
 
 

Delft University of Technology

Document Version
Final published version

Citation (APA)
Pecnik, R., & Hasan, A. M. (2025). Turbulence modeling: Compressible wall-bounded flows. In J. Larsson, & X. Zhong
(Eds.), Turbulence and Transition in Supersonic and Hypersonic Flows: Computation and Analysis of Turbulent Flows
(pp. 453-500). Elsevier. https://doi.org/10.1016/B978-0-44-318785-8.00016-X

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
In case the licence states “Dutch Copyright Act (Article 25fa)”, this publication was made available Green Open
Access via the TU Delft Institutional Repository pursuant to Dutch Copyright Act (Article 25fa, the Taverne
amendment). This provision does not affect copyright ownership.
Unless copyright is transferred by contract or statute, it remains with the copyright holder.
Sharing and reuse
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without
the consent of the author(s) and/or copyright holder(s), unless the work is under an open content license such as
Creative Commons.
Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.

https://doi.org/10.1016/B978-0-44-318785-8.00016-X


 

 

 

 

 

 

 

 

 

Green Open Access added to TU Delft Institutional Repository 
as part of the Taverne amendment. 

 

 

 
 

More information about this copyright law amendment 
can be found at https://www.openaccess.nl. 

 
 

Otherwise as indicated in the copyright section: 
the publisher is the copyright holder of this work and the 

author uses the Dutch legislation to make this work public. 

https://repository.tudelft.nl/
https://www.openaccess.nl/en


C H A P T E R

8
Turbulence modeling

Compressible wall-bounded flows

Rene Pecnik and Asif Manzoor Hasan
Process and Energy Department, Delft University of Technology, Delft, Netherlands

8.1 Introduction

Turbulence modeling is an essential aspect of computational fluid dynamics (CFD) sim
ulations. While direct numerical simulation (DNS) and wall-resolved large eddy simu
lation (WRLES) provide highly accurate solutions, their computational cost makes them 
prohibitively expensive for many engineering applications. In contrast, Reynolds-averaged 
Navier–Stokes (RANS) modeling is computationally less expensive and widely used in in
dustry, especially when considering optimization problems or uncertainty quantification that 
both require a large number of simulations to explore a large parameter space. However, the 
accuracy of RANS simulations depends on the turbulence models used. Fig. 8.1 illustrates 
typical applications in which RANS models are commonly employed for flow simulations.

The modeling equations are commonly obtained by applying some form of averaging or 
filtering to the governing equations of fluid motion. In RANS, the flow field is decomposed 
into its mean and fluctuating parts, where the mean flow can be obtained for a statistically 
steady or homogeneous flow by averaging in time or space, respectively. In LES, the averag
ing is performed by applying a spatial filtering operator. Yet, in both approaches, due to the 
nonlinear nature of the compressible Navier–Stokes equations, additional terms appear in 
the governing equations that require closure. Therefore, turbulence modeling, particularly in 
the form of RANS model closures, remains critical for engineering design and optimization, 
where a balance between computational cost and accuracy is essential.

The development of RANS models has spanned over a century, starting with the pio
neering work of Reynolds, Boussinesq, Prandtl, Kármán, and many others, who laid the 
foundation for understanding the effects of turbulent mixing. From the beginning, turbu
lence has been modeled through the use of simple algebraic equations. As computers became 
more prevalent, more complex models were developed, including transport equations for the 
eddy viscosity, two-equation models like the k − ε and k − ω models, and models that solve 
all components of the Reynolds stress tensor, also called second-moment closure models.
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FIGURE 8.1 Examples. Visualizations of supersonic and hypersonic flows: (a) the NASA X-15, (b) a generic 
lifting hypersonic body, and (c) a RANS simulation of a radial iflow turbine operating with an organic fluid at 
Mach 3. Fig. (a) and (b) from Candler (2019), Fig. (c) adapted from Otero-Rodriguez et al. (2021).

The intent of this chapter is not to provide a comprehensive summary of RANS models and 
their developments. Instead, this chapter focuses on efforts to model compressible flows by 
highlighting how models that have been developed for incompressible flows can be adapted 
to account for fluid compressibility. We will limit the discussion to fully developed turbulent 
channel flows, highlighting how variable-property and intrinsic compressibility effects iflu
ence turbulence and how these effects can be modeled. The insights can be extended to more 
general wall-bounded flows in engineering applications.

In addition, we will contrast recent advancements in turbulence modeling with earlier ap
proaches. Distinct direct numerical simulations (DNS) are discussed to separately examine 
variable-property and intrinsic compressibility effects, providing clear insights into their in
dividual roles. Building on these insights, various modeling strategies are discussed in detail. 
The objective is to present a unfied perspective on the progress in this field. Other model
ing challenges, such as the treatment of shock waves and compressibility in free shear layers, 
are beyond the scope of this chapter. Additionally, machine learning techniques, which are 
currently an active area of research, are not discussed here.

Readers can replicate most of the results presented here using the Jupyter-Notebooks avail
able on GitHub (Pecnik et al., 2023; Hasan and Pecnik, 2024; Pecnik and Hasan, 2023).

8.2 Governing equations

Before discussing closure models for compressible flows, the conservation equations of 
mass, momentum, and energy will be summarized. For these, several approximations will be 
used, not only to obtain a simplfied set of equations but also to focus on modeling the main 
effects of compressibility. These approximations are:

• The fluid can be approximated with the ideal-gas equation of state to establish the rela
tionship between density, temperature, and pressure.
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• The analysis will further constrain to calorically perfect gases in which the specific heat 
capacities are constant. As a result, the caloric equation of state that relates the internal 
energy of the fluid with the thermodynamic state linearly depends on temperature.

• Unless otherwise stated, the dynamic viscosity is described by either a power law or 
Sutherland’s law.

• Following Stokes’s hypothesis, the bulk (volume) viscosity will be neglected. For work 
regarding non-zero bulk viscosity, refer to e.g., Pan and Johnsen (2017); Touber (2019).

• The fluid is limited to simple compressible substances, single phase, with no chemical 
reactions.

• Additional source terms, such as buoyancy, are not accounted for.

The simplfied conservation equations for mass, momentum, and total energy are then 
given as

∂ρ

∂t 
+ ∂

(︁
ρuj

)︁
∂xj

= 0, (8.1)

∂ (ρui)

∂t 
+ ∂

(︁
ρuiuj

)︁
∂xj

= − ∂p 
∂xi

+ ∂τij

∂xj

, (8.2)

∂ (ρE)

∂t 
+ ∂

(︁
ρujH

)︁
∂xj

= −∂qj

∂xj

+ ∂
(︁
uiτij

)︁
∂xj

, (8.3)

where the specific total energy is the sum of specific internal, e.g., and kinetic energy per unit 
mass, given as

E = e + uiui

2 
, (8.4)

and the specific total enthalpy is per definition

H = e + p

ρ⏞ ⏟⏟ ⏞
h 

+uiui

2 
. (8.5)

With the caloric equation of state, the specific internal energy for an ideal gas is e = cvT , with 
cv the specific isochoric heat capacity. The specific enthalpy for an ideal gas is h = cpT , with 
cp the specific isobaric heat capacity. The ratio of the specific heat capacities is denoted by γ
and is given by γ = cp/cv . The equation of state for an ideal gas relates pressure, density, and 
temperature as p = ρRT , with R the specific gas constant.

The stress tensor τij for a Newtonian fluid, neglecting the volume viscosity, is given by

τij = 2μSij , (8.6)

with the deviatoric strain-rate tensor (constant volume deformation)

Sij = 1

2

(︃
∂ui

∂xj

+ ∂uj

∂xi

)︃
− 1

3

∂uk

∂xk

δij , (8.7)
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and μ the dynamic viscosity. The heat flux vector qj is related to Fourier’s law and is given 
by

qj = −λ
∂T 
∂xj

, (8.8)

with λ the thermal conductivity, often also expressed as

λ = cpμ

P r 
, (8.9)

with the Prandtl number Pr .

8.2.1 Reynolds and Favre averaging

The common approach in modeling compressible turbulent flows is to use a combination 
of Reynolds and Favre decomposition of the turbulent flow field. The textbooks of Friedrich 
(1999); Wilcox (2006); Smits and Dussauge (2006); Gatski and Bonnet (2013), provide a com
prehensive summary of the most important averaging relations. To prevent redundancy, this 
section will focus only on the most essential relations that are required for the ensuing dis
cussion.

The Reynolds decomposition for an arbitrary quantity f is dfined as

f = f̄ + f ′, (8.10)

with f̄ = f̄ (x) the Reynolds average of a statistically steady or stationary turbulent field, 
and f ′ = f ′ (x, t) the fluctuation around that mean. Note that the Reynolds average of the 
fluctuating part is

f ′ = 0. (8.11)

Applying the Reynolds decomposition and successive averaging to the governing equations 
results in the appearance of several additional correlations. This can be demonstrated by 
Reynolds averaging the mass-conservation equation, which leads for a steady flow to

∂

∂xj

(︂
ρ̄ūj + ρ′u′

j

)︂
= 0. (8.12)

The additional correlation ρ′u′
j complicates the modeling of turbulent compressible flows.

To simplify the equations, Favre introduced a density-weighted average in their studies of 
atmospheric flows (Favre, 1969). The density-weighted average is dfined as

˜︁f = ρf

ρ̄
, (8.13)

such that the Favre decomposition can be written as

f = ˜︁f + f ′′, (8.14)
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with f ′′ the Favre fluctuating part of an instantaneous quantity f . In order to show how Favre 
averaging simplfies the final averaged equations, it is useful to derive two primary identities. 
Multiplying Eqs. (8.10) and (8.14) by the density ρ and then Reynolds averaging yields

ρf = ρ̄f̄ + ρ′f ′, (8.15)

ρf = ρ̄ ˜︁f + ρf ′′. (8.16)

Reynolds averaging Eq. (8.14) and combining it with Eqs. (8.15) and (8.13) leads to the first 
identity that f ′′ is non-zero, namely,

˜︁f − f̄ = ρ′f ′
ρ̄

= −f ′′ ≠ 0. (8.17)

This is contrary to f ′, which is zero by definition. On the other hand, using Eq. (8.16), and 
again with the definition (8.13), it can be shown that

ρf ′′ = 0, (8.18)

which is the main reason why the averaged conservation equations are simpler when Favre 
averaging is employed for velocity, enthalpy, internal energy, and temperature.

8.2.2 Reynolds-averaged Navier–Stokes equations

Applying Reynolds decomposition for density, pressure, and viscous stress, and Favre 
decomposition for the remaining quantities, and then Reynolds averaging the conservation 
equations, yields the exact Reynolds-averaged Navier–Stokes equations

∂
(︁
ρ̄˜︁uj

)︁
∂xj

= 0, (8.19)

∂
(︁
ρ̄˜︁ui˜︁uj

)︁
∂xj

= − ∂p̄

∂xi

+ ∂τ̄ij

∂xj

−
∂

(︂
ρ̄˜︁u′′

i u
′′
j

)︂
∂xj

, (8.20)

∂
(︁
ρ̄˜︁uj

˜︁H )︁
∂xj

= −∂q̄j

∂xj

+ ∂
(︁˜︁ui τ̄ij

)︁
∂xj

− ∂

∂xj

(︃˜︁uiρ̄
˜︁u′′
i u

′′
j − u′′

i τij + 1

2
ρ̄ ˜︂u′′

j u
′′
i u

′′
i + ρ̄˜︁u′′

j h
′′
)︃

. (8.21)

Eqs. (8.19)--(8.21) constitute conservation equations for Reynolds/Favre averaged mass, 
momentum, and specific total energy. Due to the averaging procedure, the Favre averaged 
specific total energy, ˜︁E, now also includes the turbulent kinetic energy per unit mass. It is 
dfined as

˜︁E =˜︁e + 1

2
˜︁ui˜︁ui⏞ ⏟⏟ ⏞

MKE 

+ 1

2
˜︁u′′
i u

′′
i⏞ ⏟⏟ ⏞

TKE,  k 

, (8.22)
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where MKE is the mean and TKE is the turbulent kinetic energy, dfined as

k =
˜︁u′′
i u

′′
i

2 
. (8.23)

Equivalently, the Favre averaged total enthalpy, which appears in the advection term of the 
energy equation (8.21), is dfined as

˜︁H =˜︁h + MKE + TKE. (8.24)

It is worth noting that the turbulent kinetic energy is a small fraction of the total energy 
and is hence often neglected in RANS simulations. Although this simplfication is useful in 
many cases, it is crucial to recognize that, in hypersonic boundary layers, k may contribute 
considerably to the total energy. For instance, for an ideal gas, it is possible to show that

k

e
= γ (γ − 1)

2 
M2

t , (8.25)

with the turbulent Mach number Mt = √
2k/a, and a the speed of sound. For wall-cooled 

boundary layers at freestream Mach numbers of 14, k/e can reach values up to 0.15 (Zhang 
et al., 2018). In that case, k should not be neglected when computing pressure or temperature 
form the total energy in a CFD solver.

The definition of the enthalpy and the equation of state remain unchanged, but they are 
evaluated with the Reynolds-averaged pressure and density, and Favre averaged enthalpy, 
internal energy, and temperature, given as

˜︁h =˜︁e + p̄/ρ̄, (8.26)

p̄ = ρ̄R˜︁T . (8.27)

8.2.2.1 Common approximations and preliminary models

Compared to the instantaneous Navier–Stokes equations, additional correlations appear 
in the RANS equations that must be approximated or modeled to obtain a closed set of 
equations. The standard practice involves individually examining each of the terms. For com
pleteness, we briefly summarize the most important ones.

Approximating the averaged stress tensor and heat flux vector. The first term that needs 
an approximation in the momentum equation (8.20) is the Reynolds-averaged stress tensor. 
It can be expanded as

τ̄ij = 2
(︂
μ̄S̄ij + μ′S′

ij

)︂
. (8.28)

Eq. (8.28) now already reveals several modeling challenges while attempting to derive a 
closed form of the Navier–Stokes equation. First, the nonlinear functional relation for the 
dynamic viscosity generates a closure problem since μ̄ = f̄ (T ,p) ≠ f (T̄ , p̄). In other words 
this means that μ̄ can only be approximated with the averaged temperature and pressure and 
not calculated exactly if the functional relation μ = f (T ,p) is highly nonlinear. Additionally, 
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the correlation μ′S′
ij is unknown. Moreover, to compute S̄ij the Reynolds-averaged velocity 

ūi is required, but ūi is unknown as well since the RANS equations are solving for ˜︁ui .
To arrive at a practical solution for RANS simulations, it is necessary to introduce a few 

assumptions. Rewriting Eq. (8.28) by employing the Favre decomposition for the strain rate 
tensor, it is possible to obtain

τ̄ij = 2
[︂
μ̄

(︂˜︁Sij + S′′
ij

)︂
+ μ′Sij

]︂
≈ 2μ̄˜︁Sij , (8.29)

with the assumptions that μ̄ ≈ f (˜︁T , p̄), that S′′
ij ≪ ˜︁Sij and that the last term containing vis

cosity fluctuations is negligible. In the context of isothermal supersonic channel flows at 
Mach 4 with ideal gases, the error of this approximation is at most 2%. However, in flows 
at higher Mach numbers or in flows involving highly non-ideal gases such as supercritical 
fluids (Kawai, 2019), the error may be considerably higher (Fig. 7.7a).

Similarly, equivalent assumptions must be made regarding the Reynolds-averaged heat
flux vector, which is then approximated as

q̄i ≈ λ̄
∂˜︁T
∂xi

≈ c̄pμ̄

P r 
∂˜︁T
∂xi

. (8.30)

For a more detailed discussion on the validity of these assumptions for high-speed flows 
with ideal gases, the reader is referred to Gatski and Bonnet (2013) (Chap. 3.3, page 54) and 
to Fig. 7.7(d).

Modeling the turbulent stress and heat flux. The next term that needs approximation in 

the momentum equation (8.20) is the Reynolds stress tensor ρ̄˜︁u′′
i u

′′
j . Together with the tur

bulent heat flux vector ρ̄˜︁u′′
j h

′′ (last term in (8.21)), they form the most critical correlations in 
turbulence modeling. The Reynolds stress tensor describes the momentum transfer, while 
the turbulent heat flux describes the heat transfer caused by turbulent mixing. Accurately 
modeling these correlations is vital in predicting the mea-flow field of turbulent flows.

The calculation of the Reynolds stress tensor can be approached in various manners. One 
method concerns deriving exact transport equations for each individual component of the 
Reynolds stress. Yet, these transport equations contain source terms that themselves consist 
of higher-order correlations. These higher-order correlations are unclosed, which means they 
lack a definitive expression and must be approximated or modeled in some way. This presents 
a significant challenge in turbulence modeling and is often referred to as the ``closure problem 
in turbulence''.

The by far most common approach in engineering is to assume that the turbulent momen
tum transport can be modeled analogously to the viscous momentum transport, known as 
the Boussinesq approximation. It is given as

−ρ̄˜︁u′′
i u

′′
j = 2μt

˜︁Sij − 2

3
ρ̄kδij , (8.31)

with k the turbulent kinetic energy per unit mass and μt the eddy viscosity. This essentially 
means that the number of unknowns has been reduced to k and μt . Similarly, the turbulent 
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heat flux can be modeled as

ρ̄˜︁u′′
j h

′′ = − μt

P rt

∂˜︁h
∂xj

= − c̄pμt

P rt

∂˜︁T
∂xj

, (8.32)

with the turbulent Prandtl number Prt , the turbulent Prandtl number dfined as

Prt =
˜︁u′′v′′d˜︁T /dy

˜︁v′′T ′′d˜︁u/dy
. (8.33)

For air in the ideal gas regime, Prt is commonly assumed to be the range 0.9--1.0. A short 
discussion on this approximation is given in section 8.6.

Approximating and modeling the remaining terms in the energy equation. The remain
ing three unclosed correlations in the total energy equation are the work done on the fluid by 
the Reynolds stresses and the viscous diffusion and turbulent diffusion of turbulent kinetic 

energy. The first term, ˜︁uj ρ̄
˜︁u′′
i u

′′
j , can be obtained once the Reynolds stress has been modeled. 

The second term, namely, the viscous diffusion, can be split into two parts, namely,

u′′
i τij = u′′

i

(︂
τ̄ij + τ ′

ij

)︂
= u′′

i τ̄ij + u′
iτ

′
ij , (8.34)

where the first term is a product of the turbulent mass flux u′′
i and the Reynolds averaged 

stress tensor τ̄ij . It is possible to derive an exact transport equation for u′′
i (see Gatski and 

Bonnet (2013)) to gain insights into the physical processes. Based on these insights, mod
els have been proposed by Rubesin (1990); Ristorcelli (1993); Zeman (1993). The model by 
Rubesin (1990) is given by

u′′
i = Cρ

k

εM

˜︁u′′
i u

′′
j

1 
ρ̄

∂ρ̄

∂xj

, (8.35)

with Cρ a parameter that is, unfortunately, not unique and depends on the individual com
ponent to be modeled in a wall-bounded flow (Huang et al., 1995). εM is the turbulent energy 
dissipation rate per unit mass (subscript M), namely, the amount of turbulent kinetic energy 
per unit mass that is dissipated per unit time (Joule/(kg·s)). It is important to note that in 
the compressible turbulent kinetic energy equation, the dissipation rate is typically dfined 
on a per unit volume basis (Joule/(m3·s)), which will be introduced later in Sect. 8.2.4. For 
modeling purposes, the relationship between the dissipation rate per unit volume and unit 
mass is simply given by

εV = ρ̄ εM. (8.36)

This distinction should be kept in mind when modeling the dissipation rate for variable den
sity flows. Most of the time, terms factored with the turbulent mass flux u′′

i are, however, 
neglected in RANS simulations since their contributions are small (Wilcox, 2006).
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The second term in Eq. (8.34) can be rewritten such that the turbulent kinetic energy ap
pears. Neglecting viscosity fluctuations, the term can be approximated as (Friedrich, 1999)

u′
iτ

′
ij ≈ μ̄

(︂ ∂

≈k ⏟⏞⏞⏟
u′

iu
′
i

2 
∂xj

+ ∂u′
iu

′
j

∂xi

− 5

3
u′

j

∂u′
i

∂xi

)︂
. (8.37)

When modeling wall-bounded flows, it can be shown that the gradient of the second and 
third term are small (Bradshaw and Perot, 1993), such that

∂u′
iτ

′
ij

∂xj

≈ ∂

∂xj

(︃
μ̄

∂k 
∂xj

)︃
. (8.38)

Finally, the turbulent diffusion of turbulent kinetic energy is approximated with the simple 
gradient diffusion hypothesis as

−1

2
ρ̄ ˜︂u′′

j u
′′
i u

′′
i = μt

σk

∂k 
∂xj

, (8.39)

where μt is the eddy viscosity and σk a modeling constant.
It is important to note that the approximations (8.38) and (8.39) also appear in the trans

port equation for the turbulent kinetic energy k. In Sect. 8.4.5 we will discuss how these 
approximations can be adapted to account for variable properties. These changes must then 
be carried over to the energy equation as well, which will be discussed in Sect. 8.6.

8.2.3 Final model RANS equations

After applying all these approximations and neglecting the terms with the turbulent mass 
flux u′′

i , the model RANS equations read

∂
(︁
ρ̄˜︁uj

)︁
∂xj

= 0, (8.40)

∂
(︁
ρ̄˜︁ui˜︁uj

)︁
∂xj

= − ∂p̄

∂xi

+ ∂

∂xj

[︃
2 (μ̄ + μt)˜︁Sij − 2

3
ρ̄kδij

]︃
, (8.41)

∂
(︁
ρ̄˜︁uj

˜︁H )︁
∂xj

= ∂

∂xj

[︃
c̄p

(︃
μ̄

P r
+ μt

P rt

)︃
∂˜︁T
∂xj

]︃
⏞ ⏟⏟ ⏞

(1) 

+ ∂

∂xj

[︃˜︁ui

(︃
2 (μ̄ + μt)˜︁Sij − 2

3
ρ̄kδij

)︃]︃
⏞ ⏟⏟ ⏞

(2) 
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+ ∂

∂xj

[︃(︃
μ̄ + μt

σk

)︃
∂k 
∂xj

]︃
⏞ ⏟⏟ ⏞

(3) 

, (8.42)

where the right-hand side of the total energy equation contains molecular and turbulent 
diffusion of (1) mean internal, (2) mean kinetic, and (3) turbulent kinetic energies, which 
is analogous to the constituents of the Favre-averaged total energy as given in Eq. (8.22).

The challenge of turbulence modeling has consequently been reduced to a mere handful of 
unknowns. Specifically, the remaining unknowns in the RANS equations just listed are μt and 
k, along with a small number of constants such as Prt and σk . It is important to remember that 
this represents a significant simplfication that is prone to failure in several specific situations. 
In particular, the Boussinesq approximation, which is also applied for incompressible flows, 
has several shortcomings that have been discussed in detail in Pope (2000); Pettersson Reif 
and Durbin (2011).

8.2.4 Turbulent kinetic energy equation
The challenge is now to obtain the eddy viscosity and the turbulent kinetic energy. We first 

proceed by stating the exact transport equation for the turbulent kinetic energy that serves 
as a physics-based foundation for formulating the most common turbulence models. Two
equation models, such as k − ε or the k − ω, directly incorporate this equation (with certain 
modeling approximations) to account for the transport of TKE. Ultimately, the TKE together 
with the (specific) turbulent dissipation or turbulent length scale is used to estimate the eddy 
viscosity.

The transport equation for the turbulent kinetic energy can be derived by multiplying the 
momentum equation by the velocity fluctuations and then Reynolds averaging the result. 
A term-by-term derivation for compressible flows is given in Wilcox (2006). The main fo
cus here is to highlight a few key concepts that play a crucial role in modeling the TKE for 
compressible flows. The transport equation for the turbulent kinetic energy is given by

∂ρ̄k

∂t 
+ ∂ρ̄ ˜︁ujk

∂xj

= P − εV + T + Πd − F, (8.43)

with the terms on the right-hand side representing the production of turbulent kinetic energy

P = −ρ̄˜︁u′′
i u

′′
j

∂˜︁ui

∂xj

, (8.44)

turbulent dissipation rate per unit volume (subscript V )

εV = τ ′
ij

∂u′
i

∂xj

, (8.45)

transport (containing in order of appearance: viscous diffusion, turbulent transport, and pres
sure diffusion)

T = ∂

∂xj

(︃
u′

iτ
′
ij − ρ̄

1

2
˜︂u′′
j u

′′
i u

′′
i − p′u′

j

)︃
, (8.46)
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pressure–dilatation correlation

Πd = p′ ∂u′
i

∂xi

, (8.47)

and terms multiplied by the turbulent mass flux

F = u′′
i

(︃
∂p̄

∂xi

− ∂τ̄ij

∂xj

)︃
. (8.48)

8.2.4.1 Preliminary modeling approximations for the TKE

The TKE equation has three new unclosed terms, which are the dissipation rate εV , the 
pressure diffusion ∂p′u′

j /∂xj in (8.46), and the pressure–dilatation correlation Πd . The other 

correlations, such as turbulent mass flux u′′
i , turbulent transport ˜︂u′′

ju
′′
i u

′′
i /2, and viscous diffu

sion u′
iτ

′
ij , have already been discussed as part of the modeling assumptions in Sect. 8.2.2.1; 

more specifically Eqs. (8.35), (8.38) and (8.39), respectively. Given that the Boussinesq ap
proximation, Eq. (8.31), is employed, the production of TKE can also be evaluated and is thus 
known.

The transport equation for the dissipation rate relies heavily on empirical arguments. Its 
mathematical form is similar to the TKE conservation equation and includes several model 
coefficients that are determined based on experimental or DNS data for incompressible flows. 
For compressible flows, the dissipation rate (per unit mass or per unit volume) can be split 
into a solenoidal and a dilatational part (Zeman, 1990; Sarkar et al., 1991), usually written as

ε = εs + εd = εs

(︃
1 + εd

εs

)︃
. (8.49)

The standard incompressible model for turbulent dissipation is used to obtain εs , which is 
said to be unaffected by compressibility effects (Huang et al., 1995). The compressibility ef
fects are then accounted for through the dilatational dissipation rate, which is commonly 
modeled as function of turbulent Mach number Mt , namely,

εd ∝ f (Mt) εs. (8.50)

Blaisdell et al. (1993) found that the ratio in homogeneous shear flows can be up to 20% and 
that it can be modeled proportional to M2

t . In contrast, for compressible wall-bounded flows, 
(Huang et al., 1995) showed that the ratio is not correlated with Mt and that its magnitude is 
in the order of only 0.1% for a compressible channel flow at a bulk Mach number of 3. Zhang 
et al. (2018) showed that the ratio is small (< 6%) everywhere for their boundary layer cases 
up to freestream Mach numbers of 8, and becomes non-negligible (≈ 10%) only very close 
to the wall at a Mach number of 14. Moreover, dilatational dissipation is also found to be 
insignificant in mixing layers (Vreman et al., 1996). Yet, their models are often used to improve 
RANS predictions for compressible mixing layers and boundary-layer flows, albeit for the 
wrong reasons (Rumsey, 2010). Various models for dilatational dissipation are discussed in 
Sect. 8.5.
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Similar conclusions can be made for the pressure–dilatation correlation Πd . The pressure--
dilatation correlation appears to be negligible for boundary layers up to Mach number of 14 
(Zhang et al., 2018), except in the viscous sublayer (y⋆ < 5) due to high dilatation magnitude 
in that region. Also, the correlation is not found to be significant in mixing layers (Vreman et 
al., 1996). Hence, no models are required as such, however, some commonly proposed models 
that improve results, again for the wrong reasons, are discussed in Sect. 8.5.

The pressure diffusion ∂p′u′
j /∂xj is commonly lumped together with the turbulent trans

port and modeled with the gradient diffusion hypothesis as given by Eq. (8.39).
The final turbulent kinetic energy equation with the approximations and models is given 

as
∂ρ̄k

∂t 
+ ∂ρ̄ ˜︁ujk

∂xj

= P − εV + ∂

∂xj

[︃(︃
μ̄ + μt

σk

)︃
∂k 
∂xj

]︃
⏞ ⏟⏟ ⏞

same as (3) in Eq.  (8.42)

+ Πd − F, (8.51)

with

P =
(︃

2μt
˜︁Sij − 2

3
ρ̄kδij

)︃
∂˜︁ui

∂xj

. (8.52)

8.3 Modeling classfication of compressible flows

In the previous section, we discussed the additional terms that arise in the RANS and the 
TKE equations and summarized some of most common models for these terms. However, 
we noted that these models do not accurately capture the underlying physics, particularly 
in wall-bounded flows, where effects like pressure dilatation, dilatational dissipation, and 
turbulent mass flux are small. Despite this, the conventional models are quite inaccurate for 
compressible boundary-layer flows. So, what needs improvement?

To improve these models, we must first understand the specific effects present in high
speed wall-bounded flows. Only then can we adapt turbulence models to accurately rflect 
the turbulence dynamics. The two most important effects to consider are

• Heat transfer causing changes in thermophysical properties, such as density and viscosity; 
also called variable-property effects.

• Intrinsic compressibility resulting in density variations in response to pressure fluctua
tions.

It is critical that compressibility corrections—defined as the modfications that one needs 
to make to adapt a turbulence model for compressible flows—account for these two distinct 
mechanisms and remain consistent with the underlying physics, whether dealing with heat 
transfer (variable-property effects) or intrinsic compressibility.

Fig. 8.2 illustrates these effects in a high-speed turbulent boundary-layer flow that is cooled 
at the wall. Heat transfer induces property variations, while, at high flow speeds, intrinsic 
compressibility effects also become significant, where strong pressure fluctuations lead to 
density changes. Both effects are discussed in detail in the following. 
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FIGURE 8.2 Schematic overview of the compressibility effects in wall-bounded turbulence. The diagram de
lineates two primary mechanisms: 1) heat transfer leading to changes in fluid properties, subdivided into mean 
variations and fluctuations due to mixing, and fluctuations in dilatation, and 2) isentropic changes in fluid volume 
induced by pressure fluctuations.

8.3.1 Heat transfer

Heat transfer modulates a turbulent boundary layer through two primary mechanisms 
(see left-hand column in Fig. 8.2): (1.) mean property variations, leading to (1.A.) changes in 
viscous length and friction velocity scales, and (1.B.) turbulent mixing across gradients. At 
small scales, if a turbulent eddy is surrounded by a hotter or colder fluid, heat transfer can 
cause a local expansion or contraction, which then modulates turbulence dynamics through 
(2.) dilatation fluctuations. These effects are present in both strongly heated or cooled flows 
at low Mach numbers and in high Mach-number flow, where significant viscous dissipation 
leads to large changes in temperature.
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Related to mean property variations, changes in density alone give rise to what is known 
as variable inertia effects, which manifest as fluid parcels with different densities react differ
ently to imposed pressure forces. These inertial effects can cause substantial asymmetries in 
mixing, turbulence, and the shape of mixing layers due to the ifluence of inertial baroclinic 
torque (Livescu, 2020). Besides this, density variations, along with mean viscosity variations, 
modify the viscous length and friction velocity scales in turbulent flows. Similarly, changes 
in thermal conductivity and specific heat capacities ifluence the turbulent temperature field. 
How these changes–induced by heat transfer—affect turbulence and how they can be ac
counted for in modeling turbulence is the topic of Sect. 8.4. Moreover, mean gradients in 
properties also cause fluctuations in properties due to passive mixing, affecting turbulence.

Dilatation due to heat transfer can be understood by rewriting the continuity equation

− 1 
ρ

Dρ

Dt 
= 1 

v

Dv

Dt 
= ∂ui

∂xi

, (8.53)

to obtain a relation between density and dilatation, ∂ui/∂xi . In the previous equation, the 
specific volume is v = 1/ρ, and D indicates the material derivative. Expressing the total 
derivative of density as a function of partial derivatives of entropy and pressure, it is pos
sible to obtain a governing equation for the dilatation of a compressible substance at the low 
Mach number limits as

∂ui

∂xi

= − 1 
γP0

dP0

dt 
− R

cpP0

[︃
Φ − ∂qi

∂xi

]︃
, (8.54)

where the background (thermodynamic) pressure, P0, is uniform in space, and Φ is an arbi
trary source term corresponding to a heat source arising from reactions, radiation, or other 
types of volumetric heating. Hence, dilatation can occur due to changes in background pres
sure P0 (e.g., a closed system undergoing volume change or heat transfer), local heat transfer 
q, and heating or cooling by a local source Φ.

In low-speed flows, these effects can be rigorously analyzed using DNS with the low 
Mach-number approximation of the Navier–Stokes equations (Majda and Sethian, 1985). This 
approximation decomposes the pressure into hydrodynamic and thermodynamic compo
nents whose ratio is in the order of a reference Mach number squared. As a result, when 
the Mach number is small, thermodynamic density fluctuations are decoupled from hydro
dynamic pressure fluctuations. In other words, the gas cannot undergo isentropic (reversible) 
compression or expansion. As a result, the low Mach-number approximation also does not 
contain any acoustic waves that propagate within the domain. This approach is thus the 
preferred choice to study how heat transfer affects turbulence to consequently develop tur
bulence models that account for these effects.

8.3.2 Intrinsic compressibility effects

The term intrinsic compressibility effect refers to the mechanism when density variations 
in a turbulent flow are induced by pressure fluctuations (see right-hand column in Fig. 8.2). 
Lele (1994) states ``The importance of separating compressibility effects from effects of vari
able inertia cannot be overemphasized.''
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Kovasznay (1953) proposed a decomposition that separates a compressible turbulent flow 
field into vorticity, acoustic, and entropy modes for weakly compressible linear problems, 
where intrinsic compressibility effects are associated with the acoustic mode. Strictly speak
ing, this decomposition is limited to isotropic compressible turbulence. In non-homogeneous 
flows, the Helmholtz decomposition can be used that separates the velocity field into 
solenoidal and compressible modes. The latter, associated with intrinsic compressibility ef
fects, is mainly caused by dilatation as a consequence of pressure given as

∂ui

∂xi

≈ − 1 
γp

Dp

Dt 
. (8.55)

Significant progress has been recently made in analyzing intrinsic compressibility effects 
for wall-bounded flows. Yu et al. (2019) observed that the near-wall dilatation motions are 
dynamically significant and counteract wall-ward sweep motions, affecting wall-shear stress 
by 10%. Similar observations were made in Yu and Xu (2021). However, in their DNS cases, 
both variable-property effects and intrinsic compressibility effects were present. This compli
cates the effort to differentiate between these effects since the distinction between them gets 
blurred (Lele, 1994).

To better assess the importance of intrinsic compressibility effects in wall-bounded flows, 
one can perform DNS of high Mach-number flows with nearly uniform mean properties. This 
approach was suggested by Coleman et al. (1995), who removed the viscous heating term in 
the energy equation. Such DNS results in a flofield with nearly uniform mean temperature 
and thus properties in the entire domain, thereby effectively removing the impact of variable
property effects. Their findings cofirmed Morkovin’s hypothesis, which states that, at non
hypersonic Mach numbers, intrinsic compressibility effects are small and only mean property 
variations remain important for turbulence modeling.

In contrast, a subsequent study by Hasan et al. (2025a), using the same approach but at 
bulk Mach numbers up to 4, found that intrinsic compressibility effects are significant and 
cannot be ignored when modeling turbulence dynamics in wall-bounded high Mach-number 
flows. The study revealed that near the wall, the high rate of change in pressure produces 
large dilatation fluctuations with opposing sign. This dilatation leads to a substantial wall
normal dilatational velocity that opposes sweeps and ejections. This opposition weakens 
streamwise vortices, which in turn reduces the energy transfer from the streamwise veloc
ity component to the other two velocity components. This weakening causes a reduction in 
the wall-normal turbulent stress as Mach number increases. Since wall-normal motions are 
critical in transporting momentum across the mean shear, the reduction in wall-normal tur
bulent stress also reduces the turbulent shear stress. The modeling of this effect is topic of 
Sect. 8.5.

8.4 Modeling variable-property effects

Now that we have distinguished between heat transfer and intrinsic compressibility ef
fects, we can focus on modeling heat transfer-related effects. The key ingredient here is to 
properly account for mean variations in thermophysical properties. As we will outline in the 
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next section, this involves more than simply expressing density, viscosity, and other proper
ties as functions of temperature and pressure in the governing equations.

Perhaps the most effective approach to sensitize turbulence models for mean property 
variations is to ensure that they are consistent with the semi-local scaling framework. Be
fore we begin, we will introduce the definitions of both conventional and semi-local friction 
velocity and viscous length scales.

8.4.1 Definitions of viscous velocity and length scales
8.4.1.1 Conventional wall-based scaling

Wall scaling for constant-property flows utilizes reference values at the wall (subscript w) 
to dfine the friction velocity

uτ =
√︄

τ̄w

ρw

, (8.56)

with τ̄w the averaged wall shear stress. The viscous length scale is dfined as

δv = μw

ρwuτ

. (8.57)

The corresponding friction Reynolds number and dimensionless wall coordinate are then

Reτ = L 
δv

= ρwuτL

μw

, (8.58)

and

y+ = y

δv

=
(︂ y

L

)︂
Reτ , (8.59)

where L is a reference length scale (channel half-height h or boundary-layer thickness δ). 
Additionally, the non-dimensional velocity is commonly dfined as

u+ = ū

uτ

. (8.60)

The mean velocity ū+ for incompressible turbulent wall-bounded flows collapses as a func
tion of the wall-normal distance y+, independent of the Reynolds number. This is known as 
the law of the wall, which is one of the cornerstones of fluid dynamics (Bradshaw and Huang, 
1995).

8.4.1.2 Semi-local scaling
For wall-bounded flows with changes in properties due to heat transfer, the friction ve

locity and length scales can be dfined with locally averaged values of density and viscosity 
along the wall-normal direction (see Fig. 8.2), while the value of the shear stress is still taken 
at the wall. Hence, these scales are called ``semi-local'' scales and are dfined as

u⋆
τ =

√︄
τ̄w

ρ̄
, (8.61)
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and

δ⋆
v = μ̄

ρ̄u⋆
τ

, (8.62)

respectively. The corresponding semi-local friction Reynolds number can be related to the 
conventional friction Reynolds number as

Re⋆
τ = L 

δ⋆
v

= ρ̄u⋆
τL

μ̄
=

√
ρ̄/ρ̄w

μ̄/μ̄w

Reτ . (8.63)

Note that the density and viscosity at the wall are also averaged since they may fluctuate if 
they depend on pressure or if the wall is non-isothermal. The dimensionless wall coordinate 
is then obtained as

y⋆ = y

δ⋆
v

=
(︂ y

L

)︂
Re⋆

τ . (8.64)

The concept of semi-local scaling dates back to Van Driest (1951) and Morkovin (1962), who 
proposed to scale the mean shear and the turbulent stresses by a velocity scale based on mean 
density, i.e., u⋆

τ (Hasan et al., 2025a). Later, Huang et al. (1995); Coleman et al. (1995) extended 
this local scaling approach to the viscous length scale. They showed that a good collapse of 
turbulent stresses at different Mach numbers is obtained when plotted as a function of wall 
distance scaled by the semi-local viscous length scale δ⋆

v.
The scaling for the mean velocity is more intricate and there is not equivalent to Eq. (8.60). 

In other words, directly scaling the velocity of compressible wall-bounded flows by u⋆
τ and 

plotting it against the semi-local wall distance y⋆ fails to collapse compressible velocity pro
files with the universal law of the wall of incompressible, constant-property flows. A more 
suitable velocity scaling methodology can be obtained by not only accounting for changes 
in the friction velocity scale, but also in changes of the viscous length scale. This will be dis
cussed in more detail in the next section, as it is intimately linked to turbulence modeling.

8.4.2 Variable-property turbulent channel flows

The most effective approach to study variable-property effects is to consider DNS with the 
low Mach-number approximation of the Navier–Stokes equations. This method facilitates the 
distinction between variable-property effects and intrinsic compressibility effects. Similarly, 
Lele (1994) states ``One way to identify the variable inertia effects imbedded in compressible boundary 
layers is to contrast the high Mach number boundary layers with strongly heated, low-speed boundary 
layers''.

A valuable contribution by Patel et al. (2015) was to build on this idea to perform tai
lored simulations to study the effect of variable-properties on turbulence in channel flows at 
the zero Mach-number limit. They conducted DNS of turbulent channel flows with uniform 
volumetric heating, while maintaining a constant temperature at both channel walls such 
that temperature increases towards the channel center. By applying various temperature
dependent laws for density and viscosity, they explored a broad range of cases in which 
density, viscosity, or both, are varied, allowing them to isolate the individual effects of these 
variable properties on turbulence.
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FIGURE 8.3 Contour plots of instantaneous density ρ (top half) and dynamic viscosity μ (lower half) for cases 
CRe⋆

τ (a), GL (b), and LL (c). The case GL exhibits a density change similar to an ideal gas flow at Mach 4 in a channel 
with isothermal walls. The values at the color scales indicate the maximum and minimum normalized values for 
density and viscosity. Adapted with permission from JFM, Pecnik and Patel (2017).

Fig. 8.3 displays some of the cases considered in their study. They employed various con
stitutive relations for density and viscosity as functions of temperature to mimic the thermo
dynamic behavior of air, water, and a fluid that is heated at supercritical pressure, particularly 
across the pseudo-boiling point where both density and dynamic viscosity rapidly decrease. 
The case of the supercritical fluid inspired them to find a fluid where both density and viscos
ity decrease. More specifically, a fluid for which the viscosity is proportional to the square root 
of density, such that the semi-local Reynolds number (Eq. (8.63)) remains constant through
out the channel. This case allows for a one-to-one comparison with a constant-property flow 
at the same semi-local friction Reynolds number.

They considered six cases that are organized into pairs of two, with each pair exhibiting 
a similar distribution of semi-local Reynolds numbers. These cases are shown in Fig. 8.4(a). 
The first two cases (indicated with black color) have a constant semi-local Reynolds number, 
with the first case having constant properties (case CP, with Reτ = 395, same as Moser et al. 
(1999)), while the second case has density and viscosity variations related by 

√
ρ̄/ρ̄w = μ̄/μ̄w

(case CRe⋆
τ ). The second pair (indicated in red) consists of a case that resembles a liquid-like 

behavior (LL), and a case that shares a similar semi-local Reynolds-number distribution to 
case LL (named SRe⋆

τLL), albeit with different density and viscosity distributions. Similarly, 
the third pair (indicated in blue) consists of a case that resembles a gas-like behavior (GL), 
and a case with similar Re⋆

τ distribution to case GL, named SRe⋆
τGL. The given cases provide 

an optimal framework to study turbulence modfication due to variable properties, without 
any effects caused by high Mach numbers. 

Fig. 8.4(b) shows the Van Driest (1951) velocity prfiles as a function of y+. The Van Dri
est velocity transformation was proposed to account for mean density variations to collapse 
adiabatic high-speed boundary layer velocity prfiles with the law of the wall of an incom
pressible, constant-property flow. This transformation is given as

ūvD =
∫︂ ū/uτ

0

√︄
ρ̄

ρ̄w

d

(︃
ū

uτ

)︃
, (8.65)
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FIGURE 8.4 (a) Semi-local Reynolds number Re⋆
τ , (b) van Driest velocity uvD, (c) normalized viscous shear 

stress, and (d) semi-local velocity transformation ū⋆ for six cases that all have different mean densities and viscosity 
distributions. These cases are organized into three pairs, with each pair sharing similar semi-local Reynolds-number 
distributions.

or defining it in differential form as

dūvD ≡
√︄

ρ̄

ρ̄w

d

(︃
ū

uτ

)︃
= 1 

u⋆
τ

dū. (8.66)

In other words, the Van Driest velocity transformation accounts for variations in the friction 
velocity scale.

One important observation is that the ūvD prfiles are essentially the same for cases with 
similar Re⋆

τ distributions, or similar distributions of semi-local viscous length scale, since 
δ⋆
v = L/Re⋆

τ . In cases where density and viscosity vary such that δ⋆
v remains constant, the 

velocity prfile essentially collapses with the incompressible law of the wall. This behavior 
is consistent with high-speed adiabatic boundary layers, for which δ⋆

v in the near-wall region 
remains nearly constant as well. However, in flows with gradients in δ⋆

v�-such as in heated, 
or cooled high-speed boundary layers or high-speed channel flows with isothermal walls�-
the ūvD prfiles do not collapse with the incompressible law of the wall. Although these 
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observations are based on simulations at the zero Mach-number limit, the same conclusions 
have been drawn from numerous DNS of supersonic channel, such as Coleman et al. (1995); 
Lechner et al. (2001); Foysi et al. (2004); Morinishi et al. (2004) and boundary-layer flows with 
heat transfer, such as Duan et al. (2010); Lagha et al. (2011); Shadloo et al. (2015); Modesti and 
Pirozzoli (2016).

The next observation is shown in Fig. 8.4(c). As seen, the viscous stresses, non-dimen- 
sionalized by the averaged wall shear stress τ̄w,

μ̄

τ̄w

dū

dy 
(8.67)

nearly collapse for all cases in the inner layer when plotted as a function of y⋆. This observa
tion is fundamental since it forms the basis for developing scaling laws for variable-property 
flows and, ultimately, turbulence models.

8.4.2.1 Equivalence of mean shear in the inner layer

Focusing on the viscous stress, its non-dimensional form can also be written using the 
definitions of the friction velocity and viscous length scale. For a constant-property flow, 
using τw = ρwu2

τ and μw = ρwuτ δv , the viscous stress is then

μw

τw

dū

dy 
= ρwuτ δv

ρwu2
τ

dū

dy 
= δv

uτ

dū

dy 
= du+

dy+ . (8.68)

Analogously, for a variable-property flow, using the definitions dfined in section 8.4.1.2, we 
can write the viscous stress as

μ̄

τw

dū

dy 
= ρ̄u⋆

τ δ
⋆
v

ρ̄u⋆
τ

2

dū

dy 
= δ⋆

v

u⋆
τ

dū

dy 
= dū⋆

dy⋆
. (8.69)

The most important observation here is that the mean shear dū/dy is non-dimensionalized 
by the semi-local friction velocity and the semi-local viscous length scale. The last term in 
Eq. (8.69) is written as a direct analogy to dū+/dy+. Since the viscous stresses for the variable
property collapse well in Fig. 8.4(c), this presentation of viscous stress makes the one-to-one 
correspondence between the constant- and variable-property formulations clear, which can 
be stated as follows:

du+

dy+ = δv

uτ

dū

dy ⏞ ⏟⏟ ⏞
constant-property

≈ δ⋆
v

u⋆
τ

dū

dy 
= dū⋆

dy⋆⏞ ⏟⏟ ⏞
variable-property

. (8.70)

This is an important conclusion for two reasons. First, it shows that the shear dū/dy, when 
scaled by the proper friction velocity and viscous length scale, is equivalent for constant- and 
variable-property flows. Secondly, it implies that the non-dimensional shear dū⋆/dy⋆ can be 
used to derive the semi-locally scaled velocity transformation for variable-property flows.
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Since the viscous stresses for all cases collapse well when they are plotted as a function of 
y⋆ (see Fig. 8.4(c)), we use the last two terms of Eq. (8.70) to form the basis for the velocity 
transformation, namely,

ū⋆ =
∫︂ (︃

δ⋆
v

u⋆
τ

dū

dy 

)︃
dy⋆. (8.71)

With the definition of y⋆ = y/δ⋆
v , see Eq. (8.64), we can further write

ū⋆ =
∫︂ ū

0

(︃
1 − y

δ⋆
v

dδ⋆
v

dy 

)︃
1 
u⋆

τ

dū⏞ ⏟⏟ ⏞
dūvD

, (8.72)

as written in Hasan et al. (2024). With the definition of the semi-local Reynolds number, it can 
also be written in the form as it was derived by Patel et al. (2016b) as

ū⋆ =
∫︂ ū+

0

(︃
1 + y

Re⋆
τ

dRe⋆
τ

dy 

)︃
dūvD. (8.73)

The prfiles for ū⋆ are shown in Fig. 8.4(d). As expected, the transformed velocity prfiles for 
the variable-property cases collapse onto the incompressible, constant-property law of the 
wall, similar to the collapse observed for the viscous stresses in Fig. 8.4(c). Note that, when 
using the definition of Re⋆

τ , it can be shown that this velocity transformation is mathematically 
equivalent to the transformation proposed by Trettel and Larsson (2016), who derived it on 
the basis of compressible, high Mach-number channel flows.

In the form just given, it is possible to recognize that, for small gradients of the semi-local 
viscous length scales, the transformation reduces to the van Driest velocity transformation. 
This is the reason why the van Driest velocity transformation works well for adiabatic high
speed flows where the near-wall viscous length scale, or semi-local Reynolds number, is 
almost constant. However, for flows with strong heat transfer, the van Driest velocity transfor
mation fails to collapse the velocity prfiles with the incompressible, constant-property law of 
the wall, while Eq. (8.72) accounts for changes in the viscous length scale for such flows. It is 
important to note that this transformation is expected to work well for flows where the stress 
balance holds—on which it is based—and when intrinsic compressibility effects are small, 
i.e., in flows at low Mach number. This transformation, especially the semi-locally scaled 
form of the shear, forms the basis for developing eddy viscosity models for wall-bounded 
variable-property flows, discussed next.

8.4.2.2 Equivalence of total stress in the inner layer

The total stress-balance relationship for the turbulent and viscous stresses can be obtained 
by integrating the mean streamwise momentum equation. The stress balance for quasi
parallel wall shear flows, non-dimensionalized by the wall shear stress τw, is given by

μ̄

τ̄w

dū

dy 
− ρ̄˜︁u′′v′′

τ̄w

≈ τ̄t

τ̄w

, (8.74)
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where τ̄t and τ̄w are the total and wall shear stress, respectively. The approximate sign indi
cates that correlations with viscosity fluctuations have been neglected, namely, μ′S′

ij ≈ 0. For 
boundary layer flows, τ̄t is approximately constant in the inner layer, while it varies linearly 
for channel flows as τ̄t /τ̄w = 1 − y/H .

Using the Boussinesq approximation (Eq. (8.31)), the Reynolds shear stress can be written 
as

−ρ̄˜︁u′′v′′ = μt

d˜︁u
dy 

≈ μt

dū

dy 
. (8.75)

Using the definitions of u⋆
τ and δ⋆

v and assuming the total shear stress to be universal, we can 
show the equivalence of the total stresses for constant- and variable-property flows, as(︃

1 + μt

μw

)︃
dū+

dy+⏞ ⏟⏟ ⏞
constant-propery 

≈
(︃

1 + μt

μ̄

)︃
dū⋆

dy⋆⏞ ⏟⏟ ⏞
variable-property 

. (8.76)

Given the collapse of the non-dimensional shear discussed before, it follows that

μt

μw

= μt

ρwuτ δv

= μ+
t⏞ ⏟⏟ ⏞

constant-property 

≈ μ⋆
t = μt

ρ̄u⋆
τ δ

⋆
v

= μt

μ̄⏞ ⏟⏟ ⏞
variable-property 

. (8.77)

This relation is yet another instance that highlights the importance of u⋆
τ and δ⋆

v as the charac
teristic velocity and length scales in the inner layer for variable-property flows, analogous to 
uτ and δv in constant-property flows. In the following, this equivalence is used to introduce a 
recipe for developing turbulence model corrections for variable-property flows.

8.4.3 Semi-local scaling framework for turbulence models

In the preceding discussion, we observed that the mean shear and eddy viscosity, when 
scaled using u⋆

τ and δ⋆
v collapses on to their incompressible counterparts as a function of y⋆ =

y/δ⋆
v . Similarly, various other quantities that are relevant for turbulence modeling, like the 

turbulent kinetic energy and its dissipation rate, also collapse well when semi-locally scaled 
(Patel et al., 2016b; Pecnik and Patel, 2017; Zhang et al., 2018). This suggests that u⋆

τ and δ⋆
v are 

the correct characteristic scales in the inner layer of variable-property flows, analogous to uτ

and δv in incompressible flows.
On the other hand, in the outer layer of variable-property flows, the inertial effects domi

nate over the viscous effects, making a viscosity-based length scale δ⋆
v less relevant. Instead, 

a characteristic length scale specific to the flow is required, such as δ for a boundary layer or 
H (half-height) for a channel. Moreover, the outer layer shares the inner-layer velocity scale, 
u⋆

τ , which is essential to observe a logarithmic velocity prfile in the overlap region. In other 
words, u⋆

τ and δ are the right characteristic scales in the outer layer of variable-property flows, 
analogous to uτ and δ in incompressible flows (Smits and Dussauge, 2006; Hasan et al., 2024). 
These different scaling approaches are summarized in Table 8.1.
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TABLE 8.1 The table presents conventional scaling for constant-property flows alongside semi-local scaling 
for variable-property flows. In both cases, a distinction is made between inner- and outer-layer scaling. Inner-layer 
scaling is based on the viscous length scale, denoted as δv for constant-property flows and δ⋆

v for variable-property 
flows. Outer-layer scaling, on the other hand, is based on a length scale L which corresponds to δ for boundary 
layers or H (half-height) for channels. Note that the friction velocity scale is shared between the inner- and outer
layer scalings. For constant-property flows, it is represented by uτ , while for variable-property flows, it becomes 
u⋆
τ . In the lower rows, several key quantities are provided to highlight their individual scalings.

Constant properties Variable properties 

inner-layer (·)+ outer-layer (·)⊕ inner-layer (·)★ outer-layer (·)⃝★
Vel. scale uτ = √

τ̄w/ρw u⋆
τ = √

τ̄w/ρ̄

Len. scale δv = μw
ρwuτ

L δ⋆
v = μ̄

ρ̄u⋆
τ

L

Wall distance y+ = y

δv
y⊕ = y

L
y⋆ = y

δ⋆
v

y
⃝★ = y

L

Mean shear dū+
dy+ = δv

uτ

dū

dy 
dū⊕
dy⊕ = L 

uτ

dū

dy 
dū⋆

dy⋆
= δ⋆

v

u⋆
τ

dū

dy 
dū

⃝★

dy⃝★ = L 
u⋆
τ

dū

dy 
TKE k+ = k⊕ = k

u2
τ

k⋆ = k
⃝★ = k

u⋆
τ

2

Turb. diss. ε+
V

= εV

ρwu3
τ /δv

ε⊕
V

= εV

ρwu3
τ /L

ε⋆
V

= εV

ρ̄u⋆
τ

3/δ⋆
v

ε
⃝★
V

= εV

ρ̄u⋆
τ

3/L

Spec. turb. d. ω+ = ω

uτ /δv
ω⊕ = ω

uτ /L
ω⋆ = ω

u⋆
τ /δ⋆

v

ω
⃝★ = ω

u⋆
τ /L

Eddy visc. μ+
t = μt

ρwuτ δv
μ⊕

t = μt

ρwuτ L
μ⋆

t = μt

ρ̄u⋆
τ δ⋆

v

μ
⃝★
t = μt

ρ̄u⋆
τ L

Dyn. visc. μ+ = μw

ρwuτ δv
μ⊕ = μw

ρwuτ L
μ⋆ = μ̄

ρ̄u⋆
τ δ⋆

v

μ
⃝★ = μ̄

ρ̄u⋆
τ L

At this point we can state the following: If the individual quantities in a variable-property 
flow, such as μt , k or ε, can be scaled by u⋆

τ and δ⋆
v (or u⋆

τ and δ in outer-layer scaling) to 
collapse their prfiles with their constant-property counterparts, then their model equations 
expressed in the semi-locally scaled form should be analogous to those written in the classi
cally scaled form for a constant-property flow. This idea was proposed by Hasan et al. (2025b), 
building on the earlier work of Pecnik and Patel (2017) and Otero R. et al. (2018). They then 
applied this idea to develop a generalized method for deriving variable-property corrections 
for turbulence models as follows:

1. Write a constant-property turbulence model equation in dimensional form.
2. Scale it using an inner- or outer-scaling framework using the second or the third column 

in Table 8.1.
3. Replace all the inner (·)+- or outer (·)⊕-scaled variables in that model equation with the 

corresponding semi-locally inner (·)⋆- or outer (·)⃝★ -scaled variables for variable-property 
flows.

4. Rewrite them in dimensional form using the definitions of the scaled variables in the fourth 
or the fifth column in Table 8.1.

This implies that a standard off-the-shelf model developed for incompressible, constant
property flows can be applied by substituting its variables with their semi-locally scaled 
equivalents. The solution of this model will account for mean property variations but will 
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neglect any correlations with property fluctuations. It is important to note that such a model 
does not distinguish between a Favre or Reynolds average.

Depending on the scaling framework—inner or outer—different corrections are obtained, 
resulting in two sets of corrections that may need ‘blending’ in the overlap region of a 
boundary layer. The concept of separate scaling laws for the inner and outer layers was first 
proposed by Hasan et al. (2024) for mixing-length models. Next, this four-step approach just 
presented is applied to derive variable-property corrections for turbulence models, in par
ticular, for algebraic eddy viscosity expressions in the following section, and for turbulence 
models based on transport equations in Sect. 8.4.5.

8.4.4 Algebraic eddy-viscosity models

In turbulence modeling, the eddy viscosity is typically determined using dimensional 
analysis (Pope, 2000), which involves expressing it as the product of a turbulent length and 
velocity scale, given by

μt

ρ
∝ 𝒰ℒ. (8.78)

The length scale, ℒ, represents the size of the turbulent eddies, while the velocity scale, 𝒰 , 
characterizes the velocity of turbulent fluctuations. Both are determined based on local flow 
variables. The way these scales are determined commonly classfies the turbulence models 
into zero (also called algebraic), one, or two equation models.

While algebraic models are not commonly used anymore in RANS modeling, they still 
hold relevance in wall-modeled large-eddy simulations (Piomelli and Balaras, 2002; Larsson 
et al., 2016; Bose and Park, 2018; Yang and Lv, 2018; Iyer and Malik, 2019). Considering this, 
we will mainly discuss the inner-layer algebraic eddy viscosity models that are commonly 
used in wall-modeling for large-eddy simulations.

Algebraic models are the simplest type of turbulence models since they do not require 
solving any conservation equations to determine μt . Instead, the eddy viscosity is computed 
in terms of mixing length, analogous to the mean free path in gases. These models are by 
definition incomplete (Wilcox, 2006) because the mixing length is flow dependent and needs 
to be specfied beforehand using length scales of the mean flow.

8.4.4.1 Prandtl’s mixing-length model
Pioneering work in the development of algebraic models was done by Prandtl, who put 

forth his visualization of turbulent motions in the form of fluid parcels that move in the wall
normal direction and retain their momentum until a distance ℒ, which was termed as the 
mixing length lm. Prandtl then reasoned that the velocity scale 𝒰 for these parcels can be 
written, consistent on dimensional grounds, as lm|dū/dy|. With these arguments, the eddy 
viscosity is approximated for constant-property flows as

μt = ρw lm lm

⃓⃓⃓⃓
dū

dy 

⃓⃓⃓⃓
= ρwl2

m

⃓⃓⃓⃓
dū

dy 

⃓⃓⃓⃓
. (8.79)

Prandtl hypothesized that, for wall-bounded flows, the mixing length is proportional to 
the distance away from the wall, namely, lm = constant · y, where the constant is equal to the 
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von Kármán constant κ . However, close to the wall, the eddy viscosity reduces at a faster rate 
than κy, attributed to the viscous and inviscid (wall-blocking) damping of turbulent motions 
close to the wall. To account for this, Van Driest (1956) proposed a damping function such 
that

lm = κyD(y+), (8.80)

with the damping being a function of wall distance

D(y+) = 1 − exp

(︃−y+

A+

)︃
, (8.81)

where A+ = 26 was chosen.
With the Van-Driest damping function, the model equation for μt is written as

μt = ρw(κyD(y+))2
⃓⃓⃓⃓
dū

dy 

⃓⃓⃓⃓
. (8.82)

We can now apply the four-step approach just described to derive corrections as per the outer-
and inner-scaling frameworks.

Outer-layer scaling�-Substituting the dimensional quantities in Eq. (8.82) with the outer
scaled ones from Table 8.1, we get

ρwuτL μ⊕
t = ρw(κLy⊕ D(y+))2 uτ

L 

⃓⃓⃓⃓
dū⊕

dy⊕

⃓⃓⃓⃓
, (8.83)

which after simplfication gives

μ⊕
t = (κy⊕ D(y+))2

⃓⃓⃓⃓
dū⊕

dy⊕

⃓⃓⃓⃓
. (8.84)

Now, using step 3 from this approach, we replace all the (·)⊕ variables with their variable
property counterparts as

μ
⃝★
t = (κy

⃝★
D(y+))2

⃓⃓⃓⃓
⃓dū

⃝★

dy⃝★

⃓⃓⃓⃓
⃓ , (8.85)

where the damping function remains unmodfied in the outer-layer scaling framework. As 
per step 4, we now rewrite the scaled variables in their dimensional form as

μt

ρ̄u⋆
τL

= (κy/L D(y+))2 L 
u⋆

τ

⃓⃓⃓⃓
dū

dy 

⃓⃓⃓⃓
. (8.86)

After simplfication, the final form of the eddy viscosity is obtained that is consistent with the 
outer-layer scaling framework as

μt = ρ̄(κyD(y+))2
⃓⃓⃓⃓
dū

dy 

⃓⃓⃓⃓
. (8.87)
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This formulation is the same as the one for constant-property flows, except that the density 
at the wall is replaced with the local density.

This correction has in fact been proposed by Van Driest, who replaced ρw by ρ̄ in Eq. (8.80), 
while maintaining y+ in the damping function.

Inner-layer scaling�-Eq. (8.82) in the inner-scaled form can be written as

μ+
t = (κy+D(y+))2

⃓⃓⃓⃓
dū+

dy+

⃓⃓⃓⃓
. (8.88)

Using step 3, we replace all the (·)+ variables with their (·)∗ counterparts to get

μ⋆
t = (κy⋆D(y⋆))2

⃓⃓⃓⃓
dū⋆

dy⋆

⃓⃓⃓⃓
, (8.89)

where, consistent with the inner-layer scaling, we have replaced y+ with y⋆ in the damping 
function. Rewriting this equation using the dimensional form of the variables, we get, upon 
simplfication,

μt = ρ̄(κyD(y⋆))2
⃓⃓⃓⃓
dū

dy 

⃓⃓⃓⃓
. (8.90)

A comparison of Eqs. (8.87) and (8.90) reveals that the difference between the eddy viscos
ity derived from the outer- and inner-layer scaling lies solely in the argument of damping 
function, either y+ or y⋆. The idea of replacing y+ by y⋆ in the damping functions was first 
proposed by Viala and Aupoix (1995); Catris and Aupoix (2000) for two-equation turbulence 
models, and more recently by Patel et al. (2016a,b); Yang and Lv (2018); Iyer and Malik (2019) 
for mixing-length models.

Model results�-Throughout this chapter, the focus is on fully developed channel flows 
that can be modeled as one-dimensional problems. Let us rewrite the stress balance equation 
in the inner layer of channel flows as

dū⋆

dy⋆
− ρ̄˜︁u′′v′′

τ̄w

≈ τ̄t

τ̄w

, (8.91)

where τ̄t /τ̄w ≈ 1 − y/H . As shown in Bradshaw and Huang (1995), the non-universality in 
the total shear stress introduced by pressure-gradients in channel flows is balanced by the 
non-universality in the Reynolds shear stress such that the quantity −ρ̄˜︁u′′v′′/τ̄w + y/H is uni
versal, rather than −ρ̄˜︁u′′v′′/τ̄w. Thus, the eddy-viscosity mixing-length models (that are only 
a function of y+ or y⋆) approximate the quantity −ρ̄˜︁u′′v′′/τ̄w + y/H as μ⋆

t (dū⋆/dy⋆), instead 
of the Reynolds shear stress alone. This means that, for channel flows, we can write the stress 
balance equation alternatively as

dū⋆

dy⋆
+

(︄
− ρ̄˜︁u′′v′′

τ̄w

+ y

H

)︄
⏞ ⏟⏟ ⏞

μ⋆
t (dū⋆/dy⋆) 

≈ 1. (8.92)
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Rewriting this equation in dimensional form, we get

μ̄
dū

dy 
+ μt

dū

dy 
≈ τ̄w, (8.93)

which is the same as the stress-balance equation for equilibrium boundary layers.
Now, introducing the eddy viscosity from Prandtl’s mixing-length model, we get

μ̄
dū

dy 
+ ρ̄l2

m

⃓⃓⃓⃓
dū

dy 

⃓⃓⃓⃓
dū

dy 
≈ 1, (8.94)

where lm = κyD(y+) as per outer-scaling and lm = κyD(y⋆) as per inner-scaling. Upon sim
plfication, we get a quadratic equation as

ρ̄l2
m

(︃
dū

dy 

)︃2

+ μ̄
dū

dy 
− τ̄w = 0, (8.95)

which leads to the solution
dū

dy 
= 2τw

μ̄ + √︁
μ̄2 + 4τ̄wρ̄l2

m

. (8.96)

Integrating Eq. (8.96) gives the desired velocity prfile.
Fig. 8.5 shows results for the ratio of μt/μ (top row) and the semi-locally scaled-velocity 

prfiles ū⋆ (bottom row) using different eddy-viscosity formulations. These individual pro
files are computed for three cases and compared to the DNS introduced in Figs. 8.3(a) and 
(b) (Pecnik and Patel, 2017) and a supersonic channel flow at Mb = 3 (Trettel and Larsson, 
2016). The results are based on three implementations of eddy viscosity μt , namely, for con
stant properties (Eq. (8.82)), for variable-property with μt in its outer-layer- (Eq. (8.87)) and its 
inner-layer-scaled form (Eq. (8.90)). To solely focus on the results for the momentum equation, 
the density and viscosity distributions are taken directly from the DNS results. As expected, 
the constant-property eddy-viscosity formulation performs poorly. The outer-layer-scaled 
formulation shows some improvement, particularly in capturing the slope of the velocity 
prfile in the logarithmic layer. However, the log-law intercept is too low. The inner-layer
scaled version provides the closest match to the DNS.

8.4.4.2 Johnson–King model
Another common eddy-viscosity model for the inner layer is the one proposed by Johnson 

and King (1985) and Cabot (1995). It is given as

μt = ρwuτ κyD2(y+), (8.97)

where the damping function is similar to that proposed by Van Driest for Prandtl’s mixing
length model (8.81), except that the constant A+ is modfied to 17.

Following the same approach as that presented for the Prandtl’s mixing-length model, we 
can derive the Johnson–King eddy viscosity as per the outer- and inner-scaling approaches 
as
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FIGURE 8.5 Eddy viscosity and velocity prfiles obtained with three different implementations of the Prandtl 
mixing-length model. Top row, μt/μ̄, bottom row, ū⋆ as a function of y⋆, where u⋆ is computed using Eq. (8.72). 
Columns are: constant semi-local Reynolds number CRe⋆

τ and gas-like (GL) cases by Pecnik and Patel (2017), and 
the supersonic channel flow at bulk Mach number of Mb = 3 (where Mb = ub/aw , with aw being the sound speed 
at the wall) by Trettel and Larsson (2016). The dash dotted lines indicate the log-law prfile, while the filled gray 
square indicates the log-law intercept.

Outer-layer scaling�-

μt = ρ̄u∗
τ κyD2(y+) (8.98)

Inner-layer scaling�-

μt = ρ̄u∗
τ κyD2(y∗). (8.99)

Like the Prandtl mixing-length model, the difference between the two forms lies only in 
the damping function. The JK model with the outer-scaled form has been popularly used as 
an equilibrium wall-model. However, recently, the inner-scaled form of the JK mixing-length 
model has been shown to improve the results substantially as compared to the outer-layer 
form (Patel et al., 2016a; Yang and Lv, 2018; Hasan et al., 2024).

8.4.5 Turbulence models based on transport equations

When transport models are used to model the eddy viscosity, the velocity scale in Eq. (8.78)
is usually based on the square-root of the turbulent kinetic energy k, and the turbulent length 
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scale can be estimated using k and the turbulent dissipation rate ε or the specific turbulent 
dissipation rate ω ∝ ε/k, among others. For example,

μt

ρ
∝ √

klt ∝ k2

εM

∝ k

ω
, (8.100)

where lt is a turbulent length scale, εM is the turbulent dissipation rate per unit mass, and 
ω the specific turbulent dissipation rate. Many more possible relations for the eddy viscosity 
can be found in the literature. The reader is referred to Pope (2000).

The turbulence models that provide these scales (such as k − ε and k − ω) were origi
nally developed and calibrated for incompressible flows. The model constants were tuned 
for canonical cases, where the transport equations can be simplfied, allowing individual con
stants to be determined for those specific cases.

However, the challenge arises when adapting these models for compressible flows, specif
ically for effects related to heat transfer (variable mean properties) and intrinsic compress
ibility at high Mach numbers. Early attempts at introducing compressibility corrections for 
boundary layers were inspired by turbulence modeling of free shear layers. These correc
tions primarily focused on adapting the models for intrinsic compressibility effects, such as 
pressure dilatation and dilatational dissipation, to the turbulent kinetic energy equation. For 
example, Zeman (1990) proposed a dilatational dissipation model for high-speed free-shear 
flows, which was later extended to wall-bounded flows by Zeman (1993).

Although these models were applied to wall-bounded flows with some success, improve
ments were often for reasons unrelated to intrinsic compressibility effects (Rumsey, 2010). 
In fact, as shown by Huang et al. (1995), these compressibility effects are negligible in wall
bounded flows for bulk Mach numbers up to 3.

Another approach in sensitizing turbulence models for compressibility effects dates back 
to Huang et al. (1994). For instance, Huang et al. (1994) analytically showed that the turbu
lence model constants must be functions of the mean density gradient in order to achieve 
the correct log-layer slope of the Van Driest transformed velocity prfile of a modeled high
speed boundary layer. Although insightful, this approach appeared impractical as it requires 
modfications of the standard-model constants.

8.4.5.1 Compressibility correction by Catris and Aupoix

Later, Catris and Aupoix (2000) argued that the density dependence from the model con
stants can be eliminated by modifying the model for the turbulent diffusion in the turbulence 
model equations. The turbulent diffusion is commonly modeled with the gradient diffusion 
hypothesis, see Eq. (8.39). With it, the TKE equation (8.51) can be written for the log-layer 
region, where advection, viscous diffusion, and compressibility effects are small, as

P − ρ̄εM + d

dy

(︃
μt

σk

dk 
dy

)︃
≈ 0. (8.101)

Since in the log-layer, production and dissipation must be balanced (Smits and Dussauge, 
2006), the turbulent diffusion must be zero. However, in a boundary layer where density 
is varying, the turbulent diffusion as given here will not vanish. The reason is as follows. 
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In an equilibrium constant stress zone, the turbulent shear stress is −ρ̄˜︁u′′v′′ ≈ ρwu2
τ . Since 

k ∝ ˜︁u′′v′′, also ρ̄k must be constant. However, a variation in ρ̄ in the log-layer of a compressible 
boundary layer will necessarily result in a corresponding variation of k. As such, the model 
for the turbulent diffusion is non-zero and the balance between production and dissipation 
in the log-law region is altered. This modeling issue has, in fact, been known since Shih et al. 
(1987).

Catris and Aupoix (2000) proposed a remedy to this. They argued that the turbulent dif
fusion of TKE acts upon the energy per unit volume (Joule/m3) of turbulent fluctuations, 
which is ρk. Therefore, the turbulent diffusion of TKE is based on ρ̄k, while the diffusion co
efficient is divided by the density based on dimensional consistency. Their formulation of the 
turbulent diffusion term of TKE is then

P − ρ̄εM + d

dy

[︃
1 
ρ̄

μt

σk

d (ρ̄k)

dy 

]︃
≈ 0. (8.102)

This model for the turbulent diffusion vanishes in the log-layer, and the balance between 
production and dissipation is respected. They also formulated corresponding diffusion-term 
modfications for the transport equations of the turbulent length scale and the (specific) tur
bulent dissipation rate.

This approach, by design, only accounts for variable density in the log-layer to recover 
the correct slope of the Van Driest scaled-velocity prfile. In other words, it only accounts 
for changes in friction velocity scale (see also Eq. (8.66)). However, we know that, in the inner 
layer, changes in viscous length scales must be accounted for, as also evident from the velocity 
transformation (see Eq. (8.72)).

In the following, we will first outline how an analogous correction to Catris and Aupoix 
(2000) can be derived using the semi-local scaling framework described in Sect. 8.4.3. Follow
ing this, a discussion is given on how the semi-local scaling framework can also be used to 
derive turbulence-model corrections that are consistent with inner-layer scaling, accounting 
for variations in both the viscous length and friction velocity scales.

8.4.5.2 Application of the semi-local scaling framework

The approach outlined in Sect. 8.4.3 will now be applied to derive corrections for transport 
equations of turbulence models, ensuring consistency with the semi-local scaling framework 
(Hasan et al., 2025b), similar to the discussion of the algebraic turbulence model discussed in 
the previous section. These corrections can be derived in two ways: using either inner-layer 
or outer-layer scaling. By applying outer-layer scaling, the correction proposed by Pecnik and 
Patel (2017) and Otero R. et al. (2018), which is similar to the one introduced by Catris and 
Aupoix (2000), can be obtained. This will be discussed next.

Outer-layer scaling�-We begin by stating the dimensional form of the TKE equation for 
an incompressible, constant-property fully developed turbulent channel flow. In this case, 
the TKE equation (8.51) reduces to a balance equation between production, dissipation and 
diffusion of TKE as

μt

(︃
dū

dy 

)︃2

− εV + d

dy

[︃(︃
μw + μt

σk

)︃
dk 
dy

]︃
= 0. (8.103)
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Next, applying the constant-property, outer-layer scaling (see third column in Table 8.1) and 
then dividing the entire equation by ρwu3

τ /L, we obtain the non-dimensional form as

μ⊕
t

(︃
dū⊕

dy⊕

)︃2

− ε⊕
V + d

dy⊕

[︃(︃
μ⊕ + μ⊕

t

σk

)︃
dk⊕

dy⊕

]︃
= 0. (8.104)

We now enforce the strict analogy between constant- and variable-property flows by replac
ing the classically scaled variables by their semi-locally scaled equivalents (replacing ⊕ with 
⃝★ ; step 3 in Sect. 8.4.3). This gives

μ
⃝★
t

(︄
dū

⃝★

dy⃝★

)︄2

− ε
⃝★
V + d

dy⃝★

[︄(︄
μ

⃝★ + μ
⃝★
t

σk

)︄
dk

⃝★

dy⃝★

]︄
= 0. (8.105)

To return to the dimensional form, we substitute the expressions from the fifth column in 
Table 8.1, to get

μt

ρ̄u⋆
τL

(︃
L 
u⋆

τ

)︃2 (︃
dū

dy 

)︃2

− L 

ρ̄u⋆
τ

3
εV + d

d (y/L)

[︄
1 

ρ̄u⋆
τL

(︃
μ̄ + μt

σk

)︃
d(k/u⋆

τ
2)

d (y/L)

]︄
= 0. (8.106)

Simplifying this equation and using the definition of the semi-local friction velocity, u⋆
τ , we 

finally get

μt

(︃
dū

dy 

)︃2

− εV + 1 √
ρ̄

d

dy

[︃
1 √
ρ̄

(︃
μ̄ + μt

σk

)︃
d(ρ̄k)

dy 

]︃
= 0. (8.107)

This form is the same as that proposed in Otero R. et al. (2018).
Interestingly, this form is also very similar to the one proposed by Catris and Aupoix (2000) 

as the diffusion is also a function of ρ̄k. However, compared to the correction proposed by 
Catris and Aupoix (2000), two key differences can be seen. The first difference concerns the 
treatment of the viscous diffusion of the TKE. In Eq. (8.102), the viscous diffusion of TKE 
remains unchanged, which is consistent with the derivation presented earlier in Eq. (8.38). 
In contrast, the semi-local scaling approach modfies not only the turbulent but also viscous 
diffusion as a function of ρ̄k. This modfication arises from the assumption that the entire 
diffusion of TKE is taken as part of the turbulence model to which the semi-local scaling is 
applied. The second difference lies in the diffusion coefficient. Based on dimensional con
sistency, Catris and Aupoix (2000) proposed a coefficient of 1/ρ̄, while Otero R. et al. (2018) 
derived the diffusion coefficient and the factor of the whole diffusion term to be 1/

√
ρ̄.

Repeating the same steps for the dissipation rate equation, a generic version of a k − ε

turbulence model is

ρ̄
Dk

Dt 
= P − ρ̄εM + 1 √

ρ̄

∂

∂xi

[︃
1 √
ρ̄

(︃
μ̄ + μt

σk

)︃
∂ (ρ̄k)

∂xi

]︃
,

ρ̄
DεM

Dt 
= 1 

T
(Cε1P − Cε2ρ̄εM) + 1 

ρ̄

∂

∂xi

[︄
1 √
ρ̄

(︃
μ̄ + μt

σε

)︃
∂

(︁
ρ̄3/2εM

)︁
∂xi

]︄
, (8.108)
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where the diffusion-term corrections for the εM equation are the same as those proposed in 
Otero R. et al. (2018) and Catris and Aupoix (2000). The turbulence production P is mod
eled as given in Eq. (8.52), and the turbulence time scale is dfined as T = k/εM . The model 
parameters, as well as any near-wall damping functions, for a specific version of the k − ε

turbulence model remain unaltered, except that y+ in these damping functions is replaced by 
y⋆ as proposed by Viala and Aupoix (1995); Catris and Aupoix (2000); Otero R. et al. (2018) 
to account for changes in viscous length scales. This modfication of the wall-normal coordi
nate in the damping function is consistent with the inner-layer-scaling framework, which as 
discussed later, plays an important role in improving the accuracy of the results.

Model results, outer-layer scaling�-To demonstrate how well these variable-property cor
rections work for both low Mach number and high Mach-number channel flows, we will 
apply the k − ε − v′ 2 − f (V2F) turbulence model (Durbin, 1995) for the same cases as shown 
in Fig. 8.5. The V2F model is chosen because it provides accurate solutions of turbulence ki
netic energy k and dissipation rate ε, unlike conventional k − ε models. Conventional k − ε

models use damping functions or additional source terms that negatively affect the accuracy 
of k and ε distributions at the cost of providing accurate solutions of the eddy viscosity. The 
V2F model, instead, includes a transport equation for the wall-normal velocity fluctuation 
v′ 2, which is the proper velocity scale for turbulent transport towards the wall, and an ellip
tic relaxation equation that incorporates the correct near-wall damping of the eddy viscosity 
without compromising the accuracy of k and ε. This allows for a more rigorous assessment of 
the effectiveness of the compressibility corrections when comparing these turbulence quan
tities obtained from the model with those from DNS. For the compressibility corrections, the 
diffusion terms in the k, the ε and the v′ 2 equations are changed accordingly, while the f
equation remains unchanged (Pecnik and Patel, 2017).

The results are shown in Fig. 8.6. The columns show the same three cases as presented in 
Fig. 8.5. The rows depict the semi-locally scaled-velocity prfile, the turbulent shear stress, 
the turbulent kinetic energy, and the turbulent dissipation rate. Clearly, when compared to 
the standard turbulence-model formulation, the models incorporating the modfied diffusion 
significantly improve the results. This improvement is especially noticeable in the k prfiles 
(third row). Interestingly, for k, the approach by Otero R. et al. (2018) yields slightly more 
accurate results than the method proposed by Catris and Aupoix (2000).

We can also compare the dissipation from the turbulence models with that available from 
the DNS. Note that the dissipation from the DNS is computed as described in Pecnik and 
Patel (2017), where it is calculated using semi-locally scaled-velocity fluctuations. The DNS 
dissipation is presented only for the CRe⋆

τ case for which the viscous length scale is con
stant. For the other cases a comparison with DNS is not shown because, as we will discuss 
later, accounting for changes in viscous length scale would be necessary in the model equa
tions. When comparing the DNS dissipation for the CRe⋆

τ case, we see that the model, as 
proposed by Otero R. et al. (2018), provides very accurate results. This is an important obser
vation, and it can be explained as follows. Close to the wall the turbulent dissipation rate is 
balanced by the viscous diffusion of turbulent kinetic energy. Hence, an accurate prediction 
of near-wall dissipation is connected to an accurate model of the viscous diffusion term of 
turbulent kinetic energy. This implies that the viscous diffusion should be computed using 
(1/

√
ρ̄)d/dy[(μ̄/

√
ρ̄)d(ρ̄k)/dy] rather than d/dy(μ̄dk/dy) as in Catris and Aupoix (2000).
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FIGURE 8.6 V2F turbulence modeling results compared to DNS for the constant semi-local Reynolds number 
CRe⋆

τ and gas-like (GL) cases by Pecnik and Patel (2017), and the supersonic channel flow at bulk Mach number 
of Mb = 3 by Trettel and Larsson (2016) (the same cases as presented in Fig. 8.5). The rows correspond to the semi
local velocity transformation, the turbulent shear stress, the turbulent kinetic energy, and the dissipation rate. The 
modeled dissipation rate ε̂M is compared to the ε̂V from DNS for consistency.

The performance of changing the diffusion term according to the semi-local scaling has 
also been tested for other turbulence models, such as the models by Spalart and Allmaras 
(1992); Menter (1994); Myong and Kasagi (1990) in the work by Otero R. et al. (2018), and 
Smith (1995); Chien (1982) in the work of Catris and Aupoix (2000). Results with the Spalart 
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FIGURE 8.7 Results for the Spalart & Allmaras (SA) and Menter’s k − ω SST models for the same cases as 
presented in Fig. 8.6.

and Allmaras (SA) and Menter’s k − ω (SST) model are shown in Fig. 8.7. Interestingly, the 
SA model accurately reproduces the velocity prfiles for all cases without applying any mod
ifications. A further improvement, using the variable property modfications, can only be 
achieved for the CRe⋆

τ case. On the other hand, the SST model does not provide much better 
results when compared with the DNS. The apparent log-law intercept is too low.

The reason for this is that these corrections are strictly valid only in the outer layer, since the 
semi-local scaling with the length scale L has been used (Hasan et al., 2025b). As such, they do 
not account for variations in viscous length scale δ⋆

v in the inner layer. Despite this limitation, 
the results for the velocity prfile are still accurate for the V2F, the SA and other conventional 
k − ε models (not shown). This is because the variations in the viscous length scale are taken 
into account in a different manner. For instance, Hasan et al. (2025b) summarizes that changes 
in viscous length scale are accounted for in the:

• k-ε models: using y⋆ instead of y+ in the damping functions;
• Spalart–Allmaras model: through the damping function fv1 that uses a semi-locally con

sistent parameter χ = νSA/ν̄ = νSA/(u⋆
τ δ

⋆
v);

• V2F model: with the length scale Lt that switches from k1.5/ε to the Kolmogorov length 
scale η in the vicinity of the wall which is proportional to δ⋆

v (Patel et al., 2016b).

However, accounting for changes in viscous length scales due to property variations as just 
described is not robust and fails for turbulence models without damping functions, as shown 
for the k-ω SST model (Menter, 1994). Thus, the inner-layer semi-local scaling approach must 
be adopted.
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Inner-layer scaling�-For the inner layer scaling one has to repeat the scaling procedure 
as described before, but instead use the definitions of the semi-locally scaled quantities for 
the inner layer (columns two and four of Table 8.1). After applying the constant-property, 
inner-layer scaling and then replacing all (·)+ with (·)⋆, we obtain

μ⋆
t

(︃
dū⋆

dy⋆

)︃2

− ε⋆
V + d

dy⋆

[︃(︃
μ⋆ + μ⋆

t

σk

)︃
dk⋆

dy⋆

]︃
= 0. (8.109)

Substituting the (·)⋆ quantities with their expressions in column four of Table 8.1, we get

μt

ρ̄u⋆
τ δ

⋆
v

(︃
δ⋆
v

u⋆
τ

)︃2 (︃
dū

dy 

)︃2

− δ⋆
v

ρ̄u⋆
τ

3
εV + d

d
(︁
y/δ⋆

v

)︁ [︄(︃
1 + 1 

σk

μt

ρ̄u⋆
τ δ

⋆
v

)︃
d(k/u⋆

τ
2)

d
(︁
y/δ⋆

v

)︁ ]︄
= 0, (8.110)

which, with the definitions of δ⋆
v and u⋆

τ and subsequent simplfications, gives

μt

(︃
dū

dy 

)︃2

− εV + 1 
μ̄

d

d(y
√

ρ̄/μ̄)

[︃(︃
μ + μt

σk

)︃
1 
μ̄

d(ρ̄k) 

d(y
√

ρ̄/μ̄)

]︃
= 0. (8.111)

Compared to the outer-layer scaled TKE in Eq. (8.107), the argument of the diffusion term, 
ρ̄k, remains unchanged. However, the derivatives in the wall-normal direction are evaluated 
along a modfied coordinate that is either stretched or compressed as a function of 

√
ρ̄/μ̄. 

This effectively accounts for variations in viscous length scales along this direction. To facil
itate the implementation of this modfication in existing CFD solvers, Hasan et al. (2025b) 
reformulated this modfication such that the conventional diffusion can be used, while the 
modfication is added as an additional source term. Additionally, they proposed a method 
for blending the inner-layer- and the outer-layer-scaling approaches. This same formulation 
has also been applied to obtain the ω equation.

The results are shown in Fig. 8.8. Clearly, the results with the inner-layer-scaling ap
proach are improved for the GL and the Mb = 3 cases. As expected, for the CRe⋆

τ case, where √
ρ̄/ρ̄w = μ̄/μ̄w, both scaling approaches give the same results since the viscous length scale 

(proportional to the inverse of the semi-local Reynolds number) is constant.

8.4.5.3 Applicability limits of the semi-local scaling framework
The validity of the semi-local scaling approach can be best expressed as follows. Starting 

from the semi-locally scaled continuity and momentum equations, Pecnik and Patel (2017) 
derived a semi-local turbulent kinetic energy (TKE) equation based on the outer-layer-scaling 
approach. This TKE equation is essentially equivalent to the incompressible TKE equation, 
except for the appearance of some additional terms. These terms depend on the normalized 
density gradient, expressed as

di =
(︃

L 
2ρ̄

∂ρ̄

∂xi

)︃
. (8.112)

For the cases they investigated, the terms dependent on di were small. However, in cases 
with very strong density gradients, di , and hence the terms dependent on it may no longer 
be negligible, leading to the semi-local scaling framework being less effective.
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FIGURE 8.8 Results for Menter’s k − ω SST models for the same cases as presented in Fig. 8.6. The inner-layer-
and outer-layer-scaling approaches are compared to the standard unmodfied model and the DNS results.

Interestingly, di is connected to an implicit assumption of Morkovin’s hypothesis, namely, 
that density only changes marginally across an eddy (Bradshaw, 1977). This relationship can 
be expressed as follows. For wall-bounded flows, where the dominant variation of density 
occurs in the wall-normal direction, the fractional change of density across an eddy could be 
estimated as

Δρ

ρ̄
≈ 1 

ρ̄

dρ̄

dy 
Leddy, (8.113)

where Leddy measures the eddy size in the wall-normal direction. Comparing Eqs. (8.112) and 
(8.113), it becomes clear that d2 (i.e., di in the wall-normal direction) signfies the fractional 
density change across eddies whose length scales are of the order of the outer-layer length 
scale L.

Eq. (8.113) can also be expressed as a ratio of the eddy length scale and a density-based 
length scale as

Δρ

ρ̄
≈ Leddy

Lρ,2
, (8.114)

where

Lρ,2 =
(︃

1 
ρ̄

dρ̄

dy 

)︃−1

(8.115)

signfies the distance over which density change is of the order of ρ̄.
We can now summarize the discussion in this section in terms of different length scales. 

For cases where the density-based length scale Lρ,2 is much larger than the eddy length scale 
Leddy , Morkovin’s assumption of local scaling holds, and, for these cases, we would also 
expect d2 to be small, thereby affirming the validity of semi-local scaling as per Pecnik and 
Patel (2017).
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8.5 Modeling intrinsic compressibility effects

At higher Mach numbers, intrinsic compressibility effects become important. In the past, 
models associated with direct intrinsic compressibility terms, such as pressure dilatation and 
dilatational dissipation, were proposed for wall-bounded flows, inspired by their respective 
models for shear layers. Rumsey (2010) observed that using the dilatational dissipation model 
of Zeman (1993) in the turbulent kinetic energy equation provides just the right amount of 
reduction in the eddy viscosity to improve skin friction predictions for cooled-wall turbu
lent boundary layers. However, these models are suspected to not capture the correct physics 
since in reality both dilatational dissipation and pressure dilatation are negligible in wall
bounded flows (Huang et al., 1995; Zhang et al., 2018). In fact, Zeman (1993) raised the 
question: ``are (intrinsic) compressibility effects significant in reality, and can they be isolated in 
experiments and verfied?''.

8.5.1 Constant-property compressible turbulent channel flows

The question posed by Zeman (1993) was addressed by Coleman et al. (1995) and more 
recently by Hasan et al. (2023) and Hasan et al. (2025a). They isolated intrinsic compress
ibility effects in numerical simulations by conducting DNS at high Mach numbers, Mb > 1, 
but without the appearance of mean property variations. To achieve this, Coleman et al. 
(1995) suggested to eliminate the viscous heating term (τij ∂ui/∂xj ) from the internal energy 
equation. This term drives temperature gradients and, consequently, property variations in 
high-speed flows. By removing it, the simulations maintain nearly uniform mean tempera
ture, density, and viscosity, enabling a detailed study of intrinsic compressibility effects.

Following this approach, Hasan et al. (2023) formulated four constant-property (CP) cases 
with bulk Mach numbers of 0.3, 2.28, 3, and 4, and a friction Reynolds number of 550. 
Fig. 8.9(a) shows the mean velocity prfiles for these cases. The case at Mach 0.3 follows 
the law of the wall, and collapses with the incompressible case of Moser et al. (1999) at a sim
ilar Reynolds number. With an increase in Mach number, a clear shift in the log-law prfile 
is observed. Fig. 8.9(b) shows the corresponding turbulent shear stress prfiles. An appar
ent outward shift in the buffer layer is observed with increasing Mach number. The upward 
shift in the logarithmic velocity prfile is directly related to an outward shift in the Reynolds 
shear stress. This is because an outward shift in the turbulent shear stress implies an outward 
shift in the viscous shear stress (such that the total shear stress remains unaffected). Since the 
law of the wall is an integration of the viscous shear stress, its outward shift is responsible 
for the upward shift in the log-law. In a follow-up study, Hasan et al. (2025a) explained the 
mechanism through which intrinsic compressibility effects modulate the near-wall dynamics 
of turbulence, thereby explaining the observed shifts in the velocity and shear stress prfiles.

A similar upward shift is also observed in the logarithmic portion of the semi-locally trans
formed mean-velocity prfiles for conventional high Mach-number boundary layers (Trettel 
and Larsson, 2016; Patel et al., 2016b; Zhang et al., 2018; Griffin et al., 2021). In order to 
comment whether this shift is due to intrinsic compressibility effects, it is first important 
to quantify these effects.

To quantify intrinsic compressibility effects, a suitable parameter is needed. Turbulence 
models in their current form mainly use the turbulence Mach number Mt = √

2k/ā (where ā
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FIGURE 8.9 (a) Mean velocity and (b) Reynolds shear stress prfiles for the four CP cases. Black symbols denote 
the incompressible case of Moser et al. (1999) at Reτ ≈ 590. (adapted from Hasan et al. (2023)).

is the local sound speed) as a measure of intrinsic compressibility effects (for e.g., Sarkar et al., 
1991; Wilcox, 1992; Zeman, 1993). However, for boundary layers, Bradshaw (1977) and Smits 
and Dussauge (2006) suggested the friction Mach number Mτ = uτ /aw to be a more suitable 
parameter. Using pressure scaling arguments, Hasan et al. (2023) provided further support 
for Mτ being the correct parameter for wall-bounded flows. These arguments are substanti
ated by the observations in Yu et al. (2022), where the friction Mach number was found to 
adequately quantify intrinsic compressibility effects on wall-pressure and wall-shear-stress 
fluctuations.

In the semi-local scaling framework, using local properties, the semi-local friction Mach 
number can be dfined as M⋆

τ = u⋆
τ /ā. For ideal-gas flows, u⋆

τ ∼
√

T̄ , and thus M⋆
τ = u⋆

τ /
√︁

γRT̄

is roughly constant and equal to Mτ at the wall (Hasan et al., 2025a). This locally constant 
nature of the friction Mach number makes it a very suitable choice to quantify intrinsic effects 
when compared to other parameters that vary in the domain (for e.g. Mt ).

Taking Mτ as the most appropriate parameter, Hasan et al. (2023) quantfied the log-law 
intercept for the four constant-property cases and for several conventional channels and 
boundary layers, as shown in the inset of Fig. 8.9(a). As seen from the inset, the conventional 
cases (gray symbols) follow the trend set by constant-property cases (red stars), signifying 
that the log-law shift in those cases is also due to intrinsic compressibility effects.

Since the intrinsic compressibility effects are not limited to these four tailored cases, but are 
also present in conventional cases, it is important to account for these effects in turbulence 
models. A discussion will follow on the intrinsic compressibility corrections in zero- and two
equation eddy-viscosity-based turbulence models.

8.5.2 Algebraic eddy viscosity models
The intrinsic compressibility effects on turbulent shear stress are cofined to the inner 

layer, as shown in Fig. 8.9(b). Therefore, the following discussion will focus solely on alge
braic eddy-viscosity models consistent with the inner-scaling framework.
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8.5.2.1 Johnson–King model

The Johnson–King model for variable-property flows is given as (restating Eq. (8.99))

μt = ρ̄u⋆
τ κyD2(y⋆). (8.116)

Solving the momentum equation with this eddy viscosity results in a perfect collapse of the 
semi-locally scaled-velocity prfile with the incompressible, constant-property law of the 
wall. However, as seen in Fig. 8.9(a), with increasing Mτ the velocity prfiles show an in
crease in the log-law intercept. This upward shift can be traced back to an outward shift in 
the turbulent shear stress prfile, as just outlined. Thus, to account for the outward shift in 
the shear stress prfile, and hence an upward shift in the mean velocity prfile, Hasan et al. 
(2023) proposed to increase the damping constant in the eddy-viscosity formulation (8.116)
as a function of Mτ . They proposed

D(y⋆,Mτ ) = 1 − exp

(︃ −y⋆

A+ + f (Mτ )

)︃
, (8.117)

where the additional function f (Mτ ) was tuned to be equal to 19.3Mτ . The increase in the 
effective damping constant A+ + 19.3Mτ , where A+ = 17 for κ = 0.41, implies that the eddy 
viscosity (and hence, turbulent shear stress) shifts outwards, replicating the desired behavior.

Eq. (8.116), along with the modfied damping function (8.117), can be directly applied as a 
wall model for large eddy simulations. Furthermore, this eddy viscosity correction can serve 
as a foundation for enhancing other RANS models. For example, the damping function in the 
mixing lengths of the Cebeci–Smith (Smith and Cebeci, 1967) and Baldwin–Lomax (Baldwin 
and Lomax, 1978) algebraic models can be modfied accordingly. Additionally, as highlighted 
in Sect. 8.5.3.3, these corrections lead to adjustments in two-equation models.

Model results�-The corrected Johnson–King (JK) model, as presented in Eqs. (8.116) and 
(8.117), is applied for the high Mach-number constant-property channel flows. The mean ve
locity prfile is obtained by integrating the stress balance equation as

ū =
∫︂ y

0

τw

μ̄ + μt

dy. (8.118)

Fig. 8.10 shows the velocity prfile for the Mach 2.28, Mach 3, and Mach 4 CP cases. 
Clearly, the intrinsic-compressibility-corrected JK model reproduces the DNS velocity pro
file, whereas the JK model without this correction is inaccurate.

Recently, Hasan et al. (2024) tested the modfied JK model in combination with an outer
layer-scaled Coles wake function and observed that the corrections reproduce DNS velocity 
prfiles accurately for a wide range of high-speed turbulent boundary layers. To replicate 
their results, refer to the Jupyter-Notebook (Pecnik and Hasan, 2023).

8.5.2.2 Prandtl’s mixing-length model

To enhance the Prandtl’s mixing length models to account for intrinsic compressibility 
effects, the damping function needs to be modfied as in Eq. (8.117), except that f (Mτ ) = 39Mτ

(Hasan et al., 2024) with κ = 0.41 and A+ = 26.
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FIGURE 8.10 Mean-velocity prfile computed using the Johnson–King (JK) model with and without the com
pressibility correction of Hasan et al. (2023), Eq. (8.117).

8.5.3 Turbulence models based on transport equations

The state-of-the-art in modeling intrinsic compressibility effects for two-equation models 
mainly involves the direct compressibility terms in the turbulent kinetic energy equation. 
These are the dilatational dissipation εM,d (per unit mass) and the pressure dilatation terms 
Πd .

In the past, significant effort has been devoted to developing εM,d and Πd models for shear 
layers. These models are then extended with or without any modfications for wall-bounded 
flows. In the following, we will briefly mention some of these dilatational dissipation and 
pressure dilatation models and present their results for the four CP cases just discussed.

8.5.3.1 Sarkar–Zeman--Wilcox dilatation–dissipation correction
Zeman (1990), Sarkar et al. (1991) and Wilcox (1992) modeled the dilatation dissipation rate 

to be proportional to the solenoidal dissipation rate (per unit mass), namely,

εM,d = ξ∗F(Mt)εM,s, (8.119)

where εM,s is the solenoidal dissipation, ξ∗ is a closure coefficient, and F(Mt) is a Mach
number-dependent function. For compressible mixing layers, Zeman (1990) proposed

F (Mt) =
[︂
1 − e−(︁

Mt−Mto

)︁2
/Λ2

]︂
ℋ (︁

Mt − Mto

)︁
and ξ∗ = 0.75, (8.120)

where Mt0 = 0.1 and Λ = 0.6, and ℋ(x) is a Heaviside step function. For boundary layers, 
Zeman (1993) further modfied the constants to Mt0 = 0.2 and Λ = 0.66. Alternatively, Sarkar 
et al. (1991) proposed

F(Mt) = M2
t and ξ∗ = 1. (8.121)

Wilcox (1992) discussed another form of F(Mt) for both compressible mixing layers and 
boundary layers as

F (Mt) = (︁
Mt − Mto

)︁2 ℋ (︁
Mt − Mto

)︁
and ξ∗ = 2, (8.122)
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FIGURE 8.11 Mean-velocity prfile computed using Menter’s SST model with and without Zeman’s dilatation--
dissipation correction.

where Mto was set equal to 0.25.
For k − ε models, in order to implement these corrections, only the dissipation term in 

k equation needs to be modfied. However, for k − ω models, one also needs to modify the 
ω equation. Wilcox (1992) argued that the transport equation for ω should be considered as 
an equation for specific solenoidal-dissipation rate, namely, ω = εM,s/(β

∗k). Consequently, 
they proposed to incorporate the dilatation–dissipation corrections by changing the model 
functions β∗ in the destruction of TKE, and β in the destruction of ω to

β∗
c = β∗ [︁

1 + ξ∗F (Mt)
]︁
, βc = β − β∗ξ∗F (Mt) , (8.123)

where the subscript ‘c’ indicates the correction to account for compressibility, whereas the 
constants without subscripts correspond to the standard values of the incompressible model, 
i.e., β∗ = 0.09 and β = 0.075.

Wilcox (2006) applied the Wilcox dilatation–dissipation model for boundary layers and 
observed that the model increases the error in skin friction predictions as compared to an 
uncorrected model. On the other hand, Rumsey (2010) observed the Zeman’s correction for 
boundary layers improves the accuracy, particularly for cold wall boundary layers. However, 
they suspected the improvement in the accuracy to be due to wrong reasons since the model 
does not capture the right physics.

Here, we test the dilatation–dissipation model of Zeman using a k −ω SST model (Menter, 
1994) for the four constant-property compressible cases just discussed. Fig. 8.11 shows the 
mean-velocity prfiles with and without Zeman’s corrections. The correction is almost in
effective for the Mach 2.28 case. It improves the result for the Mach 3 case, however, for the 
Mach 4 case, the correction is too aggressive leading to a much higher velocity as compared to 
the DNS results. The main takeaway from this is that the correction tends to shift the log-law 
in the correct direction. This is because high-speed effects tend to reduce the eddy viscosity 
at a particular wall-normal location (due to an outward shift; see Fig. 8.9), and thus, increas
ing the dissipation, reduces turbulent kinetic energy, thus achieving the desired reduction in 
eddy viscosity. 
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8.5.3.2 Pressure dilatation
Sarkar (1992) modeled the pressure dilatation using the production and dissipation of tur

bulent kinetic energy as

Πd = α2PkMt + α3ρ̄εM,sM
2
t , (8.124)

with Pk the turbulence production, α2 = 0.15 and α3 = 0.2. Zeman (1993) deduced a model 
specifically for boundary layers, in terms of the mean density gradient, as

Πd = f (Mt)

(︃
dρ̄

dy 

)︃2
k

εM,s

ā2

ρ̄
˜︃v′′v′′, (8.125)

where ā is the local speed of sound and f (Mt) is dfined as1

f (Mt) = 0.02
(︂

1 − exp
(︂
−M2

t /0.2
)︂)︂

. (8.126)

This model requires the wall-normal Reynolds stress and is thus unsuitable for two-equation 
models. Some other models for Πd have been proposed, for instance, by Ristorcelli (1997), 
however, there is no widely accepted form (Wilcox, 2006).

Huang et al. (1994) tested Sarkar’s model for boundary layers and found that the log-law 
slope is overpredicted (lower effective von Kármán constant). On the other hand, Zeman 
(1993) tested their pressure–dilatation correction in a k-ε model for boundary layers and 
found an improvement of the results. However, the same model would be ineffective for 
the constant-property cases considered here due to the mean density being approximately 
constant (dρ̄/dy ≈ 0).

While the dilatation–dissipation and pressure–dilatation models improve the results in 
some cases, their models fail to capture the right physics. This motivates the need to propose 
intrinsic compressibility corrections based on physical arguments.

8.5.3.3 Corrections based on damping functions
Inspired from the damping-function corrections for mixing-length models, Hasan et al. 

(2025b) proposed to modify the eddy viscosity of other two-equation turbulence models by 
multiplying the standard eddy-viscosity formulation with an appropriate damping function. 
They first rewrote the modfied JK model as

μt = ρ̄u∗
τ κyD2(y∗,Mτ ) = ρ̄u∗

τ κyD2(y∗,0)
D2(y∗,Mτ )

D2(y∗,0) ⏞ ⏟⏟ ⏞
Dic

, (8.127)

where ρ̄u∗
τ κyD2(y∗,0) signfies a variable-property-corrected eddy-viscosity model and Dic

signfies the change in damping due to intrinsic compressibility effects. In order to account 
for intrinsic compressibility effects in two-equation models, a damping function analogous 

1 Note that f (Mt ) is wrongly stated in Zeman (1993) as pointed out by Huang et al. (1995).
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FIGURE 8.12 Mean-velocity prfile computed using Menter’s SST model with and without the damping
function correction of Hasan et al. (2025b).

to Dic is required. Hasan et al. (2025b) proposed a damping function correction for the k-ω
model as

μt = ρ̄k

ω

D2(Rt ,Mt )

D2(Rt ,0) ⏞ ⏟⏟ ⏞
(Dic)kω

, (8.128)

with

D(Rt ,Mt) = 1 − exp
(︃ −Rt

K + f (Mt)

)︃
, (8.129)

where Mt is the turbulence Mach number and Rt = ρ̄k/(μ̄ω) is the turbulence Reynolds num
ber, K = 3.5, and f (Mt) = 0.39M0.77

t .
Fig. 8.12 shows the results with the k-ω SST model with and without the damping-function 

correction, for the four CP cases. Clearly, the results improve when the damping function in 
Eq. (8.128) is used. 

The improvement in the results is not limited to the constant-property cases. The results 
also improve for a wide range of conventional turbulent boundary layers, as shown in Hasan 
et al. (2025b) (refer to the Jupyter-Notebook (Hasan and Pecnik, 2024) to replicate their re
sults). This makes the damping function corrections to be a promising approach of accounting 
intrinsic compressibility effects in two-equation turbulence models.

8.6 Energy equation

The results presented in Sects. 8.4.4 and 8.4.5 were obtained using the mean density and 
viscosity prfiles from the DNS. However, for practical applications, it is crucial to estimate 
these thermo-physical properties by solving the energy equation.

An alternative approach for high-speed flows is the use of well-established temperature--
velocity relationships (Van Driest, 1951; Walz, 1969; Duan et al., 2011; Zhang et al., 2014). 
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These algebraic equations estimate the mean temperature based on the mean velocity, thereby 
enabling the estimation of mean properties. While these equations are highly accurate for 
canonical flat-plate boundary layers, they rely on boundary-layer-edge quantities, making 
them less suitable for applications, where only the inner layer is being solved (e.g., wall
modeled large eddy simulations) or for non-canonical cases (e.g., flows in complex geome
tries). For more details on these relationships, the reader is referred to Chap. 7.

In this chapter, we will focus on the modeling of the total energy equation (8.42). Revis
iting Eq. (8.42), two key points are noted. First, the turbulent Prandtl number Prt is yet to 
be dfined. Prt for high-speed flows involving ideal gases is often assumed to be constant 
throughout the domain, typically with a value of 0.9 (Wilcox, 2006). However, this assump
tion has recently been challenged by Griffin et al. (2023); Chen et al. (2024), especially in the 
context of cooled-wall boundary layers.

Second, the modeling of the molecular and turbulent diffusion of TKE needs to be up
dated based on the variable-property corrections discussed in Sect. 8.4.5. Particularly, the 
wall-normal (y) component of term (3) in Eq. (8.42) should be replaced with

1 
μ̄

d

d(y
√

ρ̄/μ̄)

[︃(︃
μ + μt

σk

)︃
1 
μ̄

d(ρ̄k) 

d(y
√

ρ̄/μ̄)

]︃
in the inner layer, and with

1 √
ρ̄

d

dy

[︃(︃
μ̄ + μt

σk

)︃
1 √
ρ̄

d(ρ̄k)

dy 

]︃
in the outer layer. Note that, in some studies, the TKE diffusion term is assumed to be neg
ligible (Larsson et al., 2016; Bose and Park, 2018; Huang et al., 2023). By neglecting this term 
in the inner layer, it follows that the production of TKE is equal to its dissipation, which is a 
valid assumption in the log-layer, but not in the viscous sub- and the buffer-layer, where the 
production and dissipation terms are balanced with the total diffusion of turbulent kinetic 
energy.

To further clarify these issues, Hasan et al. (2025b) performed two tests: one related to 
the accurate modeling of Prt and the other related to the importance of including the TKE 
diffusion term in the energy equation. For the first test, they observed that the results with 
Prt = 0.9 and that with Prt taken from the DNS are almost identical, thereby concluding that 
Prt = 0.9 is a reasonable approximation for ideal-gas flows. In the second test, they found 
that including the TKE diffusion term estimated from the employed turbulence model (k − ω

SST) was ineffective, as this model estimates zero diffusion values near the wall—whereas in 
reality, these values are non-zero. By incorporating a wall-dissipation component proposed 
by Rahman et al. (2012), which ensures non-zero dissipation (and hence non-zero diffusion) 
values at the wall, they achieved substantial improvement in the results, especially for cooled
wall boundary layers.



References 497

8.7 Concluding remarks

In conclusion, we have examined two key mechanisms in high-speed wall-bounded flows: 
variable-property effects due to heat transfer, which alter thermophysical properties such 
as density and viscosity, and intrinsic compressibility, which causes density variations in 
response to pressure fluctuations. It is essential that compressibility corrections in turbu
lence models capture both these mechanisms accurately. By distinguishing between variable
property effects and intrinsic compressibility, we can study them independently, allowing for 
the development of model corrections that rflect these underlying physics.

For variable-property effects, the most effective approach is to adjust turbulence models 
for mean property variations, ensuring consistency with the semi-local scaling framework. 
We discussed how this framework can guide the development of corrections for algebraic 
turbulence models and models based on transport equations. With these corrections, turbu
lence models are able to predict accurate velocity prfiles for low Mach as well as for high 
Mach-number channel flows showcased in this chapter.

Regarding the direct effects of intrinsic compressibility in the turbulent kinetic energy 
(TKE) equation, mechanisms such as dilatation–dissipation and pressure-dilatation can be 
considered negligible, especially where the friction Mach numbers are below 0.2. Conversely, 
the indirect effects of intrinsic compressibility on turbulence quantities, such as turbulent 
shear stress, can be accounted for by empirically modifying the damping function. Future 
research should focus on how these variable property and intrinsic compressibility correc
tions perform in more general flow problems, including those involving shock waves, flow 
separation, and complex geometries.
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