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Abstract We consider operators 7 satisfying a sparse domination property

UTL < ¢ Y (Fp0lgy ol 0l
Qe

with averaging exponents 1 < py < go < 0o. We prove weighted strong type bound-
edness for pp < p < qo and use new techniques to prove weighted weak type
(po, po) boundedness with quantitative mixed A1—Aqo estimates, generalizing results
of Lerner, Ombrosi, and Pérez and Hytonen and Pérez. Even in the case pg = 1 we
improve upon their results as we do not make use of a Héormander condition of the
operator T'. Moreover, we also establish a dual weak type (g;), ¢;) estimate. In a last
part, we give a result on the optimality of the weighted strong type bounds including
those previously obtained by Bernicot, Frey, and Petermichl.
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1 Introduction

In recent years, after a solution was found to the well-known A; conjecture [24], the
role of sparse operators has become increasingly important in the weighted theory
of many operators, see for instance [5,12,14,29,31] and references therein. Sparse
domination yields optimal quantitative A, estimates for I < p < oo, for exam-
ple, for the classical Riesz transforms in R”. As has been shown by Bernicot, Frey,
and Petermichl [6], the idea of sparse domination reaches far beyond the theory of
Calderén—Zygmund operators. Indeed, one can consider the Riesz transform VL ~1/2
in, e.g. a convex doubling domain in R”, where L is the Laplace operator with respect
to Neumann boundary conditions. Generally, the Riesz transform in such a setting does
not satisfy any pointwise regularity estimates and therefore falls outside of the class
of Calder6n—Zygmund operators. However, it satisfies a sparse domination property
which does in fact yield the quantitative weighted bounds from the A, conjecture.
In R”, foregoing the full range of I < p < oo, one can consider the Riesz trans-
form for elliptic operators L = — div(AV) for A with bounded, complex coefficients.
Such operators are only bounded in L” for a certain range pg < p < qo, and it was
established in [6] that they satisfy a sparse domination property

UTL < ¢ Y (Fp0lgy ol 0l
Qe

from which general quantitative weighted bounds in the respective weighted L”-spaces
are deduced.

For Calder6n—Zygmund operators, weighted weak type (1, 1) estimates were estab-
lished by Lerner et al. [33] and later improved upon by Hytonen and Pérez [26]. In
this article, we establish the corresponding (pg, po) estimate in the more general set-
ting described above. The arguments used in [33] rely on introducing weights in the
classical arguments involving Calder6n—Zygmund decompositions f = g+ b and the
vanishing mean value property of the ‘bad’ part b in combination with the Hormander
condition of the kernel of the operator. In general, the operators we are considering
here need not be integral operators at all and for the more general operators such as the
Riesz transform associated to an elliptic operator, an argument by Blunck and Kun-
stmann [8] (see also [23]) gave a weak type (po, po) boundedness using an adapted
LPo Calder6n—Zygmund decomposition, where a certain cancellation of the operator
with respect to the semigroup generated by the elliptic operator replaces the regularity
estimates of the kernel. Weights were then introduced into this argument by Auscher
and Martell [2], but it seems like these techniques do not yield optimal bounds in terms
of the constants of the weights. Therefore, we give a new argument to establish the
corresponding bounds while still recovering the old bounds found in [26].

Here, in order to combine the previous approaches and to tie the theory together, we
deduce quantitative weighted bounds directly from sparse domination assumptions.
We introduce weights into a weak boundedness argument for sparse operators where
there exists a Calderon—Zygmund decomposition with the property that the ‘bad’
part b cancels completely. We then combine this with generalizations of the main
lemmata used in [33]. Moreover, we leave the Euclidean setting and extend the results
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Weak and Strong Type A1—A~o Estimates 249

to more general doubling metric measure spaces including certain bounded domains
and Riemannian manifolds as was also studied in [8] and [2,3].

In a last part we show that the strong type weighted estimates are optimal, given a
precise control of the asymptotic behaviour of the unweighted L? operator norm of 7
at the endpoints p = pg and p = go. We give an example of such an operator in the
case po = 1, go = n.

1.1 The Setting

We consider the Euclidean space R” equipped with a Borel measure p that satisfies
0 < u(B) < oo for all balls B and which satisfies the doubling property, i.e. there is
a C > 0 such that

pn(2B) = Cu(B) (1.1)

for all balls B, where 2B denotes the ball with the same centre as B and whose radius
is twice that of the radius of B. Taking the smallest such C we define v := log, C,
which we refer to as the doubling dimension. We write |E| := p(E) and for each
measurable set E of finite non-zero measure and each 0 < p < oo we will write

(Frp.e =W XElLrqE11dp)>

where x denotes the indicator function of the set E. We write (f, g) := [ fgdu,
and define p’ = p/(p — 1) € [1,00] for 1 < p < o0.
Fora € {0, 4, 2}" we will consider the translated dyadic systems

7= {275 (10. " + m + (=Dfa) :m € 2"},

keZ

and 9 := U, 9“*.

The collection & is used as a replacement for the collection of balls or the collection
of all cubes in R", which is justified by the fact that for any ball B(x; r) € R” there is
acube Q € Z so that B(x; r) € Q and diam(Q) < pr for a constant p = p(n) > 0,
and for any cube P C R” thereisacube Q € Z suchthat P C Q and £(Q) < 6{(P),
where £(R) denotes the side length of a cube R.

We say that a collection . € Z is called n-sparse for 0 < n < 1 if for each

{0, i 3} there is a pairwise disjoint collection (Eg)ge.#nge of measurable
sets so that Eg € Q and |Q] < n~!'|Egl.

Remark 1.1 Since R”" is connected and unbounded, the doubling property implies
that w(R") = oo [21]. We are working in R" for notational reasons only; since our
applications lie in a more general framework, our arguments are written so that they
work with minimal adaptations in general doubling metric measure spaces X. Our
main results remain true even when u(X) < oo, for example when X is a bounded
Lipschitz domain in R”. We will detail how this can be seen in Sect. 4.

We let D be a space of test functions on R” with the property that it is dense in
LP(w) forall 1 < p < oo and all weights w € A, for example, D = C°(R").
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250 D. Frey, B. Nieraeth

Definition 1.2 Let T be a (sub)linear operators, initially defined on D, with the fol-
lowing property: Thereare 1 < pp < g < qop < ooandconstantsc > 0and0 <n <1
so that for each pair of functions f, g € D there is an n-sparse collection . C Z so
that
UTL < ¢ Y (Fp0lgy ol Ql- (1.2)
Qe

Then we will write T € S(po, qo), or T € S(po, qo; 1) if we wish to emphasize
the underlying measure, and we shall refer to the operators in this class as sparsely
dominated operators.

If T € S(po, q0), then it extends to a bounded operator on L? for all pg < p < qo,
see Proposition 2.2. For examples of operators in this class we refer the reader to Sect.
1.3

When writing thata constant C = C(T") > 0depends on 7', we mean that it depends
on the constants ¢, 1 in the domination property (1.2). We remark that the sum on the
right-hand side of (1.2) can be split into 3" sums by considering the different dyadic
grids, simplifying the proofs by only having to consider a single dyadic grid at a time.
Finally, we remark that if T is linear, then T € S(po, qo) if and only if T* € S(g;, py).
where T* denotes the dual operator of 7.

We will write A < B when there is a constant C > 0, independent of the important
parameters, so that A < C B. Moreover we write A >~ Bif A < Band B < A.

1.2 Main Results

For 1 < pg < go < oo we consider an operator 7' € S(po, qo). Then T will be of
strong type (p, p) for any pg < p < qo and of weak type (po, po), see Proposition
2.2. As a matter of fact, T will satisfy weighted boundedness for various classes of
weights. It has been shown in [6] that for po < p < goandany w € Ap/p, NRH g,/ py
we have

w(Qo/ﬁ)’]maX(Plpo’t(;(())_;)/(qpo)/

ITLrwy—rr@) S [
Agp(p)

max (4o 0L
< ([U)]Ap/po[w]RH(qO/p)/> (7% "), (1.3)
where ¢ (p) = (qo/p)' (p/po — 1) + 1, and that the exponent in the last estimate is

optimal for sparse operators. This generalizes the positive result of the well-known
Aj-conjecture, stating that for all Calderén—Zygmund operators 7" one has

max L
(”“’1). (1.4)

”T”Ll’(w)—)Lf’(w) S [w]Ap
Indeed, the result in (1.3) recovers this result since Calderon—Zygmund operators

are in the class S(1, 0o). Historically, the estimate (1.4) was first proven to be true for
the Beurling—Ahlfors transform by Petermichl and Volberg [38], solving an optimal
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regularity problem for solutions to Beltrami equations. In between this period and the
time that (1.4) was established in full generality by Hytonen [24], it was shown by
Lerner, Ombrosi, and Pérez [32] that for all Calderén—Zygmund operators 7" one has

1
1T e (wy—Lrw) S pplog (6 + F) [w]a, (1.5)

forall 1 < p < oo, showing a significantly better exponent of the constant of the
weight when considering the smaller class of weights Ay € A,. Using mixed Aj—Ax
type estimates, this result was improved by Hytonen and Pérez [26] to

1 5
IT N 2r (wy—Lrw) S PP Twl) [w]Aw (1.6)

for 1 < p < oo, where they are considering Wilson’s A, constant

[w]a, =

M du,
Baball w(B)/ (wxp) dis

which appears in [41-43]. They also provided an improvement to (1.4) using mixed
Ap—A type estimates. Such mixed type estimates have also appeared in the recent
work by Li [34], who gives a direct improvement of (1.3).

To continue on along this line of results, we establish the following:

Theorem 1.3 Let 1 < po < p < qo <00, T € S(po, q0), and w € Ay N RHyy/py-
Then there is a constant ¢ = ¢(T, v, n) > 0 so that

1
1 Plao/p)

1
T Lr () Lr ) < €Cp [w(q"/”)]: [w(qo/m]A , 1.7)
(o) 1
with
1 i
ANV EAYEAYE
= ()73 (5) ]
90 14 Po
In particular, we have
s q0-)
1T Lrwy—Lrw) S Cp [w(qO/p) ]j‘“l =c¢p ([w]Al [w]RH(qO/P),>qO " (1.8)

Our result (1.7) recovers (1.6) when setting pg = 1, go = 00. One shows that (1.8)
follows from (1.7) by applying (2.1) and Proposition 2.1(ii). This result recovers the
exponent in (1.5) when gg = oo.

The constants found in the estimate (1.7) can be used to establish weighted weak
type (po, po) boundedness. In the work of Lerner, Ombrosi, and Pérez [32] it was
shown that for all Calderén—Zygmund operators 7" and all weights w € A one has
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252 D. Frey, B. Nieraeth

||T||L1(w)—>L1~°O(w) s [w]A| log(e + [w]A1)' (19)

This result is related to the weak Muckenhoupt—Wheeden conjecture, which is now
known to be false [36], stating that one has linear dependence on [w]4, on the right-
hand side of (1.9), and the logarithm can be removed. However, the result (1.9) was
improved by Hytonen and Pérez [26] to

IT 01 (s 2oy S [wla, log(e + [wla)- (1.10)

It is expected that this dependence on the constants of the weight is optimal.

Both the proofs of (1.9) and (1.10) rely on taking a Calderén—Zygmund decompo-
sition f = g + b. Here, the Hérmander condition of the kernel of T is used to deal
with the ‘bad’ part b, using an argument that can already be found in [37] (namely,
they use [18, Lemma 3.3, p. 413]). Since we are making no such assumptions on our
operators, which may not even be integral operators, we rely on new methods to deal
with this term, using only sparse domination. We establish the following result:

Theorem 1.4 Let 1 < po < p < qo <00, T € S(po, qo0), and w € A1 N RH 4/ poy-
Then there is a constant c = c(T, po, qo, v, n) > 0 so that

1T 1| .ro (w)— L.Po- () < P (w)

with
[w]a, log(e + [w]a,,) if po =1, go = o0;
a1 4 5
[w]zo [w]z(; log (e + [w]Am)% if po > 1, go = o0;
K[’(w) - I:wq(/) s [U)]Al[w]RHq/ if po = 1’ qgo < o9;
oo/ ]+L 0 N
[w(%/m) ]A "0 ([w]Al[w]RH(qo/po),)'O if po> 1, go < oo.

We note that in particular we recover the bound (1.10). It is of interested to point out
that we get this bound even for operators outside of the class of Calderén—Zygmund
operators that are in S(1, 0o), see Example 1.8.

We also establish a dual result of the type first studied in [33], generalizing the
result [26, Theorem 1.23]. Here we denote by T* the dual operator of T for linear 7.

Theorem 1.5 Let 1 < pg < go <00, T € S(po, qo) linear and w € Ay. Then there
is a constant ¢ = ¢(T, po, qo, v, n) > 0 so that

T*
lf < ¢ ([wlay log (e + [wla,))*

a- /
w0 L90°°°(w)

=

1£1ly;

forall f € L%.
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Using the ideas of [35], we then establish optimality of the weighted estimates in
terms of the asymptotic behaviour of the unweighted L? operator norm of 7' at the
endpoints p = pg and p = go. We refer to Definition 5.1 for the definition of the

exponents o7 (po) and yr(qo).

Theorem 1.6 Let 1 < pg < qo < oo, let T € S(po, qo), and let w € A, p, N
RH 4,/ py- Then the exponent in the estimate

w(fio/p)/]max(/%’%)/(?)/

N TN e w)y—Lr@w) S [
Ap(p)

from [6] is optimal under the assumption that ar (po) = 1/ po and yr(q0) = 1/,
Moreover, forw € A; N RH(q0 /p)s the exponent in the estimate

1
1T Lrwy—Lrw) S [w(qo/P) ]j\o
1

from Theorem 1.3 is optimal under the assumption that yr(qo0) = 1/q.

In the example of the Riesz transform on two copies of R” glued smoothly along
their unit circles [9], it is known that g9 = n and y7r(q9) = (n — 1)/n, and thus the
weighted estimate is optimal. See Example 5.5.

1.3 Examples

There is a wealth of examples of sparsely dominated operators. Other than the class
of Calder6n—Zygmund operators, our main examples can be found in [6, Sect. 3]. See
also the earlier work [2]. We point out several examples of particular interest here.

Example 1.7 (Riesz transform associated with elliptic second-order divergence form
operators). Let A be a complex, bounded, measurable matrix-valued function in R”
satisfying the ellipticity condition Re(A(x)€ - &) > A|& |2 for all & € C”" and a.c.
x € R". Then one can define a maximal accretive operator

Lf := —div(AV f)

which generates a semigroup (e '%);-¢. If both the semigroup and the family
(V1Ve L), o satisfy LPO—L9 off-diagonal estimates, then the Riesz transform
Z = VL Y2 is in the class S(po, go). In particular we point out that if we are
using the Lebesgue measure in dimension v = n = 1, we have pp = 1 and go = o0
so that Z € S(1, o0). We refer the reader to [1] for more values of pg and gg in other
dimensions in the Euclidean setting and to [6] for details on the sparse domination
result.

Example 1.8 (Riesz transform associated to Neumann Laplacian) Suppose A is the
Laplace operator associated with Neumann boundary conditions in a bounded convex
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254 D. Frey, B. Nieraeth

doubling domain in R”. As studied in [40], the Riesz transform VA~!/2 will not in
general have a kernel satisfying pointwise regularity estimates and is thus not in the
class of Calder6n—Zygmund operators. However, this operator does belong to the class
S(1, oo) and will therefore satisfy the bound (1.6). Note that for this example we need
to apply our results to a metric measure space other than R”. We refer the reader to
Sect. 4 for an overview of the theory in bounded domains.

Example 1.9 (Fourier multipliers) Let m be the function in R” defined by m(§) =
1 — |&|% for |€] < 1 and m(&) = 0 elsewhere. For § > 0, the Bochner-Riesz operator
B’ is defined as the Fourier multiplier B f := (m® f)¥. Then, for any § > 0 there
existsa 1l < pp < 2 so that forany 0 < & < 2 — po we have B e S(po + ¢, 2). For
details we refer the reader to [5].

2 Preliminaries
2.1 Notation
For 1 < p < oo we denote by .#), the uncentred dyadic maximal operator

My f = sup (f)p.oxo;
Qe

where it will be made clear from the context which dyadic grid 2* we are considering,
and where we will write .Z := .#). Similarly we define .# }fg and .#” to be the
uncentred maximal operators with respect to balls rather than cubes.

We list some of the basic definitions and facts about weights. A measurable function
w : R" — (0, 00) is called a weight. We identify a weight w with a Borel measure
by setting

w(E) ::/wdu
E

for all measurable sets E € R". For 1 < p < oo we, respectively, denote by L” (w)
and LP°°(w) the Lebesgue and weak Lebesgue spaces with measure w.
For1 < p < oo wesaythatw € A if

[wla, = SU%(WM,Q(w_I)p’—l,Q < oo,
0

where for p = 1 we use the limiting interpretation (w‘l)p/_l,Q = (w‘l)oo‘Q =
(essinfy w)_l. We say that w € A if its Wilson A, constant is finite, that is, if

1
[wla, == sup ——

//ﬂ(wmdu < o0,
Babal W(B) Jp

where the supremum is taken over all balls B C R”. For an overview of this constant
we refer the reader to [27] and references therein. In particular we point out that for a
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dimensional constant ¢ = ¢(n, v) > 0 we have
clwla, <lwla, <[wls,, 1 =g <p<oo, (2.1

where the first inequality here can be found in [26, Proposition 2.2], while the second
one follows from Holder’s inequality.
For 1 < s < oo we say that w € RHj if

[w]rg, := sup (w)x,Q(w)I]Q < o0.
0e9
For s = 1 we will use the interpretation RH; = A, where we set [w]ry, = 1.

We provide some facts about the classes A; and Ay that we will use.

Proposition 2.1 (i) Ay = U,<,-, Ap for 1 < g < o0 and RH; = {J_, o, RH,
for 1 <s < oo. In particular we have w € Ay if and only if w € A, for some
1 <p<oo
(ii) For 1 < p <00, 1 <5 < 0o we have w € A, NRHy if and only if w* €
Ag(p—1)+1. Moreover, we have

[w'1a, e < (Iwla,[wlrn,)

(iii) There are constants c, k > 0 depending only on the doubling dimension v, so
that for every w € Ay we have

1

klwlay,

///;Jw <clwla,w forl <g <1+

Proof For (i) we refer the reader to [20,41]. Property (ii) can be found in [28].
Property (iii) is a consequence of [27, Theorem 1.1]. Indeed, this result states that
there are constants ¢, k > 0 depending only on v such that for any ball B we have
(W)gw),B < c(w)1,28, where g(w) := 1+ 1/(k[w]a,,). Thus, (iii) follows from
Holder’s inequality and the definition of Aj. O

2.2 Weighted Boundedness of Sparsely Dominated Operators

We wish to give some heuristic arguments as to why we can expect certain weighted
boundedness of sparsely dominated operators. We start with the following observation:

Proposition 2.2 Let 1 < pg < go <ocoand T € S(po, qo). Then T is of strong type
(p, p) forall py < p < qo and of weak type (po, po).

The verification of the strong boundedness is by now standard, see also [13]. While
the weak type boundedness should be well known, we could not find a precise reference
for the cases where pg > 1. For the case pg = 1 we refer the reader to [12, Theorem
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256 D. Frey, B. Nieraeth

E], see also [4, Proposition 6]. For completeness we give a proof of the general case
here, which we defer to the end of this section.

We will show that if an operator T lies in S(po, qo; t), then T must also lie in
S(g—, q+; w) for appropriate weights w, and for certain g < ¢+ depending on w.
Then Proposition 2.2 implies that T satisfies weighted boundedness.

First we note that if we have a sparse collection . C & with respect to the reference
measure u, then . is also sparse with respect to all weights w € A. Indeed, suppose
w € A, for some 1 < p < oo and suppose . is n-sparse with (Eg) ge.#nge as one
of the associated pairwise disjoint collections. Then, by Holder’s inequality (use the
first equation in (2.2) with ' = xg,, p = 1),

101\" -
w(Q) < (@ [w]pr(EQ) =n p[w]pr(EQ)-
Hence, . is [w]zi n?-sparse with respect to the measure w with the same collections

(EQ)gesnge-
Next we observe that for any 1 < p < g < oo it follows from Holder’s inequality

that |
1 1 7
(Fipo=lwly, (FQ) /Qlflqwdu) ,

1 1 /
(gw)y.0lQl < Wiy, (@ /Q 1817w du) w(Q).

Thus,if T € S(po, go; w) and w € Ap,/p, "NRH(yy /4,y for some po < p1 < q1 < qo,
then it follows from the self-improvement properties (i) of Proposition 2.1 that we
can find po < g— < p1,q1 < g+ < qo sothat w € Ay_;p, N RH(yy /4. y. Picking
appropriate functions f, g, and by applying the sparse domination property to the pair
f, gw, we find a sparse collection . C & so that by (2.2) we have

1 (1 / s
[anean Sgﬂ(—w(Q)/Qlflqwdu)q (—w(Q)/Q|g|q+wdu) " w(0).

In other words, we have T € S(g—, g+; w) and thus we obtain the boundedness

2.2)

w\‘._

T:LP(w) — LP(w), we Ay p NRHgy/qy, P1=p=q1.

For the case where p; = g1 = po and thus whenw € A1 NRH,,p,), an analogous
reasoning shows that for some py < g+ wehave T € S(po, g+; w). Hence, it follows
from Proposition 2.2 that T is of weak type (po, po) with respect to such weights.

Our main results deal with the cases p; = po where we establish quantitative
bounds of 7 in terms of the characteristic constants of the weight in the situations

T:LP(w)— LP(w), we A NRHy,,y,
T : L7 (w) — LP"®(w), we Ay NRHy,/pyy -
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Proof of Proposition 2.2 By splitting into 3" terms, we may assume without loss of
generality that our sparse domination occurs in a single dyadic grid 2* throughout
our arguments.

Letpo < p <qoandlet f € LPND, g € L?" ND. Then we can find a sparse
collection .¥ € 2% so that

UTL IS Y (F)po0l@y 0@l S Y essinfo (Mp, fMy8)Eq]
Qe Qe

S /e//lpoft///qég du.

By using Hélder’s inequality and by noting that p > po, p’ > g, it remains to
observe that ||.#Z,, fll, S IIfIl, and ||///qég||pr < ligllp- Hence, T extends to a

bounded operator in L?.
For the second assertion we will use the equivalence

1
. ——1
T Lro— proce > sup sup El/nfE sup |E|ro [(Tf, h)|, 2.3)
I fllpg=1 ECR" SE |hl<xg
P 0<|E|<o0 |EI2|E/| £

with f,h € D, see [19, Exercise 1.4.14]. Given such an f with | f|l,, = 1 and
E C R” of finite positive measure we define

Q= [///‘@(|f|1’0) > K|E|—1}, E = E\Q,

where K is chosen large enough to ensure that |E| < 2|E’|. Leth € D with |h| < xg'.
Then we can find a sparse collection . € 2% such that

UTLIIS D (P poMg.ol@l= Y (Fpolhly ol (2.4)

Qe Qe
ONE'#§

We proceed by taking a Calderén—Zygmund decomposition of | f|?° € L'. We can
find a disjoint collection & € 2% of cubes so that @ = Upc 4 P and functions g,

(bp)pep 50 that | £ = g + 3" pep bp and
suppbp < P, / bpdp =0, 25)
P

lgloo STEITY, gl S 1. (2.6)

Noting that for all P € &2 we have P N E’ = , the properties of the dyadic system
imply that for any Q € . with Q N E’ # ¢ we have P C Q whenever P N Q # (.
But then by (2.5) and arguments similar to the ones in the first part of the proof we
have
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1 70
Y Pmolhgolll= Y <@ fQ gdu) (h)gp.01Ql

Qe Qe
ONE'#Y ONE'#(
1
S liglmoliglinlly - .7

Thus, by combining (2.4) and (2.7), we find using (2.6) that

1
-2 PO\ p

20\ po L 1_1 L 1—-L
KTf, h) < (”g”oo ! ||g||]q> IRl E'| S |E| P |E[d = |E| ™.

Hence, we may conclude from (2.3) that || 7'|| . ro — 1.r0.2 < 00, finishing the proof. O

Remark 2.3 The cancellation of the ‘bad‘ part b in our proofs occurs because we are
able to perform our Calderén—Zygmund decomposition in the same dyadic grid as
where the sparse domination occurs, see Lemma 4.6. The usual Whitney decomposi-
tion argument that is used for Calder6n—Zygmund decompositions in general doubling
metric measure spaces, as can be found for example in [11,39], is not precise enough
for this particular argument and we need to adapt the results so that they work with
our dyadic grids.

3 Proofs of the Main Results
Throughout these proofs we fix a € {O, %, %}n and only consider cubes taken from
the grid 2*. We also only consider the dyadic maximal operators .#/), to be taken with
respect to this grid to facilitate some of the arguments and for simpler constants in our
estimates. Recall that D denotes a space of functions in R which has the property
that it is dense in L” (w) for all 1 < p < oo and all weights w € Ax.

As an analogue to [32, Lemma 3.2] and [26, Lemma 6.1], our main lemma is the
following:

Lemma 3.1 Let .Y € 2% be n-sparse, andlet 1 < py < p <qop <00, 1 < g < o0.
Then there is a constant ¢ = c¢(n, n, v) > 0 so that

1
(f)po.0(8) g 010l < ccp(@)? I fI [ Fq [
ng / P0-Q18/g5,0 P ! Lp(”//{q(qo/p)’w) ey (wl p)

forall f,g € Dandw € quo(go/p) , Where ¢ is as in Theorem 1.3.

We point out that a similar type of result is established in [15, Theorem B].

Remark 3.2 In the unweighted case we note that
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> (Fhool@la 01O < 1 Ity Fllpll My gl

Qe
RITEAY m P\ ,
<n [(po)} [(q(,))} AN pliglly -

Thus, it appears that adding the weight accounts for the extra term [(p/p’)']'/7 in
the constant ¢, which depends on p if and only if pg > 1. As a matter of fact, we
shall see in the proof of Lemma 3.4 that this constant appears in an application of
Kolmogorov’s Lemma to the maximal operator. This extra term is what causes the
additional terms in the quantitative bounds for pp > 1 in Theorem 1.4 and at this
moment we are unsure whether it can be removed or not.

S

We break up the proof of the main lemma into a sequence of lemmata.

Lemma 3.3 Forall f,g € Dand0 < B < 1 we have

1-B
Y (Fpol@)golQl S / My, ((///qg,g) f> (M) du.
Qe

Proof Note that for any Q € 2% we have

1—
9o

)/3

) 1-p
(g>q(),Q = (g)ﬂ/,Q(g) q(,)’Qess infg (///qég)

B
a 0 =1(g

so that

1-p
() po.0(8)gp.0 = <(///‘16g) f> <g>§6’Q

po,Q

< essinfg ), ((///qég)lﬂ f) (j/qég)ﬂ'

Hence, if ¥ € 2 is sparse, we find that

> () p0l@g0lQl S Y essinfg .y, ((%qég)lﬁ f) () 1ol
Qes Qe

< [ ((e) " 1) (ge)” o

as desired. O

Lemma 3.4 Foralll <g < oo, w € L;IOC, Po < p < qo, and f, g € D, we have

2 () m0 (&) 0@ S T et 18y (=)
Qe !
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where

B P(/) l ) ’ %
'L'p = - — .
p Po
For the proof of this lemma we require two results on dyadic maximal operators.
By the classical result of Fefferman and Stein [17] we have

A fllproqwy < WL Carw (3.1)

and thus [|.Z fllLrw) < PN fllLraw for 1 < p < oo by the Marcinkiewicz
Interpolation Theorem. This implies that

Q=

/!
2y fllLr) < [(5) } Ifllrawy. 1=q<p<oo. (3.2)

Moreover, as a consequence of Kolmogorov’s Lemma we have

(M [)°
=

MM S

0<dé<1 3.3)

for f suchthat .Z f < oo. For this result we refer the reader to [10, Proposition 2] or
[20, Theorem 9.2.7].

Proof We will prove the stronger assertion

o {max(r, 'y \' 1%
> (Fmolelg 001 S [(—0> (T> }

Qe
AN Lo arwya-rr-m) A8l (arwyi—r)

valid forall 1 <r < p6, generalizing a version of the result [30, Theorem 1.7] and its
proof in which the case pg = 1, go = oo is treated. The result of the lemma follows
by taking r = (p' — 1)/q +1 € (1, p'l.

We set

r—1+4p,—1 1)

£ i= min (p por =1+ (py— Dr’

sothat) < 8 < 1.
By Lemma 3.3 and by Holder’s Inequality we find that

> Fimoledg0l0l S [ <(///qg)g)l_ﬂ f) (y2)" an
% 3.4)

B
< 11yl payiory
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where

»'

LV =B (A w)A=rB/(B=p"))

()

We will consider two cases. First assume that

, r—14p,—1
p >
po(r — 1)+ (py — Dr

and 8 = 1. Then

(P =D =1+py—1=2(py —D0r =1

so that

by the assumption r < p;. Then it follows from (3.2) and (3.3) that

1
AYE
L= Moo f | Lo apuna-rma-m)y < 7 W Lp o (atrwya—rra-yy)

1

= 1
1 P p "o
5 (1 _1=r ) [(%) ”f”LP((%w)(l*r)/(lfpl))
17 /

P
L
p ko

o WA Lo (arwya-nra-»y»

/ /
< |2 @
- r
For the second case we assume that

S

as desired.

, r—14py—1
po(r — 1)+ (py— Dr

, r—=14py—1
por =1+ (py— Dr’

<1 and B=p

p

Then, using r < p;,, we note that

Po_ptr (-0

1 r—1
— =11 1.
y—p_ 2 P p—p 2<+p5—1)<
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Hence, we may apply (3.2) and (3.3) so that

-8 , 1
1 P P 3 PO
IS\ —a0r ———| Ay Iy ,
1= 5= =F — Po L7 P ((///w)u—rm/(ﬂ—p))
P\ " po (' \17
<[2(2)] " [ (%) | v,
r "\ Po L ff((///w)(l rB/(B- p))
(3.5)
By Holder’s Inequality we find that
/p/
Iy ) P F177
L?-B ((///w)(l—r)ﬂ/<ﬂ—p’))
a=pyp A=n(¢=-1
= [t T o) T 1Tty
p’(l—ﬂ) .4
= |l-#, IL,, ()~ ,)IIJ‘IILP((%,w)(1 /="
Hence, by (3.5) we have
p/ / 7 ! Plio
< | (20 (= /
I's [( . ) <p0) :| ”f”L])((%w)(lfr)/(lfp))” g“LP (M) )’
Thus, the result follows from (3.4).
By combining the two cases, the assertion follows. O

For the proof of Lemma 3.1 we will use a result that can be found in [32, p. 8] which
states that

1—L
pqg — 1 Pq
”%f”l‘p’((///qw)l—p’) < ( q— 1 ) ”f”Lp’(wl—p’) (36)

forl < p,q < oco.

Proof of Lemma 3.1 Setting v := w(@/P)" it follows from (3.6) that

%/ _/:% 4q
”%“w«%%ww”) n<m®nmaﬂ)”%)

1 1

P ' ‘16_ '\ 1
I — P 4
((16) q-1 qé(%) ! e

po, gl

L% (UI*P,/‘Z(/))
Y +4
S I:(_/>:| (Q)p/ q’”g”Lp (wl p)v
40

IA

=

(3.7)
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where we used that

1 1 1 1 11
==+ ——— =+

o N\ ’ N\ / 1
©oa(f)e Towl(f)e 1

By maximizing the function ¢ +— tY1 for t > 1, we note that (q’)l/q/ < e!/¢. Hence,
by combining Lemma 3.4 and (3.7), the result follows. O

Proof of Theorem 1.3 Set v := w40/ P’ e Ay and let k be the constant from Proposi-
tion 2.1(iii). Setting ¢ = 1 + 1/(«x[v]a,,), we have ¢’ >~ [v]4,, and

1 —1
Myiqo)pyw = (Mgv) WP S [U]X?/m w
Hence, from Lemma 3.1 it follows that

P(lIO/I)

1
KTf 9 S [v]Aoo[ Loy WfllLran gl e vy

proving the result. O

Proof of Theorem 1.4 The proof uses arguments similar to the ones presented in the
proof of Proposition 2.2. We use the equivalence

1Tl .70 (w)— L.P0-2 (wy)

1
~ sup sup inf sup w(E)ro ! ‘/(Tf)hw du‘ .(3.8)
Iflrouy=1 ECR" E'CE  |h|<yp
0<w(E)<oo w(E)<2w(E")

Fixing a function f € D with || f|lzrow) = 1 and a measurable set E, we set

= {///%(|f|p0) > 2c[w]Alw(E)_1}, where .#% denotes the uncentred max-
imal operator with respect to all balls B € R" and where ¢ = c(n,v) > 0 is the
constant appearing in the inequality ||%'%¢||L1,m(w) < clwla, 1911 (> Which is a
consequence of (3.1). We have

w(R) < C[w A‘“’(E) /|f|P° = M (3.9)

and thus, setting E' := E\Q, we have w(E") > w(E) — w(Q) > w(E)/2.
By applying Lemma 4.6 with | f|P° € L', we obtain a disjoint collection &2 C 2%
of cubes so that 2 = Up. o P and functions g, b so that | f|”° = g + b, where

g=1f1"xa + Y _(fI")pxe

PeZ
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and

[wla,

< A
lglloo S o)

Picking a function /4 satisfying |k| < xgr and hw € D, we apply the sparse domination
property to the pair f, hw to find a sparse collection . € Z“ so that, by using Lemma
3.1 with the weight wxgr, forall pg < p < gp and 1 < g < oo we have

1 7
‘/(Tf)hwdu‘zqu,hw)lf Z <@/diu> (hw) g 0l Q!

Qe
ONE'#(

1 1
AN
S p@7 ISy ) L ot

o Ll 1o L
Sep(g)r Twly! "w(E)? "Ollgll’l(

1
w(E)7 .
L ///q(qo/p)/ (wXE/))

(3.10)
Note here that we have used the fact that the terms involving b cancel in the exact
same way as they do in the proof of Proposition 2.2.
Similar to what is done in [26,32,37], we deal with the term involving g as follows:
We remark that for a cube P € 2% we have

M (Pxpe)(x) =essinfp A (pypc) forallx € P. (3.11)

Indeed, let x, y € P and let R € 9% so that x € R. Then either R € P or P C R.
In the first case we have (¢ xpc)1,g = 0, while in the second case we have y € R
and thus (@ xpc)1 r < A (pxpc)(y). Thus, we may conclude that #Z (¢ xpc)(x) <
A (P xpe)(y), proving (3.11) by symmetry. Using this result, we find, since E’ € P¢
forall P € £, that

/lgl///q(qo/p)r(wXEr)dpL < Z essinf p ///q(qo/p)’(wXPc)/lflpO du
“ P
PeZ

= /;Jﬂpo//fq(qo/p)’w dpe.
Since g = | f|P° on Q€, we conclude that

< po . 3.12
”g“Ll(‘///qwo/p)/(wXE/)) - ”f”LPO ('///‘l(qo/m’w) ( )

We first assume that ggp < co. We set v := w(@/P) ¢ A and choose

q0 — Po 2+ 2«[v]a,

PPt ey T T el

@ Springer



Weak and Strong Type A1—A~o Estimates 265

Then we have ¢’ = 2 + 2« [v]a,, = [v]a,,,and

/)
p Po K[v]ay

so that it follows from Proposition 2.1(iii) that

@o/ro)
Mygo/pyw S (V14 qo/po)

Thus, it follows from (3.10), (3.12), and Proposition 2.1(ii) that

1 £ L
w(E)m ! ' / (Tf)hwdu‘ < epllf [l o] ”W”“)
1 1
= cplvl} (1wla [wlkn, )™ (313)

Next, we note that

L_CIO_1+2K[U]AOO(PO_1)< qo—1 1

;=

< +
p q0 + 2k [v] ., PO 2k[v]lapPo Py

and thus

L -
ro< Py
[U]Aoo ~ [U]Aoo

Moreover, we compute

o [2(610 — D(go + ZK[U]AOOPO)];(’)
g 2k [v]ay (go — po)

5 [po<qo + 2 [0la) (o — 1 + 2k [v]a (po — 1))}30

(90 — po)?
1

ST [1+ (po — DIvla ]

Hence, it follows from (3.8) and (3.13) that

1

70

1
1Ty S [Wlas [T+ (po = DIvla ] ([wla [wlka,, )

The result follows by considering the cases pp = 1 and pg > 1 separately.
Now we assume that go = co. Taking ¢ = 1 + 1/(x[w]a,,) we have ¢’ ~ [w]a_,
Thus, from (3.10) and Proposition 2.1(iii) we obtain

1

L £ L
w(E)r " '/(Tf)hwdu‘ < cplwl) [wl} (3.14)
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forall pg < p < o0o. Choosing p = po + 1/(log(e + [w]a,,)), we have

1 _ 1+ (o= Dlogle+ wlay) _ 1 1
14 1+ polog(e +[wlay)  ~ pologle +[wlay,)  py
so that
L -
[wlf <l . (3.15)

Moreover, we compute
1
cp = p[pol 4+ (po — 1) log(e + [wla))(1 + polog(e + [wla )] 7
< [1+ (po — 1) log(e + [wla)] 7 log(e + [wla, )70

Hence, by (3.8), (3.14), and (3.15), we conclude that

1T 1| 1,70 (w)— £.P0-% ()
e 1 T
S wlp fwl )’ [14 (po — D log(e + [wla,)] log(e + [w]a,) 7.

By considering the cases pg = 1 and pp > 1 separately, the desired result follows. O

Proof of Theorem 1.5 We use the equivalence

T*f

. — L\ T*f
: >~  sup inf sup w(E) o —,hw)|. (3.16)
o / ECR" E'CE h<xp s
WO L96%w)  gem() w00 w(E)<2w(E) 1 w0

Let f € D with ”f”qé = landlet E C R" with0 < w(E) < co. We denote by ///,LZ
the uncentred maximal operator over balls with respect to the measure w du. Then we
define

Q= {///,?(M) > 2cw(E)~! },

w

where ¢ = c(n, v) > 0 is the constant appearing in the inequality ||///u‘)@ Allprooqy) <
clléll o1 We have

cw(E) [|f|% w(E)
wdy = ——

Q) <
W) = 2c w 2

which, setting E’ := E\, implies that w(E’) > w(E) — w(R) > w(E)/2.

By applying the Whitney Decomposition Theorem to €2, see Theorem 4.7, we obtain
a disjoint collection & C 2% of cubes so that & = Upc 5 P with the property that
for each P € & there exists a ball B(P) containing P so that B(P) N Q¢ # ¢ and
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|B(P)| < | P|, where the implicit constant depends only on n and v, see also the proof
of Lemma 4.6. Moreover, we obtain functions g, b so that | f |"6 = g + b, where

g=1fl%xa+ > (If19) pxp.
PeP

Next, we pick a function / satisfying |h| < xgr and hw!'/? € D, and fix a po <
P < qo to be chosen later. We apply the sparse domination property to the pair hw'/9,
f to find a sparse collection . € 2¢ so that, by applying Lemma 3.1 with the weight
wl/(q"/f’)/, we find that for all 1 < g < oo we have

1
T* 1 1 1 -
(et 5 ). o)
w7 Qe po.Q 12
ONE'#(
- ;
S ep(@)r lhwo || 1\ gl %l -
LP ((»///qw) (qo/p)/> v <w (qo/p)/>
R
= ¢p(g)7 1w | L
LP ((.//qu) 4o/p) >
%
;o A=pt / 1=p P
/ | £1P w@o/r) dy + Z (f);’, » / w@/r’ du ,
e PeP e
(3.17)

where the terms involving b cancel in the same way as before.
Choosing ¢ = 1 + 1/(k[w]a,) so that ¢’ >~ [w]a,,, it follows from Proposition
2.1(iii) that

1 1
(q/) P lhw o || 1 < [w]A [w] "(‘10/”) (/ |h|l’wqo w(qo/p) d/L)
LP (M yw) (q0/p) )

1

vy 1
< [wl} [w]"““)“” w(E)7. (3.18)
Next, since | f| < w(E)_l/qéwl/qo in Q°, we have

1-p’ _‘1/ ‘I(/)—Pl q(/)—p

| 1P w@o/n du<w(E) 0 Ifl%w © w % dpu<w(E) 9 . (3.19)

QC

Furthermore, fixinga P € & and x € B(P) N Q°, we have

J < l’ —q
<f>q('),P ~ qO B(P)
/7 / -

Sw(E) qo ( >1,B(P)

/
If Iq" K q()
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and
a,—r ”Lﬂ(/) a,—r
<w 4 > < [w]Aq0 <(///°%w) 1 >
1P 1 1,B(P)
P =4}, ap—r'
ap a4
< [w]A1 (w)l,B(p)

so that

P~ i
, 1—p 0 ,
E (f)gépfw(qo/lJ) du < [w]A w(E) % E <|f|q0>l,P|P|
’ P

PeP Pe?

< [wl, w(E) o . (3.20)
Thus, by combining (3.18),(3.19), and (3.20) with (3.17), we conclude that

T*f L £ 7 (ZO 1 7‘1071)/
<—l,hw> <cp[w]A [w ]”WO“” [w], " w(E)rw(E) 7%
w7 (3.21)
< p(qo/p) L

cp[w] [w], w(E) .

By writing L := log(e + [w]4,) and choosing

490

= +qo0 € (po, q0)
p POqO+L ‘1q0+L Po, 4
we have
2
[w]p(qo/p> _ [w]i‘qo/po)’(poﬂ) S(/,Z/e
and

1

, 1
q0 Lo q0 /P0+L(p°_1)<%) +q%0:zzloL "
[ (p + L)} Po(—)
Po L L

1
L%,

A

Thus, by (3.16) and (3.21) we have

T*
f < ([wla L)%,

’
w0 | 99 ()

-

as desired. O
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4 Extensions of the Results to Spaces of Homogeneous Type

This section is dedicated to extending our main results to spaces of homogeneous type
(X, d, n). Here X is a set equipped with a quasimetric d, i.e. a mapping satisfying the
usual properties of a metric except for the triangle inequality, which is replaced by the
estimate

d(x,y) = A(d(x, 2) +d(z, y))

for a constant A > 1, and p is a Borel measure on X satisfying the doubling property,
1.e. there is a C > 0 such that

n(B(x;2r)) < Cu(B(x;r))

for all x € X, r > 0. Taking the smallest such C we set v := log, C. Furthermore,
we write |E| := w(E) for all Borel sets E € X. The doubling property implies that
forx € X and R > r > 0 we have

B(x: R)| < C (5) Bx: ). @.1)
r

In turn, this implies that if y € B(x; R) for x € X, then for 0 < r < 2AR we have

2AR\"
|B(x: R)| = C <T> |B(y: 7). (4.2)

We make the additional assumption that 0 < |B| < oo for all balls B € X. This
property ensures that X is separable [7, Proposition 1.6].

Finally, we make the assumption that Lebesgue’s Differentiation Theorem holds.
This holds, for example, when X is a domain in R”. Indeed, more generally, if A = 1
(that is, (X, d) is a metric space) and w is an inner regular Borel outer measure, then
Lebesgue’s Differentiation Theorem holds, see [22, Sect. 14]. This assumption is used
for the L° bound on the good part in our Calderén—Zygmund decompositions.

We will consider the situations where X is unbounded and where X is bounded
separately, the latter situation being simpler. To facilitate this, we impose that the
underlying quasimetric space (X, d) has exactly one of the following properties:

(I) There is a constant y > 0 so that
diam(B(x;r)) > yr “4.3)

forallx € X,r > 0;
(II) diam X < oo.

We note that property (I) and property (II) are mutually exclusive, since (I) implies that
X is unbounded. The extra assumption for the unbounded case is not too restrictive
in the sense that the unbounded spaces in our applications usually do satisfy property
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(I). We point out that when (X, d) is a connected metric space, then it satisfies either
(I) or (II):

Proposition 4.1 Suppose X is metric, connected, and unbounded. Then (I) holds with
y =1

Proof Letr > ¢ > 0. The assumptions on X imply that X # B(x;r —¢) U B(x; r)¢
and thus we can pick y € B(x;r)\B(x;r — ¢) so that diam(B(x;r)) > d(x,y) >
r — &, proving the result. O

A non-connected example where (I) holds with y = 1/2 is the subset (—oo, 0)U(1, 2)
of the real line. An example where (I) fails is any metric space that has an isolated
point.

We will use the following definition of a dyadic system in X.

Definition 4.2 Let 0 < ¢9g < Cyp < ocoand 0 < § < 1. If for each k € Z we have a
pairwise disjoint collection &y = (Q’; ) jeJ, of measurable subsets of X and a collec-

tion of points (z’; )jesi» then we call (Z)rez a dyadic system in X with parameters
co, Co, 8, if it satisfies the following properties:

(i) for all k € Z we have

x=J o}

JeJk

(ii) forl > k,if Q € %, and Q' € Y, we have thateither 0N Q' =P or Q C Q';
(iii) foreach k € Z and j € J; we have

B(2h; co8") < 0F < B(; Cos*);
(iv) forl > k, if Q’j, C Q’;, then B(zlj,; Cos¥) C B(z’; : Cosh).

The elements of a dyadic system are called cubes. We call zlj‘. the centre of Q’J‘. It
Q € Y, then we call the unique cube Q' € Z_; so that Q C Q’, the parent of Q.
Furthermore, we say that Q is a child of Q’. Note that it is possible that for a cube Q
there exists more than one k € Z so that O € Z. Hence, when speaking of a child
or the parent of Q, this should be with respect to a specific k € Z where Q € % to
avoid ambiguity.

For a detailed discussion on the construction of dyadic systems and for the following
theorem we refer the reader to [25] and references therein.

Theorem 4.3 There exist 0 < cg < Cyp < 00,0 < § < 1, p > 0 and a positive

integer K, so that there are dyadic system 2", ..., 2% in X with parameters co, Co,
8 so that for each x € X and r > 0 there existsana € {1,..., K} and Q € 2% so
that

B(x;r) € Q and diam(Q) < pr.
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Writing = Ule.@“, one defines the respective notions for weight classes
accordingly. Likewise, we say that a collection . C & is called n-sparse for 0 <
n < lifforeacha € {1, R K} there is a pairwise disjoint collection (Eg) ge.7n g«
of measurable sets so that Eg € Q and |Q] < n~! [Egl.

For our main results we require that the Calderén—Zygmund decompositions
we take are adapted to the dyadic grids obtained from this theorem. The standard
Calderén—-Zygmund decomposition as found in [11] is not precise enough for these
purposes, see also Remark 2.3.

For 1 < pg < go < co we may define the class S(po, go) as the class of those
operators T that satisfy the property that there is a constant ¢ > O andan 0 < n < 1
so that for each pair of functions f, g in an appropriately large class of functions on
X there is an n-sparse collection . C & so that

KTf. gl <c Z (f)po.0(8)g). 0l QI
Qe

The remainder of this section will be dedicated to proving the following result:

Theorem 4.4 Let 1 < py < qo < oo and suppose that (X, d) satisfies either property
(I) or property (Il). Then for T € S(po, qo), the results of Theorems 1.3 and 1.4
remain true, where the dependence on n of the constants changes to dependence on
the parameters of the dyadic system (and also y in the case (I)). Similarly, the results
of Theorem 1.5 remain true in the case that property (1) is satisfied.

The main difficulty arises when one wants to take Calderén—Zygmund decomposi-
tions. We remark that in the cases (I) and (II) one can use the standard maximal cube
arguments and localization arguments, respectively, to conclude that our dyadic max-
imal operators satisfy the usual weak and strong boundedness results. The Lemmata
in Sect. 3 all follow in the more general setting in the same way as they have been
presented, where we replace the set of test functions D by another appropriate class
of functions that is dense in L”(w) forall 1 < p < 00, w € Ay such as the linear
span of the indicator functions functions over the balls in X.

From now on we consider a fixed dyadic system Z* = Uyez Zk in X with param-
eters cg, Cop, 8.

We first assume that we are in the easier case (II). We define the maximal operator
A with respect to the cubes Q € Z* by A f 1= supgegy+(f)1,0X0-

Lemma 4.5 (Calder6n—-Zygmund Lemma in the case (II)) Let f € L' x>0, and
let Q .= { A f > \}. If Q # X, then we can find a pairwise disjoint collection of
cubes & C P* and a constant ¢ > 0, depending only on the parameters of the dyadic
system, the doubling dimension v, and the quasimetric constant A, so that

e=J r

PeP

and for each P € &
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Proof Fix ko € Z small enough so that cg8*0 > diam X. Then for any x € X we
have B(x; cg8%0) = X. Hence, it follows from property (iii) of dyadic systems that
D, = {X}.

Note that 2 # X implies that (f); x < A. Letx € Q. Then the set

Ky :={k>ko|thereisa Q € Z, x € Q, (f)1,0 > 1}

is non-empty. Thus, by well-orderedness there is a minimal k, € K, and thus a cube
Py € Y, that contains x so that (f); p, > A. By minimality of k,, it follows that
(N1, p(py) < A, where p(Py) € %, denotes the parent of Py. By (4.2) and property
(iii) of dyadic systems this implies that

A< {fhp S c(fhipepy < ch,

with ¢ = C(2ACqy/(cd))".

It remains to show that the hereby obtained collection P = (Py)rex is pairwise
disjoint. Indeed, assume that Py, P> € P sothat P{ N P, # (J. We have either P; C P»
or P, C Pj by property (ii) of dyadic systems. Without loss of generality we assume
the first. Pick x € X so that P; = Py. Since x € P, and (f)1,p, > A, minimality of
k. implies that P, € 2 for some / > k,. Again by property (ii) of dyadic systems,
this implies that P, € Pj, proving that P; = P». The assertion follows. O

Next, we consider the case (I). We define the maximal operator .# Z with respect
to the balls B € X by j/‘@f = supp(f)1.BXB-

Lemma 4.6 (Calder6n—Zygmund Lemma in the case (1)) Let f € L' % > 0, and
let Q := {//l%f > AL If Q # X, then we can find a pairwise disjoint collection of
cubes & C P* and a constant ¢ > 0, depending only on the parameters of the dyadic
system, the doubling dimension v, the quasimetric constant A, and y, so that

Q:UP,

Pe?

and for each P € &

(f)1,p < ch.

For the proof we use a version of the Whitney Decomposition Theorem. Note that the
diameter assumption (4.3) together with property (iii) of dyadic systems implies that
for any Q € % we have

ycod® < diam Q < 2ACysF. (4.4)

Theorem 4.7 (Whitney decomposition theorem for dyadic cubes) Let 2 C X be
open. Then there exists a pairwise disjoint collection of cubes & < P* such that

a=Jr

Pe?
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and for each P € 2,

2

_ 4A%C
diam P < d(P, Q°) < 0
ycod

diam P.

Proof We define
&:={0eZ"|0cQ,diamQ <d(Q,Q9}.
Moreover we set
P .={Q € & |thereisak € Zso that Q € Z, p(Q) ¢ &},

where p(Q) € Zk—1 denotes the parent of Q € Z.. We will show that

U r=2

Pe?

Indeed, any P € & is contained in Q. Conversely, if x € €, let (Qi)kez be the
sequence of cubes in Z* with x € QX and QX € % for all k € Z. Since  is
open, there is a ball B = B(x; r) contained in 2. Picking k¢ large enough so that
2ACy8% < r, we find that

okcB;rnca

for all k > ko by (4.4). Moreover, since d(QX, Q¢) > A= (d(x, Q) — 2A%Cy8%) 1
A~ (x, QF) as k — oo, while diam(Qﬁ) < 2ACy8% | 0as k — oo, we can
find a ky € Z so that diam(Qﬁ‘C) < d(Qﬁ, Q°¢) whenever k > k;. Hence, for all
k > max(kg, k1) we have Qﬁ‘c € &. Thus, the set

KX:={keZ|Q§e<$}

is non-empty. We also claim that K, is bounded from below. Indeed, if we choose
ko € Z small enough so that yco(Skz > d(x, Q°), then

d(Q%, Q%) < d(x, Q% < diam(QY)

for all k£ < kp by (4.4), and hence Qﬁ‘c ¢ & for k < kj, proving the claim.

We set k; := min K, € Z. Then Qﬁ?‘ € & while p(Q];") = i?‘*] ¢ &. Hence,

];" € &, proving that x € Upc 4 P, as desired.

Next we will show that & is pairwise disjoint. Suppose for a contradiction that we
have P, P, € # sothat PN P, # Jand P # P». Letly, [, € Zso that Py € 9,
Py € 9, and p(P1), p(P») ¢ &. Without loss of generality we assume that /1 > [
and thus P; € P, by property (ii) of the dyadic systems. Then also p(P;) € P». Since

p(P1) ¢ &, we must have that either p(P) € Q or d(p(P1), 2°) < d(p(P1)). The
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first case implies that P g 2, contradicting the fact that P, € &. The second case
implies that

diam(P,) = diam(p(Py)) > d(p(P1), Q) = d (P2, Q°),

again contradicting P, € &. We conclude that & is pairwise disjoint, as desired.

It remains to show that d(P, Q°) < 4A2Co/(yc08) diam P for all P € . Let
P e P, P €  sothat p(P) ¢ &. Then either p(P) ¢ Q or d(p(P), Q) <
diam(p(P)). In the first case we have d(p(Q), 2¢) = 0, so in both cases we have

24Co o _ 2ACy

d(p(P), Q%) < diam(p(P)) < 2ACosF ! = yeodt < diam P.
ycod ycod
by (4.4). Hence,
. . , 4A%Cy .
d(P, Q) < Ad(p(P), Q) + diam(p(P))) < ; diam P,
as desired. O

Proof of Lemma 4.6 We apply the Whitney Decomposition Theorem to write 2 =
Uper P.
If Pe P, P e 9 with centre zp, we have

8A3C
80> diam P

2d(zp, Q) < 2A diam P + 2Ad(P, Q°) < <2A +

16A3C
< <4A + 0) Codk =: 1Cys
ycod

so that
0 # B(zp; 2d(zp, Q) N Q° C B(zp; TCo8Y) N Q°.

Since

7Co

Vv
B(zp; TCo5k)‘ <C ( ) |B(zp; cos)| < | P

o
by (4.1), we may pick a point x € B(zp; ICOBk) N Q¢ to conclude that

(N)p S s ety < A7 F(0) < A

The assertion follows. O
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Proof of Theorem 4.4 Inboth cases (I) and (I), the proof of Theorem 1.3 holds mutatis
mutandis. Moreover, in the case (I), the same is true for Theorem 1.4, where one uses
Lemma 4.6, and for Theorem 1.5, where one uses Theorem 4.7.
For Theorem 1.4 in the case (II), one replaces the set 2 in the proof by the set
= {A(f|P) > 2[w]A1w(E)’1}. We claim that Q # X. Indeed, since X is
bounded, we have w(X) < oo. Thus, by (3.1), we have

w(Q) < “’(E) /Ifl”"/// ap =" <0 x,

proving the claim. Thus we may apply Lemma 4.5 to decompose €2, and the remainder
of the proof runs analogously. O

5 Optimality of Weighted Strong Type Estimates

In this section we are going to show that the weighted strong type estimates in (1.3)
and (1.8) are optimal, given a certain asymptotic behaviour of the unweighted L?
operator norm of 7. Such asymptotic behaviour is directly linked to lower bounds on
the (generalized) kernel of the operator, see Example 5.5. We improve upon the result
in [6], where it was shown that the estimate (1.3) is optimal for sparse forms. Indeed,
here we are directly using properties of the operator T itself rather than only its sparse
bounds.

Our method is an adaptation of the results of Fefferman and Pipher [16] and Luque
et al. [35]. We deduce sharpness of weighted bounds from the asymptotic behaviour
of the unweighted L” norm of T as p tends to pg and g, respectively. The proof
exploits the known sharp behaviour of the Hardy—Littlewood maximal function via
the iteration algorithm of Rubio de Francia.

We will work in a doubling metric measure space (X, d, ) satisfying the assump-
tions from the Sect. 4. As a matter of fact, the only property we need is a precise control
of the L? norm of the maximal operator. More precisely, we let Z := UK _ 2% be the
union of the dyadic grids in X obtained from Theorem 4.3. Then we deﬁne

My f = max Sup (flg.oxo = sup(flg.0x0
1<a<K Q QE@

for 1 < g < oo, where we set .# := .#\. Using the shorthand notation ||.#Z, |, =
|4yl Lr—1r for p > q, we will use

I, < Kp', (5.1

which follows as in (3.2) with w = 1.
Let us first define the critical exponents that determine the asymptotic behaviour of
the unweighted L? operator norm of 7.
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Definition 5.1 Let 1 < pg < go < oco. Let T be a bounded operator on L? for all
po < p < qo- We define

ar(po) := sup {a >0 | Ve > 0, limsup (p — po)* I T l|Lrosrr = oo} :
P=Po
For gy < oo we define
yr(qo) := sup {V >0 | Ve >0, limsup (g0 — p)" “II T llLr—rr = OO} ,

pP—=40

and for gg = o0

T zr
yr(00) 1= sup{y >0 | Ve > 0, lim sup ””L;LP = oo}.
p—00 pr—*

For py < s < qo we define

r(s
b (s) = (‘1—0) <— - 1) .y
s Po
Then it follows from Proposition 2.1(ii) that for a weight w we have w € Ag/p, N
RH /sy if and only if w@/9)" € Ay

We establish the following connection between the weighted strong type estimates
for T and the asymptotic behaviour of the unweighted L? operator norm at the end-

points p = pg and p = qo.

Theorem 5.2 Let T be a bounded operator on LP for all po < p < qo. Suppose that
for some py < s < qo and for all w € Ag;py N RH g /sy,

B/(qo/s)

Ap(s)

1T 125 w)s 25 () < € [w@o/”’] (5.2)

Then

Bz max( P ar o). (L) VT((]O)) .
s — po s

We also establish a version involving the A characteristics. Its proof follows the
same lines as the one for Theorem 5.2 and will therefore be omitted.

Theorem 5.3 Let T be a bounded operator on LP for all py < p < qo. Suppose that
for some py < s < qo and for all w € Ay N RH gy /5y,

B/(qo/s)
A '

Tl L5 (wy— L5 (w) < € [w(q‘)/”/] (5.3)
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Then
B = (-) y1(q0).

Proof of Theorem 5.2 We adapt the proof of [35], which is based on the iteration
algorithm of Rubio de Francia. Let pg < p < s, and define the operator R by

1
Rh:Z_k”//lp

= oll%

for h € L? with h > 0. We claim that then

(A) h <Rh,
B) IR~ = 21|Allp,
(©) [(Rh)POTa, < 2P0 A Nl p) po.-

Properties (A) and (B) are immediate. Note that (B) uses the assumption py < p.
Property (C) can be seen as follows: By definition of R, we have

Mpy(RE) < 2\| M py |l R

Thus, using that ||.Z |, = ||///||;7//";%, we obtain for v = Rh

M W) = (M pyv)° < QUM g |l )70 = 2PN A | pypy 0™,
which yields (C).

Letusnow estimate || T ||Lr— rr, given (5.2). Let f € LP. Then by Holder’s inequal-
ity,

P » 1/p
= (/ ITAIPRIFD™CPERIFOP du)

1/s S;—f
< ( / TFPRIF) P du) ( / (lel)”du>

We abbreviate w = (R|f])~“~7). Applying assumption (5.2) and (B) in the first
step and (A) in the second step yields

ﬂ/(qo/) Vs = sop
ITf1, < e [w@' " (/Iflwdu> 11

Aps)
ﬂ/(qo/) s »
< [wer] ( / Iflpdu> 11
Ao
1B/ (o/s)
= c[we ] " g,
Aps)
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sy ] @@ =DB/qo/s)
_ C[w(qo/S) (a ¢<s>)] 11
Agisy

since [w]a .= [wl_q/]z\_/l. Using the equality
q

Po

() s0-1=m =

5—p

=iy EET] < [RIDPT

o) Apy

[w<qo/s>’(1—¢<s>’>]
Apr

We thus obtain

s

IWﬂbNURMWﬂZWHﬂb_KRMWﬂﬂ”Hﬂm

From property (C) and (5.1) we can then deduce

s—p
Po

ﬂS:P B
H”m%uﬁhﬁlm<(pp )

p/po ~

— Po
This shows
c s—p ﬂr—p
lim sup(p — po) P | T|lLr—rr S limsup p~ 70 < 00
P—>Do P—>Po

Po

which by definition of ar (po) implies that 8 >

Now for the behaviour for p — ¢go we follow the argument of [16]. We assume
qo < oo. The case gg = oo has been treated in [35] already. We abbreviate g :=
(go/s). Let po < s < p < qo. We again use the iteration algorithm of Rubio de
Francia, but slightly change the definition of the operator R. This time, we define R
by

Rh=d g
KT
im0 2 1A 1y

for h € L/ with h > 0. Then, just as before, we have

(A) h <Rh,
B) I1RAlpssy = 20l (pssy
©) [(Rh)T1a; <290\M I (pysy /q-

@ Springer



Weak and Strong Type A1—A~o Estimates 279

Let f € LP. There exists h € L/ with ||4]|(,/5y = 1 and h > 0 so that by (A)

ITFS = Tl ffITfl"hdMS/ITflsthM. (5.4)

It follows from the assumption (5.2) and (B) that

/3/( /)
/ITfISthusc[(Rh)(qO/” o /|f| Rhdu
Ag(s)
188/ (qo/s)
< [@my@ Ty g,
Al

Hence, by (5.4) and (C), we have

B/(ao/s) .
:| < ”%”ﬁ/((lo/s)

(q0/5)
ITlzr—rr S [(Rh) ol (p/5)/(qo/s)'"

Using (5.1), we find

p(go —5) )/3/(110/5)

ITNr—rr S (
s(qo — p)

so that

) — )\ P@o/s)
lim sup(qo — p)P/“/> || T||Lp— Lr < lim sup (M>

< 00.
pP—q0 P—q0 S
By definition of y7(qo), this yields 8 > (go/s) v (qo), proving the assertion. O

For the application of these results to sparsely dominated operators, we make the
following observation.

Proposition 5.4 Let 1 < pg < qo < oo andletT € S(po, qo). Then

1
ar(po) < —, yr(qo) <
Po

§\| —

Proof This is an immediate consequence of the fact that

1 1

Nav 50

T r—rr < (5) [(ﬁ)} :
q0 Po

which follows from Remark 3.2. O

From the above, we can deduce optimality of the weighted estimates as stated in
Theorem 1.6.
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Proof of Theorem 1.6 Let B denote the best constant in the estimate

B/(qo/p)

w(qo/l’)’]
Ap(p)

TN e wy—rr@) S [

Then it follows from the result (1.3) from [6] that

ﬁimax<;7ﬂ>.
P—po qo—p

Conversely, it follows from Theorem 5.2 that

/
Do q0 1 qo—1
b2 (2 () ) s (071
P — Po )4 pP—PpPo q0—Pp

proving the first result. Using Theorem 5.3, the second result follows analogously. O
Let us give an example of an operator 7' for which the exponent y7(go) is known.

Example 5.5 Let M be a complete C*° Riemannian manifold M of dimensionn > 3.
Assume that M is the union of a compact part and a finite number of Euclidean ends,
e.g. two copies of R” glued smoothly along their unit circles. Then it was shown in
[9] that in the case that the number of ends is at least two, the corresponding Riesz
transform 7 is bounded from L” (M) to L?(M; T*M) ifandonly if 1 < p < n. More
precisely, it was shown in [9, Lemma 5.1] that the kernel of 7' decays only to order

n — 1. A straightforward calculation, analogous to the classical results (see e.g. [39,
n—1

p-42]), shows that this implies yr(go) = yr(n) = =—.

n
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