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R-Boundedness versus y-boundedness

Stanislaw Kwapien, Mark Veraar and Lutz Weis

Abstract. It is well-known that in Banach spaces with finite cotype, the R-bounded
and v-bounded families of operators coincide. If in addition X is a Banach lattice, then these
notions can be expressed as square function estimates. It is also clear that R-boundedness implies
vy-boundedness. In this note we show that all other possible inclusions fail. Furthermore, we will
prove that R-boundedness is stable under taking adjoints if and only if the underlying space is
K-convex.

1. Introduction

Square function estimates of the form

N N
) H S T <cH S o
n=1 La n=1

for operators T, ..., T :LP(R?)— LI(RY) and 1, ..., 2y € LP(R?) with 1<p,g<oo,
play an important role in harmonic analysis, in particular in Calderon—Zygmund and

1/2 1/2

p
martingale theory. In 1939 Marcinkiewicz and Zygmund [24] (building on previous

work of Paley [30], see also [11]) proved (1) for a single linear operator T=T;=...=
Tn:LP— L7 by expressing the square functions in terms of random series, i.e.

N N N
(2) H 2:|mn|2 ~pE Zrnmn ~pE Z%ﬂn ,
n=1 n=1 n=1

Lp L
where (7,)n>1 are independent standard Gaussian random variables and (7y,)n>1
are independent Rademacher random variables. Such random series with values in

1/2

Lp
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a Banach space have become a central tool in the geometry of Banach spaces and
probability theory in Banach spaces (see [1], [21], [22] and [26]).

Random series also allow to extend (1) to general Banach spaces and have
become an effective tool to extend many central results about Fourier multipliers,
Calderon—Zygmund operators, stochastic integrals and the holomorphic functional
calculus to Banach space valued functions and “integral operators” with operator-
valued kernels (e.g. see [2], [4], [5], [7], [13], [16], [18], [20], [29] and [37]). In recent
years it was observed that many of the classical results extend to the operator-
valued setting as long as all uniform boundedness assumptions are replaced by
R-boundedness or y-boundedness assumptions (see the next section for the precise
definition). In many of these results it is crucial that the Banach space X has finite
cotype and in this case the second part of (2) remains valid: (see [22, Lemma 4.5
and Proposition 9.14])

E ZX]E

X

N N
E T'nln E TnTn
n=1 n=1

X

For this reason R-boundedness and «y-boundedness are equivalent under finite co-
type assumptions. Furthermore, it is well-known that R-boundedness always implies
y-boundedness. It was an open problem whether these two notions are the same
for all Banach spaces.

By constructing an example in ¢;°’s and combining this with methods from
the geometry of Banach spaces we prove the following result:

Theorem 1.1. Let X and Y be nonzero Banach spaces. The following asser-
tions are equivalent:

(i) Fwvery vy-bounded family 7 CL(X,Y) is R-bounded.

(ii) X has finite cotype.
In this case R(T)SxR(T)<R(T).

In Section 4 we will also discuss the connections between R-boundedness and
y-boundedness and ¢%-boundedness (as defined in (1) and Section 4) for general
lattices. We show that ¢2-boundedness implies R-boundedness if and only if the
codomain Y has finite cotype. Furthermore, R-boundedness implies #2-boundedness
if and only if the domain X has finite cotype. The proofs are based on connections
with classical notions such as p-summing operators and operators of cotype ¢q. These
connections and the deep result of Montgomery-Smith and Talagrand, on cotype
of operators from C(K), (which are summarized in Talagrand’s recent monograph
[35], Chapter 16) allow to obtain as quick consequences proofs of Theorem 1.1 and
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Theorem 4.6. Since the results of Montgomery-Smith and Talagrand are quite in-
volved and we need for the proof of Theorem 1.1 a simple case we decided to give
in Section 3 an elementary and a concise proof of Theorem 1.1 which did not refer
to the results on the cotype of operators. However we have to underline that the
ideas behind this proof are the same as in the proof of [28, Theorem 5.3, p. 33].

In Section 5 we will characterize when R-boundedness and y-boundedness are
stable under taking adjoints. It is well-known that the notion of K-convexity is a
sufficient condition for this. We will prove that it is also necessary. Surprisingly the
proof of this result is based on similar techniques as in Section 4.

Acknowledgment. The authors thank the anonymous referee for helpful com-
ments.

2. Preliminaries

Let (rp)n>1 be a Rademacher sequence on a probability space (Q,, ., P,), i.e.
P(ri=1)=P(r1=—1)=1/2 and (r,,)n>1 are independent and identically distributed.
Let (75)n>1 be a Gaussian sequence defined on a probability space (Q, F,P), i.e.
(Yn)n>1 are independent standard Gaussian random variables. Expectation with
respect to the Rademacher sequence and Gaussian sequence are denoted by E, and
E, respectively. The expectation on the product space will be denoted by E.

For Banach spaces X and Y, the bounded linear operators from X to Y will
be denoted by L(X,Y).

Definition 2.1. Let X and Y be Banach spaces. Let .7 CL(X,Y)
(i) The set of operators .7 is called y-bounded if there exists a constant C'>0
such that for all N>1, for all (z,,)Y_; in X and (7,,)Y_; in 7 we have

n=1
N 2\ 1/2 N 2\ 1/2
@) <E ST, ) gc(E S s ) |
n=1 n=1

The least admissible constant C is called the vy-bound of 7, notation RY (7).

(ii) If the above holds with (y,)n>1 replaced by (rp)n>1, then  is called
R-bounded. The R-bound of .7 will be denoted by R(.7).

(iii) If 7 is uniformly bounded we write U(7)=suppc 5 ||T|.

We refer to [5] and [20] for a detailed discussion on R-boundedness. Let us note that
by the Kahane—Khincthine inequalities (see [22, Theorem 4.7]) the second moments
may be replaced by any p-th moment with pe (0, 00).



128 Stanislaw Kwapienl, Mark Veraar and Lutz Weis

Remark 2.2. Some of the operators T, in (3) could be identical. This some-
times leads to difficulties. However, for R-boundedness a randomization argu-
ment shows that it suffices to consider distinct operators Ti,...,Tn€T (see [5,
Lemma 3.3]). Unfortunately, such a result is not known for -boundedness.

An obvious fact which we will use below is the following: Let .7 CL(X,Y) be
R-bounded. If U:E— X and V:Y —Z are bounded operators, then

(4) R(VIU:Te 7)) <|IVIR(T)|U].

The same holds for y-boundedness.

For details on type and cotype, we refer to [8, Chapter 11] and [22]. For type
and cotype of operators we refer to [31] and [35] and references therein.

Let g€[2,00]. An operator T€ L(X,Y) is said to be of Rademacher cotype q if
there is a constant C' such that for all N>1, and z1,...,xy € X one has

N 1/q N
(Z ||Ta:n||q> <C|> rna,
n=1 n=1

La(X)

The infimum of all constants C' is denoted by Cy(T"). Replacing (7,)n>1 by (Vn)n>1
one obtains the definition of Gaussian cotype g of T' and the optimal constant in this
case is denoted by C)(T). It is well-known that this notion is different in general
(see Remark 2.7). In the case X=Y and T is the identity, one obtains the notions
of Rademacher and Gaussian cotype ¢ of X, and these notions are known to be
equivalent (see [8] and [22]).

Let pe[l,2]. An operator T€L(X,Y) is said to be of Rademacher type p if
there is a constant 7 such that for all N>1, and x4, ...,zxy €X one has

N 1/p
<T<Z ||xn||p) .
n=1

The infimum of all constants 7 is denoted by 7,(T"). Replacing (7, )n>1 by (Vn)n>1
one obtains the definition of Gaussian type p of T" and the optimal constant in this
case is denoted by 77(T'). By an easy randomization argument and [22, Lemma 4.5]
these notions can be seen to be equivalent. In the case X=Y and T is the identity,
one obtains the notions of Rademacher and Gaussian type p of X. We say that X
has nontrivial type if there exists a p€(1, 2] such that X has type p.

The Maurey—Pisier theorem [26, Theorem 1.1] gives a way to check whether
a given Banach space X has finite cotype. In order to state this result recall that

N
E T
n=1

Lr(QY)
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for p€[1,00] and A>1, X contains ¢£’s A-uniformly if for every n>1, there exists a
mapping J, /2 — X such that

Azl < | nz| < |2, zef.

Theorem 2.3. For a Banach space X the following are equivalent:
(i) X does not have finite cotype.
(il) X contains £5°’s A-uniformly for some (for all) A>1.

There is a version for type as well:

Theorem 2.4. For a Banach space X the following are equivalent:
(i) X does not have nontrivial type.

(i) X contains €% ’s A-uniformly for some (for all) A>1.

(ili) X™* does not have nontrivial type.

In [32] it was shown that another equivalent statement is that X is K-convex. For a
detailed treatment of these results and much more, we refer to [1, Theorem 11.1.14],
[8, Chapter 13 and 14], [25] and [27].

Finally we state a simple consequence of Theorem 2.3 which will be applied
several times.

Corollary 2.5. If X does not have finite cotype, then for every N>1, there
exist JN A —X and In: X =L such that || In|| <1, [[In]|<2

IANJNZ’L'dg?Vo and JNfN|X0=idXU,

where Xo=JnL3.

Proof. Fix N>1. By the Maurey—Pisier Theorem 2.3 we can find a bounded
linear operator Jy:(3¥—X such that i|z||<|Jyz|<|z]|. Let Xo=Jnl3. Let
In:Xo—(3 be the invertible operator given by Iyz=e when Jye=x. Let (e};,)Y_,
be the standard basis in ¢!. For each 1<n<N let z}i=Ixe;€X and let 2/ €X*
be a Hahn-Banach extension of z*. Then In:X —(% given by Iyz=((x,z:))N_,
is an extension of Iy which satisfies ||Iy|=|Ix|/<2. From the construction it is

clear that Iy Jy=InJy=ides. O

Property 2.6. Let X be a Banach space and let p€[1, 00). The following hold:
(i) One always has

N
E T'nn
n=1

N

<(3)" 1>

n=1

, T1,..,xny€X, N>1.
Lr(;X)

(5)

TnTn

Lr(;X)



130 Stanislaw Kwapienl, Mark Veraar and Lutz Weis

(ii) The space X has finite cotype if and only if there is a constant C' such
that

N

§ Tnon

n=1

<c
Lr(;X)

(6)

, X1, rNEX, N>1.
Lr(;X)

N
E TnTn
n=1

For (i) see [8, Proposition 12.11]. For (ii) see [8, Proposition 12.27] and [22, Chap-
ter 9].

Remark 2.7. If X has finite cotype, then it follows from (5) and (6) that T'e
L(X,Y) has Rademacher cotype ¢ if and only if it has Gaussian cotype ¢. On the
other hand, in [28, Theorem 1C.5.3] it is shown that for 2<p<g<oo for all N>2
large enough, there is a nonzero T'€ L(£3¢, L) such that C,,(T") >q /2 log(N)CJ(T).

In the following result we summarize some of the known results on R-bounded-
ness and y-boundedness which will be needed.

Proposition 2.8. Let X and Y be Banach spaces. Let 7 CL(X,Y).
(i) If 7 is R-bounded, then it is y-bounded, and RY(T)<R(T).
(ii) If 7 is y-bounded then it is uniformly bounded and U(T)<RY(T).
(iii) Assume X has finite cotype. If T is vy-bounded, then it is R-bounded,
and R(T)<CRY(T), where C is a constant which only depends on X.

Proof. (i) follows from the fact that (v,)n>1 and (r,7¥,)n>1 have the same
distribution. (ii) is obvious. (iii) follows from (6). O

Remark 2.9.

(i) For other connections between R-boundedness, type and cotype we refer
to [3], [10], [12], [14] and [36].

(ii) Recall the following result due to Pisier. If every uniformly bounded family
is R-bounded then X has cotype 2 and Y has type 2 (see [2, Proposition 1.13]).
The same result holds for y-boundedness which follows from the same proof.

The following lemma gives a connection between R-boundedness and cotype.

Lemma 2.10. Let Th,...,TNn€L({53,R) and let T={T,:1<n<N}. Let A:
035 — 138 be given by Ax=(T,x)N_,. Then R(T)=C2(A) and R (T)=CJ(A).
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Proof. Let Sy,...,5,€7 and x4, ...,x,€£3;. Then

k
E TzSz-T'L
i=1

2 g

k

i=1 =1

E

k 2
=3 A} < Co(APE

i=1

k
E riZ;
i=1

and this shows that R(J)<C3(A). Conversely, for x1,..,z,€€55 choose
S1,..., Sk €T such that maxi<p<n |Tx;|=|5z;|. Then

oo
ZM

k k k 2
2 Azl = ZJ!(TM»LH?% =2 ISl <R(T)E
i= = =

k
Z TiZl;
=1 Z?V.}
from which we obtain C3(A)<R(.7). The proof of R7(.7)=C3 (A) is similar. O

The next simple type of uniform boundedness principle will be used several
times. For a set S let P(S) denote its power set.

Lemma 2.11. Let V be a vector space. Let ®;:P(V)—1[0,00] for i=1,2 be
such that the following properties hold:
(i) for all ACV and MR, ®,;(AA)=|\|®;(A).
(i) If ACBCV, then ®;(A)<®;(B).
(iii) If Ay, As,..CV, then &, Ay) < @i(Ay).
If for every n>1 there exists a subset B, CV such that ®1(B,)<1 and ®2(B,)>c,
with ¢, Too, then there exists a set ACV such that ®1(A)<1 and P3(A)=00.

Proof. For every n>1 choose A, CV such that ®;(4,)<1 and ®5(A4,)>4".
Setting A=(J;~, 27" A,, one may check that the assertions hold. O

For A, BER, we will write A<; B if there exists a constant C' depending only
on t such that A<CB.

3. Proof of Theorem 1.1

We start with a characterization of the R-bound of a certain family of func-
tionals on c¢g.

Proposition 3.1. Let (an)n>1 be scalars. Let (Tn)n>1 be the elements of
(co)*=0 given by Tpx=anx,. Then R(T,,n>1)=|alls:.
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Proof. In the sequel we write ||-|| for ||||¢,. For any (z,,))_; one has

N N 1/2 N
> raToan = (Z Tn$n|2> < (Z $n2||Tn2>
n=1 n=1 n=1

1/2

L2(Q)

N
E T'nTn
n=1

By Remark 2.2 this implies that R(T,,,n>1)<||al/;z. Next choose e>0 arbitrary.
Fix an integer N>1 such that Hang—ES(ZnN:l lan|?)'/2. Let (x,)N_, in ¢y be
defined by z,,=1 and z,,,=0 for m#n and n=1,..., N. Then

N 1/2 N 1/2 N
Iallez—s§<2ai> =<Z|annl2> s,
n=1 n=1 n=1
> rain

n>1

<llallez sup [lzn|l < lalle
fen=l 12(95e0)

L2(Q)

<R(Tp,n>1)

L2(Qsc0)

:R(T'ru n Z 1) sup ||T7er7er“L2(Q) = R(Tna n Z 1) U
m>1

In order to estimate the «-bound of a specific family of coordinate functionals
we need the following lemma which is a variant of [28, Proposition 3.1, p. 50]. Our
modification of the proof is more concise and gives a better constant.

Lemma 3.2. Let n>1 be fized. Let (x;)?_, be real numbers. Then

n

1/2
logn 9
7 : <4E i)
(7) ( - ) x) < fgglwl

i=1

The constant 4 on the right-hand side of (7) is not optimal.

Proof. 1t suffices to consider the case n>2. Without loss of generality we can
assume Esup, ., |viz;[=1 and z;>0 for all i. Fixt>1. Since P(sup; <<, |vizi|>t)<
1/t, it follows from [21, Proposition 1.3.3] that

" P(supy <<, [vizi| > t) 1
2 : <j<n |l

IED(‘%amZt)S]P’(su o | -\<t)St—1'
i=1 Pigj<n [7iTil =

Recalling Komatsu’s bound (see [34, Proposition 3]):

. _ > —z2/2 2 —s2/2
\/271'19’(%>8)—/S e dx273+(52+4)1/26 , sScR,
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we find that with y;=x,/t

n le B 2 n 1
Z N TE 1/2 e~ 1/ (2vD) SZP(W%“ >t) < T

z=1 i=1

Note that for every i, one has |y;|=t'\/ZE|yiz;|<\/5. Therefore,

2 2y; y?

>
V2 1+ (14+4y2)/2 — K

where K =T+V1+2n) W%Q.Q. Letting ©(y)=ye™ /(%) we find that + 3" O(y2)<
ﬁ. Since © is convex we obtain that

1 &, K
@<E 2”) S =1y

It is straightforward to check that ©(y)>e~'/¥ for all y>0. Therefore, O~ (u)<
for all ue(0,1), and we obtain

log(U)

1 5 t2

0 2= T log(K/(ni—D))

Now the result follows by taking t=K+1. 0O

Remark 3.3. A lower estimate for the constant used in (7) follows from the
following claim:

(8) E(sup |'yi|2) <2log(2n).
i<n

Indeed, taking z;=1 for i=1, ...,n with n>1 in (7) arbitrary gives that the constant
at the right-hand side of (7) cannot be smaller than 271/2. To prove the claim we
follow the argument in [9, Lemma 3.2]. Let {=sup,,, || and let h:[0, 00)—[1, c0)
be given by h(t)=cosh(t!/2). One easily checks that h is convex and strictly increas-
ing and h~!(s)=log(s+ (s> —1)'/2)2<log(2s)?. It follows from Jensen’s inequality
that for every >0,

E¢? =t *Eh™" (cosh(t€)) <t ?h~ ! (Ecosh(t€)) <t *log(2E cosh(tf))2,

E cosh(t£) = E sup cosh(ty;) < Z E cosh(ty;) =nEexp(ty) = net’/2,

i<n i—1

Combining both estimates yields that E¢2< (¢! log(2n)+t/2)?, and (8) follows by

taking t=+/2log(2n).
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Lemma 3.4. Let (T,)n>1 be elements of (co)*=¢' given by Tpx=x,. Then

for all N>2,
N 1/2 N O\ 1/?
—_— T,,1<n<N)<4 .
(210g2N> i " )< (logN>

Note that Proposition 3.1 yields that R(T},,1<n<N)=N'/2, and hence there is a
logarithmic improvement in the above y-bound.

Proof. Fix N>2. Let (Sj)}]:lg{Tn, 1<n<N}. We will first show that for all

Z1,...,LjECcy one has
4( N )1/2 J
~ \logN =

>

(9)

L2(©) L2(ico)

For 1<n<N, let A,={j:S;=T,}. Clearly, the (4,)Y_, are pairwise disjoint.
Let an=(3_;ca, T (z)|?)!/? for n=1,...,N. It follows from orthogonality and
Lemma 3.2 that

2 N

J
10 = a;, < IE su a
(10) JZ:; Z IOgN 1<n£N [V n|

Let I'y=3>.c 4, vj2; for 1<n<N. Since (Tpn)N_; are independent Gaussian ran-
dom Varlables and E|T',,,,|?=a2, it follows that (I',))_; and (yna,))_; have equal
distributions. This yields

(11) E sup |7nan|2:E sup |F,m|2.
1<n<N 1<n<N

For signs (ex)r>1 let I. on ¢y be the isometry given by I.((ag)r>1)=(ex0k)r>1- It
follows that pointwise in ), one has

2

N
sup |]-—‘nn‘ = sup E, lz 71m7ﬂn]-—wmn‘|
1<n<N 1<n<N| |5
N 2 N 2
< sup Er lz rmrnrmn] = ]ET [Ir (Z rmFm
n21 m=1 m=1

2
:]E,,,

b

N
E TmDm
m=1

N 2
I (z rmrm>
m=1
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where we applied Jensen’s inequality and the fact that I. is an isometry. Com-
bining the above estimate with (11) and using that I'y, ...,y are independent and
symmetric we obtain

2 2 2

N N J
E sup |ynan|* <E,E, Z rmIm|| =E, Z Tl =E Z V5%
1<n<N m=1 m=1 j=1

Now (9) follows if we combine the latter estimate with (10).

To prove the lower estimate, let (zy),>1 be the standard basis for ¢o. Let
gN=RY(T,,:1<n<N). The result follows from

2 2

N

n=1

N

Z TnTn

n=1

N=E <g%E

=gXE sup |va|* < gR2log(2N),
1<n<N

where we applied (8). O

As a consequence of Lemma 3.4 we find the following result which provides
an example that the Rademacher cotype and Gaussian cotype of operators are not
comparable in general (cf. [28, Theorem 1C.5.3] and Remark 2.7).

Corollary 3.5. Let (T,,)n>1 be elements of (co)*=0' given by Thx=x,. Let
AR =L be given by Az=(T,x)N_,. Then for all N>2,

1/2

(log(N)) /2 C3 (A) < Ca(A) < (210g(2N)) 2C3 (A).

1
4

Proof. This is immediate from Lemmas 2.10 and 3.4, where we note that
Cy(A)=R({T,,:1<n<N})=vN. O

We now turn to the proof of one of the main results.

Proof of Theorem 1.1. The implication (ii) = (i) has already been mentioned
in Proposition 2.8.

To prove (i) = (ii) we use Lemma 3.4. Assume (i) holds. Assume X does
not have finite cotype. We will derive a contradiction. Since we may use a one-
dimensional subspace of Y, it suffices to consider Y=R. We claim that for every
N>1 there exists a Sy CL(X,R) such that R7(Sn)<1 and R(SN)>cy with
cyToo as N—oo. For each N>1 choose Jy: 43 —X and fN:X—>€]°V° and Xy as in
Corollary 2.5. Let T,,:43 —R be given by Tnx:%(%)l/%n for each 1<n<N. Let
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IN={T,,:1<n<N}. Then as a consequence of Lemma 3.4 we have R7(Iy)<1/2.
From Proposition 3.1 we find that

N 1/2 1
= (Z Tnn?) = < (log N)!/2,
n=1

Now let (S,)N_, be given by S,=T, Iy and ./y={S,:1<n<N}CL(X,R). Then
by (4) one has R (SN)<||[In[|RY(In)<1. Moreover, by (4) one has

1
g(log N2 =R(Tn) <R(INIx,) 1IN S R(SN).

Now by Lemma 2.11 we can find a family . C£(X,R) which is y-bounded but not
R-bounded. This yields a contradiction. [

4. R-Boundedness versus £2-boundedness

In this section we discuss another boundedness notion which is connected to
R-boundedness and «-boundedness.

Definition 4.1. Let X and Y be Banach lattices. An operator family 7 C
L(X,Y) is called £?-bounded if there exists a constant C'>0 such that for all N>1,
for all (z,,))_; in X and (T,,)Y_; in F we have

1/2 N 1/2
(12) H(Z T2 ) c (Z |a:n|2> :

The least admissible constant C'is called the ¢2-bound of 7. Notation RZQ(ﬁ ) or
RA(T).

Remark 4.2.

(i) The notion ¢2-boundedness is the same as Rg-boundedness with s=2 as
was introduced in [37]. A detailed treatment of the subject and applications can be
found in [19].

(ii) The square functions in (12) are formed using Krivine’s calculus (see [23]).

(iii) Clearly, every £2-bounded family is uniformly bounded.

(iv) A singleton {T}CL(X,Y) is £*>-bounded and R?({T})<Kg|/T|, where
K¢ denotes the Grothendieck constant (see [23, Theorem 1.f.14]).

(v) For lattices X, Y and Z and two families .7 €£L(X,Y) and L €L(Y, 2)
one has

RY*({ST:S€ ., TeT}) <R*(F)R*(T).
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In order to check ¢2-boundedness it suffices to consider distinct operators
in (12).

Lemma 4.3. Let X andY be Banach lattices and let 7 CL(X,Y). If there is a
constant M >0 such that for all N>1 and all distinct choices T, ..., TN €., one has

N 1/2 N 1/2

n=1 n=1

, Ti1,..,TNEX,

then R*(T)<KgM, where Kg denotes the Grothendieck constant.

Proof. Let Ty,....,TNC.7 and z1,...,xy€X be arbitrary. Let Si,...,Sy €T
be distinct and such that {51, ..., Sy }={T1,...,Tn}. For each 1<m<M let I,,=
{i:T;=Sm}. Then (I,)M_, are disjoint sets. For each 1<m<M let x,, ;=x; if
1€l and z,, ;=0 otherwise.

For cach 1<i<N let #;€ X (¢2,) be given by &;(m)==z,,; and let S:X(¢2,)—
Y (£2,) be given by S((ym)M_1)=(Smym)M_,. By the assumption we have that
||§H£(X(z?w),y(£§w))SRZ(y)- From Remark 4.2(iv), we see that

N 1/2 N 1/2 N 1/2
(Eree) | |G, o5
n=1 i=1 Y (€2,) i=1

M N 1/2

()

Y ‘ X(3)

m=11i=1 X
N 1/2

:KGMH (Z |xn|2> 0
n=1 X

Property 4.4. Let X be a Banach lattice and let p€[1, 00). The following hold:
(i) One always has

N 1/2 N
(13) H (Z Ixnl2> > ratn
n=1 n=1

(ii) The space X has finite cotype if and only if there is a constant C' such that

N N 1/2
.. E)
n=1 n=1

For (i) and (ii) see [8, Theorem 16.11] and [23, Theorem 1.d.6].

<V?2

X

xl,...,xNGX, Nzl

)

Lr(;X)

(14) , T1,..,znNE€X, N>1.

X

Lr(9;X)
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Recall that a space X is 2-concave if there is a constant C'x such that

N 1/2 N 1/2
(Z w) <COx (Z |xn|2>
n=1 n=1

A space X is 2-convez if there is a constant C'x such that

(£

Recall the following facts from [8, Corollary 16.9 and Theorem 16.20]:
(i) X has cotype 2 if and only if X is 2-concave.
(ii) X has type 2 if and only if it has finite cotype and is 2-convex.

Note that ¢ is an example of a space which is 2-convex, but does not have type 2.
The following result is the version of Remark 2.9(ii) for £2-boundedness.

, Ti,.,zNvE€X, N>1

n=1

N 1/2
§0X<Z|xn||2> , T, enzn€X, N>1.

Proposition 4.5. Let X and Y be Banach lattices. The following are equiv-
alent:

(i) Bvery uniformly bounded subset 7 CL(X,Y) is £?-bounded.

(ii) X is 2-concave and Y is 2-convex.

The proof is a slight variation of the argument in [2].

Proof. (ii) = (i): Let 7 CL(X,Y) be uniformly bounded. Let T1,...,Ty€T
and z1,...,xy €X. If follows that

N 1/2 N 1/2
<Z Tnxn|2> <Cy (Z ||Tnxn||2>
n=1

n=1

)]

n=1

N /2
<CyU(T) (Z $n2> <CyU(T)Cx

(i) = (ii): First we prove that X is 2-concave. Fix y€Y with ||y||=1. Let
T ={z*®@y:x*€ X* with ||z*||<1}. Then .7 is uniformly bounded and therefore
it is £2-bounded. Choose z1, ...,y E€X arbitrary. For each n choose z} € X* with
[l ||<1 such that (x,, n)—||x and let T,,=2% ®y. Then each T,€.7 and it

follows that from (13) that
N 1/2
n=1

N 1/2
(Z ||xn||2> =
n=1

nll

N 1/2
n=1
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Next we show that Y is 2-convex. Fix x€ X and z*€ X™ of norm one and such
that (z,z*)=1. Consider J={z*®@y:y€Y with ||y||<1}. Then 7 is uniformly
bounded and hence #2-bounded. Choose y1,...,yny €Y arbitrary. Let T),=2*® Hz:II
and x,=||y, ||« for each n. Then T1,...,Tn €7 and it follows that

() i)

N 1/2
o)
n=1

Theorem 4.6. Let X and Y be nonzero Banach lattices. The following asser-
tions are equivalent:
(i) EBvery £2-bounded family 7 CL(X,Y) is R-bounded.
(ii) Every £2-bounded family 7 CL(X,Y) is y-bounded.
(iil) Y has finite cotype.
Moreover, in this case R(T) Sy R*(7) and R (T)<yR?*(7).

n=1

N 1/2
<R*(7) (Z |yn||2> =

Proof. (i) = (ii) follows from Proposition 2.8. To prove (iii) = (i) assume Y
has finite cotype and let .7 be ¢2-bounded. Fix T1,....,Tnv€Z and z1,...,cnEX.
It follows from (14) for Y and (13) for X that

N N 1/2 N 1/2
Z T TnTn <Cy (Z |Tn$n|2> < CYRQ(y)H (Z |xn|2>
n=1 L2(Q;Y) n=1 Y n=1 X
N
<CyR*(T)V2 Z TnTn
n=1 L2(2X)

To prove (ii) = (iii) it suffices to consider X =R. Assume (ii) holds and as-
sume Y does not have finite cotype. By Corollary 2.5 for each N>1 we can find
N3 =Y and Iy:Y —€3 such that ||Iy]<2, ||Jn|/<1 and fNJN:idg?vo. Let
T,,:R—{3 be given by T,,a=ae,. Then for 1<k;,....kn <N

N 1/2 N 1/2 N 1/2
H(z |Tknan|2) < (z nTknanng%) < (z) |
n=1 n=1 n=1

Thus with Iy ={T},:<n<N} we find R?(Jy)<1. On the other hand by (7),

o
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1 1/2 1/2
1(0z(VN) P < (B sup |ral?)
1<n<N

N
> Tl
n=1

N
PR

n=1

< <R(I)

L2(9:09)

L2(Q)

This shows that RY(Zy)>1(log(N))'/2. For n>1, let S,:R—Y be given by S, =
JNT, and let .#ny={S,,:1<n<N}. Then by Remark (4.2) and (4.2), R?(/N)<K¢.
Moreover, by (4)

RY(#) 2 | RT3 <n < N) > L 1og(8) 2

Now by Lemma 2.11 we can find a family . C£(R,Y’) which is £2.-bounded but not
y-bounded. Hence we have derived a contradiction. [J

Theorem 4.7. Let X and Y be nonzero Banach lattices. The following asser-
tions are equivalent:
(i) Ewvery R-bounded family 7 CL(X,Y) is £2-bounded.
(ii) Every y-bounded family 7 CL(X,Y) is £*-bounded.
(iii) X has finite cotype.
In this case, R*(T)SxR(T)=xR(T).

To prove this result we will apply some results from the theory of absolutely

summing operators (see [8]). Let p,g€[l,00). An operator T€L(X,Y) is called
(p, q)-summing if there is a constant C' such that for all N>1 and z1,...,.ay€X

one has
N 1/p N 1/q
(sz) sosup{<zy<xn,x*>V> y X*gl}.
n=1 n=1

The infimum of all C' as above, is denoted by 7, (7). An operator T L(X,Y) is
called p-summing if it is (p, p)-summing. In this case we write m,(T)=mp ,(T).
Note that in the case X=/3; (see [8, p. 201]),

N 1/q N 1/q
sup{ <Z|(xn,x*> q) : ’ |X* < 1} = sup <Z |xn7m|q> .
n=1 =m n

We provide a connection between ¢2-boundedness and 2-summing operators,
which is similar as in Lemma 2.10.

*

T

Jj*
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Lemma 4.8. Let T3,...,TneL({37,R) and let T={T,:1<n<N}. Let A:
055 =03 be given by Ax=(T,xz)N_,. Then R*(T)=m(A).

n=1-

Proof. Let S1,...,5,€7 and z1,...,x,€£5;. Then
k

k k
SISl < 3 ((Tuwa) Mol = D I AzillZ
=1 =1

i=1
A 2
<my(A)? sup Z|xi,m\2:7T2(A)2

1<m<M =

A 1/2
=1

and this shows that R?*(7)<ma(A). Conversely, for zi,...,zp€(3 choose
S1,..., Sk €T such that maxi<p<n |Thx;|=]52;|. Then

k k , k k 1/2
D NAzil7e = |[(Tuwi) i e = > ISl < RQ(,?)H <Z xz‘|2>
i=1 i=1 =1 =1

from which the result clearly follows. [

[=S]
Z1\4

2

37

The next result is based on an example in [15] and a deep result in [35].

Lemma 4.9. Let N>3. There exists a family 7 ={T1, ..., Tn } CL{S?, R) such
that

20 o~ log(N) )”2
(15) R(7)<1 and R (y)w(log(log(]\f)) .

Proof. Tt follows from [15, Examples 3.29 and 14.6] that there is an opera-
tor A€L(¢) such that ma(A)>(log(N))/? and ma1(A)<2. Let T,,:433—R be
given by T,rz=(Ax), for 1<n<N and J={Ti,...,Tn}. Then from Lemma 4.8
that R?(7)=ma(A)>(log(N))/2. On the other hand, from Lemma 2.10 and [35,
Theorem 16.1.10] we obtain

R(T) = Ca(4) < c(log(log(N))) 1,1 (4) < 2¢(log (log(N))) %,

where ¢ is a numerical constant. Now the required assertion follows by homoge-
neity. U

Proof of Theorem 4.7. (iii) = (ii): Assume X has finite cotype. Let J C
L(X,Y) be y-bounded. Then by (5) and (13) for Y, and (6) and (14) for X, the
result follows.

(ii) = (i): Since R-boundedness implies vy-boundedness by Proposition 2.8, the
result follows.
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(i) = (iii): Assume that every R-bounded family .7 CL(X,R) is ¢*-bounded.
Assuming that X does not have finite cotype, one can use the same construction as
in Theorem 1.1 but this time applying Lemma 4.9 instead of Lemma 3.4. Here one
also needs to apply Remark 4.2 in a similar way as in Theorem 4.6. O

5. Duality and R-boundedness

In this final section we consider duality of R-boundedness, y-boundedness and
(?-boundedness. For a family 7 CL(X,Y) we write 7*={T*:TeL(X,Y)}.

For ¢%2-boundedness, there is a duality result which does not depend on the
geometry of the spaces.

Proposition 5.1. Let X and Y be Banach lattices. A family 7 CL(X,Y) is
02 -bounded if and only if T* is (?-bounded. In this case R*(T)=R*(T*).

Proof. This easily follows from the fact that for Banach lattices F, one has
E(6%)*=FE* (%) isometrically (see [23, p. 47]). O

Recall from [6] and [12] that a family .7 CL(X,Y) is R-bounded if and only
it 7**CL(X**,Y*) is R-bounded. The same holds for y-boundedness. It is well-
known that for spaces with nontrivial type (or equivalently K-convex with respect to
the Rademacher system by Pisier’s theorem, see [8, Chapter 13]), R-boundedness of
J CL(X,Y) implies R-boundedness of 7*CL(Y™, X*) (see [17, Lemma 3.1]). By
[33, Corollary 2.8] the same method can be used to obtain duality for y-boundedness.
The following result shows that the geometric limitation of nontrivial type is also
necessary:

Theorem 5.2. Let X andY be Banach spaces. The following are equivalent:
(i) For every R-bounded family  CL(X,Y), the family T*CL(Y™*, X*) is
R-bounded.
(ii) For every R-bounded family T*CL(X*,Y™), the family 7 CL(Y,X) is
R-bounded.
(iii) For every vy-bounded family 7 CL(X,Y), the family T*CL(Y™, X*) is
y-bounded.
(iv) For every y-bounded family T*CL(X*,Y™), the family T CL(Y,X) is
y-bounded.
(v) X has nontrivial type.
In this case for every 7 CL(X,Y),

RN T)mox R(T) mx R(T*) mx R7(T*).
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Proof. (v) = (i) and (v) = (iii): See the references before Theorem 5.2.

(i) = (v): Assume (i) and assume X does not have nontrivial type. From
Theorem 2.4 it follows that for every N>1, there exists J N:E}V — X* such that
Lz Inzl <12l Let Ty CL(L,R) be as in (15). Then R(Jy)<1. Moreover,
since R has cotype 2 it follows from Theorem 4.7, Proposition 5.1 and (15) that

(16) R(T%) 2R 75) =R ) 2 (i) .
~ ™ \log(log(N))
Therefore, there is a constant K such that R(7y)>Kcy.
Now let Sn={TJ%|x:T€In}CL(X,R). Then R(#n)<1l. Furthermore,
noting that (J¥|x)*=Jn and hence JyT* €. for all T'€ Iy, one obtains

Ken <R(IN) <2R(IyN)-

Therefore, R(.73%)>3R(Tx)> %5 cn. Now by Lemma 2.11 we can find a family
' CL(X,R) which is £2-bounded but not R-bounded.

(iii) = (v): This follows from the proof of (i) = (v). Indeed, for the example
in (i) = (v) one has . is R-bounded and hence y-bounded by Proposition 2.8.
Since, .* is not R-bounded, Proposition 2.8 and the finite cotype of R imply that
& is also not y-bounded.

(ii) = (v) and (iv) = (v): These can be proved in a similar way as (i) = (v)
and (iii) = (v) respectively. This time use Jy:f} —X such that 1|/z[|<||Jnz| < 2]
and let SN={INT*:T€IN}CL(R,X). Then R(Fy) is unbounded in N and
R(F%)<1. Here S5 ={TJ5:TeIn}CLIX* R).

(v) = (ii) and (v) = (iv): If X has nontrivial type, then X* has nontrivial
type. Therefore, the results follow from (v) = (i) and (v) = (ii) applied to X*. O
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