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Abstract

The Shuttleworth and Lippman equations are well-known equations used to link sur-
face tension and stress (Shuttleworth) and surface tension and electric surface potentials
(Lippmann). We show that the Shuttleworth and Lippman equations have a common
thermodynamic basis, common to systems that possess a relatively large interfacial energy.
This is relevant for problems of droplet stability, colloidal suspensions, electrode surfaces
and more. Both equations are derived for systems that are not Euler homogeneous in the
manner classical systems are. Hill’s thermodynamics for small systems is used to address
this problem. Small in this context refers to systems with interfacial energies that are size- or
shape-dependent. The resulting Hill-Gibbs-Duhem equation, an extension of the classical
Gibbs-Duhem’s equation, gives the common basis for the Shuttleworth and Lippman
equations. Hill’s thermodynamics enables us to rigorously define two types of surface
tension, the differential surface tension and the integral surface tension. These surface tensions
are linked by the system'’s subdivision potential. From Helfrich’s equation we obtain a scaling
law for the subdivision potential as function of the interfacial curvature. The dependence of
the resulting subdivision potential on the system curvature is predicted. A critical analysis
of the literature about the Shuttleworth and Lippman equations is given.

Keywords: nanothermodynamics; integral and differential surface tension; surface
excess variables; Helfrich curvature energy; subdivision potential; Shuttleworth equation;
Lippman equation

1. Introduction

The surface tension is a parameter that appears in the Shuttleworth [1] and Lippman
equations [2]. The Shuttleworth equation relates the surface tension to the surface stress,
while the Lippman equation relates the surface tension to the surface electric potential (or
surface charge density). The equations have been used to relate surface properties of neutral
and charged systems, principally at solid /fluid surfaces. As debates in the literature have
shown [3-7], care should be taken to properly define these properties and their domain
of validity.

The term “surface tension” is mentioned twice by IUPAC. Under the headline “surface
tension”, it is defined as the “work required to increase a surface area divided by that area”
(the first definition) [8]. Under the headline “surface work”, the surface tension is defined
as “the intensive factor in the differential expression for the work required to increase the area
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of the surface. Measured under reversible conditions at constant temperature (and normally
constant pressure) and referred to unit area, this work the so-called differential work is equal
to the static surface tension” (the second definition) [9]. Only in the second, but not the first
definition, is reference made to work performed under reversible conditions. The minimum
work performed at constant temperature, T, and pressure, p, is identified by a change in
Gibbs energy. Butt et al. and Fletcher et al. give a good overview of the concepts and their
definition [4,10]. These authors are dealing with systems in the thermodynamic limit.

Fletcher et al. [4] define the surface tension 7y at constant T, p as the derivative of the
excess Gibbs energy, G*, of the surface :

0G®
y :( ) (1)
0 )7,
The definition given by Equation (1) differs from the first IUPAC definition, but it agrees
with the second IUPAC definition when work is done along a reversible path. Knowing the

variation in G® with ), we find the surface tension from Equation (1) as the derivative of
G® with respect to () at constant T, p. Fletcher et al. remarks next that an isotropic solid
has an area-dependent excess Gibbs energy. They define the surface excess Gibbs energy
density by G = G*/Q. It follows that

_ (9G? N ElEs) _la aG(Q)
= (), - (), et e

The second TUPAC definition refers to G with the assumption that it is an intensive vari-

able, implying that G cannot depend on Q. Both TUPAC definitions therefore make the
assumption that G(Q2)/dQ = 0 and that, consequently, 7 = G. The IUPAC definition
of the surface tension is in this sense only a particular case of Equation (2). It is correct
for some types of surfaces, but it is not correct, for example, for elastic solids for which
3G(Q)/9Q) # 0. Equation (2) has the same form as the equation proposed by Shuttleworth
in order to explain experiments on stress in crystalline and elastic surfaces [1] and bears his
name. The Lippman equation [10,11] is similarly used without considering that the excess
surface energy G° depends on system size.

Equations like the Shuttleworth equation, as well as the Lippman equation, are tra-
ditionally derived for systems that are in the thermodynamic limit. Such systems are
characterized by functions that are Euler homogeneous [12] of the first order. A function
M of the variable set X is Euler homogeneous of the order 7 in X, when M obeys [12]

M(AX) = A"M(X), 3)

where A is an arbitrary constant. For example, the internal energy U of a system is a Euler
homogeneous function of degree n = 1 in the variables V (volume) and N (number of
particles). The value of U will double when the system volume or number of particles
doubles. The temperature T and pressure p are functions of degree zero (n = 0). Their
values remain the same when the system size doubles.

The expression for the surface tension has led to confusion in the past. The reason is
that small system properties also depend on the surface curvatures of the system, a fact often
overlooked. The surface tension will then depend on the curvatures of the surface between
two bulk phases. When the area of this surface, (), is changed, while the volume of one of
the phases is kept constant, the curvatures of the surface and, therefore, the value of the
surface tension may change. The surface energy is then a function of the surface curvatures.
It possesses energy forms that are not proportional to the volume or to the surface area.
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Consequently, the system has variables that are no longer Euler homogeneous of degree
one (n = 1).

The question now is how the classical equations change when the functions U, G, etc.,
are no longer Euler homogeneous in the variable (). An answer to this question is important,
because systems that possesses surface energies are central in energy conversion [13].

Hill’s thermodynamics for small systems [14] offers a systematic approach that can
help. Hill called his approach small system thermodynamics or nanothermodynamics [14].
Small in this context is a system with significant interfacial (surface) energy, of the order,
say, of the energy of one of the bulk phases surrounding it. Such a system could be
a small colloidal sphere, an example we will use in the next section. Interfacial energy is
contained in surface curvatures. Hill’s original theory was recently extended by Bedeaux
and coworkers [15-20] to describe energy changes in small systems. Using Hill’s theory,
it is possible to derive Equation (2) in a more systematic manner and extend the range of
validity of the Shuttleworth and Lippman equations. In particular, we shall see how surface
energies connected to surface curvatures can be described. The analysis will in this manner
expand the state of the art [4] and clarify the definitions above.

The approach presented in the article is perfectly general and can be used for all kinds
of droplets or bubbles surrounded by their own vapor of another fluid. We have chosen as
an example a suspension of hard colloidal spheres immersed in a fluid, which is justified
under the assumptions that the surface free energy and surface stress are isotropic and that
the spheres are in a homogeneous state of hydrostatic stress [21].

The paper has the following outline. We present the theory of Hill extended to
an isotropic spherical phase in a fluid in Section 2, using the surface area, (), as a variable.
The other control variables are the temperature (T), the solution pressure (p) and the
chemical potentials (j1x). We derive a Shuttleworth(-like) equation using the principles of
small system thermodynamics. In this approach, we define and then use an integral and
a differential surface tension, 4 and 1, respectively. Their difference gives the subdivision
potential, ¢, defined by ¥ — 7 = &/(). In Section 3, we consider a charged colloidal particle
in an electrolyte solution and show how Hill’s theory enables us to derive the Lippman
equation for this system. A discussion of the literature regarding the Shuttleworth and
Lippman equations is given in Section 4.

2. Theory

The generic system that we propose to study possesses energy forms that are neither
proportional to the system volume nor to the surface area. This system is composed of
two bulk phases separated by an interfacial region, and it is the interfacial region, through
the energy of curvature, that leads to variables that are not Euler homogeneous of degree
one. The thermodynamic theory of small systems by Hill [14] is particularly well suited for the
analysis. This theory, extended by Bedeaux and coworkers [15-20], offers an opportunity
to re-formulate the Gibbs equation for variables that are no longer Euler homogeneous
of degree one. The analysis and the results are relevant for all systems that are small, in
the sense that their interfacial energy is significant compared to the energy of one of the
bulk phases.

Here, we consider a spherical colloidal particle of radius 4, suspended in an electrolyte
with a total volume V. The system is illustrated in Figure 1. The particle can be fluid
or solid. In the latter case, the assumptions made are that the surface free energy and
surface stress are isotropic and that the spheres are in a homogeneous state of hydrostatic
stress [21]. There is a surface of area () between the bulk phases in question. The phases
are denoted c (the colloidal particle) and e (the electrolyte). The volumes V¢ and V¢ make
up the total volume V = V¢ + V*. The hydrostatic (external) pressure, p, determines the
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pressure of the electrolyte solution. The surface has a surface tension <. The Young-Laplace
equation applies for this system under quite general conditions [22]:

p-=p+2y/a (4)

Here, p© and p are pressures of the bulk phases ¢ and ¢, respectively. The equation was found
to be equivalent to an expression given by Hill’s thermodynamic theory, when applied to
a bubble in a slit pore. The equilibrium at the interface was characterized by a constant
value of the integral pressure or the effective pressure that adds surface contributions to
the bulk pressure [13,19,23]. Note that Equation (4) is usually obtained by a force balance
and minimization of surface energy and that the dependence of the surface tension on
curvature is not explicitly discussed [24]. A length scale, for which the Hill theory will be
relevant, is given by the particle radius, a. When a is large compared to 27y /p, we have in
good approximation p¢ = p. The surface curvature 2/a is then negligible, and the system
is large (i.e., in the thermodynamic limit). When a is of the same magnitude as 27/ p, the
surface curvature leads to variables that are not Euler homogeneous of degree one.

Q,y

p,V*®

Figure 1. A colloidal particle of volume V* in an electrolyte solution of volume V* separated by
a surface () associated with a surface tension y. The volume V = V¢ 4 V° in blue and gray is the
volume of what is defined as a single replica. The pressures p° and p are pressures of the colloidal and
electrolyte phases, respectively. The hydrostatic pressure of the bulk fluid is controlled by a pressure
reservoir, and hence, p°® = p.

Systems that are relevant for the present study belong to the grand canonical ensemble.
A subset of system variables contains the control variables. In the grand canonical ensemble,
they are the temperature T, volume V, chemical potentials y; and surface area (). Alterna-
tively, rather than controlling V, one may control the pressure p. In a following subsection,
we will show how the equations are modified if p is controlled rather than V. The k stands
for the independent components (material of which the particle is made, electrolyte) needed
to make up the system. To start, we consider uncharged colloidal particles. The case of
charged colloidal particles will be discussed in a forthcoming section. To deal with variables
that are not Euler homogeneous, the approach of Hill and others [14,17] is to construct
an ensemble of V replicas of the single system and introduce Euler homogeneity in the
number N of replicas of the ensemble [14]. An example of a replica is shown in Figure 1.
This replica is composed of three important elements: the colloidal bulk phase, defined by
its volume V* and pressure p¢, the electrolyte bulk phase, defined by its volume V¢ and
pressure p®, and the interfacial region between the two bulk phases, defined by a surface
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area () and a surface tension 7. The colloidal particle is contained in the volume such that
the electrolyte at the boundaries of the replica has bulk properties (i.e., the colloidal particle
is far from the boundaries of the replica). The derivations presented in this section are
general, and the sphere can be exchanged by a particle with any size and curvature [15,16]
embedded in a fluid.

2.1. Thermodynamics of an Ensemble of Replica’s

The analysis starts by writing the total differential of the internal energy, U, for the
ensemble of replica’s [17]:

dUy = TdS; — pdV; + deNk,t + ydQ) + ed N (5)

where S; is the total entropy and V; the total volume of the ensemble. The total number
of unpolarized molecules or atoms of component k is Ni ;. We use the sum convention
over double subscripts. Subscript t (for “total”) refers to an ensemble value for N replicas.
We choose for now that V; and (); are independent variables and discuss below how we
replace the volume V; by p as variable, while keeping the surface area as a variable. The
first four terms on the right-hand-side of Equation (5) are terms in the classical description
of Clausius and Gibbs. The last term in Equation (5) is due to Hill. The equation was
therefore named the Hill-Gibbs equation by Bedeaux et al. [17].

The system properties are additive in the sense that the entropy is the sum of the
entropies of the colloidal and electrolyte phases plus the surface excess entropy and so on.
The subdivision potential ¢ was introduced by Hill and is defined by

aut>
e= | = (6)
<aN StV Ny 1 O

The subdivision potential & deals with energy contributions to U; that depend on the
curvature and size. It corresponds to the internal energy added to the ensemble by adding
one more replica, keeping the total entropy, volume, amount of components, and surface
area constant, as the definition states.

The introduction of an ensemble of systems is not peculiar in thermodynamics. In
fact, it is common in classical thermodynamics to use ensembles in the construction of
variables. For a large system, the ensemble of replicas becomes the usual ensemble in
statistical mechanics. For large systems, the subdivision potential ¢ is zero. Small systems,
on the other hand, have ¢ # 0. Special for the system is that the volume, as well as the
surface area, can be controlled independently of one another.

However, the ensemble variables of U; are not practical for descriptions of experiments;
so, we want to replace U; with the Gibbs energy G;. This is done by a Legendre transform
on the ensemble level, G; = U; — TSy + pV;. The total differential in the Hill-Gibbs equation
for dG; is

dG; = —5:dT + Vidp + pgdNi s + yd Oy + edN (7)

This replaces Sy and V; with T, p as variables. The Gibbs energy of the ensemble, G,
contains the compressional energy of all ensemble members (y€);).

We integrate using the Euler homogeneity of degree one in \V, the number of replicas,
and degree zero in the temperature and pressure. This gives

Gt = Ny + 7 +eN 8)
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The single system average properties (G, S, V, Ny and ) are of interest: G = G;/ N,
S=S5/N,V=V;/N, N = Ni;/N, Q= Q/N. Introducing these single system values
in Equation (7) and differentiating the product N'G, we obtain

NAG+ GAN = —SNAT + VNdp + mNdNg s + 1 Ngd N + YN dQ + yQdN +ed N (9)

The area can also be varied by varying N, as expressed by the next-to-last term in this
equation. By rearranging terms, we obtain

G = Nk + Q2+« (10)
and
dG = —SdT + Vdp + dNg + 7dQ 11)

Equation (11) applies to one replica (the single system, as illustrated in Figure 1). Here, we
make the important remark that, while Equation (11) has the appearance of the classical
Gibbs equation, it relates thermodynamic quantities that are not Euler homogeneous in
their size dependence.

From Equation (11), we obtain the expression for the differential surface tension:

oG
N = (55) 12
PNk

The variables to keep constant in the operation are T, p and Ni. The colloid pressure p© is
a dependent variable, computable from p, y and a by Equation (4).

We can vary the total area (); in two ways; see Figure 2. The area can be varied by
stretching the available area, cf., the left-hand side of the figure and Equation (12). This
leads to the definition of the differential surface tension, . The area can also be increased
by adding a replica as illustrated on the right-hand side of the figure. We will see how this
leads to the definition of the integral surface tension, Equation (17).

ololo|©
olo|o]|o
olo|lo|o

increasing the differential surface tension y increasing the integral surface tension ¥ by
by stretching the interfacial area of each adding replicas, keeping p, T constant
colloidal particle, keeping p,T and the

number of replicas constant

Figure 2. The two ways to vary the total surface area of the spheres in the replicas. One is by surface
stretching (left) and the other by adding replicas to the system (right). The integral surface tension ¥
and differential surface tension <y are related to the way of varying the surface area. They are linked
through the subdivision potential ¢ by Equation (15).

The definition of the differential surface tension given in Equation (12) is different
from the one adopted by other authors and given in Equation (1). In particular, the Gibbs
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energy referred to in Equation (12) is the replica’s ensemble average Gibbs energy and not the
excess Gibbs energy of the surface, as was assumed in Equation (1).

We are seeking more detailed expressions for the surface and consider the single
contributions from the parts of the replica. The contributions will differ from phase to
phase. The number of particles N, are also distributed between the phases. All contributions
should be accounted for in Equation (12). The replica entropy S and the Gibbs energy G
have contributions from all three phases [10]:

S(T,p,Ni, Q) = S+ 5° 4+ §° (13)

G(T,p, N, Q) =G + G +G° (14)

The superscript “c” stands for bulk colloidal phase, “¢” for the bulk electrolytic phase
and “s” for the Gibbs dividing interface. The excess Gibbs energy of the surface, G*, is
mathematically defined as the excess of G for a zero-width interface (the Gibbs interface)
between the two bulk phases. All the differences in thermodynamic quantities between
the bulk phases and the interfacial region between the two bulk phases are ascribed to
excess quantities defining the zero-width dividing Gibbs surface. The bulk phases have of
course no contribution from the surface. We assume that the chemical potentials inside the
colloidal particle and in the solvent (water and salt ions) are the same. A recent discussion
about the relation between chemical potentials inside and outside a colloidal particle (in
this case a crystallite) can be found in [25].
Following Hill, we now introduce the integral surface tension 7 to deal with the sys-
tem smallness:
YO =90+c¢ (15)

If we expand the surface area by adding one replica to the ensemble, there is a contribution
to G® from () and from the subdivision potential, e. This leads to the definition of the
integral surface tension %, following Equation (15). If, on the other hand, we increase
the surface energy by stretching each colloidal particle surface in the ensemble, there is
only one contribution, that from the differential surface tension y. When Equation (15) is
introduced into Equation (10), we obtain the excess Gibbs surface energy:

G® = uN; +7Q (16)

The chemical potential is a control variable and does not obtain the superscript s. Terms
containing the standard state in G® and yj cancel. In the present case, there is one excess
component k, namely the unpolarized molecules of the colloidal particles at the colloidal
surface. Without loss of generality, we are going to assume that these particles are made
of a certain amount of polymer RM, and hence, we write N° = N, ;. We will investigate
the case where the polymer at the particle/electrolyte interface can dissociate according to
RM =R" + M~ in Section 3. Equation (16) gives the integral surface tension

~ G — urmMNMm

— 17
7 a (17)
In both Equations (15) and (17), the integral surface tension is a function of the temperature
and the pressure, compatible with the use of the Gibbs excess energy. The integral surface
tension is an absolute quantity, like the differential surface tension.

The differential of G® in Equation (16) is

dG® = prmdNRy + Nrvdpirm + d(7Q)) (18)
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We compare this expression for dG° with Equation (11), written for the surface, and obtain
d(7Q) = —S°dT — Ngpdurm + ydQ (19)

This equation can be called the Hill-Gibbs—Duhem equation following [17]. It was used
to describe the adsorption of CO, at small carbon particles with constant surface area
at isothermal conditions [15,16]. It now also follows that the integral surface tension in
Equation (16) can be identified with Gin Equation (2). When 74 = v, we recover the normal
Gibbs-Duhem equation for the surface, as we should.

At constant T and p, we have from Equation (19):

d(7Q) = vdQ — Nrydprm (20)

The Maxwell relation follows:

JON3
() )
HrRM T, p tsalt o T,p.psaetw

The surface tension v will change with changing chemical potential yry1, depending on the

excess concentration of RM.
In summary;, it follows from the Hill-Gibbs-Duhem Equation (19) that

(7)) ~ Y
YT, p, e, Q) = < > —7+Q< (22)
o0 T,p.px e T,p,pix

This is the Shuttleworth(-like) equation in its most general form, as derived using the

concepts of thermodynamics for small systems. Equation (22) has the same form as the
equation given by Shuttleworth in 1950 [1]. Shuttleworth gave a relation between the excess
surface Gibbs energy density and the tensorial surface tension of a crystalline solid (the
surface stress). Our relation applies to scalars, and we do not consider stress in crystalline
structures. Importantly, we specify the variables to keep constant in the experiment. In our
case, the difference between < and 7 is due to their dependence on the surface curvatures.
In Hill’s description, both are thermodynamic properties.

Equation (22) expresses the link between the integral and differential surface tensions.
It can be connected with the subdivision potential:

~ oy
T,p.px

The subdivision potential is the energy needed for division of systems into smaller parts.
The relation to the integral and differential surface tension is discussed below for a particular
example where curvature energy is involved.

2.2. The Differential and Integral Surface Tension of a Curved Surface

Equations (21)—(23) were derived using the thermodynamic theory for small systems.
Two types of surface tensions (the integral and the differential surface tensions) were
introduced, defined by Equations (12) and (15). Once we know one of these surface
tensions, we can determine the other using the aforementioned equations.

To illustrate the relation between the surface tensions, consider a colloid particle of
arbitrary shape with radii of curvature a; and ay; see, e.g., [26] for analysis of experiments.
The curvature C is 1 1

— 24
a1+a2 ( )

C
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meaning that C is constant for a sphere of radius a, C = 2/a. The Gaussian curvature is

b

C
G aian

(25)

giving Cg = 1/a? for the sphere.
The spherical particle has volume V¢ and surface area () = 47a%. The relations

between the curvatures and () become

16 4m

0="%=¢ (26)

For flat surfaces, C and Cg are zero.

The energy represented by the curvature of the sphere is a reason why the integral
and the differential surface tensions differ from one another. We expand the functional
dependence of the integral surface tension in terms of curvatures and find [27-29]

~ 1
¥(C,Cc) =70+ EKC(C —2Cy) + KgCg (27)

Here, 7 is the surface tension for a flat surface, and K and K are the rigidity moduli.
For colloids and micro-emulsions, K is positive [30]. It is likely that 4 is a function of the
Gaussian curvature C;. We do not expect vy, which is connected to surface stretching, to be
such a function (see below).

When K = 0, the integral surface tension 7 has a minimum. This occurs when the
curvature is equal to the system’s natural curvature, C = Cy = 2/ay. An increase in the
curvature will reduce 7(C) — 79, as long as 0 < C < Cp, and then increase it.

The function §(C) — 9 becomes positive for C = 2Cy, the curvature for which
7(C) = 0. The curvature corresponding to the minimum energy of the whole surface of
the sphere can be found by minimizing (). Using Equations (26) and (27) for K¢ =0, we
find that this curvature is given by C,,;, = 270/ (KCp).

By differentiating 4() with respect to (), we obtain the differential surface tension as
a function of C. 1

7(C) =70 — 5KGC (28)

Both 4 and v are second order polynomials in the curvature C. The ¥ is linear in Cg,

while ¢ does not depend on K¢ as one may expect. This supports the idea of using the

Helfrich expansion for ¥ rather then for 7. From Equation (28), we find, for the Tolman

length, [27,31]

_ KG _ 2K (29)
Y0 a07o

The Tolman length has the same sign as Cy. We refer to Blokhuis et al. [32] for a discussion

oT

on the sign of 7. We note in passing that ¢ and 4 do not follow Hadwigers theorem;
see [13,33] and discussions therein (Hadwiger’s theorem would give K = 0).

Both 7 and % are illustrated in Figure 3. The figures were plotted for K; = 0 us-
ing the value of K found in [30] for a colloidal particle having a natural curvature of
C =4 x 108 m™}, corresponding to a particle with radius a = 5 nm. The rigidity modulus
was chosen to be K = 0.46 kpT. The black curve represents -y — g and is a negative function
(see Equation (27)). The red curve 4 — 7 is is a parabolic function of C. The difference
between 7y — 7 and 4 — ¢ can be understood by studying the subdivision potential (see
Equation (15)), which is done in the following subsection.
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https://doi.org/10.3390/e28060645

Entropy 2026, 28, 645

10 of 22

x107*

=N/m))

Surface tension (J/m2 (

_4 L L L L
0 2 4 6 8 10
Curvature (m’1) x 108

Figure 3. The differential (black curve) and integral (red curve) surface tension of a spherical particle,
as a function of particle curvature. A natural curvature Cy = 4 x 108 m~! was chosen, corresponding
to a particle of radius 5 nm. The rigidity modulus was chosen to be K = 0.46 k3T, in accordance with
the values found in [30].

2.3. The Subdivision Potential and Its Scaling Law

The subdivision potential ¢ is a trademark of the thermodynamics of small systems [17].
It describes, using ensemble theory, the effect of system smallness on the system energy and
characterizes the system’s deviation from Euler homogeneity. It accounts for the ability of
increasing the total surface area made of the sum of all the colloidal particle surface areas in
the ensemble of replicas. This can be done in two ways (cf. Figure 2): (1) by stretching the
area of each colloidal particle in the ensemble, keeping the pressure p as well as the number
of replica’s constant, or (2) by increasing the number of replicas in the ensemble, keeping
the pressure and the surface area of each colloidal particle constant. An illustration of the
subdivision potential per unit of surface area and its link to the differential and integral
surface tension is shown in Figure 4. By rearranging Equation (23), we find what can be
called a system scaling law. We obtain

Figure 4 shows that ¢ is negative (unstable droplet) for C < 4 x 10~8. It becomes positive
(stable droplet) for larger values.
For a spherical colloidal particle, this gives

7 e
(BC) T,p.ux B 877-[8 (31)

From Equations (27) and (28), we obtain the subdivision potential per unit of surface area.
This can be called the system’s scaling law:

R 1
% =5 —7 = 5KC(C - Co) + KeCq (32)

The curve startsate = 0 and C = C¢ = 0. For K = 0and C < Cy, the subdivision potential
is negative. According to Equation (31), 7 is then a decreasing function of curvature. This
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means that the colloidal particle becomes increasingly more stable, as it reduces in size
until it reaches the natural curvature.

For small curvatures (large radii), the difference in the two surface tensions is linear
and given by —KCCy/2. Such a scaling law of 4 — 7 with the inverse of the particle’s
radius could be proven experimentally. Scaling with the inverse system size, 1/L, was
used to compute thermodynamic factors, central to Kirkwood—Buff integrals in solution
theory [34,35]. The exact scaling law depends on the ensemble in question. For examples
of scaling laws in other ensembles, see [17].

%10

N w B o
T T T T

—_
T
—— e o e e e e e = = = o e

Subdivision potential (J/mz)

1
—_

0 2 4 6 8 10
Curvature (m'1) x10

Figure 4. The subdivision potential per unit of surface area of a spherical particle as a function of

1

particle curvature. The natural curvature Cy = 4 x 108 m~! was chosen to correspond to a particle of

5nm radius, and the rigidity modulus was chosen to be K = 0.46 k3 T, in accordance with the values
found in [30]. We see that 4 < 7 when C is smaller than the natural curvature. In this range, the
system will tend to change its curvature to the natural one.

2.4. Alternative Variable Sets

The thermodynamic theory for small systems applies naturally to other sets of vari-
ables than those used so far. The subdivision potential corresponding to the set can be
defined following a systematic procedure. The steps to proceed are given in Figure 5.

In the system pictured in Figure 1 (the replica), we took the pressure and the surface
area, (), as variables. Now, we choose another example where the volume V rather than
the pressure p is a variable. The procedure starts by defining the small system in Step 1. In
Step 2, we take V rather than p as a system variable. The variables are then T, V, Ny and Q.

Step 3 gives the Hill-Gibbs equation for the ensemble of replicas dU;; see Equation (5).
The subdivision potential is introduced through this total differential. On the ensemble
level, we next do the Legendre transform to deal with the properties of interest (Step 4).
In Section 2, we chose to go from U; to G¢. In the new example, we transform to the total
Helmholtz energy, F;. For the ensemble of small systems, we have

Ft = l,It - TSt (33)
The Hill-Gibbs equation corresponding to Equation (9) becomes

dF = —5,dT — pdV; + pxd Ny ; + ydQy + ed N (34)

https://doi.org/10.3390/e28060645


https://doi.org/10.3390/e28060645

Entropy 2026, 28, 645

12 of 22

This equation with the subdivision potential is integrated here to give the Euler equation:

Fr = —pVi + pNiy + vQp +eN

(35)
= —pVi + ucNis + 70

The expression corresponds to Equation (8). The ensemble average properties can now be
introduced, Step 5, similarly to what was done in Equation (10).

F=—pV+uNe+7vQ+¢

(36)
= —pV + uNg + 70
By introducing the averages, we obtain the Gibbs equation:
dF = —5dT — pdV + upd Ny + vdQ) (37)
The definition of the differential surface tension follows:
(T, V, N, Q) = <§—f)> . (38)

The definition underscores the importance of the control variables

Step 1

Step 2 Step 3
Define the Determine Write the
small the system ensembile total
system variables differential

Step 6

Step 5 Step 4
Findthe Hill- /= [0 Introduce Legendre
Gibbs-Duhem variables using ensemble transform to
equation the subdivision average wanted
potential properties ensemble

Step 7 Step 8 Step 9
Find the
Shuttleworth- subdivision Your small Euler
like equation potential in terms system inhomogeneity
of hat-variables described is described

Figure 5. Procedure for construction of the subdivision potential in nanothermodynamics for a system
which is not Euler homogeneous of the first order in size.

The Hill-Gibbs-Duhem equation (Step 6) is

d(5Q) = —SdT + Vdp — Nedyuy + 7dQ

(39)
The Shuttleworth-like equation follows, Step 7, and is given by
(70 ~ Y
(52),,-r+0(3)
T Tpix
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The equation is the same as Equation (22), with the same experimental conditions. The
subdivision potential can consequently be given (Step 8):

e=—-07 (gg)) (41)
Tpit
This is identical to Equation (23). Step 9 completes the description of the non-homogeneous
system by nanothermodynamics.
Yet another Shuttleworth equation can be obtained for different variables. For example,
for an ensemble with constant variables T, p, yy and a variable line length, we obtain

(9L i oA
(1) ae(2) o
T,p.px T,ppx

Here, L is the line length, and A is the line tension. Bedeaux et al. gave an overview of the
subdivision potential for six common ensembles [13]. The procedure summarized here
does not apply to colloids only but is also available for numerous systems that qualify as
being “small”, in the sense that they do not possess Euler homogeneity.

3. Surface Polarization

The thermodynamic state of the surface of a large class of systems can be altered by
application of an electric field. This electric field can be externally applied or caused by
an electric charge distribution inside the system. It is known that such an electric field can
change the surface tension of a system [11], and this property, called electrowetting, has
been used in microfluidic applications [36]. The presence of an externally applied electric
field leads to charge separation inside a polarizable region.

We shall see that this can be modeled and understood by dividing such a region
of space into two layers, s1 and s2. The layer s1 has a net charge Q°! = Q, while the
layer s2 has the net charge Q°> = —Q. The layer s = s1 + s2 is, however, electroneutral.
The separation between net charges, the polarization, represents surface energy. It is
possible to define a Gibbs zero-width dividing interface for s. While the charges depend
on the choice of this dividing surface, the polarization does not, due to electroneutrality.
An excess surface internal energy PSD? /2¢(eq can therefore be defined and associated with
the Gibbs surface, P°, independent of the surface position. Here, D4 is the displacement
field normal to the surface and is constant through the surface (see [37], p. 76), P° is
the excess polarization normal to the surface (the integral over the surface of the normal
component of the polarization), and the dielectric permittivity of the interfacial region
52 is chosen to be gype1, where g is the dielectric permittivity of the vacuum and ¢; the
relative permittivity of the solvent. The origin of the factor 2 will be explained at the
end of the section, where we calculate the electric energy of the diffuse layer. The energy
due to P° needs be added to the other parts of the excess Gibbs surface energy, dG®, in
Equations (17) and (18) to give the equation:

Ps
28081

dG® = —S°dT — Qdy + j13dN; + dD? (43)

]
which is the Gibbs equation. Here G = G°+ PsD%/ 2¢e0e1, and the electric field in the
interfacial region s2 is D%/ (e0e1). While Equation (43) seems to belong to classical ther-
modynamics, we know from the present analysis that the system does not possess Euler
homogeneity in the surface area variable. The variables of Equation (43) may therefore
differ from their thermodynamic limit values. We shall see below how the charge density
can replace P® in Equation (43).
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We consider an ensemble of replicas made of charged colloidal spheres at constant
temperature, pressure and chemical potentials of the electrolyte. The electrochemical
potential of the ion j, fi;, is defined by fi; = p; + z;Fip, where y; is the chemical potential of
the ion, z; is the charge number, F is Faraday’s constant, and  is the Maxwell potential.

The excess properties of the Gibbs dividing interface are not Euler homogeneous in
the surface area. The system is therefore small in the sense that we have defined it upfront
(relatively large surface energy on an energy scale). From Equations (10) and (14), we obtain

G = fiiN; +e (44)

The Euler inhomogeneity of GJS means that 4 # <. By differentiating this equation and sub-
tracting the Hill-Gibbs equation Equation (43), we obtain a Hill-Gibbs—Duhem equation:

S

dp? (45)

d(7Q) = —S°dT + 7dQ — Nidji; + Seor,

Equations (43) and (45) will lead to the Lippman equation.

3.1. A Polarizable Colloidal Particle

We model the case of a charged colloidal particle in an electrolyte solution and derive
a Lippman equation using Equations (43) and (45). The charged colloidal particle in the
electrolyte solution has an ionic diffuse layer that extends from its surface into the solvent.
The situation is illustrated in Figure 6. We consider a spherical colloidal particle with a fixed
surface charge Q > 0 in layer s1 (gray area at the surface of the particle) and a charge
Q < 0in layer s2 (area in shades of blue). Layer s2 is called the diffuse layer. The combined
layer s = s1 + s2 is called the double layer. The colloidal particle has N surface sites that
are dissociated according to RM = Rt + M. The surface charge density is taken to be
homogeneous. The counter-ions M~ will be part of the double layer, but we emphasize that
the diffuse layer also contains ions from the electrolyte, with, in the present case a majority
of anions (although cations are also present in the diffuse layer). The concentration of
electrolytes is directly related to the thickness of the double layer (called the Debye length);
see Equation (56). The diffuse layer is not electroneutral, and the integrated charge over
the diffuse layer is —Q. Beyond the double layer, electroneutrality applies. In the figure,
an additional layer (Stern layer) is illustrated. In this region of space, ions can be partially
hydrated and experience a chemical or physical sorption with the surface of the particle.
This layer will not be further discussed in the present article, and the colloidal particle will
be assumed to be “ideal” and devoid of the Stern layer. Consequently, we will assume
that the Poisson-Boltzmann relation applied directly from the surface of the particles. We
refer to Verwey and Overbeek [11] and Debye [38,39] for a thorough description of charged
colloidal systems and Stern layers in particular. The figure shows that the electrostatic
potential at equilibrium decreases from the surface value ¥*° to a solution value of zero.
Due to the spherical symmetry of the system, the electric potential ¢ and the charge density,
p, depend only on the distance r from the center of the colloidal particle.

3.1.1. Layer s1

The innermost layer contains the fixed charged surface groups. We will now consider
a zero-width dividing Gibbs interface inside s1, which we link with an excess charge
density. with the thickness of s1, the Gibbs interface can be taken to coincide with the
particle/electrolyte interface. The excess charge density p° (C/m?) is defined by

Q° = FN3, = p°Q) (46)
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The electrochemical potential of R™ is everywhere constant, giving
y% = —zp+ Fyp° 47)

where we used the fact that the electrochemical potential fi reduces to the chemical potential
i beyond the double layer, jig+(0) = pig+(o0), taking the standard chemical potential
y0R+ = 0. This equation has as a consequence that there is no contribution to the excess
compressional energy (7)) from the surface ions R™ in s1 and, therefore, also not to the
surface tension [11]. Any change in electric energy will be compensated by a corresponding
change in the chemical potential. The excess electric energy contribution to the surface
tension of the system is then given solely by the diffuse layer s2. The Gibbs energy for sl is
equal to G°! = Us! — TS*! and G*! = G®! + Qy°. We combine and obtain

dGst = —s°1dT + Qdy* (48)
The layer variables $°1, Q and G*! are the excess variables of the surface.

Stern diffuse
layer layer

p()#01 p(r) =0

1
1
1
1
1
1

1
1
1
1

Figure 6. Schematic view of a colloidal particle with double layer. The figure shows the fixed positive
charges grafted on the surface of the particle. The colloidal phase is grey, and the volume that contains
the ionic charges of the diffuse layer is in shades of blue. The electrostatic potential inside the particle
is constant in the absence of an external electric field and equal to the surface electric potential, l/JO.
The thickness of the Stern layer is greatly exaggerated.

3.1.2. Layer s2

This framework is identical to the common thermodynamic framework of the electrical
double layer, with s = s; + s, (fixed charge layer + diffuse layer). Polarization means that
there is charge separation. The surface charge in s1 on the colloidal particle, Q, is equal to
minus the excess charge of the diffuse layer around the colloidal particle in s2 [11]:

Q=- /:o artr*o(r)dr (49)

The well-known model of Debye and Hiickel will now be used to relate P° and Q, as
computed from Equation (49). The infinity in the integral indicates that we have chosen
s2 such that the whole diffuse layer is contained, but the ionic densities reach their bulk
values before the border of the replica. The electroneutrality condition holds in the bulk
phase far away from the charged colloid, giving

Y vizi =0 (50)
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The ions (i = +, —) have a valence z;, and their stoichiometric coefficient is v;. The charge
density, p, is a function of the distance r from the colloidal particle is expressed by

o(r) = Y ziFei(r) (51)

where c; is the molar density of component i. The ionic concentrations follow the Boltz-
mann distribution:
c; = v;C* exp(—z;ep(r)/kgT) (52)

Here, C® is the salt concentration in mM (10~ mol/L), e is the elementary charge, kg is the
Boltzmann constant, and T is the temperature. Outside the colloidal particle, the potential
satisfies the Poisson equation

_o%y(r) | 299(r) _ p(r)
Ap(r) = a2 T ror T eoeq (53)

where ¢ is the permittivity of the vacuum, and ¢; is the relative permittivity of the
solvent (water).

For small electric potentials, combining Equations (51)—(53), the charge density is
given by the Debye-Hiickel relation [38,39]

p(r) = —eoe1x?y(r) (54)

where the resulting potential distribution is

$(r) = 24" exp(x(a — 1) (55)

and the characteristic length scale of the diffuse layer s2 is given by the Debye length [38,39]:

_ ege1RT
= (56)
F2C* Y zv;

where R is the gas constant. The salt concentration is sufficiently large so that the contribu-
tion of the dissociated ions to the Debye length can be neglected.
The electric potential at the surface of the colloid is taken as a boundary condition. It
is given by
P(a) =¢° (57)

The potential inside the colloidal particle is equal to ¢° by continuity. An alternative
boundary condition would be to impose a surface charge density (Q/(?) at the surface. For
a single colloidal particle in an electrolyte, the choice makes no difference. Increasing the
surface charge density (for a given ionic strength) will automatically lead to a change in
electric potential and vice-versa. Only when colloidal particles approach one other do we
need to distinguish between conditions of constant charge and constant potential.

When these relations are introduced into the expression for Q, we obtain

Q = 47‘[80811(2/ P2y (r)dr = 4rmegek2ay’® / rexp(x(a—r))dr
a Ja
= 4maepe ki (1 + Kl—a) = Qp° (58)

where p° is the density of the surface charges of the colloid surface and

pSZ _ _psl = _ps (59)
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The electric energy of the diffuse layer s2 is

4 /ﬂoo r2o(r)(r)dr = — 4ma®ege x® (¥°)? /OQ exp(2«(a—r))dr

a

= S Qeern(p) & — 5 QpF (60)

In the derivation, we used xa >> 1. Furthermore, we have

4 /0o r2o(r)dy(r)dr = — 27tege, x> /oo r2d(p?(r))dr
= —2megerd [ A(P(0))dr
= — 2matege kY dyS ~ —%thps (61)

where we again used xa >> 1.

We combine the expressions to give the electric energy of the whole double layer,
s = s1+5s2, $Qy°. We observe that the energies of s1 and s2 have opposite signs and
that the presence of diffuse layer lowers the total energy and thereby stabilizes s1. The
differential of the electric energy of the double layer becomes —1Qdy*. The Gibbs equation
for s2 is accordingly

dG?2 =d(G? - %Qws) = —52dT — Qdy + fiydN;? — %leps (62)

The summation is over all ions in s2. The permanently charged sites of the polymer R are
contained in s1. Furthermore, G2 = U*> — TS — 7Q).
The expression for the whole layer s = s1 + s2 becomes

dG* = d(G* + %Qt/)s) = —5°dT — Qdy + ped N + %des (63)

The derivation explains the factor 2 in the denominator, as promised upfront. The total
surface is electroneutral, and the sum is therefore over the excess amounts of the neutral
species. The electrochemical potentials reduce to the chemical potentials. The equation
above may seem to belong to the classical thermodynamic theory. It should be remembered
once more, however, that the variables in Gibbs’ equation here are not Euler homogeneous!
They will, therefore, not obey all classical thermodynamic formulas.

3.2. The Lippman Equation

In the previous subsection, we found the excess properties of the model layer
s = s1 4+ 52 as a sum of the corresponding excess properties in the s1 and s2 layers. The
total surface was electroneutral. Subsystems s1 and s2, however, both have a net charge. In
our example, s1 has a positive excess charge, Q, while the diffuse layer, s2, has a negative
excess charge, —Q.

It follows from Equation (62) under these conditions that

8')/) 1 (8Q> 1,
97 __L[9Q —_p (64)
(al/]s T'p'ﬂk 2 aQ T/p/ﬁk 2

Equation (64) has the form of a Lippmann equation [2,11]. By following the procedure de-
fined in Figure 5, we imposed the temperature T, the pressure p and the electrochemical po-
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tential fij to be kept constant when varying the surface area (). By integrating Equation (64),
using Equation (38) and taking xa >> 1, which gives p°* = gpe1x1°, we obtain
£0€1K
7= r0= g () (65)
where v applies to a surface without excess electric charge. The same formula was obtained
by Vis and Blokhuis [40] for a demixed polymer solution. We see that y < 7g. It is well
known [11] that the charging of a surface leads to a smaller surface tension. The value g
can be ascribed, e.g., to van der Waals-type forces.
The polarization can be calculated from
o0 pPra+2  Q

s _ _ 21, — _ O ~ o=
P —47r./a (r—a)p(r)r=dr QK a1 ; (66)

The polarization is negative with positive charges in s1 and negative charges in s2 (the
diffuse layer). The displacement field (in the normal direction) is given by

D(r) _ _99(r) 1
— 1—— 7
€0€1 ar w( rK (67)
Furthermore, DY = D(a). It follows for the diffuse layer that

PS
Dd
2¢e0€1

0P = (68)
Because the energy of the adsorbed layer plus the diffuse layer is equal to minus the
energy of the diffuse layer, the relations explain the added electric energy in Equation (43).
Mugele [41], page R755, mentions two contributions from the surface electric energy: one
from a parallel plate capacitor and another from stray capacitance at the droplet edge. The
term Qy° contains such capacitance contributions.

Lippmann in his original experimental work related the change in the surface tension
due to an external electric field by a change in the surface charge density. His system
was a surface between a mercury drop and an electrolyte [41]. The system in the present
study is not subject to an external electric field, but the Lippmann equation applies also to
a polarized surface of a colloidal particle. Lagrange transformations were used to deal with
constant voltage conditions rather than constant charge. Such transformations can be done
in nanothermodynamics on the ensemble level (i.e., variables with subscript ¢).

4. Discussion
4.1. Choice of Variables

The variables in Hill’s thermodynamics for small systems depend on the environmen-
tal variables used to control the system (the control variables). In classical thermodynamics,
this is not the case. A system property does not depend on the ensemble used in the
measurement. The equation of state, e.g., does not vary with the chosen ensemble for
a system that is Euler homogeneous of the first order in the system size. In our example,
the description is classical when C = 0,Cg = 0.

Hill’s method was made to deal with a system’s lack of Euler homogeneity. The
method may appear cumbersome, but the extra effort is rewarded by the appearance of
a series of new relations (i.e., scaling laws). In this case, like in other cases [19], these laws
describe the impact of system curvatures on the variables.

The surface tension 7, termed the differential surface tension in this article, is the
surface tension traditionally referred to in classical thermodynamics. We have seen here
that Hill’s method can relate changes in the differential surface tension to other surface
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properties. The outcome of the derivation was interesting. The Shuttleworth as well as the
Lippman equations followed from the same Hill-Gibbs-Duhem equation. The Hill-Gibbs
equation differs from the Gibbs equation, because it deals with variables that are not Euler
homogeneous, while homogeneity is a trademark of classical thermodynamics. The surface
tension and the subdivision potential depend on the surface area. The methods of Hill and
Gibbs are equivalent for C = 0, C; = 0, which is the trivial case of the thermodynamic limit.
The methods have also been found to be equivalent for systems with constant curvature [18].
The system variables were then chosen in a manner different from here: the curvature was
not taken to be independent of the volume. The results reported in [18] have, therefore, no
direct bearing on the findings reported here.

Hill’s method as proposed here can in principle be applied to particles of all sorts,
such as colloids, micelles, droplets and bubbles for which the volume, the surface area,
and the adsorptions are independently controlled. The methodology is particularly in-
teresting for complementing the study of nucleation, a typical example of a non-Euler
homogeneous system [42,43].

4.2. Trademarks of Thermodynamics for Small Systems

For a system in the grand canonical ensemble, we have seen that the integral surface
tension ¥ is the surface excess compressional energy density. The integral surface tension
depends on the colloid surface curvatures (C =2/a and Cg =1/ a? for a sphere) and differs
from the (classical) differential surface tension 7 (v # 7). The differential surface tension
7 is related to the making of more area by reversible stretching of the area. The integral
surface tension ¥, on the other hand, is the energy needed to make more surface area, not by
stretching the surface, but by adding a finite area while redistributing the replica contents.
The measuring conditions in each case are defined by the operations and the control
variables (subscripts). When one stretches the surface, excess densities of components that
are not mobile, will decrease. This makes 4 different from -, with the subdivision potential
unequal to zero.

The nanothermodynamic theory of Hill [14], as extended by Bedeaux et al. [17],
provides a method to address system energies due to the system size and curvature. Size-
and curvature-related energies may be significant for systems on the micrometer scale. The
method is, therefore, not limited to the nanoscale (despite the name of nanothermodynamics
used for the thermodynamics of small systems) but can be applied in general to systems that
are no longer Euler homogeneous of the first order in the size. Hill introduced a measure of
system smallness through his introduction of the subdivision potential. This new property,
which can be computed from the differential and integral surface tension, can be used to
characterize smallness.

We have shown how the Shuttleworth and Lippman equations can be derived from
the same nanothermodynamic basis, the Hill-Gibbs—Duhem equation, and that new ther-
modynamic potentials (¢) can be used to understand system smallness.

4.3. The Shuttleworth and Lippman Equations in the Literature

Equation (2) was derived by Shuttleworth in 1950 for a crystalline surface [1]. The
surface tension was given in terms of the excess Helmholtz or excess Gibbs energy density,
giving G/, by the relation

dG’

_ a-
y=0G +QdQ (69)

By comparing this equation to our Equation (22), we saw that G’ may be understood as our
7. Their meanings differ, however.

Shuttleworth made a distinction between the excess Gibbs free energy density and the
surface tension. The excess surface Gibbs energy density was for him the work needed to
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form a unit surface area by a process of division, while the surface tension was connected
to the work done due to tangential stress (force per unit length) in the layer of the crystal
surface (a tensorial phenomenon). System variables were not discussed in more detail. The
stress was also discussed by Kramer [44]. Equation (69) might well apply to the surface of
solids, but stress has no direct connection to our analysis, in spite of the G’ appearing in
the same manner as 7.

Hui and Jagota gave an overview of the debate in the literature [3]. They suggested that
the difference between the surface tension and the surface energy was due to a difference
in the chemical potential of the single component between the surface and bulk. They
proposed a rewriting of the Shuttleworth equation to include the number of surface particles
as variables. Makkonen [7] disputed this; see also Faraji et al. [6]. So far, authors [3,4,6,7,10]
have failed to recognize the ensemble dependence of small system properties, and no
general method to deal with Euler inhomogeneity has been suggested. This may explain
some of the confusion in the field.

Discrepancies are often observed when computing the surface or interfacial tension of
nanodroplets using molecular simulations. They appear when either the thermodynamical
route (test-area method) and the mechanical route (virial approach) are used [45]. The un-
derlying reason may be related to the definition of the different surface tensions (y and 7).

The present work proposes to use Hill’s general procedure, leading to a link between
the integral and the differential surface tension. Both are scalar properties. There is no other
method for a systematic derivation of this result, as far as we know. We have also seen that
these properties are particular to the ensemble of interest. We have therefore identified
Equation (2) by Equation (22). The form of Equation (22) follows from the expression for
the Gibbs energy [17] of a replica.

To facilitate the use of nanothermodynamics, we have provided Figure 5. The figure
is listing the single steps in the general procedure used to find the hat variables and the
subdivision potentials. Some examples can be found in [17,19]. This is the first time that
the nanothermodynamic method has been applied to describe the effect of area variations
in a thermodynamic property.

5. Perspectives

We have described the impact of the surface area on the surface tension in a colloidal
suspension. Using the nanothermodynamic theory as developed by Hill [14] and extended
by Bedeaux et al. [17], we have defined and demonstrated the importance of the differential
and integral surface tensions and computed their difference, which is the subdivision po-
tential. As an example, we have demonstrated the curvature dependence of the subdivision
potential € for a small sphere in solution. The expressions are linking small system proper-
ties 4 and ¢ to the curvature C = 2/a in a way that can be tested by experiments. Similar
functional relationships exist but remain, as far as we know, unexplored. The framework
presented in this article is not limited to energetic contributions but also extends to, for
example, entropy, which becomes non-additive within the Hill formalism [17].

We have shown that the internal structure of nanothermodynamics gives a link be-
tween the variables of the Shuttleworth- and the Lippman-like equations, a link arising
from the lack of Euler homogeneity in the system. The range of validity of the equations, as
they are understood in the thermodynamic limit, has therefore been considerably broad-
ened. The links can be used not only to elucidate statements made in the literature but also
to describe new systems. In other words, we could face a situation like Gibbs did, after the
introduction of the chemical potential: we may open up possibilities to use ¢ for a whole
new class of systems.
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