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Abstract

Kitaev chains have recently been realized in semiconductor quantum dots (QD) coupled to
each other through Andreev bound states (ABS) emerging from the superconducting proximity
effect. These chains are a promising platform for the detection and manipulation of Majorana

bound states, which are predicted to have interesting properties for quantum information
experiments such as non-Abelian statistics and robustness to charge noise. In this thesis, we
show strong coupling in a relatively long 2-site Kitaev chain in a QD-ABS-QD setup and
demonstrate that control over the superconducting phase of the ABS allows tuning of the
Kitaev chain regime. We also investigate the Majorana wavefunction overlap in the ABS in the
strong coupling regime. We then discuss a 3-site Kitaev chain in the QD-ABS-QD-ABS-QD
system, where we demonstrate the importance of superconducting phase control for stable
Majorana bound states in this system and directly probe the excitation gap in the bulk of the
chain, showing the delocalization of the Majorana bound states. Lastly, we study the
Majorana protection against chemical potential fluctuations in the 3-site chain.
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Chapter 1

Introduction

MAJORANA quasiparticles have been a subject of study in condensed matter physics for the
past two decades.

These quasiparticles are excitations in condensed matter systems which are defined by being
their own anti-particle. The protection that such a particle theoretically enjoys has made it a
candidate for quantum information applications, in the form of both gate-based qubits [1, 2] or in
a different paradigm altogether, that of topological quantum computation [3, 4]. This approach
harnesses the Majorana’s intrinsic non-Abelian statistics to perform computations through the
interchanging of anyons, known as braiding [5], to achieve results different from what would
occur using fermions or bosons. Braiding has been predicted to be protected from decoherence
[6]. Majorana research has therefore been spurred by the promise of hardware-level quantum
error correction.

Beyond the direct applications, the non-Abelian character of Majoranas has also attracted
fundamental scientific interest since experimental evidence for non-Abelian anyons is still limited
and their statistics remain a mostly theoretical prediction [7, 8]. A direct manipulation of non-
Abelian anyons would open up a rich setting to explore more quantum phenomena.

Despite the number of theoretical predictions for the detection of Majorana quasiparticles,
direct manipulation of them is still lacking [8]. One of the most impactful theoretical predictions
of Majorana modes was from Kitaev in 2000 [9] where he suggested they would emerge in
a linear chain with p-wave superconducting pairing. Over the past decade, significant effort
was dispensed on building such a system in long proximitized nanowires [10-13]. This approach
initially seemed highly successful [14, 15], but is limited by material disorder and the appearance
of trivial states that mimic Majorana signatures [16-19]. Kitaev chains defined in quantum dots
were proposed as a promising alternative candidate as a platform for Majorana applications
[20, 21]. In particular, the degree of control over the chemical potential and inter-quantum dot
coupling in the system makes the proposal more robust in the presence of disorder [22].

Very recently at QuTech the required mechanisms for coupling neighboring quantum dots
in semiconductor-superconductor hybrids were demonstrated in 1D nanowires [23, 24] and 2D
electron gases (2DEGs) [25]. Two years ago, the first minimal Kitaev chain was realized in two
quantum dots in a nanowire, which hosted bound states that are predicted to show Majorana
properties called Poor Man’s Majorana (PMM) excitations [26] in a specific point in parameter
space. This was achieved in 2DEGs soon after [27]. Increasing the number of quantum dots has
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been predicted to increase the robustness of the Majorana modes [21]. However excitingly even
with two quantum dots qubits and non-Abelian statistics are within reach [1].

In this thesis, we will describe the work I was able to contribute to during my time as an MSc
student in the Goswami lab. It focused on the impact of the superconducting phase difference
in 2-site and 3-site Kitaev chains in quantum dots. The report is structured as follows :

e chapter 2 describes the necessary theory at the MSc student level.
e chapter 3 describes the methods for experiments conducted in this thesis.

e chapter 4 describes how phase control in the 2-site Kitaev chain allows for an additional
degree of freedom in the tuning to the Poor Man’s Majorana regime. We also explore the
overlap of the Majorana wavefunctions between the two quantum dots.

e chapter 5 describes the first experiments on a phase-controlled 3-site Kitaev chain and
shows how phase control allows full control over the Majorana states in the system. We
examine how the Majoranas show no overlap in the middle of the chain, and study the
Majorana protection.

e chapter 6 summarizes the main results.

e chapter 7 briefly demonstrates how machine learning can be used to tune Kitaev chains,
providing some outlook for how future experiments could be scaled.




Chapter 2

Theory

HIS chapter presents the necessary theoretical concepts to understand the work presented in
the ensuing chapters.

2.1 Majorana Bound states in the Kitaev Chain

Majorana particles, initially predicted by Ettore Majorana almost a century ago as a solution
to the Dirac equation [28], are defined by their characteristic of being their own antiparticle.
Although Majorana’s original consideration was particle physics, where the search for funda-
mental Majorana particles continues, Majorana quasiparticle excitations have emerged as a
fascinating field of study in modern condensed-matter physics [29]. In these systems, Majorana
quasiparticles have been predicted to be robust to environmental fluctuations and possess spe-
cial exchange statistics which make them attractive to study quantum information, especially
topological quantum computation [3, 6].

In condensed-matter systems, an electron and a hole are each other’s antiparticles. An
electron is added to a system by the creation operator ¢/ and is removed by its Hermitian
conjugate, the annihilation operator c. A hole is created by ¢, and annihilated by ¢f. We can
rewrite these operators in another basis by defining two operators ~y; 2 :

v = ch+ c, Yo = i(cT —c) (2.1)

As it turns out, thus splitting the creation operator into its real and imaginary parts produces
two operators which are their own Hermitian conjugates, 12 = 7{72. These operators are called
the Majorana operators, and since they satisfy fermionic anticommutation rules and are built
out of superpositions of an electron and its respective hole, they correspond to a special kind
of fermion which has zero energy, zero spin, and zero charge [30]. For this reason, Marorana
excitations are often referred to as Majorana Zero Modes (MZMs). There has been considerable
theoretical and experimental effort to design systems whose excitations are described by these
operators.

In 2000, Kitaev predicted that a chain of IV spinless fermions with on-site chemical potentials
i, single-fermion hopping with amplitude ¢; and p-wave pairing with amplitude A; can be tuned
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to a regime with unpaired Majorana modes [9]. The Hamiltonian for such a chain is :

N N— N-1
- Z piczcz Z t; ol iCirl T U CzT+1CZ + Z A;cicivt + Az c; H—l (2.2)
i=1 i=1 j=1

The system described by this Hamiltonian was dubbed the Kitaev chain. Kitaev showed
that the Majorana fermions arising in this system were topologically protected in the infinite
limit. In this work we are interested in the opposite limit where we work with a small number
of sites - specifically two and three. Despite the lack of truly topological protection, this system
is still able to host unpaired Majorana fermions. Figure 2.1 illustrates the Hamiltonian for
a chain of three fermionic sites. An important distinction is that in the infinite limit Kitaev
considered the t and A coefficients to be material properties shared between all fermionic sites,
ie. t; =t,A; = A for all 7. For a small number of sites where we tune the interaction between
the sites explicitly in the experimental setup, these coefficients are site-dependent.

t, t,
/_\ /\
! 5] us3
'\A/’ \A_/'
1 2

Figure 2.1: Diagram showing three fermionic sites with ¢ and A hop-
ping and chemical potentials p. The circles represent the fermionic sites.

Rewriting the Hamiltonian in terms of the Majorana operators (i.e. performing a basis
change according to Equation 2.1) reads [21] :

N-1

N N-—
= miviives + D, (ti+ A yeiyrien + (—ti + A) Z V172,041 (2.3)
= -1 -1

As shown in Kitaev’s original work as well as in other derivations [30] [31] [32], this basis
change to the Majorana operators highlights two distinct cases: a trivial and a non-trivial regime.

The trivial regime is achieved when p; < 0 and t = A = 0, shown in Figure 2.2 after the
basis change into the Majorana basis. Each Majorana operator is coupled to another on the
same fermionic site. Whenever two Majoranas couple together - often called Majorana fusion
- they lose the zero-energy property. The fermionic excitations of this system are simply an
addition of a fermion to one of the sites, which will have finite energy.
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Y11 Y21 Y31
Ilh Iﬂz Il‘s
Y12 Y22 V32

Figure 2.2: Diagram showing the fermionic chain in the Majorana basis
in the trivial regime. Each circle represents a Majorana operator.

The Kitaev chain’s non-trivial regime is found at p; = 0 and |¢;| = |A;], with ¢;, A; € R and
sign(t;A;) = sign(t;+14A;+1). In this case Majorana operators couple to those on neighboring
sites to fuse into nonlocal fermions as in Figure 2.3.

Y2

0"
AN

Y1

Figure 2.3: Two unpaired Majorana bound states y; and 79 in the
non-trivial regime.

The chain has two degenerate ground states in this regime, one with even fermionic parity
|ge) and one with odd fermionic parity |g,). Single-particle excitations between these ground
states are given by the Majorana operators :

|9e) = 7ilgo) 190y = 7ile) i€ {1,2} (2.4)

Therefore in this regime, zero energy Majorana excitations are possible. All other excitations
have an energy of at least 2¢ - this difference between the zero energy and the first excited state
is called the ezcitation gap.

The presence of these MZMs is not some artifact of a highly tuned Hamiltonian. Due to their
chargeless nature, they enjoy robustness against fluctuations in p. In the thermodynamic limit
with the number of fermionic sites very large, Majorana excitations are present while p < 2t - and
indeed regardless of any small local deviations in the inter-site couplings [30]. This limit is often
also called the topological limit. However, even outside of this limit, the Majorana excitations
present in the non-trivial regime of the Kitaev chain enjoy protection from fluctuations which
is even measurable with just two sites [20]. Furthermore, the Majorana overlap is exponentially
suppressed, meaning that as few as five or even three sites can host very robust Majorana bound
states [21]. In the following sections, we will detail the ingredients necessary to observe Kitaev
chain physics.
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2.2 Quantum Dots

Quantum dots (QDs) are the building blocks of the physics we explore in this report, where we
use them as the fermionic sites in the Kitaev chain. We will give a brief overview of the relevant
fundamentals of these structures.

QDs are semiconductor' nanostructures which trap electrons inside a potential such that
the density of states in the structure is discretized. The name dot comes from the effective 0D
nature of this structure, i.e. the quantization of the electron wavefunction in all three spatial
dimensions [33]. Quantum dots have also been called artificial atoms, as their discrete energy
structure is reminiscent of natural atoms - albeit at a different energy scale and dimensionality
[34]. They allow for the observation of uniquely quantum effects of single particles, such as the
spin of an electron [35]. They are therefore a promising platform to study electron spins and
interactions, in particular when coupled to other nanostructures such as superconductors [30].

The quantum dots studied in this thesis are defined in 2-dimensional electron gases (2DEGs).
These are materials formed in semiconductor heterostructures from materials with different
Fermi energies and band gaps, allowing for 2D confinement of electrons at their interface [33].
Unlike in nanowires or other quasi-1D materials, this platform does require extra confinement
and tuning to form 1D channels. This difficulty is compensated for by the flexibility offered by
two dimensions. For example, it allows the possibility of tunneling into a quantum dot from
different directions - the use of this will become clear in the results chapters.

e -y 4

2DEG

Figure 2.4: An illustration of a quantum dot defined in a 2DEG. The
depletion gates (blue), tunnel gates (purple), and plunger gate (green)
are colored. Image taken from [36].

The quantum dots we worked with are defined in a 2DEG through voltage gates. These
gates surround a region and deplete the 2DEG underneath them, causing a potential minimum
in the center of the region that defines the QD. In our systems specifically, we use large depletion
gates to form 1D channels and then define the quantum dots by narrower gates that cross this
channel. These smaller gates are often called tunnel gates, as they not only define the quantum
dot but also control the tunneling rates of charged particles trying to enter or exit the confined
region.

The fundamentals of QDs have been known for some time [37] and in particular quantum
dots in the context of Kitaev chains have been discussed extensively with detailed descriptions
at the MSc student level [30-32, 36, 38, 39]. We therefore only summarize the key ingredients
here.

Woltage-confined quantum dots cannot exist in metals or superconductors since they expel electric fields.
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A quantum dot has two defining energy scales: the level spacing dn and the charging energy
U.

The charging energy is defined as U = % where C' is the QD’s capacitance, which is defined
by its exact size and geometry, and e is the elementary charge.? U corresponds to the energy
required to overcome Coulomb repulsion and add one more electron to the confined region.

The level spacing comes from the discrete nature of the QD’s density of states. According
to the Pauli exclusion principle, a quantum state can only be occupied by one fermion at a
time. Hence when adding an electron an additional energy cost oy = &y — En_1 must be paid,
where {{x}n are the energies of the quantum dot levels. These energies are determined by the
microscopics of the confinement in the quantum dot as well as for example angular momentum
or Zeeman splitting [34].

The chemical potential p(N) of the N-th QD orbital is the energy cost of adding one more
electron when there are already N — 1 electrons confined in the quantum dot. To control the
occupation of the quantum dot we would like the freedom to manipulate p(N), which is done
by using a plunger gate ( shown in green in Figure 2.4 ) whose only function is to regulate the
energy of the electrons in the QD. It turns out that under the constant interaction model where
U is independent of N the chemical potential is then [37]:

(N <N - ;) U — eaV, + ox (2.5)

where V; is the plunger gate voltage and « is the lever arm, a number between 0 and 1
characterizing how strongly the quantum dot is coupled to the plunger gate®. Increasing the
gate voltage means decreasing p(N), and when p(N) = 0 the state with N electrons and with
N — 1 electrons have the same energy. This is called the charge degeneracy point [30], and
increasing the gate voltage further causes a change in charge ground state to an occupation of
N electrons.

N

o
0

N

3
£ 6
?f; 5 ? 12
(0]
K] S 9 16
= S :
L S
o 2
o 0
S (0] N 10 20
© [N=0 2 6 12
. oo

‘1.5 GATEVOLTAGE (v) 08

Figure 2.5: Current through a QD as a response to the gate voltage.

The inset shows the addition energy E,qq(N) = u(N) — pu(N — 1) =
U + dn. Figure taken from [34].

e

2In some parts of the literature U = % is the preferred convention. The charging energy is also often labeled
as FEc.

3The exact expression to get the lever arm for a quantum dot is o = Cg/(Ca + Cp + Cs), where Cp and Cg
are the capacitances of the source and drain to the QD and C¢ is the capacitance of the gate to the QD [37].

10
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Figure 2.5 illustrates how the gate voltage allows control over the chemical potential in a
quantum dot. The peaks in current, colloquially often named Coulomb peaks, correspond to
transitions in electron occupation. For current to be measured, two metallic leads (a source lead
that provides electrons and a drain lead that accepts them) need to be coupled to the quantum
dot. Electron transport then occurs through a QD level only if the chemical potential difference
between the leads, called the bias window Vis = (s — up)/e, is larger than the chemical
potential of that level as shown in Figure 2.6.

Figure 2.6: Left. Resonant transport occuring when |eVy;qs| > u(N).
Right. Coulomb blockade, when |eVi;qs| < p(IN). Figure adapted from
[31].

If there is no QD level in the bias window resonant transport cannot occur and the QD is
in Coulomb Blockade, where - disregarding higher-order processes - the resistance in the dot
is effectively infinite. We use this often throughout the experiments detailed in this report, to
effectively remove one or several QDs from the system and study a smaller part of the system.

In this thesis, after a quantum dot is defined and tuned we continue to work with only a
single quantum dot level.* Furthermore, since U + dy is much larger than any of the other
energy scales in the system, we disregard the other levels giving an effective Hamiltonian of :

Hgp = (g + 1)) + Ez(ny —ny) + Uiy (2.6)

where 74,7 are the number operators for the spin up and spin down occupation numbers
and Ey is the Zeeman energy Ez = supgB. Applying a magnetic field splits the | 1) and | |)
levels in energy, and in the high field limit £z — oo the effective Hamiltonian becomes spinless

Hop = pn (2.7)

Therefore a spin-polarized quantum dot level may be used as a fermionic site to engineer
more complicated Hamiltonians. In this thesis in particular they will be combined with the rich
physics of superconductors to form Kitaev chains.

4Quantum dot levels are sometimes also referred to as quantum dot orbitals, due to the description of QDs
as artificial atoms.

11
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2.3 Superconductivity and Andreev Bound States

Superconductivity was discovered in 1911 and since then has not stopped being an active field
of research. In a superconductor that is well described by the Bardeen-Cooper-Schrieffer theory,
electron-phonon interactions cause an effective attraction between electrons [40]. This leads to a
quantum phase transition where electrons close to the Fermi energy condense into Cooper pairs
- two bound electrons with opposite spin and momentum. This condensate is characterized by
an energy scale A which depends on the strength of the attractive interaction®. Single fermion
excitations with energy less than A are not allowed, leading to this energy being known as the
superconducting gap. Furthermore, the fermionic excitations of a superconductor are no longer
charge eigenstates such as a hole or an electron in a metal or semiconductor, but coherent
superpositions of a particle and hole: 47 = uc’ + ve. Such an excitation is called a Bogoliubov
quasiparticle, and its charge |u|? — |v|? is often called its BCS charge [41].

Whenever a superconductor is brought into contact with a normal metal or a semiconductor,
the normal system acquires some superconducting properties - this has been coined the proximity
effect [42] [43]. Microscopically, the BCS wavefunction leaks into the normal section through
the process of Andreev reflection (AR) and induces superconducting correlations close to the
interface with the superconductor [41].

In the devices used in this thesis, this proximity effect is so strong that the semiconductor
shows a hard induced superconducting gap [44]. What this means is that the proximitized
semiconductor allows no excitation with energy smaller than A;,4. This parameter is called the
induced gap and depends on the coupling to the neighboring superconductor and its gap A.
The engineering of hard superconducting gaps with large A;,q in semiconductors is of critical
importance to measure the physics discussed in this report, and is one of the main challenges in
the implementation of Kitaev chain physics in other materials [13].

Andreev discovered in 1964 that an electron in a normal metal can reflect on the interface
of a superconductor as a hole with opposite spin and momentum, by creating a Cooper pair at
the Fermi-energy in the superconductor [45].

Figure 2.7: Left. An illustration of Andreev reflection at a normal-
superconductor (N-S) interface. The charge, velocity and energy of the
electron and hole are labeled. Right. Schematic for an Andreev bound
state through repeated AR in an S-N-S junction. The superconductors
have a phase difference ¢ = 01, — Or Drawings adapted from [41]

When AR occurs at two separate interfaces, a bound state can exist between those interfaces
in the limit of infinite reflections. This process, which is sketched on the right in Figure 2.7,
results in a so-called Andreev Bound state (ABS) and can be seen as the superconducting equiv-
alent of a particle in a box problem from introductory quantum mechanics [46]. The bound

5This A is not to be confused with the A in the Kitaev chain model.

12
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state’s energy depends on the phase difference and the distance between the superconductors.
Moreover, its energy and excitations can depend on the details of the disorder in the normal
region, the transparencies of the interfaces, as well as other considerations [47]. The study of
Andreev Bound states in S-N-S junctions (also called Josephson junctions) has led to exciting
applications such as Andreev spin qubits [46].

At its simplest in the short-junction limit, an ABS can be considered as a superposition of
an electron and a hole (a Bogoliubov quasiparticle!) that lives in between two interfaces where
AR occurs. This state can then be excited to a spin doublet state with odd fermionic parity.
If the ABS energy is much smaller than the superconducting gap it can be considered a purely
two-level system (with 4 basis states due to the spin degree of freedom) [47].

Additionally, when an Andreev bound state is found in a region with confinement due to
voltage barriers it can behave similarly to a quantum dot - i.e. with significant level spacing.
However, unlike a quantum dot, it has negligible charging energy since it is screened by the
superconductor. Furthermore, this type of ABS often has energy within the superconducting
gap even for a phase difference of ¢ = 0 [46].

In this thesis, we will therefore discuss Andreev Bound states as this two-level system,
deriving from an alternative model in which we consider a quantum dot that is very strongly
coupled to a superconductor. It has been shown that it is equivalent to solving a superconducting
version of the Anderson impurity model within some limits® [30, 31]. The Hamiltonian for such
an ABS in the many-particle basis {|0), | 11),| 1),| |)} reads :

0 -T, 0 0
| -rs 2¢0+U 0 0
Haps =1 0 e«+Ez 0 (2:8)
0 0 0 €0 — Ez

Here € represents the chemical potential (which is gate-controllable) and Ez is the Zeeman
energy. You may notice that this Hamiltonian is the same as for a single quantum dot level,
except for the I'y term, the superconducting pairing induced by the parent superconductor. It
plays the same role as A does in a superconductor.

Note that H4pg is block diagonal. The two blocks correspond to the manifold with even
parity and the manifold with odd parity. The odd states | 1) and | |) do not interact, however
the even states do through I'y and hybridize into two new states :

S2) = ul0y — v 10, 1S5 = v]0) +u] 1) (2.9)

Where |S_) is the ground state of the even manifold. We call these states singlet states, as
they remain spinless. This state competes energetically with the doublet state | |), the ground
state of the odd manifold, to be the system ground state. Figure 2.8 shows which is the ground
state depending on the superconducting coupling I'; and the chemical potential ¢y. The quantum
dot model presented in section 2.2 corresponds to the x-axis, where I'y = 0.

5These limits are known as the atomic limit and the zero-bandwidth approximation. They do not change the
qualitative behavior of the system but do simplify the intuition significantly. They are described in detail in [30].

13
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Singlet GS (Even)

€0

Doublet GS (Odd)

Figure 2.8: Phase diagram of a quantum dot with even state pairing.
The boundary between the odd and even manifolds indicates a singlet-
doublet phase transition. Figure adapted from [31].

In the limit of negligible charging energy U « T'y, which is often called the Andreev bound
state limit and made possible through charge screening by the superconductor, we find that
the system never experiences a phase transition and that the singlet state smoothly varies from
|S_) = |0) at very positive ¢y to |S_) = | 1]) for very negative €.

In this limit, the charge character of |S_) = u|0) —v| 1|) depends on the chemical potential
as :

1
w2=1—juf=>——C (2.10)

5 2'\/6(2)+F2

Below we plot these u,v factors against —ey ( labeled —paps in the plot ). We choose
this quantity for the x-axis instead of €y because this quantity is proportional to gate voltage:
5V =~

(67

1.0 S

0.5 1

u2

0.0 - T T T
—-250 0 250
—Uags [peV]

Figure 2.9: Charge of |S_) as a response to chemical potential —papg
in the U « I'y limit. Plotted for I'y = 100 peV.

The energy of the singlet state, as a function of the chemical potential, is

14
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Es_ ={(S_|Haps|S-) = €0 — /€5 + '} (2.11)

The energy of the doublet ground state is simpler, | = ¢y — Ez. In the zero-field limit, we
simply have F/| = ¢y. The difference between those states gives the first excitation energy :

Eey = E| — Eg_ =1/ + T2 (2.12)

Since this is the energy that is required to excite the ABS with a hole or electron, it is this
energy that we can probe directly in quantum transport measurements. When an electron with
energy FE., or hole with energy —F,, enters into the system, it can excite the ABS from the
singlet to the doublet. Crucially, the ABS can then relax by again absorbing an electron or hole
again with energy +FE,,.” A Cooper pair is then formed in the superconductor, and the ABS
returns to the singlet ground state - this two-step process is called resonant Andreev tunneling
[30]. For this reason, FE., = E4pg is the energy that we refer to when discussing the energy of
the ABS. We note that I'; is the minimum ABS excitation energy, although in the presence of
charging energy this excitation energy can be lowered. Furthermore, at finite £z two excitation
energies can be measured: F., = \/6(2) +I24+ E5.

We have discussed how we may control the charge of the Andreev bound state by tuning the
chemical potential, and what energy we expect to measure in quantum transport measurements.
We conclude this chapter by noting a few key points.

In this chapter, we have described Andreev Bound states in a Josephson junction which arises
from infinite AR and as a limit of a strongly proximitized quantum dot. Despite being derived
from different models, they can both show the same behavior in that they exhibit singlet-doublet
transitions and have a singlet ground state at all values of parameter space.

In the Josephson junction, the phase difference plays a key role in the physics. In the
proximitized QD, there is no phase difference to speak of; and yet by coupling the QD to two
different superconductors in this model, we can observe the same physics. This control over an
ABS and its impact on Kitaev chain physics has been theoretically explored in recent work [48]
and observing this experimentally is the main focus of chapter 4.

Lastly, when both the superconducting pairing I's and the charging energy U are non-
negligible in a quantum dot, the QD behaves as a Yu-Shiba-Rusinov (YSR) state which is
also known as the strongly-coupled regime [49]. Such a state shows strong hybridization be-
tween the singlet states but still has a singlet-doublet transition when varying the chemical
potential. Using these states instead of the standard QD levels without proximitization allowed
for stronger, more robust Kitaev chain physics [50].

2.4 Elastic Cotunneling and Crossed Andreev Reflection

Superconductivity is a necessary ingredient to have Majorana quasiparticles in any system [9]. In
the Kitaev chain model, the t-term can result from simple direct hopping, as occurs in quantum

"This symmetry between injecting a hole and an electron is an example of particle-hole symmetry, which is a
general property of BCS superconductors [33].

15



Chapter 2. Theory 16

dots coupled through a tunnel barrier. Superconductivity is required to get the A term - this is
why we bothered to introduce superconductivity in the first place.

Initial propositions for coupling two quantum dots relied on using the quasiparticle contin-
uum of a superconductor - i.e. the excitations above A. However, this approach lacked both
tunability and sufficient coupling strength to be used in useful devices [51]. Sub-gap excitations
in the form of Andreev bound states overcome these problems. The tuning of these states al-
lowed for a new generation of highly efficient Cooper pair splitters [24] [25], and then the first
QD-based Kitaev chains.

QD S QD
CAR
~SAR —
D@
\_/
ECT

Figure 2.10: Diagram showing two quantum dots coupled through a
superconductor, allowing Crossed Andreev Reflection (CAR) and Elastic
Cotunneling (ECT); adapted from [27].

Two processes compete in transport in the QD-ABS-QD system when resonant Andreev
tunneling is not allowed. The first is crossed Andreev reflection (CAR) 8, where an electron enters
from one QD and a hole exits into the other QD, forming a Cooper pair in the superconductor
- this corresponds to CTLCE + h.c.. The second process is elastic cotunneling (ECT) where an
electron enters through one QD, tunnels through the superconducting region and exits through
the other QD, corresponding to cTLcR + h.c.. Both of these processes are mediated through a

second-order process by the ABS, detailed in Refs. [32] and [51].

The exact rates of ECT and CAR depend on the charge character and energy of the ABS.
In the simplest model, where a single ABS couples the QDs at zero-field with the QDs at
pr = R = 0, the rates are computed through Fermi’s Golden Rule by taking into account the
intermediate virtual states [32]. They are :

212 W _271' 2
) CAR_h

2 |u? —wv 2uv

h

Weer = (2.13)

Eaps EaBs

These rates correspond to, in the context of the Kitaev chain as in Equation 2.2, the values
of t and A respectively. In the simple model as discussed in section 2.3, the excitation energy
of the Andreev bound state is Eqps = 4/€3 + I%. In realistic systems this may be lowered by
charging or Zeeman effects. While this may increase interaction, if the ABS energy is too low
resonant Andreev tunneling will start to occur, which dominates over CAR and ECT processes
[30]. In other words, if the ABS comes down too low in energy it is no longer a virtual coupler
but an active participant in the transport through the system, meaning that the Kitaev chain
Hamiltonian is no longer a valid effective model.

8CAR is sometimes called nonlocal Andreev reflection, in contrast to the usual Andreev reflection which is
local.
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Besides the need to ensure the ABS stays at high enough energy, another difficulty arises :
the Kitaev chain requires spin polarization in the quantum dots. This presents a challenge; ECT
conserves spin since it is effectively the same electron hopping from one dot to the other, CAR is
a spin-flipping process because to form a Cooper pair the electrons entering the superconductor
need to have opposite spin. This implies that at finite field CAR and ECT cannot coexist! This
is indeed a problem if we require ¢t = A # 0 to find our Majorana sweet spot.

This issue is solved by the presence of spin-orbit (SO) in our system. Spin-orbit is a rel-
ativistic effect where an electron moving in an electric field experiences it as a magnetic field
in its rest frame. This field interacts with its magnetic moment, which is characterized by the
following Hamiltonian [32] :

H="98G«E).¢ (2.14)

Where up is the Bohr magneton, o, g and v are the electron’s spin, Landé g-factor and
velocity respectively, and E is the experienced electric field. Asymmetries in the lattice structure
can lead to additional SO effects. The semiconductor which we work with in this report shows
Rashba spin-orbit coupling [30] :

Hp = apé - (k x E) (2.15)

Where k is the electron’s momentum and ap is the Rashba parameter characterizing the
strength of this coupling. This type of SO-coupling allows spin-precessing processes, as the spin
of an electron with momentum & will precess around Bgo = k x E [31]. Hence when tunneling
occurs between the ABS and a QD a component of the wavefunction flips its spin. This allows
CAR between two QD orbitals with the same spin polarization, or ECT between opposite spin
orbitals. By adjusting the direction of the external spin polarizing field, we can tune how much
spin precession occurs. When the external field is parallel to ESO no spin precession occurs and
CAR and ECT do not coexist. In contrast, the amount of spin-flipping is maximum when the
external field is perpendicular to Bgo [23]. An in-depth theoretical description may be found
in Ref. [51].

It is possible to isolate these processes and measure their strengths individually. However,
once we have a working Kitaev chain we want to tune to the sweet spot where both processes
are present. To do this we need to be able to take two neighbouring spin-polarized QDs and
read out the relative strengths of t and A with both QDs at zero chemical potential.

The Hamiltonian for a 2-site Kitaev chain in the many-body basis {|00), |11), |10),]01)} is
[20]:

0 A 0 0
_|A prt+pr 00

e (2.16)
0 0 t  ur

This matrix is block diagonal, with the two blocks corresponding to manifolds of different
parities. When we fulfill part of the sweet spot condition py = ur = 0, the lowest energy state
of the even manifold is :
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19e) = \f(|00> 1),  E.=-A (2.17)

And for the odd manifold:

|90) = \f (I01)—[01)),  Ee=—t (2.18)

We see that whether the ground state belongs to the even or odd parity manifold depends
solely on the relative magnitude of ¢ and A. If ¢ > A the ground state will have odd parity
while if A > ¢t the ground state has even parity. If the ground state is a degeneracy between the
even and odd parities, then ¢ = A and we have tuned to the Majorana sweet spot where PMM
excitations appear.

The relative strengths of these interactions are readily accessed in slow transport measure-
ments. Conductance at zero bias is measured when degeneracies exist between odd and even
states. Sweeping the chemical potentials ( which we do through plunger gates ) of the left and
right QDs against each other shows where those degeneracies exist. Such a measurement is
called a charge stability diagram (CSD) - as it shows where the charges in the system are stable.

G (282”‘) 0@# Gu (292/h) ?A Gu (Eezlh) A
10,1 1.1} ]]0,1) |1,1) .| 10,1) |1,1)
gf Ojﬁ L SJE 0 * SJE (}—J ﬁ
1 -11 -1
0, 0) |1, 0) |0, 0) |1,0) 0, 0) |1,0)
R A A A
- [JLf‘Aind 'ﬂL”Aind = ﬂL”Aind

Figure 2.11: Simulated charge stability diagrams in three different
regimes. The labeled states indicate what the ground states would be
in their respective quadrants without any hybridization.

In Figure 2.11 we show simulated CSDs. On the left, we have the ECT-dominated regime
where ¢ > A. The anticrossing indicates that no even-odd degeneracy is crossed as we move
from the |01) to the |10) state, implying that the ground state at pur = pr = 0 has odd parity.
Similarly, the right plot shows an anticrossing the other way which heralds a CAR-dominated
regime where A > t. The central plot shows the expected measurement at the Majorana sweet
spot, where t = A. This method of tuning to the Majorana sweet spot was recently demonstrated
in the first 2-site Kitaev chain [26] and was also used to measure PMMs in 2DEGs [27].

This method also works for Kitaev chains based on YSR states as described in section 2.3,
although the nature of the coupling processes is slightly changed due to the eigenstates in the
QD no longer being charge eigenstates [50]. Throughout this report, we refer to spin-conserving
tunneling as ECT and spin-flipping tunneling as CAR. Similar to how it was experimentally
justified in Ref. [50] and theoretically explained in Ref. [49], although these processes are
defined through charge states and the dots in this work have no well-defined charge due to being
in the strong coupling regime, the large charging energy in the dots means that spin conserving
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tunneling is ECT-like and the spin flipping tunneling is CAR-like. Hence the ECT and CAR
description is still qualitatively accurate and the system can still be parametrized by ¢ and A
values.

To summarize, the previous sections have detailed the Kitaev chain model, the quantum dots
used as the building blocks in this model, the Andreev bound states which control the couplings
and the resulting interactions and how we can measure them. The next chapter will describe
the experimental methods before we discuss the results of the two projects.
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Chapter 3

Method

UANTUM transport measurements rely on an interplay of classical electronics and the quan-
tum chip. We cover the basics of the measuring techniques here briefly.

3.1 Device Components

Experiments in this thesis are done on a 2DEG device, placed at sub-100 mK temperatures in a
dilution refrigerator. In this device quantum transport measurements are conducted; we deduce
information about the physics in the device by measuring current and into and out of the device.

Three components are involved in transport: leads, tunnel barriers and discrete quantum
states [30].

o Leads are large reservoirs of electrons that are connected to classical circuits and have
well-defined current and voltage values. We consider them to be at equilibrium and at
zero temperature. On the energy scales that we consider the density of states of a metallic
lead can be approximated to be constant [30]. The states below pieqq are all filled with
electrons and the states with higher energy are all unoccupied. For a superconducting
lead, the density of states has an energy of 2A and is well-described by the BCS theory
[33].

e Tunnel barriers are defined by setting a voltage on an electrostatic gate. They create a
potential barrier that affects the transmission rate of every charged particle going through
them. We make the simplifying assumption that transmission does not depend on particle
energy. They are also used to define confined regions, such as to make quantum dots.

o Discrete states exist as a function of the configuration of the gates in the system. In a
transport cycle, the system starts from an initial state (often assumed to be the ground
state), an electron at a specific energy is injected, the system transitions to another state
depending on that state’s energy and parity, the electron relaxes to another lead and the
system relaxes to the initial state again. The system is then ready for another transport
cycle, and a net current has been measured. These transport cycles occur at a much
smaller timescale than our measurement times.
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3.2 Measurement Procedures

The experiments reported in this thesis are electron transport measurements with 3 normal
metallic leads and one superconducting lead. The superconducting lead is always grounded and
its Fermi energy defines the reference for the other energies in our system. We set the voltage
biases Vi, Var, Vg at the normal leads, and then measure the resulting currents Iy, Iy, IR as

illustrated in Figure 3.1.

Zy ZR
4 ——H ¢ T _Ftohk
I Ip
Iut| |Zu
Vm

Figure 3.1: The mesoscopic device with its conductance matrix G is
connected to three voltage sources Vi, Vas, Vr. The currents Iy, Iy, IR
are shown. Positive current is defined as going into the device. The
impedances Z1, Zys, Zr, Zg are the line impedances that arise from the
connection between the leads on the device and the classical room-
temperature electronics.

When tuning the mesoscopic device the resistances caused by tunnel barriers are inevitably
asymmetric, and line impedance asymmetry is also a possibility. These differences cause the
voltages set by the external electronics to not exactly correspond to what voltages are applied
at the device level, called a voltage divider effect [30, 52]. We did not correct for these in this
report although we will point out when these effects occur.

3.2.1 DC Measurements

Besides the currents, we can also gain information through the system by measuring the differ-
ential conductance G = %. It can be shown that as both the temperature and transmissions
tend to 0, the differential conductance is directly proportional to the density of states within
the superconducting gap [40].

The differential conductance can be measured directly through a lock-in amplifier, which
sends out an AC signal at a specific frequency wg that is added to the applied DC voltage.
The total voltage which is applied to the lead is Vpeo + Vac sin(wpt) , and the resulting current
response is :
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dl

I(Vpe + Vacsin(wot)) ~ I(Vpe) + W‘VD

Vac sin(wot) (3.1)

given that V¢ is small enough. The current meter measures the average value of the current,
while the lock-in amplifier measures the magnitude of the oscillating term % ’VDC while filtering
out other frequencies. This suppresses noise compared to manually taking the derivative of
current in a purely DC measurement but comes at the cost of slower measurements since the
lock-in requires averaging over several periods. Due to low-pass RC filters in the fridge lines
protecting the electrons in the device from thermalizing through high-frequency noise leaking
into the fridge, we cannot measure at frequencies much higher than 30 Hz without measuring
a background signal from the capacitors in the lines. This limits the speed of high-quality
measurements to tenths of a second per measurement point.

A non-local differential conductance measurement refers to measuring the lead response when
another lead’s chemical potential is varied. We use the convention that

dlI;

For example, Gj;;, measures the response at lead M to a change in the bias at lead L.
Non-local measurements with two normal leads and one grounded superconductor can be shown
to be equivalent to measuring the charge of the measured excitation [53]. With three normal
leads, the conservation of charge argument which is used in that derivation is not valid, so the
intuitive meaning behind the non-local measurements is unclear. Despite this complication, we
still observe remarkable agreement behind rate-equation simulations and measured non-local
conductance in this report.

3.2.2 RF reflectometry

Another measurement technique utilized in this thesis is Radio Frequency (RF) reflectometry on
the normal leads. This involves applying a high-frequency AC signal on an LC resonator which is
coupled to a lead on the quantum device and measuring the power of the reflected signal. Due to
the high frequency, a different transmission cable is required. When the frequency corresponds
to the resonant frequency f, of the resonator, the reflected signal is highly sensitive to small
changes in the resistance in the lead. This has important applications, for example for charge
sensing in quantum devices [38, 54].

In this report, especially for measuring charge stability diagrams, we use RF lead reflectome-
try as a proxy for differential conductance as they are expected to qualitatively correspond [55].
We show pinch-off measurements in both current and RF reflectometry in Figure 3.2, where we
use a gate to go from an open to a completely closed transport channel with one lead at 400 pV
and the other leads grounded. The signals qualitatively agree, although the RF reflectometry
signal does not correspond to conductance one-to-one, and even is sometimes non-monotonic
(such as in the middle lead).
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Figure 3.2: Pinch-off measurements for one gate each from the left,
middle, and right leads. The current and the Vyrp signals are measured
simultaneously. Note that they are plotted on different axes.

The main advantage of doing RF measurements in our setup, where the measurements we
are interested in are spectrum measurements to measure the density of states, is the speed at
which those measurements can be done. For example in this report, most measurement points
where RF was used were measured for about a millisecond. This time is of the same order of
magnitude as the time it takes for the voltage biases or voltages applied on the gates to be
changed through the control rack, which reduces the use of measuring this fast. The usage of an
Arbitrary Wave Generator (AWG) solves this issue by sending out a continuous sawtooth wave
onto either the lead or a gate to change the device state smoothly - allowing for continuous fast
RF measurement. This technique is called rastering.

Throughout the measurements presented here, the experimental wiring went through several
iterations. Figure 3.3 shows a simplified diagram of the final, most flexible measuring setup, for
a single lead and a single gate.
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Figure 3.3: A simplified diagram for a wiring setup capable of direct
differential conductance measurements as well as 1D and 2D rastering
measurements, shown for the left lead and left plunger gate.

In the above circuit, Vgp is the high-frequency signal that is capacitively coupled to the
lead, which we use to measure RF reflectometry. Vasgas is the DC voltage set by the control
rack, which we consider to be equal to V7, and is capable of measuring I7. Differential DC
conductance can be measured through Vj,ckin and the lead can be pulsed with a smooth voltage
wave by Vawg for rastering measurements while Vgr is applied and measures the reflected
signal. The switch flips from one to the other depending on the measurement. Separately, the
voltage which is felt by the plunger gate is applied by Vpac, on top of which another voltage
pulse can be applied by a separate AWG.

This wiring was applied for the three normal leads and the three plunger gates in the device.
Pulsing one AWG and measuring RF reflectometry is a 1D rastering measurement, but both
AWGS can also be used for a 2D rastering experiment. In that case, one of the AWGs applies
one pulse with a period of the length of the full measurement, while the second AWG emits very
fast sawtooth pulses.
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Chapter 4

Flux Tunable Minimal Kitaev Chain

4.1 Motivation

INIMAL Kitaev chains implement the Kitaev chain model in the minimum number of

fermionic sites to have delocalized Majorana bound states. These MZMs that appear

at a specific point in parameter space are known as Poor Man’s Majoranas [20], since they

do enjoy Majorana non-Abelian properties but are only protected quadratically against global

chemical potential fluctuations and are not protected against inter-QD coupling fluctuations. In

this chapter, we will discuss a tuning mechanism to reach the PMM regime which has not yet
been explored experimentally.

Minimal Kitaev Chains have since their recent realization in InAs - Al hybrid nanowires
[26] been tuned into the Poor Man’s Majorana regime by modulating the chemical potential of
the Andreev bound state coupling the quantum dots. This is accomplished by electrostatically
gating the ABS [51]. The crossover from the ECT-dominated to CAR-dominated regimes with
this approach is well-understood and has been demonstrated in more systems since, such as with
strongly proximitized quantum dots [50], in three dot chains [56], as well as in 2D electron gases
[27].

Although the initial realization of minimal Kitaev chains only featured one superconductor,
a two-dot Kitaev chain may also be engineered by coupling the ABS to two superconductors
connected through a loop. By varying the flux - an out-of-plane magnetic field passing through
a loop - we may control the superconducting phase difference between the two superconductors,
affecting the charge and energy of the ABS between them and thus changing the transport
through a system coupled to the ABS. How the flux affects the charge for the ground state of a
single ABS is shown below in Figure 4.1.1

'"We thank Juan Torres Luna for providing the code for this computation. [48] The code is available at
https://zenodo.org/records/10579410 .
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Figure 4.1: The u? v? components of the ABS ground state |[S_) =
ul|0) — v*| 1]) for a specific chemical potential plotted as a function of
the phase difference between them.

In parallel with the work done on Kitaev physics, the Goswami lab has investigated using
flux to control Andreev bound states in a Josephson Junction in InSbAs [57] as well as tunneling
interference in a double quantum dot interferometer in InSbAs [58]. This research paved the way
for measurements of the flux-dependence of transport mediated by ABSs in coupled quantum
dots, where a clear flux dependence of elastic co-tunneling was observed [36]. Crossed Andreev
Reflection also showed flux response, but the agreement with the expected theoretical results
computed from a single ABS model was quite poor. Nevertheless, their experiment suggested
that flux tuning the coupling between two quantum dots is possible, opening the possibility of
a two-site Kitaev chain that can be tuned in and out of the PMM regime through flux alone.

Parallel theory work has shown this to be possible [48]. The charge control could allow
tuning of the type of interaction between the coupled QDs, and the change in energy affects the
strength of both spin flipping and spin conserving coupling. In the proposed model featuring
a single ABS with asymmetric coupling to the superconducting leads flux tuning is not only
possible but also results in a more protected PMM and a higher excitation gap when the phase
of the ABS is m, which would not be achievable in a PMM tuned with only one superconductor.
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Figure 4.2: The rates for elastic cotunneling (Agcr) and crossed An-
dreev reflection (Acar) plotted against phase difference, for the same
coupling strength to both superconductors (left) and a slight coupling
asymmetry (right). The units on the y-axis are normalized by using
the problem’s natural units, detailed in [48].
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Furthermore, tuning through the ABS chemical potential only offers two sweet spots per
Andreev Bound state. These sweet spots can be adjusted through a rotation of the Zeeman field
[23] which offers a degree of freedom, but changing the field is slow and requires a regime where
spin-flipping hopping is greater than spin-conserving hopping. The approach may be faster and
offer more flexibility, by allowing a sweet spot to be found for any chemical potential value.

In this chapter, we will first present the device where the results were measured, explore some
novelties in this device that have not been measured in PMM systems before such as relatively
long PMM coupling and probing of the hybrid region in the PMM regime, and conclude by
presenting the flux tuning results.

4.2 Device Geometry

Figure 4.3: Left. A false color SEM of the device. The regions where
the left and right quantum dots and the Andreev bound state coupling
them are defined are labeled. Right. Schematic showing how the chem-
ical potentials are controlled, the flux control through the superconduct-
ing loop, and the wiring for DC and RF measurements. Drawn by Ivan
Kulesh.

The device used during the experiments? is shown in Figure 4.3. The gates used are highlighted
in Figure 4.3. Gates that are not colored were not used in these experiments and were kept
grounded. The plunger gates are colored blue, the tunnel gates are colored pink, the normal
leads are colored gold and the superconducting leads are colored green.

The schematic on the right highlights the gates that control the relevant chemical potentials
and shows the circuit connected to the leads which is used to measure the device. The lead
voltage sources Vi, Vir and Vi were initially only DC sources. Later improvements to the
measurement setup allowed connecting the leads to AC voltage sources, allowing differential
conductance to be measured directly.

The three leads and the gate plungers can accommodate AWG signals which we use for
rastered RF reflectometry measurements as detailed in subsection 3.2.2. This was crucial for
tuning the device and exploring wide ranges of parameter space that would have been inaccessible
to us at the speeds offered by DC measurements.

2Device fabricated by Qingzhen Wang.
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The superconducting leads, which due to their galvanic connection will be at the same volt-
age, are kept grounded throughout these experiments. Therefore the leads can accept Bogoliubov
quasiparticles, allowing processes such as ABS relaxation or local Andreev reflection, but they
cannot accept single electrons or holes.

The device geometry differs from previous devices used to investigate flux-tuning PMMs in a
significant way: the superconducting flux loop is in a different position, as can be seen in Figure
4.4. In previous systems, the superconducting leads did not show coupling which was asymmetric
enough to show non-trivial behavior when flux-tuning in the PMM regime was attempted. More
spatially separated superconducting leads are less likely to have the same coupling to the hybrid
section.
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Figure 4.4: Left. A schematic for devices used in [36], featuring su-
perconducting leads across from each other with respect to the channel.
These leads couple to the ABS with coupling strength I'y,I's. The nor-
mal leads are labeled N1 and N2. A flux ¢ can be applied through the
loop. Right. A schematic showing the configuration for the device used
in this report, highlighting the different positioning of the loop as well
as the addition of a middle lead.

The configuration used here, shown on the right in the figure above, has a third normal
lead bringing with it the added complexity of tuning a tunnel barrier which also plays a role
in confining the ABS. However, it does open up the possibility of performing ABS spectroscopy
while the quantum dots are formed and allows the spectrum of the PMM excitations to be
measured from the middle, which has never before been done.

The length of the proximitized semi-conductor is also a novelty. In both nanowire and 2DEG
PMM systems, the typical size of the hybrid section is roughly 200 nm [26, 27, 50, 59], while here
the distance between the quantum dots’ inner barriers is approximately 800 nm. This length
approaches aluminium’s superconducting coherence length of 1600 nm, leading to the question
of whether the energy dispersion as a function of flux given by the short junction approximation
holds [57] and whether we can probe the same ABS from all sides. We will start by answering
these questions,then discuss the investigation of the PMM coupling in this system, and lastly
summarize the findings on flux tuning of the PMM.
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4.3 Probing the Andreev Bound State

As the goal of this experiment is to show we can use flux to tune a 2-site Kitaev chain to the Poor
Man’s Majorana regime, which requires the flux to be able to tune the ABS. We will therefore
first demonstrate that we do indeed have the expected control over both the chemical potential
and the phase of the ABS.

Figure 4.5: Schematics of the measurements shown in this chapter.
The light blue squares indicate tunnel barriers, tuned to measure the
density of states in the proximitized region. Left. Control over the
ABS region using gate voltage to vary uaps. Right. Control over the
ABS region using flux through the superconducting loop to vary Ag.

4.3.1 ABS at 0 Field

The ABS energy spectrum is least complicated without an external magnetic field, since without
a Zeeman field ABS splitting effects due to spin-orbit interaction and spin polarization are absent
[60]. Figure 4.6 shows the tunneling spectroscopy from the left, middle, and right for the same
range of plunger gate voltages. In this measurement local Andreev reflection is suppressed,
showing the hard gap of the proximitized region. We may still resolve sub-gate bound states
through resonant Andreev tunneling, which is the state we observe in the plot.

The lead voltages are directly equivalent to the energy differences between the even and odd
states in the system (since injecting an electron or hole necessarily changes the parity of a state).
The gate voltage is related linearly to the chemical potential of a state, which is 0 at the energy
minimum - when the symmetric positive and negative energy states are closest to each other.
The factor « € [0,1] relating the chemical potential and the gate voltage is the lever arm and
can differ between different states depending on the microscopics.
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Figure 4.6: Tunneling spectroscopy of the proximitized region per-
formed from the left, middle and right leads.

In the above case, the same isolated ABS can be seen from all leads, indicating that there is
sufficient tunneling between the leads and the ABS from all leads and that these sub-gap states
were delocalized across the entire hybrid section. During the measurement the flux loop is kept
at 0 phase - this calibration is detailed later and is necessary due to magnet offsets.

We also observe discontinuities in the measurement - such as at -385 mV - which are due to
sudden discharges in the environment, commonly labeled charge jumps. Such jumps are common
in mesoscopic systems and can happen stochastically or reproducibly [19]. These jumps occurred
often in this specific device setup, being typically observed every 10 or 15 mV in the ABS plunger
gate which is more frequent than when we measured shorter ABSs in chapter 5. We attribute
this to the higher statistical likelihood of charges being captured in the electrostatic environment
due to the increased size of the region. Most of these jumps were observed to be reproducible.

We now turn to the phase control. In the model where we consider the ABS to be a quantum
dot strongly coupled to two superconductors with coupling 'y, I's respectively, the ABS energy
is still Eaps = 1/ + I'2 as shown in Theory section 2.3. However the superconducting coupling
is now a function of the phase difference [48]:

[y =T44/1—7sin%(¢/2) (4.1)

Where T'y = (T'y £ I's)/2. The effective transparency of the (I'Z — I'2)/T';.. For perfectly
symmetric coupling, 7 = 1.
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Figure 4.7: Tunneling spectroscopy of the proximitized region per-
formed from the left, middle and right leads upon varying the flux. The
ABS plunger is set to -390 mV in the same regime as Figure 4.6. Such
measurements are used to confirm the periodic relationship, and to cal-
ibrate the phase - as can be seen here, a phase offset is present. We
interpret the asymmetries in conductance and broadening between the
positive and negative energy excitations as tunnel barrier imperfections.

In Figure 4.7 we vary the out-of-plane magnetic field, causing a variation of the superconduct-
ing phase difference across the Josephson Junction. The state responds periodically, observed
again from all three leads. The energy maximum corresponds to a phase of 0 - up to a multiple
of 27 - and the energy minimum corresponds to a phase of 7, again modulo 27. There is also
no zero crossing, indicating an asymmetric effective transparency.

We observe a period in B, of 27.5 + 0.5 uT, which corresponds to a flux area of S = % =
7.5 x 1071 m?, where ¢ is the flux quantum. For a perfectly circular loop, this would imply a
radius of about 5 pm, which is in line with the size of our device.

We can also see a second resonance, starting in the quasiparticle continuum above the hard
gap, which is pulled down in energy with the same periodicity as the ABS which is resolved at
A¢ = 0. We interpret this as another Andreev bound state, which would be unresolvable from
the gap edge without any phase control.

4.3.2 ABS at Finite Field

We want to ensure we have the same control at finite field, which we need to spin-polarize the
QDs. At finite field, we expect a reduced hard gap, Zeeman splitting in the ABSs, and lower
ABS resonance energies. We also expect the flux dispersion to be more complicated due to
spin-orbit effects [60].
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Figure 4.8: ABS flux dependence at 150 mT for three different plunger
values, measured from the left lead. Horizontal shifts are caused by Zee-
man splitting and vertical shifts are caused by spin orbit coupling. The
colormap was chosen to show the most contrast between the different
subgap states.

In Figure 4.8 we show the flux spectrum at three different plunger voltages. Zeeman split-
ting (splittings in energy) and spin-orbit coupling ( splitting in flux response ) complexify the
spectrum significantly [60]. Despite these effects, the spectrum is still gapped for most flux
values. Even in the best-case scenario, of which the left plot is a good example, we cannot
easily compare our results to the single ABS model or have a non-zero state at m-phase. At
most plunger values we investigated, the flux response looks similar to the middle plot, where
approximately 3/4 of the period is gapped enough for resonant Andreev tunneling not to occur
for electrons at the Fermi energy - as explained in Theory section 2.4. Furthermore, there are
some plunger values - such as in the right plot above - where the gap is too small at almost all
values of B,.

4.4 Long Range PMM Coupling

4.4.1 YSR Dots

An essential ingredient in coupling two quantum dots through an ABS is of course the quantum
dots themselves. In this experiment, the quantum dots were strongly coupled to the supercon-
ductor to form Yu-Shiba-Rusinov (YSR) states as detailed in Theory section 2.3. At finite field,
these are spin-polarized fermionic sites that can be used to form a PMM state with a greater
energy gap and improved robustness to charge fluctuation than with non-proximitized quantum
dots [50]. Similarly to ABSs charge is no longer a good quantum number for YSR states as the
|0> and | 1) states hybridize into two singlet states, but unlike ABSs they retain a significant
charging energy compared to the superconducting gap A.
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Figure 4.9: Low-energy spectrum plotted against gate voltage of the
YSR states which form the fermionic sites in our 2-site Kitaev Chain,
with a spin polarizing field of 150 mT.

Due to some high-bias noise present in our setup we were unable to obtain clean characteri-
zations of our quantum dots at high energy. Similar devices fabricated in exactly the same way
typically have charging energies between 1 and 2 meV and above-gap lever arms of ~ 0.1 [25].
The sub-gap lever arms at zero energy, which we extract from the data in Figure 4.9, are ~
0.046 left and ~ 0.042 right. This is very close to previous observations in similar devices [27].

Turning on a magnetic field increases the level spacing in the quantum dot through Zeeman
splitting. For these dots, we measured that a field of 300 mT leads to an increase in level spacing
of ~ 4.2 mV left and ~ 1.4 mV right in terms of the plunger gates. With the estimated lever
arms, we extract a Landé g-factor of ~ 22 and ~ 7 respectively. 3

4.4.2 ECT and CAR coupling

Coupling the dots to the Andreev bound states in the hybrid is an iterative process of increasing
the coupling between QDs and the ABS, investigating different dot orbitals and ABS plunger
gate ranges, and looking for relatively stable regions in parameter space.

It was quickly clear that, despite the length of the hybrid and the ABS wavefunctions not
necessarily being equally coupled to all leads, both CAR and ECT coupling were present in our
system - as highlighted in Figure 4.10.

3We may find g by rearranging the formula E = oV = £E2gB. Note furthermore that due to hybridization
between the dots and the ABS changing as a function of the Zeeman field, this is only an estimation. The true
g-factor of a proximitized quantum dot must be obtained by measuring bias versus field at a fixed plunger gate
value as in [50].
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Figure 4.10: Resonator signal on the left and right leads when measur-
ing a charge stability diagram. Obtained by averaging 15 measurements.
We see different regimes: CAR-dominated interaction in the lower right
avoided crossing, ECT-dominated interaction in the lower and upper
left avoided crossings, and a sweet spot (equal interaction) on the upper

right.

4.4.3 Demonstration of strong PMM coupling

360

To show that we can truly have a large gap PMM in this system, we will show that a similar
excitation gap of 50 pV can be obtained in this system as was measured in a similar device at
the same Zeeman field of 150 mT [27], and furthemore that the states behave as expected in

response to detunings from the Majorana sweet spot.

Sy, Left (a.u.) S,1 Right (a.u.)
280 300 320 340 140 160 180 200

147 148 149 150
VaoL (MV)

Figure 4.11: Charge stability diagram showing a resonance tuned to
the sweet spot, at which the following spectra were measured. The
dotted lines show all the possible detunings we will show in Figures 4.13

and 4.14.

The sweet spot we investigate is shown above, in Figure 4.11. The center of the above plot
corresponds to pur, = pr = 0 and ¢t = A, the Poor Man’s Majorana sweet spot. We can take a
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spectrum measurement at each lead, meaning we measure the density of states. This is plotted
below in Figure 4.12.
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Figure 4.12: Spectrum at the PMM sweet spot. RF signal is normal-
ized between 0 and 1 to easily compare signal from the left and right.

The spectrum shows an isolated zero bias peak (ZBP) and two symmetric peaks at positive
and negative energy corresponding to the excited states. This is what we expect to see for a
PMM [26]. A voltage divider effect is present, as the peaks are not exactly aligned. Although
we cannot correct for this effect here, this correction has been described well for 3 terminal
measurements in [52]. For a 4 terminal setup such as ours the correction may be more involved.

These correlated zero-bias peaks are not enough to prove we have a PMM. We should also
demonstrate that they exhibit the expected protection against disturbances in the chemical
potential. For weakly coupled quantum dots at the sweet spot, a detuning of a single chemical
potential py # pa = 0 will not destroy the zero energy Majorana state [32]. Rather, a gradual
vanishing of the zero bias peak on the detuned dot is expected while the ZBP on the other
dot remains stable. The excited states are expected to increase in energy proportionally to

2
A/ % + A2, The detuning spectrum is quantitatively different for strongly coupled dots, but the
qualitative behavior remains the same [49]. The single dot detuning results are shown in Figure
4.13.
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Figure 4.13: Reflectometry spectrum on the left and right leads when
detuning the left and right dots from the sweet spot, respectively.
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The Poor Man’s Majorana is quadratically protected from global charge fluctuations, mean-
ing that the ZBP is not stable when ur, ur # 0. The simultaneous dot detunings are shown in
Figure 4.14.
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Figure 4.14: Reflectometry spectrum on the left and right leads when
detuning both dots simultaneously, with the same sign and with the
opposite sign. The dotted white lines left emphasize the 1 mV range
where we cannot resolve the splitting due to temperature effects and
level broadening.

To conclude, we have shown that a PMM is possible in this system without any decrease in
interaction strength despite the spatial separation of the coupled quantum dots.

4.5 Investigation of the PMM Excitation Through the Middle
Lead

We have shown how strong PMM coupling is possible over the long ABS we have in this device.
To do so, we proximitized the quantum dots - which in a minimal Kitaev chain leads to a greater
excitation gap at the cost of leakage of the Majorana wavefunction into the ABS [49]. Although
past PMM devices have always had superconducting leads coupled to the hybrid region, such a
lead does not allow measurement of sub-gap states since it cannot inject fermionic excitations
within the superconducting gap due to its Cooper pair condensate. The additional normal lead
in our device which can perform tunneling spectroscopy does give us access to the Majorana
wavefunction in the hybrid.
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Figure 4.15: The wavefunction of the Majorana wavefunctions ¢; and
9 in the full QD-ABS-QD model, in the weak (left) and strong (right)
regimes, plotted at each site in a spinful QD-ABS-QD model. The wave-
function overlap in the ABS (site M) is clear, although this overlap is
not detrimental to the Majorana beyond reducing its visibility to the
external system [49]. Figure taken from [48].

The device configuration allows us to probe the PMM from the center, unlike any other
devices hosting PMMs before [26] [50] [27]. We will therefore explore whether we can measure
the Majorana wavefunctions overlap in the center, as suggested by the PMM wavefunction
localization as graphed in Figure 4.15.

In the following figures, we show detuning spectra for a different PMM from all three leads,
measured in conductance. We will compare qualitatively the behavior with simulations, gener-
ated using the rate equation method on exact diagonalization of a QD-ABS-QD spinful model,
as in [49] and detailed in [61].% We first show the measured spectrum when detuning the left
dot, in Figure 4.16.
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Figure 4.16: The local conductances when varying Vgpr around the
sweet spot. Note that each spectrum is plotted at a different scale.

We can measure the ZBP from the middle lead, although the relative conductance of the
ZBP compared to other features is less. In the outer QDs, the maximum conductance is at
zero bias, while in the middle we observe the highest conductance at the higher energy excited
states. In particular, features above 100uV are visible in the center while being barely probable
from the outer leads. These are independent of the dot plungers, suggesting that they are ABSs

4We thank Mert Bozkurt and Bas ten Haaf for providing the code for these computations.
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that do not couple to the dots. Charge carrier tunneling from the outer leads into these ABSs
is suppressed by the dot inner and outer barriers, while it is only affected by one barrier in the
center which explains why these features are mainly visible in Gspy.

While the zero bias peak and both the excited states are visible left and right, one of the
excited states is not probable in the center. This is captured by the simple QD-ABS-QD model,
as illustrated in Figure 4.17. The reduced conductance of the ZBP in the middle probe is also
captured.
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Figure 4.17: The simulated conductances when varying py = du and
keeping pur = 0. Each detuning is plotted on a different color scale. The
simulated detunings for urp = o while pur = 0 look exactly the same
but with G 7, and Grgr exchanged due to the symmetry of the left and
right dot parameters in the numerical model.

To simulate the system in the numerical model we varied parameters at the interaction sweet
spot corresponding to the spin-up orbital on both dots, to reproduce the features we observed
in the experimental spectra.

The simulation parameters are held constant throughout all plots, and are all defined in
terms of Ag which is the induced gap in the proximitized region. The dots, each with charging
energy U = 10A( and g-factor g = 12, ® couple to the ABS with ¢t = 0.8 and t,, = 0.4t. The
coupling to the leads is I' = 0.014( from all sides. The simulation temperature is T' = 0.04Ay,
corresponding to approximately 40 mK in our system. The ABS has a charging energy of
U = 0.5A, which reduces the energies of excitations living primarily on the ABS, as visible in
the higher energy excitations in the simulation.

Comparing the exact conductance values between simulation and experimental data is in-
advisable due to the difficulty of extracting the lead coupling terms I, realistic barriers having
energy-dependent tunneling rates, and possible asymmetries between electron and hole transport
across tunnel barriers.

However, we can observe that the strength of the ZBP in the middle probe depends on the

5 Assymetric g-factors such as those measured in the experiment are difficult to implement in the simulation
since it requires a much more involved optimization to find the sweet spot.
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gate value. In the numerical model, this behavior of the middle ZBP conductance depends
on the chemical potential of the ABS - a negative papg will lead to higher conductance when
o < 0, and a positive papg will lead to higher conductance when du > 0.

We see a similar dependence of Gy at the first excited state at the sweet spot. The
positive energy state is not visible at ©4ps > 0, while the negative energy state is not visible at
paps < 0. In the simulated plots shown, we chose paps > 0.

The detunings of the right dot and both dots simultaneously are seen below in Figure 4.18
and Figure 4.19 respectively. We see that the features that do not coexist in the simple QD-ABS-
QD model, that is the higher energy excited state not being probeable and the ZBP conductance
being higher for negative dot potential, do in the measurements.
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Figure 4.18: The local conductances when varying Vgopr around the
sweet spot.
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Figure 4.19: The local conductances when varying Vopr and Vgpr
around the sweet spot. Note that due to the lever arm asymmetry
between the dots, 6Vgpr, = 0Vgpr does not mean that pu, = pg. There
seems to be a charge jump in the middle of the measurement which
complicates the comparison between states at positive and negative .
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Figure 4.20: The simulated conductances when varying uy, = ug = dpu.

We see that the qualitative behavior of the central ZBP conductance as well as the ex-
cited states is explained by the simulations. The presence of several ABSs in the system likely
complicates the behaviour of the PMM spectrum in our device.

4.6 Flux Tuning to the Majorana Sweet Spot

4.6.1 Tuning from CAR to ECT Regime through Flux

Control over the phase of the ABS should allow transitioning from CAR-dominated to ECT-
dominated regimes and back by only varying the out-of-plane magnetic field [48].

The complicated flux-dependence of the ABS spectrum meant that this predicted tunability
was not present at many ABS plunger gate values. We were able to find three ABS plunger
regions where flux tunability was possible, and at those points we measured the dependence of
¢o against Vapg, where ¢g € (—m, 7] is the phase at which CAR and ECT interaction are equal
- i.e. the flux sweet spot.
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Figure 4.21: A typical example of a measurement done on the middle
lead in the PMM regime, with the dots sufficiently off-resonance to en-
sure that they do not interact with the ABS or each other.

The middle lead in the setup allows us to conduct ABS spectroscopy without removing the
dots left and right. Hence we can establish the phase of the ABS in the same gate regime as the
one in which we measure the PMM excitation by doing spectroscopy through the middle with
the dots in Coulomb blockade. An example is shown in Figure 4.21.

In Figure 4.22 we show charge stability diagrams measured at three different phase values.
We emphasize that the only quantity changing is the phase A¢.

A =-0.6m Ap=-0.2n Ap=0.4n

383 1

4

Vqpr (MV)

280 - § |
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VaopL (MV)

Figure 4.22: Charge stability diagrams for CAR-dominated (left), Ma-
jorana sweet spot (middle) and ECT-dominated (right) regimes. The
plotted quantity is V}%F . f/}?F, where the tilde indicates normalization to
a value between 0 and 1. This signal is essentially normalized correlated
RF conductance.

In Figure 4.23 we show phase dependence at three different plunger values, illustrating
how changing the phase from negative to positive 7 leads to a transition from CAR-dominated
(diagonal anticrossing) to ECT-dominated (antidiagonal crossing). The sweet spot ¢g, the phase
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difference at which ¢ = A, shifts by a quarter of a period across these three V4pg values, from
—0.57 to 0.1m. We also repeated these measurements for three flux periods to check that the
expected periodic behavior endured.

Ap=-06m Ap=-051 Ap=-03r Ap=0.1m  Ap=0.41

W
;
3

7 Vags=-425 mV

367 364 367 364 367 364 367
VaopL (MV)

364 367 364

Figure 4.23: Charge stability diagram dependence on phase at three
different plunger values. The plotted signal is correlated RF conductance
as in Figure 4.22.

Another way to illustrate how ¢y changes at different plunger gate values is by measuring
the spectrum at every phase value, instead of measuring charge stability diagrams. In other
words similar to how we may detune both quantum dot chemical potentials to see the splitting
of the ZBP such as in subsection 4.4.3, or the ABS plunger gate such as in [50], we can also
detune the flux. We expect to see a ZBP form at ¢y and then split again, which we see for three
different plunger values with different ¢g values in Figure 4.24.
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Figure 4.24: Flux Detunings. Left. ¢9 = —0.47 Middle. ¢y = 0
Left. ¢g = 0.37

One complexity arises in this plot; as can be seen in Figure 4.23, the Vopr, and Vgpr values
which correspond to p = 0 depend on the flux. This is because the ABS energy depends on its
phase, and the proximitization of the dots depends on the ABS energy which in turn renormalizes
the dot levels. In the flux detunings, we correct for this effect by auto-centering in between each
measurement. While this works very well close to the sweet spot when the avoided crossing is
strong or the quantum dot levels are strongly broadened by the ABS nearing F4ps = 0 around
m-phase the centering can be unreliable. This makes the flux detunings noisy and hard to read.
Nevertheless, the ZBP can be seen to shift in flux space in response to the different ABS plunger
values.

4.6.2 Flux sweet spot evolution over gatespace

Having seen that we can indeed tune through flux, it is interesting to observe the behavior of
¢p for different plunger gate ranges.

Figure 4.25: Schematic highlighting the two QDs together with the
two ways we control the ABS: the flux loop and the plunger gate.
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We observed that, besides when charge jumps occurred, the dependence of the flux sweet
spot on the ABS plunger gate was smooth. For a single ABS without Zeeman splitting or spin-
orbit coupling, one would expect two sweet spots across the entire range of —m < ¢ < m, and
that those sweet spots would be symmetric across 0 phase [48]. However, we only consistently
measured one sweet spot in flux. We believe that the second sweet spot is hidden by the ABS
energy decreasing so much at 0-phase that the description of the ABS as being a virtual coupler
breaks down. Furthermore, the fact that we do not observe a sweet spot at ¢ = —¢q is likely
due to the spin-orbit coupling.
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Figure 4.26: Top. ¢g plotted against Vaps. Bottom. The ABS
spectrum, measured in Gpsps. The error bars in the phase corresponding
to the step size in the phase taken in between measuring CSDs.

At every sweet spot found above we measured the PMM spectrum from each of the normal
leads with the gates tuned to puy = prp = 0. Figure 4.27 shows the spectra, plotted against the
plunger gate value at which the PMM spectrum was measured after ¢ = A was found using flux.
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Figure 4.27: Spectra at the sweet spot from each lead. Note that this
is not one single measurement, but a compilation of many measurements
requiring tuning of the flux to the sweet spot at every ABS gate value.
The phase value to be at the sweet spot for each V4pg value can be read
off from Figure 4.26.

Over the entire range, we can distinguish the PMM zero-bias peak and its excited states.
The PMM gap does not vary strongly over the entire range, except when it decreases once the
energy of the ABS decreases as ¢o(Vaps) gets to close to m-phase. In these measurements at
least, it is not clear that there is any advantage in the additional control over flux in our system
which is not present in a simpler minimal Kitaev chain.

We investigated ¢g for two different separate ABS regions where tuning through flux was
possible, where again we saw a smooth dependence of the flux sweet spot on the ABS plunger.
These measurements were done during a different cooldown.

0.8

} 0.0 1 * *
E " } t + { £ 7027 * }
;; 0.4 4 + * + ;; —0.44 + * * * *
< 024 t + < * { +
0.0 | + —0.6 - *
200 200
100 100
>—100 . -100
—200 + . | -200 : ;
~455 —445 —435 —345 -335 -325
Vass (MV) Vags (MV)

Figure 4.28: Top. ¢q plotted against Vpg for two different regions.
Bottom. The ABS spectrum in the corresponding regions at phase
¢ = 0. The quantity plotted is V}%. The charge jumps present were
reproducible.
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4.7 Conclusion and Outlook

We have presented our work in demonstrating a Poor Man’s Majorana system with a long ABS,
probing the center of this PMM, and establishing flux control over the regime of this minimal
Kitaev chain.

Simulations in the spinful QD-ABS-QD model predicted that tuning to a PMM at ¢ = 7
would lead to a more protected PMM with a greater excitation gap [48]. The presence of spin-
orbit interaction and Zeeman splitting in the proximitized region as well as multiple separate
ABSs with different transparencies and lever arms meant that systematic study of this predicted
enhanced protection was impossible. Neither was a systematic relationship between the PMM
gap and the phase of the ABS measured. However, we did find regimes where flux tuning was
possible and the sweet spot in flux evolved smoothly as a function of ABS plunger gate.

Despite the difficulty of finding regimes where flux tuning allows for better PMM protection,
the flux tunability may still prove to be interesting. For example, gate tuning suffers from its
susceptibility to charge jumps in the gates and the electrostatic environment, which is not a
problem when varying the out-of-plane B-field. Furthermore, provided that the dots are not
too strongly coupled to the ABS, varying the flux has no impact on the quantum dot levels.
This is due to the out-of-plane magnetic field being typically 4 orders of magnitude less than
the Zeeman field.

Being able to probe the bulk of the PMM while the dots are still formed presents oppor-
tunities for further study in this device. The dependence of the central ZBP visibility on the
coupling regime and the field, which is connected to the Majorana polarization [27], may be
interesting as it is related to the spatial overlap of the Majorana wavefunctions. Moreover, sim-
ulations have suggested that probing the ABS when two quantum dots are coupled such that
t = A at 0 field could show features that are not visible from either dot, potentially distin-
guishing this zero-bias peak from true spinless Majoranas. In the longer term, flux tuning may
be more useful in other devices where the ABS spectrum is less crowded but which retain the
superconductor-ABS coupling asymmetry.

Lastly, the long distance (~ 800 nm) over which we have demonstrated coherent Crossed
Andreev reflection coupling between two QDs suggests that CAR could be used as a long-distance
coupler for spin qubits based in quantum dots, as has already been theoretically explored [62].
The flux control we have demonstrated could additionally allow this coupler to be tunable
allowing 2-qubit gates over a long range, although this would probably require a semiconductor
where lattice symmetry is such that spin-orbit effects are not present.
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Chapter 5

Phase-Control in a 3-Site Kitaev
Chain

5.1 Motivation

OOR MAN’S MAJORANA zero modes have the potential to demonstrate control over non-
Abelian physics and could be used to engineer a qubit by storing quantum information
in the PMM parity [1]. However, a minimal Kitaev chain tuned to the PMM sweet spot is
not protected from deviations in inter-QD couplings. [20]. True topological protection, i.e. an
immunity to decoherence, is only achieved in the infinite site limit. In a finite system tuned
to the sweet spot, any deviation of u at all quantum dots, no matter how small, will lead to
some finite wavefunction overlap of the Majoranas splitting them away from zero energy. While
this sounds discouraging if we want to use this system for topological quantum computation,
it turns out that this splitting is exponentially suppressed in the number of quantum dots in
the chain [21]. This means that relatively few dots are required to observe highly robust non-
Abelian physics. For example, it was found that 5 sites are enough to have a zero mode which
is protected against significant fluctuations of all parameters ¢, A, and p, [21].

A logical continuation after realizing a 2-site Kitaev chain is to add a third quantum dot. A
chain with 3 sites has a bulk, a part of the system that is not located at the edge. As measured
in section 4.5, Majorana bound states are located at the edges and can be probed from any part
of the system in a 2-site chain. Hence 3 quantum dots is the minimal number of dots necessary
to observe a gap in the excitation spectrum where there is no zero mode when the chain is tuned
to the Majorana sweet spot [21]. The extra QD introduces a layer of complexity beyond the
additional wiring and tuning required - in two dots the local phases in t and A may be taken
out into an unobservable global phase through a gauge transformation on the orbitals [56]. In
three dots there are three orbitals and four coupling terms, hence one of the phases cannot be
gauged out. This leads to an effective phase ¢, which without loss of generality we can consider
to be contained in the Ag coupling [56] :

t = |t1], to=|ta], A1 =|A1], Ay=|Agle? (5.1)

This local phase ¢ may be compensated for by applying a phase difference over the super-
conducting leads [21]. Doing so is crucial, because the Majorana excitation gap is expected to be
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maximum at ¢ = 0 where Eyq, = 2min{t, },, and will vanish for ¢ = 7. A significant excitation
gap Egqp is important since it determines the adiabatic time scale f/FEqq;, to show non-Abelian
Majorana statistics in braiding experiments [4] and suppresses detrimental thermal effects which
scale with exp(—FEgqp/kpT) [49].

Very recent work in a 3-site chain in an InAs nanowire confirmed the importance of phase
control, showing how an oscillating phase with a period of 2 ns leads to measuring behavior
that is well modeled by a phase averaged model, which takes into account an average over ¢ €
[0,27) [56]. This allowed the measurement of a zero bias peak with predicted 3-site protection.
Yet although the Majorana excitations on the outer dots only overlap at exactly m-phase, the
excitation gap at the sweet spot is nevertheless closed due to the phase averaging which effectively
destroys the Majorana protection. This is why control over the superconducting phase difference
is necessary to observe protected Majorana zero modes.

In this chapter, we will present measurements on a 3-site Kitaev chain with phase control.
The phase difference between the two superconducting leads is controlled by a superconducting
flux loop connecting them. We also present evidence that the bulk of the Kitaev chain is gapped
when Majorana zero modes are measured on the outer dots, which is the first experimental
observation of a bulk gap in Kitaev chains through tunneling spectroscopy.

5.2 Device Geometry

The device we used in these experiments is the same as the one in chapter 4 - although we now
use all the gates, as highlighted in Figure 5.1.
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Figure 5.1: Top. SEM of the device, with the approximate regions
where the QDs and ABSs are confined labeled.

An abstract diagram of the system is shown in Figure 5.2.
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N2

Figure 5.2: A schematic of the Kitaev-3 tuning, showing the three
quantum dots, the two ABSs that mediate the coupling, the flux loop
and the normal leads.

We define three quantum dots, each with tunable chemical potential through a plunger gate:
Vobpr, Vopum, and Vgpr. The outer dots are defined through two tunnel gates each, and the
middle dot through three tunnel gates. We also have two plunger gates that allow us to tune
the chemical potential of the hybrid regions: Vagg1 and Vapgo, giving control over the inter-QD

couplings.
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Figure 5.3: Sub-gap tunneling spectroscopy of the three quantum dots
showing the evolution of the YSR state energies.

The YSR state spectra are shown in Figure 5.3. The middle quantum dot spectrum is more
complicated since it is proximitized by two ABSs on both sides. The zero energy crossings are
the fermionic sites that we will use to tune the 3-site Kitaev chain. Throughout this entire
chapter, we spin-polarize the dots through an in-plane field of 220 mT.

49



Chapter 5. Phase-Control in a 3-Site Kitaev Chain 50

5.3 Tuning and Characterizing Two 2-Site Chains

To tune a 3-site chain, two 2-site chains must be tuned first. This is done by moving one of the
outer QDs off-resonance such that it no longer interacts with the others and then tuning the
remaining two QDs. It is necessary to keep the gates defining the middle quantum dot at the
same settings for both chains, which then allows us to bring all three dots on resonance to form
a 3-site chain with the same inter-QD couplings as in the 2-site chains.

We start by showing that we can tune to the Majorana sweet spot for both 2-site chains
while keeping the middle quantum dot’s coupling to both its neighboring ABSs constant.

When tuning one chain, we place the QD which does not take part in Coulomb blockade
through its plunger gate and characterize the PMM formed with the other two quantum dots.
This is illustrated in Figure 5.4.

N2

Figure 5.4: Schematic showing the system when tuning t; and Aj.
When tuning t5 and As, QDR is brought back on resonance and QDL
is moved to Coulomb blockade instead.
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Figure 5.5: Normalized RF conductance measured at the middle lead
for the QDL-QDM chain (top) and for the QDM-QDR chain (bottom).
Left. A >t . Middle. A =t . Right. A < t.

Figure 5.5 shows charge stability diagrams ! at different values of the ABS1 (resp. ABS2)
plunger gate, allowing us to infer the relative strengths of t; and A; (resp. t3 and Ag). Measuring
the spectrum at the sweet spot shows that we have PMM excitation gaps of E;ap ~ b5ueV and

Eﬁw ~ 50ueV.
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Figure 5.6: Spectra of the left and right 2-site Kitaev chains at their
respective sweet spots.

We confirm that the sweet spots we see Figure 5.6 show the expected stability of the ZBP in
detunings in the plots below. For each PMM, we show the spectrum while detuning each dot,
and the spectrum while detuning both of them simultaneously.

'The Vopa values do not perfectly align due to a gate jump, but the quantum dot orbital is the same - as
evidenced later in Figures 5.7 and 5.8.
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Figure 5.7: Spectrum of the left 2-site chain when detuning (Left.)
QDL (Middle.) QDM and (Right.) QDL and QDM simultaneously.

The expected stability against single QD perturbations is visible, as well as the splitting
of the ZBP once ur,pup # 0. The qualitative behavior of Gy L when detuning the left dot -
specifically the peak conductance and the smallest gap between the ZBP and the excited states
not being at pz, = 0 - is typical of a PMM in the strong coupling regime [49, 50]. We see similar
behavior in the detuning of QDR in Figure 5.8. The spectrum of the middle dot is likely more
complicated to analyze due to its simultaneous hybridization with the left and right ABSs.
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Figure 5.8: Spectrum of the right 2-site chain when detuning (Left.)
QDM (Middle.) QDR and (Right.) QDM and QDR simultaneously.
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5.4 Edge Modes and Bulk Gap

Now that we have tuned and characterized both 2-site chains, we combine them into one 3-site
chain. The phase difference between the inter-QD couplings now comes into play. We will first
show the phase-dependence of the Kitaev-3 spectrum and analyse its features, then discuss the
value of the excitation gap before showing how the phase shift may be controlled by changing
which sweet spot is chosen in the 2-site chains.

5.4.1 Phase Dependence of the 3-Site Chain

We use an effective 3-site model ? - i.e. which doesn’t explicitly consider the Andreev Bound
states coupling the QDs - to simulate the conductance probed from the left, middle and outer
leads. We first investigate the phase response at the Majorana sweet spot. The behavior seen in
Figure 5.9 shows the stable zero bias peak appearing on the outer QDs, and only in the middle
for ¢ = 7, 3.
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
; .
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Figure 5.9: Simulated left, middle and right local conductances in
response to phase for ¢ € [0, 4], for t; + A1 = 55 peV and to + Ay = 50
pev.

This behavior is observed in the experimental data as well, plotted in Figure 5.10 below.

2We thank Dr. Chun-Xiao Liu for the simulation code.
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Figure 5.10: Top. Spectra in response to flux, with line cuts indi-
cated. Bottom. Linecuts taken at 0 phase, where the excitation gap is
maximal.

The line cuts show the spectrum where the excitation gap is largest. We measure Eyq, ~ 50
peV,which corresponds to the smallest gap of the individual PMMs. Note that ¢ = 0 does
not correspond to B, = OuT as a result of offsets in the out-of-plane B-field due to magnetic
misalignment. Proper calibration to check whether zero phase difference between the supercon-
ducting leads translates to zero phase in the inter-QD couplings or whether some non-trivial ¢g
phase offset is present in the couplings themselves is needed, and is being done at the moment
of writing this report.

Some other features are not captured by the idealized simulation in Figure 5.9. The peak
visibility is not symmetric around zero bias. For example, on QDL the higher energy excited
state has a lower conductance than the lower energy excited state, and the opposite is true for
QDR. We attribute this mainly to charging energy effects from the ABS, which is not included
in the simulation model but becomes relevant in the strongly coupled regime as the quantum
dot wavefunction leaks into the ABS. As we saw in section 4.5, the chemical potential of the
Andreev Bound state coupling two quantum dots can play a role in the visibility of excited
states, and we noticed that which of the two sweet spots was selected for an ABS changed the
conductance values in the three site chain as well. It is also possible that the tunnel barriers
have an energy dependence or an asymmetry between electron and hole transport.

Furthermore the features generally qualitatively agree with the simulation, however around
m-phase there is some splitting of the ZBP on QDR as well as a feature that resembles a poorly
resolved avoided crossing in the middle. We attribute this to a flux-dependence of the coupling
between QDM and QDR due to the middle QD’s coupling to two ABSs simultaneously [63]. This
is also observed when taking charge stability diagrams for the right 2-site chain as illustrated in
Figure 5.11.
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tance of the QDM-QDR PMM with QDL off-resonance. Top. ¢ = 0.
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If we add this phase dependence to the effective 3-site simulation, the features observed in
the experimental spectrum on the middle and right QD are qualitatively reproduced, which can
be seen in Figure 5.12.
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Figure 5.12: Simulated left, middle and right local conductances as in
Figure 5.9, but with parameters varying smoothly from sweet spot at
0-phase to ts — Ao = 10 eV and po = pug = 5 peV at w-phase.

5.4.2 Excitation Gap Extraction

To analyze the excitation gap we can model the level broadening in two separate ways. If the
broadening is dominated by tunneling broadening we expect the level broadening to follow a
Lorentzian distribution [37]:
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where A is the maximum amplitude, 7 is the half-width at half-maximum , and V the level
energy.

If the broadening is dominated by thermal broadening, we use the thermal broadening func-
tion [37] :

A

cosh? (%) 53)

V) =

Below we plot spectrum measurements at the 3-site Majorana sweet spot, fitted with both
level broadening functions. The fits seem to suggest that the limitation on the resolution in our
system is mostly due to thermal effects. In the fits, we enforce that the outer peaks are the same
distance from the central peak, which is dictated by the system’s particle-hole symmetry.
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Figure 5.13: Spectrum measurements at the Majorana sweet spot fit
with a thermal broadening function (top) and a Lorentzian distribution
(bottom). The experimental data is plotted in blue scatter dots. Red
dotted lines indicate the fitting of the central peak. Blue dotted lines
indicate the fitting of the excited state peaks. The total fit is indicated
by the thick red line.

Fitting only two peaks in the Gspr spectrum reproduces the data well. There is still some
signal at zero bias in the middle spectrum. When three peaks are fit to the data like for G,
and Ggrpr, we find that the conductance of the center peak has an upper bound of 3 mGy,
suggesting that we do not resolve a zero-bias peak on the central QD. This is significant, as it
is a measurement of the Majorana delocalization. In the table below we compare the excitation
gap for both fittings. We also show the values extracted from the PMM characterization, shown
in Figure 5.6.
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Vgap (V) Tunnel Broadening Fit | Temperature Broadening Fit
3-Site G, 47.3 46.8
3-Site Gy 50.1 49.7
3-Site Grr 50.8 50.0
Left PMM Gy 57.5 57.1
Right PMM G 51.8 51.4

We remark that the excitation gap in the 3-site chain is less than in both PMM regimes.
However, the voltage values are not directly comparable, as in the PMM regime one of the leads
is effectively completely removed from any transport process since its QD is put in Coulomb
blockade, while in the 3-site regime, all 4 leads are active in the transport processes. For in-depth
analysis, a four-terminal voltage divider correction should be carried out [52].

5.4.3 Pi Phase Shift

In the limit of a single time-reversal invariant ( i.e. a negligible g-factor in the proximitized
region ) Andreev bound state which is weakly coupled to the outer dots, the rate of elastic
cotunneling is proportional to u? — v? where u,v are the BCS coefficients of the ABS singlet
ground state [30, 51]. When paps changes sign the ground state switches its charge character,
and hence the sign of the ECT rate changes as well. In a 2-site chain, this sign flip is not
observable as it is gauged away regardless. Once phase comes into play with more quantum dots
added to the chain it should become observable.

Scaling up a Kitaev chain to even more dots would be very complicated if each pair of
neighboring QDs required its own flux loop, with a corresponding flux bias line, to tune away
from mw-phase. If we could demonstrate that a 7 shift could be controlled through the choice
of sweet spot, this opens the possibility for a phase-controlled long chain with only one global
out-of-plane field.

Keeping all other settings the same, we tuned the left 2-site chain to the other sweet spot by
varying Vapg1 which should flip the sign of £{1A;. The resulting PMM had an excitation gap of
~40 nV. Despite this, the Kitaev-3 gap was 29.1 pV (extracted using thermal broadening fit).
The phase dependence of this three-site chain is shown below and contrasted to the previous
measurement.
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Figure 5.14: Phase dependence of the Kitaev-3 spectrum in the middle
QD. Colormap chosen for strong contrast. The dotted lines are sepa-
rated by m/2. Left. Data collected at sweet spot shown previously in
Figure 5.10 Right. Data collected at the new sweet spot with different
Sign( tlAl )

The reduced excitation gap and decreased state visibility in the new sweet spot makes the
comparison somewhat more complicated. However, w-phase can still be distinguished by the
appearance of the zero bias peak. It seems that 0-phase in the right plot does not exactly
correspond to m-phase in the left plot, and vice versa. The shift is approximately 0.87.

An approximately 0.97 shift was measured in a regime that had less strong ABS-dot coupling
and at a lower Zeeman field, as shown below in figure Figure 5.15.
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Figure 5.15: Phase dependence of the Kitaev-3 spectrum in the middle
QD, measured in RF conductance. The data differs in the sign of t1A;.
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The hysteresis in this system - the difference between sweeping the magnetic field positively
and negatively - is 2 nT. This is on the order of the variation from m-phase which we are seeing.
Hence it is difficult to say we are certainly not measuring a w-shift. Different configurations with
a smaller loop and hence larger period in phase would allow for more precise measurements of
the phase shift - nanowire devices, in particular, are well suited for this.

There are several reasons why the phase shift could be not perfectly w. They include the
spin-polarizing field not being perfectly perpendicular to the spin-orbit field, or orbital effects
being non-negligible in the quantum dots or ABSs leading to some orbital interaction with the
magnetic field. The presence of multiple channels is also a possibility. None of these parameters
are easy to correct for. However, if the goal is to scale up to longer chains a near w-shift is also
acceptable. It is only once the shift is /2 or less that long chains are no longer expected to be
tunable through only these gate-induced phase shifts and a global flux.

To conclusively claim we do not measure an exact m shift we should take more measurements
with better quality sweet spots - i.e. more symmetric conductance values in the spectra and
greater excitation gaps - for a wider range of parameters, and different signs in both ;A and
toAo. Furthermore, here we changed this sign only by tuning to a different sweet spot in the
ABS chemical potential. It is also possible to change this sign by choosing a quantum dot level
with a different spin [51].

5.5 Majorana Protection

The key motivation behind scaling up Kitaev chain lengths is to reach greater degrees of protec-
tion against environmental fluctuations. In this section, we confirm the theoretical protection
that the Majorana zero modes should have against perturbations in p in the quantum dots.
When detuning the quantum dots the zero bias peaks should remain probable on the outer
QDs, except if all are detuned from g = 0. Signatures of this 3-site protection to fluctuations
in ¢ and |t — A| have already been measured [56], and in particular, the ZBP protection on the
outer quantum dots has been studied. The novelty in the work presented here lies in the obser-
vation of the response of the excitation gap, and further in the measurement of the Majorana
leakage into the central quantum dot.

The next measurements are all done at the large gap sweet spot shown on the left in Fig-
ure 5.14.

5.5.1 Detuning a Single Quantum Dot

We start by showing the behavior of the Majorana wavefunction as a response to uy # 0. The
response to pugr # 0 is qualitatively similar. Figure 5.16 shows the resulting spectra and gives an
intuitive explanation through a diagram of the Hamiltonian in the Majorana basis.
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Figure 5.16: Top left. Diagram of the Kitaev-3 Hamiltonian detuned
from the sweet spot by the left QD. Top right. Simulated conductance
as a response to detuning the left dot. Bottom. Spectra measured from

all leads while detuning Vgp,.

When detuning the left QD, the left Majorana leaks into the middle QD and we see a zero
energy mode appear in the middle. The diagram illustrates this by showing the three coupled
modes on the left, as well as the uncoupled mode on the right which remains at zero energy and
entirely localized on the right QD throughout.
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Figure 5.17: Top left. Diagram showing the detuning of the middle
QD. Top right. Simulated conductance when varying the ps arounnd
the sweet spot. Bottom Spectra measured from all leads while detuning

VQDM-

In contrast, when detuning the central chemical potential the zero energy modes remain
uncoupled to any other modes. We therefore expect to see different excitations in the middle
quantum dot, but no zero energy mode. Figure 5.17 shows this behavior - we do not see any
leakage of the zero energy mode in the middle probe.

5.5.2 Splitting the Majorana Zero Modes

It is only possible to split the zero energy modes by connecting them through either three
chemical potential detunings or one detuning of a QD and one detuning of the correct inter-QD
coupling. In this subsection, we show how the Majorana zero mode is split when doing the
former.
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The measurement shows the splitting of the MZMs. We can see them simultaneously leak
into the middle site and split as they interact. Qualitatively, the correspondence of the simulated
excited states is not very good, as in the experiment the QDs have different lever arms. The
simulated data also does not consider the strong proximitization in all the QDs.

5.5.3 Non-Local Measurement of Excited States

In a measurement setup with two normal leads and a grounded superconductor, the non-local
conductance indicates the charge of the probed excitation [53]. While this relationship is not so
clear in our four-terminal measurement setup, we can still compare the non-local conductances
to the theory given by the effective 3-site model. We show the simulated conductance and the
measured conductance during the QDM detuning, the same experiment shown previously in

Figure 5.17.
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Figure 5.19: Simulated and experimental non-local conductance dur-
ing spectroscopy on the middle QD.

The signs and behavior of the excited states, as well as the absence of a zero bias signal, are
the same in both theory and experiment. However, some transport occurs that is not captured
by the effective model - for example, the theory predicts no signal at all for Gry or Gppg,
however in the experiment we observe conductance values on the same order of magnitude as
the non-local conductance which was predicted in Figure 5.19.
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Figure 5.20: Experimental non-local conductance measured from the
left as a response to the middle (left) and the right (right) bias. The
effective 3-site model predicts no signal at all.

A full QD-ABS-QD-ABS-QD simulation does capture these conductances, indicating that
they are consequences of the strong hybridization of the QDs with the ABSs in the system.

5.6 Conclusion and Outlook

In this chapter, we have demonstrated phase control through a flux loop in a 3-site QD based
Kitaev chain, and have shown how it allows the observation of a gap in the bulk of the chain.
These are important steps towards the usage of longer chains for MZMs in quantum information
experiments.

For example, according to estimates in a 3-site nanowire device, a parity qubit encoded in
2-site chains has an expected dephasing time 75 of about 15 nanoseconds. A parity qubit with
3-site chains is expected to have a T3 of around 800 nanoseconds, a significant improvement [56].
Further scaling of more than an order of magnitude per dot is expected. Although these numbers
strongly depend on the lever arms of the chemical potentials and on the inter-QD couplings,
they illustrate the order of magnitude of improvements in quantum information experiments
that a longer chain offers.

Some questions on the phase control are still open. For example, whether there is a phase
shift at exactly 0 phase difference between the superconductors or whether the 7w-shift expected as
described in subsection 5.4.3 is exactly m, unlike suggested in our initial measurements. Perhaps
smaller loops, such as those used in nanowire devices with flux periods orders of magnitude
larger than in the device presented here, can answer these questions. A voltage correction
for four terminals may also be interesting, which would allow us to analyze the value of the
excitation gap in the 3-site system more conclusively than subsection 5.4.2. It would also be
interesting to explore if large gap sweet spots can be found consistently without the magnitude
of the inter-QD couplings having phase dependence.

Lastly, more measurements on the 3-site chain protection are possible. Specifically comparing
the stability of the ZBPs measured at 0-phase and w-phase is of interest. The stability of the
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ZBPs against t and A perturbations, such as shown in [56], can also be interesting to investigate
considering that the behavior on the central dot can also be measured in this device. A phase
diagram measurement, where all p values are varied against all ¢ values for fixed A is realizable
by varying all plunger gates versus ABS gates at zero bias while taking into account the relative
lever arms.
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Chapter 6

Conclusion

HE main conclusions and outlook for the 2- and 3-site chains have already been stated in
their respective chapters. We quickly summarize them here.

Phase control over the Andreev bound state in a 2-site Kitaev chain allows for tuning through
flux. The flexibility this offers, as well as the potentially greater excitation gap it could offer, are
promising for future PMM-based experiments. Phase control in the 3-site chain gives control
over the excitation gap of the Majorana bound states at the sweet spot, and the Majorana
protection these modes theoretically have has been confirmed. This represents a step towards
longer chains that feature near-topological protection.

In the final chapter, we briefly summarize using ML techniques to tune a 2-site Kitaev chain,

which has the potential to greatly simplify the experimental process when working with Kitaev
chains and represents an interesting proof-of-concept for scaling them in large-scale systems.
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Chapter 7

Outlook : Machine-Learning
Assisted Tuning

UNING the parameters p, A and ¢ in a Kitaev chain device is a significant part of the
measurement process. In even the simplest qubit and braiding proposals, at least two
Majorana sweet spots need to be tuned [1]. Not only is the initial tuning a time-intensive
process, but charge jumps which can periodically occur require periodic retuning of the system.
This delays experimental results and hampers potential scalability. Furthermore, tuning ¢ and
A while staying at g = 0 is well understood and can be done entirely through charge stability
diagrams as shown in Theory section 2.4. This motivates the idea of using Machine Learning
(ML) techniques to assist with Kitaev chain tuning, similar to how ML techniques can be used
to allow for automated tuning of spin qubits [64]. For example, a Convolutional Neural Network
(CNN) may be trained to recognize ECT-dominated, CAR-dominated, and sweet spot regimes
[65].

In this section, we briefly describe how a CNN described in Ref. [65] was used to demonstrate
the potential usefulness of ML in Kitaev chains. These measurements were performed in a
nanowire 2-site Kitaev device, in the same as in Ref. [54] in a spin degenerate system. Given
two QD orbitals left and right of a hybrid region, the ABS plunger gate Vg is varied. For
a given Vapg a CSD measurement is in both Grgr and G taken, and a CNN receives their
normalized product as an input before giving an estimate of :

it — A
t+ A

f(Vaps) = (7.1)

A simple 1D gradient descent algorithm is then used, which works as follows. A finite
difference gradient is computed :

g — TWVins) = F(Vigs) (72)
1 i i—1 .
VABS B VABS

To smoothen out noise, the gradient of the past 5 steps is averaged to give the gradient (g)
used in the next step :
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" = ko™ 4 (1 - k) g)

n+l _ ym n+1
Vaps = Vaps — 1

Where v is a velocity term used to keep track of previous tuning steps, 1 is a learning rate
adapted to the energy scale of our device which can be optimally determined from the lever arm
and the coupling of the QDs to the ABS, and k € [0,1] is a momentum term that is used to
tune how strongly the velocity from previous steps is conserved [66]. This gives the next plunger
gate value VXE&. Once the next gate value is chosen and that f(Vapg) is not within a specific

tolerance, a next CSD measurement is done, etc.

Initial implementations of this ML tuning suffered from the CNN recognizing very low in-
teraction, i.e. small ¢t and A, as sending ¢ — A to 0 and hence being a satisfying sweet spot to
tune to. To address this, we counted how many individual pixels in the measurement had an
above-average conductance, and added a regularization term to the objective function :

3 3
f(Vaps) = ‘i " i' + <2]]\\;<> (7.5)

Where N is the total number of pixels and N is how many had above-average conductance.
This regularization term was tested through trial and error. The intuition is that as the system
approaches weak interaction, N becomes very small and the regularization term becomes large,
causing the objective function to become too large to converge at undesirable weak interaction
sweet spots.

This regularization in real measurements is shown in Figure 7.1 below. The iterations shown
on the left used the unregularized objective function. All runs recognized that their initialization
points were far away from the sweet spot, which is encouraging. Yet some got stuck in the Vpg
region which showed low interaction around 0.14 V (as indicated by the much noisier estimates
in that region). This is fixed by the regularization procedure, which is shown in red in the right
scatter plot.

1.0

0.8 S .
s = .
2 +
w q 0.6 . P
[+ =
(I ]
N < 04

0.2

0.0

0 5 10 15 20 0.075 0.100 0.125 0.150
Iteration V_ABS (V)

Figure 7.1: Left. Progression of V4pg during iterations across several
different runs. Right. The objective functions, with (red) and without
(black) the regularizing term, as a function of Vypg.

Using the regularizer therefore reduced the number of false positives that the gradient descent
algorithm converged to. In the following figures we show an example of a series of remarkably
successful test runs.
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Figure 7.2: Top. The average number of iterations until convergence
and standard deviation for seven different initialization points across the
Vaps range shown in Figure 7.1. Bottom. CSDs plotted in Grr - G,
at each of the initialization points.

Figure 7.2 shows how many iterations were needed on average to find a sweet spot - the
average total time of these iterations was 45 minutes each. Unsurprisingly, the closer one starts
to a sweet spot the fewer iterations are necessary. Note how the starting points at 130 mV and
140 mV show very little interaction. Figure 7.3 shows the final values of the sweet spot finding
algorithm, with a convergence rate of 96.1 % within 15 iterations. The CSDs at the found Vapg

sweet spots are underneath the histogram.
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Figure 7.3: Top. Vapg values labeled as estimated sweet spots. Un-
converged runs after 15 iterations are labeled. Bottom. CSDs plotted
in Grr - Grr at 40 mV, 60 mV, 100 mV and 115 mV which correspond
to the found sweet spots.

The values to which the tuning algorithm converges indeed correspond to sweet spots. The
two on the left are of lower quality due to the ABS coming down in energy at those values.
Given a few iterations of this algorithm at different starting points, it could converge to several
different results and allow an experimentalist to quickly select the most promising parameters.
Hence although at its current stage the algorithm is not yet ready for fully automated tuning, it
can already be used in experiments and save a significant amount of time. Furthermore, similar
to how the tuning of double quantum dots has been done for spin qubits [64] this is a promising
first proof of concept for the automated tuning of Kitaev chains.
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Appendix A

Non-local Conductance in the
Middle Lead in the 2-site Kitaev
Chain

In measurements with two normal leads and one grounded superconducting lead, the non-local
conductance gives an indication of the BCS charge that is being excited, which is worked out in
detail in [53]. In particular, for two leads L and R the signal at zero bias Gry, = Gpr is directly
proportional to qrqr , up to some prefactors depending on temperature and tunneling rates,
where g g are the BCS charges of the excitations to which the leads couple. For a Majorana
zero mode, the condition v = 47 implies that it must have a BCS charge of 0, hence in a setup
with two normal leads non-local conductance will always vanish at the Majorana sweet spot.

We are unaware of any similar analytic results for the non-local response in a system with
three normal leads and one grounded superconducting lead such as in ours. Since the working
out in [53] relies on the conservation of probability current which is broken once a third lead to
which electrons or holes can drain is introduced, we cannot directly apply their conclusions to
our system.

Despite these caveats, our measurements did show that non-local conductance, even in this
more complicated setup, vanishes at the sweet spot. Figures A.1 and A.2 show examples.
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Figure A.1: Gy and G measured when detuning the right dot.
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Figure A.2: Gjp and Grps measured when detuning the left dot.

These measurements have a worse signal-to-noise ratio than the local measurements since
the nonlocal response is often on the order of 10 mGg. Note that in the data in these figures a
global background conductance was subtracted - in the raw measured data a background signal
was observed likely due to the tunnel barrier on the middle lead not being pinched off enough

to fully be in the tunneling regime.
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