaviour. 

4.3.1 Methodological Approach for ATC 
To adapt the tensile softening behaviour of ASR-affected concrete, this study employs Esposito’s 
normalised degradation model, using tensile strength and elastic modulus as key indicators. 
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Standard parameters from the literature and experimental data, as summarised in Table 3, are 
used to develop and validate the model concept. While these parameters are illustrative at this 
stage, and they don’t represent real value, they will be refined and calibrated based on specific 
case study results in Chapter 6. 

• Recalibrating Based on Tensile Strength: Up to elastic strain limit, tensile strength 
increases until reaching its maximum. Thereafter, the tensile strength decreases until it 
reaches a residual strength. This is modelled by multiplying the normalized βP value for 
tensile strength by the maximum tensile strength, shown in Figure 29. 

• Recalibrating Based on Elastic Modulus: Similarly, the elastic modulus initially governs 
tensile behaviour until peak strain. Afterward, the modulus decreases along with the 
tensile strength. This recalculation is done by multiplying the normalized βP value of the 
elastic modulus by the expansion, as shown in Figure 29. 

Table 3  Original tensile strength and E-modulus values of model next to standard parameters of Esposito’s model 
based on Literature Data [27]. 

 Original value β0 β∞ ϵc ϵl 

Tensile strength ft 3.13 MPa 1.01 0.6 0.11 0.35 

Elastic modulus E 34300 MPa 1.06 0.19 0.37 1.13E-09 

 

 
Figure 28 Reduction of mechanical properties adapted from (Esposito et al., [27]) 
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Figure 29 tensile strength-expansion relation recalculated from Esposito’s model in compassion with the linear 
relation of normal concrete 

4.3.2 Results & Discussion 
The relationship between tensile behaviour and ASR-induced expansion is integrated into the 
numerical model using a multi-linear stress-strain relationship. The 2D concrete cube model 
described in the previous sections is employed to evaluate the model’s ability to replicate the 
targeted reduction in material properties. Figure 30 illustrates the input for the tensile behaviour 
using a multi-linear approach. 

A strain of 1% is incrementally applied to simulate ASR-induced expansion, and the resulting 
degradation of tensile strength and elastic modulus is assessed based on the observed stress-
strain behaviour of the model. Additionally, a verification test is performed to cross-check the 
model's predictions: at a specific expansion level, a strain increment is applied, followed by a 
compressive load, to evaluate the material’s response under realistic conditions. This test 
ensures the model's validity in capturing material degradation due to ASR. 

 
Figure 30 Model input for tensile curve using Multi-linear model 

4.3.2.1 Investigation of the Multi-linear model 
Figure 31 compares the model output with Esposito’s literature-based model for tensile strength 
(a) and elastic modulus (b) reductions due to expansion. In Figure 31(a), the model predicts a 
residual tensile strength at higher expansion levels, but the reduction values are lower than those 
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of the reference. This difference arises because the model output is recalibrated based on elastic 
modulus reduction rather than directly on tensile strength. Figure 31(b) shows a rapid decrease 
in elastic modulus, similar to the behaviour observed in the linear model, indicating that the 
proposed adapted model does not fully capture the gradual reduction of the elastic modulus. 

Figure 32 further investigates the reduction behaviour of elastic modulus (E modulus) using 
different tensile softening curves. The calculated secant E modulus for all three curves 
demonstrates a similar trend: a rapid decline in stiffness at small expansion levels, stabilising at 
a significantly reduced value beyond a certain point. This pattern suggests that the majority of 
stiffness degradation occurs in the early stages of ASR expansion, with minimal changes 
thereafter. 

This behaviour highlights a limitation of the current model, as it does not simulate the gradual 
and progressive reduction of elastic modulus observed in real ASR-affected concrete. This 
limitation should be considered when applying the model to predict the structural behaviour of 
ASR-affected structures. Furthermore, it is concluded that basing material property degradation 
on tensile strength, rather than elastic modulus, may provide a more accurate representation of 
the observed behaviour. 

 

  
(a)  (b)  

Figure 31 Comparison of Model Output and Literature Esposito’s model for Tensile Strength and Elastic Modulus 
Reduction Due to Expansion Multi-Linear Model 

 

 
Figure 32 Comparison of Model Output for Elastic Modulus Reduction Using Different Softening Curves under 
expansion. 

0
0,2
0,4
0,6
0,8

1
1,2

0,00 0,50 1,00

ft
o/

ft

Strain [%]

Model output Esposito et al. [27]

0

0,2

0,4

0,6

0,8

1

0,00 0,50 1,00 1,50 2,00

E0
/E

Expansion [%]

Model output Esposito et al. [27]

0
0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9

1

0 1 2 3 4Re
du

ce
d 

Se
ca

nt
 E

-m
od

ul
us

/ 
or

ig
in

al
E-

m
od

ul
us

Expansion [%]

based on the reduction
curve of Elastic modulus
due to ASR

based on the reduction
curve of Tensile strength
due to ASR

normal concrete with
linear sonftening



44 

 

 

4.3.2.2 Validation of Degraded Material Properties at Specific Expansion Levels 
In this subsection, a load test was conducted to validate the material degradation results derived 
from the model’s stress-strain state. This test aims to verify whether the model accurately 
predicts the degradation of material properties as a result of ASR-induced expansion. The 
process involved applying an expansion to a 2D cube model up to a certain level, followed by the 
application of compressive loading. A load-displacement curve was then plotted. This procedure 
was repeated for several different expansion levels. 

The resulting load-displacement curves display two distinct phases. In the initial phase, where 
cracks are still open due to the expansion-induced damage, the curve exhibits lower stiffness 
(sloop of the red line). As the compressive load increases, the cracks progressively close, marking 
the beginning of the second phase. In this second phase, the stiffness of the concrete 
corresponds to its compressive strength (sloop of the green line). Figure 33 presents the load-
displacement curve after an induced expansion of 0.03%. 

This process was repeated for several expansion levels. At each step, the actual elastic modulus 
(E) values were plotted against the reduced modulus values obtained from the stress-strain state. 
Figure 34 demonstrates a good match between both values, validating the model’s ability to 
simulate material degradation due to imposed expansion. 

 
Figure 33 Load-displacement curve as result of applying compressive load test to 2D concrete cube model after 
0.03% imposed expansion. 

 
Figure 34 Comparison between actual elastic modulus values from load tests and calculated reduced elastic 
modulus values from the stress-strain state across multiple expansion levels. 
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4.4 Phased Analysis 
In the DMM, the structural mesh and shadow mesh share the same nodes, resulting in the 
shadow mesh's stiffness also contributing to the total structural stiffness. In DIANA software, 
phased analysis enables the activation and deactivation of groups (sets) of elements between 
phases [75]. Within the dual mesh concept, phased analysis is employed to manage the 
transition from the original structural design to the ASR-affected state.  

In the first phase, the model represents the original design under initial loading conditions, with 
the shadow mesh deactivated to prevent its stiffness from contributing to the total structural 
stiffness. In the second phase, the shadow mesh is activated to simulate ASR-induced 
expansion, applied incrementally to represent the progressive deterioration of the structure. 

4.4.1 Simple Beam Model 
To demonstrate the effects of phased analysis, a simple 2D concrete beam model was created. 
The beam, 1000 mm in length and 100 mm in width, includes a single Ø10 mm rebar embedded 
with perfect bonding (see Figure 35). The finite element details and material properties for the 
concrete and shadow meshes are similar to those used in the 2D cube models discussed in 
Section 4.2.1. 

 
Figure 35 FEM model of simple beam with single rebar 

4.4.2 Results and Discussion 
Figure 36 compares the principal stress contour plots for three cases. SMM, where no shadow 
mesh is used, DMM with the shadow mesh active in all phases, and DMM using phased analysis, 
where the shadow mesh is deactivated during self-weight and point load applications activated 
during ASR expansion. 

The results show identical stress distributions for the SMM and DMM with the shadow mesh 
deactivated during loading, confirming that the shadow mesh does not contribute to structural 
stiffness in these cases. When the shadow mesh is always active, a slight reduction in concrete 
stresses is observed, demonstrating its contribution to the total stiffness. These findings validate 
the phased analysis approach, ensuring precise control over the activation and deactivation of 
the shadow mesh and its influence on the structural response. 

It should be noted that after expansion is applied, the first crack forms at the middle of the beam’s 
bottom, as shown in Figure 37. This crack is driven by stress concentrations from the applied 
loads. In contrast to the cube model, where cracks develop uniformly under pure expansion, the 
beam model demonstrates crack initiation influenced by loading conditions, highlighting the role 
of stress concentration in directing damage progression in this model. 
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Figure 36 Comparison of Principal Stress Contour for SMM, DMM Active, and DMM Phased Analysis. 
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Figure 37 First Crack Initiation Due to Combined Loading and Expansion 
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4.5 Conclusion 
This chapter developed a numerical modelling approach to simulate the long-term structural 
behaviour of reinforced concrete structures affected by Alkali-Silica Reaction (ASR). Building 
upon the Dual Mesh Method (DMM), the method was adapted and refined to address specific 
challenges associated with ASR-induced damage. 

The key findings are as follows: 

The DMM was effectively implemented to simulate ASR-induced expansion by applying strain 
through a shadow mesh. Linear analysis confirmed that the model's displacement results align 
with the analytical solution proposed by Chen, validating the method's implementation. 
Nonlinear analysis demonstrated the model's capability to simulate stress development and 
crack propagation due to ASR-induced expansion. The nonlinear analysis revealed that induced 
cracks reduce the stiffness of the structural mesh, making the interaction between the structural 
and shadow meshes dynamic. This interaction accurately represents the progressive damage in 
ASR-affected concrete. Further, the model successfully simulated anisotropic expansion when 
directional restraint was introduced through reinforcement. The crack patterns and deformation 
behaviours observed in the simulations corresponded with conceptual diagrams from the 
literature, indicating that the model can capture the influence of structural configuration on 
expansion anisotropy. 

The model was able to represent the reduction in tensile strength due to ASR-induced expansion. 
However, it showed a rapid decline in elastic modulus at early stages of expansion, which does 
not fully align with more gradual degradation observed in real ASR-affected concrete. This 
indicates a limitation in the model's ability to simulate elastic modulus reduction accurately over 
the entire expansion range. By integrating an adapted tensile curve based on literature models, 
the tensile strength degradation was more realistically represented in the model. The ATC 
accounted for the residual tensile strength observed in ASR-affected concrete. Nonetheless, the 
model still exhibited limitations in capturing the gradual reduction of elastic modulus, suggesting 
that basing material degradation on tensile strength may provide more accurate results. 

Phased analysis was utilised to apply realistic loading conditions and manage the activation of 
the shadow mesh. This approach ensured that the shadow mesh's stiffness did not contribute to 
the overall structural stiffness during initial loading phases, allowing for accurate simulation of 
ASR effects introduced in subsequent phases. The simulations showed that, under combined 
loading and ASR-induced expansion, cracks initiated at locations of stress concentration due to 
applied loads. This contrasts with models under pure expansion, where cracks developed 
uniformly. This finding highlights the model's ability to represent the interaction between 
mechanical loading and ASR-induced damage. 

The modifications and enhancements to the Dual Mesh Method, including the implementation 
of an adapted tensile curve and the use of phased analysis, have improved the model's capability 
to simulate ASR-induced damage in reinforced concrete structures. The adapted model can 
capture key aspects of ASR effects, such as stress generation mechanisms, anisotropic 
expansion, and material property degradation. However, the limitations identified—particularly 
in accurately representing the gradual reduction of elastic modulus—suggest the limitation of the 
developed model. Overall, the developed modelling approach provides a valuable tool for 
simulating the long-term structural behaviour of ASR-affected concrete structures. It lays the 
groundwork for more comprehensive analyses in subsequent chapters, where the model can be 
calibrated and validated against specific case studies. 
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5. Model Assessment 
This chapter evaluates the Modified Dual Mesh Method (MDMM) and the underlying assumptions 
by applying it to a benchmark structure commonly used for validating finite element models 
(FEM). As illustrated in Figure 38, the assessment begins with a comparison between an 
unaffected beam using two constitutive models: the linear softening behaviour and the multi-
linear model proposed in the previous chapter (Section 5.3). Subsequently, the MDMM's 
capability to simulate Alkali-Silica Reaction (ASR) damage on ASR-affected beams is examined 
through three distinct static load cases: a beam with marginal expansion, a beam with very high 
expansion, and a beam with marginal expansion combined with additional uniform prestressing 
(Section 5.4). Additionally, the chapter explores the MDMM's performance in simulating ASR 
effects under gradual expansion conditions, demonstrating the potential to link these gradual 
expansion levels with time using Larive's model (Section 5.5). A comparative approach is 
employed throughout the analysis to ensure consistency and validate the model's accuracy in 
predicting ASR-induced structural behaviour.  

 
Figure 38 Workflow of model assessment 

5.1 Benchmark Description: Toronto Beam Test VS-C3 
The Toronto Beam Test VS-C3 from Vecchio et al. (2004) [71] serves as the benchmark for 
validating the developed MDMM. This experimental study involves a reinforced concrete (RC) 
beam subjected to increasing static loads until failure. The beam dimensions are as follows: a 
total length of 6.840 m, a depth of 0.552 m, and a width of 0.152 m. Detailed geometry, 
reinforcement, loading conditions, boundary conditions, and the experimental setup are 
illustrated in Figure 39. 
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Figure 39 Characteristics of the Toronto beam test VS-C3 [71]. 

 
Figure 40 Toronto beam test VS-C3 at ultimate load [71]. 

 

Table 4 Cross section and elevation details  [71]. 

Beam number b (mm) h (mm) L (mm) Span (mm) Bottom steel Top steel Stirrups 

C3 152 552 6840 6400 4 No. 9 2 No. 4 No. 2 at 210 

 

The beam exhibited a flexural-compressive failure mode, as shown in Figure 40. The measured 
peak load was Pexp = 265 kN at a deflection of 44.3 mm. Most material properties are available 
from the original publication [71]. For parameters not specified, values were estimated according 
to the Model Code 2010 [72]. The material properties used in the numerical model are 
summarized in Table 4, Table 5 and Table 6 

Table 5 Concrete Properties (C3 Beam) 

Beam 
Number 

Cylinder 
Compressive 
Strength (MPa) 

Splitting Tensile 
Strength (MPa) 

Tensile Fracture 
Energy (N/mm) 

Young's 
Modulus 
(GPa) 

C3 43.5 3.13 0.144* 34.3 

*Calculated based on Mode code 2010 [72]. 

Table 6 Reinforcement Properties 

Bar 
Size 

Diameter 
(mm) 

Area 
(mm²) 

Yield Stress 
(MPa) 

Ultimate Strength 
(MPa) 

Young’s Modulus 
(GPa) 

M10 11.3 100 315 460 200 

M25 25.2 500 440 615 210 

M30 29.9 700 436 700 200 

D4 3.7 25.7 600 651 200 
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Experimental data, including the load-displacement curve and crack patterns at failure, are 
available for comparison with the numerical results. However, this data is utilized only for the 
unaffected beam case to verify the correct setup of the model and to assess the magnitude of the 
effects resulting from changes in the concrete constitutive model. For the other cases, the load-
displacement curves and crack patterns from the numerical model of the unaffected beam itself 
are used as references. This approach ensures that the model is accurately calibrated before 
evaluating its performance under various ASR-induced damage scenarios. 

5.2 Finite Element Model Description 
The finite element model of the Toronto beam test VS-C3 is presented in Figure 41. This model 
includes the beam geometry with longitudinal reinforcements (3x M10, 2x M25, and 2x M30 bars), 
transverse reinforcements (D4), loading plate, support plates, and the shadow mesh used to 
simulate ASR-induced expansion. 

 
Figure 41  Model of the Toronto beam test VS-C3 

Figure 42 gives a simplified details about the model. It should be noted that the model selection 
was done according to the guidelines of Hendriks and DIANA User's Manuals [73], [74]. Minor 
adjustments to the finite element model were made to accommodate different case studies, 
such as variations in material properties or loading conditions. These adjustments are specified 
in the validation process for each case and are detailed in Appendix E. 

For comprehensive information regarding element types, mesh configurations, material 
properties, and modelling parameters, refer to Appendix E. This appendix provides an in-depth 
description of the finite element model setup, including tables and figures that support the 
summarized information presented here. 
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Figure 42 Finite Element Model Description 

5.3 Unaffected beam: constitutive models 
The initial step in the validation process focused on analysing an unaffected beam to ensure the 
finite element model was accurately set up and capable of replicating the structural behaviour 
observed in experiments. This analysis also aimed to evaluate the influence of the proposed 
Adapted Tensile Curve (ATC) on the model's response. Since the ATC introduces a novel approach  
to representing tensile strength degradation, this step was crucial to investigate how the model 
behaves under static loading conditions and to determine whether the ATC produces reasonable 
results or reveals unexpected behaviour. 

Two Tensile curves within the constitutive model were compared: 

1. Multi-linear Model: Shown in Figure 30, incorporating the adapted tensile curve 
proposed in Section 4.3 to provide a more accurate representation of tensile strength 
degradation with progressive loading. 

2. Linear Model: Shown in Figure 17, used as a reference model for comparison 

The beam was subjected to an incrementally increasing prescribed deformation until failure, with 
the resulting load-displacement behaviour and crack patterns compared against experimental 
data. This comparison ensured that the model could reliably replicate the structural response of 
an unaffected beam. 

Additionally, a sensitivity study was performed to assess the influence of specific modelling 
choices on the simulation results. This included replacing the linear model with an exponential 
tensile model and introducing an interface between the beam and the steel plates. These 
adjustments aimed to evaluate the potential for improving accuracy and refining the modelling 
approach. 
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5.3.1 Results & Discussion 
Figure 43 presents the load-displacement curves at the mid-span of the beam for the two 
numerical analyses using different tensile material models—linear and multilinear—compared 
with experimental data. Both numerical models align closely with the experimental curve in the 
elastic range. However, differences emerge near the ultimate load: 

• Linear Material Model: Underestimates the peak load, reaching a maximum of 235 kN at 
a displacement of 39 mm, compared to the experimental peak load of 265 kN at 44.3 mm. 
This corresponds to a relative error of approximately 11.32%. 

• Multilinear Material Model: Slightly overestimates the peak load, achieving 275 kN at a 
displacement of 37 mm, with a smaller relative error of 3.77%. 

Both models exhibit less deflection at peak load than the experimental data, indicating a stiffer 
response. The post-peak behaviour shows a more brittle failure compared to the experiment, 
highlighting limitations in capturing the ductile post-peak response of the material. 

 
Figure 43 load-displacement curves comparing experimental data with numerical models using linear and multilinear 
tensile material properties. 

Figure 44 (a) presents the experimental crack pattern observed at failure. In contrast, Figure 44 
(b) and (c) show  the crack widths and patterns at the peak load level for the linear and multilinear 
material models, respectively. Both numerical models replicate the general crack propagation 
and distribution seen in the experiment. However, the multilinear model shows smaller crack 
widths compared to both the linear model and the experimental results. 
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(a)   

  

 

(b)  (c)   

Figure 44 crack pattern comparison at failure load where (a) Experimental crack pattern at failure for beam test VS-
C3; (b) Principal crack widths and patterns at peak load using the linear material model; (c) Principal crack widths 
and patterns at peak load using the multilinear material model. 

5.3.2 Sensitivity 
In the previous section, the C3 beam from Vecchio et. al was simulated using linear (simplified) 
and multilinear (more suitable for ASR prediction). While both models showed reasonable 
agreement with experimental data, deviations were observed at peak load and in the post-peak 
behaviour. This sensitivity analysis aims to investigate whether modifications in the modelling 
approach can improve the numerical results. Belletti et al. [75], proposed including interface 
between the steel plates and the beam and using exponential softening in tension. Therefore, the 
focus in this sensitive analyse will be on these two aspects, including interface and using 
exponential softening.  

Two cases will be compared in the sensitive study. In the first one, instead of linear material 
model, the exponential softening will be used with 2D line interface is applied along the right edge 
boundary of the beam, featuring normal and shear stiffness values of 1×106 N/mm². In the second 
one same multilinear model will be used in addition to interface same as previous. 

The load-displacement curves for the numerical simulations incorporating an interface and two 
different tensile material models—exponential softening and multilinear—are presented 
alongside the experimental data in Figure 45. This figure illustrates three distinct curves: one 
representing the experimental data, another corresponding to the numerical simulation with the 
exponential softening material model and interface, and the third corresponding to the 
simulation with the multilinear material model and interface. 

The inclusion of the interface between the steel plates and the beam significantly affects the 
behaviour of both models. The exponential softening model with the interface shows improved 
agreement with the experimental data, particularly in the post-peak region, compared to the 
previous linear and multilinear models without the interface. The curve for the multilinear model 
with the interface also shows an improvement in capturing the load-displacement behaviour, 
though its accuracy varies when compared to the exponential softening model. 

The experimental data shows a peak load of 265 kN at a displacement of 44.3 mm. The numerical 
simulation using the exponential softening model with an interface reaches a peak load of 267 
kN at a displacement of 48.6 mm, closely matching the experimental peak load with a minimal 
relative error. In comparison, the multilinear material model with an interface achieves a higher 
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peak load of 284 kN at the same displacement of 48.6 mm, indicating an overestimation of the 
peak load. 

Both models exhibited better alignment with the experimental results compared to previous 
simulations without the interface. The exponential softening model provided a closer correlation 
with the experimental peak load and post-peak behaviour, suggesting a more accurate 
representation of the material's tensile response. While the multilinear model still overestimated 
the load-carrying capacity, it showed improvement over prior iterations. These findings highlight 
the importance of model selection in numerical analyses. To minimize the influence of modelling 
parameters when investigating the MDMM, consistency in model choices is essential. Despite 
some deviations, the proposed multilinear constitutive model does not significantly diverge from 
the experimental results and can thus be effectively used in further MDMM applications. 

 
Figure 45 load-displacement curves comparing experimental data with numerical models using exponential  and 
multilinear tensile material properties and interface between the beam and the steel plates. 
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5.4 ASR Affected beam under statical load 
The next phase of the validation process focused on simulating ASR-induced damage under 
static load conditions using the same beam model and the proposed ATC. The primary objective 
is to evaluate the model's ability to capture the structural behaviour of an ASR-affected beam, 
with a focus on load-deflection response, load capacity, and failure mode. 

Two modelling approaches were compared: the Modified Dual Mesh Method (MDMM), which 
simulated ASR as an applied expansion load, and the Reduced Material Properties Method 
(RMPM), which represented ASR effects through reductions in tensile strength and elastic 
modulus based on the expansion-material property relationship, Figure 28. To ensure 
consistency, a reference beam model without ASR effects was first tested until failure. 

The MDMM simulations employed a phased procedure, as illustrated in Figure 46. Initially, self-
weight and design load were applied with the shadow mesh inactive. Subsequently, prescribed 
strains representing ASR-induced expansion were applied to the structural mesh through the 
shadow mesh. In the final phase, the shadow mesh was deactivated, and deformation was 
incrementally applied until failure. Calibration was necessary to determine the equivalent free 
expansion on the structural mesh corresponding to the initial strain on the shadow mesh, as 
described in earlier chapters. In the RMPM, self-weight and design load were similarly applied 
first, followed by updating the material properties to reduced values reflecting the level of 
expansion, and then prescribed deformation was applied until failure, see Figure 46 . 

 
Figure 46 Simulation Procedure: ASR-Affected Beam Under Static Load 

Three sub-cases were analysed to evaluate the performance of the two approaches under 
different conditions. The first subcase, Section 5.4.1, involved a marginal ASR expansion level of 
0.03%, representing minor ASR effects. The second subcase, Section 5.4.2, simulated severe 
ASR-induced expansion with a high expansion level of 0.5%. The third subcase, Section 5.4.3, 
combined marginal ASR expansion (0.03%) with uniform prestressing equivalent to 20% of the 
concrete compressive strength, applied on the sides of the beam to investigate the combined 
effects of prestressing and ASR expansion. 

Finally, a sensitivity study, in Section 5.4.4, was conducted to assess the influence of the 
numerical solution methods on the simulation's accuracy and robustness. This analysis 
compared the Regular Newton-Raphson method and the Secant method, examining their impact 
on convergence, computational efficiency, and the reliability of the simulation outcomes. 
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5.4.1 Subcase 1: Marginal 𝜀ASR Level (0.03%) 
Figure 47 presents the load-displacement curves for three beams under different conditions. The 
reference beam serves as the baseline for comparison, showing the load-displacement 
behaviour of a beam with no ASR damage. This beam reaches a higher peak load and 
demonstrates greater deflection at peak load compared to the ASR-affected beams. In contrast, 
both ASR-affected beams show reduced peak loads and stiffer post-peak behaviour. MDMM 
demonstrates a lower peak load and reduced deflection at peak load compared to the reference 
beam, suggesting increased stiffness due to ASR-induced expansion. RMPM also shows a lower 
peak load and stiffer post-peak response. However, it exhibits more deflection at peak load than 
the ASR expansion model, though still less than the reference beam. 

Both modelling approaches result in decreased peak loads and altered deflection behaviours 
compared to the reference beam. The difference in deflection at peak load between the two 
models highlights the importance of accurately representing ASR effects to predict the 
mechanical behaviour of affected concrete structures. 

 
Figure 47 Load-displacement curves comparing the reference beam (unaffected), ASR-affected beam modelled using 
expansion (MDMM), and ASR-affected beam modelled using reduced material properties (RMPM). 

Figure 48 compares the crack patterns at peak load for the three beams: Reference Beam Figure 
48(a), Displays a typical crack pattern associated with flexural failure, with wider cracks indicative 
of ductile behaviour. MDMM, Figure 48(b)  and RMPM , Figure 48(c), both exhibit similar crack 
patterns to the reference beam but with smaller crack widths.  

Figure 49 illustrates the stress distributions at peak load, where Principal Concrete Stresses (S) 
indicate increased compressive stresses in the concrete, leading to crushing in the compression 
zone. And Steel Horizontal Stresses (SXX) and Steel Vertical Stresses (SYY) show the 
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development of tensile stresses in the reinforcement bars, with stress concentrations reflecting 
the altered load transfer due to ASR effects. The beams exhibit a flexural-compressive failure 
mode characterized by concrete crushing, consistent across all models. The ASR-affected 
beams reach this failure mode at lower loads, demonstrating that the developed models can 
simulate the reduction in structural capacity due to ASR. 

 

 

(a)   

  

 

(b)  (c)   

Figure 48 Ew1 crack width at peak load; (a) the reference beam; (b) MDMM; and  (c) RMPM.
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Figure 49  Principal concrete stresses (S), Horizontal steel stresses (SXX), and Vertical steel stresses (SYY) at peak load for reference (unaffected), MDMM, and RMPM
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5.4.2 Subcase 2: Very High 𝜀ASR level (0.5%) 
In this subcase, Figure 50 compares the load-displacement behaviour of three beams: the 
reference beam unaffected by ASR, the MDMM model simulating ASR-induced expansion, and 
the RMPM model simulating ASR effects through reduced material properties, both at an ASR 
expansion level of 0.5%. The reference beam achieves the highest peak load and greatest 
deflection at peak load. The MDMM model shows a significantly lower peak load and reduced 
deflection at peak load, indicating increased stiffness and decreased load capacity due to severe 
ASR-induced expansion. In contrast, the RMPM model also exhibits a lower peak load but 
displays more deflection at peak load than both the MDMM model and the reference beam, 
suggesting a more compliant response when ASR effects are modelled through material property 
reduction under severe conditions. 

Figure 51 presents the crack patterns at peak load for the three beams. The reference beam 
exhibits typical flexural-compressive failure with cracks concentrated in the mid-span region and 
wider crack widths, indicative of ductile behaviour. The MDMM model shows damage distributed 
throughout the entire beam length, with numerous fine cracks and reduced crack widths, 
reflecting a more brittle failure mode due to severe ASR-induced expansion. The RMPM model 
displays a crack pattern similar to the reference beam, with cracks primarily in the mid-span 
region and comparable crack widths, indicating that the reduction in material properties affects 
load capacity but has less impact on crack distribution. 

Figure 53 illustrates the stress distributions at peak load, where all models show increased 
compressive stresses in the concrete leading to crushing in the compression zone. The stress 
patterns in the reinforcement bars are similar across the models. The MDMM model's widespread 
damage highlights its capability to simulate the pervasive effects of severe ASR expansion on 
structural response and failure mode. In contrast, the RMPM model captures the reduction in 
load capacity but shows less alteration in crack patterns and stress distributions compared to 
the reference beam. 

Figure 52 presents the load-displacement curves comparing the two ASR expansion levels, 
0.03% and 0.5%, using the MDMM model. The 0.5% expansion level shows a slight reduction in 
load capacity compared to the 0.03% level. Additionally, the total deflection is higher for the 0.5% 
case. However, when focusing specifically on the static load portion, the 0.5% expansion results 
in less deflection than the 0.03% case, indicating a stiffer response under more severe ASR 
expansion. 
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Figure 50 Load-displacement curves for the reference beam, MDMM, and RMPM under a very high ASR expansion 
level of 0.5%. 

 

 
 

 

(a)    

  

 
 

(b)  (c)    

Figure 51 Ew1 crack width at peak load; (a) the reference beam; (b) (MDMM); (c) RMPM. 
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Figure 52 Load-displacement curves comparing ASR expansion levels of 0.03% and 0.5% using the MDMM.
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 (g)  (h)  (i)   
Figure 53 Stress distributions at peak load for the reference beam, MDMM model, and RMPM model under marginal ASR expansion (0.5%), Where: Principal concrete stresses (S), 
Horizontal steel stresses (SXX), and Vertical steel stresses (SYY)  
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5.4.3 Subcase 3: ASR Expansion with Uniform Prestressing 
In this subcase, the beam is subjected to a marginal ASR expansion level of 0.03% combined with 
uniform prestressing applied on the sides of the beam, equivalent to 20% of the concrete 
compressive strength. Figure 54 presents the load-displacement curves for the reference beam, 
the MDMM model, and the RMPM model under the combined ASR expansion and uniform 
prestressing. The reference beam serves as the baseline. Both the MDMM and RMPM models 
exhibit a reduction in peak load compared to the reference beam, consistent with observations 
from previous subcases. The MDMM model shows reduced deflection at peak load, indicating 
increased stiffness due to the combined effects of ASR-induced expansion and prestressing. The 
RMPM model displays more deflection at peak load than the MDMM model but less than the 
reference beam, suggesting a differing influence of material property reduction on deflection 
behaviour. 

Figure 55 illustrates the crack patterns at peak load for the three beams. The Reference Beam, 
Figure 55(a) shows typical flexural cracking. The RMPM Model, Figure 55(c), exhibits crack 
patterns similar to the reference beam but with less intensity with smaller crack width. The 
MDMM Model, Figure 55(b), shows a comparable crack pattern with slightly less distributed 
cracking and similar crack widths with RMPM. Additionally, Figure 56 presents the stress 
distributions at peak load, where no significant changes in failure mode or stress distribution 
patterns are observed compared to the previous cases. 

 
Figure 54 Load-displacement curves comparing the reference beam, MDMM model, and RMPM model under 
marginal ASR expansion (0.03%) with uniform prestressing. 
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(a)   

  

 

(b)  (c)   

Figure 55 Crack patterns at peak load for the reference beam (a), MDMM model (b), and RMPM model (c) under 
marginal ASR expansion (0.03%) with uniform prestressing.
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 (g)  (h)  (i)   
Figure 56 Stress distributions at peak load for the reference beam, MDMM model, and RMPM model under marginal ASR expansion (0.03%) with uniform prestressing, where: 
Principal concrete stresses (S), Horizontal steel stresses (SXX), and Vertical steel stresses (SYY) 
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5.4.4 Sensitivity Study on Structural Nonlinear Analysis: Newton 
Regular and Secant Methods 

This sensitivity analysis aims to investigate the influence of the nonlinear iteration solution 
method on simulation results, specifically comparing the Regular Newton-Raphson method with 
the Secant solution method (Quasi-Newton). This analysis was prompted by computational 
challenges encountered during the phased analyses used for modelling Alkali-Silica Reaction 
(ASR) effects in both the Modified Dual Mesh Method (MDMM) and the Reduced Material 
Properties Method (RMPM). 

During the analyses, transitioning between phases faced significant computational difficulties. 
For the RMPM, these challenges arose when material properties were updated to reflect ASR-
induced degradation in the next phase. Similarly, in the MDMM, activating the shadow mesh and 
applying strain in subsequent phases caused non convergence and fatal errors. Despite efforts 
to address these issues by increasing step sizes, refining the mesh, or increasing the number of 
iterations, the errors remained, often with substantially increased computational time. 

To resolve these challenges, the Secant solution method was employed during the expansion 
phase in MDMM and during the phase where the material properties were updated in RMPM. This 
method effectively addressed the fatal errors and allowed the analysis to proceed. However, 
initial observations suggested that the Secant method produced slightly lower peak loads and a 
more brittle post-peak response compared to the Regular Newton-Raphson method. Therefore, 
this sensitivity study was conducted to compare the computational and structural outcomes of 
these two methods and assess the implications of using the Secant method. 

Results and Discussion 

Figure 57 presents the load-displacement curves for Subcases 1, 2, and 3 using both the Regular 
Newton-Raphson method and the Secant solution method for all phases. It should be noted, in 
some cases, Figure 57 (c) and (e), curves generated using the Regular Newton-Raphson method 
are incomplete or missing due to analysis termination caused by fatal errors, despite 
adjustments to computational parameters. 

The results indicate that both methods produce similar pre-peak behaviour. For MDMM 
simulations, both methods demonstrate lower ultimate capacity and reduced displacements 
compared to the reference beam. For RMPM simulations, lower peak loads and higher 
displacements are observed relative to the reference beam. This consistency confirms that the 
findings of the previous section are independent of the iteration method, reinforcing their validity. 
In the case of marginal ASR expansion with uniform prestressing, Figure 57 (e) , the MDMM's 
ultimate capacity, when using the Regular method, is comparable to that of the unaffected 
reference beam, showing no significant reduction. This is likely due to the combined effects of 
prestressing and the relatively low expansion level. 

Key observations include: 

1- The Regular Newton-Raphson method predicts slightly higher peak loads compared to 
the Secant method. 

2- The Regular Newton-Raphson method exhibits more ductile post-peak behaviour, while 
the Secant method results in a more brittle response. 

3- The Secant method is computationally faster and resolves convergence issues that arise 
with the Regular Newton-Raphson method in complex phased analyses. 

These differences stem from the computational characteristics of the methods. The Regular 
Newton-Raphson method calculates an exact Jacobian matrix at each iteration, achieving high 
accuracy but at a higher computational cost. The Secant method uses an approximate Jacobian 
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matrix that is iteratively updated, reducing computational demands but introducing slight 
inaccuracies, particularly in post-peak behaviour [73]. 

Convergence behaviour also varies between the two. The Regular Newton-Raphson method 
exhibits quadratic convergence near the solution, enabling rapid convergence with an accurate 
initial guess, while the Secant method achieves superlinear convergence, [73], which is slightly 
slower but more robust in addressing complex nonlinear problems. 
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Figure 57 Load-displacement curves for Subcase 1, 2 and 3  using:  Regular Newton-Raphson method and Secant 
solution method. 
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To further investigate the differences between the two iteration methods, a detailed comparison 
was conducted for a selected case involving a normal beam loaded until failure. Figure 58 
displays the load-displacement curves, while Figure 59 and Figure 60 present the crack width 
(Ew1), principal stresses (S), and reinforcement stresses in the x-direction (SXX) and y-direction 
(SYY) at peak load and at a displacement of 60 mm, respectively. 

From the load-displacement curves in Figure 58, similar observations to those mentioned earlier 
can be noted: both methods exhibit similar pre-peak behaviour, slightly lower peak load with the 
Secant method, and distinct differences in post-peak behaviour. The comparison of crack 
patterns, principal concrete stresses, and reinforcement stresses, shown in Figure 59 and Figure 
60, at both peak load and 60 mm displacement revealed comparable failure modes predicted by 
the two solution methods. Both methods effectively captured the key structural response 
characteristics despite the observed differences in post-peak behaviour. The convergence 
results, shown in Figure 61, indicate that for both cases, where all steps successfully converged, 
the Secant method requires fewer iterations, further demonstrating its computational efficiency.  

In conclusion, this sensitivity study highlights that while the Secant method effectively resolves 
convergence issues and reduces computational time, it may slightly underestimate peak loads 
and influence the accuracy of post-peak responses. These trade-offs should be carefully 
considered when selecting solution methods for nonlinear structural analyses involving phased 
processes, particularly for ASR-affected structures. 

It should also be noted that a different iteration solution method can be chosen for each phase 
of the analysis. If the Secant method is used for all phases, approximation errors will accumulate 
across all phases. However, if the Secant method is applied only from a specific phase onward, 
the approximation effects will begin from that phase. 

 

 
Figure 58 Detailed load-displacement curves comparing the two iteration methods for the selected case. 
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 (g)  (h)   
Figure 59 Crack width (Ew1), principal stresses (S), and reinforcement stresses (SXX, SYY) at peak load for both 
solution methods. 
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 (g)  (h)   
Figure 60 Crack width (Ew1), principal stresses (S), and reinforcement stresses (SXX, SYY) at 60 mm displacement for 
both solution methods. 
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Figure 61 Results of convergence behaviour of  the  two iteration methods (a) Regular; and (b) Secant . 
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5.4.5 Discussion 
In this analysis, a beam affected by ASR was modelled using two different approaches: the 
Advance Dual Mesh Method (MDMM) and a reduced material properties method (RMPM). An 
unaffected beam model tested until failure was used as a reference for comparison. For the ASR-
affected beam, self-weight and design load were first applied. In the MDMM approach, ASR-
induced expansion was simulated by applying strains of 0.03% (Marginal expansion) and 0.5% 
(Very high expansion) to the shadow mesh. In the RMPM, the concrete properties were degraded 
to represent the equivalent levels of expansion (0.03% and 0.5%), and both models were tested 
until failure. 

The results demonstrated that both methods led to a reduced ultimate capacity for the ASR-
affected beams, which aligns with existing literature on the influence of ASR on structural 
behaviour. However, key differences emerged between the two approaches: 

1. Ultimate Capacity: Both the MDMM and RMPM approaches resulted in a lower ultimate 
load capacity compared to the reference beam, which agrees with the general 
observation that ASR weakens structural capacity. This reduction in strength is consistent 
with studies that highlight ASR-induced damage as a factor in structural degradation. 

2. Displacement Behaviour: A notable difference was observed in displacement 
behaviour. According to the literature, ASR typically causes reduced displacement in 
affected structures due to the internal restraint induced by the ASR expansion. This was 
accurately captured by the MDMM approach, where the shadow mesh simulates the 
internal expansion forces and leads to restrained displacement. However, the RMPM 
approach resulted in greater displacement. This can be attributed to the lower stiffness 
of the material in this model, which did not introduce damage mechanisms in the 
concrete, thus delaying the activation of reinforcement and the onset of failure. 

3. Post-Peak Behaviour: In both methods, the post-peak behaviour was more brittle 
compared to the unaffected beam, which is consistent with the brittleness commonly 
observed in ASR-affected concrete structures. However, the sensitivity analysis revealed 
that the iterative solution method had a significant influence on post-peak behaviour, 
contributing to variations in results and affecting the ultimate capacity by approximately 
5%. This observation underscores the need for careful selection of numerical parameters 
to ensure that results are interpreted correctly and not misattributed to physical 
phenomena. 

The MDMM approach, by simulating the actual expansion behaviour of ASR, provides a more 
realistic representation of the internal stress and displacement changes caused by ASR-induced 
expansion. In contrast, the reduced material properties approach, while simpler, does not 
capture the same level of internal strain development, leading to differences in displacement 
behaviour and delayed reinforcement activation. 

Furthermore, the sensitivity of post-peak behaviour to numerical solution methods emphasizes 
the importance of understanding the limitations of modelling techniques. Variations in numerical 
choices can significantly impact the interpretation of results, and careful consideration is 
required to avoid attributing numerical artifacts to physical phenomena. 
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5.5 ASR affected beam under gradual expansion  
This section presents the simulation of ASR-induced damage development in concrete 
structures, using the same beam model as in the previous analyses. The objective is to assess 
the MDMM’s ability to capture the progression of ASR effects under gradual expansion conditions. 

The analysis consists of two primary phases, as illustrated in Figure 62: 

1. Initial Phase: The beam is subjected to self-weight and a design load equivalent to 40% 
of its ultimate load capacity. During this phase, the shadow mesh remains inactive. 

2. ASR Expansion Phase: The shadow mesh is activated, and an initial strain equivalent to 
free ASR expansion is applied. In this scenario, the structural mesh restrains the ASR-
induced expansion, simulating the real-world conditions where structural components 
limit expansion. 

 
Figure 62 Simulation Procedure: ASR affected beam under gradual expansion. 

Before applying ASR expansion in the beam model, a calibration step was performed to 
determine the equivalent free expansion on the structural mesh associated with the imposed 
strain on the shadow mesh. This calibration was conducted using a 2D concrete model as 
described in the previous chapter. Figure 60 illustrates the relationship between the initial 
imposed strain on the shadow mesh and the resulting free expansion on the structural mesh. 

 
Figure 63 Calibration curve where the equivalent free expansion on the structural mesh associated with the initial 
imposed strain on the shadow mesh. 
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5.5.1 Results & Discussion 
Figure 64 and Figure 65 show the progression of cracking strain and patterns at various expansion 
levels. The model results show:  

• Before ASR Initiation (0% Expansion): Under self-weight and the applied design load, 
vertical cracks appear at the bottom mid-span of the beam, typical of bending-induced 
cracking due to flexural stresses. 

• Early ASR Expansion Stages (0.005%, 0.007%, 0.07%, 0.21% Expansion): As ASR 
expansion begins, existing cracks propagate, and new cracks emerge adjacent to them. 
Crack orientation starts to shift, with horizontal cracks forming parallel to the longitudinal 
reinforcement at the top and bottom of the beam. Diagonal cracks also develop around 
the stirrups, indicating changing stress distribution. 

• At 0.5% Expansion (First Instance of Steel Yielding): The first stirrup yields, indicating a 
critical expansion level where the reinforcement begins to experience significant stress. 
The crack pattern becomes more extensive, with numerous cracks developing throughout 
the beam. 

• At 0.83% Expansion: Cracking becomes widespread, and the beam experiences 
substantial degradation, demonstrating the model's ability to simulate the severe effects 
of advanced ASR-induced damage. 

Figure 64 also presents the reinforcement stresses in both the x-direction (SXX) and y-direction 
(SYY) at key expansion levels: 

• At 0% Expansion: Reinforcement stresses remain within elastic limits, corresponding to 
the initial loading conditions without ASR effects. 

• At 0.5% Expansion: The stirrups begin to yield as ASR-induced expansion generates 
internal stresses that exceed the yield strength of the steel reinforcement. 

• At 0.83% Expansion: More reinforcement elements surpass the yield point, reflecting the 
increased stresses due to ongoing ASR expansion. 

To conclude, the MDMM effectively simulates the initiation and evolution of cracks, capturing the 
transition from vertical bending cracks to horizontal and diagonal cracks as ASR expansion 
increases. The model also successfully identifies the point at which the stirrups yield, marking a 
critical threshold where the structural integrity begins to significantly deteriorate. Additionally, 
the restrained expansion by the structural mesh leads to widespread cracking and a notable loss 
of structural performance, accurately reflecting the interaction between ASR-induced expansion 
and the structural elements.
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Figure 64 Cracking strain (Eknn) and patterns, along with reinforcement stresses (SXX and SYY), at expansion levels of 0%, 0.53%, and 0.83%. 
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(a) 𝜀𝐴𝑆𝑅 = 0,005% (b) 𝜀𝐴𝑆𝑅 = 0.007% 

  

(c) 𝜀𝐴𝑆𝑅 = 0.07% (d) 𝜀𝐴𝑆𝑅 = 0.21% 

Figure 65  Cracking strain and patterns at various ASR expansion levels: (a) 0.005%, (b) 0.007%, (c) 0.07%, and (d) 0.21% 



 

 

 

5.6 Conclusion 
This chapter evaluated the Modified Dual Mesh Method (MDMM) by applying it to a concrete 
beam fails in bending and comparing its performance against alternative modelling approaches. 
The key findings and insights from the validation and analysis are as follows: 

The similar configuration of Toronto Beam Test VS-C3 was employed to validate the MDMM. 
Numerical simulations using both linear and multilinear constitutive models aligned reasonably 
well with experimental data in terms of load-displacement behaviour and crack patterns. While 
the multilinear model demonstrated improved accuracy over the linear model, some deviations 
in post-peak behaviour and peak load were noted, underscoring the limitations of the selected 
material models in fully capturing ductile behaviour. 

The MDMM was evaluated for its ability to simulate ASR-induced expansion in beams under 
static load conditions. Comparisons between the MDMM and the Reduced Material Properties 
Method (RMPM) highlighted distinct differences: 

• The MDMM captured the internal stresses and displacement behaviour due to ASR 
expansion more realistically. 

• The RMPM, while simpler, showed greater deflection at peak load due to the absence of 
internal expansion forces, leading to delayed reinforcement activation. These results 
confirmed the MDMM's superior capability in representing the internal mechanics of ASR-
induced damage. 

The MDMM successfully simulated the progression of ASR-induced damage under gradual 
expansion conditions. It captured critical stages of structural degradation, including crack 
evolution and reinforcement yielding, reflecting real-world damage progression. The transition 
from bending-induced vertical cracks to horizontal and diagonal cracks due to ASR expansion 
was effectively represented. 

A sensitivity analysis comparing solution methods revealed differences in convergence 
behaviour and post-peak responses. The Secant solution method proved more robust for 
complex models, although it introduced a slightly more brittle response. These findings highlight 
the importance of selecting appropriate numerical settings to ensure reliable results. 

This chapter demonstrated the MDMM's ability to simulate ASR-induced damage under various 
conditions, showcasing its potential as a practical and reliable tool for structural assessments. 
The comparative analysis highlights the importance of accurately modelling ASR-induced 
expansion to capture internal stress development and structural degradation. The findings also 
highlighted the need for further refinement of material models to improve post-peak behaviour 
representation and ensure alignment with experimental observations. 
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6. Material Models 
In the previous two chapters, MDMM was developed and tested, demonstrating its potential to 
model ASR effects on structural performance. Within the MDMM framework, ASR-free expansion 
is introduced as an input through a shadow mesh, and the tensile curve is adapted to reflect 
strength degradation and potential damage. However, the input parameters previously used to 
represent ASR expansion and material degradation were not necessarily drawn from realistic field 
conditions. Moreover, a direct and reliable correlation between expansion increments and time 
is still needed to more accurately predict the progression of ASR in concrete structures. 

This chapter will focus on forecasting long-term free ASR-induced expansion and the resulting 
degradation of material properties based on experimental data. the main objectives of this 
chapter are: 

1. Time-Expansion Correlation (Section 6.1): Develop a relationship that links ASR-
free expansion to time, enabling the structural model to predict ASR progression over 
time. 

2. Expansion-Material Degradation Correlation (Section 6.2): Determine how ASR-
induced expansion relates to the reduction of material properties, allowing for 
representation of tensile strength and stiffness changes as expansion increments 
increase. 

By integrating established phenomenological models—Larive’s expansion prediction model [55] 
and Esposito’s material degradation model [27] —with available case study data and relevant 
literature, this chapter provides a consistent framework for characterizing ASR behaviour. The 
results of this chapter will be employed in the following chapter, Chapter 7, where a hypothetical 
bridge pier cap is analysed to demonstrate how the proposed approach works within a practical, 
structural-scale scenario. 

6.1 Larive's Expansion- time Prediction Model 

6.1.1 Larive's Equations 
The time-based correlation for ASR-induced expansion is established using Larive's semi-
empirical model. This model characterizes the kinetics of ASR-induced expansion through three 
primary parameters: ultimate expansion (ε∞), latency time (τL), and characteristic time (τC), as 
shown in Equation (2), [55]:  

 𝜀(𝑡, 𝜃) =
1 − 𝑒

−
𝑡

𝜏𝑐(𝜃)

1 + 𝑒
−

𝑡−𝜏𝐿(𝜃)
𝜏𝑐(𝜃)

× 𝜀∞ (2) 

In this equation, ε (t, θ) represents the ASR-induced expansion at time t and temperature θ. The 
latency time τL corresponds to the initial phase before significant expansion occurs, while the 
characteristic time τC indicates the rate at which expansion progresses after this initial period. 
Both τL and τC are temperature-dependent, defined by the following equations adapted from Ulm 
et al. [56]: 

 𝜏𝑐(𝜃) = 𝜏𝑐(𝜃0) [𝑈𝐶 (
1

𝜃
−

1

𝜃0
)] (3) 

 

 𝜏𝐿(𝜃) = 𝜏𝐿(𝜃0) [𝑈𝐿 (
1

𝜃
−

1

𝜃0
)] (4) 



79 

 

Here, θ is the absolute temperature (where θ in K = 273 + T °C), and θ0 is the reference absolute 
temperature, usually corresponding to the exposure temperature used in laboratory tests. The 
constants UC and UL are thermal activation parameters derived from the Arrhenius equation, with 
values: 

 𝑈𝑐 = 5400 ± 500𝐾 (5) 

 

 𝑈𝐿 = 9400 ± 500𝐾 (6) 

Each set of parameters is specific to a given temperature (θ). It's important to note that both 
characteristic and latency times are primarily mathematical parameters without a clear physical 
meaning. 

6.1.2 Parameters Determination 
To apply Larive's model for time-expansion correlation, specific parameters are determined: 

• θ₀, UC, and UL: These are obtained according to the accelerated tests. In this study, these 
values are assumed based on the available data, see Table 7. 

• τC(θ₀) and τL(θ₀): These parameters are iteratively fitted to achieve the best alignment with 
available expansion data, see Table 7. 

• Ultimate Expansion (ε∞): This critical parameter represents the total expected 
expansion, comprising both past expansion (ε₁) and residual (future) expansion (ε1) also 
referred as (εRes): 

 𝜀𝑅𝑒𝑠 = 𝜀2 (7) 

 

 𝜀∞ = 𝜀2 +  𝜀1  (8) 

The residual expansion (ε₂) was estimated from the results of accelerated expansion tests on 
extracted core samples, which were available for this case. However, estimating past expansion 
(ε₁) can be challenging due to limited historical data. While detailed petrographic analyses and 
historical records can provide insights into ASR progression to date [2], [15], as illustrated in 
Figure 66, these data are unavailable for this study. To address this limitation, an alternative back-
calculation method was employed, utilizing literature-based data on material degradation. The 
observed reductions in material properties were correlated with an appropriate level of expansion 
using data collected by Esposito et al.’s  [27]. Subsequently, a curve-fitting approach, based on 
the accelerated expansion test results available from the case study, was applied to determine 
the ultimate expansion level and to upscale the laboratory time scale to real-world time scales. 

Table 7 Larive’s parameters 

θ0 UC UL τc (θ0) * τL (θ0) * 
311 K 5400 9400 50 200 

*Initial assumption 
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Figure 66 Estimate of past and future expansion [15] 

6.1.3 Available data from a Case Study 
An existing concrete infrastructure, constructed approximately 60 years ago, has been diagnosed 
with Alkali-Silica Reaction (ASR). To evaluate the extent of the damage and predict future 
expansion, core samples were extracted from the structure and subjected to accelerated 
expansion tests, see Figure 67. The original design material properties, estimated from historical 
data, are summarized in Table 8. Over time, these properties have been reduced due to the ASR 
expansion (ε1), as shown in Table 9. The specific percentage reductions attributable to residual 
expansion are detailed in Table 10, while the reductions associated with total expansion are 
presented in Table 11. 

Material Properties 
 
Table 8 Original Design Material Properties 

Property Design Value 

Mean Compressive Strength 36 MPa 

Mean Tensile Strength 2.77 MPa 

Mean Splitting Tensile Strength 3.1 MPa 

Modulus of Elasticity 32310 MPa 

 

Table 9 Current Material Properties at t1= 60 years 

Property Design Value 

Mean Compressive Strength 48 MPa 

Mean Tensile Strength 3.10 MPa 
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Mean Splitting Tensile Strength 2.99 MPa 

Modulus of Elasticity 25,000 MPa 

 
Table 10 Material Property Reduction only due to Residual Expansion 

Property  Reduction due to Residual Expansion (%) 

Mean Compressive Strength ± 15% 

Mean Tensile Strength ± 10% 

Modulus of Elasticity ± 10% 

 
Table 11 Material Property Reduction due to Ultimate Expansion 

Property Reduction at Total Expansion (%) 

Mean Compressive Strength ± 25% 

Mean Tensile Strength ± 60% 

Modulus of Elasticity ± 40% 

 

Accelerated Expansion Test Results 

The accelerated expansion tests performed on the extracted core samples indicate a total 
residual expansion (εRes) of 0.04%, as illustrated in Figure 67. Additionally, laboratory samples 
replicating the design material properties were subjected to similar tests. These tests, which have 
so far shown a free expansion of 0.0004% after 100 days, are critical not only for predicting future 
damage but also for more accurately estimating past expansion. However, this approach requires 
additional time and effort, as the detailed comparison between the laboratory samples and the 
residual expansion observed in the core samples is necessary to achieve a precise 
reconstruction of the structure's historical ASR progression. 

 
Figure 67 Residual Free Expansion Curves of Extracted Core Samples from Various Locations within the Structure 
exposed to accelerated expansion test. 

6.1.4 Proposed Process 
The following process outlines the steps to determine the time-expansion correlation using 
Larive's model, available case study data, literature. The results of this process are presented in 
Section 6.1.5. 
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Input Requirements 

• t0: the original design properties of the concrete at the time of construction, including 
mean compressive strength, tensile strength, splitting tensile strength, and modulus of 
elasticity, listed in Table 8.  

• t1 = 60 years: the current material properties and chemical composition of the concrete 
mixture at the time of extraction, 60 years post-construction, listed in Table 9. 

• t2: residual expansion and updated material properties at the point of ultimate expansion 
(t₂) determined from accelerated tests on extracted core samples, Table 11 and Figure 67. 

Step 1: Determine Past expansion (ϵ1) 

To estimate the past expansion (ϵ₁), the splitting tensile strength reduction observed at t₁, 
Equation (9), was matched to the corresponding expansion level on literature-based data curve 
from Esposito et al.’s  [27] .  

From Table 8 and Table 9, the splitting tensile strength at t₀ was 3.1 MPa and at t₁ was 2.99 MPa, 
resulting in a normalized value: 

 
2.99

3.11
=  0.96 (9) 

 

 
Figure 68 Normalized  splitting tensile strength reduction curve based on collection of  literature data adopted from 
[27]. 

From Figure 68, the equivalent expansion to this reduction at t1 (expansion to-date) can be 
estimated: 

 𝜀1 ≈ 0.16% (10) 

Step 2: Determine Total Expansion (ϵ∞) 

The residual expansion (ϵ₂) was obtained from the accelerated expansion test results, where: 

 𝜀2 = 𝜀𝑅𝑒𝑠 ≈ 0.04% (11) 

Combining the past expansion (ϵ₁) and residual expansion (ϵ₂), the ultimate expansion (ϵ∞) was 
calculated as:  
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 𝜀∞ = 0.20% (12) 

 

Step 3: Plot, Calibrate and Fit the Expansion Curve 

The estimated ultimate expansion (ϵ∞) and the results from residual expansion tests were used 
to plot, calibrate, and fit an initial expansion curve. 

Step 4: Refine the Expansion Curve Using Laboratory Data 

The calibrated expansion curve was further refined by incorporating measured expansion values 
from laboratory samples (e.g., 0.0004% expansion after 100 days). These samples replicated the 
original design material properties of the structure, ensuring the relevance of the curve to the 
specific ASR-affected structure. The final Larive’s model parameters are listed in Table 12. 

Table 12 final Larive’s equation parameters 

θ0 UC UL τc (θ0)  τL (θ0)  𝜺∞ 
311 K 5400 9400 49 150 0.20% 

 

Step 5: Upscale Laboratory Time Scale to Real Time Scale 

After fitting the expansion-time relationship, the curve initially reflected the laboratory time scale. 
To apply it to real-world time scale, the laboratory time scale was proportionally adjusted to the 
real-time scale. Since the past expansion (ϵ₁) corresponds to t₁ = 60 years, the entire laboratory 
time scale was recalibrated to align with actual time passed. This adjustment allowed the 
expansion curve to represent the material behaviour over the lifespan of the structure, from 
construction to the present day. 
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6.1.5 Results & Discussion 
Figure 69 presents the expansion-time curve derived from Larive's model, incorporating results 
from accelerated expansion tests and laboratory samples. In this curve, the past expansion over 
60 years has been back-calculated, providing a visualization of the ASR expansion progression 
under the specific conditions of the case study. The model was able to capture the time-
dependent nature of ASR-induced expansion, reflecting both historical and projected future 
expansions. 

 
Figure 69 Expansion-time curve based on Larive's model, showing the back-calculated past expansion over 60 years 
and the projected future expansion, with data points from accelerated expansion tests and laboratory samples for the 
available case study. 

To validate the back-calculated past expansion and the model's final results, a comparison was 
made with the study by Sanchez et al.  [12], who assessed twenty concrete mixtures with varying 
strengths and a wide range of aggregate types. One of their mixtures, NM+Lav —comprising 
coarse NM R from New Mexico, USA (polymictic gravel with mixed volcanics, quartzite, chert), 
and fine Lav NR from Quebec, Canada (derived from granite)—closely resembles the reactive 
aggregates of the available case study data. The mechanical property losses reported by Sanchez 
et al., approximately 60% reduction in tensile strength and 40% reduction in elastic modulus, can 
be observed in Figure 70 (b) and (c) of their study and are comparable to the available case study 
data (refer to Table 11). Based on the similarity in reactive aggregate types and mechanical 
property losses, the ultimate expansion values were compared. The estimated ultimate 
expansion of the available case study data is 0.20%, while Sanchez et al. reported approximately 
0.23%, as shown in Figure 70 (a). This close agreement supports the validity of the back-
calculated past expansion and the overall model predictions. 

Nevertheless, the reliance on literature-data from single source, which is Esposito et al.’s [27], 
introduces limitations. While the chosen literature-based data provides a useful reference, its 
generality—spanning diverse material characteristics, exposure conditions, and testing setups—
may not fully account for the specific context of the case study. To enhance the generalizability 
and accuracy of the method, it is recommended to involve a larger set of targeted literature-based 
data that closely aligns with the material and environmental characteristics of the case study. 
Additionally, incorporating factors such as environmental conditions and leaching into Larive's 
model, as in [76]–[79], where data is available, would further refine the expansion predictions and 
better represent the progression of expansion in existing structures. 
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(a) 

   

(b) (c)  

Figure 70 Results from Sanchez et al. [12]: (a) AAR kinetics (expansion vs. time), (b) Tensile strength reduction, and (c) 
Elastic modulus reduction. 
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6.2 Esposito's Expansion-Dependent Material Deterioration 
Model 

6.2.1 Esposito's equation 
The Expansion-Material Degradation Correlation is established using Esposito's model. This 
model, based on statistical analysis of laboratory test results and literature data —a revised 
version of the degradation law proposed by Saouma et al. [11] — to describe the degradation of 
mechanical properties such as tensile strength and elastic modulus as functions of ASR-induced 
expansion. 

The model expresses the normalized mechanical property (βP) as a function of expansion (ε) 
using the following equation, which represents an inverse sigmoid function [80]: 

 𝛽𝑃 =
𝑃

𝑃ref = 𝛽0 − (𝛽0 − 𝛽∞)
1 − exp (−

𝜀
𝜀c

)

1 + exp (−
𝜀 − 𝜀𝑙

𝜀c
)

 (13) 

Where: 

• P and Pref represent the current and reference values of the chosen property, respectively. 
• β0 and β∞ denote the normalized property values at zero expansion and at the asymptotic 

expansion, respectively. 
• ϵ represents the expansion. 
• ϵl and ϵc are the latency and characteristic expansion values, respectively. The latency 

expansion (ϵl) defines the delay before a relevant degradation of the mechanical property 
is observed. The lower the latency expansion, the earlier the degradation is observed. The 
characteristic expansion (ϵc) contributes to the degradation rate, defined as the average 
decrease between ϵl and ϵl+2ϵc. 

6.2.2 Parameters Determination 
• Latency Expansion (ϵl) and Characteristic Expansion (ϵc): Initially assumed based on 

the values proposed by Esposito et al. [27]  . 

• Normalized Property Values (β0 and β∞): Determined from the available case study 
data, reflecting the initial and ultimate degradation states of the mechanical properties. 

6.2.3 Proposed Process 
The following process outlines the steps to determine the expansion- material Properties 
correlation using Esposito’s model, Larive’s model and available case study data. The results of 
this process are presented in Section 6.2.4. 

Input Requirements 

• Original material properties values, Table 8 
• The residual reduction in the mechanical properties, Table 9 
• The ultimate reduction in the mechanical properties, Table 11 
• The ultimate expansion, Equation (9) 

Step 1: Plot Initial Expansion-Material Degradation Curve 

The initial curve is plotted using the proposed initial values for ϵc, ϵl, β0 and β∞ (see Table 13). 
This provides a baseline to visualize how the mechanical properties are expected to degrade as a 
function of ASR-induced expansion, based on default or literature-derived parameters. 
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Table 13 initial values of Esposito’s model 

 β0 β∞ ϵc ϵl 

Tensile strength ft 1.01 0.6 0.11 0.35 

Elastic modulus E 1.06 0.19 0.37 1.13E-09 

 

Step 2: Adjust Normalized Property Parameters 

β0 and β∞ are adjusted to fit the observed reductions in mechanical properties: 

o β0 is set to 1, representing the normalized initial property. 

o β∞ is determined based on the ultimate reduction in the property. 

Step 3: Fit Expansion Parameters 

ϵc and ϵl  are calibrated using the estimated ultimate expansion (ϵ∞) in Section 6.1.5. Further, 
these parameters are adjusted to ensure the model reflects both the residual and ultimate 
reductions in mechanical properties. 

Step 4: Finalize Model Parameters 

the final set of parameters for the Expansion-Material Degradation Correlation, as presented in 
Table 14. 

Table 14 the final set of parameters for Esposito’s model 

 Original value β0 β∞ ϵc ϵl 

Tensile strength ft 2.77 MPa 1 0.4 0.023 0.13 

Elastic modulus E 32308 MPa 1 0.6 0.06 9.00E-02 

 

In addition to Expansion-Material Degradation Correlation, time-based correlation can be made 
further by coupling the results of the two models This coupling facilitates the establishment of a 
time-based correlation with the reduced material properties, to assist alternative approaches 
while assessing the existing structures numerically.  

6.2.4 Results & Discussion 
Figure 71 illustrates the relationship between normalized ASR-induced expansion and the 
reduction of material properties—specifically tensile strength and elastic modulus—as 
predicted by Esposito's model. The curves highlight the deterioration of these properties as a 
function of expansion. As the expansion increases, both tensile strength and elastic modulus 
decrease, with the rate of degradation accelerating after a certain expansion threshold. The red-
striped lines represent a ±10% measured reduction from structure samples extracted at t1 (60 
years) and exposed to accelerated expansion tests. 
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Figure 71  Relationship between ASR-induced expansion and normalized material properties deterioration (tensile 
strength and elastic modulus) based on Esposito’s model. 

The model effectively captures the nonlinear degradation behaviour observed in ASR-affected 
concrete. The correlation shown in Figure 71 can be integrated into the ASR-affected concrete 
constitutive model, as demonstrated in Section 4.3, to adapt the expansion-based tensile 
strength behaviour and enable the numerical model to capture strength degradation and predict 
potential damage. As noted by Esposito et al. [27] and illustrated in the results, stiffness and 
strength degrade at different rates. Furthermore, findings from the numerical model indicate a 
more rapid degradation of the elastic modulus, see Section 4.2.2.4, highlighting its limitations in 
simulating gradual stiffness reduction. These factors make it more appropriate in this research to 
base the reduction of material properties on tensile strength degradation for more accurate 
structural predictions. 

 
Figure 72  Normalized Time-based reduction in material properties (tensile strength and elastic modulus) due to ASR. 

Figure 72 illustrate the normalized, time-based reduction in material properties resulting from the 
coupling of Larive's expansion prediction model and Esposito's material degradation model. The 
figure demonstrates that over the structure's lifespan, both tensile strength and elastic modulus 
diminish progressively, correlating with the expansion-time relationship established by Larive's 
model.  
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6.3 Conclusion 
This chapter focused on establishing a reliable basis for forecasting ASR-induced expansion and 
related material degradation in concrete structures. To achieve this, two key objectives were 
addressed: developing a time-expansion correlation and determining how ASR-induced 
expansion relates to changes in tensile strength and stiffness. By integrating established 
phenomenological models with case study data and relevant literature, the chapter provided a 
structured approach to refining the input parameters for numerical simulations of long-term ASR 
behaviour. 

Larive’s model forecasted the long-term free ASR-induced expansion. The past expansion was 
estimated by relating observed reductions in material properties to an appropriate level of 
expansion. Accordingly, curve fitting was used to identify the ultimate expansion value. Despite 
this approach relying on literature-based data, the results showed good agreement with 
experiments on materials of similar characteristics. However, this approach requires further 
investigation, and it is recommended to involve a larger set of literature-based data oriented to 
materials of similar characteristics. 

Further, Esposito’s model related the free ASR-induced expansion to the progressive 
deterioration of tensile strength and elastic modulus. By using the results from Larive’s model 
and the available case study data, Esposito’s model parameters were calibrated to capture the 
degradation of material properties as expansion increases. This model was further integrated 
with Larive’s time-expansion correlation, enabling long-term forecasting of both expansion and 
the resulting property reductions. 

Building upon these findings, the estimated ultimate expansion from Larive’s model can now be 
employed as an input to the structural model. Additionally, Larive’s time-expansion relationship 
provides the link between the expansion increments in the structural model and the 
corresponding time scale. Similarly, the expansion-based tensile strength correlation derived 
from Esposito’s model can be implemented in the tensile curve used within the numerical 
simulations. Together, these two phenomenological models provide a standardized solid 
framework for bridging the gap between structural analysis and material-level observations, 
setting the stage for the next chapter’s demonstration of their application in a hypothetical bridge 
pier cap scenario. 
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7.  Final Framework: Hypothetical Case Study 
This chapter presents the final integrated framework for predicting the long-term behaviour of 
reinforced concrete structures affected by ASR. Previously, the individual components of this 
framework—a structural (numerical) model and two phenomenological material models—were 
developed, verified, and discussed. Here, these elements are combined into a single, coherent 
methodology. To demonstrate its application and capabilities, the framework is applied to a 
hypothetical bridge pier cap inspired by real-world ASR damage observations. 

7.1 Framework Overview 
The integrated framework combines the Modified Dual Mesh Method (MDMM) for structural 
modelling with Larive’s time-dependent expansion model and Esposito’s expansion-based 
material degradation model. As illustrated in Figure 73, the framework consists of two primary 
branches. The structural model branch implemented using the MDMM, detailed in 4, simulates 
the mechanical response of the structure under progressive ASR-induced degradation. 
Simultaneously, the material models branch, incorporating Larive’s and Esposito’s models, as 
described in 6, establishes the relationships between free ASR-induced expansion over time and 
the corresponding degradation of material properties. 

 
Figure 73 Framework for predicting the long-term behaviour of reinforced concrete structures affected by ASR 

These branches interact in two keyways. First, the material models provide essential inputs—
such as ultimate expansion and the tensile strength–expansion relationship—to the structural 
model.  
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Second, by referencing the expansion-time curve, targeted expansion levels are linked to specific 
time points, enabling the determination of when the structure's integrity is compromised. Within 
the scope of this study, the structure is considered compromised when the steel reinforcement 
reaches its yield point, even if it has not fully collapsed. 

7.2 Hypothetical Case Study 
This case study represents an existing infrastructure element of a post-tensioned bridge pier cap 
diagnosed with ASR. Figure 74 (a) illustrates typical ASR-induced surface cracking observed at 
the bottom of a pier cap, while Figure 74  (b) provides a conceptual depiction of the structure. The 
case study focuses on the upper part of the structure—the pier cap—while excluding the 
supporting pier column beneath it. 

  
(a)  (b)  

Figure 74  (a) typical ASR-induced surface cracking observed on the underside of a pier cap [81]; (b) conceptual 
depiction of the bridge structure. 

The pier cap measures 15 m in length, 6 m in width, and 1.76 m in height. It is reinforced and post-
tensioned in both the longitudinal and transverse directions. In addition, the design material 
properties, as well as the degraded material properties and ASR expansion values relevant to this 
study, were presented earlier in Section 6.1.3. These parameters will be utilized to simulate the 
structural response and assess the impact of ASR-induced damage. Further details regarding the 
structure’s design, reinforcement layout, material properties, and loading conditions will be 
provided in the subsequent Section 7.3. 

7.3 Numerical Model Description 
This section describes the finite element model of the pier cap used to demonstrate the proposed 
framework and the 3D application of the MDMM. While reflecting realistic structural settings, the 
model is not tied to a specific structure. Additionally, simplifications were made to reduce 
computational costs while preserving representativeness. 

7.3.1 Structure Overview and Geometry 
The pier cap is modelled as a simplified cuboid with dimensions of 15 m × 6 m × 1.76 m, as shown 
in Figure 75. The column support is represented as a circular support within the model. The 
reinforcement includes longitudinal and transverse bars, along with stirrups of 16 mm diameter 
spaced at 600 mm. While an initial spacing of 300 mm was considered, the 600 mm spacing was 
chosen to reduce model complexity and computational intensity. Additional reinforcement is 
provided around the column support to prevent punching failure. Curved post-tensioning cables, 
each with a diameter of 32 mm, are included in both longitudinal and transverse directions, with 
12 cables in the longitudinal direction and 24 in the transverse direction. Figure 75 and Figure 76 
illustrate the reinforcement and post-tensioning cable details. 
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Figure 75 Simplified pier cap FEM model with its components 
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(a)  (b)  

Figure 76 (a) Reinforcement Cage; (b) post-tensioning cables 

7.3.2 Integration of Material Models 
In Chapter 6, expansion-time and expansion-material degradation correlations were established 
using the available case study data. These correlations are now integrated into the current 
analysis framework: 

• Expansion-Material Degradation Correlation: Figure 77 (a) provides the expansion-
based tensile curve. This curve was calibrated to produce a multi-linear model, as shown 
in Figure 78, which is implemented as the tensile curve for the concrete material model. 

• Expansion-Time Correlation: Figure 77 (b) presents the time-based expansion curve. 
The ultimate expansion from this curve is set as the targeted maximum free ASR-
expansion in the simulation. Expansion increments applied through the shadow mesh 
can be indirectly linked to time using the curve in Figure 77 (b). 

 

  

(a)  (b)  

Figure 77 (a) Expansion-based tensile strength curve for ASR-affected concrete; (b) Time-based expansion curve  
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Figure 78 multi-linear tensile strength-expansion model 

7.3.3 Element Type and Discretization 
The pier cap is modelled using TE12L elements, four-node, three-sided isoparametric solid 
tetrahedrons, Figure 79, with a mesh size of 400 mm. This element type and mesh size were 
selected to minimize the risk of analysis failure due to irregular element shapes or excessively 
small angles. 

 
Figure 79 TE12L [73] 

The reinforcement bars are fully embedded within the concrete elements, assuming a perfect 
bond. For simplicity, the post-tensioning cables are modelled as embedded reinforcement with 
no bond to the surrounding concrete. 

7.3.4 Material Properties 
The material properties for concrete, reinforcement, and post-tensioning cables used in the 
finite element model are summarized in Table 15. 

Table 15 Design Material Properties of Concrete  

Material Parameter Input 

Concrete Young's modulus (Ec) 32308 MPa 

Poisson's ratio (v) 0.2 

Tensile strength (ftm) 2.77 MPa 

Compressive strength (fcm) 36 MPa 

Fracture energy in compression (Gc) 32.7 N/mm 

Mass density (ρ) 2.4E-9 T/mm³ 

Dual Mesh (DM) Young's modulus (EDM) 2% EC MPa 

Poisson's ratio (v) 0 
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Mass density (ρ) 0 T/mm³ 

Reinforcement  Young's modulus (E) 200000 MPa 

Yielding strength (fym) 440 MPa 

Ultimate strength (fum) 475 MPa 

Ultimate strain (εsu) 0.05 

Post-tensioning Cables Young's modulus (E) 200000 MPa 

Yielding strength (fym) 1674 MPa 

Ultimate strength (fum) 1770 MPa 

Ultimate strain (εsu) 0.035 

7.3.5 Material Models 
The material models and their specifications for concrete, shadow mesh, reinforcement, and 
tendons are provided in Table 16. 
Table 16 Material Models Specification 

 
Specifications Input data 

Concrete 

Class Concrete and masonry 
Material Model Total strain-based crack model 
Crack Bandwidth Element size 
Crack Orientation Rotating 
Tensile curve Multi-linear2 
Crack bandwidth specification  Rots 
Poisson’s ratio reduction No reduction 
Compressive Behaviour Parabolic 
Reduction model Vecchio and Colline 1993 
Lower bound reduction curve 0.6 

Shadow Mesh 
Class Composites and rubber 
Material Model Linear elastic isotropic 

Reinforcement 

Class Steel 
Material Model Von Mises plasticity 
Hardening Hypothesis Strain hardening 
Hardening Type Isotropic hardening 

Tendon 

Class Steel 
Material Model Von Mises plasticity 
Hardening Hypothesis Strain hardening 
Hardening Type Isotropic hardening 
Bonding No 

7.3.6 Boundary Conditions 
Fixed translations in all directions were applied to the circular support located at the centre of 
the bottom face of the pier cap. This boundary condition represents the fixed connection between 
the column and the pier cap, as illustrated in Figure 80. 

 

 
2 See Figure 78 in section 7.3.2, estimated from the expansion-based tensile strength reduction 
correlation of the case study  
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7.3.7 Loads  
Several types of loads were applied to the pier cap in the analysis: 

1. Self-Weight: The self-weight of the pier cap was automatically generated by the software, 
using a default gravitational acceleration of g=9.81 m/s2. 

2. Design Load: This load combines permanent loads (e.g., from girders) and variable loads 
(e.g., traffic on the bridge). It was applied as a surface load distributed over the strip area 
across the pier cap width with dimensions 6000 mm×400 mm2, as shown in Figure 80. The 
magnitude of the load was initially estimated based on realistic values and subsequently 
adjusted to ensure no cracking occurred at the top middle section of the pier cap when 
self-weight, post-tensioning, and design load were applied. The resulting design load was 
set at 1 N/mm2. 

3. Post-Tensioning Load: Post-tensioning forces were applied at the anchor ends of the 
cables without accounting for losses. The magnitudes were set at 600  kN for longitudinal 
cables and 431 kN for transverse cables. 

4. Expansion Load: Modelled as incremental expansion, where a prescribed strain (initial 
strain) is applied to the shadow mesh, resulting in corresponding expansion on the 
structural mesh. A calibration step is required to determine the initial strain increment 
that corresponds to the targeted free expansion increment (see subsequent Section 7.3.8 
for details). 

 
Figure 80 Loading and Boundary conditions of the pier cap 

7.3.8 Calibration of Free Expansion 
Calibration analysis was performed on a plain concrete model to determine the initial strain 
values required to achieve the desired free expansion on the structural mesh. Figure 81 shows 
the relationship, where the orange striped line represents the strain on the shadow mesh, and the 
blue line represents the resulting free expansion on the structural mesh. 
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Figure 81 Calibration of Initial Strain and Corresponding Free Expansion 

7.3.9 Analysis Procedure 

Phased analysis is employed to manage the sequential application and interaction of various 
loads and the activation/deactivation of the shadow mesh. 

1. Phase I: The self-weight of the structure is applied, followed by the post-tensioning 
forces. 

2. Phase II: The design load is introduced as a surface load distributed over the strip area 
across the pier cap width. 

3. Phase III: The shadow mesh is activated, and expansion is incrementally applied 
through prescribed initial strain on the shadow mesh. 

Two iteration methods are utilized during the analysis: the Full Newton-Raphson method for 
Phases I and II, and the Secant method for Phase III, see Table 17. This combination ensures 
stability and computational efficiency across all phases of the simulation. 

Table 17 the characteristics of the incremental-iterative solution method 

Phase Iterative 
Scheme 

Convergence 
norm 

simultaneously 
satisfy 

Tolerance No 
convergence 

Step size Max 
iteration 

I and II Full Newton-
Raphson 

Energy AND 
Out-of-balance 
force 

Both 0.0001 (energy) 
0.01 (Out-of-
balance force) 

Continue Both 
0.01(100)  

300 

III Secant 
(Quasi-
Newton) 

Energy AND 
Out-of-balance 
force 

Both 0.0001 (energy) 
0.01 (Out-of-
balance force) 

Continue  Both 
0.01(100)  

400 
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7.4 Results and Discussion 
Figure 82 illustrates the principal stress distribution in the pier cap due to self-weight, post-
tensioning, and design load, prior to the onset of ASR-induced expansion. The highest stresses 
are concentrated at the top middle section of the plate near the supports, corresponding to the 
zone of maximum bending moment. However, these stresses remain below the tensile strength 
of the concrete, and no cracking is observed. 

Once ASR expansion is introduced, initial cracks develop at the top surface where tensile 
stresses are highest, as shown in Figure 83. As the expansion progresses, these cracks propagate, 
following stress concentration paths, eventually forming a widespread network of cracks across 
the plate, as depicted in Figure 84. The crack propagation ultimately leads to full coverage of the 
plate, as illustrated in Figure 85. 

 

 
Figure 82 Contour plot of the principal stress distribution in the Pier Cap Before ASR-Induced Expansion. 

 

 
Figure 83 Initial Cracks at the Top Surface of the Pier Cap During Early Stages of ASR Expansion, where Eknn is crack 
strain. 
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Figure 84 Evolution of Crack Patterns at the Bottom Surface of the Pier Cap with Increasing ASR Expansion. 
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Figure 85 Final Crack Patterns and Orientation at 0.2% Ultimate ASR Expansion in the Pier Cap. 
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As the expansion reaches 0.2%, representing the ultimate expansion level, the crack patterns 
become well-defined, as shown in Figure 85. The largest cracks appear at the top, where bending 
stresses are greatest, while the bottom exhibits comparatively finer cracks. The model results 
indicate that crack orientation differs between the top and bottom surfaces, reflecting the 
combined effects of load-induced stresses, prestressing, and the stress- and confinement-
dependent nature of expansion.  

From the front view, the cracks are predominantly horizontal and concentrated between 
supports, closely following the principal stress paths while aligning with regions of reinforcement 
and confinement. At the bottom, cracks exhibit a more random orientation near the edges but 
tend to align parallel to the longitudinal reinforcement in the central regions. From the side view, 
cracks from the bottom continue upward as vertical cracks at the edges but transition to 
horizontal orientation at the mid-height of the plate’s short side. Here, the horizontal crack 
pattern is less pronounced compared to the front view, likely due to geometric differences and 
their influence on stresses and confinement. 

The crack patterns observed in the model align well with real-world observations and findings in 
the literature, further validating the simulation approach. Zahedi et al. [82] observed that ASR-
induced cracks in confined concrete elements propagate parallel to the longitudinal 
reinforcement due to the directional restraint provided by steel bars, which transfer damage to 
the surrounding concrete. Similarly, Barbosa et al. [83] reported that cracks in slab bridges align 
with the reinforcement in both longitudinal and transverse directions, reflecting the direction of 
greatest restraint, as shown in Figure 86. Additionally, ISE [17], summarizing findings from various 
studies, noted that ASR-induced cracks tend to follow the path of least resistance, typically 
developing parallel to the steel reinforcement.  

 
Figure 86 Horizontal ASR-induced crack shown in UV-light image of ASR cracks in a cross-section of a slab bridge [82]. 

Building on this, the model crack patterns are further compared with those observed in a similar 
ASR-affected structure, as shown in Figure 87. Figure 87 (a) presents the model output for the 
crack pattern on the bottom surface of the plate, while Figure 87 (b) illustrates the bottom surface 
of a real-world structure diagnosed with ASR. The observed structure, Figure 87 (b), exhibits 
primary cracks along with secondary cracking and branching. These secondary cracks 
connecting to the primary ones, reflecting a heterogeneous material response. In contrast, the 
model output in Figure 87 (a) primarily captures the primary crack pattern.  

Despite the absence of secondary cracking in the model, focusing on the primary cracks reveals 
notable similarities with the observed structure. In both Figure 87 (a) and (b), the main cracks 
oriented parallel to the longitudinal reinforcement, indicating higher constraints in this direction. 
Furthermore, few or no primary cracks are observed near the supports in the observed structure, 
mirroring the model's results where additional reinforcement provides effective confinement. 
These comparisons, alongside the alignment with literature, highlight the framework's ability to 
replicate the progression of ASR-induced cracking behaviours as expansion levels develop, 
closely mirroring those observed in real-world scenarios. 
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Figure 87 comparison between the crack pattern of bottom surface of the model and similar structure diagnosed with 
ASR (a) Model output at ≈ 0.16% free ASR-induced expansion; (b) similar ASR-affected structure [81] . 

The analysis further indicates that at an ASR-induced expansion level of approximately 0.1%, the 
pier cap model experiences its first instance of reinforcement yielding. Figure 88 illustrates the 
crack patterns, orientations, and corresponding stress contour plot of the longitudinal 
reinforcement at this expansion threshold, highlighting that yielding initiates in the top 
longitudinal bars at the mid-span of the plate, directly above the column. By correlating this 
expansion level with the expansion-time curve shown in Figure 77 (b), it becomes possible to 
connect the onset of yielding to a specific timeframe, providing insights into when critical 
structural behaviours might emerge. 

In the context of potential long-term monitoring, these findings underscore the top middle region 
of the pier cap—where the bending moment is greatest—as the most critical zone for early 
detection of reinforcement yielding, suggesting that placing strain sensors in this location could 
offer valuable indicators of initial structural distress. In addition, the model produces 
displacement outputs that could serve as an alternative approach for structural monitoring. 
However, it was not possible to verify these predictions due to a lack of corresponding field or 
experimental data, highlighting a potential area for future research.
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Figure 88 Crack Patterns and Orientation at 0.1% ASR Expansion when the First Reinforcement Yielding in the Pier Cap. 
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8. Conclusion & Recommendation 
This thesis aimed to model and evaluate the structural behaviour of reinforced concrete 
structures affected by Alkali-Silica Reaction (ASR) over time. The research developed a modelling 
framework that incorporates numerical simulations and phenomenological models, offering a 
practical tool for assessing ASR-induced structural damage and its progression. The key 
conclusions are as follows: 

1. The MDMM was established as an adaptable modelling tool for simulating ASR effects. 
Enhancements to the original Dual Mesh Method (DMM) included the introduction of an 
adapted tensile curve and phased analysis, enabling realistic representation of stress 
generation, crack propagation, and material degradation under ASR-induced expansion. 
The model effectively captured anisotropic expansion behaviour influenced by structural 
reinforcement. 

2. Validation of the MDMM using benchmark tests demonstrated its ability to predict 
structural behaviour under static and gradual ASR-induced expansion. The results 
aligned well with experimental observations, particularly in capturing crack patterns and 
load-displacement responses. Comparisons with the Reduced Material Properties 
Method (RMPM) highlighted the MDMM's enhanced capability in simulating internal 
expansion forces and realistic structural degradation. 

3. Larive’s time-expansion model and Esposito’s expansion-material degradation model 
were successfully integrated into the framework, providing a reliable link between time-
dependent expansion, material property reduction, and structural analysis. This 
integration addressed the challenge of incorporating time-based predictions into 
numerical models, bridging material-level observations and structural behaviour. 

4. The framework's application to a hypothetical bridge pier cap showcased its ability to 
replicate real-world ASR damage scenarios. Crack propagation trends, reinforcement 
yielding, and stress redistribution under combined ASR and mechanical loading were 
effectively simulated, validating the framework's practical utility. 

5. While the MDMM captured tensile strength degradation accurately, it exhibited 
limitations in simulating the gradual reduction of elastic modulus. Additionally, 
computational efficiency issues due to reduced reinforcement levels highlight the need 
for further refinement. In addition, the effect of the reduction in compressive strength was 
not considered.  

6. The developed framework provides a practical methodology for assessing the long-term 
performance of ASR-affected reinforced concrete structures. It offers insights into 
damage progression, aiding structural assessment, maintenance planning, and life-cycle 
management. 

To advance the developed framework and enhance its applicability, the following 
recommendations are proposed: 

1. Validate the framework using comprehensive case studies with detailed experimental 
data, allowing for reflection on limitations and identification of areas requiring further 
improvement. 

2. Investigate the framework's performance on structures with varying geometries (shear 
failure) and confinement configurations to ensure its versatility across different structural 
scenarios. 
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3. Develop a direct correlation between tensile and compressive strength degradation to 
refine the material property model and improve its representation of ASR-affected 
concrete. 

4. Introduce probabilistic models to account for the material heterogeneity in shadow mesh 
properties, enabling the investigation of uncertainties associated with ASR effects on 
non-uniform materials. 

5. Expand the framework to include other deterioration mechanisms, such as carbonation 
and chloride ingress, for a more comprehensive structural assessment of concrete 
infrastructure. 

6. Address the rapid decline of elastic modulus in the current model by exploring 
alternative calibration methods or integrating more accurate degradation functions. 

7. Consider linking the reduction of tensile strength with the compressive strength, which 
can indirectly result in a realistic reduction of the elastic modulus and more accurate 
structural response. 

By addressing these recommendations, the framework can be further refined to provide a reliable 
and practical tool for assessing and managing ASR-affected reinforced concrete structures in 
real-world scenarios. 
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Appendix A: Software Selection Justification 
In conducting finite element analysis (FEA) for this thesis, selecting the appropriate software was 
crucial to ensure accurate results and an efficient workflow. Several FEA software packages were 
evaluated, including DIANA FEA, ABAQUS, and ANSYS. The following table provides a 
comparative analysis of these options, justifying the selection of DIANA FEA for this research. 

Table A.1: Comparative Analysis of FEA Software Options 

Criteria DIANA FEA ABAQUS ANSYS 

User Interface 

- Intuitive and user-friendly 
interface 
- Simplifies model setup 
and analysis execution 

- Complex interface 
with a steep learning 
curve 
- Requires significant 
time to master 

- Complex interface 
with a steep learning 
curve 
- Interface may be less 
intuitive for beginners 

Material Models 
Availability 

- Extensive library of pre-
defined material models 
- Easy selection and 
assignment within the 
interface 

- Requires manual 
definition of many 
material properties 
- Less intuitive material 
assignment 

- Requires manual 
input for many 
material models 
- Material assignment 
can be complex 

Specialization 

- Tailored for structural, 
geotechnical, and civil 
engineering applications 
- Specialized features align 
with thesis requirements 

- General-purpose FEA 
software 
- May lack specialized 
tools specific to civil 
engineering 

- General-purpose FEA 
software 
- Specialized modules 
may require additional 
licensing 

Nonlinear Analysis 
Capabilities 

- Advanced nonlinear 
analysis features 
- Efficient handling of 
material and geometric 
nonlinearities 

- Robust nonlinear 
analysis but setup can 
be complex 
- May require advanced 
knowledge 

- Strong nonlinear 
capabilities but 
complex to configure 
- Advanced features 
may increase 
complexity 

Learning Curve 

- Shorter learning curve 
due to user-friendly design 
- Ideal for projects with 
time constraints 

- Longer learning curve 
- Significant time 
investment needed to 
become proficient 

- Longer learning curve 
- Mastery requires 
extensive training 

Error Handling and 
Troubleshooting 

- Reduced risk of input 
errors 
- Helpful error messages 
guide troubleshooting 

- Higher risk of errors 
due to complex input 
requirements 
- Errors can be difficult 
to diagnose 

- Complex error 
messages 
- Troubleshooting can 
be time-consuming 

Documentation 
and Support 

- Limited online resources 
due to being relatively 
newer 
- Official documentation is 
comprehensive but fewer 
third-party tutorials 
available 

- Extensive 
documentation with 
abundant online 
tutorials 
- Large user community 
for support 

- Extensive 
documentation 
- Numerous online 
resources and forums 
- Strong user 
community support 

Licensing and 
Accessibility 

- Academic licensing 
available 
- More accessible for 

- Higher licensing costs 
- May be less 
accessible for 
individual students 

- Higher licensing 
costs 
- Academic licenses 
may be limited 
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students and educational 
institutions 

Computational 
Efficiency 

- Optimized for standard 
hardware setups 
- Efficient performance 
without the need for high-
end computational 
resources 

- May require more 
powerful hardware for 
optimal performance 
- Longer computation 
times 

- May require 
significant 
computational 
resources 
- Performance can be 
hardware-dependent 

Compatibility and 
Integration 

- Supports various data 
formats 
- Easy integration with 
other engineering tools and 
software 

- Good compatibility 
but may require 
additional 
configuration 

- Good compatibility 
- Integration may 
require additional 
plugins or modules 

Previous Use in 
Similar Studies 

- Recognized in civil 
engineering research 
- Used in specialized 
studies, though fewer in 
number due to its newer 
presence 

- Widely used in 
engineering studies 
- Frequently cited in 
academic research 

- Popular in industry 
and academia 
- Extensively used and 
cited in engineering 
research 

Customization and 
Flexibility 

- Allows for some 
customization 
- User-defined functions 
can be implemented if 
needed 

- Highly customizable 
but requires advanced 
knowledge 
- Customization 
increases complexity 

- Highly flexible with 
extensive 
customization 
options 
- May overwhelm users 
who require standard 
analyses 

Cost-Benefit for 
Thesis Scope 

- Cost-effective for the 
scope of the thesis 
- Provides all necessary 
features without 
unnecessary complexity 

- Higher cost may not 
be justified for thesis 
scope 
- Extra features may 
remain unused 

- Higher cost with 
features beyond thesis 
requirements 
- May not provide 
proportional benefits 
for the cost 
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Appendix B: Analytical Solution of the Dual 
Mesh Method (Review) 

This appendix provides a brief review of Chen’s work [45] on the dual mesh concept through an 
analytical solution. For a more detailed explanation and comprehensive analysis, please refer to 
Chen’s original publication [45]. 

1D Linear Analysis of Dual Mesh Method  
Chen [45] introduced a 1D analytical demonstration, to simplify the concept and gain a clearer 
understanding of the interaction between the two meshes in the Dual Mesh Method (DMM) 
concept. In this model, the structural mesh and the shadow mesh are assigned stiffness values, 
denoted as Kst and Ksh, respectively. The process begins with both meshes in their original, 
unloaded positions. When an initial strain is applied to the shadow mesh, it induces an initial 
displacement Δ0. This displacement does not immediately generate stress but disrupts 
deformation compatibility, as only the shadow mesh is strained initially. This incompatibility 
leads to further deformation until both meshes reach equilibrium, sharing the same 
displacement due to their shared nodes. 

The equilibrium and compatibility conditions are mathematically expressed as follows: 

 𝐾𝑠𝑡Δ𝑠𝑡 = 𝐾𝑠ℎΔ𝑠ℎ (14) 

 

 𝐾𝑠𝑡Δ𝑠𝑡 = 𝐾𝑠ℎΔ𝑠ℎ (15) 

 

Solving these equations provides the final displacement: 

 Δ𝑠𝑡 =
𝐾𝑠ℎ

𝐾𝑠ℎ + 𝐾𝑠𝑡
Δ0 (16) 

 

The final displacement is determined by the relative magnitudes of Kst and Ksh. An increase in Ksh 
causes the final displacement to approach the initial displacement Δ0, while a decrease in Ksh 
causes the final displacement to approach zero. 

 
Figure 89 The interaction between structural mesh and shadow mesh in 1D model [45] 

2D Linear Analysis of Dual Mesh Method  
In the 2D element demonstration, the analysis incorporates the effects of the Poisson ratio, which 
result in iterative deformations between the x and y directions. When an initial strain is applied in 
one direction, it induces deformation in the perpendicular direction due to the Poisson effect. 
The procedure involves iteratively adjusting these deformations until equilibrium is achieved in 
both directions, ensuring that the model accurately reflects the interaction between the two axes. 
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Reinforcement 
When reinforcement in concrete is considered, the presence of steel increases the stiffness in 
the direction of the reinforcement. This modified stiffness is expressed as: 

 𝐸𝑠𝑡,𝑥 = 𝑉𝑠𝐸𝑠 + (1 − 𝑉𝑠)𝐸𝑐 (17) 

 𝐸𝑠𝑡,𝑦 = 𝐸𝑐  (18) 

 

where Vs and Vc are the volume fractions of steel and concrete, respectively. This relationship 
indicates that a 1% increase in the reinforcement ratio results in a 5% increase in stiffness [45].  
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Appendix C: Detailed FEM Description of the 
2D Cube Model 

General Description 

• Software: Diana FEA software. 
• Type of Model: 2D finite element model using plane stress elements for concrete and 

embedded truss elements for reinforcements. 
• Analysis: Static nonlinear analysis. 

Geometry 

Table 18 the cross-section properties of each finite element 

  type Shape Dimensions Thickness 
All Analysis Concrete sheet Polygon sheet Rectangular  100x100 mm 100 mm 

Shadow mesh 
sheet 

Polygon sheet Rectangular  100x100 mm 100 mm 

 Steel rebar Line Line 100 mm ф10 mm 
 
Material Properties 
 

Table 19 Material properties of concrete, Shadow mesh, and the steel rebar 

Material Parameter Input 

Concrete Young's modulus (Ec) 33950 MPa 

Poisson's ratio (v) 0 

Compressive strength (fcm) 45 MPa 

Tensile strength (ftm) 4.11 MPa 

Shadow mesh Young's modulus (EDM) 2% EC MPa 

Poisson's ratio (v) 0 

Steel rebar Young's modulus (E) 200000 MPa 

Yielding strength (fym) 450 MPa 

Ultimate strength (fum) 540 MPa 

Ultimate strain (εsu) 0.05 

 

Material Models 

Table 20 constitutive models 
 

Specifications Input data 

Concrete 

Class Concrete and masonry 
Material Model Total strain-based crack model 
Crack Bandwidth 10 mm 
Crack Orientation Rotating 
Tensile curve Linear 
Crack bandwidth specification  Rots 
Poisson’s ratio reduction No reduction 
Compressive Behaviour Elastic 
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Shadow Mesh 
Class Composites and rubber 
Material Model Linear elastic isotropic 

Reinforcement 

Class Steel 
Material Model Von Mises plasticity 
Hardening Hypothesis Strain hardening 
Hardening Type Isotropic hardening 

 

Iteration Procedure 

Table 21 the characteristics of the incremental-iterative solution method 

Analysis 
No. 

Iterative 
Scheme 

Convergence 
norm 

simultaneously 
satisfy 

Tolerance No 
convergence 

Step size Max 
iteration 

All) Full 
Newton-
Raphson 

Energy AND 
Out-of-
balance force 

Both 0.0001 
(energy) 
0.01 (Out-of-
balance 
force) 

Continue Both 
0.01(100)  

300 
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Appendix E: Detailed FEM Description of the 
Beam 
General Description 

• Software: Diana FEA software. 
• Type of Model: 2D finite element model using plane stress elements for concrete and 

embedded truss elements for reinforcements. 
• Symmetry: Only half of the beam is modelled due to symmetry to reduce computational 

cost. 
• Analysis: Static nonlinear analysis. 

Geometry 

Includes beam geometry with longitudinal (3x M10, 2x M25, and 2x M30 bars) and transverse 
reinforcements, loading plate, and support plates, in addition to Dual Mesh. 

Table 22 the cross-section properties of each finite element 

  type Shape Dimensions Thickness 

A
ll 

A
na

ly
si

s 

Beam sheet Polygon sheet Rectangular  552 mm x 3420 mm 152 mm 
Dual Mesh sheet Polygon sheet Rectangular  552 mm x 3420 mm 152 mm 
Support plate Polygon sheet Rectangular 35   mm x 150   mm 152 mm 
Load plate Polygon sheet Rectangular 35   mm x 150   mm 152 mm 
3x M10 Line Line - 300.862 mm2|3 
2x M25 Line Line - 1404.31 mm2|4 
2x M30 Line Line - 997.518 mm2|5 
2x D4 Line Line - 51.4         mm2|6 

 

 
Figure 90 Model of the Toronto beam test VS-C3 

  

 
3 Equivalent Cross-Section for 3x ø11.3 mm 
4 Equivalent Cross-Section for 2x ø25.2 mm 
5 Equivalent Cross-Section for 2x ø29.9 mm 
6 Equivalent Cross-Section for 2x ø5.70 mm 
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Properties 

Table 23 Properties for Beam Test VS-C3 (Vecchio and Shim 2004) 

Material Parameter Input 

Concrete Young's modulus (Ec) 34300 MPa 

Poisson's ratio (v) 0.2 

Compressive strength (fcm) 43.5 MPa 

Tensile strength (ftm) 3.13 MPa 

Fracture energy in tension (Gf) 0.1439 N/mm 

Fracture energy in compression (Gc) 35.975 N/mm 

Mass density (ρ) 2.4E-9 T/mm³ 

Dual Mesh (DM) Young's modulus (EDM) 2% EC MPa 

Poisson's ratio (v) 0 

Mass density (ρ) 0 T/mm³ 

 

Table 24 Properties for Beam Test VS-C3 (Vecchio and Shim 2004) 

Material Parameter Input 

Reinforcement Steel M10 Young's modulus (E) 200000 MPa 

Yielding strength (fym) 315 MPa 

Ultimate strength (fum) 460 MPa 

Ultimate strain (εsu) 0.025 

Reinforcement Steel M25 Young's modulus (E) 200000 MPa 

Yielding strength (fym) 445 MPa 

Ultimate strength (fum) 680 MPa 

Ultimate strain (εsu) 0.05 

Reinforcement Steel M30 Young's modulus (E) 200000 MPa 

Yielding strength (fym) 436 MPa 

Ultimate strength (fum) 700 MPa 

Ultimate strain (εsu) 0.05 

Reinforcement Steel D4 Young's modulus (E) 200000 MPa 

Yielding strength (fym) 600 MPa 

Ultimate strength (fum) 651 MPa 

Ultimate strain (εsu) 0.05 

Steel for Plates Young's modulus (E) 210000 MPa 

Poisson's ratio (v) 0.3 
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Material Models 
  

Specifications Input data 

Concrete 

Class Concrete and masonry 
Material Model Total strain-based crack model 
Crack Bandwidth 37.5 mm 
Crack Orientation Rotating 
Tensile curve Linear, Exponential, Multi-linear7 
Crack bandwidth specification  Rots 
Poisson’s ratio reduction No reduction 
Compressive Behaviour Parabolic 
Reduction model Vecchio and Colline 1993 
Lower bound reduction curve 0.6 

Dual Mesh 
Class Composites and rubber 
Material Model Linear elastic isotropic 

Reinforcement 

Class Steel 
Material Model Von Mises plasticity 
Hardening Hypothesis Strain hardening 
Hardening Type Isotropic hardening 

Support & load plates 
Class Steel 
Material Model Linear elastic isotropic 

 

Interfaces (sensitivity case): 

• Element Class: Structural Interfaces used between steel plates and the concrete beam. 
• Integration Scheme: Reduced Lobatto integration (3 integration points). 
• Thickness: Equal to the beam's width (152 mm). 
• Properties Source: Based on Belletti et al. (2017). 

 
Specifications Input 

Interface 

Type 2D line interface 
Material Model Nonlinear elasticity 
Normal Stiffness Modulus Same as Young’s modulus of 

concrete 
Shear Stiffness Modulus Young’s modulus of concrete / 108 
Normal and Shear Stiffness Reduction in Tension 

 

Interface Opening for Reduction 0.001 
Reduction Factor 0 

 

Boundary Conditions: 

• Supports: 
o Fixed translation in Y direction at the midpoint of the support plate. 
o Symmetry condition restricts X-direction translation on the beam's edges. 
o Additional support at the load application point restricting translation in the Y 

direction. 

Mesh Details: 

• Type: Quadrilateral quadratic elements with an approximate size of 37.5 mm. 

 
7 Different tensile curves used, depending on the cases. 
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Loading conditions: 

• Deadweight: Self-weight of concrete and steel elements is included 
• Design Load: A point load applied at mid-span, assumed to be equal to 40% of the 

ultimate load capacity of the beam 
• ASR Load: Prescribed strain applied to the shadow mesh to simulate ASR-induced 

expansion 
• Failure Load: Prescribed deformation is increased incrementally until failure occurs to 

determine the ultimate load capacity 

Table 25 the characteristics of the incremental-iterative solution method 

Analysis 
No. 

Iterative 
Scheme 

Convergence 
norm 

simultaneously 
satisfy 

Tolerance No 
convergence 

Step size Max 
iteration 

(Design 
phase) 

Full Newton-
Raphson 

Energy AND 
Out-of-balance 
force 

Both 0.0001 (energy) 
0.01 (Out-of-
balance force) 

Continue Both 
0.01(100)  

300 

(ASR 
phase) 

Secant 
(Quasi-
Newton) 

Energy AND 
Out-of-balance 
force 

Both 0.0001 (energy) 
0.01 (Out-of-
balance force) 

Continue  Both 
0.01(100)  

300 

 

Outputs Requested 

• Displacements 
• Support reactions 
• Crack strains 
• Crack openings 
• Total strains 
• Cauchy stresses 
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