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ABSTRACT

Numerical simulations have been performed to examine the 

interference effects between an upstream flapping airfoil and a 

downstream stationary airfoil in a tandem configuration at a 

Reynolds number of 1000, which is around the regime of small 

flapping micro aerial vehicles. The objective is to investigate the 

effect of the distance of the tail and its angle of attack on the 

overall propulsive efficiency, thrust and lift. An immersed 

boundary method Navier-Stokes solver is used for the 

simulation. Results show that efficiency and average thrust can 

be increased up to 10% and 25% respectively when a 

stationary airfoil is placed downstream. The simulations reveal 

how the vortex-shedding pattern of the airfoils are affected by 

the interaction between them. As the angle of attack of this 

airfoil increases from 0 to 45o, high lift is generated at the 

expense of rapidly decreasing efficiency and thrust. The results 

are not very sensitive to the shape of the airfoil; similar results 

are obtained with a flat plate airfoil. Lastly, a simple 

optimization study is performed to obtain the configuration 

which gave the best performance based on the range of 

parameters studied. The results obtained from this study can be 

used to optimize the performance of small flapping MAVs. 
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NUMERICAL METHOD
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RESULTS AND DISCUSSIONS
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7+*!%(26*!#-!8*7>**2!'FJ;J

&
!(23!GO;J

&
A!>+#$+!#-!4=$+!,(%6*%!

7+(2!7+*!(26,*!=-*3!2&%4(,,9!5&%!7+*!7(#,;!<+*!-#26,*!(#%5&#,!#-!

-#4=,(7*3! =23*%! 7+*! -(4*! 5,(::#26! $&25#6=%(7#&2! 5&%!

$&4:(%#-&2;!

N2!7+#-!-7=39A!7+*!:&>*%!#2:=7!&5!(2!(#%5&#,!#-!3*5#2*3!(-!

.G1!! . 1 . 1in

dh d
P L t M t

dt dt

θ
= − − !

>+*%*!LA!M!(%*!7+*!,#57!(23!4&4*27!%*-:*$7#)*,9;!\%&:=,-#)*!

*55#$#*2$9A!ηA! >+#$+! #-! (!4*(-=%*! &5! 7+*! *2*%69! ,&-7! #2! 7+*!
>(?*!)*%-=-!*2*%69!=-*3!#2!$%*(7#26!7+*!2*$*--(%9!7+%=-7A! #-!

6#)*2!89!

.O1!! t

in

C

P
η = ! ! ! ! ! ! ! !

!

Effect of x12

!

_#6=%*!EV!\,&7!&5!η (23Ct!(6(#2-7!x12A!α!e!J&!

!

_#6=%*!FV!\,&7!&5!:&>*%!#2:=7!Pin!(6(#2-7!x12A!α!e!J&!

_#6=%*! E! -+&>-! 7+*! *55#$#*2$9! .η1! (23! ()*%(6*! 7+%=-7!
$&*55#$#*27!.Ct1!!5&%!7+*!-#26,*!(#%5&#,!(23!7+*!7(23*4!(#%5&#,-!

(7!3#55*%*27!x12;!_#6=%*!F!-+&>-!7+*!:&>*%!#2:=7!:,&7!5&%!7+*!

-#26,*! (#%5&#,! (23! 7+*! 7(23*4! (#%5&#,-! (7! 3#55*%*27! x12;! <+*!

&=7:=7-! 5%&4! 7+*! =:-7%*(4! (23! 3&>2-7%*(4! (#%5&#,-! (%*!

:%*-*27*3! 7&6*7+*%! 8*$(=-*! 7+*! 7+%=-7! $&27%#8=7#&2! 5%&4! 7+*!

3&>2-7%*(4!(#%5&#,! #-!-4(,,;!L*2$*A! #7! #-!-=55#$*3!7&!(2(,9M*!

7+*! &=7:=7! &5! 7+*! 7(23*4! (#%5&#,-! (-! (! >+&,*;! N2! _#6=%*! EA!

7+*Ct!#-!4=$+!+#6+*%!>+*2!x12!#-!-4(,,A!(23!#7!3*$%*(-*-!(-!

x12! #2$%*(-*-A! =27#,! #7! #-! (,4&-7! *K=(,! 7&! 7+(7! &5! 7+*! -#26,*!

(#%5&#,;! <+*! 7%*23! 5&%! 7+*! η! #-! -#4#,(%! 7&! 7+(7! &5! 7+*CtA!

(,7+&=6+!(7!x12!!e!E;JA!7+*%*!#-!(!-4(,,!#2$%*(-*;!/7!x12!e!F;JA!

η! ! 5&%! 7+*! 7(23*4!(#%5&#,-! #-!)*%9!$,&-*! 7&! 7+(7!&5! 7+*!-#26,*!
(#%5&#,;!

_#6=%*!G!-+&>-!7+*!)&%7#$#79!$&27&=%!:,&7!&5!7+*!-#26,*!(#%5&#,;!

/,,! 7+*! )&%7#$#79! $&27&=%! :,&7-! #2! 7+#-! :(:*%! =-*! 7+*! -(4*!

)&%7#$#79! ,*6*23!(-!_#6=%*!G;!/!%*)*%-*!0&2!`(%4*2!)&%7*Y!

-7%**7! #23#$(7#26! 7+%=-7! $(2! 8*! -**2;! ^#7+! (! -*$&23! (#%5&#,!

.7(#,1! 8*+#23A! 7+*%*! #-! =:! 7&! EOk! #2$%*(-*! #2! 7+*! &)*%(,,Ct!

>+*2!x12! !≤! !J;RO;!c&4:(%#26!8*7>**2!_#6=%*!G!(23!_#6=%*!

OA! 7+*%*! #-! )#-=(,,9! 2&! 3#55*%*2$*! #2! 7+*! )&%7*Y! -+*33#26! &5!

7+*! =:-7%*(4! (#%5&#,;! ! <+*! -+*3! )&%7*Y! 5%&4! 7+*! =:-7%*(4!

(#%5&#,! #4:#26*3! &2! 7+*! ,*(3#26! *36*! &5! 7+*! 3&>2-7%*(4!

(#%5&#,! (23! #23=$*3! #2! 7+*! -+*33#26! &5! #7-! &>2! )&%7*Y;!<+*!

:(#%! &5! )&%7#$*-! 7+*2! -+*3! 3#(6&2(,,9;! @#2$*! 7+*! =:-7%*(4!

(#%5&#,! -+*3! #7-! )&%7*Y! *)*%9!+(,5! $9$,*A! 7+*!3#(6&2(,! )&%7*Y!

-+*33#26!(,-&!+(::*2*3!*)*%9!+(,5!$9$,*!7&>(%3-!7+*!7&:!(23!

8&77&4! %#6+7! 3#%*$7#&2-;!0&%7#$#79! $&27&=%! :,&7-! (7! &7+*%!x12!

(,-&!-+&>*3!)*%9!-#4#,(%!-+*33#26!&5!7+*!)&%7#$*-;!<+*!4(#2!

3#55*%*2$*! ,#*-! #2! 7+*! )&%7*Y! -+*33#26! 7#4#26! &5! 7+*!

3&>2-7%*(4!(#%5&#,!%*,(7#)*!7&!7+*!=:-7%*(4!(#%5&#,A!(-!-+&>2!

#2!_#6=%*!P;!

!

!

_#6=%*!GV!0&%7#$#79!$&27&=%!:,&7!&5!7+*!-#26,*!(#%5&#,!

!

_#6=%*!OV!0&%7#$#79!$&27&=%!:,&7!&5!7+*!7(23*4!(#%5&#,-!(7!x12!e!C;JA!α!e!J&!

!

!

_#6=%*!PV!Q#55*%*2$*!#2!)&%7*Y!-+*33#26!7#4#26!(7!x12!e!(1!J;JJC!81!C;J!$1!

E;J!>+*2!=:-7%*(4!(#%5&#,!#-!(7!#7-!,&>*-7!:,=26#26!:&-#7#&2!

<+*! 7+%=-7! 6*2*%(7*3! 89! 7+*! (#%5&#,! #-! %*5,*$7*3! #2! 7+*! 5,&>!

3&>2-7%*(4! (23! $(2! 8*! (2(,9M*3! =-#26! >(?*! )*,&$#79!

:%&5#,*-;! N2! 7+#-! $(-*A! )*,&$#79! :%&5#,*-! (%*! *Y7%($7*3! &2*!

$+&%3!,*267+!8*+#23!7+*!7(#,;!N2!_#6=%*!RA!7+*!)*,&$#79!:%&5#,*-!

(%*! :,&77*3!=-#26! 7+*!+&%#M&27(,! ()*%(6*! $&4:&2*27! &5!ux – 

U
∞
!(6(#2-7!7+*!)*%7#$(,!,#2*!8*7>**2!'E;O!≤!y!≤!E;O;!\&-#7#)*!

ux – U
∞
! #23#$(7*-! 7+%=-7!:%&3=$7#&2;!<+*!$*27*%!:*(?!&5! 7+*!

)*,&$#79!:%&5#,*!5&%!7+*!-#26,*!(#%5&#,!#-!3=*!7&!7+*!-+*33#26!&5!

7+*!)&%7#$*-!3#%*$7,9!8*+#23! 7+*!(#%5&#,A! (,&26! 7+*!+&%#M&27(,!

3#%*$7#&2;! _&%! 7+*! 7(23*4! (#%5&#,-A! 7+*! 7>&! :*(?-! (7! *#7+*%!

-#3*!&5!7+*!$*27%(,!:*(?!(%*!3=*!7&!7+*!3#(6&2(,!-+*33#26!&5!

)&%7#$*-;!!<+*!-=4!&5!(%*(!=23*%!7+*!$=%)*!#23#$(7*-!7+*!7&7(,!

()*%(6*!7+%=-7!:%&3=$*3;!N7!#-!E;PG ×!CJ'C!(23!F;FE ×!CJ'C!5&%!
7+*! -#26,*! (23! 7(23*4! (#%5&#,-! (7! x12! e! J;JJC! %*-:*$7#)*,9;!

L*2$*!7+*!()*%(6*!7+%=-7!5&%!7+*!7(23*4!$(-*!#-!+#6+*%;!<+*!

(33#7#&2(,! )&%7*Y! -+*33#26! 5%&4! 7+*! 3&>2-7%*(4! (#%5&#,!

+*,:-!7&!#2$%*(-*!7+*!7&7(,!7+%=-7;!
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!

!

!

_#6=%*!RV!/)*%(6*!)*,&$#79!:%&5#,*-!5&%!7+*!-#26,*!(#%5&#,!(23!7+*!

3&>2-7%*(4!(#%5&#,!>#7+!x12!e!J;JJCA!α!e!J&!

N2! _#6=%*! EA! 7+*! 7+%=-7! 3*$%*(-*-! (-! x12! #2$%*(-*-! #2! 7+*!

7(23*4!$&25#6=%(7#&2;!<+#-!7+%=-7!3*$%*(-*!$(2!8*!*Y:,(#2*3!

89!$&4:(%#26! 7+*! #27*2-#79!&5! 7+*!)&%7*Y! -+*33#26!5%&4!7+*!

3&>2-7%*(4!(#%5&#,!5&%!3#55*%*27!x12;!^+*2!x12!#2$%*(-*-A!7+*!

-+*3! )&%7*Y! 5%&4! 7+*! =:-7%*(4! (#%5&#,! 7%()*,-! (! ,(%6*%!

3#-7(2$*! 8*5&%*! #4:#26#26! &2! 7+*! ,*(3#26! *36*! &5! 7+*!

3&>2-7%*(4!(#%5&#,;!N7-!-7%*267+!+(-!3*$%*(-*3!#2!7+*!:%&$*--;!

_#6=%*!T! -+&>-! 7+*! -+*3!:(#%!&5!)&%7#$*-!(7!3#55*%*27!x12A! (7!

7+*! #2-7(2$*! >+*%*! 7+*! =:-7%*(4! 5,(::#26! (#%5&#,! #-! (7! #7-!

,&>*-7! :,=26#26! :&-#7#&2;! <+*! %*3! :&-#7#)*! )&%7*Y! 5%&4! 7+*!

=:-7%*(4!(#%5&#,!>*(?*2-! #2!-7%*267+!(-!x12! #2$%*(-*-A!+*2$*!

6#)#26!,&>*%!7+%=-7;!

!

!

_#6=%*!TV!0&%7#$#79!-7%*267+!$&4:(%#-&2!5&%!3#55*%*27!x12!e!(1!J;JJC!81!C;J!

$1!E;J!31!F;JA!α!e!J&!

/-! -+&>2! #2! _#6=%*! FA! -#2$*! 7+*! 7(#,! #-! -7(7#&2(%9A!Pin! #-!

*27#%*,9! 3=*! 7&! 7+*!4&7#&2! &5! 7+*! 5,(::#26!=:-7%*(4!(#%5&#,;!

/7!x12!≤!J;ROA! 7+*!Pin! #-! ,(%6*%!7+(2!7+(7!&5! 7+*!-#26,*!(#%5&#,!

$&25#6=%(7#&2;! "&%*! >&%?! #-! 2**3*3! 7&! 5,(:! 7+*! =:-7%*(4!

(#%5&#,!3=*!7&!7+*!8,&$?(6*!*55*$7!&5!7+*!3&>2-7%*(4!(#%5&#,!#2!

7+*!2*(%!>(?*!BPD;!L&>*)*%A!-#2$*Ct!(,-&!#2$%*(-*-A!7+*!η!#-!
(,-&! +#6+*%! 5&%! x12! ≤! J;RO;! _#6=%*! E! -+&>-! (!4(Y#4=4! &5!

CJk!#2$%*(-*!#2!7+*!&)*%(,,!η!>+*2!7+*!7(#,!#-!:,($*3!(7!x12!e!

J;EO;! /7! x12! n! C;OA! 7+*! η! &5! 7+*! 7(23*4! $&25#6=%(7#&2! #-!
(,4&-7! 7+*! -(4*!(-! 7+(7!&5! 7+*! -#26,*!(#%5&#,! .2*6,*$7#26! 7+*!

-4(,,! #2$%*(-*!(7!x12!e!E;J1A! #23#$(7#26!7+(7! 7+*!*55*$7!&5! 7+*!

7(#,!&2!7+*!=:-7%*(4!(#%5&#,!#-!2&!,&26*%!-#62#5#$(27;!!

N2!6*2*%(,A!7+*!η!(23Ct!(%*!+#6+*%!>+*2!x12!#-!-4(,,A!>#7+!

7+*!&:7#4=4!(7!x12!e!J;EO;!<+*!#27*%5*%*2$*!*55*$7-!3*$%*(-*!

(-!x12! #2$%*(-*-! (23! 7+*!&=7:=7-!(::%&($+! 7+(7!&5! 7+*! -#26,*!

(#%5&#,;!<+*!η!#2$%*(-*!#-!,&>*%!7+(2!7+(7!%*:&%7*3!89!<=2$*%!
(23! \,(7M*%! BPD;! <+*9! %*:&%7*3! (2! #2$%*(-*! &5! 4&%*! 7+(2!

GJk;!L&>*)*%A!#7!#-!+(%3!7&!$&4:(%*!3#%*$7,9!8*$(=-*!7+*!Re!

(23!5,(::#26!:(%(4*7*%-!=-*3!(%*!3#55*%*27;!

!

Effect of α

!

_#6=%*!ZV!\,&7!&5ct!(6(#2-7!α!(7!x12!e!C;J!

!

_#6=%*!CJV!\,&7!&5!η!(6(#2-7!α!!(7!x12!e!C;J!

!

_#6=%*!CCV!\,&7!&5cl!(6(#2-7!α!(7!x12!e!C;J!

N2!7+#-!(2(,9-#-A!x12!#-!5#Y*3!(7!C;J!>+#,*!α!)(%#*-!5%&4!'FJ
&
!

7&!GO
&
;!!<+*!:,&7-!6#)*2!#2!_#6=%*!ZA!_#6=%*!CJ!(23!_#6=%*!CC!

-+&>! 7+*! ηAct! (23cl! &5! 7+*! =:-7%*(4A! 3&>2-7%*(4! (23!

7(23*4! (#%5&#,-;! <+*! $&27%#8=7#&2-! &5! 7+*! =:-7%*(4! (23!

3&>2-7%*(4!(#%5&#,-!(%*!-+&>2!-*:(%(7*,9S!*55*$7!&5!α !&2!7+*!
&=7:=7! #-! 3#55*%*27! 5&%! 7+*! 3&>2-7%*(4! (#%5&#,! (23! 7+*!

=:-7%*(4! (#%5&#,;! _#6=%*! Z! -+&>*3! 7+(7! 7+*Ct! &5! 7+*!

=:-7%*(4! (#%5&#,! #-! 7+*! -(4*! 5&%! (,,! αA! #23#$(7#26! 7+(7! 7+*!
(26,*!&5!(77($?!&5!7+*!3&>2-7%*(4!(#%5&#,!3&*-!2&7!#25,=*2$*!

7+*! =:-7%*(4! (#%5&#,h-Ct;! L&>*)*%A! 7+*Ct! &5! 7+*!

3&>2-7%*(4!(#%5&#,!3*$%*(-*-A!:%&3=$#26!3%(6A!(-!#7!3*)#(7*-!

(>(9!5%&4!α!e!J&;Ct!3#%*$7,9!(55*$7-!7+*!η!(23!+*2$*!#7!(,-&!
3%&:-!%(:#3,9!>+*2!α!3*)#(7*-!(>(9!5%&4!M*%&;!
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!

 
_#6=%*!CEV!(1!Q&>2-7%*(4!(#%5&#,!>#7+!(!-7%&26!,*(3#26!*36*!)&%7*Y!.]U01!

&2!7&:!.=:-7%*(4!(#%5&#,!2&7!-+&>21!81!-#26,*!(#%5&#,!(7!α.e!CO&!(7!7#4*!

#27*%)(,-!&5!J;COA!J;EO!(23!J;FOT!

!

<+*Cl!&5! 7+*!-#26,*!(#%5&#,!(23!7+*!7(23*4!$&25#6=%(7#&2!

>#7+!α! e! J&! (%*! (,4&-7! M*%&! 8*$(=-*! 7+*! b/c/JJCE! #-! (!
-944*7%#$(,! (#%5&#,;! ! L&>*)*%A! >+*2! α! #2$%*(-*-A! 7+*Cl!

#2$%*(-*-!8&7+!5&%!7+*!=:-7%*(4!(23!3&>2-7%*(4!(#%5&#,A!>#7+!

7+*Cl!&5!7+*!3&>2-7%*(4!(#%5&#,!8*#26!(,4&-7!7>#$*!(-!,(%6*;!

<+*!%*)*%-*!+(::*2-!>+*2!α!3*$%*(-*-;!!
_#6=%*! CE! -+&>-! (! $&4:(%#-&2! &5! 7+*! )&%7#$#79! :,&7-!

8*7>**2! 7+*! -#26,*! (#%5&#,! (23! 7+*! 3&>2-7%*(4! (#%5&#,! .#2! (!

7(23*4!$&25#6=%(7#&21!(7!α!e!CO&;!<+*!7&:!%&>!&5!3#(6%(4-!
5%&4! _#6=%*! CE! -+&>-! 7+(7! (! ]U0! 3*)*,&:-! &2! 7&:! &5! 7+*!

3&>2-7%*(4! (#%5&#,! (-! (! %*-=,7! &5! 7+*! =2-7*(39! #27*%($7#&2!

>#7+! 7+*! =:-7%*(4! (#%5&#,;! N7! %*4(#2-! (77($+*3! 5&%! (8&=7! (!

K=(%7*%!&5! 7+*!5,(::#26!$9$,*;!<+#-! %*-=,7-! #2!(!,&>!:%*--=%*!

%*6#&2!&2! 7&:! 7+*!3&>2-7%*(4!(#%5&#,A!6*2*%(7#26! ,#57;!<+*%*!

#-! (,-&! (! ]U0! 6*2*%(7*3! &2! 7+*! 8&77&4! &5! 7+*! 3&>2-7%*(4!

(#%5&#,;! L&>*)*%A! #7! 6*7-! 3#--#:(7*3! (,4&-7! #44*3#(7*,9;!

@#4#,(%,9A! >+*2! α! 3*$%*(-*-! 5%&4! J&A! 7+*! (#%5&#,h-! 8&77&4!
:%&3=$*-!(!]U0!(7!7+*!8&77&4!&5!7+*!(#%5&#,A!6#)#26!2*6(7#)*!

,#57;!<+*!8&77&4!%&>!-+&>-!7+*!-#26,*!(#%5&#,;!Q=*!7&!7+*!+#6+!

αA! 7+*! 5,&>! #-! 3*7($+*3! (23! 7+*%*! #-! 2&! ]U0! :%*-*27;! N7! #-!
$,*(%!7+(7! 7+*!)&%7*Y!-+*3!5%&4!7+*!=:-7%*(4!(#%5&#,!+*,:-!7&!

*2+(2$*!7+*!,#57!:%&3=$7#&2!&5!7+*!3&>2-7%*(4!(#%5&#,;!<+*%*!

#-!2&!]U0!&2!7&:!&5!7+*!-#26,*!(#%5&#,!(23!7+*!-7%*267+!&5!#7-!

)&%7*Y! #-! 4=$+! >*(?*%;! ! N2! 7+*! 7(23*4! $&25#6=%(7#&2A! 7+*!

)&%7*Y!-+*3!5%&4!7+*!=:-7%*(4!(#%5&#,! #4:(%7-!*2*%69! 7&! 7+*!

3&>2-7%*(4!(#%5&#,! (23! #23=$*-! 7+*!6*2*%(7#&2!&5! 7+*!]U0;!

<+*Ct! dCl! 5&%! 7+*! 3&>2-7%*(4! (23! -#26,*! (#%5&#,! (%*! '

J;FCdC;CT! (23! 'J;ERdJ;PZ! %*-:*$7#)*,9;! H&7+! 7+*#%Ct! (%*!

-#4#,(%!8=7! 7+*Cl!&5! 7+*!3&>2-7%*(4!(#%5&#,! #-!(,4&-7!7>#$*!

7+(7! &5! 7+*! -#26,*! (#%5&#,;! <+#-! #4:%&)*4*27! $(2! 8*!

#2$&%:&%(7*3! #27&! 7+*! 3*-#62! &5! (! 5,(::#26! "/0! ,#?*! 7+*!

Q*,5,9!7&!#2$%*(-*!#7-!,#57;!

!!

Effect of using a thin plate for the downstream airfoil 

<+*!-#4=,(7#&2!#-!%*:*(7*3!=-#26!(!7+#2!:,(7*!#2-7*(3!&5!7+*!

b/c/JJCE! (#%5&#,! (-! 7+*! 3&>2-7%*(4! (#%5&#,! 5&%! 7+*! x12! e!

C;JA!α!e!J&!(23!x12!e!C;JA!α!e!CO
&
!$(-*-;!<+#-!#-!7&!#2)*-7#6(7*!

7+*! #4:&%7(2$*! &5! 7+*! -+(:*! &5! 7+*! 3&>2-7%*(4! (#%5&#,-;!

[*-=,7-! &2! ! -+&>! 7+(7! 5&%! ηACt! (23ClA! 7+*! 3#55*%*2$*-!

8*7>**2! 7+*! 7(#,! (23! 7+*!b/c/JJCE! (%*! )*%9! -4(,,! 8=7! #2!

6*2*%(,A!7+*!b/c/JJCE!6#)*-!-,#6+7,9!8*77*%!:*%5&%4(2$*;!

!

!

!

<(8,*!EV!c&4:(%#-&2!8*7>**2!7+*!ηACt!(23Cl!&5!7+*!7+#2!:,(7*!(23!

b/c/JJCE!(#%5&#,!5&%!7+*!x12!e!C;JA!α!e!J&!(23!x12!e!C;JA!α!e!CO&!$(-*-!

α I=7:=7! b/c/JJCE! \,(7*!

J&! η! J;FJ! J;EZ!

Ct! J;TE! J;RR!

Cl! 'J;JP! 'J;JR!

CO&! η! J;CZ! J;CR!

! Ct! J;OF! J;GP!

Cl! C;ZE! C;TC!

! ! ! !

!

Optimization study 

^*! (,-&! $&23=$7! (! -#4:,*
C
! &:7#4#M(7#&2! -7=39! &2! 7+*!

$&25#6=%(7#&2!>+#$+!6#)*-!7+*!+#6+*-7!:*%5&%4(2$*!8(-*3!&2!

7+*! $&48#2*3! )(,=*-! &5! x12! (23! α;! \*%5&%4(2$*! #23*Y! IpA!

=-*3! 3*7*%4#2*! 7+*! &)*%(,,! :*%5&%4(2$*! &5! 7+*! 7(23*4!

(#%5&#,-!#2!7+#-!$(-*A!#-!3*5#2*3!(-V!

.P1!! CECE

CE CE

. 1. 1

4(Y. ! . 11 4(Y. ! . 11

t
p

t

C xx
I

all x all C x

η
η

= + ! !

!

5&%!7+*!x12!$(-*!-7=39;!

.R1!!
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4(Y. ! . 11 4(Y. ! . 11 4(Y. ! . 11

t l
p

t l

C C
I

all all C all C

α αη α
η α α α

= + + ! !

!

5&%!7+*!α!$(-*!-7=39;!
UK=(7#&2!P!3&*-!2&7!#2$,=3*!7+*!,#57!$&4:&2*27!8*$(=-*!#7!#-!

(! -944*7%#$(,! $(-*! (23! 7+*Cl! 5&%! (,,! 7+*! x12! $(-*-! (%*!

(::%&Y#4(7*,9! M*%&;! H(-*3! &2! UK=(7#&2! P! (23! UK=(7#&2! RA!

7+*! x12! (23!α! )(,=*-!>+#$+! 6#)*!4(Y#4=4! Ip! (%*! J;EO! (23!

CO
&
!%*-:*$7#)*,9;![=22#26!7+*!-#4=,(7#&2!(7!7+*-*!7>&!)(,=*-!

6()*! η e! J;EFACt! e! J;RC! (23Cl! eC;PCA! >+#$+! #23**3!

$&%%*-:&23-!7&!(!+#6+*%!Ip!7+*2!7+*!)(,=*-!&87(#2*3!#2!7+*!x12!

(23!α!$(-*!-7=3#*-;!

CONCLUSION

b=4*%#$(,! 5,&>! -#4=,(7#&2-! +()*! 8**2! :*%5&%4*3! &=7! 7&!

#2)*-7#6(7*! 7+*! *55*$7-! &5! 7+*! 3#-7(2$*! (23! (26,*! &5! 7+*! 7(#,!

8*+#23! (! 5,(::#26! (#%5&#,! &2! 7+*! &)*%(,,! *55#$#*2$9A! ,#57! (23!

7+%=-7;!<+*!η!(23Ct!!#2$%*(-*!=:!7&!(!4(Y#4=4!&5!CJk!(23!

EOk!%*-:*$7#)*,9!>+*2!x12!≤!C;J!(23!7+*!*55*$7!3#4#2#-+*3!(-!

x12! *Y7*23-! 8*9&23! C;J;! ! <+*! (33#7#&2(,! )&%7*Y! -+*33#26!

5%&4!7+*!3&>2-7%*(4!(#%5&#,!+*,:-!7&!#2$%*(-*!7+*!7&7(,!7+%=-7A!

>+#$+!$(2!8*!&8-*%)*3!#2!7+*!)&%7#$#79!$&27&=%!(23!)*,&$#79!

:%&5#,*-! :,&7-;! ^+*2! x12! #-! 5#Y*3! (7! C;J! >+#,*! α! #2$%*(-*-!
5%&4!'FJ

&
!7&!GO

&
ACl! !#2$%*(-*3!=:!7&!(!4(Y#4=4!&5!(%&=23!

E;P;!<+*!+#6+Cl! !#-!3=*!7&!7+*!-7%&26!]U0!(7!7+*!7&:!&5!7+*!

3&>2-7%*(4! (#%5&#,;! /-! α! 3*)#(7*-! 5%&4! J&A! η! (23ct!

3*$%*(-*!%(:#3,9A!6#)#26!3%(6;!

@#4=,(7#&2-!(%*!(,-&!$&23=$7*3!7&!7*-7!7+*!*55*$7!&5!$+(26#26!

7+*!3&>2-7%*(4!(#%5&#,h-!$%&--!-*$7#&2!:%&5#,*!7&!(!5,(7!:,(7*;!

<+*! 3#55*%*2$*-! #2! 7+*!ηACt! (23Cl! (%*! 5&=23! 7&!8*! -4(,,A!

>#7+! 7+*! b/c/JJCE! (#%5&#,! 6#)#26! -,#6+7,9! 8*77*%!

:*%5&%4(2$*;!](-7,9A!(!-#4:,*!&:7#4#M(7#&2!-7=39!-+&>-!7+(7!

x12!e!J;EO!(23!α e!CO&!6#)*!7+*!+#6+*-7!:*%5&%4(2$*!#23*Y!Ip!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
C! N7!4=-7! 8*! *4:+(-#M*3! 7+(7! 7+*! #2:=7! )(%#(8,*-! YCE! (23!α! (%*! )(%#*3!

#23*:*23*27,9! 89! 5#Y#26! &2*! &5! 7+*! )(%#(8,*-! (23! $+(26#26! 7+*! &7+*%;!

L*2$*A!7+*!*27#%*!:(%(4*7*%!-:($*!#-!2&7!#2)*-7#6(7*3;!
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8(-*3!&2!7+*!%(26*!&5!:(%(4*7*%-!-7=3#*3;!<+*!%*-=,7-!&87(#2!

5%&4! 7+#-! -7=39! -+&>! 7+(7! 89! %*3=$#26! 7+*! x12A! 8*77*%!

*55#$#*2$9! (23! 7+%=-7! $(2! 8*! &87(#2*3;! "&%*&)*%A! 7+*!

3&>2-7%*(4! (#%5&#,! &%! 7+*! 7(#,A! 8*-#3*-! 6#)#26! :#7$+! (23!

3#%*$7#&2! $&27%&,A! $(2! +*,:! 7&! 3%(4(7#$(,,9! #2$%*(-*! 7+*!

&)*%(,,! ,#57;!/::,9#26! 7+*-*! %*-=,7-! 7&! -4(,,! 5,(::#26!"/0-!

,#?*!7+*!Q*,5,9!>#,,!+*,:!7&!#4:%&)*!7+*#%!:*%5&%4(2$*;!
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