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Abstract. Addressing the integrated timetabling and vehicle scheduling (TTVS) problem 
is important for improving transit operations. Recently, the emerging modular autono
mous vehicles composed of modular autonomous units have made it possible to dynami
cally adjust onboard capacity to better match space-time imbalanced passenger flows. This 
paper introduces an integrated framework for the TTVS problem in a dynamically capaci
tated and modularized bus network considering time-varying and uncertain passenger 
demand. In this network, units can be (de-)coupled and rerouted across different lines 
within the network at various times and locations, providing passengers with the opportu
nity to make in-vehicle transfers—that is, to transfer between lines while remaining on 
board. We formulate a stochastic programming model to jointly determine the optimal 
robust timetable, dynamic formations of vehicles, and cross-line circulations of units, aim
ing to minimize the weighted sum of operators’ and passengers’ costs. To solve realistic 
instances, we propose a tailored integer L-shaped method to solve the formulated model 
dynamically through a rolling-horizon (RH) optimization algorithm. Furthermore, we 
extend our approach into a novel learning-based real-time decision-making framework 
that fine-tunes timetables and reoptimizes vehicle schedules in response to evolving and 
new demand realizations during practical operations. At its core is a scenario-retention 
method that selects a representative subset of scenarios using a machine learning model 
trained on scenario-level features. This subset is then incorporated into the optimization, 
ensuring both computational scalability and solution quality. To validate the effectiveness 
of our methods on realistic instances, we conduct experiments based on the Beijing bus net
work involving two bidirectional lines, 89 stops, up to 50 trips, and a four-hour operational 
horizon. Our integrated optimization method outperforms the sequential approach. Com
pared with fixed-formation vehicles, our approach generates timetables and vehicle sche
dules that require fewer units. Additionally, the learning-based real-time decision-making 
framework outperforms benchmark algorithms in solution quality within a one-minute 
computation time limit.

Funding: This work was supported by the National Natural Science Foundation of China [Grant 
72288101]. 

Supplemental Material: The online appendix is available at https://doi.org/10.1287/trsc.2025.0116. 
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1. Introduction
In the operations of a bus system, timetabling and vehi
cle scheduling link the quality of services with opera
tional costs (Ibarra-Rojas, Giesen, and Rios-Solis 2014). 
Passenger demand for bus networks is time varying 
and uncertain because of factors such as time of day, 
day of the week, season, special events, and unex
pected disruptions. Within this context, the emerging 
technology of modular autonomous vehicles (MAVs) 
provides an innovative solution in bus operations, 
enhancing flexibility in catering to spatiotemporally 
varied passenger demand.

Specifically, MAVs represent a new generation of 
vehicles composed of interchangeable modular auton
omous units (MAUs). The number of MAUs forming 
an MAV is referred to as its formation in this study. For 
example, MAVs developed by Next Future Transpor
tation Inc. with formations of one and two are shown 
in Figure A.1 in Online Appendix A (Next Future Inc. 
2023b). A key feature of MAVs is their flexible forma
tions, allowing for dynamic composition adjustments 
en route and at depots through (de-)coupling MAUs. 
Bus operations can benefit from the flexibility of 
MAVs by dynamically adjusting their capacity through 
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(de-)coupling units both en route and at depots and 
rerouting decoupled units to high-demand lines. We 
refer to this capacity adjustment as dynamic capacity 
allocation. Additionally, MAVs feature an open, bus- 
like space between coupled MAUs, allowing passen
gers to move freely between units (Next Future Inc. 
2023b). This design enables in-vehicle transfers of pas
sengers, which refers to the feature allowing passen
gers to transfer between lines by walking from one 
onboard MAU to another without having to disem
bark, walk to other platforms, and board again. Several 
pilot studies have demonstrated promising results for 
modularized transit networks (Next Future Inc. 2023a).

Timetabling at the network level has been proven to 
be NP hard (Caprara, Fischetti, and Toth 2002). Inte
grating the vehicle scheduling decisions increases this 
computational challenge significantly. The literature 
has mostly explored the timetabling problem and 
the vehicle scheduling problem independently and 
sequentially, typically determining vehicle schedules 
only after timetables have been optimized. However, 
this sequential approach often results in suboptimal 
solutions, requiring more vehicles to realize the opti
mized timetables, and in extreme cases, generating 
timetables that exceed available fleet capacities. This 
limitation has already been highlighted in Laporte et al. 
(2017).

Therefore, the integration of timetabling and vehicle 
scheduling has gained attention in the railway domain. 
Van Lieshout (2021) demonstrated that timetables gen
erated by the sequential optimization approach are 
strongly inferior to those produced through the inte
grated optimization method in realistic instances. This 
is because sequential approaches design timetables 
under the assumption of unlimited resources, often 
resulting in misalignment with practical operations 
and leading to inefficiencies. This issue is even more 
critical for MAVs as their decision-making time win
dows are significantly shorter than those of railways. 
Moreover, overestimating or underestimating the 
required number of vehicles to meet an optimized 
timetable has a greater impact at the network level, fur
ther underlining the necessity of integrated optimiza
tion in modularized bus networks with MAVs.

However, even research addressing the timetabling 
and vehicle scheduling problem with fixed-formation 
vehicles at the network level remains limited, despite 
focusing on static passenger demand. Existing studies 
typically assume fixed-formation vehicles and have 
not fully utilized the advantages of MAVs that enable 
dynamic and flexible unit allocation at various loca
tions and times and across multiple lines. This flexibil
ity allows for better alignment of supply with dynamic 
passenger demand. Recently, Xia et al. (2023) explored 
this framework on a single bus line, and Xia, Ma, and 
Sharif Azade (2024) extended it to an intermodal urban 

transit network with fixed-line and demand- 
responsive transport services. However, neither study 
accounts for in-vehicle passenger transfers or vehicle 
scheduling in a multiline network. Additionally, their 
fleet sizing assumptions are overly optimistic as they 
allow MAUs to appear or disappear at any station.

In this paper, we explore the integrated timetabling, 
vehicle scheduling, and dynamic capacity allocation 
(TT-VS-DCA) problem in a network with MAVs under 
time-varying and uncertain demand with explicit con
sideration of both the tactical level and the operational 
level. Given that the aforementioned timetable and 
vehicle schedule are obtained from optimization under 
historical demand scenarios, we further introduce a 
learning-based real-time decision-making framework 
to fine-tune them in response to newly emerging and 
time-varying demand realizations during practical 
operations, aiming to maintain high service quality. In 
the integrated optimization approaches, we examine 
the trade-off between passengers’ costs and opera
tional costs (fleet size and dynamic capacity usage of 
MAUs). Passengers’ costs are measured as a sum of 
waiting costs at origin stops and transfer waiting costs 
at transfer corridors incurred during initial boarding 
and conventional transfers that require alighting, 
walking to change platform, and reboarding. The 
transfer waiting costs serve as the transfer penalties, 
reflecting the inconvenience associated with conven
tional transfers.

The key idea of our integrated optimization 
approach is to jointly determine robust timetables, fleet 
sizes, and dynamic capacity allocations at different 
times and stops while enabling cross-line vehicle circula
tions to flexibly accommodate uneven spatiotemporal 
demand across the network. A vehicle circulation in our 
study is defined as the complete working sequence of 
an MAU within the studied time horizon. A cross-line 
vehicle circulation refers to a circulation in which an 
MAU serves trips on multiple lines, which are made 
possible by coupling, decoupling, and rerouting both 
at depots and at transfer stops. In comparison, tradi
tional one-line circulations can be defined as restricting 
each MAU to operate on a single bidirectional line and 
to return to the same depot in this study. This vehicle 
scheduling strategy can be seen as a special case of our 
cross-line method. A second special case is depot-based 
cross-line circulation, where an MAU may be reassigned 
to a different line but only at depots. Our cross-line cir
culation enables in-vehicle transfers, where passengers 
remain on board while transferring between lines. This 
avoids the inconvenience of exiting, walking, and 
reboarding, thereby improving the passengers’ travel
ing experience. By leveraging the flexible (de-)coupling 
and rerouting capabilities, our approach supports 
more flexible fleet operations and enhances service 
responsiveness across the network.
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To model this, we first formalize and analyze the 
integrated optimization problem, explicitly incorporat
ing the reconfigurability of MAUs and cross-line vehi
cle circulation, two features that have received limited 
attention in existing studies on timetabling and vehicle 
scheduling with fixed-formation vehicles. We then 
propose a stochastic mixed-integer linear program
ming (MILP) formulation that accommodates scenar
ios with nonuniform probabilities. From the operator’s 
perspective, our formulation enables MAVs to change 
their formations both at depots and at transfer stops en 
route, and it allows MAUs to execute trips across mul
tiple lines at both depots and transfer stops through 
coupling and decoupling operations. From the passen
ger’s perspective, the model facilitates in-vehicle trans
fers by taking advantage of the modularity of MAUs, 
thereby avoiding the need to exit, walk to change plat
forms, and reboard when making transfers.

The investigated TT-VS-DCA problem in this study 
is as hard as the traditional timetabling and vehicle 
scheduling problem with fixed-formation vehicles at 
its minimum because it involves the joint design of 
timetables and vehicle schedules with flexible forma
tions and cross-line circulations at various locations 
and times. Different from existing studies, the decou
pling, coupling, and rerouting of MAUs at depots and 
en route are all allowed in our problem, requiring addi
tional decision variables and coupling constraints. 
Thus, the solution approaches from previous studies 
cannot be directly applied to the TT-VS-DCA problem. 
To solve this problem, we develop an integer L-shaped 
method (IL method) with tailored valid inequalities to 
solve the model. However, results show that the pro
posed exact method is ineffective for solving large- 
scale real-world instances. To address this computa
tional challenge, we further design a rolling-horizon 
(RH) algorithm that solves the problem dynamically. 
In addition, we incorporate the proposed integer 
L-shaped method into the rolling-horizon optimization 
framework after finding that GUROBI, despite using 
the rolling-horizon approach, is unable to solve the TT- 
VS-DCA problem at the network level. As a result, 
instead of solving a large MILP, the developed algo
rithm solves a series of smaller MILPs.

Furthermore, as operational conditions evolve (e.g., 
because of evolving passenger demand patterns that may 
fall outside the historical demand scenarios), the opti
mized timetables and vehicle schedules derived from the 
historical demand scenario set may become suboptimal, 
resulting in inefficient resource utilization or service 
shortages. To address this, we extend our approach to the 
real-time control level by proposing a novel learning- 
based real-time decision-making framework that fine- 
tunes tactical timetables within a small adjustment range 
and reoptimizes vehicle schedules accordingly under 
strict computational time limits. The effectiveness of 

our learning-based real-time decision-making algorithm 
stems from introducing a new and fundamental idea that 
carefully selects and incorporates a subset of scenarios 
into optimization. The first key concept of this algorithm 
involves a learning-based scenario-retention method, 
which selects a representative subset of scenarios using 
machine learning (ML) models trained on scenario-level 
features. This allows high-quality solutions to be gener
ated in real time. The second key concept is the identifica
tion of features, which determines the most relevant 
scenario characteristics for predicting their criticality. Our 
learning-based real-time decision-making algorithm is 
novel because it provides a thorough method to construct 
a scenario subset to be integrated into the optimization of 
the stochastic programs to improve the scalability of the 
algorithm, and it provides a framework that can be gener
alized or extended in broader real-time optimization con
texts. We conduct extensive computational experiments 
on real-world instances to validate the effectiveness, 
robustness, and scalability of our proposed methods. The 
results highlight the practical benefits of our integrated 
optimization approach, including the (de-)coupling and 
cross-line vehicle circulation strategies at both depots and 
transfer stops, and they demonstrate the superior solu
tion quality, scalability, and real-time applicability of our 
algorithms compared with benchmark approaches.

To summarize, the main contributions of this paper 
are (i) conceptualizing the TT-VS-DCA problem within 
a dynamically capacitated and modularized bus net
work that enables in-vehicle passenger transfers and 
cross-line unit circulations; (ii) developing a stochastic 
MILP model; (iii) designing effective solution methods; 
(iv) developing a learning-based real-time decision- 
making algorithm to fine-tune schedules in response to 
new demand realizations during practical operations; 
and (v) illustrating that considerable savings in opera
tional costs can be achieved by allowing flexible forma
tions of MAVs and cross-line circulations of MAUs and 
showing the benefits of our approaches.

The remainder of this paper is structured as follows. 
In Section 2, we summarize related literature. In Sec
tion 3, we formalize the investigated problem. In Sec
tion 4, we describe the mathematical formulation. In 
Section 5, we analyze the properties of the proposed 
model and present the tailored valid inequalities. In 
Section 6, we describe the integer L-shaped algorithm, 
the rolling-horizon optimization approach, the inte
grated solution method, and the learning-based real- 
time decision-making framework. In Section 7, we dis
cuss the results of the computational experiments. 
Finally, in Section 8, we summarize our findings.

2. Literature Review
In this section, we discuss research on integrated time
tabling and vehicle scheduling (TTVS) with fixed- 
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formation vehicles, timetabling of MAVs, and real- 
time optimization under uncertainty.

2.1. Integrated Timetabling and Vehicle 
Scheduling with Fixed-Formation Vehicles

The traditional planning procedure for public trans
portation networks as outlined by Huisman, Freling, 
and Wagelmans (2004) can be divided into the follow
ing sequential steps. First, the line plans and the corre
sponding departure frequency are designed. Second, 
timetables are developed to minimize passengers’ 
travel time (or waiting time). Subsequently, vehicle 
schedules are determined to minimize operational 
costs, and finally, crew schedules are planned. The dis
advantages of this sequential planning are mainly two
fold. First, the main components of operational costs 
(i.e., the number of used vehicles and crews) are only 
determined at the final stage of the planning process 
(Michaelis and Schöbel 2009), which may result in gen
erating inefficient operational plans or suboptimal 
solutions. Second and perhaps more critically, a solu
tion for the timetabling problem can turn out to be 
infeasible for the vehicle scheduling problem.

Models for the integrated timetabling and vehicle 
scheduling problem with fixed-formation vehicles 
focus on minimizing the weighted sum of operational 
and passengers’ costs measured by the number of vehi
cles required to satisfy the optimal timetable, passen
gers’ waiting time, and transfer penalties. The first 
category of the integrated TTVS problem is dedicated 
to the one-line circulation of vehicles with static 
demand (e.g., Michaelis and Schöbel 2009, Ibarra- 
Rojas, Giesen, and Rios-Solis 2014). Considering one- 
line vehicle circulation, Laporte et al. (2017) presented 
an integrated optimization approach to jointly opti
mize timetables and vehicle schedules while incorpo
rating information about users’ preferences. The 
objectives include the minimization of users’ inconve
nience and the operator’s costs. For the TTVS problem 
with fixed-formation vehicles, depot-based cross-line 
circulations of vehicles, and static passenger demand, 
Van Lieshout (2021) proposed an MILP model to 
jointly optimize the periodic timetable and the vehicle 
schedule, where vehicles are allowed to be scheduled 
across lines at depots. The depot-based cross-line circu
lations of fixed-formation buses are further addressed 
by Van Lieshout et al. (2021). Recently, Amberg and 
Amberg (2023) presented a flow-based formulation for 
the integration of vehicle scheduling and crew schedul
ing in a bus network, which incorporates the controlled 
trip-shifting strategy.

To sum up, only a few studies address the TTVS 
problem, and most of them consider fixed-formation 
vehicles and static and deterministic passenger demand. 
In particular, only Van Lieshout (2021) and Van Lieshout 
et al. (2021) consider depot-based cross-line circulation, 

assuming that each trip can be served by a single vehicle 
and that passenger demand is both static and determin
istic. We advance this research stream by integrating 
cross-line vehicle circulation into the TTVS problem 
under time-varying and uncertain demand. Our model 
allows each MAU to change its serving lines both dur
ing and after trips, and it enables each MAV to adjust 
formations at both depots and transfer stops. These 
capabilities also support in-vehicle transfers, allowing 
passengers to transfer between lines without alighting 
and reboarding.

2.2. Timetabling of MAVs with 
Flexible Formations

With technological advancements, scheduling MAVs 
with flexible formations has attracted increasing atten
tion in the timetabling literature for public transporta
tion systems. In such systems, one benefit of MAVs is 
the reduction in the number of MAUs required for 
operations enabled by flexible formation adjustments.

The majority of existing contributions consider the 
flexible formation of an MAV at the temporal level on a 
one-way line, allowing MAUs to be (de-)coupled at 
depots while taking into account deterministic passen
ger demand (e.g., Chen, Li, and Zhou 2019, 2020; Shi 
and Li 2021; Xia et al. 2023). To further close the sub
stantial gap between passenger demand and vehicle 
capacity, a few recent studies have begun to focus on 
the timetabling of MAVs with station-wise flexible for
mation (i.e., an MAV can change its formation at any 
station on a single line) (e.g., Chen, Li, and Qu 2022, 
Tian, Lin, and Wang 2023, Xia, Ma, and Sharif Azadeh 
2024). Considering the uncertain passenger demand, 
related studies have employed stochastic program
ming, robust optimization, and distributionally robust 
optimization (DRO) approaches, aiming to improve 
the robustness of timetables and vehicle schedules 
(e.g., An 2020). In the context of the timetabling of 
MAVs, Xia et al. (2023) proposed a DRO model on a 
modularized bus line and designed an exact solution 
method to solve it. They do not consider the vehicle 
scheduling aspect and assume that the fleet sizing is 
fixed. Xia, Ma, and Sharif Azadeh (2024) addressed the 
timetabling and vehicle scheduling problem within an 
integrated fixed-line and demand-responsive transport 
system. Despite considering the scheduling of units, 
they focus on fixed-line services on a bus line and 
direct services between two specific stops on this line, 
considering vehicle scheduling within a bus network 
and passengers’ in-vehicle transfers out of scope.

In summary, the existing literature considering 
MAVs has conceptually demonstrated that flexible 
coupling and decoupling strategies can reduce both 
the number of used units and the associated opera
tional costs. However, most of these studies focus on 
timetabling and neglect vehicle scheduling, resulting 
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in an overly optimistic estimation of the potential 
reduction in fleet size. There is a noticeable gap con
cerning the joint optimization of timetabling and vehi
cle scheduling with flexible formations of MAVs and 
cross-line circulations of units to further reduce opera
tional costs at the network level, which is significantly 
more challenging than at the line level because of the 
complexity of additional variables and the coupling 
constraints among timetables, vehicle schedules, and 
MAV formations within the entire network.

2.3. Real-Time Optimization Under Uncertainty
To better position our study, we briefly review two 
major streams of real-time optimization under uncer
tainty in broader domains, such as public transport 
and ride hailing. Robust model predictive control 
(RMPC) and stochastic model predictive control 
(SMPC) are the widely used approaches, repeatedly 
solving short-horizon problems within the rolling- 
horizon solution framework while accounting for 
uncertainty and operational constraints (e.g., Ma et al. 
2021, Carli et al. 2022, Wang et al. 2022). For example, 
Ma et al. (2021) proposed an RMPC framework for bus 
regulation under demand uncertainty, where timetable 
adjustments are made in a rolling-horizon fashion 
using CPLEX.

Beyond RMPC and SMPC, another line of studies 
explores online algorithms that make per-epoch deci
sions with performance guarantees, such as competi
tive ratios or regret bounds (e.g., Cho and Papavasiliou 
2023, Lyu et al. 2024). For instance, Lyu et al. (2024) 
developed an adaptive-weighting method that solves a 
single weighted-sum subproblem each epoch and uses 
a randomized policy across scenarios and time.

We contribute to this research line by proposing a 
learning-based decision-making framework for solv
ing real-time optimization problems under uncer
tainty. In this framework, we develop a learning-based 
scenario-retention method that ranks all stochastic sce
narios based on their criticality using machine learning 
and carefully selects a representative subset for optimi
zation. This framework greatly enhances computa
tional efficiency while maintaining high solution 
quality under strict real-time limits. This framework is 
broadly applicable to real-time stochastic optimization 
problems beyond the timetabling and vehicle schedul
ing problem studied in this study.

2.4. Contributions Against the State-of-the- 
Art Studies

Table B.1 in Online Appendix B overviews closely 
related studies and highlights the current research 
gaps that motivate our study and contributions. In the 
existing literature on MAVs, most studies focus on 
timetabling for a single line, whereas vehicle schedul
ing, particularly at the network level, has received 

limited attention. The broader TTVS literature for 
fixed-formation fleets is likewise limited and typically 
assumes single-line circulations under static, determin
istic demand. When depot-based cross-line circulation is 
considered, line changes of vehicles are usually restricted 
to depots; midtrip line changing at transfer stops of units 
and passengers’ in-vehicle transfers remain largely unex
plored. Besides, solution approaches from previous stud
ies are tailored for TTVS with fixed-formation vehicles 
and cannot address the unique operational features of 
MAVs, such as in-vehicle transfers and cross-line circula
tion of MAUs. Our main contributions are as follows. 
• We tackle the TT-VS-DCA problem in a dynami

cally capacitated and modularized bus network with 
time-varying and uncertain demand. Our approach 
allows MAVs to dynamically adjust formations and 
enables MAUs to be (de-)coupled and rerouted both 
midtrip and after trips, supporting each MAU in 
changing its serving line at depots and transfer stops. 
This operational flexibility enables in-vehicle transfers 
of passengers, allowing passengers to transfer without 
disembarking and reboarding. In contrast to existing 
methods that typically assume fixed formations of 
vehicles, restrict line changes of vehicles to depots, or 
do not allow every vehicle to change its serving line, 
our approach enables more efficient utilization of 
MAUs across the entire network.
• We extend the formulations proposed by Xia et al. 

(2023) and Xia, Ma, and Sharif Azadeh (2024) to a sto
chastic MILP model at the network level, explicitly 
incorporating in-vehicle transfers of passengers and 
cross-line vehicle circulation of MAUs. Key decisions 
include fleet sizing, departure times, buffer times at 
stops, the optimal number of MAUs comprising each 
MAV as it leaves the depot and each transfer stop, (de- 
)coupling, and rerouting of units to other lines at trans
fer stops. We also formulate strict capacity constraints, 
coupling constraints between MAVs and passengers, 
and vehicle scheduling constraints.
• We develop an integer L-shaped method with tai

lored valid inequalities grounded in the theoretical 
properties of the proposed model, outperforming GUR
OBI on moderate-size instances. To tackle real-world 
instances with time-varying and uncertain passenger 
demand, where the flexibility of MAUs introduces high 
operational complexity, we propose a rolling-horizon 
optimization approach within a double-decomposition 
framework, integrating the integer L-shaped method. 
This framework first decomposes the planning horizon 
into smaller decision-making stages and then incorpo
rates the integer L-shaped method within each stage. In 
this framework, RH is used to bring dynamism into the 
solution process. By decomposing the problem into a 
series of smaller MILPs, our approach improves tracta
bility compared with solving a large MILP with GUR
OBI or the integer L-shaped method alone.
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• To handle the evolving operational conditions in 
practical operations, we extend our approach to a novel 
learning-based real-time decision-making algorithm 
embedded in an RH framework with the integer 
L-shaped method. At each decision-making stage, this 
framework fine-tunes tactical timetables within a small 
adjustment range and reoptimizes vehicle schedules 
based on real-time conditions (e.g., time-varying passen
ger demand). To ensure computational tractability, we 
solve a stochastic MILP using the integer L-shaped 
method, incorporating a representative subset of scenar
ios. This subset is carefully selected through our pro
posed learning-based scenario-retention procedure, 
which ranks all scenarios based on predefined features 
using machine learning techniques and selects the top k- 
most representative ones. By limiting the number of sce
narios and ensuring that only the most informative ones 
are retained in the optimization at each decision-making 
stage, our framework achieves high solution quality 
while satisfying real-time computational requirements.
• Lastly, we validate our model and solution methods 

using real-world instances from the Beijing bus network. 
Extensive experiments demonstrate the effectiveness of 
our algorithms and the practical advantages of the inte
grated optimization approach over a sequential optimi
zation method. Moreover, our proposed approach with 
flexible (de-)coupling and cross-line circulation achieves 
considerable savings in the number of required MAUs 
compared with approaches using fixed-formation vehi
cles or those allowing (de-)coupling only at depots and 
depot-based cross-line circulation. Post hoc evaluations 
further show the robustness of our integrated optimiza
tion method in handling out-of-sample scenarios as well 
as the adaptability of the fine-tuning strategy under 
demand surges and redistributions. In addition, we 
show that the learning-based real-time decision-making 
framework consistently produces high-quality solutions 
within one minute per decision-making stage. It outper
forms both full scenario enumeration and the greedy 
scenario-retention method, demonstrating its scalability 
for real-time and large-scale applications.

3. Problem Description
To provide a formal definition of the TT-VS-DCA prob
lem from a mathematical perspective, we describe the 
network structure and operational framework within 
this network in Section 3.1. This is followed by the intro
duction of the time-dependent and uncertain passenger 
demand in Section 3.2. The operators’ decisions and costs 
are summarized in Section 3.3. Lastly, the assumptions 
adopted in our model are introduced in Section 3.4.

3.1. Network Structure and 
Operational Framework

We first introduce the bus network. The structure of 
lines and trips within the network is then defined 

followed by an introduction of MAVs. Lastly, we 
describe the operations of MAVs, including timeta
bling, vehicle scheduling, and dynamic capacity 
allocation.

3.1.1. Network Structure. We consider a bus network 
represented as a directed graph G � {S,A}, where S 

represents the set of line-dependent stops and A repre
sents the set of directed links between stops. The set A 

consists of two types of directed connections: sections 
and transfer corridors. Sections denoted as Ã represent 
directed links between two consecutive stops along the 
same line. Transfer corridors denoted as Ȧ connect 
stops that correspond to the same physical location but 
belong to different lines, facilitating passenger trans
fers. Formally, we have A � Ã∪ Ȧ.

The network includes multiple lines denoted as L. 
Each line l ∈ L is defined as an ordered sequence of 
line-dependent stops and directed sections that fol
lows a specific operational direction. Each line is repre
sented as a directed subgraph Gl � {Sl, Ãl}, where Sl 
denotes the set of stops on line l and Ãl represents the 
directed sections along the line. The set of stops on line l 
is indexed as Sl � {s1, s2, : : : , s |Sl | }, ensuring that each 
stop is uniquely associated with its respective line. The 
set of sections along line l is given by Ãl � {(l, i, l, i+ 1) :
i, i+ 1 ∈ Sl, l ∈ L}.

Stops in the network are categorized into transfer 
stops and nontransfer stops. A transfer stop is a stop that 
appears on at least two different lines, allowing passen
gers to transfer between lines. The set of transfer stops 
on line l is denoted as Rl, whereas the set of nontrans
fer stops is denoted as R̂l. Thus, the set of all stops on 
line l satisfies Sl �Rl∪ R̂l, ∀l ∈ L. At transfer stops, 
there are transfer corridors to facilitate passenger 
transfers. The set of transfer corridors is denoted as 
Ȧ � {g : g � (l, i, l′ , i′ ), i ∈Rl, i′ ∈Rl′ , l ≠ l′ , l, l′ ∈ L}. In addi
tion, the network includes depots, where MAVs are 
stored or (de-)coupled. The set of depots is denoted as 
M. Each bidirectional line is associated with two 
depots located adjacent to its terminal stops. These 
depots are shared by the corresponding pair of unidi
rectional lines used to represent the bidirectional line 
in our model.

3.1.2. Trips and MAVs. A trip is defined as a scheduled 
movement of an MAV along a specific line l ∈ L, start
ing at a depot and ending at the other depot. The set of 
trips on line l is denoted as Kl � {1, 2, : : : , |Kl | }. Each 
trip is executed by a single MAV, whose formation can 
be changed at both depots and transfer stops.

An MAV consists of a specific number of MAUs, 
each with a fixed-capacity CAP. The MAV formation 
for a trip depends on the time-varying and uncertain 
passenger demand and the trip’s departure time. As a 
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result, the relationship between MAVs and their for
mations plays a crucial role in operational planning.

3.1.3. Timetabling, Vehicle Scheduling, and Dynamic 
Capacity Allocation. The TT-VS-DCA problem studied 
here integrates tactical-level timetabling with operational- 
level vehicle scheduling and dynamic capacity alloca
tion to generate optimal operating plans for a bus 
network using MAVs. The timetable specifies the depar
ture and arrival times of MAVs at all stops on their 
assigned trips. Vehicle scheduling and dynamic capac
ity allocation determine at each stop the formation of 
the operated MAV given passenger demand and opera
tional constraints. At the start of any trip, an MAU oper
ates as part of an MAV. From this perspective, two 
operational patterns arise. (i) An MAU may complete an 
entire trip from the first stop to the last stop as part of an 
MAV; after the trip, the MAU may be stored in a depot 
or reassigned to another trip on the same line or a differ
ent line. (ii) An MAU may operate from the first stop to 
a transfer stop on the same line, after which it is 
decoupled from its original MAV and rerouted to 
another line, enabling efficient cross-line circulation of 
units throughout the network.

We allow each MAU to change its serving line at 
depots and transfer stops through (de-)coupling and 
rerouting. We do not allow deadheading, so MAUs 
never move empty between depots or between a depot 
and a transfer stop. Rerouting at transfer stops is not 
limited to lines that share a depot; an MAU decoupled 
at a transfer stop may be rerouted to any connected 
line, even if this line has different depots. Example C.1 
in Online Appendix C illustrates vehicle scheduling 
and dynamic capacity allocation with our proposed 
cross-line circulations of MAUs.

3.2. Time-Dependent and Uncertain Path-Based 
Passenger Demand

It is well known that passenger demand in bus net
works is typically time dependent and uncertain. 
Hence, we use the historical data to construct a set of 
stochastic passenger flow scenarios to capture the pas
senger demand in real-world operating environments. 
To facilitate modeling, we first discretize the studied 
time horizon into a finite set of time intervals with a 
duration ∆ denoted by T � {1, 2, : : : , |T | } and indexed 
by t. The set of stochastic passenger flow scenarios is 
represented as W � {1, 2, : : : , w, : : : , |W | }, where ρw 
denotes the probability of each scenario w ∈W.

In each scenario, passenger demand is time depen
dent. To describe the dynamic evolution of passengers 
in the bus network, we adopt path-based passenger 
groups following Lee et al. (2022). Each passenger group 
p belongs to the set Pw under scenario w ∈W and con
sists of np passengers who arrive at the origin stop iop at 
time up and travel to the destination stop idp following 

the same sequence of lines and transfer facilities. We 
denote the ordered sequence of lines used by group p 
as Lp � (l0, l1, : : : , l |Lp | ) ⊆ L and the ordered sequence of 
transfer corridors as Rp � (g1, g2, : : : , g |Rp | ), where each 
g belongs to the set of transfer corridors Ȧ.

We define a journey as the complete movements of 
passenger group p from its origin iop to its destination idp. 
The journey consists of one or more legs, where each 
leg is the travel along a single line between two consec
utive transfers (or between the origin/destination and 
the nearest transfer). If no transfer is required, the jour
ney has a single leg, and the set of the ordered 
sequence of transfer corridors (i.e., Rp) is empty. If 
transfers occur, the first leg starts at the origin and ends 
at the first transfer stop, subsequent legs connect suc
cessive transfer stops, and the final leg ends at the des
tination. The elements of Rp provide the links between 
consecutive legs of the journey.

Passenger movements within a modularized bus 
network consist of four phases. Passengers first arrive 
at their origin stop and wait for an MAV to begin their 
first leg. Once an MAV arrives, they board. Upon 
reaching the destination stop of their final leg, they 
alight. If a transfer is required, passengers alight at the 
designated transfer stop and begin the next leg of their 
journey by boarding another MAV. Unlike conven
tional bus systems, where passengers must disembark 
and wait for another scheduled vehicle, the modular
ized system allows for in-vehicle transfers. If an MAU 
within the passenger group’s onboard MAV is sched
uled to reroute to their transfer-in line, the transfer can 
occur without requiring passengers to disembark and 
reboard, thereby improving transfer convenience.

3.3. Decisions and Costs of Operators
Bus operators make three key decisions: timetabling, 
vehicle scheduling, and dynamic capacity allocation. 
These decisions are highly interdependent and must 
adapt swiftly to the time-dependent and uncertain 
nature of passenger demand while also accounting for 
the dynamics of passengers within the network.

3.3.1. Timetabling Decisions. To provide passengers 
with a reliable and easy-to-remember schedule, opera
tors must determine a robust timetable that remains 
consistent across all passenger flow scenarios occur
ring on different operational days. The timetable speci
fies arrival, departure, and dwell times at each stop for 
every trip on all lines.

3.3.2. Vehicle Scheduling and Dynamic Capacity Allo
cations Decisions. Operators have to make decisions 
on the formation of the MAV assigned to each trip 
leaving the depot and each transfer stop, whether the 
MAV assigned to each trip is decoupled or coupled at 
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transfer stops, and how the decoupled MAUs should 
be rerouted to serve new trips and lines.

3.3.3. Operational Costs. The costs of purchasing 
MAUs are formulated as the budget constraints in this 
study. Additionally, operational costs are formulated 
as a cost function of operators, which correlates positively 
with the increase in the number of used MAUs 
assigned to execute all trips. We also explore the 
impact of the fleet size on the trade-off between opera
tional costs and passengers’ costs.

We can now formally define the investigated TT-VS- 
DCA problem as follows.

Definition 1 (The TT-VS-DCA Problem). Given a bus 
network G � (S,A), the stochastic scenario set W, the 
set of time-dependent and uncertain passenger 
groups Pw under scenario w, and the group of trips Kl 
on line l ∈ L, the goal of the TT-VS-DCA problem is to 
determine a robust timetable that specifies the arrival 
time and the departure time of each trip on every stop 
along each line (determined by zl

k, i, t, which indicates 
whether an MAV assigned to trip k on line l departs 
stop i at time interval t). Additionally, the problem 
involves determining the formation of the MAV 
assigned to each trip k at each stop i on line l in sce
nario w (denoted as xl

k, i(w)), the cross-line circulation 
of decoupled MAUs at transfer corridor g (denoted as 
hg

k, k′ (w)), and the number of MAUs stored at each 
depot m at the beginning of the studied time horizon 
κm. The goal is to minimize the weighted sum of pas
sengers’ costs and operational costs while satisfying 
strict capacity constraints.

3.4. Assumptions
To formulate the investigated problem, we adopt the 
following assumptions without loss of generality.

Assumption 1. We assume that the formation of an MAV 
can be reconfigured at depots and transfer stops through the 
coupling and decoupling of MAUs. These operations are 
assumed to require minimal time and are fully accommo
dated within the dwell time at transfer stops and the prepa
ration time at depots without introducing any additional 
time. Both dwell time and preparation time are explicitly 
incorporated into the model.

Assumption 2. We assume that when coupled, MAUs 
form an open, bus-like interior space that allows passengers 
to stand and move freely between units.

Assumption 3. We assume that in-vehicle transfers are 
completed before the MAV arrives at transfer stops guided 
by onboard announcements. According to the operational 
plan, eligible passengers are informed in advance and can 
relocate to the appropriate MAU within the same coupled 
MAV. Upon arrival at the transfer stop, the MAV 

decouples, and the appropriate MAU with passengers will 
be rerouted to a different line.

Assumption 1 has been widely adopted in existing 
studies (e.g., Chen and Li 2021, Chen, Li, and Qu 2022, 
Xia, Ma, and Sharif Azadeh 2024). Assumption 2
reflects the practical design features of emerging MAU 
technologies (e.g., Next Future Inc. 2023c). As for 
Assumption 3, unlike conventional transfers where 
passengers must alight, walk to another platform, wait 
for a different MAV, and board again, in-vehicle trans
fers involve no such actions. From the passenger’s per
spective, the rerouting of the MAUs to another line 
feels no different from a typical stop at a nontransfer 
bus stop. They remain seated throughout the decou
pling and coupling process. It is important to note that 
during a regular stop at a nontransfer bus stop, passen
gers also remain on board while the MAV dwells at 
this bus stop. This period is also not considered part of 
the passenger’s waiting time in our objective function. 
In the same spirit, the period associated with in-vehicle 
transfers is also excluded from the passenger’s waiting 
time in the objective function as it does not impose addi
tional effort on passengers unlike conventional transfers. 
In contrast, conventional transfers incur waiting time 
because of the inconvenience of alighting, walking, and 
reboarding, which we account for as a transfer penalty. 
This assumption highlights the superior comfort of 
in-vehicle transfers and supports the efficient design of 
timetables and (de-)coupling strategies of MAUs.

4. Mathematical Formulation
In this section, we propose a stochastic programming 
formulation for the TT-VS-DCA problem. We begin 
with a concise formulation to outline the model frame
work in Section 4.1. Section 4.2 presents the detailed 
formulations of the objective function. In Section 4.3, 
we delve into the timetabling constraints. In Section 
4.4, we formulate constraints on interactions between 
passengers’ dynamics and MAVs’ movements. Section 
4.5 presents the formulations related to vehicle sched
uling. Finally, formulations for dynamic capacity 
allocations are provided in Section 4.6. All notations 
are summarized in Tables D.1 and D.2 in Online 
Appendix D.

4.1. Concise Formulation of the Stochastic 
Programming Model for the TT-VS- 
DCA Problem

Because of the complexity of the TT-VS-DCA problem, 
a large number of constraints are incorporated into the 
developed stochastic programming model. These con
straints cover various aspects, including passengers’ 
and operational costs (PO constraints), timetabling 
constraints (TT constraints), interactions between 
passengers’ dynamics and MAVs’ movements (PM 
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constraints), vehicle scheduling constraints (VS con
straints), and interactions between vehicle scheduling 
and dynamic capacity allocation (VD constraints). To 
provide readers with a clear overview of the model 
structure, we first present the following concise formu
lation, which outlines the types of constraints and deci
sion variables to illustrate the modeling framework:

minimize
z, h, x, k

φ1Ψ
pass + φ2Ψ

oper (1a) 

subject to (PO constraints (2)–(5)), (1b) 

(TT constraints (7)–(13)), (1c) 

(PM constraints (14)–(21)), (1d) 

(VS constraints (22)–(25)), (1e) 

(VD constraints (26)–(33)), (1f) 

zl
k,i,t∈{0,1} ∀l∈L,k∈Kl,i∈Sl,t∈T , (1g) 

hg
k, k′ (w) ∈ {0, 1} ∀w ∈W, g � (l, i, l′, i′)

∈ Ȧ, k ∈ Kl, k′ ∈ Kl′ , (1h) 

xl
k, i(w) ∈ N ∀w ∈W, l ∈ L, k ∈ Kl, i ∈ Sl,

(1i) 

κm ∈ N ∀m ∈M: (1j) 
The first term in objective function (1a), Ψpass, represents 
passengers’ costs in monetary units. Passengers’ costs 
include the waiting costs at origin stops and the transfer 
waiting costs. The transfer waiting costs account for the 
inconvenience of conventional transfers, such as disem
barking, walking, waiting, and reboarding. The second 
term, Ψoper, denotes operational costs, which are also 
expressed in monetary units. The coefficients φ1 and φ2 
serve as weighting factors. Constraints (1g)–(1j) define 
the domains of the decision variables. In Sections 4.2–4.6, 
we provide detailed formulations of Constraints (1b), 
(1c), (1d), (1e), and (1f), respectively.

4.2. The Objective Function
The goal of this study is to minimize the weighted sum of 
passengers’ costs and operational costs from a system- 
wide perspective. Below, we introduce the specific for
mulations for each cost component. First, from the per
spective of passengers, the objective is to minimize the 
expected value of waiting costs (denoted as Ψpass) both at 
the origin stop of a passenger group p in scenario w 
(denoted as Ψ1

p(w)) and at the transfer corridors (denoted 
as Ψ2

p(w)), which can be expressed as follows:

Ψpass �
X

w∈W

X

p∈Pw

np ·ρw ·ϑ
T(ε1 ·Ψ

1
p(w)+ε2 ·Ψ

2
p(w)), (2) 

where ε1 and ε2 are weighting coefficients. ϑ T 

represents the equivalent monetary value per unit of 
passengers’ waiting costs (unit: dollars). ρw and np 
indicate the probability of each scenario w and the 
number of passengers within the passenger group p, 
respectively.

We can now formulate the specific mathematical 
expressions of Ψ1

p(w) and Ψ2
p(w). Let a binary variable 

χl
p, k(w) denote whether passenger group p boards the 

MAV assigned to trip k on line l at their origin stop in 
scenario w. If yes, χl

p, k(w) � 1; otherwise, χl
p, k(w) � 0. 

The waiting time Ψ1
p(w) at the origin stop iop of passen

ger group p ∈ Pw for all w ∈W is formulated as follows:

Ψ1
p(w) �

X

k∈Kl

χl
p, k(w)(d

l
k, i� up)

∀w ∈W, p ∈ P, l � l0 ∈ Lp, i � iop, (3) 

where up represents the arrival time of passenger 
group p and dl

k, i denotes the departure time of trip k at 
stop i on line l.

To compute the waiting costs because of conventional 
transfers, we define two binary variables ζg

p, k, k′ (w) and 
hg

k, k′ (w). The variable ζg
p, k, k′ (w) indicates whether pas

senger group p transfers from the MAV assigned to trip 
k to trip k′ at transfer corridor g in scenario w. The vari
able hg

k, k′ (w) represents whether MAUs on the MAV 
assigned to trip k on line l will be decoupled at transfer 
corridor g � (l, i, l′, i′) ∈ Ȧ and rerouted to execute the 
k′th trip on line l′ in scenario w. The waiting costs at 
transfer corridors depend on the type of transfer, which 
can be categorized as either an in-vehicle transfer or a 
conventional transfer that requires alighting and 
reboarding. 

1. In-vehicle transfers. An in-vehicle transfer occurs 
when the MAUs on the MAV assigned to trip k on line 
l are scheduled to be decoupled at transfer corridor g 
and rerouted to serve the k′th trip on line l′ (i.e., when 
hg

k, k′ (w) � 1) and there exits an onboard passenger 
group p requiring a transfer to that line (i.e., 
ζg

p, k, k′ (w) � 1). In this case, passenger group p can make 
an in-vehicle transfer, benefiting from its convenience, 
with zero transfer waiting cost.

2. Conventional transfers requiring alighting and 
reboarding. If either of the aforementioned conditions is 
not met, passengers must alight from the MAV 
assigned to trip k on line l, walk to and wait at the 
transfer corridor g, and board another MAV assigned 
to trip k′ on line l′. In this case, the waiting time in the 
transfer corridor is given by the difference between the 
departure time of the transfer-in MAV assigned to trip 
k′ (i.e., dl′

k′, i′ ) and the arrival time of the transfer-out 
MAV assigned to trip k (i.e., al

k, i) formulated as 
dl′

k′, i′ � al
k, i.
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To sum up, transfer waiting costs can be formulated 
in a single equation as follows:

Ψ2
p(w) �

X

g�(l, i, l′, i′)∈Rp

X

k∈Kl

X

k′∈Kl′

ζg
p, k, k′ (w) · (1� hg

k, k′ (w))

· (dl′
k′, i′ � al

k, i) ∀w ∈W, p ∈ Pw, (4) 

where the terms ζg
p, k, k′ (w)(1� hg

k, k′ (w)) · d
l′
k′, i′ and ζg

p, k, k′

(w)(1� hg
k, k′ (w)) · a

l
k, i are both nonlinear. The linearized 

formulations of the nonlinear Constraints (3) and (4) 
are provided in Online Appendix E corresponding to 
Constraints (47) and (48), respectively.

On the other hand, from the perspective of opera
tors, the objective is to minimize operational costs. 
These costs are associated with the number of MAUs 
serving each section between any two adjacent stops 
on every line in each scenario. We define a binary deci
sion variable yl

k, i, q(w) to indicate whether the number 
of MAUs composed in the MAV assigned to trip k serv
ing the section between stops i and i+ 1 on line l in sce
nario w is q ∈Q or not, where Q denotes the set of 
number of MAUs that can be contained in an MAV. A 
cost-related parameter associated with using q MAUs 
when an MAV departs from stop i is denoted by ϑq, i. 
The formulation for the expected value of operational 
costs among all scenarios (denoted as Ψoper) can be pre
sented as follows:

Ψoper �
X

w∈W
ρwΨop(w)

�
X

w∈W

X

l∈L

X

i∈Sl

X

k∈Kl

ρw ·
X

q∈Q
ϑq, i · yl

k, i, q(w), (5) 

where Ψop(w) refers to the operational costs in each sce
nario w ∈W.

To facilitate the trade-offs between operators and 
passengers, the aforementioned objective functions are 
reformulated as a single one through the weighting 
coefficients φ1 and φ2 , shown as

Ψ � φ1Ψ
pass +φ2Ψ

oper: (6) 

4.3. Timetabling Constraints
The timetable specifies the arrival and departure times 
of each trip at every stop along each line. We introduce 
the parameters αmin

l, k and αmax
l, k as the lower and upper 

bounds of the shifting time at the first stop of trip k on 
line l. Similarly, βmin

l, k, i and βmax
l, k, i define the dwell time 

limits of trip k on line l at stop i, whereas hl
min and hl

max 
constrain the headway between two consecutive trips 
on line l. The running time between stops i� 1 and i on 
line l for trip k is denoted as rl

k, i�1.
To model timetabling decisions, we define the binary 

decision variable zl
k, i, t to indicate whether an MAV 

assigned to trip k on line l departs stop i at time interval t. 

zl
k, i, t � 1 indicates that trip k on line l has not departed 

from stop i; otherwise, zl
k, i, t � 0. The real-valued vari

ables al
k, i and dl

k, i represent the arrival and departure 
times at stop i, respectively. Additionally, αl

k, 1 cap
tures the shifting time at the first stop, while βl

k, i 
denotes the dwell time at stop i. The timetable is gov
erned by the following constraints:

zl
k,i,t+1 ≤ zl

k,i,t ∀l∈L,k∈K, i∈S,t∈T { |T | }:

(7) 

dl
k,i�∆ 1+

X

t∈T
zl

k,i,t

 !

∀l∈L,k∈Kl, i∈Sl: (8) 

al
k,i�

ol
k,1+α

l
k,1 if i�1

dl
k,i�1+rl

k,i�1 otherwise

8
<

:

∀l∈L,k∈Kl:

(9) 

βl
k,i�dl

k,i�al
k,i ∀l∈L,k∈Kl, i∈Sl: (10) 

αmin
l,k ≤ α

l
k,1 ≤ α

max
l,k ∀l∈L,k∈Kl: (11) 

βmin
l,k,i ≤ β

l
k,i ≤ β

max
l,k,i ∀l∈L,k∈Kl,i∈Sl: (12) 

hl
min ≤ dl

k+1, i�dl
k, i ≤ hl

max ∀l∈L,k ∈Kl { |Kl | }}, i∈Sl:

(13) 

Constraints (7) ensure the monotonically nonincreas
ing property of the binary variable related to timeta
bling. Constraints (8) define the relationship between 
the binary variable related to timetabling and the real- 
valued departure times. Constraints (9) calculate the 
arrival time at stop i of trip k on line l. Constraints (10) 
are formulated to track the dwell time of trip k at stop i 
on line l denoted by βl

k, i. This dwell time is defined as 
the difference between the departure time dl

k, i and the 
arrival time al

k, i at stop i on line l for trip k. Additionally, 
Constraints (11), (12), and (13) set the lower and upper 
limitations on shifting times, dwell times, and head
way, respectively.

4.4. Constraints on the Interactions Between 
Passengers’ Dynamics and MAVs’ Movements

Passenger dynamics in the bus network are closely 
linked to MAV movements and capacity constraints. 
These interactions are formulated in two subsections; 
the first subsection presents interactions between 
dynamics on different legs of the passengers’ journey 
and MAVs, whereas the second subsection formulates 
interactions between dynamics of passengers and 
capacity of MAVs.
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4.4.1. Interactions Between Dynamics on Different Legs 
of the Passengers’ Journey and MAVs. Theoretically, a 
passenger can board all trips arriving after his arrival 
at the origin station. In real-world operations, a passen
ger waiting at a stop usually chooses the first available 
MAV capable of completing their journey. To model 
relations between passengers’ dynamics and move
ments of MAVs, we define a binary variable ξl

p, k(w)
that indicates whether passenger group p can board 
the MAV assigned to trip k on line l in scenario w or not 
for the first leg of their journey. Specifically, this variable 
takes a value of one if the MAV assigned to trip k on line 
l departs from the origin stop after the arrival time of 
passenger group p in scenario w and zero otherwise.

In the first leg of the journey, before any transfers, 
passenger group p has the opportunity to board any 
trip k on line l whose departure time dl

k, iop 
is later than 

the group’s arrival time up at the origin stop iop. That is,

M1(ξ
l
p, k(w)� 1) ≤ dl

k, iop � up ≤ M1ξ
l
p, k(w)� ɛ1

∀w ∈W, p ∈ Pw, l � l0 ∈ Lp, k ∈Kl:

(14) 

Thereafter, if passenger group p needs to transfer 
from the MAV assigned to trip k on line l to trip k′ on 
line l′ at transfer corridor g, the departure time dl′

k′, i′ of 
the transfer-in trip has to be later than the arrival time 
al

k, i of the transfer-out trip. To model this, we introduce 
a binary variable πg

k, k′ , which indicates whether passen
gers have the opportunity to transfer from the MAV 
assigned to trip k to the other MAV allocated to trip k′
at transfer corridor g. This condition is formulated by 
the following constraints:

M2(π
g
k, k′ � 1) ≤ dl′

k′, i′ � al
k, i�θg ≤ M2π

g
k, k′ � ɛ2 ∀g

� (l, i, l′, i′) ∈ Ȧ, k ∈Kl, k′ ∈Kl′ ,
(15) 

where the parameter θg represents the minimum time 
required for a transfer at transfer corridor g.

Note that Constraints (15) capture all possible trans
fer options for a passenger group p arriving at a trans
fer corridor g. However, because we assume that 
passengers always board the first available trip, addi
tional constraints should be introduced to enforce this 
selection. To do so, we formulate nonlinear Constraints 
(16) to link passenger group p and its actually boarded 
trip. Specifically, passenger group p actually transfers 
from the MAV assigned to trip k to trip k′ at transfer 
corridor g in scenario w (ζg

p, k, k′ (w) � 1) if and only if this 
group was on trip k on line l (i.e., χl

p, k(w) � 1), trip k′ on 
line l′ has a later departure time than the arrival time of 
trip k, and this is the closest among all possible transfer 
options on line l′ (i.e., πg

k, k′ �π
g
k, k′�1 � 1). As a result, 

passenger group p actually transfers from trips k to k′

at the transfer corridor g. The linearized formulation of 
this set of constraints is presented in Online Appendix 
E denoted as Constraints (49).

ζg
p, k, k′ (w) � χ

l
p, k(w) · (π

g
k, k′ �π

g
k, k′�1)

∀w ∈W, p ∈ Pw, g � (l, i, l′, i′) ∈Rp, k ∈Kl, k′ ∈Kl′ :

(16) 

Additionally, Constraints (17) are proposed to track 
the MAV assigned to trip k that passenger group p 
boards when transferring from trip k′ on line l′ to trip k 
on line l in scenario w. If line l is the line where the ori
gin stop of passenger group p’s journey is located (i.e., 
l � l0), χl

p, k(w) indicates whether the group boards trip 
k in the first leg. If line l is a transfer-in line within the 
journey, the variable determines whether the group 
successfully transfers to trip k after departing from trip 
k′. The corresponding formulation is as follows:

χl
p, k(w) �

ξl
p, k(w)� ξ

l
p, k�1(w), if l � l0

X

k′∈Kl′

ζg
p, k′, k(w),

if l ≠ l0,
g � (l′, i′, l, i) ∈ Rp

8
>><

>>:

∀w ∈W, p ∈ Pw, l ∈ Lp, k ∈Kl:

(17) 

4.4.2. Interactions Between Dynamics of Passengers 
and Capacity of MAVs. Let variables bl

k, i(w) and cl
k, i(w)

represent the numbers of passengers boarding and alight
ing trip k at stop i on line l in scenario w, respectively. The 
variable vl

k, i(w) denotes the number of in-vehicle passen
gers when the MAV assigned to trip k departs from stop i 
on line l in scenario w. We define an integer variable 
xl

k, i(w) to indicate the real-valued number of MAUs com
posed in the MAV allocated to trip k serving the section 
between stops i and i+ 1 on line l. We then formulate con
straints related to passenger movements as follows:

bl
k,i(w)�

X

p∈POi

np ·χ
l
p,k(w) ∀w∈W, l∈L,k∈Kl,i∈Sl: (18) 

cl
k,i(w)�

X

p∈PDi

np ·χ
l
p,k(w) ∀w∈W, l∈L,k∈Kl, i∈Sl: (19) 

vl
k,i(w)�

X

j≤ i
(bl

k,j(w)�cl
k,j(w)) ∀w∈W,l∈L,k∈Kl, i,j∈Sl:

(20) 

vl
k, i(w) ≤ CAP · xl

k, i(w) ∀w ∈W, l ∈ L, k ∈ Kl, i ∈ Sl: (21) 

Constraints (18) compute the number of passengers 
boarding the MAV assigned trip k when it arrives at 
stop i, where set POi consists of all of the passengers 
who board at stop i. Similarly, Constraints (19) are for
mulated to compute the number of passengers alight
ing at stop i, where the set PDi includes all of the 
passengers who alight at stop i. Constraints (20) com
pute the number of in-vehicle passengers when the 
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MAV assigned to trip k leaves stop i on line l, which 
equals the difference between the cumulative number 
of boarding and alighting passengers. Constraints (21) 
ensure that the number of in-vehicle passengers cannot 
exceed the capacity.

4.5. Constraints Associated with 
Vehicle Scheduling

In this study, we assume that MAVs allocated to trips 
can be decoupled and coupled at transfer stops and 
depots. Thus, the number of usable MAUs stored at the 
depots at each time interval during operations should 
be sufficient to perform trips. We introduce two vari
ables AVm, t(w) and DVm, t(w) to track the cumulative 
inflow and outflow of MAUs at depot m ∈M at time t 
in scenario w, respectively. The decision variable κm is 
defined to indicate the number of MAUs stored at each 
depot m ∈M at the beginning of the study time hori
zon. We have the following constraints:
X

m∈M
κm ≤ B: (22) 

DVm,t(w) ≤ κm+AVm,t(w) ∀m∈M,t∈T ,w∈W: (23) 

AVm, t(w) �
X

l∈LLm

X

k∈Kl

(1� zl
k, |Sl | , t�tpre

m
) · xl

k, |Sl |
(w)

∀m ∈M, t ∈ T , w ∈W: (24) 

DVm, t(w) �
X

l∈FLm

X

k∈Kl

(1� zl
k, 1, t) · x

l
k, 1(w)

∀m ∈M, t ∈ T , w ∈W: (25) 

Constraints (22) set the upper bound of MAUs used 
to cover all trips, where the parameter B represents the 
maximum number of available MAUs. Constraints (23) 
are imposed to ensure that the cumulative number of 
MAUs exiting the depot m cannot exceed its own stor
age and inflow. Constraints (24) and (25) are formu
lated to compute the inflows and outflows of MAUs at 
time interval t and depot m in scenario w, respectively, 
where FLm represents the sets of lines whose starting 
stop is depot m and LLm refers to the sets of lines for 
which the ending stop is depot m. The parameter tpre

m is 
the preparation time at depots of each MAU to com
plete a trip before it is reallocated by the next trip. The 
linearization of the nonlinear Constraints (24) and (25) 
is presented in Online Appendix E as Constraints (50).

4.6. Constraints on the Interactions Between 
Vehicle Scheduling and Dynamic 
Capacity Allocation

We assume that rerouting operations are performed at 
the transfer stops only when the time window require
ments are met. The reason for this is twofold. The 
above operations take a certain length of time to per
form; on the other hand, if the decoupled units are 
stored for a considerable period of time in a transfer 

stop without being able to be rerouted, their utilization 
rate will be lower, and they will take up the limited 
space in the transfer stop, becoming inconvenient for 
both operations and passengers. We define the variable 
eg

k, k′ to indicate whether units assigned to trip k can be 
decoupled and coupled to the MAV executing trip k′ at 
the transfer corridors g or not: in other words, whether 
the decoupling and coupling behaviors are feasible in 
the time dimension. Recall that we have defined the 
variable hg

k, k′ (w) to indicate whether MAUs on the 
MAV assigned to trip k on line l will be decoupled at 
transfer corridor g � (l, i, l′, i′) ∈ Ȧ and rerouted to exe
cute the trip k′ on line l′ in scenario w. We formulate 
the following constraints to describe the decoupling 
and coupling operations at transfer stops:

eg
k, k′ �

1 if θg ≤ dl′
k′, i′ � al

k, i ≤ θg

0 otherwise

8
<

:

∀g � (l, i, l′, i′) ∈ Ȧ, k ∈Kl, k′ ∈Kl′ :

(26) 
hg

k, k′ (w) ≤ eg
k, k′ ∀w ∈W, g � (l, i, l′, i′)

∈ Ȧ, k ∈ Kl, k′ ∈ Kl′ : (27) 

hg
k,k′ (w)+hg′

k′,k(w) ≤ 1 ∀w∈W,g�(l, i,l′,i′) ∈ Ȧ, k
∈Kl,k′ ∈Kl′ : (28) 

Constraints (26) define the temporal bounds [θg,θg]

for rerouting the (de-)coupling MAUs across lines, 
which ensure that rerouting the decoupled MAUs from 
trip k on line l to serve trip k′ on line l′ is only possible if 
the time difference between the departure time of trip k′
(i.e., dl′

k′, i′ ) and the arrival time of trip k (i.e., al
k, i) is within 

the predetermined time window. This set of nonlinear 
constraints is linearized in Online Appendix E as Con
straints (51). Constraints (27) are formulated to ensure 
that this operation is practicable only after the aforemen
tioned temporal conditions of decoupling and rerouting 
are met. Constraints (28) guarantee the unidirectional 
rerouting and coupling of the decoupled MAUs. The 
reason for developing Constraints (28) is that if MAUs 
composed in the MAV assigned to trip k on line l are 
decoupled, rerouted to line l′, and coupled on the MAV 
serving trip k′, this indicates that additional MAUs are 
required to successfully complete trip k′. Consequently, 
this also indicates that further decoupling of the MAV 
assigned to trip k′ is not necessary.

Finally, we formulate the following constraints to 
model the dynamics of the formations of MAVs during 
operations and to characterize the connections between 
the formations and the en route (de-)coupling opera
tions at transfer stops. The binary variable yl

k, i, q(w) is 
defined to indicate whether the MAV allocated to per
form the trip k at stop i on line l in scenario w is com
prised by q MAUs. If yes, we have yl

k, i, q(w) � 1; 
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otherwise, it equals to zero.

xl
k,i(w)�

X

q∈Q
q ·yl

k,i,q(w) ∀w∈W,l∈L,k∈Kl,i∈Sl: (29) 

xl
k,i�1(w)�xl

k,i(w) ∀w∈W,l∈L,k∈Kl,i-1,i∈R̂l: (30) 

xl
k,i(w)�xl

k,i�1(w)+1≤M3(1�hg
k,k′ (w))

∀w∈W,l∈L,k∈Kl,
k′ ∈K′l ,i∈Rl,g�(l,i,l′,i′)∈Ȧ:

(31) 
xl

k,i(w)�xl
k,i�1(w)+

X

l′

X

k′∈Kl′

(hg′
k′,k(w)

�hg
k,k′ (w))(x

l′
k′,i′�1(w)�xl′

k′,i′ (w))
∀w∈W,l∈L,k∈Kl,i∈Rl,g
�(l,i,l′,i′)∈Ȧ,g′ �(l′,i′,l,i)∈Ȧ:

(32) 
yl

k,i,q(w)∈{0,1} ∀w∈W,l∈L,k∈Kl,i∈Sl,q∈Q:

(33) 

Constraints (29) are imposed to compute the real- 
valued number of MAUs comprising this MAV at stop 
i on line l (i.e., xl

k, i(w)). Constraints (30) are developed 
to guarantee that the formation of an MAV executing 
trip k remains unaltered upon arrival and departure at 
stops other than transfer stops. Moreover, given that 
MAVs allocated to trips have the flexibility to be 
decoupled or coupled at transfer stops, the formation 
of MAVs can potentially change as they depart from 
transfer stops. Following this, Constraints (31) link 
routing and decoupling operations at the transfer stop 
(i.e., when hg

k, k′ (w) � 1) with modifications to the num
ber of MAUs that make up the MAV to be decoupled. 
Nonlinear Constraints (32) are formulated to calculate 
the number of MAUs included in the MAV that is 
assigned to execute trip k upon departing from transfer 
stop i on line l. We derive the linearized form of this set 
of nonlinear constraints in Constraints (52) presented 
in Online Appendix E. Constraints (33) define the 
domain.

In summary, we propose the following MILP model 
for the TT-VS-DCA problem in the modularized bus 
network with MAVs:

minimize
z, h, x, k

φ1Ψ
pass + φ2Ψ

oper

subject to (1g)–(1j), (2), (5), (7)–(15), (17)–(23),
(27)–(31) and (33) and (47)–(52)
in Online Appendix E:

(34) 

5. Theoretical Properties of the TT-VS- 
DCA Model

In this section, we establish propositions based on the 
mathematical properties of the proposed model that 

serve as the foundation for the solution methods intro
duced in the following section. The TT-VS-DCA prob
lem studied in this work is NP hard. As the problem 
size increases, the number of combinations across line 
l ∈ L, trip k ∈Kl, stop i ∈ Sl, and discretized time inter
vals t ∈ T grows exponentially, substantially increas
ing the computational complexity of the problem. To 
address this challenge, we propose the following pro
positions to strengthen the model.

Specifically, Proposition 1 introduces a time window- 
based reduction that restricts the feasible domain of 
timetabling variables. Proposition 2 encodes boarding 
feasibility by eliminating logically invalid boarding 
times. Proposition 3 ensures correct temporal sequenc
ing for passenger transfers. Proposition 4 provides a 
compact temporal window that enables the decoupling 
of an MAU at a transfer stop and its subsequent reas
signment to another line, ensuring the temporal feasibil
ity of its cross-line circulation.

Proposition 1 (Time Window-Based Search Space Re
duction). Constraints (35) are valid for the TT-VS-DCA 
model (34):

zl
k, i, t �

0, ς
l
k, i
∆
≤ t ≤ |T |

1, 1 ≤ t ≤
ςl

k, i
∆
� 1,

∀l ∈ L, k ∈ Kl, i ∈ Sl,

8
><

>:

(35) 

where ςl
k, i and ςl

k, i represent the earliest and latest depar
ture times of the MAV assigned to trip k leaving stop i of 
line l, respectively. The specific values of ςl

k, i and ςl
k, i can be 

determined previously before optimization.

Proof. See Online Appendix F. w

Proposition 2 (Passenger Boarding-Related Inequality). 
Constraints (36) are a family of valid inequality for the TT- 
VS-DCA model related to the boarding process (34):

ςl
k, i � up ≥ |T | (ξ

l
p, k(w)� ξ

l
p, k�1(w)� 1)

∀w ∈W, p ∈ Pw, l � l1p ∈ Lp, k ∈ Kl: (36) 

Proof. See Online Appendix F. w

Proposition 3 (Transfer-Related Inequality). Constraints 
(37) are a family of valid inequality for the TT-VS-DCA 
model (34) associated with transfers:

ςl′
k′, i′ � ς

l
k, i + β

min
l, k, i � θg ≥ |T | (π

g
k, k′ � π

g
k, k′�1 � 1)

∀g � (l, l′, i, i′) ∈ Ȧ, k ∈ Kl, k′ ∈ Kl′ :

(37) 

Proof. See Online Appendix F. w

Proposition 4 (Coupling-Related Inequality). Constraints 
(38) are a family of valid inequality for the TT-VS-DCA 
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model (34):
ςl′

k′, i′ � ς
l
k, i + β

min
l, k, i � θg ≥ |T | (e

g
k, k′ � 1)

θg � ς
l′
k′, i′ + ς

l
k, i � β

max
l, k, i ≥ |T | (e

g
k, k′ � 1)

(

∀g � (l, l′, i, i′) ∈ Ȧ, k ∈ Kl, k′ ∈ Kl′ : (38) 

Proof. See Online Appendix F. w

6. Solution Method
In this section, we design the solution approaches to 
solve the TT-VS-DCA problem. First, we develop an 
integer L-shaped method with tailored valid inequal
ities in Section 6.1. However, through numerical experi
ments based on real-world operational data from the 
Beijing bus network with a three-hour planning period, 
we observe that the proposed exact solution method 
still faces computational challenges. To address this, in 
Section 6.2, we introduce a rolling-horizon optimiza
tion framework that dynamically incorporates the exact 
solution method, enabling a double decomposition of 
the problem. Finally, recognizing the need for real-time 
adaptability in practical operations with evolving pas
senger demand, we propose a learning-based real-time 
decision-making framework as detailed in Section 6.3.

6.1. The Integer L-Shaped Algorithm 
with Tailored Valid Inequalities

Because our proposed model (34) is an MILP model, 
one way to find the optimal solution is to adopt the 
solution methods designed for linear programs, such 
as the built-in branch-and-bound or cutting-plane algo
rithms available in commercial software. Nevertheless, 
the quality of the obtained solution falls short of expec
tations when these methods are applied to a real-life 
instance based on a Beijing bus subnetwork that con
sists of two bidirectional lines, and the gap is greater 
than 42% even after a 10-hour computation.

Another approach is to decompose the model using the 
Benders decomposition method or the integer L-shaped 
method. Specifically, the integer L-shaped method is a 
powerful extension of the basic Benders decomposition 
approach, which is specially designed for addressing sto
chastic integer programming problems. In problems 
where there are binary first-stage variables and integer 
second-stage variables within a two-stage stochastic pro
gram, the integer L-shaped method has proven to be 
remarkably effective. Recall that our model has an endog
enous sequential solution property (i.e., the optimization 
of vehicle scheduling and dynamic capacity allocation 
can only be achieved if timetables are determined). There
fore, decomposing our problem and solving it with the 
integer L-shaped algorithm promise to improve the solu
tion efficiency and solution quality.

We denote Ψ1
wait �

P
w∈W

P
p∈Pw

np · ρw · ε1 ·ϑ
T ·Ψ1

p(w)
and Ψ2

wait(w) �
P

p∈Pw
np · ρw ·ϑ

T · ε2 ·Ψ
2
p(w). To imple

ment the integer L-shaped method, we first 

reformulate the proposed model (34) (denoted as MP) 
as follows:

[MP]

min
z,x,z

Ψ1
wait

s:t: (1g), (7)–(15), (17), (35)
–(37) and (47) and (49),
in Online Appendix E:

η ≥ F(z, x, z),

8
>>>>>>>><

>>>>>>>>:

(39) 

where F(z, x, z) is real-valued function of variables z, x, 
and z, which can be formulated as follows:

F(z,x,z)�
X

w∈W
ρwFw(z,x,z)

�
X

w∈W
ρw[min

x,h
{Ψ2

wait(w)+Ψ
w
op | (1h)–(1j),

(5),(18)–(23),(27)–(31),(33), (38)
and (48) and (50)–(52)
in Online Appendix E}]: (40) 

In this study, we denote Fw(z, x, z) as the value func
tion of the subproblem with respect to the scenario w. 
Given the timetables and the state of the passengers, 
the subproblem Fw(z, x, z) is to determine the optimal 
vehicle schedule and dynamic capacity allocations.

Lemma 1. There exists a finite lower bound L �
P

l∈L P
i∈Sl

P
k∈Kl

φ2ϑ1, i that satisfies F(z, x, z) ≥ L.

Proof. See Online Appendix F. w

As outlined in Laporte and Louveaux (1993) and 
Angulo, Ahmed, and Dey (2016), the core idea of the 
integer L-shaped method is to relax the constraint 
η ≥ F(z, x, z). This approach entails adding cuts to more 
accurately approximate the shape of F(z, x, z). This iter
ative process continuously refines the solution space, 
providing an optimal solution that is incrementally 
tightly fitted. Specifically, the optimality cut proposed 
by Laporte and Louveaux (1993) can be formulated for 
the explored problem as follows:

η≥ (F(z∗,x∗,z∗)�L)

 
X

zl
k, i,t∈H(z∗)

zl
k, i,t+

X

χl
p,k(w)∈G(χ∗)

χl
p,k(w)

+
X

ζg
p,k,k′ (w)∈V(ζ∗)

ζg
p,k,k′ (w)

�
X

zl
k, i,t∉H(z∗)

zl
k, i,t�

X

χl
p,k(w)∉G(χ∗)

χl
p,k(w)

�
X

ζg
p,k,k′ (w)∉V(ζ∗)

ζg
p,k,k′ (w)� |H(z

∗) |

� |G(χ∗) | � |V(ζ∗) |

!

+F(z∗,x∗,z∗),

(41) 
where η represents the estimated value of F(z, x, z) and 
where H(z∗) � {zl

k, i, t |zl
k, i, t � 1}, G(χ∗) � {χl

p, k(w) |χl
p, k(w) � 1}, 
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V(ζ∗) � {ζg
p, k, k′ (w) |ζ

g
p, k, k′ (w) � 1}. Moreover, L represents 

the lower bound of F(z, x, z), whose values can be set 
based on Lemma 1. Because the aforementioned opti
mality cuts are not tight for solutions other than 
(z∗, x∗, z∗), we employ the following continuous opti
mality cut the same as Angulo, Ahmed, and Dey 
(2016):

η≥ i(z�z∗)+ î(x�x∗)+ ĩ(z� z ∗)+FLP(z∗,x∗,z ∗), (42) 

where i, î, and ĩ represent the subgradient vectors of 
F(z, x, z) at z∗, x∗, and z ∗, respectively. FLP(z∗, x∗, z ∗)
represents the continuous relaxation of F(z∗, x∗, z ∗) that 
resets the binary variable yl

k, i, q(w) as a continuous vari
able. The subgradient optimality cut (42) is not neces
sarily required for the convergence of the proposed 
method; however, it enhances the computing perfor
mance of this algorithm.

To ensure the feasibility of the solution, we intro
duced the following combinatorial cut:

X

zl
k, i, t∈H(z

∗)

(1� zl
k, i, t) +

X

χl
p, k(w)∈G(χ

∗)

(1� χl
p, k(w))

+
X

ζg
p, k, k′ (w)∈V(ζ

∗)

(1� ζg
p, k, k′ (w))

+
X

zl
k, i, t∉H(z

∗)

zl
k, i, t +

X

χl
p, k(w)∉G(χ

∗)

χl
p, k(w)

+
X

ζg
p, k, k′ (w)∉V(ζ

∗)

ζg
p, k, k′ (w) ≥ 1: (43) 

Finally, we reformulate the MP based on the above 
analyses and construct the current problem (CP) at 
each node of the branch-and-cut search tree as

min
z,χ, ζ, ηΨ

pass + η

s:t: Optimality cuts (41),
Subgradient optimality cuts (42),
Feasibility cuts (43),
Constraints (1g), (7)–(15), (17), (35)–(37)

and (47) and (49) in Online Appendix E:

8
>>>>>>>>>><

>>>>>>>>>>:

(44) 

In summary, the main procedure of our designed 
decomposition-based integer L-shaped algorithm for 
the TT-VS-DCA problem can be presented as follows. 
(1) Relax CP (44) by discarding Constraints (1g) and 
solving it to the optimum. It is worth noting that no 
optimality cut or subgradient cut has been generated 
yet. (2) Decide whether to proceed with the computa
tion. If the stopping criteria are met, terminate the algo
rithm. Otherwise, we select a zl

k, i, t ∉ {0, 1} and then 
branch at this node. (3) Repeat the previous step until 
an integer solution z∗ is obtained. In this process, it is 

necessary to determine whether to add optimality cuts 
(41) and (42) or feasibility cuts (43).

In the specific implementation, we construct a 
branch-and-cut search tree using the state-of-the-art 
commercial solver GUROBI. The optimality cuts (41) 
and (42) as well as the feasibility cuts (43) are added to 
the CP step by step using the lazy constraint callback 
function. During the search process, the callback func
tion is executed at the node where the relaxed CP is 
solved to the optimum or a new mixed-integer pro
gramming (MIP) incumbent is found. The pseudocode 
of this algorithm is presented in Algorithm 1 in Online 
Appendix G. When the timetable is fixed, the vehicle 
schedule and dynamic capacity allocation plan in each 
scenario can be optimized in parallel.

6.2. A Rolling-Horizon Optimization Algorithm 
Based on a Double-Decomposition 
Framework

The TT-VS-DCA problem is NP-hard, making the inte
ger L-shaped method from Section 6.1 inefficient for 
large-scale instances. A promising approach to address 
this challenge is to design a rolling-horizon optimiza
tion algorithm, which has been widely used to solve 
various traffic problems as detailed in Sánchez- 
Martı́nez, Koutsopoulos, and Wilson (2016). This algo
rithm follows a progressive, periodically updated 
decision-making process, adding dynamism to the 
solution approach.

The rolling-horizon optimization algorithm decom
poses the TT-VS-DCA problem in both spatial and tem
poral dimensions, allowing for the solution of a series 
of smaller MILPs instead of a single large MILP. Speci
fically, in the temporal dimension, the algorithm splits 
the entire study time horizon into multiple sequential 
stages, with each treated as a separate subproblem. In 
the spatial dimension, it strategically considers only 
the stops involved within a specific stage during 
the optimization process. Furthermore, our rolling- 
horizon optimization algorithm is built upon a double- 
decomposition framework by incorporating the integer 
L-shaped method. It first decomposes the decision 
period into sequential stages with shorter time dura
tions, and within each stage, the integer L-shaped 
method further decomposes the problem to improve 
computational efficiency.

Thereafter, we introduce this algorithm tailored to 
the TT-VS-DCA problem utilizing a rolling-horizon 
optimization framework in detail. The algorithm seg
ments the studied time horizon into equal-length 
decision-making stages, each with two time domains: 
the operation control horizon (CH) and the informa
tion prediction horizon (PH). Both start simulta
neously, but the PH, which is longer than the CH, 
allows for a broader scope of decisions and external 
data. Each PH intersects with CHs from adjacent 
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stages, facilitating real-time updates. Within each 
phase, we optimize the TT-VS-DCA problem for the 
entire PH but employ solutions only within the CH. 
Information is sequentially transferred between stages, 
streamlining optimization and boosting algorithm effi
ciency. For clarity, we encapsulate the functions of the 
algorithm into the following modules.

Initialization. Input the network topology, the set of 
all passengers groups Pw, the control parameters of the 
system, and the model parameters. Initialize the time 
duration of each CH and PH. Also, the empty sets P̃ , 
and P are initialized to store the set of passengers who 
do not complete transfers and the set of passengers 
who do not get off MAVs, respectively.

Prediction modular. We incorporate a prediction 
module into the algorithm to enable its extension to 
dynamic optimization. In this module, the travel time 
of vehicles between adjacent stops is predicted based 
on detailed road traffic conditions within a specific 
time horizon. Additionally, the module estimates pas
senger demand at each stop using data from monitor
ing equipment during the same period.

Timetable simulation module. Update the travel 
time of the vehicle between two adjacent stops. Simu
late the vehicle arrival and departure times at each stop 
based on the control strategy imposed during the CH.

Select module. The timetable simulation module is 
first called to simulate the arrival and departure times 
of trips. Then, both MAVs assigned to trips and stops 
that are within the PH are selected. Denote the selec
tion vehicles set as Kn ∈K, and denote the selection 
stops set as Sn ∈ S. For each scenario w, we select all 
passengers whose arrival time is earlier than the end
ing time of PH from the set Pw and form the new set 
Pn

w. Then, the model of the TT-VS-DCA problem for 
the current decision stage is created.

Status updating module. First, we check the status 
of each passenger group in each scenario w. Specifi
cally, if the passenger group has completed all trips, 
then the group from Pw will be removed. If the passen
ger group has boarded but has not completed all trans
fers, then we place it in set P̃w. If the passenger has 
completed all transfers but has not yet alighted from 
the last leg of the trip, then we place it in Pw. In particu
lar, for passengers who require placement in P̃w, we 
identify their completed legs, record the set of all vehi
cles that they have boarded, and then, remove the com
pleted trips from the passenger group attribute. In the 
next optimization, by identifying the current state of 
passengers, the variables describing passengers’ state 
(i.e., ξl

p, k(w), ζ
g
p, k, k′ (w), and χl

p, k(w)) can be precisely 
constructed to complete the information transfer 
between different optimization time domains. Then, 
the number of MAVs arriving and alighting at each 
stop, the number of MAVs in operations, the formation 
of each operated MAV, and the number of MAVs 

available at each depot and time are all recorded. Lastly, 
we update the time range covered by CH and PH.

Optimization module. Input Kn,Sn,Pn
w, P̃w, and Pw. 

For passenger groups in Pw, because they have already 
completed their first boarding, we do not construct 
variable χl

p, k(w) to track their waiting time. However, 
we still need Pw to accurately calculate the number of 
people alighting from the vehicle at each stop. For the 
passenger in P̃w, we selectively construct variable 
ζg

p, k, k′ (w) to track the transfer possibly completed at that 
stage. For the passengers in Pn

w, we leave out any special 
treatment and construct the corresponding variables 
according to the model requirements. Then, we run Algo
rithm 1 in Online Appendix G and output the optimiza
tion results (i.e., timetables, vehicle schedules, and the 
dynamic capacity allocation strategy in the current CH).

To sum up, the procedure of the overall algorithm is 
presented in Figure H.1 in Online Appendix H. This 
procedure begins by introducing the initial system set
tings. The next step is to check that the start of the cur
rent iteration and the end of the entire optimization 
period coincide. If they align, the process is stopped, 
and the optimization results are obtained. Otherwise, 
the prediction module is started as a precautionary 
measure to update the travel time between subsequent 
stops and the passenger demand at each stop. Subse
quently, the timetable simulation module is utilized to 
obtain a partially regulated timetable including all of 
the CH cycle control strategies from the previous 
sequence. Next, the selection module is run to select 
the stops and MAVs assigned to trips involved in this 
iteration. After that, the optimization module is run to 
get the current CH control strategy and the vehicle 
schedules. Further, we run the state update module to 
accurately identify the states of passengers and vehi
cles, and we update the corresponding information, 
which is the input for the next optimization iteration.

6.3. Learning-Based Real-Time Decision- 
Making Framework

As passenger flows evolve over time, timetables and 
vehicle schedules derived from historical demand sce
narios may become suboptimal when faced with real- 
time operational conditions. Moreover, as discussed in 
Section 1, MAVs are operated under a short decision- 
making time window. To address this and better 
respond to time-varying demand that may fall outside 
the historical passenger demand scenarios, we propose 
a real-time decision-making framework that fine-tunes 
the tactical timetable within a small adjustment range 
using real-time information and reoptimizes the vehi
cle schedule accordingly. The framework follows an 
RH approach, partitioning the studied time horizon 
into multiple decision-making stages with equal- 
length short durations. At each stage, a stochastic 
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MILP is solved using the integer L-shaped method, 
where the timetable obtained from tactical-level plan
ning is allowed to shift within an adjustment range 
(e.g., one or two minutes) and the vehicle schedules 
can be reoptimized.

In stochastic programming, incorporating more sce
narios can improve solution quality, but it can greatly 
increase computational difficulty (as will be shown in 
Section 7.8). However, real-time operations require 
finding solutions efficiently while maintaining high 
quality. To address this challenge, we design a 
learning-based scenario-retention method and embed 
it into our real-time decision-making framework. Our 
proposed learning-based real-time decision-making 
framework is illustrated in Figure I.1 in Online Appen
dix I. At each decision-making stage, (i) the real-time 
information is updated. (ii) Using predefined features, 
a trained machine learning model is used to rank all 
new demand scenarios that are out of the historical 
demand scenario set. (iii) We retain the top k-most rep
resentative scenarios into a scenario subset. (iv) We 
solve the stochastic MILP using the integer L-shaped 
method over this scenario subset to optimize devia
tions of the tactical timetable and the vehicle schedule. 
This process is repeated throughout the entire studied 
horizon, ensuring that timetables and vehicle schedules 
in all decision-making stages remain consistent with real- 
time dynamics. By avoiding incorporating all demand 
scenarios into the integer L-shaped method at each stage 
and focusing computation over the most representative 
scenarios, the framework meets real-time computational 
requirements while preserving solution quality.

We now introduce our proposed learning-based 
scenario-retention method in detail. Table 1 sum
marizes the features used to characterize each demand 
scenario, which explicitly capture interactions between 
supply and demand. Intuitively, one might assume 
that scenarios with higher total demand are more critical. 

However, this criterion can be misleading. Consider the 
following illustrative example. Suppose there are two sta
tions. In scenario 1, the total demand is 50, and it is evenly 
distributed with 25 passengers at each station. In scenario 
2, the total demand is slightly lower at 45, but it is highly 
imbalanced, with 40 passengers at the first station and 
only 5 passengers at the second station. A timetable that 
is optimized solely based on scenario 1 may fail to pro
vide sufficient capacity for scenario 2, resulting in large 
passengers’ costs or even infeasibility. This example high
lights that the criticality of a scenario depends not only 
on the aggregate demand level but also, on the distribu
tion of demand, the alignment of supply and demand, 
and their interactions. These relationships are highly non
linear and difficult to capture analytically in complex and 
uncertain operating environments. Motivated by the 
strength of ML methods in capturing nonlinear patterns, 
we adopt an ML-based approach to learn the mapping 
between scenario features and their impact on system 
performance, thereby identifying the most critical scenar
ios for real-time optimization.

In the learning-based scenario-retention method, we 
perform an offline training procedure using historical 
data. In the offline training framework, passenger flow 
fluctuations are first simulated by perturbing station- 
level demand within historical demand scenarios, 
thereby generating a rich set of stochastic passenger 
flow scenarios that reflect possible real-time variations. 
Given that our proposed optimization method follows 
an RH framework (see Section 6.2), the training data 
generation process is embedded within this RH struc
ture to ensure compatibility between the learning 
model and the underlying optimization procedure. 
Thereafter, at each decision-making stage, we ran
domly select a subset of scenarios and run the integer 
L-shaped method with this subset. At the beginning of 
each decision-making stage, we simulate the current 
operational plan and estimate station-level supply (i.e., 

Table 1. Feature Definitions and Formulations Used in the Learning-Based Scenario-Retention 
Method

Feature name Description Formula

total_waiting Total passengers waiting in the system
P

p∈Pw
np

max_waiting Maximum passengers waiting at a single stop maxi∈S{demandi}

avg_gap Average of supply-demand gap across stops 1
|S |

P
i∈Sdiffi

worst_gap Most negative (worst-case) supply-demand gap mini∈S{diffi}

gap_std Standard deviation of supply-demand gap
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
|S |

P
i(diffi �diffi )

2
q

demand_std Standard deviation of demand across stops
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
|S |

P
i(demandi �demand i )

2
q

supply_std Standard deviation of supply across stops
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
|S |

P
i(supplyi � supply i )

2
q

Notes. demandi �
P

p∈POi
np is the demand at stop i. supplyi � CAP · x̂l

k, i(w)� v̂ l
k, i(w) is the supply at stop i. diffi �

supplyi �demandi is the supply-demand gap at stop i. diffi �
1
|S |

P
i∈S diffi is the average supply-demand gap across 

stops. demandi �
1
|S |

P
i∈S demandi is the average demand across stops. supplyi �

1
|S |

P
i∈S supplyi is the average 

supply across stops.
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available capacity). We then extract scenario-level fea
tures as defined in Table 1. Next, we randomly choose 
one scenario from the selected subset as the input of 
the optimization procedure, solve the problem under 
this scenario, and evaluate the solution’s performance 
across the other selected scenarios. The resulting perfor
mance gap between the pre- and postoptimization 
objectives is used as the ground-truth label for the 
supervised learning. To calibrate the learning model, 
we adopt the XGBoost algorithm. The main reasons are 
threefold. (i) XGBoost captures complex nonlinear rela
tionships between scenario features and solution qual
ity; (ii) it supports efficient training with large-scale 
data sets and delivers high predictive performance; 
and (iii) it provides interpretable feature importance 
metrics, helping us understand the influence of each 
feature on scenario criticality.

7. Numerical Experiments
In this section, we conduct a comprehensive set of 
numerical experiments to evaluate the performance and 
practical value of the proposed models and solution 
methods. The experiments are organized as follows. We 
begin by describing the test instances used throughout 
the experiments in Section 7.1. We then analyze the ben
efits of incorporating dynamic capacity allocations and 
cross-line circulations in Section 7.2, and we evaluate 
the impact of prioritizing passenger interests on both 
operational costs and the proportion of in-vehicle trans
fers in Section 7.3. Next, we evaluate the benefits of our 
proposed integrated optimization method compared 
with a sequential approach (Section 7.4) followed by a 
comparison of the performance of various solution 
methods, including our exact algorithm, the rolling- 
horizon framework, and GUROBI (Section 7.5).

To evaluate the robustness of our methods, we con
duct two post hoc analyses: one testing the timetable 
and vehicle schedule and doing a sensitivity analysis 
of overload allowance in Section 7.6 and another test
ing the effectiveness of fine-tuning strategies embed
ded in our learning-based real-time decision-making 
framework in Section 7.7. We also investigate the value 
of the stochastic programming approach compared 
with deterministic models (Section 7.8). Finally, we 
evaluate the effectiveness of our learning-based real- 
time decision-making framework in Section 7.9, and 
we analyze the trade-offs between operational costs 
and passengers’ costs in Section 7.10. All experiments 
were implemented in Python and executed on a Win
dows 11 personal computer equipped with a 12th Gen 
Intel Core i7-12700H processor and 64 GB RAM.

7.1. Instances
The instances used for the experiments are derived from 
a virtual network and a part of the Beijing bus network, 

and they are depicted in Figure J.1 in Online Appendix 
J. The virtual network comprises three bidirectional 
lines. The Beijing bus subnetwork contains two bidirec
tional lines and 89 stops, where passenger demand, net
work structure, and running times between stops are all 
derived from real-world operating data. Based on these 
two networks, we generate 24 sets of instances with 
varying durations of time periods and numbers of sce
narios to test the effectiveness of the proposed formula
tion and algorithms. Detailed information on each 
instance is provided in Table J.1 in Online Appendix J. 
In addition, the five parameters used in objective func
tion (1a) are set as follows. In all experiments, the equiv
alent monetary value per unit of passengers’ waiting 
costs, ϑ T, is set to 0.8 (dollars). The coefficients ε1 and 
ε2, which represent the weights on waiting time at ori
gins and during transfers, respectively, are set to 1 and 
1.5, respectively. The coefficients φ1 and φ2, represent
ing the weights on passengers’ costs and operational 
costs, respectively, are both set to one in the experiments 
from Sections 7.2–7.9. A sensitivity analysis of these two 
coefficients is provided in Section 7.10.

7.2. Benefits of Incorporating Dynamic Capacity 
Allocations and Cross-line Circulations

To gain insights into the effects of dynamic capacity 
allocations and cross-line circulations on the passen
gers’ and operational costs, we perform a series of 
experiments. We define three operational strategies: (1) 
fixed capacity, which refers to executing all trips using 
MAVs at their maximum capacity to ensure service 
quality; (2) partially flexible capacity, which permits 
MAVs to be coupled or decoupled only at depots, 
maintains consistent en route formations, and allows 
MAUs to be dispatched to different lines at depots (i.e., 
depot-based cross-line circulations); and (3) completely 
flexible capacity, which allows MAVs to be flexibly cou
pled or decoupled at depots and transfer stops as well 
as cross-line circulations of MAUs.

In Table 2, we present the results of adopting the 
aforementioned three operational strategies. We can 
observe that compared with the fixed-capacity opera
tional strategy, both the partially flexible-capacity and 
completely flexible-capacity strategies significantly 
reduce operational costs and the number of used 
MAUs. For example, for instance_rp_2, the fixed- 
capacity strategy requires 72 MAUs, whereas partial 
flexible-capacity and flexible-capacity strategies only 
require 48 and 36 MAUs, respectively, resulting in 
reductions of 33.3% and 50.0%, respectively. We also 
observe that the completely flexible-capacity strategy 
slightly reduces total passengers’ costs compared with 
the fixed-capacity strategy. This is mainly because the 
flexible-capacity strategy allows for in-vehicle trans
fers, which do not incur transfer waiting costs that are 
included in the passengers’ cost term of the objective 
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function. In contrast, conventional transfers under the 
fixed-capacity strategy involve inconvenience, leading 
to positive transfer waiting costs. A third observation 
is that the completely flexible-capacity strategy outper
forms the partially flexible-capacity strategy with 
respect to the number of used units among all 
instances. The largest relative savings compared with 
the partially flexible-capacity operational approach 
occur in the instance_rp_3, where the completely 
flexible-capacity strategy saves over 28.1% of units. In 
conclusion, the completely flexible-capacity opera
tional strategy is beneficial to operators in terms of 
lowering operational costs and the number of required 
MAUs thanks to its ability to dynamically allocate 
capacity at transfer stops and schedule cross-line MAU 
circulations during trips.

Figure 1 delves into the solution for the instance_rp_6. 
Figure 1(a) presents the optimal robust timetable and for
mations of MAVs designated to each trip for the east- 
west line, which is termed line 1, using the flexible- 
capacity operational strategy. Figure 1(b) displays the 
complete trajectory of an unit departing from the first 
stop in the upstream direction of the north-south line, 
which is denoted line 2. We can observe that the forma
tion of the MAV assigned to the first trip is one unit 
before reaching the transfer stop Dabeiyao West because 
of low passenger demand. After the transfer stop, 
because of a marked surge in demand, a unit is insuffi
cient. A vacant unit on line 2 is coupled to the MAV 
assigned to this trip on line 1 as shown in Figure 1(b). 
After completing the trip and returning to the depot, this 
MAV is reallocated to a trip in the opposite direction. To 

Table 2. Total Passengers’ Costs, Operational Costs, and Number of Used MAUs Obtained by Adopting Various 
Operational Strategies

Instance Operational strategy Total passengers’ costs ($) Total operational costs ($) No. of used MAUs

instance_rp_1 Fixed capacity 1,541.8 198.9 48
Partially flexible capacity 1,545.7 115.0 25
Completely flexible capacity 1,539.9 100.2 21

instance_rp_2 Fixed capacity 4,106.3 300.4 72
Partially flexible capacity 4,122.4 197.4 48
Completely flexible capacity 4,047.1 163.3 35

instance_rp_3 Fixed capacity 7,042.6 403.3 96
Partially flexible capacity 7,064.5 283.0 71
Completely flexible capacity 6,981.1 227.8 51

instance_rp_4 Fixed capacity 10,413.0 506.2 96
Partially flexible capacity 10,459.2 372.3 79
Completely flexible capacity 10,472.1 310.5 58

instance_rp_5 Fixed capacity 15,614.7 610.4 96
Partially flexible capacity 15,682.7 461.3 84
Completely flexible capacity 15,666.8 380.2 61

instance_rp_6 Fixed capacity 19,507.2 718.8 96
Partially flexible capacity 19,578.0 549.3 85
Completely flexible capacity 19,555.0 458.6 69

Note. Bold indicates the best results among the compared strategies.

Figure 1. (Color online) The Optimized Timetable, Formations of MAVs Assigned to Trips, and Cross-line Schedules of MAUs 
of the instance_rp_6 

Notes. (a) The timetable and formations of MAVs. The shaded area indicates the transfer stop. (b) Movements of an MAU.
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sum up, the timetable, formations of MAVs at different 
stops and times, and cross-line circulations of MAUs are 
optimized according to the time-varying and unevenly 
distributed demand.

7.3. Impact of Valuing the Interests 
of Passengers

We next perform a series of experiments based on 
instance_g_1 and instance_g_2 to assess the impact of 
valuing interests of passengers on passengers’ costs 
and operational costs as well as the proportion of 
in-vehicle transfers among all transfers. First, we set 
the weighting coefficient related to passengers’ costs in 
the objective function, φ1, to zero and the weight asso
ciated with operational costs φ2 to one to obtain the 
solution with the minimal operational costs. Thereaf
ter, we incrementally increase the value of φ1 to 
explore the effects of valuing passenger interests.

As the value of φ1 increases, the operational costs grow, 
and passengers’ costs decrease. Figure 2 illustrates the 
increase in operational costs and decrease in passengers’ 
costs for all Pareto-efficient solutions relative to the solu
tion with minimal operational costs. It can be observed 
that an increase in operational costs by approximately 5% 
correlates with a reduction in total passengers’ costs by 
about 30% in both instances. However, as operational 
costs continue to increase, the subsequent reduction in 
total passengers’ costs becomes marginal. These findings 
suggest that although high values only have a little posi
tive impact, reasonable attention in the interests of passen
gers can significantly increase the quality of the service.

Another interesting aspect is the impact of prioritiz
ing passengers’ interests on the proportion of in-vehicle 
transfers among all passengers’ transfers in the solution 
and the number of required MAUs. The obtained solu
tions are presented in Figure 3. In both instances, there 
is a clear trend indicating that greater proportions of 

in-vehicle transfers are closely associated with higher 
operational costs and more utilized MAUs. Specifically, 
as the proportion of in-vehicle transfers increases from 
0% to 50%, there is a consistent and significant increase 
in operational costs—up to 25% in instance_g_1 and 20% 
in instance_g_2. Furthermore, in instance_g_1 and 
instance_g_2, the numbers of used MAUs expand from 
26 to 45 and from 34 to 52, respectively, with relative per
centage increases of almost 73% and 53%, respectively.

This trend can be explained by the role of transfer 
waiting time in passenger costs. In-vehicle transfers are 
not penalized, whereas conventional transfers incur 
additional penalties because of the inconvenience of 
alighting, walking between platforms, and reboarding. 
These penalties are explicitly incorporated into passen
gers’ costs through weighted transfer waiting time as 
defined in Constraints (4). As greater weight is placed 
on passenger interests, the model naturally favors 
in-vehicle transfers to reduce these costs. In summary, 
prioritizing passengers’ interest increases the share of 
in-vehicle transfers and enhances transfer convenience, 
but this comes at the expense of higher operational 
costs and greater MAU usage.

7.4. Benefits of the Proposed Integrated 
Optimization Method

This section assesses the benefits of integrating timeta
bling and vehicle scheduling decisions. We construct a 
set of experiments based on six instances from 
instance_rp_1 to instance_rp_6, where we use the 
sequential decision-making approach as a benchmark. 
Specifically, we propose a two-step sequential method 
that first determines the timetable. Then, the derived 
optimal timetable is treated as an input to optimize the 
vehicle schedule. We use GUROBI to solve our inte
grated optimization model (34) and the sequential opti
mization formulation.

Figure 2. Results of Passengers’ and Operational Costs When the Weighting Coefficient Related to Passengers’ Costs in the 
Objective Function Increases 

Notes. (a) instance_g_1. (b) instance_g_2.
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In Table 3, we present the objective function values, 
passengers’ costs, relative deviations in passenger costs 
(denoted as Devp), and number of utilized MAUs 
obtained from the two optimization methods. It can be 
observed that (i) for smaller-scale instance, such as 
instance_rp_1, these two methods achieve the same 
optimal solutions; however, as the scale of the 
instances slightly increases (e.g., instance_rp_2 and 
instance_rp_3), the sequential optimization method 
attains suboptimal solutions with a higher objective 
value compared with our proposed integrated optimi
zation method. (ii) When the scale of instances is fur
ther enlarged (i.e., instance_rp_4, instance_rp_5, and 
instance_rp_6), the sequential method fails to find feasi
ble solutions, which indicates that a given number of 
units cannot fully execute the timetable obtained from 
the optimization in the first step. In contrast, the pro
posed integrated optimization method is able to find 
the optimal timetable and corresponding vehicle 
schedule for each instance. In these larger instances, the 
numbers of MAUs used are 58, 61, and 69, respectively. 
(iii) When the sequential optimization method yields 

feasible solutions, the passenger costs obtained by the 
integrated optimization method are slightly higher, 
with deviations up to 0.12%. These observations high
light the necessity for incorporating an integrated opti
mization approach to efficiently plan timetables and 
vehicle schedules in large-scale networks.

On the other hand, sequential optimization has its own 
advantages. Specifically, the sequential method is advan
tageous in scalability and modeling flexibility, notably by 
allowing for the flexible modeling of oversaturation sce
narios, where passengers unable to board the first avail
able MAV may wait for subsequent ones. Although 
oversaturation did not occur in our computational 
results, it remains a possibility in practice. In contrast, the 
integrated optimization method excels in providing 
high-quality solutions, especially concerning fleet sizing, 
because of the inherent feedback between vehicle sched
uling and timetabling. Nevertheless, incorporating these 
considerations into the integrated optimization frame
work significantly increases model complexity and com
putational burden, making it impractical at large scales. 
Therefore, the proposed RH optimization approach is 

Figure 3. (Color online) Results of the Proportion of In-Vehicle Transfers Among All Transfers and the Used MAUs When the 
Weighting Coefficient Related to Passengers’ Costs in the Objective Function Increases 

Notes. (a) instance_g_1. (b) instance_g_2.

Table 3. Performance Comparison Between Integrated and Sequential Timetabling and Vehicle Scheduling for MAVs

Instance Optimization method Objective value ($) Passengers’ cost ($) Devp(%) No. of used MAUs

instance_rp_1 Sequential 3,544.32 2,121.12 — 21
Integrated 3,544.32 2,121.12 0 21

instance_rp_2 Sequential 7,349.31 5,049.79 — 36
Integrated 7,313.58 5,053.34 0.07 35

instance_rp_3 Sequential 11,633.17 8,791.77 — 59
Integrated 11,538.13 8,802.32 0.12 51

instance_rp_4 Sequential — — —
Integrated 16,682.10 12,513.17 — 58

instance_rp_5 Sequential — — — —
Integrated 23,270.80 18,783.85 — 61

instance_rp_6 Sequential — — — —
Integrated 28,727.00 22,727.0 — 69
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motivated and useful, effectively balancing model com
plexity and scalability while retaining the benefits of the 
integrated optimization framework.

7.5. Performance Comparison Among Various 
Solution Methods

To assess the effectiveness of the proposed solution 
methods, we perform the following two experiments. 
First, we construct 12 instances based on the virtual 
network to compare the performance between GUR
OBI and the integer L-shaped method. Second, based 
on the Beijing bus subnetwork, we build six instances 
to evaluate the efficiency and solution quality of both 
the integer L-shaped and the rolling-horizon solution 
methods by varying the control and predict horizons.

7.5.1. Performance Comparison Between GUROBI and 
the Integer L-Shaped Method. In this experiment, we 
compare the performance between methods for solv
ing the TT-VS-DCA model: a direct approach utilizing 
GUROBI and the integer L-shaped method with valid 
inequalities. Our termination criteria include (i) achiev
ing an optimality gap tolerance of 5% and (ii) reaching 
a two-hour computational time limit.

In Table 4, we present the results of 12 instances, stating 
the objective value, the computational time, and the rela
tive optimality gap. It can be observed that the proposed 
IL method obtains solutions with smaller objective func
tion values in all instances with respect to the solutions 
obtained by GUROBI. Although GUROBI demonstrates 
smaller optimality gaps in smaller instances, such as 
instance_g_1 and instance_g_7, it requires longer computa
tional times. As the size of instances increases, however, 
the superiority of the IL method over GUROBI becomes 
more evident. For example, when solving instance_g_5 
and instance_g_10, GUROBI struggles to find a good- 
quality solution within two hours. Although the IL 
method cannot achieve an optimality gap of less than 5% 
for instance_g_6, instance_g_11, and instance_g_12 within 
two hours, it produces solutions with lower objective 
values than those generated by GUROBI in the same com
putational time. Overall, our proposed exact solution 
method has a significant advantage over GUROBI when 
addressing medium-scale problems.

7.5.2. Performance Comparison Between the Integer 
L-Shaped Method and the Rolling-Horizon Algorithm 
Under Various Settings. In this experiment, we com
pare the integer L-shaped method and the rolling- 

Table 4. Performance Comparison Between GUROBI and the Designed Exact Solution Algorithm

Instance Solution method Objective value ($) Computational time (seconds) Gap (%)

instance_g_1 GUROBI 3,075.2 452.7 4.3
IL 2,990.2 344.1 4.8

instance_g_2 GUROBI 4,985.6 1,065.7 2.3
IL 4,976.8 588.5 4.7

instance_g_3 GUROBI 7,254.3 2,681.3 4.6
IL 7,105.1 1,186.7 5.0

instance_g_4 GUROBI 9,663.5 5,021.3 4.9
IL 9,450.6 1,917.3 4.9

instance_g_5 GUROBI 12,639.9 7,200.0 8.8
IL 11,915.6 4,602.8 5.0

instance_g_6 GUROBI 19,023.6 7,200.0 24.5
IL 15,035.9 7,200.0 7.9

instance_g_7 GUROBI 2,727.8 668.3 1.7
IL 2,708.8 564.4 4.4

instance_g_8 GUROBI 4,636.0 3,046.2 4.7
IL 4,523.3 756.8 5.0

instance_g_9 GUROBI 6,477.7 6,799.3 3.7
IL 6,388.7 1,670.9 5.0

instance_g_10 GUROBI 11,149.1 7,200.0 25.7
IL 8,526.1 5,453.4 4.7

instance_g_11 GUROBI 15,134.3 7,200.0 30.9
IL 10,819.7 7,200.0 5.2

instance_g_12 GUROBI 18,615.1 7,200.0 30.7
IL 13,568.2 7,200.0 7.3

Note. Bold indicates the best result for each instance across the compared methods.
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horizon algorithm combined with this exact solution 
method (denoted as RH + IL). We consider six different 
scales of instances based on the Beijing bus subnetwork. 
For each instance, we vary the lengths of both the control 
horizon and the predict horizon to explore the impact of 
increasing the length of each optimization span on the 
quality of the final solution. It is worth mentioning that 
the RH + IL algorithm is equivalent to the IL algorithm 
when the CH length equals the length of the entire inves
tigated planning period. Besides, we use the formula 
Opt: Gap � (Objective value�Best�known objective value)

(Objective value) × 100 (%) to cal
culate the optimality gap for the rolling-horizon algorithm.

The results are presented in Table 5. We obtain the 
following observations. (1) For small instances, the set
ting with CH � PH spanning the entire studied time 
horizon attains the best or comparable gaps while 
requiring the highest computational time. However, as 
instance size grows, this setting becomes the worst per
former within the time limit (e.g., 7,200 seconds), yield
ing the largest optimality gaps because of the much 
larger problem size. (2) The quality of solutions gen
erated by the RH + IL algorithm improves as the dura
tions of CH and PH increase, especially when the 
scale of instances is relatively small. (3) For large-scale 

instances, such as instance_r_5 and instance_r_6, obtain
ing high-quality solutions within a reasonable compu
tational time using only the integer L-shaped 
algorithm proves challenging. (4) Even with a shorter 
optimization period (i.e., CH � 20, PH � 40), the gap of 
the solution obtained by RH + IL with respect to the 
optimal solution (maximum of not more than 7% in all 
of the instances) is acceptable; the gap of the resulting 
solution is further reduced to not more than 5% after 
increasing to CH � 80 and PH � 100. This observation 
indicates the high quality of the solution obtained in 
our proposed rolling-horizon algorithm. If real-time 
passenger demand is available, the proposed algo
rithm can optimize decisions in real time. It provides 
high-quality solutions with a short optimization win
dow and runs fast enough for real-time control.

7.6. Post Hoc Robustness Evaluation and 
Sensitivity Analysis of Overload Allowance

In this section, we assess the robustness of the opti
mized timetable and vehicle schedule on out-of- 
sample demand scenarios and evaluate the potential of 
capacity relaxation. We first conduct a post hoc evalua
tion using new demand scenarios to examine how the 

Table 5. Objective Value, CPU Time, and Opt: Gap That Are Obtained by the RH + IL Algorithm Under Different Lengths 
of CH and PH

Instances Clairvoyanta ($) Solution method
Objective 
value ($)

Computational 
time (seconds) Opt: Gap (%)

instance_r_1 958.5 RH with CH � 20 minutes and PH � 40 minutes 967.9 59.7 1.0
RH with CH � 40 minutes and PH � 60 minutes 966.7 71.7 0.9
RH with CH � 80 minutes and PH � 100 minutes 963.7 356.4 0.5
RH with CH � 120 minutes and PH � 120 minutes 963.4 977.1 0.5

instance_r_2 1,965.7 RH with CH � 20 minutes and PH � 40 minutes 2,011.5 227.4 2.3
RH with CH � 40 minutes and PH � 60 minutes 2,052.3 516.9 4.4
RH with CH � 80 minutes and PH � 100 minutes 1,996.4 1,800.1 1.6
RH with CH � 130 minutes and PH � 130 minutes 1,983.1 7,200 0.9

instance_r_3 3,055.2 RH with CH � 20 minutes and PH � 40 minutes 3,172.7 317.8 3.9
RH with CH � 40 minutes and PH � 60 minutes 3,187.7 1,745.0 4.3
RH with CH � 80 minutes and PH � 100 minutes 3,176.9 3,605.1 4.0
RH with CH � 140 minutes and PH � 140 minutes 3,161.1 7,200.0 3.5

instance_r_4 5,130.5 RH with CH � 20 minutes and PH � 40 minutes 5,261.5 1,379.6 2.6
RH with CH � 40 minutes and PH � 60 minutes 5,264.8 3,105.5 2.6
RH with CH � 80 minutes and PH � 100 minutes 5,247.2 7,210.0 2.3
RH with CH � 150 minutes and PH � 150 minutes 5,636.6 7,200.0 9.9

instance_r_5 5,934.7 RH with CH � 20 minutes and PH � 40 minutes 6,353.2 1,551.0 7.0
RH with CH � 40 minutes and PH � 60 minutes 6,239.0 3,332.0 5.1
RH with CH � 80 minutes and PH � 100 minutes 6,131.6 7,211.4 3.3
RH with CH � 150 minutes and PH � 150 minutes 6,688.2 7,200.0 12.7

instance_r_6 8,622.4 RH with CH � 20 minutes and PH � 40 minutes 9,158.2 1,687.3 6.2
RH with CH � 40 minutes and PH � 60 minutes 9,322.0 1,978.0 8.1
RH with CH � 80 minutes and PH � 100 minutes 9,033.4 3,614.1 4.7
RH with CH � 240 minutes and PH � 240 minutes 9,677.7 7,200.0 12.2

Notes. CH refers to the control horizon of RH. PH refers to the prediction horizon of RH.
aThe clairvoyant is obtained by GUROBI, with a termination condition of 168 hours of computation time or a gap value of less than 0.1%.
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solution performs under both demand decreases and 
increases. We then perform a sensitivity analysis by 
gradually relaxing the capacity constraints through an 
overload allowance parameter λ to investigate how 
small relaxations can help absorb demand surges with
out requiring additional resources.

7.6.1. Out-of-Sample Robustness Under Demand Per
turbations. We assess the robustness of the optimized 
timetable and vehicle schedule obtained from our pro
posed integrated optimization method through post 
hoc evaluation using new demand realizations. Based on 
the original demand scenario set of instance_rp_6 used 
during optimization, we generate five new stochastic sce
nario sets by reducing total passenger demand by 20%, 
15%, 10%, and 5% and by increasing it by 5%.

To evaluate the number of overloaded passengers, 
we relax the capacity Constraints (21) and instead, 
incorporate an overload penalty term 

P
w∈Wρw

P
l∈L P

k∈Kl

P
i∈Sl

max(0, vl
k, i(w)�CAP · xl

k, i(w)) into the objec
tive function, where vl

k, i(w) denotes the number of 
in-vehicle passengers, CAP · xl

k, i(w) represents the 
available capacity of the MAV operating section (i, i+
1) on trip k and line l, and ρw is the probability of sce
nario w. Because overloading is not allowed during 
robustness evaluation, these overloaded passengers 
are interpreted as unserved. We then input the opti
mized timetable and vehicle schedule of instance_rp_6 
into Formulation (34) with the modified objective func
tion and without the original capacity constraints.

Table 6 summarizes the robustness of the optimized 
solution for instance_rp_6 under five new demand sce
nario sets. The first column in Table 6 indicates the 
tested demand scenario set, the second column in 
Table 6 reports the expected number of overloaded 
passengers (i.e., unserved passengers), and the third 
column in Table 6 reports the percentage of overloaded 
situations. This percentage is calculated as the number 
of overloaded MAV-section traversals divided by the 
total number of such traversals, where each MAV- 
section traversal refers to an MAV operating over a 
specific section. From the results shown in Table 6, we 

observe that under scenario sets with decreased pas
senger demand, the solution remains feasible with no 
unserved passengers. When the demand increases by 
5%, 0.72% of MAV-section traversals become over
loaded, leading to an expected number of 147 over
loaded (i.e., unserved) passengers.

7.6.2. Sensitivity Analysis to Overload Allowance. To 
address the potential unserved issues, one possible 
method is to relax the capacity limitation and allow for 
overloading. Therefore, we conduct a sensitivity analy
sis on overload allowances under the new stochastic 
scenario set with a 5% increase in passenger demand. 
To do so, we relax the original capacity Constraints 
(21) by introducing a soft overload threshold. Specifi
cally, we define an overload factor λ ≥ 1, which allows 
for a certain level of overloading. Recall that vl

k, i(w)
denotes the number of in-vehicle passengers when the 
MAV assigned to trip k ∈Kl departs from stop i ∈ Sl on 
line l ∈ L in scenario w ∈W. Let CAP · xl

k, i(w) denote 
the nominal capacity of the MAV with the formation of 
xl

k, i(w) assigned to that trip. We allow vl
k, i(w) to exceed 

the nominal capacity by up to a factor of λ. The modi
fied capacity constraints can be expressed as

vl
k, i(w) ≤ λ ·CAP · xl

k, i(w),
∀w ∈W, l ∈ L, k ∈Kl, i ∈ Sl: (45) 

Here, if λ � 1, the capacity is the nominal capacity 
without allowing overloading.

Figure 4 shows the effect of the overload allowance 
λ on two metrics, which are both evaluated against the 
nominal capacity (i.e., λ ·CAP · xl

k, i(w) with λ � 1): (i) 
the expected number of passengers exceeding the nom
inal capacity (i.e., Pw∈Wρw

P
l∈L
P

k∈Kl

P
i∈Sl

max(0, vl
k, i(w)�CAP 

·xl
k, i(w))) and (ii) the proportion of overloaded MAU- 

section traversals, where the number of in-vehicle pas
sengers exceeds the nominal capacity (percentage). 
The results demonstrate a clear monotonic improve
ment. Even modest overload allowances significantly 
reduce capacity violations. As λ increases from 0% to 
5%, the expected number of overloaded passengers 
drops from 147 to 24, whereas the proportion of over
loaded traversals declines from 0.72% to 0.20%. At 
λ � 10%, both indicators reach zero. These findings 
suggest that a 10% overload allowance offers sufficient 
flexibility to absorb a 5% demand surge without 
requiring additional capacity over the nominal capac
ity. Conversely, if strict adherence to nominal capacity 
is enforced, the results can guide the required capacity 
increase for each MAU to fully serve all passengers 
under such demand variations based on the optimized 
timetable and vehicle schedule obtained from our pro
posed integrated optimization method.

Table 6. Post Hoc Robustness Evaluation of the Optimized 
Timetable and Vehicle Schedule Under New Demand 
Scenario Sets

Demand scenario set

Expected no. 
of overloaded 

(unserved) 
passengers

Overloaded 
MAV-section 
traversals (%)

20% decrease 0 0
15% decrease 0 0
10% decrease 0 0
5% decrease 0 0
5% increase 147.00 0.72
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7.7. Post Hoc Robustness Evaluation 
of Fine-Tuning Strategies Under Demand 
Surges and Redistributions

We now design two fine-tuning strategies to address 
capacity shortages under demand surges and conduct 
a post hoc robustness evaluation of them, aiming to 
provide practical and resilient solutions for real-world 
operations. The first strategy, fix timetable and adjust 
vehicle schedule (AVS), retains the optimized timetable 
generated from our integrated optimization method 
based on the in-sample demand scenario set, and it 
reoptimizes only the vehicle scheduling decisions. The 
second strategy, fine-tune timetable and adjust vehicle 
schedule (FTTAVS), uses the optimized timetable as 
the baseline but permits each departure time to shift 
within a narrow range of 61 minute, allowing for joint 
reoptimization of the timetable and vehicle schedule.

To evaluate these two strategies, we construct 48 
new stochastic scenario sets based on instance_rp_6. 
Specifically, for each of the four levels of demand 
increase (5%, 10%, 15%, and 20%), we apply three dis
tinct redistribution strategies and generate 12 scenario 
sets. (i) The uniform (U) strategy proportionally 
increases demand across all origin-destination (OD) 
pairs, reflecting a general system-wide growth. (ii) The 
head-biased (HB) strategy concentrates the increase on 
the top 10% busiest OD pairs, simulating scenarios 
where the busiest corridors become even more popu
lar. (iii) In contrast, the tail-biased (TB) strategy ampli
fies demand in the bottom 10% least-used OD pairs, 
capturing emergent or previously underutilized travel 
patterns. These profiles allow us to test robustness 
under a broad range of practically relevant demand 
surges and spatial redistributions. We test the two 
strategies across these 48 out-of-sample scenario sets. 

Each instance is denoted as Dk_profile_strategy, where k 
represents the level of demand increase, “profile” 
refers to the redistribution strategy (U, HB, or TB), and 
“strategy” indicates the fine-tuning method (AVS or 
FTTAVS). For example, D10_HB_FTTAVS refers to the 
scenario with a 10% head-biased demand surge evalu
ated using the FTTAVS strategy.

Table 7 summarizes the key robustness metrics 
across all demand surge and redistribution scenarios. 
The second column in Table 7 reports the objective 
value, including passengers’ costs and operational 
costs. The third column in Table 7 presents the 
expected number of unserved passengers across all 
scenarios—that is, passengers assigned to overloaded 
MAVs under the soft capacity limitation, which are 
penalized heavily and thus, regarded as unserved. The 
fourth column in Table 7 (“Top 5% average load ratio 
(%)”) measures the average utilization of the most 
crowded 5% of sections, where utilization rl

k, i(w) is 
computed as rl

k, i(w) � vl
k, i(w)=(xl

k, i(w)CAP), with vl
k, i(w)

denoting the number of in-vehicle passengers when 
the MAV assigned to trip k leaves stop i on line l in sce
nario w, xl

k, i(w) representing the number of MAUs 
composing the MAV assigned to the section between 
stops i and i+ 1, and CAP indicating the capacity per 
MAU. The fifth column in Table 7 (“MAU assignment 
shift (%)”) measures how widely the MAU formation 
assignments deviate from the baseline. It is calculated as 
the percentage of MAV-section pairs where the number 
of assigned MAUs differs from the baseline solution. 
The numerator is the total number of mismatched 
MAV-section assignments, and the denominator is the 
total number of all MAV-section assignments across 
the network. Finally, the last column in Table 7 reports 
the total number of used MAUs.

Figure 4. (Color online) Effect of Overload Allowance λ on Violations of the Nominal Capacity 
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From the results shown in Table 7, we observe that 
across all instances, the FTTAVS strategy consistently 
yields lower objective values than the AVS strategy. 
Under severe surges, AVS fails to serve all passengers 
(e.g., 8 unserved passengers in D20_U_AVS and 12 
unserved passengers in D20_HB_AVS), whereas 
FTTAVS accommodates full demand. A second obser
vation is that the top 5% average load ratio remains sta
ble between 86% and 90% as demand increases from 
5% to 20%, suggesting that both strategies effectively 
adapt vehicle schedules to the changing demand. 
Notably, FTTAVS achieves slightly higher top 5% load 
ratios than AVS, indicating a tighter capacity-demand 
alignment made possible by jointly fine-tuning the 
timetable and reoptimizing vehicle schedules. These 
gains are accompanied by broader reallocations; the 
MAU assignment shift is consistently larger under 
FTTAVS, reflecting more extensive reoptimization of 
vehicle schedules compared with AVS. Additionally, 
for demand surges of 5%–10%, FTTAVS uses the same 
or fewer MAUs than AVS (e.g., D5_U: 109 versus 112, 
D10_HB: 116 versus 117, and D10_TB: 113 versus 115). 
However, when surges reach 15%–20%, FTTAVS typi
cally employs more MAUs (e.g., D20_U: 131 versus 128 
and D20_HB: 133 versus 128). This shift reflects the 
trade-off embedded in the objective function. Under 
small surges, operational costs dominate, incentivizing 
fleet conservation; beyond a 15% increase, passengers’ 
costs become more prominent, and increasing fleet size 
becomes cost effective to improve service quality. In 

conclusion, these findings suggest that both strategies 
exhibit a degree of robustness to demand surges. 
Jointly fine-tuning the timetable and reoptimizing the 
vehicle schedule consistently yield superior perfor
mance, particularly under more substantial surges.

7.8. Value of the Stochastic 
Programming Approach

In this section, we vary the number of scenarios to 
explore the effects of the number of scenarios on the 
efficiency of the algorithm and the quality of solutions. 
We generated 30 passenger flow scenarios based on 
real-world operational data, and we randomly selected 
1, 2, 4, 6, 8, 12, 15, or 20 demand scenarios from them to 
form eight instances. Next, each of these instances is 
solved using the proposed RH + IL algorithm. Then, 
the obtained timetables are fed into the 30 scenarios to 
evaluate the expected passengers’ costs and opera
tional costs.

Table 8 shows the average performance of the above 
seven solutions over 30 scenarios. It can be seen that as 
the number of scenarios increases, the average perfor
mance of the resulting solution over the entire sample 
increases accordingly, but its solution time also tends to 
increase. Specifically, when the number of scenarios is 
very small (e.g., one and two), although the solution 
time is quite short, too few scenarios do not reflect the 
general pattern of passenger flow, and therefore, the 
average performance of the obtained timetable is 
poor. In constant, when the number of scenarios is 

Table 7. Post Hoc Robustness of Fine-Tuning Strategies Under Demand Surges and Redistributions

Instance Objective value ($)
Expected no. of 

unserved passengers
Top 5% average 

load ratio (%)
MAU assignment 

shift (%)
Total no. of used 

MAUs

D5_U_AVS 9,532.88 0 — 7.6 112
D5_U_FTTAVS 9,216.68 0 0.89 13.7 109
D5_HB_AVS 9,575.65 0 0.87 10.3 115
D5_HB_FTTAVS 9,291.48 0 0.89 16.2 115
D5_TB_AVS 9,511.42 0 0.87 7.4 117
D5_TB_FTTAVS 9,195.74 0 0.89 14.3 111
D10_U_AVS 9,915.67 0 0.86 17.7 118
D10_U_FTTAVS 9,585.19 0 0.88 21.4 118
D10_HB_AVS 9,933.14 0 0.88 16.5 117
D10_HB_FTTAVS 9,642.35 0 0.89 25.3 116
D10_TB_AVS 9,864.62 0 0.88 14.2 115
D10_TB_FTTAVS 9,530.31 0 0.89 20.0 113
D15_U_AVS 10,239.50 0 0.88 21.3 120
D15_U_FTTAVS 9,929.97 0 0.88 26.7 124
D15_HB_AVS 10,291.87 0 0.90 22.7 127
D15_HB_FTTAVS 10,024.40 0 0.90 33.8 128
D15_TB_AVS 10,229.90 0 0.88 22.6 120
D15_TB_FTTAVS 9,905.54 0 0.88 25.8 119
D20_U_AVS 10,629.34 8 0.89 26.7 128
D20_U_FTTAVS 10,328.20 0 0.89 36.4 131
D20_HB_AVS 10,660.00 12 0.90 29.4 128
D20_HB_FTTAVS 10,356.40 0 0.90 34.8 133
D20_TB_AVS 10,614.61 0 0.89 29.3 126
D20_TB_FTTAVS 10,257.40 0 0.89 30.7 129
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overly abundant, the solution quality improves 
accordingly, but the solution time also becomes dra
matically longer. Choosing an appropriate number of 
scenarios (i.e., four, six, or eight) improves the solution 
quality by at least 6.5% relative to a deterministic opti
mization; meanwhile, it considerably improves the 
computational efficiency of solving the TT-VS-DAC 
problem relative to an excessive number of scenarios 
(i.e., 12, 15, or 20).

7.9. Performance of the Learning-Based Real- 
Time Decision-Making Framework

To evaluate the effectiveness of the proposed learning- 
based real-time decision-making framework and the 
embedded fine-tuning strategy, we conduct two sets of 
experiments based on the Beijing bus subnetwork. 
First, we build 12 instances to compare the perfor
mance of our framework against benchmark methods. 
Second, we construct six instances to investigate the 
impact of four levels of reoptimization flexibility 
within the real-time decision-making process.

7.9.1. Performance Comparison of the Learning- 
Based Scenario-Retention Method and Bench
marks. To validate the effectiveness of our proposed 
learning-based scenario-retention method, we com
pare it against two benchmark approaches: the all sce
nario scenario-retention method, which incorporates 
the entire stochastic demand scenario set at each 
decision-making stage, and the greedy scenario- 
retention method, which ranks all scenarios in des
cending order of the number of total passenger 
demand and selects the top k scenarios for optimiza
tion. For all methods, we impose a one-minute time 
limit per stage to ensure real-time applicability. If no 
feasible solution is found within this time limit, the 
process is terminated. This set of experiments is based 
on instance_r_6 with newly generated stochastic 
demand scenario sets. Specifically, we construct sce
nario sets containing 8, 15, 20, and 30 scenarios, respec
tively, and we generate three distinct sets for each 
scenario size. These scenario sets are newly generated 

to reflect diverse demand realizations for evaluation 
purposes. In addition, the value of k is set as three for 
both greedy and our learning-based scenario-retention 
methods. Each departure time is allowed to shift 
within a narrow adjustment range of 62 minutes.

The results are summarized in Table 9. In the 
instance column in Table 9, the notation |W | refers to 
the number of stochastic demand scenarios included in 
the scenario set, and C1, C2, and C3 represent three dis
tinct sets generated independently for each scenario 
size. The Dev (%) (total costs) column in Table 9 reports 
the relative difference in total passengers’ costs and 
operational costs compared with the greedy method. A 
negative Dev value indicates that the corresponding 
scenario-retention method yields lower total costs (i.e., 
superior solution quality), whereas a positive value 
suggests inferior performance. Footnote a in Table 9
indicates that the method failed to produce a feasible 
solution within the time limit, whereas footnote b in 
Table 9 denotes model infeasibility.

From the results shown in Table 9, we can observe 
that the all scenario scenario-retention method fails to 
find feasible solutions within the one-minute computa
tional time limit in 9 of 12 instances. This outcome is 
mainly because of the excessive computational burden 
associated with incorporating the entire scenario set 
into the optimization within the one-minute solution 
time limitation. In contrast, our proposed learning- 
based scenario-retention method generates feasible 
solutions across all instances, demonstrating its suit
ability for real-time optimization. Moreover, it consis
tently outperforms the greedy benchmark in terms of 
total passengers’ costs and operational costs. Across 
the 12 tested instances, our method yields lower total 
costs in 11 cases, with relative cost reductions ranging 
from 0.3% (for W � 15, C3) to 7.9% (for W � 15, C1). In 
several large-scale instances (e.g., W � 30, C2 and C3), 
the greedy method fails to return feasible solutions. 
This is largely because of its strategy of selecting sce
narios solely based on the passenger demand, which 
overlooks scenarios where local capacity constraints 
are more binding. These findings highlight the superior 

Table 8. Results Among the Various Numbers of Stochastic Scenarios

No. of scenarios
Total passengers’ 

costs ($)
Total operational 

costs ($) No. of vehicles
Objective function 

value ($)
Computational time 

(seconds)

1 8,511.2 2,314.1 112 10,825.3 106.2
2 8,554.6 2,334.3 113 10,589.4 253.5
4 7,791.3 2,324.2 112 10,115.5 524.4
6 7,599.1 2,321.6 115 9,920.7 1,047.7
8 7,591.9 2,316.4 112 9,908.2 1,896.3
12 7,468.8 2,313.9 113 9,782.6 5,160.3
15 7,381.6 2,316.0 110 9,697.5 7,202.1
20 7,381.6 2,314.1 112 9,696.1 9,711.2
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robustness and efficiency of our learning-based 
scenario-retention method in delivering high-quality 
solutions under real-time computational requirements.

7.9.2. Impact of Reoptimization Flexibility in the 
Learning-Based Real-Time Decision-Making Frame
work. Furthermore, to assess the impact of reoptimiza
tion flexibility within the learning-based real-time 
decision-making framework, we compare four strate
gies. (i) TT + VS indicates that both the timetable and 
vehicle schedules can be dynamically reoptimized. (ii) 

TT + VS (partial) is same as (i) but further indicates that 
boarding commitments from the previous stage are 
preserved, ensuring that passengers already on board 
are not rerouted. (iii) VS indicates that the timetable is 
fixed and that only vehicle schedules are dynamically 
reoptimized. (iv) Fixed indicates that no reoptimization 
is allowed. In this set of experiments, we focus on 
instance_r_6. The timetable and vehicle schedule 
obtained from our integrated optimization approach 
are used as the baseline solution. Each departure time 
is allowed to shift within a narrow window of 62 

Table 9. Performance Comparison Between the Different Scenario-Retention Methods

Instance Scenario-retention method Passengers’ cost Operating cost Dev (%)

|W | � 8, C1 Greedy 7,104.89 2,265.41 —
All scenario 11,490.49 2,176.78 31.4
Learning based 6,863.18 2,260.95 �2.6

|W | � 8, C2 Greedy 7,411.18 2,287.62 —
All scenario 12,547.57 2,201.11 52.1
Learning based 6,975.31 2,292.77 �4.4

|W | � 8, C3 Greedy 7,119.63 2,247.40 —
All scenario 11,591.99 2,176.96 47.0
Learning based 6,698.05 2,248.48 �4.5

|W | � 15, C1 Greedy 6,229.74 2,225.63 —
All scenario a a —
Learning based 5,566.56 2,217.73 �7.9

|W | � 15, C2 Greedy 6,206.62 2,220.60 —
All scenario a a —
Learning based 5,931.93 2,224.79 �3.2

|W | � 15, C3 Greedy 6,398.02 2,262.52 —
All scenario a a —
Learning based 6,375.61 2,259.27 �0.3

|W | � 20, C1 Greedy 6,520.29 2,258.80 —
All scenario a a —
Learning based 6,385.62 2,230.76 �1.9

|W | � 20, C2 Greedy 5,930.95 2,215.54 —
All scenario a a —
Learning based 5,963.28 2,216.69 0.4

|W | � 20, C3 Greedy 6,140.54 2,227.32 —
All scenario a a —
Learning based 5,914.03 2,217.00 �2.8

|W | � 30, C1 Greedy 6,960.45 2,234.45 —
All scenario a a —
Learning based 6,528.14 2,236.00 �4.7

|W | � 30, C2 Greedy b b —
All scenario a a —
Learning based 6,888.64 2,267.09 —

|W | � 30, C3 Greedy b b —
All scenario a a —
Learning based 6,965.53 2,259.40 —

Notes. |W | refers to the number of stochastic demand scenarios included in the scenario set, and C1, C2, and C3 represent three distinct sets 
generated independently for each scenario size. Dev(%) represents the relative difference in total passengers’ and operational costs compared 
with the greedy method.

aNo feasible solution was found within the allowed computation time.
bThe model is infeasible.
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minutes. To evaluate the learning-based real-time 
framework under the four reoptimization strategies, 
we construct six new demand scenario sets, each con
taining eight scenarios that follow the characteristics 
of instance_r_6.

Table 10 summarizes the results, reporting the rela
tive deviations (percentages) in total passengers’ costs 
and operational costs compared with the fixed strategy, 
the presence of any unserved passengers, and the num
ber of used MAUs. The negative value of Dev. repre
sents the reduction of the total costs. We can observe 
that fixing the timetable and vehicle schedule with no 
reoptimization leads to unserved passengers in four of 
six instances (i.e., C2, C3, C5, and C6). The reason is 
that the space-time distribution of passenger demand 
changes in the new scenario sets, while the operational 
plans are frozen and overloading is disallowed; there
fore, some passengers can no longer board.

A second observation is that allowing only vehicle 
rescheduling resolves all infeasibilities and lowers total 
costs relative to the fixed strategy in every case from 

0.81% to 3.47%. It also reallocates capacity more effi
ciently, typically using fewer MAUs than the fixed strat
egy (e.g., C2: 89 versus 91, C3: 88 versus 93, C5: 101 
versus 106, and C6: 105 versus 113). In addition, TT + VS 
(partial) yields additional gains over VS in most 
instances. To honor already-boarded passengers, this pol
icy occasionally needs a slightly larger fleet than VS (e.g., 
C3 and C5), but it maintains passenger continuity and 
remains feasible throughout. Granting full flexibility to 
fine-tune the timetable and reoptimize vehicle schedules 
(i.e., TT + VS) delivers the best performance overall, with 
the largest cost reductions in every instance from 3.15% 
to 8.14% and with a fleet size that is comparable with the 
other flexible strategies. In conclusion, relying on vehicle 
schedules and timetables optimized based on historical 
demand scenarios poses operational risks when facing 
real-time information in practical operations. Reoptimiz
ing only the vehicle schedule can improve service quality 
by ensuring that all passengers are served. Preserving 
onboard commitments enhances the passenger experi
ence, although it typically results in slightly higher total 

Table 10. Performance Comparison Among Various Reoptimization Strategies

Instance Strategy Dev:(%) (total costs) Unserved passengers Total no. of used MAUs

C1 Fixed No 85
VS �1.44 No 85
TT + VS (partial) �3.40 No 87
TT + VS �3.92 No 86

C2 Fixed Yes 91
VS �1.68 No 89
TT + VS (partial) �4.43 No 89
TT + VS �8.14 No 86

C3 Fixed Yes 93
VS �1.87 No 88
TT + VS (partial) �2.79 No 91
TT + VS �5.38 No 90

C4 Fixed No 101
VS �0.81 No 99
TT + VS (partial) �2.19 No 96
TT + VS �3.49 No 97

C5 Fixed Yes 106
VS �1.12 No 101
TT + VS (partial) �1.48 No 104
TT + VS �3.15 No 101

C6 Fixed Yes 113
VS �3.47 No 105
TT + VS (partial) �3.60 No 99
TT + VS �5.48 No 102

Table 11. Total Passengers’ Costs, Operational Costs, and Number of Used MAUs Obtained 
by Employing the Fixed-Capacity and Flexible-Capacity Strategies in the Real-World Instance

Operational strategy Total passengers’ costs ($) Total operational costs ($) No. of used MAUs

Fixed capacity 6,861.3 4,381.2 264
Flexible capacity 6,757.5 2,275.8 112
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costs compared with the strategy that does not account 
for such commitments. Among these four strategies, the 
approach that dynamically reoptimizes both the timeta
ble and vehicle schedules (i.e., TT + VS) consistently 
achieves the lowest total cost.

7.10. Analysis of the Benefits in the Practical 
Instance and the Trade-offs

In this section, we explore the benefits that the pro
posed approach can provide to real-world operations 
by analyzing the results of instance_r_6. We first 
explore the benefit of adopting our proposed flexible- 
capacity operational strategy. The results are presented 
in Table 11. It can be observed that adopting the 
flexible-capacity operational strategy can significantly 
reduce operational costs compared with the fixed- 
capacity operational strategy. Specifically, the imple
mentation of the proposed flexible-capacity strategy 
approximately results in a 48% reduction in opera
tional costs and a 57% decrease in the number of uti
lized MAUs. At the same time, passengers’ costs also 
decrease from 6,861.3 to 6,757.5. The main reason is 
that our proposed method provides passengers with 
the convenience to make in-vehicle transfers, which 
reduces the waiting time for transfers in transfer 
corridors.

Next, we use the weighted sum approach to analyze 
the trade-off between operational costs and passen
gers’ costs. The objective function (denote as Ψ here) is 
reformulated as follows:

Ψ � ω1
Ψpass�Ψpass

Ψ
pass
�Ψpass

+ω2
Ψoper�Ψoper

Ψ
oper
�Ψoper

: (46) 

To be specific, ω1 and ω2 are weighting coefficients 
designed to control the magnitude of the impact that 

normalized passenger travel costs and normalized bus 
operational costs have on the change in objectives, 
respectively. Ψpass is the lower bound on the total pas
senger travel cost, and Ψpass is the upper bound on the 
total passenger travel cost. Ψpass is theoretically mini
mized to zero, and Ψpass can be calculated by taking the 
maximum headway for both waiting time per passen
ger and transfer waiting time. Similarly, Ψoper is the 
lower bound on the total operating travel cost, and 
Ψ

oper is the upper bound on the total operating travel 
cost. Ψoper can be calculated according to Lemma 1, 
and Ψoper can be computed by assuming that the maxi
mum fleet is dispatched for each trip and does not 
allow for decoupling and coupling en route.

To approximate the Pareto optimal point, we incre
mentally increase ω1 from 0 to 1 while simultaneously 
decreasing ω2 from 1 to 0 in increments of 0.1. The 
results obtained through the weighted sum method are 
depicted in Figure 5. Upon analyzing the results, two 
key observations emerge. (1) Excessive emphasis on 
reducing operational costs can precipitate a significant 
decline in service quality, thereby leading to a substan
tial rise in passengers’ costs. (2) Reducing operational 
costs with little to no negative impact on service quality 
can be achieved with a slight increase in the weight 
assigned to operational costs.

8. Conclusions
We present a novel modeling approach for the TT-VS- 
DCA problem with time-varying and uncertain passen
ger demand. Our approach explicitly considers the 
trade-off between passengers’ costs and operational 
costs. MAUs can be flexibly (de-)coupled at depots 
and transfer stops, enabling efficient circulations and 

Figure 5. (Color online) Approximate Pareto Frontier of the TT-VS-DCA Model 
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rerouting across lines. To solve this integrated optimiza
tion problem, we propose an exact solution method 
with tailored valid inequalities and embed it in a 
rolling-horizon framework to enhance computational 
efficiency. To facilitate real-time adjustments under 
evolving operational conditions, we develop a real-time 
decision-making framework to dynamically fine-tune 
timetables that are obtained based on historical passen
ger flow scenarios and optimize vehicle scheduling.

Computational experiments on both a virtual net
work and the Beijing bus subnetwork demonstrate the 
effectiveness of our approach. Several key takeaways 
are summarized as follows. (i) Our exact method out
performs GUROBI for medium-sized instances, 
whereas the rolling-horizon optimization framework 
combined with the integer L-shaped approach yields 
superior results for large-scale instances. (ii) Compared 
with the sequential optimization method, the proposed 
integrated approach consistently performs better 
across instances of varying scales. For smaller in
stances, it results in fewer required MAUs. As the net
work size increases, it remains capable of generating 
feasible timetables and vehicle schedules, whereas the 
sequential method often fails to find feasible solutions. 
(iii) Allowing MAVs to (de-)couple and be rerouted at 
transfer stops in addition to depots further reduces 
both fleet size and operational costs. (iv) The optimized 
timetable and vehicle schedule generated from histori
cal demand scenarios using our integrated optimiza
tion approach are robust under demand decreases in 
out-of-sample scenarios. Moreover, allowing overload
ing can handle a 5% demand surge without requiring 
additional capacity resources. (v) Both the strategy that 
fixes the timetable while reoptimizing the vehicle 
schedule and the strategy that jointly fine-tunes these 
two schedules can handle the demand surges and 
redistributions and exhibit robustness. (vi) The pro
posed learning-based real-time decision-making 
framework outperforms benchmark methods thanks 
to the novel scenario-retention approach using the 
machine learning model.

References
Amberg B, Amberg B (2023) Robust and cost-efficient integrated 

multiple depot vehicle and crew scheduling with controlled 
trip shifting. Transportation Sci. 57(1):82–105.

An K (2020) Battery electric bus infrastructure planning under 
demand uncertainty. Transportation Res. Part C Emerging Tech. 
111:572–587.

Angulo G, Ahmed S, Dey SS (2016) Improving the integer L-shaped 
method. INFORMS J. Comput. 28(3):483–499.

Caprara A, Fischetti M, Toth P (2002) Modeling and solving the 
train timetabling problem. Oper. Res. 50(5):851–861.

Carli R, Cavone G, Pippia T, De Schutter B, Dotoli M (2022) Robust 
optimal control for demand side management of multi-carrier 
microgrids. IEEE Trans. Automation Sci. Engrg. 19(3):1338–1351.

Chen Z, Li X (2021) Designing corridor systems with modular 
autonomous vehicles enabling station-wise docking: Discrete 

modeling method. Transportation Res. Part E Logist. Transporta
tion Rev. 152:102388.

Chen Z, Li X, Qu X (2022) A continuous model for designing corri
dor systems with modular autonomous vehicles enabling 
station-wise docking. Transportation Sci. 56(1):1–30.

Chen Z, Li X, Zhou X (2019) Operational design for shuttle systems 
with modular vehicles under oversaturated traffic: Discrete 
modeling method. Transportation Res. Part B Methodological 
122:1–19.

Chen Z, Li X, Zhou X (2020) Operational design for shuttle systems 
with modular vehicles under oversaturated traffic: Continuous 
modeling method. Transportation Res. Part B Methodological 
132:76–100.

Cho J, Papavasiliou A (2023) Pricing under uncertainty in multi- 
interval real-time markets. Oper. Res. 71(6):1928–1942.

Huisman D, Freling R, Wagelmans APM (2004) A robust solution 
approach to the dynamic vehicle scheduling problem. Transpor
tation Sci. 38(4):447–458.

Ibarra-Rojas OJ, Giesen R, Rios-Solis YA (2014) An integrated 
approach for timetabling and vehicle scheduling problems to 
analyze the trade-off between level of service and operating 
costs of transit networks. Transportation Res. Part B Methodologi
cal 70:35–46.

Laporte G, Louveaux FV (1993) The integer L-shaped method for 
stochastic integer programs with complete recourse. Oper. Res. 
Lett. 13(3):133–142.

Laporte G, Ortega FA, Pozo MA, Puerto J (2017) Multi-objective inte
gration of timetables, vehicle schedules and user routings in a 
transit network. Transportation Res. Part B Methodological 98:94–112.

Lee K, Jiang Y, Ceder AA, Dauwels J, Su R, Nielsen OA (2022) Path- 
oriented synchronized transit scheduling using time-dependent 
data. Transportation Res. Part C Emerging Tech. 136:103505.

Lyu G, Cheung WC, Teo CP, Wang H (2024) Multiobjective stochas
tic optimization: A case of real-time matching in ride-sourcing 
markets. Manufacturing Service Oper. Management 26(2):500–518.

Ma Q, Li S, Zhang H, Yuan Y, Yang L (2021) Robust optimal predic
tive control for real-time bus regulation strategy with passenger 
demand uncertainties in urban rapid transit. Transportation Res. 
Part C Emerging Tech. 127:103086.
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