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SUMMARY

Blade Element Momentum (BEM) is the most important aerodynamic analysis method
for wind turbines. BEM is derived assuming stationary conditions, which limits its ability
to model the unsteady aerodynamic effects. This becomes increasingly relevant for the
flexible blades of current large-scale turbines, and the employment of passive and active
aerodynamic control strategies, such as yaw, pitch control and smart rotor control. Cur-
rently, sub-models are included to consider the unsteady aerodynamic effects for wind
turbine design. Previous research developed several dynamic-inflow engineering mod-
els to be integrated into BEM, to account for the unsteady flow acceleration. However,
their applicability for unsteady load and the relative performance between the models
are not fully known. The development of the dynamic wake of an actuator disc under
unsteady load needs further understanding, to improve the engineering prediction of
dynamic-inflow effect.

This research aims to evaluate the accuracy of BEM with current dynamic-inflow en-
gineering models; to further understand the dynamic wake flow-field of an actuator disc
undergoing unsteady load; to improve current dynamic-inflow engineering models for
wind turbine design using numerical and experimental approaches.

A free wake vortex ring (FWVR) model is firstly developed. The accuracy of BEM
with current dynamic-inflow engineering models of Pitt-Peters, Øye and ECN in predict-
ing the induction of an actuator disc with unsteady load is verified using the developed
FWVR model.

The wake flow response of an actuator disc undergoing unsteady loads is studied
experimentally by using a disc model with variable porosity. The unsteady load is gener-
ated by a ramp type variation of porosity of the disc, at several reduced times of the ramp
motion. The wake development of an actuator disc undergoing the same unsteady load
tested in the experiments is further studied using the FWVR model.

The steady actuator-disc model is extended to unsteady load. Results from this linear
actuator-disc model are compared with those from the FWVR model.

Finally, a new engineering model is developed using the differential form of the
Duhamel’s integrals of indicial response of the actuator-disc type vortex-models. The
time constants of the indicial functions are obtained by the indicial responses of a linear
and a nonlinear actuator-disc model, respectively.

The work provides more insights into the wake development of an unsteady actuator
disc. The experimental results create a database for validation of unsteady numerical
models, in prediction of the dynamic induction in the near wake of an actuator disc
or a rotor. The limitation of current dynamic-inflow engineering models are evaluated
and discussed. The new engineering model, which is developed based on the indicial
response of the nonlinear actuator-disc model, can better predict the dynamic-inflow
effects, especially for the radial distribution of the dynamic-inflow effect.
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SAMENVATTING

Blade Element-Momentum-theorie (BEM) is de belangrijkste aerodynamische analyse
methode voor windturbines. BEM is afgeleid met de aanname van stationaire condi-
ties, waarmee het modelleren van niet-stationaire aerodynamische effecten maar be-
perkt mogelijk is. Deze beperking is bijzonder relevant voor de huidige grootschalige
windturbines die uitgerust zijn met flexibele bladen, maar ook bij toepassing van pas-
sieve en actieve regel strategieën, zoals ‘jaw control’, ‘pitch control’ en ‘smart rotor con-
trol’. Momenteel worden in de ontwerpfase van windturbines sub-modellen toegepast
voor het meenemen van niet-stationaire aerodynamische effecten. Eerder onderzoek
heeft enkele ingenieursmodellen opgeleverd voor BEM met een dynamische instroming
(dynamic inflow). De mate van toepasbaarheid van deze modellen voor niet-stationaire
belasting en de onderlinge verschillen in prestaties worden echter nog niet volledig be-
grepen. Een beter begrip is vereist van de ontwikkeling van het dynamische zog achter
een niet-stationair belaste remmende schijf (actuator disc), om tot een verbeterde voor-
spelling te komen van het dynamische instromingseffect. Met het huidige onderzoek
wordt ernaar gestreefd om de nauwkeurigheid van BEM te evalueren tegen in omloop
zijnde dynamische-instromingsmodellen, om meer te weten van het stromingsveld van
een dynamisch zog achter een remmende schrijf onder niet-stationaire belasting en om
huidige dynamische instromingsmodellen te verbeteren gebruikmakende van een nu-
merieke en experimentele aanpak.

Als eerste is een "Free Wake Vortex Ring-model (FWVR) ontwikkeld. Met het FWVR
model is een verificatie uitgevoerd van de nauwkeurigheid in het voorspellen van de
inductie van een remmende schijf onder niet-stationaire belasting, gebruikmakende van
BEM aangevuld met de dynamische instromingsmodellen van Pitt-Peters, Øye en ECN.

De respons van de stroming in het zog achter een remmende schijf onder niet-
stationaire belasting is experimenteel onderzocht, middels een schijfmodel met varia-
bele porositeit. De niet-stationaire belasting is opgewekt met een stapsgewijze variatie
in porositeit van de schijf. Deze stap in porositeit is toegepast met verscheidene geredu-
ceerde tijdsschalen. Daarnaast zijn dezelfde testcases toegepast in het FWVR-model in
de bestudering van de zog ontwikkeling van een remmende schijf.

Het stationaire remmende schijfmodel is uitgebreid voor niet-stationaire belasting.
Resultaten van dit lineaire remmende-schijfmodel zijn vergeleken met die van het FWVR
model. Als laatste is een nieuw ingenieursmodel ontwikkeld gebaseerd op de wervel
modellen voor een remmende schijf, gebruikmakend van de differentiaalvorm van de
Duhamel-integralen voor een indiciële respons. De tijdsconstanten van de indiciële
functies zijn verkregen op basis van het lineaire en niet-lineaire remmende schijf mo-
del.

Dit werk verschaft meer inzichten in de zog ontwikkeling van een niet-stationaire
remmende schijf. De experimentele resultaten vormen een database voor de validatie
van niet-stationaire numerieke modellen in het voorspellen van de dynamische inductie
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x SAMENVATTING

in het nabije zog van een remmende schijf of rotor. De beperkingen van huidige dynami-
sche instroming modellen zijn geëvalueerd en bediscussieerd. Het nieuwe ingenieurs-
model dat is gebaseerd op de indiciële respons van het niet-lineaire remmende schijf
model, kan de dynamische-instromingseffecten beter voorspellen, in het bijzonder de
verdeling hiervan langs de straal van de schijf.



NOMENCLATURE

Acronyms

BEM Blade Element Momentum Method

ECN The ECN model

FWVR Free Wake Vortex Ring

MT Momentum Theory

MT+Øye Momentum theory integrated with the Øye model

MT+P-P Momentum theory integrated with the Pitt-Peters model

TUD-VR The new model based on the indicial response of the nonlinear actuator disc
model

TUD-VT The new model based on the indicial response of the linear actuator disc
model

Symbols

v̄z Averaged axial velocity at the actuator disc plane [ms−1]

δt∗ Reduced ramp time (δt∗ = δt
D/V0

) [-]

Γ Strength of vortex ring [m2 s−1]

γ Strength of semi-infinite vortex tube [ms−1]

Ω Solid angle [steradian]

ρ Fluid density [kg m−3]

τ∗ Time constant of velocity decay in the wake [s]

τ0 Time scale of dynamic inflow ( D
V0

)[s]

τ1 Time constant in the Øye model [s]

τ2 Time constant in the Øye model [s]

~f The force density on the flow [Nm−3]

A Area of the disc [m2]

a Axial induction factor [-]
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xii NOMENCLATURE

Aw Area of streamtube section in the wake [m2]

Ct Thrust coefficient [-]

D Diameter of the disc [m]

d Displacement of the moving disc [m]

k Reduced frequency (k = ωD
2V0

) [-]

p0 Pressure at the far upstream [N/m2]

pw Pressure in the wake [N/m2]

R Radius of the actuator disc [m]

r Radial coordinate [m]

Ri Radius of i th vortex ring [m]

Rtube Radius of the semi-infinite vortex tube [m]

T Thrust [N]

t Time [s]

V0 Free stream velocity [ms−1]

Vd Velocity at the disc [ms−1]

vr Radial velocity [ms−1]

v i nd
r Radial induced velocity [ms−1]

Vw Velocity in the wake [ms−1]

Vz Axial velocity [ms−1]

v i nd
z Axial induced velocity [ms−1]

vi nt Intermediate induced velocity [ms−1]

vqs Quasi-steady induced velocity [ms−1]

z Axial coordinate [m]
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2 1. INTRODUCTION

This chapter introduces the motivation of the research and the main research questions,
the approach and the outline of the thesis.

1.1. RESEARCH MOTIVATION
A wind turbine is a device for extracting kinetic energy from the wind. Wind is an un-
steady flow of air, resulting in time-varying interactions and load on the wind turbines.
This becomes increasingly relevant for the flexible blade of current large-scale turbines,
and the employment of passive and active aerodynamic control strategies, such as yaw,
pitch control and smart rotor control.

The main unsteady aerodynamic phenomena occur at three main scales: airfoil
scale, blade scale and rotor scale. The latter is the so-called ‘Dynamic inflow’ or ‘Dy-
namic wake’ or ‘Dynamic induction’ problem, on which this thesis focuses.

Currently, the most popular design method for wind turbines is Blade Element Mo-
mentum (BEM) theory. BEM is derived assuming stationary conditions, which limits
its ability to model the unsteady aerodynamic effects. Additionally, sub-models are re-
quired to be included to consider the unsteady aerodynamic effects for wind turbine
design. Previous research developed several dynamic-inflow engineering models to be
integrated into BEM, to account for the unsteady flow acceleration.

However, the relative performance between the models and their limitations are un-
known. For the load cases of a primary study of this thesis (chapter 3), the current dy-
namic inflow models are found to underestimate the dynamic inflow effect. Because
some of the current dynamic-inflow engineering models have parameters tuned based
on limited load cases or using simplified vortex models, none of the existing models is
considered as generic.

Furthermore, most of the previous research only focuses on the actuator plane. The
understanding of the dynamic response of the entire flow field of an unsteady rotor is
still limited.

This research aims :

• To evaluate the accuracy of BEM with current dynamic-inflow engineering models
to account for the dynamic inflow effect.

• To further understand the dynamic wake flow field of an actuator disc undergoing
unsteady load.

• To improve current dynamic-inflow engineering model for wind turbine design.
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3

1.2. RESEARCH QUESTIONS
The research in this thesis focuses on understanding the unsteady wake development of
an actuator disc, and its effect on the prediction of the dynamic induction at the actuator
disc plane. The main research questions which evoke the study are :

• How accurate is BEM with current engineering models to account for dynamic
inflow?

• How does the wake flow field of an unsteady actuator disc develop?
• How to improve the engineering models for dynamic inflow?

Each research question is analyzed in detail as follows:

1.2.1. HOW ACCURATE IS BEM WITH CURRENT ENGINEERING MODELS TO

ACCOUNT FOR DYNAMIC INFLOW?
Although BEM was derived assuming steady conditions, it is used at dynamic inflow con-
ditions by introducing dynamic-inflow engineering models.

BEM is based on the momentum theory and the blade element theory. There are two
key intrinsic assumptions in BEM model. One is the equilibrium state assumption of
momentum theory. The accuracy of BEM with engineering add-ons in unsteady load
cases is unknown. The other assumption is the radial independence of flow passing
through each adjacent annulus. The current dynamic-inflow engineering models are
developed based on uniformly loaded rotor. However, they are integrated into BEM for
radially-varying unsteady load assuming independent annuli. Its applicability in these
cases is not yet fully verified.

1.2.2. HOW DOES THE WAKE FLOW FIELD OF AN UNSTEADY ACTUATOR DISC

DEVELOP?
The unsteady load variation on the rotor affects the flow field in front of the rotor plane,
at the rotor plane and aft the rotor.

The induced flow in front of and at the rotor plane is of the most interest for the dy-
namic inflow problem as it defines the inflow conditions, which determine the unsteady
blade aerodynamic load and the rotor performance.

The flow field aft of the rotor is also of interest, as it can influence the process of
turbulent mixing and re-energising in the wake. The unsteady wake development of
front turbines determines the inflow conditions for the turbines downstream in a wind
farm.

Previous studies mainly focused on the measurement of dynamic load during the
unsteady load cases. However, there is limited measurement data of the unsteady wake
flow response of a wind turbine.

Furthermore, previous research focused on the operational events of wind turbine,
e.g. during a pitch angle transient, yaw and wind speed change etc. In these operational
cases, the problem of dynamic inflow and the problem of unsteady airfoil aerodynamics
are intertwined. There is no experimental work using an actuator disc to investigate the
unsteady flow field of an open rotor. The use of an actuator disc to numerically and ex-
perimentally investigate the dynamic inflow effects is of interest for three reasons; firstly,
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it is the basis of the design theory of an open rotor - BEM; secondly, it lends a fundamen-
tal perspective to many existing engineering models, which are also derived from the ac-
tuator disc theory; thirdly, the use of actuator disc model can help the study of dynamic
inflow problem by eliminating the effect of blade geometry, rotational momentum, tip
vortices etc.

1.2.3. HOW TO IMPROVE THE ENGINEERING MODEL FOR DYNAMIC IN-
FLOW?

The existing dynamic-inflow engineering models are found to underestimate the dy-
namic inflow effects in chapter 3. This may result from the simplification of the vortex
models and the limited load cases when these models are developed. A few steps are
carried out to improve the performance of current engineering models using the more
physically representative free wake vortex models.

The first step is to investigate the performance of a linearized free wake vortex model
by extending the actuator disc model from steady to unsteady load. The second step
is to develop a new engineering model directly based on the free wake vortex-models.
The time constants of the flow decay functions are obtained based on a systematic study
using both the linear and nonlinear actuator-disc based vortex-models. The strength
of the thrust also affects the flow decay. The effect of different baseline thrusts are also
investigated when developing the new engineering models.

1.3. APPROACH
In order to answer the research questions, both numerical and experimental methods
are used.

The vortex model introduced by Joukowsky (1912, 1914, 1915, 1918) consists of blade
bound vortices, a root vortex and a vortex at the tip of each blade. It is a basic vortex
model which gives detailed information of a rotor flow field. The time-dependent free
wake model can handle unsteady load intrinsically. Although tracking the discrete vortex
element can be computationally expensive, it is still considerably less expensive than
computational fluid dynamics (CFD) methods. This type of vortex model is chosen for
this study.

In this thesis, a free wake vortex ring (FWVR) model is firstly developed to verify
BEM with current dynamic-inflow engineering models for unsteady rotor aerodynam-
ics (chapter 3). Radially varied load is also considered in this model.

The FWVR model is the foremost model used through out the thesis. It is used to ver-
ify BEM in chapter 3, to study the dynamic wake of an unsteady actuator disc undergoing
transient load in chapter 5, to serve as a benchmark for comparison of the improved vor-
tex tube model in chapter 6, and to obtain the time constants of the engineering model
and serve as benchmark for comparison of all the engineering models in chapter 7.

The vortex model of Joukowsky results in a tubular vortex surface with uniform cir-
culation based on the assumption of infinite number of blades. The tubular vortex be-
comes a circular cylinder vortex surface when the wake expansion is neglected. How-
ever, this type of fixed wake vortex model can only account for the steady flow field. In
this thesis, the classical steady actuator disc vortex model is extended to unsteady and
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radially varied flow for the unsteady rotor aerodynamic ( chapter 6).
The dynamic inflow problem can be also studied using experimental techniques. In

order to gain fundamental understanding of the impact of an unsteady actuator disc on
the flow field, a novel experiment is designed to investigate the basic problem of wake
flow response of an actuator disc undergoing unsteady load by using a disc model with
variable porosity (chapter 4). The unsteady wake field of the actuator disc model is fur-
ther analyzed using the experimental data and numerical results from the FWVR model
in chapter 5.

A new dynamic-inflow engineering model is proposed in chapter 7. It is developed
based on a linearized actuator disc model and a nonlinear actuator disc model for the
flow decay at the actuator disc plane. The models are validated against the numerical
results from the FWVR model and current dynamic inflow models of Pitt-Peters, Øye
and ECN.

1.4. ORGANIZATION OF DISSERTATION
Chapter 1 Introduction

This chapter introduces the motivation, the main research questions, the approach
and the organization of this thesis.

Chapter 2 State of the art of unsteady rotor aerodynamics
This chapter provides the context of this research by introducing the problem of un-

steady rotor aerodynamics and the state of the art numerical and experimental studies
on the dynamic inflow.

Chapter 3 Verifying BEM for unsteady load using a free wake vortex ring model
A FWVR model is firstly developed and verified in this chapter. The accuracy of BEM

with current dynamic-inflow engineering models in predicting the induction of an ac-
tuator disc with unsteady load is investigated using the developed FWVR model. The
results suggest that current engineering models need to be improved.

Chapter 4 Experimental study of an actuator disc undergoing unsteady load
In order to improve the current engineering models, the dynamic inflow problem

needs better understanding. In this chapter, an experiment is designed to study the dy-
namic wake development of an actuator disc undergoing transient load.

Chapter 5 Numerical study of an actuator disc undergoing unsteady load
This chapter further investigates the wake development of an actuator disc under-

going transient load computationally by the FWVR model developed in chapter 3. The
numerical results complement the experimental work in chapter 4 by providing informa-
tion such as the vorticity field and contributions from different vortex elements, which
allows the disclosure of the physics behind the observed wake development.

Chapter 6 Semi-analytical actuator disc solution for unsteady load
The FWVR model is demonstrated to be sufficient to predict the steady and unsteady

wake of an actuator disc in chapter 3 and 5. This chapter investigates the unsteady wake
of an actuator disc using semi-analytical actuator disc solutions. The classical steady
actuator disc model is extended to unsteady conditions for this purpose. The improved
actuator disc model is an intermediate model between an engineering model and a high
fidelity free wake model, in terms of accuracy and computational time.
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Chapter 7 A new dynamic-inflow engineering model based on linear and nonlinear
actuator-disc vortex-models

A new engineering model is developed in this chapter. The time constants of the en-
gineering models are obtained both from the linear actuator disc model developed in
chapter 6 and the nonlinear actuator disc model developed in chapter 3. The perfor-
mance of the new developed engineering model is compared to the current widely used
engineering models and the direct numerical results from the FWVR model.

Figure 1.1 shows the structure of the thesis and the connection between chapters.

Research Question 1 
 How accurate is BEM  with 

current engineering models to 
account for dynamic inflow ?

Chapter 3
Verifying BEM for unsteady load using a 
free wake vortex ring model

Research Question 2
 How does the wake flow field of 

an unsteady actuator disc 
develop ?

Chapter 4 
Experimental study of  an actuator disc 
undergoing unsteady load
Chapter 5 
Numerical study of  an actuator disc 
undergoing unsteady load

Research Question 3
 How to improve the engineering 

model for dynamic inflow ?

Chapter 6 
Semi-analytical actuator disc solution 
for unsteady load
Chapter 7 
A new dynamic-inflow engineering  
model based on linear and nonlinear 
actuator-disc vortex-models

Chapter 8 
Conclusions and recommendations

Figure 1.1: Graphic outline of the thesis.
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Research is what I’m doing when I don’t know what I’m doing.

Wernher von Braun (1912-1977)
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This chapter briefly introduces unsteady rotor aerodynamics and the history of dynamic
inflow. The state of the art of research on dynamic inflow is presented separately for as-
pects of modelling and experimental work. This chapter introduces the following mod-
els: Blade Element Momentum and the actuator-disc wake model for steady rotor aero-
dynamics, the advanced vortex model and computational fluid dynamics (CFD) for un-
steady rotor aerodynamics. The state of the art of dynamic-inflow engineering models
used in the wind energy field is also introduced: the Pitt-Peters model (Pitt and Peters,
1981), the Øye model (Øye, 1986, 1990) and the ECN model (Schepers, 2012). These mod-
els are validated and benchmarked against experimental and numerical results later in
this thesis. Finally, the experimental work on dynamic-inflow problem in the wind en-
ergy field are presented.

2.1. INTRODUCTION TO UNSTEADY AERODYNAMICS
Understanding aerodynamics is essential for the design of efficient and reliable wind
turbines. According to Huyer et al. (1996), underestimating power output and load leads
to the failure of generators, gear-boxes, and even turbine blades. This in turn increases
operational and maintenance costs.

Furthermore, wind turbines are subjected to non-stationary environment. Turbu-
lence, wind shear, the flexible blade structure of wind turbines, and the passive and ac-
tive aerodynamic control strategies, such as yaw, pitch control and smart rotor control,
leads to a wind turbine operating in a highly dynamic state. All these factors enhance
the complexity of the flow field of a wind turbine. To accurately predict the unsteady
flow field of a wind turbine is challenging.

The various aerodynamic sources which contribute to the unsteady aerodynamic
load on a wind turbine are summarized in Figure 2.1, including the variation of wind
speed or direction, turbulence, blade deformation, pitch, yaw, wake dynamic, etc. Only
the effect of change due to change in load, not change in inflow is the subject of this
thesis, which can be caused by a rotor-thrust change resulting from a pitch action, rotor
speed variation, etc.

Flowfield structure 

wind variation 
(speed or 
direction)

blade deformation turbulence pitch yaw wake dynamics blade/
wake 
interaction 

Figure 2.1: Summary of the various aerodynamic sources that contribute to the unsteady airloads
on a wind turbine (modified from Leishman (2002)).

According to the length scale, the unsteady aerodynamics of a wind turbine can be
divided into three main scales: airfoil scale, blade scale and rotor scale. This thesis fo-
cuses on the rotor scale, the phenomenon is also called ‘Dynamic inflow’ or ‘Dynamic
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wake’ or ‘Dynamic induction’ in the literature.
Dynamic inflow refers to the time lagging in the response of the induced velocity field

of a rotor following rapid changes in the rotor operating state (Hansen and Butterfield,
1993). The characteristic time scale for dynamic inflow is the ratio of the rotor diameter
and the speed of incoming flow, represented by D/V0 (Snel and Schepers, 1995). The
wake can not reach a new equilibrium state instantaneously to a change in rotor loading
because of the inertia of the air in the wake. This can be observed after a change in blade
pitch angle or change in rotor thrust.

2.2. HISTORY OF DYNAMIC INFLOW RESEARCH
Dynamic inflow has gained much attention in rotary-wing analysis, relevant to the de-
sign and analysis of both rotorcraft and wind turbine.

2.2.1. DYNAMIC INFLOW IN ROTORCRAFT

Dynamic-inflow phenomena influence the unsteady rotor load. It has maintained a
dominant position in the real-time flight simulation, stability computations, and flight
mechanics and control (Peters, 2009). The history of dynamic-inflow development in ro-
torcraft application was summarized in Pitt (1980), Gaonkar and Peters (1986) and Peters
(2009).

The dynamic-inflow studies in rotorcraft flight dynamics started in the 1950’s. Amer
(1950) developed a theory to predict the pitch and roll damping of a rotor. The response
of a hovering rotor to rapid changes in collective pitch was measured by Carpenter and
Fridovich (1953), and they addressed the time lag of inflow by introducing the ’apparent
mass’ concept. They assumed that the uniform induced velocity of the initial flow field
is analogous to the flow field produced by an impermeable disc moved normal to its
plane. Sissingh (1952) derived the inflow formulas for both hover and forward flight. It is
the first prototype of a dynamic-inflow model, albeit quasi-steady, Peters (2009) thought
that it includes enough physics to explain the effects.

The research boomed in the 1970’s and 1980’s. The unsteady dynamic rotor hover-
ing wake was modeled as an approximate steady-state wake with a time lag by Crews
and Hohenemser (1973). Crews’ unsteady inflow theory (Crews and Hohenemser, 1973)
was extended by Peters (1974) to encompass more general inflow models. Pitt and Pe-
ters (1981) used the potential functions of Mangler and Squire (Mangler and Squire,
1950) to develop a closed-form representation of the induced flow matrix [L] and the
rotor response matrix [M]. This was the development of the Pitt-Peters dynamic inflow
model, which became one of the most important models in flight simulations and rotor
response analysis of rotorcraft.

2.2.2. DYNAMIC INFLOW IN WIND TURBINE

Snel and Schepers (1995) pointed out that the wind turbine operational conditions are
different from the conditions experienced by helicopters. Helicopters are designed for
high thrust with minimum power consumption at low induction factors, while wind tur-
bines are designed for maximum power extraction at high induction factors close to 1/3.
The dynamic-inflow effects enhance with higher induction factors, due to the interrela-
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tionship between the dynamic-inflow problem and the induction field. Therefore, some
of the assumptions and simplifications used in the helicopter related models may not be
applicable for wind turbine aerodynamics, which needs further justification.

The importance of dynamic inflow in wind energy applications has been realized
since the 1990’s, and subsequently it became one of the most interesting topics of wind
turbine research.

A joint investigation of dynamic-inflow effect supported by six European organiza-
tions was initiated in the 1990’s, the JOULE project I (Snel and Schepers, 1995) and II
(Schepers and Snel, 1995). Several dynamic-inflow models were proposed and tested
in these research. The Pitt-Peters dynamic-inflow model (Pitt and Peters, 1981) for ro-
torcraft was modified to annular sections to apply to wind turbines by Suzuki (2000).
Detailed measurements on dynamic-inflow characteristics under a series of unsteady
operational conditions were conducted during the NREL/NASA Ames wind tunnel tests
(Hand et al., 2001) on a 10m rotor. Dynamic inflow measurements are also part of the
goal of ongoing EU FP5 projects on the MEXICO rotor in phase I (Schepers and Snel,
2009) and phase II (Schepers et al., 2014).

The importance of including a dynamic-inflow model when estimating the free
mean wind speed and the induced velocities in aero-servo-elastic modelling was
demonstrated by Henriksen et al. (2013). To consider dynamic-inflow effects for de-
signing a controller of wind turbines was also found important by van Engelen and
van der Hooft (2004) and Hansen et al. (2005).

2.3. DYNAMIC INFLOW MODELLING

The most rigorous way of calculating the unsteady flow field of a rotor is to solve the
time-dependent incompressible Navier-Stokes equations (Snel, 1998). However, due to
the computational cost of CFD, it is used more often as an analysis method rather than
a design method presently.

Vortex modelling by using the Euler equations instead of the Navier-Stokes equations
is an intermediate method between the CFD and BEM method, in terms of the compu-
tational cost, complexity and accuracy. Free wake vortex models can intrinsically handle
the unsteady aerodynamic problem. Even though the computational cost of the vortex
models is considerably less than that of CFD, it is still much higher than Blade Element
Momentum method.

The current widely used design and analysis tool for rotor aerodynamics is still BEM
method. However, due to the quasi-steady wake assumption, BEM can only account for
the steady rotor aerodynamics. A practical solution is to integrate BEM with dynamic-
inflow engineering models.

BEM method and the state of the art dynamic-inflow engineering models of Pitt-
Peters, Øye and ECN are introduced in the following first two subsections. The basic
actuator-disc model for steady wake and more advanced models for dynamic wake of a
rotor are introduced in the last two subsections, respectively.
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2.3.1. BLADE ELEMENT MOMENTUM THEORY
Since the first introduction of BEM method to wind turbine design (Wilson and Lis-
saman, 1974) four decades ago, it has remained the main tool for wind turbine rotor
aerodynamic design and aero-servo-elastic load simulation. The major reasons behind
the predominance can be summarized as

• It is computationally cheap and easily integrated with a servo-elastic model.

• This approach allows fundamental understanding of the effects of varying geomet-
rical and aerodynamic parameters on the performance of a wind turbine (Leish-
man, 2002), by taking into account the sectional aerodynamics of airfoil.

• In spite of the assumptions and oversimplifications made in BEM theory, the
method often predicts rotor performance with acceptable accuracy (Hansen and
Butterfield, 1993).

The blade element momentum theory applied for wind turbine analysis is reported
in ample literature, e.g. the textbooks by Burton et al. (2001) and Leishman (2006). The
basic ideas of momentum theory and blade element theory and their main assumptions
which challenge the application to dynamic inflow study are introduced concisely below.

AXIAL MOMENTUM THEORY

The momentum theory is the most basic way to analyze a wind turbine, which is also
called "actuator-disc theory" or "one-dimensional slip-stream theory". It was first de-
veloped by Rankine (1865) and Froude (1889). The history of the development of mo-
mentum theory can be found in van Kuik et al. (2015). Sørensen (2016) summarized the
recent development of momentum theory on application to HAWT.

In the axi-symmetric axial flow, a 1-D model of the control volume of a wind turbine
is shown in Figure 2.2. The rotor is represented by a hypothetical permeable actuator
disc, which exerts a force on the flow. The boundary surface which separates the affected
flow from undisturbed flow is extended upstream and downstream to form a streamtube.
The flow within the streamtube slows down, the cross-sectional area of the streamtube
must expand to accommodate it. The undisturbed wind speed is V0, the axial induced
velocity at the plane of the turbine is denoted as vi , with the axial induced velocity in the
far wake being vw . The axial induced velocity is the velocity reduction resulting from the
energy extracting of the turbine. Therefore, the net velocity at the plane of the turbine is
V0 − vi , the net velocity in the far wake is V0 − vw .

• Mass conservation

By applying the principle of the conservation of mass, the fluid mass flow rate, ṁ,
through the disc is

ṁ = ρA(V0 − vi ). (2.1)

• Momentum conservation
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Free-stream
flow Turbine

actuator disc
plane

Far downstream

V0
Turbine thrust, T

V0 - vi
V0-vw

Figure 2.2: Flow model used for the momentum theory analysis of a wind turbine.

The thrust on the disc can be represented by the change of momentum of the flow
across the disc

T = ṁV0 −ṁ(V0 − vw ). (2.2)

After expanding the above equation, a relationship between the thrust on the tur-
bine and the velocity deficit in the far downstream can be obtained,

T = ṁV0 −ṁV0 +ṁvw = ṁvw . (2.3)

• Energy conservation

By applying the law of the conservation of energy, the power extracted from the
flow is

P = 1

2
ṁV 2

0 − 1

2
ṁ(V0 − vw )2 = ṁvw (V0 − 1

2
vw ). (2.4)

The energy absorbed by the disc can also be obtained by

P = T (V0 − vi ). (2.5)

Substituting Equation 2.3 into Equation 2.5 yields

P = ṁvw (V0 − vi ). (2.6)

Under the assumption of no viscosity and no other loss, the kinetic energy ab-
sorbed by the disc should equal to the power extracted from the flow (ie. Equa-
tion 2.4 equals to Equation 2.6), which gives vi = vw /2.

In the analysis of a wind turbine, it is usual to define an independent parameter,
the induction factor a = vi /V0. Accordingly, vi = aV0, vw = 2aV0.
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Combining Equation 2.3 and 2.1, the thrust is

T = ρA(V0 − vi )vw . (2.7)

Substituting vi = aV0, vw = 2aV0 into Equation 2.7 gives

T = ρA(V0 −V0a)2V0a = 2ρAV 2
0 (1−a)a. (2.8)

The thrust coefficient is defined by

Ct = T
1
2ρAV 2

0

. (2.9)

Consequently,

Ct =
2ρAV 2

0 (1−a)a
1
2ρAV 2

0

= 4a(1−a). (2.10)

Combining Equation 2.6 and 2.1 gives

P = ṁvw (V0 − vi ) = ρA(V0 − vi )vw (V0 − vi ) = ρA(V0 − vi )2vw . (2.11)

Substituting vi = aV0, vw = 2aV0 into Equation 2.11 results in

P = ρA(V0 −aV0)22aV0 = 2ρAV 3
0 (1−a)2a. (2.12)

The power coefficient is defined as

Cp = P
1
2ρAV 3

0

. (2.13)

Hence

Cp = 2ρAV 3
0 (1−a)2a

1
2ρAV 3

0

= 4(1−a)2a. (2.14)

The momentum theory itself only gives the averaged velocity of the actuator disc, but
not the velocity distribution at the disc. It is valid for inviscid, incompressible, steady
flow.

STEADY ASSUMPTION OF THE AXIAL MOMENTUM THEORY

The momentum theory is only applicable when the flow field reaches an equilibrium
state. It assumes that the velocity and pressure field follows the load changes instanta-
neously. However, during the operation of a wind turbine, the load on the disc varies
frequently due to the sources in Figure 2.1.

Figure 2.3 shows the change of the streamtube and the velocity when the load on the
disc changes from a low thrust to a higher one. The flow will be decelerated due to the
increased load. It takes a certain time for the flow to accomplish the change due to the
inertia of the streamtube flow volume. To understand the time delay of the development
of the new induction flow field is essential to model the dynamic inflow effect correctly
by adding it into the steady BEM simulation.
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V0

T2

V0 - vi2 V0-vw2

V0

T1

V0 - vi1

V0-vw1

C
t  increases from

 C
t1  to C

t2 

A0
A1

A0
A2

Figure 2.3: Change of the streamtube and velocity when the load change on the rotor.

BLADE ELEMENT THEORY

The momentum theory considers the averaged force and velocity at the actuator disc
plane. In practice, the equations are applied to annuli, which is swept by an independent
element of the blade. The induced velocity at each element is attained by performing
a momentum balance for an annular control volume containing the blade element and
the air bounded by the stream surfaces extending upwind and downwind of the element.
The aerodynamic forces on the element are calculated using two-dimensional lift and
drag coefficients at the local angle of attack.

ASSUMPTION OF THE BLADE ELEMENT THEORY

The main assumption of the blade element theory is that they are independent from
each other. This is challenged when applying it to the analysis of the blade with abrupt
changes of load in radial direction. According to Sørensen and Kock (1995), this assump-
tion is acceptable, except for regions where load changes abruptly, for example, at the
root and the tip regions. The annuli were shown to be not independent and the pres-
sure at the boundary of the annuli was suggested by van Kuik and Lignarolo (2016) to
be included in the momentum theory to remedy the effect of annuli independent as-
sumption. Another situation where this assumption might not be applicable is when
distributed aerodynamic control is applied. For instance, the application of trailing edge
flaps or micro-tabs can create a non-uniform distributed loading along the blade span.

2.3.2. DYNAMIC-INFLOW ENGINEERING MODELS
Various dynamic-inflow engineering models have been proposed and applied in the
wind energy field. The widely used ones are the models of Pitt-Peters (Pitt and Peters,
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1981), Øye (1986, 1990), and ECN (Schepers, 2012), which are introduced in the follow-
ing in detail. All the models describe the distribution of the inflow in the form of ordinary
equations, with time constants representing the dynamic lag in the build-up of the in-
flow. The theory behind the models are different. The model of Pitt and Peters (1981)
is based on the ’apparent mass ’ theory. The latter two are developed based on vortex
models.

THE PITT-PETERS DYNAMIC INFLOW MODEL

T HE Pitt-Peters dynamic inflow model (Pitt and Peters, 1981) was developed for an
actuator disc with an assumed inflow distribution across the disc. Based on the as-

sumption that the equation of Pitt-Peters can be applied to a blade element or actuator
annulus level, the dynamic inflow equation for each annular ring becomes

1

ρA j V 2
0 /2

[
8

3π
ρA j r j

d v j

d t
+2ρA j v j (V0 + v j )

]
=Ct j . (2.15)

where j indicates the j th annular ring, A j and Ct j are the area and thrust coefficient of
the j th annulus and v j is its azimuthal averaged induced velocity. The first term inside
the outer bracket of Equation 2.15 represents the additional force on the rotor disc re-
sulting from the accelerating or decelerating inflow (Leishman, 2002), while the second
term results from the static pressure difference across the actuator disc.

THE ØYE DYNAMIC INFLOW MODEL

I N the dynamic inflow model of Øye (1986, 1990), the induced velocity is estimated by
filtering the quasi-steady values through two first-order differential equations

vi nt +τ1
d vi nt

d t
= vqs +bτ1

d vqs

d t
. (2.16)

vz +τ2
d vz

d t
= vi nt . (2.17)

where vqs is the quasi-steady value from BEM, vi nt is an intermediate value and the
final filtered value vz is treated as the induced velocity. After calibration using a vortex
ring model (Øye, 1990), the two time constants are recommended as follows (Snel and
Schepers, 1995)

τ1 = 1.1

(1−1.3a)

R

V0
. (2.18)

τ2 = (0.39−0.26(
r j

R
)2)τ1. (2.19)

where a is the axial induction factor, R is the rotor radius, r j is the radius of j th annulus,
and b is a constant value of 0.6.



2

16 2. STATE OF THE ART OF UNSTEADY ROTOR AERODYNAMICS

THE ECN DYNAMIC INFLOW MODEL

T HE dynamic inflow model developed by Schepers (2012), was derived from an inte-
gral relation of the streamtube model (see more details of the streamtube model in

subsection 2.3.3). For the condition of constant wind speed, the equation is

R

Vw
fa

d a

d t
+a(1−a) =Ct j /4. (2.20)

where Ct j is the axial force coefficient on the rotor annulus j . The term fa is a function
of the radial position, defined as

fa = 2π/
∫ 2π

0

[1− (r /R)cosΦr ]

[1+ (r /R)2 −2(r /R)cosΦr ]3/2
dΦr . (2.21)

These models have been applied to different aero-elastic codes. The Pitt-Peters
model has been applied in the open source code from NREL — Aerodyn (Laino and
Hansen, 2002), the Øye’s model has been applied to DTU’s code HAWC2 (Larsen and
Hansen, 2007), the ECN’s model has been applied to the code PHATAS (Lindenburg,
2005). The improvements over quasi-steady models was reported. However, to what ex-
tent they can reflect the real dynamic inflow problem is unknown, and their comparative
performance is not fully evaluated.

The use of BEM with engineering add-ons has become popular in the design frame
of a wind turbine, due to its favorable implementation within an aero-servo-elastic pro-
gram and the modest computational time. In addition to the engineering models, more
advanced models, which can account for more physics, are introduced in the following
sections.

2.3.3. ACTUATOR-DISC MODEL FOR STEADY WAKE
The vortex model was introduced by Joukowsky (1912, 1914, 1915, 1918), consisting of
blade bound vortices, a root vortex and a vortex at the tip of each blade. The application
of the actuator disc with infinite number of blades leads to a simple wake model, which
is illustrated in Figure 2.4. Details of a rotor flow field can be calculated from such a
vortex model.

It results in a linear actuator-disc model representation as shown in Figure 2.5,
when the wake expansion is neglected. Analytical formulae of the velocity induced by
a right cylinder were independently obtained by Callaghan and Maslen (1960), Gibson
(1974), van Kuik and Lignarolo (2016), and Branlard and Gaunaa (2014) using different
approaches. Callaghan and Maslen (1960) derived the magnetic field of a finite solenoid
based on vector potential, which is applicable to velocity field calculation of a right
vortex cylinder with tangential vorticity in rotor aerodynamics. Gibson (1974) obtained
all three components of the velocity field induced by a semi-infinite vortex cylinder
based on a lemma and integration by parts and proved the feasibility of applying the
semi-infinite vortex cylinder to actuator disc flow. van Kuik and Lignarolo (2016) ob-
tained the analytical axial velocity of a semi-infinite vortex tube using the gradient of
the solid angle. Branlard and Gaunaa (2014) obtained the analytical equations of the
velocity field induced by a finite or semi-infinite vortex tube using direct integration of
the Biot-Savart law.
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Using a superposition of a system of coaxial vortex cylinders to calculate the induced
velocity field of non-uniform disc loading was applied by Heyson and Katzoff (1956) and
Branlard and Gaunaa (2014).

z

y
xp

γƖ
γt

γb

Figure 2.4: A nonlinear actuator disc model, representing the wake of a wind turbine.
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Figure 2.5: A linear actuator disc model, representing the wake of a wind turbine.

2.3.4. ADVANCED MODELS FOR DYNAMIC WAKE
The free tracking vortex-based model and CFD models inherently can account for the
unsteady aerodynamic effects of a rotor. These advanced models are more physically
representative than the dynamic-inflow engineering models, at the cost of more com-
putational time.

VORTEX MODELLING

Vortex models have become popular in the analysis of a wide range of aerodynamic
problems (Cottet and Koumoutsakos, 2000; Lewis, 1991). The historical and recent de-
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velopments of the vorticity-based methods for the study of wind turbine aerodynamics
are detailed in Branlard (2017). The vortex models applied to rotor wake problems can be
divided into two categories : the "prescribed" and "free" vortex techniques (Leishman,
2002).

In the prescribed vortex models, positions of the vortical elements are specified be-
forehand based on semi-empirical rules. The prescribed vortex model in wind turbine
application is constrained by the limited documented wake vortices positions, which
has to be obtained by experiments encompassing a wide range of rotor geometric (e.g.,
blade shape and twist) and operating states (wind speed, yaw angle, etc.) (Leishman,
2002).

In the free vortex models, the vortex elements are convected and deformed freely un-
der the action of the local velocity field to force-free locations, which are pertinent for the
dynamic inflow study. The free vortex model has been applied to the helicopter analysis
since 1970s (Clark D.R., 1970). The application has been transmitted to wind turbines
later on. The theoretical development of a method for prediction of the aerodynamic
performance of horizontal axis wind turbines was presented by Jeng and Keith (1982).
Various vortex tools were applied in the JOULE projects (Snel and Schepers, 1995; Schep-
ers and Snel, 1995). Among them, the AWSM code (van Garrel, 2003) is a free wake lifting
line model developed in ECN; the ROVLM (Bareiss and Wagner, 1993) is a free/hybrid
wake code, in which the flow field around a solid lift producing surface is modelled by
superposition of the singularities of a source and a doublet on the panel with the free
stream velocity. This is also called panel method or panel model. The code GENUVP
(Voutsinas, 2006) is also a free wake panel code based on a vortex particles (vortex blobs)
approximation of the wake. Time constants in the Øye ’s dynamic-inflow engineering
model (Snel and Schepers, 1995) was also tuned using a hybrid wake model represented
by discretized vortex rings (Øye, 1990).

A 3D unsteady free wake panel model was applied to a vertical axis wind turbine
(VAWT) by Ferreira (2009) to understand the dynamics of the 3D near wake. A 3D un-
steady, potential flow panel model was also used by Micallef (2012) to study the 3D flow
field near a horizontal axis wind turbine (HAWT) rotor under yawing. Recently, a free
wake lifting line model was developed and applied to HAWT under yawing and pitch-
ing conditions. A good agreement with experiments of three different turbine models in
terms of blade load, the rotor torque and the locations of the tip vortex cores in the wake
was obtained (Qiu et al., 2014).

The needed memory and computational time increases exponentially with the in-
crease of number of discrete elements per vortex filament, which makes the technique
of free wake vortex modelling very expensive. However, it is still considerably less ex-
pensive than using CFD methods. Due to the artificial viscosity, CFD tends to cause con-
centrated vorticity to decay (Peters, 2009). This explains why the free wake models are
more suitable for induced field calculation than CFD. The artificial viscosity is needed
for numerical stability in CFD.

The application of the GPU technique makes it practical to run the simulations in
this thesis using free wake modelling on a personal computer.
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COMPUTATIONAL FLUID DYNAMICS

In the application of CFD to rotor aerodynamics, the continuous flow domain of the
wake of a wind turbine is governed by the RANS or LES equations. The equations are
solved in a discrete manner. It is divided into two categories based on the different rep-
resentation of the blades — the generalized actuator disc approach and the direct ap-
proach (Sanderse et al., 2011). In the former, the blades are represented by a body force;
in the latter, the actual blades are directly discretized on a computational mesh.

Depending on the different ways of representing the blades, the generalized actuator
disc approaches are divided into actuator disc, actuator line and actuator surface. Ra-
jagopalan and Rickerl (1990) were one of the first to apply the actuator-type approach
in a CFD code. Although the actuator disc methods are only for steady load conditions,
Sørensen and Myken (1992) made it suitable for unsteady computations by representing
the axisymmetric Euler equations in a vorticity-stream function formulation. Sørensen
and Kock (1995) employed this model to calculate the unsteady flow past the 2 MW
Tjæreborg wind turbine. As an extension of the actuator disc approach, the actuator line
approach, where the force term is represented by a actuator line for the wake calculation
of a rotor , was introduced by Sørensen and Shen (2002). The method was implemented
in the CFD code of EllipSys3D by Mikkelsen (2003), which has been applied in various
subsequent researches. The actuator line was further extended to actuator surface ap-
proach by Shen et al. (2007, 2009).

The CFD methods are increasingly applied to wind turbine aerodynamics and wind
farm aerodynamics. However, the demanding computational requirements limit it for
analysis tool rather than design tool at current stage.

2.4. EXPERIMENTS ON DYNAMIC INFLOW
Most of the experimental research on dynamic inflow of wind turbines were conducted
in the projects mentioned in subsection 2.2.2. Some more details are given in this sec-
tion.

Øye (1986) observed the delay of response of flapwise moment and power from
change of pitch angle on Nibe B HAWT. In the project JOULE I (Snel and Schepers, 1995),
both axisymmetric and yawed cases were tested. Two turbines were utilized for the test.
The measurement on the full scale turbine of Tjæreborg focused on pitching transient
and yawed flow conditions (Øye, 1991a,b). However, only the blade bending moments
were successfully measured. The measurement on a wind turbine model tested in the
TUDelft open jet wind tunnel focused on the wind gust and yawed flow. The velocity
at three fixed positions just downstream the rotor plane was measured by a hot wire
for some specific test cases (Snel and Schepers, 1995). The wind gust was not simu-
lated successfully, because the generation of gust was slower than the dynamic inflow
time scale. The velocity measured at downstream planes was not representative as the
azimuthal position relative to the rotating blade also changed in this set-up where the
measurement positions were fixed. In the project JOULE II (Schepers and Snel, 1995), a
big supplement to the project JOULE I was that partial pitch transient load cases were
tested.

In the NREL/NASA Ames wind tunnel test (Hand et al., 2001), a series of operational
conditions ranging from upwind axial operation, down wind operation, pitch step, yaw
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operation and variation in angle of attack were tested. An important improvement of
this test was that the instantaneous pressure at five radial positions instead of only blade
bending moment as in previous projects was measured. This provides the information
for studying the radial dependency of the time constant along the blade (Schepers, 2007).

In the MEXICO project phase I (Schepers et al., 2012), pitching transient and varia-
tion of incoming flow were tested on a 3 bladed turbine with 4.5m diameter in the Large
Low-speed Facility (LLF) of DNW in the Netherlands. However, the dynamic inflow ef-
fects were too small to be used for validation due to a slow change in pitch and flow
(Schepers et al., 2014). Therefore, in the second phase (Schepers et al., 2014), the test
cases in phase I were reconducted, and also yawed conditions were tested.

Full scale turbines operating in real atmospheric flow conditions were further tested
in DANAERO experiment (Madsen et al., 2010; Troldborg et al., 2013). Measurements
were performed on a 2MW NM80 turbine with an 80m rotor undergoing pitch transient
at the Tjæreborg Enge site (Madsen et al., 2010) . However, Schepers et al. (2014) thought
that it was not sufficient for analysis of dynamic inflow effects due to the atmospheric
turbulence effect, because only 10 min data was acquired. Consequently, a new cam-
paign was performed on a Siemens 3.6MW turbine at the Høvsøre test site in Denmark
(Madsen et al., 2010). The blade bending moment and flow at five radial locations along
the blade were obtained under pitch transient with a pitch rate of 1 degree per second.

The above mentioned experiments were performed with different size of turbine
models, ranging from wind tunnel models to full-scale wind turbines. Basically, two dif-
ferent operational cases were tested: the axi-symmetric case, including step pitch and
variation in incoming flow; the axi-asymmetric case, yawed conditions. The blade bend-
ing moment was the focus for most cases. The distributed pressure and inflow velocity
at different radial locations along the blade were measured at some specific tasks. The
velocity in the wake was only measured once in the test case of wind gust during project
JOULE I (Snel and Schepers, 1995). As mentioned, the first problem of this test was that
the generation of gust was too slow. The second problem was that the velocity was mea-
sured at fixed location in the wake of the rotor while the blade rotates.

In summary, the previous experimental work on dynamic inflow can be improved at
the following two aspects.

• The unsteady airfoil aerodynamics is intertwined in the dynamic inflow problem
in the past tested cases, where the blades of a full-scale wind turbine or a wind
turbine model are pitching. New experimental set-ups should be designed to de-
couple the effects.

• Previous research mainly focused on the load and velocity measurement at the
rotor plane, not in the wake. The wake determines the induction on the rotor and
it also determines the inflow conditions for the downstream rotors, but the wake
development under unsteady load is unknown and requires new research.
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VERIFYING BEM FOR UNSTEADY LOAD

USING A FREE WAKE VORTEX RING MODEL

You can avoid reality, but you cannot avoid the consequences of avoiding reality.

Ayn Rand (1905-1982)

The main content of this chapter has been published in

Yu, W., Ferreira, C. S., van Kuik, G., and Baldacchino, D. (2016) Verifying the Blade Element Momentum
Method in unsteady, radially varied, axisymmetric loading using a vortex ring model. Wind Energ., doi:
10.1002/we.2005.
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Although BEM method was derived for steady conditions, it is used for unsteady con-
ditions by using corrections of dynamic-inflow engineering models. Its applicability in
these cases is not yet fully verified. In this chapter, the validity of the assumptions of
quasi-steady state and annuli independence of the blade element momentum theory
for unsteady, radially varied, axisymmetric load cases is investigated. Firstly, a free wake
model which combines a vortex ring model with a semi-infinite cylindrical vortex tube is
developed, and applied to an actuator disc in three load cases: (I) steady uniform and ra-
dially varied, (II) two types of unsteady uniform load, and (III) unsteady radially-varying
load. Results from the three cases are compared with Momentum Theory, and also with
the dynamic-inflow engineering models of Pitt-Peters, Øye model and ECN model for
the unsteady load cases. For unsteady load, the free wake vortex ring model predicts
different hysteresis loops of the velocity at the disc or local annuli, and different aerody-
namic work from the dynamic-inflow engineering models. Given that the free wake vor-
tex ring model is more physically representative, the results indicate that the dynamic-
inflow engineering models should be improved for unsteady loaded rotor, especially for
radially-varying unsteady loads.

3.1. INTRODUCTION
As introduced in chapter 2, the mostly used BEM method is challenged by two main
intrinsic assumptions. One is the equilibrium state assumption of Momentum Theory.
Another is the assumption of radial independence of flow passing through each adjacent
annulus.

A few works were tried to improve these limitations of BEM. Sørensen and Myken
(1992) obtained a nonlinear and unsteady actuator-disc model using a time-dependent
vorticity-stream function formulation, but Chattot (2014) pointed out that errors will be
introduced with this method because vorticity diffuses from the slip line unphysically.
Chattot (2014) tried to extend the steady actuator disc theory to unsteady flow based on
conservation laws, but his numerical results showed the formulae can not correctly ac-
count for unsteady effects. Conway (1995) obtained a linear solution for an actuator disc
with steady heavy loads, which was extended to a semi-analytical non-linear method to
consider certain distributions of radially-varying load (Conway, 1998).

The current approach to overcome the limitation of BEM to steady conditions is to
apply dynamic-inflow engineering models. The dynamic-inflow engineering models of
Pitt-Peters, Øye and ECN, which are introduced in chapter 2, are integrated with Mo-
mentum Theory for verification in this chapter.

The unsteady load on wind turbines is determined by the non-stationary environ-
ment. The limits of the effectiveness of velocity prediction of BEM in unsteady load cases
are unknown. Furthermore, some dynamic-inflow models are based on the same inde-
pendent annuli assumption of BEM. To date, only specific radially-varying load and un-
steady load of an actuator disc were discussed separately in previous studies (Conway,
1998; Madsen and Rasmussen, 2004).

In this chapter, the validity of BEM with dynamic-inflow engineering models in pre-
dicting the induction of an actuator disc with unsteady, radially-varying load is investi-
gated using a free wake vortex ring (FWVR) model. The time-dependent modelling can
handle unsteady load intrinsically. The vortex rings are expanding or contracting freely
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due to the radial velocity induced by all the vortex rings and the semi-infinite cylindrical
vortex tubes. Local pressure gradients caused by locally varied load can be considered in
this model.

In section 3.2, the approach and the development of the FWVR model are detailed.
Subsequently, a convergence study and the validity of the FWVR model are addressed in
section 3.3. Results are presented in section 3.4 for three load cases: (I) steady uniform
and radially-varying load, (II) two types of unsteady uniform load, (III) unsteady radially-
varying load. Additionally, the effect of dynamic induction on aerodynamic work is also
discussed. Conclusions are drawn in section 3.5.

3.2. APPROACHES AND MODEL DEVELOPMENT

3.2.1. THE DEVELOPMENT OF THE FWVR MODEL
The development of the FWVR model will be presented in this section. The three
dynamic-inflow models of Pitt-Peters, Øye and ECN will be applied to Momentum The-
ory on the entire actuator disc for Case II, and applied to each annulus for Case III, for
comparison with the FWVR model.

For an incompressible, inviscid fluid, the motion of the fluid particles is governed by
the Euler equation

ρ
D~v

Dt
=−∇p +~f (3.1)

and the continuity equation
∇·~v = 0 (3.2)

where ~v is the velocity vector, ~f is the force density distribution which the body acts on
the flow, ρ is the fluid density and p is the static pressure. When wake rotation can be
neglected, the vortex tube of an actuator disc can be treated as distributed ring vortices
along the tube surface shed from the edge of the actuator disc and extended to the infi-
nite downstream (Conway, 1995).

The vortex surface is modelled as discrete vortex rings, which are shed from any ra-
dial location of the disc’s surface where the local pressure gradient is non-zero. In axial
and axi-symmetric flow, ~f = ~ez f . Integrating it across the thickness dz of the disc yields
a pressure jump ∆p = ∫

f d z. van Kuik (2003) obtained a relationship between vortex
strength and pressure jump, given by

DΓed g e

Dt
= ∆p

ρ
. (3.3)

The wake model is segregated into the near wake and the far wake, similar to the
work from Øye (1990), van Kuik and Lignarolo (2016) for a steady load case. In this chap-
ter, the near wake is modelled by dynamic surfaces, consisting of free vortex rings shed
from the edge of the actuator disc or other radial locations of the disc’s surface where the
local pressure gradient is non-zero; the far wake is represented by semi-infinite cylindri-
cal vortex tubes with constant strength and radius. The vortex rings are considered as
thin, axi-symmetric and uniform. Axi-symmetric rings means that rings may expand or
contract, their central axis always coinciding with the axis of the actuator disc. Figure 3.1
illustrates the vortex model schematically. The wake consists of numerous vortex rings
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for the near wake and semi-infinite vortex tubes for the far wake. The vortex rings are
shed at the edge and at positions where there is a pressure jump.

Figure 3.1: Scheme of the vortex model. The wake consists of vortex rings for the near wake and
semi-infinite vortex tubes for the far wake. Vortex rings are shed at the edge and positions where
there is a pressure jump.

NEAR WAKE MODEL

As shown in Equation 3.3, the strength of the unsteady vortex surface grows in time. The
gain in circulation of the newly generated vortex ring as it passes through the edge of an
annulus with a constant load ∆p is

∆Γ

∆t
= ∆p

ρ
. (3.4)

From the definition of thrust coefficient, it follows that

Ct = T

ρAV 2
0 /2

= A∆p

ρAV 2
0 /2

(3.5)

where T is thrust on the disc or disc-annulus having an area A, and V0 is the undisturbed
wind speed. Combining Equation 3.4 with Equation 3.5, the relationship between the
strength of the new vortex ring produced in time ∆t and thrust coefficient is given by

∆Γ=Ct (V 2
0 /2)∆t . (3.6)

The analytical formulas for the velocity field induced by an infinitely thin axi-
symmetric vortex ring are given by Yoon and Heister (2004). Their expressions are mod-
ified with the cut-off radius δ here, the effect of δ is discussed in the subsection 3.3.1..
Figure 3.2 shows the cartesian coordinate system used in this chapter for velocity field
calculation. When the actuator disc is located at the z=0 plane with the centreline along
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z axis, the axial and radial velocities at an arbitrary point P in the field induced by the i th

vortex ring are given by

v i nd
z = Γi

2π
√

(zp − zi )2 + (rp +Ri )2 +δ
[K (m2)+

R2
i − r 2

p − (zp − zi )2

(zp − zi )2 + (rp −Ri )2 +δE(m2)] (3.7)

v i nd
r =− (zp − zi )Γi

2πrp

√
(zp − zi )2 + (rp +Ri )2 +δ

[K (m2)−
R2

i + r 2
p + (zp − zi )2

(zp − zi )2 + (rp −Ri )2 +δE(m2)]

(3.8)
where < zp ,rp > are the field coordinates of point P where the velocity is to be calculated,
zi is the axial coordinate and Ri is the radius of i th vortex ring. K (m) and E(m) are the
complete elliptic integrals of the first and second kind, where m is given by

m2 = 4rp Ri

(zp − zi )2 + (rp +Ri )2 +δ . (3.9)

The method from Abramowitz and Stegun (1972) is used for evaluating the first and sec-
ond kind integrals. When the evaluation point P is too close to the vortex ring, there
is an unphysically large induced velocity at that point. There are two commonly used
methods to remove the singularity, one is to use a cut-off, the other is to apply a viscous
vortex model with a finite core size (Leishman et al., 2002). A third option to avoid the
singularity is using the scheme of merging vortex elements when they are getting close
to each other. The cut-off radius is used in this model.

A vortex ring will induce a velocity in the entire flow field and on itself. The self-
induced velocity is not negligible, but it can not be calculated directly from Equation 3.7
and Equation 3.8 because of the singularity. There are different ways compared by Bal-
dacchino (2012) to solve this problem. Although the self-induced velocity represented
by the induced velocity evaluated at the ring centroid is not theoretically correct, Bal-
dacchino (2012) showed the difference tends to zero when the ratio between the core
radius and ring radius tends to zero. Infinitely thin vortex rings are assumed in this
model, and it is acceptable to use the induced velocity at the center of each ring. The
self-induced axial velocity v s

z and radial velocity v s
r are given by

v s
z =

Γ

2Ri
, (3.10)

v s
r = 0. (3.11)

The radial and axial positions of the vortex rings are updated using a second order Euler
method as follows

zn
i = zn−1

i + (vz(i )
n−1 +V0)∆t + 1

2

(vz(i )
n−1 +V0)− (vz(i )

n−2 +V0)

∆t
(∆t )2 (3.12)



3

26 3. VERIFYING BEM FOR UNSTEADY LOAD USING A FREE WAKE VORTEX RING MODEL

Rn
i = Rn−1

i + vr (i )
n−1∆t + 1

2

vr (i )
n−1 − vr (i )

n−2

∆t
(∆t )2 (3.13)

where < zn
i ,Rn

i > represent axial and radial position of i th vortex ring at time step n,

and z0
i = 0 ,R0

i = R. < vn
z(i ), vn

r (i ) > are the axial and radial velocity of the i th vortex ring
induced by all vortex rings and the semi-infinite vortex tubes in the field at time step n.
The influence of time step is discussed in subsection 3.3.1.

Theoretically, the shed vortex rings need an infinite long time to transport infinitely
far, which is impractical. To make it more practical while keeping the model physically
correct, the far wake is replaced by a semi-infinite cylindrical vortex tube. The replace-
ment happens after a sufficiently large time, when the shedding and transporting vortex
ring system approach a steady state.

Figure 3.2: A schematic of the coordinate system for computing the induced velocity at an arbitrary
point.

FAR WAKE MODEL

The far wake part is represented by a semi-infinite cylindrical vortex tube, for which the
vortex strength density, should match that of the near wake part; the vortex strength
density is given by

γ= Γ

∆s
(3.14)

where ∆s should be the distance of adjacent rings in the ideal situation when the rings
are uniformly spaced. Due to vortex dynamics, the distance between adjacent rings are
not the same (see Figure 3.6). Alternatively, the averaged value of the distance of rings in
the fully developed wake excluding the expansion part is used. Taking the case of Ct =8/9
in Figure 3.6 as an example, the far wake is replaced at 11R, the near wake fully expands
at 4R, ∆s = 11R−4R

N , N is the number of rings between 4R-11R.
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The axial velocity induced by the semi-infinite cylindrical vortex tube can be calcu-
lated from the analytical solution from van Kuik and Lignarolo (2016)

v i nd
z = γ

4π
Ω(z0) (3.15)

where Ω (defined in (Paxton, 1959)) is the solid angle that the tube opening subtends
to the position (zp ,rp ), where the velocity field is to be evaluated. The radial velocity is
calculated using the following analytical equation from Branlard and Gaunaa (2014)

v i nd
r =− γ

2π

√
Rtube

rp

[
2−m2

m
K (m2)− 2

m
E(m2)

]
(3.16)

where K (m2) and E(m2) are the complete elliptic integrals of the first and second kind,
and m is given in Equation 3.9 by replacing (zi ,Ri ) with (ztube ,Rtube ).

The FWVR model is validated against wind tunnel measurements of a steady actuator
disc model, which is presented in subsection 3.3.2.

3.2.2. LOAD CASES
A variety of load cases are performed in the FWVR model to evaluate the dynamic induc-
tion of an actuator disc with different types of load. Velocities calculated from the FWVR
model are compared with those from Momentum Theory, and also with the dynamic-
inflow engineering models of Pitt-Peters, Øye and ECN for the unsteady load cases. The
three load cases categories are listed in Table 3.1.

The load of Ct =7/9 is treated as a baseline load case, the temporally-varying and
radially-varying load are defined based on it. For Case I (a) and (b), a local radially-
varying load is prescribed at the annulus of 0.6R-0.8R, a uniform steady load Case I (0) is
given as reference. In Case II (1), a step uniform time-varying load is considered, while
Case II (2) prescribes a harmonically time-varying uniform load. Lastly, a combination
of the parameters in Case I and II is prescribed as III, where a harmonically time-varying
radially-varying load is applied at 0.6R-0.8R.

In Case II and III, the unsteady load occurs at τ=50 when the velocity is converged for
Ct = 7/9. The amplitude of harmonic load is ∆Ct =1/9. The harmonic reduced frequen-
cies in Case II (2) and III are 0.05, 0.2, 0.5, 1, when non-dimensionalizing normalizing
using k = ωD

2V0
. The time and velocity presented in the results are non-dimensionalizing

using τ= V0t
R and the incoming wind speed V0, respectively.

In order to quantify the hysteretic response of all these models, the amplitude and
phase delay from the Lissajous figure (Al-Khazali and Askari, 2012) are discussed. An
example of Lissajous figure is shown in Figure 3.3, where the vertical height A represents
the velocity amplitude, width of the hysteresis loop represents the phase lag.
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A

wid
th

y(
t)

x(t)

Figure 3.3: Lissajous figure, A – the velocity amplitude, width – the phase lag.

Table 3.1: Load cases.

Load cases uniform radially-varying

steady I. 0 0.2 0.4 0.6 0.8 1
0.65

0.7

0.75

0.8

0.85

0.9

0

C
t

r/R I.

0 0.2 0.4 0.6 0.8 1
0.65

0.7

0.75

0.8

0.85
(a)

C
t

0 0.2 0.4 0.6 0.8 1
0.65

0.7

0.75

0.8

0.85
(b)

C
t

r/R

unsteady step II.(1).

0 20 40 60 80 100
0.65

0.7

0.75

0.8

0.85
(a)

C
t

0 20 40 60 80 100
0.65

0.7

0.75

0.8

0.85
(b)

C
t

τ

unsteady harmonic II.(2). 0 20 40 60 80 100
0.65

0.7

0.75

0.8

0.85

0.9

C
t

τ

0 ≤ r/R ≤ 1

III. 0 20 40 60 80 100
0.65

0.7

0.75

0.8

0.85

0.9

C
t

τ

0.6 ≤ r/R ≤ 0.8

outside 0.6 ≤ r/R ≤ 0.8
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3.3. MODEL CONVERGENCE STUDY AND VALIDATION

3.3.1. A CONVERGENCE STUDY
This section addresses the two convergence issues of the FWVR model. The first one is
the effect of parameters used in the model, mainly the time step and cut-off radius. The
second one is the extension of the shed vortex rings.

Results show v̄z at the actuator disc to decrease monotonically with time. At time
τ=50, the difference from Momentum Theory in v̄z at actuator disc for Ct =7/9 is less than
0.5%, and the decreasing rate d(v̄z (50))

dτ is at 9×10−6. Therefore, v̄z (50) at actuator disc for
Ct = 7/9 for these verification cases are checked. Figure 3.4 shows v̄z (50) at the actuator
disc using five different cut-off radii δ= 1×10−3,1×10−4,1×10−5,1×10−6,1×10−7, and
six different time steps ∆τ=0.05, 0.04, 0.03, 0.02, 0.01, 0.005. When the cut-off is smaller
than δ= 1×10−5, the difference of v̄z (50) from that of Momentum Theory is within 0.2%
percent. The difference in v̄z (50) is less than 0.1% for time steps smaller than ∆τ=0.02,
which give confidence in using ∆τ≤ 0.02 and δ≤ 1×10−5 for all the simulations. There-
fore, results at τ =50 are acquired for steady load cases, results at τ=50 after load change
are acquired for unsteady load cases.

0 50 100 150 200
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0.755

0.76

∆τ−1

v̄ z
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0)

δ = e− 7
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δ = e− 3

(a)
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∆τ = .05

∆τ = .04

∆τ = .03

∆τ = .02

∆τ = .01

∆τ = .005

(b)

Figure 3.4: Convergence of the averaged velocity at the actuator disc at τ=50 inverse (a) time
step, versus (b) cut-off radius, for Ct =7/9 (The curve for ∆τ=0.02 almost coincides with that for
∆τ=0.01).

The influence of the extension of the shed vortex rings on the convergence of the
averaged axial induced velocity v̄z at the disc is shown in Figure 3.5. It shows the contri-
bution from the semi-infinite vortex tube, from the vortex rings and from both of them to
v̄z at the actuator disc for different extensions of the shed vortex rings, for Ct = 4/9, 6/9,
7/9, 8/9. A larger extension of the vortex rings increases its contribution to the total in-
duction, as the contribution from the semi-infinite vortex tube become less significant.
However, the total induction from both vortex rings and the semi-infinite vortex tube
converges after certain extensions of vortex rings. Although a longer extension is needed
for a larger thrust to converge, the total induction v̄z converges at 10R for all considered
thrust coefficients. Therefore, it is reasonable to replace the far wake with a semi-infinite
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Figure 3.5: Averaged induced velocity at the actuator disc from the vortex rings (dash line), the
semi-infinite vortex tube (dash dot line) and the total (solid line) for different extensions of vortex
rings, for Ct =4/9, 6/9, 7/9, 8/9.

vortex tube after 10R.
Figure 3.6 shows the location of the vortex rings of the fully developed near wake

for Ct = 4/9, 6/9, 7/9, 8/9, where instability can be seen downstream. The larger the
thrust, the longer the distance is for a complete wake expansion. The dot line shows
the ideal radius in the infinite far wake from Momentum Theory. Taking into account
the convergence of the total v̄z in Figure 3.5 and the locations of the core of the vortices,
the semi-infinite vortex tube starts from around 11R (shown in Figure 3.6) for all these
thrust coefficients. At these places, the FWVR model has a converged v̄z and the ideal
wake radius can be used as radius of the semi-infinite vortex tube.

3.3.2. THE FWVR MODEL VALIDATION
The validity of the FWVR model is addressed in this section. The velocity field of an
actuator disc represented by a porous mesh was measured by Lignarolo et al. (2016b).
The experiments were conducted in the �3m Open Jet Facility (OJF) at Delft University
of Technology, more details about the wind tunnel are given in chapter 4. The wind
speed was 4.7 m/s, the corresponding Reynolds number to the disc diameter of 0.6m is
188000. The porosity of the disc made by three layers of metal mesh is 60%, the thrust
measured by a force balance is Ct = 0.93. The three-component velocity field of the disc
was obtained with a stereoscopic particle image velocimetry (SPIV). The experiment was
also used to benchmark four large eddy simulation (LES) codes and a vortex model for
the flow field of the near wake of an actuator disc (Lignarolo et al., 2016a). The measured
time averaged axial velocity field is shown in Figure 3.7, the intersections of the vortex
rings with the symmetry plane from the FWVR model are represented by black points.
The blank region immediately aft the disc was not covered by the measurements. The
expansion from the FWVR model matches with the tunnel measurement well. Notably,
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the Ct =0.93 is high, which leads to earlier start of the instability from the FWVR model.
The vortex rings start to roll up at around z/R=1.0, while still remaining within the shear
layer of the measured wake of the actuator disc model.

Figure 3.8 compares the velocity at planes of z/R=-0.5, 0.2, 1.5, 3.0, 4.5 between the
FWVR model and the measurements for Ct =0.93. The FWVR model captures the velocity
profile generally well. Due to the lack of turbulence dissipation in the FWVR model, the
experimental velocity distribution at the edge of the wake is smoother. As the same as
the four LES codes and the vortex model in (Lignarolo et al., 2016a), the velocity values
outside the wake from the FWVR model are relatively lower than experimental results.
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Figure 3.6: Location of vortex rings in the fully developed near wake for Ct =4/9, 6/9, 7/9, 8/9.
Points represent intersections of the rings with the symmetry plane. Dotted lines show the ideal
radius in infinite far wake from Momentum Theory.
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Figure 3.7: Comparison between positions of vortex rings from the FWVR model and time averaged
velocity field from the wind tunnel measurements of an actuator disc for Ct =0.93. Black points
represent intersections of the rings with the symmetry plane.
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planes of z/R=-0.5, 0.2, 1.5, 3.0, 4.5 for Ct =0.93.
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3.4. RESULTS AND ANALYSIS
This section focuses on the analysis of the velocity field obtained from the FWVR model
for the load cases in Table 3.1, the results will be compared with Momentum Theory for
all three cases, and also compared with the dynamic-inflow engineering models of the
Pitt-Peters, Øye and ECN for Cases II and III.

3.4.1. STEADY UNIFORM AND RADIALLY-VARYING LOAD
The results for Case I are discussed in this section. All data for figures 3.9 - 3.11 are ob-
tained at τ=50.

Figure 3.9 compares the distribution of axial velocity vz at the actuator disc plane
calculated from the FWVR model and Momentum Theory for the uniform load (Case I
(0)), radially increased load (Case I (a)) and radially decreased load (Case I (b)). For Case
I (0), vz calculated from the FWVR model matches with that from Momentum Theory,
but it is not as uniform as Momentum Theory assumes, especially at the edge of actuator
disc, which was also found by Sørensen and Kock (1995); Sørensen and Mikkelsen (2001);
van Kuik and Lignarolo (2016). For Case I(a) and (b), the locally changed vz captured by
the FWVR model matches generally well with that from Momentum Theory.
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Figure 3.9: Comparison of the distribution of the axial velocity at the actuator disc plane between
the FWVR model and Momentum Theory for load Case I (0),(a),(b).

Figure 3.10 shows the axial velocity vz and radial velocity vr obtained from the FWVR
model at the actuator disc plane for Case I(0),(a),(b). As seen vz and vr change dramati-
cally at the region 0.6R-0.8R where load locally varied. Outside the local annulus, vz and
vr change slightly compared to Case I (0). The slight change in velocity at other annuli
shows that although the assumption of independent annuli is incorrect, its effect here is
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not significant. Another phenomenon is that vz and vr decrease sharply at the actuator
disc edge, both of which keep decaying as the locations move outside from the center of
the disc.
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Figure 3.10: Comparison of the distribution of the axial (left) and the radial (right) velocity at the
actuator disc plane from the FWVR model for load Case I (0),(a),(b).
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Figure 3.11: Comparison of the axial velocity along the centreline from the FWVR model for load
Case I (0),(a),(b).

The analysis of the steady radially-varying load shows that the main effect of the local
load variation is largely confined to the same local region; slight differences outside the
local load variation region are present, but they are not significant.

3.4.2. UNSTEADY UNIFORM LOAD
In this section, the load Case II, two types of unsteady uniform load : (1) step time-
varying load and (2) harmonically time-varying load are investigated.
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STEP TIME-VARYING LOAD

Figure 3.12 shows the averaged axial velocity v̄z at the actuator disc predicted by the
FWVR model, Pitt-Peters, Øye and ECN dynamic inflow models for step time-varying
uniform load. It is evident that the Pitt-Peters model predicts the smallest time delay,
the Øye and ECN models predict a larger time delay than the Pitt-Peters model, and
the FWVR model has the largest time delay among all for both loading and deloading
cases. The difference exists in both the start-up and load transient part, but the start-up
part is not the designed load case for the two engineering models. The FWVR predicts a
larger time delay for the load increasing case than that of the load decreasing case, which
implies that the load strength, which determines the strength of the newly shed vortex,
also has an impact on the time delay.
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Figure 3.12: Comparison of averaged axial velocity at the actuator disc between the FWVR model,
the Pitt-Peters, the Øye and ECN model for Case II (1) (a) and II (1) (b).

HARMONICALLY TIME-VARYING LOAD

The results of a harmonically time-varying uniform load are analyzed here, the simula-
tions are presented for k = 0.05, 0.2, 0.5 and 1. Figure 3.13 compares the hysteresis loops
of the averaged axial velocity at the actuator disc from the FWVR model, Momentum
Theory, Pitt-Peters, Øye and ECN dynamic inflow models for Case II (2). The amplitude
difference (difference in amplitude of v̄z from that of Momentum Theory) and the phase
lag are mainly analyzed.

The dynamic v̄z is plotted versus thrust coefficient Ct at the actuator disc. Momen-
tum Theory can not predict any dynamic effect due to its basis of the static state, how-
ever, it is plotted here for comparison. Consistent with Figure 3.12, the Øye model is
in great agreement with the ECN model for all the frequencies. As seen for k= 0.05, the
amplitude of v̄z predicted by the Pitt-Peters dynamic inflow model matches with the
quasi-steady values from Momentum Theory, but has a small phase lag from Momen-
tum Theory. The Øye and ECN dynamic inflow models predict a larger phase lag and
amplitude difference than the Pitt-Peters dynamic inflow model, and the FWVR model
predicts an even larger phase lag and amplitude difference than the Øye and ECN dy-
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Figure 3.13: Comparison of hysteresis loops of the averaged axial velocity at the actuator disc be-
ween Momentum Theory, the FWVR model, Pitt-Peters, Øye and ECN models for Case II (2) — an
actuator disc undergoing harmonic thrust oscillations with an amplitude of ∆Ct =1/9 for k = 0.05,
0.2, 0.5 and 1.



3

38 3. VERIFYING BEM FOR UNSTEADY LOAD USING A FREE WAKE VORTEX RING MODEL

namic inflow model. For the larger reduced frequency k=0.2, phase lag and amplitude
difference predicted by the three engineering models increase, but there is only a visible
increase in amplitude difference from the FWVR model. For k= 0.5, the amplitude dif-
ference increases for all the models, and the Pitt-Peters model still predicts an increased
phase lag, but the phase lag obtained from the Øye, ECN and the FWVR model decreases
compared to k=0.2. For k=1, all the four models predict an increased amplitude differ-
ence and a decreased phase lag in v̄z compared to k=0.5.

In general, the frequency of unsteady load has a significant impact on the dynamic
induction. The larger k, the larger amplitude difference compared to Momentum The-
ory predicted by all the models. The Øye and ECN dynamic inflow models predict a
larger amplitude difference than the Pitt-Peters model, and the FWVR model predicts
an even larger amplitude difference than the former two. Phase lag predicted by all the
models experiences first an increase and then a decrease as k increases, but the maxi-
mum point of k is different. The FWVR model predicts a time delay (both amplitude and
phase lag) closer to the Øye and ECN model than the Pitt-Peters model. This may be
because time constants from the Øye and ECN models are also calibrated using a vortex
model, whereas the Pitt-Peters model is initiated for a helicopter based on the ’appar-
ent mass’ concept. The difference between the Øye model and the FWVR model might
be that the constants of the Øye model were calibrated for a certain type of rotor with
certain loads, they need to be tuned for different load cases; while the FWVR model is in-
trinsically applicable for this generic load case. The difference between the ECN model
and the FWVR model might be that the constants of ECN model were derived based on
a linearized vortex model with prescribed convection velocity; while the FWVR model
takes the wake expansion and the local convection velocity into account .

Figure 3.14 shows the time series of axial velocity vz and radial velocity vr at different
annuli obtained from the FWVR model at the reduced frequency of 0.2. As seen, the
unsteady load has a similar impact on both axial and radial velocity at different radii, but
the extent of the effect is different for different radii; the influence increases from root to
tip in both vz and vr .

Figure 3.15 compares the dynamic loop characteristics of vz beween the FWVR
model, Momentum Theory and the three dynamic-inflow engineering models for dif-
ferent radial positions r /R=0, 0.3, 0.55, 0.6, 0.7, 0.8, 0.85, 0.95 and 0.99, at reduced
frequency 0.2. Noticeably, the loop of vz at different radii from the three dynamic-inflow
engineering models is symmetric to the center (Ct =7/9, vz =0.736 ), because the dynamic
corrections are added to the disc averaged value of Momentum Theory. As the radius
is included in equation 2.15, 2.19 and 2.21, it takes into account the variations in time
delay at different radii. For the Pitt-Peters dynamic inflow model, both the amplitude
difference and the phase lag increase as the radial position moves from root to tip. The
axial velocity from the Pitt-Peters dynamic inflow model coincides with Momentum
Theory at the root, because the first term of Equation 2.15 goes to zero at root, which
represents the dynamic effect.

Contrary to the Pitt-Peters dynamic inflow model, both amplitude difference and
phase lag of the Øye and ECN model decrease as the radial position moves outboard.
Different from all the three dynamic-inflow engineering models, the center of vz at dif-
ferent radii from the FWVR model vary with radial positions due to the non-uniform axial



3.4. RESULTS AND ANALYSIS

3

39

0.65

0.7

0.75

v z
/
V
0

50 55 60 65 70 75 80 85 90 95 100
0

0.1

0.2

0.3

0.4

τ

v r
/
V
0

r=.3R

r=.55R

r=.6R

r=.7R

r=.8R

r=.85R

r=.95R

r=.99R

Figure 3.14: The axial (up) and the radial (down) velocity at different radii from the FWVR model at
k =0.2 for Case II (2) — an actuator disc undergoing harmonic thrust oscillations with an amplitude
of ∆Ct =1/9.

velocity distribution even for the uniform load (see Figure 3.9). The amplitude of vz pre-
dicted by the FWVR model increases as the increase of local radius due to the increasing
impact from the tip vorticity. However, there is no discernible variation in phase lag for
different positions.

The FWVR model predicts a larger time delay than the three dynamic-inflow engi-
neering models for both the step and harmonically time-varying load of case II. The
difference in the predicted velocity between the FWVR model and the dynamic-inflow
engineering models indicates that the engineering models needs to be improved or bet-
ter calibrated for unsteady load effects.

3.4.3. UNSTEADY RADIALLY-VARYING LOAD
In this section, Case III is considered. Figure 3.16 compares hysteresis loops of the dy-
namic axial velocity vz at 0.7R (the center of load locally changed region) between the
FWVR model, Momentum Theory, the three dynamic-inflow engineering models. The
dynamic velocity vz is plotted against the thrust coefficient at 0.7R. Loops of vz at the
local annulus predicted by the three dynamic-inflow engineering models have a simi-
lar pattern as for load Case II (2). The amplitude difference predicted by these models
increases as the increase of k. The phase lag first increases and then decreases as k in-
creases. However, the phase lag is very small in the local velocity vz from the FWVR
model for all reduced frequencies, and the amplitude difference from the FWVR model
also changes slightly with k. The difference in vz between the FWVR model and Mo-
mentum Theory increases as the increase of thrust coefficient. This implies again that
the time delay relates to the thrust strength.

The substantial difference for Case III from Case II (2) is that the FWVR model pre-
dicts much smaller phase lag in this unsteady radially-varying load case. This is because
the shed vortices at 0.6R and 0.8R are with the same strength but opposite signs (as
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Figure 3.15: Comparison of hysteresis loops of the axial velocity at different radii beween the FWVR
model, Momentum Theory, the Pitt-Peters, the Øye and ECN model for Case II (2) for k = 0.2.
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Figure 3.16: Comparison of hysteresis loops of the axial velocity at 0.7R beween the FWVR model,
Momentum Theory, the Pitt-Peters, the Øye and ECN model for Case III — an actuator disc under-
going harmonic thrust oscillations in the annulus region 0.6R - 0.8R with an amplitude of∆Ct =1/9
for k = 0.05, 0.2, 0.5 and 1.

indicated in Figure 3.1), the difference in phase lag induced by them partially cancels
out. The main reason behind the difference between the FWVR model and the three
dynamic-inflow engineering models for this case is that the engineering models have
been developed for an actuator disc with uniform load, but they are extended to ra-
dial annuli assuming annuli independent as in BEM, while the FWVR model can inher-
ently account for load radially-varying effects. Therefore, the dynamic inflow models,
which are extended to an actuator annulus based on the independent annuli assump-
tion, should be improved for localized unsteady loads.

Figure 3.17 shows vz and vr at different radii for k=0.2. The effect on vz at the region
with the time-varying load, 0.6R - 0.8R, is prominent, especially the center of this area,
0.7R. Another phenomenon is that the locally varied unsteady load has more effect on
vz at the outboard part than that at the inboard part, even when they are at the same
distance from the load changing area, for example, 0.55R and 0.85R. The trend of vr is
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different from that of vz . The center, 0.7R, is least affected as shed vortices at 0.6R and
0.8R are in anti-phase but with the same strength, so the radial velocity induced by both
shed vortices are partially cancelled out at 0.7R. That vr at different sides from the center
0.7R changes with opposed phase can be explained by the same reason. Vortices shed
at 0.6R dominate the inboard part, while vortices shed at 0.8R dominate the outboard
part. The average vr increases with the increasing local radius, which is consistent with
Figure 3.10 (b).
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Figure 3.17: The axial (up) and the radial (down) velocity from the FWVR model at different radii
at k =0.2 for Case III — an actuator disc undergoing harmonic thrust oscillations in the annulus
region 0.6R - 0.8R with an amplitude of ∆Ct =1/9.

Figure 3.18 compares the dynamic loop characteristics of vz given by the FWVR
model, Momentum Theory and the three dynamic-inflow engineering models for dif-
ferent radii for the reduced frequency of 0.2. The locally varied load has an influence
on vz at any radial position calculated by the FWVR model, which has been already
known from Figure 3.17. However, the dynamic effects on vz predicted by the three
dynamic-inflow engineering models is in the region restricted to the local area 0.6R -
0.8R, outside this region the velocity predicted by them coincides exactly with Momen-
tum Theory. The difference of vz at radii outside the load varying area between the
FWVR model and Momentum Theory and the three engineering models confirms again
that the independent annuli assumption has an impact. Comparing Figure 3.15 with
Figure 3.18, it is known that the local unsteady load has a significantly different influ-
ence on the dynamic velocity at every annulus compared to the uniform dynamic load.
This further emphasizes that the use of independent annuli assumption based dynamic
inflow models are insufficient for the induction calculation of localized unsteady load.

3.4.4. AERODYNAMIC WORK ANALYSIS
The impact of the different dynamic induction from different models on the aerody-
namic work is discussed in this section. The results are much different from that of Mad-
sen and Rasmussen (2004). In addition to the difference caused by different free wake
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Figure 3.18: Comparison of hysteresis loops of the axial velocity at different radii beween the FWVR
model, Momentum Theory, the Pitt-Peters, the Øye and ECN model for Case III for k = 0.2.

models, the main reason is that the work is calculated in a different way here. Madsen
and Rasmussen (2004) assumed that the harmonic thrust on the blade is caused by a
harmonic translation of the rotating blade with an amplitude of 1 meter, and the work
is calculated by integrating this load at this translation distance. However, here it starts
from the point of view of energy harvesting, no assumption is made between load and
disc motion. Under the distributed force on the actuator disc prescribed in Table 3.1, the
rate of work done by the force is

∫
f vz d A. Therefore, the work (W ) done on the disc by
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the air in one harmonic cycle is given by

W =
∫
∆T

∫
A

( f · vz )d Ad t . (3.17)

When normalized to the work that can be done on the disc without any induction, a new
term, the coefficient of relative work (Cr w ) is defined here

Cr w = W∫
∆T

∫
A( f ·V0)d Ad t

. (3.18)

The definition of the denominator has no practical meaning, it is used for nondimen-
sionalization here. Both load Case II (2) and Case III are investigated here. This implies
that A is the area of the disc for Case II (2), but the area of the local annulus of 0.6R-0.8R
for Case III. In order to obtain a stable induction, integration is done over the third cycle.
The results are plotted in Figure 3.19.
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Figure 3.19: Comparison of relative work of the aerodynamic thrust force from Momentum Theory,
the FWVR model, the Pitt-Peters, the Øye and ECN model.

As seen, the three engineering models predict no difference in the two different load
cases because they are based on the assumption of annular independence. The Pitt-
Peters model predicts higher aerodynamic work than Momentum Theory, and the Øye
and ECN models predict even higher aerodynamic work than the Pitt-Peters model at
high frequencies for both cases, the results from the Øye and ECN models are in great
agreement for low and high frequencies. This observation is consistent with the area
formed by the loops and the coordinates in Figure 3.13 and Figure 3.16. Cr w from Mo-
mentum Theory is at a constant value of 0.7275 for both Case II (2) and Case III for all
frequencies, which is 0.2725 lower than that when induction is not considered. This is
consistent with the velocity deficit at the actuator disc induced by the cylindrical wake
of Momentum Theory (a=0.2643 for Ct = 7/9), the difference of 0.0082 is caused by the
non-linear relationship between Ct and a in Momentum theory.
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For Case II(2), the FWVR model predicts a higher aerodynamic work than Momen-
tum Theory and the three engineering models. Moreover, for Case III, the FWVR model
predicts even higher aerodynamic work. Momentum Theory is based on the steady as-
sumption, it predicts constant aerodynamic work for all frequencies. As expected, when
the frequency decreases, the flow field approaches a quasi-steady state, aerodynamic
work from the three engineering models and the FWVR model approaches that of Mo-
mentum Theory in both load Cases. However, the work from the FWVR model for the
smallest considered frequency k=0.03 is still larger than that from Momentum Theory,
which means the FWVR model predicts a different threshold value to consider the flow
quasi-steady than the engineering models.

The three engineering models, which are extended from an actuator disc to annular-
level (based on the annuli independence assumption), predict exactly the same relative
aerodynamic work in both Case II (2) and Case III. The higher relative aerodynamic work
from the FWVR model in both Case II(2) and Case III shows that the dynamic-inflow en-
gineering models underestimate the energy which can be extracted from the air, espe-
cially for radially-varying load case.

3.5. CONCLUSIONS
A free wake model has been developed for the calculation of the induced velocity field
of an actuator disc with radially-varying and unsteady loads. The model is composed of
free wake vortex rings for the near wake and semi-infinite cylindrical vortex tubes for the
far wake. This FWVR model has been applied to three load cases: (I) steady uniform and
radially-varying load, (II) two types of unsteady uniform load, and (III) unsteady radially-
varying load. Comparison of results between the FWVR model, Momentum Theory and
the three dynamic-inflow engineering models of the Pitt-Peters, the Øye and ECN leads
to the following main conclusions.

For Case I, the velocity field is predictably most affected at the areas where there
is load variation, with an insignificant effect on other radial positions. For Case II, the
FWVR model predicts a larger time delay than the three dynamic-inflow engineering
models for both step and harmonically time-varying loads. For Case III, the velocity
obtained from the three dynamic-inflow engineering models follow a same trend, lead-
ing to the same trend in aerodynamic work as for Case II (2). However, the FWVR model
predicts significant differences of vz from Momentum Theory and the three dynamic-
inflow engineering models for Case III, which results in even higher relative aerodynamic
work. This means that the dynamic-inflow engineering models underestimate the en-
ergy which can be extracted from the air, especially for localized unsteady load.

The small difference in predicted velocity between Momentum Theory and the
FWVR model in the steady load case proves that Momentum Theory and the indepen-
dent annuli assumption is acceptable for steady load. The larger time delay from the
FWVR model for the unsteady uniform load, and the resulting different aerodynamic
work between the FWVR model and the three dynamic-inflow engineering models in
the harmonically time-varying load indicates that these engineering models should be
improved or better tuned for unsteady load analysis. The significant difference in the
dynamic velocity and aerodynamic work between the FWVR model and the three engi-
neering models for the unsteady radially-varying load reveals that the three dynamic-
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inflow engineering models, which are derived based on uniform load, are not sufficient
for investigation of localized unsteady loads. Improving the existing engineering models
or developing more advanced models are needed.

In order to understand the dynamic inflow phenomena better, an experiment of
actuator-disc model undergoing unsteady loading are performed in chapter 4.



4
EXPERIMENTAL STUDY OF AN ACTUATOR

DISC UNDERGOING UNSTEADY LOAD

Problems worthy of attack prove their worth by fighting back

Paul Erdos (1913-1996)

The main content of this chapter has been published in

Yu, W., Hong, V. W., Ferreira, C., van Kuik, G. A. M.. Experimental analysis on the dynamic wake of an actuator
disc undergoing transient loads. Exp Fluids (2017) 58: 149. https://doi.org/10.1007/s00348-017-2432-9.
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This chapter aims to study the impact of an unsteady load on the wake of an actuator
disc. The load and flow of an actuator disc are measured in the Open Jet Facility wind
tunnel of Delft University of Technology, for steady and unsteady cases. The velocity and
turbulence profiles are characterized in three regions: the inner wake region, the shear
layer region and the region outside the wake. For unsteady load cases, the measured
velocity field shows a hysteresis effect in relation to the loading, showing differences be-
tween the cases when loading is increased and loading is decreased. The flow field also
shows a transient response to the step change in loading, with either an overshoot or
undershoot of the velocity in relation to the steady-state velocity. In general, a smaller
reduced ramp time results in a faster velocity transient, and in turn a larger amplitude of
overshoot or undershoot. Time constants analysis shows that the flow reaches the new
steady-state slower for load increase than for load decrease; the time constants outside
the wake are generally larger than that inside the wake for a given downstream plane; the
time constants of measured velocity in the wake show radial dependence.

The data are relevant for the validation of numerical models for unsteady actuator
discs and wind turbines.

4.1. INTRODUCTION
As discussed in chapter 2, a number of experimental studies were conducted focusing
on the dynamic load measurements of a wind turbine model under practical situations,
such as a pitch angle transient, yaw and wind speed change etc. However, no experimen-
tal work using an actuator disc to investigate the unsteady flow field of an open rotor has
been reported.

The unsteady wake of a fully loaded actuator disc (or flat plate) undergoing un-
steady motion was studied experimentally by Pierides et al. (2013), Yang et al. (2012),
and Higuchi and Balligand (1996). Pierides et al. (2013) observed a big overshoot in
aerodynamic forces generated during the impulsive rotation of a wall mounted plates
in their experiments. The formation process of the vortex ring generated by an impul-
sively started circular disc was measured by Yang et al. (2012). The vortex ring structure
of a disc during an acceleration and a counter-rotating vortex ring structure during a
deceleration was visualized by Higuchi and Balligand (1996).

Porous discs have been used by many researchers to physically represent actuator
discs experimentally. Different types of porous discs were tried out by Sforza et al. (1981);
Pierella and Sætran (2010); Medici (2005); Aubrun et al. (2011); Lignarolo et al. (2014);
Muller et al. (2015). Castro (1971) discovered a reverse flow region dominating the wake
of a perforated plate at low values of porosity, and the vortex street was not observed for
high values of porosity. The wake properties of a wind turbine model and a porous disc
model were compared experimentally by Aubrun et al. (2013), which showed indistin-
guishable difference in their wake after 3D downstream distance. The pressure recov-
ery was shown at 1.5D for both models in a neutral atmospheric boundary layer with a
TI=13% at the disc hub for Ct =0.5. A good match in the basic properties, such as coeffi-
cient of thrust and energy, field of velocity, pressure and enthalpy was observed between
a wind turbine and an actuator disc model using PIV measurements by Lignarolo et al.
(2016b), which suggested that the near wake of a wind turbine can be also represented by
the near wake of a porous disc. However, the wake was shown not fully expanded at the
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distance of 2.2D downstream for the two models with Ct =0.93 in this low turbulence con-
dition. Chamorro and Porté-Agel (2009) found that the boundary-layer turbulence has
an important effect on the wake development, which is found to even persist at z/D=15.
In addition to the different thrust coefficients, the different boundary-layer turbulence
is the other important factor causing the difference in the discoveries of the experiments
done by Aubrun et al. (2013) and Lignarolo et al. (2016b). Not only a single turbine was
represented by a porous disc, the wind turbine array in a wind farm can also be imitated
by an array of porous discs. The mean kinetic energy transport within the wake of an
array of rotating wind turbines and an array of static porous discs was compared exper-
imentally by Camp and Cal (2016). The spatio-temporal characteristics of a model wind
farm consist of 100 porous discs was studied by Bossuyt et al. (2017).

In addition to the usage of a porous disc model in the aforementioned experiments
for steady load cases, it was also used in some unsteady cases. The characteristics of in-
stantaneous thrust of an impulsively started porous surface was studied experimentally
in a water tunnel and numerically using a point vortex wake model by Johnson et al.
(2013); however, this study did not analyse the wake. Furthermore, the disc had relative
motions to the incoming flow in this set-up. The relative motion between the disc and
its instantaneous wake results in a temporal impulse exerted by the disc on the fluid.
Flow in such situations is different from that in a general dynamic inflow problem. Nev-
ertheless, the measurements of the dynamic wake development of a porous disc under
unsteady load are not available.

In this study, a novel approach is used to experimentally investigate the basic prob-
lem of wake flow response of an actuator disc undergoing unsteady load by using a disc
model with variable porosity. The unsteady load is generated by a ramp type variation of
porosity of the disc, at several reduced times of the ramp motion. The unsteady loads on
the actuator disc are measured with a load cell. The flow downstream of the disc (in and
outside of the wake) is measured at various positions using a hot-wire anemometer. The
results create a database for validation of unsteady numerical models, in prediction of
the dynamic induction in the near wake (0.5D to 3D) of an actuator disc or a rotor, in or-
der to more accurately predict load and induction on the disc itself under unsteadiness.

4.2. EXPERIMENTAL METHODS
This section provides information on the experimental methods used in this chapter,
including the description of the experimental set-up, the wind tunnel, the unsteady ac-
tuator disc model, the load and flow measuring techniques, tested load cases and the
data analysis method. A photograph and a schematic representation of the set-up is
shown in Figure 4.1. The tower is mounted directly on the external OJF Balance which is
equipped with six load cells. The hot-wire is mounted on a traverse system, which can
traverse axially (z direction) and radially (y direction) the probe to the measuring points.

4.2.1. WIND-TUNNEL AND ACTUATOR DISC MODEL

The experiments are carried out in the low speed closed-circuit Open Jet Facility (OJF) of
Delft University of Technology. The OJF wind tunnel has an octagonal cross-section of
2.85 × 2.85 m2 and a contraction ratio of 3:1, it is free to expand in an area of 13.7 × 6.6
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Figure 4.1: Schematic of the set-up (only for reference, not to scale), front view (left),side view
(middle) and photograph of the test section with the actuator disc model (right).



4.2. EXPERIMENTAL METHODS

4

51

× 8.2 m3. The free stream velocity ranges from 3 m/s to 34 m/s with a flow uniformity
of ± 0.5% and a turbulence level of 0.24%, powered by a 500 kW electric motor. The
temperature in the test section is maintained at a constant temperature of 20◦C by a 350
kW heat exchanger through the experiments.

The purpose of the experiment is to investigate the unsteady load effects: the load
on the disc is varied through adjustment of the relative open area (porosity) formed by
two identical parallel porous discs. Different types of discs were tried out in Hong (2015)
with the aim of reaching the optimal thrust coefficient of a wind turbine around 8/9,
while a distinct load change to be achieved with a small displacement of the disc. The
final chosen discs are made from 2.0 mm thick aluminium plate with punctured 10×10
mm2 square holes. Each disc has a diameter of 600 mm, hole-to-hole spacing of 2.0 mm,
and porosity of 69.4%. The characteristics are summarized in Table 4.1. The uniform
distributed porosity over the disc is aimed for uniform distributed load. The magnitude
and rate of porosity change are defined by the displacement and speed of the moving
disc, respectively. The gap clearance between the two discs is kept at around 1.7 ‰ D,
which is the optimized gap at this set-up for the tested wind speed. Ideally, the smaller
the gap, the closer it can represent one single actuator disc model. However, if the two
discs are tightly pressed when wind is on, the large friction between the two discs will
affect the accuracy of disc displacement. The high and low porosity states of the actuator
disc model are shown in Figure 4.2.

Table 4.1: Characteristics of tested porosity disc.

Material Aluminium plate
Diameter [mm] 600
Hole shape square
Hole size [mm] 10×10 mm2

Hole-to-hole space [mm] 2.0
Thickness [mm] 2.0
Porosity [%] 69.4

The nacelle and actuator system is shown in Figure 4.3. As seen, a linear slider is
mounted inside the channel-type nacelle. The fixed disc is mounted directly on the top
of the nacelle, the moving disc is mounted on the moving rail of the slider. The clearance
between the two discs can be adjusted by shims.

The slider is connected to a linear voice coil actuator SMAC LCA31-012-62CS through
a rod. The moving disc together with the moving rail of the slider is actuated vertically
by the linear actuator. The copper coil rides inside a magnet assembly, in which way the
reaction force can be controlled by current flows through the coil. The movement of the
disc is controlled by a SMAC LAC-1 controller. The actuator is equipped with a resolution
of 0.1 µm, and the sampling intervals of the controller is up to 0.2 ms (5 ms is used in the
experiment). The entire nacelle system is mounted to the tower through a TUD-made
sensor, which is a uni-axial load cell.
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(a) porosity at 69.4% (b) porosity at 44.4%

Figure 4.2: Actuator disc at high and low porosity states.

Figure 4.3: Nacelle system and actuator scheme
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Figure 4.4: Unsteady load profile

4.2.2. TEST CASES AND DATA AVERAGING
The tested wind speed for this experiment is set at 6 m/s, which gives a diameter based
Reynolds number of 270680. Knight M. (1926) showed that the aerodynamic thrust of
an actuator disc is insensitive to Reynolds number when it is larger than 150000 us-
ing tunnel test of three different types of discs. Hoerner (1965) summarized that above
diameter-based Reynolds number of 1000, the drag coefficient of discs and other plates
is practically constant up to the highest tested Reynolds number of 1×107. Besides the
consideration of Re number, the upstream velocity is chosen based on a balance of a dis-
tinct force change for the given porosity change and an acceptable axial force between
the two discs. The control of the actuator motion and data acquisition were synchro-
nized in LabVIEW. The output signals of the hot-wire, the load cell, the OJF balance and
the position of motor shaft is sampled at 2kHz.

There are two steady thrust coefficients (Ct ) corresponding to the two porosity states

in Figure 4.2, henceforth, called C low
t and C high

t accordingly. The velocity aft of the disc
under the steady states is measured as a reference. To represent pitching transients of a
wind turbine, a ramp change profile is prescribed in all unsteady cases (see Figure 4.4),
with δt representing the ramp time. The reduced ramp time (δt∗) is used in this experi-
ment, which is defined by Equation 4.1.

δt∗ = δt

D/V0
(4.1)

As known from the experiments in project JOULE I and II (Snel and Schepers, 1995;
Schepers and Snel, 1995), the time scale in the dynamic inflow process appeared to be
on the order of 0.3-0.5 D

V0
. Therefore, three different reduced ramp times δt∗=0.2, 0.4, 0.8

are tested in this experiment. The steady and unsteady tested cases are summarized in
Table 4.2 .

The acquiring period for steady cases is 20 seconds, the mean velocity and thrust is
directly time-averaged. For the unsteady experimental cases, unsteady load is varied by
dynamically changing the porosity of the disc. Factors as turbulence and signal noise
will affect the instantaneous results. To obtain the ensemble average velocity profile,
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Table 4.2: Tested steady and unsteady cases.

Cases number porosity [%] thrust δt∗

Steady cases
SI 69.4 C low

t -

SII 44.4 C high
t -

Unsteady cases
UI 44.4 → 69.4 C high

t → C low
t 0.2

UII 44.4 → 69.4 C high
t → C low

t 0.4

UIII 44.4 → 69.4 C high
t → C low

t 0.8

multiple unsteady load cycles for the same measuring point (~x) at the same test condi-
tions are measured consecutively. The instantaneous value is denoted as ui (~x, t ), with
a number of experimental cycles at the identical point u(n)

i (~x, t ), the ensemble average
value Ui (~x, t ) is then defined by Equation 4.2, where n is the cycle index and N is the total
number of cycles.

Ui (~x, t ) = 1

N

N∑
n=1

u(n)
i (~x, t ). (4.2)

For this experiment, N is 10, the reason behind this choice is given in subsection 4.2.5.

4.2.3. LOAD MEASUREMENT AND PROCESSING

Initially, the OJF Balance in Figure 4.1 is used for load measurement. In addition to that,
to minimise the influence of the dynamics of the supporting structures, a load cell (as
shown in Figure 4.3) is installed at the disc axis, which is capable sensing uni-axial load
up to 500 N. The force measured by the load cell is eventually used for all unsteady cases.

Tests, at the absence of any wind and at the designed wind speed of 6 m/s with the
actuator activated, are carried out to determine the frequency response of the load cell
systems. Figure 4.5a and c presents the thrust coefficient obtained by the load cell and
its power spectrum during the unsteady load cycle, while the wind tunnel is off. The
measured Ct and its power spectrum with the wind tunnel switched on are shown in
Figure 4.5b and d. When the wind tunnel is off and the actuator is activated, the load
is purely the inertial force due to the system vibration. From the power spectrum, the
natural frequency of the system mechanical vibration is around 5.5 Hz. When the wind is
on, Figure 4.5b shows a distinct step change in aerodynamic force. However, the natural
frequency is evident in Ct in Figure 4.5b and in its spectrum Figure 4.5d. The high energy
at the low frequencies in Figure 4.5d is due to the presence of the two steady states in the
signal, which is not relevant.

Based on the system study, a 6th-order Butterworth bandstop filter with a normalized
edge frequencies of 4 Hz and 8 Hz is designed to filter out the effect of system vibration,
and a cut-off frequency of 10 Hz was applied. The filtered Ct is also shown in Figure 4.5b.
As seen, the filtered data captured the trend of the Ct well.
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Figure 4.5: Ct obtained by the load cell signals with actuator on, at wind speed of 0 or 6 m/s, and
their power spectrum.

4.2.4. VELOCITY MEASUREMENT

A constant temperature thermal anemometer system of TSI IFA 300 was used to measure
the axial velocity. Calibration of the hot-wire anemometer is done at the beginning of
each measurement, using a TSI Model 1127 Manual Velocity Calibrator.

As shown in Figure 4.1, the velocity field at planes of 0.5D to 3.0D with an interval of
0.5D is measured. A spatial interval of 0.167D is taken between measurement points in
the radial direction. In the region of y/D = 1

3 − 2
3 , the resolution is increased to 0.083D to

lend clarity on the flow field in this high turbulent region. The radial spatial interval of
0.083D is also used in the steady case to obtain the steady spatial velocity profiles.
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Figure 4.6: Ensemble average thrust and velocity measured at z/D=0.5, y/D=0.5 of case δt∗=0.2
for different number of cycles.

4.2.5. EXPERIMENTAL UNCERTAINTY

The major uncertainties of these experimental measurements are discussed in this sec-
tion.

The accuracy of hot-wire traverse system is 0.02mm, resulting in a maximum un-
certainty of each traversing distance of 0.4‰. The hot-wire anemometer is calibrated
every day during the experimental campaign. The offset errors of the measured points
to the fit curves are kept within ± 0.1% for each calibration. The tunnel blockage ratio
is 3.5% for the tested model, where no blockage factor correction is needed as suggested
by Chen and Liou (2011) and Garner et al. (1966).

All the data shown for the unsteady cases are ensemble average values of 10 full cy-
cles. Figure 4.6 shows the thrust coefficient measured by the load cell and the velocity
at location (z/D = 0.5,y/D = 0.5) in the wake measured by the hot-wire anemometer
for case δt∗ = 0.2, only the first cycle and ensemble average of the first 5 cycles and en-
semble average from the 10 cycles are shown. As seen, the more cycles are used, the
less noisy will the ensemble average value be. An error of the mean value to number-of-
cycles dependency was studied at (z/D=0.5, y/D=0.5), the shear layer region, where the
turbulence is most significant. The final 10 cycles is a deliberate value by balancing the
accuracy and the needed time, which gives an error less than 0.5% (more details referred
to Hong (2015)). The natural frequency will be always present as only ensemble average
is applied for thrust in Figure 4.6a.

The steady load is determined by both the load cell and the OJF balance after cali-
brating them with the entire system. Due to the change in temperature during the con-
tinuous measurements in the unsteady cases, a drift in both the load cell and the OJF
balance signals is observed, a common problem in a load cell. To compensate the effect
of load cell drift, the lower mean value of thrust corresponding to the porosity 69.4% of
the unsteady cases is shifted to the measured steady reference value. This process does
not have any impact on the velocity and the transient load profiles.
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4.3. RESULTS AND DISCUSSION OF STEADY CASES

4.3.1. DISC LOADING
From the OJF balance and the load cell signals, the measured time-averaged steady

thrust coefficients are C low
t =0.767 and C high

t =0.933, corresponding to porosity values of
69.4% and 44.4% respectively. The thrust coefficient is defined by Equation 2.9.

4.3.2. VELOCITY MEASUREMENTS
The time averaged radial profiles of axial velocity and turbulent intensity are plotted in
Figure 4.7 and 4.8. The subplot (a) and (b) of Figure 4.7 and 4.8 are a comparison of the
velocities of each steady case at several downstream planes, (c) is a comparison between
the two steady cases at each downstream plane in both figures. From Figure 4.7, the
velocity in the region around y/D=0 is lowest under both steady loads. This is caused
by the effect of the nacelle and the tower. As expected, the velocity in the wake for C low

t

is larger than that for C high
t for the same locations in Figure 4.7c. Additionally, the disc

with C high
t has a higher blockage effect on the velocity outside the wake at y/D > 0.6.

The velocity deficit almost reaches the maximum at 2D for case C low
t but not even at 3D

for the case C high
t , which indicates an earlier starting of wake recovery of a lower thrust.

This implies a heavier load has a longer wake recovery distance. From Figure 4.7, the
axial velocity profiles are not axisymmetric at the hub region. It might be caused by the
cable of the load cell, which is bound to the tower only passing one side of the hub (as
seen in Figure 4.3). The difference decreases for downstream planes and decreases with
higher thrust. From Figure 4.8, the largest turbulence is observed around y/D=0, where
the nacelle is. Turbulence decreases as the planes moves downstream from the disc. The
second peak is in the shear layer region. Notably, the shear layer of the disc with a lower
load persists longer and is relatively stable. The opposite is seen in the higher load case.
This can be explained by the higher turbulence intensity and the large pressure gradient
in the shear layer of the higher disc load case, which results in an earlier onset of the
shear layer breakdown.

4.3.3. DISC LOAD ANALYSIS BY MOMENTUM BALANCE
Figure 4.9 illustrates the control volume of the flow used in this axi-symmetric load case

for C high
t , being the stream-tube passing through the actuator disc. The measured axial

velocities in the wake field are also plotted by the vector arrows. The radii of the wake
estimated from the measured velocity are also marked by the red dot on the stream-tube
surface. It is approximated at the radial position where the axial velocity is 99% of the
free stream value. The contribution of the lateral force on the stream-tube boundary is
zero (Thoma, 1925), so the axial momentum balance gives

T =−
[
ρ

∫
Aw

Vw (Vw −V0)d Aw +
∫

Aw

(pw −p0)d Aw

]
(4.3)

where the thrust on the disc (T) equals but with opposite sign to the thrust exerted on the
flow by the disc, V0 and Vw represents the velocity of the incoming flow and the velocity
in the wake, p0 and pw represents the undisturbed pressure and pressure in the wake,
the Aw stands for the area of the stream-tube section in the wake where it is examined.
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Figure 4.7: Normalized time-averaged axial velocity at different downstream locations under
steady loads.
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Under the assumption that the wake is fully expanded at the measured furthest plane
z/D=3.0, the term

∫
Aw

(pw −p0)d Aw goes to zero in Equation 4.3. The thrust coefficient
can be calculated by Equation 4.3 and 6.6, yielding Ct =0.856 for the high load case. The
same procedure of momentum balance analysis is applied to the low load case, where

Ct =0.741 is obtained. The thrust coefficient C low
t and C high

t from the directly measured
data are 3.4% and 8.3% higher than the values calculated from the momentum balance
analysis. The comparison is summarized in Table 4.3. The relative higher values from
the experiments might be due to the assumption of

∫
Aw

(pw − p0)d Aw =0 at the plane
z/D=3.0, it can be also caused by the dissipation. As shown in Figure 4.7, a heavier load
has a longer wake recovery distance, which explains that the relative difference is larger

in the case C high
t than the case C low

t .

Table 4.3: Comparison of thrust coefficient Ct obtained with the direct measurement and calcu-
lated from the momentum balance analysis

Load cases High load Low load
Ct from measurement 0.933 0.767
Ct from Momentum Balance analysis 0.856 0.741
Relative Difference (%) +8.3 +3.4

4.4. RESULTS AND DISCUSSION OF UNSTEADY CASES

In this section, the measured disc displacement and disc load are presented. The velocity
at different locations of the case δt∗=0.2 is discussed. Subsequently, the velocities at
different downstream locations between the three different unsteady load cases δt∗=0.2,
0.4, 0.8 are compared.
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Figure 4.10: Ensemble average disc displacement for case δt∗=0.2, 0.4, 0.8.

4.4.1. DISC DISPLACEMENT

Signals from the encoder of the motor are repeatable during each test case. Figure 4.10
shows the ensemble average disc displacements measured by the encoder, the view of
the time period of load increase and decrease are enlarged. It can be seen that the disc
displacement is realized according to the design for the two cases ofδt∗=0.4 andδt∗=0.8.
For the fastest test case δt∗=0.2, the acceleration decreased upon approaching the new
steady state due to limited power generated by the actuator.

4.4.2. DISC LOADING

Figure 4.11 gives the ensemble average of the filtered thrust coefficient for the three cases
measured by the load cell. As seen, there is an overshoot and undershoot in the mea-
sured thrust when load increases and decreases. Consistent with references (Carpenter
and Fridovich, 1953; Pierides et al., 2013), a larger reduced ramp time results in a lower
thrust overshoot or undershoot. The relatively small amplitude of undershoot and over-
shoot for the case δt∗=0.2 compared with case δt∗=0.4 is caused by the decreased ac-
celeration when the moving disc reaches the new position as shown in Figure 4.10. The
thrust starts to respond before the starting time of porosity change is caused by the filter,
which can be seen in Figure 4.5b.

4.4.3. VELOCITY PROFILE FOR UNSTEADY CASE δt∗ = 0.2
The velocity at a number of locations inside and outside the wake is measured (as shown
in Figure 4.1), but only three main radial positions which can highlight the characteris-
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tics of the flow aft of the disc are presented. The three radial locations are at (a) the inner
wake, y/D =0.33, (b) the shear layer, y/D= 0.58 and (c) the outer wake, y/D= 0.83. The
ensemble average velocity for the six downstream planes z/D=0.5, 1.0, 1.5, 2.0, 2.5, 3.0 at
the three radial locations are plotted in Figure 4.12. The mean flow characteristics under
steady conditions (i.e. between 3-5 s and 8-10 s of the unsteady cycles) have been dis-
cussed in the subsection 4.3.2, the discussion here will focus on the transient behaviour
during the load change.

As seen from Figure 4.12, the flow in the shear layer region y/D=0.58 is most turbu-
lent due to the large vorticity in this region. However, due to the smaller order of turbu-
lence when compared to the jump in velocity, the transient changes of flow are still dis-
cernible. As expected, the flow in the outer wake y/D=0.83 is the least turbulent because
the flow in this region has not passed the disc. Resulting from the effect of holes in the
porous discs and the shadow of nacelle and tower, the flow in the inner wake y/D=0.33
is relatively more turbulent than that in the outer region.

Considering the same point in the outer wake region, for example (z/D=3.0,
y/D=0.83), the flow is more turbulent for the high thrust than that for the low thrust.
This shows the effect of wake expansion, the point (z/D=3.0, y/D=0.83) is outside the

shear layer at the low thrust C low
t , but closer to the shear layer at the high thrust C high

t
when the wake expansion is larger.

The key observation is the overshoot or undershoot in the flow velocity before it de-
cays to the steady state. The overshoot or undershoot was only observed in load mea-
surement in previous projects (Snel and Schepers, 1995; Schepers and Snel, 1995; Hand
et al., 2001), where it was explained by the cause of unsteady airfoil aerodynamics. Airfoil
aerodynamics do not play a role in this experiment with disc, it might provide clues on
the cause of overshoot or undershoot in thrust. In the inner wake y/D=0.33 and shear
layer region y/D=0.58, the amplitude of overshoot or undershoot is larger for load in-
crease than for load decrease. On the contrary, in the outer wake y/D=0.83, the ampli-
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tude of overshoot or undershoot is larger for load decrease than for load increase. It is
hypothesised that the overshoot or undershoot is caused by the passage of the shed vor-
ticity at the disc edge, which is generated when the thrust changed abruptly. The fact that
measurements show the overshoot in velocity having a delay proportional to the down-
stream distance, suggests a travelling and momentary ’one-time’ phenomena that has
propagated from the disc upon the sudden load change. This implies the passage of the
vorticity. The physical cause of the velocity overshoot or undershoot and the difference
at different locations will be further discussed in chapter 5.

4.4.4. COMPARISON OF VELOCITY PROFILE FOR THREE UNSTEADY CASES
This section compares the measured velocity profiles in the wake between the three dif-
ferent cases δt∗=0.2, 0.4, 0.8. Figure 4.13 compares the velocity of the three cases at the
radial position y/D = 0.33, 0.83 of the downstream planes z/D = 1.0, 2.0 and 3.0, after
load increase and decrease respectively.

First of all, what was observed in subsection 4.4.3 still holds for all the three cases in
Figure 4.13. Secondly, although the velocity profiles of the three cases are similar, the
effect of speed of load change, the reduced ramp time, can be seen. It can be generally
concluded that the smaller the reduced ramp time (the more rapid the load change), the
larger the velocity overshoot or undershoot, and the steeper the slope of the transient
velocity profiles.

The ensemble average velocity at the radial locations y/D= 0, 0.17, 0.33, 0.42, 0.58,
0.83 of the plane z/D=1.0 are shown in Figure 4.14 for load increase and decrease respec-
tively. What is already discussed in Figure 4.13 is also relevant in Figure 4.14, the speed
of load change mainly affects the initial velocity transient profiles. A steeper ramp time
results in a faster velocity transient, and in turn a larger amplitude of velocity overshoot
or undershoot. The difference between the three cases is less distinct near the region
around y/D=0 where the wake effect of the nacelle and tower dominates, and the shear
layer region y/D=0.58 where the flow is susceptible to the higher turbulence.

The overshoot or undershoot appears intermittently at different radial locations for
the same plane. For instance, in the load increase case in Figure 4.14, there is an un-
dershoot in the velocity at the locations y/D=0.17-0.42, but an overshoot at locations
y/D=0.5-0.58. This might be caused by their different relative positions to the convect-
ing vortex, which is shed at the disc edge when the thrust suddenly changed.

The other observation is that the onset time of flow responding to the disturbance
from the disc varies between different radial locations of the same plane, which implies
that the convection velocity of disturbance varies radially. Additionally, it can be seen
that the time the velocity takes to transition from the old steady state to the new steady
state also varies radially. The phenomena indicates that the time constant of flow decay
in the wake field varies in the radial direction, which will be further discussed in subsec-
tion 4.4.5.

4.4.5. TIME CONSTANT FOR DYNAMIC INFLOW DECAY
The time constant of the measured velocity decay is not straightforward due to the ve-
locity fluctuations. The similar approach used in Snel and Schepers (1995) is used, where
the velocity profile is approached by an exponential behaviour according to the follow-
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Figure 4.15: Measured velocity and one order exponential approximation to determine the dy-
namic inflow time constant.

ing equation

V (t ) =V1 +∆V ∗ (1−exp− t−t1
τ ). (4.4)

The determination of V1, t1,∆V are given in Figure 4.15 as an example for two typical
different situations of measured wake velocity. For most locations, there is a velocity
overshoot, where the peak value and the according peak time are treated as the starting
value V1 and the starting time t1 of the decay. For the situation where there is no velocity
overshoot, the last value before abrupt change is treated as the starting value V1 and the
according time is treated as the starting time t1.

The mean value of the velocity from 2 seconds after load change to the new load
change start (i.e. between 3-5 s and 8-10 s of the unsteady cycle) is treated as the new
steady value V2. Consequently, ∆V =V2 −V1.

The fitted curves are also plotted in Figure 4.15.
The dynamic inflow time constants for velocity at all the measured locations are plot-

ted separately for load increase and decrease, for the three cases in Figure 4.16. The fol-
lowing general observations can be drawn from the comparison:

The decay time outside the wake is generally larger than other radial locations for
a given downstream plane. The shorter decay time might be caused by the relatively
higher turbulence intensity inside the wake, which facilitates momentum mixing and
results in the faster attainment of the new equilibrium.

For the same locations, the decay time for load increase is relatively larger than for
load decrease. This observation is consistent with the trend of induction change at the
actuator disc in chapter 3, where the induction at the actuator disc reaches the new
steady values faster in the load decrease case than in the load increase case. This is
because the larger disc load results in a larger induction field, which gives a slower con-
vection velocity of the new generated vorticity. This leads to a slower equilibrium of the
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new steady state.
The time constants of velocity at y/D = 0-0.17 have been influenced by the hub and

tower evidently. For the near downstream planes z/D=0.5, the time constants decrease
from y/D=0.33 towards to y/D=0.5 for the load increase cases, decrease from y/D=0.33
towards to y/D=0.67 for the load decrease cases. This direct wake measurement is an
important evidence for the same finding by an analytical model in Schepers (2007) that
the time constants at the actuator disc plane reduce towards to the edge of the disc.
However, Schepers (2007) also showed this finding is not affirmed by the previous load
data measured from the NASA Ames Phase VI unsteady aerodynamic experiments (Hand
et al., 2001) and numerical simulations from AWSM (van Garrel, 2003), a free wake vortex
code.
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locations for cases δt∗=0.2, 0.4, 0.8.
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4.5. INTERPRETATION OF THE RESULTS AND CONCLUSIONS
In this chapter, the flow at locations downstream of an unsteady actuator disc is studied
by a hot-wire anemometer. The unsteady load of the actuator disc is invoked by chang-
ing the porosity of the actuator formed by two identical metal screens. Flow is measured
for three different change rates of porosity.

4.5.1. INTERPRETATION OF THE RESULTS

RESULTS TO BE EXPECTED

The velocity and turbulence profiles are shown to be characterised by three regions, the
inner wake region, the shear layer region and the region outside the wake.

Due to different distances from the disc, the flow at different downstream planes
responds to the disturbance exerted by the disc successively.

The flow reaches the new steady state slower in the load increase case than the load
decrease case due to the larger induction in the wake field of the load increase case.

NEW FINDINGS

The time constants outside the wake are generally larger than other radial locations for a
given downstream plane due to the relative higher turbulence intensity inside the wake.

In addition to the transient change of velocity to the new steady state, an overshoot
or undershoot in velocity is observed at different locations in the field. A difference in
overshoot or undershoot is observed between cases when loading is increased and load-
ing is decreased, also between the different locations in the field where the velocity is
measured.

The reduced ramp time is found to have an impact on the wake dynamics, the smaller
the reduced ramp time (the faster the load change), the steeper the transient velocity
change is and the larger the amplitude of the velocity overshoot or undershoot.

The time constants at the same plane show a radial dependence.

4.5.2. CONCLUSIONS
From the observations and the interpretation of the results, it can be concluded that
the convection velocity of the wake and the local turbulence intensity are the key fac-
tors determining the total transient time from one steady state to another steady state.
The impact of turbulence intensity on the transient time needs to be further quantified
for the future work. The shed vorticity plays an important role in the dynamic inflow
problem, it determines the overshoot and undershoot of velocity in the wake, the radial
dependence of time constants. Better understanding of this by detailed unsteady wake
study using a numerical method is done in chapter 5.
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The wake development of an actuator disc undergoing transient load is modelled, for
the same load cases studied experimentally in chapter 4. The numerical simulation has
been performed using the free wake vortex ring model developed in chapter 3. The re-
sults of the computation complement previous experimental work while providing in-
formation such as the vorticity field and contributions from different vortex elements,
which allows the disclosure of the physics behind the observed velocity development in
the wake. The velocity at different locations are compared and good agreement is shown
between the experimental and numerical results. Consistent with experimental results,
velocity overshoot and undershoot are also observed in the numerical results at different
measured positions. The wake path from the FWVR model shows that the vortex sheet
at the edge of the disc starts gradually rolling up into a vortical ring structure after the
load change. The vortex spirals inward in the load increase cases, and spirals outward in
the load decrease cases. The decomposed velocity induced by the vorticity shed before
and after the load change, and the rolled-up vorticity explain the velocity peaks at differ-
ent locations downstream. This is mainly caused by the different extent of the rolling-up
process and the relative distance of the rolled-up vorticity to the locations in the wake
as it traverses. Comparison of the three reduced ramp time cases shows that speed of
load change mainly affects the initial velocity transient profile. A steeper ramp time re-
sults in a steeper velocity transient slope, and in turn in a larger amplitude of overshoot
or undershoot. Decomposing velocity from the different vorticity elements of the three
ramp time cases reveals that the difference in transient velocity gradient and amplitude
of overshoot and undershoot at the same location is caused by the different extent of
rolling-up process. The smaller the reduced ramp time, the quicker the vorticity rolls-
up.

5.1. INTRODUCTION
The unsteady wake development of an actuator disc (or a flat plate) undergoing impul-
sive motion in the flow direction was studied numerically by Koumoutsakos and Shiels
(1996); Higuchi and Balligand (1996). Higuchi and Balligand (1996) observed a vortex
ring structure in the wake of a disc during an acceleration and a counter-rotating vor-
tex ring structure during a deceleration using a vortex model. Koumoutsakos and Shiels
(1996) quantitatively analysed the vorticity and force generated from a flat plate dur-
ing an impulsively started and uniformly accelerated normal to the free stream with a
two-dimensional viscous incompressible model. Both studies showed the formation of
vortex ring structures at the edge of the disc or plate shortly after the load change. The
ring-like vortical structures increase with time but the spatial position adheres to the
body edge. Secondary vortices were also observed at the back of the disc by Koumout-
sakos and Shiels (1996) and Higuchi and Balligand (1996).

The wake development of an actuator disc undergoing transient load is investigated
experimentally using a disc model with variable porosity in chapter 4. This chapter aims
to compare the wake field of an actuator disc undergoing transient load with the wind
tunnel measurements from chapter 4 and numerical results from the FWVR model. In-
duction from different vortex elements — vortex shed before and after the load change
and the rolled-up vorticity, is decomposed to explain the physics behind the velocity
overshoot and undershoot, to discover the difference between the three reduced ramp
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time cases, and the difference between load increase and decrease cases.
This chapter is structured as follows. Section 5.2 recaps the methods used in this

chapter, including a brief description of the FWVR model and the experimental test
cases. Section 5.3 and 5.4 presents the results and discussions for steady and unsteady
load cases, respectively. The wake velocity profiles are compared between the numerical
and experimental results, and the key observations in velocity are explained by decom-
posing the velocity induced by different vorticity elements of the FWVR model for the
unsteady cases. Section 5.5 presents the main conclusions.

5.2. METHODS

5.2.1. FREE WAKE VORTEX RING MODEL
The free wake vortex ring model developed in chapter 3 has been used for this study.
In this model, the near wake is modelled by dynamic surfaces, consisting of free vortex
rings shed from the edge of the actuator disc; the far wake is represented by a semi-
infinite cylindrical vortex tube with constant strength and radius. The vortex rings are
considered thin, axisymmetric and uniform. In this axisymmetric loaded actuator disc
study, vortex rings may expand or contract, their central axis always coinciding with the
axis of the actuator disc. The relationship between the strength of the new vortex ring
generated during time ∆t and the corresponding Ct is given by

Γ=Ct (
1

2
V 2)∆t . (5.1)

A time step of ∆τ =0.05 and a cut-off radius of δ =1×10−5 were chosen for the simula-
tions. The effect of time step and the cut-off radius are presented in chapter 3.

5.2.2. EXPERIMENTAL CASES
The information on the experimental cases are shortly recalled here, more details can be
found in chapter 4.

The load on the disc is varied through adjustment of the relative open area (porosity)
formed by two identical parallel porous discs. The velocity field at planes of 0.5D to 3.0D
with an interval of 0.5D is measured by a hot-wire anemometer. Figure 5.1 depicts the
measurement locations taken during the experiments.

In addition to the two steady cases corresponding to the two steady porosity states,
three different reduced ramp times δt∗=0.2, 0.4, 0.8 are tested for the unsteady cases in
the experiment. The steady and unsteady tested cases are summarized in Table 4.2.

Figure 5.2 gives the filtered thrust coefficients for the three cases measured by the
load cell. As explained in chapter 4, the measured ramp time of both the filtered and
unfiltered load signals are not only due to the aerodynamic effect because the existence
of the dynamic response of the entire mechanical system. Therefore, the load change
profiles are assumed to change at the same reduced ramp time as the porosity change,
which are plotted as solid lines in Figure 5.2. These prescribed thrust profiles instead
of the directly measured ones serve as input for the numerical simulation of the FWVR
model.
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Figure 5.3 compares the measured axial velocity profiles with those from the FWVR
model at the six downstream planes for the two steady cases. Generally, the steady
velocity profiles predicted by the FWVR model track the experimental measurements.
At y/D=0, the velocity deficit from the experimental data is larger due to the additional
blockage effect from the nacelle in the experiments. The effect from the nacelle de-
creases as the plane moves downstream, it dissipates at z/D=2. The discrepancy is
larger for the shear layer region, which might be caused by two reasons. The first reason
is that the viscous dissipation is not modelled in the FWVR model. The other one is that
the shear layer region where the vortex elements concentrate is prone to the effects from
the vortex, as shown later in Figure 5.4 and Figure 5.5.
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Figure 5.3: Comparison of normalized axial velocity at different downstream locations under
steady load between experiments and the FWVR model.
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A number of locations in the wake as shown in Figure 5.1 have been measured. Velocity
at 7 locations which highlight the characteristics of the flow downstream the disc is pre-
sented. They are located inside the inner wake, outside the wake and in the shear layer
of three planes z/D= 1.0, 2.0 and 3.0, which are summarized in Table 5.1.

The comparison of the velocity in the wake under the steady load has been shown
in section 5.3. The analysis of flow under unsteady conditions focuses on the transient
wake changes instead of comparing the steady state values. Therefore, the velocity is
presented in a non-dimensional way using

∆̃Vx = Vx −Vx,s1

Vx,s2 −Vx,s1
. (5.2)

The subscripts s1 and s2 represent the initial (before load change) and the final steady
state (sufficient time after load change). Hereinafter, the self-normalized transient re-
sponses from the experimental and numerical results are compared. The times pre-
sented in the results are non-dimensionalizing to the dynamic inflow time scale using
τ= V0t

D .

5.4.1. DYNAMIC WAKE FOR THE LOAD CASE δt∗=0.2
Take the load case δt∗=0.2 as an example, this section compares the velocity at different
locations between the numerical and experimental results.

Figure 5.4 shows the development of the wake after load increase. Locations of inter-
sections of the vortex rings with the symmetry plane from the FWVR model are plotted
at time τ=0.5, 1, 1.5, 2, 3, 6. The vortices shed before and after the onset of load change
from the FWVR model are presented separately by particles with light and dark color.
Figure 5.5 shows the wake development after load decrease.

As seen in Figure 5.4, under the interaction of the vorticity shed before and after the
load increase, the vortex sheet starts to form an inward knot. As the vorticity accumu-
lates, the knot rolls into a ring-like vortical structure gradually. This is different from the
fully loaded disc cases observed in literature, Pierides et al. (2013); Koumoutsakos and
Shiels (1996); Yang et al. (2012); Higuchi and Balligand (1996), where the vorticity rolls
up at the edge of the disc shortly after the impulsive motion and maintains attached to
the disc while growing up into ring-like vortical structures. Remarkably, as shown in Fig-
ure 5.5, the new and old vorticity interacts to form an outward knot after the disc load
decreased. Eventually, the knot rolls into a big ring-like vortical structure. The roll-up
vortical structure moves outwards and is also convected downstream at the same time.

Figure 5.6 shows the velocity development from the experiment and FWVR model at

Position P1 P2 P3 P4 P5 P6 P7
z/D 1.0 2.0 3.0 1.0 2.0 3.0 2.0
y/D 0.33 0.33 0.33 0.83 0.83 0.83 0.58

Table 5.1: Locations in the wake of the discussed positions.
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Figure 5.4: Wake development after load increase calculated by the FWVR model (dark and light
particles represent vortices shed after and before load change separately ).
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Figure 5.5: Wake development after load decrease calculated by the FWVR model (dark and light
particles represent vortices shed after and before load change separately ).
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P2, P7, P5, after load increase and decrease. The velocity at all the three different radial
positions of the same axial plane starts to respond to the load variation at around τ=2 for
both load increase and decrease cases. From the experimental results, the turbulence is
higher in the shear layer region at P7 in both the load increase and decrease cases. Due
to the velocity singularity induced by the vorticity when the observed locations are too
close to the vortex element, the result from the FWVR model is highly influenced by the
vorticity elements in the shear layer region.

For the load increase case, with the entire vortex system convecting downstream, it
can be seen that the velocity decreases eventually to the new steady state of the higher
disc load at the inner wake y/D=0.33 and the shear layer y/D=0.58. The eventual de-
crease of velocity inside the wake corresponds to the higher induction at this higher
disc load state. The velocity at the outer wake y/D=0.83 eventually increases to the new
steady state. The final increase of velocity is due to the larger blockage effect of the disc
at the higher disc load; and vice versa for the load decrease case.

The undershoot and overshoot of the velocity before the new steady state is also ob-
served from the numerical results. This is presumed to be caused by the the rolling-up
process of the vortex and its relative positions to the observed positions during its pas-
sage, which will be verified in the subsection 5.4.2.

Comparing Figure 5.6a and Figure 5.6b, there is a larger overshoot or undershoot at
P2 for the load increase case than that for the load decrease case. On the opposite, there
is a larger overshoot or undershoot at P5 for the load decrease case than that for the
load increase case, for both experimental and numerical methods. This will be further
explained in the subsection 5.4.2.

The velocity development from both methods at the locations P1, P2, P3 after load
increase and decrease are presented in Figure 5.7. From Figure 5.7a and 5.7b, the time
onset of velocity response at the same radial positions but different planes upon the on-
set of load change are different - the velocity starts to perturb at τ=1.0 for P1, at around
τ=2.0 for P2, at around τ=3.0 for P3. As the flow disturbance convects downstream, the
velocity field at locations from the near wake to the far wake starts to respond succes-
sively. The comparison of the velocity profiles at these locations between the load in-
crease and decrease cases shows that there is a larger secondary unsteadiness effect in
the load increase case than that in the load decrease case; this is true for both experi-
mental and numerical results.

Figure 5.8 presents the velocity development at the P4, P5, P6 after load increase and
decrease. As similar as locations at y/D=0.33 on these planes in Figure 5.7, the velocity
starts to perturb at around τ=1.0 for P4, at around τ=2.0 for P5, at around τ=3.0 for P6.
It shows that the velocity overshoot or undershoot increases as the plane goes further
downstream for both load increase and decrease cases for both methods. On the con-
trary to the velocity at y/D=0.33 in Figure 5.7, the secondary unsteadiness effect is larger
in the load decrease case than that in the load increase case at the locations of y/D=0.83;
this holds for both methods.

As seen from Figure 5.6–5.8, the numerical model can capture the experimental dy-
namic velocity profiles at different locations in the field generally well in terms of the sec-
ondary velocity unsteadiness and the transient profile which includes the time to start to
respond to the disturbance and the time it takes to reach the new steady state; although
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Figure 5.6: Velocity at P2(z/D=2.0, y/D=0.33), P7(z/D=2.0, y/D=0.58), P5(z/D=2.0, y/D=0.83)
from experiment and the FWVR model in load increase and decrease cases.
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Figure 5.7: Velocity at P1(z/D=1.0, y/D=0.33), P2(z/D=2.0, y/D=0.33), P3(z/D=3.0, y/D=0.33)
from experiment and the FWVR model in load increase and decrease cases.

there are some local magnitude differences for the overshoots or undershoots.

The difference in overshoot and undershoot between the numerical and experimen-
tal results, e.g. the opposite overshoot at P2 in the load increase case in Figure 5.7a, is
likely caused by the different extent of vorticity accumulation and the relative distance
of the rolled-up vortices to the observation points in the numerical and experimental
data. Specifically, the effect of tower and holes of disc mesh is present in the experiment,
which is not taken into account in the simulations. The effect of the systematic mechani-
cal vibration is another reason, whose effect is unknown and it can not be totally isolated
from the aerodynamic effect in the experiment.

5.4.2. DECOMPOSED VELOCITY ANALYSIS OF CASE δt∗ = 0.2
Section 5.4.1 shows the secondary unsteadiness — velocity overshoot and undershoot
in the wake caused by the dynamic load change on the disc, where it is assumed that
the abrupt velocity change is caused by the rolling-up process of the vorticity and its
subsequent passage downstream.

In this section, the assumption will be verified by decomposing the velocity induced
by different vorticity elements from the FWVR model, using case δt∗=0.2 as an exam-
ple. Figure 5.9b plots the positions of the vortex rings at time τ=1.5, 2.5, 4.0 after load
increase. The vorticity shed before and after the onset of load change are separated by
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Figure 5.8: Velocity at P4(z/D=1.0, y/D=0.83), P5(z/D=2.0, y/D=0.83), P6(z/D=3.0, y/D=0.83)
from experiment and the FWVR model in load increase and decrease cases.
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the circular mark. The rolled-up vorticity is counted from the first vortex element shed
when the load starts to change, with one increment at each side of vorticity shed be-
fore and after the load change in every 0.125τ0, as marked with diamonds in Figure 5.9b.
The three time points the vorticity plotted in Figure 5.9b are also marked by the vertical
dash line accordingly in Figure 5.9a and 5.9c. As seen, these are the time points around
when the velocity peaks at these planes. Figure 5.9a and 5.9c shows the velocity induced
by the new and old shed vorticity and the rolled-up vorticity and the total at locations
P4-P6 and P1-P3, separately, for load increase case. These locations are also marked in
Figure 5.9b.

As the rolled-up vorticity is convected downstream, the induced velocity from the
rolled-up vorticity at the three planes peaks around τ=1.5, 2.5, 4.0 accordingly for both
y/D=0.83 and 0.33 . As the rolled-up vorticity grows as it is being convected, the ampli-
tude of the peak velocity induced by the rolled-up vorticity increases with downstream
planes. The increased peak of the velocity induced by the roll-up vorticity results in an
increase peak in the total velocity from x/D=1 to x/D=3. This explains the increase am-
plitude of undershoot when the planes moves downstream in figures 5.6 and 5.7. The
further downstream the plane is, the larger extent of accumulation of vortices is, which
results in a larger amplitude of velocity undershoot.

As clearly seen from Figure 5.9a and 5.9c, the rolled-up vorticity has a larger effect
on the inner wake y/D =0.33 than the outer wake y/D =0.83. This is due to the inward
movement of the rolled-up vorticity in the load increase case. The total velocity peaks
at the time when the velocity induced by the rolled-up vorticity peaks for Figure 5.9c,
this is not the case for P4 and P5 in Figure 5.9a. This explains the larger overshoot or
undershoot at P1, P2, P3 in the load increase case than that in the load decrease case in
Figure 5.7 for both numerical and experimental results.

The velocity induced by the new shed vorticity at P4 - P6 firstly decreases before in-
creasing to a peak, and then finally decays to a converged value. Despite the new shed
vorticity accumulated with time, it starts to roll up before reaching these positions. The
roll-up process moves the vorticity away from these positions, resulting in a temporal
decrease in induced velocity. Combining the contribution from the old shed vorticity, it
results in the undershoot in the total velocity at these locations. The overshoot at P6 is
caused by its short distance to part of the rolled-up vorticity as seen in Figure 5.9b.

Figure 5.10b plots the vorticity position of the vortex rings at times τ=1.5, 2.5, 4.0
after load decrease. Figure 5.10a and 5.10c show the velocity induced by the new and
old shed vorticity, and the rolled-up vorticity and the total at locations P4-P6 and P1-
P3 separately, for load decrease case. The induced velocity from the rolled-up vorticity
at the three planes also peaks around τ=1.5, 2.5, 4.0 accordingly for both y/D=0.83 and
0.33 in this load decrease case. The peak amplitude of the velocity induced by the rolled-
up vorticity increases with downstream planes with an exception of P6. P6 is sensitive
to the vortex elements as it is inside the rolled-up vorticity, as seen in Figure 5.10b. At
τ=1.5, the rolling-up process just starts, the peak amplitude of the induced velocity by
the rolled-up vorticity at P4 is still low, which results in a slight peak in the total velocity
curve. This explains the increase amplitude of overshoot or undershoot when the planes
moves downstream in Figure 5.8.

As clearly seen from Figure 5.10b, in this load decrease case, the accumulated rolled-
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up vorticity moves outwards, it moves closer to the locations in the outer wake y/D
=0.83. The total velocity peaks at where the velocity induced by the rolled-up vortic-
ity peaks for P4-P6. It is not the case for the locations at y/D =0.33 P1-P3 in Figure 5.10c,
as the accumulated rolled-up vorticity moves away from these locations. This explains
why the secondary unsteadiness at P4, P5, P6 in the load decrease case is larger than
that in the load increase case in Figure 5.8. The reason is the same for that there is no or
negligible peak in velocity at P1, P2, P3 for load decrease case in Figure 5.7b.

The decomposed induced velocity at different locations shows that the secondary
unsteadiness in velocity is determined by the effect of the passage of accumulated rolled-
up vorticity and its relative distance to the observing locations during the process of
convecting downstream. It presents as a velocity overshoot or undershoot or nothing
under the combined effect. This verifies the hypothesis made in subsection 5.4.1.

5.4.3. THE EFFECT OF REDUCED RAMP TIME
This section compares the wake velocity profiles between the three different cases
δt∗=0.2, 0.4, 0.8.

Figure 5.11 compares the velocity of the three reduced ramp time cases between the
numerical and experimental results at P1, P2, P3 for load increase and decrease cases,
separately. From both Figure 5.11a and 5.11b, it can be seen the smaller the reduced
ramp time, the larger the amplitude of velocity overshoot or undershoot, and the steeper
slope of the transient velocity. For the experimental results, for all three cases, the differ-
ence is larger in the load decrease case than that in the load increase case. This may be
caused by the stronger interaction of the rolled-up vorticity with the turbulence caused
by the holes in the disc in the load increase case, because the vorticity moving inward
results in higher turbulence in the inner wake (referred to Figure 4.8).

Figure 5.12 presents the velocity development at P4, P5, P6 for load increase and
decrease cases. The observations in the velocity profile are consistent with those inside
the wake, a larger overshoot or undershoot and a steeper slope of velocity transient curve
occurs for the smaller reduced ramp time case. This observation is true for both the
experimental and the numerical results.

Figures 5.11 and 5.12 show that the numerical model can capture the basic trend of
dynamic velocity profiles of the experiments for different reduced ramp time cases apart
from some local amplitude difference. The main reasons causing the difference have
been discussed in subsection 5.4.1, the turbulence caused by the porous disc, effects of
the hub, tower etc.. All these factors will affect the direct cause — the relative distances of
rolled-up vorticity to the observed locations in the field during the process of convecting
downstream, as discussed in subsection 5.4.2.

5.4.4. DECOMPOSED VELOCITY ANALYSIS OF CASES δt∗ = 0.2,0.4,0.8
The difference in transient velocity for different reduced ramp time cases are discussed
in subsection 5.4.3. The causes of this difference are further explored by decomposing
the velocity induced by different vorticity elements from the FWVR model in this section.

Figure 5.13 presents the decomposed induced velocity from the new and old shed
vorticity, the rolled-up vorticity and the total at P2 and P5, and the locations of the vortex
rings at τ=2.5 after load increase for the three cases δt∗=0.2, 0.4, 0.8.
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Figure 5.10: The velocity induced by the new, the old shed vorticity, the rolled-up vorticity and the
total at P1-P6 and wake of the FWVR model at time step τ=1.5, 2.5, 4.0 for load decrease of case
δt∗=0.2.
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Figure 5.11: Velocity at P1(z/D=1, y/D=0.33),P2(z/D=2, y/D=0.33),P3(z/D=3, y/D=0.33) from
experiment and the FWVR model in load increase and decrease cases for δt∗=0.2, 0.4, 0.8.
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Figure 5.12: Velocity at P4(z/D=1, y/D=0.83),P5(z/D=2, y/D=0.83),P6(z/D=3, y/D=0.83) from
experiment and the FWVR model in load increase and decrease cases for δt∗=0.2, 0.4, 0.8.
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Figure 5.13: The velocity induced by the new, the old shed vorticity, the rolled-up vorticity and the
total at P2 (z/D=2, y/D=0.33) and P5 (z/D=2, y/D=0.83), and locations of the vortex rings of the
FWVR model at τ=2.5 for load increase of cases δt∗=0.2, 0.4, 0.8.
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As seen from Figure 5.13c, the smaller the reduced ramp time, the larger extent of the
rolling up process at the same time after the load change. In these load increase cases,
the rolled-up vorticity moves inward, which is moving towards to P2 but moving away
from P5. Under the superposition effect of larger roll-up extent and smaller distance
between the rolled-up vorticity to the observed locations, a smaller reduced ramp time
resulting in a larger peak of velocity at P2 induced by the rolled-up vorticity. Under the
counter effect of larger roll-up extent and larger distance between the rolled-up vortic-
ity to the observed locations, there is no difference in the peak of velocity at P5 induced
by the rolled-up vorticity between the three cases. In this load increase case, few vortex
elements shed before the load change are involved in the roll-up process, resulting in a
slight difference of velocity induced by the vortex shed before load change at both loca-
tions. The smaller the reduced ramp time, the larger the amplitude of velocity at P2 and
the steeper the slope of velocity at P5 induced by the vortex shed after load change.

Figure 5.14 presents the decomposed induced velocity from the new, old shed vor-
ticity, the rolled-up vorticity and the total at P2 and P5, and the locations of the vortex
rings at τ=2.5 after load decrease for the three cases δt∗=0.2, 0.4, 0.8.

It is consistent with the load increase case in Figure 5.13, a smaller reduced ramp
time results in a larger extent of the rolling up part in Figure 5.14c. Due to the outward
movement of the rolled-up vorticity in this load decrease case, the rolled-up vorticity
is moving towards to P5 but moving away from P2. Under the superposition effect of
larger roll-up extent and smaller distance between the rolled-up vorticity to the observed
locations, a smaller reduced ramp time results in a larger peak of velocity at P5 induced
by the rolled-up vorticity. Under the counter effect of larger roll-up extent and larger
distance between the rolled-up vorticity to the observed locations, a smaller reduced
ramp time resulting in a smaller peak of velocity at P2 induced by the rolled-up vorticity.
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Figure 5.14: The velocity induced by the new, the old shed vorticity, the rolled-up vorticity and the
total at P2 (z/D=2, y/D=0.33) and P5 (z/D=2, y/D=0.83) and locations of vortex rings of the FWVR
model at τ=2.5 for load decrease of cases δt∗=0.2, 0.4, 0.8.
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5.5. CONCLUSIONS
The unsteady flow of an actuator disc during transient load with different reduced ramp
time has been investigated numerically with a free wake vortex ring model. The sec-
ondary unsteadiness — overshoot and undershoot in velocity from the experiments, is
also observed in the numerical results. The comparison between the numerical and ex-
perimental results show that the free wake vortex model can capture the wake velocity
profiles, for the steady radial distributed velocity profile and the transient velocity pro-
files.

The wake development from the FWVR model shows that the vortex sheet at the edge
of the disc rolls up into a vortical ring structure gradually during the convecting down-
stream process after the disc load change. The vortex spirals inward in the load increase
cases, spirals outward in the load decrease cases. This is the main reason which causes
the difference in wake velocity between the load increase and decrease cases.

Decomposing the velocity induced by different vortex elements confirms that the ex-
tent of the rolling-up process and its relative distance to the observed points are the main
reasons causing the difference in velocity transient slope and difference in the amplitude
of velocity overshoot and undershoot at the different observed locations.

The effect of ramp time as observed in the experimental results is confirmed with
the vortex model. It shows that a smaller reduced ramp time (a faster load change) re-
sults in a steeper transient velocity change and in turn a larger amplitude of the velocity
overshoot or undershoot. Decomposing the induced velocity from different vorticity el-
ements also reveals that the different velocity profile at the same location in different
reduced ramp time cases resulted from the different extent of the rolling up process. A
smaller reduced ramp time leads to a larger extent of the rolling up process.

The dynamic wake response of an unsteady actuator disc from the experiment is
reproduced by the FWVR model reasonably well. The decomposing velocity from the
FWVR model offers much insight into the dynamic wake response.

Based on the performance of the free wake vortex model, a few steps are tried to
simplify it for engineering purpose. The first step is to disregard the wake expansion,
which is done by extending the linear actuator disc model from steady load to unsteady
load in chapter 6.





6
SEMI-ANALYTICAL ACTUATOR DISC

SOLUTION FOR UNSTEADY LOAD

Make everything as simple as possible, but not simpler.

Albert Einstein (1879-1955)

The main content of this chapter has been published in

Yu, W., Ferreira, C. S., van Kuik, G., Analytical actuator disk solution for unsteady and/or non-uniform loading.
in 34th Wind Energy Symposium, California, January 2016.
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This chapter extends the classical steady cylindrical vortex tube model to unsteady flow,
while keeping the inherent simplicity of the theory. The three representative load cases
investigated in chapter 3: (I) steady uniform and radially-varying , (II) unsteady uni-
form, and (III) unsteady radially-varying load, are studied using this improved vortex
tube model. The results are compared with the free wake vortex ring model developed in
chapter 3, and also with the three dynamic-inflow engineering models - the Pitt-Peters,
Øye and ECN model for unsteady load cases. Results shows that the vortex tube model
has an acceptable prediction of axial and radial induction at the disc for steady load.
The predictions of the induction from the vortex tube model are comparable to the Øye
engineering model for unsteady uniform load. It has an improved prediction in induc-
tion compared with the three dynamic-inflow engineering models for unsteady radially-
varying load.

6.1. INTRODUCTION

The most elementary version of the momentum theory is based on uniform axial load
in an axi-symmetrical flow. The axial momentum theory is introduced in chapter 2. The
axial momentum theory is extended to BEM or stream-tube analysis of radially-varying
load based on the assumption of annuli independence.

The application of the actuator disc concept provides a simple wake model, which
is introduced in chapter 2. This vortex model gives detailed information of a rotor flow
field. It is only valid for an actuator disc with uniform load. The induced velocity field
of an actuator disc with radially-varying load can be calculated by using a superposition
of a system of coaxial vortex cylinders, it has been applied by Heyson and Katzoff (1956)
and Branlard and Gaunaa (2014).

However, the actuator-disc model introduced in chapter 2 is only valid for steady
flow. Only a limited amount of work was tried to overcome this limitation of the steady
actuator disc model. Chattot (2014) tried to extend the steady actuator disc theory to un-
steady flow based on conservation laws, but numerical results showed the formulae can
not correctly account for unsteady effects. He subsequently implemented a vortex ring
model with a prescribed wake vortex line model for unsteady load calculations. Con-
currently, Branlard and Gaunaa (2014) also extended the steady actuator-disc model to
unsteady load case, a step change in pitch was studied.

The main purpose of this chapter is to extend the steady vortex tube model of an
actuator disc to unsteady flow. The vortex tube model can in principle be applied to
unsteady and arbitrarily distributed axi-symmetrical flow of discs representing aircraft
propellers or wind turbines. In section 6.2, the existing vortex tube model for steady
uniform and radially-varying disc loading and the upgraded vortex tube model for un-
steady uniform and radially-varying disc loading is detailed. The results from the vortex
tube model are presented in section 6.3. Comparisons of the vortex tube model with the
free wake vortex ring model and the three dynamic-inflow engineering models are pre-
sented for the three load cases considered in chapter 3: (I) steady uniform and radially-
varying load, (II) unsteady uniform load, and (III) unsteady radially-varying load. Con-
clusions are drawn in section 6.4. The time and velocity presented in the results are
non-dimensionalizing using τ= V0t

R and the incoming wind speed V0, respectively.
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6.2. METHODOLOGY
The velocity field of an actuator disc with axial flow has been analytically studied by Con-
way (1995) and Branlard and Gaunaa (2014). Their analysis consistently decomposes the
cylindrical vortex system into two components: (a) a vortex tube with circular vorticity
and (b) a vortex system including longitudinal vortices shed from the disc edge and disc
center, and the radially distributed bound vorticity on the actuator disc. The first com-
ponent created axial and radial velocity in the flow field, while the second component
determines azimuthal velocity. If the tip speed ratio goes to infinity, the rotation can be
neglected, the effect of the second component goes to zero. This scenario is considered
in this chapter.

This section begins with the introduction of the existing model for steady uniform
and radially-varying load, followed by the extension of the model to unsteady flow. Fig-
ure 6.1 shows the assumed vortex system for all the four different load cases: steady uni-
form load, steady radially-varying load, unsteady uniform load and unsteady radially-
varying load.

6.2.1. VORTEX TUBE MODEL FOR STEADY UNIFORM AND RADIALLY-VARYING

DISC LOADING
The expression for the axial (uz ) and radial (ur ) velocity field induced by a semi-infinite
vortex tube with constant tangential vorticity has been derived by Callaghan and Maslen
(1960), Gibson (1974), van Kuik and Lignarolo (2016) and Branlard and Gaunaa (2014).
Even though they use different methods, the final format is the same, given as

uz (r, z) = γ

2

[
Rtube − r +|Rtube − r |

2|Rtube − r | − (Ztube − z)

2π
√

r Rtube

·k(K (k2)+ Rtube − r

Rtube + r
Π(α2,k2))

]
(6.1)

ur (r, z) =− γ

2π

√
Rtube

r

[
2−k2

k
K (k2)− 2

k
E(k2)

]
(6.2)

where E,K and Π are respectively the complete elliptic integrals of the first, second and
third kind. The two elliptic parameters are given in Equation 6.3 and 6.4

k2 = 4r Rtube

(Ztube − z)2 + (Rtube + r )2 (6.3)

α2 = 4r Rtube

(Rtube + r )2 (6.4)

where (z,r ) are coordinates of an arbitrary point P in the field, Ztube is the starting axial
coordinate and Rtube is the radius of the semi-infinite vortex tube. The vortex system for
steady uniform load is given in Figure 6.1a.

The relationship of the strength of vortex sheet (γ) and the uniform pressure jump
(∆p) of an actuator disc has been analyzed by van Kuik (2003). For steady flow, the prod-
uct of the strength of the vortex sheet and the convection speed of the vortex sheet (vs )
is constant, it is given in Equation 6.5 (van Kuik, 2003).
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vsγ= ∆p

ρ
. (6.5)

The definition of thrust coefficient is

CT = T

ρAV 2
0 /2

= A∆p

ρAV 2
0 /2

. (6.6)

Combining Equation 6.5 with Equation 6.6, the relationship between the strength of the
vortex sheet and thrust coefficient is given by Equation 6.7.

γ= Ct (V0)2

2vs
. (6.7)

If the disc loading is not uniform along the radial direction, vorticity will be shed
along the radius instead of only at the edge of the disc as in the uniform load case. Equa-
tion 6.7 is thus applied to local annulus, which is separated by the vortex sheet in the
radially-varying cases. A system of coaxial vortex cylinders to calculate the flow field in-
duced by radially-varying load has been adopted by Heyson and Katzoff (1956) and Bran-
lard and Gaunaa (2014). The application is the same here. The assumed vortex system
is shown in Figure 6.1b. A semi-infinite vortex tube with strength γ̃i is shed at the radius
ri where there is load variation, where i = 1,2...k, r1 = R, rk = 0, γ̃i = γi −γi−1, γ̃1 = γ1.
γi is the strength of the vortex tube of the annulus with the local load, which is defined
by Equation 6.7. In principle, any circularly symmetrical disc load can be obtained by a
superposition of a series of vortex cylinders.

6.2.2. VORTEX TUBE MODEL FOR UNSTEADY UNIFORM AND RADIALLY-
VARYING DISC LOADING

In unsteady flow, disturbances can arise from fluctuations in the incoming flow and
change of load on the disc resulting from a pitch change or local control actions. For
simplification, the incoming flow is assumed to be constant, and only the load variation
is addressed here.

In the unsteady load case, the semi-infinite vortex tube is considered as a superpo-
sition of a semi-infinite vortex tube with a series of finite vortex tubes. The semi-infinite
vortex tube for an unsteady uniform load is illustrated in Figure 6.1c. The series of finite
vortex tubes with strength γ j , extending from z j to z j−1, are generated at time j th . The
semi-infinite vortex tube with strength γ1 extending from z1 to infinity is generated be-
fore the unsteadiness happens. γ j and z j are respectively the strength and the convected
distance of the tube shed at the time j th , where j = 1,2, ...n.

The relationship between the strength of the newly generated vortex surface at disc
edge during time∆t and the strength of load on the disc is present in chapter 3, it is given
in Equation 6.8.

∆Γ(t ) =Ct (t )(V 2
0 /2)∆t . (6.8)

If the newly produced vortex surface has been convected at a velocity of vs (t ), the con-
vected distance of the vortex tube during this ∆t is ∆s = vs (t )∆t . The strength of the
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newly generated finite vortex tube is given in

γ(t ) =− ∆Γ(t )

vs (t )∆t
= Ct (t ) (V0)2

2 ∆t

vs (t )∆t
= Ct (t ) (V0)2

2

vs (t )
. (6.9)

Equation 6.7 and Equation 6.10 are consistent with the equation obtained by Øye
(1990), which is the basis of the Øye dynamic inflow model. vs = V0(1− a) is used to
determine the strength of the new generated vortex tube, where a is the axial induction
factor at the disc.

Inputting vs =V0(1−a) and a = 1−p1−Ct (t )
2 into Equation 6.9 yields

γ(t ) =V0(
√

(1−Ct (t )−1). (6.10)

The strength of the individual finite or semi-infinite vortex tube keeps constant while
convecting downstream in this implementation, which means the updating of the vortex
surface is determined by the contraction and extension of the tubes.

The induced velocity field by a finite vortex tube extending from z1 to z2 can be cal-
culated directly by the analytical equations given by Branlard and Gaunaa (2014). In this
chapter, the semi-infinite vortex tube is treated as a superposition of a series of semi-

infinite vortex tubes starting at z j , with strength of γ̃ j , where γ̃ j =γ j -
j−1∑
j=1

γ̃ j , γ̃1=γ1. γ1

and z1 is the vortex strength and convected distances of the oldest vortex tube, γn and
zn are for the newest vortex tube.

Combining described models for steady radially-varying load and unsteady uniform
load, any arbitrary radial radially-varying and unsteady load can be addressed by intro-
ducing

˜̃γi , j = γi , j −γi−1, j (6.11)

˜̃γ1, j = γ1, j (6.12)

γ̃i , j = ˜̃γi , j −
j−1∑
j=1

γ̃i , j (6.13)

γ̃i ,1 = ˜̃γi ,1 (6.14)

where γi , j is the vortex strength defined by Equation 6.10 for the local annulus with the
local load. γ̃i , j and zi , j are respectively the final used vortex strength and position of
the vortex tube to calculate the velocity field using Equation 6.1 and 6.2. ˜̃γi , j is an in-
termediate variable. The vortex system for unsteady radially-varying load is shown in
Figure 6.1d.

The vortex tube model for both steady and unsteady load cases are denoted as VTM
for all the following figures and discussions.

6.2.3. THE EFFECT OF CONVECTION VELOCITY
The convecting speed of the vortex tube needs to be determined. The different types of
convection velocity and their effect is discussed in this section.

The free stream velocity (V0) is used in Chattot (2014). A simplified convection ve-
locity is used in Branlard (2015), which is denoted as V1. For unsteady uniform load in
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(a) steady uniform load (b) steady radially-varying load

(c) unsteady uniform load (d) unsteady radially-varying load

Figure 6.1: Assumed vortex system for the rotor wake.
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Figure 6.1c, V1 for convecting the axial position of j th finite tube is defined by Equa-
tion 6.15. For unsteady radially-varying load in Figure 6.1d, V1 for updating the position
of Zi , j is defined by Equation 6.16. The convection velocity used in the Øye model is also
considered, which is defined in Equation 6.17. It is the sum of the free stream velocity
and the averaged induced velocity at the position (Zi ,R). The average induced velocity at
positions of small distance outside and inside the tube (Zi , j ,Ri , j +d y) and (Zi , j ,Ri , j −d y)
is used for the averaged induced velocity.

V1( j ) =V0(
1+√

1−Ct ( j )

2
) (6.15)

V1(i , j ) =V0 +
k∑

i=i+1
γ̃i , j + γ̃i , j /2 (6.16)

V2(i , j ) =V0 +
vx (Zi , j ,Ri , j +d y)+ vx (Zi , j ,Ri , j −d y)

2
. (6.17)

Figure 6.2 compares the averaged axial velocity at the actuator disc through a step-
increased and a step-decreased load between the VTM with the different convection ve-
locity V0, V1 and V2. It is also compared against results from MT, the FWVR model and
the three dynamic-inflow engineering models. There is a local enlarged view inside each
figure. As seen, the convection velocity has an important effect. The FWVR model de-
cays slowest among all different models, the Øye and ECN model decays faster than the
FWVR model but slower than all the other cases. When V0 is used, where induction from
the wake is not taken into account for the convection velocity, the VTM model decays
faster than the other two cases (V1, V2) where the induction is considered. When only
the induction from the simplified tube system V1 is considered, the decay is close to the
Øye and ECN models. When the the averaged induced velocity at the tube edge V2 is
used, the decay is even faster. Clearly, the larger induction, the slower the vortex tube is
convected downstream, the slower the decay of the velocity. When V1 of the three dif-
ferent convection speeds is used, the VTM model is the closest to the FWVR model. In
addition, the calculation of V1 costs much less time than the computation of V2. Thus,
the V1 is used through the simulations in this chapter.
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Figure 6.2: Comparison of averaged axial velocity at the actuator disc between the VTM with dif-
ferent convection velocity, the FWVR model, the Pitt-Peters, Øye, ECN model and MT for a step-
decreased and a step-increased load.

6.3. RESULTS AND ANALYSIS

6.3.1. STEADY UNIFORM AND RADIALLY-VARYING LOAD

Figure 6.3 compares the radial distribution of axial and radial velocity for steady uni-
form, radially increased, radially decreased load between the VTM and the FWVR model.
As seen, the general trend of both axial and radial velocity from the VTM and the FWVR
model matches well for the steady uniform and radially-varying load cases. The main
difference between the two models is that the effect of the local variation of load on axial
velocity is confined to the local region for the VTM, which is in line with the assumption
of independent annuli. This was also shown by Branlard and Gaunaa (2014) with similar
method. However, what is not mentioned there is that the effect of the local variation of
load on radial velocity is also observed outside the local load varied region of the VTM.
This means that the assumption of independent annuli only determines the indepen-
dence of axial velocity of every annulus, but does not restrict the radial velocity for the
VTM. The other difference in the two models is the uniformity of axial velocity along the
radius. Excluding the effect of local varied load, the VTM model predicts uniform axial
velocity distribution, but the FWVR model predicts a radially-varying axial velocity dis-
tribution even for uniform load. This means the VTM, which is extended from the axial
momentum theory, inherits the wrong assumption of uniform axial velocity distribution
of momentum theory. Instead of the axial velocity, the absolute velocity is found to be
constant by van Kuik and Lignarolo (2016). However, the VTM in this study shows that
the annuli independence of axial induction at the disc is only satisfied for steady case,
where only infinite vortex tubes are shed from the disc. Load case III shows the local
time-varying load affects the induction on the entire disc. In this load case, the predic-
tion of the axial and radial induction from the simple VTM is close to the prediction by
the more advanced free wake vortex ring model.
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Figure 6.3: Comparison of the axial and radial velocity distribution at the actuator disc plane
between the VTM and the FWVR model for steady uniform, radially-increased, radially-decreased
load.

6.3.2. UNSTEADY UNIFORM LOAD

In this section, the results of harmonically time-varying uniform load are analyzed, the
simulations are presented for k = 0.05, 0.2, 0.5 and 1.0. Figure 6.4 compares the hysteresis
loops of averaged axial velocity v̄z at the actuator disc predicted by the VTM, the FWVR
model, the Pitt-Peters, Øye and ECN dynamic inflow models. Results from MT is plotted
as a reference. The amplitude difference — difference in amplitude of v̄z from that of
MT, and the phase lag — width of the hysteresis loop are analyzed.

The comparison of results between the FWVR model and the three dynamic-inflow
engineering models is presented in chapter 3. The discussions here mainly focus on the
VTM model.

The results show that the axial velocity from the VTM is comparable with the Øye and
ECN model in terms of both amplitude difference and phase lag. This similarity in the
VTM and the Øye and ECN model may be caused by the fact that the time constants in
these two models are also obtained by vortex tube-based model.

Figure 6.5 compares the dynamic loop characteristics of vz between the VTM, the
FWVR model, MT and the three dynamic-inflow engineering models at different radial
positions r/R=0, 0.3, 0.55, 0.6, 0.7, 0.8, 0.85, 0.95 and 0.99, at reduced frequency 0.2. It
shows the VTM matches well with the Øye model along the radius. Figure 4.2b shows the
radial velocity predicted by the VTM and the FWVR model matches, but the values and
the phase lag from the VTM are relatively higher for the same radial position. This might
be caused by the exclusion of expansion of the VTM. The comparison in this section
shows that the axial velocity predicted by the VTM is comparable to the Øye dynamic
inflow model.
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Figure 6.4: Comparison of hysteresis loops of the averaged axial velocity at the actuator disc be-
tween the VTM, FWVR model, MT, the Pitt-Peters, Øye and ECN model for unsteady uniform load
— an actuator disc undergoing harmonic thrust oscillations with an amplitude of ∆Ct =1/9 for k =
0.05, 0.2, 0.5, 1.0.
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Figure 6.5: Comparison of hysteresis loops of the axial velocity at different radii between the VTM,
FWVR model, MT, the Pitt-Peters, Øye and ECN model for unsteady uniform load at k = 0.2.
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Figure 6.6: Comparison of hysteresis loops of the axial velocity at 0.7R between the VTM, the
FWVR model, MT, the Pitt-Peters, the Øye and ECN model for unsteady radially-varying load — an
actuator disc undergoing harmonic thrust oscillations in the annulus region 0.6R - 0.8R with an
amplitude of ∆Ct =1/9 for k= 0.05, 0.2, 0.5, 1.0.

6.3.3. UNSTEADY RADIALLY-VARYING LOAD
Figure 6.6 compares hysteresis loops of the dynamic axial velocity vz at 0.7R (the center
of the region with a local load variation) between the VTM, the FWVR model, MT and
the three dynamic-inflow engineering models. The same reduced frequencies k = 0.05,
0.2, 0.5 and 1.0 are presented. The dynamic velocity vz at 0.7R is plotted against the local
thrust coefficient. The orientation of the VTM loop matches with the FWVR model better
than other engineering models for all reduced frequencies. At lower reduced frequency
k=0.05, 0.2, the phase lag of the VTM is much smaller than the two engineering models,
but a bit larger than the FWVR model. However, the phase lag of the VTM keeps increas-
ing as the reduced frequency increases, while the phase lag of the FWVR model is small
for all reduced frequencies.

Figure 6.7 compares the dynamic loop characteristics of vz between the VTM, the
FWVR model, MT and the three dynamic-inflow engineering models at different radial
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positions r /R=0, 0.3, 0.55, 0.6, 0.7, 0.8, 0.85, 0.95 and 0.99, at reduced frequency 0.2. As
seen from Figure 6.7, the VTM predicts smaller phase delay than the three engineering
models, but larger phase delay than the FWVR model inside the load varying region 0.6R-
0.8R. The VTM can also reflect the effect of local load variation on the induction of the
actuator disc outside the local load varying region, although the loop is different from
the FWVR model. This means that, different from the steady radially-varying load case,
the local load effect of the VTM does not confine locally for the unsteady radially-varying
load. As explained in chapter 3, the negligible effect from the FWVR model in this region
in the unsteady radially-varying load cases is because the shed vortices at the two ends of
the load locally varied region have opposite signs, so the velocity induced by them can-
cels out with each other. The linearized vorticity-based VTM model can partly predict
this effect, however, the engineering models can not. This is because all the engineering
model are derived based on uniform load and are subsequently applied to annuli. How-
ever, due to the omission of the wake expansion, the VTM is still different from the FWVR
model. The difference is larger for the higher frequencies in Figure 6.6 and is larger near
the tip in Figure 6.7. Comparison in this load case shows the VTM has better predictions
in axial on the disc for unsteady and radially-varying load than the three dynamic-inflow
engineering models. However, there is still some difference between the VTM and the
FWVR model.
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Figure 6.7: Comparison of hysteresis loops of the axial velocity at different radii between the VTM,
FWVR model, MT, the Pitt-Peters, Øye and ECN model for unsteady radially-varying load at k =
0.2.
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6.4. CONCLUSIONS
The steady vortex tube model is extended to unsteady and radially-varying load. The re-
sults from the linear vortex tube model are compared with the high fidelity free wake vor-
tex ring model developed in chapter 3, and the three dynamic-inflow engineering mod-
els - Pitt-Peters, Øye and ECN model for the three representative load cases: (I) steady
uniform and radially-varying , (II) unsteady uniform, and (III) unsteady radially-varying.
The results show that the simple vortex tube model has a reasonable prediction of in-
duction at the disc for the steady load case, when compared to the FWVR model. For
unsteady uniform load cases, the induction prediction from VTM is comparable to the
engineering model of Øye. In the unsteady radially-varying load case, the VTM has a im-
proved prediction in induction than the three engineering models, it can partly predict
the effect of locally-varying loads.

The results from the VTM differ from the FWVR model due to the simplifications of
the VTM, especially the linearization. As seen, the improved VTM is an intermediate
model between an engineering model and a high fidelity free wake model, in terms of
accuracy and computational time. It is faster than the FWVR model. However, the cal-
culation of equations 6.1 and 6.2 of each vortex tube is still too time consuming to apply
within an aero-elastic simulations for continuously time varying load. A new engineer-
ing model based on both the improved VTM model and the high fidelity FWVR model is
proposed in chapter 7.





7
A NEW DYNAMIC-INFLOW ENGINEERING

MODEL BASED ON LINEAR AND NONLINEAR

ACTUATOR-DISC VORTEX-MODELS

In theory, there is no difference between theory and practice.
But, in practice, there is.

Jan L.A. van de Snepscheut (1953-1994)
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The engineering models of Pitt-Peters, Øye and ECN are shown to underestimate the
dynamic-inflow effect in chapter 3. The linear and nonlinear actuator-disc based vortex-
models show improved prediction of the dynamic-inflow effect in chapters 3, 5 and 6.
However, the time-marching vortex-model is too computationally expensive to be inte-
grated within an aero-servo-elastic model directly. A new engineering model is devel-
oped using the differential form of the Duhamel’s integrals of indicial responses of the
actuator-disc type vortex-models. The time constants of the indicial functions are ob-
tained by indicial responses of a linear and a nonlinear actuator-disc model, respectively.
The new dynamic-inflow engineering models are verified against the results from the
FWVR model and compared against dynamic-inflow engineering models of Pitt-Peters,
Øye and ECN, for several load cases.

7.1. INTRODUCTION
Although the high fidelity vortex methods can account for the dynamic-inflow effect of a
wind turbine, the Blade Element Momentum (BEM) method with dynamic-inflow engi-
neering models has been proven to give the current highest predictive confidence levels
for design purposes (Leishman, 2002).

The widely used dynamic-inflow engineering models of Pitt-Peters, Øye, and ECN
are introduced in chapter 2. The Pitt-Peters model was developed based on the con-
cept of ’apparent mass’. It is assumed that the uniform induced velocity of the initial
flow field is analogous to the flow field produced by an impermeable disc moved normal
to its plane. It was proposed for helicopters, whose operational conditions are differ-
ent from wind turbines. The engineering models of Øye and ECN are based on vortex-
models. The Øye model was verified against limited load cases of certain wind turbines.
The ECN model was developed based on a simplified linear actuator-disc model using
prescribed convection velocity. A validation, in chapter 3, against numerical results of
a free wake model further shows that these three dynamic-inflow engineering models
underestimate the dynamic-inflow effect. Pirrung and Madsen (2018) concluded that
the time constants for dynamic inflow models can not be directly obtained from forces
from measurements or CFD simulations of a wind turbine, on the other hand, the vortex
type-model can have better performance.

In this chapter, a new approach is proposed to account for the dynamic-inflow effect,
which is similar to the procedure of the development of Wagner’s model (Wagner, 1925)
for 2-D unsteady airfoil aerodynamic.

The flow decay functions are obtained from a linear and a nonlinear actuator-disc
model, separately. In the linear actuator-disc model, the indicial flow field responses
of a linear actuator-disc model are obtained by the VTM model developed in chapter 6.
In the nonlinear actuator-disc model, the indicial flow field responses of a nonlinear
actuator-disc model are obtained by the FWVR model developed in chapter 3.

If the indicial functions are known, the output flow field of any known thrust input
can be calculated directly using the Duhamel’s integral of the indicial functions. In or-
der to be implemented in a time-marching numerical code (e.g. BEM) to compute the
dynamic-inflow effect, the indicial functions are given in an exponential approximation.
The coefficients of the exponential equations are found to be a function of radius and
a function of baseline thrust. Finally, the model is verified for the induction on the ac-
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tuator disc. It is validated against the numerical results from the FWVR model and the
engineering models of Pitt-Peters, Øye and ECN for several load cases.

The method to develop the engineering models is introduced in section 7.2, where
the indicial functions of a linear and a nonlinear actuator-disc model are obtained; their
exponential approximations are given; the Duhamel’s integral of the indicial functions
are presented. The validation load cases and the quantifying method are given in sec-
tion 7.3. The verification of the new models for the induction at the actuator disc against
the numerical results from the FWVR model and the three engineering models are pre-
sented in section 7.4. Conclusions are drawn in section 7.5. The details related to how the
relationship between the coefficients of the indicial functions and the radial positions
and the baseline thrust is obtained, and the quality of the polynomial representation
of the coefficients from the linear and the nonlinear actuator-disc models are demon-
strated in Appendix A and B, respectively. Appendix C presents the fully developed wake
from the FWVR model for all the verifying cases.

7.2. METHOD
The induced velocity field of an actuator disc with an arbitrarily oscillating load can be
calculated from the vortex system in Figure 7.1. The strength the vorticity newly shed
into the wake vary with the the varying load. The wake, as a tube surface with varying
strength and expansion, extends from the edge of the disc to infinity. The newly shed
wake is generated at the edge of the disc and convected downstream by the local velocity.

By applying the equation of velocity induced by a finite vortex cylinder derived by
Branlard and Gaunaa (2014), the axial velocity at a position (zp ,rp ) induced by the wake
vorticity system can be calculated by the following integral

Φ(zp ,rp , t ) =
∫ ∞

0

−γt (z, t )

4π
√

rp R(z, t )

[
(z − zp )k

(
K (k2)+ R(z, t )− rp

R(z, t )+ rp
Π(k2

0 ,k2)

)]z+d z

z

(7.1)

where

k2 = 4rp R(z, t )

(z − zp )2 + (R(z, t )+ rp )2 (7.2)

k2
0 = 4rp R(z, t )

(R(z, t )+ rp )2 (7.3)

Unsteady aerodynamic forces of an airfoil in potential flow conditions are usually de-
scribed by the indicial formulations in the time domain, as described by Beddoes (1982)
and Leishman (2006). The method is applied to an actuator disc in the potential flow
conditions in this chapter. The indicial functions are obtained instead of directly find-
ing an analytical solution for Equation 7.1. The indicial functions of a series of baseline
thrust ranging from 0 to 1, with an amplitude of thrust change δCt = ±0.1, are calcu-
lated by a linear actuator-disc model (the VTM developed in chapter 6) and a nonlinear
actuator-disc model (the FWVR model developed in chapter 3). The linear actuator-disc
model is used to develop the engineering model, because it can act as a benchmark for
models developed based on a linear actuator-disc model, e.g. the ECN model.
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Figure 7.1: Mathematical model of an actuator-disc model with harmonically oscillating load.

The indicial functions of an airfoil are expressed in terms of exponential functions of
time for the practical considerations for the implementing in a time marching simula-
tion e.g. the exponential representation of the Wagner’s function (Jones, 1939) and the
indicial lift functions of an airfoil Beddoes (1982). The indicial response functions of the
actuator disc are also chosen to be represented by exponential approximations in this
chapter.

Because the induction on the actuator disc is of most interest, only the approxima-
tion of the induced velocity at the actuator disc is investigated in this chapter. The in-
duction at other locations can be dealt in the same way. Pirrung and Madsen (2018) sug-
gested that two time constants are necessary for accurate modelling of dynamic inflow
effects. The induction at the actuator disc is denoted as Φd (r j , t ), which are approxi-
mated by a two term exponential series

Φd (r j , t ) = 1−β j eω1 j t − (1−β j )eω2 j t . (7.4)

where the subscript j represents the radial position.
The coefficients β,ω1 andω2 of Equation 7.4 are obtained by directly fitting the orig-

inal indicial responses calculated by the actuator-disc models. The fitting error — the
difference between the original calculated data and the fitting values is defined by

er r or = 100∗ Φd (r j , t )cal −Φd (r j , t ) f i t

Φd (r j , t →∞)cal
. (7.5)

where Φd (r j , t )cal and Φd (r j , t ) f i t are the directly calculated and fitted values at the
radial position r j at time t ,Φd (r j , t →∞)cal is the calculated value at steady state.

As an example, figure 7.2 shows the directly calculated values from the VTM model
and the exponential approximation of the indicial response of velocity at radial position
r /R=0, r /R=0.5, r /R=0.7, r /R=1.0 for baseline Ct =0.4, and the fitting errors. The maxi-
mum fitting error for all the radial positions and all considered baseline Ct from the VTM
is 3.2%.
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Figure 7.2: Φd calculated by the VTM and the exponential approximation for baseline Ct =0.4, and
the fitting error. LI - load increase case, LD - load decrease case.

As an example, figure 7.3 shows the directly calculated values from the FWVR model
and the exponential approximation using Equation 7.4 of the indicial responses of ve-
locity at different radial positions r /R=0, r /R=0.5, r /R=0.7, r /R=1.0 for baseline Ct =0.4,
and the fitting error. The maximum fitting error for region r /R ≤ 0.95 for all considered
baseline thrust from the FWVR model is 3.8%. The fitting error increases as the radial po-
sition moves outboard. The tip region is highly influenced by the cut-off radius used in
the FWVR model, which is not fully captured by the fitting curves, as shown in Figure B.1.

The coefficients β, ω1 and ω2 are found to depend on the radial position and the
baseline thrust. The radial distributed coefficients are represented by polynomial func-
tions, and the parameters of the polynomials are functions of baseline thrust. The radial
distribution of the coefficients and the parameters of the polynomials from the linear
and the nonlinear actuator-disc model are presented in subsection 7.2.1 and 7.2.2, sep-
arately. The details related to how these parameters are obtained are given in Appendix
A and B, separately, for the linear and nonlinear actuator-disc model.
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Figure 7.3: Φd calculated by the FWVR and the exponential approximation for baseline Ct =0.4,
and the fitting error. LI - load increase case, LD - load decrease case.

7.2.1. COEFFICIENTS OBTAINED BY THE LINEAR ACTUATOR-DISC MODEL
The radial distribution of the coefficients of β, ω1 and ω2 obtained by the VTM model
are represented by

β(r ) = 1/(a3r 3 +a2r 2 +a1r 1 +a0r 0)
ω1(r ) = 1/(a3r 3 +a2r 2 +a1r 1 +a0r 0)
ω2(r ) = 1/(a3r 3 +a2r 2 +a1r 1 +a0r 0)

. (7.6)

The parameters a3, a2, a1, a0 for β, ω1 and ω2 are functions of the baseline thrusts,
which are given in Table 7.1. More details related to the radial distributed β, ω1, ω2, and
the relationship between a3, a2, a1, a0 and the baseline thrust from the VTM are given
in Appendix A. The quality of the polynomial representation is also shown in figures A.3
- A.5 in Appendix A.

7.2.2. COEFFICIENTS OBTAINED BY THE NONLINEAR ACTUATOR-DISC

MODEL
The radial distribution of the coefficients of β, ω1 and ω2 obtained by the FWVR model
are represented by
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Table 7.1: The parameters for the radial distribution of β, ω1 and ω2 obtained from the linear
actuator-disc model.

β ω1 ω2

a3 38.9 −3.1Ct −6.2 0.1Ct +0.1
a2 -50.3 5.0Ct +9.4 0.4Ct +0.7
a1 -2.9 −0.3Ct −0.6 −0.1Ct −0.1
a0 17.2 −2.4Ct −3.8 −0.5Ct −0.7

β(r ) = a3r 3 +a2r 2 +a1r 1 +a0r 0

ω1(r ) = a3r 3 +a2r 2 +a1r 1 +a0r 0

ω2(r ) = 1/(a3r 3 +a2r 2 +a1r 1 +a0r 0)
. (7.7)

The parameters a3, a2, a1, a0 for β, ω1 and ω2 are functions of the baseline thrusts,
which are given in Table 7.2. More details related to the radial distributed β, ω1, ω2,
and the relationship between a3, a2, a1, a0 and baseline thrust from the FWVR model
are given in Appendix B. The quality of the polynomial representation is also shown in
figures B.3 - B.5 in Appendix B.

Table 7.2: The parameters for the radial distribution of β, ω1 and ω2 obtained from the nonlinear
actuator-disc model.

β ω1 ω2

a3 0.98Ct −1.09 3.45C 2
t −5.19Ct +2.01 0.05Ct −0.60

a2 −2.01Ct +1.99 −4.60C 2
t +7.01Ct −2.81 −0.38Ct +1.6

a1 0.57Ct −0.34 0.06Ct −0.09 0.32Ct −0.23
a0 0.62Ct −0.03 −0.07Ct −0.12 −0.19Ct −0.79

7.2.3. DUHAMEL’S INTEGRAL AND ITS DIFFERENTIAL FORM

BACKGROUND OF DUHAMEL’S INTEGRAL

Duhamel’s integral is a way to calculate the response of a linear system to an arbitrary
time-varying external perturbation.

If a linear system is initially rest at an equilibrium position, a unit impulse force is
applied at t = τ, τ 6= 0. The response of the linear system to the unit impulse can be
written as

h(t −τ) = 1

mωd
e−ζωn (t−τ)si n(ωd (t −τ)), t > τ (7.8)

where m, ζ, ωn and ωd represent the inertia, the damping ratio, the undamped nat-
ural angular frequency and the damped natural frequency of the linear system. The
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F(t)

ttt1 t2 t3 t4 ti

t=t/n

Figure 7.4: Arbitrary excitation force, F(t), split into n impulses.

relationship between the damped and undamped natural frequency is given by ωd =
ωn

√
1−ζ2. Further details related to the derivation of the impulse response of a linear

system can be found in Inman (2009).
The response of the linear system to an arbitrary applied force, F (t ), can be obtained

by dividing the exciting force into infinitesimal impulses and adding the individual re-
sponse of each of these. Figure 7.4 illustrates the arbitrary force, F (t ), which has been
divided into n time intervals of length ∆t . Therefore, the duration of each time incre-
ment is ∆t = tn/n. The response to the impulse at time ti is given by

∆x(ti ) = F (ti )h(t − ti )∆t (7.9)

From the linearity of the system, the total response can be calculated by superposi-
tion of the series of impulse-responses:

x(t j ) =
j∑

i=1
F (ti )h(t − ti )∆t (7.10)

Forming the sequence of partial sums and finding the limit as ∆t → 0 (n →∞) gives

x(t ) =
∫ t

0
F (τ)h(t −τ)dτ (7.11)

Equation 7.11 is known as Duhamel’s integral. Further details can be found in Inman
(2009).

APPLICATION OF THE DUHAMEL’S INTEGRAL TO THE ACTUATOR DISC

The application of the Duhamel’s integral in this chapter is under the assumption that
the induction response of the actuator disc to an arbitrary force can be built up as a
superposition of response to a series of step changes in induction. The system response
can be determined from the indicial functions of an actuator disc using the Duhamel’s
integral.

However, figure 7.5 shows the averaged induced velocity at the actuator disc against
the thrust obtained from the momentum theory. As seen from Figure 7.5, the induction
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Figure 7.5: Averaged induced velocity at the actuator disc against Ct from the momentum theory

field of an actuator disc is not linear to the thrust, and the nonlinearity increases as the
thrust increases.

If the strength of the vortex tube is a general function γ(t ), t ≥ 0, since the indicial
function Φd (r, t ) is known, the induced velocity output at the disc plane ud (r, t ) of the
system can be written in terms of Duhamel’s integral as :

ud (r, t ) = γ(0)Φd (r, t )+
∫ t

0

dγ

dσ
Φd (r, t −σ)dσ. (7.12)

The relationship between the strength of vortex tube γ(t ) and the thrust Ct is given in
Equation 6.10. For any known thrust variation, the entire induction velocity field can be
calculated directly by the Duhamel’s integral of the indicial functions analytically or nu-
merically henceforth. However, in the practical operations, the thrust variation is usually
unknown in advance. It varies based on the wind conditions and control strategy, which
is determined based on the performance of the previous step. The Duhamel’s integral
should be transformed into a differential form, which can be implemented in a time de-
pendent code as BEM.

Substitute Equation 7.4 into Equation 7.12, and let

ck, j (t ) =
∫ t

0
γ
′
(σ)Ak, j eωk, j (t−σ)dσ (7.13)

where k = 1,2, A1 j =β j , A2 j = 1−β j .
Differentiating equation 7.13 with time t gives

ċk, j (t )−ωk, j ck, j (t ) = Ak, j γ̇(t ),k = 1,2. (7.14)

Therefore, the final velocity can be represented by

ud (r, t ) = γ(t )− c1, j (t )− c2, j (t ). (7.15)
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A Cx(t)

y(
t)

Figure 7.6: Lissajous figure, A - the vertical height, C - the zero crossing height.

7.3. VALIDATION CASES AND QUANTIFYING METHOD
The investigated harmonically time varying load is shown schematically in load case II.2
of Table 3.1. Three different baseline loads of Ct =1/9, Ct =4/9, Ct =7/9 with the harmon-
ically time-varying load are investigated. The amplitude of harmonic load is ∆Ct =1/9.
Four different reduced frequencies of k= 0.05, 0.2, 0.5, 1.0 are tested for each case. The
studied load cases in this chapter are summarized in Table 7.3.

Table 7.3: The studied load cases.

Baseline Ct
2
9

4
9

7
9

∆Ct
1
9

1
9

1
9

k 0.05, 0.2, 0.5, 1.0 0.05, 0.2, 0.5, 1.0 0.05, 0.2, 0.5, 1.0

The hysteresis loop in Figure 3.3 is copied here for convenience. As shown in Fig-
ure 7.6, the vertical height A represents the velocity amplitude, C is the zero crossing
height. The phase difference between the velocity and thrust is

∆θ =−[180◦− si n−1(C /A)]. (7.16)

The phase difference between the velocity and the induction is 180◦, the phase dif-
ference between the thrust and the induction for the momentum theory is 0◦. Therefore,
the phase delay between the induction from each model and the induction from mo-
mentum theory can be calculated by

∆θ =−[180◦− si n−1(C /A)]+180◦ = si n−1(C /A). (7.17)
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7.4. RESULTS AND DISCUSSIONS
The new engineering models using coefficients obtained by the indicial responses of
both the linear and nonlinear actuator-disc models are validated against the numeri-
cal results from the FWVR model for the load cases introduced in section 7.3. They are
also compared against the existing engineering models of Pitt-Peters, Øye and ECN. The
velocity at the actuator disc center and the radial distribution of velocity are compared
between all the models, separately.

In all the following figures and discussions, the names of MT, MT+P-P, MT+Øye, ECN,
FWVR, TUD-VT and TUD-VR are used consistently to refer to the different models. Their
definitions are given in nomenclature.

7.4.1. VELOCITY AT THE CENTER OF THE ACTUATOR DISC
Figures 7.7 — 7.9 compares the hysteresis loops of the axial velocity at the actuator disc
center between the seven models for the baseline Ct =1/9, Ct =4/9 and Ct =7/9, separately.
As seen, at the center, the Pitt-Peters model goes to MT because the ’apparent mass’ goes
to zero for zero area.

From figures 7.7 — 7.9, a larger frequency leads to a larger phase delay and a larger
amplitude difference from the steady values. This is because that a higher unsteadiness
is for a larger frequency.

For the lowest baseline thrust Ct =1/9 in Figure 7.7, where the dynamic effect is less
significant, the induction at the actuator disc center predicted by all the models is in
good match with that from the FWVR model. The difference between the ECN model and
the FWVR model is larger for medium frequencies of k=0.2, 0.5. The difference between
the Øye model and the FWVR model is larger for higher frequencies of k=0.5, 1. The new
models of TUD-VT and TUD-VR are in great match with the FWVR model for velocity at
the actuator disc center for all the frequencies for this low baseline thrust.

For baseline thrust Ct =4/9 in Figure 7.8, the difference between the ECN, Øye model
and FWVR model increases. The TUD-VR is in great match with the FWVR model for
velocity at the center for all the frequencies. The difference between the TUD-VT and
the FWVR model is larger than that in case of baseline thrust Ct =1/9.

For the highest thrust Ct =7/9 in Figure 7.9, the difference between all the models is
even larger. The difference of the TUD-VR model from the FWVR model also increases
for this high thrust case.

In order to quantify the results, Figure 7.10 compares the calculated amplitude and
phase delay of the velocity at the actuator disc center between the different models. The
amplitude is normalized to the amplitude of induction from momentum theory. As seen
in Figure 7.10, the amplitude from MT is constant and the phase delay is zero for all fre-
quencies, due to the steady physics. It is consistent with figures 7.7 - 7.9, the TUD-VR
model is closest to the FWVR model for all the cases with all frequencies in terms of both
phase delay and amplitude of the velocity at the actuator disc center. The discrepancy
between the TUD-VR and the FWVR model is slightly larger for the amplitude for base-
line Ct =7/9. The phase delay from the TUD-VT also matches well with that from the
FWVR model, however, the amplitude difference from that of the FWVR model increases
for higher thrust. The larger discrepancy of the model of TUD-VT and TUD-VR from the
FWVR model for the higher load case Ct =7/9 is because that the nonlinearity of the ac-
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Figure 7.7: Comparison of hysteresis loops of the axial velocity at r /R=0 between the seven models
for an actuator disc undergoing harmonic thrust oscillations for baseline Ct =1/9 with an ampli-
tude of ∆Ct =1/9, for k = 0.05, 0.2, 0.5 and 1.
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Figure 7.8: Comparison of hysteresis loops of the axial velocity at r /R=0 between the seven models
for an actuator disc undergoing harmonic thrust oscillations for baseline Ct =4/9 with an ampli-
tude of ∆Ct =1/9, for k = 0.05, 0.2, 0.5 and 1.
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Figure 7.9: Comparison of hysteresis loops of the axial velocity at r /R=0 between the seven models
for an actuator disc undergoing harmonic thrust oscillations for baseline Ct =7/9 with an ampli-
tude of ∆Ct =1/9, for k = 0.05, 0.2, 0.5 and 1.
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tuator disc system is higher for the higher load as shown in Figure 7.5, which challenges
the assumption for Duhamel’s integral.

Compared to the FWVR model, the phase delay from the ECN model for all the load
cases is overestimated for the velocity at the disc center. The Øye model underestimates
the phase delay for higher frequencies for all these load cases and underestimates the
amplitude for higher thrust. In general, the model of TUD-VR predicts improved results
over all the other models for both the amplitude and phase delay of the velocity at the
actuator disc center. The model of TUD-VT predicts better results than the ECN and Øye
model for phase delay, but the amplitude is not improved, for the velocity at the actuator
disc center.

7.4.2. RADIAL VELOCITY DISTRIBUTION

Only the velocity at the actuator disc center is discussed in subsection 7.4.1, the am-
plitude and phase delay of the radial distributed velocity on the entire disc from all the
models are investigated in this section. Figures 7.11 —7.13 show the radial distribution
of the amplitude and phase delay of the velocity at the actuator disc plane between the
seven models for frequencies k = 0.05, 0.2, 0.5 and 1, for baseline Ct =1/9, 4/9 and 7/9,
separately.

The first observation from figures 7.11 —7.13 is that the distribution of the amplitude
and phase delay of the velocity from the Pitt-Peters model is in a reverse trend com-
pared to all the other models. However, this difference can not be detected by evaluating
the overall performance in chapter 3, even though it shows that the Pitt-Pters model
underestimates the dynamic-inflow effect more than the models of Øye and ECN. This
implies the dynamic-inflow model of Pitt-Peters, which is based on the apparent mass
theory, can not predict the radial distribution of dynamic-inflow effect correctly. This
crucial discrepancy was not explored before because most of the previous research only
focused on the overall loads, e.g. the moment at the blade root. The distribution of the
dynamic-inflow effect was investigated in limited research(Hand et al., 2001; Schepers,
2007; Pirrung and Madsen, 2018).

The phase delay and amplitude from the ECN model approaches to the steady value
at the tip, resulting in a shaper transient in the tip region than other models. The Øye
model is close to the TUD-VT model for all load cases, however, the latter has better
prediction for the radial distribution of the phase delay and amplitude at the tip region.
The TUD-VT model is in good agreement with the FWVR model for the phase delay for
most cases, except at the low frequency k=0.05 of the high thrust Ct =7/9. The TUD-VT
model is in good agreement with the FWVR model for the amplitude of the lower thrust
Ct =1/9, the discrepancy is larger for frequencies k=0.05, 0.2 of Ct =4/9 and even larger
for high thrust 7/9. This is because the effect of wake expansion is larger for high thrust,
which is not considered in the linear actuator-disc model.

The TUD-VR consistently predicts better results for all the load cases than the exist-
ing models of Pitt-Peters, Øye and ECN, even though there is still a discrepancy at the
outboard part in terms of both phase delay and amplitude. This is partially caused by
the fact that the nonlinearity increases as it moves to the tip due to the existence of the
shed vortex at the edge of the disc.

As seen in Equation 7.4, the unsteady flow responses are represented using two terms
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(c) Phase delay for baseline Ct = 4/9, ∆Ct = 1/9
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(e) Phase delay for baseline Ct = 7/9, ∆Ct = 1/9
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Figure 7.10: The phase delay and amplitude of the velocity at the disc center for baseline Ct =1/9,
4/9, 7/9.
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Figure 7.11: Comparison of the radial distribution of the phase delay and amplitude between the
seven models for baseline Ct =1/9, for frequencies of k=0.05, 0.2, 0.5, 1.



7

128
7. A NEW DYNAMIC-INFLOW ENGINEERING MODEL BASED ON LINEAR AND NONLINEAR

ACTUATOR-DISC VORTEX-MODELS

0

10

20

30

40

50

60

70

80

90
k=.05

p
h
as
e
d
el
ay

[d
eg
]

k=.2

0 0.2 0.4 0.6 0.8 1
0

10

20

30

40

50

60

70

80

90
k=.5

r/R

p
h
as
e
d
el
ay

[d
eg
]

0 0.2 0.4 0.6 0.8 1

k=1

r/R

MT MT+P-P MT+Øye ECN FWVR VT-TUD VR-TUD

(a) Phase delay

0

0.2

0.4

0.6

0.8

1

k=.05

N
or
m
al
iz
ed

am
p
li
tu
d
e
[-
]

k=.2

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

k=.5

r/R

N
or
m
al
iz
ed

am
p
li
tu
d
e
[-
]

0 0.2 0.4 0.6 0.8 1

k=1

r/R

MT MT+P-P MT+Øye ECN FWVR VT-TUD VR-TUD

(b) Amplitude

Figure 7.12: Comparison of the radial distribution of the phase delay and amplitude between the
seven models for baseline Ct =4/9, for frequencies of k=0.05, 0.2, 0.5, 1.
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Figure 7.13: Comparison of the radial distribution of the phase delay and amplitude between the
seven models for baseline Ct =7/9, for frequencies of k=0.05, 0.2, 0.5, 1.
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of exponential series. These two terms embody two speeds of flow decay, a fast decay
and a slow decay. Different terms of exponential series are tried in this thesis, it turns
out that the two terms of exponential series works better over the others. This might
be attributed to the effect of the near wake and far wake. The slow decay represented
by ω1 is determined by the far wake, the fast decay represented by ω2 is determined by
the near wake. This can be confirmed by the fact that the fast decay represented by 1

ω2
in Figure A.1 and B.1 is strongly radial dependent. This is because the newly generated
vorticity is shed into the wake from the edge of the disc. The closer the position is to
the edge of the disc, the quicker the flow responds to this near wake. The slow decay,
as represented by 1

ω1
in Figure A.1 and B.1, is less influenced by the radial position but

more affected by the baseline thrust. The baseline thrust determines the far wake, which
impact the convection velocity.

As seen from figures 7.11 — 7.13, the phase delay and the amplitude from models
of FWVR, TUD-VR, TUD-VT, ECN and Øye show a strong radial dependency, the phase
delay and amplitude difference decrease to the tip. The ECN model omits the effect of
wake expansion and the far wake, which might explain the sharper radial distribution at
the tip region.

7.5. CONCLUSIONS
In this chapter, new dynamic-inflow engineering models are developed based on the in-
dicial responses of a linear actuator-disc model and of a nonlinear actuator-disc model.
The differential form of the Duhamel’s integral of the new engineering models is readily
implemented in time marching code like BEM.

The flow at the actuator disc is shown to decay at two different speeds, a fast one and
a slow one, which are caused by the near wake and far wake, respectively. The phase
delay and amplitude difference of velocity from all the models (except the MT) shows
a strong radial dependency, this is mainly caused by the relative distance to edge of the
disc, where the newly generated vorticity shed into the near wake.

The comparisons of the new engineering models of TUD-VT, TUD-VR and existing
models of Pitt-Peters, Øye and ECN and the numerical results from the FWVR model
shows that the new model based on the indicial responses of the linear actuator-disc
model — TUD-VT predicts better results compared with the existing models for phase
delay but not amplitude. The model based on the indicial responses of the nonlinear
actuator-disc model — TUD-VR consistently predict better results than the other models
of Pitt-Peters, Øye, ECN and TUD-VT for all the load cases, even though the distribution
at the outboard part still needs improvement. It shows that the Pitt-Peters model, which
is based on the "apparent mass", can not predict the dynamic-inflow effect correctly,
especially for the radial distribution of the effect.
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This chapter discusses the results presented in the previous ones, in light of the research
questions presented in chapter 1. The conclusions are drawn in section 8.1. Section 8.2
proposes topics for future research.

8.1. ANSWER TO THE RESEARCH QUESTIONS

8.1.1. HOW ACCURATE IS BEM WITH CURRENT ENGINEERING MODELS

FOR DYNAMIC INFLOW?
BEM is accurate enough for steady load conditions. For unsteady radially-uniform load,
BEM with engineering models of Pitt-Peters, Øye and ECN underestimates the averaged
induction at the actuator disc and the aerodynamic work. The Pitt-Peters model pre-
dicts an inverse radial distribution of phase delay and amplitude of the induction, when
compared to the FWVR model. For unsteady radially-varying loads, BEM with the three
engineering models is inaccurate.

For steady load cases, BEM is adequate to predict the induction for both radially-
uniform and radially-varying loads, with a negligible difference from the free wake vortex
models (chapter 3).

For unsteady radially-uniform load, BEM with the models of Pitt-Peters, Øye and
ECN underestimates the averaged induction at the actuator disc and the aerodynamic
work, compared to the FWVR model (chapter 3). Comparing the models of Øye and ECN,
the Pitt-Peters model underestimates the dynamic-inflow effect most. Furthermore,
when comparing the radial distribution of the induction field, the Pitt-Peters model
shows an inverse trend of phase delay and amplitude from those of the FWVR model and
the engineering models of Øye and ECN (chapter 7). This leads to the conclusion that
the Pitt-Peters model, which is based on the "apparent mass" concept, is not correct for
induction prediction of a wind turbine, especially for considering the radial distribution
of the induction.

For unsteady radially-varying load, the dynamic induction and aerodynamic work
predicted by the models of Pitt-Peters, Øye and ECN are significantly different from those
of the FWVR model. The difference reveals that the three dynamic-inflow engineering
models are not accurate for investigation of localized unsteady loads. This is because
all the three engineering models are derived based on uniform load and are applied to
radially varied load based on the annuli independent assumption, where the effect from
the vorticity shed locally is not correctly considered (chapter 3).

8.1.2. HOW DOES THE WAKE FLOW FIELD OF AN UNSTEADY ACTUATOR DISC

DEVELOP?
The experimental and numerical results show that the flow field aft the disc possess a
transient response to the step change in loading, with either an overshoot or undershoot
of the velocity in relation to the steady-state velocity. The time constants of flow decay
is influenced by the local turbulence intensity and thrust increase or decrease. A smaller
reduced ramp time results in a faster velocity transient, and in turn a larger amplitude
of overshoot or undershoot. Decomposing the velocity induced by the vorticity shed
before and after the load change, and the rolled-up vorticity, confirms that the extent
of the rolling-up process and its relative distance to the observed points are the main
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reasons which cause the difference in velocity transient slope and in the amplitude of
velocity overshoot and undershoot and in the different reduced ramp time cases.

The experimental and numerical results show that the flow field aft the disc shows a
transient response to the step change in loading. The experiment shows that the flow aft
an unsteady actuator disc can be characterised by three regions, the inner wake region,
the shear layer region and the region outside the wake. The time constants of velocity
decay differ for these different regions. The time constants outside the wake are gen-
erally larger than that inside the wake for a given downstream plane (chapter 4). The
experimental results show the flow reaches the new steady state slower in the load in-
crease case than the load decrease case (chapter 4). This confirms the numerical results
from chapter 3.

In addition to the transient change of velocity to the new steady state, an overshoot
or undershoot in velocity is observed at different locations in the flow field from both ex-
perimental and numerical results. A difference in overshoot or undershoot is observed
between cases when loading is increased and loading is decreased, also between the dif-
ferent locations in the field where the velocity is examined (chapter 4). Furthermore, the
numerical results from the FWVR model show that the vortex sheet at the edge of the disc
rolls up into a vortical ring structure gradually during the convecting downstream pro-
cess after the disc load change. Decomposing the velocity induced by the vorticity shed
before and after the load change, and the rolled-up vorticity, confirms that the extent
of the rolling-up process and its relative distance to the observed points are the main
reasons which cause the difference in velocity transient slope and in the amplitude of
velocity overshoot and undershoot (chapter 5).

The reduced ramp time of load change is found to have an impact on the wake dy-
namics. A smaller reduced ramp time (a faster load change) results in a steeper transient
velocity change and a larger amplitude of the velocity overshoot or undershoot (chap-
ter 4 and 5). Decomposing the velocity induced by different vortex elements reveals that
the difference in velocity profile between the three reduced ramp time cases is caused
by the different extent of the rolling up process. A smaller reduced ramp time leads to a
quicker rolling up process (chapter 5).

8.1.3. HOW TO IMPROVE THE ENGINEERING MODEL FOR DYNAMIC IN-
FLOW?

The Pitt-Peters model does not predict the dynamic-inflow effect correctly. The models
of Øye and ECN are shown to underestimate the dynamic-inflow effect. Based on the
more physically representative performance of the free wake vortex model in chapter 3
- 5, two steps are carried out to obtain an engineering model for radially-uniform load
using free wake models.

The first step is to investigate the performance of a linear free wake vortex model
in chapter 6. Subsequently, chapter 7 tries to obtain the time constants of flow decay
functions directly from the free wake vortex models. Both linear and nonlinear actuator-
disc based vortex-models are used for this purpose. The effect from the strength of thrust
is also investigated in the systematic study when developing the new engineering models
in chapter 7.

Results from the new model shows that the new engineering model based on the
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linear actuator-disc model (TUD-VT) has improved prediction over current engineering
models for phase delay but not for amplitude of velocity distribution on the actuator
disc. The new engineering model based on the nonlinear actuator disc model (TUD-
VR) shows improved prediction over engineering models of Øye and ECN for both phase
delay and amplitude of velocity distribution on the actuator disc, even though there is
still room for improvement, especially at the outboard part.

8.2. RECOMMENDATIONS
Based on the achievement of this work, some enhancement and extension to current
work are proposed as follows.

8.2.1. LOAD CASES

UNSTEADY RADIALLY VARIED LOAD

As shown in chapter 3, all the current dynamic-inflow engineering models provide inac-
curate results for unsteady radially varied load. This type of load is relevant especially for
control of distributed aerodynamic devices, such as trailing edge flaps or vortex genera-
tor. There are limited experimental and numerical data related to this type of load cases.
For future work, similar actuator-disc concept based experiments conducted in chap-
ter 4 can be designed to study the radially varied load. The time constants of flow decay
for the locally varied load need to be studied systematically. Based on that knowledge,
the engineering models developed in chapter 7 can be extended to the radially varied
load cases.

THE EFFECT OF NUMBER OF BLADES

This study confines within actuator disc, where infinite number of blades are assumed.
All the engineering models including the new developed one in this thesis are also based
on actuator disc. The effect of finite number of blades on the dynamic inflow needs to
be investigated.

8.2.2. INFLOW CONDITIONS

AXIS-ASYMMETRICAL FLOW

All the experimental and numerical work in this thesis focuses on axis-symmetrical flow.
Extending it to axis-symmetrical flow, eg. rotor in yaw or in shear inflow, is of interest.

THE EFFECT OF TURBULENCE

The turbulence intensity is shown to affect the flow decay in chapter 4, this needs to be
investigated further.

DYNAMIC INFLOW CONDITIONS

Only the dynamic wake caused by the load variation is studied in this thesis, which can
be resulted from a pitch action or a rotor-thrust change. The effect of the change of in-
flow condition is not considered. Limited research looked into the effect of the changing
of inflow conditions on the dynamic wake, it needs further investigation.
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8.2.3. EXPERIMENTAL METHOD
The use of flow measurement particle image velocimetry (PIV) can provide more de-
tailed information for the purpose of this research. The non-intrusive measurement can
offer flow response closer to the disc, which can be used to directly validate the engi-
neering models. The data obtained through PIV can provide more information about
the velocity and vorticity field, which can be used to validate the numerical results di-
rectly.
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A
INDICIAL RESPONSES OF A LINEAR

ACTUATOR-DISC MODEL

In this section, the process of obtaining the radial distribution of the coefficients for the
indicial functions from the linear actuator-disc model is presented.

The radial distribution of the coefficients β, ω1 andω2 are represented by polynomi-
als in Equation 7.6. The directly fitted and the polynomial representation of the radial
distribution of the coefficients of β, 1

ω1
and 1

ω2
of different baseline thrust from the VTM

are shown in Figure A.1. As seen, the radial distributed coefficients of β, 1
ω1

and 1
ω2

can
be well represented by the polynomials.

The parameters of the polynomials in Equation 7.6 for β, ω1 and ω2 are plotted
against the baseline Ct in Figure A.2. As seen from Figure A.1 and Figure A.2, the dif-
ference for the distributed coefficients between load increase and load decrease cases
obtained by the linear VTM is small. Therefore, the averaged value of the load increase
and decrease cases are used. As seen from Figure A.2 (a), the distribution of β obtained
by the VTM is independent from the Ct , only small difference exists at the high thrust
side. The parameters of a3, a2, a1, a0 for ω1 and ω2 against Ct are represented by a
first degree polynomial. These final used first degree polynomials are also plotted in
Figure A.2. The final used parameters are given in Table 7.1.

Figures A.3 — A.5 show the phase delay and amplitude of the radial distributed ve-
locity using coefficients obtained by the VTM with different simplifications for baseline
thrust 1/9, 4/9, 7/9, separately. Specifically, the directly fitted coefficients from the in-
dicial responses of the VTM and the polynomial representation of the coefficients. As
seen, results using the polynomial represented coefficients are in good match with the
results using the directly fitted ones, this shows the good quality of the polynomial rep-
resentation of the coefficients.
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Figure A.1: The radial distribution ofβ, 1
ω1

and 1
ω2

of the indicial responses of different baseline Ct
from the VTM for load increase and decrease cases. Solid lines: directly fitted coefficients; dashed
lines: the polynomial approximation of the radial distribution of coefficients.
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(a) Phase delay for baseline Ct = 1/9, ∆Ct = 1/9
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Figure A.3: Comparison of the radial distribution of the phase delay and amplitude of the veloc-
ity using coefficients obtained by the VTM with different simplifications for baseline Ct =1/9 for
frequencies of k=0.05, 0.2, 0.5, 1. VT-raw, VT-poly represent results using coefficients from the di-
rectly fitted coefficients from the indicial responses, the polynomial represented coefficients from
the indicial responses of the linear actuator-disc model, separately.
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Figure A.4: Comparison of the radial distribution of the phase delay and amplitude of the veloc-
ity using coefficients obtained by the VTM with different simplifications for baseline Ct =4/9 for
frequencies of k=0.05, 0.2, 0.5, 1. VT-raw, VT-poly represent results using coefficients from the di-
rectly fitted coefficients from the indicial responses, the polynomial represented coefficients from
the indicial responses of the linear actuator-disc model, separately.
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Figure A.5: Comparison of the radial distribution of the phase delay and amplitude of the veloc-
ity using coefficients obtained by the VTM with different simplifications for baseline Ct =7/9 for
frequencies of k=0.05, 0.2, 0.5, 1. VT-raw, VT-poly represent results using coefficients from the di-
rectly fitted coefficients from the indicial responses, the polynomial represented coefficients from
the indicial responses of the linear actuator-disc model, separately.



B
INDICIAL RESPONSES OF A NONLINEAR

ACTUATOR-DISC MODEL

In this section, the process of obtaining the radial distribution of the coefficients for the
indicial functions from the nonlinear actuator-disc model is presented.

The radial distribution of the coefficients β, ω1 and ω2 are represented by polyno-
mials in Equation 7.7. The directly fitted and the polynomial representation of the radial
distribution of the coefficients ofβ, 1

ω1
and 1

ω2
of different baseline thrust from the FWVR

are shown in Figure B.1. As seen, the values obtained by the FWVR model are strongly
affected by the cut-off radius used in the tip region, which is not fully captured by the
polynomial representation. Excluding the region r /R > 0.95, the radial distributed coef-
ficients can be well represented by the polynomial. As seen from Figure A.1, the baseline
thrust has negligible impact on the coefficient β for the VTM. For the FWVR model in
Figure B.1, β and 1

ω1
are highly influenced by the baseline thrust, but the thrust has a

slight impact on the 1
ω2

.
The parameters for β, ω1 and ω2 from the FWVR model are plotted against the base-

line Ct in Figure B.2. As seen from Figure A.2 and Figure B.2, the difference for the
distributed coefficients between load increase and decrease load cases obtained by the
nonlinear FWVR model is larger than that from the linear VTM. The parameters of a3, a2,
a1, a0 for ω1 and ω2 against Ct are also obtained based on the averaged value between
the load increase and decrease cases for the final use. These final used values are also
plotted in Figure B.2 and given in Table 7.2.

Figures B.3 — B.5 show the phase delay and amplitude of the radial distributed veloc-
ity using the directly fitted coefficients obtained by the FWVR model and the polynomial
representation of the coefficients. As seen, the directly fitted coefficients is influenced
by the cut-off radius used in the model, also as indicated in Figure B.1. Results using
the polynomial represented coefficients are in good match with the results using the di-
rectly fitted coefficients except the tip region, as the tip effect is not fully considered in
the polynomial representation. The good agreement of results using the directly fitted
and polynomial representation of the coefficients within the region r /R ≤ 0.95 justifies
the use of the polynomial representation of the coefficients.
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Figure B.1: The radial distribution ofβ, 1
ω1

and 1
ω2

of the indicial responses of different baseline Ct
from the FWVR. Solid line: directly fitted coefficients; dashed line: the polynomial approximation
of the radial distribution of coefficients.
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Figure B.2: The parameters of a3, a2, a1, a0 for β,ω1 and ω2 against Ct from the FWVR model.
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(a) Phase delay for baseline Ct = 1/9, ∆Ct = 1/9
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Figure B.3: Comparison of the radial distribution of the phase delay and amplitude of the velocity
using coefficients obtained by the FWVR model with different simplifications for baseline Ct =1/9
for frequencies of k=0.05, 0.2, 0.5, 1. VR-raw, VR-poly represent results using the directly fitted
coefficients, the polynomial represented coefficients from the indicial responses of the nonlinear
actuator-disc model, separately.
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Figure B.4: Comparison of the radial distribution of the phase delay and amplitude of the velocity
using coefficients obtained by the FWVR model with different simplifications for baseline Ct =4/9
for frequencies of k=0.05, 0.2, 0.5, 1. VR-raw, VR-poly represent results using the directly fitted
coefficients, the polynomial represented coefficients from the indicial responses of the nonlinear
actuator-disc model, separately.
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Figure B.5: Comparison of the radial distribution of the phase delay and amplitude of the velocity
using coefficients obtained by the FWVR model with different simplifications for baseline Ct =7/9
for frequencies of k=0.05, 0.2, 0.5, 1. VR-raw, VR-poly represent results using the directly fitted
coefficients, the polynomial represented coefficients from the indicial responses of the nonlinear
actuator-disc model, separately.



C
WAKE FROM THE FWVR MODEL

Figure C.1 — C.3 shows the location of the vortex rings of the fully developed near wake
obtained by the FWVR model for baseline Ct = 1/9, 4/9, 7/9, separately, for frequencies
k=0.05, 0.2, 0.5, 1. As expected, the wake expansion pattern shows the same frequency
as the load variation. As seen, the larger the thrust, the earlier the instability of the wake
happens, which is consistent with chapter 3. Due to the interaction with the wake insta-
bility, the wake expansion pattern is less discernible for higher thrust.
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Figure C.1: Location of vortex rings in the fully developed near wake for baseline Ct =1/9 with
frequencies k=0.05, 0.2, 0.5, 1. Points represent intersections of the rings with the symmetry plane.
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Figure C.2: Location of vortex rings in the fully developed near wake for baseline Ct =4/9 with
frequencies k=0.05, 0.2, 0.5, 1. Points represent intersections of the rings with the symmetry plane.
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Figure C.3: Location of vortex rings in the fully developed near wake for baseline Ct =7/9 with
frequencies k=0.05, 0.2, 0.5, 1. Points represent intersections of the rings with the symmetry plane.
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