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Smoothed Isotonic Estimators of a
Monotone Baseline Hazard in the
Cox Model

HENDRIK P. LOPUHAA AND ENI MUSTA
Delft Institute of Applied Mathematics, Delft University of Technology

ABSTRACT. We consider the smoothed maximum likelihood estimator and the smoothed
Grenander-type estimator for a monotone baseline hazard rate A in the Cox model. We ana-
Iyze their asymptotic behaviour and show that they are asymptotically normal at rate n”*/ @m+1
when Ag is m > 2 times continuously differentiable, and that both estimators are asymptotically
equivalent. Finally, we present numerical results on pointwise confidence intervals that illustrate the
comparable behaviour of the two methods.

Key words: asymptotic normality, Cox regression model, hazard rate, isotonic estimation,
kernel smoothing, smoothed Grenander estimator, smoothed maximum likelihood estimator

1. Introduction

The semi-parametric Cox regression model is a very popular method in survival analysis that
allows incorporation of covariates when studying lifetime distributions in the presence of right
censored data. The ease of interpretation, resulting from the formulation in terms of the hazard
rate and the proportional effect of the covariates, and the fact that the regression coefficients
(parametric component) can be estimated while leaving the baseline distribution unspecified
favour the wide use of this framework, especially in medical applications. On the other hand,
because its first introduction (Cox, 1972), much effort has been spent on giving a firm math-
ematical basis to this approach. Initially, the attention was on the derivation of large sample
properties of the maximum partial likelihood estimator of the regression coefficients and of the
Breslow estimator for the cumulative baseline hazard (e.g., see Efron, 1977; Cox, 1975; Tsiatis,
1981). Although the most attractive property of this approach is that it does not assume any
fixed shape on the hazard curve, there are several cases where order restrictions better match
the practical expectations (see van Geloven, 2013, for an example of a decreasing hazard in a
large clinical trial for patients with acute coronary syndrome). Estimation of the baseline haz-
ard function under monotonicity constraints has been studied in Chung & Chang (1994) and
Lopuhai & Nane (2013).

Traditional isotonic estimators, such as maximum likelihood estimators and Grenander-type
estimators, are step functions that exhibit a non normal limit distribution at rate n'/3. On the
other hand, a long stream of research has shown that, if one is willing to assume more regu-
larity on the function of interest, smooth estimators might be preferred to piecewise constant
ones because they can be used to achieve a faster rate of convergence to a Gaussian distri-
butional law and to estimate derivatives. Isotonized smooth estimators, obtained either by a
least squares projection, maximum likelihood or penalization, are studied in Mukerjee (1988),
Ramsay (1998), Eggermont & LaRiccia (2000), van der Vaart & van der Laan (2003) and
in Mammen (1991), who also compares isotonized kernel estimators with smoothed isotonic
estimators in the regression setting. Smoothed maximum likelihood estimators (SMLEs) for
monotone functions have also been investigated by Durot et al. (2013) to bootstrap from a
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smooth decreasing density estimate, by Groeneboom et al. (2010) for the current status model,
together with a maximum smoothed likelihood estimator (MSLE), and by Groeneboom &
Jongbloed (2013) for estimating a monotone hazard rate, together with a penalized least squares
estimator. Other references for combining shape constraints and smoothness can be found in
Chapter 8 in Groeneboom & Jongbloed (2014). Distribution theory was first studied by Muker-
jee (1988), who established asymptotic normality for a kernel smoothed least squares regression
estimator, but this result is limited to a rectangular kernel and the rate of convergence is slower
than the usual rate for kernel estimators. In van der Vaart & van der Laan (2003), it is shown
that the isotonized kernel density estimator has the same limit normal distribution at the usual
rate n”/ @m+1 a5 the ordinary kernel density estimator, when the density is m times continu-
ously differentiable. Similar results were obtained by Groeneboom et al. (2010) for the SMLE
and the MSLE and by Groeneboom & Jongbloed (2013) for a smoothed Grenander-type
estimator.

Smooth estimation under monotonicity constraints for the baseline hazard in the Cox model
was introduced in Nane (2013). By combining an isotonization step with a smoothing step
and alternating the order of smoothing and isotonization, four different estimators can be con-
structed. Two of them are kernel smoothed versions of the maximum likelihood estimator and
the Grenander-type estimator from Lopuhad & Nane (2013). The third estimator is a MSLE
obtained by first smoothing the loglikelihood of the Cox model and then finding the maxi-
mizer of the smoothed likelihood among all decreasing baseline hazards. The forth one is a
Grenander-type estimator based on the smoothed Breslow estimator for the cumulative hazard.
Three of these estimators were shown to be consistent in Nane (2013). Moreover, the last two
methods have been studied in Lopuhad & Musta (2017a) and were shown to be asymptotically
normal at the usual rate n”/ @M+ where m denotes the level of smoothness of the baseline
hazard. The main interest of the present paper is to investigate the asymptotic behaviour of the
first two methods, the SMLE and a smoothed Grenander-type estimator.

This is particularly challenging for the Cox model, because the existing approaches to these
type of problems for smoothed isotonic estimators do not apply to the Cox model. The situa-
tion is different from isotonized smooth estimators, such as the MSLE and a Grenander-type
estimator based on the smoothed Breslow estimator, which are studied in Lopuhad & Musta
(2017a). In the latter paper, the main idea is that the isotonic smooth estimator can be repre-
sented as a least squares projection of a naive estimator (smooth but not monotone), which is
simpler to analyze and asymptotically equivalent to the isotonic smooth estimator.

The smoothed Grenander-type estimator in the ordinary right censoring model without
covariates was investigated by Lopuhad & Musta (2017b). Following the approach in Groene-
boom & Jongbloed (2013), asymptotic normality was established by using a Kiefer—Wolfowitz
type of result, recently derived in Durot & Lopuhad (2014). Unfortunately, the lack of a
Kiefer—Wolfowitz type of result for the Breslow estimator provides a strong limitation towards
extending the previous approach to the more general setting of the Cox model. Recently,
Groeneboom & Jongbloed (2014) developed a different method for finding the limit distribu-
tion of smoothed isotonic estimators, which is mainly based on uniform L;-bounds on the
distance between the non-smoothed isotonic estimator and the true function, and also uses
that the maximal distance between succeeding points of jump of the isotonic estimator is of the
order O, (n~'/3logn). A sketch of proof in the right censoring model is given in Section 11.6
of Groeneboom & Jongbloed (2014). However, these two key ingredients heavily depend on
having exponential bounds for tail probabilities of the so-called inverse process, or rely on a
strong embedding for the relevant sum process. Exponential bounds for tail probabilities of
the inverse process are difficult to obtain in the Cox model and a strong embedding for the
Breslow estimator is not available. Nevertheless, inspired by the approach in Groeneboom &
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Jongbloed (2014), we obtain polynomial bounds, which will suffice for obtaining uniform L»-
bounds, and we avoid using the maximal distance between succeeding points of jump of the
non-smoothed isotonic estimator, by establishing a sufficiently small bound on the expected
supremum distance between the non-smoothed isotonic estimator and the true baseline hazard.

This leads to asymptotic normality at rate n”*/ 2"+ of the SMLE and the smoothed
Grenander-type estimator, which are also shown to be asymptotically equivalent. By means of
a small simulation, we investigate the finite sample behaviour in terms of asymptotic confidence
intervals corresponding to the limit normal distributions, as well as bootstrap confidence inter-
vals based on a smooth bootstrap proposed by Burr (1994) and Xu et al. (2014). As expected,
no estimator performs strictly better than the other.

The paper is organized as follows. In Section 2, we specify the Cox regression model and
provide some background information that will be used in the sequel. The kernel smoothed
versions of the Grenander-type estimator and of the maximum likelihood estimator of a non-
decreasing baseline hazard function are considered in Section 3. We only consider the case of a
nondecreasing baseline hazard. The same results can be obtained similarly for a non-increasing
hazard. The results of a small simulation study are reported in Section 4, and we conclude with
a brief discussion in Section 5. In order to keep the exposition clear and simple, most of the
proofs are delayed until Section 6, and remaining technicalities have been put in the Supporting
Information online.

2. The Cox regression model

Let X1,..., X, be ani.i.d. sample representing the survival times of n individuals, which can be
observed only on time intervals [0, C;] for some i.i.d. censoring times Cy, .. ., C,. One observes
ii.d. triplets (T1, A1, Z1), ..., (Tn, An, Z,), where T; = min(X;, C;) denotes the follow up
time, A; = 1y, <c;} is the censoring indicator and Z; € R” is a time independent covariate
vector. Given the covariate vector Z, the event time X and the censoring time C are assumed
to be independent. Furthermore, conditionally on Z = z, the event time is assumed to be
a nonnegative r.v. with an absolutely continuous distribution function F(x|z) and density
f(x|z). Similarly, the censoring time is assumed to be a nonnegative r.v. with an absolutely
continuous distribution function G(x|z) and density g(x |z). The censoring mechanism is
assumed to be non-informative, i.e., F and G share no parameters. Within the Cox model, the
conditional hazard rate A(x |z) for a subject with covariate vector z € RZ is related to the
corresponding covariate by

Ax|z) = Ao(x)efo?, xeRT,

where Ag represents the baseline hazard function, corresponding to a subject with z = 0, and
Bo € RP is the vector of the regression coefficients.

Let H and H" denote, respectively, the distribution function of the follow-up time and the
sub-distribution function of the uncensored observations, i.e.,

HuC(x) — ]P)(T < x,A = 1) = /81{15)6} d]P(t,&Z)v (1)

where PP is the distribution of (T, A, Z). We also require the following assumptions, some of
which are common in large sample studies of the Cox model (e.g., see Lopuhad & Nane, 2013):

(A1) Let tF, tg and vy be the end points of the support of F, G and H. Then

TH = 1 < T =< 0O0.

© 2018 The Authors. Scandinavian Journal of Statistics published by John Wiley & Sons Ltd on behalf of The Board of
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(A2) There exists € > 0 such that

sup IE‘,[|Z|2 SZB/Z] < o0.
IB — Bol <€

(A3) There exists € > 0 such that

sup E[|Z|2e45/z] < o0.
|B — Bol=<e

Let us briefly comment on these assumptions. While the first one tells us that, at the end of
the study, there is at least one subject alive, the other two are somewhat hard to justify from a
practical point of view. One can think of (A2) and (A3) as conditions on the boundedness of
the second moment of the covariates, uniformly for § in a neighbourhood of Bo.

By now, it seems to be rather a standard choice estimating Bo by 3,1, the maximizer of
the partial likelihood function, as proposed by Cox (1972). The asymptotic behaviour was
first studied by Tsiatis (1981). We aim at estimating A, subject to the constraint that it is
increasing (the case of a decreasing hazard is analogous), on the basis of n observations
(T1,A1,Z1),...,(Ty, Ap, Zy). We refer to the quantity

t
Ao(t) = /O)ko(u)du

as the cumulative baseline hazard and, by introducing

Oip) = [ Limm 7 dP(5.2) @)
we have
_ h(x)
Ao(x) = m» (3)

where h(x) = dH"(x)/dx (e.g., see (9) in Lopuhad & Nane, 2013). For § € R” and x € R,
the function ®(x; §) can be estimated by

By (x: ) = [ sy APy (1.5, 2), 4

where P, is the empirical measure of the triplets (7;, A;, Z;) withi = 1,...,n. Moreover, in
lemma 4 of Lopuhaéd & Nane (2013), it is shown that

sup |, (x; Bo) — ®(x;Bo)| = O,(n~1?). )

xeR

It will be often used throughout the paper that a stochastic bound of the same order holds
also for the distance between the cumulative hazard Ao and the Breslow estimator

51,
M) = [ = ap 82, ©
@, (t; Bn)
but only on intervals staying away of the right boundary, i.e.,
sup  |An(x) —Ao(x)| = 0,(n~"?),  forall0 < M < 1y, )
x€[0,.M]

(see theorem 5 in Lopuhad & Nane, 2013).

© 2018 The Authors. Scandinavian Journal of Statistics published by John Wiley & Sons Ltd on behalf of The Board of
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Smoothing is done by means of kernel functions. We will consider kernel functions k
that are m-orthogonal, for some m > 1, which means that [ |k(u)||[u|/"du < oo and
fk(u)uj du = 0,forj = 1,...,m—1,if m > 2. We assume that

1
k has bounded support [—1, 1] and is such that / k(y)dy = I; ®)
-1

k is differentiable with a uniformly bounded derivative.

We denote by ky, its scaled version kp () = b~ 'k(u/b). Here, b = b, is a bandwidth
that depends on the sample size, in such a way that 0 < b, — 0 and nb,, — oo, asn — oo.
From now on, we will simply write b instead of b,,. Note that if m > 2, the kernel function k
necessarily attains negative values, and as a result, also the smooth estimators of the baseline
hazard defined in Section 3 may be negative and monotonicity might not be preserved. To avoid
this, one could restrict oneself to m = 2. In that case, the most common choice is to let k be a
symmetric probability density.

3. Smoothed isotonic estimators

We consider smoothed versions of two isotonic estimators for Ag, i.e., the maximum likelihood
estimator A,, and the Grenander-type estimator A, introduced in Lopuhai & Nane (2013). The
maximum likelihood estimator of a nondecreasing baseline hazard rate 1o can be characterized
as the left derivative of the greatest convex minorant of the cumulative sum diagram consisting

ofpointsPo = (0,0)andP~ = (I/f/,,(T(j+1)),V,,(T(j_H))),forj = 1,...,n—1,where Wn
and V,, are defined as

~ X
/(eW/ n{uzs}ds) AP, (08.2). x> Ta,
T

Va(x) = / $Low < vy AP (11,5, 2),

I/f/n (x)
©))

with ﬁn being the partial maximum likelihood estimator (see lemma 1 in Lopuhaid & Nane,
2013). For a fixed x € [0, 7x7], the SMLE A3M of a nondecreasing baseline hazard rate 1o was
defined in Nane (2013) by

R (x+b)ATH R
AMM(x) = / kp(x — u) Ay (u) du. (10)
(x—b)VO
The Grenander-type estimator An of a nondecreasing baseline hazard rate Ag is defined as
the left hand slope of the greatest convex minorant A, of the Breslow estimator A,. For a fixed
xo € [0, ], we consider the smoothed Grenander-type estimator isz, which is defined by

5 xX+DIANTH -
A5G (x) = /( kp(x —u)d, (u) du. )

x—b)VvO0
Uniform strong consistency on compact intervals in the interior of the support [e, M] C

[0, 7] is provided by theorem 5.2 of Nane (2013),

sup
xele.M]

A5G (x) — Ao(x)‘ — 0, with probability one. (12)

Strong pointwise consistency of iflM in the interior of the support is established in
theorem 5.1 in Nane (2013). Under additional smoothness assumptions on Ag, one can obtain

© 2018 The Authors. Scandinavian Journal of Statistics published by John Wiley & Sons Ltd on behalf of The Board of
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Fig 1. Left panel: The maximum likelihood estimator (piecewise constant solid line) of the baseline hazard
(dashed) together with the smoothed maximum likelihood estimator (solid). Right panel: The Grenan-
der estimator (piecewise constant solid line) of the baseline hazard (dashed) together with the smoothed
Grenander estimator (solid).

uniform strong consistency for ;\iM, similar to (12). Inconsistency at the boundaries is a
frequently encountered problem in such situations and can be partially avoided by using a
boundary corrected kernel. One possibility is to construct linear combinations of k(u) and
uk (u) with coefficients depending on the value near the boundary (e.g., see Zhang & Karuna-
muni, 1998; Durot et al.,2013; or Lopuhad & Musta, 2017b). Then, it can be proved, exactly as
it is done in Lopuhad & Musta (2017b), that uniform consistency holds on [0, M] C [0, 7].

Figure 1 shows the SMLE (left) and the smoothed Grenander-type estimator (right) for a
sample of size n = 500 from a Weibull baseline distribution with shape parameter 1.5 and
scale 1. For simplicity, we assume that the real valued covariate and the censoring times are
uniformly (0, 1) distributed and we take o = 0.5. We used a boundary corrected triweight
kernel function k(u) = (35/32)(1 — u?)31 <1y and bandwidth b = n=1/3.

In the remainder of this section, we will derive the pointwise asymptotic distribution of both
smoothed isotonic estimators, in (10) and (11). As already mentioned, our approach is inspired
by techniques introduced in Section 11.6 of Groeneboom & Jongbloed (2014). We briefly
describe this approach for the smoothed Grenander estimator, for which the computations are
more complicated. We start by writing

o) = / kp(x — ) dAo(u) + / kp(r — 1) d(Ry — Ao)u). (13)

The first (deterministic) term on the right hand side of (13) gives us the asymptotic bias.
The method applied in Lopuhai & Musta (2017b) for the right censoring model continues by
decomposing the second term in two parts

[t = w0 dRa = a0 + [ kot = wdan - A0,
and then uses the Kiefer—Wolfowitz type of result

sup An(0) = An()] = Op (172 (10gm?3), (14)

t€[0.tx]

© 2018 The Authors. Scandinavian Journal of Statistics published by John Wiley & Sons Ltd on behalf of The Board of
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to show that [ kp(x — u) d(A, — A,)(u) converges to zero. Finally, results from empirical
process theory are used to show the asymptotic normality of [ kp(x — u)d(A, — Ag)(u).
This approach cannot be followed in our case because of the lack of a Kiefer—Wolfowitz type
of result as in (14) for the Cox model.

Alternatively, we proceed by describing the main steps of the L,-bounds approach intro-
duced in Groeneboom & Jongbloed (2014). On an event E,, with probability tending to one,
we will approximate

/ kp(c — wd(An — Ao)w) (15)

by [ 6. x(u,8,z)dP(u, 8, z), for some suitable function 8, x (lemma 3.1), whose piecewise con-
stant modification 6,  integrates to zero with respect to the empirical measure P;, (lemma 3.2).
This enables us to approximate (15) by

/Q_ngx(u,S,z)d(Pn — P)(u.8.2) + [(é,,,x(u,a’,z) — Op.x(u,8,2)) dP(u,8,z). (16)

Then, the key step is to bound the second integral in (16) by means of L,-bounds on the
distance between the ordinary Grenander estimator and the true baseline hazard (lemma 3.3).
The last step consists of replacing 6, x by a deterministic function 7,  (lemma 3.4) and use
empirical process theory to show that

/ (0.8, 2) AP — P)(u.8.2)

is asymptotically normal.

Before we proceed to our first main result, we will formulate the steps described earlier in
a series of lemmas. Let x € (0,ty)and 0 < M < tg. For n sufficiently large, such that
0<x—b < x + b < M,define

kp(x — u)
®(u; o)

where ®(u; fo) is defined in (2), and a;, x(u) = Oforu > x + b. We then have the following
approximation for (15). The proof can be found in Section 6.

an.xu) = foru <x + b, 17)

Lemma 3.1. Suppose that (Al)—(A2) hold. Let ay, x be defined by (17) and let ,3,1 be the partial
MLE for Bo. There exists an event Ey,, with 1 g, — 1 in probability, such that for

Onx(u.8.2) = 1f, {5an,x(u) - eéiﬂ-/uan,x(u)dﬁn(v)}, (18)
0
it holds
fen,x(u,a,z)dp(u,s,z) = —]lE,,/kb(x —u)d(Ay — Ao)) + 0,(n~1?).

Next, we consider a piecewise constant modification @, x®; of a,_x®,, which is constant
on the same intervals as A,. Let 19 = x — b, y41 = x + b and let (7;)7L, be successive
points of jump of A, in the interval (x — b,x + b). Then, for u € (z;, 7;41], we choose

nox @ Bn) = an x(An @)Dy (A (u); Bn), (19)

© 2018 The Authors. Scandinavian Journal of Statistics published by John Wiley & Sons Ltd on behalf of The Board of
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where for u € (7;, ti+1],

T, if Ao(t) > in(fz’—f—l), forall ¢ € (T,’,Tl'+1],
Ap(u) = 1 s, if Ao(s) = An(s), forsome s € (t;, ti41], (20)
Ti4+1, if Ao(t) < An(t,'_;_l), forall € (T,’,TH_l].

Furthermore, let E,, be the event from lemma 3.1 and define
an x ci>n (u; ﬁn)
@, (u; Bn)

and Wy, (u) = 0,foru # [x — b,x + b]. Note that, becauseu < x + b < M < T on
the event E,;, we have ®,, (u; B,,) > O (see the proof of lemma 3.1), and thus ¥, . (u) is well
defined. Now, define the following piecewise constant modification of 6,, x by

an,x(u) = IlE”, ue [x - bv-x + b]’ (21)

— - Y u - ~
fox(0:8.2) = 8B =B 7 [0, a0 22)
0
We then have the following property. The proof can be found in Section 6.

Lemma 3.2. Let 6,,  be defined in (22). Then

[én,x(u,s,z)dp,,(u,s,z) = 0. (23)

At this point, it is important to discuss in some detail how we will obtain suitable bounds
for the second integral in (16). In order to do so, we first introduce the inverse process U,,. It is
defined by

U,(a) = argmin {A,(x) — ax}, (24)
xE[O,T(,,)]

and it satisfies the switching relation 1,(x) < a if and only if U, (a) > x, forx < Tiny.
In their analysis of the current status model, Groeneboom et al. (2010) encounter an inte-
gral that is similar to the second integral in (16). They bound this integral using that the
maximal distance between succeeding points of jump of the isotonic estimator is of the order
0,(n~'/3logn). Such a property typically relies on the exponential bounds for the tail proba-
bilities of Uy, (a), obtained either by using a suitable exponential martingale (e.g., see lemma 5.9
in Groeneboom & Wellner, 1992), or by an embedding of the relevant sum process into Brow-
nian motion or Brownian bridge (e.g., see lemma 5.1 in Durot et al., 2012). Unfortunately,
an embedding of the process Aj is not available, and in our current situation, the martingale
approach only yields polynomial bounds for tail probabilities of U, (a). A polynomial bound
was also found by Durot (2007) (see her lemma 2), leading to

sup E [ (Zn(x) — /\o(x))p] < Kn~?/3, (25)
xely

for p € [1,2) and some interval I, (see her theorem 1). By intersecting with the event E,, from
lemma 3.1, we extend (25) to a similar bound for p = 2. Groeneboom & Jongbloed (2014)
provide an alternative approach to bound the second integral in (16), based on bounds for (25)
with p = 2. Unfortunately, they still make use of the fact that the maximum distance between
succeeding points of jump of the isotonic estimator is of the order O, (n=1/3logn) to obtain
a result similar to (28). Nevertheless, we do follow the approach in Groeneboom & Jongbloed
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(2014), but instead of using the maximum distance between succeeding points of jump of o,
we use a bound on

xele.M]

~ 2
E[ sup (An(x) - )Lo(x)) } (26)

for0 < € < M < tg. Exponential bounds for the tail probabilities of U, (a) would
yield the same bound for (26) as the one in (25) apart from a factor logn. Because we can only
obtain polynomial bounds on the tail probabilities of Uy, (a), we establish a bound for (26) of
the order O(n~*/9). This is probably not optimal, but this will turn out to be sufficient for our
purposes and leads to the following intermediate result, of which the proof can be found in
Section 6.

Lemma 3.3. Suppose that (Al)—(A2) hold. Fix x € (0,ty) and let 6,, x and G_n,x be defined
by (18) and (22), respectively. Assume that Ao is differentiable, such that Ay is uniformly bounded
above and below by strictly positive constants. Assume that x +— ®(x; Bo) is differentiable with a
bounded derivative in a neighborhood of x and let k satisfy (8). Then, it holds

/ [ (10.8.2) — Onx(0.8.2)} dP(u.8,2) = Op(b~'n~2/).

The last step is to replace 8, . in the first integral of (16) with a deterministic approximation.
This is done in the next lemma, of which the proof can be found in Section 6.

Lemma 3.4. Suppose that (Al)-(A3) hold. Fix x € (0,ty). Assume that Ag is differentiable,
such that Ajy is uniformly bounded above and below by strictly positive constants. Assume that
x = ®(x; Bo) is differentiable with a bounded derivative in a neighborhood of x. Let 6, x be
defined in (22) and define

Nnx(u,8,2) = 1g, (San,x(u) - eB{)Z /u an,x(v) dAO(U)) ., u€l0,tyl. 27)
0

where ay x is defined in (17) and Ey, is the event from lemma 3.1. Let k satisfy (8). Then, it holds

/{én‘xw,&z) = Nnx@.8,2)} APy —P)w.8,2) = 0p(b~2n™13/18) 4 0,(n~"/?)
(28)

We are now in the position to state our first main result.

Theorem 3.5. Suppose that (Al)—(A3) hold. Fix x € (0, ty). Assume that Ao is m > 2 times
continuously differentiable in x, such that A{ is uniformly bounded above and below by strictly
positive constants. Moreover, assume that t +— ®(t; Bo) is differentiable with a bounded deriva-
tive in a neighborhood of x and let k satisfy (8). Let A5G be defined in (11) and assume that
nl/Cm+Dp o o5 0. Then, it holds

w356 () — Ao(x)) S NG, 0?),

where

_ (=)™ (m) ! m 2 Ao(x) 2
n = por Ao (x)/_1 k(y)y"dy and o° = 7c<1>(x;,60)/k (u) du. (29)
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Furthermore,

o/ @m+1) (Z,S,G(x) _ XZM(X)) -0, (30)

in probability, where ;\iM(x) is defined in (10), so that )1,51M (x) has the same limiting distribution
as ;\iG (x).

Proof. Choose 0 < ¢ < x < M’ < M < tp, so that for n sufficiently large, we have
€ < x—b < x + b < M’ Consider the event E; from lemma 3.1 and choose £1,&, > 0
and &3, such that it satisfies (65). We write

50w = [ ko = w iy
= [ kot = wdro) + 1z, [kt = 0)d(Ry ~ Ao)) (1)

+ 1pe /kb(x —wd(A, = Ao)().

Because 1 gc — 0 in probability, the third term on the right hand side tends to zero in
probability. For the first term, we obtain from a change of variable, a Taylor expansion, and
the properties of the kernel:

pm/(2m+1) {/kb(x — u)Ao(u)du — AO(X)}

1
_ nm/(2m+1)/ k(y){ro(x — by) — Ao(x)} dy
—1

my@m ! , AT () et AT (&) m
= nm/CGmED /_ 1k(y){—xo(x>by+---+;’m_l),<—by> L SO (by)™ o dy
—c)"m 1
- ET /_ )™ dy,

(32)

with |, — x| < b|y|. Finally, for the second term on the right hand side of (31), lemmas 3.1
to 3.4 yield that

pn/@mEDy /kh(x —u)d(Ay — Ao)(w)

(33)
= wCmED [, 8,2 dE — P8.2) + 0p(0)
For the first term on the right hand side of (33), we can write
w @D [, 6.2 A, - P08.2)
Skp(x —u)
— ,m/@mt+Dy b d®, — P)(u.§
n En/ o Bo) P )(u,é,z) (34)

u
— p™/Cm¥Dq /eBOZ] an.x(W)dAo(v)d(P, — P)(u,8,z).
0
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We will show that the first term on the right hand is asymptotically normal and the second
term tends to zero in probability. Define Y, ; = n= D/ CmADA e (x — T;)/S(Ti; Bo),
so that the first term on the right hand side of (34) can be written as

]lEnnm/(szrl)/%d(pn - P)(u.8,z) = 1g, Z(Y,”- - EY,.].
’ i=1

Using (3), together with a Taylor expansion and the boundedness assumptions on the
derivatives of 1o and ®(x; Bo), we have

> Var(Y,,)

i=1

_ o —1/@m+1) ki(x—u) uc _( kp(x —u) )2
= {f st 1w = Soggy

_ o —t/em+n )1 i Ao(x — by) _( ~ )2
' {b/—Ik Dot — by ¥ /kb(x u) Ao(u) du

_ Ao (x) 2 p—1/@m+1) k2 |:d Ao (x) ]
cO(x: fo) " 0 dr= /_1 @5 0oy e, 00
Ao(x)

— 2
- Ge ﬂo)/ R0)dy + ().

(35)

Moreover, |V, ;| < na=m+tD/CmEDO; Bo) " sup, ey 1 k(x), so that Y7,
E[1Yn.i* 1y, 1>e;] = 0, forany e > 0, because 1y, ;| > ¢; = O, for n sufficiently large.
Consequently, by Lindeberg central limit theorem, and the fact that 1z, — 1 in probability,
we obtain

nEnnm/‘Zm“)/%d(Pn P)(u,8,2) — N(0,02). (36)

For the second term on the right hand side of (34), write
n

nm/(2m+l)/e/36Z/uan'x(v) dAo@)d(P, — P)w.8.2) = Y (Ypi — E[¥,;]).
0

i=

where
Tpi = n=ontD/@mtDBZi / TG0 gy )
’ o ®:po)
We have

n n u 2
ZVar(fn,,')f ZE[YHZJ]f n_l/(z’"‘*'l)/ez‘%Z (/0 %d/\o(v)) dP(u,$,z),
i=1 i=1
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where the integral on the right hand side is bounded by

/w+bkmx—v)dA(w 2®«y%3)< ®(0;2B0) /m+bk(x_mdA(m 2—CKU
—p O Bo) =92 gy \ iy 0 B

Hence, the second term on the right hand side of (34) tends to zero in probability. Together
with (31), (32) and (36), this proves the first part of the theorem.

For the SMLE, we can follow the same approach and obtain similar results as those in
lemmas 3.1 to 3.4. The arguments are more or less the same as those used to prove lemmas 3.1
to 3.4. We briefly sketch the main differences. First, instead of A, We now use

An(x) = /Oxin(u)du

in (15). Then, because the maximum likelihood estimator is defined as the left slope of the
greatest convex minorant of a cumulative sum diagram that is different from the one corre-
sponding to the Grenander-type estimator, lemmas 3.1 and 3.2 will hold with a different event
E, and W, . will have a simpler form (see lemmas B.1-B.2 and definition (S10) in Supporting
Information). Similar to the proof of lemma 3.3, the proof of its counterpart for the maximum
likelihood estimator (see lemma B.8 in Supporting Information) is quite technical and involves
bounds on the tail probabilities of the inverse process corresponding to in (lemma B.5), used to
obtain the analogue of (26) (lemma B.6). Moreover, the inverse process related to the maximum
likelihood estimator is defined by

Uy(a) = argmin  {V,(x) — al/f/n(x)}, (37)
XE[Tq). T

where V;, and W, are defined in (9), and we get a slightly different bound on the tail probabili-
ties of Uy, (compare lemma 6.3 and lemma B.5 in Supporting Information). The reason is that
the martingale decomposition of the process Vj, (t) — aw, (¢) has a simpler form. The counter-
part of lemma 3.4 (see lemma B.10 in Supporting Information) is established in the same way,
replacing A,, by A,,. For details, we refer to Section B in Supporting Information.

From (31) and (33), we have that

™/ GmEDSG (x) = n'"/@”'“)/kb(x — u)dAo(u)

(38)
+ nm/<2m+1>/nn,x(u,s,z)d(ﬁ»n — B)w.5.2) + 0p(1)
where 7,  is defined in (27) and where
nm/<2m+1>/nn,x(u,8,z) d(P, — P)(u.8,2) — N(0.02). (39)

Similarly, from the results in Section B of Supporting Information, we have that there exists
an event £, such that

n™/CGmEDIIM () = nm/@'"“)/k,,(x—u) dAo(u)
(40)
@ [, 08,2) 4@, — P)8.2) + 0,01,
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where 7,  is defined in (27) with En instead of E,,, where 1 By~ 1 in probability, and where

p/@mED / i (0.8.2) d(By — P)(u.8.2) — N(0,07). @1

Together with (39) and (41), this means that
pm/@mED (3560r) = A3M())
= (Nggle, — 1p51g,)
x p™m/CGm+1) / {wn,x(u) —eﬂéz/Oua,,,x(u) dAo(v)} d(Py —P)(u,8,2) +0p(1)

]lEgOp(l) —1gc0p(1) + 0p(1) = 0p(1),

because 1 g >0 and 1 g — 0 in probability. O

Note that in the special case 8o = 0and m = 2, we recover theorem 3.2 in Lopuhaid &
Musta (2017b) and theorem 11.8 in Groeneboom & Jongbloed (2014), for the right censoring
model without covariates. The fact that ;XZG (x) and )ALZM (x) are asymptotically equivalent does
not come as a surprise, because for the corresponding isotonic estimators according to theorem
2in Lopuhai & Nane (2013), for x € (0, 7z ) fixed, n1/3 (in(x) — in(x)) — 0, in probability.
However, we have not been able to exploit this fact, and we have established the asymptotic
equivalence in (30) by obtaining the expansions in (38) and (40) separately for each estimator.

Remark 3.6. The estimators considered in theorem 3.5 are based on the partial maximum like-
lihood estimator ﬁn, which defines the Breslow estimator, see (6), and the cumulative sum
diagram from which the SMLE is determined, see (9). However, theorem 3.5 remains true, if
3,1 is any estimator that satisfies

A

Bn — Bo—0,as, and i(Bn — Bo) = 0,(1) 42)

In particular, this holds for the partial MLE for Bg. See, e.g., theorems 3.1 and 3.2 in Tsi-
atis (1981). When proving consistency of the bootstrap, we are not able to establish bootstrap
versions of theorems 3.1 and 3.2 in Tsiatis (1981), but, in view of this remark, it is sufficient to
assume the bootstrap version of (42).

4. Numerical results for pointwise confidence intervals

In this section, we illustrate the finite sample performance of the two estimators considered
previously by constructing pointwise confidence intervals for the baseline hazard rate. We con-
sider two different procedures: the first one relies on the limit distribution and the second one
is a bootstrap based method. In all the simulations, we use the triweight kernel function, which
means that the degree of smoothness is m = 2. The reason for choosing a second-order ker-
nel is that higher order kernels may also take negative values, which then might lead to non
monotone estimators for the baseline hazard.

4.1. Asymptotic confidence intervals

From theorem 3.5, it can be seen that the asymptotic 100(1 — «)%-confidence intervals at the
point xg € (0, tz7) are of the form
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ASl(x0) — n72/3 {fin(x0) £ Gn(x0)q1 — ay2}s

where ¢1_q/2 is the (1 — «/2) quantile of the standard normal distribution, A3'(x¢) is the
smooth isotonic estimator at hand (SG or SMLE) and 65, (xo), 1 (x0) are corresponding plug-
in estimators of the asymptotic mean and standard deviation, respectively. However, from the
expression of the asymptotic mean in theorem 3.5 for m = 2, it is obvious that obtain-
ing the plug-in estimators requires estimation of the second derivative of 1¢. Because accurate
estimation of derivatives is a hard problem, we choose to avoid it by using undersmoothing.
This procedure is to be preferred above bias estimation, because it is computationally more
convenient and leads to better results (see also Hall, 1992; Groeneboom & Jongbloed, 2015;
Cheng et al., 2006). Undersmoothing consists of using a bandwidth of a smaller order than
the optimal one (in our case n~!/?). As a result, the bias of nz/s(kfll(xo) — Xo(x0)), which

is of the order n2/°b2 (32), will converge to zero. On the other hand, the asymptotic vari-
ance is n~1/°b~ 152 (see (35) with m = 2). For example, with b = n—1/4 asymptotically
nz/s(kil(xo) — X0(x0)) behaves like a normal distribution with mean of the order n~1/10 and
variance n'/2962. Hence, the confidence interval becomes

Alxo) £ 173736, (x0)q1- /2, (43)
where

. A3 (x0) !

bux0) = 20 [ k() dy. (44)

c D, (x0; Bn) /-1

Note that undersmoothing leads to confidence intervals of asymptotic length Op (n~3/8),
while the optimal ones would be of length Op (n_z/ ). In our simulations, the event times
are generated from a Weibull baseline distribution with shape parameter 1.5 and scale 1. The
real valued covariate and the censoring time are chosen to be uniformly distributed on the
interval (0, 1) and we take Bo = 0.5. We note that this setup corresponds to around 35%
uncensored observations. Confidence intervals are calculated at the point xo = 0.5 using
10,000 sets of data and we take bandwidth » = cn—1/4, with ¢ = 1, and kernel function
k() = (35/32)(1 — u?)31yy) < 13-

It is important to note that the performance depends strongly on the choice of the constant c,
because the asymptotic length is inversely proportional to ¢ (44). This means that by choosing
a smaller ¢, we get wider confidence intervals, and as a result, higher coverage probabilities.
However, it is not clear which would be the optimal choice of such a constant. This is actually a
common problem in the literature (see for example Cheng et al., 2006 and Gonzalez-Manteiga
et al., 1996). As indicated in Miiller & Wang (1990), cross-validation methods that consider
a trade-off between bias and variance suffer from the fact that the variance of the estimator
increases as one approaches the endpoint of the support. This is even enforced in our setting,
because the bias is also decreasing when approaching the endpoint of the support. We tried a
locally adaptive choice of the bandwidth, as proposed in Miiller & Wang (1990), by minimizing
an estimator of the Mean Squared Error, but in our setting, this method did not lead to better
results. A simple choice is to take ¢ equal to the range of the data (Groeneboom & Jongbloed,
2015), which in our case corresponds to ¢ = 1.

Table 1 shows the performance of the estimators. The four columns corresponding to SG
and SMLE list the average length (AL) and the coverage probabilities (CP) of the confidence
intervals given in (43) for various sample sizes. Results indicate that the SMLE behaves slightly
better, but as the sample size increases, its behaviour becomes comparable with that of the
SG estimator. Even though the coverage probabilities are below the nominal level of 95%,

© 2018 The Authors. Scandinavian Journal of Statistics published by John Wiley & Sons Ltd on behalf of The Board of
the Foundation of the Scandinavian Journal of Statistics.



Scand J Statist 45 Smoothed isotonic hazard estimators 767

Table 1. The AL and the CP for 95% pointwise confidence intervals of the baseline hazard rate at the point
xo = 0.5 based on the asymptotic distribution.

SG SMLE SGo SMLEq Kernel Grenander
n AL CP AL CP AL CP AL CP AL CP AL CP

50 1.411 0732 1.583 0.751 1.281 0915 1.426 0944 1.458 0.727 0980 0.440
100 0996 0.740 1.101 0.796 0.984 0.941 1.057 0.958 1.055 0.756 0.757 0.500
500 0.545 0.824 0.563 0.857 0.538 0.949 0.559 0977 0.560 0.822 0.449 0.615
1,000 0.421 0.852 0.430 0.883 0.419 0957 0430 0979 0429 0.845 0.359 0.657
5,000 0.232 0910 0.234 0916 0.232 0969 0.234 0.981 0.234 0.884 0.215 0.764

SG and SMLE use /§,,, while SGg and SMLE( use Bo. AL, average length; CP, coverage probabilities;
SMLE, smoothed maximum likelihood estimator.

smoothing leads to significantly more accurate results in comparison with the non-smoothed
Grenander-type estimator given in the last two columns of Table 1. The confidence intervals for
the Grenander-type estimator are constructed on the basis of theorem 2 in Lopuhad & Nane
(2013), i.e., they are of the form T (x0) £ n—1/3¢, (x0)q1—a/2(Z), where

~ ~ 1/3
42n (x0) X}y (m))

Cl’l (X()) = ( ®n (_x(); 3,1)

g« (Z) is the a-quantile of the distribution of Z = argmin,cg{W(t) + t2}, with W as a stan-
dard two-sided Brownian motion starting from zero. In particular, go.975(Z) = 0.998181. The
main advantage of using the non-smoothed Grenander-type estimator is that it does not involve
the choice of a tuning parameter. However, the performance is not satisfactory, because we still
need to estimate the derivative of A¢, which is difficult if the estimator of A¢ is a step function.
Here, we use the slope of the segment [)1,1 (T(i),in (T;+1)] on the interval [T;), T(;+1)] that
contains xq.

We also compare the performance of the SG estimator and the SMLE with that of the
ordinary (non-monotone) kernel estimator

Ay (x0) = /kb(xo — u)dA, (),

which is shown in columns 10-11 of Table 1. We note that the kernel estimator coincides with
the naive estimator that approximates the isotonized smoothed Breslow estimator, see Section 4
in Lopuhad & Musta (2017a). In their proof of theorem 4.3, it is shown that A5 exhibits a limit
distribution that coincides with the one of the smooth estimators in theorem 3.5. Also, the
numerical results in Table 1 confirm that the performance of the kernel estimator is comparable
with that of the smoothed isotonic estimators. However, we notice that the latter ones have
slightly better coverage probabilities and shorter confidence intervals.

Moreover, as noticed in Lopuhad & Musta (2017a), estimation of the parameter 8¢ also has
a great effect on the accuracy of the results. The columns 6-9 of Table 1 show that if we use
the true value of B¢ in the computation of the estimators, the coverage probabilities increase
significantly, but in this case, the confidence intervals for the SMLE become too conservative.
Although the partial ML estimator B, is a standard estimator for the regression coefficients,
the efficiency results are only asymptotic. As pointed out in Cox & Oakes (1984) and Ren &
Zhou (2011), for finite samples, the use of the partial likelihood leads to a loss of accuracy.
Recently, Ren & Zhou (2011) introduced the MLE for S obtained by joint maximization of the
loglikelihood in the Cox model over both B and A¢. It was shown that for small and moderate
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Fig. 2. 95% pointwise confidence intervals based on the asymptotic distribution for the baseline hazard
rate using undersmoothing. SMLE, smoothed maximum likelihood estimator.

sample sizes, the joint MLE for B¢ performs better than ﬁn. However, in our case, using this
estimator instead of 3,1 , does not bring any essential difference in the coverage probabilities.
Pointwise confidence intervals, for a fixed sample size n = 500, at different points of the
support are illustrated in Figure 2. The results are again comparable and the common feature
is that the length increases as we move to the left boundary. This is due to the fact that the
length is proportional to the asymptotic standard deviation, which in this case turns out to be
increasing, 02(x) = 1.5/x/(c®(x; Bo)). Note that ®(x; fo) defined in (2) is decreasing.

4.2. Bootstrap confidence intervals

In an attempt to improve the coverage probabilities, we also construct bootstrap confidence
intervals. Studies on bootstrap confidence intervals in the Cox model are investigated in Burr
(1994) and Xu et al. (2014). In the latter paper, the authors investigate several bootstrap pro-
cedures for the Cox model. We will use one (method M5) of the two proposals for a smooth
bootstrap that had the best performance and were recommended by the authors.

We fix the covariates and we generate the event time X;* from a smooth estimate for the cdf
of X conditional on Z;:

Fo(x|Zi) = 1 — exp{—Af,(x)eﬁézf},

where A$ is the smoothed Breslow estimator
AS(x) = /kb(x — w)An(u)du.

The censoring times C;* are generated from the Kaplan—Meier estimate G,. Then we
take 7;* = min(X/,C*) and AT = 1 (xy<cyy- For constructing the confidence intervals,
we take 1,000 bootstrap samples (T* A}, Zy), and for each bootstrap sample, we compute the
smoothed Grenander-type estimate A,Sf * (x0) and the smoothed maximum likelihood estimate
)AtZM’*(xO). Here, the kernel function is the same as before and the bandwidth is taken to be
b = n~Y> Then, the 100(1 — )% confidence interval is given by
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[l];/z(xo), qT — a/z(xo)] , (45)

where ¢ (xo) is the a-percentile of the 1,000 values of the estimates iflG* (xp) or ;XZM* (x0).

The average length and the empirical coverage for 1,000 iterations and different sample sizes
are reported in Table 2. We observe that bootstrap confidence intervals behave better than
confidence intervals in Table 1, i.e., the coverage probabilities are closer to the nominal level
of 95%. Comparing also with the two alternative estimators considered in Lopuhad & Musta
(2017a), we notice that the SMLE and the MSLE have better coverage probabilities than the
smoothed Grenander-type and isotonized Breslow estimator, respectively.

In order to provide some theoretical evidence for the consistency of the method, we would
like to establish that, given the data (71, A1, Z1),...,(Th, An, Zy), it holds

}'12/5 (),ZL*(X) _ kil(x)) i N(/l,crz), (46)

for some ji € R (possibly different from 1 in theorem 3.5) and o2 as in (29), where A3 is one
of the smooth isotonic estimators at hand and A3* is the same estimator computed for the
bootstrap sample. A detailed investigation of (46) is beyond the scope of this paper. Neverthe-
less, in view of Remark 3.6, we are able to obtain (46) for the smoothed Grenander estimator,
if /‘3;" — 3,1 — 0, for almost all sequences (Tl.*, A?‘, Zi),i = 1,2,..., conditional on the
sequence (T;, A;, Z;),i = 1,2,...,and ﬁ(ﬁ;ﬁ — Bp) = 03 (1). By the latter, we mean that
forall e > 0, there exists M > 0, such that

limsup P, (ﬁm: — Bnl > M) < g, P — almost surely.
n—oQo

where P, is the measure corresponding to the distribution of (7*, A*, Z) conditional on the
data (T1, A1, Z1), ..., (Tn. Ap, Zp), with T* = (min(X™*,C*) and A* = L x*<c*}, Z),
where X* conditional on Z has distribution function F,,(x | Z) and C* has distribution
function G,,. To prove (46), we mimic the proof of theorem 3.5, which means that one needs to
establish the bootstrap versions of lemmas 3.1-3.4. A brief sketch of the arguments is provided
in Appendix C of Supporting Information.

Then, we can approximate the distribution of n2/>(1¢(xg) — 51(x0)) by the distribution of
n?/S(AS*(x0) — ASN(x0)) — (it + w). Consequently, we can write

P,T{q;/z(xo) = A,SJ’*(X) = QT_a/z(xo)}

= Py {hoo) €[4 /2(v0) =725 + 1), 41 g p2(0) = n 723G+ )|}

Table 2. The AL and the CP for the 95% bootstrap
confidence intervals of the baseline hazard rate at the

point xo = 0.5, using the tri-weight kernel and
b = n2/5
SMLE SG
n AL CP AL CP
100 1.870  0.948 1.376  0.899
500 0.730  0.942 0.660  0.892
1,000 0.521  0.960 0.487  0.902
5,000 0.247  0.957 0.239  0.938

AL, average length; CP, coverage probabilities;
SMLE, smoothed maximum likelihood estimator.
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Table 3. The AL and the CP for the 95% bootstrap
confidence intervals of the baseline hazard rate at the

point xo = 0.5, using the tri-weight kernel and
b = n /4
SMLE SG
n AL CP AL CP
100 1.901  0.954 1.415  0.900
500 0.749  0.951 0.672 0918
1,000 0.540  0.950 0.501  0.924
5,000 0262 0.965 0252 0.952

AL, average length; CP, coverage probabilities;
SMLE, smoothed maximum likelihood estimator.

This means that we should actually take [g ,(x0). 47, /»(x0)] — n=2/3(@i 4+ ) instead
of (45). The use of (45) avoids bias estimation. However, because the effect of the bias is of
the order n™2/3, the results are still satisfactory. In order to further reduce the effect of the
bias, we also investigated the possibility of constructing bootstrap confidence intervals with
undersmoothing, i.e, we repeat the previous procedure with bandwidth b = n~1/4. Results
are shown in Table 3. We notice that the length of the confidence interval increases slightly and
the coverage probabilities improve significantly. To summarize, also the bootstrap confidence
intervals are affected by the choice of the bandwidth, but the results are more satisfactory in
comparison with the ones in Table 1.

5. Discussion

In this paper, we considered smooth estimation under monotonicity constraints of the base-
line hazard rate in the Cox model. We investigated the asymptotic behaviour of two estimators,
which are the kernel smoothed versions of the monotone MLE and a Grenander-type estima-
tor. The main result is that they are asymptotically equivalent with a normal limit distribution
at rate n ="/ @M+ where m is the degree of smoothness assumed for the baseline hazard.
Two other methods that combine smoothing and isotonization for estimation of the baseline
hazard in the Cox model were considered in Lopuhad & Musta (2017a). As shown in theo-
rems 3.6 and 4.4 in Lopuhad & Musta (2017a), the smoothed Grenander-type estimator, the
SMLE and the isotonized kernel estimator are all asymptotically equivalent, while the MSLE
exhibits a different asymptotic bias (which might be smaller or larger than the one of the pre-
vious three estimators). This means that, from the theoretical point of view, there is no reason
to prefer one estimator with respect to the other (apart from the fact that the kernel smoothed
estimators are differentiable while the other two are usually only continuous).

The method used to establish asymptotic normality for the estimators in this paper is quite
different from the ones in Lopuhaid & Musta (2017a). In the latter paper, the isotonization
step was performed after a smoothing step. As a consequence, the resulting estimators are
asymptotically equivalent to corresponding naive estimators that are combinations of ordinary
kernel type estimators, to which standard techniques apply. This approach does not apply to
the smoothed isotonic estimators in this paper. Alternatively, we followed the approach from
Groeneboom & Jongbloed (2014) based on Ly-bounds for the isotonic estimator. The approach
had to be adapted at several points leading to L,-bounds that are suboptimal, but sufficient
for our purposes.

Furthermore, we investigated also the finite sample performance of these estimators by
constructing pointwise confidence intervals. First, making use of the theoretical results, we
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construct pointwise confidence intervals based on the limit distribution with undersmoothing
to avoid bias estimation. Results confirm the comparable behaviour of the four methods and
favour the use of the smoothed isotonic estimators instead of the unsmoothed Grenander-type
estimator or the non-isotonic kernel estimator. However, coverage probabilities are far from the
nominal level and strongly depend on the choice of the bandwidth and the accuracy in the esti-
mation of the regression coefficient 8o. Because most of the well-known methods to overcome
these problems do not seem to work in our setting, a thorough investigation is still needed for
improving the performance of the confidence intervals. Instead, we choose to exploit pointwise
confidence intervals based on bootstrap procedures. As it turns out, the simple percentile boot-
strap works better than the studentized one. Such a phenomenon was also observed in Burr
(1994). The four estimators, the SMLE, the smoothed Grenander-type estimator, the MSLE
and the isotonized smoothed Breslow estimator, again exhibit comparable behaviour, but the
SMLE and the MSLE have slightly better coverage probabilities. The performance is satis-
factory, but still further investigation is required for bandwidth selection and correcting the
asymptotic bias, which might improve the results.

6. Proofs

Proof of Lemma 3.1. Define D,Sl)(x;ﬂ) = 0, (x;B)/0B and let D,(l_li)(x; B) be the jth com-

ponent of D,(,l)(x;ﬂ), for j = 1,...,p. Then according to the proof of lemma 3(iv) in
Lopuhad & Nane (2013), for any sequence f;;, such that ;i — fo almost surely, it holds

limsup sup | DLV (x: 85)| < oc.
n—>o00 xeR

In fact, from its proof, it can be seen that

1 « ' 7 ,
su% |Dr(ll/)(x"3:)| < Z |:n Z |Zl~|eykZ::| — Z E[|Z|erZ:|
xe

Iy <I i=1 Iy <I
< 27 sup IE[|Z|eB/Z] < o0
[B—Bol <€

with probability 1, where the summations are over all subsets Iy = {i1,...,ix} of
I = {1,..., p}, and y is the vector consisting of coordinates yx; = Bo; + €/(2,/p), for
J €1Ix,and yx; = Bo; — €/(2./p), for j € I\ Ix. Therefore,

(:l Xn: 1Z; eysz) >y E[|Z|e%2]

i=1 Ix<1

sup DV (Bl < VP Y
x€R

Ikl
with probability one. Hence, if for some &; > 0,
Epn = (VP ) (12 |z,-|eyizf)—ﬁ > E[|Z|e%z] <&y, @D
ner \" iz IxcI

then 1z, ; — 1in probability. Moreover, on this event, we have

sup DSV Bl = P Y E[1ZIe%F] + &, (48)
xe€R

I
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1.e., SUP R |D,(,1)(x;ﬂ;‘)| is bounded uniformly in n. For §3,£3,64 > 0 and 0 < M < gy
define

Enz= {n??1Bs = pol? < &2}, Ens = { sup [An(x) = Ao(x)] < ss},

xe[0.M]
Ena= {0173 sup [0, (530~ 0 o)l < Ef. Ens = (Ten > M),
) (49)
where TY,) denotes the last observed time. Because ﬁ(ﬁn — Bo) = Op(1) (see theorem 3.2
in Tsiatis (1981)), together with (7) and lemma 4 in Lopuhaid & Nane (2013), it follows that

1g, — 1in probability, for theevent E, = E, 1 NEy2NEy3NE, 4N Eys.
From the definitions of a,, x, 6, x and H", in (17), (18) and (1), respectively, we have

/GH’X(M’S’Z)dP(“!S»Z) =1g, {/an,x(u)dH“C(u)
A1 u 5
_/eﬂnz / () d0) dIP’(u,S,z)},
V=
Then, by applying Fubini’s theorem, together with (3), we obtain

[ onvtas 2 25,2

o0 Py 5
= 1g, {/an,x(u)dHuc(u) — /an,x(v)/ eandP(u,S,z)dAn(v)}

u=v

. { f () AH " (1) — / o (0) @(v;Bn)di\n(v)}

_ kp(x — ) e @B
=Lz, {/ b gy w0 = [t~ w d>(u;ﬂo)dA"(u)}

- 1s, {—/kb(x — W d(Ae — Ao)) + fkb(x ~ ) (1 - M) dAn(u)}.

The mean value theorem yields

| e @@ Bo) — @i Ba)l
/kh(x u) |1 B fo) dA, (u) = /k (x u) ®: Bo) dA, (u)
A A58 (x)
= 1bn _ﬂ()';ilnoe B d(x + b; o)’

with [8* — Bo| < |,3n — PBo|. According to lemma 3(iii) in Lopuhad & Nane (2013), for
€ > 0from (A2),

sup a0(y; B)
B

< sup sup
YER [B—Bol< €

aP(y; B) ’

yeR

Furthermore, there exists M < 7, such that for sufficiently large n, we have x + b < M.
This yields the following bound ®(x + b; B9) > ®(M; Bo) > 0. Moreover, according to (12),
A5G (x) — Ao(x) with probability one. Because |8, — Bo| = O,(n~'/2) (see theorem 3.1 in
Tsiatis (1981)), it follows that
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IlEnfkb(x —u) |l = % dA,(u) = 0p(n~""?),

which finishes the proof. O

Proof of Lemma 3.2. By means of Fubini’s theorem

/én,x(u,a,z)dpn(u,s,z)
~ u _ -
= /sﬁzn,x(u)dpn(u,s,z)—/eBnZ/ U, (v) dA, (v) AP, (1, 8, 2)
v=0

— [89000aPs@.8.2) — [ B2 [ LamneT dBa82) 4R )

— I LR x+b . N
— 1, {/n[x_h,x+b](u)8‘m’”‘:’3")dPn(u,a,z) —/_b an.xén(v;ﬁn)dzxn(v)}

n(Us B

. 5 Lz i1 ()8 x N
=1 n.xPn (T 1Pn — T dP, (1, 8,2) — (An (7 —An(t
£ ;0 w®n (T +1:p ){[ o gy (8= (Al = Aate ))}

and (23) follows from the characterization of the Breslow estimator in (6). O

To obtain suitable bounds for (26), we will establish bounds on the tail probabilities of Uy, (a)
defined in (24). To this end, we consider a suitable martingale that will approximate the process
Ap — Ao.Fori = 1,2,...,n,let N;j(t) = 1;x,<s3A; be the right continuous counting
process for the number of observed failures on (0, ¢] and Y; (f) = 1¢7,>,} be the at-risk process.
Then, foreachi = 1,2,...,n, M;(t) = N;(t) — A; (t), with 4;(t) = [ Y; (s)ePoZi dAo(s),
is a mean zero martingale with respect to the filtration

]:;l = U{H{Xiss}Aivﬂ{T[zs}in 1 <i <n,0< SEI}.

(e.g., see kalbfleisch & Prentice, 2002). Furthermore, it is square integrable, because

t

IE[M,-([)Z] < 2+2/0 E[n{rizs}ezﬂézf]xg(s)ds < 242ty A3 (i) ®(0: 2B0) < oo.

Finally, it has predictable variation process (M;) = A;(t) (e.g., see Gill, 1984 or theorem 2 of
Appendix B in Shorack & Wellner, 1986). For each n > 1, define

Na(t) = D ONi(@),  Ap(t) = D Ai()),  Mu() = Na(t) — Ap().  (50)

i=1 i=1
Then M, (¢) is a mean zero square integrable martingale with predictable variation process

n

n t t
(Ma)(0) = D (M) = ) fo Liz;253 €707 dAo(s) = fo n®(s; Bo) dAo(s),

i=1 i=1

where ®,, is defined in (4).

Lemma 6.1. Suppose that (Al)—(A2) hold. Let 0 < M < tpg and let ® be defined in (2).
Then, the process

© 2018 The Authors. Scandinavian Journal of Statistics published by John Wiley & Sons Ltd on behalf of The Board of
the Foundation of the Scandinavian Journal of Statistics.



774 H. Lopuhad and E. Musta Scand J Statist 45

tAM 1
B,(t) = ———— dM, (s 51
b0 = [ s ) )
is a mean zero, square integrable martingale with respect to the filtration F['. Moreover, By, has
predictable variation process

M Xo(5)®a(s; Bo)
(Bn>(t) - /0 st

Proof. Write

Lis<my

n®(s; fo)’

and M, = N, — A,. We apply theorem B.3.1c in Shorack & Wellner (1986) with Y, H, M,
N and A, replaced by B,,, Y, M,;, N, and A, respectively. In order to check the conditions
of this theorem, note that Y, is a predictable process satisfying |Y;,(¢)| < oo, almost surely, for
allt > 0, and that

t
B,(t) = /(;Yn(s)dMn(s), where Y, (s) =

/ Tn(s) ddn(s) = Z / n@s(:ﬂl;;) Lz, 25167071 dAo(s)

t
f i(“é‘g%(s Bo)dAo(s) < oo, as.

Moreover, because for s < M we have ®(s; fo) > P(M;Bo) > 0, it follows that

E [/w Y,f(s)d<Mn>(s)} - F [/Oo L=t g (s: o) dAo(S)]
0 0

n®2(s: o)
MM =T gz
n2®2(M: fo) Z [5#] < oo

because of the assumption (A2). It follows from theorem B.3.1¢ in Shorack & Wellner (1986)
that B, is a square integrable martingale with mean zero and predictable variation process

t t
1
_ 2 _ {s<M} .
B0 = [0 = [ 0,680 dAow)
where ® and ®,, are defined in (2) and (4), respectively. O

It is straightforward to verify that fort € [0, M]and M < T(),
Ap(t) — Ao(t) = Ba(t) + Ra(1), (52)

where

[T ®u(s: Bo) ~ d L "
Ra0) = [ TEER o) = no)+ [ (q}n et ﬂo)) dHE(s). (53)

with

W) = [ 8en d2.5.2) (54)
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For establishing suitable bounds on the tail probabilities of Uy, (a), we need the following
result for the process B, which is comparable with condition (A2) in Durot (2007).

Lemma 6.2. Suppose that (Al)—(A2) hold. Let0 < M < tg andlet B, be defined as in (51).
Then, there exists a constant C > 0 such that, for all x > 0andt € [0, M],

Cx

uel0,.M1,|t—ul<x

E{ sup (Bn(u)—laan(r»z} <

Proof. The proof is similar to that of theorem 3 in Durot (2007). First, consider the case
t < u<t + x.According to lemma 6.1, B, is a martingale. Hence, by Doob’s inequality, we
have

E{ sup  (Bu(u) — Bn(r))z} < 4E[Bn (¢ + X) A M) = By(0)]
uelO.Ml, t<u<t+x

— 4E [Bn ((t +x) A M)? —B, (t)z]

(55)
(t+x)AM .
. [ / f @, (s: Bo)ro(s) ds}

t

n®2(s; Bo)

41 (M)x )

= mE [q)n (0, ,30)] s
where according to (A2),

n

E[0,0:f0)] = - Y E[H%] < .

i=1

for some C > 0. This proves the lemma for thecaset < u < ¢t + x.
Forthecaset — x < u < t, we can write

E[ sup (Bn(u)—Bnm)z}:E[ sup (Bn(m—ﬁn(r))z}

uclO.M].t—x<u<t Ov(t—x)<u=<t

< ZIE[(IBn(l) - B0V ( - X)))z] +2E[ sup  (Bu(w) — B,OV (- X)))z]

ov(t—x)<u<t
Then similar to (55), the right hand side is bounded by

2B [Ba() — BaOV (¢ = ))*] + SE[Ba(1) — BaOV (1 = )’

! @, (s: Bo) Ao(s) ds]
V(t—x) nd)z(s;ﬂo)

10E [Bn(z)2 — B0V (t — x))z] — 10E [/0

10A(M) x Cx
< —————E[,(0; < —,
< w20 B0l = -
for some C > 0. This concludes the proof. O

In what follows, let 0 < M < tg.Moreover, let U be the inverse of Ag on [Ag(0), Ao(M)],
ie.,
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0 a < Ao(0);
U@) = { 45" (@) a € [r0(0), Ao(M)]; (56)
M a > io(M).

Note that U is continuous and differentiable on (10(0), Ao(M)), but it is different from the
inverse of Ag on the entire interval [1o(0), Ao(t)].

Lemma 6.3. Suppose that (Al)—(A2) hold. Let 0 < M < vy and let U,, and U be defined
in (24) and (56), respectively. Suppose that H", defined in (1), has a bounded derivative h"° on
[0, M] and that A, is bounded below by a strictly positive constant. Then, there exists an event Ey,
such that 1 g, — 1 in probability, and a constant K such that, for everya > 0andx > 0,

. . 1 1
P({|Un(a) = U(a)l = x}NE; N{Un(a) < M}) < Kmax{ﬁ,m}, (57)

for n sufficiently large.

Note that lemmas 6.2 and 6.3 correspond to theorem 3(i) and lemma 2 in Durot (2007).
It is useful to spend some words on the restriction to the event E,, N {U,(a) < M}. The
event {U,(a) < M) is implicit in Durot (2007), because there the Grenander-type estimator
is defined by only considering A, on a compact interval not containing the end point of the
support. The event E,, is needed in our setup because of the presence of the covariates, which
lead to more complicated processes, and because we require (25) for p = 2.

Proof of Lemma 6.3. First, we note that from the definition of U and the fact that U, is
increasing, it follows that |Uy (a) — U(a)| < |Un(Ao(0)) — U(Ao(0))|,ifa < Ao(0), and

L5 @yenry 0@ = U@| < L5 ) < any|Un(GoM))~UGo(M))].  ifa = Ao(M).

Hence, it suffices to prove (57) only for a € [19(0), Ao(M)]. Let E,; be the event from lemma 3.1.
We start by writing

IED({|Un(a) - Ua)| = x} NnE, ﬂ{Un(a) =< M})
= P({U@) + x < Up(a) < M}NE,) + P({Un(a) < U(a) — x} NEy).
(58)

First, consider the first probability on the right hand side of (58). It is zero, if U(a) + x > M.
Otherwise, if U(a) + x < M,thenx < M and

P({Ua) + x < Uy(a) < M} N Ey)
P{An(y) — ay < Ap(U(a)) — aU(a),forsome y € [U(a) + x, M]} N Ep)

IA

IA

P({yew&f}i B 0) = @y = AnU@) + aU@) < 0} n E)

From Taylor’s expansion, we obtain Ag(y) — Ao(U(a)) = (y — U(a))a + ¢ (y — U(a))z,
where ¢ = infycfo,z5) Ap(t)/2 > 0, so that with (52), the probability on the right hand side
is bounded by
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I[D({yE[L/(iaI;S—)c,M] Bn(y) — Ba(U(@) + Rn(y) — Ru(U(a))

Fe(y — U(a))z) < o} ﬂEn).

Leti > Obesuchthat M — U(a) € [x2F,x27F1), and note that, on the event E, one has
Ty = M. Therefore,if U(a) < y < M,theny < T(,;) and U(a) < T(,). It follows that
the previous probability can be bounded by

>r ({ sup (IBu(y) — Bu(U@)| + [Ra(y) = Ra(U(@)]) = ¢ 22k} n E) ,
k=0

yeli

where the supremum is taken over y € [0, M], such that y — U(a) € [x2X, x2%+1). Using that
PX +7Y > ¢ < PX > €/2) + P(Y > €/2), together with the Markov inequality, we
can bound this probability by

i —1
4" (Ax2) E sup [Ba(y) — Bu(U@)?
k=0 y=M,y—U(a)€[x2k x2k+1)
i —1
+8) (Fx02%) E sup 1, [Ra(y) — Ra(U@)P |,
k=0 y<M,y—U(a)e[x2k x2k+1)
(59)
‘We have
E[ sup 1, |Ra(y) — Rn(U(a))P}
y<M,y—U(a)e[x2k x2k+1)
y o) . 3
< 4E sup 1z, ‘/ (7”(5’50) = 1) 2o(s)ds
y<M.y—U(a)e[x2k x2k+1) v \ ®(s:Bo)
3
+ 4E sup 1 /y : ! dH > (s)
Ey ~ -
¥ < M.y — Ua)e[x2k x2k+1) U@ \ ®n(s:Bn) (s o) "
(60)
For the first term in the right hand side of (60), we have
Yo (@als:Bo) ?
E sup 1k, ‘/ (7 - 1) Ao(s)ds
y<M, y—Ul(a)e[x2k,  x2k+1) @ \ P(s;Bo)
U@ +x2XHDAM (g (- — (s 3
<E|1g, / [2n(5:Po) — DGs:Boll; ) ds
U(a) @(s; Bo)
X323(k+1)A8(M) x323(k+1) 13(M)$4
<O R (1g, sup [Pu(siBo) — B(s: o)l | < 0 ,
O(M; Bo)3 seto.m] n®(M; Bo)3

where we have used (49). In order to bound the second term on the right hand side of (60), note
that on the event E,;,
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sup | @, (x: ) — ®(x:po)| < Sup @ (x: Bn) — Pux: o)l + Sup [P (x: Bo) — P(x: o)l

x€R
o VEL + &4
< - sup |DV (x: )| + 4 < 52 .
= |ﬂn ﬁ0|xe%| n ( :3 )| nl/3 = 173

(61)

In particular, for sufficiently large n, we have sup . e | P (x; ﬁn) — ®(x; /30)' < ®(M; Bo)/2,
which yields that, for x € [0, M],

@0 (i fn) = @(xifo) — @M fo) = SO fo). (62)

Using (61), on the event Ej,, for n sufficiently large, we can write

1 1

|@n(s: ) = (3 fo)
ses[(l)l,gv[] @, (s: Bn) ~ ®(s: o) o

< p ~
selo.M1 Dy (s; Br) O(s; Bo)
2 ~
< ———— sup ’d> (s:Bn) — <I>(S:/30)‘
®2(M: o) sefonry!
< Cn_1/3,

for some C > 0. Consequently, for the second term in the right hand side of (60), we obtain

Y 1 1
II. - _ Huc
En /U(a) (@n (s:Bn)  O(s; /30)) (S)

3

c3 1 ¢ c3 3

< —E|lg | =) Al cua.watok oy | | S BN,
i=1

E sup
y<M,y—U(a)€[x2k x2k+1)

where N is a binomial distribution with probability of success

y = H*((U(@) + x2"tTYAM)) — H*(U(a)) < sup [h*(s)[x2"F".
.M]

se[o
Furthermore,

Tny ,ifny < 1

E[N3] = 1 -3 3 292 — 3ny? 2y?) < )
[N°] = ny( y + 3ny + 2y ny® + n7y°) < 3y itny > 1.

Using lemma 6.2 and the bound in (59), for the first probability on the right hand side of (58),
it follows that there exist K1, K» > 0, such thatforalla > 0,n > landx > 0,

P({U(a) + x < Uy(a) < M} N Ey)

i k+1 k+1 373(k+1)
x2 x2 x°2
K Z ok T K2 Zmax{ 3,606k 1,600k }

2K1 = sk 2K>» o _s; 8K sk 11
s ];)2 + max n3x5k20 S kZO2 < K max il ol

IA

IA

(63)
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We proceed with the second probability on the right hand side of (58). We can assume
x < U(a), because otherwise P (U, (a) < U(a) — x) = 0. We have

P({Un(a) < Ula) — x} N Ey)

< P({yé[o,illfl(f;l)—x] [An(y) — ay — Ap(U(a)) + aU(a)] < O} n En)

Leti > 0 be such that U(a) € [x2/,x2!T1). By a similar argument used to obtain the
bound (59), this probability is bounded by

i —1
43 (2x2%) B sup B (y) — B (Ula)?
k=0 yv=<U(a).U(a)—y€[x2k x2k+1)
i —1
+8) (x2%) B sup 1, [Ra() — Ru(U@)I? |-
k=0 y=<U(a),U(a)—y€e[x2k x2k+t1)

(64)

In the same way as in the first case, we also have

X2k+1 x323(k+1)
" .

E sup 15, |Ry(¥) =R (U(@))]? | < Kz max{ ——,
y=<U(a).U(a)—y€[x2k x2k+1) n

Exactly as in (63), lemmas 6.2 and (64) imply that

- 1 1
]P({U,,(a) < U(a) — X}mEn) = Kmax{ﬁ’ m}’

for some positive constant K. Together with (58) and (63), this finishes the proof. O

Lemma 6.4. Suppose that (Al)—(A2) hold. Let0 < ¢ < M’ < M < ty and suppose
that H", defined in (1), has a bounded derivative h*¢ on [0, M]. Let An be the Grenander-type
estimator of a nondecreasing baseline hazard rate Lo, which is differentiable with A{; bounded
above and below by strictly positive constants. Let E, be the event from lemma 3.1 and take &3
in (49) such that

0 <& < %min{(M - M/)2,e2} inf  A)(x). (65)

x€[0.tx]

Then, there exists a constant C such that, for n sufficiently large,

- 2
sup E[n2/311,;,, (Ao(t) - A,,(z)) ] < C.
tele.M’]

Proof. 1t is sufficient to prove that there exist some constants C1,C> > 0, such that for each
n € Nand each ¢t € (e, M’], we have

IA

B[n21E, (a0 -~ a0 | < €1 (66)

IA

E|:n2/3]lE” {(ko(t) - in(t))Jr}z} Co. (67)
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Let us first consider (66). We will make use of the following result

E|:n2/3]15n {(ln(t) - Ao(t))+}2] 2/()001?(n1/3115,,(in(t) = Ao(1) = X)xdx

2n B
2/0 P(n1/3]15n(ln(t) ~ 2o(0) > x)xdx

+2/2n P(n1/3nE,,(in(r) ~ Ao(1)) = x) xdx

IA

4n2+2/2001P’(n1/3]IEn An (@) —Ao(z))>x/2) xdx
n

4n? 4+ 4 (01 don (1) = Aot d
7t B (025, G ) = 200)) > ) xd

IA

for a fixed > 0. We distinguish between the cases a + n71/3x < Ao(M)
and a + n713x > Ag(M), where a = Ao(r). We prove that, in the first
case, there exist a positive constant C such that for all ¢ € (¢,M’] and n € N,
P(n1/31E,, (An(t) — Ao(0) > x) < C/x3, forall x > 7, and in the second case
IP’(nl/3llE,, Gn(@) — Ao(t)) > x) = 0. Then (66) follows immediately.

—-1/3

First, assumea + n x < Ao(M). By the switching relation, we get

P(n1/3ILEn()~Ln(t) — Ao() > x)

P({;\n(z‘) > a + n71/3x} ﬂEn)

P({Un(a + n_1/3x) < t} N E,,).

Because a + n—1/3x < Ao(M), we have U(a + n_1/3x) > M > t. Furthermore,
{Upa + n=3x) < t} c{Uu(a + n~'/3x) < M}. Hence, together with lemma 6.3, we
can write
]P’({Un(a + n_1/3x) < t} ﬂEn)
< ]P’({‘U(a + n_l/3x) — Uya + n_l/3x)‘ > U(a + n_l/3x) — t}

NnE, N {Un(a + n_l/3x) < M}) (68)

1 1
< K max 3 3 < £
n(UG@ + n=13x) = 1)” n3 (U@ + n=1/3x) — 1) X

because U(a + n~1/3x) — t = U’(&)n"'/3x, for some &, € (a,a + n~1/3x), where
U'(6n) = 255" ED)™ = 1/sup,ero.0, 2p() > 0.

Next, consider the case a + n~1/3x > Ao(M). Note that we cannot argue as in the previous
case, because fora + n™1/3x > Lo(M), we always have U(a + n~1/3x) = M, so that we
loose the dependence on x. However, if n1/3(X,,(t) — Ao(t)) > x, then foreach y > 1, we
have

An(y) = Aut) =2 dn() (v — 1) > (@ + n73x) (v — 1),
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where a = Ao(¢). In particular, fory = M = M’ + (M — M’)/2, we obtain

P{nlBILEn(in(t) — () > x}

IA

P({A,,(M) — Ra(t) > (a + n—1/3x) M — z)} ﬂEn)
P({An(M) — An(t) = (Ao(M) — Ao(t)) >

IA

(a + n_l/3x) (M — 1) — (Ao(M) — Ao(t))} ﬂEn)

IA

IP’({Z sup  |An(x) — Ao(x)| > (a + V3% - )L()(M)) M - t)} N E,,),
x€[0,M]

(69)
also using that Ao(M)

Ao(t) = do(M)(M -
a + n713x > Xo(M), it follows from (65) that

t). Furthermore, because
- - 1
(a v V3x - AO(M)) (M —1) > (M — M)® inf A)(x) > 2£3., (70)
4 xXe H]
so that, by the definition of &3 in (49), the probability on the right hand side (69) is zero. This
concludes the proof of (66).

Next, we have to deal with (67). Arguing as in the proof of (66), we obtain

]E|:n2/3]lEn {(xo(z) - in(r))+}2} = n2+2/ooIP’(n”3llEn(ko(t)—in(t)) z X)des
n

for a fixed n > 0, where

]P’(nlBILE,,(AO(t) - in(l‘)) = x) = P({On(a - n_l/3x) z t}mE'Z)’

with a

= Ao(t). First of all, we can assume that a — n—
P{An(t) < a

1/3
_ /3

x > 0, because otherwise
x} = 0.Becauset = U(a), as before, we write

IP’({Un(a - n71/3x) > t} DE,,)

Uy (a n_1/3x) — Ua — n_1/3x)’ >t — U — n_l/Sx)} ﬂEn)
In order to apply lemma 6.3, we intersect with the event Uy, (a — n~'/3x) < M. Note that

P({U,,(a — a3y > M}ﬂEn) < u»({in(M) <a-— n—”3x}mEn) =0

This can be seen as follows. If 1, (M) < a — n~/3x, then foreach y < M, we have
An(M) = Ap(y) < Aa(MYM — y) < (@ — n~ ' Px)(M — y).

In particular, fory = M = M’ + (M — M’)/2, similar to (69), we obtain
P({in(M) <a-— n_l/3x} ﬂEn)

< P({z sup  |An(x) — Ao(x)| > (—a + n_1/3x+/\o(]l71)) (M—M)} ﬂEn)
xe€[0,M]
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Becausea = Ao(t) < Ao(M’), we can argue as in (70) and conclude that the probability on
the right hand side is zero. It follows that

P({Un(a a3y > z} ﬂEn)
= P({'l}”(a —n73x) - Ula - n—1/3x)‘ >t - Ula — n—1/3x)}

NE, N {Un(a —n 3y < M})

=< Kmax{ ! 7 : 5}.
n(t — U@ — n=13x))" n3(t — U(a — n=1/3x))

To bound the right hand side, we have to distinguish between a — n~1/3x > 10(0) and
a — n713x < A0(0). Ifa — n1/3x > 10(0), then the right hand side is bounded by
K/x3, becauset — U(a — n~'/3x) = U’(E;)n"1/3x, for some &, € (a — n~1/3x, a), where
U'(n) = Aé()&gl(én))_l > 1/sup,epo.c,1A6(t) > 0. Otherwise, ifa — n~13x < 10(0),
then we are done because then P (n1/3]lEn (Ao(t) — Jon @) = x) = 0. This can be seen as
follows. Whena — n™1/3x < 10(0), then for each y < r, we have

An(®) = Ap(¥) < At — y) < (@ — n73x)(@ — ).

In particular, for y = ¢ = ¢/2, we obtain

P(n'1g, (o) = 1n()) = x)
]P’({[\n(t) — An(€) < (a - n_‘/3x) (t — e’)} mEn)
B({An(0) = Rule) = (Ao(t) = Ao(e)
< (a - n*1/3x) t — €)= (Ao(t) — Ao(e’))} n E,,)

IA

IA

IA

P ({2 sup  |An(x) — Ao(x)| = (—a + n_l/3x) (t =€)+ 20" (t — e’)} n En) )
1

xel0.M
Becausea — n~1/3x < 10(0), we can argue as in (70),

(=a + 072 + 20() ¢ = €)= (Ro(€) = 20(0) (¢ = €)

1 (7D
€2 inf  AL(x) > 2&,

>
~ 4 xe€l0.ty]

and conclude that the probability on the right hand side is zero. This concludes the proof
of (67). O

Lemma 6.5. Suppose that (Al)—(A2) hold. Fix x € (0,tp). Let0 <e <x <M’ < M < 1t
and suppose that H", defined in (1), has a bounded derivative h*® on [0, M]. Let X be the
Grenander-type estimator of a nondecreasing baseline hazard rate Ao, which is differentiable with
Mg bounded above and below by strictly positive constants. Let Ey, be the event from lemma 3.1
and assume that &3 satisfies (65). Then

x+b 5
L, [ Go0) = L@y = 0pn").
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Proof. Markov’s inequality and Fubini, yield

x+b ~
P(b_ln2/3ﬂ5,,/ (Ao(t) — Ap(2)?dr > K)

IA

Lglp14231 /X+h(x (1) = An(1))?dt
K En - [0} n

IA

~ sup E[n2/3nE,,(xo(z)—in(t))z].
te[x—b.x+b]

For n sufficiently large [x — b,x + b] C [e, M'], so that according to lemma 6.4, the right
hand side is bounded by 2C/ K, for some constant C > 0. This proves the lemma. O

Proof of Lemma 3.3. Take x < M < 1y and n sufficiently large such that x + b < M.
With a,, x ®,, defined in (19), we have

/{én,x(u,s,z) — Opx (. 8.2)} dP(u,8.2)

én.xén(lﬁﬁn)

= ﬂEn/]l[x—b.x+b](u)5< o B)

- an,x(u)) dP(u,$,z)

e, [ [ (@000) — ) R0 4152 @)

*+b an x‘i)n(uhén)
s ~ —an dH™
1, [X . (q)n e (u)) H™ ()

x+b an x&)n(v;ﬁn) 5 ~
-1 —————— — dn.x ®(v; Bn) dA,
En /x_b < o0 B an,x(v) | @(v; Br) dAs (V)

using Fubini, the definition of & in (2), and the fact that a, ®,, and an.x are zero outside
[x — b,x + b]. Write ®,,(u) = @, (u: Bn), D) = D(u; Bn), and Po(u) = ®(u:fo). Then
the right hand side can be written as

x+b n & n _ 5
1g, / an x(An () Dpn(An(u)) an,x(u)®y (u)

. o (@o(u))to(u) - <I>(u))Ln(u)) du,

where 4, (u) is defined in (20). The Cauchy—Schwarz inequality then yields

‘/ {0 x,8,2) — Op x(.8,2)} dP(u,8,2)

(an.x o An)(&)n o I‘in) - an,x&)n
D,

<1g

— n

[ r—
Lo

Lix—b.x+5]

(73)
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Furthermore,

(an x o I‘In)(&)n o An) - an,x&)n
d,

1g Tix—p,x+5]

n

Lo

(= Anx @) kptx —w))
=2 /H; ( B0 (Ay (1) 0w )

du

o /x+b (kb(x - An(u)))z (®n(dnu)) - cT>n(u))2
Ey = =
x—b o(An(u)) Dy (u)?

o d k= 0|\ (s 2
=< ZILE,, /);_b (dqu()(y) (An(u) - M) du
C] x+b A A A 2
+1Enmj;ib (Cbn(An(”)) - q’n(”)) du

C2 X+b R 2 Cl /
<1 T Ap(u)—u du +1 P T
Enp# /x—b ( n() ) E b2, (M)2 Jx—p

y=£&y

o (& (An) — 600 du,

(74)
for some constants ¢j,¢; > 0, where we use the boundedness of k/, d®(x; 80)/dx and
1/®(x; Bo) on [0, x + b] < [0, M]. Then, because Ao(u) — Ao(An(w)) = A — Ay ()

and A{) is bounded and strictly positive on [0, M] 2 [x — b,x + b], there exists a constant
K > 0 such that

lu = An@)| < KlAo@) — Ao(An())l.
Ifu € (7;, ti+1] and ffn(u) > 1;, then in(u) = in(/fn(u)) and we obtain

u — Apu)| < Klhow) — An)| + K[Xy(An()) — Ao(An(w))|

- (75)
< 2K[Ao(u) — An(u)|.

This holds also in the case A, (u) = 1;, simply because |[Ao(u) — AO(/fn w))| < |ro(w)
— An(u)|. As a result, using lemma 6.5, for the first term on the right hand side of (74), we
derive that

x+b

1 x+b R 2 C
]lEllﬁ/;c—h (An(u)—u) du < b—4]lE,,/ .

(Ao(u) - in(u))z du = 0, (b—3n=2/3).
(76)

For the second term on the right hand side of (74), we find

’q)n(f‘fn (u); ﬁn) — Dy (u; lén)

<2 su% ’CD,l(x; ,3,1) — @, (x; ,Bo)’-l—)q)(z‘in(u)i Bo) — @(u; Bo)
+2 surﬂ){|<1>n(x;/30) — @(x: Bo)l

+ 1@/ (& Bo) || An () — ul

=2[Bu — Bol sup | DV (x: %)
x€R

+ 2 sup [P, (x; o) — P(x; o)l
xeR
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which, using (48), (5) and |;§n — Bol = Op (n~1/2) (see theorem 3.2 in Tsiatis, 1981), leads to

b1, | _:b (®n(An0: f) — @n:f))”

~ 2
=815, 1s — Bol? sup | DLV (x: %)
x€R

5 x+b R 2
+2b™ 1, sup ®'(s; Bo) (A,,(u) - u) du
s€lx—b,x+b] x—b

+8b7 ! sup |@y (x; Bo) — (x; Bo)|?
xeR
= 0,077 + 0,7 ') + 0,0 ') = 0,703,

Consequently, from (74) together with (62), for the first term on the right hand side of (73), we
obtain

(an.x o I‘in)(&)n o /in) - an,x&)n
D,

b Lpx—p.x+0] =0,(b73n723 +0,(b""'n72/3)

n

Lo
=0,(b3n72/3).

For the second term on the right hand side of (73), we first write

H (@0)&0 - éin) Lx—b.x+b] H£2 -
< H (% - é) Aol [x—p.x+b] ‘

Ao — & )<i>1 _ H
s + H( 0 n [x—b.x+b] s

On the event E,;, we find
1 ®y — &) Aol 2 bl |y — Bol? sup | DD (x: B A
En | (o olpe—p.xtor] = En|Bn — Bol Sul%| W B S[gpM] o(u)
xXE ue N
= 0,(bn™ Y,

and

A

~ N\ 2 N x+b - 2
[ (0 = ) O1icnsim | = 00515, [ (o) = Aat0)” du
= 0,(bn?/?),
due to lemma 6.5. It follows that

1g,

(CDOAO — &)in)]l[x—b,x—{-b] ng = Op(bl/Zn—l/?;).

Together with (73), this concludes the proof. O

To establish lemma 3.4, we need a slightly stronger version of lemma 6.4. Note that, in order
to have the uniform result in (78), we loose a factor n2/° with respect to the bound in lemma 6.4.
This might not be optimal, but it is sufficient for our purposes.

Lemma 6.6. Suppose that (A1)—(A2) hold. Let0 < ¢ < M’ < M < =ty and suppose
that H", defined in (1), has a bounded derivative h* on [0, M. Let A,, be the Grenander-type
estimator of a nondecreasing baseline hazard rate Lo, which is differentiable with Ay, bounded
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above and below by strictly positive constants. Let E; be the event from lemma 3.1 and assume
that &3 satisfies (65). Then, there exists a constant C > 0, such that, for eachn € N,

~ 2
IE|:n4/91LE” sup (Ao(t) - An(z)) } <c. (78)
te(e,.M’]

Proof. We decompose (¢, M’] in m intervals (ck,cx+1], where cx = € + k(M — €)/m,for
k =0,1,....mandm = (M’ — €)n?/°. Then, we have

. 2 . 2

sup (Ao(t) - An(z)) - max sup (Ao(t) - )tn(t)) .

te(e,M’] 0=k =m—1re(ck.ch1]

On the other hand, the fact that A¢ is differentiable with bounded derivative implies that

sp (ho(0) - Lnt0))”

te(ck.cr+1l
. 2
<2 sw (o) — dolex+))” +2 sup (Rolex+1) = Aa(0))
lG(Ck,Ck_H] lE(Ck,Ck+1]
2
< 2( sup %(u)) (ck — ck41)”
uel0,M’]
. 2 . 2
+ 2m‘dx{(lo(€k+1) - )tn(Ck)) ,(10(0k+1) - /\n(Ck-H)) }
2
M’ — €)?
<2( sup Ao %
uel0.M'] m

~ 2 5
+, max (Roleo) = Aa(en)” + | _max_ Qolces1) = Aolex))’.

O<k=<=m O<k<m—

~ - 2
Here, we used that A, is nondecreasing, and therefore sup; e (¢, ¢4 1] (Ao(ck_,_]) — An (z)) is

achieved eitheratt = cx ort = ck41,fork = 0,1,...,m — 1. Hence,
. 2 N 2 2 (M’ —¢)?
sup (Ro() = Aa ()" =4 max (Ro(ex) = Anler)) +6( sup Ape) | 5
re(e,M’] O<k=m uel0,M’] m

2
_3 —4/9
< 4Og(asxm (lo(Ck) kn(Ck)) +Cin™7,
where C; = 6 (supue[e’M,] A6(u))2. Consequently, using lemma 6.4, we derive

~ 2 ~ 2
E|n*°1g, sup (Ao(t) — An(t)) <4E [n4/9nE,, max (Ao(ck)—)tn(ck)) ]Jrcl
te(e.M’] O=<k=m

m - 2
< 4n_2/9ZE|:n2/3]lEn()Lo(Ck)—/\n(Ck)) ]+C1
k=0

<4(M’' — €+ 1)C + Cy.

This concludes the proof of (78). O
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Proof of Lemma 3.4. Take 0 < e <x < M’ < M < tg. Let n be sufficiently large such that
xX+b < M’ < M < ty.Denoteby R, the left hand side of (28). Write G,, = /n(P,, — P)
and decompose R, = R;;1 + Rj2, where

_ Slpy— u) /_ _ R R
Roy = w21, [ LI (G 60 f) — )0 s ) 4G 15,2,
@5, (u; Bn)

. un(x+b) 7§ LR B
Ry2 = ”_]/zﬂEn/ﬂ{u>x—b}|:ean[ wd/\n(l})
x—b D, (v; Bn)

, uUn(x+>b)
— ¢hoz [ an »(v)dAo(v) | dG, (. 8, 2).
x—b

Choose n > 0. We prove separately that there exists v > 0, such that

limsupP(b3/2n13/18|Rn1| > v) <7

n—oo
(79)
limsupIP’(nl/2|Rn2| > v) <n.
n—oo
We consider the following events.
A = () > K1},
~ (80)
A = { sup |Ao(t) — )»,,(t)’ > Kzn_z/g},
tele,.M’]

where K1,K> > 0,andlet A, = A, U A,>2. Because in(M) = Op(1), we can choose
K1 > 0,such that P(4,1) < n/3,and from lemma 6.6, we find that we can choose K» > 0,
such that P(A,,2) < n/3,sothat P(A4,) < 2n/3. First, consider R,;1. Because

IP’(b3/2n13/18|R,11| - v) < P(4y) + P({b3/2n13/18|Rn1| - v} HAZ)

(81)
<29/3 + b2 B3 B TIR[|Ry |1 4]
It suffices to show that there exists v > 0, such that 532213/ 18y =1E[|R,y [1 4] < n/3,
for all n sufficiently large. Write

w0 = e (G000 G0 ) — ()90 )
an x(ffn (u)) 7 5 " an.x(u) 2
= St (@, (A (0): B~ © (i (0); o)+~ (s fo) — B (w3 B
iy (©n 03 B = @ s o)) + - (@0 o) = @ )

We will argue that the function W,, = b21n2/%w is uniformly bounded and of bounded varia-
tion. Because of (61), n'/3(®,, (A, (); Brn) — ®(A,(1); Bo)) and nl/3(®(u; o) — @p(u: Bn))
are uniformly bounded. Moreover, they are of bounded variation, as being the difference of

two monotone functions. Similarly, 1/®;, (u; ,3,1) is of bounded variation and on the event E,
it is also uniformly bounded. Furthermore, by the definition of a,, », we have

. (An @) @Ay ) B0) = an.x@)®w; fo) = Ky (x — An()) — kp(x = w).
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This is a function of bounded variation, such that multiplied by »2n2/°

bounded on the event A, because using (75), we obtain

, 1t is uniformly

ko (x = An) = ko = )| = 5721dn(0) — ul sup k(o)
< 2Kb2An () — Ao(w)| sup ]]|k’(x>| (82)

<b2n7?22KK, sup |k'(x)].
xel—1,1]

Finally, ba, x(u) = bkp(x — u)/®(u;Bo) is also a function of bounded variation, as
being the product of a function of bounded variation bk (x — u) with the monotone function
1/®(u; Bo), and it is uniformly bounded. Then, because ba,, x (/fn (u)) is the composition of an
increasing function with a function of bounded variation that is uniformly bounded, it is also a
function of bounded variation and uniformly bounded. As a result, being the sum and product
of functions of bounded variation that are uniformly bounded, W, = 5%1n2/%w belongs
to the class Bz of functions of bounded variation, uniformly bounded by some constant K.
Consequently, it holds

Rai = 0\, / Bt 21w () AT @y — P)(1,8.2)
= b*Zn*WlSnEn[an[x_b,”h](u)w,,(u)dﬁ(m — P)(u,$,2).

Let B be the class of functions of bounded variation on [0, M], that are uniformly bounded
by K > 0,andlet G, = {{pn : B € Bg}, where {pn(u,8) = 8lix—p xt+p1(u)Bu).
Then, O61px—px+5Wn 1is a member of the class G,, which has envelope
Fu(u,8) = K8lx—p.x+p](u). Furthermore, if J(8,G,) is the corresponding entropy-integral
(see Section 2.14 in van der Vaart & Wellner, 1996), then according to lemma A.1 in Supporting
Information, J(§,G,) < f(f V1 4+ C/ede, for some C > 0. Consequently, together with
theorem 2.14.1 in van der Vaart & Wellner (1996), we obtain that

E[|Rn1|Lag] < 6720 3/18E sup
£EGn

KJ(1,Gn) | Fu llLoqyb ™20~ 13718
K/(Hm:(x + b) _ I_Iuc()C _ b))l/lb—Zn—l?;/lS < K//b—3/2n—l3/18’

/ £5n (0. 6.2) dVi(Bn — F)(u.5.2)

IA

IA

because H" is absolutely continuous. As a result,

4

K
b2 TR R [ug] = — < /3

for sufficiently large v. This proves the first part of (79).
We proceed with R;». Similar to (81),

P(n'2(Rpal > v) = 20/3 + 020 E[|Ruallug ] (83)

and it suffices to show that there exists v > 0, such that n!/2y~!E [|Rn2|]lA§;] < n/3, for
all n sufficiently large. We write

W2 R = L, [ (Foriat - o (0) dVAEs — P52,
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where
un(x+b) , A (v R o
P () = Lo x—py / nx(An @) g (4 0): B (v) d,
x—b @n(v;ﬁn)
UAN(Xx+b)
Fan(@) = Lo xp f @) du,
a

are both monotone functions, uniformly bounded by some constant C on the event A5 N
E,. Let Mc be the class of monotone functions bounded uniformly by C > 0, and let
Gn = {&rpu,2):17 € Mc,B € RP|B — Bo| < &), where & is chosen as in (49) and
Crpu,z) = r(u)ef’?. Then eB;tzrl n(u) is a member of the class G,, which has envelope

p
Fu(u,2) = Cexpi > (Bo.j — ow)z; vV (Boj + on)zj ¢
Jj=1

with o, = /§2n72/3 as the envelope of G,,. If J[1(8, Gn, L2(P)) is the bracketing integral (see
Section 2.14 in van der Vaart & Wellner, 1996), then according to lemma A.2 in Supporting
Information, J;1(8, G, L2(P)) < f(‘f V1 4+ C/ede, for some C > 0. Hence, together with
theorem 2.14.2 in van der Vaart & Wellner (1996), we obtain

gl }

Lac i, / Ay () dYa(By — P)(u.5.2)

< B sup | [ Grp(u.2)d VB, — P).5.2)
CEGy
< KJn(1,Gn. Lo®P) | Fu llL,» < K.

for some K’ > 0. We conclude that,

K/
v_lIE|: ] = =
Vv

for sufficiently large v. In the same way, it can also be proved

o |

for sufficiently large v, concluding the proof of (83) and therefore the second part of (79). O

A

|

A
=
=
o

Lac i, f iy () d/A(By — P)(u.5.2)

Lac i, f ¢f0% 1y () APy — P)(u.5.2)

IA

Supporting Information

Supplement to “Smoothed isotonic estimators of a monotone baseline hazard in the Cox
model”.

¢ Supplement A: Entropy bounds for the smoothed Grenander-type estimator.
¢ Supplement B: Smooth maximum likelihood estimator.
¢ Supplement C: Consistency of the bootstrap.
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