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ARTICLE INFO ABSTRACT

MSC: In a material under stress, grain boundaries may give rise to stress discontinuities. The stress state at
74A50 grain boundaries strongly affects microscopic processes, such as diffusion and segregation, as well as failure

Keywords: initiation, such as fatigue, creep, and corrosion. Here the general condition of incompatibility stress at grain
Grain boundary boundaries is studied with a bicrystal model for linear elastic materials. In materials with cubic crystal
Klmmpﬂtibﬂity stress structures, it is proven that hydrostatic stress does not lead to a stress discontinuity at grain boundaries.
nisotropy

For bicrystals with inclined grain boundaries under uniaxial stress, the extreme values of the incompatibility
stress as a function of the inclination angle are obtained by a simulated annealing method. A simple criterion
is proposed to classify cubic materials into three groups. For cubic crystals with at most moderate anisotropy,
the highest incompatibility stress occurs when the grain boundary plane is perpendicular to the uniaxial stress.
For highly anisotropic materials, such as alkali metals and polymorphic high-temperature phases, the highest

Grain boundary inclination
Stress concentration

incompatibility stress occurs on grain boundaries with an inclination of about 47°.

1. Introduction

Most commercial metals are polycrystalline with properties that are
strongly dependent on the amount and character of grain boundaries
(GBs). Due to the anisotropy of the elastic tensor and the discontinuity
of crystal orientations across GBs, maintaining deformation compati-
bility causes the stress states near GBs to deviate significantly from the
average stress state.

Many microscopic processes in materials are strongly influenced
by stress states near GBs, such as diffusion [1-3], segregation [4-6],
and (nano)void formation [7]. Therefore failure processes also are con-
nected with the stress state at GBs, such as fatigue [8-12], creep [13-
15] and stress corrosion cracking [16-19]. The initiation of phase
transformation is also strongly influenced by the local stressstate [20-
22].

The study of the stress state at GBs and its relation to GB parameters
has been a challenge due to the many degrees of freedom of GBs [23].
Analytical solutions for the stress state near GBs were derived for
several special grain boundaries [24,25]. For general grain boundaries,
Richeton and Berbenni [26] proposed an analytical solution with a
bicrystal model. The model was verified by comparing it with finite
element method (FEM) simulations. The results were used to study
the activation of slip systems near the X3(111) twin boundary [27].
Recently, Shawish and Mede [28] introduced a semi-analytical solution

for the distribution of stresses along the GB normal within polycrystals
under an arbitrary load with a perturbation method. Previously the
current authors investigated the stresses near grain boundaries for
applied loads perpendicular to the grain boundaries [29]. The GBs
with the largest incompatibility stress were determined for all cubic
materials with the GB plane being perpendicular to the external stress.

FEM provides a helpful tool for studying the stresses near GBs. By
performing FEM simulation for the stress distribution in polycrystals
under load, the relationship between stress states and GB parameters
(grain orientation, GB inclination angle, etc.) is clarified by statistical
methods [30,31] and machine learning [32]. These works revealed
that the GB area, GB inclination angle, and the orientations of ad-
jacent grains influence the occurrence of stress concentrations near
GBs. However, these statistics-based correlations are descriptive rather
than quantitative. In order to gain insight into the magnitude of stress
discontinuities at an arbitrarily inclined GB in a general material and
therefore take advantage of the local stress state, it is necessary to
establish quantitative and physically meaningful rules between the GB
characters, external stresses, and the stress discontinuities.

This work investigates the incompatibility stress for general GBs in
materials with a cubic crystal structure with a bicrystal model. Sec-
tion 2 introduces the bicrystal model for calculating the incompatibility
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Fig. 1. (Color online) Schematic figure of the bicrystal model. Grains I (II) on the
left (right side) are separated by a GB perpendicular to the global Y-axis. The GB
is infinitely extended in the X and Z directions. The orientation of each grain is
represented by three vectors represented by Miller indices. The label of the grain is
shown with a superscript. The external stress ¢* can be of any type.

stress with a fixed GB plane under arbitrary external stress. An approx-
imation for incompatibility stress for cubic materials under arbitrary
external stress is derived in Section 3.1. In Section 3.2, we prove that
hydrostatic external stress does not lead to any stress discontinuity at
GBs. In Section 3.3, the incompatibility stress at inclined GBs is consid-
ered using a coordinate transformation. The extreme incompatibility
stresses for GBs with various inclination angles are explored with a
simulated annealing method. The influence of GB inclination angle on
the magnitude of incompatibility stress is systematically explored.

2. Model description

We first consider the incompatibility stress for a GB fixed parallel
to the XOZ plane under an arbitrary external stress o®. A schematic
figure of the bicrystal model is shown as Fig. 1. The 3-dimensional
space is divided into two semi-infinite half-spaces separated by the GB.
The left (right) of the GB is grain I(I). The two grains consist of the
same material.

The orientations of crystals can be conveniently described with
Miller indices. For grain I,

1 1 1
Iy 1y L,
PS O I 1 1
e=|m. my, m,|f (@D)]
1 1 1
ne onyoon,

where I, m!, n! are normalized Miller indices of the crystallographic

orientation of grain I corresponding to X, Y, and Z-axis in the global
coordinate system, respectively, and analogously for grain II

Within the continuum description of GBs, the following constraints
apply to the bicrystal model.

1. The two grains are rigidly glued together at the GB. No relative
motion is allowed at the GB.

2. The model contains only one infinitely extended GB. The inter-
action between GBs is not included.

3. There is a linear relation between stress and strain.

With Voigt notation (xx - 1, yy —» 2, zz —» 3, yz > 4, x2 - 5,
xy — 6) with the engineering convention (¢4 = 2¢ the constitutive
equation of linear elastic material is

xy)’
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Since there is no constraint on the shape of the compliance matrix,
the model is valid for all crystal structures.
The discontinuity of a scalar field g(x;) at the GB is denoted as

gl =g" - g™ 3)

According to the first constraint listed above, strain components in the
GB plane are continuous,

[le;]]=0, i,j=13,5. @
Since oF is a far-field stress, global stress equilibrium requires

1

v /V c;dV = O'F, )

where oF is the applied external stress [26]. Since the model assumes
that each grain occupies half the space,

1
O'IE = 5(6} + 0'}1). 6)
The tractions on the GB must be continuous, and the difference at the
GB must vanish (Eq. (3)),
[[6;1]1 =0,

o! and ¢ as function of ¢ for any GB can be calculated by solving
Egs. (2), (4), (6), and (7).

Eq. (7) shows that only in-plane components of incompatibility
stress are non-zero. Then the stress states on both sides of the GB can
be written as the superposition of ¢F and the additional stress field,

i=2,4,6. @

ol = [40) + O'F, 65, Aoy + 63]::, 0’5, Acs + 6?, ag] ®

o_ E E _ E E _ E E
o= Ao‘1+0'1,o'2, AG3+O'3,O'4, AO‘5+O'5,O'6].

The magnitudes of the three additional stress components, i.e. 40/,
Aoj, and Ao, are influenced by the choice of the observation coor-
dinate system. As is evident from the Mohr circle construction, 4ocs
can be made to vanish by an appropriate rotation of the coordinate
system while Ao, and 4s; cannot. In keeping consistency with previous
work [29], the incompatibility stress (/.5) is defined as

1S = 4o, + Ao;. 9

The advantage of the definition is that /.S is directly connected with
hydrostatic stress o}, at both sides of GBs, which is independent of the
reference coordinate system,

2(4o; + Ao3)

[[on]] =
" 3 10)

= gI S.
3
The problem is in the elastic limit, therefore .S induced by each
stress component o-F is linearly proportional to the magnitude of o‘F.
For a uniaxial ¢F, which is common in applications, it is convenient to
define incompatibility factor I F as

1F=%. an
(o2

3. Results and discussion

3.1. Approximation for incompatibility stress under arbitrary external stress
for cubic crystals

The analytical solution shown in Section 2 is accurate but not
intuitive. Here, an approximation for the incompatibility stress under
arbitrary external stress is derived for cubic crystals.

In previous work [29], the compliance tensor after rotation (see
Appendix) is shown. The compliance tensor before (S, with Voigt
notation) and after rotation (S’) can be written as

S'=S+ yF(l,m,n) 12)
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Fig. 2. Comparison between incompatibility stress calculated exactly with Eq. (9) and
estimated with Eq. (17) for Al, Fe(BCC), Cu, and Li (in the sequence of ascending
anisotropy). The distribution of I.S obtained exactly and approximately (Eq. (17)) are
presented in histograms at the top and right side of each scatter plot, respectively.
Dashed lines are guides to the eye.

in which I, m, and n describe the rotation (see Eq. (1)), F is a 6 by
6 matrix defined in Ref. [29], while y gives the anisotropy in the
compliance of the material,

X =281~ 2513 — Sy a3

Under af [29],

2[[Fypllefy
~ 2 , (14)
(F)y + F)x +4syy +4sp
with
Fy, = —(mim?, + mimg + mf,mg). (15)

As our description is in the linear elastic limit, the superposition
principle applies to .S, which means 1.§ induced by each component
of ¢f can be treated separately. With similar simplification, 1.5 for
arbitrary of is estimated with superposition principle, as

2¥8 [[Fpllef x
(Fyy + FR)x +4sy) +4sp,

IS

approx =

(16)

Noticing (F}, + FL) approaches to —% for configurations with high I,

Eq. (16) is further simplified as

- o1 6 E

ISumrox = T0s S Tass Tom g,nﬂznnf an
The accuracy of Eq. (17) is illustrated in Fig. 2. For Al, Fe(BCC), Cu,
and Li (in order of increasing elastic anisotropy), the IS obtained
by Eq. (17) for 50000 arbitrarily oriented bicrystals under randomly
chosen external stress states (each of the six stress components is ran-
domly chosen in [—1, 1]) are compared with exact solutions to Eq. (9).
The histograms at the top and right side of each scatter plot show
the distributions of I.S by analytical solution and by approximation,
respectively. The mean absolute error (MAE) for each metal is shown
in the figure.

For Al, Fe(BCC), and Cu, the IS obtained by approximation
(Eq. (17)) are in good agreement with the analytical results. For
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Li, the approximation underestimates the extreme value of I.S. The
extraordinarily high level of I.§ in materials with high anisotropy is
further discussed in Section 3.3.

Eq. (17) shows that the value of .S is controlled by three factors,
i.e. the material elastic property (y and compliance components), the
difference of the orientations of the two grains ([[F;,]]), and . That
means that for a given oF, the configurations of the bicrystal that lead
to extreme IS are the same for all cubic materials. Such is the case
for uniaxial stress perpendicular to the GB where it could be proven
that the (100){(111) GB gives the largest 1.5 for all cubic materials [29].
Conversely, one can also seek to determine which ¢F leads to the
largest IS for a bicrystal with given orientations of the two grains using
Eq. (17). Particularly for polycrystals with strong textures, for which
anisotropic mechanical properties are well documented [33,34], it is
promising to identify the relation between loading conditions and the
distribution of I.S at GBs.

3.2. Incompatibility stress in cubic crystals under hydrostatic external stress
for bicrystal model

Here we prove hydrostatic external stress does not lead to in-
compatibility stress at the GB in the bicrystal model. The absence of
hydrostatically induced incompatibility stresses in cubic materials can
be intuitively derived from a Gedankenexperiment: Hydrostatically com-
pressing a monocrystalline sphere with a cubic crystal structure causes
a volume change only, without change of shape, irrespective of the
grain’s orientation. When two spheres with different orientations are
cut in half and subsequently recombined to create a bicrystal sphere,
no additional stress is necessary as the cut sections match perfectly.
Consequently, hydrostatic stress does not induce IS in cubic crystals. It
follows that in cubic crystals the deviatoric stress only causes /.S. How-
ever, in lower symmetry crystal structures, e.g. hexagonal, hydrostatic
external stress generally contributes to I.S at GBs. A detailed proof is
shown in Appendix.

Since the stress state at GBs under hydrostatic stress can hardly
be experimentally determined, there is no direct evidence for the
findings. The molecular dynamics simulation of the segregation energy
for several alloy systems by Zhang et al. [35] indirectly confirms our
findings. In the simulation, hydrostatic stresses with the magnitude of
2 to 12 GPa were applied to polycrystal models, and the distributions
of segregation energy were studied. The local atomic stress analysis
showed that for Al-Mg, Al-Ni, and Ni-Nb alloys, the external hydrostatic
stress level led to minor changes to the fraction of GB sites that were
under a tensile stress state. Noticing the matrices of the alloys are all
cubic crystals, the simulations match the analytical conclusion well.

3.3. Bicrystal model with inclined grain boundary under uniaxial external
stress for cubic crystals

Assume the uniaxial external stress is along the global Y-axis,
i.e. ¢® = [0,1,0,0,0,0], the schematic figure for the bicrystal model
with inclined GB is shown as Fig. 3. The two grains are semi-infinite
and the model is still subject to the constraints described in Section 2.
The orientation of the grain boundary is defined with 6, the angle
between the GB normal »n and the global Y-axis, and ¢, the angle
between the projection of # on XOZ plane and X-axis. Experimentally,
the distribution of 6 for GBs in polycrystals can be measured, as one
of the five parameters of GBs [23]. In Section 2, I.S for a GB parallel
to the XOZ plane under an arbitrary oF is derived. By defining a GB
coordinate system in which the GB aligns to the local XOZ plane and
representing the problem within the GB coordinate system, the stress
state for an inclined GB can be solved with the same method.

The normal vector of GB plane 7 is uniquely represented as
[sinfcosp cos® —sinBsing). Since there is no constraint on the choice of
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Fig. 3. The schematic figure of the bicrystal model with inclined grain boundary under
uniaxial external stress. The orientation of the grain boundary is defined with 6, the
angle between the grain boundary normal # and the global Y-axis, and ¢, the angle
between the projection of /i on the XOZ plane and X-axis.

the other two basis vectors, for convenience, the GB coordinate system
can be chosen as

sing 0 cosp
Q =| sinfcos¢ cos® —sinfsing |. (18)
—cosOcos¢p  sinf  cosOsing

For a grain with orientation & defined in global coordinate system,
the corresponding orientation 2% in the GB coordinate system Q can

be obtained by
&% = ge. 19

For uniaxial external stress with a magnitude of ¢F along the global Y
axis, the external stress acting on the GB plane ¢%CB is calculated as

0o 0 O 0 0 0
%GB = o-l0 o8 of-0"= sElo cos20 sinfcos0 |. (20)
0O 0 O 0  sinfcosO sin0

From Eq. (20), ¢®CB is only controlled by #, which ranges from 0
(GB perpendicular to the uniaxial external stress) to 90° (GB parallel to
the uniaxial external stress). The second degree of freedom of the GB
plane, ¢, is included in the coordinate transformation of elastic tensors
for the two grains (Eq. (19)). I 1'79““ax denotes the maximum I F over ¢
values for GBs with a specific inclination angle 6 while I FJ3¥, T F72%
denotes the maximum and minimum I F for bicrystals for all 6 values,
respectively.

In our previous work [29], GBs perpendicular to the uniaxial ex-
ternal stress (6 = 0°) have been studied systematically. I FG‘I;%{‘,, the
maximum incompatibility factor for GB with § = 0°, was found as a
function of elastic components,

JFMmax _ 4sll _ 4512 - 2s44
0=0° " 105y, + 14515 + 544
_ —2(Cy; — Cyp = 2C4(Cyy +2C)y))
"~ (10Cy; — 4C1p)Cyy + (Cyy — Cpp)(Cyy +2C)

2D

For several materials Eq. (21) yields negative I FH":;)’i. Since IF for
a given bicrystal changes its sign when the two grains exchange the
label, we use the absolute value to assess the magnitude of I F;27¢. For
bicrystal with GB plane inclined by arbitrary 6, no analytical solution
for 1 F,"® was found. For ¢ ranging from 0 to 90° with 1° increments,
a simulated annealing approach was applied to search for the extreme
value of I F for each 6. For several materials in cubic crystal (including
metals, intermetallics, oxides, and carbides), the elastic components,

: _ 2Cy max i max
Zener ratio (A = e ), IF2%, the ¢ corresponding to [ Fi and

I F™2X are listed in Table 1, in a sequence of ascending |1 F"2X|.
min =0
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To emphasize the influence of § and to make various materials
comparable, I F,"® is normalized by |I F, ;‘;%’f, |. Normalized I F}"®* curves
are shown as function of 6 in Fig. 4.

Table 1 and Fig. 4 clearly illustrate that cubic materials can be clas-
sified into three groups. Materials in each group have similar features
of the distribution of 1 F,"®*. The criteria and features of each group are
listed as follows.

1. For materials with | F%%| < 0.7, including metals, carbides,
and oxides, I FgmaX decreases when 6 increases, I Fgmax achieves
its maximum when # = 0°, while achieves its minimum at
0 =90°, as is shown in Fig. 4(a). The influence of 6 on I Femax is
getting smaller with the increase of 1 F;2%%, which is contrary to
intuition. For example, the relative variation of I F;"®* for iron
(BCQ) is about 13% while the value for aluminum is 22%. In
this group, the IF,X%% for some materials are negative. These
materials have slightly higher I F, ;‘:‘;’(‘)o , comparing with materials
with positive I F;7% of same magnitude.

2. For materials with medium anisotropy, i.e. 0.7 < |I F;l%ﬂ < 1.0,
including Group 11 elements and Pd, I F;"® have small relative
variation (about 10%) with respect to 6. I F2% is achieved for
GB with about 32°, and I FI'I‘llifl" is at & = 90°, as is shown in
Fig. 4(b).

3. For materials with high anisotropy, i.e. IFJ%% > 1.0, including
lead, alkali metals, and polymorphic high-temperature stable
phases for several metals, I F,"** significantly rises when 0 rises
from 0° to about 45°, as is shown in Fig. 4(c). I F™@ is achieved
when 6 is 43° —47°. For these materials, the difference of I F(;“a"
with the variation of ¢ is amplified by their high 7 F2%%.

Also, we notice |1 Fe“;%’ﬁl is a good indicator for the classification of
materials, compared with the Zener ratio. For given elastic components,
|1 F,25%| calculated from Eq. (21) can properly predicts the shape of
ITF", as well as the approximate range for IF,"®, as is shown in
Fig. 4(d).

The configurations of the bicrystal (i.e. the orientations of the two
grains and the GB plane) in the global coordinate system corresponding
to 1 F,"® are also of concern. For 0 less than 10°, the problem is similar
to bicrystals with GB fixed perpendicular to the uniaxial ¢F. It is found
that I'F for GBs which have two grains with crystallographic orienta-
tion of (100) and (111) along the direction of ¢¥ in the global coordinate
system, respectively, are close to I F;"®*. Configurations that correspond
to TFex and T F_ X are obtained with a simulated annealing method,
as is listed in Table 2. Since exact # and configurations for IF™a
are not the same for materials with medium to high anisotropy, the
configurations given in the list are good approximations of the exact
orientations.

For two grains with orientations given in Table 2, keep 6 varying
from 0° to 90° and ¢ = 0°, I F for three typical metals are shown in
Fig. 5. It can be observed that even for a bicrystal system with only
one degree of freedom (i.e. #), I F could vary in a wide range. Curves
shown in Fig. 4 are the upper envelopes of I F curves for all possible
configurations of the bicrystal with different material properties.

Song et al. [49] studied the relation between intergranular stress
concentration and GB orientations in Ni-based superalloy statistically
by microscopic characterizations, and found that GB inclination angle
has little influence on the stress concentration tendency. The necessity
of two degrees of freedom for GB orientation in the determination of I F
explains why the microscopic characterization (which generally shows
cut lines of GB planes) failed to reveal the influence of GB orientation
on stress concentration.

The value of IS indicates stress discontinuity and stress concentra-
tion, as described in Eq. (10). A direct application of the hydrostatic
stress at GBs is the segregation tendency. Both Monte Carlo simu-
lation [50] and crystal plasticity FEM [51] confirmed the profound
influence of local hydrostatic stress on the segregation tendency. Jothi
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Table 1
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Elastic components (C,;, C),, and C,,), anisotropy indicator (Zener ratio A and [F;X{), the range of IF,™™* and the grain boundary inclination angle # corresponding to the

maximum and minimum of I F;"** for common cubic materials. The materials are listed in a sequence of ascending elastic anisotropy and divided into three groups according to

the magnitude of their 7F;"™*.

Material Cy Ciy Cyy A TF Range of TF"™ 0 for TF;x 0 for TF™
Unit GPa GPa GPa Dimensionless Degree
W [36] 523.0 203.0 160.0 1.00 0.0 0.0 - -
TiC [37] 500.0 113.0 175.0 0.90 —-0.0499 [0.0381, 0.0499]
Fe;0, [38] 275.0 104.0 95.5 1.12 0.0632 [0.0482, 0.0632]
ZrC [39] 472.0 98.7 159.3 0.85 —-0.0780 [0.0603, 0.0780]
Al [36] 108.0 62.0 28.3 1.23 0.1437 [0.1118, 0.1437]
Cr [36] 348.0 67.0 100.0 0.71 -0.1710 [0.1367, 0.1710]
V [36] 230.0 120.0 43.1 0.78 -0.1719 [0.1359, 0.1719]
Mo [36] 465.0 163.0 109.0 0.72 -0.1970 [0.1578, 0.1970]
Si [36] 165.0 63.0 79.1 1.55 0.2332 [0.1857, 0.2332] 0 %0
Ir [36] 600.0 260.0 270.0 1.59 0.2605 [0.2090, 0.2605]
Ta [36] 264.0 158.0 82.6 1.56 0.3013 [0.2444, 0.3013]
GaAs [40] 118.8 53.7 59.4 1.82 0.3349 [0.2742, 0.3349]
Pt [41] 347.0 251.0 76.5 1.59 0.3583 [0.2951, 0.3583]
MgAl, 0, [42] 298.6 153.7 157.6 2.18 0.4472 [0.3777, 0.4472]
Nb [36] 245.0 132.0 28.4 0.50 —0.5104 [0.4471, 0.5104]
Fe(BCC) [36] 230.0 135.0 117.0 2.46 0.5485 [0.4767, 0.5485]
Ni [36] 247.0 153.0 122.0 2.60 0.5954 [0.5246, 0.5954]
Pd [36] 221.0 171.0 70.8 2.83 0.7573 [0.7007, 0.7639] 30
Cu [36] 169.0 122.0 75.3 3.20 0.7785 [0.7247, 0.7888] 32 %0
Ag [36] 122.0 92.0 45.5 3.03 0.7786 [0.7251, 0.7887] 32
Au [36] 191.0 162.0 42.2 2.91 0.8368 [0.7936, 0.8588] 36
Pb [36] 48.8 41.4 14.8 4.00 1.0170 [1.0170, 1.1033] 43
NiTi(B2) [43] 175.0 153.0 48.0 4.36 1.0917 [1.0917, 1.2191] 45
Ti(BCC) [44] 97.7 82.7 37.5 5.00 1.1204 [1.1204, 1.2686] 46
Fe(FCC) [45] 188.0 156.0 87.0 5.44 1.1335 [1.1335, 1.2926] 46 0
Na [36] 7.6 6.3 4.3 6.62 1.2052 [1.2052, 1.4242] 47
K [46] 3.7 3.2 1.9 7.60 1.3063 [1.3063, 1.6303] 47
Zr(BCC) [47] 104.0 93.0 38.0 6.91 1.3194 [1.3194, 1.6548] 47
Li [48] 13.4 11.3 9.6 9.14 1.3266 [1.3266, 1.6816] 47
Table 2

The orientations for the bicrystal with varying anisotropy to achieve I Fr and IFy>*. I and m are the Miller indices along the global X- and

max

Y-axis, respectively. 6, the inclination angle of the grain boundary plane, is given in Table 1. ¢, the second degree of freedom of the grain

boundary plane, is fixed as 0° for all the configurations.

Anisotropy Orientations for I Fa* Orientations for IF%
Grain I Grain II Grain I Grain II
—0.7 < IFM* <0 lII= 010l "= %[1 0 -1
. m=—[1 0 1] m_ L
mI:ﬁ(l 1 1) m'=(1 0 0) V2 m [1 0 1]
0< IF;‘;%’: <0.7
r=2L1pn o1 m_ L
0.7< TFM <10 f'=-(60 -1 M= —L1y5 45 2 AL M=o 1]
= 1 \/f Do e . x/? 3 mlzi[l 0 -1] m'=[0 1 0]
= ﬁl* —6] m-' = W[l —v5]
max 1_ 1 m_ 1o _ 1 L 1
IFM >1.0 I'=—2ls 1 0] M=—2i-55 -2 m= (1 1) ml=(1 0 0)
o Lo n_ L
m = \/%[ 15 0] m 7 1 5]

et al. [52] studied the hydrogen re-distribution near (001) tilt GBs
induced by the incompatibility stress with the aim to identify GBs with
low hydrogen concentration tendency in nickel. In this work, a wide
range of GB configurations and stresses were analyzed to relate the
relative magnitude of I F to the inclination of GBs. The value of I F"**
and its variation with respect to 6 for cubic crystals presented here can
provide insights for segregation engineering [53].

4. Conclusion

This work examines the difference of stress states on both sides
of GBs under arbitrary external stress in linear elastic cubic materials
with a bicrystal model. For linear elasticity, there is a proportionality
between the additional normal stress at GBs and the applied uniaxial
stress. We define the ratio of the additional normal stress at GBs
over the applied uniaxial stress as the incompatibility factor(/ F). The
variation of 1 F"®, the highest I F for a GB with an inclination angle ¢

and two grains with arbitrary orientations, is explored systematically.
The following conclusions are obtained:

1. The incompatibility stress for GB under external applied stress
oF can be estimated with
6

6
ISapprox = £ N l[Fallof, (22)
i=1

where s, 512, S44, and y = 2s,; —2s,, — 544 show the influence of
the material elastic property while the [[F},]] show the influence
of the orientations of the two grains.

2. For cubic crystals, hydrostatic external stress does not induce
any incompatibility stress at GBs. The incompatibility stress is
caused by the deviatoric stress only.

3. The anisotropy of cubic materials is evaluated with IF™3X

0=0°?

which is a simple function of sy, 515, and syy. [F,2% is some-

what correlated with the Zener anisotropy A or the universal
elastic anisotropy index [54]. Cubic materials are classified into
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Fig. 4. The variation of the maximum incompatibility factor I F;“‘”‘ with respect to the grain boundary inclination angle 6 for (a) materials with |1 Fgr‘;%’:\ < 0.7; (b) materials with
0.7 < [TFXE| < 1.0; (c) materials with |7 F2%| > 1.0. Figure (d) shows the range of normalized I F;"* for all materials listed in Table 1. I F;"** is scaled by |/ F2| (as is listed in

Table 1) to emphasis the influence of 6.

three groups according to the magnitude of IF,17¢. Materials
within each group share that the most extreme incompatibility
stress occurs for (1) the same grain boundary inclination angle
with respect to the direction of the oF, (2) the same bicrystal
grain orientations, and (3) display the same variation of the
incompatibility stress with respect to the inclination angle.

4. Only materials with small IF;X%% values (and small Zener
anisotropy A), exhibit the highest additional stress at GBs which
are perpendicular to the uniaxial ¢%. More anisotropic cubic
materials exhibit the highest additional stress at inclined GBs.

5. IF;"* for materials with high anisotropy, such as alkali metals
and polymorphic high-temperature phases [NiTi(B2), Fe(FCC),
and Ti(BCC)], are the most affected by #. These materials would
have the highest additional stress at GBs with 47° inclination
with respect to the uniaxial oF.
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Appendix. Incompatibility stress under hydrostatic external stress

Ref. [29] showed that the compliance tensor after rotation (S’, with
Voigt notation) can be written as

su+Fux  sp+Fox  sp+Fax Fux
syt Fpy st Fpx Fux
S = s+ Fyux Fyx
Sas + Fux
symmetric
where F;; are polynomials of /, m, n, as
2222, 22
Fy = (ley + LI+ lylz)
Fiy = —(mymylyly + mymylyl, + mym,lyl,)
2.2 2.2 2.2
Fy, = —(mxmy + mym; + mymz)
Fi3 = =(nynylyly + nynylyl, + nynglyl,)
Fy; = —(nxnymxmy + nyn,mym, + nynzmymz)

Fisx
Fysx
Fisx
Fysx
Sqq+ Fssx

Fisx
Fyx
Fyox
Fisx
Fsex
Sas+ Fesx

(A1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)
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Fig. 5. The variation of IF as a function of the grain boundary inclination angle for special configurations (I Fpax, IFme

e, TFy2x, and TFX%)) for three typical material:

(a) low-anisotropy material Al; (b) medium-anisotropy material Cu; and (c) high-anisotropy material Li. Curves for /F;"®, as the upper envelope of IF curves for all possible

configurations of the bicrystal, are also presented.

Fy3 = —(nin}z, + ninz + n}z,ni) (A.7)
Under hydrostatic external stress, the strain for a rotated grain is
ol S+ 2810+ y(Fy + Fip + Fi3)
ol S+ 2810 + x(Fyy + Fyy + Fp3)
Hos !t ol St 2t x(Fy + Fy + Fy) | (A.8)
0 0
0 0
0 0
Considering the orthonormality of I, m, and n of &,
Fii+ Fjp + Fi3=— [(lxly + mymy + nxny)lxly+
(gl + mym, + nyn, )l 1, +
(yly + mymy + nyn,)ly 1, (A.9)

== 0 Lly +0- Lyl +0-1,1,)
=0.

Analogously it can be proven (see Supplement of Ref [29]. Eq.2-5) that

Fy+Fy+F3=0 i=1,..,6. (A.10)
Then the strain
s11 + 2812
s1 + 2810
2
= gt 511*;) S12 (A.11)
0
0
for cubic crystals with arbitrary orientations and does not vary under

rotation. Therefore there is no strain incompatibility between two

crystals that are rotated relative to one another. Hence, there is no

incompatibility stress either.
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