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Chapter 3
Modeling andControl ofDC-DC
Converters
Yanfeng Shen*, Zian Qin† and Huai Wang*
*Aalborg University, Aalborg, Denmark, †Delft University of Technology, Delft, The Netherlands
3.1 FREQUENCY-DOMAIN VOLTAGE-MODE CONTROL
OF A BUCK DC-DC CONVERTER

3.1.1 Specifications of the Buck DC-DC Converter

The circuit diagram of the Buck DC-DC converter is shown in Fig. 3.1. The

input voltage Vin¼110V, the output voltage Vo¼48V, the nominal output

power PoN¼500W, the switching frequency fs¼100kHz, the maximum

current ripple in the output inductor ΔILo¼10% Io, and the maximum output

voltage ripple ΔVo¼0.5% Vo. For an output voltage of 48V, the corresponding

duty cycle D¼Vo/Vin¼48V/110V¼0.44 and the output current Io¼500W/

48V¼10.42A. Based on the specifications, the required output inductance

Lo and output capacitance Co can be obtained

Lo � 1�Dð ÞTsVo

ΔILo
¼ 1�0:44ð Þ�10�10�6�48

0:1�10:42
¼ 258μH (3.1)

Co �ΔILoTs
8ΔVo

¼ 1:042�10�10�6

8�0:24
¼ 5:43μH (3.2)

In practice, the output inductor Lo¼260μH and the output capacitor
Co¼220μF. The equivalent series resistances (ESRs) of the output inductor

and capacitor are RLo¼0.1Ω and RCo¼0.2Ω, respectively.
3.1.2 Small-Signal Modeling of Buck DC-DC Converter

The operation principle of the Buck converter is simple: when the switch S is

turned-on, the input source Vin supplies power to the load through the output

inductor Lo and output capacitor Co, as shown in Fig. 3.2A when S is turned-

off, the inductor Lo and output capacitor Co release energy to the load via

the freewheeling diode D, as shown in Fig. 3.2B. The duty cycle of S being
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FIG. 3.2 Equivalent circuit of the Buck dc-dc converter when the switch S is (A) turned-on or

(B) turned-off.
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FIG. 3.1 Circuit diagram of the buck DC-DC converter.
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turned-on is denoted as d and then that of S being off is 1�d if the deadtime is

neglected. According to the Kirchhoff’s current and Kirchhoff’s voltage laws,

the basic differential equations can be derived for the two states.

State I (t 2 [0, dTs]), switch S is turned on:

Lo
diLo
dt

¼ vin� vo�RLoiLo

Co
dvCo
dt

¼ iLo� io

vo ¼ vCo +RCo iLo� ioð Þ

8>>>><>>>>: (3.3)

State II (t2 [dTs, Ts]), switch S is turned off:
Lo
diLo
dt

¼�vo�RLoiLo

Co
dvCo
dt

¼ iLo� io

vo ¼ vCo +RCo iLo� ioð Þ

8>>>><>>>>: (3.4)

The time durations for states I and II are dTs and (1�d)Ts, respectively. In

the meanwhile, the state variables (i.e., the inductor current iLo and the capacitor
voltage vCo) and the output variable (i.e., the output voltage vo) are continuous



Modeling and Control of DC-DC Converters Chapter 3 71
in time. Therefore, the averaged differential equations over one switching cycle

can be obtained as follows

Lo
diLo
dt

¼ dvin� vo�RLoiLo

Co
dvCo
dt

¼ iLo� io

vo ¼ vCo +RCo iLo� ioð Þ

8>>>><>>>>: (3.5)

As can be seen from Eq. (3.5) that there is a term dvin which is a product
of the input variable vin and the control variable d. That is the averaged model

is nonlinear, and therefore the controller cannot be designed with the classical

control theory. In order to obtain a linear model, perturbations at the steady-

state operation (equilibrium) point should be performed. In this way, each

variable contains a DC term (i.e., the steady-state operation point) and

a small AC term, i.e., iLo ¼ ILo +eiLo,vCo ¼VCo + evCo,vo ¼Vo + evo, io ¼ Io +eio,
vin ¼Vin + evin, and d¼D+ ed. Substituting them into Eq. (3.5) yields

Lo
d

dt
ILo +eiLo� �

¼ D + ed� �
Vin + evinð Þ� Vo + evoð Þ�RLo iLo +eiLo� �

Co
d

dt
VCo + evCoð Þ¼ ILo +eiLo� �

� Io +eio� �
Vo + evoð Þ¼ VCo + evCoð Þ+RCo ILo +eiLo� �

� Io +eio� �h i

8>>>>>><>>>>>>:
(3.6)

Applying the steady-state differential equation and neglecting the second-
order terms, Eq. (3.6) can be simplified as linear small-signal AC equations

Lo
d

dt
eiLo ¼Devin + edVin�evo�RLo

eiLo
Co

d

dt
evCo ¼eiLo�eio

evo ¼ evCo +RCo
eiLo�eio� �

8>>>>>><>>>>>>:
(3.7)

Performing Laplace transform to Eq. (3.7) yields its frequency-domain
form, i.e.,

sLoeiLo sð Þ¼Devin sð Þ+ ed sð ÞVin�evo sð Þ�RLo
eiLo sð Þ

sCoevCo sð Þ¼eiLo sð Þ�eio sð Þ
evo sð Þ¼ evCo sð Þ +RCo

eiLo sð Þ�eio sð Þ
h i

8>>><>>>: (3.8)

Eliminate vCo(s) and iLo(s) in Eq. (3.8), and evo sð Þ can be obtained:
evo sð Þ¼
Devin sð Þ+Vin

ed sð Þ�RLo
eio sð Þ� sLoeio sð Þ

h i
� 1 + sRCo

Coð Þ
1 + sCo RCo +RLoð Þ+ s2CoLo

(3.9)
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Then different small-signal transfer functions can be derived with Eq. (3.9)
Gd2vo ¼
evo sð Þed sð Þ

�����evin sð Þ¼0,eio sð Þ¼0

¼ Vin 1 + sRCo
Coð Þ

1 + sCo RCo +RLoð Þ+ s2CoLo

Gvin2vo ¼
evo sð Þevin sð Þ

����ed sð Þ¼0,eio sð Þ¼0

¼ D 1 + sRCo
Coð Þ

1 + sCo RCo +RLoð Þ+ s2CoLo

Gio2vo ¼
evo sð Þeio sð Þ

�����ed sð Þ¼0,evin sð Þ¼0

¼ � RLo + sLoð Þ � 1 + sRCo
Coð Þ

1 + sCo RCo +RLoð Þ+ s2CoLo

(3.10)

3.1.3 Voltage-Model Controller Design of Buck
DC-DC Converter

The PI controller can be expressed as

GPI sð Þ¼Kp 1 +
KI

s

� �
(3.11)

The system switching frequency ωs¼628.32krad/s. The bode plot of the
control-to-output transfer function is shown in Fig. 3.3. As can be observed,
FIG. 3.3 Bode plot of the control-to-output transfer function, the PI controller, and the loop gain.
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there are two corner frequencies, 4.21 and 8.35krad/s, and the crossover fre-

quency is 167krad/s. In the meanwhile, the crossover frequency of the open-

loop transfer function should not be higher than 1/10 to 1/5 of the switching

frequency. In this case, the crossover ωc is set as 1/9 of the switching

frequency, i.e., ωc should be corrected to be about 69.8krad/s.

The gain of the control-to-output transfer function at ωc¼69.8krad/s is

7.69dB. Therefore, the required gain from the PI compensator should be

Kp¼�7.69dB¼0.4126. The corner frequency of the PI controller should

approximately correspond to the first corner frequency of the control-to-output

transfer function. Thus, KI¼ωI¼4.21krad/s.

The transfer functions of both the PI controller and the open-loop gain

are depicted in Fig. 3.3 as well. As can be seen, the open-loop transfer func-

tion has been corrected with the crossover frequency ωc¼69.8krad/s and

the phase margin being equal to 80°. The bode plots of open-loop and

closed-loop transfer functions are shown in Fig. 3.4. It can be observed that

the high loop gain results in a strong suppression of disturbances.
3.1.4 Simulation Results of the Case Study

The closed-loop results from the circuit simulation and the small-signal

model are shown in Figs. 3.5–3.7. Both the analytical modeling and

simulation results are based on the specific case study described in

Section 3.1.1. As can be seen, the developed small-signal model and the

designed controller can predict both the dynamic and static performances

of the Buck DC-DC converter with negligible error compared to simula-

tions. When the output voltage reference is changed from 48 to 49V, the

PI controller helps the system to track the reference tightly, as shown in

Fig. 3.5. When the perturbations (i.e., the input voltage in Fig. 3.6 and

the load in Fig. 3.7) appear, their impact on the output voltage can be effec-

tively attenuated.
3.2 FREQUENCY-DOMAIN CURRENT-MODE CONTROL
OF A BOOST DC-DC CONVERTER

3.2.1 Specifications of the Boost DC-DC Converter

The circuit diagram of a current mode-controlled (CMC) Boost DC-DC con-

verter is shown in Fig. 3.8. The input voltage vi¼150V, the output voltage

vo¼350V, the nominal output power Po¼2kW, the switching frequency

fs¼50kHz, and the maximum current ripple in the input inductor L is limited

to 25%. An inductor with inductance L¼514μH and ESR RL¼0.02Ω is

selected. The output capacitor C¼450μF and its ESR RC¼0.01Ω. The current
sensor resistor Rs shown in Fig. 3.8 is 0.2Ω.
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FIG. 3.4 Bode plot of open-loop and closed-loop transfer functions. (A) Control-to-output transfer function, (B) input-to-output transfer function, and (C) output
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FIG. 3.5 The output voltage reference is varied from 48 to 49V.
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FIG. 3.6 The input voltage is step-changed from 100 to 110V at 2ms.
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3.2.2 Small-Signal Modeling of Boost DC-DC Converter

Suppose the Boost converter is operating in the continuous current mode

(CCM). When S is turned on, the state equations are
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L
d

dt
iL ¼ vi� iLRL

C
d

dt
vC ¼� vo

Ro

8>><>>: (3.12)

When S is turned off, the diode D1 is freewheeling; then the state
equations are
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L
d

dt
iL ¼ vi� iLRL� vo

C
d

dt
vC ¼ iL� vo

Ro

8>><>>: (3.13)

According to Eqs. (3.12), (3.13), the average model can be obtained as,
L
d

dt
iL ¼ vi� iLRL� 1�d

� �
vo

C
d

dt
vC ¼ 1�d

� �
iL� vo

Ro

8>><>>: (3.14)

where d is the duty ratio of the boost converter, and x is the average value of x

(x¼ iL,vi,d,vo,vC) in a switching cycle. As seen in Fig. 3.8, it is easy to acquire

vo ¼ vC +RCC
d

dt
vC (3.15)

Then, by applying small signal perturbations to Eqs. (3.14), (3.15), it is
gained

L
d

dt
IL +eiL� �

¼ Vi + evi� �� IL +eiL� �
RL� 1�D� ed� �

Vo + evo� �
C
d

dt
VC + evC� �¼ 1�D� ed� �

IL +eiL� �
�Vo + evo

Ro

Vo + evo ¼VC + evC +RCC
d

dt
VC + evC� �

8>>>>>>>><>>>>>>>>:
(3.16)

Extract the DC items in Eq. (3.16), it is obtained
0¼Vi� ILRL� 1�D
� �

Vo

0¼ 1�D
� �

IL�Vo

Ro

Vo ¼VC

8>>>><>>>>: (3.17)

By removing the DC and high-order AC items in Eq. (3.16), it is acquired
L
d

dt
eiL ¼ evi�eiLRL� 1�D

� �evo + edVo

C
d

dt
evC ¼ 1�D

� �eiL� edIL� evo
Ro

evo ¼ evC +RCC
d

dt
evC

8>>>>>>><>>>>>>>:
(3.18)

By performing Laplace transform to Eq. (3.18), it is obtained
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sLeiL sð Þ¼ evi sð Þ�eiL sð ÞRL� 1�D
� �evo sð Þ+ ed sð ÞVo

sCevC sð Þ¼ 1�D
� �eiL sð Þ� ed sð ÞIL�evo sð Þ

Roevo sð Þ¼ evC sð Þ+ sRCCevC sð Þ

8>>><>>>: (3.19)

Then, Eq. (3.20) can be derived from Eq. (3.19), and the control to output
voltage transfer function of the open-loop boost converter is obtained as shown

in Eq. (3.21).

evo sð Þ¼

1 + sRCC

1�D
evi sð Þ+ 1 + sRCC

1�D
� �2Vi 1� sL

Ro 1�D
� �2

" #ed sð Þ

s2
LC

1�D
� �2 + s L +RLRoC

Ro 1�D
� �2 +RCC

" #
+ 1

(3.20)

Gd2vo ¼
evo sð Þed sð Þ

�����evi sð Þ¼0

¼

1 + sRCC

1�D
� �2Vi 1� sL

Ro 1�D
� �2

" #

s2
LC

1�D
� �2 + s L+RLC

1�D
� �2 +RCC

" #
+ 1

(3.21)

Fig. 3.9 shows the peak current control of the boost converter, where the
switch current iS instead of the inductor current iL is applied to compare with

the reference ic that is generated by the voltage compensator. Moreover, in order

to increase the damping and mitigate the subharmonic caused by the peak

current control, a slopemc is added into iS before compared with ic, as illustrated
in Figs. 3.8 and 3.9. The design of mc will be demonstrated in the following

section. By solving the simple trigonometry in Fig. 3.9, it is obtained

iL ¼ ic�mcdTs�m1

2
dTs (3.22)

m1 ¼ vi
L

(3.23)
Sl
op

e =
 m

1

Slope =–m
c

mcdTs

ic

iL
m1dTs

dTs

iS

FIG. 3.9 The schematic diagram of peak current control.
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By substituting Eq. (3.23) and then applying small-signal perturbation to Eq.
(3.22), it is acquired

IL +eiL ¼ Ic +eic�mc D + ed� �
Ts�Vi + evi

2L
D + ed� �

Ts (3.24)

By removing the DC and high-order AC components in Eq. (3.24), it is
gained

eiL ¼eic�mc
edTs�Vi

ed +Dev1
2L

Ts (3.25)

By performing Laplace transformation to Eq. (3.25), it is obtained
eiL sð Þ¼eic sð Þ�mc
ed sð ÞTs�Vi

ed sð Þ+Devi sð Þ
2L

Ts (3.26)

According to Eqs. (3.19), (3.26), it can be acquired
evo sð Þ¼GNC sð Þevi sð Þ+GIC sð Þeic sð Þ
Δ sð Þ (3.27)

where
GNC sð Þ¼ 1�D
� �

Ro
sDTs

2 1�D
� �2

Ro

+
1

1�D
� �2

Ro

�DTs
2L

+ 1 +
2mc

Vi

� �
1�D
� �

Ts

2

" #
(3.28)

GIC sð Þ¼ 1�D
� �

Ro 1 + sRCCð Þ 1� sL

1�D
� �2

Ro

" #
(3.29)

Δ sð Þ¼ s2L Ro +RCð ÞC 1�D
� � mc

Vi
+

1

2L

� �
Ts

+ s L+ 1�D
� �2

RoRCC
h i

1�D
� � mc

Vi
+

1

2L

� �
Ts + Ro + 2RCð ÞC

	 

+ 2 + 1�D

� �2
Ro 1�D

� � mc

Vi
+

1

2L

� �
Ts

(3.30)

Assuming that the switch current is sampled via a resistor RS, or the equiv-
alent resistance of the current sensor is RS, the control to output voltage transfer

function of the boost converter with current mode control is obtained

Gvc,out2vo ¼
evo sð Þevc,out sð Þ

����evi sð Þ¼0

¼ GIC sð Þ
Δ sð ÞRS

(3.31)

3.2.3 Current-Model Controller Design of Boost
DC-DC Converter

A typical issue brought by peak current control is the subharmonics resonance,

and it is indicated in Fig. 3.10. As seen, with an improperly designed mc, the
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inductor current disturbance ΔiL,0 can be amplified after two switching cycles.

The impact of mc on the subharmonics resonance can be revealed by solving

the trigonometry in Fig. 3.10, and it is obtained

ΔiL,0
AB

¼EF

AF
,

EF

FH
¼�ΔiL,1

QH
(3.32)

Merge the two equations in Eq. (3.32), and it is acquired
ΔiL,1 ¼�QH

AB

AF

FH
ΔiL,0 ¼�m1dTs�mc 1�d

� �
Ts

m1 +mcð ÞdTs
d

1�d
ΔiL,0 (3.33)

To avoid the subharmonics resonance, it requires
ΔiL,1j j � ΔiL,0j j (3.34)

Substitute Eq. (3.33) into Eq. (3.34), it is gained
m1dTs�mc 1�d
� �

Ts

m1 +mcð ÞdTs
d

1�d
� 0:5 ) mc �m1

2d�1

2 1�d
� � (3.35)

Since the minimum value of mc is zero, the condition to eliminate subhar-
monics resonance is obtained as Eq. (3.36) by substituting Eq. (3.23) into

Eq. (3.35).

mc �
0, d� 0:5

vi
L

2d�1

2 1�d
� � , d> 0:5

8><>: (3.36)

A voltage compensator is designed in this section for a current mode
controlled boost converter with the specifications described in Section 3.2.1.

Substitute the parameter values into Eq. (3.21), and the characteristics of the

transfer function Gd2vo
is obtained as below:
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DC gain: 4083

Poles: �39.4�890j rad/s

Zeros: �2.2�105 rad/s, 2.19�104 rad/s (Right-Half-Plane, RHP)

Fig. 3.11 shows the frequency response of the open-loop-controlled Boost

converter. As seen, the open-loop system has a resonant point, where the phase

is decreased sharply to �180°. Thus, if a voltage mode control is applied, a

much lower crossover frequency than the resonant frequency is necessary for

the voltage compensator to damp the resonance and make the system stable.

Substitute the parameter values into Eq. (3.31), the characteristics of the

transfer function Gvc,out2vo are obtained:

DC gain: 62

Poles: �80rad/s, �1.67�105 rad/s

Zeros: �2.2�105 rad/s, 2.19�104 rad/s (RHP)

Crossover frequency: 4.9�103 rad/s

Phase margin: 78°

where mc is set as Eq. (3.37) according to the subharmonics resonance mitiga-

tion condition in Eq. (3.36), and a 20% safety margin is applied.

mc ¼ 1:2
vi
L

2d�1

2 1�d
� � (3.37)

Fig. 3.12 shows the frequency response of the uncompensated boost con-
verter with current-mode control. As seen, the resonant point does not exist
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any more compared with Fig. 3.11. To realize an infinite DC gain for nonzero

steady-state error tracking, a proportional+ integral (PI) voltage compensator is

used, as shown

Gcv sð Þ¼Kp

s+
Ki

KP

s
(3.38)

The crossover frequency of the uncompensated system is 4.9�103 rad/s
which is around 1/64 of the switching frequency (50kHz). Normally, the

crossover frequency can be set to around1/10 of the switching frequency to

have a reasonably high bandwidth. Therefore, the PI compensator can be

designed to increase the crossover frequency of the system. But the uncompen-

sated system has a �7dB constant gain and �180° phase at high-frequency

band due to the RHP zero, and the corner frequency to the high-frequency band

is 2.19�104 rad/s (RHP zero) which is only four times the crossover frequency.

Thus, if the crossover frequency is increased by the PI compensator, then the

gain at the high-frequency band will also be increased and thereby the system

may lose its stability. It is decided to keep the crossover frequency and phase

margin of the system by setting a 0-dB gain at the high-frequency band in the PI

compensator. Thus, we can obtain Kp¼1.

As known, the PI compensator will have a �45° phase at its corner

frequency. To avoid a significant influence on the phase margin of the system,

the corner frequency of the PI compensator is set to 1/15 of the crossover

frequency of the system, i.e.,
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Ki=Kp ¼ 4:9=15krad=s (3.39)

Thus, it is gained Ki ¼ 327 and
Gcv sð Þ¼ 1 +
327

s
(3.40)

3.2.4 Simulation Results of the Case Study

Figs. 3.13 and 3.14 show the simulation results of the specific case study.

Without the slope compensations, subharmonics appear when mc is equal to

0.8mc0. By adding a slope compensation, the subharmonics can be eliminated.

The overshoot and undershoot of the Boost converter output voltage is limited

to a relatively lowlevel under step load changes occur, as shown in Fig. 3.14.

The results imply a proper current controller for the Boost converter is achieved.

3.3 TIME-DOMAIN CONTROL OF BASIC DC-DC CONVERTERS

The controllers of DC-DC converters are dominantly designed with small-

signal linearization techniques in frequency domain, as discussed in Sections

3.1 and 3.2. However, DC-DC converters with PWM switching are highly

nonlinear systems, and their large-signal characteristics will behave differently

from that predicted by small-signal design approaches. To overcome the

limitations, various time-domain control methods have been proposed. One

major class of them is the switching surface control (i.e., boundary control).

The concept is to determine the time sequence to turn on/off switches according

to certain constrains, namely, switching surfaces [1]. This section is dedicated to

a case study to illustrate the basic concept of a generic second-order boundary
mc=1.2mc0 mc=0.8mc0

iL

ic with slope compensation

w/o subharmonics subharmonics

FIG. 3.13 Simulation results to show the impact of the slop compensation on the subharmonics

resonance in peak current control mc0 ¼ vi
L

2d�1

2 1�dð Þ
� �

.
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FIG. 3.14 Simulation results to show the dynamic performance of the system during load step.
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control method that can be applicable to both Buck-type (i.e., minimum phase

system) and Boost type (i.e., nonminimum phase system) converters. Parts of

this section are based on what have been discussed in Ref. [1]. The following

discussions are based on a specific example of Buck-Boost converter. It should

be noted that the method is applicable to all kinds of basic DC-DC converters

(i.e., Buck converter, Boost converter, Buck-Boost converter, �Cuk converter,

and SEPIC).
3.3.1 Specifications of the Buck-Boost DC-DC Converter

Fig. 3.15 shows the circuit diagram of a Buck-Boost converter. In a specific case

study, the parameters are as: output power 190W, input voltage vin¼48V, and
FIG. 3.15 Circuit diagram of a Buck-Boost converter.
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output voltage vo¼48V (according to the polarity definition shown in Fig. 3.15).

The inductor L¼0.36mH and the capacitor C¼150μF.

3.3.2 Concept of Generic Second-Order Boundary Control

Second-order switching surfaces are proposed for buck converter [2] as shown

in Fig. 3.16. The nonlinear switching surfaces approximately follow the on/off

state trajectories of Buck converter. iL and vC are the output inductor current and
output capacitor voltage of Buck converter, respectively. Therefore, the param-

eters used in the control law are well defined, and the converter can revert to

steady state after two switching actions. A single control law is applicable

for buck converter operating in both continuous conduction mode (CCM)

and discontinuous conduction mode (DCM). The control methods are named

as boundary control with second switching surface [2]. However, one remaining

fundamental issue which poses great challenges is that the same concept cannot

be easily applied to converters with nonminimum-phase characteristics [1]. It is

difficult to formulate a simple switching surface on the state-plane for a con-

verter with state trajectories in spiral shape, such as Boost converter and

Buck-Boost Converter, as discussed in Ref. [1].

To handle the above fundamental issue in switching surface control and

incorporate the advantages of the boundary control with second-order switching

surface which has been applied on buck converter, a uniform second-order

switching surface is proposed. It extends the control state variables (i.e., inductor
FIG. 3.16 Switching surface control method for Buck converter.
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currents and capacitor voltages) in previously proposed switching surface con-

trollers to arbitrary direct or indirect control variables, namely, x and y. Conse-
quently, the relationships between x and y in all basic DC-DC converters are the

same as that of iL-vC in buck converter. Therefore, the switching surfaces of dif-
ferent kind of converters can be easily defined on a Cartesian x-y plane. x and y
have the same properties as those of inductor current and capacitor voltage,

respectively, in buck converter, implying that

dy

dx
¼ 2ks x� xref

� �
(3.41)

where ks is state trajectory parameter related with the slope of x and xref is the

reference value.

With the aid of Fig. 3.17 according to Eq. (3.41), the approximated on-state

trajectory Traj jon and off-state CCM trajectory Traj joff can be expressed,

respectively, as follows

Traj onj ¼ y tð Þ� y t0ð Þ� ks1 x tð Þ� xref
� �2� x t0ð Þ� xref

� �2n o
¼ 0 (3.42)

Traj off

�� ¼ y tð Þ� y t2ð Þ� ks2 x tð Þ� xref
� �2� x t2ð Þ� xref

� �2n o
¼ 0 (3.43)

where t0 and t2 are the turn on/off instants, respectively, ks1 is the trajectory
parameter during on-state period, and ks2 is that during off-state CCM period.

It is noted that ks1>0 and ks2<0. In DCM, after the x reaches zero, the trajec-
tory moves along the y-axis, x¼0, and the corresponding trajectory parameter

ks3¼0 during this interval.
FIG. 3.17 Principle of boundary control with uniform second-order switching surface: (A) control

variables and (B) control law.



FIG. 3.18 Typical trajectories, load line, and switching surface of basic DC-DC converters on the

x-y plane.
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Fig. 3.18 presents the generic switching surfaces, load line, and ideal on/off

state-trajectories of basic DC-DC converters on x-y plane. The trajectories are
plotted by first solving on- and off-state space equations of specific converter

with different initial conditions and then mapping the state variables iL and vC to
x and y, respectively. It is the ideal state trajectories which can be approximated

by Eqs. (3.42), (3.43).

As discussed in Ref. [2], the ideal second-order switching surface σ2 should
pass through the target operating point (yref, xref), and exactly along the approx-
imated on-state trajectory when x is below the load line, and the off-state tra-

jectory when x is above the load line. By transforming the iL-vC state plane

to the Cartesian x-y plane, a well-defined uniform second-order switching sur-

face σ2 can be obtained as shown in Fig. 3.18. It approximately follows the ideal

on-state trajectory and off-state trajectory when the state is below and above the

load line, respectively, implying a high velocity to revert to the target operating

point from arbitrary operating points.

The switching instants are determined by predicting the operating point at t1
and t3 as shown in Fig. 3.17. By putting y(t)¼yref, x(t)¼xref, y(t0)¼y, and
y(t2)¼y into Eqs. (3.42), (3.43), respectively, a general form of the switching

surface is given by

σ2 ¼ y� yref
� �� k x� xref

� �2
(3.44)
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where σ2 is the uniform second-order switching surface and k is the control
parameter and can be expressed as follows for an ideal second-order switching

surface

k ¼ ks1
1� sgn x� xref

� �
2


 �
+ ks2

1 + sgn x� xref
� �
2


 �
(3.45)

k can be of other values, which affect the stability and trajectory velocity along

the switching surface as discussed in Ref. [1]. In the following analysis, k1 and
k2 are defined as general control parameters for turn-on and turn-off switching

actions, respectively. Practically, to avoid chattering phenomenon, a modified

switching surface σΔ
2 is derived by adding a hysteresis band 2Δy as shown in

Fig. 3.18 into Eq. (3.44), resulting in

σ2Δ ¼
σ2Δ� ¼ y� yref � k1 x� xref

� �2
+Δy x< xref

� �
σ2Δ+ ¼ y� yref � k2 x� xref

� �2�Δy x> xref
� �

8<: (3.46)

where σΔ�
2 and σΔ+

2 are the uniform second-order switching surface below and
above load line.

Therefore, the uniform control law for the basic DC-DC converters is

formulated as follows. The switch S is turned on if

y tð Þ� k1 x� xref
� �2� yref �Δy

� �� 0 and x tð Þ< xref (3.47)

S is turned off if
y tð Þ� k2 x� xref
� �2� yref +Δy

� �� 0 and x tð Þ> xref (3.48)

For Buck converter, Boost converter, Buck-Boost converter, �Cuk converter,

and SEPIC, the respective x and y can be derived, as discussed in detail in Ref.

[1]. Section 3.3.3 will take Buck-Boost converter as an example to derive the x
and y.

3.3.3 Second-Order Boundary Controller Design for
Buck-Boost Converter

Fig. 3.19 shows the operation modes of Buck-Boost converter. x, y, k1, and k2
are derived by the following steps:

Step 1: Derivation of the load line. The load line is derived by considering

the average steady-state inductor current iL,ref. For the Buck-Boost

converter,

iL, ref ¼ vo io
vin

+ io (3.49)
where vin is the input voltage, and vo and io are the output voltage and cur-
rent, respectively.



FIG. 3.19 Operation modes of buck-boost converter.
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Step 2: Determination of x, y, and ks1. For the Buck-Boost converter, the

control variable x is first selected as the inductor current iL. As shown in

Fig. 3.19A, during on-state interval,

dvo
diL

¼� Lvo
RCvin

(3.50)
where L and C are the inductor and output capacitor, respectively, and R is
the equivalent load resistance.

By using Eq. (3.41), it can be shown that

y¼ 2k1

ð
iL� iL, ref
� �

diL ¼ 2k1
L

1

2
Li2L +

1

2
Cv2o +Cvinvo

� �
(3.51)

Hence, y can be chosen as
y¼ 1

2
L i2L +

1

2
Cv2o +Cvinvo (3.52)

k1 ¼ L

2
(3.53)
Step 3: Determination of k2. As shown in Fig. 3.19B, during off-state

interval,
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dy

diL
¼ dy

dt

dt

diL
¼�Lvin

vo
iL� iL, ref
� �

(3.54)
ks2 ¼�Lvin
2vo

(3.55)
Step 4: Calculation of yref. Based on Eqs. (3.49), (3.52),

yref ¼ 1
L

vo io
+ io

� �2

+
1
Cv2 +Cvinvo, ref (3.56)
2 vin 2 o, ref
Step 5: Formation of the control law. According to Eqs. (3.47), (3.48), the

switching criterion is described as follows. The switch S is turned on if

y tð Þ� k1 iL� iL, ref
� �2� yref �Δy

� �� 0 and iL tð Þ< iL, ref (3.57)
S is turned off if
FIG. 3.20 Block diagram of the proposed controller for Buck-Boost converter.



FIG. 3.21 Simulation results of Buck-Boost converters with the proposed controller. (A) Load

change from 12 to 200Ω (CCM to DCM) and (B) Load change from 12 to 200Ω (CCM to DCM).
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y tð Þ� k2 iL� iL, ref
� �2� yref +Δy

� �� 0 and iL tð Þ> iL, ref (3.58)
Step 6: Implementation of control law. Based on the above derivations, the

block diagram of the controller for the Buck-Boost converter is shown in

Fig. 3.20.
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3.3.4 Simulation Results of the Case Study

Simulations have been performed for the Buck-Boost converter with the spec-

ifications described in Section 3.3.1. The results are shown in Fig. 3.21. The

converter can revert to steady state by two switch actions after being exposed

to large disturbances.
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